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Intersections of Random Walks

Parkpoom Phetpradap



SUMMARY

We study the large deviation behaviour of simple random walks in dimension three or
more in this thesis. The first part of the thesis concerns the number of lattice sites
visited by the random walk. We call this the range of the random walk. We derive
a large deviation principle for the probability that the range of simple random walk
deviates from its mean. Our result describes the behaviour for deviation below the
typical value. This is a result analogous to that obtained by van den Berg, Bolthausen,

and den Hollander for the volume of the Wiener sausage.

In the second part of the thesis, we are interested in the number of lattice sites visited
by two independent simple random walks starting at the origin. We call this the
intersection of ranges. We derive a large deviation principle for the probability that
the intersection of ranges by time n exceeds a multiple of n. This is also an analogous

result of the intersection volume of two independent Wiener sausages.
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Chapter 1

Introduction

The random walk model had been introduced and well-studied since the early 19th cen-
tury, and still remains one of the most fundamental models of discrete time stochastic
processes. There are a lot of applications for random walk models in many areas such
as in biology, ecology, physics and computer science, as well as providing models in
gambling theory, stock price and potential theory. The recurrence property had been
studied by Polya [P6121] and he showed that the probability that the random walk
will not return to the origin is zero for dimension one and two, i.e. random walk is
guaranteed to return to the origin. However, this non-return probability is non-zero
for dimension three or more. Later on, Dvoretzky and Erdés [DE51] investigated the
problem on the range of random walk, and they showed that the expected number of
lattice sites visited by a random walk depends on the dimension, and is also associated
with the non-return probability. Then, Donsker and Varadhan [DV79] derived the limit
behaviour of the range of a random walk in an exponent form. This celebrated result

leads to the study of the large deviation behaviour of the range of random walk.

More recently, there is also development on the study of the intersection of multiple
independent random walks. We concentrate on the intersections of the ranges, i.e. we
count how many sites have been visited by two or more independent random walks.
The intersection properties of random walks have been studied extensively in the past
fifteen years. The notable result by Dvoretzky, Erdés and Kakutani [DEK50] shows
that the number of intersection sites for two independent random walks is infinite in
dimension four or less, and finite in dimension five or more. This leads to the study of

the infinite-time intersection behaviour.

In the first part of this thesis, we will concentrate on the study of the range of a
single random walk on Z¢. We compute the rate of decay of the probability of the

event that the random walk makes a visit on the lattice site less than usual on the



mean scale. Our study shows that this event satisfies a large deviation principle, which
means that the probability of this event decreases exponentially. This result agrees
with the analogous result in the continuous case studied by van den Berg, Bolthausen
and den Hollander [BBHO1]. This part of the thesis is based on the material in the
submitted paper

[Phell] P. PHETPRADAP. Large deviations for the range of a simple
random walk, ESAIM, submitted, 2011.

The second part of this thesis will focus on the problem of the intersection of the range
of independent random walks. We consider the case of two independent random walks
and find the probability that the number of intersection made by the random walks is
larger than usual. This result agrees with the analogous result in the continuous case
studied by van den Berg et al. [BBHO04]. The long term aim of this problem is to study
the infinite-time intersection behaviour, as we know that the number of intersections

is finite for dimension five or more.

The remainder of this thesis is structured as follows: In this chapter, we will first
introduce the main intersection quantities in Section 1.1. Then, we will describe the
development of the main quantities of interest and show our result. This will be done
separately on the range of random walk and the intersection of independent ranges in,
respectively, Section 1.2 and Section 1.3. Chapter 2 contains the proof for the result on
the range, while Chapter 3 gives the proofs for the result on the intersection of ranges.
Finally, we summarise the technique we have learnt and discuss an open problem in
Chapter 4.



1.1 Random walk model and quantities of interest

In this section, we provide the general set up of d—dimensional random walk model
and point out our main quantities of interest for the thesis. We also provide the set up

of a Wiener sausage.

Let (Sp:n=1,2,...) be a simple random walk on the integer lattice 74 ie.

Shn=X14+Xo+...+ X, n=12...
and X1, Xo, ... a sequence of independent, identically distributed random vectors with
P(X) =¢) =P(X1 = —¢) = Q—Id, where e, es,...,eq are the orthogonal unit vectors

on Z®. Unless stated otherwise, we assume that Sy = 0. We always consider (S,) as a
simple random walk throughout the thesis. Also, we let (S}), (S2),... be independent
copies of (Sy,).

In this thesis, we will pay particular attention to these two quantities:

e Range of the random walk: The number of distinct sites on Z¢ visited by a

random walk up to time n,

Ry = t{S1,...,Sn}. (1.1.1)

e Intersection of the independent ranges: The number of distinct sites on Z¢

visited by all k£ independent random walks up to time n,
In = t{{S} h<jen N {SFh<jcn N N {SThicj<n}- (1.1.2)
In this thesis, we will mainly focus in the case k = 2. Later on, we will write:

Jp = J2. (1.1.3)

n

We may notice that there is a relation between R,, and Jﬁ. Note that we can write R,

as:

R, = Z 1{S; = x for some 1 <i < n}, (1.1.4)

x€Z4



where 1{-} is an indicator function. While for J* we have

Jk = Z 1{S}, :SZ-22:...:ka:a:forsome1§i1,i2,...,ik§n}
T€Z
k
= Z Hl{Sf =z for some 1 <1i < n}. (1.1.5)
zeZd =1

Our main aim for this thesis is to study the large deviation behaviour of these quan-
tities. There are a number of results that have been developed in the large deviation
sense, in particular by Donsker and Varadhan [DV79], Hamana and Kesten [HK01] and
recent book by Chen [Chel0]. The results and heuristic arguments of the proof will be
shown in Sectionl.2.1 for R,, and Section 1.3.1 for J,.

Let 3(t),t > 0 be a standard Brownian motion in R? starting at the origin. We also
denote [31(t), f2(t),... as independent copies of B(t). Define W%(t) to be a Wiener

sausage up to time t with radius a > 0 by

wet):= | Ba(B(s)), t=0, (1.1.6)

0<s<t

where B, () is the open ball with radius a around z € RY. Similarly, define W{(2), .. .,
Wi (t) as the Wiener sausages associated with 31(t),. .., Bk(t). The Wiener sausage is
one of the simplest examples of a non-Markovian functional of Brownian motion. We
also define Vi%(t) to be the intersection set of all W{(t),..., Wg(t), i.e.

k
V() = () Wi (@), (1.1.7)
=1

with our usual simplification V(t) := Vi(t). We also let |W%(t)| to be the volume
of W(t), and |V,#(t)| to be the intersection volume up to time ¢ of W (t),..., WZ(t).
Note that we can also represent W¢(t) and V,*(¢) in a similar to the form of (1.1.4) and
(1.1.5).

It is well known that Brownian is the scaling limit of random walk. Therefore, we
would expect similar behaviour in limits for random walk and Brownian motion. It
turns out that problems on R,, are analogous results of |[IW%(t)|, while problems on J¥
are coupled with |V,2(t)].

There is also a development in the study of limiting behaviour of |W¢(¢)| and |V,2(t)| in
the large deviation sense, notably by Donsker and Varadhan [DV75], Bolthausen [Bol90],
Hamana and Kesten [HKO01] and van den Berg, Bolthausen and den Hollander [BBHO1,
BBHO04]. We also include the results and optimal strategies of the proofs in Section



1.2.1 for |W4(t)| and Section 1.3.1 for |V*(t)|.

1.2 The ranges

In this section we will focus on problems and developments on R,, and [W*(t)|. Firstly,
we will give general overviews and known results in the classical case and the large
deviation case in Section 1.2.1. Then, we will present our main result and give extra
comments in Section 1.2.2. Finally, the outline of the proof of our results will be

explained in Section 1.2.3.

1.2.1 Overview

We start this section with the obvious fact that R, is bounded due to discreteness

property the random walk, i.e.
0< R, <n.

Remarks:

1. The random walk conditional on the event R, = n is called self-avoiding walk
which was introduced as a polymer model in Physics and has been popularly
studied since. The recent question is to find the existence and conformal invari-
ance of the scaling limit of self-avoiding walk which is conjectured to be described
by Schramm-Loewner evolution. However, we will not mention self-avoiding walk

in this thesis. Readers can find further reading material at [Law96] for example.

2. There are also bounds for R, in an exponent form, for example:

sup E exp (ng/g(Rn - ERn)> < oo Vo > 0. (1.2.1)

n>1

The full proof can be seen in Theorem 6.3.2 of [Chel0)].

One of the typical questions to be asked is what is the expected value and the variance
of R,? This question has been answered by Dvoretzky and Erdos [DE51]. Before we

quote the theorem, we first need to define the non-return probability of random walk



on Z%:
k:=k(d) =P(S; #0 for all i > 1), (1.2.2)

i.e. K is the probability of the event that the random will never return to the origin.
The value of £ depends on the dimension d. By the recurrence property of random
walk (e.g., by Polya [P6121]), it can be deduced that the non-return probability is zero

for dimension one and two and positive for dimension three or more.

Theorem 1.2.1. Asn — oo,

kn 4+ O(n'/?), if d =3,
E(R,) =< kn+ O(logn), if d = 4,
kn+cg+ 0> Y%, ifd>5,

where cq are positive constants depending on the dimension d > 5, and

Om3?),  ifd=3,
Var(R,) << O(nlogn), ifd=4,
O(n), ifd>>5.

Furthermore, it also satisfies the strong law of large numbers,

Ry,

mn

lim

=1 almost surely.
n—oo

Proof(sketch). To work out the expected value, define an indicator function

. 1, ifSk#Sifori:L...,k—l,
Tk 0, otherwise .

Now, we can see that

ER,=EY = P(Sp#Sifori=1,.. k-1)

k=1 k=1

n k

— IP’(ZijéOforizl,...,k:—1>
-1 j=itl
n k—1

:ZP(ZXj¢0for¢:1,...,k—1)
k=1 j=1

—SN"P(S; £0fori=1,....k—1). (1.2.3)
k=1



However, we can see that
lim P(S; #0fori=1,...,k—1) =k,
k—00

and hence

ol .
nh_)I&EZIP)(Si#Oforz: L....,k—1)=k.
k=1
The error term depends on the dimension d. The proof for the upper bound of Var(R,,)
is omitted.
O

The non-return probability x will later play a key role in the analysis of the problem
on the range. Also it is worth to comment that the expected value of R, is of order n.
Note that, Theorem 1.2.1 only gives upper bounds for Var(R,). This was later devel-
oped to give the exact order of the variance by Jain and Orey [JO68] for d > 5 and by
Jain and Pruitt [JP71] for d > 3:

O(nl ford =3
Var(Ry) = 4 O(nlosn), ford =3, (1.2.4)
O(n), for d > 4,
where we write f(n) =< O(g(n)) implies that, for some positive constant Cy, Cs,
Cig(n) < f(n) < Cag(n). (1.2.5)
Proof (sketch). We will give the sketch of the proof. Define:
Wr =20 — Z;. (1.2.8)

i.e.

e Z!' is an indicator function of the event that after time ¢ (where the position of
the random walk is S;), the random walk will not come back to lattice S; by time

n.

e Z; is an indicator function of the event that after time 4, the random walk will

never come back to S;.

e W/ is an indicator function of the event that after time 4, the random walk will



not come back to S; by time n, but it will eventually make a return to S; after

time n.

We can write R,, as

Ry=Y ZI'=> Zi+Y W/ (1.2.9)
=1 =1 =1

We will abbreviate the sums as:
Yo=Y Zi,  Wpi=)» Wi (1.2.10)
j i=1

The idea to deduce Var(R,) is to show that (i) For d = 3, Var(Y,,) = O(nlogn), (ii)
For d > 4, Var(Y,,) = O(n), and (iii) Var(W,,) = o(Var(Y,,)).

Firstly, to show that Var(W,) = o(Var(Yy)), we calculate EW/'W for i < j. This
was done in Lemma 4 of [JP71] and the formula of the expectation is explicitly given.
Then, by expanding Var(d ;. W) along with EW/'W}', we get

O(n), for d =3,
EW?2 =< O(log?n), ford=4, (1.2.11)
0O(1), for d = 5.

Now, to derive Var(Y;,), the key step is to deduce the covariances cov(Z;, Z;) for each
1 <i<j<n.ByLemma 3 and Lemma 5 of [JP71], we get

j—1 .
O(logj), ford =3,
a; = cov(Z;, Z;) =< 1.2.12
! z; (%, 25) { 0(1), for d > 4. ( )
Now, we deduce (1.2.4). For d > 3, we can see that
Var(Z;) = EZ? — (EZ;)? = k — K? (1.2.13)

Finally, we derive Var(Y},). By (1.2.12) and (1.2.13) we get

n n j—1
Var(Y,,) = Z Var(Z;) + 2 Z Z Cov(Z;, Zj)
i=1

j=1 i=1
O(nlogn), ford=3,

< 1-— + 2na, <
< (1= w))n+2na { O(n), for d > 4.

Note that, the result for d > 4 can be deduced since k(1 — k) +2a,, is positive. Combine
this result with (1.2.11), we can see that Var (W,,) = o(Var(Y,,)). Hence, Var(R,) =<



Var(Y,,) by Schwarz inequality. O

Now, the next question would be, how behaviours of R, looks like? Would R,, satisfy
the central limit theorem? The answer is “Yes, the central limit theorem also holds for
R,)”. This result was first proved in d > 5 by Jain and Orey [JO68] and later by Jain
and Pruitt [JP71] for d > 3.

Theorem 1.2.2.

1

%(Rn —ER,) -5 N(0,D?), d> 4.

The exact forms of the variances ©2,9% can be found in [LGRI1] as well as Theorem
5.5.8 of [Chel0].

Proof (sketch). Consider d > 4. We will use similar notations as in the proof for the
variance of R, in (1.2.6)-(1.2.9). Write:

n n n
Ry=> 20} =) Zi+> W
=1 =1 i=1

We also abbreviate the sums as similar to (1.2.10):

n n
Yo=Y Zi,  Wpi=)» Wi
=1 =1

Next, it can be shown (e.g. by Chebychev’s inequality) that

P(W, > en'/?) =5 0.
Hence W,,/(c+/n) converges to zero in probability. Therefore, to show that R,, has a

Gaussian limit, we can only need to consider the sequence Y.

To do this, we will partition the random walk, each of timelength m := |n'/3] (while
we ignore the continuity correction for the sketch proof). The key idea of the proof is
to show that (Y,, — EY},)/o+/n satisfies Lindeberg’s conditions. This will be done by
the following: Define

im—1 im—1
Ui= Y Z™ V= > wm
j=@GE—-1)m j=@E—-1)m



Then, we write Y,, as:

m2—1 m?2 m?2
Yo—kn= Y (Zr—r)=Y (U—EU;)-> (V;—EV)).
k=0 =1 =1

Next, it can be checked that

Z(‘j\;ﬁEVE) P,

therefore we only need to consider the sequence U; — EU;. Then, it can be shown that

Lindeberg’s conditions are satisfied, i.e.:

m2

Ui —EUl m2
Var(; o ) = UQnVarRm ~1

2

m i_E f] 2 N300
3 / (U) P,
= Jvi-mvi>ecoyn N OV

where the second part of the condition come from the fact that |U; — EU;|/ov/n <
m/oy/n — 0asn — co. Hence we can conclude that (R, —ER,,)/o+/n is asymptotically

normal.

In three dimensions, the problem is more delicate since the partition need to be of length
|n/logn], and additional results are required to show that Lindeberg’s conditions are
satisfied. O

Remarks:

1. We also would like to mention analogous results in Wiener sausage case. We start
with similar type of results on the classical behaviour. By Spitzer [Spi64] and Le
Gall [LeG88]:

E|We(t)| ~ Kqt, d >3,
where K, is the Newtonian capacity of B, (0), and

O(tlogt), ford=3,

Var|We(t)| ~
O(t), for d > 4.

By comparison with Theorem 1.2.1 and (1.2.4), we can see that the expected
mean and variance of R, and |W(t)| are on the same scale. Moreover, |W*(t)|

satisfies the strong law of large numbers and the central limit theorem for d > 3.

2. Apart from problems on the range of random walk, there is also active study on

10



self-intersection local time problems of a random walk, which is defined by:

1<j<k<n

Self-intersections of random walks and Brownian motion have been studied in-
tensively. They play a key role e.g. in description of polymer chains (Madras and
Slade [MS93]).

Although we will not study the behaviours of @), in this thesis, there is a relation
between R, and @,. We can see that R, and @), are related in negative ways,
i.e. the more self-intersections, the smaller the range. However, it seems to be
difficult to express the relation in mathematical formula. One surprise relation
is that the behaviour of ),, seems to be similar to R, in high dimensions. For

example,
EQ, = cn, for d > 3,

and
O(nlogn), ford=3,

Var(Qn) ~ { O(n), for d > 4.

