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Summary

Local regularity theory, and local and global bifurcation theory is given for

solutions of a generalisation of the Babenko equation for Stokes waves.



To my dear parents.
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God demonstrates his own love for us in this:

While we were still sinners, Christ died for us.

Romans 8:5
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Chapter 1

Introduction

1.1 Summary of results

This thesis is an investigation of solutions w in the “2m-periodic Sobolev space”
W,,! of the equation

fw)(1 +Cuw') + C(f(w)w') = ¢, (1.1)

where f € C°(J) for some J C R, C is the “2m-periodic Hilbert Transform”,
defined on 27-periodic real-valued Lebesgue-integrable functions, and c is a real
constant.

Interest in (1.1) arises because the equation

Cw' = AMw + wCw' + C(ww')), (1.2)

given by taking f(z) = 1— 2Az (where A € R) and ¢ =1 in (1.1), is the Babenko
equation (see [2]) satisfied by a “Stokes wave” of wavelength A, propagating with
constant speed v in a uniform gravitational field g, where the “Froude number”
is 1/ = 2mv?/gA .

A Stokes wave is a steady periodic irrotational water wave on an infinitely
deep incompressible fluid, with zero surface tension and viscosity in a uniform
gravitational field. Physical considerations show that Stokes waves are described



by solutions of the free boundary problem

Ay = 0 in €,
Y(z,u(z)) = 0 for all z € R,
Vi(z,y) — (0,1) asy— —oo, (1.3)
Y(z + 27, y) P(z,y) for all (z,y) € Q,
HVY(z, u(@)? + du(z) = 3 for all z € R,

where the domain Q (the region below the surface S = {(z, u(z))|z € R} of the
wave) and the “stream function” ¢ are unknown. The final equation in (1.3)
expresses that atmospheric pressure is constant on S, and has been shown [6] to

be equivalent (after a conformal transformation) to the following condition
(1 =2 2w){w” + (1 4+ Cw')*} = 1 almost everywhere,

which gives rise to a Stokes wave with profile {(—(z + Cw(z)), w(z))|z € R}. We
shall call this condition, along with the more general condition

f(w){w? + (1 4+ Cw")?} = c almost everywhere

for solutions of (1.1), the Bernoulli condition. Each smooth solution of (1.2)
such that z — (—(z + Cw(z)), w(z)) is injective on R satisfies the Bernoulli
condition, and so describes a Stokes wave.

In [18] (see also [4], [17] and [19]) it is shown, using “Riemann-Hilbert theory”,
a bootstrapping argument and “Lewy’s theorem” that solutions w € Wzl,’r1 of (1.2)
are real-analytic on {t € [—m, 7)|1—2Aw(t) # 0}. In Chapter 2 we generalise this
result. We give local regularity results for solutions w € W;,',l in the case where
f is in the “Hélder class” C*P on part of the range of w, and Cw' is “locally
Lebesgue integrable” on an open set. We also give a regularity result in the
case where f is real-analytic on part of the range of w and w satisfies the same
hypotheses. The conclusions found in the latter case are not as strong as those
found in the above-mentioned papers unless f’ is nowhere zero or w satisfies the
Bernoulli condition.

Considerable work has been done ([17],[18] and [19]) to show that solutions



€ Wyt of (1.2) such that 1—2Aw(t) > 0 almost everywhere satisfy the Bernoulli
condition under very weak additional hypotheses. In Chapter 2 we also generalise
some of this work. We give conditions for a solution w, in the “Hardy space”
H!, of (1.1) to satisfy the Bernoulli condition.

In [4] (see also [5] and [6]) it is shown, using the theory of “Crandall-Rabinowitz
transversality”, that for each n € N, a unique real-analytic curve of even nontriv-
ial solutions (A, w) € Rx W,.? of (1.2) of “fundamental period” 27 /n “bifurcates”
from the line R x {0} of trivial solutions at (n,0) [note that (0, %) is a solution
for each constant function k]. Each such bifurcation is a “subcritical pitchfork
bifurcation”. In chapter 3 we generalise this result. We study the equation

FfOw)(1 +Cuw') + C(f(\, w)w') = f(A,0), (1.4)

where f : I x J = R (I and J open intervals in R) [note that for all A € I,
(A,0) is a solution of (1.4)]. We find a necessary condition for (A*,0) to be a
“bifurcation point”, and three sets of sufficient conditions. The first of these sets
of sufficient conditions, which uses the theory of “eigenvalue crossing numbers”,
is very general, but provides no information about the behaviour of the set of
nontrivial solutions of (1.4) near to a bifurcation point.

The second set of conditions is a special case of the first and uses Crandall-
Rabinowitz transversality. In this case we find that a unique curve of solutions
bifurcates from (A*,0). Sufficient conditions are given in this case for solutions
on the bifurcating curve to have fundamental period 27/n or to be constant
functions; and also for the curve to be a “supercritical or subcritical pitchfork”
or to be “transcritical”.

The third set of conditions is not included in the first. It is found by calcu-
lating the Taylor series of a function involved in the “bifurcation equation” of
(1.4). In this case we find that two C! curves of nontrivial solutions of (1.4) to
bifurcate from I x {0} at (\*,0).

n [5] (see also [6]) it is shown, using the “global analytic bifurcation theorem”,
that bifurcating curves of solutions of (1.2) may be continued globally. In Chapter
4 we generalise this. We give sufficient conditions on a real-analytic function f
for a bifurcating curve of solutions of (1.4) to be continued globally. The global
analytic bifurcation theorem gives three possibilities for the global continuation of



an analytic curve of solutions of (1.4): either it continues until it reaches a point
(A, w) where f(), w(t)) = 0 for some ¢ € S!, or it contains a sequence divergent in
R x W;,’f to 00, or it forms a closed loop. We give conditions sufficient to prevent
the first two of these, and thereby ensure that the bifurcating curve forms a closed
loop.

In the rest of this chapter, we introduce some well-known concepts and results
which are used in the sequel.

1.2 Notation

The interior of a set E will be denoted E°, its closure E and its boundary
OF. The zero set or null space of a function f will be denoted N (f) and its
range R(f). If E is a subset of the domain of f then f(E) will denote the image
of F under f, and if J C R(f) then f~1(J) will denote the inverse image of J
under f.

If ¢ € C*(U) where U C R", then we write, for suitable i; € NU {0}

o o

(t1,--in) Ty, ... — i :
¢ ( 1, axn) 61‘? 6:1::;‘

¢(.’L‘1, . ,.’En).

We shall usually identify the interval [—m, 7) with the unit circle S* C R?, and
identify 27-periodic functions with maps on S!. This is justified by the bijection
t — (cost,sint).

The open unit disc in C will be denoted D. If I C S* (= [~m, 7)) then we
write I* = {e*|t € I} C OD.

1.3 Function spaces, Holder continuity,

inequalities and the Faa-de Bruno formula

In this section we review some basic facts about function spaces (in particular
L? spaces and spaces of Holder continuous functions), inequalities involving LP?

functions and formulae for derivatives of composite functions.



Definition 1.1. For p € (0,00) and I C R, the Lebesgue space L*(I) is the

space of real-valued Lebesgue measurable functions u on I such that

1
l|lul| o1y = (/Iu(m)l” dx) < 00.
I

The 27-periodic Lebesgue space L is the space of real-valued 2w-periodic
functions u such that ||ull, := ||ul|ze(s1) < 0.

L*>(I) is the space of real-valued functions u on I such that
|lu|| Lo (1) = esssup{|u(z)||z € I} < oo;

and L3 is defined to be the space of real-valued 2m-periodic functions u such
that ||ul|eo := ||| eo(s1) < 0.

The spaces L?(I) are Hilbert spaces with the inner product

(u,v), = /Iu(a:)v(x) dz.

P
loc

The local Lebesgue space L (I) is the space of real-valued functions u on I

such that u € L?(I) for each compact I C I. [

On a bounded set I, if p,q € [1,00] with p < ¢ then L%(I) C LP(I). In
particular, LI C L% .

The following inequalities deal with functions in L? spaces.

Hardy’s inequality states that if f € LP(0,00) (1 < p < o) and F :
(0,00) — R is given by

1 x
Fa)=7 [ 1)t (1)
T Jo
then F' € LF(0,00) also and ||F[|zs(0,00) £ 75| f[|zr(0,00)- See [16] for a proof.

The Hardy-Littlewood-Sobolev inequality in one dimension states that
if f € LP(R) with p > 1, and 0 < A < 1 then the map B : R — R given by

B(z) = / @)z -y dy (16)

5



isin L™(R) (where 1/r = 1/p+A—1if1/p+A—1>0andr = c0if 1/p+A—1 < 0)
with ||B||z-®) < C||fllLr®) for some constant C, independent of f. See [14] for
a proof.

Definition 1.2. The Sobolev space W*?(I) (where k € N and p € [1,))
is the space of real-valued functions on I which, along with their first £ weak

derivatives, are in LP(I). Each W*?(I) is a Banach space under the norm

1
k | P
(Sheo I6®2r)) p< oo

||U||ka(1) = . '
max{||u?|| (|0 < j <k} p=oo.

The spaces W*?(I) are Hilbert spaces with the inner product

UyU) g = u®(z)v¥(z) dz.
(), Z/ (@) (a)

The 2n-periodic Sobolev spaces Wy.? and the local Sobolev spaces W7(I)

are defined analogously to the spaces L}, and L} (I) respectively. n

A nonconstant function v : R — R has fundamental period p > 0 if u is
p-periodic, and for all 0 < ¢ < p, u is not g-periodic.

We shall frequently have to take derivatives of compositions of functions. We
give first a version of the chain rule for the composition of a C! function with
a Sobolev function. If w € W1P(I) and f € C*(R(w)), then f o w is weakly
differentiable and

(fow)' = fl(w)u' € LP(I). (1.7)

See [14] for a proof.
If F is an open interval in R, ¥ € C*(E) and ¢ € C"(¢(E)) then the nth
derivative of ¢ o1 is given by the Fad-de Bruno formula [3]

n LN . ™ b () \ Y
@) = S e TR [T (52) . as)

1
j=1%" =1\ )



(where Xn: denotes the sum over non-negative integers iy,...,%, (for any m €
{0,...,n}) satisfying i; + - - - +min, = n). A more general version of this may be
found in [6] and in [8].
Definition 1.3. Let I be an open subset of R*. We define the space C*(I)
(k € NU{0}) to be the set of all functions u € C*(I) such that all partial
derivatives of u of order less than or equal to k£ are bounded and uniformly
continuous on /.

If u € C*(I) then all partial derivatives of u of order less than or equal to k
have unique bounded continuous extensions to 1.

The set C*2(I) (where ¥ € NU {0} and o € (0,1]) comprises functions
u € C*(I) such that for all 2,y € I and for any m = (m4,...,m,) € (NU {0})"
with > %, m; <k,

Iu(ml,...,mn)(x) _ u(m1,...,mn)(y)l < Cm”x — yla (1.9)

for some constants C,,, independent of z and y. We define also C**(I) = C*2(I).

If u € C**(I) then we say that u(¥) is Holder continuous with exponent

Note that if u satisfies (1.9) on I then each partial derivative of u of order
less than or equal to & has a unique C° extension to I, and satisfies (1.9) on I.

If I is bounded then C%*(I) is a Banach space under the norm

|u(z) — u(y)|
”u”C°""(I) = ”u||L°°(7) + sup —————.

1.10
iy P (1.10)

The spaces Cy:* and Cl®(I) are defined analogously to the spaces L2, and
L (I), respectively.

On a bounded set I, if @, 8 € (0,1] with @ > B then C**(I) c C%(I).
If I is convex and bounded (or is a finite union of convex bounded sets) then

C'(I) c C%\(I) (proof via the mean-value theorem); otherwise we have only

7



that C1(T) c CXX(I). m

loc

If p > 1, then W7 is compactly embedded in Co:f ¢ L for each f < 1—1/p
(A subspace X of a Banach space Y is compactly embedded in Y if the map
t: X — Y given by «(z) = z for all z € X is compact; see Section 1.5), and is
continuously embedded in CO 1-1/p
Ifwe Wz,l,’,” , a simple argument using Holder’s inequality and the periodicity

of w shows that the amplitude of w, Amp(w) = sup, ¢ |w(z) — w(y)| satisfies

(2m)-?

/p ,
——[w'llps (1.11)

Amp(w) < 5

so that |Jwle < (27r)1‘1/p||w||W21p
The following theorem deals with the Holder continuity of products, quotients
and compositions of Holder continuous functions on bounded sets in R. It is

easily proved using the Faa-de Bruno formula (1.8), Leibniz’ rule and the above
definition of C*=(I).

Theorem 1.4. Let n € NU{0}, o, 8 € (0,1] and let E C R be bounded. Suppose
@ € C™*(E) and y € C™F(E). Then

(i) ¢y € Crmn{=f}(E).
(i3) If 1 is bounded away from O then /vy € Co™ir{*fH(E),
Suppose now that 1 € C™*(E) and ¢ € C™P(y(E)).
(i3) If n =0 then () € CO*P(E).
(i) If n € N then ¢(¢) € CPmir{afH(E).

The following lemma deals with the Holder continuity up to the boundary of
a solution u € C%(Q) (2 a domain in R") of a strictly elliptic equation Lu = f
(a second order differential operator

L= ZZCL,] D1J+Zb )D; + c(z (1.12)

i=1 j=1



is strictly elliptic on Q if the eigenvalues of the matrices (a;;(z)) are strictly
positive and uniformly bounded away from 0 on 2).

Lemma 1.5. Let Q be a domain in R* with a boundary portion T which is an
open subset of an n — 1-dimensional hyperplane in R*; let L, given by (1.12)
be strictly elliptic on Q; and suppose that a;j,b;,c, f € C%*(Q) for all i and j.
Suppose u € C°(Q)NC?(Q) satisfies Lu = f and is such that on T, u = ¢, where
¢ € C>*(Q). Thenu € CX*(QUT).

loc

A proof is to be found (with much weaker hypotheses on T) in [9].

1.4 Complex analysis: the Hilbert transform and

Hardy spaces

In this section we review some standard and some less well-known facts about
complex analysis, which will be used in Chapter 2.

If U : D — C then we define, for r € (0,1), U, : S* — R by U,.(t) = U(re®).
Where the limit exists we define also U*(t) = lim,_,; U, ().

Definition 1.6. The 27-periodic Hilbert transform Cw of a function w € L},

is defined as follows. The function F': D — C given by

F(z) = i/W e+ % w(t) dt (1.13)

2r J_ et —z

is holomorphic on D (see [16] §11.6). Let FF = U + 4V [U is the Poisson Integral
of w]. Then F(0) = & [ w(t) dt. For almost every t € S, U*(t) and V*(¢)

or J—m

exist (see [12]), and U*(t) = w(t). Cw(t) is defined, for almost every ¢ by
Cw(t) =V*(t) (1.14)

[note that V/(0) =0, so [" Cuw(t) dt = 0]. In practice, Cw(t) is found, for almost



every t, either from the Cauchy principal value integral

cu) =5 [ wY) gy,

— — t_
2w J_n tan =¥

a simple consequence of (1.13-1.14), or (in the case w € LZ.) by linearity and a

density argument on the Fourier coefficients of w: for n € N and m € NU {0},

C(sinnt) = —cosnt, C(cosmt) = sinmt.

The theorems of M.Riesz and of Privalov give information about the Hilbert
transform of L5, (p > 1) functions and C% (a < 1) functions respectively.

Theorem 1.7. (M. Riesz, Privalov)

(A) C is a bounded linear operator from L% into itself for all p € (1,00). For
u € L3, [ICull2 < [lull2.
(B) C is a bounded linear operator from C3* into itself for all a € (0,1).

The local versions of the theorems of M.Riesz and Privalov given below, will
be of great importance in Chapter 2. Proofs are to be found in Appendix A.

Theorem 1.8. Let u € L}, and E C S?

(1) If u € LP(E) where p € (1,00) and E C S, then Cu € L _(E°).

loc

(2) If u e C™*(E), where € (0,1) and n € NU {0}, then Cu € C["*(E®).

loc

Neither of these theorems provides any information about the 2m-periodic
Hilbert transform of a general L} -function: indeed C does not map L} into
itself. However

Theorem 1.9. (Kolmogorov) If u € L}, then Cu € Ny LY.
See [12], chapter V, section C, theorem 5° for a proof.

10



Definition 1.10. The Real Hardy Space Hj is the set of functions u € L},

such that Cu € Lj,. It is a Banach space under the norm [|ull;z = [[ulls + ||Cul|:.

Hg' is the set of functions u € Hj such that u’' € H}. It is a Banach space under

the norm [Jullygr = llullag + 1l .
Ifue Ll and Cu> f € Ll then u € H. See [19] for a proof.

The following properties of H% and #g' may be found in [22]. If u,v € Hg',
then

/_w u(z)Cv'(z) dz = /j v(z)Cu'(z) dz. (1.15)

If u € H} then u(z) = 5= [ u(y) dy — C*u(x).

Definition 1.11. For p € (0, 00|, the Hardy Class H?% is defined to be the set

of all holomorphic functions on U on D such that
||U||%5 = lim |||U|[l, = sup [||Uslll, < oo,
r-+1 re(0,1)

The space Log comprises functions u : S — C such that log|u| € Li,. If
u € Log then u # 0 almost everywhere.
HZ has the following properties:

(i) For any F € HZ, F*(t) is well defined for almost every ¢t € S'. Also
|F*| € LE, with [[|[F*|||, = || F'||l»z; and if F' # 0 then F* € Log.

ii) If F € HE, then F is the Cauchy integral and the Poisson integral of F* on
C
S,

Further, we have

Theorem 1.12. (Smirnov) If F € HE for some p > 0 and |F*| € LI, for some
q > p then F € HE.

Note the following consequence of the definitions of H% (Definition 1.11) and
C (Definition 1.6): |u+iCu| € L5, (p € (0,00]) if and only if u+iCu = F*, where

11



F € H% and F(0) = 2= [" wu(t) dt. This observation, together together with the

T 2nJ—m

Theorems of M. Riesz (Theorem 1.7 (A)) and Kolmogorov (Theorem 1.10) leads
to the following further properties of Hg.

ili) w € L}, if and only if u + iCu = F* for some F € N, HA with F(0) =
27 P C
= [T u(t) dt.

iv) v € Hi if and only if u + iCu = F* for some H € HL with F(0) =
R C
—217r ffw u(t) dt.

(v) uwe LE, (p € (0,00)) if and only if u + iCu = F* for some F' € H{ with
F(0) = 5 [T u(t) dt.

For u € Log, an outer function O(u) : D — C is defined by

. €Y —2z

1 [Me¥+2
0w =ew {5 [ S 2 oglut)] av} (1.16)
(1.13) and (1.16) give that the boundary data of O(u) is given by
(Ow))*(z) = lu(z)|e*le D (1.17)

Outer functions have the following properties:
(a) O(u) is holomorphic and has no zeros on D.
(b) For uy,us € Log, O(ujuz) = O(u1)O(us).
(c) If u € Log and p € (0,00], then |u| € L}, if and only if O(u) € HE.
(d) For U € HE (p € (0,0)), |U(2)| < |O(U*)(z)| for all z € D.

The following theorem of Lewy ([13], [20]) is an important extension theorem for
holomorphic functions on a half disc.

Theorem 1.13. (Lewy) Suppose that F = U + iV is holomorphic on D, =
{z +iy € Cl2®2 + 94?2 < r,y < 0} and U,V € CY(D,). Suppose also that for
jz| <,

Uy(z,0) = A(z,U(z,0),V(z,0),Uy(z,0)),
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where A is a complez-valued analytic function of all its arguments in a neighbour-
hood of (0,U(0,0),V(0,0),U,(0,0)) € C*, which is real-valued when its arguments
are.

Then there ezists a disc D, centred at 0, and a holomorphic function U +iV :

D — C such that on D, N D,

U+iV =U+iV.

1.5 Operators, Fréchet differentiation and ana-
lyticity

In this section we review some facts about operators, Fréchet differentiability and
analyticity, which are needed mainly in Chapters 3 and 4. We follow [6].
Let X and Y be Banach spaces over R, and U an open subset of X.

Definition 1.14. A map F': U — Y is said to be Fréchet differentiable at
¢ € U if and only if there exists A € L(X,Y) such that

[F(€+h) — F(§) — Ahlly

=0.
||kl x —0 1R x

In this case we say that A is the Fréchet derivative of F' at £ and write, for
h e X, Ah = dF(£)h.

If dF is Fréchet differentiable at £ € U then we write, d(dF)(§) = d®F ().
d2F(€) is called the second Fréchet derivative of F at £. In the same way
we may define, for suitable F' and for £ € N, the kth Fréchet derivative of F'
at ¢, d*F(€).

d*F is a map from U into £(X, £(X,...,£(X,Y)...), which may be iden-
tified with £*(X,Y), the set of symmetric, k-linear forms on X. We write the
image of (z1,...,%,) € X" under d*F(¢) as d*F(¢)[zy, .. ., z,]. If d*F is contin-

uous on U then we say that F is k-times continuously [Fréchet] differentiable on
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U and write F € C*(U,Y).

If F' is a suitable function from an open subset U of X; x -+ x X, into
Y, where Xj,..., X, are Banach spaces over R, then we may form the partial
Fréchet derivatives 800F(&,...,&,),...,8% 01 F(&,...,&,) and higher or-
der derivatives. F' € C*(U,Y) if and only if each of its partial derivatives of order
less than or equal to k is continuous; if F € C*(U,Y) then

dF(fl,...,fn)[CL'l,... Z(’)O’ +0,1,0,. §1,...,€n)$i

If F is k-times differentiable at £ then the order in which the mixed partial

derivatives are taken is inconsequential. In this case we write

ail,O,...,O s 80""’0’i"F(f1, v ,én) = 6i1,...,inF(§1, s )fn)'

See [6] §3 for further details. ]

Definition 1.15. A map F : U — Y is compact if for every bounded sequence
(z,) in U, (F(z,)) has a convergent subsequence.

A bounded linear operator A € L(X,Y) is Fredholm if dim(N(4)) and
codim(R(A)) are finite. The index of A is then dim(N(A)) — codim(R(A)). W

Clearly any linear homeomorphism is Fredholm with index 0. More generally,
if A€ L£(X,Y) can be written as the sum of a compact linear operator and a
linear homeomorphism then A is Fredholm with index 0.

If F is compact from U to Y then for z € U, dF(z) is compact from X to Y.

Definition 1.16. If F € C*(U,Y) (n € NU{0}) and &,z € U then

~\ 1
=Y S F@IE - g, €~ 2] = Ral6,3), (1.18)
k=0
where R,(&,z) is the nth order Taylor series remainder of F' about z at £.
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If F € C*(U,Y) then, whether it converges or not, the formal Taylor series
of F about x € U and at £ € U is

Zki kF(z)[€ —2,...,&— 1]

Taylor’s theorem states that if F € C"*(U,Y) then

[ Al
sup |4 F (1= )z + ) |ewneny. (119

IR, D)l < B sup

If X =R and f € C"(U,R) then we have the following result (see [7]):

R,(¢,2) "ML - )z +t€) — fM(z)] dt.  (1.20)

Definition 1.17. F is real-analytic at z if, for all £ € U with ||§ — z||x suffi-

ciently small,

F) =) ml-g,....6-1, (1.21)
k=0

for some my € L*¥(X,Y) such that

sup *||lmullcexyy = M < 00 (1.22)
keNU{0}

for some r > 0. [}

If F is defined by (1.21) and (1.22) holds then F' is real-analytic at each point
of U, = {£ € U|||€ — z||lx < r}. We have that FF € C*°(U,,Y) with

_ k
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Also, for k € N, d*F is analytic on U,, and for some constants C > 1 and R < 1,

k!

