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Summary

The term ‘granular media’ is used to describe a variety of differing materials in a wide
range of circumstances. Many mathematical models describing granular media are avail-
able, each appropriate to the particular application envisaged. A large proportion of
these models attempt to relate macroscopic properties to microscopic quantities. Ex-
amples of the macroscopic quantities of interest are the effective elastic moduli, wave
speeds and energy dissipation. Microscopic properties include the elastic moduli of the
grain material, the grain sizes, the interaction between grains and the internal geometry

of the medium.

The particular type of model studied in this thesis is one in which the grains are made
up of discrete particles of solid matrix tightly packed together to form the granular
medium. Many authors have studied the sphere as perhaps the simplest grain shape
and chapter 1 includes a description of the random sphere packing model of Walton [67].
Chapter 2 makes a correction to this model required when the packing is under uniaxial

compression.

The form of intergranular contact is very important in such models. One of the aims of
this work is to include a frictional contact law in the random sphere packing model, and
in chapter 3 the required contact problem for two identical elastic spheres with a finite
non-zero coefficient of friction between them is solved. The results of this frictional
contact problem are used in chapter 4 to model waves propagating through a cubic
packing of spheres. Obviously, a cubic packing is a highly simplified geometry for a
mordel of a granular material and in chapter 5 we introduce an averaging scheme which
allows us to consider frictional contacts within random packings. The addition of a

saturating fluid is briefly discussed.

The final two chapters attempt to model a granular material made up of aligned
spheroidal grains instead of spheres. Although the equations are much more complex,
it is still possible to write down expressions for the effective elastic moduli in terms of

averaging integrals which may then be evaluated numerically.
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Chapter 1

Introduction

1.1 Overview of Thesis

In recent years much progress has been made in the study of granular materials. Al-
though the subject can hardly be described as new, novel applications are constantly
arising in fields as diverse as civil engineering, the pharmaceutical industry and petro-
chemical prospecting. Two major international and inter-disciplinary conferences, ‘Pow-
ders and Grains’, have been held in Clermont-Ferrand, France in 1989 [4] and at Aston
University in 1993 [57], both of which were devoted to advances in the field of particu-
late systems. These conferences demonstrate the rapid growth of knowledge in the field

and the large number of known and potential applications.

This thesis is concerned with modelling granular media as an ensemble of particles
or grains and predicting the overall behaviour from known microstructural properties.
Examples of the properties we aim to predict are the effective elastic moduli, the atten-
uation properties of sound within the medium and the speed of propagation of elastic
waves. Typical microstructural features affecting these overall properties are particle
shape, elastic properties of the individual grains, packing density and the form of inter-
granular contact. Two chapters are devoted to the study of the contact between solid
particles. Chapter 3 examines the contact of two elastic spheres, extending the work
of Walton [66] and Mindlin and Deresiewicz [45] to consider the most general oblique-
oblique contact problem with a finite non-zero value of the coefficient of friction. In
chapter 6 we change the particle geometry from spheres to oblate spheroidal particles.

Many authors, such as Mindlin [44], Vermeulen and Johnson [61] and Sackfield and

12



CHAPTER 1 INTRODUCTION

Hills [49], have considered contact of non-spherical bodies; the work in chapter 6 is
an extension of the more general oblique-oblique loading considered by Walton [66] for

spheres. Explicit results are derived for the problem of contacting aligned spheroids.

The solutions of the two contact problems described above are used in chapters 4,5
and 7. The results of the sphere contact problem with friction are used in chapter 4
to model a cubic packing of spheres under uniaxial compression. Expressions for the
average stresses under this strain are derived and the dynamic wave speeds are calculated
for further incremental displacements. A random packing of spheres is considered in
chapter 5. The contact laws of chapter 3 are used to extend the work of Walton [67],
which previously treated only the case of zero friction or infinite friction, to a packing
in which friction is finite and non-zero. The elastic wave speeds are derived and the
effective elastic moduli are determined; in particular we examine the case of an initial
uniaxial compression since it is shown that friction plays an important role under this

loading.

The contact laws of chapter 6 are used in chapter 7 to model a random packing of aligned
oblate spheroidal particles. The basic approach is similar to that seen in Walton [67].
However, due to the loss of many of the spherical symmetries, the equations and the

effective properties of the medium are shown to be radically different.

Chapter 2 contains work relating to a correction of the random packing paper by Wal-
ton [67]. One specific case of initial loading, a uniaxial compression, was found to
cause problems with the equilibrium of individual spheres. The solution should include

rotations of each sphere thereby ensuring rotational equilibrium.

1.2 Contact Problems

In this section we present some results which will be of use in later chapters concern-
ing the problems of contact of elastic bodies. First of all we consider the loading of a
semi-infinite elastically isotropic half-space and give expressions for the resulting dis-
placements. These displacements are later required for the solution of certain contact

problems using the Hertz theory of elastic contact [30], described in section (1.2.4).

The displacements are then calculated for the particular case of a circular region with

1.2. CONTACT PROBLEMS 13



CHAPTER 1 INTRODUCTION

Figure 1-1: The half-space z > 0 and region R

parabolic distributions of pressure which, as we will see later, are required for the

solution of the Hertzian contact of two elastic spheres.

1.2.1 Surface Displacements

Consider the set of rectangular Cartesian axes Ozyz with the z-axis directed downwards
as shown in figure 1-1. The elastic half-space is shown as the region z > 0 bounded by
the plane 2z = 0. Normal and tangential tractions are applied to the closed region R
contained within the plane z = 0. Exterior to R both normal and tangential tractions
are zero, thus establishing the problem in elasticity as one in which the tractions are
specified over the whole boundary z = 0. We use the well known potential functions
of Boussinesq and Cerutti to obtain expressions for the displacements occurring on the

surface of the half-space.

Since the solution may only be determined to within an arbitrary rigid body displace-
ment, we also require that the displacement tends to zero as the distance from the origin

tends to infinity.

The Potential Functions of Boussinesq and Cerutti

The surface displacements due to concentrated normal and tangential point forces acting
on the surface z = 0 may be determined using the potential functions of Boussinesq [7]
and Cerutti [15]. A number of authors present the derivation of the potentials, see for

example Love [42], Mal and Singh [43] and Westergaard [71]. Here we list the results of

1.2. CONTACT PROBLEMS 14



CHAPTER 1 INTRODUCTION

Walton [66] for point forces of the form

Né(z—z')o(y—y) (1.1)

acting normally (the z-direction) and

Pé(z —2")o(y—v) (1.2)

acting tangentially (z-direction), where §(-) is the Dirac delta function. These concen-
trated forces act at the point (2’,y’), as shown in figure 1-1, and are of magnitudes N
and P respectively. The surface displacements due purely to the normal force (1.1) are,

in the z—, y— and z-directions respectively,

ue,y) = —EAX
woy) = LS
wie,y) = o (1.3)

and similarly, those due to the tangential force( 1.2) are

B CX?
CPXY
v(z,y) = BCEE
B -C)PX
w(z,y) = B-C)PX 252) (1.4)

where we have defined local Cartesian coordinates O'XY with origin (2’,y’) as

X=z—-2'" and Y=y-y. (1.5)

The quantity S is defined as

S?=X24+Y? (1.6)

and the elastic constants B and C are given in terms of the Lamé moduli A and p by

1.2. CONTACT PROBLEMS 15
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1 /71 1 1 /1 1
B—E(;'Fm) and C—E(;—m> (1.7)

These constants are also included in the table of isotropic elastic constants found in

appendix E.

Distributed Normal and Tangential Tractions

We now consider a general distribution of traction: N(z,y) in the normal direction and
P(z,y), Q(z,y) acting in the tangential z- and y- directions respectively. These forces
may be considered as a continuous distribution of point forces acting over some region
R and are defined to be zero outside R. Integrating the displacements (1.3) and (1.4)

due to the point forces over the loaded region, we obtain

T - v 2 ;g ) -
wo) = [{E2EEY) 4 o [ XTQEY)

53 |
(B—C)XN(:]:’,y’) 11
- 957 }dmdy
'y [ ! oo 20(z' . ') ]
o(z,y) = A{BQ(Say)_*_C-XYP(m,y)S-:Y Q( ,y)-
(B-C)YN(2',y) .y
- 252 }dmdy
B-C)[XP(z',y Y Ty BN (z',y L

For certain types of problems, the force distributions P(z,y), @(z,y) and N(z,y) will
satisfy a number of symmetries which may be made use of. Walton [66] states that, for
the distributions arising during the contact of two elastic spheres the centres of which

move in the plane y = 0 only, the following symmetries must be satisfied:

1. P and N are symmetric and () is antisymmetric in both z and y;

2. u and w are symmetric and v is antisymmetric in y.

With these properties in mind, the following definitions are made

w(ey) = 3{uEy) tu(-2,9)},  wEy) =5 {uEy) - u-z,9),
w@y) = 3 to(-59)},  valey) =3 () - v(-2.9),

1.2. CONTACT PROBLEMS 16
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w,(z,y) = %{w(m,y)-{-w(—-z,y)}, wa(wvy) = %{w(may) —’UJ(—:E,y)} (19)

which splits the surface displacements u(z,y), v(z,y) and w(z,y) into symmetric (sub-

script s) and antisymmetric (subscript a) parts with respect to the coordinate z. By

substituting the above definitions into the integrals (1.8) and making use of the above

symmetries, the displacements are given as

1 XN,y ., .,
ua(z,y) = _5( —C)L—_(ggz_y—)d dy
YN,y ,, .,
v(z,y) = —%(B—C)/R———S; Y) 4 dy
w(z,9) = B N(?y’) dz’ dy’ (1.10)
R
and
’ / 2 ’ / TR}
w(z,y) = A{BP(;,y)+C[X P(m,y)S—L—XYQ(z,y)]} da’ dy’
va(z,y) = A {BQ(;’,y’) +C[XYP(a:',yis)‘3+ YZQ(x’,y’)]} 4o’ dyf
wa(x’y) — %(B_C)/,;[XP(:L",y');;YQ(:E’,y')] dz’ dyl (111)

which are uncoupled in the sense that the integrals (1.10) contain only the effects of

normal forces and the integrals (1.11) contain only the effects of tangential forces. Later

in this chapter we will make use of a similar decoupling by considering the relative and

absolute displacements.

1.2.2 Pressure Applied to a Circular Region

Hertz Pressure Distribution

Consider a normal force distribution of the form

No(a® = rH)Y?2 0<r<a

N(r)=
0

(1.12)

,T>a

where (r,6) is a system of plane-polar coordinates in the zy-plane sharing the common
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origin O as defined in section (1.2.1). The region R is a circle of radius a centred on O
and Ny is a constant. This is the Hertz distribution which will be of use in section (1.2.4)

and the displacements on the region R are obtained from the integrals (1.10) as

A a3 — (a2 — r2)3/2
ua(x7y) = _TN(B—C):Z:{ (7.2 ) }
A a3 — (a2 — 12)3/2
vs(2,9) = —TN(B—C)!;{ (7'2 ) }
ws(z,y) = 7r2iVOB(2¢12—r2). (1.13)

Similarly, for a distribution in the z-direction of the form

K@ -r)2 0<r<a

P(r)= (1.14)
0 ,T>a

where K is a constant and the distribution in the y-direction @ (z, y) is zero, the resulting

displacements are found from the integrals (1.11) as

2 2
uy(z,y) = %(2B+C)Ka2—71r—6K{(4B+C)a:2+(4B+30)y2}
2
v(e,y) = TKCzy
3 _ (.2 _ ,.2\3/2
wa(z,y) = gK(B—C)x{a (“TZ ") } (1.15)

Further details on the calculation of these displacements, interior or exterior to the

region R, may be obtained from Johnson [35] page 56.

Punch Type Pressure Distribution

When a flat frictionless punch, having a circular cross-section of radius a, is pushed

normally into an elastic half-space, the type of normal pressure arising is

No(a? —r?)~2 0<r<a

N(r)= (1.16)
0 ,T>a
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which causes uniform displacements over the contact region, in this case a circle of radius

a. The normal displacements, on r < a only, may be obtained from equations (1.10)

and (1.11) as

w,(z,y) = =°BN,

we(z,y) = 0. (1.17)

We will also make use of a tangential distribution of the same form, namely

K(a*>-7r?)"12 0<r<a
P(r) = (1.18)

0 ,T>a

in the z-direction, the tangential force in the y-direction being zero. This type of
tangential distribution does not occur in the normal punch problem but will be useful
later on in section (1.2.5). The required displacements due to this distribution (1.18)

are, on r < a only,

2
w(ey) = T

vs(z,y) = 0. (1.19)

Johnson [35] page 71, discusses the punch problem and the derivation of the surface

displacements in greater detail.

1.2.3 The Geometry of Bodies in Contact

Before examining Hertz theory for two contacting spheres, it is necessary to consider the
geometry of non-conforming bodies of general profile. Non-conforming refers to bodies
which curve outwardly from each other in all directions, and consequently will touch
initially at a single point. Contact of conforming bodies which touch along a line or a

large area of surface is considered by Johnson [35] page 114.

Hertz theory requires that the surface of each body may be represented satisfactorily as

a second order expansion about some fixed point or origin. The point of first contact of
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the two bodies defines an origin of a rectangular Cartesian coordinate system in which
the zy-plane is the common tangent plane and the z-axis is directed along the common

normal into the lower solid. Johnson [35] gives the profile of the lower surface as

1
et +

= 1.20

a= YA

where R} and RY are the principal radii of curvature of the surface at the origin and
the z,- and y;-axes are chosen such that any terms in z,y; vanish. Similarly, for the

upper surface

1 1
Zy = — <2R, x4 — Sy 2) . (1.21)

The separation between the two surfaces is given by h = z; — 23 and so relative to a

common set of axes z and y

h = az®+ By* + yzy (1.22)

where a, # and v are constants depending on the four radii in equations (1.20) and (1.21).

Choosing axes such that ¥ becomes zero we obtain

1 1
h=oaz?+ By’ = —ﬁm + —ﬁy (1.23)

where R’ and R” are the principal relative radii of curvature. If the z,- and z;-axes are

inclined to each other at an angle 6 then it can be shown that

SR UL T VS TN
- 2\RTR) 2\R, TRl R, Ry

oopl = MLy (L o1y
2 |\R, RY R, RY
1/2
+2 <E1£' é) (;/ };”) cos 20} (1.24)

from which the solutions for @ and § may be determined. For later convenience we

introduce an equivalent radius defined by

R. = (R'R")? = %(aﬁ)“”z. (1.25)
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As an example of the above geometry, consider a pair of identical circular cylinders
of radius R with their axes inclined at 45°. The radius parameters in this case are
R, = R, = R; R} = R = oo, and the angle is § = 7/4. The equations (1.24) give
values for o and 8 of

14142

and (= (1.26)

a_1—1/\/§
B 2R

2R

and the effective radius is

R = 5(af)™? = RVE. (1.27)

For equal spheres of radius R we have R} = R}, = RY = R} = R and § = 0 giving values
for a and G of
1 1

a= and ﬂ:E' (1.28)

The equations (1.24) are useful in chapter 6 when considering the contact of bodies of
a general profile. Also in chapter 6, the constants @ and § are determined explicitly for

two identical oblate spheroidal bodies having aligned axes.

Figure 1-2 shows the two elastic bodies deforming in the vicinity of the point of first
contact O due to the application of a normal pressure. A contact area is formed which
is assumed to be small in comparison with the sizes of the bodies. Points distant from
the contact region approach each other by an amount 8; +8,. The surface displacements

are denoted by w() for the lower body and w(® for the upper body. Thus we may write

w® 4 w® 4B =6 + 6 (1.29)

for points on the contact area, where h(z,y) is the initial separation of the surfaces
given by equation (1.23), and at points outside the contact area the displacements must

satisfy

w +w® 4 h> 6 +6,. (1.30)

In terms of the constants a and § from equation (1.23), these conditions of contact may

be written as
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Body 2

Body 1

Figure 1-2: Cross-section of two contacting bodies

w(i) -f ()= 6 —ax2—fly2 (1*31)

on the contact area, where 6 = Si + 62, and outside the contact area the displacements

must satisfy

u/l)+ wr > 8§—ax2—fly2. (1.32)

1.2.4 Hertz Theory of Elastic Contact

The first satisfactory treatment of the contact of non-conforming elastically isotropic
bodies was given by Hertz [30] in 1882. The profiles of the two bodies is shown in
figure 1-2. Initially, the two bodies are assumed to be in contact at a single point 0,
until there is an application of a loading pressure (perpendicular to the common tangent
plane of the two bodies) which causes a deformation in the neighbourhood of the point
of first contact. Thus a finite contact area is formed and, assuming the two bodies
have identical elastic properties, the tractions acting on it are purely normal. When

the elastic properties of the two bodies differ, tangential or shear tractions occur which
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may give rise to slip between the two surfaces.

For the purposes of this thesis, when considering specific contact problems (spheres
and spheroids for example) the bodies will be assumed isotropic with equal elastic
moduli. Johnson [35] page 90, considers contacting solids with differing elastic moduli

and Willis [72] examines the effects of anisotropy within the bodies.

A number of assumptions are made by Hertz theory and are listed by Johnson [35]

page 91, as:
1. The surfaces are smooth, continuous and non-conforming;
2. The strains are small;
3. Each solid may be approximated by an elastic half-space;

4. The surfaces are frictionless.

These assumptions are necessary to ensure that the surfaces in the region of the contact
area approximate to a plane and that the strains are small enough to be within the
scope of linear elasticity. By approximating the bodies as half-spaces the boundary
conditions are greatly simplified and use can be made of the extensive theory available

for half-space problems, such as the results seen in sections (1.2.1) and (1.2.2).

The problem in elasticity is now reduced to the determination of the normal pressure
distributions acting on the contact area which will produce normal displacements of the

form given by (1.31) and satisfy the condition (1.32) outside the contact area.

We take as an example of the application of Hertz theory the normal compression of
two identical elastic spheres. By symmetry about the central axis of the two spheres,
the shape of the contact area is circular and has radius a. The radius of the spheres is
R and, as we have already seen, the system (1.24) gives values for @ and 3 as

1 1

= — = —. 1.
a= and S 7 (1.33)

Since the spheres are identical and have equal elastic moduli, we may write we = §; = é,
so that 2wy = é; + 62 where wq is the relative compression of each sphere. Also the

surface displacements may be written as w*) 4+ w® = 2w, (z,y) where w,(z, y) is given
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by equation (1.13) and w,(z,y) = 0. Then the condition of contact (1.31) on the contact
area is
$2 y2
2w, (z,y) = 2wy — — — . 1.34
w,(z,y) = 2w, TR (1.34)
The problem in elasticity is to determine the distribution of pressure N(z,y) on r < a

which gives rise to displacements of the above form. One such distribution is that given

by equation (1.12) as

N(z,y) = No(a® — r?)!/? (1.35)
with normal displacements
2
w,s(z,y) = 7r iVOB(2a2 —7?) and w,(z,y) =0. (1.36)

Substituting into equation (1.34) we obtain

2 2
il 2N0B(2a2 —7r?) = 2w, — —% (1.37)

and matching the constant terms and the coefficients of 72, we solve for Ny and w, as

2

No= 575

and a? = Rw,. (1.38)

Thus the normal force distribution (1.12) is given by

2
m2RB

No(r) = (a2 — r2)1/2 (1.39)

and the Hertzian contact area radius is given by

a’ = Rw. (1.40)

1.2.5 Hertz Loading with a Tangential Component

As stated earlier, according to Hertz theory, tangential tractions do not occur when
bodies having the same elastic moduli are compressed normally. When the bodies are
displaced tangentially as well as normally, tangential tractions arise on the contact area.

Mindlin [44] considered a loading in which a tangential force is imposed on the existing
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normal compressive force. Considerations of symmetry showed that the distribution
of normal traction is not affected by the application of the tangential load as long
as the two bodies have identical elastic properties. It was also shown that if no slip
occurred (infinite friction) the tangential displacement was a rigid body displacement.
The solution to such a boundary value problem, for the special case of spheres, was

shown to be of the form (1.18); the tangential traction being proportional to (a?—r2)~1/2.

Walton [66] also considered tangential loading of the Hertz problem but examined the
more general oblique problem in which the normal and tangential displacements occur
simultaneously from zero. By decoupling the problem into normal and tangential sys-
tems, as was seen for the half-space problem in section (1.2.1), the normal and tangential
problems were solved to obtain a distribution of traction (P, @, N) on the contact area.
Using the notation of section (1.2.1), the force exerted on the lower sphere by the upper

sphere is

_ 4uo 2 . 2\1/2
P(T) 7l'2.R(2B + C)wo (ao T )
_ 4vo 2 2\1/2
Ar) = ~REB+ Oy, ")
N(r) = 2 (a2 — r2)1/2 (1.41)

T2RB

where (uo, Vg, —wp) is the displacement of the centre of the lower sphere relative to the
origin O, and the radius of the contact area is a;. The solution to this problem may also
be obtained from the results of Mindlin and Deresiewicz [45] by taking the initial normal
compression to be zero. The addition of an incremental displacement (§ug, §vg, —6wy) on
the above initial state is considered in Walton [67]. The cases of §w, > 0 (compression)
and dwg < 0 (unloading) are solved—the incremental displacement is assumed small
enough that separation of the spheres does not occur. The distribution of normal
traction in both cases is

N +6N = (a® — r2)Y/? (1.42)

2
©2RB
where the initial contact area radius aq has been replaced by the new radius for the
incremental problem a (denoted b in reference [67]). An infinite value of the coefficient

of friction ensures that there is no relative displacement between the contact areas.
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Considering first the case when dw, < 0, the form of tangential tractions arising are

P+ 6P = Kl(a2_r2)1/2+1(2(a2_,’.2)—1/2
Q+6Q = Li(a® -7+ Ly(a® — %)/ (1.43)

the K, and L, terms being the punch-type pressure of Mindlin [44] and section (1.2.2).
Walton [67] gives no details of the calculation of the constants K;, K5, L, and L, and
since chapter 3 solves problems of this nature, the method is given here: To decouple
the problem into normal and tangential systems, similar to those seen in section (1.2.1),

we define relative and absolute displacements by

ur(z,y) = % {us(z,y) ~u_(z,y)}

w(,9) = 3 {us(e,0) +u(2,0)) (1.44)

with similar definitions for v,, v,, w, and w,. The displacements u,(z,y) are in the
z-direction on the surface of the half space z > 0 due to the distribution (P,Q,N),
and the displacements u_(z,y) are in the z-direction on the surface of the half space
z > 0 due to the distribution (—P,—Q,—N). The decoupling of the displacement
integrals (1.8) and the interpretations of the relative and absolute displacements are
discussed in chapter 3. The displacements u,(z,y) and v,(z,y) on the contact area at

the end of the initial compression are calculated in chapter 3 as

2
ur(z,y) = uo—i—%(QB—i—C)Koa?,

2 2
_ ’1’—6K0 {(4B + C)z? + (4B + 3C)y?} + %Lngy

2

v (z,y) = v+ %(23 + C)Loal

2 2
_ %LO {(4B +3C)z* + (4B + C)y?} + %KOC’zy. (1.45)

Recall that the half-space problem which gave rise to the displacements (1.15) requires
that the displacements be zero at infinity. However, for the contact problem we require

that the displacement at infinity (for the lower sphere) be (ug, v, —wp) and this is
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included in the expressions above.

The constant K, is the force constants for the distributions (1.41) and is given by

4u0

Ko=- m2R(2B + C)w,”

(1.46)

The displacements due to the distribution (1.43) are, from equations (1.15) and (1.19),

2 2
ur(z,y) = o+ Oup+ %(23 +C)K a2 + %(23 +C)K,

2 2
- %Kl {(4B + C)z? + (4B +3C)y?} + %Llcxy

(2B + C)L,

2
vo + 6vo + 7rI(2B + C)Lya} +

2
2

2 2
- 71r—6L1 {(4B +3C)z? + (4B + C)y?} + %KICzy. (1.47)

v, (z,y)

The no-slip condition (no relative displacement of the surfaces) requires that this dis-
placement matches that at the end of the initial displacement. Matching the constant

terms and the coefficients of 22 and y? we obtain equations for K, and K, as

Il"l = I(O
2

2 2
uo + %(23 +C)Koa2 = uo+ 6uo + -7;—(213 +C)K1a? + 3;-(2}3 +O)K,  (1.48)

and equations for L, and L, as

L, = Lo

2 2 2
vo+%(QB+C)L0a§ = vo+6u0+%(QB+C)L1(12+%(2B+C)L2. (1.49)

Solving for K, K,, L; and L, the distribution obtained is

2 -
P+éP = R@B + C)ws {2u0(a2 — )2 4 (a2u, — a®uo)(a® — r?) 1/2}

2 _
Q+6Q = TTR@E 1 C)wy {22}0(a2 — )2 4 (a2vy — a’vp)(a® — r?) 1/2}

(1.50)
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where 4, = ug + duo and v; = vy + dvp.

When dwy > 0 new contact area is being formed. The no-slip condition may be applied
on the original contact area and a similar condition must apply on any new contact
surfaces formed. This boundary condition plus an energy flux argument presented in

Walton [66] is enough to make the solution unique. The tangential tractions are

P+6P = Ki(a®-r)Y? 4 K,(a2 - r?)'/?
Q+6Q = Ly(a®— )24 Ly(a2 — r?)V/2 (1.51)

Calculating the displacements due to this distribution using equation (1.15) and match-

ing terms in the same way as before, results in the distributions

_ 4 2, 2 2 .2y1/2
P4+46P = TTRIB 1 Clwadwn {(a uo — agug)(ag — °)
+ (w1 — uo)a(a? — r%)!/?}
— 4 2, _ .2 2 2\1/2
Q¢ = RGBT Clwew {(@v0 - aduo) e} - %)

+ (00— vo)ad(a® — r)/?} . (1.52)

1.2.6 Frictional Contact

The first scientific study of friction was carried out by Guillaume Admontons (1663—
1705) and in 1699 he published a paper in which he rediscovered two forgotten laws
of friction, originally derived by Leonardo da Vinci (1452-1519). The first law states
that for rigid bodies in sliding contact over some plane region the tangential force P is
proportional to the normal force N. The constant of proportionality is known as the

coefficient of friction, denoted f, and so this law may be written as

P=fN. (1.53)

When sliding does not occur, that is there is no relative displacement between the two

surfaces, it is required that

P< fN. (1.54)
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Admontons’ second law simply states that the coefficient of friction is independent of
the size of the bodies. In addition to these two laws, we also require that the direction
of relative slip (u,,v,) opposes the direction of the force causing it; this condition will

be significant when examining the oscillating forces of section (1.2.9) and chapter 3.

Admontons recognised that the surfaces he worked with were not smooth and attributed
friction to the work done in overcoming surface irregularities. The effects of surface
roughness were studied by Charles Augustus Coulomb (1736-1806) in his book ‘The-
ory of Simple Machines’, published in 1781. Coulomb also published papers [18] on
laws similar to that derived by Admontons. For a historical account of the work of

Admontons, Coulomb and others who studied friction, see Bowden and Tabor [9)].

Although widely accepted, Admontons’ law does not apply to contact between all ma-
terials. For example, Tiiziin and Walton [60] use a modified friction law in which the

coefficient of friction depends on the normal load and the area of contact

P=1A+aN (1.55)

where A is the interfacial contact area, 7o is the interfacial shear strength and « is
a pressure coefficient. Laws of this form are often exhibited by highly polished metal
surfaces (Bowden and Tabor [8]) and glass spheres, Winkler [74]. The above law is often
used to describe the frictional properties of powders and powder flows. Kendall [37]
examines the inadequacy of Coulomb’s law for fine powders and explains the increase in
friction for smaller particles using the JKR theory of adhesive contact, Johnson, Kendall

and Roberts [36].

However, Tiiziin and Walton [60] also state that particles with rough surfaces show no
such load dependence (see Briscoe, Pope and Adams [11], Tiizlin, Pope and Adams [59]
and figure 1 of [60]). Therefore, for the purposes of this thesis, Admontons’ law will
be adequate. Several authors have examined the frictional Hertz contact problem using
Admontons’ law, including Raoof and Hobbs [47] and Bryant and Keer [12]. Both of
these references considered the frictional contact of geometrically and elastically iden-
tical curved bodies with an elliptical contact area. Here we will examine the frictional

Hertz contact problem for two identical elastic spheres.
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Figure 1-3: The annulus of slip c<r <a

1.2.7 Loading with Partial Slip

Cattaneo [14] and Mindlin [44] independently studied the tangential loading of two
elastic bodies, initially compressed by a Hertzian normal pressure, with a finite non-
zero value of the coefficient of friction between the contact surfaces. By first assuming
that no slip occurs on the contact area, as was seen in section (1.2.5), solutions of the
form (1.18) were obtained. These solutions are physically unrealistic due to the square-
root singularity occurring at the edge of contact. Because the tangential traction is
unbounded as r approaches a, the application of Admontons’ law (1.54) requires that
slip must occur at some point on the contact area. Mindlin’s solution was to assume
that an annulus of slip progressed from r = a to some value » = ¢. Within this annulus
the slip condition (1.53) is satisfied, and on the inner circle » < ¢, the condition (1.54)
must be true with no slip between the two surfaces. The required distribution oftraction
is given as equations (98) and (99) of Mindlin [44], which in the notation of this section

is

P(r) (1.56)

c<r<a

the normal force being
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Figure 1-4: The tangential force distribution P(r)

(157)

where N is the total applied normal force. The radius ofslip c is calculated by balancing

the total force due to the distribution above with the applied tangential force P to obtain

p \ /3
c=a’™-jw) (L58)

and the annulus ¢ < r < g is shown in figure 1-3. Figure 1-4 plots the tangential
force distribution (1.56) for r/a from 0 to 1 with a value of P/fN = 0.6 (solid line).
The dashed line is the function fN(7) where N (r) is the normal force given by equa-
tion (1.57), and the dash-dotted line is the no-slip solution with a square-root singularity

atr = a.

It is well known that the slip solution described above is only an approximate solution
to the elastic boundary value problem. Within the slip annulus ¢ < » < a, although the

tangential force distribution is in the x-direction at any given point the direction of slip
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Figure 1-5: The tangential force-displacement relationship S(P)

is found to be slightly offset from the direction of the x-axis. Therefore the condition
that the slip must be in the direction of the frictional traction is not precisely satisfied.
However, Johnson [35] page 219, has calculated the deviation of the slip in the x- and
~/-directions, denoted sx andsy respectively, and has shown that the ratio of sy to sx is
of the order v/(2 —v) « 0.09, where v is Poisson’s ratio. The the inclination of the slip
to the z-axis will not be more than a few degrees and consequently the approximation

of tangential traction acting everywhere parallel to the £-axis is a good one.

1.2.8 Unloading with Counterslip

Section 2 of a paper by Mindlin and Deresiewicz [45] considers the problem of loading
with slip, as seen in the previous section, followed by an equal and opposite unloading.
Again the spheres are held together with an initial Hertzian compression of magnitude
N which remains constant throughout. The distribution of tangential traction at the

end of the initial loading is
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N[
Iz

- [(az _ ,,,.2)1/2 _ (62 _ 7.2)1/2] , T S c
P(r) = (1.59)

(a? — r?)!/2 , c<r<a

N
92|

™

where the radius of slip has reached its fixed minimum value of

—\ 1/3
c=a (1 _ f—_) (1.60)

P’ being the maximum value of the applied tangential load, 0 < P~ < fN. Unloading
starts from P = P~ and progresses to P = —P . Prevention of slip would again result
in the infinite tractions (1.18) and so a radius of counterslip b is assumed to progress

from r = a to 7 = b. The resulting tangential tractions are

_ [(a2 _ 7.2)1/2 - 2(b% - 7,2)1/2 + (cz _ 7.2)1/2] ,r<c

N
I

T
P(r) = _3fN [(a? = £2)2/2 — 2(b? — r2)1/2] L e<r<b (1.61)
2ma
_3fN (2 _ a2 <r<
\ 27ra(a r?) ,b<r<a.

The radius b is found in the same way as before to be

— =\ 1/3
bza(l—P__P) : (1.62)

Clearly we must have ¢ < b < a. At P = 0 the displacements calculated in [45] show

that a permanent displacement or ‘set’ has occurred. When the tangential load is fully

reversed at P = —P then b = ¢ and the initial slip has been fully reversed.

1.2.9 Oscillating Forces

The tangential distribution (1.56) demonstrates that the determination of the tractions
on the contact area depend not only on the initial state, but also on the entire history
of loading. In section 5 of Mindlin and Deresiewicz [45] the tangential force is oscillated
between —P  and P . The result is that radii of slip and counterslip oscillate between

r = a and 7 = ¢. The displacement of the centre of the top sphere is shown to follow a
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hysteresis path of the form

32-v)fN

b= —8s(-P)=- 16pa

—x = 2/3 —x \ 2/3
P +P P
2 (1 - H—W) - (1 - f_N) - 1} (1.63)

where §; denotes the displacement on the increasing cycle and §; denotes the displace-
ment on the decreasing cycle. The elastic constants v and u are Poisson’s ratio and the
shear modulus respectively. This tangential force-displacement relationship is plotted

in figure 1-5.