The central limit theorem is obtained by Chen [Che08], while the large devia-
tion behaviour in high dimensions has been studied by Asselah [Ass08, Ass09].
See [Chel0] for up-to-date results on the behaviours of the self-intersection local

time.

Large deviation behaviour

We may categorise the large deviation-type problems on the range of random walk by
the direction of events we considered. Therefore, there will be two main categories for

this, namely downward direction (event of type {R,, < f(n)}) and upward direction

({Rn = f(n)}).

1. Downward direction

The first result was from Donsker and Varadhan while they showed a limit behaviour
in an exponent form. This was first done in the Wiener sausage case [DV75] and later
in the random walk case [DV79].

11



Theorem 1.2.3. Let a > 0. For any 0 >0 and d > 3

lim n~ (2 1o B exp(—0R,) = —k(8, d), (1.2.14)
lim =) 109 B exp(—0|W(t)]) = —k(6, d), (1.2.15)

where

k(0,d) = 0%/(@+2) (LJ£2> (?)d/(d-m)

and og is the lowest eigenvalue of —(1/2)A for the sphere of unit volume in RY with

zero boundary values.
Remarks:

1. Obviously, both random walk and Brownian motion have the same limit. It is
worth saying that the rate function does not depend on the radius of Wiener

sausage a.

2. We can use the Géartner-Ellis theorem to transform the result in the form of large

deviation scale.

Corollary 1.2.4. For any v > 0,

lim n~% @2 jog P(R,, < vn¥ 42y = (1),

n—0o0

where

d+2

1003 (5) o) )

This implies that Theorem 1.2.3 gives a large deviation result in the downward
direction for the scale n%(@+2) which is less than the mean, which came as a

surprising result.

Proof (sketch). We rewrite (1.2.14) as:

1
lim —logEexpmvX,,] = —k(v), (1.2.16)
m

m—00

where X, is a family of random variable taking values in R. By comparison with
(1.2.14), we set m = n#/(@+2) and X,, = —LR,. Since k(v) is in explicit form

and differentiable, we can apply the Géartner-Ellis theorem. Hence, we get

m—00 M,

1
lim —logP(X,, > a) = —sup{ya + k(y)}.
y

12



Now, by substitute the values of m and X,,, and set b = —a, we get

li_>m n~ 42 16g P(R,, < bn¥@+2)) = —sup{—by + k(y)}
n—oo Y

Finally, we deduce the rate function J(v) in Corollary 1.2.4. This can be done
explicitly. O

3. For both cases, the optimal strategy to realise the large deviation is to stay inside

d/(d+2)

a ball of size n until time n and fill all the space within the ball entirely and

nothing outside. The cost of this strategy leads to the exponential limit k(6, d).

The next result in downward direction was done by van den Berg, Bolthausen and
den Hollander [BBHO1] and they show the result in the Wiener sausage case for large

deviations on the scale of its mean.

Theorem 1.2.5. Let d > 3 and a > 0. For every b > 0,

1
lim ——5 log P(|Wa(t)] < bt) = —I"(b), (1.2.17)
where )
I ()= inf |= Vol (x)d 1.2.18
(b) ¢e(11>2a(b)[2/Rd| o (2) da. (1.2.18)
with

oo (b) = {¢p € H'(R?): /Rd o*(x)dr =1, /Rd(l — e @)dp <pl.  (1.2.19)

Remarks:

1. Our main result is obtaining the analogous result for the similar problem in the

random walk case. This will be explored in Section 1.2.2.

2. Note that Theorem 1.2.5 holds for every b > 0. However, for b > k,, the rate

function in (1.2.18) is infinite.

3. We repeat the words used by the authors of [BBHO1] to describe the optimal
strategy of the problem

The idea behind the theorem is that the optimal strategy for Brow-
nian motion to realise the event {|W4(t) < bt|} is to behave like a
Brownian motion in a drift field zt'/¢ — (V¢ /¢)(z) for some smooth

¢ : RY — [0,00). The cost of adopting this drift during a time ¢ is
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the exponential of ¢(@-2)/d

times the integral in (1.2.18) to leading or-
der. The effect of the drift is to push the Brownian motion towards
the origin. Conditioned on adopting the drift, the Brownian motion
spends time ¢?(x) per unit volume in the neighbourhood of ztt/? and
it turns out that Wiener sausage covers a fraction 1 — exp[—#xq¢%(z)]
of the space in that neighbourhood. The best choice of the drift field
is therefore given by a minimiser of the variational problem in (1.2.18),
or by a minimising sequence.

Therefore, the optimal strategy for the Wiener sausage is to cover only
part of the space and to leave random holes whose size are of order 1
and whose density varies on scale t'/¢. Note that this strategy is more
complicated than the strategy in Theorem 1.2.3. A large deviation on
the scale of the mean does not squeeze all the empty space out of the

Wiener sausage, and the limit in (1.2.17) depends on a.

2. Upward direction

The behaviour in the upward direction has been first studied in the Wiener sausage
case. Van den Berg and Téth [BT91] firstly develop the Donsker-Varadhan Wiener
sausage result to show the asymptotic behaviour in exponent term of A\|W%(¢)| where
A > 0. They showed that the limit

1 1
S(A) = tglglozlogEexp(MW )
is positive and finite in any dimension for any A > 0. Moreover, for d > 3,
max{wi A%, d(d — 2)wgA} < S(\) < 29wy 1e2" Wit max{\, A2},

where wy is the volume of the ball of radius 1 in R%. The result is later developed by

Bolthausen and van den Berg [BB94] to show the limit results of S(\) when A is either

large or small. They showed that for d > 3
S

lim — = kg, lim S

_ 2
A0 A oo A2 = (wa-1)%,

where k, is the Newtonian capacity of the ball of radius a in R%. It is also mentioned

that A — S()) is convex and lower semicontinuous.

The analogous result in the discrete case had been studied by Hamana [HamO1]. By

14



setting
An(0) = %ng(e"Rn), (1.2.20)
then, note that for 6 > 0,
E(eeRn+m) < E(eeRn+9Rm) < E(eeRn) % E(eeRm)_

this implies that {logE(eeRn)}fLozl is a subadditive sequence. Hence, it follows by the
standard subadditivity lemma that

lim An(0) = A(8) := inf A, (6). (1.2.21)

n— oo n>1
Moreover, Hamana also showed the limit results for A(f):

) A(@)_ . _
bm—p— = Jim == =1

Note that, by Theorem 1.2.3, we can deduce that A(f) = 0 for # < 0. Hence, we can

conclude that, for d > 3, A is not differentiable at zero.

In both cases, since the constants in the exponent forms are both positive (compare
with Theorem 1.2.3), this reflects the asymptotic behaviour in the upward direction.
However, both results cannot be transformed in a standard large deviation set up, since
the differentiabilities of S(A) and A(€) are unknown, except at zero for A(-). Therefore,

we cannot easily apply Géartner- Ellis theorem.

However, Hamana and Kesten [HKO01] show that the result can be written in large

deviation form. This has been done by completely different technique.

Theorem 1.2.6. The function

¥(0) = lim —log P(R, > 0n)

n—oo n

exists for all 0, and satisfies

P() =0, ford<r,
0<y

(
W(

0) < 0o, forrk<6<1,
0) =00, for6>1.

Moreover, in dimension two or more, x — (x) is continuous and convex on [0, 1] and

strictly increasing on [k, 1].
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The authors also prove the analogous result in a Wiener sausage case. For the Wiener

sausage W*(t) with a constant drift p (possibly zero),
—1
o(z) = tlim - log P(|W(t)| > tz) exists (1.2.22)
—00

for all z € R and ¢(-) = 0 for < k.. The exact form for the rate functions ¢ (z) and

¢(x) are still open questions.

Remark: Apart from 0 € (k,1], it seems to be very trivial. Indeed, we knew that R,
is bounded above by n, hence P(R,, > 6n) = 0 for § > 1. Moreover, by Theorem 1.2.1

we can deduce that

lim P(R, >60n)=1 forall § < k.

n—oo

Therefore, the only interesting case is when x < 6 < 1, the case which the random walk

satisfies a large deviation principle with speed n and positive rate function ().
Proof strategy. We repeat the words used by the authors of [HKO01].

The proof bases on an approximation on a subadditivity relation. We build
a path of length n +m with Ry, 1., > y+ z — E(n,m) for some error term
E(n,m) from the two paths P; and Ps. The error term comes from the
fact that some points are counted in the range of both ; and Bs. Note
that P71 (*Pe, respectively) has length n(m) and range greater than or equal
to y(z). In order to make small overlap, we do not count the initial point of
By and the endpoint of PB;. The initial point of Py shall be placed at the
distance at most of order nm!/(4t1) from the endpoint of 93, in order to get
the error term of order (nm)'/(@+1). The two paths are then connected at

not too large cost in probability. This results in the inequality:
P(Rytm >y +2z—(2d+ 2)(nm)1/(d+1))
> Sl (R > (R > 2),
for some ¢ > 0.
Note that when d > 2, (nm)Y(@+1) is small with respect to max{n,m}.

From this, we can use more or less standard subadditivity argument that

the limit ¢(z) exists at all continuity points = € (0,1) of

-1
Y(z) :=liminf — logP(R,, > 6n).

_— n—oo n

It is then easy to obtain from the equation that the restriction of ¢ (x) to
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the continuity points of ¢ in (0,1) is convex. This is enough to conclude
that v is in fact continuous on (0, 1), just as in the usual proof of continuity

of a convex function. Hence 1 (x) exists for all (0,1).

Summary and deviation on the other scales

In brief, we summarise the known results so far on behaviours of the range. Jain and
Pruitt [JP71] showed that R, — ER,, satisfies central limit theorem on the scale \/n
for d > 4, and on the scale /nlogn for d = 3. For the scale n%(@2) Donsker and
Varadhan [DV75, DV79] showed that both R, and |W%(t)| in the downward direction
satisfy the large deviation principle with speed n%(@+2) and the same explicitly given
rate function. Then, for the mean scale n, Hamana and Kesten [HK01] showed that the
behaviours of both R,, and |W®(¢)| in the upward direction satisfy the large deviation
principle with speed n but with an unknown rate function. Also on this same scale, van
den Berg, Bolthausen and den Hollander [BBHO1] show the large deviation behaviour

(d-2)/d

in the downward direction for |W®(t)| with speed n and an explicitly given rate

function.

Note that, the behaviour of the range on the scale b, = n%(@*2) in upward direction
is still unknown. The results by Hamana in (1.2.20) and (1.2.21) do not help in this
case. Even if we assume that A(6) is differentiable (hence we can use Gértner- Ellis
theorem), the transformation only give the similar type as in Theorem 1.2.6. In order

to get the large deviation of the scale n%(4+2) we need a result of the type:

) 1

However, by (1.2.20) and (1.2.21), we can deduce that:

. 1

Moreover, Bass and Kumagai [BK02] (also, see Theorem 8.5.2 [Chel0]) shows the

moderate deviation for R, —ER,, ind =3

Theorem 1.2.7. Let d =3 and C is a constant. For any A > 0 and positive sequence

¢ satisfying limy, o ¢, = 00 and ¢, = o(+/logn),

. %
lim —logP{ & (R, — ERy) > \/nealogn} = ——-.
K

n—00 Cp,
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Note that the form in the theorem come from Theorem 8.5.2 [Chel0]. Therefore, when
we consider the problem in both downward and upward directions on the scale b,

Theorem 1.2.7 suggests that the moderate deviation principle is valid when

vnlogn < b, < (logn)1/4\/nlogn,

with speed ¢, and rate function C\?/k*.

Now, an open problem would be to complete all the gap for the scale b, € (1/n,n). To
do this, define

fn < gp if and only if lim In =0, (1.2.23)

n—oo gn
and similarly for g,, > f,,. Note that for a problem on the scale b,, > n is not interesting
for both downward and upward directions since the behaviour becomes trivial by the
law of large number and the discrete property of R,. For the rest, we give some

conjectures:

1. V/n < b, < n¥/(d+2) for ¢ > 4: This can be suspected that R, satisfies the

moderate deviation principle.

2. nd/(d+2) b, < n for d > 3: It is reasonable to believe that R, — ER,, satisfies
the large deviation principle for this scale since both the upper and lower bound

of b, satisfies the large deviation principle.

We describe conjectures on these scales below.

Moderate deviation on R, for d > 4

Note that the proof from Theorem 1.2.7 relies on the integrability property of random
walks in dimension three. Hence, the proof can not be carried out in dimension four or
more. We, however, suspect that the moderate deviation principle can also be carried
out it the same way as in Theorem 1.2.7, and the conjecture for the moderate deviation
principle for d > 4 is given by Chen (Conjecture 8.7.1, [Chel0] ).

Conjecture 1.2.8. Let d > 4. For any A > 0 and a,, satisfying lim, o0 an, = 00 and

d—2
an = o(n+2),

1 A2
i - log P(( ) 2 AVnan) = ==

where 2 is the variance of Ry, described in Theorem 1.2.2.
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Note that when a,, = n%, this is exactly the same scale as in Donsker-Varadhan
result in Theorem 1.2.3. Therefore, the sequence a, must be less than this scale.
This conjecture implies that the moderate deviation valid with speed a, and the rate
function \2/292. A partial result has been obtained in Theorem 8.7.2 of [Chel0]. They
showed that

1 A2
limsup — log P(R,, — ER,, > A\/na,) < ———,
n—oo On 292

for A > 0 and positive sequence a,, satisfying a,, — oo and a,, = o(n) as n — oo.

_d_
Large deviation on R, on the scale between né+2 and n

We point out a conjecture made by Chen (Conjecture 8.7.3 [Chel0]) to show the large

deviation for the centred sequence.

d—
Conjecture 1.2.9. Let d > 4. For any A > 0 and b, satisfying lim, o bn/nﬁ3 = 00

and b, = o(ndff),

_d_ - _
lim bilog P(R, — ER, < —AbI?) = C(s)\T, (1.2.24)

n—00 n

where C(s) is a constant.

Note that, we will not study this conjecture in this thesis. However, we explain here

where the conditions of b,, come from:

e Upper range b, = o(n(d_Q)/ 4): This come from the large deviation for the range
on the mean scale. This is pretty obvious since by replacing b, by n(@=2)/d the
corresponding event will be {R,, < ER,, — An} which is the same type of the main

problem of this thesis, and hence satisfies the large deviation principle with speed
(d—2)/d
n .

d—2
e Lower range b, > nd+2: This comes from the Donsker-Varadhan result in The-

orem 1.2.3, as well as Conjecture 1.2.8 on the moderate deviation principle.

Table 1.1 shows the summary of the behaviours of R,, — ER,, with various scales b,, in
downward (P(Rn —ER, < bn)) and upward (]P(Rn —ER,, > bn)) directions for d = 3.
The only exception case would be in Donsker-Varadhan case for the scale b,, = nd/(d+2),

the result is for non-centred sequence, i.e. P(R,, < by,).

Also, Table 1.2 shows the summary of the behaviours of R, — ER,, with various scales
for d > 4. Similarly, for the scale b, = n%(@t2) the result is also for non-centred

sequence.
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Table 1.1: Behaviours of R, — ER,, on various scales for d= 3.

Scale Downward direction ‘ Upward direction
by, = (nlogn)i/? Central limit theorem
(IPT1))
(nlogn)'/2 < b, Moderate deviation
< n'/2(logn)3/* ([BK02])

nt/2(logn)3/* < b,
< nd/(d+2)

Large deviation': speed n®/(d+2)

([DVT79))

nd/d+2) «p < n

Large deviation (conjecture)

b, =n

Large deviation: speed n(4-2)/d

(Theorem 1.2.10)

Large deviation: speed n
([HKO1])

Table 1.2: Behaviours of R,, — ER,, on various scales for d > 4.

Scale

Downward direction ‘ Upward direction

by, = nl/?

Central limit theorem
([JP71])

2 < b, < nd/@+2

Moderate deviation (conjecture)

b, = nd (d+2)

Large deviation': speed nd/(d+2)

([DVT79))

n¥d+2) < p <

Large deviation (conjecture)

b, =n

Large deviation: speed n(¢—2)/d

(Theorem 1.2.10)

Large deviation: speed n
([HKO01])

Large deviation on event {R, < n®/(d+2)},
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1.2.2 Main results for the ranges

In this section, we show our main result in full details, and give comments for the
result. We remind that x is the non-return probability of a random walk defined in
(1.2.2).

Theorem 1.2.10. Let d > 3. For every b > 0,

lim 372 logP(R,, < bn) = —EI”(b), (1.2.25)
where )
I"(b) = inf |= 2 1.2.2
0=, ot [5 [ 199 dd] (1.226)
with
o5(b) = {p € H'RY: [ ¢*(z)dx = 1,/ (1 — e " @)de < b}. (1.2.27)
R4 Rd
Remarks:

1. This is a large deviation result for the range of random walk when it deviates on
its mean in the downward direction. This is an analogous result of that in Wiener

sausage proved by [BBHO1].