1d*F()]l cxxvy < CR’“ (1.23)

for all k € NU {0} and all £ € U such that ||§ — z||x < r/2.

If F is real-analytic on U and G : F(U) — Z (Z a Banach space) is real-
analytic, then F o G is real-analytic on F(U).

Let V C Y be open. The chain rule statesthatif ¥ : U -V and G:V — 2
are such that dF(z) and dG(F(z)) exist then d(G o F)(z) exists and

d(G o F)(§)h = dG(F(£))[dF (£)R].

If X is a Hilbert space, then a functional ¢ € C?(U), where U is an open
neighbourhood of £ € X, is said to have a nondegenerate critical point at
¢ if dp(¢) = 0 and d%p(€)[u,v] = (Lu,v), for some invertible linear operator
L: X — X. In this case we have the following theorem, which will be used at
the end of Chapter 3. See [10] and [15] for a proof.

Theorem 1.18. (Morse lemma) Let X be a Hilbert space, and suppose ¢ €
Ck(U) (where U is an open neighbourhood of 0 and k > 3) has a nondegenerate
critical point at 0. Then there exists an open neighbourhood A of 0 and a local
C*-2? diffeomorphism (a C*~2-function with C*~2-inverse) ' : A — U such that
['(0) =0 and

P(T(w) = ¢(0) + 5d%(0)[u, .

If ¢ is real-analytic, then so too is T.

1.6 Local bifurcation theory

Bifurcation theory deals with the structure of the solution set of an equation

F(\z)=0 (1.24)
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where F' : U — Y (U an open neighbourhood of a point (A*,0) in R x X)
is such that F(A,0) = 0 for all \. We seek to find points (A\*,0) € R x X
at which nontrivial solutions (), z) “bifurcate” from the line {(},0)|]A € R} of
trivial solutions. We follow [1] and [6].

Definition 1.19. (A*,0) is a bifurcation point on the line of trivial solutions
of (1.24) if and only if it is in the closure of {(\,z) € R x (X \ {0})|F(\, z) = 0}
in Rx X. |

Using the implicit function theorem, it is easy to find a necessary condition
for a point (A*,0) to be a bifurcation point:

Lemma 1.20. (a necessary condition) Suppose F € C*(U,Y). If 8% F(\*,0) is
a homeomorphism then (A*,0) is not a bifurcation point of (1.24).

The proof is a simple application of the implicit function theorem.

The following theorem gives a sufficient condition for a point (A\*,0) to be a
bifurcation point of (1.24) in the case X C Y. It uses the notion of a crossing
number, defined as follows.

Suppose that for some A\* € R such that (\*,0) € U, the linear operator
0% F(A*,0) : X — Y has an isolated eigenvalue 0 with finite [algebraic] multi-
plicity. Let, for A in a neighbourhood of \*, o(\) be the sum of the algebraic
multiplicities of the negative eigenvalues of 8%*F(\,0) which converge to 0 as
A — X* (this is finite since all eigenvalues of 8%!F()\,0) which converge to 0 as
A — X* are perturbations of the eigenvalue 0 of 8%'F()\*,0)). The crossing
number, if it exists, of 8% F(),0) at A* is then given by

X(@F(3,0),X) = lim o (A" — ) — o (X" + u).
u

Theorem 1.21. Suppose X C Y, and F € CY(U,Y), where U is a neighbour-
hood of (A*,0) € R x X, is such that F(\,0) = 0 for all \. Suppose also that
%L F()\*,0) is a Fredholm operator with index 0, and has an isolated eigenvalue
0 of finite algebraic multiplicity n € N (so is not a homeomorphism,).

If x(8*1F(A,0),\*) exists and is odd, then (\*,0) 4s a bifurcation point of
(1.24).
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A proof is to be found in [11].

If F is sufficiently regular at (A*,0), and 8% F(A\*,0) is Fredholm with index 0
and has one-dimensional null space, then the following condition on 841 F(\*,0)
is sufficient to show that a curve of nontrivial solutions bifurcates from the line

of trivial solutions at (A*,0).

Theorem 1.22. (Crandall-Rabinowitz transversality) Suppose F € C¥(U,Y)
(k > 2) is such that 8% F()*,0) is a Fredholm operator with index 0, with
N(8*LF(X*,0)) = span{v*} for some v* € X \ {0}. If the transversality
condition,

OV (N, 0)[1,0"] ¢ R(O™F(X",0)),

holds then a unique C*~! curve B of solutions of (1.24) bifurcates from (X\*,0).
If F is real-analytic, then so too is *B.

The first step in the proof of Theorem 1.22 is the reduction of the problem to
a finite-dimensional one. This is achieved via the Lyapunov-Schmidt reduction,
which applies in a wider setting than that of Theorem 1.22:

Lemma 1.23. (Lyapunov-Schmidt reduction) Suppose F € C*(U,Y) is such that
0" F(A*,0) is a Fredholm operator with N(0%'F()*,0)) # {0} (so 8%1F()\*,0)
is not a homeomorphism). Suppose also that X = N(8“1F()X*,0)) ® W and
Y = R("LF(M*,0)) & Z.

We write, forz € X, t = zy+zw, where zy € N (0% F()*,0)) and zw € W.
If P is the projection operator from'Y onto Z with N(P) = R(8%'F()*,0)), then
there exist neighbourhoods A of \* in R, N of 0 in N (6“1F(\*,0)) and W of 0
in W, and a map v € C¥(A x N, W) such that in A x (N @ W), F(\,z) =0 if

and only if zw = y(\, zn) and the bifurcation equation
PE(A zn+v(A,zn)) =0 (1.25)

holds. The map v satisfies y(A,0) = 0 for all A, and 8%'y(A\*,0) = 0. If F is

real-analytic then so too is 7.
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There follows a sketch of the remainder of the proof of Theorem 1.22.

If 8% F(\*, 0) satisfies Theorem 1.22 then codim(R(8%!F(\*,0))) =1 and for
some functional ¢ € Y*, R(8*1F(X*,0)) = {y € Y|¥(y) = 0}. (1.25) becomes,
setting = A — A%,

Blu, t) = P(F(A" + p, " +7(A" + p, t0"))) = 0. (1.26)

Equation (1.26) is solved in a neighbourhood of (0, 0) by applying the implicit
function theorem to the equation h(u,t) = 0, where h is a C*~! (or real-analytic)

function given by

Blu,t)
Mt =4 1 t#0 (1.27)

BOD(u,t) t=0
which is equivalent, for ¢ # 0, to G(u,t) = 0. h(u,t) = 0 is solved by a unique
CF-1 (or real-analytic) function x on a neighbourhood (—¢,¢) of 0 such that
1(0) = 0; the set of nontrivial solutions of (1.24) is given, in a neighbourhood of
(A*,0) as {B(t)|t € (—¢,¢) \ {0}}, where B is a C*~! (or real-analytic) function
from (—¢,¢) to U given by

B(t) = (X* + p(t), tv* +v(\* + w(t), tv*)) = (A(t), W(t)). (1.28)

The behaviour of the function u at 0 determines the behaviour of the curve
of nontrivial solutions near zero: let m denote the lowest order derivative of u
which is nonzero at 0 (if such exists). The curve is said to be:

supercritical if m is even and u(™(0) > 0 (in this case, all solutions (), z)
on ‘B in a neighbourhood of (A\*,0) are such that A > \*);

subcritical if m is even and (™ (0) < 0 (in this case, all solutions (), z)
on ‘B in a neighbourhood of (A\*,0) are such that A < A\*);

transcritical if m is odd (in this case there are solutions (A;,z;) and
(A2, ) in every neighbourhood of (A*,0) on B such that A\; < A* < \p).

The lowest order derivative of u, nonzero at 0 is found by the following result,
which is proved by a simple induction argument.
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Figure 1-1: Diagram of types of bifurcations; the vertical axis is for illustration
only

Theorem 1.24. If F € C™*Y(U,Y) and u(0) = --- = p™~1(0) = 0 then

BO"(0,0)

KO = AR,

1.7 Global analytic bifurcation

In global analytic bifurcation theory, we attempt to continue analytic curves of
solutions of (1.24) globally, in the case where F : U — Y is real-analytic. The
abstract theorem which is the basis for Chapter 4 is below. We follow [6]:

Theorem 1.25. (Global analytic bifurcation theorem) Suppose F' : U — Y s
real-analytic on U, and let B : (—e,e) = U (¢ > 0) be a real-analytic curve of
solutions of F(A,x) = 0. Let B* = {B(t)|t € [0,¢)}, and let B(t) = (A(t), W (¢t)).
Suppose also that

I 3% F (), z) is Fredholm with index O for all (\,z) € U for which F(\, z) = 0.
II € is sufficiently small that
(a) AW (£)1 # 0 for all t € (—¢,¢).
(b) N #0 on (—¢,¢).
III Closed bounded sets of solutions of F'(\,z) =0 are compact in R x X.
Then there ezists a continuous locally injective extension B of Bt such that
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i B = {B(t)|t € [0,00)}, where B : [0,00) = U.
it F(B(t)) =0 for allt > 0.
s The set {t > OJN (8% F(B(t))) # {0}} has no accumulation points.

i For each t* > 0 there erists 6* € (0,t*) and o* : (—4*,0*) = R x X such

that o* s real-analytic and

{B@)|t - "] < 6*} = {a"(B)[|t - "] < 6"}

v One of the following occurs:

a ||B(t)||rxx — 00 ast — oo.
b B(t) approaches 8U ast — oco.

¢ B is a closed loop: i.e. for some T >0, B = {B(t)|t € [0,T]}, where
B(T) = B(0) = (A%, 0).
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Chapter 2

Regularity Theory

In this chapter we give local regularity results for solutions w € Wzl,’,1 of (1.1).
The main result is the following:

Theorem 2.1. Let f € C°(J) (where J C R), and ¢ € R. Let also J be
an open subset of J, and let w € W' be a solution of (1.1) such that Cw' €

L (w™ (J) \ N (§ (w)))-

(I) If f € C*B(J\N(f)), where B € (0,1] and n € NU {0}, then

w € CPFY (w™ () \ N (f(w))) for all o € (0, B) (2.1)

loc

ifn€{0,1} or B =1, and

loc

w € Gt (wH (T) \ W(f (w))) (2:2)

ifne€ N\ {1} and 8 < 1.

(II) If f is real-analytic on J\ N(f) then w is real-analytic on w='(J) \N(2),
where

Z = f(w){w”+ (1 +Cw')?}. (2.3)
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[Note that as w is continuous (being in W) and J is open, w™(J) is open
also; and since f(w) is continuous, N (f(w)) is closed. Hence w=1(J) \ N(f(w))
is open.]

This is proved in the first instance via Riemann-Hilbert theory (Section 2.1),
which considers problems of the form ®* = a¥*, where a : S' — C is a given
function and the holomorphic functions ® and ¥ on D are to be found. It
allows us to infer that Z is real-analytic on w=(J) \ N'(f(w)), and hence that
w' € L2 (w(J) \ N(f(w))). In Section 2.2, an induction argument involving
an operator F on W21;T1, gives the first part of the result. In Section 2.3, further
consideration of Riemann Hilbert theory, together with an application of Lewy’s
theorem (Theorem 1.13), gives the second part.

It should be noted that this result is extremely general: we shall show that it

covers solutions w € W,.' of (1.1) under each of the following conditions:

(A) w e WEP(w=1(J) \ N(f(w))) for some p > 1.

loc
(B) w € Hg'.
(C) f is monotone on R(w).

In particular, it covers solutions w € W,;' of the Stokes wave equation (1.2).
Using a separate argument, we also show in Section 2.3 that under the hypotheses
of Theorem 2.1 (II), w is real-analytic on w=1(J) \ W (f(w) f'(w)). Together with
Theorem 2.1 (II), this indicates that it is likely that under the same hypotheses,
w is real-analytic on w™1(J) \ M(f(w)); however we are at present unable to
prove this.

In the theory of Stokes waves, the case where Z = ¢, the Bernoulli condition,
is of great importance; for solutions of (1.2) which satisfy the Bernoulli condition
describe a Stokes wave. In the present context, this condition (together with the
condition ¢ # 0 and the hypotheses of Theorem 2.1 (II)) gives us that w is real-
analytic on w™(J) \ M(f(w)); and ensures that f(w) has the same sign almost
everywhere. The latter fact will be of importance in Chapter 4. In Section 2.4
we give, in case (B), sufficient conditions for the Bernoulli condition to hold and

a necessary and sufficient condition for w to be [everywhere] real-analytic.
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2.1 Riemann-Hilbert theory

In this section we show that (1.1) reduces to a Riemann-Hilbert problem of the
form U* = f(w)W* where U, W € N,<;H%, and show that each solution w € W,
of (1.1) such that Cw’ € LL_(I) (where I C S' is open) is in W2 (I \ N (f(w))).

loc

We begin with the following generalisation of Carleman’s theorem ([12], p.64), to
be found in [18].

Theorem 2.2. Let I C S? be open, and let ®,¥ € HE. (for some p > 0) satisfy
U* = ®* almost everywhere on I. If |®*|,|¥*| € LL (I) then ® has a bounded
analytic extension ® : I* U (C\ 8D) — C given by &(2) = ¥(1/7) (12| > 1); and
similarly for ©. In particular, ®*¥* is real-analytic on I; and if [ = S! then ®

and ¥ are constant functions.

An immediate consequence of Theorem 2.2 is
Theorem 2.3. Let f € C%(J) and c € R. Let w € W' be a solution of (1.1).

(1) If c # 0 then f(w(t)) # 0 almost everywhere. If c = 0 then either f(w) =0
or f(w(t)) # 0 almost everywhere.

(2) If Cw' € L} (I) for some open I C S! then Z, given by (2.3), is real-
analytic on I\ N(f(w)).

Proof. Let u = f(w)w’ € L).. Then by property (iii) of Hardy spaces, we
have that for some U,W € N,y HE with W(0) = ¢, W* = v’ + i(1 + Cw') and
U* = u+i(—c+ Cu). We have

U(0) = —ic+ o= _ﬂ < plu(t)) di = —ic,

where ¢ is a primitive of f. (1.1) becomes the Riemann-Hilbert problem

U* = f(w)w' —if(w)(1 + Cw') = f(w)W*. (2.4)
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(1) Suppose ¢ # 0. Then U # 0 # W, so |U*|,|W*| € Log by property (i)
of HE. Hence log|f(w)| = log |U*| — log |W*| € Li.; so f(w(t)) # 0 for almost
every t.

Suppose ¢ = 0 and f(w) # 0. Since W € Ny HE \ {0}, [W*| € Log; so
W*(t) # 0 almost everywhere. Now f(w(t)) # 0 on a set of positive measure
(since f(w) is a continuous, nonzero function); so U* # 0 by (2.4). Hence, as with
W*, U*(t) # 0 almost everywhere. Hence as above, f(w) € Log and f(w(t)) #0
almost everywhere.

(2) If f(w) = 0 then the result is trivial. Otherwise by (1), f(w) € Log
Suppose Cw' € LL (I). Let ¢ = sign(f(w)) and H = O4/|f(w)]. Then by

property (b) of outer functions, |[H*|* = | f(w)|, and
(%) — (AW

f(w) € L, so by property (c) of outer functions, H € HE Since W € N,<1HE,
we have by applying Hoélder’s inequality to the functions H,.W,, and by the defi-
nition of the spaces Hf (Definition 1.11) that HW € N, HE

Since |[H*| € L and |[W*| € Nyc1 LY NLL,
that H*W* € Np«1 L2, N LL (I).

loc

(I), we have by Holder’s inequality

By properties (d), (c) and (b) of outer functions,

| “Jo () ®
so U/H € Ny1HT also with |(U/H)*| € L} (I).

Now f(w) is continuous, since f € C°(J) and w € W,'; so the sets St :=
{t € I|f(w(t)) > 0} and S~ := {t € I|f(w(t)) < 0} are open. On ST, we have

(U/H)* = (HW)*, so by Theorem 2.2, U/H and HW have analytic extensions

<[

H(z)

= |[O(H'W*)(2)], (2.5)

U(z)
H(z)
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o (ST)*uU (C\ D), and

(%) (HW)* =U'W* = f(w)|W** = Z

is real-analytic on S*. Similarly Z is real-analytic on S~. The result follows. 0O

Corollary 2.4. Suppose f,c and w are as in Theorem 2.3. Then w € W'lic‘x’(I\
N(f(w))).

Proof. By Theorem 2.3, Z = f(w){w? + (1 + Cw™)} is real-analytic on I \
N(f(w)). Hence Z/f(w) € LE.(I \ N(f(w))). Since w? and (1 + Cw')? are

nonnegative, it follows that w2, and hence w', is in L (I \ N(f(w))) also. O

loc

2.2 The operator F: Holder continuity

In this section we give an inductive proof of the first part of Theorem 2.1, with
base cases n = 0 (Theorem 2.6) and n = 1 (Theorem 2.9). The inductive step
follows at the end of the section. We define first the operator F.

Let f € C°(J) where J C R We define, for u € W' with R(u) C J,

Flu)(@) = fu(@)Cu (@) - Cf(w)() = — [ L) =/ uw)

Tom ., tan £5¥ ¥(y) dy.

(2.6)
Note that F(u) is defined only as a Cauchy principal value integral, being the
difference of two such integrals. Note also that 7 commutes with translations, in

the following sense: for 7 € R, let u, € W,;' be a translation of u:
ur(z) = u(z + 7).

Then F(u,)(z) = F(u)(z + 7). This follows from (2.6) since C commutes with
translations also. In particular, F(u) is 27-periodic.

In the case where f € C°(J) N C%(J) (see Theorem 2.1 for notation) and u
satisfies condition (A) above, it can be shown that F(u) € LL (u~1(J)) for some

q > p. Further, using a bootstrapping argument involving F, it can be shown,
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without using Riemann-Hilbert Theory, that if f € CO(J)NC#(J\N(f)) and w
satisfies condition (A) and is a solution of (1.1) then w € C2*(w=(J)\ NV (f (w)))
for all & € (0,1). This argument is presented in Appendix B.

We present first an alternative expression for F(u). We have

P = L [ UL Sv)

tan’”—_y
& {f(w(@)u(y) - ¢(u(y))}
= 5-7;/_ tan =4 d
~ ™ 45 {f (@) (u(y) — u(z)) = ($(u(y)) — p(u(z)))} 4
= 2w/ tan & v
(2.7)

where ¢ is a primitive of f. Now u € Wzl,’rl so for almost every z € S!, u has
a classical derivative at . For such z we have by the chain rule (1.7) that as
y—x,

¢(u(z)) — d(uly)) + [uy) — u(=@)]f(u(z))
T—y

— 0;

so we may integrate (2.7) by parts: for almost every z,

F(u)(z)
1 (/“‘5+ z*") ay 1 (u(2)) (u(y) —u(2)) - d(u(y)) + $(u(z))}

= —lim
tan ’”—gy

2 e—0 dy

- h I:f(u(ﬂf) u(y - U .’L‘) _(¢(u(y)) _— ¢(u(x))):|:c—e

27 €0

_ ¢(u(w — ¢(u(y)) + (u(y) — u(=))f(u(z))
= _E/_ﬂ - dy

" Glu(z),u(r -y
4 J_, sin® ¥
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where G : J2 — R is given by

G(s,t) = ¢(s) — #(t) + (t — 5)f(s).

We introduce next some notation. Suppose E; C S! and E, is a compact segment
of EY. We define the following

™ E1 = Sl
§(Ey, Ey) = 2.9
(Br, o) { Ldist(Ey, 0E,) Ey # S, (29)
and
E(Br, Ey) = {p+1 € Sy € By, |9 < 6} (2.10)

[note that if E; = S! then £(E), E;) = S! also]. We define finally a smooth
function &g, g, : S — [0,1] such that £g, g, =1 on E(Ey, E») and €, g, = 0 on
S\ E,.

We now begin the proof of Theorem 2.1 (I), and start with the case n = 0.

Lemma 2.5. (generalisation of lemma 3.5 in [4]) Suppose f € C°(J) N C%8(J),
where J, J and B are as in Theorem 2.1. If u € W' N C%(E), where o €
(ﬁ, 1), E C u™}(J) and R(u) C J, then F(u) € CO2HA-1(Eey,

loc

Proof. Choose a compact segment E of E°. Since E is compact, it will suffice
to show that for each z € E, F(u) is C%1+A~1 in g neighbourhood of z. For

almost every ¢ € S! we have that,

Flu)(t { / / } sm“ “ gy =~ Lip) + 50}, (21)
say, where § = §(E, E) (as given in (2.9)) and X = S!\ [=4,6]. Note that if

E = S', then X = 0 and S = 0. We shall consider the regularity of D and S

separately.
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Let |h| < 2. Then

|D($+h)—D(.’E)' _ G( ( ), (:c—y)) dy

)=
_ sin® §
/Ihl |G(u(z+h), u(z+h— y))l |G(u(z), u(z—y))| d

k| Sln2y sin” § ’

/IG u(z+h) u(:r+h y))—G(u(x),u(w—y)de,

2y
sin® 3

‘/5 G(u(z+h),u(z+h—y)

IA

where Y = [—6,4] \ [—|h|, |h|]. We consider each of these integrals in turn.
By the mean value theorem, for all £ € E and |y| < |h|, there exists & €
[u(z — y), u(z)] such that ¢(u(z)) — ¢(u(z — y)) = f(§){u(z) — u(z —y)} Hence

for some constant C independent of z and y,

|G (u(z), u(z — y)| = 1£(€) — f(u(@))llu(z) - u(z - y)| < Cly]**+?,

(by Theorem 1.4 (iii), since f € C%#(J) and u is C%* on [z,z —y] C [z — |h|,z+
|h|]] € [x—48,z+6] C E). Similarly, if |y| < |h|, then |G(u(z+h),u(z+h—y))| <
C|y|*+#) for some constant C, independent of z, y and h (we denote all such
constants C in this proof), since u is C%* on [z+h, z+h—y] C [z—2|h|, z+2|h|] C
[z — 6,z + 0] C E. It follows that

™M |Gu(z + h),ulz+h —y))| | |G(u(z),u(z —y))| d
s 2y + 2y y
—|R| sin® 2 sin” %
[h|
< C/ |y|a(1+ﬁ)~2 dy < C|h|a(1+ﬁ)_1. (2.13)
—|A

In order to bound the second integral in (2.12), we rearrange K(z,h,y) :=
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G(u(z + h),u(z + h —y)) — G(u(z), u(z - y)):

K(z,hy) = {$(u(z+h)) - é(u(z))} - {¢(u(z +h - y)) — é(u(z - y))}
Hu(@ +h - y) - u(z+ k)] - [u(z - y) — u(2)]}f (u(z + h))
Hu(z - y) —u(@)Hf (u(z + b)) — f(u(z))}. (2.14)

By the mean value theorem (applied to ¢) and the intermediate value theorem

(applied to u),

$(u(z + b)) — ¢(u(z)) fu(to){u(z + h) — u(z)}
¢(u(z+h—y))—d(u(z—y)) = flu(t)){ulz+h—y)-ulz—y)}

for some ¢y € [z,z + h] and t; € [x —y,z + h — y]. It follows that

K(z,hy) = {[ulz+h) —u(z)] - [u(z +h—y) - ulz - y)]}f(u(t))
+Hu(z +h —y) —u(z — y) HF (u(to)) — f(u(tr))}
Hulz +h —y) —ulz + h)] - [u(z - y) — u(@)]}f (u(z + h))
+ulz - y) — u(@)H{f (u(z + h)) — f(u(z))}

= {[u(z+h) —u(z+h—y)] - [u(e) —u(z—y)]H S (u(to) - f (u(z+h))}
Hulz +h —y) — ulz — y) Hf (ulto)) — f(u(t1))}
+Hulz — y) — u(@) H/f (u(z + b)) — f(u(z))}.