Oblique loading imposed on the initial normal compression is considered in subsequent
sections of Mindlin and Deresiewic [45]; the normal and tangential forces are varied si-
multaneously. Many different cases are considered such as combinations of N increasing
or decreasing and P increasing or decreasing from either P = + P or from any point on
an unloading curve. These results are then used to derive the tangential tractions due
to oscillating oblique forces. After a number of loading and unloading phases, stable
cycles are established with a repeating pattern of slip or stick. These stable cycles are
found to depend on the conditions dP/dN < f or dP/dN > f. When dP/dN > f a
stable cycle of slip is established in which energy is dissipated, and when dP/dN < f a

cycle in which no slip occurs (the surfaces stick together) is established.

The results of Mindlin and Deresiewicz [45] have been analysed experimentally by John-
son [34]. A steel ball is pressed normally onto a hard steel plate and oscillating oblique
forces are cycled 10,000 times at varying angles of obliqueness. Damage due to surface
fretting occurs in the form of an annulus; photographs are reproduced as figure 5 of [34]
and also on page 228 of Johnson [35]. Experimental agreement of the expected energy
losses due to slip (past the critical angle of friction) and the observed radii of slip are

described by Johnson as ‘surprisingly close’.

1.3 Granular Media

The elastic properties of granular media are of interest in a wide variety of research
fields ranging from powder compaction in the pharmaceutical industry to the study of
soil mechanics in civil engineering. Applications of the theory of granular media include

rock mechanics, wave propagation within ocean sediments and geophysical exploration
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for petroleum. Many theories and models are available to predict the elastic properties
of granular media depending on the type of media to be modelled and the application
required. Wang and Nur [70] summarise and discuss a number of such theories under

the chapter headings:

1. Effective medium theories;
2. Wave propagation theories;
3. Contact theories;

4. Anisotropy.

Our interests lie with the first three categories and mainly in the third: contact theories.
Here we will say a few words about effective medium and wave propagation theories
before concentrating on a description of contact models and how the results obtained
in section (1.2) may be bought together to form a model of certain types of granular

media.

Effective Medium Theories

Effective medium theories are mainly applied to composite materials consisting of two
or more phases with different elastic properties. The simplest types of effective medium
theories are those in which the properties of each phase are averaged with a weight-
ing proportional to the volume fraction of each phase, for example Wood [75]. Other
theories, such as those of Voigt [62] and Reuss [48], provide upper and lower bounds
respectively for the effective elastic moduli of such a composite medium. Hashin and
Shtrikman [29] used a variational principle to provide closer upper and lower bounds
for an isotropic two-phase composite than the sometimes impractical values given by
the Voigt and Reuss models. The values calculated by Hashin and Shtrikman give the
least upper bound and highest lower bound and therefore will be much closer to the

true values of the effective elastic moduli.

Wave Propagation and Self-Consistent Theories

Wave propagation theories generally consider the dynamic propagation of waves through

a granular or porous medium. Often the medium is saturated with fluid such as in
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Biot [5] and [6] and Walton and Digby [69]. These models predict the speeds of prop-
agation of elastic waves through the medium accounting for both the solid matrix and

fluid properties and the relative motion between them.

The self-consistent method of Hill [31] may be used to estimate the elastic properties
of multi-phase materials. Briefly, the method draws on the known solution to the
problem of a loaded elastic medium containing an isolated ellipsoidal inclusion. For
self-consistency, the properties of an appropriately chosen medium are assigned to the
matrix material and similarly for the inclusion. Thus the effective elastic moduli of the
entire medium may be estimated from the solution of this inclusion problem giving the

well known ‘self-consistent approximation’ or SCA.

Contact Theories

Granular media modelled using contact theories are the main subject of this thesis.
The major application is in the study of materials made of packings of distinct grains,
sandstones and ocean sediments for example. The interactions of individual grains are
described either by Hertz theory [30], in which only normal pressure between grains is
applied, or by contact described by Mindlin [44], seen in section (1.2.5), in which the

grains are compressed normally and then sheared tangentially or obliquely.

Perhaps the most natural grain shape to consider is that of the sphere. Early sphere
packing models such as those of Duffy [25], Deresiewicz [21] and Walton [63], considered
regular geometries such as the simple cubic packing or close-packed hexagonal packing.
Chapter 4 of this thesis considers a cubic packing of elastic spheres under a uniaxial
compression with a finite non-zero value of the coefficient of friction between each sphere.
Brant [10] considered a random packing of spheres but only derived the effective bulk
modulus. Digby [22] also considered a random packing model in which the spheres were

bonded together.

The random packing model we summarise in the next section is that of Walton [67]
which predicts the effective elastic moduli of the packing. The model considers the
special cases of zero friction and infinite friction, that is the spheres are either perfectly
smooth or infinitely rough. Chapter 5 extends these results to the intermediate case in

which there is a finite non-zero value of the coefficient of friction.
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1.3.1 The Effective Elastic Moduli of a Random Packing of Spheres

The calculation of the effective elastic moduli of a random packing of spheres is consid-
ered in a paper by Walton [67]. Chapters 5 and 7 use methods derived in this paper

and so in this section we present the main results and techniques used.

The spheres within the packing are identical in that they are of the same size and
have the same elastic moduli. The sphere material is homogeneous and elastically
isotropic. The packing is random in the sense that the distribution of contact points is
uniform over the surface of each sphere. Initially, each sphere is in point contact with
several of its neighbours. In order to create contact areas between adjacent spheres
and to ensure that no inter-granular separation occurs, the boundary of the medium is
subjected to an initial confining strain. For simplicity, we assume that no new contacts
are formed although Endres [26] examines the effects of contact generation in this model.
The effective elastic moduli are calculated relative to this initial state by imposing a
further incremental deformation which is assumed to be much smaller than the initial
deformation. The relationship between the incremental stress and strain is determined

and hence the effective moduli are obtained.

Results of the Contact Problem

The contact problem considered is one in which the spheres are compressed obliquely
(corresponding to the initial compression) as seen in Walton [66] and section (1.2.5),
followed by an oblique incremental compression as described above. In the initial de-
formation the centre of the lower sphere is displaced by an amount (ug, vy, —wo) and
the centre of the upper sphere is displaced by an amount (—ug, —vo, wo). Similarly, in
the incremental phase the centres of the lower and upper sphere centres are displaced
by amounts (§ug, 6vg, —dw,) and (—dug, —6vy, Swy) respectively. The results of this two
stage compression are considered for an infinite value of the coefficient of friction. The

total forces acting on the contact area at the end of the initial state are

5 SUO(RU)U)I/z

_ 8vg(Rwo) /2 —  4RV2w)”
T T3r(2B+C)’

Q=-3081c) °T 3B

(1.64)

which are obtained by integrating the distributions (1.41) over the contact area. During

the incremental phase, the total incremental forces when fw, < 0 are listed as
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5 _ 4 ) ~ ) )
0P 3 R(2B+ C)wy {3ajaduo — (ag — a)?(2ao + a)uo}
¥Ys) 4
Q = 3 REBT Oyw, 13%%8% — (20— 0)*(2a0 + @)}
T 4(0,3 - ao)

~ 3TRB 1.
oV 3TRB (1.65)

which may be obtained by integrating the distributions (1.42) and (1.43) over the contact

area, and when dwy > 0 they are

5P = _ 8(a® — ad)bu, 50 = 8(a® — ad)dv,
~ 3rR(2B+ C)béw,’ ~ 37R(2B+ C)éwq

(1.66)

and

—_— a” —a
6N = (37FRB°) (1.67)

which are found by integrating the distributions (1.42) and (1.51) over the contact area.
The notation of Walton [67] has been changed slightly to be consistent with chapter 3:
the initial radius is denoted a, and the radius during the incremental phase is denoted a.

The Hertz relationships in this case are

ad=Rw, and a®= R(wq+ wp). (1.68)

The radius of the sphere is R and the moduli B and C are given in terms of the Lamé

moduli A and g by equation (1.7).

When the incremental displacements are infinitesimal, the forces (1.65) and (1.66) both
reduce to the same form

= 4(Rwo)?buy  —  4(Rwo)%vy  —  2(Rwo)'/ 8wy

5P = apic) 9= 5N

2B+C) ° V=T B (169)

The analogous results for perfectly smooth spheres are also listed as equations (2.15)

and (2.16) of Walton [67]

4R1/2w3/2
=~ 3rB

il
I
Q|
I
Lo
2|

(1.70)

and

1.3. GRANULAR MEDIA 38



CHAPTER 1 INTRODUCTION

§P=6Q =0, 6N=—"—"r". (1.71)

The Initial Deformed State

Considering the packing as a whole, we assume that it occupies a large volume and
contains many spheres. Relative to some fixed origin the n-th sphere has its centre
at position vector X(®) and is initially in point contact with several of its neighbours.
In attaining the initial deformed state, the boundary of the packing is subjected to a

displacement u which is given in Walton [67] as

U = €;T; (172)

where e;; is a constant symmetric tensor relative to fixed axes. For a continuous medium
e;; would be the average strain within the medium and this is the interpretation retained
for the granular case. The centre of the n-th sphere undergoes a displacement of u(®.
Here sphere rotations are neglected, however in chapter 2 we show that they are signif-
icant in one of the initial states considered in Walton [67]. For now we take rotations
to be zero and consider a second sphere m, in contact with the n-th sphere, undergoing
displacement u(™ from its initial position X(™). By symmetry, the position vector of

the initial contact point is

(X 4 X0m) (1.73)

N =

X, =

and this undergoes a displacement of

1
E(u(”) +u™). (1.74)

Thus relative to this point, the displacements of the sphere centres are

%(u(“) —u™) and %(u("‘) —u™) (1.75)

respectively for spheres n and m. The unit vector along the line joining the centres of

these two spheres is defined as

X(n) — X(m)

(nm) —
I 2R

(1.76)
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During this initial compression contact areas are forming between spheres initially in
point contact. Each sphere will be in contact with several of its neighbours and dis-
placements and forces caused by one contact will affect the others. For Hertzian contact
theory to apply we need to consider each contact area in isolation. The Hertzian as-
sumptions require that the contact area is small in comparison with the sphere radius
allowing each sphere to be approximated by an elastic half-space in the region of the
contact area. Walton [63] examined these assumptions for the case of purely normal
compression and showed that surface displacements are negligible except in some small
neighbourhood of the contact area. It is reasonable to assume that this will also be the
case when tangential tractions are present and therefore the effects of one contact area

on the others are neglected.

It is now possible to apply the results of the Hertz-type contact problems of sec-
tion (1.2.5). The normal component of the relative displacement of the sphere m may

be identified as

1
Wy = E(u("') —u™) . 1*m (1.77)

and is in the direction I®™), The shear displacement is the remainder of the relative

displacement (1.75) and is written as

%(u("‘) —u) — eI, (1.78)

Combining the above with the total normal and tangential forces (1.64), the total vector

force exerted by sphere m on sphere n across the contact area may be written as

(2R)1/2

F(nm) __2R)T"
3rB(2B+ C)

1/2
{2 B [(u™ = u®) . 1] (qm - u)

3/2
+C [(ut — ). 1] / 1<"m)}. (1.79)

The Averaging Scheme

In order to relate the average stress to the average strain, we define the average of

quantities such as the Cauchy stress o;; within the medium as
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1

1 n
(i) = % o;; dV = v Z/v a§j) dv (1.80)

spheres

where V is the volume of the entire medium (not just the spheres), V, is the volume of

(n)

an individual sphere, o;;” is the Cauchy stress within a sphere and the summation is

taken over all spheres within V. For the n-th sphere it is easily shown that

1
/ o dV =3 / (@t + 2,4) dS (1.81)
V S’l-

where x’ = x — X is the position vector of a material point on the sphere relative
to its centre, S, denotes the surface of V, and t(®) is the traction vector acting on S,.

Since the contact area is small we may approximate x’ over the contact area as

x' = %(xﬁn) - X™), (1.82)

The integral of the traction over the contact area is given by F(*™). The surface S,
is traction free everywhere except where spheres are in contact, meaning that equa-

tion (1.81) may be written as

2

n ]' ]‘ m n nm 1 m n nm
/ o) dv = -Z{E(X} = XPYE 4 2 (X - X[ F )} (1.83)
Va oy
in which the summation in m is over all spheres in contact with the n-th sphere. Sub-
stituting this into equation (1.80) we obtain the expression for the average stress within

the medium as

R nm nm nm nm
(o)== > {I"EM + 1P E Y (1.84)

contacts

The summation is taken over all contacts between all spheres and since each contact
appears twice in the summation over n and m, the factor of 1/2 does not appear. By
assuming a packing dense enough that the summations may be written as averages, we
obtain

RnN

(0ij) = =5~ ULE;) +{L; F)} (1.85)

where n is the average number of contacts per sphere (sometimes known as the coordi-

nation number), and N is the total number of spheres within V.
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Thus the average stress within the medium is given by the expression (1.85) in terms
of the geometrical properties of the packing and the force between two spheres. Similar

expressions have also been used by Christoffersen [17] and Cambou [13].

The Average Initial Stress

Calculating the average stress in the initial state involves substituting the force F(*™)
into the expression (1.85). To achieve this it is necessary to make assumptions about the
form of the relative displacement (1.75). Batchelor and O’Brien [2] considered thermal
and electrical conduction in a medium with a large number of spherical inclusions. In
this case it was assumed that the displacements of the centres of the spheres were
consistent with the applied uniform strain. Digby [22] made the same assumption and

in our case this may be written as

uf™ = e; X (1.86)

which is commonly known as the uniform strain assumption. The above is clearly
consistent with equation (1.72) but, in general, it is not true for individual spheres.
However, we would expect the displacements to be, on average, of the form (1.86) and
so this is a reasonably good approximation to make. Then substituting (1.86) into (1.75)

we obtain

1 (m n 1 m
5(u,( ) _uf™y = §e,.j(X} )= XY = —Re; I"™ (1.87)

The average stress is now obtained by substituting the above and the force (1.79) into

the expression (1.85) to obtain

on
(0i) = m {B <(_equpIq)1/2(eikaIj + ejkaIi)> -C <(_equpIq)3/2L‘Ij>}
(1.88)
where ¢ is the volume fraction given by
NV, 4rR?N

N being the total number of spheres contained within V.
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Thus the average stress is obtained in terms of the applied strain and statistical prop-
erties such as n and ¢. For a discussion of the measurement of these quantities and
the statistical properties of random packings in general, see Scott [53] and Bernal and

Mason [3].

Two cases of practical interest were considered in Walton [67] for which the averages of
equation (1.88) may be evaluated analytically. The first of these cases is a hydrostatic

compression which may be written as

€5 = 651'_.,' (190)

where e < 0 for compression. Equation (1.88) simplifies to

(o) = 2= (1.91)

3r2B
The second case considered is that of a uniaxial compression in the z-direction given by
€i; = 6365361'3 (192)

where e3 < 0 for a compression. The following stresses are obtained

((03;)) = diag({1) , {o1) , (03)) (1.93)

where

énC(—e3)3/?

(o) = — #n(3B + C)(—e3)%/?
Y7 " 2472B(2B + C)

6m2B(2B + C)

and (o3) = — (1.94)

The Incremental Problem

The medium is now subjected to a further incremental deformation. In analogy with
equation (1.72), the boundary of the medium is subjected to an incremental displace-

ment du which is also consistent with a uniform strain de;; of the form

6’!1,,' = 66,']‘.7}]'. (195)

An analogous method to that seen in the previous section may be used to show that

the average incremental stress is given by
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R nm nm nm nm
(b0i) = =3 > {L"M6E™™ 4 IFMSE™ (1.96)

contacts
Following the methods seen in the previous section for deriving the force (1.79), but
making use of the linearised incremental forces (1.69), the incremental force vector

§F("™) is calculated as

(2R)Y/? [(ul™ — y)y . [}/

6F(nm)
2rB(2B + C)

{ 2B(6u™ — su™)

+C [(u™ — gu™) 1] 1™ } . (1.97)

Again, the uniform strain assumption is used and so, in analogy with equation (1.86),

fu{™ = bei; X\ (1.98)

which is consistent with equation (1.95). Thus the average incremental stress is obtained

in the same way as equation (1.88) was derived as

3ng
(60i;) = 3 B2B 1 C) {B ((—epgBpT,) 1?(SeTuI; + 6ejkaIi)>

+C ((~epg L, ) LI I L) Sex ) (1.99)

and this relates the average incremental stress to the average incremental strain. Since

the effective elastic moduli C*.

+iw are defined through the relationship

(60ij) = Cj31 (Bexr) (1.100)
we obtain, from equation (1.99),
«ooo o 3m {B{(~epelp )" [; 1) 6+ B {(~epg 1) L1, ) 6;
5kl 471‘232B+C' Pq k/ Cil peiplq itk /U5l
+ B ((~epg L, L)L 11) b + B ((=epg L, 1) LTy ) 655
+2C ((~epy LI P L LT } (1.101)

where the symmetric part in indices & and ! has been taken. Note that all the required
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symmetries are present. The elastic moduli are seen to depend strongly on the initial
strain and the medium is, in general, anisotropic. Since it is difficult to say more without
specifying the initial strain e;;, the two special cases presented earlier are considered.

For the hydrostatic compression (1.90) the moduli are given by

. 3ng(—e)/?

+ B (I,I]) 65}; + B (I,;I)) 6]',1, —+ QC (I,'IjIkII)} . (1102)

The averaged quantities in the above expression are easily evaluated (see chapter 5 and
appendix B) to give the effective Lamé moduli
\ = n¢C(—e)/? . n¢(5B +C)(—e)'/?

= d =
10m2B2B+C) ¢ " T T10m2B2B +0)

(1.103)
and so in this case the medium is statistically isotropic.

In the second case of an initial uniaxial compression (1.92), the moduli (1.101) reduce

to

* 3ng(—es)/?
i T @B+ C) {B{(|Is| ;1) 6 + B(|Is| L 1) 6
+ B <|I3|IJI,> 61’]: + B <|I3IIzII) 6]'k + QC (II3|I,IJIkI1>} .

(1.104)

Averages of the type appearing in the above expression are evaluated in appendix B

and in this case the only non-zero moduli are

Ciin = 3(a+28), Clin=a-28, Cla3=2CT,,,
Ciss3 = 8(a+p), Ciyz=2a+58 (1.105)

in which

o ¢)n(—63)1/2
~ 3272B

¢n(—e3)t/?

w P Bras oy

(1.106)
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Thus in the case of an initial uniaxial compression the resulting medium is statistically
transversely isotropic with the five elastic constants required to describe such a medium

given by equation (1.105).

Note that the modulus C7;,5 listed here is different to that quoted in equation (4.14) of

Walton [67], which gives the incorrect value of

ts =+ 76. (1.107)

Furthermore, although the modulus C}j,; given in equation (1.105) has been calculated
correctly using equation (1.101) and the averages of appendix B, its value is still incorrect
and in chapter 2 it is shown that individual sphere rotations need to be included in the

calculation.

All of the results presented here apply when friction is infinite requiring that there be no
slip between contacting spheres. Results are also derived in Walton [67] for the case of
zero friction in which the spheres slide freely over each other. A finite non-zero value of
the coefficient of friction for the simplified case of an initial uniaxial compression followed
by an incremental uniaxial compression was considered in Slade and Walton [55]. The
problem for the general form of an incremental strain with finite friction is examined in

chapter 5.
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Sphere Rotations Within

Random Packings

2.1 Introduction

One assumption of Walton [67] is that, although individual spheres may rotate, the
average rotations within the packing as a whole are zero and that the individual sphere
rotations are negligible. However, for this assumption to be valid, certain symmetries
must exist in the way the packing is deformed initially. In this chapter we examine which
of the specific initial loadings considered in Walton [67] has the required symmetries, and

we derive modified equations for general strains which do not have these symmetries.

The main results of Walton [67] were summarised in section (1.3.1). The spheres are
assumed to be elastically identical, of equal radii and composed of a homogeneous,
isotropic material. Equation (1.84) gives the average stress within the packing, at the

end of the initial confining compression, as

R nm nm nm nm
(o) = =3 > {I"MEM™ + 1™ Ee (21)

contacts
where R is the sphere radius, V is the volume of the entire packing, I®™) is the unit
vector in the direction of the line joining the n-th and the m-th sphere centres and F(*™)

is the force at the m-th contact of the n-th sphere.

Equation (2.1) may also be written in terms of the averaging scheme (-), defined in
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section (1.3.1) by equation (1.80), replacing the summation over the contacts within the
total packing volume V:
RnN

(05) = =7 (LE) + (L F)}- (2.2)

The coordination number n is the average number of contacts per sphere and N is the
total number of spheres within V. The quantity (I;F}) is required to be symmetric if
there is to be no resultant torque on individual spheres. This being the case, we may
write the above as

(0i) = “@ (LF}) . (2.3)
The incremental strain, which is now imposed on this initial state, gives rise to an

average incremental stress denoted (6o;;). Equation (1.96) gives the incremental version

of the expression (2.1):

R nm nm nm nm
(boy) = =3 D {IP™SE™ +IFMSE™ ) (2.4)

contacts

and, in the same way as before, this may be written in terms of averages as

(o) =~ (LSF) (2.5)

where §F("™) is the incremental force on the contact area. However, when the quantity
(I;6F;) is calculated (given the form of the initial strain) using the incremental force
given by equation (2.5), the result is found to be generally non-symmetric in ¢ and j.
Since the stress should always be symmetric we conclude that the force used must
be incorrect. Furthermore, since a non-symmetric stress would imply that the average
moment (I A §F) within the medium is non-zero, individual spheres must suffer rotations

to reach equilibrium.

When the term (I;F;) or (I;6F;) is calculated without considering rotations, if it is
symmetric this confirms that the rotations are zero and (o;;) or (60;;) may be calculated
using equations (2.3) or (2.5) respectively. Otherwise, rotations occur and must be
included in the expression for F(*™) or §F("™). Here we will show that rotations are not
required when calculating the stress in the initial state but that they are significant in

the incremental problem to ensure equilibrium of moments.
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Figure 2-1: Initial deformation with rotations

2.2 The Initial State

Figure 2-1 shows the n-th sphere in contact with the m-th sphere. Using the notation of
section (1.3.1), the centre of sphere 7 is initially at X(*) and undergoes displacement u(®.

The rotation of sphere n is denoted by w(™) about an axis through its centre.

In section (1.3.1) and Walton [67], two cases of practical interest were considered for
the initial confining strain: a hydrostatic compression and a uniaxial compression. Here
we show that, for both of these cases, the term (I; F;) is symmetric without the need to

consider rotations.

Equation (3.6) of Walton [67] gives the force without rotations as

(nm) _ 4R? _ (nm) r(nm)\1/2, (nm)
B = 5 BeEt 0 {2B(=epy I I™) e I

_ Cv(_epqlzgnm)lq(nm))3/21}(”"‘)} (26)

from which we may calculate the averaged quantity
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AR?
(LF) = 33657 0) {2B((~epalpd) el li) = C{(—e L, L)Y *LI;) ) (27)

where B and C are elastic moduli defined in terms of the Lamé moduli A and g by

equation (1.7). We now consider the spedific cases of confining strain mentioned above.

2.2.1 Initial Hydrostatic Compression

The hydrostatic compression is described in section (1.3.1) and may be written as

€;; = 661;]' (28)
where e < 0 for compression. Substituting into equation (2.7), we calculate the quantity

4R2(_e)3/2

(LE;) = 3B

(LI;) (2.9)

which is obviously symmetric in 7 and j. Thus the average stress under an initial

hydrostatic strain is found by using the above in equation (2.3) as

n(—e)3/2
<Uij) = —?"—(’F‘QB)— (Iz'-[j> (2.10)

where ¢ is the solid volume fraction, given in terms of N and V' through the relationship

AT R3N
¢ = v

(2.11)

Therefore, the stress under the initial hydrostatic strain is given by equation (2.10) and
is symmetric in indices ¢ and j. This symmetry can also be explained using geometric
arguments since, under a hydrostatic loading, the forces attempting to rotate a given

sphere clockwise would be exactly balanced by those turning it anticlockwise.

2.2.2 Initial Uniaxial Compression

The uniaxial compression in the z-direction, as described in section (1.3.1), is given by

eij = €36;30;3 (2.12)

where ez < 0. Again, by substituting into equation (2.3) we obtain
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AR°nN (—e3)*? 3
“3:VBEB + ) 28 (1Bl b5+ CALPLL)} - (2.13)

(LF;) =

The second term within the brackets can be seen to be symmetric in ¢ and j. The
term (|I3|[31;) may be evaluated explicitly using the results of appendix B. When i =1

or 1 = 2 we have

27 T
(1LY = (|| L) = %/ d¢é / dé |cos 6] cos ¢ sin’f cos 6 =0 (2.14)
T Jo 0

and when 7 = 3, we obtain

2w T
(|12 = —1—/ d¢ / d |cos 6] cos®8 sin § = l (2.15)
4r 0 0 4

We may write this term as

(IIs|IsL:) 653 = (|1a|13) 8i3dsa (2.16)

which is symmetric in ¢ and j, hence ensuring that (2.13) is symmetric in 7 and j. The

average stress under an initial uniaxial strain is now given by

n(—e)3/2
(0i) = —7;;3—((2;4_—0) {2B (|| I5) 83655 + C (| I’ LI;) } - (2.17)

2.3 The Incremental Problem

In the previous section we showed that, for the two cases considered, the rotations were
zero. Here we consider the incremental problem and show that rotations are significant
when the initial state is the uniaxial compression, but that only one of the five moduli

given in equation (1.105) is affected.

The position vector of the contact point is (X 4 X(™))/2, and relative to this point

the incremental displacement of the centre of sphere m may be written as

(5ul™ — fut) + %(&u("ﬂ + 6w™) A RIC™). (2.18)

N =

The normal component of the relative displacement of the upper sphere, denoted fwy,

is given by
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fwy = {%(6u(m)—5u("))+%(5w(m)+5w("))/\RI("m)} AL (2.19)

Noting that the term containing the vector cross product must be zero, the above

expression reduces to

bwy = %(6u(’")—§u("))-1(""‘) (2.20)

which is the magnitude of the displacement in the normal direction I(®™). The shear
displacement, which is the displacement in the plane to which I®™) is perpendicular, is

the remainder of the relative displacement, that is

1
5(61.(’") —fu™) + %(&.ﬂm) + §w™) A RIC™ — §apI™™), (2.21)

The incremental force vector is formed from the normal and shear displacements (2.20)
and (2.21) respectively, and the incremental tangential and normal forces, as given in

equations (1.69). The incremental vector force is found to be

(2R)Y/? [(u(™ — u™) . Ttem)] /2
2rB(2B + C)
+2B(8w™ 4 §w™) A RI®™ + C [(ful™ - su™) . 1om] 10} (2.29)

SFm) { 2B(6u™ — fu™)

which can be seen to be equation (1.97) with an extra term due to the rotation of
the spheres. Making the assumption used in Walton [67] that the displacement of the
centre of each sphere is consistent with the applied uniform field, we arrive at the

approximations, also seen in section (1.3.1), that

’u,’(n) = e,-]-Xj(") and 6111,(”) = (SeinJ(n)- (223)

As discussed in section (1.3.1), individual spheres will not follow the above displacements
precisely, but it is a reasonable approximation to assume that the overall displacements
will be of these forms (2.23). A similar assumption may be made about the form of the

rotations: we assume that they are equal for each sphere, that is
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bw™ = §w(™ = §w (2.24)

where individual spheres will rotate by this amount in the average sense only. Substi-
tuting equations (2.23) and (2.24) into (2.22) and using the definition of the unit normal

vector

X0 _ X(m)
(nm) = -~ 2.2
the incremental force may be written in the form
—2R*(—e,,I,1,)'/?
M = Papq Céep I LI; + 2BéeyI; — 2Be;ribwi ],
i 7B(2B 1 C) {Céexi It L I; + ed; €ixibwid;}
(2.26)

where each vector component I; should bear the superscripts (nm) which has been
omitted for brevity.
2.3.1 Conditions of Equilibrium

For equilibrium of the n-th sphere we require that the sum of all the incremental forces

be zero and also that the sum of the moments be zero, that is

Y1 A SFC™ = 0 (2.27)

ST 6F™ = 0. (2.28)

Substituting the incremental force (2.26) into equation (2.27) we obtain the condition

for equilibrium of moments as

> 2B(~ep By 1) P (65 — Lilx) 6wy =

S [Ceirs(~en 1) LI LTy + 2Besri(—epg I, L) LI Ser. (2:29)

m

where the summations are over all spheres m in contact with the n-th sphere and the

superscript (nm) has again been omitted. The first term in the right-hand sum is zero
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since it is the sum over the indices r and s of a symmetric tensor mutilplied by an

anti-symmetric tensor. The condition reduces to

Y (—epglp ) (631 — L) bwi = Ze,,k (—epo I, 1) 21 Ldex (2.30)

or, by summing also over each sphere n and assuming a packing dense enough that the

summation over m and n may be written in terms of averages, the condition becomes

((~enalp 1) (856 — L) ) (6wr) = €irn ((—epq Lo 1) VLI (ber) - (2.31)

The rotation vector dw may now be determined, from the above, in terms of the given

incremental strain de;;.

The condition for linear equilibrium of the incremental forces (2.28) becomes

<(_6PQIPI‘I)1/2 {CIkIII,' + B(S,'kI[} 66k1> - 2B€,‘H <(—quIpIq)1/2L6wk> =0 (232)

and in section (2.4.1) we will show that this condition is satisfied for an initial uniaxial

compression.

2.3.2 The Incremental Stress

Having determined the rotation vector for any initial strain field, the incremental force is
given by equation (2.26) and contains a term involving dw. Substituting the incremental

force (2.26) into (2.5) we obtain

3ng
212B(2B + C)

+ 2B ((~epy L) * L1 ) €51 — 2Beji ((—epg D, 1) VLT, ) by |

(6(76]') = {C<(—€qupIq)l/2IinIkL> §€k1

(2.33)

from which the effective moduli may be determined. Equation (2.31) may be used to
find the required rotations in terms of the incremental strain. Walton [67] considered
two confining strains of practical interest: a hydrostatic compression and a uniaxial

compression. Here we consider only the uniaxial case since equation (3.16) of Walton [67]
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and equation (2.8) show that rotations play no part in the hydrostatic case.

2.4 Initial Uniaxial Compression

The initial uniaxial strain may be described by
eij = €36;30;3 (2.34)
where e3 < 0 for compression. Substituting into (2.26), the incremental force becomes

— R (=eg)' 215"

'(nm)
oF; TB2B+C)

{4Bbes,I™ + 2C8ep, 1P 1™ 1™

— 4Bepybw, 1™} (2.35)

and the incremental stress (2.33) is given by

(60y;) = 3"¢(_63)1/2){[B(|Ia|I,-I,)6jk+B(|I3|I,-Ik)6j,+C(\13|I,-I,-Iklz}](6ek1)

212B(2B + C
— 2Be;pq (|51, 1) 6wy }. (2.36)

2.4.1 Conditions of Equilibrium

The rotation vector éw may be found from equation (2.31) which, under the strain

field (2.34), becomes

sl L L) = ix (| Is|) } 6w = €ans (| Ta| L Iy} (Sega) - (2.37)

We may evaluate directly the term

1 27 T 1
L)) = — dé i = — 2.
(I3[} 47r/(; d¢/0 |cos 6] sin 6 5 (2.38)

and notice that terms of the form (|I3|;I;) are zero unless ¢ = j, giving
0 ,i#J

(IILL) =4 1/8 ,i=j=1 or i=j=2 (2.39)
1/4 ,i=j=3.
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Putting ¢ = 1,2,3 in turn, we obtain the incremental rotation vector in terms of the

incremental strain field as

1 1
50)1 = '—56623, 6w2 = 56813, 6(.&3 =0. (2.40)

Finally, we return to the condition (2.32) which in this case becomes

{C (lIglIkI]I,> + B (l[;;l]]) 6,;);} (66];1) - 2B€,’“ (II3|I1> (ka =0. (241)

The terms (| 3| I I;I;) and (|I5|I;) must be zero by symmetry, and so the condition holds.