2. Apart from the factor 1/d in (1.2.25), the rate function coincides with the rate
function of Wiener sausage case in (1.2.17)-(1.2.19) except that r, is replaced by

. This is due to the local central limit theorem which we will describe in Remark
4.

3. The optimal strategy for the random walk is identical to that in Wiener sausage,
this is to push the random walk towards the origin. On the event {R,, < by}, the
walk behaves like the walk on a drift field zn'/% — (V¢/¢)(x) for some smooth
¢ : RY — [0,00). Conditioned on this drift, the walk spends time ¢?(z) in the box

1/d and its range only cover a fraction of 1 — e="%*(@) of the box. This

of size Nn
strategy is more complicated than that in Donsker-Varadhan result [DV79] at
which the optimal strategy is to stay inside a ball and fill all the space until time
n. The cost of this strategy made an effect on the speed and the rate function
of the large deviation event. It seems that the second constraint in (1.2.27) is
the main condition for the rate function. This will be explained in the remark of

Proposition 1.2.11.

4. The structure of the proof is also similar to that in Wiener sausage case in [BBHO1].
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However, there are some additional technical difficulties centred around the fol-

lowing three topics:

e Local central limit theorem: In the course of the argument, we have to work
with discrete probability transition density which by a local central limit
theorem converge to the transition densities of Brownian motion. This ap-
proximation leads to additional error terms and n—dependencies, which need

to be controlled.

e Potential theory: The potential theoretic case requires a significant change
from the set up of [BBHO1]. The path reversal argument becomes more
transparent in the discrete case and the reasons for the occurrence of the

non-return probability x are worked out clearly.

e Large deviation principle: The classical Donsker-Varadhan argument used
for the LDP of the empirical pair measures needs to be strengthened to incor-
porate the passage from the discrete problem to a continuous rate functional.

A parity issue also needs to be taken into account.

1.2.3 The outline

In this section, we give the outline for the proof of Theorem 1.2.10. The full details of
the proof will be shown in Chapter 2.

First of all, we begin the section by doing standard compactification. For N € N even,
let Ay = [ — %, %)d be the torus of size N > 0 with periodic boundary conditions.
Throughout the proof of Proposition 1.2.11, which we will introduce later in this section,
the random walk will live on ANn 1N Z% with N fixed. We denote by (Si,...,S,) the
random walk on ANn 1 NZ% and by R,, the number of lattice sites visited by the random

walk on the torus up to time n € N.

To prove Theorem 1.2.10, we will show that the upper bound and the lower bound of
the left hand side of (1.2.25) are the required rate function, i.e. we show that:

1 1

lim sup —— logP(R,, < bn) < —=1"(b), (1.2.28)
n—oo n- - d d
1 1

liminf —— logP(R,, < bn) > —=1"(b). (1.2.29)

In order to deduce (1.2.28) and (1.2.29), we will given an introduction of the transition
probability of a random walk in Section 2.1. This includes a property of the transition

probability of the random walk on a torus. In Section 2.2, we deduce the large deviation

22



principle of random walk on a torus. Finally we complete the proof of Theorem 1.2.10
by showing (1.2.28) and (1.2.29) in Section 2.3.

We now explain the main steps of Section 2.2 and Section 2.3.

Large deviation behaviour of random walk on torus

We show that the range of random walk wrapped around A ;.14 satisfies a large devi-

ation principle.

Proposition 1.2.11. Let d > 3, then %Rn satisfies a large deviation principle on RT
with speed n“T and rate function éJjﬁ,, where

N 1 9
)=, inf (3 /A Vo @) (1.2.30)

with

oD (b) = {¢p € H'(An) : X ¢*(z)dx = 1,/A (1—e*"@)dz = b} (1.2.31)

Remarks:

1. Proposition 1.2.11 implies the following;:

Corollary 1.2.12. Let d > 3. For everyb >0 and N > 0,

. 1
lim ——
n—o0 n-da

logP(1R, <b) = —1I%(b), (1.2.32)

where I (b) is given by the same formula as in (1.2.26) and (1.2.27) except that
R? is replaced by An.

2. Observe that the main condition for the rate function is the third term of (1.2.27).
Clearly,

b= / (1— efWQ(I))dx < / k2 (z)dx = K.
R4 R4

This implies that the rate function is infinite for b > k. This agree with the result
in Theorem 1.2.1

In order to prove Proposition 1.2.11, we divide the proof into four main steps.

e Section 2.2.1: For € > 0, define the skeleton walk

Sne=A{S

iend

) }@S%n%g : (1.2.33)
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Using this skeleton walk, we approximate %Rn by En,e%Rn, where E,, . denotes
the conditional expectation given S, .. By application of a concentration inequal-
ity of Talagrand, the difference between %Rn and En,E%Rn is negligible in the
limit as n — oo followed by € | 0.

e Section 2.2.2: We represent EH,E%Rn as a continuous function of the pair empirical

measure:

1,(d-2)/d

_d-2
Lpe=en""7 Y b, S vynzran IS, 2/0)" (1.2.34)
=1
This will be done in (2.2.32) and it proved to be a key step for the proof. This is
because, by a variant of the classical Donsker-Varadhan theory, (Ly ¢ )n>0 satisfies

a LDP. We will get LDP for Eme%Rn via the contraction principle.

e Section 2.2.3: Finally, we perform the limit € | 0. By the result from Section
2.1.1, we already know that %Rn is well approximated by En,G%Rn. It therefore
suffices to have an appropriate approximation for the variational formula in the
LDP for Ep 1R,

Then, we collect all the results from Section 2.2.1 to Section 2.2.3 and complete the

proof of Proposition 1.2.11 in Section 2.2.4.

Sketch of the proof of Theorem 1.2.10

We give the outlines of the section:

e To prove (1.2.28), our main steps are the following:

1. We project the walk on Z? to a torus A Nni/d- This is done because we need
to use the fact that R,, < R,, ,which will give the upper bound in probability

for our event.

2. We then instead prove the large deviation principle for the random walk on

the torus.

3. Finally, we increase the size of torus and get the required rate function in
(1.2.25) by Proposition 1.2.13.

e To show (1.2.29), we will do the following: We will again let the random walk
lives on Ap,1/a and we let Cy,1/a(n) to be the event that the random walk will
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not hit the boundary of Ay, 1/« until time n. Then, we find the lower bound in

probability of the event {R,, < bn} by considering the inequality
P(R, < bn) > P(R,, < bn,Cy1/a(n)). (1.2.35)

Then, we deduce that the right hand side of (1.2.35) give an appropriate limit
which converges to the required limit in (1.2.25) when we increase the size of the

torus.

Note that, in order to complete the proofs of (1.2.28) and (1.2.29), we need a result
to show that when the size of torus increases, the rate function for the random walk
on torus converges to the required rate function in (1.2.25). We denote Iy (b) is a rate
function on Ay given by the same formula as in (1.2.26) and (1.2.27) except that R?
is replaced by Ap.

Proposition 1.2.13. limy_, I§(b) = I"(b) for all b > 0 where

o I%(b) is given by the same formula as in (1.2.26) and (1.2.27) except that R? is
replaced by Ay .

e [" is the rate function defined in Theorem 1.2.10.
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1.3 The intersections

In this section, we focus on problems and developments on the intersections of ranges
of independent random walks. Firstly, we give general overviews and known results
in Section 1.3.1. Then, we present our main result and give extra comments in Sec-
tion 1.3.2. Finally, the outline of the proof of our result is explained in Section 1.3.3.

We remind that J¥ is the intersection of independent ranges of k random walks defined
in (1.1.2) and J, is defined in (1.1.3). Also, |V,#(t)] is the intersection volume of & in-
dependent Wiener sausage with radius a defined in (1.1.7) , with V(¢) := V' (¢). Also,
we define infinite-time intersection of the ranges of random walks and, respectively,

infinite-time intersection volume of Wiener sausages as:
k . 7 k al . 12 a

with our usual notations Jo, := J2 and |[V¢| := |V§].

1.3.1 Overview

We again start the section with an obvious fact that J, is bounded, this is due to the

discreteness property of random walk.
0<J, <n. (1.3.2)

Remarks:

1. To get J,, = n, the only strategy is for one random walk to perform a self-avoiding
walk and the other walk follows the first random walk at every step. Also, to get
Jn = 0 is rather obvious, the random walks are not make any intersection at all

during time n.
2. It is also easy to see that (1.3.2) can also be extended to J*.

3. We note that the J, is also bounded by each individual range, i.e.
Jo < R}, Jo < R

This is pretty obvious, and it can be derived from (1.1.5).

4. There are also more complicated bounds for J,, for the moments of .J,,, for ex-
ample, from Theorem 6.2.1 [Chel0], when d > 3, there exists a constant C' > 0
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such that

(EJ)™ < (m)?2C™n™?2, m,neN.

Before we show the result on expected value of J,, we would like show the result de-
scribed in Dvoretzky-Erdos [DE51] and Dvoretzky-Erdés-Kakutani [DEK50, DEK54]:

JE =ooas. ifand onlyif k(d—2) < d. (1.3.3)

This result shows that k£ independent random walks will make finitely many intersec-
tions if k& < d/(d — 2). Since we concentrate on the case k = 2, we can classify the
dimensions into

e Subcritical dimensions: d < 4.

e (Critical dimension: d = 4.

e Supercritical dimensions: d > 4.
As we may expect, J, behaves differently in each case. Moreover, in the subcritical

case, the behaviour of the intersections in one and two dimensions is different from

three dimensions because of the recurrence property.

We now show the expected value of J, in high dimensions. The result has been shown
by Erdos and Taylor [ET60], and also by Le Gall [LeG86a, LeG86b]:

Theorem 1.3.1. Asn — oo,

c;;né(l +0(1)), d=3
E(Jn) =13 cqlogn(l+0(1)), d=4
Cd(l + 0(1)), d>5

where c; is a finite positive constant for all i in ZT.

Proof(sketch). We only show this for d = 3, since the other dimensions follow the same

method. Also, we only show the lower bound. Note that:

EJ, > Z (IP)(SEL = 5]2 = z for some 1 < i,j < n)),
2€Z%|x|<\/n

= Z (P(S; = x for some 1 < i < n))2 (1.3.4)
2€Z%|x|<\/n
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gives the desired lower bound. Note that, for some constant ¢ by, e.g.,[ET60]

P(S; =  for some 1 < i < n) > !3«"\% (1.3.5)

for n > %|z|%. By using (1.3.4) and (1.3.5), we get
C 2 d C 2
EJn 2 Z Z <|x|d2> = Z 27 x <2r(d2)> ’
{ri<2r<yn} {w:2r—1<[z|<2r} {ri1<2r<y/n}

Let d = 3, and we can derive that EJ,, > C'/n, hence, we get the desired lower bound.
We will not do the proof for upper bound here, but the idea is to write EJ,, as :

EJ, = Z P(S}:S?:xforsomelgi,jgn)
x€Z%:|x|<\/n
+ Z P(S} = sz =z for some 1 < i,5 <n). (1.3.6)
TEZY:|x|>\/n

Then, the first term on the right hand side of (1.3.6) can be approximated as in the
similar way as in the lower bound case, and it will give the upper bound of order
v/n. For the second term on the right hand side of (1.3.6), we need to show that this
grows slower than y/n. One way to show this is from the local central limit theorem
(Lemma 2.1.1(a) in Chapter 2). O

Remarks:

1. We can see that for dimension five or more, two random walks make only finitely
many intersections. This agrees with the result described in (1.3.3). The expecta-
tions of J, behave differently in subcritical, critical and supercritical dimensions.
Also, note that by comparing with Theorem 1.2.1 we can see that the expectation

of .J,, is smaller than the expectation of R,,.

2. We can find the weak law of J,, [LeG86a, LeG86b]:

% —L,(det T)"H2K2a([0, 1]2), d=3 (1.3.7)
J, d K _1

" —(det T") /242 =4 1.3.
ogn 42 (det T)~1/214%, d=4, (1.3.8)

where I is the covariance matrix of a single random walk, U/ is a standard Gaussian

random variable, and «([0,1]?) is the Brownian intersection local time symboli-
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cally defined by:

ﬁ /01 O (Wj(s))ds] dz,

j=1

a0 = [ |

where Wi (t) and Wa(t) are independent 3-dimensional Brownian motions. The
explanation of the Brownian intersection local time can be seen in [GHR84] for

example.

3. We again show an analogous result for the intersection volume of independent
Wiener sausages. Le Gall [LeG86b] obtained the result for the expectation of
the intersection volume. Then, van den Berg [vdB05] gave the exact forms of the
expectations. Ast — oo and ¢ is a constant depends on dimension and the radius

of the Wiener sausages,

éstt2(1+ o(1))

¢qlogt(1+ o(1) (1.3.9)

= -
STV
I

LN

E[V(#)| = {
and for d > 5,

lim E[V(t)] = éq.

t—00

The exact values for the constants are shown in [vdB05, vdB11].

Now, we would like to introduce another intersection quantity. Define the mutual

intersection local time of k independent random walks by:

n

k 1 k
= > 1S, =...=5}}, (1.3.10)
jl?"'?jk:l
with our usual set up I, := I,zl. Even though we are not concentrating on problems on

I, for this thesis, it suggests that there is a relation between I,, and J,. We list some

facts about I,,:
1. Observe that 0 < I,]f < nk. Also I,’f > Jff which come from the fact that random
walks may make multiple visits at intersection points.

2. It is obvious that I, and J,, are related in a positive way, i.e. the more J,, the
more chance of intersection local time. Indeed, Le Gall and Rosen [LGR91] show
that for d = 3,

1 22
lim f]E<In—/€ Jn> =0, (1.3.11)

n—oo n
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where we remind that « is the non-return probability defined in (1.2.2). However,
it seems that the relation in (1.3.11) does not hold in the critical and supercritical

dimensions.

3. With the help of (1.3.11) we can see that I,, and J,, converges to a limit in the
same order. EI, is of the same order as E.J,. Also, I, satisfies the same weak

law as J, with constant difference, i.e. for d = 3,

In

- ~44(det T) "2 ([0, 1]2).

Note that the similar result also hold in the critical dimension, d = 4.

4. By the result in (1.3.3), we also have

I* =coas. ifandonlyif k(d—2)<d. (1.3.12)

Behaviours of J,

We will show the results in subcritical dimension, critical dimension and supercritical

dimensions respectively, since J, behaves differently in each case.

1. For the subcritical dimension, we have a large deviation result for .J,, by Chen [Che05].

Theorem 1.3.2. For d =3, a constant C; and any 6 > 0,

1
lim o~ logP(J, > 0\/nb3) = C16%/3, (1.3.13)

n

where by, is any positive sequence satisfying b, — 0o and b, = 0(n1/3) as n — oo.
Remarks:

1. We have the restriction b, = o(n'/3) since .J,, < n, which give zero probability in
(1.3.13).

2. We also have an analogous result for I,:

lim bilogp(ln > 0+/nb3) = C10%/°, (1.3.14)

n—oo n

where b, is any positive sequence satisfying b,, — oo and b, = o(n) as n — oo.

The last restriction is different from .J,, case because I,, < n?.

30



2. For d = 4, we would expect the same behaviour as in the subcritical case. It has
been studied by Marcus and Rosen [MR97] that

1
lim — logP(J,, > 6b, logn) = —0C1(d, p), (1.3.15)
n—oo by,
for small scale b, (= o(logloglogn) in that paper). They also show that if b, grows
faster than logn will make (1.3.15) fail. Next, we show the conjecture made by Chen
(Conjecture 7.4.2 [Chel0]) to show the large deviation behaviour for .J,, in the critical

dimension:

Conjecture 1.3.3. For d =4, a constant Cs and any 6§ > 0,

1
lim — logP(J, > 0b2) = —C30"/2, (1.3.16)
n— oo n
where b, is any positive sequence satisfying lim, .o h)bﬁ = oo and b, = o(nl/z) as

n — o0.

The conjecture shows that we might expect a similar behaviour as in (1.3.13) and
(1.3.15) even if b, > logn. Note that since J,, < n, this restrict then b,, can not grow

faster than nl/2.

3. In supercritical dimensions, behaviour of I,, and J,, are completely different. Similar
behaviour as in (1.3.11) does not appear. We confirm this remark by the work from
Khanin, Mazel, Schlosman and Sinai [KMSS94] at which they study the tail distribu-
tions of the infinite-time intersections I, and J.: For d > 5, there are ¢q,cy > 0 such
that

exp(—c1t'/?) < P(Ioe > t) < exp(—cot'/?), (1.3.17)

and that given 6 > 0,

d7276

exp(—t T 1) < P(Jo > t) < exp(—t'a 0) Vit > 1. (1.3.18)

holds for some ¢y. The difference in behaviour of I,, and J,, comes from their difference
in optimal strategies to get large values. In order to get I, large, we let random walks
stay inside a big but fixed ball and repeat the intersection at the same site. While for

Jo, this strategy does not work since they have to intersect at many different sites.