Suppose y € Y. Then by Theorem 1.4 (iii),

|[u(z + h) —u(z + h - y)] - [u(z) — u(z - Y)]||f (u(to)) — fu(z + R))|
< Clyl®lto — z — h|*” < Cly|*|h|*,
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since f € C%(J), uis C®* on [z —6 — |h|,z+ 6+ |h|] C E and [to —z —h| < |h|.
Similarly,

lu(z +h —y) — u(z — y)l|f (u(to)) = f(utr))] < ClR|%to — ta]* < Clyl*|AJ",
since for y € Y, |ty — t1] < |h| + |y| < 2]y|; and
lu(z —y) — u(@)l|f (u(z + h)) = f(u(z))| < Cly|*|Al*. (2.15)

It follows that |K (z, h, y)| < C|y|*?|h|* + Cly|*|h|*?, so

Y

. ZH
Y simn” 5

IA

Clhl"‘/ Iyl"“”2 dy+0|h|°‘ﬂ/ Iyl"‘2 dy,
Y %
since for y € Y, |sin ¥| > 5-|y|. Hence

LlK(xah,y)| dy < Clhla [yaﬁ~1]1§hi+c|h|aﬂ [ya—l]LM

-2y
Sin )

C|h|a {lhlaﬁ—l _ éaﬁ—l} + Clhla,ﬂ {Ihla—-l _ 504—-1}
S Clhla(1+ﬂ)—17

as required. This establishes the regularity of D.
Now for ¢t € S,

dy
x sin? ¥

S@) = {s(u(t) —u(®)f(u)}

+f(U(t))/X sz y / ¢ sz g

say. Since y + sin® ? is bounded away from 0 on X, y coseczg is smooth on
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X. Since f € C%(J) and u € C**(E), it follows from Theorem 1.4 (i) and (iii)
that S; € C%*A(E).

By Theorem 1.4 (iii), the function multiplying the integral in S, is C**?(E).
We show that the integral is Cj,:

/X “_;%é’éj_) dy = [—-U(t - y)coseczg-] zﬂ_é + /x Ut — y)dd—ycoseczg dy, (2.17)
where U(t) = [; u(s) ds (note that X = (6,27 — §)). Since u € Wp;' C C,,
U € C3,, s0 as y +—» cosec’¥ is smooth on X, both terms on the right hand side of
(2.17) are Cj3,, as required. Hence by Theorem 1.4 (i), S; € C%*#(E). Similarly,
S; € C..

Since for all o, 8 < 1, af > a(1 + B) — 1, we have that S € COH(+A-1(E),

as required. O

Theorem 2.6. Suppose f € C°(J) N C%(J\ N(f)), where J, J and B are as
in Theorem 2.1, and ¢ € R. If w is as in Theorem 2.1 then w € CL*(w™1(J) \
N(f(w))) for each a € (0, B).

Proof. Let E4 be a compact segment of w™(J)\N(f(w)) and let, for i € {1,2, 3},
E; be a compact segment of w=!(J) \ N'(f(w)) such that E;1; C E?. We show
that w € CY*(E,) for each o € (0, 3).

Since w satisfies (1.1),

fw)=Fw) = f(w) - flw)Cw' +C(f(w)w')
= f(w)(1 +Cuw') +C(f(w)w') — 2f (w)Cuw'
= c¢—2f(w)Cuw'. (2.18)

Since f(w) is continuous (since w € W' € C2.), it is bounded away from 0 on
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E;. Hence by (2.18) we have that for almost every z € Ey,

iy e+ Fw)(z) 1

By Corollary 2.4 and Hélder’s inequality, w € W1*°(E;) c C%(E;). Since
Ei1.C wY(J\N(f(w))), we have by Lemma 2.5 that F(w) € C**(+A-1(E,) for
each a € (0,1): i.e. F(w) € C¥*(E,) for each a € (0, §).

Theorem 1.4 (iii) now yields f(w) € C%?(E,). Since f(w) is bounded away
from 0 on E,, we may apply Theorem 1.4 (ii) to (2.19), to conclude that Cw' €
C%*(E,) for each a € (0, ). Now

Cuw' = C(&w') + C((1 — &H)w'), (2.20)

where § = g, g, is as given below (2.10). By the proof of Theorem 1.8, C((1 —
£)w') is smooth on Fj, so C(éw') € C%*(E;) for each o € (0,8). Now w' €
L*°(Ey), so {w' € L. 1t follows by the theorem of M. Riesz (Theorem 1.7) that
C(¢w') € L},, and hence by Theorem 1.8 (2) that fw' = 5= [T £(¢)w'(t) dt —
C%(¢w') € C%(E,) for each a € (0,8). The result follows since on Ey, w' =
Ew'.

That Lemma 2.5 holds only when a < 1 is somewhat unsatisfactory, since

it weakens the conclusions of Theorem 2.6 (and Theorem 2.1). However, as the

following example shows, Lemma 2.5 is best possible.

Example 2.7. Let f : R — R be given by f(z) = |z|?, where 8 € (0,1]; and
let u: S' — R be given by u(z) = |z|. Then f € C*(R) and u € Co'. Let
0<h<ZI. By (211-2.13),

_ 1 [ K(0,hy)
4t Jy sin?¥

F(u)(h) — F(u)(0) = Iy dy,

where Y = S\ [—h, h], K(0,h,y) is given by (2.14) and |Ij| < Ch? for some
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constant C, independent of h (we denote all such constants C in this example).

Now
K(0,h,y) o (T mh K(0,h,y)
dy = dy=1+I,.
5 Ty {(/ +/) (/ +f )} T w=htlh
We examine first the size of I;. By (2.14-2.15) we have that for y € Y,
|K(0,h,9)| < Clyl°h + Clylh?

for some constant C, independent of h and y [note that (2.14-2.15) hold for all
a, B € [0,1]]; so we have that

h—n
|14 <c</ / )lylf’ 2h + |y| AP dy<chﬂlog h < Ch*.
Next we evaluate I,. We have, for z > 0, ¢(z) = [ t# dt = 5372°%1, s0
K(0,h, B+1 _ |p — 4|BH1 h—ulh? — g L __ppt1
(O,h,) = 5ol = b=y} + b= ylh® - EhP,
so that

P e e Ll 0 et L= Ll
2 - _,,+ sin? ¥

7—h ﬁ{zyﬁﬂ — (y — h)PHL — (y + h)P*+1} + 2yRP — _ﬂ%%h[ﬂl
k(h) . /2

dy
for some k(h) € [4, 7%, since for y € S?, J—f;l <|sin¥| < %L Let t = ¥. Then

z_1
L = fi(h)h"/l tlg(ﬂ%{%ﬁﬂ—(t—i—l)ﬂ“—-(t—1)ﬁ+1}+2t———ﬂ2fl) dt

1 -1
= () / 2 00+ iu( 1/t)>—(ﬁj%dt, (2.21)

=+ I

where ¢ (s) is the Oth order Taylor series remainder of the function s — (1+s)#*!
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about 0. We have by (1.19) that |¢;(s)| = O(|s|) as s — 0. It follows that each
term on the right-hand side of (2.21) except

K(h)h? /1

is dominated by Cx(h)h?. The latter term equals

A

-1
2
— dt
t

2k(h) K log (% - 1) .

Hence if 0 < h < Z then F(u)(h) — F(u)(0) = Ry + x(h)h#log (F — 1), where
|Ri| < Ck(h)h? and k(h) is bounded and bounded away from 0 as A — 0. Since,
as h — 0, log (X — 1) — oo, it follows that F(u) ¢ Co’. n

This concludes the case n = 0. In the case n = 1 we have

Lemma 2.8. (generalisation of lemma 8.6 in [4]) Suppose f € C°(J)NCY8(J),
where J, J and B are as in Theorem 2.1. If u € Wil n CY*(E), with o € (0,1],
E c u(J) and R(u) C J, then F(u) € CL5(E°) for each e € (0, min{o, §}).

loc

Proof. Choose a compact segment, E of E° and let 6, D and S be as in the proof
of Lemma 2.5. Since E is compact, it will suffice to show that for each z € E, D
and S are sufficiently regular in a neighbourhood of z; since F commutes with
translations, it will suffice to consider the case t =0 € E.

We show first that D is differentiable in a neighbourhood of 0, and that

b= [ BBt

2.22
_5 sin? ¢ (222)

for all k in a neighbourhood of 0 (we show that the integrand on the right-hand
side of (2.22) is in L'(—4,6) in the course of the proof). It will suffice to show
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that for all A and & in a neighbourhood of 0,

lD(k +my-pgy - p [ HOCRLEZW)
| [ Gl i) -Gttt ) o,
-6 Sil’l2 %
< Clpp+minte) g Chl), (229

where C is a constant independent of k, y and h (we denote all such constants
C in this proof). Note that (together with the uniform boundedness of D’ in a
neighbourhood of 0), this will in fact prove that for all ¢ € (0, min{w, 8}), D is

C'* in a neighbourhood of 0, since for k; and k, in a neighbourhood of 0 we shall

then have
| D' (k1) — D'(k2)| 1 D'(ky) — D(k1) — D(k2)
|k1 — kaf® = k1 — ko ki — ko
1 D(k2) - D(kl) I} ‘
+ — D'(k
|k1 — kol ke — ki (k2)

< Clky — ko|™iMeBl=¢]10g |C(ky — k3)|| = 0 (2.24)

for some constant C, independent of k; and k,, as k; — ko — 0.

Let |h|, |k| < min{1, 4} and Y =[-6,6] \ [~|Al, |h|]. Then

/5 G(u(k+h), u(k+h—y)) =G (u(k), u(k—y)) —hZG(u(k), u(k—y))
-5

2y
sin 2

</IG(u(k+h),U(k+h—y))—G(U(k),U(k—y))—h%G(u(k),U(k—y))l

sin? ¥ dy
MG (u(k + R), u(k + h— 1)) — G(u(k), u(k —
+/WI((+) (+Sin3é)%) (u(k), u( y))ldy
M| &G (ulk), u(k — y))|
)y / . 2 7T — YN g, (2.25)

Consider the third term on the right-hand side of (2.25).
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If |y| < 6, then [k, k — y] C [—36,36] C E, so by the mean value theorem,

we have that for some ¢ € [u(k),u(k —y)], f(u(k)) — f(u(k—1v)) = f'((){u(k) -
u(k — y)}. Hence if |y| < 6, then

2 (k) ulk 1)
= (k) — k) (k )+ {uk — ) = u(k)} (k) B)
= {70k — ) k) ()} {u(k) — uk — 1)}
= {FOW (k=) ~ /(R + [7°(C) — £tk (k) k) = u(k — )},
(2.26)

so by Theorem 1.4 (iii),

S Gk ulk = )| < 17Ok~ ) o (k) fu(k) — uk ~ )

+1£(¢) = f(u(E)||u' ()| [u(k) — ulk - y)|
Clyl{lyl* + |y|*} < C|y|1+min{a,ﬁ}

IN

for all y with |y| < . Hence

lhl | 2. Ih| ) :
|h|/ lak (’LL y))l dy < C|h|/ Iylmm{a,ﬂ}—l dy:C|h|1+m1n{a,ﬂ}’
|Al sin’ — Al
(2.27)
since for y € [—|h|, |||, |sin¥| > 5-|y|. A similar calculation shows that the
integrand on the right-hand side of (2.22) is in L!(—4, ).
For fixed y € [—4,4], k — G(u(k),u(k — y)) is clearly continuously differ-
entiable on [—4,d]. Let ®,(k) = G(u(k),u(k — y)). Then by the mean value

theorem,

G(u(k + h),u(k + h —y)) — G(u(k), u(k — y)) = ®,(k + h) — @,(k)

= b (kyp) = h G lulk), u(k ~ ) (2.28)

ky.n
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for some ky , € [k, k + h]. It follows, via the same argument as above, that

|A| —y)) — — :
/ |G(U(k + h),U(k + h . g)) G(U(k), U(k y))l dy S C|h|1+mln{a,ﬂ}
|| sin” &
also.
Consider the first term on the right hand side of (2.25). By (2.28) we have
that fory e Y

Glulk -+ ), ulk+ b — ) — G(u(k), ulk — ) ~ h- Gu(k), ulk — )
:h{%G(u(k),u(k—y))kyh—%G ull = )|

= h{{f (ulkyn)) — £ (u(k))] = [ (ulkyn — v)) = F(u(k = y)) ]}/ (kyn — v)
+{f(u(k) = f(ulk — y))Hu'(kyp — v) - u’(k - )}
H{[ulkyn — ) — ulk — )] = [ulkyn) — w(R)]}Hf (u(ky,n))u' (ky,n)
Hu(k — y) — w(R)HSf (ully n))u' (kyn) — f'(u(k)w'(R)};

we bound each of these terms in turn. For y € Y,

[{f (u(kyn)) = f(u(k))} = {f(ulkyn —v)) — f(ulk —y)) H|u' (kyn — y)|
< ||u'“L°°(E)/_ |f'(w(t + kyn))u' (t + kyn) — f'(u(t + E))u'(t + K)| di

< Clp[mmey

by Theorem 1.4 (iv), since f € CY#(J) and u is CV* on [—|y| — |h| — |K|, |y| +
|h| + |k|] € [-%, %] C E. By Theorem 1.4 (iii), for y € Y,

|f (u(k)) = f(u(k — )|l (kyn — y) = w'(k = y)| < Clyllkyn — k| < C|AI*[yl,
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since u is CV* on [—|y| — |h| — |k|, |y| + k| + |k]] C [~3, %] C E, and similarly

[{u(kyn — y()) —u(k —y)} — {u(kyn) — w(k)H|f (u(kyn))w (kyn)l
<c / (¢ + ky ) — o/ (E + B)| dt
< Clkyn — E|*|y| < Clh|*[yl.

Finally, by Theorem 1.4 (iv), for y € Y,

lu(k —y) = u(k)If (ulkyp) (kyp) = F' k)W (R)] < Clhyp — k™)
C|A™ Py,

A

It follows that

|G (u(k+h), u(k+h—1)) —G(u(k), u(k—y)) —hgG (u(k), u(k—y))|
5 dy
Y sin” 5
. . dy ; ™
< Clh 1+mm{a,ﬁ}/ Iyl <Clh 1+mm{a,ﬂ}/ 2 < Clh 1+mm{a,ﬁ}l .
< CJA| , sy SOl o SCI og| o7

so for all A and k in a neighbourhood of 0 we have that

dy

|D(k +h) — D(k) — h/i %G("($1;2U}L(k ~))
- 2

< C|h|1+min{d,[3} + C|h|1+min{a,ﬁ} IOg ‘%‘ < C|h|1+min{a,ﬂ}l log |Ch||

(2.23) is thus proved; and the required Holder continuity follows since D’ is
uniformly bounded in a neighbourhood of 0, as may be seen from (2.26-2.27).

We now consider the regularity of S. As in the proof of Lemma 2.5, S(t) is
given by (2.16); by similar arguments to those used in the same proof, S; and
the function multiplying the integral in S, are in Cb™n™A}(E). We show that
the integral in S is in C?(E):
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Since X = S\ [-4, 6] = (6,27 — §), we have that for z € S!

_ z—27+8
/“(75 y) dy=—/ uz(t) dt = —F(z — 6,2 — 21+ 6, 2),
X z

2y —t
sm” 5 _$ sm” 5=

where

7 r—t
F(p,q,7) = / u(t)cosec? dt.
p

Let K(z) = (z — 6,z — 27 + 6,2) = (K1(z), K2(z), K3(z)). Then [, 27 i’ dy =
—F(K(z)). For z € E,

_a_/ we—y) , _ _[OF 0K\  OF 0K, OF 0K,
8z ~ " \0K, 0z ' 9K, 0z ' 0K; Oz

'21
X Sty

8 2r—§ [T D z—t

_ _ 20 _ 2 _ o 221
= u(x — §)cosec 5 u(z + & — 27)cosec 5 /z—s u(t) 52505 5 dt.
(2.29)
Now for z € E, u is C* in neighbourhoods of z — § and = — 27 + §; so the first

two terms on the right-hand side of (2.29) are in C*(E). The third term is

z—2m+6 b r—t
_ 9 2 _ _ 2y Yo
/x y u(t) 55505¢¢" —5 dt /X u(z — y)cosec 5 cot 5 dy;

so by an argument similar to (2.17) and the remarks following, it is in CL,. It
follows that the derivative with respect to z of the integral in S is C1(E), so the
integral itself is C2(E). Hence, by Theorem 1.4 (iv), S € Ctmin{ef}(E).

By a similar argument, S3 € Clmin{*f} (),

It follows finally that S € Cl™™®f}(E), and in particular, S is Clmin{ef}
in a neighbourhood of 0; together with the regularity of D, this establishes the

lemma. d

Theorem 2.9. (generalisation of theorem 3.7 in [4]) Suppose f € CO(J)NCLA(J\
N(f)), where J, J and B are as in Theorem 2.1; and ¢ € R. Ifw is as in Theorem
2.1 then w € C2*(w=1(J) \ N (f(w))) for each a € (0, B).

loc
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Proof. Let Ei,...,E, be as in the proof of Theorem 2.6. We show that w €
C?*(Ey) for each a € (0, 3).

By Theorem 2.6, w € CY*(E,) for each o € (0,1), since f € C%'(J) and
E, C wi(J\ N(f(w))). Hence by Lemma 2.8, for each a € (0,1) and each
e € (0,min{a, 8}), F(w) € CY¢(E,): i.e. for each a € (0,0), F(w) € CH*(E,).
By Theorem 1.4 (iv), f(w) € CY*(E,) for each a € (0,8). Since f(w) is
bounded away from 0 on E,, we may apply Theorem 1.4 (ii) to (2.19), yield-
ing Cw' € CY*(E,) for each o € (0,8). Now Cw' is given by (2.20), where
€ = &g, B, Is as given below (2.10). As in the proof of Theorem 2.6 we have
that for each o € (0, 8), C(éw') € CY*(E;3) N LL,. Hence by Theorem 1.8 (2),
Ew' = 5= [T £(t)w'(t) dt — C*(Ew') € CV(E,) for each o € (0,0). The result

follows since on Fy, w' = &w'. O

That, under the hypotheses of Lemma 2.8, we may conclude only F(u) €
CL(E°) for each ¢ < min{e, 8} rather than F(u) € CL™™*#}(E°), is somewhat
unsatisfactory, since it weakens the conclusions of Theorem 2.9 (and Theorem

2.1). However, as the following example shows, Lemma 2.8 is best possible.

Example 2.10. Let f : R — R be given by f(z) = 2z and let u : S — R be

given by

T
u(@) = a+1
where 0 < a < 1. Then f € CY(R) (trivially) and u € C3*. It follows from
Lemma 2.8 that F(u) is differentiable and (2.22) holds. Let 0 < z < §. Lemma

3.6 in [4] shows that

(Imla —"’Ta)a

(F () (z) — (F(u))'(0)
= I,+C (U'(fv)—u'(w—y))(U(x)—U(w—:t{)l—
K sin” &

(WO v (=)@ ~u(-v)) y

where K = St\ [-2z, 2z] and |Ij| < Cz* for some constant C, independent of z.
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Now

/ [w'(z) — v'(z — Yl[ule) — u(z — y)] — [w'(0) — u'(—y)][u(0) — u(-y)] dy

sin® ¥

(/—‘n / >[u sl zl)rllziu() u,(—y)][u(x)—u(z—y)] dy
( / / (@) =@ =R O =) o) dy

2y
sin” £

+/ [u() —U(sv— y)) — (u(0) — u(=y)][w'(0) — vw'(=y)] dy

2y
sin” 5

=II+I2+IS-

We investigate first the size of I3. We have that for some constant C, independent

of x and v,
0
(u(e) = ule = ) = () = u(-3) = | [ e+ 9) - wt) ] < Ca)
')
since u' € Cg.*. Hence
L] < Cz® / e dy < Ca=.
K
Next, we examine the size of I;.

|11|§C:c°‘</ +/ >%§C’x°‘logL§0x°‘
-7 T—x Iyl T™T—X

since u' € Cpy*, u € C3;* C Cpy' and |log (:%)| < log (2). Finally, we evaluate
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I - /"_” (z* — (y —2)* + y*)(&**' + (y — 2)** — 1Y) dy
? . (a+1)sin’¥
(z* — (y+2)* +y*) (@ = (y + 2)** = 1%y
(a+1)sin® ¥
T—T IL‘a'— y_xa+ya xa+1+ y_xa-i-l_,,ray)
o [ e = N
a o o at+l __ atl _ o
NC (y+z)*+y )(ﬂ?y2 (y+ ) TY) dy,

+ dy.

2 . .
for some x(z) € [O%H, a"—H], since for y € St, J%l <|sin¥| < J%l Let ¢t = £. Then

L = k(@) /2 - “:—:{(1—(t—l)"‘+t°‘)(x°‘+(t—1)a+1x°‘—7rat)
+ (1= (E+1)*+t*)(z* — (t+1)%Hz* — 7°1)} dt
2711

= n(x)x"‘/z t—2{(1——t°‘[1+cp1(—1/t)]+t°‘)(a:°‘+t°‘+1[1+<p2(—1/t)]:z°‘—7r°‘t)

+ (1= t*[1 + @ (1/8)] + %) (z* — > 1 + @2 (1/8)]2* — 7*t) } dt,

where @;(s) and @,(s) are the Oth order Taylor series remainders of the functions
s+ (1 +5)* and s — (1 + s)>*! about 0 respectively. We have by (1.19) that
lpi(s)] = O(|s|) as s — 0. Hence

L = k@) /2 029 4 [oa(=1/8) — oa(1/0)]t5 2% — 2ot
—[p1(=1/8) + @1 (1/1)]t° %% = [pa(=1/t) — @1 (1/8)]t* 2*
—[@1(=1/t)pa(—1/8) — o1(1/t) 02 (1/8))t2* =

+He1(=1/t) + @ (1/)]mt>2 dt. (2.30)
Each term on the right-hand side of (2.30) except
z.1
/ﬁ(x)x"‘/ —2nt! dt
2
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is dominated by Ck(z)z*. The latter term equals
m 1
2 “1 ——=.
k(z)z® log (293 2)

Hence if 0 < z < I then (F(u))'(z) — (F(u))'(0) = R, + 2x(z)z*log (£ — 1),

w|

where |R;| < C|z|* and k(z) is bounded and bounded away from 0 as z — 0.