2.4.2 The Effective Elastic Moduli

Now that the incremental rotation is known, the incremental stress and the effective
elastic moduli for this initial state may be calculated. Comparing equation (2.36) for
the incremental stress with its equivalent in Walton [67], it can be seen that there is an

extra term, contained within the brackets, given by

€ipg (Lilg|13]) 6w, (2.42)

For this term to be non-zero the indices j, p and ¢ must be distinct, otherwise the
permutation tensor will be zero. In particular, we must have j # ¢q. As already seen
in equation (2.39), for the averaged quantity to be non-zero we must have ¢ = ¢ and
so, taking these two requirements together, we must have i # j. Therefore, whenever
t = j the extra term is zero and the result obtained is identical to that obtained in
Walton [67]. However, when ¢ # j the extra term will affect the result; but, as will be
shown, only one of the five independent elastic moduli is altered. The effective elastic

moduli C;;; are defined through the relationship

(b0ij) = Cijpi (benr) - (2.43)

Taking i = j = 1 in equation (2.36) we obtain

3 _ 1/2
(60’11> = % {B (|I3|I1.[1> 61):; + B (|I3|III}¢> 511 '+' C <I12]kIllI3|>} (66“)
(2.44)
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from which we may evaluate the moduli

3ng(—e3)2(4B + C)
3212B(2B + C)

* ng(—es)'/*C

1227 3972B(2B + C)

ne(—es)!/?C

Cliss = 1672B(2B +C)’ (243)

*
Cllll

Similarly, when ¢ = j = 3,

3ng(—ez)/?

(6033) = m {B (|I5|I31;) 63k + B (|I3|I31;) 63 + C <I§IkII|I3|>} (bexr)
(2.46)
from which
__\1/2
C3ass = né(—cs) (3B 1 C). (2.47)

472B(2B + C)
The extra rotation term is non-zero when ¢ = 1 and j = 3 in which case the average

incremental stress is given by

3 _ 1/2
(6013) = ‘2‘7‘_2—2(@;—32}_—0—) {[B (|Is|111y) 63 + B (|Is|I11x) b5 + C (11 I3 I | I3])] (b eri)

— 2Begp bwy (| I3|111,)} - (2.48)
The extra term may be evaluated using (2.39) and (2.40) as

equéwp <|I3|11Iq> = —6(02/8 = —5631/24 (2.49)

and so the required modulus may be calculated from (2.48) as

né(—es)'’*(4B +C)
1612B(2B+C)

C'11313 = (2-50)

The five independent effective elastic moduli required to describe such a transversely

isotropic medium can be written as
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C,=Ci1 = 3a+2p)
Cly,=Cliys = a—-2p
Cls=Cliss = Ciass = 2(a—20)
Ci33=Chagz = 8(a+f)
Cia=Claz=Ciay = 2(a+20) (2-51)

in which & and g are defined, as in Walton [67], by

¢n(—€3)1/2 ¢n(—€3)1/2
=l </ d = 2.52
s M P mner o) (2.52)
For completeness, we calculate the remaining non-zero modulus defined as
. . ne(—es)/?(6B + C
Cos =Clan = o) ) (2.53)

3272B(2B + ()
which, for a transversely isotropic medium, can be expressed in terms of the other elastic

constants (see Mal and Singh [43]) as

* *
11 ClZ

Cos = 9

(2.54)

Therefore, there are five independent elastic moduli given by equation (2.51).
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Chapter 3

The Oblique Contact of Two

Elastic Spheres with Friction

3.1 Introduction

When considering deformations of sphere packings, a fundamental problem which arises
is that of the compression of two of the component spheres. In general, the relative
displacement of adjacent spheres will not be along the line joining the two centres
but will be inclined at an angle to this centre line. Therefore, the contact problem
is one of oblique compression in which the centres of the two spheres are displaced
both vertically and horizontally simultaneously. In particular, when an elastic wave
propagates through the packing, the relative displacement is oscillatory and therefore

the spheres are alternately loaded and unloaded.

This chapter considers the oblique compression of two identical elastic spheres with a
finite non-zero value of the coefficient of friction between them. The spheres are of equal
sizes and are made of a homogeneous and elastically isotropic material. Initially the two
spheres are in contact at a single point. The deformation proceeds in two stages: in the
initial stage, the spheres are pushed together, obliquely, by equal amounts in opposite
directions. The effect of this deformation is to create a finite contact area in the region
of the initial contact point. Walton [66] considered this problem of oblique compression
and showed that the resulting contact area was circular and described by the Hertz

theory of elastic contact. Secondly, an oblique incremental deformation is considered

59



CHAPTER 3 THE OBLIQUE CONTACT OF Two ELASTIC SPHERES WITH FRICTION

and the effects of the initial deformation on the solution of the incremental problem
are examined. The initial deformation corresponds to the initial compression of the
packing, as described in section (1.3.1), end the incremental displacement corresponds

to the deformation caused by an elastic wave propagating through the medium.

The method of solution follows that seen in section (1.2.5) where we considered the
oblique sphere contact problem with an infinite value of the coefficient of friction; the
no-slip displacement boundary condition was applied over the entire contact area. In
the finite friction case however, this condition may only be applied over the part of
the contact area which suffers no slip, and on the remainder of the contact region we
must apply the slip conditions discussed in section (1.2.6). A number of different cases
arise which are distinguished by the angle of compression and the coefficient of friction.
The incremental displacement is oscillated along a straight line path; some cases re-
sult in an annulus of slip in which relative displacement of points on the contact area
occurs, thereby establishing a cycle of slip. Otherwise, there is no relative displace-
ment of points on the contact area resulting in a cycle in which the surfaces adhere or
stick together. These stable cycles are established over several phases of oscillation, as
was seen in Mindlin and Deresiewicz [45] and Johnson [34]. The work in this chapter
differs significantly to that of Mindlin and Deresiewicz since the initial compression is
oblique rather than normal, and the influence of this initial compression appears in the

incremental deformation.

After the stable cycles have been established, the total forces acting on the contact area
at any stage in each cycle are calculated. Finally, these forces are linearised when the
incremental deformation is much smaller than the initial deformation, and the linearised

cycles are found to be equal within a constant displacement.

3.2 Surface Displacements

Before proceeding further, we list some useful results concerning the surface displace-
ments arising from both normal and tangential Hertz pressure distributions acting on
an infinite elastic half-space. Consider a set of rectangular Cartesian axes Ozyz with
the z-axis directed downwards. The half-space is defined as the region z > 0 (as shown
in figure 3-1) and the force distributions act normally and tangentially on the zy-plane.

We also define a system of plane polar coordinates (r,6) in the zy-plane sharing the
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common origin O. For force distributicns of the form

No(@® =12 [ 0<r<a
N(z,y) = (3.1)
0

rT>a

-

acting normally (in the z-direction), ard

K@ -r)? [ 0<r<a
P(z,y) = (3:2)

0 , T>a

acting tangentially (in the z-direction), where Ny and K are force constants and a is the
contact area radius, the displacements (u, v, w) are given in terms of the integrals (1.8)

as

u(z,y) = uo+/R{BP(’”"y') +C[XZP("’I,?/I)“FXYQ(:E’,y’)]

S g3
(B-C)XN(z',y) L
- 257 }d:cdy
U(xay) = ’U()+/R{M +C [XYP('T 731’)5'{;}/ Q(.’L",y)]
(B_ C)YN(x,7yl) 111
- 252 }dxdy
w(z,y) = _wo+/R{(B—C) [XP(z2j91;)+YQ(z,y)]+BN(;,y)}d$,dy,

(3-3)

where the displacement of the sphere centre has been added to ensure that the displace-
ment is correct at infinity. Walton [66] made use of the symmetries of the problem to
decouple the integrals into normal and tangential systems. In this chapter it is more

convenient to consider the relative and absolute displacements defined as

wey) = 3{ws(e9) - (@)

wo(@,9) = 5 {ws(,9)+ v (z,9)} (3.4)

where w, (z,y) is the displacement in the z-direction on the surface of the half-space
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z > 0 due to the distribution (P,Q, N)and w_(z,y) is the displacement on the surface
of the half-space z < 0 due to the distri>ution (—P,—Q, —N) i.e. the problem is rotated
through 180°.

Similar definitions may be made for the tangential displacements u(z,y) and v(z,y) to
form functions u,(z,y), ua(z,y), v-(2,y) and v,(z,y). By substituting these functions

into the integrals (3.3), we obtain the systems

Uy (-’137 y) = U+ / { BP(;I, y,) + ¢ [XZP(:LJ’ yl)S-:l; XYQ(III’, y’)] } dz’ dy’
v (z,y) = vo+ /R {BQ(;’,y’) L ¢ [XYP(x’,y33+ Y Q(x’,y’)]} 4z’ dy
w(zy) = -0 [BEED O g0 gy (3.5)
and
’U,a(l', y) = B C)/ XN(:L‘ y dz’ dyl
va(x7 y) = B C)/ YN(x ,y dz’ dyl
we(z,y) = —wo+ B/ ! yl) dz’ dy’ (3.6)

which are decoupled in the sense that equation (3.6) contains only the effects of normal
forces and equation (3.5) contains only the effects of tangential forces. The splitting of
the displacements in this way may be interpreted as follows: at a point where the two
surfaces are adhered together there can be no further relative slip between them and

therefore we must have

v (2,9) =0, v,.(z,9) =0, w(z,y) =0 3.7)

at any point where the surfaces were initially stuck together. The function w,(z,y) on

the contact area gives the warping of the contact surface and is an odd function of z.
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3.2.1 Displacements Inside the Loaded Region, r < a

The displacements inside the loaded region (r < a) due to the distributions (3.1)
and (3.2) may be calculated by evaluating the integrals (3.6) and (3.5) to obtain

2 2
u-(z,y) = uo+ %(23 +C)Ea® - 71r—6—K {(4B + C)2? + (4B + 3C)y*}
7T2
v(z,y) = —KCmy

- a®— (a® — r2)3/2
wo(e,y) = ﬁ(B—C)x{ 1) } (33)

T

and

T a® — (a2 — r2)3/2
walz,y) = —0(p - C)z{ ~ )}

3 r2
N a3 — (a2 — r2)3/2
v(z,y) = —%(B—C)y{ - }
2
w(z,9) = ~wo—gn (3.9)

Note that for the half-space problem the displacement at infinity was required to be

zero, but for the case of contacting spheres the displacement at infinity is (uo, 0, —wo).

3.2.2 Displacements Outside the Loaded Region, r > a

Outside the loaded region the displacements are again given by the integrals (3.6)
and (3.5) although the range of integration is different. Evaluation of the integrals
for the force distributions (3.1) and (3.2) give the relative external displacements u,

and v, as

u(z,y) = w+— Ix {4(2B + C)a® — (4B + C)z* — (4B + 3C)y?} sin™'(a/r)

+ gKa(r2 — a?)'/? {4B + % [x2 + 3y? + 24’ <—7.:zl)]}

v (z,y) = Ly C y{r sin"*(a/r) + a(2a® — r?)(r? - )1/2}. (3.10)
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(m)

Figure 3-1: The initial undeformed configuration

3.3 The Initial Deformation

The spheres are shown in their initial undeformed configuration in figure 3-1. Their point
of first contact O defines the origin of a rectangular Cartesian system of coordinates
having the xy-axes lying in the common tangent plane and the z-axis being directed
into the lower sphere along the line of centres. Each sphere has radius R and the top
and bottom centres are displaced obliquely by amounts (—wo?0,u;0) and (u0,0,—0)
respectively, relative to the point of first contact, causing them to deform in the vicinity
of the origin and form a contact area. Whether or not the two contact surfaces displace
relative to each other depends on the coefficient of friction and the angle of compression.
We begin by assuming that no slip occurs between the two spheres and subsequently

derive conditions under which slip must occur.

3.3.1 The No Sliding Solution

Walton [66] considered a similar problem and showed that the problem has a unique
solution, namely that of Hertzian compression. The Hertz contact area is shown to be

circular and of radius a0 with a normal force distribution of the form
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2
NO(T) = 7I'2RB ((Zg - T2)1/2 (311)

where 7 is the radius in plane polar coordinates (r,8) and B is an elastic modulus defined
in terms of the Lamé moduli by equation (1.7). We will later make use of the similar
elastic modulus C also defined in equation (1.7). The contact area radius is given by

the Hertz relationship

a?) = Rwo. (3.12)

Tangentially, we assume a force distribution of the form

Py(r) = Eo(aZ — r?)!/? (3.13)

in the z-direction only. The force constant K, is determined by considering the dis-
placements given by the integrals (3.6) and (3.5). Substituting the distribution (3.13)

into equation (3.5) we obtain tangential displacements

2

2
ur(z,y) = uo+ %(23 + C)Koa? — ’1T—61(0 {(4B + C)z* + (4B + 3C)y?}
72
ve(z,y) = gI(ony. (3.14)
By applying the condition that no relative displacement occurs between the two surfaces,

we require that u,(0,0) = 0 and v,(0,0) = 0 in the above equations. Solving for the
constant Ky we find that

4UQ
__ 1
Ko =~ 5R@B + O)my (3.15)
giving the tangential force distribution (3.13) as
Po(r) = ———t0 (22 (3.16)
7T2R(2B + C) Wo 0

When a finite non-zero value for the coefficient of friction exists between the two spheres,
Admontons’ law (1.53) states that the magnitude of the tangential force can never exceed
the coefficient of friction multiplied by the normal force at any point on the contact area.

This condition may be written as
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| Po| < fNo, (3.17)

where f is the coefficient of friction, and is satisfied when

Ug
Wy

< <2B+C’

¥ )f or tan 6, < tan 6, (3.18)

where the angle of compression is defined as

Uo

tan §p = — 1
an Gy S Wo (3 9)
and the angle of friction 8, is defined as
2B+ C
tan 6, = ( 55 ) f (3.20)

being the critical value for which equality holds in the inequality (3.18). If the magnitude
of the calculated tangential forces violates the condition (3.18) at any point, then slip
will occur with the tangential force being equal to the coefficient of friction times the
normal force at that point. The above condition can be seen to be independent of
position on the contact area, meaning that if slip does occur it is in the form of sliding,

that is slip over the entire contact area.

We now consider the problem when the condition (3.18) is violated and sliding occurs.

3.3.2 The Sliding Solution

Sliding will occur for any values of ug, vg and wy satisfying

Uo

(2B+C

55 )f or tan 6, > tan 6,. (3.21)

Wo
During sliding, the magnitude of the tangential force must equal the coefficient of friction

times the normal force which gives rise to the equation

2

| Ho| = m2RB

(3.22)

Secondly, to satisfy the laws of friction discussed in section (1.2.6), and to complete
the specification of the boundary conditions on the contact area, we require that the

direction of sliding opposes the tangential force. In this case we see that Ky must be
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negative and thus we obtain

2f
= — 3.2
Ko=-—7% (3-23)
giving the required tangential force distribution as
2f a2 e
PO(T):_WgRB(a’O_T)/ (3'24)
and the normal distribution for this sliding solution remains unchanged as
No(r) = —2 (a2 — 12)/2 3.25
O(T)—m(%—") . (3.25)
The tangential displacements at the end of this initial stage are given by
r’ ;oo Mo 2 2
u(2,y) = uo+ —4—(2B + C)Koai — EAO {(4B+C)z*+ (4B + 3C)y°}
21'
v (z,y) = T 8£0C':z:y. (3.26)

We conclude that two solutions may occur in attaining the initial state depending on
the condition (3.18). When (3.18) is satisfied the solution which arises is that for which
there is no relative displacement between the two spheres ie. a ‘stick solution’ given
by equation (3.16). Conversely, when the condition (3.18) is violated, the magnitude of
the tangential force must be equal to the coefficient of friction times the normal force
and the ‘sliding solution’ (3.24) is obtained. The stick and sliding regions are shown in
figure 3-4 separated by the dashed line through the origin. The normal component of

the solution is given by the distribution (3.11) in each case.

3.4 The Incremental Deformation

Any subsequent state will depend strongly on whether sliding occurred or not in attain-

ing the initial state. The cases of sliding originally and no sliding originally must now be

considered separately when imposing a further incremental deformation (6ug, 0, —éwy)

on the initial state. The angle of compression in the incremental state is defined as
6’11/[)

tan 6 = 5_11)0 . (327)
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Figure 3-2: Path of sphere centres during the incremental loading cycle

A similar problem was considered by Walton [66] but friction was treated by assuming
either a zero or infinite value of the coefficient of friction. The problem of finite friction
to be considered here is considerably more complex due to both the influence of the
initial state and the number of possibilities arising from stick or slip. The incremental
problem consists of a sequence of loadings and unloadings, the stages of which are shown
in figure 3-2. Eventually, after a number of loading and unloading cycles, a repeating

stable cycle is established.

We begin by considering the incremental problem imposed on the initial state in which
no sliding occurred. In the same way as before, we assume at first that no further
slip occurs and then derive conditions under which the no-slip condition (3.18) will be

violated.

3.4.1 No Sliding Originally, No Further Slip - 6, < 6, and 0 <6,

Assuming that no further slip occurs, the form of normal force distribution remains that
of Hertzian compression given by

N+ 6N = a® — r?)'/? (3.28)

=
m*RB
in which a is the varying contact area radius as opposed to the now fixed initial radius a,.
The new radius now increases or decreases depending on the increments §w, through

the Hertz relationship

(l2 = R(U)O + 6w0). (3.29)
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Figure 3-3: Phase 1 : Loading with no further slip

Phase 1 : Loading with no further slip

Phase 1 consists of a loading from éu; = 0 to a maximum value of duy = duf. The
contact radius progresses from its initial value of ay to a maximum value of a, as shown
in figure 3-3. The appropriate form of tangential force distribution is postulated to be,

in the z-direction,

Ki(a? = r)2 L Ky(a2 - r)Y/2 | 0<r<a
P+6P = 1 ) 2(% =) == (3.30)
Ky (a? — r2)}/? ya<r<a

and since the increment is purely in the z-direction, the force distribution in the y-

direction remains as @ + 6@ = 0.

We now determine the force constants K; and K5 by considering the displacements over
the contact area. Tangentially, the displacements due to the distribution (3.30) may be

found from equation (3.8) and are calculated as

2
ur(2,9) = uo+ 6ug + 54—(23 + C) {K,a* + Kal}
2
- %(K1 + K,) {(4B + C)z* + (4B + 3C)y?}
2
v (z,y) = %(K1 + K,)Czy. (3.31)

Applying the no-slip condition on 0 < r < @ we match terms of the above with the

displacements at the end of the initial loading (3.14) to obtain
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—4U0

72R(2B + C)wo

Ki+K, =

2 2
u0+%(2B+C’)K0ag = u0+5u0+%(23+0) {Kia2 + Kya®}.  (3.32)

Solving the above for K; and K, we obtain

K _ 4 6U0
! T2R(2B + C) dw,
- _ 4 6’1140 Up
K = m2R(2B + C) (61.00 B wo) (3:33)

which determines the force distribution (3.30).

The condition for slip considered in section (3.4.1) states that no slip will occur at any

point on the contact area satisfying

|P+ 6P| < f(N+6N). (3.34)

Equivalently, by substituting the distribution (3.30) into the above, we obtain

dug 2B + C)
0« .
Fug| ( 5B f or tan <tané, (3.35)
where
6“0
tan 0 = 6—’(1)0 (336)

and 6 is the angle of compression for the incremental problem. The critical angle of

friction 6, is the value of 6 for which equality occurs in equation (3.35).

Thus there are two possible solutions in the incremental solution with no initial sliding;:
Firstly, when (3.35) is satisfied there exists a stick solution, given by (3.33) in which the
spheres suffer no relative displacement and secondly, when (3.35) is violated, there exists
a solution in which a degree of slip must take place somewhere on the contact area. We
continue here with the stick solution and examine the slip solution in section (3.4.2).
These two cases are illustrated in figure 3-4, the letters SLP and STK denoting the slip

and stick regions respectively.
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C/s

Figure 3-4: Path of sphere centres for initial and incremental displacements
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Figure 3-5: Phase 2 : Unloading with no further slip

Figure 3-6: Phase 3 : Unloading with partial slip

Phase 2 : Unloading, reversal of phase 1

During phase 2, the displacement is unloaded from its maximum value of 6u0 = Suq to
6u0 = 0. The contact radius decreases from a, to a0 as shown in figure 3-5. Since no slip
occurred during the loading phase, we may take the same solution during unloading,
that is the displacement is simply reversed along the phase 1 path. Thus at the end of
phase 2 the force distributions are precisely those at the end of the initial stage (3.16),

as if the loading and unloading had never occurred.

Phase 3 : Unloading with slip

Phase 3 covers the further unloading from 6u0 = 0 to 6u0 = 6ug *. The contact radius
decreases throughout this phase, as shown in figure 3-6, and so terms of the form
(a0 —r2) "2 cannot be considered because a is always less than or equal to a0 meaning
that the force distribution at » = a would be non-zero. Instead it is necessary to consider

a slip solution of the form
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Ky(a®> = )2+ Ko(2 - rH)Y?2 [ 0<r<e
P+6P= (3.37)

K (a® — r?)!/? ,c<r<a

where 7 = ¢ is the boundary separating the central region of stick 0 < » < ¢ and the

slip annulus ¢ < r < a.

Since this section is concerned with establishing a no-slip stable cycle and because this
particular slip phase will not occur during the stable cycle, we leave the details of the

solution until section (3.4.2) and simply list the force constants as

- 2f
K= m2RB
K, = -2 duo (3.38)

"T2RB  m2R(2B+C)w,

The radius of slip is given by

2 § 2B4C )
o= 1+ “°+(2;Bc)f bl (3.39)
a Ug + ( 2B )f’UJU
The minimum value of this radius is denoted c_. occurring when duy = dug ™ and may
be calculated as
2 Su* 2B+C Sw*
LR P + (2;BC) fow; (3.40)
a Ug + ( °B ) f’l,Uo
The corresponding final displacements on 0 < r < ¢_, are calculated as
72
u M (z,y) = uo+buy* + Z(QB + C) {Kd%, + Ky,
2
- (K1 + o) {(4B + C)a? + (4B + 3C)y?)
-
v, "(z,y) = —8—(A1 + K,)Czy. (3.41)

Phases 4 and 5 : Reloading without slip
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Figure 3-7: Phases 4 and 5 : Loading with no further slip

Phases 4 and 5 consist of the reloading from Su0 = 6u3* to 6u0 = Su3 and may be
considered together. The contact radius is shown in figure 3-7 progressing from a * to

a*. The no-slip solution has a force distribution of the form

K\{a2 —r2)V2+ A2(c2,,—r2)1"2+ K3(@2m—r2)1/2 ,0<r <c*
P+SP =" Ki(a2- r2)12+ K3(a2, - t2)12 , e <r<a.t

K\(a2—r2)1/2 ,a*<r<a
(3.42)

The displacements on the central stick region 0 < » < ¢ _* due to this distribution are

urix'y) — UQbuQ— (2B C) {Kla2 K2Q+-\-K3a,,}
- —(Ki+ K2 +K3) {4 + C)*2+ 4
m
y) = -s£Ki+ K2+ K3)Cxy. (3.43)

We apply the no-slip condition (3.35) over the contact area by matching terms of the

above displacements with the displacements at the end of phase 3 (3.41) to obtain

—4WQ

ita2+a3—
PITAST AT oAE + Ol

(3.44)

and
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2
wo + Sup + 1;—(23 +C) {Ka® + Kyc?, + Ksa?,} =

i

uo + Suy ™ + 7 (2B+ CY{K;a®, + Kic,}. (3.45)

The constants K; and K/ are the values of the constants during phase 3 given by
equation (3.38). By matching the displacements on the annulus ¢_, < r < a_, we

obtain the extra equation

K, =K. (3.46)

Details of the calculation of these external displacements and the matching of the terms
on the annulus are left until section (3.4.2) which considers the solution of the problem

with an evolving slip annulus as opposed to the static case seen here.

Solving the above equations for K;, K, and K3 we obtain

K= _ 4 ( Sug + 6ug )
"1 T TTZR(2B+C) \Sw, + 6w;
1(2 _ 2f 4'LLO

" 72RB  72R(2B + C)wo
4 ( uo + bul ) 2f

Ks = T2R(2B + C) \bdwo + dw; m2RB

(3.47)

Note that, since the centres of the two spheres are assumed to be displaced in a straight

line, we may write the gradients as

bug _ buy  bug”  dug + dug

-0 _ = = . 3.48
dwy dwl  bwy*  bdwg + 6w ( )

Since no slip has occurred during phases 4 and 5, any subsequent loading or unload-
ing will follow the solution (3.47). Thus the stable cycle is established in which the
displacement oscillates from duy = duy™ to dup = dug and back again with force distri-

bution (3.42).

No Sliding Originally, No Further Slip - §, < 6. and 8 < 8, 75



CHAPTER 3 THE OBLIQUE CONTACT OF TWO ELASTIC SPHERES WITH FRICTION

Figure 3-8: Phase 1 : Loading with partial slip

3.4.2 No Sliding Originally, Further Slip - 00< 9Cand 9 > 0C

Continuing the loading for no original sliding, we now consider the case when condi-
tion (3.35) is violated, that is 0 > 6Cand slip must occur somewhere on the contact

area. The normal force remains unchanged from section (3.4.1) as

2
- = - : :
N+ 6N = o (@2 1212 (3.49)

Phase 1 : Loading with slip annulus

During this loading from 6u0= 0 to Su0= 6ul, the contact area radius increases from
a0 to its maximum value of a,. A radius of slip c is assumed to progress from a0 to its

final value of ¢, as shown in figure 3-8. The appropriate tangential force distribution is

R\(a2—x2)V2+ Kz(c2—2)V2 ,0<r<c
P+ SP= (3.50)

R\(a2—x2)1/2 ,c<r<a

Since slip is occurring in the annulus ¢ < » < a we apply the slip condition

\P+ 6P\ = f(N + 6N) (3.51)
within this region giving R\ as
2/
- 3.52
V= 7r-rB (3:52)

where in this case, the sign is taken to be negative so that the tangential force opposes
the direction of slip. Note that the solution obtained in this manner does not precisely

satisfy the condition that the slip opposes the force causing it, but the deviation is very
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small as discussed in section (1.2.7).

In the region 0 < r < ¢ we apply the no-slip condition of no relative displacement

between the two surfaces. The displacements due to the distribution (3.50) are

2
ur(2,y) = Uo+ duo+ ’—;-(23 +C) {K1a® + Ky} —
2
;’—6(1{1 + K,) {(4B + C)z* + (4B + 3C)y?}
2
v(z,y) = %(K1 + K,)Cay. (3.53)

Equating coefficients with the displacement at the end of the initial loading (3.16), we

obtain the equations

4UQ
¢ =Ky=- .04
i+ Ko = Ko =~ pmp v (3.54)
and
m? 2 T’ - 2 _

UO‘*‘I(?B-FC)I(()QO = 'U,0+6'U.0+-4—(2B+C) {Illa +I$26 } . (3.55)

Substituting the value K; (3.52) we obtain, from equation (3.54),
K, = - duo (3.56)

72RB  7?R(2B+ C)w,’

The values of K; and K, substituted into the equation (3.55) gives the radius of slip as

2 _ 1+6u0—(w2—§£)f6w0

uo — (38EC) fwo

Sla

(3.57)

Thus within the circle 0 < r < ¢ there is no relative displacement of the two surfaces
and we have a ‘stick’ region. Within the annulus ¢ < 7 < a there occurs a region in
which the tangential force equals the coefficient of friction times the normal force and

slip is occurring..

When the displacement increment reaches its maximum value of §uy = éuj, the radius

of slip is at its minimum value denoted
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2 Sur — 2B4C Sw*
c_,; - 1+ Uy (z_gf_c)f Wy (3.58)
ap uo — ( 2B ) fwo

The final displacement on the stick region 0 < r < ¢, at the end of phase 1 is given by

2
ur(z,y) = wuo+ buy+ —3—(2B + C) {K1a? + Kqc?}
7[.2

16
2
v (z,y) = %(1(14—[{2)0:1:3/, (3.59)

(K, + K5) {(4B + C)z* + (4B + 3C)y*}

To calculate the displacement on the annulus ¢, < r < a, we must sum the displace-

1/2 term, calculated from

ments within the loaded circle r < a, due to the K;(a? — r?)
equation (3.8), and the displacements due to the K,(c? —r?)!/2 term outside the loaded

region, calculated from equation (3.10), to obtain

7l'2

2
ur(z,y) = uo+ duy+ Z(2B +C)Ka? - 71r—6K1 {(4B + C)z* + (4B + 3C)y*}
+ ng {4(2B+ C)c? — (4B + C)z? — (4B + 3C)y*} sin™'(c./7)

T 2 _ 2\1/2 Cl 2 2 2 (22 —y°
+ §K26,,(r —-c) / {4B+ 2 [ac + 3y° + 2¢; ( 2
2
v (z,y) = %Ix"lC’wy + %Kz% {7‘4 sin™'(c, /1) + ¢.(2¢2 — ) (r® - cf)l/z} .

(3.60)

Phase 2 : Unloading with counterslip

During the unloading of phase 2, the contact radius reduces from a, to ay and a radius
of counterslip, that is slip in the opposite sense encountered in phase 1, progresses
from a. to by. Figure 3-9 shows the radius of counterslip during phase 2. The normal

distribution is again given by (3.11) and the tangential distribution is of the form
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fr
a
i i I
fio a_, ao
Figure 3-9: Phase 2 : Unloading with counterslip
Ki(a2- 1r2)12+ A2(c2 - 12)12+ V3(i2- r2)120 < r < c*
P+hP = Kla2- r2)12+ A3(62 - 12)12 ,ct <r<b (3.6

Ki(a2— r2)1/2 ,b<r<a

Again, slip only occurs on an annulus, in this case b < » < g shown in figure 3-10, and

therefore the value of R\ which satisfies the condition (1.53) and opposes the direction

of slip is
2/ (3.62)
tt2RB’
The displacement on the inner circle 0 < r < ¢* is given by
ur(xiV) — uoT buo - (2B + C) {Kid24 K 2c2"b" 3fi2}
—— (A1 4 A24- A3) {(4B 4 C)x2-f (4B + 3C)y2}
mo.
(a,y) = —(A'i+ K24 K3)Cxy. (3.63)

Matching terms of the above with the displacements at the end of phase 1 (3.53), we

obtain

U+ K2+ A3= K[ + A", (3.64)

where K/ and K 2 are the values of these constants during phase 1, given by equa-
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Figure 3-10: The annulus ¢, <r <b

tions (3.52) and (3.56), and the constant terms equate to

2
U+ 6ug+ — {2B + C) {Aia2+ A2*+ A362} =
2
s Sulr-(2  +  [K[al A"M}. (3.65)

On the annulus o» < r < b, the displacement due to the distribution (3.61) is made up
of contributions from each of the three terms. The two terms Ky and K3 contribute
displacements inside the loaded circle » < b of the form given by equation (3.8). The
remaining term /i2 contributes displacements external to the loaded region of the form

of equation (3.10). Thus the total displacements are

2
ur{x->y) = w0+ 6uo + TQBT C) { A }
2
- A+ K3)4B+CV + (@4 +30)2}

* s *K24(2 B +C)cl 4
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2 _ .2
+1K2c*(r2—c3)1/2 4B+§— 2?2 4+ 3y? + 2¢2 i
8 2 72
7'['2
ve(z,y) = g(KI + K3)Czy
7 _ Czy .
+ ZKg " {r4 sin™ (e /7) + €. (2¢2 — ) (r? - cf)l/Q} . (3.66)

Equating coefficients of the above with the displacements at the end of phase 1, we

obtain the system of equations

K, = K}
I(I + 1(3 = I({

2 2
U + 8o + 3r4— (Kra? + Kgb?) = uo+ 6ul + 54—(23 +O)Kla2.  (3.67)

Thus we have five equations for the remaining unknowns K,, K3 and b. However, by
substituting K, = K into equations (3.64) and (3.65), we see that they are equivalent
to two of the equations in (3.67) leaving only three equations for the three unknowns.

Using the value K; from (3.62) and solving the above system, we obtain the solution as

2f
K= TgB
K _ 2f _ 411,0
> 7 TRB  12R(2B+ C)w,
o 4f
K, S RE" (3.68)
From these values and equation (3.67), the radius of counterslip is found to be
b? dwo + dw; B .

At the end of phase 2, the values of éuy, and dw, are zero, meaning that the above
counterslip has reached a value by of
dwg Béug

b5
=1 - . .
a3~ 2w, @B+O)Jws (3.70)

Comparing the above with equation (3.58) we see that
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Figure 3-11: Phase 3 : Unloading with counterslip

B A 12
‘% & (3.71)
a o0

showing that the radius of counterslip does not relieve all of the phase 1 slip before the

end of this phase.