Indeed, the result for the infinite-time intersection local time has been shown by Chen
and Morters [CM09], and it follows (1.3.17).
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Theorem 1.3.4. Ford > 5,

lim
o /2

logP(Isc > n) = —2C, (1.3.19)
where C is positive and finite.

However, for the infinite-time intersection of the ranges, this is still an open problem.
It can be guessed that we suspect a similar type of behaviour as in Theorem 1.3.4 for

Jn, i.e. for some Z which is positive and finite:

. 1

Finally, van den Berg, Bolthausen and den Hollander [BBHO04] conjecture the result
for Jo based on their work in the large deviation result for the finite-time intersection
volume of Wiener sausages from Theorem 1.3.5 below. We remind that k. is the

Newtonian capacity of Bg(0).

Theorem 1.3.5. Let d > 3. Then, for every ¢ > 0,

1 A
lim — logP(|[V%(ct)| > t) = —Iga(c), (1.3.20)
t—o00 tT
where
I%(c)=c¢ inf / Vo|?(x)dz], 1.3.21
F@=c ot (] Vol (1.3.21)
with

Pe(c) = {p € H(RY) : /Rd % (x)dx = 1,/]R (1— e e @)202 > 1}, (1.3.22)

d
Remarks:

1. Our main result is obtaining an analogous result for the similar problem for the

intersections of random walks. This will be explored in Section 1.3.2.

2. The result describes the tail distribution of infinite-time intersection of the ranges
in continuous space-time setting but only after restricting the time horizon to a
multiple of £. The authors pick a time horizon of length ¢t and are letting t — oo
for fixed ¢ > 0. The size of the large deviation ¢ come from the expected volume
of a single Wiener sausage as t — oo. So, the two Wiener sausages are doing

large deviation on the scale of their mean.

3. We repeat the words described for the optimal strategy of the proof from the
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authors of [BBH04]:

The idea behind the theorem is that the optimal strategy for the two
Brownian motion to realise the large deviation event {|V*(ct) > t|} is
to behave like Brownian motions in a drift field zt'/? — (V¢ /¢)(z)
for some smooth ¢ : RY — [0,00) during the given time window [0,
ct]. Conditioned on adopting this drift, each Brownian motion spends
time c¢?(z) per unit volume in the neighbourhood of zt'/4, thus using
up total time ¢ [5q c¢?(z)dx. This time must equal ct. Also, each
corresponding Wiener sausage covers a fraction 1 — e~rac®(@) of the
space in the neighbourhood of zt!/¢, thus making a total intersection
volume ¢ [oq(1 — ¢~rac?®())2dg. This volume must exceed t. The cost
for adopting the drift during time ct is t{@=2/? [, c|Vg[*(z)dz. The
best choice of the drift field is therefore given by minimisers of the
variational problem in (1.3.21) and (1.3.22).

Note that the optimal strategy for the two Wiener sausage is to form a
Swiss cheese: they cover only part of the space, leaving random holes
whose size are of order 1 and whose density varies on space scale /9.
The local structure of this Swiss cheese depends on a. Also note that the
two Wiener sausages follow the optimal strategy independently. Under
the joint optimal strategy the two Brownian motions are independent

on space scale smaller that ¢/

4. The result can be extended for the similar problem on three or more Wiener
sausages, see Section 1.6 of [BBHO4]. For the intersection volume |[V*(t)|, the
results will be similar as in Theorem 1.3.5 except that ¢ is replaced by kc/2
in (1.3.21) and [pa(1 — e~racd®(@))2dz is replaced by Jpa(l — e—rac® (@) )k gy in
(1.3.22).

The authors describe a conjecture for the large deviation behaviour for the infinite-time
intersection volume and we make a summary of the results here. Firstly, they get rid

of the dependence of a and ¢ by the following: Let d > 2 and a > 0. For every ¢ > 0,
e 1
I (c) = K—@d(ﬁac), (1.3.23)
a
where 04 : (0,00) — [0, 0] is given by

Oa(u) = inf {||V[[3 : ¢ € H'(RY), [[0][3 = u, (1 —*)* > 1} (1.3.24)

Also, we define us = mingso &(1—e%)~2 Then ©4(u) has the nice following properties:
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e O4=o00on (0,u,] and 0 < ©4 < 0o on (ue, 00).

1

e O, is nonincreasing and continuous on (e, 00). Also, Oy =< (u —us) ™" as u | Ue.

e For 2 < d < 4, the mapping u — u*~9/9Q,(u) is strictly decreasing on (u,, o)

and

lim u(4_d)/d@d(u) = Ud,

U—00
where 0 < pug < o0.

e For d > 5, define
na = inf {||V[3; 4 € D'(RY), [(1 - ) > 1},

then the exists a minimiser 14 of the variational problem. Moreover |[1/4|3 < oo.
Next, define ug = ||)4||3. Then the mapping u + 4(u) is strictly decreasing on
(U, uq) and Og(u) = ng on [ug, 00).

e Let 2 <d<4and u € (uso0) or d > 5 and u € (us, ug]. Then, the variational
problem in (1.3.24) has a minimiser. There is no minimiser when d > 5 and

u € (ug, 00).

We show the picture produced by van den Berg et al. in pp. 746 [BBH04] in Figure 1-1

to see the overall picture of Oy:

Q) (ii), (i)

M4 SR . Mg |

O uo 0 ’l.’l:o 0 Uo ud

Figure 1-1: Qualitative picture of ©4 made by van den Berg et al. for: (i) d = 2, 3; (ii)
d = 4; (iii) d > 5.

Note that, although fga(c) = fga(co) for all ¢ > ¢p in d > 5 (see Figure 1-1 (iii)), it is
not obvious to get the result for J,, from Theorem 1.3.5. Since it is not clear that the
limit £ — oo and ¢ — oo can be interchanged. The intersection volume might prefer to
exceed the value ¢ on a timescale of order larger than ¢. Nevertheless, they suggest the

conjecture for the infinite-time intersection:
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Conjecture 1.3.6. Ford > 5,

1 R
1 _— a > = — Ka
th—)rgo @27 logP(|VY| > t) Iy,

where

Ife = inf [%e(c*) = 2
d >0 @ ( ) /ia7

with ¢* = ugq/kq.

Also, it can be suggested from Figure 1-1 that the limits ¢ — oo and ¢ — oo can be
interchanged for d > 5, but not for the dimensions four or less. We can also see that
for 2 < d < 4, the optimal strategy for the time horizon is for ¢ = co. It is conjectured
that the optimal strategy for d > 5 is similar to that in Theorem 1.3.5 for the finite-
time intersection, we apply the drift for both Brownian motions up to time c*t. After
this time, we let the Brownian motions behave normally, which make them travel to
infinity in different directions. This coincides with Figure 1-1(iii) where the function is

a constant after the critical time.
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1.3.2 Main results for the intersections

In this section, we show our main result in full details, and give comments for the
result. We remind that x is the non-return probability of a random walk defined in
(1.2.2).

Theorem 1.3.7. Let d > 3. Then, for every a > 0,

i 1 1,
where
L") = inf [/ \V¢|2(:U)dx}, (1.3.26)
PpeD (a) R4
with

0% (a) = {¢p € H'(RY): /Rd ¢*(z)dw = 1,/Rd (1 - e—”¢2<$>)2dx >a}.  (1.3.27)

Remarks:

1. This is a large deviation result for the intersections of ranges of the two random
walks in the upward direction. This is an analogous result of that in Wiener
sausages proved by [BBHO04] with essentially the same method. Note that, we

can write (1.3.25) as:

1
lim ———logP(J, > an) = —

k(1
e n(@=2)7d 71l (1), (1.3.28)

where T 4 is the same rate function as in Wiener sausages case defined in (1.3.21)
except that k, is replaced by the non-return probability x. Therefore, the conjec-
ture for the large deviation behaviour for the infinite-time intersection also valid

in the random walks case. We will show (1.3.28) later in this section.

2. Similar to a single random walk case, the extra factor 1/d enters the rate function
in (1.3.25), and also the capacity of the ball k, is replaced by the non-return
probability x due to the local central limit theorem as in the problem on the

range of a single random walk.

3. The optimal strategy is similar to that in Theorem 1.3.5. On the event {.J,, > an},
the walks behave like the walks on a drift field zn'/? — (V¢/¢)(z) for some
smooth ¢ : RY — [0,00). Conditioned on this drift, each walk spend time ¢?(x)

1/d

in the box of size Nn'/% and its range only cover a fraction of 1 — e~*%*(@) of the

box. Moreover, each random walk follow this optimal strategy independently.
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4. We can also obtain a result for the intersection of ranges of three or more random
walks. This is pretty clear since each random walk follows the optimal strategy

independently.

Corollary 1.3.8. Let d > 3 and k > 3. Then, for every a > 0,

nhﬂng(} W]ogﬂ”(ﬂf > an) = —%ff"(a), (1.3.29)
where
P*(a) zg inf | / Vo2 (@)dz]. (1.3.30)
peVr(a) L JRd
with

U"(a) = {¢p € H'(R?): /Rd $*(z)dw = 1, /Rd (1 - e*“¢2<x>>kdaz >a}. (1.3.31)

The proof will require minor modifications from the proof of Theorem 1.3.7.

Comparison of the rate functions

We show that the rate function in (1.3.26) can be written in the form of the rate

function I 4> Where

I%(c) =¢ inf [/ IV ?(x)dx], (1.3.32)
pedi(c) JRE

with

Bi(c) = o e HIRY s |

©?(x)dx = 1,/ (1-— e_“C“OQ(”C))Qd:U > 1}. (1.3.33)
R4

R4

This rate function is similar to (1.3.21) except we replace k, by k. To do this, we need
to use the scaling relation for the rate function described in (4.1) and (4.2) in [BBHO04].
Let ¢ € HY(R?). For p,q > 0, define ¢ € H'(R?) by

o(x) = qp(x/p). (1.3.34)

Then, we have the relations

— A2 12,42
Vol =" 2I9el [P =yt fame R s
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Our aim is to re-write the rate function in (1.3.26) in terms of ¢. By setting ¢ = a~1/2

and p = '/, and using the relation in (1.3.34), we get

*(z)dz = 1QJUCLl/d x:laéd 2 - 2
[ o= [ afehae = @) [ P [ P

a R4

Therefore, the first constraint in (1.3.27) becomes

/ P (2)da = 1. (1.3.36)
Rd

Moreover, by using the second relation in (1.3.35), the second constraint in (1.3.27)

/]Rd (1 — e—mzﬁQ(x))?dg; = G/Rd (1 _ e—(n/a)¢2(x)>2dx

becomes

Hence, we get
2
/ (1- e /90) > 1. (1.3.37)
]Rd

Combining (1.3.36) and (1.3.37) we get (1.3.33). Finally, by using the first relation in
(1.3.35), we have

/ Vo (a)dr = (a~V/2)2 - (aV/d)1-2 / Vo (x)dx
R4 R4

a—2 1
=a Vol*(z)dz.
o'? 2 [ IVoP @)z

d - —
a

Therefore, the rate function _fg in (1.3.32) follows with ¢ = 1/a and when a(?*=2)/4 is
taken to the main factor in (1.3.28).
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1.3.3 The outline

In this section, we give the outline for the proof of Theorem 1.3.7. The full details of
the proof will be shown in Chapter 3.

In order to prove Theorem 1.3.7 we will show that the upper bound and the lower

bound are the required rate function, i.e.

1 1
limsup —— log P(J,, > an) < —=L"(a), (1.3.38)
n—oo n d d
1 1
liminf —— log P(J,, > an) > —=L"(a). (1.3.39)

Note that we cannot directly apply the torus technique used in Proposition 1.2.10. This
is because the intersections of ranges may either increase or decrease when wrapped
around a torus. Therefore, we need to use another reflection technique to solve this
problem. It turns out that by using this reflection arguments from [BBH04|, we are
able to apply large deviation results for J, on a torus. The reflection arguments will
be described briefly later. The large deviation result of J, on a torus will be used for

both upper and lower bounds.

The proof in Chapter 3 will be done in the following order: In Section 3.1, we prove
the large deviation result for the intersection of ranges on a torus. Most of arguments
will be borrowed from Chapter 2. In Section 3.2, We prove (1.3.39) which is done in a
similar fashion as in Section 2.2. Finally in Section 3.3, we prove (1.3.38). This will be
done by a different technique from a single random walk case. Note that the structure
of the proof is identical to that in [BBHO04].

Intersection of the ranges of independent random walks on torus

We recall that Ay = [ — %, %)d is the torus of size N > 0 with periodic boundary
conditions. Let the random walks (S}) and (S?) live on AN 1N 7% with N fixed. We
define

TIn = #1{{8;} hi<j<n N {S: hi<j<n } (1.3.40)

to be the number of intersection made by the two random walks on AN 1 Our goal
n
for this section is to show that the number of intersection points on torus also satisfies

the large deviation principle in the same form as in Proposition 1.2.11.

Proposition 1.3.9. %jn satisfies the large deviation principle on Ry with rate n‘a
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and with rate function éf/j\, where

Bt = it [ [ 196P@], (1.3.41)
PP (b) J AN

where

o5 () = {p € HY(Ay): [ ¢*(x)dx = 1,/ (1 - e-“¢2(x>)2da; >b}. (1.3.42)

AN AN
Remarks:

1. The rate function of %jn is different from the one in a single random walk case.
In (1.3.42) we have the extra power 2 in the second constraint since (1 —e e ())2
is the density of both random walks visit at site z. Also, the extra factor 2 in the

rate function come from our strategy of random walk.

2. Proposition 1.2.11 gives us good control over the 7.

The global structure of the proof, which we list below, is similar to the proof of Propo-
sition 1.2.11 except that we now consider two random walks. The local structure will

be different but only requires minor adaptations.
e Section 3.1.1: Firstly, for j = 1,2 and € > 0, we introduce the skeleton walk

i g )
Sne=1S 3} cicin®s? (1.3.43)
Then, we will show that the difference between %jn and Egl%jn is negligible

in the limit as n — oo followed by € | 0, where IEq(fl denotes the conditional

expectation given S, ..

e Section 3.1.2: We represent E;QZ%jn as a continuous function of two pair empirical

measures
1,(d=2)/d
; -2 ©
L] fr En_T 5 B ) - . . 1 2' 1'3'44
n,€e ; (n l/ngiil)Enz/d,n l/dsgenQ/d)’ J s ( )

It turns out that, after a little modification, the continuous function is a product
of function of each pair empirical measure. Therefore, we can directly apply the

results in Section 2.1.2 to complete the proof.

e Section 3.1.3: We perform the limit € | 0 to get appropriate approximation for the
variational formula in the large deviation principle for EH@%JH. We also derive

the large deviation principle of %jn in this section.
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Note that to complete (1.3.38) and (1.3.39), we require an analogous result of Propo-

sition 1.2.13 but for rate function defined in Theorem 1.3.7.

Proposition 1.3.10. limy_,o, L% (b) = L*(b) for all b > 0 where L* is the rate func-
tion defined in Theorem 1.3.7.

Lower bound

To prove (1.3.39) is straightforward as we can use a similar technique as in the proof
of the lower bound case of the problem on range in (1.2.29) from Section 2.2. Let
C]2\7n1 ,a(n) to be the event that both random walks will not hit the boundary of Ay, 1/a
until time n . Then, we find the lower bound in probability of the event {.J,, > an} by

considering the inequality
P(J, > an) > P(Jn = an,C3, 1/4(n)). (1.3.45)

Then, we will deduce that the right hand side of (1.3.45) give an appropriate limit for
our result, and the limit converges to our required rate function when we expand the

size of the torus.

Upper bound
The proof of (1.3.38) follows from the proof of Proposition 4 of [BBHO04]. The key idea

is to make various random reflections in each direction in such a way that after all the

reflections are made, the reflected walks stay inside a very large n-dependent box and
the number of intersections neither increases nor decreases. Since the reflected walks
stay inside this large box, they behaves similar to random walks on the torus. Hence,
we can apply Proposition 1.3.9. The proof will be divided into five steps, and we give

the outline here.

1. Section 3.3.1: We introduce the general setup for the proof and proof the prelim-

inary results. There are two main quantities. Define,

1 1 d
@an/d = |:_ §Nn1/d, —ian/d) y (1346)

1/d

to be a d-dimensional box of side-length Nn'/?. Note that, we can partition Z%

to box of side-length Nn'/¢ by the following:

7 = | ) Onpa(2), (1.3.47)
z€Z4

where ©y,1/4(2) = Opypiza + 2NnY/4 Also, let @, denote the nnl'/d-
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neighborhood of the faces of the boxes, i.e.