Since, as z — 0, log (Z — 1) — oo, it follows that F(u) ¢ Cy.*. u

This concludes the case n = 1. Before we can prove the inductive step in the

proof of Theorem 2.1 (I), we require the following two lemmas:

Lemma 2.11. Suppose f € C°(J)) N C™*(J) wheren € N and 8,J and J are
as in Theorem 2.1. If u € W' n C™*(E) with o € (0,1], E C w(J) and
R(u) C J, then F(u) is (n — 1)-times differentiable on E°, and for z in each

compact segment, E of E°,

(F(u)* D (2) = f(u(@))C(Eu™)(z) — € (f(w)éu™) (2) + Ra-r(u) (),

where £ is a smooth function on S' and R,_,(u) € Ctmir{efH(E),

Proof. Let E be a compact segment of E°, and let E=¢ (E, E) be as given in
(2.10). Note that £ C E°. Let also £ = € i be as given below (2.10). Then we

have

Fu) = flu)Cu' - C(f(u)r)
= f)C(E) — C(f (w)éw') + fF(W)C((1 — §v') — C(f (u)(1 — ).

By the proof of Theorem 1.8, C((1 — &)u') and C(f(u)(1 —€&)u') are smooth on E.

We consider

H(¢,u) = f(u)C(u) — C(f(u)éu').
Note that f(u)éu’,&u’ € C3.% so in differentiating H(&,u) n — 1 times, we may
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interchange the operators C and differentiation. By Leibniz’ rule and the Faa-de

Bruno formula (1.8), we have that on E,

(H(€,u))" N (z)
= f(@)co® ™V —C (flup™D)

= n-1 n—1—k d* (n-1-%)_4° \
+ ( . ){Cv( )(:C)Wf(u(x)) -C (v k)qx—kf(U)}(I)}

where v = £u’. All the terms on the right-hand side of (2.31) except f(u)Cv™~1) —
C(f(u)v™1) involve only derivatives of f of order less than or equal to n—1 and
derivatives of u of order less than or equal to n — 1; so Theorem 1.8 (2), together
with Theorem 1.4 (iii) and (iv) shows that their sum is in Clmin{®8}(E).

Now by Leibniz’ rule,

=0

1 -1 N
v =3 | €Ol (2.32)
1

and all terms on the right-hand side of (2.32) except &u(™ involve only derivatives
of u of order less than or equal to n — 1, so are in CY*(E). It follows that all

terms except

F@)C (€ut™) — € (f (w)éu™)
in the n — 1th derivative of F(u) are in C™in{*f}(E), as required. O

Lemma 2.12. Suppose a € Wp,' N C?>*(E), where o € (0,1] and E C S*; and
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be L. G(a,b), given by

G(a,b)(z) = a(x)Cb(z) — C(ab)(z 27r/ {a(=) tanm—'y Jo(y) dy,

is in Co%(E°).

loc

Proof. Choose a compact segment E of E°, let § = 6(E, E) and E = £(E, E) be
as in (2.9-2.10), and let y € S! be fixed. Let

a(z) — a(y) )
Alz,y) = tan 22 z € S*\{y}

2d'(y) =z=y

We shall show that A(-,y) € CY*(E).

If y € S'\ E, then clearly A(,y) € C>*(E), by Theorem 1.4 (ii). Otherwise,
A(,y) € C**(E\[y—£,y+1]) by Theorem 1.4 (ii). Ify € Eandz € [y—-£,y+3),
then )

Aw,) = {a(o) = a)}Bla,) +2 | o(y+tfe =) &

where

-2 oy
B(z,y)={ 0%t -y
0 T=19.
This follows since if z = y then fo (y+t[z—y]) dt = a'(y), whilst if  # y, then

/Ola'(y-i-t[x—y]) dt = $-1—y/1 ((llt (y+t[.’17——y]) dt = a(l‘):a(y).

B(-,y) is infinitely differentiable on [y — %,y + 7], and it follows from the Holder
continuity of a” that A(-,y) € C%([y — 3,y + &]); so A(-,y) € CY*(E), as
required.

Since for each y € S, A(-,y) € CY*(E), it follows that A(-,y) € CH*(E)

uniformly in y.
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We now show that G(a, b) is differentiable on E, and that for z € E,

0@ @ = 5 [ A9 1)40) d (2.33)

-

For fixed z € E and for |h| < 4, we have

G(a,b)(w+ ) ~ 0(a,0)(@) - - [ A (z,)00) dy
= o [ {AG+ )~ Aw,y) - hA(z,9)}o00) d.

Now by the mean value theorem, for each z € E and y € S, A(z + h,y) —
A(z,y) = RALO (z, 1, y) for some x4 € [,z + h]. It follows that

|A(z+h,y) — A(z,y) — hA®D (z,y)| = |h||AYO (g4, y) — A (z,y)| < C|h|MF,

for some constant C, independent of z,y and h; and (2.33) follows, as required.

That G(a,b) € CH*(E) may now be seen from a calculation similar to (2.24). O

Corollary 2.13. Suppose f € C°(J) N C™P(J), where n € N\ {1} and 8,J and
J are as in Theorem 2.1. If u € W' NC™*(E) with o € (0,1], E C u™'(J) and
R(u) C J then F(u) € CrmmPY gy,

loc

Proof. Let E be a compact segment of E°. By Lemma 2.11, it will suffice to show
that Hn_1(€,u) := f(u)C(u™) — C(f(u)éu™) € CLmin{eBY(E) where £ is as in
Lemma 2.11. This follows from Lemma 2.12, since f(u) € Cmix{ef}(E) (by
Theorem 1.4 (iv)), éu(™ € LY (trivially) and Hn_1(€,u) = G(f(u),&u™). O

Proof of Theorem 2.1 (I). The cases n = 0 and n = 1 are proved in Theorems 2.6
and 2.9 respectively. Assume that (2.1) holds if n = m € N; we show that (2.2)
holds if f < 1 and n =m + 1, and that (2.1) holdsif f=1and n=m+ 1.

Let f € C™L8(J\ N(f)), let w € W' be a solution of (1.1) such that
Cw' € LL (w™'(J) \ N (f(w))) and let Ey, ..., E, be as in the proof of Theorem
2.6.
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Let first 3 < 1. We show that w € C™2#(E,). By hypothesis, w €
Ccm+le(Ey) for all a € (0,1), since f € C™(J \ N(f)) and E; C w(J) \
N(f(w)). Hence by Corollary 2.13, F(w) € C™+1A(E,). Also f(w) € C™tLA(E;,)
by Theorem 1.4 (iv), since f € C™LA(J\ N(f)), w € C™P(E,) and E, C
w (J) \ V(£ (w)).

Since f(w) is bounded away from 0 on E,, we may apply Theorem 1.4 (ii)
to (2.19), and conclude that Cw' € C™*1A(E,). Now Cw' is given by (2.20),
where £ = &g, g, is as given below (2.10). As in the proof of Theorem 2.6
we have that C(éw') € C™1VA(E;) N L), . Hence by Theorem 1.8 (2) , éw' =
= [T E(t)w'(t) dt — C*(éw') € C™MA(E,). Hence w € C™2F(E,), since on Ey,
w = &'

In the case 8 =1, let a € (0,1). We show that w € C™*2%(E,). As before,
by hypothesis, w € C™*1*(E)). Hence, similarly to above, F(w) € C™1(E;)
and f(w) € C™th(Ey).

We apply again Theorem 1.4 (ii) to (2.19), and conclude that Cw' € C™1(E,);
and as above {w' € C™t1*(E,). Hence w € C™+%%(E,), since on E4, w' = &w'.

The theorem now follows by induction. a

2.3 Real-analyticity

In this section we present a proof of the second part of Theorem 2.1, and also
show that the hypotheses of Theorem 2.1 are satisfied by solutions w € W;,’rl if
any of the conditions (A)-(C) are satisfied.

Proof of Theorem 2.1 (II). If w' = 0 then the result is trivial, so we may
assume that w'(t) # 0 on a set of positive measure.

Let E, be a compact segment of w=1(J) \ N'(Z), and let E; be a compact
segment of w=!(J) \ N'(Z) such that E, C E?. We show that w is real-analytic
on E,. Let R: {z + iy € Cly < 0} — C be given by

R(a +iy) = F(e™=*), (234)

where F' : D — C is given by (1.13). Then R = U + iV is holomorphic and as
y /0, R(z + iy) — w(z) — iCw(z) pointwise almost everywhere. By Theorem
2.9, w,Cw € C*>*(E,) for each a € (0,1). Hence by Lemma 1.5, 4,V € C>*({z+

loc
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iy € Clz € E;,y < 0}) (note that U and V satisfy the strictly elliptic equation
Au = 0). Hence for z € Ey,

Uy (z,y) = w'(z), Uyz,y) = (Cw)(z). (2.35)

as y /0. It follows that for z € Ey, R'(z + iy) = w'(z) — i(Cw)'(z) as y /0.
Now by Theorem 2.1 (I), w' € C**(E,), so by Theorem 1.8 (1), Cw' € C?>*(E3).
By the same argument as above, there exists a holomorphic function R = i +V
on {z + 1y € Cly < 0}, with C% extension w’' — iCw' to Es.

Now for y < 0, U(z +iy) = 5= [ P.-y(z — t)w(t) dt, where for r < 1 and
t,0 € S, P,(6 —t) is the Poisson kernel,

et + ret? 1—r2
P.(6 —t) =Re |= —| = :
(6—¢) = Re [e” — rew] 1 —2rcos(6 —t) +r?

Note that 2P, (0 —t) = —Z P,(0 — t). By integrating by parts we obtain

g+ in) == [ [2 R0 w) ai =+ )

It follows that R’ and R are holomorphic functions on the open lower half-plane
with equal real parts, so must differ by an imaginary constant. In particular, Cw'
and (Cw)' differ by a constant on Ej.

Since f(w) and Z are bounded away from 0 on E,, f is real-analytic on w(E,)
and Z is real-analytic on Ej,

Cw'(t) = \/ ﬂ%&) —w(t)?—1

gives (Cw)' as an analytic function of ¢, w and w' on Ey \ N (1 + Cw'): ie. it
gives U, as an analytic function of ¢, ¥ and U, on E; \ N(1 + Cu'); and by
Lewy’s theorem (Theorem 1.13), R extends to an analytic function on a ball
centred at each point of E, \ N'(1 + Cw'). Hence in particular w is real-analytic
on E; \ N (1 + Cu').

A similar argument, using a different function R on the lower half-plane and
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the formula

w'(t)z\/ Z20)_ _ (14 cu)

fw(t))
shows that w is real-analytic on E» \ N (w'). Since on E,, w2 + (1 + Cw')? # 0,
we have that w is real-analytic on FEj. O

Theorem 2.14. Suppose f,c and w satisfy the hypotheses of Theorem 2.1 (II).
Then w is real-analytic on w='(J) \ N'(f(w) f'(w)).

Proof. If f(w) = 0 then the result is trivial; so assume f(w) # 0. By the proof of
Theorem 2.3 (2), ® := HW (where H = O(y/|f(w)|) and W € Ny<1HE is such
that W* = w’ + i(1 + Cw’)) has an analytic extension to (w™(J) \ N (f(w)))* U
(C\ 8D). It follows by (1.17) that on S \ N(f(w)),

d\* P o*
Wi=\g) = = xp{—iC(l 0% (2,
(%) = 5 = Ty el-iCloe VT, (236)

Let g = log +/|f(w)|- Then by (2.36) we have

w = él—g—(ReQ* cos(Cg) + Im®* sin(Cyg)).

Now ¢' = f'(w)w'/(2f(w)), so

g = f'(w)

20e39

(Re®* cos(Cg) + Im®* sin(Cyg)),

where o = sign(f(w)) is constant (£1) on each compact segment of S*\ N (f(w)).
Finally, if f'(w(t)) # 0 then in a neighbourhood of w(t), f has a local analytic
inverse, f;(lt). Hence in a neighbourhood of ¢, w(s) = f;(lt) (0e?9()), Tt follows

that in a neighbourhood of ¢,

f’(fzz(lt) (Uezg(s)))

ge3a(s)

g(s) =

(Re®*(s) cos(Cg(s)) + Im®*(s) sin(Cgq(s))).  (2.37)
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Let t € w™'(J) \ N(f(w)f'(w)), and let E;, E, and E3 be compact segments of
w™(J) \ N(f(w) f'(w)) such that ¢t € Es, (2.37) holds for all t € Es, E3 C ES
and By C E7. We show that w is real-analytic on Ej.

By Theorem 2.9, w € C*%(E;), so by Theorem 1.4 (iv), g € C?>*(E;) (note
that f # 0 on w(E;), so on f(w)(E}), t — |t| is smooth; and on |f(w)|(E}), log
is smooth). Now f(w) € Log (see the proof of Theorem 2.3), so g € L _; hence
by Theorem 1.8 (2), Cg € C**(E3).

A similar argument to the one in (2.34-2.35) shows that there exists a function
R = U +1V, holomorphic on the open lower half plane in C, with boundary data
g —iCg on R As in the proof of Theorem 2.1 (II), Lemma 1.5 now shows that
U,V e C2({z +iy € Clz € Ey,y < 0}), whence by Lewy’s theorem (Theorem
1.13) and (2.37), R extends to an analytic function in a ball about every point
in Ej3; and in particular g,Cg are real-analytic on Ej.

Now for t € E3, w(s) = f,(0e?)) for all s in a neighbourhood of ¢, so w is
real analytic on Ej also. We have shown that for each ¢t € w™(J)\N(f(w)f'(w)),
there is a neighbourhood of £ on which w is real-analytic. Hence w is real-analytic

on w(J) \ N(f(w) f'(w)), as required. 0

Corollary 2.15. If f,c and w satisfy the hypotheses of Theorem 2.1 (II) and
f''#0 on R(w) then w is real-analytic on w=(J) \ N'(f(w)).
We now show that the hypotheses of Theorem 2.1 are satisfied by solutions

w € W' of (1.1) in cases (A)-(C).
In case (A), w € WrP(w 1(J)) for some p > 1, so by Theorem 1.8 (1),

loc

Cw' € IF (w'(J)) c LL (w='(J)). In case (B), w € Hg", so Cw' € L},. For

loc loc

case (C) we have the following:

Lemma 2.16. Letu € W,;' withR(u) C J. If f € C°(J) is monotone increasing
on R(u) then for almost all x € S, F(u)(x) > 0. If f is monotone decreasing
on R(u) then F(u)(z) <0 almost everywhere.
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Proof. Let z,y € S'. By the mean value theorem, ¢(u(z)) — d(u(z — y)) =
FO){u(z) — u(z — y)} for some x € (u(z),u(z — y)). Hence G(u(z),u(z —y)) =
{f(x) = flu(z))H{u(z) — u(z — y)}. Suppose f is monotone decreasing. Then
f(x) — f(u(x)) has the same sign as u(z) — u(z — y), so G(u(z),u(z — y)) > 0.
Hence by (2.8), F(u)(z) < 0 almost everywhere. Similarly if f is monotone

increasing. a

Corollary 2.17. Suppose f € C°(J). If w € W' is a solution of (1.1) such
that f is monotone on R(w) then Cw' € LL (S* \ N(f(w))).

loc

Proof. Since w satisfies (1.1), f(w)+ F(w) = ¢ — 2C(f(w)w'). Hence by Lemma
2.16, C(f(w)w') is either bounded above or below. Hence by the remark following
Definition 1.10, C(f(w)w') € L. Hence F(w) € Li., so by (2.18), Cuw' €
L (ST \ N(f(w))), as required. O

2.4 The Bernoulli condition

In this section we investigate the case where Z = ¢. This case is important here

because of the following corollary to Theorem 2.1 (II)

Corollary 2.18. Suppose f and w satisfy the hypotheses of Theorem 2.1 (II),
and ¢ € R\ {0}. If Z = ¢ on w™(J) \ N(f(w)) then w is real-analytic on

w™ (J) \ N (f (w)).

Proof. By Theorem 2.1 (II), w is real-analytic on w=(J) \ N(Z). On w™1(J)\
N(f(w)), Z = c# 0. The result follows.

We now consider which solutions w € Hg" of (1.1) satisfy Z = c. The basic
result is the following:

Theorem 2.19. Let f € C°(J) and c € R. Suppose w € Hg" satisfies (1.1). If
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¢ # 0 then the following are equivalent.

(o) f(w(t))/c > 0 almost everywhere, (B) Z(t) = c almost everywhere,
(v) Ze L} (8) Z is bounded above (or below).

2m)

If c =0 then (8)-(6) are equivalent, and are implied by
(') f(w(t)) has the same sign almost everywhere.

Note that in this case, () is equivalent to f(w(t)) = 0 almost everywhere.

We include a proof for completeness, although the result is a corollary of
theorem 2.1 in [17].

Proof. By the proof of Theorem 2.3, (1.1) becomes the Riemann-Hilbert problem
(2.4). In the case w € Hg', we have that |W*| = |w' + (1 + Cuw')| € Li,, so
W € Hg. Also, [U*| = |f(w)||[W?*| € L, so U € H¢ by Smirnov’s theorem
(Theorem 1.12).

Suppose that ¢ # 0 and (a) holds, or that ¢ =0 and (o) holds. Then, using
the notation of the proof of Theorem 2.3, either S*, or S~ has zero measure.
Suppose, without loss of generality that S~ has measure zero. Then (U/H)* =
(HW)* almost everywhere on S and (U/H)*, (HW)* € L}, (see the proof of
Theorem 2.3 for notation). Hence by Theorem 2.2, U/H and HW have bounded
analytic extensions to C, so are constant. Hence Z = U*W* = (U/H)*(HW)*
is constant. Since W(0) = ¢ and U(0) = —ic, we have that Z(t) = ¢ almost
everywhere: i.e. (8) holds.

Clearly (8) = (o) if ¢ # 0; and in all cases (8) = () and (3) = (8). Suppose
() holds. By (2.4),

U*(t)* = f(w(t))*W=()? (2.38)
Let H = O(f(w)), and for z € D,

~ 2)2 ~ ~
F(z) = ?:I((z)) , G(z) = H)W(2)%
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Now |G*(8)] = |f(w(@)||[W*@)|]* = |Z(t)|, so G € HL. Also, similarly to (2.5),
|F(2)] < |O(G*)(2)|, so F € HL. By (2.38) and (1.17), we have that for t € S,

_ U _ B (Ut (e)?
H(t)  [H )P

F*(t) = H*(t)W*(t)2 = G*(t).
Hence by Theorem 2.2, F and G have bounded analytic extensions to C, so are
constant. In particular, (UW)? = FG, and hence UW, is constant, so Z is almost
everywhere constant on S!. As above we have Z(t) = c almost everywhere: i.e.
(B8) holds.

Suppose (6) holds, and suppose that Z(t) > d for some d € R. Then ®*(t) >
1, where, ® =UW —d+1¢ ’Hé. Let

¢

F=O(\/§), G = O(Vd*).

Then for t € S, F*(t) = G*(t), and F and G are in HL, since G is; so as above F
and G are constant. Hence UW is constant, so Z is almost everywhere constant
on S*. If Z < d, then a similar argument shows that the function d — UW +1 is
constant, and hence that Z is almost everywhere constant. As before, we must
have Z(t) = c almost everywhere: i.e. (3) holds.

If c = 0 and (B) holds, then f(w(t)){w'(t)? + (1 + Cw'(¢))?} = 0 almost
everywhere. Since w'(t)? + (1 + Cw'(t))? # 0 almost everywhere (see the proof of
Theorem 2.3 (1)), we must have f(w(t)) = 0 almost everywhere. a

The final result in this chapter relies on the following result from [17]

Lemma 2.20. Suppose a € Cy:* \ {0} with a(ty) = 0 for some t, € S'; and
®, Ve HL (p>1). Ifp>2/a then the equation U* = ad* has no nonconstant

solutions.

Theorem 2.21. (generalisation of theorem 1.7 (a) and (b) in [17])
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(a) Let f € C®(J), where B € [0,1] [C*0(J) := C°(J)] and J C R is open,
248
and c € R. Let w € Wzl,’,”ﬁ be a solution of (1.1). If ¢ # 0 then (a) - (9)
in Theorem 2.19 hold. If c =0 then () - (§) hold.

(b) Let f:J — R be real-analytic, and c € R\ {0}. Ifw € ’H,}gl is a solution of
(1.1) then the following are equivalent: (i) w € Wy2*, (ii) w is real-analytic,
(111) f(w)/c > 0 everywhere.

Proof. (a) By Theorem 2.19, we need only show that () holds. If f € C%J)
and w € Wzl,’rz, this follows easily from Holder’s inequality and the theorem of
M. Riesz (Theorem 1.7). Otherwise, by Lemma B.1, we have that F(w) € L2,
Now since F(w) = ¢ — f(w) — 2C(f(w)w') = 2f(w)Cw' + f(w) — ¢, and since
f(w) € LE, we have that C(f(w)w'), f(w)Cw' € L2+, Hence by the theorem of
M. Riesz (Theorem 1.7) and by Hélder’s inequality, Z € L1, as required.

(b) Suppose (iii) holds. Then by Theorem 2.19, (a) - () hold, and w is
real-analytic everywhere by Corollary 2.18. Hence (iii)=(ii)=-(i).

Suppose (i) holds. Then f(w) € 03;3/ % by Theorem 1.4 (iii) and Hélder’s
inequality. Now W € H2, so as U* = f(w)W*, U € H}. Hence by Lemma 2.20,
either U* and W* are constant (in which case w is constant and (i)-(iii) hold
since f(w) = ¢ # 0) or f(w) is nowhere 0. By part (a), Z = ¢, so f(w)/c > 0

everywhere: i.e. (iii) holds. O
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Chapter 3

Local Bifurcation Theory

In this chapter and the next, we consider one-parameter families of functions
f(X,-) where A € R; and find bifurcation points (\*,0) € R x W,;? of (1.4). We
begin with some notation.

Let I and J be open intervals in R with 0 € J, and f € C°(I x J). We define
F:IxY— L% (where T ={we W,2|R(w) c J}) by

F(\,w) = f(A,w)(1+ Cw') + C(f(\, w)w') — f(A,0). (3.1)

Equation (1.4) then becomes F(A, w) = 0.

In Section 3.1 we give sufficient conditions on f for F to be in C*¥(I x T, L2,)
and for F' to be real-analytic; and also give a sufficient condition for 8% F (), 0) to
be Fredholm with index 0. Both of these conditions will be used in the following
sections. We also observe that a necessary condition for (A*, 0) to be a bifurcation
point of (1.4) is that the function ¢ : I — R given by

(3.2)

takes a value in NU {0} at A*.

In Section 3.2 we apply Theorem 1.21 to (1.4) and find that a sufficient con-
dition for (A*,0) to be a bifurcation point is that f € C*(I x J), ¢(A*) € Nu {0}
and (A — X*)(g(A) — ¢(A*)) has the same sign on I\ {\*}. This hypothesis is very
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weak, but the conclusion (only that (A\*,0) is a bifurcation point) is weak also.