Phase 3 : Unloading with counterslip

During phase 3 the contact area reduces from a0 to a ,,, as shown in figure 3-11. The
radius of counterslip started during phase 2 continues from 60 and it is necessary to
determine whether or not this counterslip reaches the radius c¢* before the end of this

phase. To do this, we continue the tangential force distribution

A'i(a2 —2)V2+ /v2(c2—x2)V2+ [i3(b2—12)V2 , 0< 71 < ¢*

P-fSP= < /M(a2—r2) U2+ K3(b2—12)V2 Lt <r<b (3.72)

A'i(a2 —r2)1/2 ,b<r<a

with constants

. 2/
K

! TR B

4
> 2/ W
t2A 5  t2A (25 + C)uso
4/

K3 ir*RB (3.73)

and the radius of counterslip continues from b0 as
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b? dwy + dwy B
— =1 —oul). .74
2= o T @B O fu, O 0 (3:74)

Equating the above equation for b3/a2 with the equation for c2/a2 (3.58), we calculate

that b will pass c, for values of uy and w, satisfying

uo + (28£S) fw, _ bug + (2B%C) féwo
o — (383S) fwo — bug — (355°) fow;

(3.75)

The contact radius at which this occurs is denoted ay as shown in figure 3-11. Here we
will consider only the case in which b passes ¢, since the case when b does not reach c,
is very similar and the eventual linearised cycles, derived in section (3.6), are the same

to within a constant displacement.

Substituting b = c, into equation (3.72), we obtain the distribution

Ki(a2 —r)Y2 L (Ky + K3)(c2— )2 [ 0<r<e,

Py+ 6P = (3.76)
Ki(a2 — r?)/? e <r<a
where
2f
K = m2RB
2 4
Ko+ Ky = f to (3.77)

" 7*RB  72R(2B + C)w,

At this point, the slip of phase 1 has been totally relieved by the counterslip and so the
radius ¢, will play no further part. Continuing the unloading, the slip continues from

¢, and progresses to c_, with force distribution

Ki(a® — )24 Ky(? —r)Y? L 0<r<ec
P+6P= (3.78)

Ky(a? — r2)!/? ,e<r<a.

The slip condition requires a value for K, of

2f
m2RB’

K, = (3.79)

By matching the displacements with those at the end of phase 2 we obtain
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b
a
! N O A 1
c* 6% c* 102 a* a0
Figure 3-12: Phases 4 oond 5 : Re-loading with slip
A= - 2/ . e (3.80)
tt2AA ~ir2R('2B + C)w0
and the radius of slip is
+ (U-ur) /™ wo (3.81)
ao « + /w0

At the end of this phase, when the unloading is complete, the radius of slip has reached

its minimum value of

1 K-U-+m & @Bc ) (3.82)
<o “o+ (MjN) /«"o

and the final displacements on c* < r < q are

ur*(x,y) = u0+ 6u0*+ ~(2A + C)Arla”

- YAA {4 B+C)x2+4 3

o + 11<4(2 B+C)cl-(4 S 4 +3 sin™ (c./

2 2
+AAX (r2—e1214B + N 2% 4 3124 20k & DY

vr ¥(zzy) = yA\Czy +A2"* {rdsin 1(c,./r) + c*(2cj - 12)(r2- cj)V/2}.

(3.83)

Phases 4 and 5 : Reloading with counterslip

Phases 4 and 5 cover the displacement from Su0 = 6uqg* to 6u0 = h*Qand may be
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considered together. Figure 3-12 shows the cross-section of the contact area during
these phases. A radius of counterslip b starts at 7 = a_, and progresses to r = b, at the

end of loading. The tangential force is of the form

K, (a2 - T2)1/2 + Ifz(cz_,. - 7'2)1/2 + I(s(bz - 7'2)1/2 , 0<r<e,

P+ 6P = Kl(az _ T2)1/2+I(3(b2 _ ,,.2)1/2 , e <r < b

K,(a? - r?)1/? ,b<r<a.

\

(3.84)
Slip is occurring on the annulus & < r < @ and the value of K; satisfying the slip

condition (1.53) and opposing the direction of slip is

. 2f
K= - (3.85)

The displacements on the annulus ¢_, < r < b are given by

ur(z,y) = u0+6u0+ (QB+C’ ) {K,a* +Ixsbz}

_ E(AI + K3) {(4B + C)a® + (4B + 3C)y?}

+§Ix2{4(2B+C) — (4B + C)z? — (4B + 3C)y*} sin™'(c_./7)

. C 2? — 42
+ gl’(zc_,,(r2 ~c2 )2 {4B +3 [xz + 3y + 2¢2, ( 2 )] }

v (z,y) = 7I-g(Kl + K3)Cay
Z— rsin™ (c_, /7) + cou(26¢2, — ) (r? - cz_*)llz} . (3.86)

Matching the displacements due to the above distribution with those at the end of

phase 3, we obtain the equations

](2 = .A’é
K\ +K; = K|
2
u0+5u0+%{K1a2+I(3b2} = uo+ Sug* —(2B+C) Kla®,. (3.87)
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Figure 3-13: Phases 6 and 7: Re-loading with counterslip

Solving the above system we obtain the solution

2/
K =
\ 1255
o - 2/ 4u0
T12RB  #2R{2B + C)w0
I
ks T2RB
and the radius of counterslip is
b2 —6 B
" (Suo—+ .
2tu0 25+ C)fwo

At the end of phase 5, the final radius of counterslip is given by

bl 2B 6ub
a2 ~ 25+ C)fwo

which we note lies between ¢ * and c,.

Phases 6 and 7 : Unloading with counterslip

(3.88)

(3.89)

(3.90)

During phases 6 and 7 the displacement is unloaded from 6u0 = A/*Qto Su0 = Sug* and

the contact radius progresses from a* to a_*. A radius ofslip b progresses from a* to

at the end of the loading as shown in figure 3-13. The tangential distribution is of the

form
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Ky (a2 = r2)12 4 Ky(c2, — r2)1/?
+EK3(02 — )2 K (02 -2 [ 0<r<c_.
P+O6P =9 K (a® = 12)V2 4 Ky(b2 — ) /2 4 Ky(> = r?)Y/2 e <r<b

Ky(a® = r)Y2 + K, (b2 - r?)}/? ,bh.<r<a

K (a? - r?)1/2 ,b<r<a.

The slip condition on b < r < a requires that we have

. 2f
Ky = . (3.92)

The displacements caused by this distribution on c_, < r < b, are

u.(z,y) = u0+6u0+ (2B+C {K,d? + K3b? + K,b%}
- 1—6(1(l + K3+ K,) {(4B + C)2? + (4B + 3C)y?}
+ —78-T-K2 {4(2B+ C)c2, — (4B + C)z? — (4B + 3C)y*} sin~'(c_./7)
2_ 2
+ Ech_,,(r? —c2 )2 {4B + ¢ x? 4 3y* + 22, T -y
8 2 2
72
v(z,y) = -8—(le + K3)Czy
+ %I CZ r sin™ (c_. /1) + c_.(2¢2, — rE)(r? - cﬁ*)l/z}. (3.93)

Matching terms of the above displacements with the displacements at the end of phase 5,

we obtain the solution as

. 2f
Ky m2RB
K _ 2f _ 4UO
2 m2RB  m2R(2B + C)w,
. Af
Ka T2RB
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- 4f
_114 —m (3.94)
and the radius of slip is
b? dwo + dw} B
— = dug — buy). .
a2 1+ S + @B+ C’)fwo( ug — fug) (3.95)
At the end of the loading, the radius of counterslip is at its minimum value of
b2 2Béug
el AP e 3.96
@ =T @BTO)fus (3.96)

which we note is equal to the radius of slip b, at the end of phase 5.

Thus all of the slip which occurred in phases 4 and 5 has been relieved in phases 6
and 7. Consequently, the spheres are under the same conditions as they were at the end
of phase 4. Phases 4/5 and 6/7 may now be repeated, thereby establishing the stable

cycle.

3.4.3 Sliding Originally, Further Slip - 6, > 6. and 6 > 6.

We now turn attention to consider the incremental problem imposed on the initial state
in which there was sliding originally. Here we examine the conditions under which
further slip may occur for the case in which there was sliding in the initial deformation.

At the end of the initial deformation, the surface displacements were

2 2
ur(z,y) = u0+£4—(2B+C)Koag—71r—6Kg{(4B+C):z:2+(4B+3C)y2}

2
v (z,y) = %KOC’xy. (3.97)

Phase 1 : Sliding continues

The slip condition (3.35) shows that during phase 1, when the radius of contact increases

from ag to a, (see figure 3-14), sliding must continue with force distribution

P4 §P = Ky(a® — r?)/2 (3.98)
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a b
a, al
Figure 3-14: Phase 1 : Loading, sliding continues
c
a
0 C, al
Figure 3-15: Phases 2 and 3 : Unloading with slip
To satisfy the slip condition, the force constant must be
K - 2
1 %2153' (3:99)
The displacements in 0 < r < g* at the end of phase 1 are
2 2
ur(x,y) = W+ 6ub+~ (2B +C)Klal-"K Il{(4B+C)x2+ (
K(x,y) = Y KICxy- (3.100)

Phases 2 and 3 : Unloading with slip

Phases 2 and 3 consist of an unloading from 6u0 = 6ug to 6u0 = Sug*. A radius of slip
c is assumed to progress from » = a* to » = ¢ * as shown in figure 3-15. The force

distribution is
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Ki(a® —r)YV2 L Ky(c® — 72?2 ,0<r<e¢
P+6P= (3.101)

K,(a? — r?)1/? ,c<r<a.

Applying the slip condition (1.53) on the annulus ¢ < r < a, we obtain the value of K,

as

- 2f
The displacements on the stick region 0 < r < ¢ are
2
u(z,y) = wuo+bug+ Z(2B + C) {K,a* + K,c*}
2
- ’lr—ﬁzrl {(4B + C)z? + (4B + 3C)y?}
2
v(z,y) = %(K1 + K,)Czy (3.103)
and matching the displacements in the usual way we obtain
Af
= - 1
K, —FB (3.104)
and the radius of slip as
c? Swy + dw; B
= =1 e bug — bug). 3.105
2 T T 2w (2B +C) Ty B0 — 645) (3-105)
The minimum value of the radius of slip is
c? 2B
= =1——-—fuy. 3.106
a? ! (2B + C) fwo to ( )

Phases 4 and 5 : Reloading with counterslip

Phases 4 and 5 cover the displacement from éuy = dug™ to dug = duj. A radius of
counterslip progresses from r = a_, to r = b, as shown in figure 3-16. The appropriate

force distribution is
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1 1 1

c* 6 a, 00 a*

Figure 3-16: Phases 4 ond 5 : Reloading with counterslip

R\(a2—2yi2+ K2(c2, —r2) 12+ Ji3@&@ —r2)V2 ,0< r <c *

P+ 6P = Kl(a2—+2yi2£ K3(b2—r2)12 e <r<b

R\(a2— 1r2)V2 ,b< r<a
(3.107)
The value of R\ satisfying the slip condition is

2/

Kx= - prB

(3.108)

and the displacements due to the distribution on the central region 0 < » < ¢ » are

ur(x,y) = u0+ 6u0*+ — (2B + C) {R\a2+ K2c2mt+ K 3b2}
2
- ~(K 1 +I(2 + K345+

Matching with those at the end of phase 3 we obtain

RiTR:
Up+ Suo A—2B + C) {Kla2+ R3b2} wo+ Suf + -j (25 + C)K[alm

(3.110)

Solving the above we obtain the solution as
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Figure 3-17: Phase 1 : Loading without slip

K\ = — s
4/
fo " ir2RB
¥3 = A (3-in)

with radius of counterslip given by

b =1+ Sw2 - 6ut_
ai 2w0 2B + C)fw0

The final value of the radius of counterslip is given by

6* 2Bfvj
(2B +C)fwo

which is equal to ¢ * at the end of phases 2 and 3 thereby establishing the stable cycle.
3.4.4 Sliding Originally, No Further Slip - 0o > 9Cand 6 < 0C

The final case which we have to consider is that in which there was sliding originally
followed by no further slip. The normal force distribution remains as (3.11) and the
displacement at the end of the initial stage is given by (3.14).

Phase 1 : Loading without slip

The contact radius is shown in figure 3-17 progressing from » = a0 to r = a* The

no-slip solution is of the same form as that used in section (3.4.2)
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Figure 3-18: Phase 2 : Unloading, reversal of phase 1

K\(a2—r2) P2+ Ili2(al —2)1/2 , 0<71 < al
P+ SP = 3.114)
Ki(a2- r2)12 , a0 <r <a

The displacements caused by the above distribution on the region 0 < r < a0 are

ur{x,y) = U+-6ug+ — (2B + C) {K\a2+ K" afy

; + K2 {(4B + C)x2+ (4B + 3C)y2}

vr(«,y) = —(Ifi +K2Cxy (3.115)

and matching terms of the above with the displacements at the end of the initial sliding

phase (3.26) we obtain the constants

Ki 6ul
! ir2R(2B + C) 6w0
4 6u0 2/

3.116
tt2R(2B + C) 6wo  w2RB ( )

Phase 2 : Unloading, reversal of phase 1

Since no slip occurred during phase 1, the unloading of phase 2 is simply reversed along

the path of loading, exactly as was seen in section (3.4.1).

Phase 3 : Unloading with sliding

During phase 3, the condition (3.35) requires that sliding occurs on the entire contact
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p
a
1 1 1
0 c~* «-* «0 a*
Figure 3-19: Phase 3 : unloading with sliding
c_* a aO

Figure 3-20: Phases 4 and 5 : Reloading without slip

area. As was the case in section (3.4.3), sliding must continue giving a solution of the

form

P +6P =K\{fa2-r 212 (3.117)

Note that sliding only occurs at this stage in attaining the stable cycle. Once the cycle
is established, there will be no further sliding.
Phases 4 and 5 : Reloading without slip

Reloading occurs during phase 4 and 5, shown in figure 3-20, with a force distribution

of the form

Kifa2—2)V2+ /i2(a® —r2)1/2 ,0<pr<a*
P +6P = (3.118)
Kifa2—x2)1/2 ,a*<r<a

Matching the displacement terms in the usual way, we obtain the force constants A'i

and K-2 as
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P 4 (511,0 + 6u )
' 7 72R(2B +C) \ 6wy + 6wy
4 Sug + bul ) 2f
K, = - - . 3.119
b ©2R(2B + C) (6w0 + dwg T2RB ( )

Noting that any subsequent loading may be reversed along this path back to the begin-

ning of phase 4, we conclude that this establishes the stable cycle.

3.5 Total Forces on the Contact Area

Now that the actual force distributions have been established for each stable cycle, we
calculate the resultant total forces at each stage of the cycles. The total force due to a
distribution P(z,y) acting over a region R is given by the integral of P(z,y) over R,

written as

P= / P(z,y) dR. (3.120)

When the force distribution is of the general Hertzian form

P(z,y) = K(a® - r?)'/?, (3.121)

K being the usual force constant, then the region R is the circular contact region of

radius a and the above integral may be written in plane-polar coordinates (r,#) as

P= / (a® — %)Y dr d6. (3.122)

=0

This is easily evaluated to give the total force in terms of @ and K as

?: %wﬁ’a“. (3123)

Consider now some of the force distributions arising from the previous sections. The
total force due to the initial loading in which sliding did not originally occur may be
calculated by substituting a, and K, from equation (3.16) into equation (3.123) to

obtain
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3 8ug o
3TR(2B + C)wy 0

- 2
Py = =1 Kyad =

3 (3.124)

as the total tangential force in the z-direction. Similarly, the total force due to the

initial loading during which sliding did occur is

Af s
5.

12
37rRBa (3-125)

= L
Py=-mKyaj = -

3

In each of the above cases the total normal force is the same and may be found from

the distribution (3.11) as

3
— 4agy

No=3RE"

(3.126)

The total forces in the incremental problem may be calculated by summing equa-
tion (3.123) for each of the component force distributions associated with the constants

K,, K,, K3, etc. Here we list the total forces during the four stable cycles:

3.5.1 No Sliding Originally
Stick Cycle, 8 < 6,

The stick cycle is described by phases 4 and 5 in section (3.4.2). The force distribution
during these phases is given by equation (3.42) with constants of equation (3.47). The
total force may be calculated using equation (3.123) and the force increment found
by subtracting the total initial force (3.124). Thus the total tangential force in the

z-direction at any point of the cycle is given by

— 2
0P = ?ﬂ-ag

{_ 4 ( Sug + buf ) a
T2R(2B + C) \ 6w, + dw} /) ad

(e e
m2RB ~ 7*R(2B + C)w,/ a}

+[ 4 (6u0+6u3)+ 2f ]h_jr 4ug aa}
T2R(2B + C) \ dw, + éw}, 7m2RB] a3 ' mR(2B+C)w, °J°
(3.127)
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Slip Cycle, § > 0,

The slip cycle in this case is described by phases 4, 5, 6 and 7 of section (3.4.2). Using
the force distributions (3.84) and (3.91) and the constants given by equations (3.88)

and (3.94) we obtain the total incremental force during phases 4 and 5 as

oo gl M (o e
~ 3 °| 72RBa® \x?RB ' m:R(2B+C)) d}
4f b® 4ug }
+ =553+
m?RB a3  7w2R(2B + C)wo
(3.128)
and during phases 6 and 7 the total incremental force is
— 2 2f a® 2f 4ugy ) 2
0P = —a — - =
3 " {WZRB a3 (ﬂRB tPREB+C)) @
af b af b 4uy }
= - ) 1
t i RBa  TRB&G T RREB+ Cwg) 129

3.5.2 Sliding Originally
Stick Cycle, 6 < 8,

The stick cycle after initial sliding is described in section (3.4.4) and the total incre-

mental force during the stable cycle phases 4 and 5 may be calculated as

5 _ 2_7ra3{ 4 <6u0+6u3)£
3 " n2R(2B+C) \bwo + w}/) a3
4 6u0+5u3> 2f ]ai* 2f
— . A
[sz(2B+0) (6w0+6w3 t kBl @ Twrp( G130

Slip Cycle, ¢ > 6.

Phases 2 and 3 of section (3.4.3) have a total incremental force of

— 27 2f a® af ¢ 2f }
6P = g3 — = — . 131
3 % {WQRB a3 72RBa} t m?RB (3-131)

During phases 4 and 5 of the stable cycle, the total incremental force is given by
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— 2m 2f ad af 3 4f b 2f
P = a3l _ - _ * — . .
3 ao{ 72RBa} wRB a3 1w®RBa} + m2RB (3.132)

3.5.3 Normal Forces

Throughout all the above cases the incremental normal force has the form given by

equation (3.28). Therefore, the total normal force may be calculated as

4q3
3TRB’

N+ 6N = (3.133)

Subtracting the initial normal force (3.11) and making use of equations (3.12) and (3.29)

we obtain the total incremental force as

{(wo+ 6w0)* — wi}. (3.134)

3.6 Linearisation of Total Forces

Since the incremental deformation is assumed to be infinitesimal in the sense that it
is much smaller than the initial loading, it is sufficient to consider the linearised cy-
cles. In this section, the total forces will be expanded to first order in the incremental

quantities duy and dwy.

3.6.1 Normal Forces

The total normal force increment during all the incremental deformations is given by
equation (3.133). The incremental Hertz radius is given by equation (3.29) and we may
write

a® a2\*? Swy\ 22

=== =14 — . 3.135

5= (@) -03) (2139

Expanding to first order in the infinitesimal quantity dw, we obtain

36’1.00

2‘U)0

3
a
- =1

P +

4. (3.136)

where the dots (---) denote terms of higher order. Substituting the above into equa-

tion (3.133) and subtracting the initial total normal force Ny (3.126), we obtain the
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linearised normal force-displacement relationship as

—_— 2(RW0)1/2

o = =—2—bu. (3.137)

3.6.2 Tangential Forces

The tangential incremental forces may be linearised as follows. As an example we
consider the stable cycle of slip arising from section (3.4.2) in which no sliding occurred
originally followed by further slip. The radii a, b, c_, etc. are given by equations (3.29),

(3.95) and (3.82) in terms of the increments éuy and dw, as

Q
w

6’(1)0

ap Wo
e, Sug + ( ) Jowg
- 1- 3.139
7 20+ (20) fu, (3.139)
b? dwo — 6w0 B
a = 1+ 5w, GBT0)fw (6u0 + bug). (3.140)

We write the cubed radii in terms of the known squared values and expand the above

expressions to first order in dwy or duy to obtain

S
w

2y 3/2
) LN (3.141)

a
2
0 2100

a

1w 9
ow

*

o Tue 12 (1) fun (3.142)

)3/2_ 3(6wy — 6w}) 3B
2

)

<
w ©

_ Suo + 6ul) + -+ (3.143
4w, S2B+ C) fuy St + %) -+ (3.143)

(
¢, _ (3) B _36u0+3( )f6w0+
(@

3]
ow

where the dots (- - -) denote higher order terms. Substituting the above linearised values
into the total force expression (3.128), and making use of the relationships (3.48), we

obtain the linearised incremental force as

>
o

— 2rad 6 . 3fows
R {—7r2R(2B+C)’w0 ($uo + 843) — 5 B

2f 4uy 36ul + 3 ( ) féw
* (’TZRB " rzR(2B+0)wo) ( 2uo + 2 (22£) fuw, )} (3.144)
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This same result may be obtained for phase 6 and 7 of the same cycle and also from

the results of section (3.4.1) in which no further slip occurred.

Now consider the cases in which sliding occurred originaliy. Sections (3.4.3) and (3.4.4)
give the stable cycles for no further slip and further slip respectively and the total force
is given by equation (3.132). Expanding the radii to first order gives the linearised force,

in both cases of further slip or no further slip, as

3
= _ 2ma

0P

6 3/ 8wy } . (3.145)

3 {_ TTREB 1 C)wy 0% T 8%0) ~ g E

Examining the above equations it can be seen that the coefficients of §u, are the same
in each case, the other terms being constant. Therefore we may regard the above
equations as equivalent force-displacement relationships, each displaced from the others
by a constant amount. The incremental tangential force may be written in terms of the

tangential displacement as

5 _ 4(R’UJ0)1/2
P = - oprg (3.146)

and the incremental normal force we recall is given by

- 2(R’U)0)1/26

6N = == —buo. (3.147)

It is sufficient to consider the increments (3.146) and (3.147) regardless of whether or
not sliding originally took place, and therefore the eventual linearised stable cycles may

be regarded as independent of the initial state.

We also note that, to first order, there is no frictional energy loss during a cycle and
consequently the incremental motion dissipates no energy.
3.7 Extension to Three-Dimensions

For the two-dimensional problems considered so far, the incremental displacement of the

lower sphere of amount (§ug,0, —8w,) is always in the same plane as the initial displace-

3.7. EXTENSION TO THREE-DIMENSIONS 100



CHAPTER 3 THE OBLIQUE CONTACT oF Two ELASTIC SPHERES WITH FRICTION

ment (uo,0,—wp). The general three-dimensional problem would have an initial dis-
placement of (ug, vy, —wy) followed by an incremental displacement of (8ug, §vg, —6wy).
However, without loss of generality, we may take the increment to be (6ug,0, —éwy),

the y-component being zero.

Following the method used to find the initial force constant (3.15), we find the initial

force distributions in the z- and y-directions respectively as

4u0

_ 2 .2\1/2
Po(r) = T2R(2B + C)w, (2 =17
4v
QO(T) = - 7r2R(2B :_ C)wo (a’(z) - T2)1/2' (3'148)

The normal force remains as Np in equation (3.11). The magnitude of the tangential

force is \/PZ + Q3% and the condition for no slip may be written as

VI + Q5 < fNo (3.149)

which is satisfied when

z 2B

z z 2B+ C

&+&5( + )f. (3.150)
Wy Wy

As was seen in the two-dimensional case, this condition is independent of position on the
contact area meaning that if slip does occur it will be in the form of sliding. Therefore,

when the condition (3.149) is violated, the sliding solution may be calculated as

2f Uo 2 271/2
P = — —
o(r) T2RB \/uZ + v2 (ao—17)
Qo(r) = 2/ (a2 — r?)!2, (3.151)

TTIRB \Juf + 03

with the normal force distribution remaining as in equation (3.11).

Consider now the incremental deformation (éug,0,—6wo) which is purely in the z-
direction. If slip were to occur at any point on the contact area, Admontons’ Law

would require
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(P+6P) + (Q + 6Q)% = f*(N + 6N)? (3.152)

at that point. However, it is not possible to obtain analytic solutions of the analogous
form to those for the two-dimensional case by matching displacement terms in the slip
and stick regions because any solution obtained in this way will violate the condition

that slip opposes the direction of the force causing it.

In the two-dimensional case, we saw that the eventual linearised cycles were independent
of the initial state and therefore it is reasonable to assume that in the three-dimensional
case we will eventually reach a stable cycle of slip or stick similar to those we have
already seen. Therefore, if we assume that the stable cycle has been established we
must represent the force distributions on the contact area as a combination of unknown
fixed forces P(r) in the tangential z-direction and Q(r) in the tangential y-direction,

together with oscillating forces.

3.7.1 A 3D Stick Cycle

When the stable cycle established is a stick cycle, such as those seen in sections (3.4.1)

and (3.4.4), the form of force distribution during both loading and unloading phases is

P(r) 4 Ky(a? — r2)Y2 4 Ky(a?, — )2 | 0<r<a_,

Ki(a? — r2)1/2 ,a_, <r<a.

P+oP =

Q+6Q = 0. (3.153)

This gives rise to displacements on 0 < r < a_, of

2
uo(z,y) = U(z,y) + dug + duo + %(ZB +C){K,a® + K,yd®,}

2
+ %(K1 + K3) {(4B + C)2® + (4B + 3C)y?}

L

v(z,y) = P(z,y)+ 5 K, + K,)Czy (3.154)

where 4, (z,y) and 9, (2, y) are the displacements due to the unknown force distributions

P(r) and Q(r). Stick occurs everywhere on the contact area and so the displacements
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u, and v, must be constant. Equating the displacements at the beginning, the end and
an intermediate point on this unloading cycle and solving for K; and K,, we obtain
the same values as in equations (3.47) and (3.119). Since no slip has taken place, this

loading is reversible thus establishing a stable stick cycle.

3.7.2 A 3D Slip Cycle

During a stable slip cycle, such as those seen in sections (3.4.2) and (3.4.3) a radius
of slip ¢ oscillates between a fixed value and the contact area radius a. The force

distribution during the unloading phases of the cycle will be

P(r)+ K{(@ = )2 4 Ky(e? = 12)/2 0

Ki(a® - r?)1/? , €

IA
.
IA
o

P+ 6P =

IA
ﬂ
IA
3]

Q+6Q = O (3.155)

giving displacements on 0 < r < ¢ of

2
w(2,9) = G(2,9)+8u+ (2B +C) {Kia® + Kye?)
71.2
16

2
v (z,y) = 0.(z,y)+ Z;—(K{ + K3)Cuzy. (3.156)

+ — (K} + K3) {(4B + C)z* + (4B + 3C)y*}

The slip condition on ¢ < r < a requires a value for K of

2f

K| == (3.157)
giving K as
2f
sl
K, = —RE’ (3.158)

During the reloading phase the force distribution will be of the form
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P(r) 4+ K (a® — )2 + Ky(2, — )2 4 K3(b2 = 72)V2 [ 0<r<c_,

P+6P = (Ky(a® - )% + Ky(b — r%)"/? e ST<h
Ky(a? — r?)1/2 ,b<r<a
Q+6Q = Q (3.159)

with displacements

2

ur(z,y) = ﬁ,(x,y)+6uo+%(23+C) {K,a? + Kqc?, + K3b?)

T2

16
2

v(z,y) = f),(x,y)+£8—(K1+K2+K3)Ca:y. (3.160)

The slip condition on b < r < a gives

2f

B=-gpp

(3.161)

Equating these displacements at each end of these loading cycles with the displace-
ments at an intermediate point gives values for K;, K, and K3 the same as those in
section (3.4.3). Similary, we obtain the force constants for the varying terms of the

stable cycle established in section (3.4.2).

An identical linearisation process as seen in section (3.6) for the two-dimensional cases
may be applied to the above cycles to obtain the incremental tangential forces gener-

alised to three-dimensions as

— 4(Rwg)?
0P = —TeBto)™
- 4(R’UJ0)1/2

and the incremental normal force we recall is given by

—_— 2(RW0)1/2

6N = == —bu. (3.163)

3.7. A 3D SLIP CYCLE 104



Chapter 4

Wave Propagation in Cubic

Packings

4.1 Introduction

This chapter considers wave propagation within a cubic packing of identical elastic
spheres. A cubic packing is one of the simplest types of regular packings; each sphere
may be thought of as being contained within a cube of side 2R where R is the sphere
radius. The spheres are packed in an array such that each cube is face to face with
its six nearest neighbours to form a cubic lattice, therefore each sphere has six point

contacts. A small section of a cubic packing is shown in figure 4-1.

Obviously, any regular packing is a rather idealised model of a real granular media such
as an ocean sediment, but there are several good reasons why such a model should be
considered. The geometry of regular packings is easier to work with than the complex
structure of a random packing and regular packings also exhibit many of the qualitative
properties of random packings. For example, Kendall [38] considers the elastic properties
of a variety of regular sphere packings, each of different packing densities. The required
elastic modulus of a random packing is then estimated by interpolation of a plot of elastic
modulus against packing density. Walton [64] and [65] considered a fluid saturated cubic
packing as a simple model of an ocean sediment and discussed some of the qualitative
properties of such a model. Duffy [25] examined the stress-strain relationships for a

regular hexagonal close-packed array of elastic spheres.
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Figure 4-1: A section from a cubic packing

The work presented here considers elastic wave speeds within the cubic packing and
derives conditions for propagation on the wave frequency. As usual, the sphere material
is homogeneous, elastically isotropic and all deformations are taken to be small enough
for linear elasticity and Hertz theory to apply. A finite and non-zero coefficient of friction
exists between any two spheres and the results of chapter 3 will be used to describe the

interaction of individual spheres within the packing.

For simplicity, we will be considering only deformations in which the displacement of
the spheres’ centres are in the xz-plane. The packing deformation proceeds in two
stages: an initial confining strain followed by an incremental deformation. The initial
deformation is a uniaxial compression, as already seen in section (1.3.1) equation (1.92),
which confines the packing and forms contact areas between spheres initially in point
contact. A hydrostatic compression, such as that described by equation (1.90), could
also be considered but as will be seen, no frictional effects would be observed. A
uniaxial compression inclined at an angle to the coordinate axes ensures that the line of
compression between two arbitrary spheres is not generally along their lines of centres,
thereby ensuring that slip may occur between them. As was discussed in section (3.3),
two possible cases of stick or sliding arise during such a compression and each needs to be
considered separately. The average stresses for both sliding and stick combinations are
calculated. The results of section (3.3) are essentially valid for quasi-static deformations

and therefore the displacements and rotations in the initial state are treated as having
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n+1

* 0, cos B

Figure 4-2: Sphere n with four contacting neighbours

no time dependencies. Therefore, the results obtained are appropriate for low frequency

wave propagation.

The incremental problem consists of an infinitesimal deformation imposed on the initial
state. This is the dynamic part of the problem, the time-dependency being the oscil-
latory nature of the incremental displacements and rotations. The dynamic equations
of motion are analysed and the discrete nature of the packing gives rise to a system of
difference equations which are solved to determine the required propagation conditions

on the wave frequency.

4.2 The Initial State

Figure 4-2 shows sphere n of the packing surrounded by its four contacting neighbours
in the xz-plane. The axis of strain m is in the zz-plane and therefore all displacements
of the sphere centres are in the £2-plane. Also, the axes of any rotations must be in the
y-direction. It is sufficient to consider only the plane of spheres shown in figure 4-2, and
the two out of plane contacts of sphere n will suffer no relative motion between them.
The spheres above and below sphere n are labelled n —1 and »n + 1 respectively. To the

"

left is sphere n' and to the right is sphere n".
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Figure 4-3: Sphere n showing contact forces

In the usual notation, as used in section (1.3.1), the centre of sphere n is initially at
position vector X(®) and undergoes a displacement u(®) in the zz-plane only. The sphere
also undergoes a rotation (™) about the axis e, passing through the centre X(). The
unit vectors I®™) joining the centres of two contacting spheres are defined in the usual

way by

X (™) _ x(m)

trm) —
2R

(4.1)

where m takes values n — 1, n + 1, »’ and n"”. Because of the regular nature of the

packing, I®™) can take one of four possible values: +e; or +e;.

The force exerted on sphere n by sphere m across the contact area is denoted by F(*™),
Each sphere has four contact areas with corresponding forces F(»»+1) F(nn-1) F(nn)

and F(*"),

The problem described has certain symmetries which may be made use of. Rotating
figure 4-2 through 180° results in an identical problem to the one we are considering,
and therefore the magnitudes of the top and bottom normal and tangential forces must
be equal and in opposite directions. The same applies to the two side forces resulting

in the relationships

NT = NB, ?T = —P_B a,nd WL = N‘R, _P.L = ?—R (4'2)
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where N denotes the total normal force, P the total tangential force and the subscripts
L, R and T, B refer to the left, right and top, bottom contacts respectively. In vector

notation this is

F(n,n+1) — _F(n,n—l) and F(m’l') — _F(""”)_ (43)

By the same symmetries, the top and bottom contacts will either both stick or both
slide. The same applies to the two side contacts. We also note that the rotation of each

sphere must be equal, that is

Q™ = Q™ = Qe, (4.4)
for all values of n and m.