Quvn = U (10w \ Oy_ppuasal + 2Nn?). (1.3.48)
2€Z4
Assume N/n is an even integer. Note that, if we shift Q, v, by nn!/4 altogether

N/n times in each of the d directions and in every possible combinations we

obtain (N/n)¢ copies of Q,n,. We label this Qp Ny for z = (21,...,24) €
N d

{0,...,;—1} )

. Section 3.3.2: We start analysing @, n»,. The key part of this section is to

show that amongst Qf] N there exists a copy at which random walks behaves

X

“nicely”. We call the copy Q; v .-

Next, we categorise © y,,1/4(2). We denote
the box ©y,,1/4(21) to be a popular box if at least one of the two random walks

spend a considerable time inside the box, i.e.,

ﬁ{{S}hg;’gn NOnpi/a(z1)} > €or ﬁ{{sf}lﬁjﬁn NOy1/a(21)} > €

for € > 0. Then, we define unpopular bozres to be those boxes that are not popular
boxes. Then, we will do reflection based on the position on the popular boxes.
The reflection procedure will be explained in this section and the example of the
procedure will be given in Figure 3-2 and Figure 3-3. Then, We end the section
by introducing two further important results (i) By making the reflection, the
reflected walks stay inside a very large n-dependent box, while the cost of making
reflection is negligible, and (ii) The contribution made at unpopular boxes and
the contribution made near some specific area(the boundary) of popular boxes

can be neglected.
. Section 3.3.3 and 3.3.4: We complete the proof of the two results.

. Section 3.3.5: We complete the proof of (1.3.38) by collecting all the results from

the previous sections.

42



Chapter 2

Large deviation for the range of a

single random walk

This chapter is structured as follows: In Section 2.1, we first remind the setup we
introduced in Section 1.2.2. Also, we remind the transition densities of Brownian
motion and random walk. Then, we define these transition probabilities on a torus and
develop a preliminary result. In Section 2.2, we prove the large deviation principle for
the range of a random walk on torus. The proof will be divided into four main steps.
The structure of this section is as described in Section 1.2.3. Finally, we complete the
proof of our main result, Theorem 1.2.10, in Section 2.3. This will be done by deriving

the upper and lower bounds as explained in Section 1.2.3.

The content of this chapter is based on Phetpradap [Phell].

2.1 Transition probability of a random walk

In this section, we remind basic results of Brownian transition kernel and the local
central limit theorem. Then, we define these transition probabilities on a torus. We
then focus on the local central limit theorem for a random walk on a torus and develop
a result on the transition probability of the random walk on torus. The result will be
used to acquire the large deviation principle on the range of the random walk on a

torus in Section 2.2.2.

Firstly, we recall the compactification we described at the beginning of Section 1.2.3:
For N € N even, let Ay be the torus of size N > 0,Ay = [—%, %)d with periodic
boundary conditions. To prove Proposition 1.2.11 in Section 2.2, we will let the random
walk live on ANn L NZ% with N fixed. We denote by (S,, : n = 1,2,...) the corresponding
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random walk on AN 1 NZ% and by R,, the number of lattice sites visited by the random
n

walk on the torus up to time n.

Due to the discreteness property of random walk, we need to take into account the
parity issue of random walk. Let 2 = (x1,...,2q) and y = (y1,...,yq) with z,y € Z%.
We say that:

The site z is in even(odd) parity if the sum x; + ... + x4 is even(odd).

The site x and time n have the same parity if x1 + ...+ x4+ n is even.

e The sites z and y have the same parity if 1 + ...+ xq+y1 + ...+ yq is even.

The sites x,y and time n have the same parity if z1 +... +xg+y1 + ... +yqg +n

1s even.

We first denote the transition probability of random walk from x to y at time n by
pn(z,y) :=P(S, = y|So = x). (2.1.1)

We also denote p,(z) = p,(0,2). Note that by the local central limit theorem (see

Lemma 17.6 [Rév05] ), assume z,y and n have the same parity, we get

ey =2( L) e [ A Ly ey (212)
pn -'If,y - 271'7'[, GXp 2n n x:y Y oL

where
Ap(z,y) = min (O(n~42/2) O(ly — z|~2n~%?)). (2.1.3)

And, trivially, if z,y and n do not have the same parity, then p,(z,y) = 0. We quote
two further results on the properties of the random walk on Z¢ from (2.1.2) and Lemma
17.8 [Rév05].

Lemma 2.1.1. Let d > 3. Assume x and n have the same parity.

(a) Assume that x is in even parity. Then,

=0(n~?), if n > |zf?,
< O(n‘d/gexp [- %D, if n < |x|%

]P)(Sgn = JZ) {

(b) As |z| — oo, There ezists a positive constant Cyq such that

Ca+o(1) .

P(S,, = x for some n) = =
x
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Lemma 2.1.1(a) shows the probability that a random walk makes a visit at site x at time
2n is bounded and depends on the position of the site, while Lemma 2.1.1 (b) shows
the probability that random walk will ever visit site x. Next, we define the transition

probability for the random walk on the torus Ay,,1/a. We denote the probability by:
pr(x,y) = P(S, = y|So = x). (2.1.4)
Using the periodicity of Ay,,1/4, we can deduce that

pr,y) = pu(z,y + 2Nn'/). (2.1.5)
2€74

We also denote p (z) = pZ (0, x).

Next, we denote the transition probability of Brownian motion on R? . For z,y € R%,
define p;(x,y) to be the Brownian transition kernel from the point x to the point y at

time ¢, i.e.

pi(z,y) = (2;)61/2 exp {— ly ;txq. (2.1.6)

We also denote p;(z) = p(0, z).

It is worth pointing out that for Brownian motion, the transition kernel is Gaussian,
while for random walk the transition density is not Gaussian, but its limit converges

to Gaussian.

We end the section by showing that the transition probability for a random walk on
torus is bounded by a multiple of the transition probability for a random walk on Z¢. In

order to apply this result with our proof directly, we consider the transition probability

1/d at time en®? (We may

d

of random walk on Ay,,1/« from point an'/? to point bn

1/d is an integer. Also,

assume for now that an/?, bn'/? are on Appia N 7% and en?/
assume that an'/?, bn'/? and en?/? have the same parity). The choice of timelength
is directly from the length of skeleton introduced in (1.2.33). The reason will become

clearer in Section 2.2.1. Therefore, by (2.1.4) and (2.1.5), we get

p:ng/d(anl/d, bn'/?) = Z Pep2/d (anl/d, (b+ zN)nl/d), (2.1.7)

z€Z4

where

d/2 1/d _ ,,,1/d2
passtonton') =2 ) e | - S

2men?/d Sen2/d + Ap(a,b), (2.1.8)
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at which A, (a,b) = min (O(n*k%), O(lb— a|_2n*1*%)>. Note that the O-term may

depend on €, but not any other variables.

Next we start to determine the transition probability in (2.1.7). Let bn'/4 be a point
on Ap,1/4. We can see that any points in the form (b+ zN)nl/d for z € Z¢ will project
to the point b on Ay. We define b*n'/¢ the point amongst this form that provides the
shortest distance from an'/?. Since we assume that N is even and a and b have the

same parity, it is clear that

prm(ant/? bnt/d) = sup {pm (anl/d, (b+ zN)nl/d) }. (2.1.9)

2€EZ
Finally, note that if we unwrap the torus Ay,,1/4, it will look like drawing boxes on z¢
where each box has sidelength Nn'/? and centred at points zNn'/¢ for z € Z4¢. We will
call the box with centre 0 the central box. Also, we will call the boxes adjacent to the
central box (that is the box centred at zNn'/? with ||z||sc = 1) the first shell, and we
will call the boxed adjacent to the first shell the second shell and so on. Without loss

d

on generality, we always put the point an'/? on the central box. It can be seen that

b*nl/d must lie either in the central box or on the first shell.

Lemma 2.1.2. For a,b € Ay with O-term independent of a and b,

Pl 2/a (anl/d, bnl/d) < 3dpmz/d ((ml/d, b*nl/d) +0(n™).

Proof. The number of boxes in the first shell, including the central box, is 3¢. Since
b*n'/¢ lies either on the central box or the first shell, we can conclude by (2.1.9) that

Z poyzsa(ant’® (b + zN)nt4) < 3% o/a(ant/? b*nt/d). (2.1.10)

2€7%:| 2|00 <1

Now, for k > 2, if the point bn'/ lies on the box on the k" shell, then |an'/¢ —bn'/4| >
(k—1)Nn'/¢. The number of boxes on each k' shell is (2k 4 1)¢ — (2k —1)? and hence,

o

Do pealant/t b+ 2N)ntY) <37 <(2k +1)7 — (2k - 1)d> Peyza (0, kNn'/?)
2€2%|2||00 >2 k=1
oo
< (3k)%p, 24 (0, kN0, (2.1.11)
k=1
where k = (k,0,...,0) is a d-dimensional vector with value k& in dimension 1 and zero
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in the other dimensions. From Lemma 2.1.1 (a) we get,

2en2/d

_ (%)_d/g exp [— in\ﬂ}O(nl), (2.1.12)

2/d KkNnl/d2
Poy2a(0, kNnt/d) < o((E”Q) 42 oxp [_ |”’D

subject to the condition € < (kN)2. Substitute (2.1.12) into (2.1.11) we get,

S pepsa(ant’® (b + 2N = O(n7h). (2.1.13)
27 2|0 >2

Combining (2.1.10) and (2.1.13), we get the Lemma. O

2.2 Random walk on a torus
In this section, we complete the proof of Proposition 1.2.11. We recall and rename the

proposition for the ease of reading.

Proposition 2.2.1. Let d > 3, then %Rn satisfies a LDP on R with speed n“T and

. 17k
rate function ;Jy, where

PP, (b) 2

JEb) = inf [ /A V6 |2(2)da] (2.2.1)
with

D% (b) = {p € H (AN) : /A o*(x)dr = 1,/A (1—e @) dz =b}.  (2.2.2)

For any functions f,, and g, , we write f,(z) =~ g,(z) if and only if,

lim log fn(x)

= 1. 2.2.3
n—o0 log gn(x) (223)

2.2.1 Approximation of %”Rn by EH,E%RH
We recall and rename the skeleton walk defined in (1.2.33).

2} 2. (2.2.4)

1<i<in™a

Also, recall that E, . denotes the conditional expectation given S, . and P, . denote

the conditional probability given S, . In this section, we show that R,, can be approx-
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imated by its conditional expectation given S, .:

Proposition 2.2.2. For all 6 > 0,

1
lim lim sup —;— log P(%]Rn —EpRn| > 6) = —oc.

el0 n—oco n d

Proof. (1) For 1 <i < %n%, let

Then, it is easy to see that

Now, for K > 0, let:

and define,

Since 0 < %Rn — %Rffg < %Rff,e, we have

1 1 1. 1 .
;\Rn — B, R < gmfjg — EnRE |+ ﬁRij + ;EmeRfﬁ

(2.2.5)

(2.2.6)

(2.2.7)

(2.2.8)

(2.2.9)

(2.2.10)

Therefore, to prove Proposition 2.2.2, we need to prove the two following results:

1

d—2

lim lim sup
el0 n—oco n d

1

1
logP<—\Rfe ~E,.RE| > 5) =00 forall 0<d<1,K > Ky).
n ’ ’

)
(2.2.11)
)

1.
limlimsupﬁlog]}”(—Rﬁ(6 > (5) =—oo forall 0<d<1,K > Ky).
n ’

el0 n—oco n d

(2.2.12)

We can ignore the third term of the right hand side of (2.2.10). Note that, %fz{fg <
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%]ANH% NZ% = N? and hence E, (1 T\’,K) < g+ NP, (IRE > ¢). By using

Markov’s inequality,

(o (05 1) <o 2 2) 2 o) < b 2 ).

which will be studied in (2.2.12).

\/

(2) To prove (2.2.12), we estimate by Markov’s inequality that

(RK

n,e —

5)

R e P 62 Lot ¢ 7))

- sn(d—2)/d- n‘ 1 K gndfiz
= e | - T B (e | Dm0 )
1 422
Sn(d=2)/d- e

— o[- 2 1 (10 2 (e [mmron] -1) )}

1
€

- spld-2)/d 1 nd
S exp I — T_ 1 + (5KE exp [Wﬁ{W1}:| s (2213)

where 0 = sup,,>q P(#‘SﬁnQ/d‘ > K\/€) and we use the Cauchy-Schwarz inequality

IS
N

in the last step. However,

E(exp Ln%/dﬁ{wl}]) = E(exp Ln%/dRmz/dD < E(exp Ln%/denZ/dD =e.

Hence, from (2.2.13), for all ¢, K > 0

limsup — 1 logIP( RK 25)<—+ \/6(5

n—oo nd

Note that, limg_,o g = 0. Therefore, there exists Ky(d) such that edx < g for
K > Ky(6). For such K, we now let € | 0 and (2.2.12) follows.

(3) Before we we prove (2.2.11), we first refer a result due to Talagrand (Theorem
2.4.1, [Tal95]). For ¢ € N, consider a probability space (€2;,%;, i), and the M-fold
product

M M M
(E Qiagzugﬂi)
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for M € N fixed. We denote P the product probability ®f\i 1 ;- We use the convention
(T1,...,xm) =1 € Hi\il 2; for a point in the product space.
Theorem 2.2.3. Let A C Hi\il Q; be measurable and t > 0 such that, for i =
L...,M, [ [q2explt - hi(z,2")|dpi(2)pi(2") < co, where h; is a measurable function.
Set, vij(w,w’) = max(h;(w,w’), hj(W,w)) for w,w’ € Q;. Then,

1 & / /
L ewlhanire < g TT( [ cob (- ntow)duiu) )

i=1 i

where

fn(A z) = inf{ Z hi(zs,y:);y € A}~

i<M

Remark: Note that Theorem 2.4.1 in [Tal95] gives a result when all Q;,i =1,..., M
are identical. However, it is straightforward from the arguments of the proof of his
theorem that the analogous result also holds for a M-fold product since the proof is

done by induction over M. This extension is also suggested in Remark 2.1.3 of that

paper.

To prove (2.2.11), we do the following: Conditionally on S, ¢, the W; are independent
random subsets of AN 1 Let T be the set of subsets of AN
d:T xT —[0,00) with

N Z%. The mapping

-

n

d(A,B) = 14{AAB} = 14{(A\ B)U (B \ 4)} (2.2.14)

1,,(d-2)/d
defines a metric on 7. Then, P, . defines a product measure on H;:nl T, which

we denote by the same symbol P, .. Define,

1,(d—2)/d
M) =4 | af, c=tcire [[ 7
USVES =1
Note that conditionally on S, ¢ fixes, j,{’(e and M are Lipschitz in the sense that

1,(d=2)/d

|M(C) - M) < > o, cce I 7. (2.2.15)
=1

VLS

Now, denote by mf{ . the median of the distribution of Z :=#{ |J W;} = Rff . under
USNESR
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Py, €. mff,e =inf{m: P, (Z <m) > %}, and define

n(d—2)/d

A={Ce T[] T:M(@©C)<mk}
=1

1
€

Note that for e € (0,1] fixed and n large enough, there exists constant 0 < £ < %

such that £ < P, ((A) < 1 —¢. This is because of the size of the atomic masses of the
distribution of Z is bounded away from 1 in € € (0,1] and n € N.

We applying Theorem 2.2.3 with the mapping d defined in (2.2.14) as the function
h,t = XA/n,z = {W;} for the conditional expectation E, .. Hence, we get

Enc(exp A4, 00]) <671 T Ene(cosh [%ﬁ{WiAW{}D,
i€ TxK,

where

f(A4C) = dnf > 2t{GACH,

SNE
and {W/} is an independent copy of {W;}. By Chebyshev’s inequality we get
Prc(f(A, W) 2 8) < inf ¢ VR, oM (409)
>
A
< ¢ —A9 — ; / = =K .
<& linfe H Enjﬁ(cosh [nﬁ{WZAWl}D ne(0)

A>0
USNES

(2.2.16)

. a2
Arguing similarly with A = {C € T T M(C) > mie and noting that Rff,e =
M({WZ}), by using (2.2.15), we get

Pn,e(%‘erie - mT[L(,6| > 5) < ]P)n,e (f(A’ {Wz}) 2 5) + Pn,e (f(/i, {Wz}) > 5)

< 22K (9). (2.2.17)
(4) Note that,
1 0 1 1 o
ﬁl}EnyeRT{Se - mf;‘ S g + Eﬁ{ANné N Zd}Pnyf(ﬁlRfl{:E — mfge‘ 2 g), (2218)
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consequently, since lRﬁfe < N9 by (2.2.17) and (2.2.18),

n

Pn»f(%wzfz(,e - En,€R7IL(,6| > 5)

1) 20
< PmE(%’RnK,e - nK,e‘ > g) + 1(%’En7€RTIl{,€ - m7I’L<,€| > 7)

3
oo () afon (i wti> )= )
< 25§€<g) +1{ Ef(%) > 3%} (2.2.19)

By Chebyshev’s inequality and (2.2.19) we get, after averaging over S, ,

d
P(LRE, —EneRE | >6) < <1 + 31;)1}3< Ef(é)) (2.2.20)

Therefore, to prove (2.2.11), it suffices to show that

1
limlimsup —— log E(EF (6)) = =00 V0 <0< 1,K > Ko(6), (2.2.21)

el0 n—oco n d

which will follow if we can show a stronger version, namely,

lim lim sup —— log |2 (6)[|oc = =00 V0 <8 <1,K > Ko(d), (2.2.22)

el0 n—oco n d

where || X || is the infinity norm for a random variable X.