In Section 3.3 we apply Theorem 1.22 to (1.4) and find that under the stronger
hypotheses f € C* (k > 2), ¢(A\*) € NU {0} and ¢'(X*) # 0, a C*"l-curve of
solutions bifurcates from (A*,0). We are also able to give information about the
behaviour of this curve in a neighbourhood of (A*,0).

Finally, in Section 3.4 we find, by applying the Morse lemma (Lemma 1.18) to
the bifurcation equation (1.25), a sufficient condition for (A*, 0) to be a bifurcation
point of (1.4) where ¢ has a strict local turning point at A*. In this case we find
that two distinct C? branches of nontrivial solutions of (1.4) bifurcate from ()\*, 0).
In so-doing, we show that the sufficient condition found in Section 3.2 is not a

necessary condition.

3.1 Preliminaries

We address first the Fréchet differentiability of F'.

Lemma 3.1. Let I and J be open intervals in R with0 € J. If f € C*(I x J)
(k € N) then F € C*(I x Y,L%.). If f is real-analytic from I x J to R then F

is real-analytic from I x Y to L2 .

Proof. By Theorems C.1 and C.2, if f € C*(I x J,R) then F € C*(I x Y, L2.).
Hence we need only show that if f is real-analytic, then so too is F.

We show first that the map (A, w) — f(\, w) is real-analytic from I x T to
CY.. Let \p € I and wp € Y, and let § = min{dist(), dI), dist(R(w),dJ)} and
M ={a+beRae {\} x R(w),|b| < /4}. By (1.23) there exist C > 1 and
R € (0,1) such that for all n € N and all (\,y) € M,

Cn!

4™ F (X y)ll enre gy < o

Let (A, w) € R x W,2? with ||[(A — Ao, w — wo) lgxwrz < 6/4. Then A € I since
|A — Xo| £ 6/4 and w € T since ||jw — wylleo < V2r||w — wol| 2 < 6. Let also

57



te S, NeNand

Fn (s w(®) = 3 =" (o, wo()(A—Ao, w(B)=w0(0) -, (A=ho, w(B)- o D).

By Taylor’s theorem (1.19),

O w(®) — fr(h w(®))] < I(A_A"’Q(”]\(,tl—f;’f(t))' +

x Sup 14+ £((1~5) (Ao, wo(t)) +5(A, w(®)) cvesre -
sg|0,

Now for s € [0,1] and ¢ € S* we have that ((1—s)Ag+sA, (1—s)we(t)+sw(t)) € M,
s0 if [|(Ao — A, wo — w)llgywr2 < min{R, é/4} then

C(N + )!|(A = X, w(t) — wo(t))|V !

RN+ 1]
C(IA = Xo| + |lw — woloo)V*?
= RN+

(A w(t) — fv(Aw(®)] <

-0

so (fxn(A,w)) = f(\,w) in CY..

If we define a family of symmetric n-linear forms m, € £*(R x W;,’,z, C2 ) by

M (A1, 1), - - -y (Any wa)) (8) = %dnf()\o, wo())[(Ar, wi(2)), - - - (An, wa(?))]
(recall that d”f( o, wp(t)) € L"(R2?,R)), then for t € S!

mn(()\ - /\0, w— ’LUo), (RS ) (/\ - )‘Oa w— wﬂ))(t)

= %dnf()\Oa wO(t))[()‘_)‘o, ’w(t)—’LU()(t)), ceey ()\—)\o, w(t) —wo(t))];

so by (1.21), (A, w) — f(A,w) is real-analytic from I x T to C%,, as required.
By a similar (and simpler) argument, the map (A, w) — f(A,0) is real-analytic
from I x Y to C%,.

~ Now the operator P : C9 x L% — L2_ given by P(u,v) = uv is real-analytic,
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since it equals its [three-term] Taylor series about each point. Since the maps
w +— Cw' and w — w' are real-analytic from W,.? to L2_ (being linear) it follows
that the maps (A, w) = f(A\, w)(1+Cw') and (A, w) — f(\, w)w' are compositions
of real-analytic maps, hence are real-analytic from I x Y to L2, (see Section 1.5).
Finally since C is linear, the map w — C(f(\, w)w') is real-analytic from W% to
L2.. The result follows. O

From now on we restrict our attention to even solutions of (1.4), in order to
apply Theorem 1.21 and Theorem 1.22. Let

Zy={we L% |wiseven} Z; ={w e W,|wis even},

have the subset norms of W,;” and L2, respectively. We consider F as a map
from I x (T N Zl) to Z,.

Lemma 3.2. Suppose f € C*(J) is such that f(0) #0. If F: YNZ — Zy is
given by
F(w) = f(w)(1+ Cw') + C(f(w)w') — £(0) (3.3)

then dF(0) is Fredholm with indez 0.

Proof. By Lemma 3.1, F € CY(T N Zi, Z,), and by Corollary C.3,
dF(0)h = hf'(0) + 2f(0)CH'. (3.4)

By the Theorem of M. Riesz (Theorem 1.7), dF'(0) is a bounded linear operator.

Suppose first that —f'(0)/2f(0) ¢ NU {0}. Then dF(0)h = 0 if and only if
h = 0 [note that the set of eigenvalues of the map h — Ch' is NU {0}], so dF(0)
is injective. Also, for n € NU {0},

¢,
4F Q) [f’(O) T 2nf(0)] = o (32)

where ®,(z) = cosnz, so dF(0) maps onto a total subset of Z; [a set with span
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dense in Zp), and it follows from an argument involving Parseval’s equation and
the comparison test that dF(0) is surjective. The result follows

Now suppose that —f'(0)/2f(0) = k € NU {0}. Then dF(0)h = 0 if and
only if h € span{®;}, so N(dF(0)) = span{®;}. Also, (3.5) holds for all n €
Nu {0} \ {k}, but for all w € Z;, dF(0)w # ®,. Hence dF'(0) maps onto a total
subset of {w € Zy|(w, ®x), = 0}. Hence by an argument involving Parseval’s
equation and the comparison test, R(dF(0)) = {w € Zy| (w, ®x), = 0}.

The result follows. a

Finally in this section we give a necessary condition for (A\*,0) to be a bifur-
cation point of (1.4).

Lemma 3.3. Let I and J be open intervals in R with0 € J, and f € C1(I x J).
If f(A*,0) # 0 and ¢* = ¢(A*) ¢ NU {0} (where q is as given in (3.2)) then
(A*,0) is not a bifurcation point of (1.4).

Proof. By the proof of Lemma 3.2, 8% F()*,0) is a bijective, bounded linear op-
erator. Hence by the bounded inverse theorem, 8% F'(\*,0) is a homeomorphism

and (\*,0) is not a bifurcation point of (1.4) by Lemma 1.20. O

3.2 0Odd eigenvalue crossing number bifurcation

The following theorem shows, using the concept of eigenvalue crossing numbers
defined in Section 1.6, that a large class of points (), 0) not excluded by Lemma
3.3 are bifurcation points of (1.4). As in the previous section, we restrict our
attention to finding even solutions of (1.4): this ensures that all the eigenvalues
of 8% F(X\*,0) are simple.

Theorem 3.4. Let \* € R and let I x J be a neighbourhood of (A\*,0) in R2.
Suppose f € CHI x J) is bounded away from 0. If ¢* € NU {0} and one of the
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following holds:

(VA e IN{IIHA=A")(g(A) —¢*) > O (3.6)
(VA e IN{IH(A = A)(g(N) —¢*) < 0 (3.7)
then (X\*,0) is a bifurcation point of (1.4).

Proof. By Corollary C.3,
%L F(X*,0)h = hfOD(X*,0) 4 2f(\*,0)CH". (3.8)

By Theorem 3.1, F € C1(I x T, L2,) because f € C*(I x J). By Lemma 3.2,
0% F(),0) is Fredholm with index 0 for all A € I.

We find, for ) € I, the eigenvalues of 8% F(),0). By (3.8), u is an eigenvalue
of 8»1F (), 0) if and only if

f(O’l)(’\) O) — U
~2f()\0)

e NU{0}:

i.e. if and only if u = p,(A) = fOV(X,0) 4 2nf(A,0) for some n € NU {0}. In
particular, dim(AN(8%'F()*,0))) = 1 and 0 is an isolated [simple] eigenvalue of
8% F(X*,0). The eigenspace corresponding to u,()) is span{®,}.

Since f € CY(I x J), we have that as A — X*, u,(A) — fOV(A*,0) +
2nf(A*,0). It follows that the only eigenvalue of 8% F (), 0) which converges to
0 as A = A* is pge () = 2f(X, 0)(g* — g(N)).

If f>0o0nIxJthen u, < 0if and only if ¢* < ¢(A), so the number of

negative eigenvalues of 8! F'(),0) which converge to 0 as A — A* is given by

() = 1 g*<q())
0 ¢*>q()).
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It follows that

—1 if (3.6) holds

(0" F(X,0),\*) =
1 if (3.7) holds;

and similarly x(8%“'F(A,0),\*) = £1if f <0on I x J. In all cases the crossing
number is odd; so by Theorem 1.21, (A*,0) is a bifurcation point of (1.4), as
required. O

Remarks 3.5. (a) If ¢* € NU {0}, it follows that f(A*,0) # 0, so by the
continuity of f there exists a neighbourhood I x J of (A*,0) such that f is
bounded away from 0 on I X J. The same remark holds for Theorems 3.7

and 3.13 also.

(b) The conditions given in (3.6-3.7) each ensure that q(\) — ¢* changes sign as
A passes A*.
[ |

Example 3.6. Let f : R? — R be given by

Fy)=1—y(y+2)(1+ 7).

Then f(),0) = 1 for all . Also we have that fOD () y) = —2(1 + y)(1 + A?%),
so that fOD(X 0) = —2(1 + A%) and g()\) = 1 + A3. Hence ¢(0) = 1 and for all
A0,

(@(A) —q(0))(A = 0) = A" > 0;

so (0,0) is a bifurcation point of (1.4). |

3.3 Crandall-Rabinowitz transversality

If we have better regularity information about f and a stronger condition on the
behaviour of g then we are able to say more about the solution set of (1.4) near
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(A*,0): namely

Theorem 3.7. Let \* € R and let I x J be a neighbourhood of (\*,0) in R2.
Suppose f € C¥(I x J) where k > 2. If ¢* € NU {0} and ¢'(\*) # 0 then a
unique C*~1-curve B of nontrivial even solutions of (1.4) bifurcates from the line
I x {0} C R x Wp? of trivial solutions at (\*,0).

If ¢* € N then all solutions on B in a punctured neighbourhood of (A\*,0) have
fundamental period 27/q*; if ¢* = 0 then all solutions on B in a neighbourhood
of (A*,0) are constant functions.

If f is real-analytic then so is *B.

Proof. We show that 8% F(\*,0) satisfies the hypotheses of Theorem 1.22.
Note first that by Lemma 3.1, F € C*(I x T, L2 ) because f € C*(I x J);
and that if f is real-analytic, then so too is F.
By the proof of Lemma 3.2, we have that N(8%'F(A*,0)) = span{®,-} and
RO F(X*,0)) = {w € Zo|(w,Pg), = 0}, so 8% F(A*,0) is Fredholm with
index 0, and has a one-dimensional null space.

Now for all A for which f(A,0) # 0,

_ fEON0£OD(,0) — £(X,0£ED(A, 0)

so by (C.7),

al,lF()\*’ 0) [(I)Q*’ 1]

— |:f(1’1)()\*,0) _ f(O,l)(/\*, O)

LO) (2 . 0,1 x
oy JC VO 0)| @ ¢ REF(X,0)), (3.10)

since ¢'(\*) # 0. Hence 8%'F()\*,0) satisfies the hypotheses of Theorem 1.22,
and we conclude that a unique curve B of even solutions of (1.4) bifurcates from
the line of trivial solutions at (A*,0), as required. The regularity of B follows

from the same theorem and from Lemma 3.1
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B is given by (1.28) as {B(t)|t € (—¢,e)} (for some ¢ > 0), where B €
C*1((—e,e),I x (Y N Zy)) (B is real-analytic if f is) is given by

B(t) = (A + u(t), 18, + v\ + u(t), 12,)). (3.11)

In order to prove the periodicity claim for solutions in B, we define Z ,« and

Zy,4+ as follows: if ¢* € N then

ZO,q" = {’LUEZO

N }
w is —-periodic
q

Zl,q* = {wEZl

L 2m }
w is q—*-perlodlc ,

with the subspace norms of W,,;? and L3, respectively. Otherwise Zy,q and Zy g
are the set of constant functions on R

We regard F' as a map from I X (T N Zy4) to Zp g and find as before that
%1 F()*,0) is a Fredholm operator with index 0 and has null space span{®, };
and that the transversality condition (3.10) holds. Hence a unique C*~! (or real-
analytic) curve of solutions (A, w) € R x Z; ¢ bifurcates from the line of trivial
solutions at (A*,0). Since the bifurcating curve B found above is unique, it must
therefore, in a neighbourhood of (A*,0), lie in R X Zj 4.

If ¢* # 0 then (3.11) shows that in a punctured neighbourhood of (A*,0),
all solutions on B are nonconstant, since v maps into R(8*'F(\*,0)) = {u €

ZO,q"

(u, ®g+), = 0}. Hence in a punctured neighbourhood of (A*,0), all solutions

on B have fundamental period 27/q*. O

In the case where f and A* satisfy Theorem 3.7, we shall say that the bifur-
cation and the bifurcation point (A*,0) are of Crandall-Rabinowitz type.
The bifurcation equation (1.26) is given by

B, t) = (Dge, F(X* + 11, 1ge + Y(A* + 11,1Dg0))), = 0 (3.12)
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in a neighbourhood of (0,0) in R2.
We next examine the behaviour of B near (A\*,0). The cases ¢* = 0 and
g* # 0 are treated separately.

Theorem 3.8. Suppose f and \* satisfy Theorem 3.7 and ¢* # 0. Then B,

given by (8.11), is not transcritical.

Proof. Suppose (A, w) is a nontrivial solution on 8. By (3.11), w = t®4 +v(A* +
p(t),t®,) for some t # 0, so w cannot be 7/g*-periodic as its Fourier series
contains a nonzero multiple of ®,. (recall that v maps into R(8%' F(A*,0)) =
{u € Zo| (u, @g), = 0}).
Now the function w,. € W,;” given by wg(x) = w(x —7/g*) is even, since for
z € R, wp(—2) = w(—z —7/¢*) = w(z + 7/¢*) = w(z — 7/q*) = we(z). Also,
as with F, F(},-) is translation equivariant; so for all z
F(\we)(z) = 0 = F(\, w) (x - -;i) .
Hence if (A, w) is a nontrivial even solution of (1.4) then (A, w,.) is a distinct,
nontrivial even solution. Hence B cannot be transcritical. O

In fact Theorem 1.24 gives sufficient conditions for 8 to be supercritical or
subcritical.

Theorem 3.9. Suppose f € C3(I x J) and \* satisfy Theorem 3.8. If
B(A*)/(¢'(A*) f(A*,0)) > 0 where
FOA(X 002 fOA,0)fOD(A,0)  fOD(X,0)3

_ Lo _ :
BO) =300+ Trmn o) 20y T aronop 1)

then B is supercritical. If B(A\*)/(¢'(A\*)f(A*,0)) < 0 then B is subcritical.
Proof. Since by Theorem 3.8, u'(0) = 0, we have by Theorem 1.24 that

B*%(0,0)

p'(0) = ~3500(0,0)’ (3.14)
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where 3 is given by (3.12). The calculations in Appendix C show that 3% (0,0) =
3rB(\*) and

_ 90,0 fOV (O, 0)
F(x,0)

BOD(0,0) = (f“'”(X‘, 0) ) = —2ng (W) F(\",0),

so that ( )
" . B()\*
WO = 2 FOm,0)

[note that B(1)(0,0) # 0 by hypothesis (see (3.9))]. The result now follows from

the remarks in Section 1.6. O

Example 3.10. Let f : R — R be given by

Fvy)=1—y2+9)(3—-2)?).

Then f(X,0) = 1 for all \. We also have that for all A and y, fOV()\y) =
—(2 4+ 3y2)(3 — 2A%), so that f(OU(X 0) = —2(3 — 2)%) and ¢q()\) = 3 — 2)2. We
show that (1.4) has bifurcation points of Crandall-Rabinowitz type at +£1. We
have g(£1) =1 and for all A, ¢'(A\) = —4), so ¢’(£1) = F4. Hence by Theorem
3.7, real-analytic curves of even nonconstant solutions of (1.4) with fundamental
period 27 bifurcate from (+1,0).

Now for all A and y, @2 (), y) = —6y(3—2A%) and fO3)(),y) = —6(3—-2)2).
It follows that fOV(£1,0) = =2, f®2(£1,0) = 0 and f©3)(£1,0) = —6; so
B(£1) = —11/2. Hence

B(1)  -11/2

JOfL0 - 4 Y

so by Theorem 3.9, the curve bifurcating from (1, 0) is supercritical; and similarly

the curve bifurcating from (—1,0) is subcritical. [

In the case where B(\*) = 0, further calculation (of the fifth order Taylor

polynomial of 3) and correspondingly stronger regularity conditions on f will
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give sufficient conditions for sub- and super- criticality of 8.

If ¢* = 0, transcritical bifurcating curves are possible.

Theorem 3.11. Suppose that f € C*(I x J) (k > 2) and \* satisfy Theo-
rem 3.7 and are such that ¢* = 0. Suppose that for all n € {1,...,k — 1}
fOM(X* 0) =0, and fOR(A*,0) # 0. If k is even then B is transcritical. If
k is odd then B is supercritical if f@®)(X*,0)/fMV(X*,0) < 0 and subcritical if
FOR(X*,0)/ fED(A*,0) > 0.

Proof. If ¢* = 0 then, by Theorem 3.7 the solutions on B in a neighbourhood of
(A*,0) are constant functions. We shall denote such functions by the values they

take. We have

F(Ac) = f(Ac) = f(A,0). (3.15)
Considering F as a map from the space of constant functions into itself, we find
that the map + given in (3.11) has range {0}, so B(u, t) = (o, F(A* + p, 1)), =
2r{f(\* + p,t) — f(A* + ,0)}. It follows that for all m € NU {0} and n € N

with m+n <k,
B (0,0) = 2 fF™™ (A%, 0),

Hence by Theorem 1.24, ™ (0) =0 for all n € {0, ...,k — 2} and

AOP(0,00 _  fOP(,0)

(k—1) S — _
w0 =~ Emn0,0) = RSO (e, 0

The theorem follows from the remarks above Theorem 1.24. d

Example 3.12. As seen in (3.15), the constant solutions (A, ¢) of (1.4) are those
for which f(\,¢) = f(X,0). It is thus easy to provide examples of supercritical,

subcritical and transcritical bifurcations of Crandall-Rabinowitz type.

1. If f: R2 — R is given by

fuy)=1+y(y—A)
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then f(X,0) =1 and fOV(),0) = — for all A. Hence (1.4) has a bifur-
cation point of constant solutions at (0,0). We also have f(®2)(0,0) = 2,

so the bifurcation is transcritical. [The set of constant solutions of (1.4) is

{(A,0), (A, A)|A € R}

2. If f: R? — R is given by
Fy) =9+ (1 -2y +1

then for all A, f(A,0) = 1 and fOD(),0) = 1 — X\2. Hence (1.4) has
bifurcation points of constant solutions at (—1,0) and at (1,0). We also
have that f©2(),0) =0, f&V(X 0) = —2X and f®3(),0) = 6. Hence the
bifurcation at (—1,0) is subcritical, whilst the one at (1, 0) is supercritical.

[The set of constant solutions of (1.4) is {(),0)|A € R}U{(A\, £V 2 - 1)|) €
R\ (-1,1)}]

3.4 Crossing number 0: double bifurcation

Theorem 3.4 shows that a sufficient condition for (A\*,0) to be a bifurcation point
is that the product (¢(A) —g¢*)(A—A*) has one sign in a punctured neighbourhood
of A\*. The following theorem shows that this condition is not necessary. We
investigate a particular case where f € C%(I x J) and \* satisfy ¢* € N and
¢'(A*) = 0 by calculating the Taylor series of the bifurcation equation (3.12).

Theorem 3.13. Suppose f € C¥(I x J), where k > 4. If¢* € N, ¢'(\*) =0
and f(A*,0)¢"(A\*)/B(X\*) > 0, where B is given by (8.13), then two distinct C*~3
curves, B; and B, of nonconstant even solutions of (1.4) bifurcate from the line
of trivial solutions at (A*,0).

All solutions on By and B, in a punctured neighbourhood of (A\*,0) have
fundamental period 27 /q*.
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If f is real-analytic, then so too are B; and Bs.

Proof. If f and A* satisfy the hypotheses of the theorem then by (3.9),

FOL0){fFI(,0)fOV (X, 0) — FEV(N,0)f(3, 0)}

¢'(\) = 2, 0)F
_FEO0OF 0){fFEOA*, 0) OB (A%, 0) = FED(X,0)£(X%,0)}
2f(A*,0)3
FEO (X, 0)fOD(A*,0) — fFED(I*,0)F(X,0)
- 2f(\*,0)2 ‘

A long calculation (see Appendix C) shows that if ¢* € N and ¢'(A\*) = 0,
then the C* (or real-analytic) function 3, given by (3.12), has Taylor series

i

B, t) = o (=2f (X", 0)¢"(\")* + B(X")E* + ) (3.16)

about (0,0), where B is given by (3.13) and o' = O(|u3| + |u?t| + |ut?| + |£3]) (see
the remarks following (C.10)). It follows that the C*~! (or real-analytic) function
h given by (1.27) has Taylor series h(u,t) = Z(—f(A*,0)g"(A\*)p? + B(A*)t* + p')
about (0, 0).

Provided the coefficients of u? and ¢? are nonzero, (0,0) is a nondegenerate
critical point (see Section 1.5) of h. Clearly this holds if f(A*,0)¢"(A\*)/B(A\*) > 0.

Hence, if f and \* satisfy the hypotheses of the theorem, then by the Morse
lemma (Lemma 1.18), there exists a local C*~3 (or real-analytic) diffeomorphism
I’ on a neighbourhood of (0,0) such that A(I'(v,7)) = Z(—2f(A*,0)¢"(A*)v? +

B(A\*)72). It follows that h(I'(v,7)) = 0 if and only if

v= :i:T\/ 2/, 0q"(X), (3.17)

B
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so h(u,t) = 0 (and equivalently, for ¢ # 0, B(u,t) = 0) if and only if

(u, ) =T (:i:r\/2f()‘;(0/\)3)”()\*),7') : (3.18)

i.e. if and only if (u,t) lies on one of two C*~3 (or real-analytic) curves.
Since f(\*,0)q"(A*)/B(X*) # 0, it follows from (3.16) that the curves found
in (3.18) must, at (0,0), be tangent to the (distinct) lines given in (3.17); so the

curves must be distinct.