The normal and tangential contact forces are shown in figure 4-3. Since the sphere
must be in linear and rotational equilibrium and considering the relationships (4.2), we
deduce that

]—V-T = WB, NL = NR and FT = 753 = ?L = -FR. (45)

The values of the above forces will be calculated in terms of the confining strain in

sections (4.2.1) and (4.2.2).

The confining uniaxial strain, indicated by the arrows in the direction of the axis of
strain m, is inclined to the vertical at an angle ¢. The strain tensor for this type of
deformation is represented as

e;; = em;m; (4.6)

where the axis of symmetry for this uniaxial strain is given by

m = (sin ¢, 0, cos ¢). (4.7)
The displacement of the centre of each sphere is consistent with the applied uniform

strain (1.86), that is

UEn) = emgij}"). (48)

4.2. THE INITIAL STATE 109



CHAPTER 4 WAVE PROPAGATION IN CUBIC PACKINGS

€3

€;

Figure 4-4: The vertical contact problem

The displacement of sphere n relative to sphere m may now be written, using equa-

tion (4.1), in terms of the unit vector I"™) as

u’(m) _ u‘(n) = em;m; (Xj(m) _ Xj(n))

= —QeRm,-mj]}nm). (49)

When the confining strain is applied, spheres initially in point contact will be pressed
together to form a contact area. As described in chapter 3, the spheres will either
stick together during this deformation or sliding will occur over the entire contact area,
depending on the angle of compression. Four contact problems may be identified from
figure 4-2 when considering the central sphere n. Because of the symmetries previously
mentioned, it is sufficient to consider only the lower and left contacts. We will refer to
the problem of sphere 7 in contact with the left sphere n’ as the horizontal problem and
similarly, the contact between sphere n and the lower sphere n+ 1 will be referred to as
the vertical problem. For each of these problems, we must also consider the two cases

of the contact area sticking or sliding.

4.2.1 The Vertical Problem

Here we consider the problem of the n-th sphere in contact with the lower or (n + 1)-th
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sphere as shown in figure 4-4. The unit vector in the direction of the line joining the

two centres is given by

I("ntl) = ey (4.10)

and the rotation of each sphere is of the form

Q) = Qrle,, (4.11)

The relative displacement of the two spheres becomes

u™) — 4 = _2Rem;m;4 (4.12)

K]

and the compression in the normal direction is

wi" ) = —eRm2. (4.13)

We now derive the expressions for the force vector between the spheres in the two cases

of sliding or sticking on the contact area.

Stick on Contact Area: ug/wo < (2B+ C)f/2B

Recall from section (3.5) that, during a deformation in which the contact areas stick
together, the total normal and tangential forces acting on the lower contact are, respec-

tively,

31/2 . 1/2
4(Rw0) and PB _ 8’(1.0 (R’U)o)

Ne=—=Tp 37(2B+C)

(4.14)

where B and C are elastic moduli given in terms of the Lamé moduli by equation (1.7),

and (ug,0,wp) is the displacement of the sphere centres relative to the point of first

contact O. For ease of notation we have written wo and u, instead of w{™"*") and

uf,"'"H) but it is important to note that these compressions depend on which contact

problem we are considering. The force vector is derived by combining the above forces

and the displacement of the contact area, as seen in section (1.3.1), to obtain

4(ng)1/21(n,n+1) i

F(n,n+1)
37B 3r(2B + C)

S(Rw0)1/2 {l( (n41) _ u(n))

2
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+ () 4 @) A RICAHY — on("'"“)} - (419)

N

Substituting equations (4.10), (4.11), (4.12) and (4.13) into the above, we obtain the

t-th component of the force vector as

8R2 ms

4R*m3
3r(2B+C)

= (—€)® %63 +

F_(n,n+1)
: 3t B

—e) 2 {—em;ms + Q6;1 + em26;3) .
3
(4.16)

Sliding on Contact Area: ug/wy > (2B+ C)f/2B

In chapter 3, we saw that if the calculated tangential force exceeds the coeflicient of
friction times the normal force, then sliding occurs over the entire contact area and the
tangential component of the force (4.14) no longer holds. Instead, the tangential force
is equal to the coefficient of friction times the normal force, in this case Pg = fNg. By

considering the forces (4.14) we see that Pg > fNp whenever

(n,n+1)
ug 2B+ C )
4.1
and when this is satisfied, the normal and tangential forces are, respectively,
v _ HRw)? 5 _ v _ Af(Rw))'/?
NB——?”'TT and PB—fNB—W—-. (418)

In the same way as before we construct the force vector between the two sliding spheres

Flrntl) _ 4(ng)1/2 { T(rn+1)
3rB

(u(n+1) _ u(n)) + %(Q(’H'l) + Q(n)) A I(n,n+1) _ ,wOI(n,n+1)
(u(n+1) _ u(n)) + .;_(Q(n+1) + Q(n)) A I(nin+l) wol(n,n+1)l . (419)

Substituting equations (4.10), (4.11), (4.12) and (4.13) into the above, we obtain

nn 4R2 3
Bt = S s |

—em;ma + Qéil + €m§6i3] }

4.2
Q—emymgs (4.20)
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€3

€

Figure 4-5: The horizontal contact problem

4.2.2 The Horizontal Problem

The next problem to be considered is the contact between the n-th sphere and the left

or n'/-th sphere as shown in figure 4-5. Again we have rotations of the form

Q™ = Qe, (4.21)

and the vector joining the two centres is

") = g,. (4.22)

The relative displacement of the two centres is

'u,gn’) - ufn) = —2Rem,;m1 (423)

and the normal compression is given by

w™) = —eRm?. (4.24)

Stick on Contact Area: uo/wo < (2B+ C)f/2B

The total normal and tangential forces on the left-most contact area are, respectively,

4 3\1/2 . 1/2
_%?QB)__ and Py = 8uo(Rw,)™/* (4.25)

Ne= 37 (2B 1 C)

which are the same as the forces (4.14) except that u, and w, now refer to u(()""l)

and w((,""’) respectively. Similarly we calculate the force vector between the two spheres

as

4.2. THE HORIZONTAL PROBLEM 113



CHAPTER 4 WAVE ProPAGATION IN CUBIC PACKINGS

, ARWIV? o 8(Rw)? (1,
pony = HEw) T __{_ (n') _ g
37B teEro) 2 )
+ %(n(”” + Q™) A RIC™) — w01<""’)} (4.26)

which, in index notation, may be written

nn' 4R2m 8R2m
'Fz( ) = 371,31 ( 6)3/25z1 + m(_e)l/z {—em,-ml — Qb;3 + em?‘sil} .
(4.27)
Sliding on Contact Area: ug/wo > (2B+ C)f/2B
Sliding will occur on the left contact when
(nn')
ug (2B + C)
~ > 4.28
and the total normal and tangential forces are, respectively,
— _ 4(Rud)!/? = — _ 4f(Ru))'/?
NL—W and PL—fNL—'gm_—B. (429)
The force vector on the left contact is
' 4(R’UJ3)1/2 ]
pony A Bwy) 7 { Jnn')
3B
n %(u(n') —u) + %(Q("') + QM) A T g I(n7) (4.30)
|%(u("’) —u) + %(Q(n’) + QM) A T(n) — wOI(nn')l

which may be written in index notation as

(nn')  _ 4R?m3 \3/2 {& [—em,-ml - Q5,~3+emf5i1]} 431
F = T31B (—e) an+f o ip— . (4.31)

4.2.3 Sphere Equilibrium

Now that we have derived the required force vectors for all necessary sphere configura-

tions and cases of stick or sliding, we require that they are of a form which guarantees
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equilibrium of individual spheres. To achieve this, the following conditions of linear and

rotational equilibrium must be satisfied

F(n,n+1)+F(n,n—1)+F(nn')+F(nn”) = 0 (432)

Funt)) o Jintd) L pon) A pien) - = g, (4.33)

Condition (4.32) is clearly satisfied since we have already deduced that

Frntl) — _F(n,n—l) and F(ﬂ"l) — _F(”"“)_ (434)

In writing the condition (4.33) we have also made use of these relationships in the form

Fnt) A (004D — pOtin) A [0400) - apd RO A IO = PO A T (4,35)

For rotational equilibrium, we must choose an appropriate value for £ such that con-
dition (4.33) is satisfied. Obviously the forces will depend on whether stick or sliding
occurs on the contacts and this in turn will affect the value of Q. Therefore, we must

determine € in each of the following three cases.

Stick on Bottom, Stick on Sides

At first we will assume that stick occurs on all contacts and subsequently derive condi-
tions for this assumption to break down. The moments of each force about the centre

of sphere n are

(n,n+1) (n,n+1) 8R*mg 1/2
[F ! A RIV ] = m(—e) {em1m36,~2 - 9(552} (436)

on the bottom, and

nn' nn' 8R*m
[F( ) A RY( )]i = m(—e)l/z {—emym3d;5 — N6;2} (4.37)

on the side. Substituting these moments into the condition (4.33) and rearranging, we
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find that the required value of Q2 is

mz — my
Q= == : 4.38
(m3+m1) mymase ( )

Substituting back into the force vectors (4.16) and (4.20), we find that the components

of the force vector are

' 16 R*m3mi(—e)®/?

F(n,n+1) — F(nn ) — — ? — F
! 3 3r(2B+C)(my+ms) - T
an 4R*m2(—e)3/2
an’ 4R*m3(—e)3?
F) o = ——317(55—)—-——:NL. (4.39)

We now examine how this state in which all the contacts stick may give rise to contact

sliding. The condition for the side contact to slide is

F3(nn')

Py
Fl(nn’)

N.

> f (4.40)

or in terms of the components of m the condition becomes

2m3 (2B + C)
> 4.41
ml(ml + m3) - 2B f ( )
and when sliding does occur, the tangential force is
FB e fWB' (4.42)
Similarly, the condition for the bottom contact to slide is
?B B F3(n,n+1)
Vil E(n—n;l—) > f (4.43)
which is equivalent to
2m? (2B +C >
> 4.44
mg(ml + m3) - 2B f ( )
with tangential force

4.2. SPHERE EQUILIBRIUM 116



CHAPTER 4 WAVE PROPAGATION IN CUBIC PACKINGS

wo T4
Sliding
Sides Sliding
Stick
Stick
Tops Sliding
Tops Sliding
Uo
/o — (1B /> (dfe)

Figure 4-6: Possible stick/slide combinations between two spheres

when sliding occurs.

Suppose now that ra3 > Then \PL/N L\ > \PB/N B\ and therefore the left contact
must slide before the bottom contact giving PL = /N L- Then noting that PB = PL,

we write

£N =2jLx NjL=M <f (4.46)
N N Np m3

showing that sliding will not occur on the upper or lower contacts. A similar argument
when mi > m3 shows that sliding will never occur on the bottom and side contacts

simultaneously.

Consider now the conditions for sliding when m3 > that is tan $< 1or 0 < 7r/4.

Then sliding will occur on the side contacts if

4.47
mi{mi + m3) > ' 1= Un 40 (4.47)

that is

2
> tan 4e. 4.48
tan £(1 + tan 49 an (4.48)

As the angle (f varies from 0 to 71/4, the value of tan ¢varies from 0 to 1 and so the
left-hand side of the above expression varies from infinity to 1 monotonically. Therefore,

if f& > 7r/4 there exists a unique value of for which
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2
tan ¢, (1+ tan ¢.)

= tan ¢, (4.49)
and sliding will occur if ¢ < ¢,.

When ¢, < m/4, then sliding occurs for all values of ¢ as shown in figure 4-6 by the
left-hand diagram.

The corresponding condition when m; > mj is

2 tan?¢
—_— 2>t .
T tan g 2 an ¢, (4.50)
or by defining ¥ = 7/2 — ¢ this becomes
2
> tan ¢, (4.51)

tan ¥ (14 tan )
and a similar argument shows that sliding occurs if ¢ < ¢., that is ¢ > 7/2 — ¢., and

if ¢. < m/4 sliding occurs for all values of ¢.

Stick on Bottom, Sliding on Sides: 2mj/[m,(m;, + m3)] > (2B + C)f/2B

When sliding occurs on the left contact and stick on the lower contact, the moment of
the sticking force is given by equation (4.36) and the moment of the sliding force (4.31)

may be calculated as

nn! nn' 4R3m3
F™) A RIC )]; =~ (e fba (4.52)

Substituting into the rotational equilibrium condition (4.33) yields a value for the rota-
tion of
3
1

Q= em1m3+em— (
m

3

2B+C)f.

o7 (4.53)

Substituting back into the force vectors (4.16) and (4.31), we find that

Fontn ey AR . 5 P
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4R mi(—e)?/?

plrntl) ~
3 - 3rB =Nz
, AR*m3(—e)3?
nn') 1 —
F = ——=.5 N;. (4.54)

Sliding on Bottom, Stick on Sides: 2m?/[m3(m, + m3)] > (2B+ C)f/2B

When the bottom and top contacts slide and the side contacts stick, the required forces
are equations (4.20) and (4.27). The same calculations as carried out in the previous

section yield a value for © of

3
my

2B+ C
Q=—emyms+ eT—n—; ( 5B ) f. (4.55)
Substituting back into the force vectors (4.16) and (4.31), we find that
n,n nn' 4R3m3 —€ 3/2 —_— —
Frm) = pir) = “—“32(3 f=P.=7s
AR3m3(—e)??
(nn+1) 3 —
£ - 3rB Ns
' 4R*m3(—e)¥?
(nn') __ 1 —
Fl —_ h— 37[‘B — NL. (4.56)
4.2.4 The Initial Stress
In section (1.3.1), we derived the average stress within a sphere packing as
2R nm nm
(05) = =57 S ER (4.57)

contacts

where V is the volume of the medium and the summation is taken over all contacts
within V. This formula is equally valid for a cubic packing but the regular geometry
makes the form of the resulting stresses much simpler. The volume of the medium is
V = NV, where N is the total number of spheres in the packing and V,, = 8R? is the
volume of an individual cube of side 2R exactly enclosing a sphere. Since each contact
is identical to the corresponding contact on any other sphere, the sum in (4.57) may be

written as N times the contribution of that contact from one sphere, that is

2R
<0ij) - _NVn

<« N {Ii(n,n—f-l)_l(—ji(n,ni-l) + Ii(n,n—l)ﬂ(n,n—l)

+ Ii(nn )F.j(nn ) + Ii(nn )_F}("" )} . (458)
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Cancelling the N’s and making use of the relationships

F(n,n+1) = _Flnn-1) and F(nn') — _F(nn")’

[+l — _j(rin-1) and 1) — _qlnn™) (4.59)
we obtain
4R nn nn nn' nn'
(o) = _7{1”'( . +1)F_‘7’( ) )F,-( )}’ (4.60)

There are two stick or sliding combinations to consider, as below.

Stick on Bottom, Stick on Sides

When all the contacts stick, the relevant forces are (4.16) and (4.27). Substituting into

equation (4.57) gives the average stress components as

_2m3(=e)?

(o) = 3B
(022) = 0 /
2m3(—e)?/?
(012) = (021) = (023) = (032) = O
(o) = (03) = - SmimAC-e¥? (4.61)
3n(2B + C)(my + m3)

The component of the force per unit area acting in the direction of m on a plane

perpendicular to m may be calculated in terms of the average stress as

F = (0',']') m;m; (462)
which evaluates to
_ 2(_6)3/2 5 m?mg 5

This force, shown in figure 4-2, is the applied confining force. The lateral force acting

perpendicular to m may be interpreted as the restraining force.
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Sliding on Bottom, Stick on Sides: 2m?/[ma(m; + m3)] > (2B+ C)f/2B

Similarly, the forces (4.20) and (4.31) substituted into (4.57) yields stress components

| _omie
ou) = ——55
(022) = 0
o
(om) = ~—5r5
(012) = (021) = (023) = (032) = 0
_2mi(—e)rf

= = 4.64
(013) = (031) 378 (4.64)
The force (4.62) is given by
2(=€)®? 4 5
F= ——371_—3—— [m1+2fm1m3+m3] . (4.65)
Stick on Bottom, Sliding on Sides: 2m2/[m;(m, + m3)] > (2B+ C)f/2B
When sliding occurs on the side contacts, the average stress is calculated as
2m3 —e 3/2
<0’22> =0
2m3 —e 3/2
(012) = (021) = (023) = (032) = O
2m3(—e)3/2
(013) = (o) = —3§m B) ! (4.66)
with confining force
2(—6)3/2

4.3 The Incremental Problem

The incremental problem is imposed on the initial state and takes the form of an extra
displacement §u(™® of the centre of each sphere. As was the case in the initial state, for

simplicity all displacements are taken to be in the zz-plane and the incremental rotation
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is of the form

6w = fwMe,. (4.68)

The incremental displacement and rotation are assumed to depend on time t purely
through the factor e~i!, Because of this time-dependence, the symmetry of the initial
state is lost. However, because we will be seeking only waves travelling vertically down
the packing, we may make the simplification that each sphere in the same row suffers

the same displacement and undergoes the same rotation; that is
su™ = 6u™)  and  fw™ = fw™). (4.69)

As was shown in chapter 3, the total incremental forces are

—  2(Rwo)V? —  4(Rwo)'/?

6N = B 5'!1)0 and 6P = '1r—(2'-§+—c,)'6u0 (470)

where (duo, 0, dw,) is the relative displacement of the centres of the two spheres. The
above incremental forces are to first order and are valid for infinitesimal values of dug
and éw,. As considered in section (3.6), partial slip and counterslip occurs in the
incremental problem but friction, being a higher order effect, does not appear in the
incremental forces. Hence we do not need to distinguish between the cases of slip or

stick in the following two problems.

4.3.1 The Incremental Vertical Problem

The incremental force vector may be derived in the same fashion as the force vector
in the initial state. Combining the above incremental forces with the contact area

displacements yields the force vector on the lower contact as

(Rwg)t/?

6F(nrn+1) PR A
1B(2B + C)

{QB [5u(n+1) _ 611(") + (5w(n+1) + 6w(n)) A RI(n,n+1)]

+C [(6u™) — gul) 1] 0L (g 7)

Substituting the unit vector for the vertical problem (4.10) and the initial compres-

sion (4.13) into the above, we obtain
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Rm3(—

_(n,n+1)
oF; 7B(2B + C)

{23 [5 (n+1) _ gy, E")+R(6w("+1)+6w("))6¢1]

+C [6uf) — 6] 8is) (4.72)

Because of the dynamic nature of the incremental problem éw(®) varies with position

within the packing. Therefore, the incremental force vector on the upper contact is

(RwO

F(n,n—l)
s TtB(2B + C)

{zB[ sul) — gu™ + (6D + ™) A RI"1)]

+C [(6u®D) — fu®™) . [m-D| [rmDY - (4.73)

In index notation, with the appropriate unit vector and compression, this becomes

_o\1/2 :
SEMY = ——-—fgz;(B i) 5 {2B [suf"™ - u™) — R(8w™D) + sw™)8, |

+C [6ufr™) — 6uf] 85} (4.74)

4.3.2 The Incremental Horizontal Problem

The incremental force vector on the left hand contact is

1 1/2 ! 7
6F(nn ) = ;—é'}(%u%_*_—c— {2B [6u(" 6u(") + (6(.0(” ) + 6(-0(")) A RI(nn )]

[~ u) e ) (a75)

The unit vector I®*) is given by (4.22), the compression wy is given by (4.24) and the

above force becomes

_é]:Rzml(—e)l/2

(nn")
oF; (2B + C)

bw™ 65 (4.76)

and similarly, the force on the right-hand contact is

4R my (—e)t/?

(nn'")
OF; T(2B 1 C)

6w ™§;s. (4.77)
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4.3.3 Linear Motion

Having now found all the required forces acting on the central sphere, we now consider
the equations of motion satisfied by the time dependent §u(® and éw™). Newton’s

second law requires that

5F(n,n+1) + 6F(n,n—1) + 6F(nn') + 6F(nn“) — gﬂ-R3p6ﬁ(”) (478)

where p is the density of the sphere material. The side forces §F(™") and §F™"") cancel

since equations (4.76) and (4.77) show that one is minus the other.

The displacements §u(®) and the rotations §w( depend on time t purely through the
factor e~**! where w is a wave frequency. Thus second derivatives of these quantities

are of the forms

§i™ = —wu™  and 6B = —w2bw™. (4.79)

Then the equation resulting from (4.78) is

R(—e€)"*ms (1) _ g5, 1 gplntD) (n+1) _ go(n=1)
n n n— 4 n
+C [ouf) - 26uf) + 6u{Y) 6} = — ST pugul. (4.80)

Taking ¢ = 1 we obtain
3(—e)?ma(6u"™ + sul" V) + 2 [7r2(2B + C)R*pu’® — 3(—6)1/2m3] sul™
+ 3R(—€)?m3 (6w D) — fw*~V) = 0. (4.81)
Taking ¢ = 2 yields no useful information and taking i = 3 results in the equation
3(—e)’mabultM + 2 [27r2BRz,ow2 - 3m3(—e)1/2] sul™
+3(—e)?mabul® " = 0. (4.82)

Equations (4.81) and (4.82) are difference equations involving unknowns éu;, uz and dw.
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Note that equation (4.82) for duz may be solved alone without the need for further
equations. This is due to the decoupling of the problem into normal and tangential
systems. To obtain the extra tangential equation necessary to solve (4.81) for éu,;

and 6w, we now consider the equations of rotational motion.

4.3.4 Rotational Motion

The angular acceleration satisfies

6F(n,n+1) A RI(n,n+1) +6F(n,n—1) A RI(n,n—l)

+ 6F(™) A RIC™) 4 6FC) A RI®™) = 186 (4.83)

where I = 8mpR®/15 is the moment of inertia of a solid sphere about its centre.

The moments of the incremental forces are, on the upper and lower contacts,

2R?my(—e)!/?
(n,n+1) (n,n+1) _ 3 B (_ﬂv+1) _ (n)
[6F A RIPm] = —GBTC) {eiss (60§ sul™)
~ Rbip(80™+) + sw™)}
2 _\1/2
[5F(n’n_1) A RI("’n_l)] = —*—2}2 m3( 6) {Egjs(é’uén_‘l) —_ 6U§n))

i T(2B+ C)
+ RB(80 ) 4 60™) ) (4.84)

and on the side contacts

1 ’ " 1" 3 - 1/2
SF) A RI(™ )]. — [5F(nn ) A RI("" )] — Méw(n)&z_ (4.85)

i~ 1(2B+0)

Substituting into equation (4.83) yields the required difference equation

15(—€)*/?ms {6,-]-3(615(-"“) ~ 6u{* ™) — R(w™H) + 26w™ 4 6w("’1))6,-2}

—60R(—€)/2m6w™6;y = —47%(2B 4+ C)R3pu 26w ™6y,  (4.86)
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4.3.5 The Wave Solution

We now have a complete system of difference equations: (4.81), (4.82) and (4.86). To

solve them, we make the following trial solutions

dw™ = fw gre! (4.87)
sul® = fuy z"em (4.88)
sul = fus a"emi (4.89)

where z is a complex number of the form

= cos @+ sin 6. (4.90)

r=c¢e

Substituting the trial solutions into the difference equations results in the following

system of equations

—15Rmg(—e)!/*(z + 271)éw
+2 [272(2B + C) B%pw? — 15R(ms + 2ma)(—€)'/?] éw
- 15m3(—e)1/2(z -z Ny, = 0
3ms(—€)'/2(z + 27 )8u; + 2 [1?(2B + C) R*pu? — 3ms(—e)'/?] buy
+ 3Rms(—e)'*(z -z éw = 0
3mg(—€)/*(z+27") +2 [27r"'BJ!»32pw2 - 3m3(—e)1/2] .

(4.91)

The third equation of this system may be solved alone: noting that

z+z7 ! = 2cos ¥

z—2"!' = 2isin6 (4.92)

we obtain
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2n2BR?puw?
cosf=1-— m/—z (493)
This determines the required value of z giving the solution as
§uS) = Suz exp [—i(wt — nb)]. (4.94)
For wave-type solutions of this form we require that
~1<cosf<1. (4.95)

Values of cos @ outside this range would result in real values of z and exponential type
solutions for the difference equation. Physically, this corresponds to total reflection
of the wave. Considering cos § < 1 gives the trivial condition w? > 0. Considering
cos 6 > —1 gives the condition

3ma(—e)l/?
2 ﬁpﬁ— = &)g. (4.96)

We can compare this solution with a plane-wave of the form

exp [tk(2z — ct)] (4.97)

where k£ is the wave-number, ¢ is the wave speed and z is the spatial coordinate in the
direction of propagation. For a cubic packing with a wave propagating in the vertical
direction the vertical distance z is given in terms of the central column sphere number n
as z = 2Rn. Matching terms in the above two waves (4.94) and (4.97), we identify the

wave speed as

2Rw
c=—.

- (4.98)

Equation (4.93) may now be re-written to relate the wave speed ¢ to the frequency w,
as the dispersion relation
R 2BR?puw?
s (B = A

=) = 3mae (4.99)

Figures 4-7, 4-8, 4-9 and 4-10 show plots of this relationship with dimensionless fre-

quency against dimensionless wave speed where
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2 p2
s T BR’p
The range of @ plotted in each figure is from 8 = 0 to § = 37, giving the three loops
shown. Extending the range of  would result in more of these loops, each smaller than

and below the previous one. Thus an infinite number of wave speeds may be found for

any value of w satisfying the condition (4.96).

The values of w; can be picked out from the plots as the point at which each loop of
the graph turns back on itself. Beyond this point, there are no real values of the wave

speed ¢ corresponding to each w.

The same method applied to the remaining two equations of the system (4.91) yields

af + 180m3Re

= 1
s 0 = S o) PPma(5ak — ) (4101)
where o and § depend on w through the relationships
a = 2[r*(2B+ C)R*p? - 3ms(—e)'/?| (4.102)
B = 2[2r*(2B + C)R%pw?® — 15(€)/?R(ms + 2m,))] . (4.103)
The dispersion relation obtained from (4.101) is
. o [ Rw —7%(2B + C)?R*p*w* + 15(—e)Y/2(m; + m3)7%(2B + C) R?puw?
sin” [ — | = (4.104)
c 9(—e)/?mam2(2B + C)R?*pw? 4 90(—e)mims
which may also be written as
. o (Rw —Ww* + 15W?(m, + m3)w?
=)= 4.1
st ( c ) Ims(W2w? + 10m,) (4.105)
where
2(9B 2
we o 2B+ O R (4.106)

PRk

Solving cos 8 = 1 for w? gives
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2 15(—€)'/%(my + ms)

= 4.1
“IT @B +C)R%p (4107
Therefore the condition cos # < 1 requires that
15(—€)/?(m, + m3)
< = w;j. .
2B + C)Fop w; (4.108)
When considering cos # > —1, two roots for w? occur
B | Gl i {2ms + 5my £ (2ms — 5my)} (4.109)
t T or2(2B+C)R2p V7 ! 3 ! '
which gives
6(—e)/?ms 15(—e)'/?m,
2 _ 2 _
wy = 7228 + C) ko and w? = 7228 + C)R%p’ (4.110)

These two roots coincide when 2m3 = 5m,, and therefore w, > w_ when 2mgz > 5m;.
Similarly, w; < w_ when 2m3 < 5m,;. Comparing with w? as calculated above, we
may write

2

wl = gwi +w? (4.111)

from which we may deduce that w; > w_ and w; > w,. Considering the above conditions

and inequalities we arrive at the following conditions on w:

(1) When w; > w_ (2m3 > 5m,)

15(—e)'/2m, 6ma(—e)!/? 15(—€)'/2(my + m3)
<w?< <w?i< ;
0w < orBrORy & PEBLOR» =Y S mRB+O)Rp

(2) When w; < w_ (2m3 < 5m,)

0 < w?< 6ms(—e)'/? 15(—e)/2m, P < 15(—€)/?(my + m3)

ST(2B+C)Rp O m2B+C)R%p - = T m(@B+C)Rp

(3) When w; =w_ (2m3 = 5m,)

15(—€)}%(m; + ms)

<w?<
0w S —nEBT ORY
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These conditions give the ranges of w for which waves may propagate through the
packing. Values of w outside these ranges mean that the solutions obtained are of the
exponential type associated with real roots; these solutions decay rapidly with depth
and physically represent total reflection of the wave. The first two conditions relate to
the displacement du; and the rotation éw representing a shear wave. A compressional
wave having displacements of amplitude duz propagates when the third condition is

satisfied.

Figures 4-11 and 4-12 plot the shear wave dispersion relation (4.105) when ¢ is 0 or 7/12
respectively. The roots w, and w_ coincide when ¢ = tan~'(2/5) and this case is plotted
in figure 4-13. Further plots are shown in figures 4-14, 4-15 and 4-16 for values of ¢
being /6, m/3 and 97 /20 respectively.

In each plot, the range of 8 is from § = 0 to § = 37. Again, there are an infinite number

of wave speeds for each w within the valid frequency ranges.

The effect of friction may be examined by rearranging equation (4.65) to obtain

—3rBF\'/3 _
(—e)'/? = (—2—) [m + 2fmymé +m3] 2. (4.112)

As previously mentioned, friction is a higher order effect and does not appear in the force
equations (4.70) for the incremental state. However, friction does appear in the disper-
sion relations (4.99) and (4.105) through the initial confining strain e: equation (4.65)
may be substituted into the dispersion relations to give the wave speeds in terms of
the frequency and the coefficient of friction. Equation (4.112) is for the case of sliding
occurring on the top and bottom contacts with stick on the sides. Similar equations
may be obtained for stick on the top and bottom contacts with sliding on the sides, or
stick on all contacts. When all contacts stick, the coefficient of friction will not appear

in the equations.
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Figure 4-7: A plot of dimensionless frequency against wave speed, (>= 0
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Figure 4-8: A4 plot of dimensionless frequency against wave speed, = 1/6
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Figure 4-9: A4 plot of dimensionless frequency against wave speed, (= /3
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Figure 4-10: 4 plot of dimensionless frequency against wave speed, = 97t/20
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Figure 4-11: A plot of dimensionless frequency against wave speed, §>= 0
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Figure 4-12: A plot of dimensionless frequency against wave speed, (>= ir/12
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Figure 4-13: A plot of dimensionless frequency against wave speed, = tan 1(2/5)
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Figure 4-14: A plot of dimensionless frequency against wave speed, = ir/6
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Figure 4-15: A plot of dimensionless frequency against wave speed, = /3
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Figure 4-16: A plot of dimensionless frequency against wave speed, (fj = 97120
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Chapter 5

A Random Packing of Spheres

with Frictional Contacts

5.1 Introduction

We now turn attention to the effects of inter-granular friction within random packings
of spheres. The motivation behind studying the oblique contact of two spheres with a
finite value of the coefficient of friction, seen in chapter 3, was to provide the contact
laws required in this chapter. Our aim is to predict the effective elastic moduli of the
packing and in doing so, the oblique contact problem and the study of the inter-granular

contact play important roles in determining the overall properties.

The spheres or grains within the packing are made of a homogeneous and elastically
isotropic material. Each sphere is identical to the others having equal radius and elastic
moduli. The random packing is formed from a large number of such spheres, each
initially in point contact with several of its neighbours, the position vectors of the
centres being randomly and uniformly distributed over the volume occupied by the
packing. Because of the random nature of the packing geometry, it is not possible
to make many of the simplifications for the regular geometry of the cubic packing
seen in chapter 4. Instead, we make use of statistical information such as the average
number of contacts per sphere and the probability distribution of these contacts over the
sphere surfaces. An averaging scheme is defined which allows us to determine average
macroscopic quantities such as stress in terms of known statistical properties and other

microstructural information.
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Figure 5-1: The compression of two elastic spheres

The effective elastic moduli are determined, in two stages, by considering an initial state
followed by an incremental problem. To ensure that no inter-granular separation occurs
in the packing, the boundary of the medium is first subjected to an initial confining
strain. The spheres are compressed together, in general obliquely, and finite contact
areas are formed. For simplicity, we assume that no new contacts occur. As discussed
in section (3.3), two cases of stick or sliding are possible depending on the angle of
compression. The averaging scheme is constructed by examining the range of angles
for which sliding may or may not take place and performing the averaging integrals or
summations over the required ranges. The average stress of the initial state is then

determined in terms of the average strain.