(5) To estimate E,, ¢ ( cosh [w]) from (2.2.16), we pick A = gn% for0<e<1
and use the fact that cosh(ed) < 1+ c2exp(d) for 0 < ¢ < 1 (this can be checked by

expanding exponential terms from both sides). Hence,

En,e(cosh [Cn{fﬁ{;\&AW{}D <1+ CZEM(exp [W])
<14 CQEH’E(eXp [ﬁe{rgﬁd}w
<1+ c%, (2.2.23)

where in the last inequality, we use ${{W;} = R,2/4 < en®/¢. Therefore, by (2.2.16)
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and (2.2.23),

_ B r ¢l d—2] A
En@) <€ tep| - nd | ] B cost [ Wiawi]])
zeJ,{fe
P
i €0 d-2 2 2
_§ exp_ End_ H(1+C€)
=1
1 [cd d=2] 2 2 %"M
<& exp|——n d (exp[c € ])
L € i
_ 1 a
=& lexp (—cd + 0262)*’”%2]
L €

Now, for any & > 0, we pick c satisfying 0 < ¢ < min(1,6/e?). Let n — oo followed by
€} 0. We then get (2.2.22) and the proof of Proposition 2.2.2 is now completed. O

2.2.2 The LDP for EM%RR

In this section, we prove the large deviation principle for the conditional expectation

of random walk on A ;,,1/a given Sy, ..

We would like to remove n-dependence for the random walk on the torus. In order to
do that, we will do a scaling of the torus from the original size of Nn/¢ to the size N.
The mesh of the random walk on the scaled torus, Ay, will now be n=/¢ and therefore
a point a in the scaled torus corresponds to the point an'/? in the original torus. We
will use S,, for the corresponding position of the random walk on Ay and P for its law.
However, it may be the case that the point a = (ai,...,aq) € Ay is not on the
scaled grid Ay N n~1/4Z4. Therefore, from now on, we use the following convention:
unless stated otherwise, S,, = a will have the same meaning as S,, = |a| where |a| =
(la1],...,aq|) with |a;| is the biggest integer less than or equal to a; . In other words,
the area on scaled grid will be represented by the bottom-left corner of the box. Note
that scaling of the torus does not effect R,,.

We recall the pair empirical measure on the scaled torus defined in (1.2.34):

d—

d-—2
n d
0
<

_d—2
Lpe=en""4d E
i=

o=

nil/ds(i—l)cvﬂ/d ’nil/dsien2/d) '

Let 1% M (An x Ay) — [0,00] be the entropy function

(2.2.24)

() = h(plpy @ me) if py = po
¢ o0 otherwise,
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where M7 denotes a probability measure space on Ay with weak topology, h(:|-)
denotes relative entropy between measures, pp and pe are the two marginals of p and
me(z,dy) = pl(y — x)dy is the Brownian transition kernel on Ay where p; ® me :=
[ pi(dz)me(x, dy). By (2.1.5) and (2.1.6), we get

pr(z,y) = Y pe(x,y + 2N), (2.2.25)
2€Z4

with pff(z) = pF(0,z). Furthermore, for n > 0 let ®, : M (Ax x Ax) — [0,00) be the

function

Q,(n) = /AN da:(l —exp [ — 2k /ANxAN ey — z, 2 — z) p(dy, dz)]), (2.2.26)

vy

B o dspg)(—Y)P_g)a(?)
p:/d(z ) '

Pe(y, 2) (2.2.27)

Our main result in this section is the following proposition:

Proposition 2.2.4. IE,LE%Rn satisfies a LDP on R™ with speed nd%dz and rate function
. 1
J.jq(b) = inf {;16(/2;(”) e M{(Ay x An), @y e(p) = b}.

Proof. Although we prove results on Ay, it is more natural to carry on the proof on

the non-scaled torus, Ay,,1/4, corresponding to the probability law P.

Let ¢1,ca, ... be constants that may depend on €, N (which are fixed) but not on any

of the other variables.

(1) We first approximate R,, by cutting small holes around the points S;,,2/a,1 < i <

%nd%z. Fix K >0, for1 <i< %ndff let,

WE =W\ {S; 1185 = S _1yenzral < K o1 |8 = Sjpzral < K, (i = Den®? < j < ien®/?}.
(2.2.28)

Also, define

d—2

n d
1 K _ 1 K
R _ﬁjj{ H W! } (2.2.29)

o=

Note that, this cutting procedure corresponds to removing balls of size K n~1/4 on the

d—2
scaled torus. Therefore, we have cut at most %nT times the number of points in a
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ball of radius K, hence

2d61Kd
en2/d ’

1 1 1 a2

E‘Rn - R,ff‘ < —en'T (2K)" = (2.2.30)
which tends to zero as n — oo and therefore is negligible. This cutting procedure is
done in order to make the intersection between W and WX i1 unlikely which will be

important in the next step.
(2) Define ¢ = min{n : S, = 0} = min{n : S, = 0}. For y, z € Ay, define

ne(y,2) = P(o < ¢

=P(oc<e %|SQ = yné,S = zné). (2.2.31)
We define P(-) = Py(-), P(-) = Po(), Pa(-) = P(|So = a),Py/a(-) = P(|Sy =
an'/?), and bridge measuresP, p(-) = P(-|Sy = (L,SEHQ/d =0),Pyp1/apprsa(c) = P(|So =
an'’® S 24 = bnt/?).

We can express IE,”%R,[Z( in terms of ¢, ((y, ) and the empirical measure L,, . as follows:

1,42
1 1 ‘
En,eﬁRf = n Z ( U )
xeEAN 1 =1
Nnd
;n%
o (R e
xeEN 1 =1
Nnd
lnT
1 :
- > (1- H e(z g WE))
zeEA 1 =1
Nnd
1,477
== Z (1—exp( Z log [1—Pn,€(xEWiK)])>
anA 1 =1
Nnd
(oo o
:/ dx 1—exp<nd/
AN € AN XAN
Lo o(dy, dz)log [1 — gX7 """ (y — |wni Jn~i, 2 — anéJnéﬂ)),

where

e the last equality comes from scaling the torus and using the empirical measure,

e for p > 0, we define ¢ (v, 2) = qn(y,2) if y,z ¢ B,, the centred ball of radius
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p, and zero otherwise.

(3) We want to expand the logarithm and do an approximation. For this we need the
following facts about random walk on Apy. Recall that & is the exit probability from

the origin.

Proposition 2.2.5. (a) limg_,o limsup,,_, SUDab¢B 4y qn.e(a,b) = 0.
(b) limy—e0 SUP, p¢ B, ]nd%d?qnje(a, b) — 2kpc(a,b)| =0 for all 0 < p < N/4.

Remark: Due to the parity problem of random walk we may assume that a, b and en?/?

have the same parity.

Proof. We will divide the proof of Proposition 2.2.5 into three parts. We first show
that, after scaling Ay,,1/4 to Ay, (2.1.5) converges to a function of the Brownian tran-
sition kernel on Ay defined in (2.2.25). Then, we prove Proposition 2.2.5 (a) and (b)

separately.

I. The local central limit theorem

Lemma 2.2.6. For a,b € Ay with O-term independent of a and b and for any a <
1+2,

2
p:nz/d(anl/dv bnl/d) = EPZ/d(C% b) + O(n_a)a

which implies that for any € > 0 and sufficiently large n, we have

2—¢
n

24¢
n

pz—/d(aa b) S p:nz/d (anl/da bnl/d) S pz—/d(aa b)

Proof. We first show that p?nQ/d(anl/d,bnl/d) < %p:/d(a,b) + o(n™®). By (2.1.7), for

fixed m,

PEsa(an'/?, bnt/?)

= Z pen2/d (anl/d) (b + ZN)nl/d) + Z pen2/d (anl/d7 (b + ZN)nl/d) .
2€7%:||2||co <m 2€Z%:|| 2|00 >m
(2.2.33)
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Now, by (2.1.8),

Z Pep2/d (anl/d, (b+ zN)nl/d)

2€Z|2]| o <m

N 2men2/d 2en2/d

d/2 _ 1/d _ o1/d|2
B Z 2( d ) / exp[ d|(b+ zN)n an'/®| ]
2€Z%:|2]|oo <m

+ (2m+ 1o 1)

= Z 2 <i)d/2 exp [_d|(b TEN) - a|2] + (2m + l)dO(n_l_%)

n \2me 2¢
2€Z%:|2]|oo <m

< Z 2<2dm>d/2 exp [_d|(b+ =) a|2] + (3m)d0(n_1_%)

n 2e
2€Z4
2
= EPZ/d(b —a)+ (3m)d0(n_1_%). (2.2.34)

Now, for the second term of (2.2.33), by (2.1.11) and (2.1.12) for some constant cq,

depending on d and e,

kQNQ}

€

1/d 1/d Cd,e L d _
Z Penzsa(an®, (b+ zN)n'/?) < - kZ:k exp[

2€Z%:|2|| 00 >m

A . 2N2
< S md exp [— m ] (2.2.35)
€
Combining (2.2.33), (2.2.34) and (2.2.35) we get
1/d 3 1/dy o 2 ds —1-2v  Cde 4 m2N?2
Pl osalan™ @ bn /%) < ﬁp:/d(b —a)+ (3m)*O(n~""4a) + Tm exp {— - }
(2.2.36)

Now to minimise the error terms in (2.2.36), we choose m = ,/dQﬁ logn, this would
give the required upper bound.
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Next, we show that p:nz/d(anl/d, bnt/d) > hp”/d(a, b) + o(n~%). Write

n €

Pl (le/d7 bnl/d)

=Y pepera(an'/? (b + zN)n'/4)

2€Z4

> Z Pen2/d (le/d’ (b + ZN)nl/d)

2€Z%:|2||cc<m

- Z % %)dﬁ exp [_d‘(b T2) aq + (2m)?o(n~1"1)

2e
2€7Z%:|2|| 0 <M

> Z z< d >d/2exp [—d(b—l—zN) —aIT n (2m)d0(n_1_%)

i n \2me 2¢
ze

2/ d \¥2 —d|(b+ zN) — al?
a Z ﬁ<277re) P [ 2¢ }

2€2% ||zl >m

mQNZ]). (2.2.37)

2 . dnp 12y Cde 4
> ﬁps/d(b —a)+ <(2m) O(n~""4d)— . m"exp {— ;

Y+ 2logn = \/ 2Jog ¢l . yn and we get the required

Again, we choose m = \/ﬁ log

lower bound. O

I1. Proof of Proposition 2.2.5 (a)
Throughout the proof, €, N are fixed.

(a) We begin by proving another lemma.
Let

e P be the law of S,, under P, on Ay N n=a74

e P be the law of S,, under P, on Ay N A

Lemma 2.2.7. Form € (0, %en%] , there exists a constant co such that for a,b €

arPm,

ANaW < c.

Proof. Indeed, for x € Ay N nféZd,

dbPy Poy(Sm = )
ap "= Pu(Sm = )
B 1 Pi(Sm = 2,82/ = b)
PS8y =) P.(S,, 274 = b)
Po(S.p21a_p, =)

- i~ ’

Py(S,,2/a = b)
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by the Markov property. Set m = men?? with 0 < m < % and unscale Ay to
App1/a we get

Px(genQ/d—m - b) . ]P)aml/d(g(l—ﬁz)enQ/d - bnl/d)
Pa(genQ/d = b) B Panl/d <Sen2/d = bnl/d)
p?l—ﬁz)enQ/d (zn'/?,bn/?)

P77, bt/

Now, using Lemma 2.1.2 and (2.1.8) we get

p?l—ﬁz)enz/d(xnl/da bnl/d) < 5d P1—m)en2/d (37”1/d7 b*"l/d)
p:nwd(‘ml/d’ bnl/d)  — pm2/d(an1/d7 bnl/d)

] +0(n™)
_ad(q _ y—d/2 Aoy o e 2
=3%1-m) exp 26(\() al®* —|b* — z|?)
+0(n~'"d) + O(nY)
d
< 3%exp [—NQ} +0(n™Y),
2e
since €,d and N are fixed, 0 < 7 < 3 and |[b—a] < N. Hence, we get the

lemma. O

(b) We start the proof of Proposition 2.2.5 (a) by removing both the bridge restriction

and the torus restriction. Let D, be points on Ay N n~1/47% that are at most
Lrnl/ 4| steps away from the origin, and define D, be points that are exactly
Lrnl/dJ steps away from the origin. For a,b € Ay and 0 < r < N/2, let o,
be the first entrance time into D,. Also, recall that P,(-) = P(-|Sy = a) and
o = {minn : S, = 0}. Next, we use Lemma 2.2.7, to deduce that, when n is

large enough, for all 0 < Kn™i < N/4,

1 1
sup  qnela,b) < sup  Fap (0 < fen%) + sup Py, (0 < fen%)
a‘vb¢DKn71/d a‘7b¢DKn71/d 2 a‘ﬂbgéDanl/d 2

1
<2, sup P, (a < %nﬁ). (2.2.38)
a¢D,. 14 2

Now, let & be the first entrance time into D]CV/2 = An\ Dyy2. We may write that
1 2 1 2 R 1 2 R
Pa(o* < §end> = Pa<0 < §end,0 < 0) +Pa(o < §end,0' > O'). (2.2.39)

To estimate the second term of the RHS of (2.2.39), we note that, by choice on

n, on its way from 9D/, to the origin, the walk must first cross 9Dy /4 and then
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0Dy, -1/a. Hence, by the strong Markov property, for any a ¢ Dy, ~1/a

1 1
P, (0 < fen%, o> &) <c3 sup P, (0’ < fen%>. (2.2.40)
2 zeaDKn_l/d 2

where c3 = sup,, SUDzeaDy Py (O’%nl/d < %en%). Evidently c3 < 1 and we can
deduce that

1 2 R
sup P, (a < iend,a < a). (2.2.41)

As long as the walk does not hit D, /2 it behaves like random walk on n~1/474.

Define 7 = min{n : S, = 0} = min{n : n= /%S, = 0}. Hence,

1 2 R 1 2
P, (0 < iend,a < a) <P, (7‘ < ien ) (2.2.42)

Combining (2.2.38), (2.2.41) and (2.2.42) we get, for all 0 < Kn—'/¢ < N/4,

1
SUp  gn.e(a,b) < sup  P(r < Sent). (2.2.43)
a¢D .. _1/d 1 —cs a¢D .. 174 2

(c) Now, we unscale the random walk on Ay to Ay, 1/a. Similarly, we define D, to
be points on Ay,,1/a N Z% that are at most |rn/?| steps away from the origin.
Using Lemma 2.1.1 (b) we get

[SUIN

1 1
sup Pa<7' < S€n ) = sup P(T < 5671%\50 = u)

agD,. _1/d ugD,. _1/q
< P(T < %en%|\5’0| = K)
< P(1 < 0||So| = K)
< P(S,, = 0 for some nHSO\ =K)

ca+o(1)
< Kd—2
Hence,
& cy +o(l
SUp  dn.e(a,b) < ( 4Kd—(2 )). (2.2.44)
a¢D . 174 -3

Now, note that Dy, —1/a C Bg,-1/4, and therefore SWagp Gn,e(a,b) <

SWugp dn,e(a,b). Hence, we can conclude that,
Kn™

co cg +o(l
sup  gnela,b) < : ( Kd—(2 )>
af B, 174 -a
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By taking the limit n — oo followed by K — oo, we get the proof of Proposition
2.2.5 (a).

II1. Proof of Proposition 2.2.5(b)

Again, we set ¢, N fixed.

a) From Lemma 2.2.6 for any ¢ > 0 and o < 1 + %, with o-term independent of a and
b,

2
PTasa(ant’ n!/M) = ZpT) (a,b) + o(n ™). (2.2.45)

n

Now, by the similar arguments as in Lemma 2.2.6, and setting k = sn?/? for s < ¢, we

can also show that

1 2 a
p?e—s)nQ/d (bnd) = Ep(g_s)/d(b) + O(?’L ), (2246)
2
Pea(—and) = ~pT),(=a) + o(n™®). (2.2.47)

b) Let 0 < § < ¢/2. For a,b € Ay N (n~Y4Z4), define

dne(a,b, 5n%) =P,y (5n% <o < (e— 5)71%). (2.2.48)

Note that

d—2 d—2 2
sup |n 4 gne(a,b) —n @ qy(a,b,ond)
a,b¢ B,
d—2 2 2 2
<n d sup (Payb(o' < 5nd) + Pa’b((e —d)nd <o < end)>.
a,b¢ B,

d—2 2
<2n 4 sup Pmb(a < 5n3)
a,b¢ B,
) _
< 2 7 sup P, (7 < 6n%), (2.2.49)
l—ec3 a¢ B,

where the last equality comes from (2.2.43). Now, using the Markov property and
Lemma 2.1.1 (a) under the condition & < |p|?,

2
ond

sup P (T < 5n%) < ZP(Sk =0]Sy = pnl/d)
a¢ By k=1

2
< —d/2 . lpn/¢| . 9
< kg_l 0 <k exp [ T (2.2.50)
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Note that O(k~%2exp [ — |pn'/9|?/2k]) is maximised when k = |p|?n?¢/d. Hence

2
ond
- |pn!/4 > 1 /|p|*\—d/2 d
;0@ Veesy | L) | < awto( (1) e[ - 5])
g<ﬁl1+3c><(“22)_w2exp{-g}>. (2.2.51)

Therefore, by (2.2.49), (2.2.50) and (2.2.51),

= = 2 2\d/2 d
sup ‘ndfﬁqnﬁ(a, b) — nL(ﬁqn7E(a’ b, Sn%)‘ < ig(ﬂ) ex [_ 7] 0(1)
a,b¢ B, 1—c3 d 2
Hence,
lim lim sup |n dzqne(a b) —n 2 Qne(a b, 5n2/d ‘ —0.