The curves given in (3.18) define, on a neighbourhood (—e¢,¢), functions
p1 and pp of t. The Lyapunov-Schmidt reduction (Lemma 1.23) then shows
that the nontrivial solutions of (1.4) are given, in a neighbourhood of (\*,0) as

{Bi(t), Bo(t)|t € (—¢,¢€) \ {0}}, where

Bi(t) = (A4 u(t),t@q + (A" + pa(t),12g+))
Ba(t) = (A" + pa(t), 1@ + ¥(A* + p2(t), 1)) :

i.e. the nontrivial solutions of (1.4) are given, in a neighbourhood of (A\*,0), by

two transcritical C*~3 (or real-analytic) curves, B; and B,, as required.
Remarks similar to those at the end of the proof of Theorem 3.7 show that all

solutions on %B; and B, in a punctured neighbourhood of (A\*,0) are nonconstant

and have fundamental period 27/g*. O

Remark 3.14. By the proof of Theorem 3.8, if (A, w) € B; then (A, wy+) € Bo.
|

In the case where f and A* satisfy Theorem 3.13, we shall call the bifurcation
and the bifurcation point (A*,0) double.

Example 3.15. Let f : R2 — R be given by
FAy)=A-y)?+r-2y+1.
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Then f is real-analytic, and for all A and y, f(1,0) = A2+ X+ 1, fOU(\ y) =
2y — 22 — 2 and f(OV(),0) = —2 — 2. It follows that

A+1

=T

whence
/ — )‘()‘ + 2) n — 2()‘3 +3)\° — 1)
7= A2+ A1+1)% ¢ = (A+A+1)3°

It follows that ¢(0) = 1, ¢'(0) = 0 and ¢"(0) = —2. We also have that
£(0,0) =1 and for all A and y, f©@?(),y) = 2 and f©% () y) = 0; and hence
B(0) = —5/2.

Hence f and A* = 0 satisfy the hypotheses of Theorem 3.13, so two distinct
real-analytic curves of nonconstant even solutions of (1.4) of fundamental period

27 bifurcate from the line of trivial solutions at (0, 0). ]

71



Chapter 4

Global Bifurcation Theory

In this chapter we show, using the global analytic bifurcation theorem (Theo-
rem 1.25), that if (A*,0) is a double bifurcation point or a bifurcation point of
Crandall-Rabinowitz type of (1.4) and f is real-analytic and bounded away from
0 on a neighbourhood P of (A*,0) then a curve B of solutions of (1.4) bifurcating
from (A*,0) may be continued globally.

In Section 4.1 we give conditions for the hypotheses of Theorem 1.25 to hold,
and then apply the theorem to (1.4).

Theorem 1.25 v gives three possibilities for the continuation of 8. In Section
4.2, we give, using the Bernoulli condition (Theorem 2.19 (3)) and an observation
about F, conditions which prevent the first two of these; so ensuring that the
continuation of B forms a loop.

4.1 Application of the global analytic bifurca-

tion theorem

We exhibit first sufficient conditions on f for hypothesis I of Theorem 1.25 to be
satisfied. Lemma 4.1 - Theorem 4.4 give conditions for 8% F'(},0) to be Fredholm
with index 0.

Lemma 4.1. Suppose ¢ € L3 is even and essentially bounded away from zero.

Then the operator ¥ : Z; — Zy given by VU(h) = (Ch' + h)¢ is a linear homeo-
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morphism.

Proof. Let h € Z;. Then
()2 < lI8lleolICR’ + Rll2 < [lBlloo(lA']l2 + [[Rll2) < CllRlly1e,

where C is a constant independent of h; so ¥ : Z; — Z; is bounded. We show
that it is a bijection.

Let u € Zp. Then for some coefficients a, such that Y oo a2 < oo, u(z) =

=0""n
> om0 an cosnz. If b is given by h(z) = Y 2 735an cosnz then h € Z; since the

oo

n=1 ng10n ST almost everywhere

weak derivative h' is given by A'(z) = =5

and

o0 n o o]
Zn+1aﬁ<;ai<oo.

n=1
Since then h + Ch' = u, it follows that the map h — h + Ch' is surjective from
Z, onto Z.

Now since ¢ is bounded and bounded away from zero, u/¢ € Z, for all u € Zj.
It follows from the surjectivity of h — h+Ch’ from Z; onto Z; that ¥ is surjective
also.

Suppose, for some h € Z; (with h(z) = > .-, ¢, cosnz) that ¥(h) = 0. Then
for almost every z, h(z) + Ch'/(z) = 0; and so

/ h(z)(h(z) + ChH'(z)) dx—27rco+7r2n+1

n=1

if and only if ¢, = 0 for all n: i.e. if and only if h = 0. The injectivity of ¥
follows. O

Lemma 4.2. (generalisation of theorem 3.4 in [4]) Let J be an open interval in
R and f € CIIO’CI(J). Ifv e YTNZ then F is sequentially continuous at v from
Y N Z; with the weak topology into the space of even LY -functions (1 < p < 00)
with the strong topology.
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Proof. Tt will suffice to show, for each p, that if (v,) — v in Z; then, for a
subsequence, (F(vn,;)) = F(v) in L5, . In this case, suppose that (F(v,)) / F(v)
in L% . Then there exists € > 0 and a subsequence (v,,) of (v,) such that for all
n, | F(vny) — F(0)||, > €. But then (v,,) — v in Z, so has a subsequence such
that (F(vay,)) = F(v) in L},: a contradiction.

Note first that if w € Z;, then F(w) is even. Let (v,) = v in Z;. Since W,
is compactly embedded in LS, a subsequence converges strongly to v in Lg3, and
we may choose a further subsequence such that (J,yR(va) C J, where J is a
compact subinterval of J. Also, (v/) — ¢’ in L% . Theorem 3.4 in [4] shows that
the operator Q given by

Q(u)(z) = / (u(z) — uy)uw'ly) dy.

tan ﬂ

is sequentially continuous from Z; with the weak topology into the space of even
L¥ -functions (1 < p < 0o0) with the strong topology. It follows that for a further
subsequence, (Q(v,)(z)) = Q(v)(z) for almost every z. For such z,

F(va)(z) = F(v)(z)
— i/" {1/ (vn(2)) = f(va(¥))}on(y) = {F(v(2)) = FENIVE) 4
2T

tan 22 v

"vn(y)f {f'(va(2)) = f'(v(2))} vn(2) dt

2” tan =¥ dy
1 (™ va(y) [7 fu(®) {v,(t) = v'(8)} de
+E - tanz—gﬂ d
1 ™ {v,(y) - fu(z) = fv
+%/ {vn(y) (y)g:ng_;g ) — f(v(y))} dy
= I,(z) + Jo(z) + Ko (2).

We consider each of these terms in turn. By Hoélder’s inequality and Hardy’s

74



inequality (1.5), as n — oo,

str ([ (wa(8)) = £ (0(®)} 05 (8) dt :
L@ < Sl ( /_+ (fy {£'(0a(8)) = F' ()} o4(2) t) dy)

tan z—;y

< 2l @) = £ @)}l

2
< =llLll3lf (vn) = f'(@)lleo = O,

since f’ is continuous and (v},) is bounded in Z;. Also K,(z) — 0 as n — oo,

since by (B.2-B.4),
flv(z)) = fv(y))

tan =¥

Y=
isin L2, and (v)) — v’ in L2,. Now

1 " o() [ {F (@) = f(v(@))H, () — v'(1)} dt 4

) = or J_ tan 54 Y
() [ vn(y){va(z) — v(@)} — {va(y) —v(y)}]
+ 2 /_,, tan 5 dy
1 ) [ (() - f (@) Hun () — v'(8)} dt q
~ or . tan 5¢ Y

+£'(v(2))(Q(vn) (z) — Qv)(2))
+f(v(rv))/ {v(z) — @) Hual) —v'(®)} o

27 tan ”"—;9
J (z) + J(z) + J3(z). (4.1)

We consider each of these terms in turn. By assumption, (Q(v,)(z)) — Q(v)(z),
so (J2(z)) — 0. Let, for n € N and fixed z, g, : S' — R be given as follows:
gn(z) =0 and for y # z

Jy (F'(08) = f @) @) — (1) dt

tan %ﬂ

9n(y) =
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Then if y # z,

Jy 1v(#) = v(@)llvp(t) — v'(£)] dt

!
|gn(y)| < ”f”co,l(j) tanm_;y

Cf;” |t — |3 |vl,(t) — v'(t)| dt
|z — v

?

for some constant C independent of y, since f € C2}(J) and v € W,.* C CS;,I/ 2

loc

with R(v) € J. Hence by Hélder’s inequality,

|z — ylllvn = 'l

R(Y)| < C
199)] o]

= Cllv, = 'll2,

80 (gn) is uniformly bounded as a function of y. Also, (g,(y)) — 0 since (v},) — v
in L3 ; so (g») — 0 in L2,. An application of Hélder’s inequality to (4.1) yields
that (J1(z)) — 0.

By (B.2-B.4), the map

y s v(z) —:(y)
tan—zu

is in L2,, so using Holder’s inequality, and the fact that (v/) — v’ in L%, we
have that (J3(z)) — 0, as required.

We have shown that, for a subsequence, (F(v,)(z)) — F(v)(z) pointwise
almost everywhere. Now by (B.2-B.5), || F(va)llee < C||VL1I3; as (v),) is weakly

convergent in L2, F(v,) is uniformly bounded in L$. The result follows by
2w 27

dominated convergence. O

Corollary 4.3. Let J be an open interval in R and 1 < p < oo0. If f € Cu(J)

loc

then F is compact from Z; N'Y to the space of even LY _-functions.

Proof. Since W, is a Hilbert space, each bounded sequence in W,-* has a weakly

convergent subsequence. Now apply Lemma 4.2. (]

Theorem 4.4. Let J be an open interval in R and suppose f € Cllo'i (J) is bounded
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away from 0. If F : YN Z; — Zy is given by (3.3) then for all w € T N Zj,
dF(w) : Zy — Zy is Fredholm with indez 0.

Proof. Note first that T N Z; is open in Z; since given u € T N Z;, there exists
e > 0 such that dist(R(u),dJ) > €. Hence if 4 € Z; with ||& — u||W21,z <el/V2r
then

% — ulloo < V2rl|& — ullyr2 <

so R(u) C J: ie. e TN Z.

It follows that we may differentiate F' on T N Z;. Since for w € T N 73,
F(w) = 2f(w)(Cw' + w) — F(w) + f(w)(1 ~ 2w) — £(0),

Note that since F' and the map w — f(w)(2Cw’' + 1) — f(0) are Fréchet differ-
entiable on T N Zy, so too is F. It follows (by a standard calculation similar to

those in Appendix C) that for all h € Z;,

dF(w)h=2f(w)(Ch'+h)+2hf’(w)(Cw’+w)‘—df(w)h—2h.f(w)+hf'(w)(1—2w)
=2f(w)(Ch' + h) — dF(w)h+ hf'(w)(2Cw' + 1) — 2hf(w). (4.2)

By Lemma 4.1, the map ¥ : Z; — Z; given by ¥(h) = f(w)(Ch' + h) is a
homeomorphism. By Corollary 4.3, F is compact from Z; N T to Zp; so for
we€ Z;NY, dF(w) is compact from Z; to Zp (see Section 1.5).

We show that the remaining terms on the right-hand side of (4.2) are compact
from Z; to Zy. Let (h,) be a bounded sequence in Z;. Since Z; is compactly

embedded in L3, (h,) — h in LY for a subsequence and some h € Z;, and

[(An—h) (f'(w) (2Cw'+1) =2 (w))l|2 < [[hn—hlloo|l f'(w) (2Cw'+1) =2 (w)]|2 = 0;

so h — hf'(w)(2Cw' + 1) — 2hf(w) is compact from Z; into Z,.
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It follows that dF(w) is the sum of a compact operator and a homeomorphism

from Z; into Zy; so is Fredholm with index 0 (see Section 1.5). O

For S C R? and A € R, let
Sy={y € R|(A,y) € §}.

We now give a condition on f which ensures that hypothesis II] in Theorem 1.25
holds.

Theorem 4.5. Let P C R? be open and let f € Cr(P) be such that f # 0
on P. IfU is a closed bounded set of solutions of (1.4) contained in {(\,w) €
R x Z1|R(w) C Py} then U is compact in R x Z;.
Proof. Let (A, w,) be a sequence in U. Then there exist A € R and w € Z;
such that for a subsequence (\,) = X and (w,) — w in W,.%; and for a further
subsequence (w,) — w in LY.

Now R(w) C P, (otherwise there exists € > 0 and z € S* such that for all
n, |w(z) — w,(z)| > &, which contradicts the fact that (w,) — w in Ly). We
show that for a further subsequence, (F(\n,wn)) = F(A\, w) in Z,, where F :
{(\, w) € Rx Z1|R(w) C Py} = Zy is given by F(A\, w)(z) = f(A, w(z))Cw'(z) —
C(f(\, w)w')(z). We have that for n € N,

F(Anywn) = FA w) = {F(An, wn) — F(A, wn)} + {F(A, ws) — F(A,w)}.

By Lemma 4.2 we have that ||F(\, w,) — FO\w)|la = 0. If g : {(\\y) €
R°|(A,9), (X, y) € P} = Ris given by g(A, A,9) = f(A,9) — f(A, ) then by (2.6)

and an argument similar to (B.2-B.5) we have that for all z,

|F (Any wa) (x) — F (A, wn)(z)]

1 " 9(ns A wa(x)) = g(ny A, waly))
T on /_,r tan ¥ wn(y) dy

< Cllg®®V (A, A, Mloollwnl3;
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but as n — oo,
||g(0’0,1)()\n, )\, wn)lloo = ”f(o'l)()‘na wn) - f(o’l)()\’ wn)”oo — 0.

Since (w!,) — w'in L2, (w},) is bounded in L2 ; s0 || F(An, wn) —F (A, wy)|leo — O.
It follows that || F(A,, ws) — F(A, w)|2 — 0.
Now by (2.19), for n € N,

o f()\na 0) + }-()\mwn)
o = o )

!
2

(note that since (A,, wy,) € U, (An,0) € P); so for m,n € N,

f(An,0) + FAnswn)  f(Amy 0) + F(Am, W)
2f(An, wn) 2f (Am, W)
f Qs W) {[f (A, 0) = f(Arm, 0)] + [F(Ans wn) = F(Am, wm)l}
2f()\n, wn)f()‘m1 ’LUm)
[f (Ams W) = f(An, wa)][f (A, 0) + F (Am, wen)]
2f (Any W) f (A, Wrn) '

/ /
Cw,, — Cw,,

+

Now U is bounded in R x W, s0 (A,) and (||ws]||leo) are bounded; and f(An, ws)
is uniformly bounded away from 0. It follows that for some constants C;,Cs and

Cj, independent of n and m,

”C’w;z - Cw:n”2 < Cll)‘n - /\m| + G2||f()\na'wn) - -7:()‘"1’ wm)HZ

+C3 (| A — Am| + | wm — wn||e) = 0,

as n,m — oo since f € CH(P); so (Cw!,) is Cauchy in L2, hence convergent.

loc 21

Hence as (w},) — w' in L% , we have by the theorem of M.Riesz (Theorem 1.7

(A)) that w}, = 5= [T wl(t) dt — C*w, — w' in L%, [note that [" w/(t) dt =0

for all n]; and so (w,) = w in Z;.

Since U is closed, it now follows that (A\,w) € U. The compactness of U
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follows. O

We are now in a position to apply the real-analytic bifurcation theorem (The-
orem 1.25) to (1.4)

Theorem 4.6. Let P be an open neighbourhood of (\*,0) and let f € Cior (P) be

loc

such that f is real-analytic and bounded away from 0 on P.

Suppose (A*,0) is either a Crandall-Rabinowitz type bifurcation point or a
double bifurcation point of (1.4) (satisfying Theorem 3.13), and let B be a curve
of nontrivial solutions of (1.4) which bifurcates from (A\*,0). Let B+ = {B(t)|t €
[0,€)} (see Theorem 3.7 for notation).

If (A*,0) is a bifurcation point of Crandall-Rabinowitz type, suppose also that
there exists a neighbourhood of 0 on which p' Z 0.

Then there ezists a continuous locally injective extension, B of B+, as follows:

(i) B = {B(t)|t € [0,00)}, where B : [0,00) = {(A, w) € R x Z;|R(w) C Py}.
(i) F(B(t)) =0 for allt > 0.
(11i) The set {t > O|N (8% F(B(t))) # {0}} has no accumulation points.

(iv) For each t* > 0 there ezists 6* € (0,t*) and a real-analytic map o* :
(—6%,6*) = {(A\,w) € R x Z1|R(w) C P} such that

{B@Ilt -] < 6"} = {a"@)|l¢t] < 5"}

(v) One of the following occurs:

a. ||B(t)|[Rxw21,z — 00 ast — 0.
b. B(t) approaches d{(A,w) € R x Z;|R(w) C P\} ast — oo.

c. B is a closed loop: i.e. for some T >0, B = {B(t)|t € [0,T]}, where
B(T) = B(0) = (A%, 0).
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If instead of requiring that f is bounded away from 0 on P we require only that
f # 0 on P then we have that there exists a continuous locally injective extension,
B of Bt such that (i) and (ii) hold, and (v) holds, with a. replaced by

a'. B contains a sequence (A, wy,) such that ||(An, wn)lleWZl,z — 00.

Proof. Suppose first that f is bounded away from 0 on P. Since f is real-analytic,
so too is F', by Lemma 3.1. We check that conditions I-I/I in the real-analytic
bifurcation theorem (Theorem 1.25) are satisfied on P.

By Theorem 4.4, %' F(\, w) is Fredholm index 0 for all (A, w) € R x Z; with
R(w) C P4, so condition I holds.

€ may be chosen such that IT (a) holds, since

dW ()1 = v* + M0y (N* + p(t), tv*) ' (t) + 8% y(\* + u(t), tv*)v*,

v* # 0, 0%y (X*,0) =0, 8%*y(A*,0) = 0, and v and p are C*.

If (\*,0) is a bifurcation point of Crandall-Rabinowitz type then it is a hy-
pothesis that there exists a neighbourhood of 0 on which ¢/ = A’ # 0. If (A*,0)
satisfies Theorem 3.13 then by (3.17) u'(0) # 0. Hence II () holds.

By Theorem 4.5 if U is a closed bounded subset of the set of solutions of (1.4)
in {(A\,w) € R x Z;|R(w) C Py} then U is compact in R x Z;; so condition III
holds.

In the case where only f # 0 on P let, for n € Nwithn > A*, P = Pn{z €
R?||z| < n}. Then f is bounded away from 0 on each P" and (\*,0) € P™
It follows that for each m there exists a continuous locally injective extension
B, = {B.(t)|t € [0,00)} C {(\,w) € R x Z|R(w) C P} of BT such that
(i)-(v) hold with P™ for P, B, for B and B, for B.

Suppose for all n that (v) ¢ does not occur, and B,(t) does not approach
M{ (N, w) R x Z1|R(w) C Py} ast — oo.

By (iv), if m > n > X* then B, C B,. It follows that there exists a
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common continuous reparametrization B : [0,00) = R x Z; of each B, such
that B,([0,00)) = B([0,n)). We consider the points B(n) = (A.,w,). Since
for all n, B,(t) does not approach d{(A,w) € R x Z1|R(w) C P} ast — oo,
we have that R(w,) N 8{z € R?||z| < n},, # 0. Suppose |A,| is bounded

(otherwise (“()‘mwn)“naxwzl’z) — oo for a subsegence). Then for some Ay > 0,

2_)2
”wn“wzl;f 2 \/%“wn”oo 2 nTQ — 0. O

Remark 4.7. If (A\*,0) is a bifurcation point of Crandall-Rabinowitz type then
sufficient conditions for the condition ' # 0 are given in Theorems 3.9 (if ¢* # 0)

and 3.11 (if ¢* = 0). [

4.2 Entrapment of curves of solutions

In this section we find conditions on f and P which prevent B(t) approaching
{(\,w) € R x Z;|R(w) C Py} as t — oo, and prevent A — oo and ||w|]W211,r2 —
oo in (v)a. We give two sets of conditions which achieve such “entrapment”.
The conditions in the following theorem do not achieve entrapment - they leave
open the possibility that B “escapes” through one of two points. The theorem
illustrates some of the difficulties which arise when f vanishes.

Theorem 4.8. Let A\y,..., s € R with \; < --- < Ay, and suppose f : R2 - R
is real-analytic on (A1, A\q) X R. Let O = {(\,y) € (A1, A1) X R|f(A,y) > 0}, and
suppose that O N ([A2, As] X R) = ([A2, As] X R) \ {(A2,0), (A3,0)}.

If X* € (A2, A3) is such that (\*,0) is a bifurcation point of (1.4) of Crandall-
Rabinowitz type, and the function u' # 0 in a neighbourhood of 0, then there exists
a continuous locally injective extension, B of B+, such that f(A(t), W(t)(s)) > 0
and F(B(t)) =0 for allt > 0 and s € S*, and one of the following holds:

A B forms a closed loop.

B. B contains a sequence (A, w,) such that ||wn||W21.z — 00.
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C 93 contains a sequence (An,w;n) such that either (An,wn) — (A2,0) or

(An,wn) -=> (A3,0) in R x

/1] 25 bounded away from 0 on [A2,A3] x R away from {(A2,0), (A3,0)} then B.

may be replaced with

S'. WVi?->ao0

Figure 4-1: Diagram for Theorem 4.8. Note that the curve bifurcating from
(A*,0) is for illustration only

Proof Let, for n GN, Pn= {(A,y) G(A1,A4) x R|/(A,?/) > 1/n}. Then, O and
each Pn is open, f ~ 0 on each Pn and for sufficiently large n (n > nO0, say),
(A*,0) GPn; so Theorem 4.6 applies.

Let » > n0. Then there exists a continuous extension 03n = {Bn@)\t G
[0,00)} C {(An;) GR x ZilR(w) C P”} of 03+ such that either 03n forms a
closed loop or contains a sequence (An,«;n) such that ||(An,n;n)||®<\izi%2 —% 00 [or
HAWHI'XW% 00 as ¢t —>o0 if / satisfies the stronger set of hypotheses in the
theorem]; or as ¢ -* oo, Bn(t) approaches <9{(A,w) GR x Zi\lZ(w) CP”}.
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We show that B, C {(A,w) € (A2, A3) X Z1|R(w) C P;}. Suppose otherwise.
Since B, is continuous, we have that (without loss of generality) there exists
w € Z; with R(w) C P}, such that (A2, w) € B,. Now f(Az,w) > 0 almost
everywhere, so by Theorem 2.19 w satisfies the Bernoulli condition (Theorem
2.19 (B)); and f(A2, w(t)) = 0 almost everywhere. Hence, as f(Az,y) = 0 if and
only if y = 0, we have that w = 0; but 0 ¢ Py, a contradiction.

Suppose that neither A nor B occurs (so neither A nor B occurs for B,
(n > ng)). Then each B, satisfies Theorem 4.6 (iv). Hence if m > n > ng then
B, C B,,. It follows that there exists a common continuous reparametrization
B:[0,00) = [A2, A3] X Z; of each B, (n > ng) such that B,([0, 00)) = B([0, n)).
We show that there is a subsequence (A,,w,) of (B(n)) such that either |[(A, —
A2, Wn)|lRxzge =+ 0 or ||(An — A3, wn)||rxzge — 0.