A further incremental strain is imposed on the initial state and is infinitesimal in the
sense that it is much smaller than the initial strain and small enough to permit use
of the linearised force equations (3.162) and (3.163). The average incremental stress
is determined in terms of this average incremental strain, and from this the effective

elastic moduli are obtained.
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5.2 The Initial State

We start with the familiar description of the packing geometry, the centre of each sphere
being at position vector X(™ relative to some fixed origin, and each centre undergoing
displacement u® under the confining strain. The unit vector joining the centre of

sphere m to the centre of sphere n is defined as

X(n) _ X(m)

1{nm) —
2R

(5.1)

where R is the sphere radius and the initial contact point is located at position vector
(X™) 4 X (M) /2. Figure 5-1 shows the oblique compression of sphere 7 and sphere m.
The axes Ozyz are defined as the origin O being the point of first contact, the zy-plane
being the common tangent plane of the two spheres, as shown in figure 3-1, and the
z-axis being directed into the lower sphere. The centre of the upper sphere is displaced
by an amount (—wug, —vg, wp) relative to the initial contact point, while the lower sphere

undergoes an equal and opposite displacement of (ug, vo, —wp).

In chapter 2 it was shown that on average rotations will not occur in the initial state
when the confining strain is either a hydrostatic or uniaxial compression. As discussed
in chapter 4, when the initial compression is hydrostatic, described by equation (1.90),
the spheres are compressed normally and therefore no frictional effects occur. Therefore,
we will only be considering a uniaxial compression and rotations will be neglected here.
For a uniaxial compression as given by equation (1.92), the spheres are compressed
obliquely and sliding between them may occur. Then the displacement of the upper
sphere relative to the lower sphere is

m)

u™ — ™ (5.2)

and the compression of the top sphere, relative to O, is given by

wo = = (u™ — u) . 10, (5.3)

N

The confining strain e;; takes the form of a displacement imposed on the boundary of the
medium, described by equation (1.72). We make the assumption used by Walton [67],
which was also discussed in section (1.3.1), that the displacement of the centre of each

sphere is consistent with the applied uniform strain, meaning that we may write
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uf") = e,;jX}"). (5.4)

Substituting the above into (5.2) and (5.3), we obtain the relative displacement as

Ufm) — ’U,(n) = —2R€ijIj(nm) (55)

I3

and the normal displacement of the centre of each sphere is

wo = —Rep I ™), (5.6)

p

The form of strain for a hydrostatic compression is

€ = 66"]' (57)

where e < 0 for compression. When equation (5.7) is substituted into equation (5.5) we

obtain the relative displacement as

wl™ — o™ = —2Rer”™ (5.8)

which is along the line of centres of the two spheres. Consequently, all the spheres
within the packing are compressed together normally along the vectors I®™) meaning
that no sliding will occur during a hydrostatic deformation. For this reason we will be

considering just the uniaxial compression which may be written as

eij = 636i36j3 (59)
giving the relative displacement as
wl™ — uf™ = —2Res6;3I5"™ (5.10)
and the normal compression
wo = —Res I{"™2, (5.11)

To calculate the average stress in the initial state we will need to know the forces acting

on each sphere across the contact areas. There are two possible forms of contact forces:
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that in which the contact surfaces remain stuck together throughout the deformation in
the initial or original state; and that in which sliding will occur over the entire contact

area. We will refer to these two possibilities as cases A and B respectively.

5.2.1 Case A: No Sliding Originally

In chapter 3 we saw that the total contact area normal and tangential forces are given

by

3\1/2 . 1/2
4(Rw}) and Py = 8ug (Rwo)

Ny = N S
0 3rB 3r(2B + C)

(5.12)

where B and C are elastic moduli given in terms of the Lamé moduli A and g by
equation (1.7). The two contact areas remain stuck together as long as the calculated
tangential force is less than the coefficient of friction f times the normal force, that is

Py < fN,. This condition is true for uy and wy satisfying

o< ( =) - (5.13)

The force vector is constructed in the way it was in section (1.3.1) by resolving the
displacement of the contact area into normal and tangential components and combining

with the above forces to obtain

4(ng)1/2 I(nm) S(Rw0)1/2

Frm) — 7y
378 3r(2B+ C)

1
{5( (m) _ gy _ wol(nm)} . (5.14)

Making the assumption (5.4) and using equations (5.5) and (5.6) we obtain the compo-

nents of the force vector as

F(nm) 4R2(_epqlz§nm)l<§nm))3/2 Inm)
! 3rB :
SRZ(—CPqIIE"m)Iq("m))I/Z
3r(2B+ C)

{"eijI}nm) + equzgnm)fq(nm)fi(nm)} '

(5.15)

Substituting the uniaxial compression (5.9) into the above, we obtain the force vector

components as
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F(nm) B 4R2 (_63)3/2

(nm)|3 7 (nm) (nm)| r(nm), o
¢ T 3B@2B+0) {eirmpr™ + 2B ™ 6} (5.16)
5.2.2 Case B: Sliding Originally

When condition (5.13) is not true, that is u, and wq satisfy

BallALN .

sliding will occur over the entire contact area and, as shown in section (3.5), the normal
and tangential forces are respectively

o 4(Ru) S Af(RuY
No——37—r§—— and PQ—fNo——ErB— (518)

By the same method described in the previous section, we obtain the force vector for
sliding contacts as

4(Rw)\/?
(nm) _ 0
F 3B I

(5.19)

Making the substitutions (5.10) and (5.11), we find the force components under a uni-
axial compression as

AR (—e )3/2|I("m)|3 Sia — |I(nm)’1§nm)
(nm) _ 3 3 (nm) i3 3 R
‘F‘i - 3rB Ii + f (1 _ I}gnm)Z)l/z (5'20)

which we note is equal to equation (5.16) when 8 = 6, where 8 is the angle of compression
defined by

tan 6 = —> (5.21)
Wo

and 6, is the critical angle of friction for which equality occurs in the condition (5.17),
that is

2B+ C
tan()c_< 5B )f.

(5.22)
5.2.3 A Modified Averaging Scheme

We consider the averaging scheme used in section (1.3.1) which gives the average stress
as

5.2. CASE B: SLIDING ORIGINALLY
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Figure 5-2: Ranges of integration over sliding and stick regions

k>=77 E "y + (5.23)

contacts
where V' is the total volume of the medium and the summation is over all contacts m
and n. An extra consideration is that each contact may now either slide or stick de-
pending on the angle of compression and the summation must be written in a form
which distinguishes between these two possible cases. By summing over the sliding and

sticking contacts separately, it is possible to write the average stress in the form

, i(4) *i(B) *i(B)
(5.24)

R E{4(nm) (nm) n(nm) }‘|‘E / T(nmy r(nm) 1(m) n(om)\

where the first summation is over sticking contacts (case 4) only and the second is over
sliding contacts (case B) only. The forces subscripted (A) and (B) represent the sticking

and sliding forces (5.16) and (5.20) respectively.

Following the same argument as used in section (1.3.1), we now write the summations
in terms of averaged quantities. By assuming that the unit vectors 1(nm) are uniformly
distributed (that is the contact points are distributed with uniform probability over the
surface of each sphere) and since there are many spheres contained within the volume 7,

we may write the above summation as
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(05) = ~ o (B E ) + LB+ (BE g + (LE)) (5.25)

where n is the average number of contacts per sphere and N is the total number of
spheres in the volume V. The angled brackets (), denote that the average is taken
only over those values satisfying the no-sliding condition (5.13). Similarly, () denotes

that the average is taken only over those values for which sliding occurs satisfying (5.17).

In Walton [67], the definition of the averaging scheme was given in terms of the integrals
2w
()= E/ qu/ d6 () sin 6 (5.26)

in which the extra sin 6 is necessary since the surface element required when integrating
over the surface of a unit sphere is dS = sin § df d¢. Figure 5-2 shows the 8 range of
integration from 0 to 7 split into regions A and B satisfying conditions (5.13) and (5.17)

respectively. The above integral is split as follows:

(), = %/ (/ +/ ) ) sin 6 d6 (5.27)

() = — / 7 do / ) sin 6 df. (5.28)

47

This definition is repeated in appendix B together with the explicit vector averages

required later in this chapter.

5.2.4 The Initial Stress

Using equation (5.25) and the force components (5.16) and (5.20), we calculate the

initial stress as

no(—e3)®? (1
<Uij) = - 7r23 {E <|13|311I]>
1
+ 2B + C <I3|I3|I 6]3 + I3|I3II 6,3 - 2|13|3II >A
+ L —12—(15 + I;6is — 2L 1)) (5.29)
2B (1_12)1/2 j3 i3 — «d344lj 5 .

where ¢ is the sphere material volume concentration, not to be confused with the polar
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angle ¢ in the averaging scheme integral. The first term within the braces does not
have an A or B subscript since it is required to average this quantity over the entire
range of . The quantities N and V in the above have been replaced by ¢ through the

relationships

NV, 4rR:N N 3¢
i i AL ey (530)
where V,, denotes the volume of a single sphere.
Considering first the normal stresses we find that (o,;) = (03;) and that
_ n¢(—e3)3/2 1 03 2 21713 / < 13 >
(011) - - 2 B <11|I3| >— 2B+ C <I1|I3| >A - B (1 _132)1/2 B
ng(—e3)?? (1 2
(0a3) = = {E (IIs]°) + 5B+ C (1s° = |Is]°)

+ % <(1_I—i2)m(13 - I§)>B} . (531)

The trace of the stress tensor may be found by summing over i = j = 1,¢i =7 = 2

and ¢ = 7 = 3 to give

n¢(—e3)3/2.

(0kk) =2 (011) + (033> = - Ax?

(5.32)

The shear stresses are all zero due to the symmetries of the averaging scheme as discussed
in section (2.4.1). Then by rearranging equation (5.32) to obtain (o,;) and substituting

the averaged values from appendix B into equation (5.31) we find that

(U,‘j) = 0 for ) # ]
o \3/2
<U11> = (022) = _n_¢(_87§_)__ - % (033>
_ ng(-e)®? [ 1 (7m—26, sin® 4, (3 — 2 sin” 6,)
o) =~ {GB ( 32B ) I+ = %4e2B 1 0) } - (5:33)

The uniaxial displacement considered here may be interpreted as arising from the ap-

plication of a vertical compressive force of magnitude F, where
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_ _nd(—es)*? [ 1 (7r - 206) sin” 6, (3 -2 sin’ 4,)
F= (o) = ——3 g\ )/t 2428+ C) . (5.34)

5.3 The Incremental State

Recall from section (3.6) that the incremental forces due to the incremental displacement

(6ug, b6vg, b6wy) are given, in the normal direction, by

—  2(Rw)/?
and, in the tangential directions, by
—_— 4(_R'U)0)1/2 _— 4(R'U)0)1/2
—_ d = ——— v, .
dup and 6Q T2B+0) 8o (5.36)

6P =
7(2B + C)
In chapter 2 we showed that, for equilibrium of the packing, it is necessary to consider

the rotations of each sphere, denoted §w, in the incremental problem. Equation (2.22)

gives the incremental force exerted by sphere m on sphere n as

1/2
(Rwo) ; {2 B [5u(’") — fu™ 4 (™ + sw™) A RI("’“)]

(nm) _— A0/
oF 7B(2B+C
(5.37)

+C [(6u(’”) — 6u™)y . I(ﬂm)] I(ﬂfﬂ)} )

We make the same assumptions about the form of the displacements and rotations as

for the initial state that they are consistent with the applied uniform strain:

sul™ = 6ein}") and  Sw™ = §w™ = fw. (5.38)
Substituting these and the compression for the uniaxial strain e;; = e36;36;3, given by

equation (5.9), into the force vector (5.37) we obtain the components of the incremental

force as

—R2(_63)1/2|I§nm)| {4366 [(nm)
ip P

6F.(nm) —
: TB(2B +C)
+2C6e, I I™ IM™ — 4 Bey,, 00, 1™

(5.39)
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Recall from section (2.2) that in order to ensure rotational equilibrium we imposed the

condition

> 1™ A GF™ = 0 (5.40)
from which the required value of dw was determined. Section (2.4) considered the case
of an initial uniaxial compression which gave the incremental rotation vector as

6(4)1 = —%(5623, 6&)2 = %6613, 5(4)3 =0. (5.41)

5.3.1 The Incremental Stress

The average incremental stress is given by the analogue of equation (5.23) which is

(80:5) = '% Z {Ii(nm)‘sﬂ'(nm) + Ij(nm)aFi(nm)}‘ (5-42)

contacts
Here there need be no distinction between sliding and sticking since, as already men-
tioned in section (3.6), friction is a higher order effect and does not appear in the force
equations (5.35) and (5.36). Following the same procedure as for the initial stress of writ-
ing the summation as an average and substituting the force (5.37) into equation (5.42),

we obtain

3ng(—es)!/?

95) = 35BGB+C)

{2B (LI L) 855 + C (LI L | Is))] (dewr)

— 2B (equéwpqu,v|]3|)} . (543)

The rotations are given by equation (5.41) and so the above equation relates the average

incremental stress to the average incremental strain.

5.3.2 The Effective Elastic Moduli

The stress given in equation (5.43) may also be written as

(80i;) = Cijpi (Ger) (5.44)

where C7;,; are the effective elastic moduli. In chapter 2 we showed that five independent

elastic moduli are required to describe this transversely isotropic medium. By taking
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the appropriate values for ¢ and j in equation (5.43) and using the calculated rotation

vector (5.41), we obtain the elastic moduli as:

* *
Cll - C'1111

* vk
012 - C:’1122

* __ /Y% _ *
CIB - C‘1133 - C2233

* __ v
33 — 3333

* * _ *
044 - Cl313 - C2323

in which a and j are defined, as in Walton [67], by

¢n(_63)1/2

32728

and (=

3(a+20)

a—28

2(a —20)

8(a+ p)

2(a + 20) (5.45)

¢n(—63)1/2

32r2(2B + C) (5.46)

which in terms of the confining force F (5.34) may be written as

_ no (7r2F>1/3 i-{— (ﬁ—?ec)f_l_
*= 32728 \no 6B 32B

and

. ne <7r2F>1/3 1. (7r - 20,
~ 3272(2B + C)B \ n¢ 6B 328

5.3.3 Wave Speeds

sin® , (3 — 2 sin® 4,) }_1/3 (5.47)

24(2B+ C)

24(2B + C)

) £ sin’ 6 (3 =2 sin’ ac)}'”3

(5.48)

We now consider a plane wave propagating in the direction of a unit vector m. The

stresses are related to the displacement u through the relationship

—_ *
0ij = ClipUe,i

(5.49)

where the moduli C7;;, are given by equation (5.45) and u;,; denotes differentiation of

?

#y with respect to the coordinate z;. The equation of motion is
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0ij; = pils (5.50)
where i; denotes the second time derivative of u; and p is the effective density of the
medium, that is p = ¢p, where p, is the density of the sphere material. Consider a
plane-wave solution of the form

u; = d; exp {t(km - x — wt)} (5.51)
where d is the particle polarisation, k is the wave number and w the frequency. Substi-
tuting this solution into the equations (5.49) and (5.50) we obtain

- C';jkzdkkzm,mj = —pwzdi (552)

and

pCzd,' = (C';’jk,mjml)dk (553)

where ¢ = w/k is the wave speed. Then combining the above two equations, we may

write

(Chiumimy — pc®8y)dy, = 0 (5.54)

showing that pc® must be an eigenvalue of C;;,,;m;m, with corresponding eigenvector d.

By defining the matrix

*
D,'k = Cijklmj my (555)
we may write the components as
D _ * 2 + C* 2 +C* m2
11 = 111177 12129 13133
_ * 2 * 2 * 2
Dyy = C3191m7 + Caag0mi + Cizpsms
_ * 2 * 2 * 2
D33 = C3y5m7 + Cipzomy + C333m5
* *
Dy; = Clipsmumy + Clapymimy
* *
Dy = Cgi1pmuma + Copymimy
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Dis = Cliggmims + Clzzmims
D31 = C3yy3mums + Cgyymams
Das = Chya3mams + Cog,mams
D3y = Cgyy3mams + Czppmams.

(5.56)

Because of the symmetry of the transversely isotropic state, it is sufficient to consider

a propagation direction of the form

m = (sin ¥, 0, cos )

(5.57)

where 9 is the angle measured from the zy-plane. Then the matrix (5.56) simplifies to

2 2
D,y = Ciiuimi+ Cizisms
D = C 2y C 2
22 = 21217 + C1313M3
Dy = C I+ C 2
33 = 31317 3333M3

Dy, = Dy=0
D3 = Dj = (Crizs+ Cizs1)mims
Dys = D3=0

and the eigenvalue problem (5.54) may be written in matrix form as

Dy — PC2 0 D3
0 Dgz - p02 0 = 0
D3 0 D33 — pc?

and as a system of equations for the eigenvectors d:

(D11 — pc®)di + Dizds = 0
(D22 - pcz)dQ = 0

Di3dy + (D33 — pc®)ds = 0.

(5.58)

(5.59)

(5.60)
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Figure 5-3: A plot of dimensionless wave speed against angle

There are three solutions to consider, the first of which is an S-wave:
The S-Wave Solution

From the middle equation of the above system we have that

22=pc2 and = d3=0. (5.61)

or writing in terms of the confining force F (5.34)

The particle displacement is in the direction of e2 which is perpendicular to the direction

of propagation, the resulting wave being recognised as an S-wave.

The Remaining Solutions

To determine the remaining two solutions, it is necessary to solve the quadratic obtained

from the first and third equations of the system (5.60) as
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(D11D33 - D%S) - (Dll + D33)pC2 -+ pzc4 = 0. (563)

In general, the two waves arising from this quadratic will be neither purely longitudinal
nor purely shear. We solve numerically for selected values of ¢ and plot non-dimensional
wave speed against angle of compression, as shown in figure 5-3. The dashed line
represents the shear wave (5.61) and the two solid lines are obtained from the solution

of equation (5.63). A value of B/C = 1/3 was chosen.

Special Cases

Two special cases for which explicit expressions may be derived for wave speeds and
polarisations are considered here. The first is a uniaxial compression in the z-direction

with axis of strain described by

m = (1,0,0) (5.64)

for which ¥ = 7/2. The solutions obtained are an S-wave with wave speed given by

p02 = %(Cll - sz) (565)

which may be written in terms of the confining force F (5.34) as

,  6B+C (nZF)""‘ 1 <7r - 206) 5. Sin 6 (3= 25in’ 0, e
¢ T 320,B2B+C) \ 1% 65 328 24(2B + C) '
(5.66)
Two other waves are obtained from equation (5.63), with speeds
p02 = 01111 and pC2 = 01313. (567)
The first of these is a P-wave with speed
o _ _3(4B+0) <n2F>”3 1 <7r - 206) £ S0 0 (3= 25in 6,) i
" 32p,B(2B+C) \ 14 6B 32B 24(2B + C)
(5.68)
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and the second is an S-wave with speed

o _ _ 4B+C (nzF)”?’ 1 (w—ro)f sin? 8, (3—2sin?6.))
- ) 6B '

16p,B(2B + C) \ 7%¢ 68 T\ 328 24(2B + C)
(5.69)

The second special case we consider is that seen in Slade and Walton [55], the axis of

strain being in the z-direction as follows:

m = (0,0,1) (5.70)

for which ¢ = 0. The solutions obtained are an S-wave with speed

pc? = Ci33 = Cla3 (5.71)
which may also be written in terms of F as equation (5.69), and two other waves with
speeds

pc =Cia;s and  pc? = Caaaa. (5.72)

The first of these is an S-wave with speed given in terms of F' by equation (5.69) and the
second is the P-wave seen in Slade and Walton [55] which examined an initial uniaxial
compression followed by the incremental uniaxial compression de;; = de 6;36;3. The

wave speed obtained from the Casss modulus is

-1/3

s 3B+C (n2F)1/3 1 <7r - 206> f sin? 6, (3 — 2 sin® 6,)
T 4p,B(2B + C) \ 1% 6B 328 24(2B + C)

(5.73)
which is in agreement with the corrected equation (34) of Slade and Walton [55] given

in appendix A as equation (A.5).

Figures 5-4 and 5-5 plot the dimensionless wave speed against the coefficient of friction
varying from 0 to 1. In figure 5-5 the value of ¢ is 7/2 with the P-wave and S-wave
speeds from equation (5.67) plotted by the dashed and dot-dashed lines respectively.
The solid line is the P-wave speed from equation (5.65). The value of % in figure 5-4

is 0 and shows the P-wave as a dot-dashed line and the two S-waves of equations (5.71)
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Figure 5-4: A plot of dimensionless wave speed against coefficient of friction, yp = 0

0.75r

0.7 -

Q gl

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Figure 5-5: A4 plot of dimensionless wave speed against coefficient of friction, xp = 7r/2
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and (5.72) as a solid line.

All of the results in this chapter are for the dry sphere packing only. The presence of fluid
would create an additional hydrostatic pressure causing the spheres to be compressed
normally. The Biot theory of porous media (see references [5] and [6]) provides one
method of allowing for fluid effects by examining the relative motion between the solid
and fluid phases, which in turn requires parameters coupling solid and fluid properties.
Walton [64] and [63] and Digby and Walton [23] have considered a fluid-saturated cubic
packing by solving the linearised equations of soiid and fluid motion within a single

(cubic) cell of the packing.

A fluid-saturated random packing is examined in Walton and Digby [69]. A low fre-
quency expansion technique is used to obtain the linearised equations of solid and fluid
motion, and an averaging scheme is defined to homogenise the medium. The effect
of the hydrostatic fluid pressure is an additional displacement to that which would be
experienced by the equivalent dry-frame problem. Thus the fluid effect may be added
once the dry-frame moduli are known. Comparisons are also made with the equations
of Biot [5] showing that either approach would be suitable for the addition of a fluid

component in the frictional random packing model.

5.3. WAVE SPEEDS 154



Chapter 6

The Oblique Contact of Two
Oblate Spheroidal Bodies

6.1 Introduction

The normal Hertzian contact of non-spherical elastic bodies has been extensively studied
and is reviewed by Sackfield and Hills [49]. The problem in which tangential forces are
transmitted between the two bodies has been studied by Deresiewicz [20], Vermeulen and
Johnson [61] and again is reviewed by Sackfield and Hills [50]. Rough contact between
elastically and geometrically identical bodies are considered by Raoof and Hobbs [47]
and Bryant and Keer [12].

The purpose of this chapter is to derive the oblique contact laws between two contacting
spheroidal bodies which are aligned in the sense that their principal axes in the three
coordinate directions are parallel. The geometry of this problem is treated as a speci.al
case of the general Hertz geometries seen in the above references, which was also pre-
sented in section (1.2.4). Here we will assume that the bodies are infinitely rough so
that there is no relative slip between them. First, the oblique Hertz problem is solved
for bodies of a general profile by extending the results of Walton [66] for spheres, in
which the normal and tangential displacements are occurring simultaneously. Next, the
incremental oblique displacement is imposed on this initial compression, as described in

Walton [67] and section (1.3.1).
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6.2 Surface Displacements

Before considering the Hertzian contact of bodies of a general profile, it is necessary to

calculate the displacements on a half-space due to distributions of the form

22 y? 1/2
N = (1-5- L) (6.1)
acting normally, with a similar Hertzian pressure distribution

) 72 2y 1/2
P(z,y) = K (1 -5- z—z) (6.2)

acting in a general tangential direction and the elliptical punch pressure distribution

g y? -1/2
P(z,y) = K (1 - 35) (6.3)

also acting tangentially, where K" and N are force constants. The half-space is defined as

z < 0 and the zy-plane forms the boundary of the half-space as seen in section (1.2.1).

These distributions act in the plane-elliptical region

22y

pr + = <1 (6.4)

where 2a and 2b are the lengths of the principal axes of the ellipse and a > b. The load

is zero outside this elliptical region. The eccentricity, e, of the ellipse is defined by

e=1-—. (6.5)

In section (1.2.1) we saw that for force distributions satisfying the symmetries required
in the contact problem, the surface displacement integrals (1.8) may be decoupled into
normal and tangential systems by defining the relative and absolute normal displace-

ments as

w(0,9) = 3{wi(e,y) - w_(e9)

wa(z,9) = 5 {wi(,9) +v-(2,9)) (6.6)

where wy(z,y) is the displacement in the z-direction on the surface of the half-space
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z < 0 due to the distribution (P,Q, N) and w_(z,y) is the displacement on the surface
of the half-space z > 0 due to the distribution (—P,—@Q,—N). Similar definitions may
be made for the functions u,(z,y), u.(%,y), v-(2,y) and v,(z,y) where u(z,y) and

v(z,y) are the tangential displacements in the z- and y— directions respectively.

The surface displacements are given by the integrals (1.8) which were derived in sec-
tion (1.2.1) from the results of the Boussinesq and Cerutti problems. The decoupled

displacements required in this chapter are:

u,(2,9) A 5
we(z,y) = RBN dcz: dy'. (6.7)

[ {BEA) | CUCPEN E XYW, 40y

Details of the method of calculation of these integrals for the pressure distributions of
the forms (6.1), (6.2) and (6.3) over the region (6.4), are given in appendix C. For the
Hertz distributions (6.1) and (6.2), the required displacements are:

w(@y) = vt DK { (Be? + C)K () CE(e)}
z—:’;—fh { [2C + €2(B = C)] K(e) - (Be? + 2C)E(e) }
_ Z—::—f ¢ { [2C + (B - C)] E(e) — (1 — e?)(Be® + 2C)E(e) }
+ ;—ZLC { (2 - e))K(e) — 2E(e) } 2y (6.8)

(oY) = v+ Z_fL { [Be? — (1 — e2)C]K(e) + CE(e)}

- Z—Z:—fL { [Be? — 2(1—e* — 2(1 - €*)C]K(e) + [(2 — €*)C — Be*|E(e) }

- b—z”—”L { [C(1— e?)(2 — €?) — Be?(1 — e?)|K(e) + [Be? — 2(1 — ¢?)]E(e) }

+ 2—7rbeC'{ (2 - e*)K(e) — 2E(e) }xy (6.9)
wr(z,y) = wo+ TbBN, {K(e) - a_ZK( )62 E(e) bz B(e) - (16; 62)K(6)} (6.10)

where K(e) and E(e) are complete elliptic integrals of the first and second kinds respec-
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tively, as defined in appendix C, and L is the force constant for the distribution of the
form (6.2) in the y-direction. For the tangential punch-type pressure (6.3), the required

displacements are:

u-(T,y) = uo+ QBL:)K {(Be’ + C)K(e) — CE(e)} (6.11)
v (z,9) = v+ 26—72171, {[Be* - C(1 - €*)]K(e) + CE(e)} (6.12)

which are uniform across the region on which the distribution acts.

6.2.1 The Normal Hertz Problem

In section (1.2.3) the geometry of two bodies of general profiles was analysed; the point
of first contact defined an origin O of a rectangular system of Cartesian coordinates
Ozyz with the zy-plane being the tangent plane common to the two bodies, and the
z-axis being directed into the lower body. Recall that when the bodies are compressed

normally to form a finite contact area, the conditions of contact on the contact area are

2w, (z,y) = § — az® — By? (6.13)

and outside the contact area we must have

2w, (z,y) < § — az® — By? (6.14)

where a and § may be obtained in terms of the principle radii of curvature for the two
bodies from the system (1.24), and § is the approach of distant points in the two bodies.
The usual Hertz assumptions of section (1.2.4) apply.

The shape of the contact area cannot be determined with certainty in advance. However,
comparisons of the problem in elasticity may be made with an analogous problem in
electrostatics. Hertz [30] recognised that a charge occupying an elliptical region on the
surface of a conductor, the intensity of which varies as the ordinate of a semi-ellipsoid,
gives rise to a potential throughout that surface which is parabolic. With this in mind,

Hertz proposed that the contact area be an ellipse of the form
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z
-+ <1 (6.15)

where ay and by are the lengths of the principle axes and aq > by. The eccentricity of
the ellipse is defined as e? = 1 —b2/a2. The corresponding normal pressure distribution

is of the form (6.1):

z? y? 1/2
a;  bg

where Ny is a force constant. The displacements on the ellipse (6.4) due to the above

distribution are

wn(2,9) = wo + BNorto { (o) - SEEOZPE L ROZC 2RO 47

Applying the condition of contact (6.13), we require that

§—az®— By =

a? e? b3 e?

2wy + 2BN,mh, {K(e) _2?K(e) -E(e) y*E(e)-(1- eZ)K(e)} .

(6.18)

By equating the constant terms and the coefficients of z? and y% we obtain values for

the constants 6, & and § as

§ = 2wy =2mrBNybK(e)
a = 27TBN(]b0 [E@_z—_i(el]
aie

2
0

B = 2rBNgbo [E(e) (- ez)K("’)] . (6.19)

2,2
bie

The constant Ny may be determined from the first equation of the above as

Wo

No= ——F—
° TBbK(e)

(6.20)

giving a normal distribution of
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No(z,y) = —— (1 z yz)m (6.21)
oY= T BbK (e) ) '

To find the eccentricity e of the ellipse of contact, we write

5 E(e)— (1- )K(e)
a = [1- K@ - B@)] (6-22)

from which e can be found if @ and 8 are known. Note that this equation is inverted
compared to the equivalent equation (2.26) of reference [54]. Equation (2.26) of [54] is
incorrect although the subsequent equations derived from it are believed to be correct.

A similar expression to equation (6.22) may be found as equation (6) in Bryant and

Keer [12].

To find the values of ay and by in terms of the compression wy we write

2R, e2ay

(aB) [K(e) — E(e)] [E(e) - (1 - e)K(e)]""? (6.23)

and so substituting for Ny and writing in terms of R., we obtain

2 4R.wq [K(e) —E(e

)1/2 2
= are [T | (B - (- K(e) (6.24)

where the geometrical parameter R, is defined in section (1.2.3) as

R, = %(a,@)‘l/z. (6.25)

The value of b, may be found using the eccentricity e? = 1 — b2/a2.

6.2.2 The Tangential Problem

The addition of tangential displacements to the normal problem follows the same method
used for the spherical contact problem as seen in section (1.2.5). The relevant tangential

force distributions are of the forms:

22 yz 1/2

Py(z,y) = Ko (1 - — - b_z) (6.26)
ap 0
z? 2y 1/2

Qo(z,y) = Lo (1 - - %) (6.27)
ag 0
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in the tangential z- and y-directions respectively, K, and L, being force constants.
Relative to the point of first contact, the displacement of the centre of the upper body
is (uo, Vo, —wo). The values of the two constants K and Lq can be calculated by applying
the condition that there is no relative displacement of the two surfaces on the contact

area. The required tangential displacements are

zgmw._%+;§m{w&+mK@—cmq}
- %”—e’?ffo { [2C + €%(B — C)] K(e) — (Be? + 2C)E(e) }
_%%?m{[xuw%B_an@y41_éxB&+unK@}
+ %%LOC{ (2 — e*)K(e) — 2E(e) } Ty

(6.28)

with a similar expression for the displacements v,(z,y), derived from equation (6.9),

and the no-slip condition gives values of K and L, of:

Ko = (BT O)K(e) = CE(e)}
L, = €’ (6.29)

Tho {[Be? — C(1 — e?)]K(e) + CE(e)}

which determines the force tangential force distributions (6.26) and (6.27) during the

initial state.

6.3 The Incremental Deformation

An incremental displacement is now imposed on the initial state of the previous section.
The increment is of amount (§ug, §vy, —dwp) and is assumed to be small enough that
contact is maintained between the two bodies. Following the Hertz distribution (6.21),

the normal force becomes

_(wo+6wo)( 2’ y?)l” |
N+ 6N = =0 l-=-5 (6.30)
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where the lengths of the principal axes of the contact ellipse are now 2a and 2b, replacing
the initial lengths 2a, and 2b,. It is assumed that the eccentricity of the contact ellipse
is independent of the applied load and depends only on the local geometry of the contact
ellipse and therefore we may write a/b = ao/by. The semi-axis length for the incremental

problem is

o — 4R, (wo + dwy) [K(e) —E(e)
e?K(e) 1-e?