610 n—o0 bgéB,)

So, Proposition 2.2.5 (b) can be proved by replacing gn ¢(a,b) by ¢y, (a, b 5n2/d)

c) We need instead to show that

lim 1 me(a, b, 00/ — 2k (a, b . 2.2.52
ﬁhgahqu (a,b,0n*?) — 2k¢pe(a,b)| = 0 (2.2.52)
Note that
2
(e=d)nd
d—2 d—2
na gne(a,b, 5n2/d) =nd P, , %(0— =k)
k:én% 7
2 1
ﬁ(efé)nd]P’ é(Sk_O‘S‘l,.. , Sh_ 1750) 0( %7k:bn3)
=n d T .
k:én% Pantli ( % bn d)
(2.2.53)

By using Lemma 2.2.8 below, the proof of Proposition 2.2.5 (b) follows

Lemma 2.2.8.

We will prove upper and lower bound separately. We denote (A) by
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2
o TP (S =0,81,. ., Sp1 £0) Po(S_a  =bni)
(A=’ Y, e i
2 P 1( 3 =bn E)
k=dnd and nd
d)
Proof of Lemma 2.2.8: The upper bound. We shall show that
0 pga(=a)pic_ga(b)
limsup (A) §2/-£/ ds—/4 — (eza)jd”~ (2.2.54)
n—00 5 Pl (b —a)

e/d

For n large enough, let I(< k) € N fixed. Note that by reversing the random walk and
then using the Markov property:

(&) < ' (e_z(n:n?z Py(Sp = —ani, Sy, ..., 8 #0) .Ilpo(gmz_k = tnt)
s d P oy (sm% = bna)
e (=0 By [1{Sy,..., 8 # 0} - B, (St = —an~4)] Po(S 5 = bni)
: k=dnd L (Sm% - bné) 7
(2.2.55)

where under P, the random walk (Sm)lgmgkfl is independent of (S;) and started in

z. We can see that

Py (Sk—t = — é) < Py(Spr = —ani — ) = pf_y(—an*? — z).

Now, by (2.1.7) and (2.1.8), for &’,¢” > 0, we get hold of ny € N such that for all

n > ng,

ittt = [t [t st ]+ o]

zeZ4

<Y { ( )M 1+5)exp[2: (a+zN)n%|2(1—s”)} +fxn(a)]

z2€74

< Zpk/l E,,) a—l—zN)nd)x(l—l—al)
z€ZL%

< (1 -l-E/)pZ/(l_eu)(—an

=

);

where, for k > dn?/4,
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o (1+&)< (&) =1+ )2 "=,

/d .
o (1-¢")> %% "% 1 uniformly on z € {a : |a| < I}.

Note that, we abused the notation pz/(l_g,,)(-) since the time may not be an integer.
However, we prefer to use this terminology since it is clear to see what will happen
when we pass the limit ¢ | 0. The formula in (2.1.2) can also be used to give an

approximation of p7(-) for non-integer ¢.

Also, note that the error term fin(a) from the local central limit theorem in (2.1.2)

does not change the order when we insert £ and &”.

From (2.2.55), taking supremum limit on both sides and using Lemma 2.2.6 we get

lim sup (A)
n—oo

; (e 5)71% (1+8,)132/(1_5//)(*ané)pﬂnz/d k(bnl/d) b (s <
< T 0

17131*?;1:)7’1 d 22 p:n2/d(bn1/d_an1/d) X 0( 1 ) l;é )

k=dnd
2 1
E +6’)PZ/(1 ‘E//)(_CL”E)IJTr 2/d_ k(bnl/d)
<l Po(S1,...,85 #0
< 13;8;1}1[)( /5n3 o7 o (bnl/9 — an'/d) 0(St15---, 8 #0)
5 1 + € )pﬂ— 2/d " ( 1/d)p 2 d(bnl/d)
sn2/d/(1—e') (e—s)n2/

=i Po(S1,...,8 #0

lqllll)SO%p ( p:nQ/d(bnl/d — cml/d) 0( 1 5 Ol 7é )

Pg/a(— WP g)/all

< lim sup /d ) ( )/d( )Po(Sl,...,Sl;«EO)—i-o(n*a)

n—00 €/d(b CL)

- S —a p €—S b
:2/ 457211 )]P’O(Sl,...,Sl £0).
1) 6/d(b a)

Finally, letting | — co we then get,

0 Py a(—a)Pl_g)/a(b)
lim limsup (A) < 2/1/ ds—4 (emo)jdr
4 €/d

500 n—soo pT, . (b—a)

e) Proof of Lemma 2.2.8: The lower bound
We shall show that

0 PeyamVPl—g)/ab
11m1nf(A)>2/§/ ds /d( ) ( )/d( )
é

2.2.56
n—00 Pf/d (b—a) ( )
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Set a% <7y < 2andf=6§n"for § <. Also, define

2
_ (e=)nd ]P’()(Sk:—an%,sl,.. 39750) 0( %—k:bn%)
(B) =n d Z T R
k=6nd P,4(5,,3=0bn)
2 1 . 1
(©) = e (e_gld IP’O(Sk = —and,S; = 0 for some 0 < j 1< k) ']P)O(Sen%—k = bnd).
2 P . (5 2 = bnE)
k=dénd and end
Then,
(A) = (B) - (C).
Our aim is to show that,
=0 pl(=a)pl_y)4(b)
liminf (B) > 2/-@/ ds—/4 — (e-s)/d , (2.2.57)
n—00 5 pe/d(b —a)
(2.2.58)

limsup (C) = 0.

n—oo

Proof of (2. 2 57)
Let 0 < g < =. Now,

(e=o)nd E0(1{51, o Sp # 0} P, (Seg = —ané)) Po(S_5 = bna)

d—2
(B) =n d
Z2 P (S 2 ané)
k=dénd and  end
g
n 1
> Eo|(1{S1, ..., 85 # 0} x 1{|Sy| < 6217}
P (S 2 =bna) Zz [<
and end k=dnd
P 1 1
x inf P.(Sip_g = —and X Po(S 2 =bnd)|.
B b et =]

Now, by using the same technique as in the upper bound case, we can see that for

e e” > 0 and k < en?/?, there exists ng such that for all n > ng ,

inf I@’C(Sk_g = —ané) > pz/(lﬁ/,)(—ani) x (1—¢€).
lc|<63+5
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Hence,

SHN]

d—2 —o)n

(B) > pr (bnl/d ~ant/d) Z {(1{31,..,,59 £ 0} — 1{|Ss] > 9%+B}>

R.\l\:

< By (—an) - (1= &) BT ()]

T (P(St,. 0,80 #0) = B(Sy| > 0317))
p:n2/d(bn1/d - anl/d)

2
(e=d)nd
L T
x Z (pk/ l+a” —an d) (1_5) Penz/d_k(bnl/d)>. (2.2.59)

QJM

Next, we need to estimate the probability ]P’(\Sg| > gath ) This can be done by the
moderate deviation principle ( e.g. see [deA92]). Let (S,)neny be a d-dimensional
random walk. Assume y/n < a, < n in the sense of (1.2.23). Then, for z > 0,

lim % log P(|S,| > zan) = z? (2.2.60)
nl—{goa,%()g wl > xay) = 5 2.

By using (2.2.60) and the Markov property, we can deduce that for large n and 3 < %,

—_p28
2

P(|Sg| > 9%-#5) < P(|Sy| > 0%'”3) ~ exp( )

in the sense of (2.2.3). Moreover,

. d—2 _nZB
lim n 4 e 2 =0.
n—oo

Combine (2.2.59) with Lemma 2.2.6 and the same argument as in the upper bound

case, we get

liminf (B)

n—oo

2
(e=0)nd _x 1 _ 1/d
o d—2 pk/(1+e”)( and) - (1 6) p 2/d_k<bn )
Zﬁﬂmwww&#whd 2 o7 2 T — a4

2
k=dénd

=0 pr(—a)pl_ (b
> lim inf [2/@/ ds s/d( ) (c )/d( ) +0(n_a)]
s e/d

n—o9 pe4(b — a)

=6 T (=a)pl_ (b
225/ ds S/d( )(E )/d().
d

pZ/d(b —a)
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Proof of (2.2.58)
By rewriting (C) and using Markov property,

2 . L
(© < i SR TSy = 0.5k = mand) Bo(S, 5, = bnd)
B I
k=bnd Lo (Sm% = bna)
2 A .
_ n% (e=8)nd (2529 Py (S] = 0) - Py (Sk_J = —and)) Py (Sm% = bnd)
1
k:(Sn% Pané (SGn% = bnd)
d—2 (675)11% (fe d]]PO(Sj = 0) ]P)D(Sk—] = —ané)) IP)()(S 2 . = bn%)
=n d / 5 dk - end — ,
ond Py (Sm% =(b- a)nﬁ)

Setting k = sn?? and using the fact that P(S; = 0) < C’j_g for some j € N for a
constant C, we get

C (e=9) g p?—e—s)n2/d(bn1/d) sn% b (s - 1
< . _0). 1
©s<n [ s S ([ Rl =0) BolSprey = -an))

(8 PL_psa(bnt/d)  pend
(e—s)n2/d / . ._d 1
<n/ ds dj Cj 2 -Py(S,,2/a_; = —and).
5 P 2 ((0—a)nl/d) Jg (S )

Again, set j = zn?/? we get

(©)

5 [(e=9) p7(T_ ) 2/d(bn1/d) s )
nd ds e—s)n R R _anl/d
/5 pznz/d((b - Cl)nl/d) [5 ,Y_% p(s—x)nQ/d( )

'n

IN

2 dwp?s_x)nz/d(—anl/d)- (2.2.61)

mY~d

2 (e=9) p( —s) z/d(bnl/d) s L
= C E d : _ d ™ o l/d 5/ ~y—21-4
< Ond [ e T 315 Plecaperan )

RTERETRY L PT_ /(b9 /s
=0n d 2
&

ds
I (T

For the last integral in (2.2.61) , by using Lemma 2.2.6,
s 9 s
[y todntcan® = 2 [ oy () o)
< gs +o(n™ %) < —e+o(n"%), (2.2.62)

where € is fixed and note that pZ__(-) is a transition probability. Moreover, the first
integral in (2.2.61) is bounded (This can be checked by direct substitution using (2.1.2),
(2.1.5) and Lemma 2.1.2). Combining this with (2.2.61) and (2.2.62), for another
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constant C , we get
vd

(C) < Cni~%.

Recall that ;—2 < 7 < 2, we then claim that limsup,,_,, (C) = 0. Hence, from (2.2.57)

and (2.2.58), we can deduce (2.2.56). Combining the upper bound and the lower bound,

we can deduce Lemma 2.2.8. O
Hence, we have completed the proof of Proposition 2.2.5 (b). O

(4) We start from where we left off at the end of step 2, see page 56. We want to
modify (2.2.32) using Proposition 2.2.5. For y, z € Ay, recall that ¢5 (v, 2) = gn.e(y, 2)
if y,z ¢ B,, the ball of radius p, and zero otherwise. From Proposition 2.2.5(a), it

follows that there exists dx > 0, satisfying limg . 6 = 0, such that the inequalities
1 1 1
—(+oare " (w,2) Slog (1— it ' (1,2)) < g "(,2),  (2263)
hold for all y, z and for n € N large enough. Now we introduce the function
By p s MY (AN x Ax) — [0, 00),

defined by

Dy, p() = /AN da:(l — exp [— nn/A

The main advantage of introducing the function ®,,, , is we can get good upper and
lower bounds. By using (2.2.32) and (2.2.64), we get:

ah (v — x, 2z — x)pu(dy, dz)} ) (2.2.64)

NXAN

n

(b d—2

1
n d ,1/e,Kn~ d

(Lne) <EpeiR (Lp.) (2.2.65)

d—2 _1
n d ,(140x)/e,Kn"d
Moreover, the function also provide nice upper bounds for its approximation.

Lemma 2.2.9. There exists constants c4,cs such that:

(@) |® a2 (1) =@ a2 ()] < canlp® + p?| for all n, pu.
n d np nod n.p

()1 2 ()= az ()] < eshy— 1| for all p,p andn > no(p).

TP nod on'.p
Proof. Define ¢?(y,z) = pc(y,2) if y, 2z ¢ B, and zero otherwise. Note that for z,y >
0,le™® — e Y| < |r —y|. Here, 0, (1) means an error tending to zero as n — oo
depending on p, p’ but not on other variables.

(a) Let B,(y) be the ball of radius p centred at y. By using the triangle inequality and
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Proposition 2.2.5 (b),

‘(I) a2 () — D a (N)’
nod np nod e

d—2 /

d—2 d—2
Sn/ dw/ p(dy,d2)|n" T qf (y—x,2—2) —n' T ¢f (y —z,2 — )]
AN ANXAN

[ do [ laydo)[|eetly - 2z - ) - 2000y~ - 2) 4 0, (1)
AN ANXAN

§277H/ dx/ p(dy, dz)| 08 (y — 2,2 — ) — ey — 2,2 — z)|
AN ANXAN

i / da / u(dy, d2)| 0 (y — 2,2 — ) — ey — 2.2 — )| + [Anlop(1).
AN ANXAN

(2.2.66)

Therefore, we can calculate the two integrals in (2.2.66) separately. Note that
[oa [l -z o) — gy =)
AN ANX N
/ d:v/ (dy, dz)pe(y —x,z — x)
AN Bp(l‘)XAN ANXBp
Py YIPe_gal? — @)

S/ wu(dy, dz) / da:/ /d (e=9)/d'?

AN XAN B E/d(Z y)

Psq(@ = Y)pl_g) a(z — @)
+/ u(dy,dz)/ da:/ ds syl Tr) (c=s)/d . (2.2.67)
AN XAN B,(2) 0 pe/d(z —y)

at which both integral can be estimated in the same way. Now, we consider the first

term of the integral above by splitting the range of the integral as follows:

/ dx /E dsp’;/d(l‘ - y)p?&,s)/d(z — )
By(y) 0 ?/d(z —Y)

S pﬂ-ﬁ S Z—Z

/ dm/ /d ) )/d( )
B,( E/d(z y)
y)pzre s)/ (z — )

dx/ ds Pyjal® d . 2.2.68
/Bp /2 Z/d(z Y) ( )

Now, for the first term of (2.2.68), note that as s comes close to zero, the terms pz/d(-)

and p?e_s) / 4(*) can be approximated by a constant C. Also, by modifying Lemma 2.1.2
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to get the upper bound of the integral, we can write this term as:

S p€ S :E
/ da:/ /d ) ( )/d <C/ ds/ d:cps/d
By( e/d(z - By(
< BdC/ ds/ dzps/q()
0 B, (0)

€/2 1 o2
§3d0*/ ds/ da:ﬂe_dgs‘ .
0 By(0) 8 /

(2.2.69)

From (2.2.69), we separate the integral into two cases:

o |z|? < s/d.

Then, we have

€/2 1 P €/2 1
/ ds/ d:vd—/ze* 25 S/ ds/ ala;d—/2
0 {zeB,(0):|z|?<s/d} S 0 Bintpy/sra @ 8

dp? 1 1 6/2d 1
<
/0 7472 s+p /dp2 Ssd/2

<d'"2 g2 — s LS = O(p?).

o |22 > s/d.

Then, we have

/e/2d / p 1 d\x|2 / p /‘d|q}|2 1 Md
S Xr—= X 2s S
0 {2€B,(0):|z]2>s/d} 5472 B,(0 s4/2°

By changing the variables from s to § := d|; 7> We get

> 4 o2 LS|
/ da:/ We_d‘%‘ ds < dl_g/ dx[|a:|2_d/ - QQ_idg
B,(0) 0 sd/ B,(0) 0o S /
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Therefore, we can conclude that

6/2 p;r :I/'_y pﬂ—g_s z— X
/ da:/ ds /d( Tr) ( )/d( ) = 0(p?).
B,(y) 0 pﬁ/d(z - y)

Secondly, we look at the second term of (2.2.68). This time, the terms pf/d(-) and
p;r/ 4(*) can be approximated by constants. We can use the same arguments as above

to assert that

SR U G ) R
/ d”c/ s e E )
Boly)  Jef2 ez =)

Therefore we can estimate the integral in (2.2.66) as c4np?.
(b) We use Proposition 2.2.5(b).