Let B(n) = (An,w,). Then by Theorem 4.6 (v) b, dist(\,, {2, A3}) — 0.
Hence there exists a subsequence such that either (\,) — X; or (A,) — As.
Suppose that (A,) = Ao. Also (w,) is bounded in W,:? (otherwise B occurs), so
for a subsequence and some w € W,.?, (w,) = w in W,? and (w,) = w in L.

Now

FQn, wn)(1 4+ Cw;;) + C(f (An, wn)w:z))
= [f(An, wn) = f( A2, wn)](1 + Cw;z) + C([f (Any wn) = (A2, wa)]wy,)
+f (A2, wn) (L + Cuwp) + C(f (A2, wa)whr). (4.3)

It is easily seen, using the continuity of f, the convergence of (),), the bound-
edness in L2, of (w!) and the theorem of M. Riesz (Theorem 1.7 (A)) that the
terms on the first line of the right-hand side of (4.3) converge strongly in L2_ to
0.

Since (w,) — w in W2?, we have by the theorem of M.Riesz (Theorem 1.7

(A)) that (Cw]) — Cw' in L%, [recall that the image of a weakly convergent
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sequence under a bounded linear operator converges weakly to the image of the

weak limit of the sequence under the same operator]. Now
FQay wa)(1+Cwy) = [f (A2, wa) = (A2, w)](1+Cwy) + f (A2, w)(1+Cuwy). (4.4)

Since f(A2,wn) = f(A2,w) in L, the first term on the right-hand side of (4.4)
converges strongly to 0 in L2, ; the second converges weakly to f(A2, w)(1 + Cw')
in L2, since f(X2,w) € L2,. Hence f(Ag,w,)(1+ Cwh) — f(Ag, w)(1 + Cw') in
L2,. Similarly, C(f (Mg, wn)wh) = C(f (A2, w)w') in L3,

It follows that in L2,

F Oy wa) (1 + Cwp) + C(f (An, wa)wr)) = f (A2, w)(1 + Cu') + C(f (Ao, w)w'));

but f(An, wn)(1+Cwy,) +C(f(An, wn)w})) = f(An,0) = f(A2,0); s0 f(A2, w)(1+
Cuw') + C(f(Ag,w)w")) = f(A2,0) =0, and w = 0 by the argument above.
Hence B := Un>neBn contains a sequence (A,,wy) such that (A,,w,) —

(A2,0) in Rx L$2. The same argument covers the case (A,) — A3, asrequired. O

Remark 4.9. At the points (\2,0) and (As,0), we have f = 0 = fO1 so that
0% F()g,0) and 8% F()3,0) are the zero operator from Z; into Z,. In particular,
0% F(),,0) and 8% F()3,0) are not Fredholm. |

Example 4.10. Let f : R2 — R be given by

Fy) = (1+4((+92-1)°) (1+57 - 3?).

Then f is real-analytic on R? and f(),y) > 0 if and only if (),y) lies between
the two branches of the hyperbola A2 — y? = 1, which cross the ) axis at (—1,0)
and (1,0). We show that there is a bifurcation of nonconstant even solutions of

(1.4) of Crandall-Rabinowitz type at some point (A\*,0), where \* € (—1,1).
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By direct calculation it is found that

(-1
1+4+4(A2—1)%

qg(\) =

Since 1+ 4(A2 — 1)2 # 0 for all )\, ¢ is continuous. Now ¢(1/2) =12/13 < 1 and
q(3/5) = 1920/1649 > 1; so by the intermediate value theorem there exists A\* €
(1/2,3/5) such that ¢* = q(\*) = 1. By inspection, for all A € [1/2,3/5], ¢'()) €
[2.3,2.5]. It follows from Theorem 4.6 that a unique branch 9B of nonconstant
even solutions of (1.4) bifurcates from the branch of trivial solutions at (A*,0).
Also, by inspection, for A € (1/2,3/5), B(A\) € [—6,—5]; so in particular by
Theorem 3.7, u”(0) # 0, so there exists a neighbourhood of 0 on which u' # 0.
It follows that f and A* satisfy the hypotheses of Theorem 4.8; so B must either
contain a sequence converging in R x L to (—1,0) or (1,0), form a closed loop

or be such that ||W(t)||W21,z — 00 as t — oo. |

The next set of conditions relies on the following result, due to Toland [21].

Theorem 4.11. Let f € C'(J) and ¢ € R\ {0}. Suppose w € W,}' is a
nonconstant solution of (1.1) which satisfies the Bernoulli condition (Theorem

2.19 (B)). Then f/c is strictly decreasing on an interval in R(w).

Proof. Suppose f and c satisfy the hypotheses of the theorem, and let w € W21,’,1 be
a solution of (1.1) which satisfies the Bernoulli condition. Then f(w(z)){w'(z)?+

(1 4+ Cw'(x))%} = c for almost every z. For such z,

flw@){w'(2)* + (Cw'(2))’} = c - f(w(z)) - 2f (w(2))Cw'(z)
= C(f(w)w')(z) - f(w(z))Cu'(z) = —F(w)(z), (4.5)

since w satisfies (1.1). By the Bernoulli condition, f(w(z))/c > 0; so by (4.5),
F(w)(z)/ec<O.

Now by Lemma 2.16, if f/c is monotone increasing on R(w) then for almost
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all z, F(w)(z)/c > 0. Hence F(w)(x) = 0 almost everywhere. Equation (4.5),
together with the fact that f(w(z))/c > 0 almost everywhere, now gives that
w'(z) = 0 for almost every z: i.e. w is a constant function.

Hence if w is nonconstant then f/c is not monotone increasing on R(w): i.e.

(since f € CY(J)) f/c is strictly decreasing on an interval in R(w). O

Theorem 4.12. Let A\i,..., Ay € R with Ay < --+ < Ay and suppose that f :

[A1,Aq] X R = R is bounded away from 0, f is real-analytic and

FONMNy)

{(A,y) € [A1, Aq) X R‘ 70, 0)

<0}=Qc(,\2,>\3)xR

where (A*,0) € Q. If (A*,0) is a bifurcation point of (1.4) of Crandall-Rabinowitz
type and the function yu' # 0, then either the curve B found in Theorem 4.6 forms

a closed loop or ||W(t)||W21.z — 00 as t — oo.

Proof. Note first that f, (A1, As) XR and ()\*, 0) satisfy the hypotheses of Theorem
4.6, and that ¢* # 0 since f(®V()\*,0)/f()*,0) < 0. Since f is bounded away
from 0 on (A1, As) X R, the curve B satisfies (i)-(v) in Theorem 4.6. We show that
(v) b cannot occur, and that if (v) a occurs then W (@)l — oo as t — oo.

There is no nonconstant solution (A, w) of (1.4) with A € [Ag, Ag] \ [A2, As],
since for any solution (A, w) with A € [A1, Ag]\ [Az, As], FOV (N, w(z))/f(A,0) >0
for all z, so by Theorem 4.11, w is constant.

We show that B C [A2, Az] X W21,’,2. Suppose for a contradiction that for some
X € [A, A \ [A2, Ag], there exists w € Z; such that (A, w) = B(f) € B. By
Theorem 4.6 4v, for each s € (0, ] there exists , € (0, s) and a real-analytic map
05 i (—0s,05) = I x {w € Z;|R(w) C J} such that

{B®)|lt — s| < &5} = {as()I[t] < 65}
Let ¢y > 0 be close to 0, and let {to,...,t,} (t, =t) be a partition of [to, f] such
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that tg < --- < t, and
{B@)It € [to, 11} € | J{on Bt < 6.}
=0

(this is possible since [tg, ] is compact, so the cover Usegtogg {os(O11E] < 65} of
{B(t)|t € [to,%]} has a finite subcover). Note that for i € {1,...,n},

{ow_ (O] < 6, } N {on(@)[E] < &} # 0.

Let, for i € {0,...,n}, a4 (t) = (Ai(t), Wi(t)), and let 9; : (—6;,0:,) — R be
given by 1;(t) = (®g+, Wi(t)),. Since each oy, is real-analytic, so too is W;, and
hence 1); also.

The remarks in the second paragraph of this proof show that for ¢ in an open
interval, W,(t) is a constant function; and so ,(t) = 0 on an open interval,
since ¢* # 0. Since v, is real-analytic, it follows that v, = 0. Now for each
t in an open interval, there exists t' € (—d,,0:,) such that oy, ,(t) = o4, (t),
80 Yn_1(t) = ¥n(t') = 0. It follows that 1,_; is zero on an open interval, so is
everywhere zero, since it is real-analytic. By an inductive argument it follows
that each of vy, ..., 9n are everywhere zero. However, by (3.11) (®g., W5(0)), =
(®g+, W(to)), # 0 if ¢y is sufficiently small. This is a contradiction.

It follows from Theorem 4.6 v that either B forms a closed loop or ||W (t) ||W211,rz —

o0 as t — 00. ' O

Example 4.13. Let f : R2 — R be given by
FOy) =1+ 4D

Then f is real-analytic and bounded away from 0. Also, fOU(),y) = 12(\2 —
1)e3-1) g0 fO() ¢) < 0 if and only if A € (=1,1). For all A we have
q(A) = 6(1—X?)/550 ¢(\) = 1if and only if A = £1/v/6. Now ¢'()) = —12)/5, so
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¢'(£1/v6) = ¥2+/6/5 # 0. Hence by Theorem 3.7, (£1/1/6,0) are bifurcation
points of (1.4) of Crandall-Rabinowitz type; and a unique real-analytic curve
B of nonconstant solutions of (1.4) bifurcates from the line of trivial solutions
at (1/1/6,0). Also, B(1/v6) = —105/4 # 0, so by Theorem 3.9, 1"(0) # 0; so
' # 0 in a neighbourhood of 0. It follows that f and 1/+/6 satisfy the hypotheses
for Theorem 4.12 to hold; so either B must form a closed loop or ||W(t)||W211,(z — 00

as t — oco. Similarly for the curve bifurcating from (—1//8,0). |

A refinement of Theorem 4.12 is the following:

Theorem 4.14. Let f : R? — R be real-analytic with |f| > k > 0 everywhere,

and suppose that
FOD(,y)

f(2,0)
on a set Q C R? containing (\*,0). Suppose that for all X for which Qy # 0,

<0

yx ;= sup{|y||ly € U} < 0.
Let o)
FON( ) }
=<0 Q
o0 <0
and suppose that either ' = 0 or for each A for which Qy # 0, hy := dist({\} x
Qy, Q) > mq/ LAOIE

2k :

= {(,\,y) e R?

1. If (A*,0) is a bifurcation point of (1.4) of Crandall-Rabinowitz type and

1 # 0 then either B forms a closed loop or A(t) — oo as t — .

If Q is bounded then only the first of these possibilities is allowed.

2. If (\*,0) is a double bifurcation point of (1.4) (satisfying Theorem 3.13)
and § is bounded, then the set of nontrivial solutions of (1.4) is at least

triply connected.

Proof. Suppose first that f > k everywhere, and let (A\,w) € R x W211,r2 be a
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solution of (1.4). Then by Theorem 2.21 (@) and Theorem 2.19 (/?),
(A, 0)> kiw'(t)2+ (1 + Cw'{t)2} = kiw'(t)2+ 1+ 2Cw'(t) + {Cw'{t))2} (4.6)
for almost every ¢ Integrating we obtain that

27r(/(A, 0) —k) —2 f Cwlt) de>k{\ v/ + WO, 4.7)

so that by the theorem of M. Riesz (Theorem 1.7 (A)),

Figure 4-2: Diagram for Theorem 4.14

(4.8)

(note that Cw' has zero mean, and recall that C2w’ = —w’). A similar calculation
shows that (4.8) holds if f < — also.
By (1.11) and (4.8),

1/(A,0)|~/c

A <t
mp (w) on

4.9
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Suppose now ' # 0 and let (A, w) be a solution with R(w) N Q) # . We show
that dist({A\} x R(w),§Y’) > 0. Suppose otherwise. Then for each ¢ > 0 there
exists y € R(w) such that dist((},y), Q') < e. Hence for all € > 0,

hy = dist({A} x ), Q') < Amp(w) +¢:

i.e. hy < Amp(w). However it follows from the hypotheses of the theorem and
from (4.9) that hy > Amp(w): a contradiction. Hence dist({\} x R(w), Q') > 0,
as required.

We now show that for each (A, w) € B, R(w) NQy # @. Suppose by way of
contradiction that for some positive ¢ and e, R(W(t)) N Qaqy # 0, and that if
t < s<t+ethen R(W(s)) NQpi) = 0. Let

d = dist({A(t)} x R(W(2)), ) > 0.

The map s — B(s) has, at each point s, a local real-analytic reparametrization,
so is continuous. Hence for some &’ > 0, if |s — t| < &’ then |A(t) — A(s)] < d/2
and

d

W (t) = W(s)[loo < V2||W(t) — W(s)llwr2 < 5

It follows that if |s — t| < &' then R(W(s)) N ﬁ:\(s) = 0; and hence if t < s <
t +min{e, &'} then R(W(s)) N (Qu(s) U (,)) =0, so by Theorem 4.11 W (s) is a
constant function. The required contradiction follows from an argument similar
to the one in the proof of Theorem 4.12 (note that, as in Theorem 4.12, ¢* # 0).

It now follows from (4.8-4.9) that (whether or not Q' = @) if (A, w) € B, then

for almost every z, |w(z)| < 74/ lﬂ%’,gl;k + y» and

If(/\,0)|—k‘+w) G ) (4.10)

2
”w”W;};f < 2T (7{' ok L
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Since f is real-analytic, |f()\,0)| < oo for all A; also y» < oo for all A\. Hence
in particular f(A,0) and y, are bounded on bounded intervals, so by (4.10) we
have that if ||W(t)||W§,z — 00 as t — oo then |A(t)| = oo as t — oo also.

Hence by Theorem 4.6, B either forms a closed loop or is such that |A(t)] —

If Q is bounded, then for sufficiently large A, Qy = . However by the argu-
ment above, for each (), w) € B, R(w) N # 0. Hence only the first possibility
is allowed.

In the case where (\*,0) satisfies Theorem 3.13 and 2 is bounded, each of the
bifurcating curves must form a closed loop. Either the two loops are the same, in
which case they form [a set at least as complicated as] a figure of eight; or the two

curves are distinct, in which case their union is [at least] triply connected. O
Example 4.15. Let f : R? — R be given by

y+10)2+ 2
yr v _ —
10 10M+10(y— 1) +1

s =3+ (

The graph of f is approximately a paraboloid of revolution with minimum at
approximately (—10,0), streched in the y direction, with a sharp indentation in
the region [-1.1,1.1] x [-1.0,2.0]. f attains its minimum value, (approximately)
1.1 at (approximately) (0,0.4), so is bounded below by 1.

We shall show that the side of the dip closer to the minimum of the “paraboloid”,
and the far side of the “paraboloid” satisfy the conditions given for 2 and Q' re-
spectively in Theorem 4.14.

We have

80 (y—1)°
FOV(N y) = 2(y +10) " (y—3) - :,
(103 +10 (y— )" + 1)

10
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Figure 4.3: Plot of / for (A,y) G[.6,1.6] x [20,3]

SO is negative on a set 11' contained in (—e0,—9.9] x R and on a region
fl contained in [-1,1] x [0.9,0.4]. For A € [,1], /(A,0) € [1.7,3.8], so

~ 11.9,3.8], so for each A GR such that fI* / 0, “a > 9-9 —0.0 >
3.8 >

Now
6400A8 + 2080A4 - 3031

A= 0(80A6+ 13A2+ 240Ad+ 23)(80A4+ 13)°

4.11)

so g(0) = 3031/2990 whilst ¢ (£ 1/2) = 1438/3825. By inspection it is seen that
if A€ (—1/2,0) then ¢'(A) > 0, and if AG(0,1/2) then ¢'(A) < 0.

It follows that (1.4) has Crandall-Rabinowitz type bifurcations of solutions
of fundamental period 27r in the intervals (—/2,0) and (0,1/2), and since (
is bounded, a loop of nonconstant solutions bifurcates from the line of trivial

solutions at each of these. n
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Appendix A

Proof of Theorem 1.8

Choose a compact segment, £ of E°, and let £ = £(E, E) and ¢ = {p p be as
given in (2.10) and the remarks following. Note that u = u + (1 — §)u.
(1) We shall show that C(¢u) € L3, and that C((1 — &)u) is smooth on E.

First,
/_7; | (z)u(z)|P dz = {L+/SI\E} €(z)u(z)|P dz < /E|u(1.)|p < 00,

since £(z) =0 on S \ E. Hence éu € L, and C(éu) € L%, by the theorem of
M. Riesz (Theorem 1.7 (A)).

Next,

so C((1 — €)u) is smooth on E, since for y € S* \£,~3: — cot Z5¥ is smooth on E.

It follows that Cu = C(§u) + C((1 — &)u) € LP(E), as required.
(2) By (A.1), C((1 — €)u) is smooth on E. We show that C(¢u) € Cy®. First

by Leibnitz’ rule,
d- = n
= (r),, (n—)
(e Z(r)ﬁ =),

r=0
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If z,t € E or (without loss of generality) z € E and t € S' \ E, then

€0 (@)u " (z) - €0 (E)u ) (2)]
< O () = u® ()] + 167 () - €7@ [ (2)]. (A2)

In either case, the second term on the right-hand side of (A.2) is bounded by
C|z — t|* for some constant C, independent of z and ¢ (we denote any such
constant by C in this proof), since £ is smooth and, for r € {0,...,n}, u®" is
bounded on E. If t € E, then the first term on the right-hand side of (A.2) is
bounded by C|z —t|*, since u € C™*(E) and £ is bounded; otherwise it is zero,
since £ is zero on S\ E.

If 2,¢ € S' \ E, then

€0 (2)u"(z) — €D(t)ul* ()] = 0.
It follows that fu € C5:%; s0 £-C(€u) = C (L= (¢u)) € Co. by Privalov’s theorem

(Theorem 1.7 (B)).
It follows that Cu = C(¢u) + C((1 — €)u) € C™*(E), as required. O
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Appendix B

Bootstrapping Argument for
Chapter 2

Lemma B.1. (generalisation of lemma 8.3 in [4]) Suppose f e () NCH(J)
where J, J and B are as in Theorem 2.1. If u € Wy' N W,oP(E) with R(u) C J,
E cuY(J) and p € (1,00) \ { 5 }, then

L= T=AG=1 [, -1 E° < p+1
}-(u) € loc (u ( )) D ]
Lloc(u—l(Eo)) %

Proof. Let E be a compact segment of E°. Then for z € E we have that

P = L [T LSO

tan z——y

= o (/ /) tanwuw))“l(y)d

= (D) +5)),

say, where £ = £(E, E) (as given in (2.10)) and X = S\ E. Note that if E = S?

then £ = S also, so D = F(u) and S = 0. We examine first the regularity of D.
. -1 R

Since f € CY(J), u € WLP(E) € Cy. *(E) and E C u~'(J), there is a

loc
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constant C independent of z and u (all such constants will be denoted C' in this

proof) such that for all z € E,

f ) — S
Pl < 5 [ L ) ay

C/Elulenlul(yﬂ dy

e oy / e — ylP0=5) ()| dy, (B.1)

IN

IA

since for y € £ C (z — 7,z +7), | tan Z5¥| > | %54
Now u' € L?(E), so by the Hardy-Littlewood-Sobolev inequality (see (1.6)),
the map B : E — R given by

B(z) = /E @)l — y) 5

is in L"(E) with 1Bl -2y < Cllv'l| 155y, where

r=) A P< #h
o p>ih
It follows from (B.1) that D € L™(E) also, as required.

Now suppose E # S!. For z € E and y € X, |tan’—;3| > %dist(E‘,aE) >0

so in all cases,

4
S(z)| < ——— o (R{u u’ .
1S(z)] < dist(E,aE)”f“L Rl

Hence S € L®(E), as required. O

For completeness, we include here the following result, which covers the
boundary case 8 =1 and u € W' N Wlf,cz(E) In this case we also have that
F(u) € L (E°), as follows.

By the argument at the end of the proof of Lemma B.1, S € L (E°). We
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show that D € LS. (E°) also. Let z € E, and for y € E, let

f(u(2)) - fluly))

h(z,y) = P
tan —22

(B.2)

We show that the map y — h(z, y) is in L(E) with norm bounded independently
of z. We have that for some constant C, independent of z (we denote all such
constants C here),

(6 — S’ lu(e) - uw)P
J ey = [ A SR ay <l [,
®3

since f € C%'(J) and if y € (x — 7,z + 7) then |tan 52| > |Z5%|. We now use
Hardy’s inequality (1.5) to dominate the integral on the right-hand side of (B.3)

yl2

2
{ J; (@) dt} ,
4@ < Wy [ A2 40 < Ol ey (B
It now follows from Hoélder’s inequality that D € L™ (E‘ ): for z € E, we have

D@I< [ W@ D] & S Ol WlBaey  (B5)

as required.
The following regularity result for solutions w € W' nWL? (w=1(J)\WN (f (w)))

loc
of (1.1) is a direct consequence of Lemma B.1.

Corollary B.2. Let f € C°(J) N C%*(J\ N(f)), where J, J and B are as in
Theorem 2.1, and ¢ € R. If w € Wyl nWhP(w=1(J) \ N (f(w))) is a solution of
(w

loc
(1.1) for some p > 1 then w € C2*(w=1(J) \ N(f(w))) for each a € (0,1).

loc

Proof. We show first that w € W,2%(w=1(J) \ N'(f(w))) for some ¢ > p‘#

loc

Ifp > LZ;L then there is nothing to prove. Suppose p < % Let g :
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(1, %) — R be given by

9lg) = ———

1-p(g—-1)
and let n be the least natural number such that g"(p) = go---og(p) > ‘[% (such
n exists, since on (1, %), g(q) > q and g is strictly convex). Let E3,.¢ be a
compact segment of w™1(J) \ N'(f(w)) and let By D --- D E3n.6 be a string of
nested compact segments of w=1(J) \ N'(f(w)) such that for ¢ € {2,...,3n+ 6},

E; C E2_,. We show first that w € W9"(?)(Ey,).

Let, for k € {1,...,3n 4+ 5}, & = £g, E,,, be as given below (2.10)

By Lemma B.1, F(w) € L¥?)(E,); so by (2.19), Cw' € LSP)(E;) also, since
f(w) is bounded away from 0 on E;. Now Cuw' = C(&w') +C((1 — &)w’). By the
proof of Theorem 1.8, C((1 — &;)w') is smooth on E,. Hence C(&w') € LIP)(E,).
Now w' € LP(E;), so &w € LY, . Hence by the theorem of M.Riesz, (Theorem 1.7
(A)), C(&w') € LE, C L. It follows from Theorem 1.8 (1) that &w' € LIP)(E3).
Hence w € W19(P)(E3), since on Es, &w' = w'.