1/2

] [E(e) - (1 — 2)K(e)]"?. (6.31)
Analogous to the sphere problem of section (1.3.1), the incremental tangential force
depends on the sign of éwy,. When dwy < 0 the tangential force distributions are of the

forms

2 2y 1/2 2 2\ —1/2

P+6P = 1(1(1--‘2—2-";—2> +K2<1—-Z—2—%) (6.32)
z? oy 1/2 z? g2 -1/2

Q+46Q = L1(1——&5—b—2) +L2(1_§_Z3) (6.33)

which we note is the sum of a Hertz-type pressure (6.2) and a punch pressure (6.3). To

find the tangential displacements we make use of equations (6.8) and (6.11) to obtain

us(z,y) = uo+6uo+7r—b(K1+2K2){(Bez+C)K(e)—C’E(e)}

- g:—fzfl { [2C + €2(B — C)] K(e) — (Be® + 2C)E(e) }
y_27rb

b? e*

+ ig—:fLIC{ (2 - e®)K(e) — 2E(e) }xy (6.34)

K, { [2C + (B - C)] E(e) — (1 - €?)(Be? + 2C)E(e) }

ve(z,y) = wo+ v+ Z—S(Ll +2L,) {[Be? — C(1 - €*)]K(e) + CE(e)}

— %Z‘Z;—?Ll { [Be? —2C(1 - €*)]K(e) + [C(2 — €*) — Be*]E(e) }
- Z—:Z—le { (1- &)[C(2 - &) — BEJK(e) + [Be® — 2C(1 - &)E(e) }
+ ffe bk { (2 — e)K(e) - 2E(e) } 2y, (6.35)
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The no-slip condition applied over the contact area requires force constants

—a%e’u,

Taib{(Be? + C)K(e) — CE(e)}

. e? [ug(a? — a?) — aZéu,]
K = b (Bt T OK() - OB ()] (6.36)

and

2,2

Li = B == ) K(e) F CE(e)3
L €? [vo(a® — af) — adéuo] (6.37)

2raZb {[Be? — C(1 — e?)]K(e) + CE(e)}

When éw, > 0, new contact area is formed and the tangential force distributions are,

in the z-direction,

2 2\ 1/2 9 o\ 1/2
Kl(l—-%—%;) +I(2(1—%—%7> , (z,y) € E°
P+ 6P = % % ¢
2 2\ 1/2
I(z(l—zj‘—%f) ’ (.’L‘,y)EE\EO
(6.38)
and in the y-direction
9 2\ 1/2 9 2\ 1/2
L1<1—%f—%5) +L2(1~fg—%g) , (z,y) € E°
Q+6Q = o (6.39)
2 2
1 (1- 5 - %) . (@y) € E\E°
where the regions E° and E are defined as the sets
2 2 2 2
0 g . x_ _y_ < — . x_ y_ < }
E {(w,y) ' a2 + < 1} and F {(w,y) P + 5 S 1p. (6.40)

The displacements on the inner region E° are found by summing the displacements (6.8)

due to the K, and K, terms of (6.38) to obtain
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u(z,y) = u0+5u0+1(b01(1+b1(2){ (Be2+C')K(e)—C'E(e)}
_”e_ﬁz( Kt ){ [2C — (B - C)] K(e) - (Be2+2C)E(e)}

+5 (bOLl + b Lz) C { (2 - e*)K(e) — 2E(e) }xy (6.41)

v(2,y) = v+ 0vy+ 612- (boLy + bL,) { [Be? — C(1 - €?)]K(e) + CE(e)}

-2 (Bon Ln) {Be - 200 - (o) + CB(O) )

64 (I;ZDLI + bszz) { (1= e?)[C(2— €?) — Be?JK(e) + [Be? — 2(1 — €2)]E(e) }
(b" K+l Ilz) c { (2 = e))K(e) — 2E(e) } 2y, (6.42)

Applying the same no-slip condition over the original and newly created contact area,

the force constants obtained are

K, = e? {(a? — a2)ug — aléuo}
Tho(a — a?) {(Be? + C)K(e) — CE(e)}

- a?e?bug
e = wb(al — a2) {(Be? + C)K(e) — CE(e)} (6.43)

and

L, = e? {(a® — a2)vy — adévo}
wbo(ag — a?) {[Be? ~ C(1 - e)[K(e) + CE(e)}

ae?év,
L, = 7b(a2 — a?) {[Be? — C(1 — e?)]K(e) + CE(e)} (6.44)

which determines the tangential force distributions (6.38) and (6.39).
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6.4 Calculation of the Total Forces

In section (3.5) the total forces acting between two contacting spheres were calculated by
integrating the force distributions over the circular contact area. To calculate the total
forces between two contacting bodies of arbitrary profiles, it is necessary to integrate

the force distributions P(z,y) over the contact area R as

P= / P(z,y) dR. (6.45)
r
For force distributions of the form

) g2 y? 1/2
P(z,y) = K (1 -5 32-) (6.46)
the contact area is an ellipse given by equation (6.4) and may be represented in plane

polar coordinates (r,6) as

r = f(8) = (a® sin® @ + b% cos® §)~*/%ab. (6.47)

Then the integral (6.45) may be transformed to

_ 25 £(9) 2?2 y? 1/2
P=Ix/a= [:o (I—E—bj) r dr dé (6.48)

0

and using the results of appendix C, the integral is evaluated as

2rab

P=
3

K. (6.49)

For the punch-type pressure

P(s,y) = K (1 _T y—z)_m (6.50)

the total force may be obtained by substituting P(z,y) into the integral (6.45) and

evaluated in the same way as before to obtain

P =2nabK. (6.51)
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6.4.1 Total Initial Forces

In the initial state, the normal force distribution is given by equation (6.16) and by

using equation (6.49) the total normal force Ny may be calculated as

~ _ 2’1an0
No= 3BK(e)

. (6.52)

The total tangential forces Py and @, may be calculated from equations (6.26) and (6.27)

as

? _ —2€2ano
° 3{(Be? + C)K(e) — CE(e)}
— —262'000.0
Qo = (6.53)

3{[Be? — C(1—-e?)]K(e)+ CE(e)}’
6.4.2 Total Incremental Forces

Throughout the incremental deformation the normal force is given by equation (6.30)

and the corresponding total force is

2(wo + dwp)a

No+ 0N = =Bk ®

(6.54)

By subtracting the total initial force (6.52) from the above, we obtain the actual force

increment 6N as

5N = ——=— {a(wo + 6wo) — agwo} (6.55)
= 3BK(e) al{Wo Wo) — AoWo t - .

The tangential force distributions depend on the sign of the displacement increment wy.

When 6w, < 0, the total forces may be obtained from equations (6.32) and (6.33) as:

ae?(upa® — 3upal — 3aléuy)

3a3 {(Be? + C)K(e) — CE(e)}

"
+
=2
"
I

(6.56)

_ ae?(voa? — 3vgal — 3a2dvy)
0+0Q = 3B - (- @) K(e) + CBE)] (6:57)

with force increments of:
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5 _ e? {3aak — uo(ao — a)(a + 2a0)bue}

oP 32 {(Be? + C)K(e) — CB(e)} (6.58)
— e? {3aa — vy(ag — a)*(a + 2ay)bvo}
0 = . .
© = 3@{Be=C(-)K(e) + CE(e)] (6:59)
For éwy > 0, the total forces are obtained from equations (6.38) and (6.39) as
2e? {(a® + aao + a)bug + ag(ao + a)ue}
P+ 6P 6.60
¥ 3(at a0) {(Be + OK(e) - B(e)) (6-60)
_ 2e?{(a® + aao + a}) vy + ag(ao + a)vo}
Q+0Q = e (B —C1 = e)K(e) + CE(e)] (6.61)
with force increments of:
- 2e%(a® + aao + a?)bu
6P .62
3(a+ ao) {(Be? + C)K(e) —~ E(e)} (6.62)
2(,2 2
w _ 2e*(a® + aao + a2)bvg (6.63)

3(a+ ao) {[Be? — C(1 - €?)]K(e) + CE(e)}
6.5 The Linearised Increments

When the incremental displacement is much smaller than the initial displacement, the
increments dug, vy and dwy may be regarded as infinitesimals. As such, the force
increments (6.58), (6.59), (6.62) and (6.63) may be expanded in powers of §ug, §v,
and 6wy in a similar way as was seen for spheres in section (3.6). Recall that the

incremental radius a is given by equation (6.31) and may be written as

a = (R.wo)'/? (1 + %9)1/2 (6.64)
where we have defined
_ 4R, [K(e) —E(e)]"? ~ . 1/2
R.= o [ o ] [E(e) — (1 — K (e)] 7. (6.65)

Equation (6.64) may be expanded in powers of §wo/w. For the normal increment 6N,
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we wish to expand the expression

ON =

2
3BK(e) {a(wo + éwp) — agwo} . (6.66)

By replacing the radii ay and a in the above, we obtain

_— 2R1/2 3/2 6’!1]0 3/2
= * 14— -1 .
N = ha ( + ) (6.67)
which may be expanded to first order to give
R (R*’UJo)l/Qé’wg
0N = —BK(e) . (6.68)

Considering the tangential increment §P when éw, > 0, it is necessary to expand the

expression

al + aaq + a?

o (6.69)

The dwy dependencies of the above may be expanded as

2wq + 6wo + wy! * (wo + Swp) /2 _ 3wg/? + 3
(wo + 6wo) /2 + wy! 2 8wy

Swo + O (6w?) (6.70)

from which the force increments (6.62) and (6.63) become

P - e2(R.wo) /26u,
(Be? + C)K(e) — CE(e)
_ 2 1/2
6@ — € (R,..'UJ()) 6’UQ (671)

[Be2 — C(1—€?)]K(e) + CE(e)’

The same expansion technique, when applied to the increments §P and 6Q in the
case dwg < 0, yields the same equations as above. Thus, when the incremental displace-
ments are infinitesimal, equations (6.58), (6.59), (6.62) and (6.63) reduce to the same
forms (6.71) regardless of the conditions dwy > 0 or wy < 0. It may also be checked, us-
ing appendix D, that the above expressions reduce to the sphere force increments (3.162)

and (3.163) as the eccentricity e tends to zero.
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6.6 The Geometry of Spheroidal Bodies

6.6.1 Oblate Spheroidal Coordinates

Having examined the contact problem for solids of a general profile, we apply the results
obtained to oblate spheroidal bodies. Gladwell [27] page 498, defines a system of oblate
spheroidal coordinates (£, 7,8) which are related to cylindrical polar coordinates (r, 2, 6)

by the equations

ro= d[1+&)(1-n)]"

z = d&n (6.72)

where —1 < n < 1and £ > 0. The surfaces £ = 0 and 1 = 0 are respectively the interior
and exterior of the circle r = a’, where a’ is a constant, in the plane 2 = 0. The surfaces

on which £ is constant are given by the concentric ellipsoids

7.2 2.2

a/2(1+£2) + a/2£2

=1 (6.73)

from which the principal axes may be identified to be of length 2A in the r-direction

and of length 2C is the z-direction, where

€= C
S Vx-cCe

In terms of rectangular Cartesian coordinates, the system may be written as

and a =VA?Z-C2 (6.74)

z = d[(1+&)(1-7)]" cos 8
y = & [1+&)(1-7)])"sin 6

z = a&n (6.75)

and the scale factors of this transformation from (z,y, z) to (£, 7, 6) are given by

1/2

or

h1: a—g
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2 2y 1/2
o = (2w (€27)
on 1-—n2
0
b = |gg| = l@+eNa- P (6.76)

where r = (2,9, 2). The unit tangent vectors to the &-, - and f-coordinate lines are,

respectively,

2\ 12 2y 1/2
e = 1(91'_(1 77) [Ecos&,fsiné’,n(1+£) }

hi 06~ \&+p? 1- 72
1 or 1+£2\"? , 1—n2\?
e, = h_zé)_n = <—_§2+772> —ncos f, —nsin 0, §<1+€2)
1 0r )
e = 720 [—sin 6, cos 8, 0] (6.77)

which are mutually perpendicular and form a right-handed orthonormal triad. On the
surfaces of constant £, the vectors e, and e, are tangent to the surface and define the
tangent plane at a point, and the vector e, is always normal to the surface as shown in

figure 6-1.

6.6.2 Curvature of a Spheroidal Surface

Let r = r(s,t), where s and t are scalars, be a parameterisation of a smooth surface
expressed in rectangular Cartesian coordinates relative to some origin O. The principal
curvatures, A; and A,, at a general point P on the surface are the solutions of the

generalised eigenvalue problem

or Jr Or 9 ’r ik
9s°0s 01 0s | _| a8 ™ dsoe ™
A v= v (6.78)
or Or Or Or v o 0r. .
ot 9s 0t ot dsot a2

where v is a principal direction and n is the outward normal to the surface at P. The
partial derivatives are also evaluated at the surface point P. The radii of curvature,
denoted p, and p,, are defined to be the reciprocal of the curvatures, that is
1 1
= — and = —. 6.79
P1 W P2=x (6.79)

2
We now wish to find the curvatures of the spheroidal surfaces defined by equations (6.74)
and (6.73). The surface is parameterised by n and 6 with £ held constant. Solving the
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Figure 6-1: Unit tangent vectors on spheroidal surface

eigenvalue problem (6.78) with r = (x, y, z) as defined by equation (6.75) and identifying

the unit normal n as being  from equation (6.77), we obtain the curvatures

1 «({2+

AR = — (6.80)
a'[(1+ P)(f2+ 02)]12

The radii of curvature may now be obtained from equations (6.79) and (6.80) and are
negative since the surface curves away from the point P at which they are evaluated.
Also, there is no ~-dependence due to the rotational symmetry of the surface about

the z-axis.

6.7 Contact of Aligned Spheroidal Bodies

Figure 6-2 shows two identical spheroidal bodies with aligned axes in contact. The point

of first contact, relative to the centre of the upper spheroid, can be expressed in terms
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Figure 6-2: Two aligned oblate spheroidal bodies in contact

of the two varying parameters 7and 6 and is taken as the origin in a rectangular system
of cartesian coordinates in which the tangent lines e#, e,, and correspond to the a:-,
y- and z-axes respectively. By symmetry, the radii of curvature at the contact point are

the same for both bodies, that is

R/ =R? and R'1=R" (6.81)

Recall the constants a and j3 which appear in the conditions of contact (6.13) and (6.14),
the values of which were found in section (1.2.3) for bodies of arbitrary profile. In the
case of spheroids, a and 3 may be found in terms of the radii Rl and R ” by solving the
equations (1.24). The angle between the two sets of axes of principal curvature for each

body is 180° and so taking 9 = # in the equations (1.24) we obtain

«+/3 =—§ﬂ + {1)7 and - N = i$i[‘ - j/}[F (6-82)

which gives the values of @ and /3 as

a = wand if (6'83*

The principal radii of curvature are found from equations (6.79) and (6.80) as:
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R, = %[(1+£2)(£2+n2)]”2
" a' (€% + n?)3/?
B = e (6.84)

The spheroid has planes of symmetry on which 6 is constant. The curvature RY lies in
one of these planes of symmetry (determined by the value of ) and the curvature R}

lies in the perpendicular plane. The effective radius of curvature is defined as

_ 1 e @8+
R, = Z(aB) 172 = T (6.85)

Applying these values to the results of sections (6.2.1) and (6.2.2), equation (6.22)

reduces to

£+7° _ (1-e”)[K(e) - E(e)]
1+4¢2 E(e) — (1 — e?)K(e)

(6.86)

from which the eccentricity of the contact ellipse may be found in terms of the pa-
rameter 17 which is the scaled distance of the contact point from the plane z = 0.

Equation (6.24) becomes

wo a'(£2 2\3/2
a’(Z] = 8221<(6) f((i :62)2/2 [K(e) —E(C)]

(6.87)

which gives ao (and hence by) in terms of 7 and the compression w,. Using the above
equations (6.84), (6.22) and (6.87) the initial force distributions (6.26) and (6.27) may

be determined.

The equivalent expression for the incremental radius a is

wo + Bwo) a' (£2 2\3/2
= 2 I—{F(«Z) ) g((:§1 :62)3/2 [K(e) - E(e)] (6.88)

from which, together with the equations (6.84) and (6.22) the linearised incremental
forces (6.68) and (6.71) may be determined.
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Chapter 7

A Random Packing of Oblate
Spheroidal Particles

7.1 Introduction

In chapter 6, we derived contact laws for the compression of two aligned spheroidal
bodies subjected to an initial oblique compression followed by a smaller incremental
deformation. The results obtained are used in this chapter to model a random packing
of these spheroidal particles, the motivation being to apply the results to the study of

shale-like rocks.

Scanning electron microphotographs of shale samples, such as that shown in figure 7-1,
reveal a complex microstructure consisting of connected solid and fluid phases. The
solid phase is comprised of several mineral components, mostly clay in the form of flat
plate-like particles which make up the load bearing skeleton of the shale. Other minerals
are present as isolated inclusions which are not connected and so are not load bearing
and therefore have less effect than the clay platelets on the overall elastic properties of
the shale. The platelets are seen to have a preferred direction of orientation which is
horizontal with local misalignment in the vicinity of larger silt particles. The platelets

tend to wrap around any inclusion causing only local disorder in particle alignment.

Shales make up 75 per cent of sedimentary basins and overlie most hydrocarbon bearing
reservoirs. Successful seismic imaging of such reservoirs relies on a knowledge of the

elastic properties of the overlying strata. At present, most models of hydrocarbon
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Figure 7-1: Scanning electron-micrograph of shale sample

reservoirs treat the shale as an isotropic fluid layer. However, shales are known to be
elastically anisotropic and this anisotropy must be taken into account when using more
advanced techniques of seismic imaging. Ideally, any proposed model of anisotropic shale
behaviour would predict macro-seismic properties from micro-structural information
such as the elastic moduli of the matrix material and the shale porosity. Due to the
complex microstructure of shales, analysis of scanning electron microphotographs must
be used to propose simplified models of shale structure. One such model is used by
Hornby, Schwartz and Hudson [32] in which the clay platelets are treated as spheroids
of high cross sectional aspect ratio and the elastic properties are determined using a
combination of the self-consistent approximation (see Hill [31]) and differential effective
medium theory. The work in this chapter models the platelets again as spheroids, but
they are treated as interacting solid bodies rather than a collection of inclusions as
in the self-consistent method. Hence the effects of inter-platelet contact will play an
important role in determining the elastic properties of the medium. Similar work, with
sphere packings, has already successfully modelled certain types of porous rocks and this

work adapts the averaging scheme of Walton [67] which was described in section (1.3.1).
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The problem that we will be considering here is the determination of the effective elastic
moduli of a random packing of oblate spheroidal bodies. The spheroids are taken to be
identical in every way, the matrix material is taken to be homogeneous and elastically
isotropic and all spheroids are assumed to lie flat and be aligned in the same direction.
The packing may be considered as a random sphere packing scaled down by a certain
factor in the z-direction. For most shales the scale factor is about 20, see Hornby,
Schwartz and Hudson [32]. In such a model the effect of inter-granular contact will play
an important role and, in particular, the coefficient of friction between the platelets is

assumed to be infinite in analogy with section (1.3.1).

Using the results of the previous chapter, the packing is subjected to an initial confining
strain which is small enough that the equations of linear elasticity still apply in the
spheroid material. The resulting stress is then determined in terms of this strain. An
incremental strain is then imposed on this initial state and is assumed to be infinitesimal
in the sense that it is much smaller than the confining strain. The resulting incremental
stress is determined in terms of the incremental strain and from this relationship the

effective elastic moduli can be determined.

The spheroidal contact problem was seen to be much more complex than the sphere
contact problem considered in Walton [66] and consequently, the averaging procedure
is harder to implement. The analogous integrals treated in section (3.2) cannot be
evaluated analytically, but we are still able to write down the effective elastic moduli in

terms of an averaging integral suitable for numerical integration.

7.2 The Random Packing

7.2.1 Packing Geometry

The packing consists of a large number of oblate spheroids randomly packed together
and initially in point contact. The axis of symmetry of each spheroid is taken to be

aligned parallel to the z-axis as seen in chapter 6.

In the undeformed configuration, the centre of the n-th spheroid is at position vec-
tor X(®) relative to some fixed origin. Under the imposed deformation, the centre of the
spheroid suffers a rigid body displacement u(®. The rotation of each spheroid about

its centre is denoted w(). Figure 7-2 shows the n-th and m-th spheroids, starting from
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Figure 7-2: Initial deformation with rotations

point contact, undergoing the initial deformation. The unit vector joining the centres

of two touching spheroids is given by

X(n) - X(m)

(nm) __
I - 2D(nm)

(7.1)

and is directed from X towards X(™). The scalar D(*™) is the distance from the
centre of the spheroid to a point on its surface (in this case the contact point). The
superscript (nm) will be omitted from now on for brevity. By symmetry, we see that

the initial position of the contact point is

X ™) 4 X (m)
_ 7.2
t (72)
and relative to X(™) the contact point is located at
X(n) — X(m)
Xgnm) = #. (7-3)

We make use of the system of oblate spheroidal coordinates described in section (6.6.1).
The surfaces are parameterised by # and # with the third coordinate £ fixed and depen-
dent only on the geometry of the spheroids. The value of £ and the constant a’ are given
in terms of the lengths of the principal axes of the spheroids by equation (6.74). Each
point on the surface has a unique coordinate pair (7,6) and therefore at the contact

point there exist 7 and € such that
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(™ = (@' [(1+€) (1 - 7] cos 8, o' [(1+€)(1-7%)])*sin 6, a'én)  (7.4)

which is also relative to the centre of the m-th spheroid. At this point the unit normal

is, from equation (6.77),

’1_ 2 1/2 /148 1/2
(nm) __ n P
e = <§2+772) £ cos B, £sin b, 77\1_772) . (7.5)

Combining equations (7.1), (7.3) and (7.5) we obtain a relationship between the unit

(rm)

normal e;"™ and the position vectors X(™) and X(™):

1 0 0
(n) - X(m)
(nm) 3 X X
e — _— 7.6
S aTeE T L 79
0 0 1_';2_§_
Inverting the matrix we obtain
X(m) — X(m) .
—— = M eg ) (7.7)
where
1 0 0
al
M=2/0+& @+ o 1 0 | (7:8)
2
0 —5—7
0 T3¢

The left-hand side of equation (7.7) is equal to DI"™) giving a relationship between the

unit normal at the contact point and the unit vector between the two centres as

DI™) = Mel™. (7.9)

Finally, it is easily shown that the scalar D is given by

D=daIté&_p (7.10)
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7.3 The Averaging Scheme

The averaging scheme used here is similar to that used in section (1.3.1) when consid-
ering a random packing of spheres. Quantities such as the average Cauchy stress are

defined as

1 1 r\/ (n) .
0i;)=— | 0;; dV = = > o;;’ dV 7.11
< J) V/ J V - V. J ( )

in which V denotes the total volume of the medium and V, denotes the volume of the
n-th spheroid. As was the case when considering spheres, it can be shown that, for a

single spheroid, we may write

1
/ a}}‘) dv = 5/ (zgt_,(,-") + z;t,(")) ds (7.12)
Ve

n

where x' = x — X denotes the position vector of a material point of the spheroid
relative to its centre X(*). The traction across the spheroidal surface S, is denoted
by t™ and will be zero at all points on the surface except for where the spheroid is
in contact with other spheroids. Furthermore, the dimensions of the contact area are
assumed to be small when compared with the dimensions of the spheroids and so, when

spheroid 7 is in contact with spheroid m, we may approximate the material point x’ by

(X™ — X)), (7.13)

N =

x' =

The integral of the traction of the contact area is now given by the force between the
two bodies. The force exerted by spheroid m on spheroid 7 is denoted by. F(®™) and so

equation (7.12) now reduces to

n 1 1 m n nm 1 m n nm
[ o av =3 S {50 - XM 4 S - xMEem ), ()

the summation being over all spheroids in contact with the n-th spheroid. Substituting

this into equation (7.11), and making use of equation (7.7), we obtain the average initial

stress as

1 nm nm nm nm
(Uij>:_v Z {Mikegk )F}( )+Mjke§k )Fi( )} (7.15)

contacts

in which the summation is now taken over all contacts between all spheroids. Since
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each contact appears twice in the summation over both n and m, the factor 1/2 in
equation (7.14) does not appear. Assuming a packing dense enough, we may also write

the above equation in terms of averaged quantities

(045) =~ {(Mivece ) + (Myueqr )} (7.16)

where n is the average number of contacts per spheroid and N is the total number of

spheroids within the volume V.

The volume concentration of spheroids is given by

NV,
o= a (7.17)
where the volume of the n-th spheroid is
4 3 2
V, = 3Te (€ +1) (7.18)

and so substituting these into (7.16), we obtain the average initial stress as

—-3n¢
(04) = ST EE T D) {(Miveer F3) + (Mjreqi Fr) } . (7.19)
It now remains to determine the form of the force F(*™) acting between the two

spheroids.

7.3.1 The Symmetry Properties of the Averaging Scheme

First we discuss the symmetry properties of the averaging scheme as defined in sec-
tion (7.3) by equation (7.11). The ranges of integration are 5 from —1 to 1 and 6
from —7 to 7. Therefore, for a non-zero result, the function which is integrated can be

odd in neither 5 nor 4.

Typical expressions to be averaged involve the components of the matrix M;; (7.8),

which are even in 7, and products of the components of the unit normal vector e,

defined by

e = (él?—__}_—%z—z')l/z [{ cos 0, £sin 6, n (%%;)1/2] . (7.20)

We construct the following table for the components of e;:
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Variable €¢1 €¢2 €¢3

even { even | odd

even | odd | even.

It can be deduced from the above table that for a product of components eg;eg; to be
even in both n and 8, we must have : = j. Thus for a non-zero result when products of

this type are averaged, the components must appear in equal pairs.

7.4 The Initial Deformed State

The initial deformation takes the form of an applied strain which compresses the
spheroids together to form contact areas between spheroids initially in point contact, as

described for spheres in chapter 1.

To determine the form of the vector force between two spheroids, we consider the dis-
placement of the spheroids under the imposed deformation. The displacement of the

contact area, relative to the centre of spheroid m, is

1 1
E(u(m) —u) + 5((»(") +w(™) A DIC™), (7.21)

Resolving into components normal and tangential to the surface at the contact point

we find that the displacement along egnm), denoted wy, is

wo = {%(u(m) —u™) ¢+ %(w(n) + w™) A DI('"")} o™, (7.22)

The tangential or shear displacement, being the remainder of the contact area displace-

ment (7.21), is

%( () _ ) 4 %(w("’) + w™) A DIO™ _ el (7.23)
Each spheroid will initially be in contact with more than one other spheroid and the
forces acting across any contact area will cause displacements which will affect other
contacts. However, in using contact theory, we have made the Hertzian assumptions
that the contact area is small in relation to the size of the body and that each body may
be replaced by an elastic half space when considering the forces and displacements on
the contact area. Consequently, it is a good approximation to assume that the effects

of one contact area on the others are negligible.
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The total normal and tangential forces have previously been found in section (6.4) and

so when combined with equations (7.21) and (7.23) we obtain

F(nm) — 2aowo e('n.m) + \/53 (UO/’UO)2 + Sﬁ
14 (uo/w0)?

3BK(e) ¢
1 1 nm

{5( (m) _ My 4 5(0;(") +w™) A DIP™ — el ’} (7.24)

where B and C are the elastic moduli given by equation (1.7), a, is the initial contact

area radius described by equation (6.87), e is the contact area eccentricity (6.5) and K(e)

and E(e) are the elliptic integrals given in appendix C. The stiffnesses in the z- and

y-directions, S, and Sy, are respectively defined as

¢ - P 2e2a,
* = % " 3{(Be+ O)K(e) - CE(e)]
n_ 2
5, = Y- 26740 (7.25)

vo 3{[Be2—-C(1—e?)]K(e)+CE(e)}

In index notation the above force may be written as

plom) 2a5wy o(nm) 52(uo/vo)? + §2
! 3BK(e) ¢ 1+ (uo/vo)?

1 1
{087 = ul) + Sl + o) DI — woe™ | (7.20)

We now make some assumptions about the form of the relative displacement (u(™ —u(®))
and the rotations w(™ and w™), We assume that the displacement of each spheroid
centre is consistent with the applied uniform strain, as discussed in section (1.3.1), that

is

USH) = E.,'J'ngn). (727)

Clearly this is not exactly correct for each spheroid but will be true in some average
sense and is a reasonable approximation to make. We make a similar assumption about
the form of the rotations: we assume that on average the rotations of the spheroids are

equal, that is
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w =M =, (7.28)

Then in terms of the applied strain we find that the relative displacement becomes

uﬁ’"’ - u,(-") = —2E,~pMpqeg;m) (7.29)

and substituting this into equation (7.26) the force is given by

ey _ 2aqwo o(1m) S2(uo/vo)? + 57
: 3BK(e) ¢ 14 (uo/vo)?
{—E,-,,Mpqegm) + €ipgtp DIq("m) - woeg’m)} . (7.30)

The normal displacement (7.22) becomes

wo =~k quegm)egm) + €pgr My egm)egm)wq
= —-Akakp + €kqukqu (731)

where, for later ease of notation, we have defined the tensors
Bij = Mipel™ Mygele™  and  Ay; = Mjpeln™eli™ (7.32)
ij = Mipeg, jeCeq an ij = Mjp€ep "Cei - :
Note that §3;; is symmetric in ¢ and j but that A;; is not.

7.4.1 Conditions of Equilibrium

For equilibrium of the n-th spheroid, we require that the sum of all the forces F("™) be

zero, and also that the sum of their moments be zero; that is

Y F™ = o (7.33)

> F™ A DI = 0. (7.34)

In index notation, the condition (7.34) is equivalent to
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> € MM DIM™ = 0. (7.35)

Substituting the force (7.30) and the normal displacement (7.31) into equation (7.35)

we obtain the condition for equilibrium of moments as

3BK(e) 1+ (uo/vo)?

m

S2 24 G2
Z{ 2a0 firsArskaqup+\/ L‘(UO/DO) + y X

(—,Bkkéip -+ ,sz’ - GirsArsekqukp) }wp =

2a, S2(uo/vo)? + 53
% {3BK(‘3) Cirsfirslhap + f 1+ (uo/vo)? *

m

(Eikaﬂsp - €£rsArsAIcp) } Ekp' (736)

By summing over all spheroids n and assuming a packing dense enough that the sum-

mation over m and » may be written in terms of averages, this condition becomes

2a, S2(uo/vo)? + 52
DL irsArs A = Y
<3BK(‘3) ‘ “eralep \/ 1+ (wo/w)?

(_ﬂkkéip + ,Bpi - 6irsAr.xfkquJcp) > (wp> =

2a, Sz(uo/vo)z + Sg
<3BK(€) 6ir.sAr.s[\Icp + \/ 1 + (uo/v0)2 X

(Eiksﬂsp - €z'rsAraAkp) > (Ekp> . (737)

It is important to note that, although the above condition has been written with the
rotation and strain terms separated, the contact area major axis length aq, as defined
by equation (6.87), depends on w, and hence on w and E;;. Despite this, the following
argument remains valid because we show that the right-hand side of (7.37) is zero using
arguments of symmetry and since a, is an even function of the scaled z-coordinate 7

and is independent of the polar angle 6, the required symmetries remain.

The case of practical interest was that of a hydrostatic compression which may be

written as
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Eij = E(S,'j (738)

where E < 0 for compression. Substituting the above into the condition (7.37), the

right-hand side becomes

240 S2(uo/vo)? + 52
<3BK(6) €ir.sArsAkk + \/ 1 + (UO/'UO)Z (Eiksﬂak - ezrsArgAkk) FE.

(7.39)

The term ¢;,05,; is the sum over the indices k£ and s of a symmetric tensor multiplied by
an anti-symmetric tensor and so must be zero. In section (7.3.1) we will show that the
terms involving €;,, A, Az, when averaged are also zero due to the symmetry properties

of the averaging scheme. Then we must have, from equation (7.39),

(w)y=0 (7.40)

showing that, for an initial hydrostatic compression, the spheroid rotations have no effect
and therefore the confining stress is symmetric. This result is to be expected since, by
symmetry, the forces attempting to rotate a given spheroid clockwise about a horizontal

direction will on average be balanced by those attempting to turn it anti-clockwise.

Finally, we consider the condition of linear equilibrium given by equation (7.33). Sub-

stituting the force (7.30), summing over n and writing in terms of averages, we obtain

< 2awo \/Sﬁ(uo/vo)z +5;

2BK(e) T+ (wofo)z Mirees T qupMpququ)> =0. (7.41)

The symmetry properties of the averaging scheme, discussed in section (7.3.1), show
that each term in the left-hand side of the above is zero and hence the condition is

satisfied.

7.4.2 The Average Initial Stress

Substituting the force (7.30) into equation (7.16) gives the initial average stress as
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_aN [/ % S2(uc/ o) + 5}
(03) = v <—3TI<(_6)EAkkAji + \/ 1+ (a0/w0)? [—EBij + EAeAji]

(7.42)

This equation relates the average stress to the average strain during the initial defor-

mation and is valid for an initial hydrostatic compression only.

7.5 The Incremental Problem

We now consider the incremental problem and show that the rotations of the spheroids
are significant, but that only one of the five non-zero elastic moduli necessary to de-
scribe a transversely isotropic medium is affected. In analogy with equation (7.21), the

incremental displacement of the contact area, relative to spheroid m, is

%(511("*) — su™) + %(m(n) + w(™) A DIV, (7.43)

Then the incremental normal displacement is given by

1 1 nm
Swy = {5(6 m) _ gu™) 4 5(6(0(") + 6w(™) A DI("”‘)} -eé ) (7.44)

and the remainder of the displacement is the tangential component given by

%(611("') —su™) + %(w(n) + 6w(™) A DIC™ — fuwel™™. (7.45)

The incremental force is found by combining equations (7.43) and (7.45) with the total
infinitesimal forces (6.68) and (6.71) to yield

6F(nm) _ (R*w0)1/26w0 e(nm) ‘SZ' ((5‘11,0/5’00)2 + 85
- BK(e) ¢ 1+ (6uo/8vo)?
1 1
5(511(’") — du™) + 5(540(") +6w™) A DI®™ — woel™™ (7.46)

The incremental stiffnesses in the 2- and y-directions, s, and s,, are respectively defined

as
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Sy = P _ e?(Ruwo)'/?
¥ buy (Bet+ C)K(e) — CE(e)
m 62 (R*UJO)I/Z
= = . A4
% = Fu [Be - C(1- e?)K(e) + CE(e) (7.47)
The radius-like quantity R, is defined by

_ _4R. [K(e) - E(e)] e 2 1/2

= TK(e) [ 1—& [E(e) - (1 - e)K(e)] (7.48)

and varies with position on the spheroidal surface. The effective radius R, was defined

in chapter 6, equation (6.85), as

_ (€ +)

R, 56 (7.49)
In index notation, equation (7.44) may be written
Logutm _ gy 4 L (") 1 () prnm) | glnm)
dwo = 5(6% — buy) + §epq,(6wq + 6w, ™) D1} €tp (7.50)
and equation (7.46) becomes
6F(nm) — (R*wo)l/zéwo e(,}m) 33: (6U0/5’00)2 + SZ
! BK(e) G 14 (6uo/bvo)?
1 1
—2-(6u§m) — 6ul™) + —2-6,:pq(6w1(,") + 6w{™) DI — 5woeg‘m) . (7.51)

Making the same assumptions about the forms of the incremental displacement and the

rotations, as seen in the initial state, we may write

uf” = $E; X" and 0w = ™ = fw. (7.52)

Substituting the above into the incremental force (7.51) we obtain

(nm) (R*wo)1/25wo (nm) 53; (‘SUO/&UO)2 + 35
6Fz = T pr . G +
BK(e) 1+ (6uo/bvo)?
(8 Eip My ea™ + €ip bty Myrele™ — Swoels™ | (7.53)

7.5. THE INCREMENTAL PROBLEM 187



CHAPTER 7 A RANDOM PACKING OF OBLATE SPHEROIDAL PARTICLES

and the incremental normal displacement is given by

dwo = —0ExpArp + €pgrAprbuw,. (7.54)

7.5.1 Conditions of Equilibrium

For equilibrium of each spheroid in the incremental problem, we require conditions

analogous to (7.33) and (7.34) for the incremental force, that is

D 6FCm = 0 (7.55)

Y §FC™ A DIM™ = 0 (7.56)

or, in index notation, the condition (7.56) becomes

3 €ipg ™™ M, 2™ = 0. (7.57)

Substituting the incremental force (7.53) and the incremental compression (7.54) into

the condition (7.57), we obtain the condition for the equilibrium of moments as

Z _(R*wo)l/zeiptApteqsrAsr + Si (6150/‘5’00)2 + 8; X
— BK(e) 14 (6ug/bvo)?

(ﬂiq - ﬂkkéiq + EiptAngq,rA“.) } 6wq =

Z { (R*wo)l/zeiarAsrqu + \/‘92-(61[’0/67)0)2 + 333

BK (e) 1T (Guofbugyr \rehPor fmAsrApﬁ} 8B, (7.58)

Summing over all spheroids n and writing the summations as averages, we obtain

<I>,~96wq = Xipqéqu (759)

where the tensors ®;, and x;,, are defined as

o - | ZBew)Pephpiconrhsy |52 (0U0/600) + 5y
o BK(e) 1+ (6uo/8vp)?
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(ﬁiq - ﬁkkéiq + 6iptApteq.n'Asr) > (760)

Xioy = <(R*wo)1/2emA"qu \/53(5?10/600)2-}-35
g

BK(e) 14 (6ug/bv)?

(eipsﬂqs - fisrA"qu) > . (761)

From this condition, the required rotations may, in principle, be determined by writing

éw; in terms of the applied strain as

bw; = U0, (7.62)
where ¥ = &1y,

The condition (7.55) for linear equilibrium of the incremental forces can be shown to be
satisfied in the same way as condition (7.33) was shown to be satisfied in the incremental

state.

7.5.2 The Effect of the Rotation Term

As we will see later, the equation for the effective elastic moduli will depend on the

rotations through the term

€ipg Upr1By; - (7.63)

Recall that the definition of the tensor ¥ was

¥ = Q—IX (764)

where x and @ are defined by equations (7.60) and (7.61). Here we will use the symmetry
properties of the averaging scheme to simplify the tensors ®;; and x;;;. In particular,
we will show that x;;5 has only six non-zero components occurring when i, j and & are

distinct and that ®;; is diagonal.

7.5.3 The Tensor y;ji

Consider just the term €;,, (A, A;;) from x;;;. Strictly speaking, we should consider the

averages
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—(R*wﬂ)l/ZeisrAsrAjk 32(611’0/6100)2 + S;
< BK(e) and AsrAjy 1T (6uojd00)? (7.65)

but since the expressions

_ 1/2 2 (6w /6v0)2 2
(R*’wo) and \/Sa:( uﬂ/ UU) +‘Sy (7.66)

BK(e) 1+ (buo/bvp)?
are even functions of both n and 6, they have no effect on whether the averaged quantity

is zero or not. The same applies to all terms considered here.

Expanding, using the definition of A;;, we obtain

€isr (NorNjk) = €isr (Mrpegpees Migegoee;) (7.67)

We now determine the conditions required on the indices i, s, 7, 7,k in the above expres-

sion to give a non-zero result:

Matrix M is diagonal : r=p,k=gq (2)
The alternating tensor €¢;,, : 1#s#r#1 )
Properties of (-) : Dp,S8,q,J must be in equal pairs. (i12)

Possible pairs satisfying (ii:) are: p = ¢ and s = j or p = j and s = ¢. The remaining
pairs, p = s and ¢ = j, will give a zero result since (¢) states r = p — meaning the first
pair becomes s = r which contradicts (¢¢). We may construct the following table for

both non-zero cases:

P=q,3=j = T:k,S:j = k#]
or p=j,8=q = r=j, 8=k => k#j.

The first implication follows from (¢), the second from (i¢). In both cases we conclude
that j # k. Condition (i¢) ensures that we must also have ¢ # j and ¢ # k which
shows that, for a non-zero result, the free indices ¢, j and k of equation (7.67) must be
distinct. A similar argument will show that, for the remaining term of ¢;;, (Bx,) in X,

the indices 7, 7 and k£ must again be distinct.
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An alternative method of determining this restriction on the indices is to express the

diagonal matrix M in index notation as

Mi; = My (61651 + 6i2652) + M36i3655 (7.68)

where M; = My, = M»; and M3 = Mj3. Substituting M;; and expanding, we obtain

€isr (AsrNji) = <M12 (Q,lékleglef,eﬁ + €i510k2€¢1€¢2€¢s€¢j
+ €i520k1€00€01€¢5€¢5 + €i525k2€§2€536g‘j)
+ M1M3(€is15k3€§1€§36§s€§j + 653251:3652653653651
+ €530k 1€c3€c1€¢56¢; + €isabp2€ea€e3es ;)

+ M; (65335k3e§3‘3§s€5j)> . (7.69)

By examining each term separately we may determine the required values of s and j.
For example, the first term contains the alternating tensor ¢;,; meaning that s can only
take values of 2 and 3. Also, we require that s = j to ensure the pairs €7, €7, and €, eZ;
when the sum is taken over s. The second term is similar except that s may only take
the value 2. This is because if s were 3 then it would not be possible for e¢;egrec3e¢; to
be written as pairs of components whatever the value of j. Similar arguments may be

applied to the other terms, resulting in the expression

€r (AerPj) = 6850005 (M3 — My M)elyels)
+ 68556k ( (M, My — MP)elyely )
+ 82651065 ((MyMs — M)elyely )
+ 812613001 (M7 — My M)elely ) .

(7.70)

Applying the same argument to the second part of x;;z, we find that

€ijs (Brs) = <M12(65j15k16§1 + €i125k2€§2)> + <M§(€ij36k3e§3)> (7.71)
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showing that the indices must be distinct for a non-zero value of x;;x. This also proves
the result required in section (7.4.1) that €, (A;sAzx) = 0 by taking j = k in equa-
tion (7.70).

7.5.4 The Tensor ®;;

We now examine the tensor ®;; and, using the methods seen above, show that it is
diagonal. The first term of ®;; we consider is €, Ap:€j5rA,,. Substituting the matrix A;;,

as given by equation (7.8), and expanding, we obtain

(€iptApt€jsrAsr) = <M12 (€ip1€j51€71€cpes + €ip1€j52€c1€62€¢0€cs
+ €ip2€js1€c2€c1€6p €55 T €ip2€js2€55€¢p €55 )
+ My M3(€ip1€j53€¢1€c3€¢p€¢s + €ip2€js3€e2€e3€cp€es
+ €ip3€js1€c3€e1€cp€es T €ipa€isn€ea€eaepess)

+ M§(€,-p3€j,3egae£,,ef,)>. (7.72)

Examining each term in turn, we choose the required values for p and s to obtain

(€iphpi€isrAsr) = <M12(5i25126§1€§3 - 5»‘1552622633»
-2 <M1M3(6516j1€§26§3 + 6,‘26]'26?16?3)>

+ <1‘432 (6,'16]'18228?3 + 6{25j28?1623)> . (773)
The remaining part of ®;; can similarly be shown to be
(Bis) = (Brr) b5 = <M12 {51'151'16?1 + 8izbj0€l, — (€1 + 6?2)5i1}>
+ <M§ {6535]'36?3 - 6236,‘]' > (774)

and we deduce that ®;; is diagonal.
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7.5.5 The Incremental Stress

We now consider how the results of the previous section may be used to predict the
average stress. The equation for the average incremental stress is, in analogy with

equation (7.11) for the initial stress,

1 nm nm nm nm
(b0i) = —= Z {]Mikeék )5Fj( )+‘Mjk8gk )6F,~( )} (7.75)

contacts

which may also be written as

2 nm nm
(b0i) = 7 3T Mieli™6FM™. (7.76)

contacts
Substituting the incremental force (7.53) into equation (7.75) and writing the resulting

expression as an averaged quantity, we obtain

(boi) = -V —(~R.EA,,) Y26 EgAphy;  [s2(8uo/8vo)? + s2
Y 14 BK(C) 1+ (6’114)/6'00)2

(=6 E1iB1j6ik + €ipgByjbwp + 6 EiAriA;j) > . (7.77)

The above equation may be rewritten, using equation (7.83) to replace éw; and equa-

tions (7.17) and (7.18) to eliminate N/V, as

(60’) _ 3n¢ —(—R*EAPP)I/ZA“A,;J- 53(6'&0/6”0)2 +SZ
e dma3E(£2 + 1) BK(e) 14 (uo/bv0)?
(_ﬂljaik + Eipquklﬂqj + AklAij) 6Ek1> . (7.78)

7.5.6 The Effective Elastic Moduli

The incremental stress and incremental strain are related through

<60’ij> = C;jkl <6Ek1> (779)

from which we identify the effective elastic moduli as
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. 3ng —(—R*EApp)lleklAij 85 (6uo/6v0)® + 87
T T qraBE(e + 1) BK(e) 1+ (6uo/bvo)?

(=B bik + €ipgYpriByj + Aril\ij) >] . (7.80)

ki

where the brackets [-] denote the symmetric part with respect to the indices k£ and 1.

The rotation vector may be calculated by taking values for ¢ and j in equation (7.62)

and using the relationship

Qij = €pj¢Xipg (781)

which is easily proved. Then substituting the above into the relationship between §w
and 6E,, (7.62), we obtain

Xipg (€pjebw; — 6 Epg) = 0. (7.82)

By taking ¢ = 1,2,3 in the above and making use of the properties of the tensor x;j,

as derived in section (7.3.1), we obtain the rotation vector as

bw, = (X123 + X132) §Eys
X132 — X123

by = <X213 + X231) §E.s
X213 — X231

fws = (Xi”i@) §E:» (7.83)
X321 — X312

and we are now able to calculate specific moduli using the above values. Taking:=j=1

in equation (7.78), we obtain

nN [ (—R.EAy)Y 26 ExqAyiAn 53 (uo/v0)* + 57
(60’11) = - - BK 2
() 1+ (uo/vo)

\%4
[0 ExiBnbdix + €1pgBq16wp + 6 ErgAgiAvi] > (7.84)

the rotation term being zero. Summing over the indices k£ and ! and using the symmetry

properties of the averaging scheme as discussed in section (7.3.1), we obtain the following
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moduli:
. _ nN (—R*EA,,,,)”?Af1 82(6ug/évo)? + 35 )
Cllll - 1 < BK(e) 1+ (611,0/6’[)0)2 [ ﬁ11+A11]
. nN [ (=R,EA,)"?A11Ay 53 (8uo/8vo)* + 57
Cim = =77 <“ BK(e) TV T T (Buo/6w0) Az
* _ nN (_R*EApp)l/zAllAS.'S 82 (611‘0/6/00)2 + 35
Clias = % < BK(e) + ¥ (6a0/800)2 AiAss ). (7.85)

When ¢ = j = 3, we obtain, from equation (7.78),

(bo33) = _nN —(_R*EAPP)I/Z(SEHAHA% 82(6uo/6v0)? + 82
B = Ty BK(e) 1+ (6uo/6v0)?2

[0 ExiBi3b3r + €3p4 8416w, + S EriAriAss) > (7.86)

and again summing over the indices k& and ! we obtain

" _ ﬂ (—R*EAPP)1/2A11A33 Sg (6710/61)0)2 + 85
Ciann = <‘ K(e) + 11 (6ug/8v0)? A11As3

nN [ (=R.EA,,)'?A%, 82(8uo/6vo)? + 87
K(e) 14 (6uo/bvo)?

* —_—
03333 -

[—B3s + A§3]> .
(7.87)

Finally, when ¢ = 1 and 7 = 3, the rotation term is non-zero and the average incremental

stress is given by

(b01) = —

nN | (=R.EA,)"*6EuAuhss | [s2(6u0/6v0)* + 52
v BK(e) 1+ (Buo/bvy)?

[—0ErBi3b1x + €1p48e30wp + 6 ExiAiAy3) > .
(7.88)

The rotation term may be expanded by summing over the indices p and ¢ and substi-
tuting the components éw, from equation (7.83). The modulus C73,5 is obtained from

the above as
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. N [ (=R.EAy,)'*(Al; + Aisha) 53 (6uo/8v,)? + 57
BK(e) 14 (6uo/évo)?

1313 — 2V
[—ﬂ33 + Bss (i—zzt—izi') + A?3 + A13A31] > .
(7.89)

Equations (7.85), (7.87) and (7.89) give the five effective elastic moduli required to
describe a transversely isotropic medium such as shale. Tt may also be shown that all
other independent moduli are zero. Because of the complexity of the expressions for
the moduli, given in terms of averages of the tensor A;;, 8;; and other terms depending
on e, any further progress will have to involve numerical integration of the averaging

integrals. The averaging scheme (7.11) may be written as

(fle)) = %/a:-,,/,;_l f(€) hohs dn db (7.90)

where f(e) is the function to be averaged, h; and hs are the scale factors (6.76) and

S is the surface area of a spheroid given by

S =2ma*€?(1 + &%) [sinh_1 (%) + 1;-6 ] . (7.91)

However, the eccentricity e depends on 7 through the relationship (6.86):

£+ _ (1-)[K(e) - E(e)]
14 &2 E(e) -~ (1 — e?)K(e)

(7.92)

which may be solved numerically to find e for any value of 7 at each stage of the
numerical integration. Alternatively, equation (7.92) may be differentiated with respect

to e to obtain

2n dn _ 3eE’(e) — 2e(2 — e*)K(e)E(e) + e(e® — 1)K?(e)

TrEde [E@ - (1- )K (T (7:99)
where we have used the results
K (6) E(e) ;((11__6822))1{(6)
E'(e) = M (7.94)
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The averaging integral (7.90) is transformed to

() =5 / /'" f(e) hshs j" de d8 (7.95)

which may be evaluated without the need to solve equation (7.92) at each numerical

step, the limit e,,,, being the largest value of e obtained from just one solution of

equation (7.92) at n = 0.

Clearly, the results obtained from this random packing of spheroids model cannot possi-
bly account for all of the elastic properties of a rock with such a complex microstructure.
The model is very simplified and contains a number of assumptions. As mentioned in
section (7.1), the shale contains many isolated silt inclusions and regions in the shale
are locally misaligned from the average bedding direction. Ideally, the results of this
chapter would be included in a more sophisticated shale model, such as that of Hornby,
Schwartz and Hudson {32], which would average the properties of a representative shale
element over the experimentally measured platelet alignment distribution, and make

considerations for the presence of silt inclusions.
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Appendix A

Inter-Granular Friction:

Corrections

In Slade and Walton [55] a simplified case of the work covered in chapter 5 was con-
sidered. A number of typographical errors and one algebraic error have since been
discovered, and so to allow comparison between the results of Slade and Walton [55]

and those of chapter 5, the corrections are listed here.

The first term of equation (26), inside the braces, should read

1
5 (BPLE). (A-1)
The first line of equation (27) should be

1 2 fc T
(1I:]*) , = E/o d¢ (fo sin 6 |cos |° d —I—/ \ sin 8 |cos 6] dH) . (A.2)

Equation (28) is incorrect due to an algebraic error during the calculation of the aver-

ages. The corrected version is

_ ¢ne®? [ 1 (71' - 206> sin® 4, (3 — 2 sin” 4,)
(6033) = 2 68\ 328 =+ 24(2B + C) ' (A-3)

The left-hand side of equation (32) should be the incremental stress

(6033) (A.4)
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Equation (34) is derived from equation (28) and as such should read

a__3B+C (nZ’F)"s 1 (W—?Bc)f+sin2 6. (3-2sin26,)\ "
"~ 4pB(2B+C) \1%¢ 6B 32B 24(2B + C)
(A.5)

where the modulus D is defined in Slade and Walton [55] as 2D = 2B + C.
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Calculation of the Averages

In chapter 5, we introduced the modified averaging scheme

(o = i/oh d¢ (/06+/_0) () sin 0 d@ (B.1)

(), = 4%/02" d¢/€j'0°(-) sin 8 df (B.2)

where 0 < 8. < 7/2, and 6, is the critical angle of friction. The scheme used by
Walton [67], denoted (-}, is defined as

() = i/:”dqs/;(.) sin 6 df (B.3)
and is equivalent to
(Y=0()a+ (s (B.4)

Figure (5-2) shows the interval [0, 7] split into the ranges A and B.

The unit vector I®™) joining the centres of two spheres may be written in polar coor-

dinates as

I®™) = (sin @ cos ¢, sin @ sin ¢, cos 8 ). (B.5)

The components of this vector then appear in the quantities to be averaged, for example
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(IZ|I]) = (sin® 6 cos® ¢ |cos 6 |). (B.6)

This appendix lists the values for the averaging integrals required to calculate the initial

stresses (5.33) from equation (5.31). Firstly, there are two averages over the entire range:

1
(B = 22
1
(I°) = 5 (B.7)
Over the range A we calculate:
3 = —sin 0, (3—-2sin” 4,
BILP), = 57 sin' 0. (3~2sin” 6
(L), = % sin? . (3 — 3 sin® 8, +sin* 4,)
(|I.-3|3)A = % sin? 6, (2- sin? 6.). (B.8)

Finally, the required B ranges are:

I3 1 3(T _yp 5 sin 0 0 19 sin® 0 0
(1-1312/, - 38 9 %)~ sin 6, cos 0, + 2 sin” 6, cos 0,

1P > 1 { (7r ) )
<(1_[§)1/2 s 192 12 2—90 + 10 sin 6, cos 8.

— 48 sin® 6, cos 6, + 24 sin® 6, cos 6, }

I3 1 T )
<(1 — I§)1/2>B = 99 {30 (5 - 9c) — 66 sin 6, cos 6.

+ 52 sin® 8, cos 8, — 16 sin® 6, cos 8, } .

(B.9)

Further averages are calculated by Walton [67] using the scheme (B.3) and are listed
here for reference. Equation (4.8) of Walton [67] uses the isotropy of the packing to
deduce that

(I,IJ) = —(5,']' (BIO)
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and

1
(LI LL) = E(éij(skl + 6ixdi1 + 6:1bjk)- (B.11)

Further averages are calculated explicitly in equations (3.23) of Walton [67]:

1
LP2Y = =
<| 3| 1> 24
1
i) =
1
(IL|I3) = 6
(B.12)
and from equation (4.13) of Walton [67]:
1
(L) = 8
1
4 — —_—
1
(BIEE) = 2 (B.13)

202



Appendix C

Details of the Calculation of

Surface Displacements

C.1 Definitions of Elliptic Integrals

Many of the integrals involved in the calculation of the surface displacements cannot
be evaluated analytically and so are expressed in terms of elliptic integrals. Tables of
elliptic integrals may be used to find numerical values as required. The definitions of

the elliptic integrals used throughout this report are reproduced here for reference.

The complete elliptic integral of the first kind is defined as

w/2
K(e) =/ (1— € sin® 8)~Y/ ¢ (C.1)
0

and the complete elliptic integral of the second kind is defined as

/2
E(e) = / (1— ¢ sin® 6)1/7 do. (C.2)
0
Tabulated values of these functions may be found in Adams and Hippisley [1], together
with useful results concerning elliptic functions and derivatives of K(e) and E(e).
C.2 Surface Displacement Integrals

The calculation of the surface displacements due to normal and tangential force distri-

butions involves the calculation of the integrals from equations (1.10) and (1.11). For a
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force distribution of the form

) z?  y? 1/2
H@@:B@—E—ﬁ) (C.3)
the integrals arising are of the form
272 42 p2\1/2
I, = / (1-2%/a® —y /b)1/2 dz' dy’ (C.4)
R [(&' — )+ (v - 9)°]
r_ / oW 20,2 02 (32\1/2
I = / (@' —2)(y' —y)(1 - 2"/a v 507 4a ay (C.5)
R (&' - 2)? + (v - 9)’]
t o \2(1 12 /02 _ a2 /p2)1/2
R (@ -2)?+ (v - 9)’]

and for force distributions of the form

g y? -1/2
m%w;A@»F—ﬁ) (C.7)
the integrals are
122 o2 [p2Y-1/2
I, = / (1= 2%/a® = y7/b) 77 de’ dy’ (C.8)
= [(2' - 2)? + (¥ - y)*]
r_ ’_ w22 a2 [B2Y—1/2
Lo [EEAV D g
R (@ —2)* + (v — v)?]
1 o \2(1 — 2 )02 _ o2 [2)~1/2
I, = /(x z)(1-a"/a’~y /35/2) dz’ dy. (C.10)
R (& -2)?+ (v - v)’]

To illustrate the method of integration we consider I; in the case of Hertzian pressure.

We change to the (s,) system of polar coordinates with the substitution

¢ = rcos+scos (¢p+6)
y = rsin @+ ssin (¥ +6). (C.11)

The Jacobian for this transformation is

S 0z'[/0s 0z’ [0y ., (C.12)
0y'[9s Oy /oY
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and the integral transforms to

/n{l_ [r cos 8 + s cos (¢ + 0)]* /a®

— [r sin 8 + s sin (3 +6)]° /bz}l/2 ds dy. (C.13)

The squared terms in the above expression are expanded to give a quadratic expression

in s. After some algebraic manipulation we obtain

L

_/ (a2 sin® (¢ + 6) + b? cos? (¢+9)) o
R

a?bh?

a? sin 0 sin (v + 0) + b2 cos 0 cos ($+6)
st a? sin® (¢ + ) + b2 cos? (¢ + 6)
a®b? {a? sin® (¢ 4 0) + b% cos® (¢ +6) — r? sin® ¢} ]1/2 ds dy
[a? sin? (3 +6) + b7 cos? (v +0)]°

(C.14)

in which the square has been completed (variable s) in the integrand. The integration

with respect to s can now be performed by way of the substitution

. a® sin 0 sin (4 60) +b? cos f cos (p+6)
a? sin® (¢ + 8) + b2 cos? (3 + 6) B
ab {a? sin® (¢ + 8) + b? cos? (3 + 6) — 72 sin® 9}
a? sin® (¢ + ) + b2 cos? (v + 6)

1/2

sin x

(C.15)

and the integral simplifies to

"/2/ a? sin’ ¢+0)+b2cos (¥ +6) — r? sin® ¢

373 cos? y dy dv
-r/2 [a2 sin? (¢ + ) + b2 cos? (¢ + 6)]

mab (" a® sin® (¢ + 8) 4 b2 cos? (¥ + 6) — r? sin® d
2 Jy=o a2 sin® (¥ +0) + b2 cos? (¢ + t9)]3/2
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rab ["+® a? sin? ¢ + b? cos? ¢ — 72 sin® (¢ — 6)

2 Jy=s [a? sin® ¢ + b2 cos? ¢]3/2

do (C.16)

where ¢ = 1 + 6. Note that, since the integrand is periodic, the limits may be changed
to be between 0 and 7/2 and the integral multiplied by an appropriate factor. The cross
term obtained in the expansion of sin? (¢ — 6) is an odd function in ¢ and so integrates

to zero over a period. Thus we obtain

w/2
I1 = rwab / d¢ 172
o [a?sin® ¢+ b2 cos? ¢
2 /”/2 sin? ¢ d¢ g /’"/2 cos? ¢ do
o [a? sin? ¢+ b2 cos? ¢] 3/2 o [a? cos? ¢+ b2 cos? ¢]*/
(C.17)
and using the results from appendix C.3 we obtain
2 _ _ 2 2 —
I =ra {K(e) - %E(e) (162 LSO z—gK(e) = E(e)} (C.18)

where K(e) and E(e) are the complete elliptic integrals of the first and second kinds
respectively, as defined in appendix C.1, and e? = 1 — a?/b2. Note that e has real values
only when a < b. If we wish to consider the case when a > b then we redefine e as

e? =1 - b?/a? and so we have

1-0%/a® ,a>b
62 = O , A= b (C.lg)
1-a?/b?* ,a<b.
In the case a > b, the integral form for I; may be re-written using the transformation

¢ m[2— ¢ to give

w/2 d¢
I, = mwab / 73
o [a% cos? ¢+ b2 sin’® @)

. /7r/2 cos? ¢ do _ y2 /w/z cos? ¢ d¢
o [a? cos? ¢+ b2 sin’® ¢ 3 o [a? cos? ¢ + b2 cos? ¢]*°
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= b {K(e) _ T K(e) ~E(e) _ %;E(e) — (1= )K() } (C.20)

a? e2 e2
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C.3 Integral Identities

w2

do

S~

[a? sin® ¢ + b2 cos? ¢]1/2

/”/2 sin? ¢ d¢ E(e) — (1 — e)K(e)
o0 [a2 sin® ¢+ b2 cos? ¢]1/2 ae?
/”/2 cos? ¢ do K(e) — E(e)
o [a?sin® ¢+ b2 cos? qﬁ]l/2 ae?
/,,2 dé E(e)
o [a? sin? ¢+ b2 cos? ¢]*/” a3(1 — e?)
/"/2 sin® ¢ d¢ K(e) — E(e)
o [a? sin? ¢+ b2 cos? ¢] 32 a’e?

/2

cos? ¢ dop

S~

sin? ¢ dé

[a? sin? ¢ + b2 cos? ¢] 32

E(e) — (1 - e*)K(e)

a’e?(1 — e?)

(2-€e?)E(e) —2(1 — e*)K(e)

o\.
2
[N

/2

[a? sin® ¢ + b2 cos? @)

cos? ¢ dop

3/2

S~

[a? sin® ¢ + b2 cos? 45]3/2

/2 cos® ¢ sin? ¢ do

adet

(2-e*)E(e) — 2(1 - e?)K(e)

S~

[a2 sin® ¢ + b2 cos? ¢] 32

alet(1 — e?)

(2 - e)K(e) — 2E(e)

adet

INTEGRAL IDENTITIES
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C.4 Hertzian Pressure Distribution (a > b)

P(z,y) =K (1 - Z— - -y—>1/2 (C.21)

22 o2 [B2Y1/2
I = / (1-z?/a® -y /b)l/2 do’ dy/
”[(z'—z)2+ (¥ — )3

/2 1
= 7rab/ 7z
0 [a? cos? ¢ + b2 sin® ¢]
z? cos? ¢ y? sin? ¢
h . 2 13/2 . 2 ,13/2 d¢
[a? cos? ¢ + b sin” ¢] [a? cos? ¢ + b2 sin® ¢]

— b {k(g - GREOEE) v EO (- K}

(@~ D) ~ )1 = = 2[R
I; = 375 dz' d
S !

/2 cos? ¢ sin® ¢ d¢
= 2mab a:y/ — 373
o [a? cos? ¢+ b2 sin® ¢]

= 29 K (e) - 2E(e)} oy

a’et

z;_zzl_zfz a? — y'? b21/2 , ,
I, = /( )*( Z / yzé/z) dz’ dy
® (2" ~2)+ (¥ —y)

/2 g2 cos® ¢ sin® ¢ + b% sin® ¢ — z? cos® ¢ sin? ¢ — y? sin¢p
= mab do
0

[a? cos? ¢ + b? sin® 4 32

= DK - B()]

2 - ()~ 28(0)]

y? 2 2
- 35 [2-€)E(e) —2(1 - )K(e)]}

C.4. HERTZIAN PRESSURE DISTRIBUTION (A > B) 209



APPENDIX C DETAILS OF THE CALCULATION OF SURFACE DISPLACEMENTS

C.5 Punch Type Pressure (a > b)

72 yz -1/2

P(z,y)=K(1———b—2)

a?

2/ 2 a2 Jp2Y—1/2
L= [l
R

(@ ~2)? + (o' - )"

/2 d¢
= 27rab/ 73
0 [a? cos? ¢ + b2 sin® @)

= 2nbK(e)

I = /(""—%)(y’—1/)(1—96’2/¢12—1/’2/62)‘1’2

[(z' — 2)2 + (y — 9)2]*/*

4 sin ¢ cos ¢ d¢
= ﬂ‘ab/ 7
0 [a"’ cos? ¢+ b? sin? d)]

(xl _ J:)z(l _ le/a2 _ yl2/b2)-—l/2
Iy = 3/2
/n (e — )2+ (v — 9)°]"

/2 cos? ¢ d¢
= 27rab/ 73
0 [a? cos? ¢ + b2 sin® ¢

= 2 [K(e) - E(e)]

dz’ dy’

(C.22)

C.5. PUNCH TYPE PRESSURE (A4 > B)
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Appendix D

Some Useful Limits Involving

Elliptic Integrals

Since the spheroid packing model of chapter 7 uses an averaging scheme similar to that
seen in Walton [67] and section (1.3.1), it is instructive to consider the case in which
the spheroids tend, in the limit, to spheres. Some useful results to enable us to take
this limit are considered here. Firstly, from the definitions of the elliptic integrals given

in appendix C.1 we may evaluate

K(0) = E(0) = g (D.1)
By writing the integrands over a common denominator, we consider the limit
.1 . [ sin’6 T
£1_ff(1] = K(e) —E(e)] = ll_% . 0 ezsinzg)l/zdg =71 (D.2)
Similarly, we may obtain the limit
1
lim = [(Be* + C)K(e) - CE(e)] = %(23 +C). (D.3)
Other frequently occurring limits are:
lim — [E(e) — (1— A)K(e)] = = (D.4)
e—0 2 T4 '
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APPENDIX D

SoME USeEFUL LiMmiTs INVOLVING ELLIPTIC INTEGRALS

E(e) — (1 - e*)K(e)

- KE) - B@] (D-5)
. K(e)-E(e) 1
im—eke  — 3 (D-6)

As an example, consider the infinitesimal force increments arising from the contact of

two oblate spheroidal bodies given by equations (6.68) and (6.71). By taking the limit

as e tends to zero and using the results listed above, it is easily shown that these forces

tend to those given as equation (1.69) for spheres.
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Appendix E

Table of Isotropic Elastic

Constants

E,v Eu A B,C

A (1+uf(:—2u) ygj:éﬂ) A ?(Bﬂc—_cz)
) m n =BTO)
E| E E e S
v v e Zoem) Bre

k 3(1‘-8211) 3(3’,1513) A+ 3u ﬁ}ﬁ:—a
B 3F w2 osGrm) B

o wp o= L(-w) o
N BT S =B
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