By an inductive argument it follows that w € W19"()(E;,). Since as ¢
‘@ﬁil, g(g) = +oo, the same argument as above shows that if g"(p) = ‘% then
w € WY9(FE;,3) for some q > L;l-

It now follows (in all cases) from Lemma B.1 that F(w) € L®(F3,44); and
hence by (2.19) that Cw' € L*°(E3,44). Hence, by the same argument as above,
w € WYP(E3,46) for each p € (1,00); so w € C%*(Ej3,,6) for each a € (0,1), as
required. |
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Appendix C

Calculation of the Taylor Series
of 3 About (0,0) For Theorems
3.9 and 3.13

We calculate the third order Taylor polynomial about (0,0) of the bifurcation
equation (3.12) in terms of partial derivatives of f. We calculate first the partial
Fréchet derivatives of F.

C.1 Calculation of partial Fréchet derivatives of
F at (),0)

Theorem C.1. Let m € NU {0} and suppose f € C™(I x J) where I and
J are open intervals in R with 0 € J. Let w € Y. Then F(-,w) : I — L},

(given by (3.1)) is m-times continuously differentiable on I, and for A € I and
ALy -, Am ER,

™ F(\, w)[M, ..., Am]

m

= {fO 0, w)A+Cw)+C(F O (N w)w') - O (2,00} [T M- (C.1)

=1
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Proof. (C.1) holds for m = 0 by definition of F' (3.1). Suppose that it holds
for m = k € NU {0} and let f € C*¥*1(I x J). Then for A € I, w € T and
A1, ..., Ay € R and Agyq in a neighbourhood of 0, we have that

*YF (N + Meg1, )My -+ 5 Ae] = P F (N w)[ A, -, Ml
= {C ([f&O N + Meyr, w) — f(k,0)(A, w)] w')

— [F®ON+ Aeg1,0) — FEO(A, 0]
k
+ [FEON+ ey, w) — FEONw)] @+ Cuw)} [ A

=1

Now by Taylor’s theorem (1.19) we have that for t € S?,
FEO Ok 1, w())=fEO A, w(8)) = Merr f O kA1, w(E) R A+ A1, A) (2)
where R;j(A + Axy1, A)(t) is given by (1.20) as

Ri(A + Mg, () = Aer /0 : FEFLOON 4 shppr) — FEFRO (M) ds (C.2)

We show that ||R1 (A + Axi1, A)|lo = 0 (| Ak41]). It will suffice to consider \z4q €
[\ —e,A + €] for some small ¢ > 0. Since [A — &, A + €] x R(w) is compact,
f*+1.0) i5 uniformly continuous on this set. Hence as Ax;; — 0, the integral on
the right-hand side of (C.2) converges uniformly to 0 as a function of ¢. It follows
that as Ag+1 = 0, ||R1(A + Akt1, A) oo/ | Aks1| = 0, as required.

By the same argument, f®% (A4 X\;1,0) — FEO (X 0) = Ay fEHLO(N 0)+S

where ||S]|co/|Ae+1] = 0 as Agy1 — 0.
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It follows that

ak’OF(A + Ak+1) w)[/\l) R Ak] - ak,OF()H w)[)‘la LR Als:]

= {1 fEO (A, w) (1 + Cw')
k

—I—C( f(k+10 A w)w ) Akt f(k+10()\0)}H)‘

=1
k
+{Ri(A + Aes1, A1+ Cw') + C(R1 (A + Mg, ') = SH [ M

(C.3)

By Holder’s inequality, all the terms on the last line of the right-hand side of
(C.3) are o (|A\x41]) in L2 -norm as A\;;; — 0. Hence (C.1) holds for m = k+ 1
also; and hence for all m € NU {0} by induction. The continuity of the Fréchet

derivative of F' follows from the continuity of the derivative of f. a

Theorem C.2. Let m € NU{0} and n € N, and suppose f € C™ (I x J) where
I and J are open intervals in R with 0 € J. Then F (given by (8.1)) is m + n-
times continuously differentiable on I X Y and for A€ I, we T, A,...,Am €R

and wy, ... w, € Wp7?,

3m,nF()\, w)[)\l, ey Ay Wy e e ey wn]

— {f(m,n)(/\, w)(l + C,w’) ﬁ’wj +C (f(m,n)()\, ’w)'w’ ﬁ 'wj)

j=1 j=1
Lin n 2T m
+ f(mon=1) (A, w ZCw flw1+C( flmn=1) (A, w Zw ﬁwl)}HAi
=1
(C.4)
INE

where H denotes a product over alll € {1,...,n}\ {j}.

Proof. Note first that, similarly to the remark made at the start of the proof of
Theorem 4.4, Y is open in W, so we may differentiate F'(),-) on this set.
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Let f € C™*}(IxJ);andlet A € I and w € Y. By Theorem C.1, 8™ F exists
and is continuous on I x Y. Let Ay,..., A, € R and let w; be in a neighbourhood

of 0 in W2, Then

am,OF(A’ w+ wl)[)\l’ e )‘m] - am,OF(/\’ ’LU)[A]_, ) )\m]
= {{f(m,O)()\, w+wy) — f(m,O)(/\, w)} (1 + Cw’)
+C ({£0 N\ w+ wy) = FmO (N, w)} )

m

O w+w)Cw' + € (O, w+ wiw) } [ A

=1

By Taylor’s theorem (1.19), we have that for t € S,
FIO A, w(t)+wi(#) = FO (N w(t)) =wi () ™D (A, w(t)) + Ra(w + wi, w)(8),
where R;(w + wy, w)(t) is given by (1.20) as

Ri(w + wy, w)(t) = 11;1(t)/0 FMD O w(t) + swy(t)) — F™D (A, w(t)) ds. (C.5)

We show that as [lwillyz2 — 0, [|Ra(w + w,w)]lee = o(||w1||w;;2). It will
suffice to restrict ourselves to the case ||wi|lo < € for some small ¢ > 0. As
lwillwae = 0, [lwilleo — 0 since fT™V(A, -) is uniformly continuous on {a+bla €
R(w), |b| < €}, the integral on the right-hand side of (C.5) converges uniformly

to 0 as ||wi]|eo — 0. It follows that as ||w1||W21,z — 0,

R0+ w1, ) o _ (1B (0 + 03, 0) |
T A

— 0,
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as required. Hence

O™CE(N w+wi)[A1, ..oy Am] — O™ F (N w)[ A1y -+ -y Am)
= {wi f™D (N, w)(1 + Cw') + C (wy FmD (8, w)w')

+fmO N w)cw' + ¢ (FmO (A w)w') } H i
=1
+{R1(w + wy, w)(1 + Cw' + Cw)) + C(Ry(w + wy, w)(w' + wy))

+w1f(m’1)(/\, w)Cwy +C (wlf(m’l)()\, 'w)w'l) } H i (C.6)
i=1

By Holder’s inequality, all the terms in the second set of curly brackets on the
right-hand side of (C.6) are o (||w1||W211,r2) in L2 -norm as “w”Wzlf — 0. Hence
(C.4) holds if n = 1. Suppose now that (C.4) holds if n = k € NU {0} and let
feC™* I xJ),weT, w,..., wp € Wa?, wpy1 in a neighbourhood of 0 in

Wzl,’rz, A€ T and Aq,...,\n € R We have that

6‘””°F()\,w+wk+1)[)\1, caey Am, Wiy ... ,’U)k]'—am’kF(A,'IU)[Al, NN ,)\m,wl, .. ,wk]

k k
= {f(m,k)(,\, w + wk+1)(3w§c+1 H w;j+C (f(m,k)()\’ w+ wk+1)w2+1 H w].)

j=1 j=1

Eol

+ [f(m’k) A w + wg) — FP (A, w)] (1+ Cw') H Wi

J=1

k
e ([f(m,’ﬁ()\’ w+wen) = FROw)] o ] wj)

=1
k Lik

+ [f(m’k_l)(A, w+ wk—i—l) _ f(m,k—l) ()\, ’lU)] ZC'LU; H'wl
j=1

k 1,3,k m
+C ([ FmRDO wtwe) — FFDOLw)]) ) wh [ wz)} JJE"

7=1 =1
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Now by Taylor’s theorem (1.18), we have that for t € S*

FImR O, w(t) + wes () = O, w(t))

= wiy1 (1) fD (w(t)) + Ry (w + wigr, w)(8),
FIRD w(t) + wi (8) — FFD (N w(8))

= w1 (8) fF (w()) + By (w + witr, 0)(2),

where R} (w + wi41, w)(t) and R} (w + wk41, w)(t) are the first order Taylor series
remainders of the C'(J)-functions f(™*)(},.) and f(™k=1(],.) respectively at
wi41(t) about w(t), defined similarly to (C.5). Hence

O™  F(A\, w+wes1)[M, -+ s Amy Wy« -+, W] =™ F (AN, w)[ AL, .+ o oy Ay Wi, - -+, W]

k
= { [F™R (N w) + wepr fFD (N w) + Ry (w + wig1, w)] Cwjyy H w;

=1

k
+C ([f(m’k)(/\, w) + Wesr (N, w) + Ry (w + Wi, w)] whyy H wf)

J=1

k
+ [wep 1 f™* D (O, w) + Ry (w + wigr, w)] (1 + Cw') H

+C ([wk+lf(m,k+1)()\, w) + R’1(w + Wiy, W w H w])

,.77

+ [wka( ' )()\ w) + R} (w + w41, w ZCw le

k 1,7,k m
+C ([U}k+1f( k)(/\ 'LU)+R” W+ Wiy, W Z le)}H/\i
=1

By arguments similar to the one below (C.5), R (w+wg41, w)(t) =0 <”wk+1”w21;3)
and RY(w + w41, w)(t) =0 (”wk+1”W21;,2)' It follows, by an argument similar to
the one below (C.6) that (C.4) holds if n = k + 1 also. Hence (C.4) holds for all
n € N by induction. The continuity of the Fréchet derivative of F' follows from
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the continuity of the derivative of f. a

Corollary C.3. Let I and J be intervals in R with 0 € J.

Let m e NU{0}. If f € C™(I x J) then for all A € I and Ay,...,Am € R
O™OF(A,0)[Ar,. .., Am] =0.

Let m € NU{0} and n € N. If f € C™™(I x J) then for all X € I,

1,2
Aly--yAm € R and wy, ..., w, € W57,

8’”’"F(A, 0)[)\1, ey Am, Wiyeo oy wn]

n n l,jm n l,jn m
= {,v(m»n)(,\, 0)] Juwi+ ™1 (x,0) lz cw); [ Jwi+C (Z w) wl>]}]"[ Ai.
j=1 3=1 =1 i=1

(C.7)

C.2 Calculation of partial Fréchet derivatives of

Y

In order to calculate the Taylor series of (3 it is also necessary to compute partial
derivatives of y up to second order. We assume that f € C3(IxJ) and ¢* # 0; and
we consider F' as a map from TNZ; into Zy. By the Lyapunov-Schmidt reduction
(Lemma 1.23), 7(A,0) = 0 for all A, so 8'%y(),0)1 = 0 = 82%(),0)[1, 1]; also,
8%y(A*,0) = 0. In order to compute other partial Fréchet derivatives of v we

differentiate the equation

QF(A* + U, t@q‘ + 7()‘* + Wy t(I)q"‘)) - 0)
where @ denotes projection onto R(8%'F(X*,0)) (= {w € Zo| (w, ®g), = 0}),
which holds for all u and ¢ (see (1.28)). Let 6 = (A* + p, t®ge + Y(A* + 1, t®,+)).

Then
QA" F(0)[®p + 8™ y(A* + 1,18+ )Bpr] = 0
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so that

QO™ F(0)[@q + 8% Y(X" + 1, 1) g, By + O™y (N + 1, 102 ) By
+30’1F(9)[60’2’)’()‘* + 1, t24+)[2g, Bg]]) = 0.

Hence if we let 0%2y(A*,0)[®q+, 8g:] = Y _ 0n®,, then by (C.7)
n=0
QO™ F(X*,0)[®qe, g + 8% F(X*,0)[8%27(X*, 0)[@ge, B-]])
= Q(® FOA(X*,0) + fFOV(A*,0){2¢"®2. + 2C(D, ®})}
+f(0’1)()‘*’ 0)60’27()‘*’ O) [q)q' ) q)q*]+2f()‘*a O)C((ao’z’)l(’\*a O)[q)q"a (I)q"])l))

=Q (%(1 + Do) fOO (N, 0) + FOV (O, 0){g" (1 + 2850 )}
HFODO,0) D 0n®n + 2f(X,0) ) "an‘pn) =0
n=0 n=0

so that a,, = 0 for all n € NU {0} \ {0, ¢*,2¢*} and

f(O,l) (X’, 0) f(0,2) (X', 0)
2f(A*,0)  2f0O1(x*,0)’
f(0,2) ()\*’ 0) f(O,l) (/\*, 0)

2fOU(x,0)  f(A%,0)

Gy =

(C.8)

Qg+ (Cg)
Since y maps into R(8%1 F()\*,0)) we have ap = (®,-, 8%2y(A*, 0)[@g+, Bg:]), = 0.
Hence

%2y (A", 0)[ @4+, Dge]

_fOP0n0) 000 | f F4P(0) _f“””(/\*,ﬂ)} o
T 2f(\,0) _2f‘°’1)(A*,0)+{2f(°’”(/\*,0) fOw0) f

Also

QO F(0)[@qr +8"' V(N + 11, 1@-)Bye, 1]4-0" F(B) [0 (A" 411, 1250 [ @, 1]]
+30:2F(9)[q>q,. + 0% y(\* + p, t@q.)@q.,al’oy()\* + u,t®44)1]) = 0.
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Hence if we let O11y(\*,0)[®,,1] = ) &P, then by (C.7),

QM F(X, 0)[®+, 1] + 8™ F(X*, 0)[0" (M, )[ ¢ 1)

=Q(f(1’1>()\*,0)<1>*+2qf1°) (A*,0),. +Z§n (FOV(0 )+2nf()\*,0)))

n=0

= 0.
Since f@V(A*,0) + 2nf(1*,0) # 0 for n € NU {0} \ {¢*} we have that &, = 0;

similarly to the remarks below (C.8) &+ = 0. Hence 8!vy(\*,0)[®,+,1] = 0.

C.3 Calculation of partial derivatives of 3
By (3.12) we have
Bu,t) = (B, F(X" + 1, tPg= + 7(A" + 4, 822))), -
we differentiate this with respect to ¢ and p to find the partial derivatives of 3 of

order up to three at (0,0). Again, we assume f € C3(I x J) and ¢* # 0; and we
consider F' as a map from YT N Z; into Zy. Note that because for all u

B, 0) = (Dge, F(A* + 1, v(A" + 1,0)))y = (®ge, F(A* + 1,0)), = 0,
we have that 3(™9(0,0) = 0 for all n. Now for all x and t we have
BOD (u, 1) = (Dgr, O™ F(0)[@r + Oy (A" + 11, 10) 0]},
so that

BED (s, 1)
= (B, OV F(0)[®gr + O™ y(X* + 11, 1D ) Bpe, 1]),
+ (g, 8P F(0)[@gr + 8%y (A" + 1, 8B ge ) Bge, 3O (A* + 11, 1B )1]),
+(®gr, 8 F(0) [0V Y (AN + 1, 190 )[Dge, 1]]),
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and

B (u, 1)
= (00,92 F (0)[@g + O”M Y (X" + 11, 1D ) By, B + ALy (A + 11y 1B )],
+ (B0, O F(O)[0%2 (N + 11,122 ) [P, 311, -

Hence we have the following:

B (u,1)
= (B0, P F(0)[Dg + O (X" + 11,12, D@, 1,1]),

+(®ge, OV2F (0)[®ge + O y(A" + u,t@ )<1>q (1,009 (A* + p, t@p)1]),
+ (@4, 0 F(0) [0 v (AN + b, 1D 1),

+ (@, 0V F(0)[®g + O™ y(X" + u,t@,, )cpq., AOy(N* + p, t®4+)1,1]),
+(®ge, 0P F(0)[ @ + 8¥ (A" + 1, 1®g) Py,

MOy (A* + 1, 1@ )1, 00y (X" + u, t®@e)1]),

+(®ge, "2F (0)[0" YN + 1, 12¢:) (2, 1], WOy + 1, 1@ )1]),
4+ (@, 0% F(6)[@g + Oy (A* + p, 1B ) B gr, OOy (N + 1, @)1, 1),

+ (8, M F(O)[OM (N + 1,12 ) [P, 1],1]),
+{®p, "2 F (O[O (N + 1y @40 )[@ge, 1], 0¥ (X" + 1, t®g+)1]),
+(®gr, T (O)[BP V(N + 11, 18)[ @, 1,111,

B (u, 1)
= (B, 0" F (6)[®ge +" (X" + 1, 1B ) Pgr, g + 0% (N + 11,182 ) Dy, 1),
+(Dge, OO F(0)[2gr + O™ YN + 1, 1®g+) By
By + O YN+ 1,182 )Bge, IOV (N + 1, t®,)1)),

+(ge, "2F (B)[0V (N 4 11, 12 ) [Dgr» 1], B F0 (N i, 1Dy )],
+ (e, "2F (0)[®ge + 0" Y (A" + 11, 10 ) D Ay (A* 4 1, 104 ) [ @, 1),

+ (B gr, OV F(0) 8%y (N + 1,12 ) [ D , @00, 11),
+ (&g, 892 F (O)[0°*7 (N + 11, 184-) 2, %1, POy + 1, 184:)1]),
+ (g, 3" F(0)[0 7 (A" + 1, 19 )[Bgrs D 1], W0y (X + 1, t®)1]),
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and

8O3 (. 1)
= <(I)<1", 60,3F(0) [(Pq" + 30’1’7(A* + :U’)tcbq")q)q’)

Dge + VYA + 1, 1B ) B, Bgr + OV Y (N* + 11, 104 ) D),
+{(Bge, 0"2F(0) [0y (AN + 1, 1@ ) [Rgr , Bge], Bgr +0% Y (AN + 11, 10 ) B ]),
+(Dgr, 0% F (0)[ @ + 8" y (N + 11, 18 ) e, 8" 2y (N + 11, 180 ) [, D 1),

+<(I)q" ’ 80’2F(0) [80'27()\* + K, tq)q‘)[q)q' ) (I)q"‘]a (I>q' + 60’17()\* + U, tq)q*)q)q*]>2
+(@g+, OO F(O) [0y (A* + 11, 1D ) [@ge, Bge, D], -

These expressions simplify considerably if we take (u,t) = (0,0). We use the
results of Sections C.1 and C.2 and find that

BON0,0) = (B0, 8% F(N*,0)[@ + 8%1y(X*,0)8.]), =0,
BED0,0) = (@, 0" F(A*,0)[®¢ + 0% y(X*,0)®,,1]),
+(@ge, %2 F (A", 0)[0M07(A%, 0)1, @ge + 8% y(X*,0)D,-])
+ (@, 0% F (A%, 0)[01 (A%, 0)[@ge, 1]]),
= (®q,0" F(X*,0)[2q,1]),
= (@, fPIN,0)2¢ +2¢" O (N, 0)2,:),

_ 1)/ 4o _f“”‘)(/\*,O)f“"’)()\*,O))
S GRCE oo )

2

and

BOD(0,0) = (@, 0% F(A*,0)[@ge + 0%y (A,0)®ge, Byr + 0% y(A*,0)@0-])
+ (®ge, 8 F(A*,0)[8%* 7 (A%, 0)[ @+, Bg-11),
= (34,02 F (X", 0)[®y, Dpr]),
= (@g, FOD(N", 0022 + OV (N, 0){2¢" P2 + 2C(2,9}.)}),

1
—_ <<I)q*’ _2.f(0,2)()\*, O)(l + @211*) + q*f(O,l)(/\*’ 0)(1 + 2¢2q*)>
= 0.

2

2
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By similar arguments we find that

A>D(0,0) = (&, 0% F(X,0)[2p,1,1]),
= (f(z’l)()\*, 0) - f(Z,O) (A*, O)f(o,l) ()‘*)O)) )

f(x%,0)

and

BLD0,0) = (B, 02 F(X*,0)[®¢r, Bye, 1)),
+ (@, 0 F(A",0)[8°27(2", 0)[@¢, @50, 1]),
= (@g,®L FEA(N*,0) + FED(X*,0){2¢* B2 + 2C(2,- D)) }),
+ (@, OV F(X*,0)[ct0 + czge Page, 1]),

(o and gy are given by (C.8-C.9)). Finally,

8°3(0,0)
= (@, 0" F(X*,0)[®ge, Bge, Do),
+3 (@, %2 F(X*,0)[8%%7(A*, 0)[@ge, Byr], Bor]),
= (Dg, B2 FOI (N, 0) + {3¢"®3 + 3C(D2.2L.)} @D (X*,0)),
+3 <(I)q* y @gs (oo + Qg+ (I)2q*)f(0’2) (A*,0)
+{ (a0 + a2q~¢2q*)q*‘1’q* + 2q7 0r2gr P2gs Py
+C(0fo + a2q‘¢2q*)q);* + Qoge Pge ‘1"2q' )}f(o’l)()\*, 0)>2
= (Dg, B3 {FOI(X",0) + 3" FOD (A", 0)} + 3D (A", 0)C(D2.21.)),
+3 (@, ao{fOD (N, 0) + 2¢" FOV (A", 0)} D,
+age {FOP (X%, 0) + 3¢* FOV (A, 0)} @ - Bgpe
+oang fOV(N,0)C(Poge @) + D B0 )), -
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We now apply the triginometric identities sin® r = %(3 sin z —sin 3z) and cos® z =

7(cos 3z + 3 cos ) which give

cos?zsinz = ;(sinz +sin3z), cos2zsinz = 3(sin 3z — sin z),

1
4
cos 2z cos = 3(cos 3z + cos z),

and find that

599(0,0)
= i (Bge, {fOD + 3¢* fOD}(Bygr + 3B:) + 3¢ (Bge + Bage ) fO),
+g (B4, 200{f? + 2¢" fOV} B,
+ang {fOD + 3¢ FOVH D340 + Pgr) + ¢ rzge (3034 + @q,)f(0,1)>2
=37 {;ll.f(O,s) + (Oto +q + %a2q‘> FO 4 20*(ap + azq»)f(o’l)}

=37 lf(o,g) _ fO.1 £(02) N f(0:2)2 N Fo3
4 2f 4£(0.1) 22

where f and its partial derivatives are evaluated at (A*,0).
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C.4 Calculation of the Taylor series of 3 around

(0,0) in the case ¢'(\*) =0

If ¢(X*) = 0, then 311(0,0) = 0 and so the Taylor series of § about (0,0) is

given by
B(u,t)
(3,0) (2,1)
I¢] % B
1 ﬁ(271) t 16(1’2)
3 JeLe3 u 512)
g |\ ¢ 503)

1
et g{3u2tﬁ(271) + t3ﬂ(0’3)} + p

(-2

f(0,2) f(0,1) f(0,2)2

() (%)

~ = ~ =

1
o (Lgon 220

of  ajon *

Fo3 /
2f? )“’ }
(C.10)

where partial derivatives of 3 are evaluated at (0,0) and partial derivatives of

are evaluated at (A\*,0). p and p' = 22 are sums of higher order terms. Note that
because for all n, 3% (0,0) = 0, all terms in the Taylor series of 8 about (0, 0)

have a factor t.
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