@ a2 () =P a2  (p)
n d np n d n'p

d—2
< In—n’l/ dw/ pw(dy,dz)n @ qf (y —x,2 — )
AN ANXAN

- [ do / w(dy, d=) 2000 (y — 2,2 — ) + 0p(1)]
AN ANXAN
< |n —1'|[2ke + [An|op(1)],

where in the last inequality, we drop the superscript p to be able to perform the

r—integration and use the fact that fAN drp(y —r,z —x) = €. O

(5)We start to collect all the results together. By (2.2.30), (2.2.65) and Lemma 2.2.9

we get

1 1 1 d—
Epe—Rn < Epoe—RE + —c; (In7 K9
n n n
o K4
<P 42 _1 (Lne) + —
n~d ,(140k)/e,Kn"d end
o K@ Kn—l/d 2+ 2 5
<P 4 (L) + == +C4( it + 5K (2.2.70)
n d ,l/e,p end € €

and also a similar lower bound.

(6) Next, we approximate ® a2 (Ln,e) by another function @ /¢ ,(Ln,) defined
n s/ 6P
by

Do o) = /AN dx(l — exp [— 2nk /AN><AN WPy —x,z — x)u(dy, dz)} ) (2.2.71)
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In order to continue from (2.2.70), we need the following Lemma:

Lemma 2.2.10. There exists constants cg, c7,cg > 0 such that:

n d

(a) [Pooyp(pt) =P a2 p(u)] < eeNdpn for all p with limy, o0 05 = 0 for any p > 0.

(b) |(I)oom,p(ﬂ) - (I)oom,O(ﬁm < 0777P2 for all n, .

(¢) 1®oo1/e0(1) = Poo 1/e0(1)] < cs|lp— ||t where || -||1n denotes the total variation

norm.

Proof. (a) We again use Proposition 2.2.5 (b).
|[Poonp(p) = ® a2 (1)
< 7]/ dm/ wu(dy, dz)’n%qﬁe(y -,z —x) —2kpP(y —x, 2 — CL‘)‘
AN ANXAN ’
= [ o [ ldy.d2)o,(1) = nlAnlo, ).
AN ANXAN
(b) By Proposition 2.2.5 (b),

"I)oom,p(.u) — Do 0 () ‘

<77f~@/ dﬂc/ p(dy, d2)|pf(y — 2,2 — x) — ey — 2,2 — )|
AN ANXAN

< 77/1/ dx/ w(dy,dz)p(y — x,z — x).
An (AN XBp(x))U(By(z)xAn)

Now, we can use the same arguments as in Lemma 2.2.9(a) to claim the lemma.

(c) For |u| = u* + p~ the variation of u,

|<I>oo,1/e,0('u) - q)oo,l/e,O (lu’,) ‘

2K
< / czx/ i — ¢ |(dy, d2)pely — 2, 2 — )
€ AN ANXAN

— 2 / = 1\ (dy, d=) = 2l — 1l
ANXAN

O]

(7) Now, we do the final collection of results. By (2.2.70), the similar lower bound and
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Lemma 2.2.10(a), (b) with n = 1/€, we now have that for any K and p,

| | %EH»ERW - <I>oo,l/e,O(Ln,E) | |oo

Kd K —1/d\2 2 5 5 2
a1 ca(Kn="%)* +p L 0K | C6Opn  CTP” (2.2.72)
en?/d € € € €

Letting n — oo followed by K — oo and p | 0, we thus arrive at

lm [[2Ep Ry — Poo1/e,0(Ln,e)|loo = 0 for all € > 0. (2.2.73)
n—00 [ ’

(8) In order to complete the proof of Proposition 2.2.4, we need an LDP for the
empirical pair measure of the skeleton walk. Other than the Wiener sausage case, the
Donsker-Varadhan result does not apply here, as the Gaussian kernel of the skeleton
walk is n-dependent. However, the following result shows that this dependence decays
quick enough for an LDP to hold.

Proposition 2.2.11. Let (S,)ns0 be simple random walk on the torus Ayia N Z2.

Then, the empirical pair measure

L - T Z _l/dg(i—l)enZ/d’n_l/dgienz/d)
satisfies a LDP with speed n"T and rate function %Ie(/i)l where 15(2) is defined in (2.2.24).

Proof. Set m := %n% and let sp = 0. Let A be a measurable subset of MT(AN X AN),
then

P(Ly, € A)
1/d
= Z { Z 15(g S‘)GA}HP J6n2/d—sj / |S] 16”2/(1_5] ln/)
$1,.,8mEANNN—L/d7d J= Jj—1
AN AN
m
m ]P)S = S'nl/d —lgi nl/d
{’izj_la(t%‘1"1/dJn1/d»LSjnl/dJn1/d>EA}jli[1 (Senz/a = Lsgn ) = Lsj-am ™))
AN AN
m
m ™ S'nl/d — s ’I’ll/d '
{izj_la(l%1n1/dJn1/d»LSjn1/dJn1/d>EA}j1_[1pm2/d(L ] = Lsgman )
(2.2.74)
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Note that from Lemma 2.2.6, for any € > 0 and sufficiently large n,

2—¢
n

24¢
n

Pl = 8j-1) < Plsalsnt/® = sj_an'/?) < Peralsi = sj-1),
provided that s;,s;_1 € AnNn~= Y474 and en?/d, sjnl/d, sj_lnl/d have the same parity.
However, if we use this to transform p:ng/d(sznl/dj — |sj-1n/?]) into pg/d(sj —5j-1)
under the integral in (2.2.74), this will cost a factor of a half. This is because we need
to consider only points with the same parity. For any [s;], the set of points s;_1 such
that |s;—1] and |s;j] have the same parity is a “checker board” of cubes with sidelength
n~ Y4 with total volume 2|An|. Therefore, under the integral in (2.2.74), we only use
half of the actual values. Combining with (2.2.74), we get

(1= 5)"P(Lye € A) <P(Lpe € A) < (14 5)"P(Ln, € A),

where

P{L,.€ A :/ / dsy...dsy,l m Ta(s5 —sj—
{Ln, } " A 1 {%ijlé(sjflvsj)eA}jzlp/d('7 j—1)

is the probability that the empirical pair measure ﬂme of an m-step random walk with
Gaussian transition kernel pz/ 4 is in A. Therefore, Donsker-Varadhan theory can be
applied (see [DV76] as well as [BBHO1] pp. 377 ) and we can conclude that L,, . satisfies
the LDP on M (Ay x Ay) with speed n“T and rate function %Ie(?c)l

O

(9) Finally, we can derive the desired large deviation principle for fixed € as follows.
Firstly, the function ®., /¢, defined in (2.2.71), is continuous in the total variation
topology by Lemma 2.2.10(c). Also, note that P,1/6,0 1s exactly equals to @y, the
function defined in (2.2.26). Now, by (2.2.73), we can combine the result from Propo-
sition 2.2.11 along with the contraction principle to claim that %EWER” satisfies the
large deviation principle with the required speed and the required rate function in
Proposition 2.2.4. O

2.2.3 The limit ¢ | 0 for the LDP

In this section, we collect the results from [BBHO1] to deduce the rate function when
€ | 0. Proofs of the results are omitted since we can directly use the proof of that in

Section 2.4 [BBHO1]| where x can be taken as an arbitrary number.

(a) We denote by I : M7 (Ay) — [0, 0] the standard large deviation rate function for
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the empirical distribution of the random walk:

(2.2.75)

)= | 2y [VoP@de, it e _ 42 with ¢ € H'(Ay)
0, otherwise.

We further denote by I /q : M7 (An) — [0, 00] the following projection of 15(/221’ defined
in (2.2.24), onto M (An):

Lpa(v) = it {17 (1) - i = v}, (2.2.76)
Below is the result from Lemma 5 from [BBHO1].

Lemma 2.2.12. Let (m¢)¢>0 denote the semigroup of Brownian motion. Then, for all

v € AN, we have t — I;(v)/t is non-increasing, with limy o I;(v)/t = I(v).

(b) We need an approximation of the function @1/, : M{ (Ax x Ay) — [0, 00), defined
in (2.2.26), by the simpler functions ¥ : M (An) — [0,00) defined by

Uy/e(v) = /AN dw(l — exp {— 2:/06 ds /AN P (z — y)y(dy)D. (2.2.77)

Below is the result from Lemma 6 from [BBHO1].

Lemma 2.2.13. For p € M{(Ay x Ay), and for any K > 0,

lim  sup ‘(I)l/e(//') - \Ill/e(ﬂl){ =0.

0
W 1) (<K

(c) Next we define the function I' : LT (Ay) — [0,00) by

T(f) :/A da(1 — e 2r/@), (2.2.78)

Below is the result from Lemma 7 from [BBHO1].

Lemma 2.2.14. For any K > 0,

d
im  sup  [T(52) = 0y (v)| =0,
el0 VZQI(?L(V)SK dx

where dv/dx is the density of v with respect to Lebesgue measure. If v do not have
a density, then the supremum is infinite. Recall (2.2.24) and (2.2.76), the authors
of [BBHO1] also point out that, if I /q(v) < oo, then dv < dz because vRT, /g K drx@dy.
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2.2.4 Proof of Proposition 2.2.1

In this section, we collect the results from Section 2.2.1, Section 2.2.2 and Section 2.2.3

to complete the proof of Proposition 2.2.1.
Proof. For any f: R, — R bounded and continuous,

1. By Proposition 2.2.2, Proposition 2.2.4 and Varadhan’s lemma,

lim % logE<eXp [nd%ff(%Rn)D

n—o0 n_d

el0 n—o0 a4

— lim lim —— logE < exp [n%zf (E"’f (%R”)ﬂ )

n
—lm  sup {f(@2(n) — Hh0)}
A0 e (An xAn) ‘

(2.2.79)

2. We will prove that

(1) = L1}

o=

lim su ) — 11(2) = lim lim su )
e ) = i) = i g e V!

(2.2.80)

Note that since f is bounded, we have
sup f(®1 () — L19)(1) > = sup| f1.
H €

Now, we can see that any p with %Ié%(u) > 2sup|f| can be discounted. There-

fore, by setting K = 2dsup|f|, we get the equation.

3. By Lemma 2.2.13, Equation (2.2.76), Lemma 2.2.14, Lemma 2.2.12 and Equation
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(2.2.75) respectively, we get:

lim lim sup {f(@
K— 10
oo € gzg;( )<K

= lim lim sup f(
K—o0 €l0 .df(?c)i() K{ (

() = 2155 m)}

o=

(1)) = 2155}

o=

Kon eligly:‘fles/j(ll)/)gK{f( %(V)) elefav)}

dV 1
= Jm L Sup) <K {f<r<dl’)> - eje/d(y)}

dle/du
()l
= s @) - Vel (2.2.81)

dEH (AN):||9]13=1

Combining (2.2.79), (2.2.80), (2.2.81) and recalling (2.2.78), we can see that the claim

now follows from the inverse of Varadhan’s lemma proved in Bryc [Bry90]. O

2.3 Proof of Theorem 1.2.10

In this Section we complete the proof of Theorem 1.2.10. This will be done by deriving
the upper and lower bounds of the left hand side of (1.2.25) in Section 2.3.1 and
Section 2.3.2 respectively.

First of all, we recall and rename Proposition 1.2.13 which will be used in both proofs

of the upper and lower bounds.
Proposition 2.3.1. limy_,o I (b) = I*(b) for all b > 0 where
o I5(b) is given by the same formula as in (1.2.26) and (1.2.27) except that R? is
replaced by Ay.
o [% is the rate function defined in Theorem 1.2.10.
The proof of Proposition 2.3.1 is omitted since it is exactly the same as the proof of

Proposition 2 in Section 2.6 in [BBHO1], where x can be taken as arbitrary positive

number.
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2.3.1 The upper bound
Proof. We shall prove (1.2.28):

1
limsupﬁlogP(%Rn < b) < —é[”(b).

n—00 n d
Note that Proposition 2.2.1 implies the following :

Corollary 2.3.2. Let d > 3. For every b >0 and N > 0,

. 1 1 1

Now, it is trivial that R,, < R,, and therefore

% logP(LR, <) < %mgp(%m <b),
n d_ n-d

forall b > O,N > 0 and n > 0. As n — oo, by using Corollary 2.3.2 and Proposi-
tion 2.3.1, we now complete the proof of (1.2.28). O

2.3.2 The lower bound

Proof. We shall prove (1.2.29):

1
lim inf ——;

n—oo TLT

log P(2 R, < b) > —11"%(b).

Firstly, we let Cy,,1/4(n) be the event that the random walk (S, : n = 1,2,...) does
not hit the boundary A y,,1/4 until time n. Then, clearly,

P(R, <b) > P(Cypi/a(n), 1Ry < ). (2.3.1)

Now, the right hand side involves the random walk on the torus with the restriction
that the walk does not hit the boundary. Now, we repeat the arguments of Section 2.2
on the event C)y,,1/4(n), i.e. with zero boundary conditions instead of the periodic ones
considered. Note that one major difference is that we can use the local central limit
theorem, see (2.1.2), without requiring Lemma 2.1.2. The arguments of the proofs of
Proposition 2.2.2 and Proposition 2.2.4, as well as Proposition 2.2.11 and the proof of

Proposition 2.2.1 in Section 2.2.4, are still valid. Therefore, we get

1 -
lim gy log B(A R < b|Cyyrsa(n)) = ~ 515 (1) (2.3.2)
=00 n=a
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where I%(b) is the same rate function as in (1.2.26) and (1.2.27), except that ¢ is
satisfying supp (¢) N 9AN = 0.
Now, let S), = (S,(Cl), - ,S,gd)). For the event C\y,,1/4(n),

_1 1_1
P(Cyprsa(n)) = P( max n™2[| Skl < Sna~z)

d
= IF’( ﬂ { max n_%|S,(€j)| < %n%})
j=1

1<k<n
d 1 () 2—d
— A N “—a
> F([) {115 < o'
‘7:
_ ~11aW) o N5 )¢
= (P(lrg%xnn HS < SnS) ) (2.3.3)

where (5(1) G()

i )1§z’§n’ T ( i )1§i§n
random walk, and we use the fact that

are independent copies of one-dimensional simple

max \Slij)| < max |S',(€j)|,
1<k<n 1<k<n

for all j =1,...,d. By Theorem 2.13 in [Rév05], for any £ > 0 and large n,

L), N2y 41 —¢) 7 a2 1 97?2 a2
P(max n-2|57 < gnat) 2 [exp(— gy ™) = gexp(—5in ™)
8(1—¢) 2 a2
Z 31 exXp |:— W?’L d i| (234)
Hence, by (2.3.3) and (2.3.4),
. 1 dr? .

from which we can see that limy_,oo Ay = 0. Combining (2.3.1), (2.3.2) and (2.3.5),

we can deduce that

liminf ——

logP(LR, <b) > —LI%(b) — Ay  forall N.
By the same type of argument as in the proof of Proposition 2.3.1, we can deduce that

lim I§(b) = I%(b).

N—oo

Hence, let N — oo, we can deduce (1.2.29). Therefore, Theorem 1.2.10 follows. O
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Chapter 3

Large deviation for the
intersections of independent

ranges

The structure of this section is as follows: In Section 3.1, we recall the notations and
standard compactification described earlier in Section 1.3.3. Then, we prove the large
deviation on the number of intersection made by two independent random walks on a
torus. This is an analogous result of Proposition 1.2.11. The main steps of the proof
are similar to that in Proposition 1.2.11 which is done in Section 2.2. The proof will
be divided into three main steps, and the structure is as described in Section 1.3.3.
Then, we start the proof of our main result, Theorem 1.3.7, in Section 3.2 where we
complete the lower bound proof of the theorem. Finally, we complete the proof of the
upper bound in Section 3.3. The proof will be divided into five steps and the structure

is described in Section 1.3.3.

3.1 LDP for the intersection of the ranges of random

walks on the torus

In this section, we recall the notations described at the beginning of Section 1.1 and
standard compactification described in Section 1.3.3. Then, we prove Proposition 1.3.9.
The material of the proof is mainly borrowed from Section 2.2 where we prove the large
deviation result for %Rn The result will be used to complete the proof of Theorem 1.3.7

in Section 3.2 and Section 3.3.

Recall that (S} :n = 1,2,...) and (S? : n = 1,2,...) be two independent random

80



walks on Z? with R} and R? the corresponding ranges of each random walks up to
time n. Also, recall that J, is the number of intersection sites made by the two
random walks as described in (1.1.3). For N € N even, recall that Ay is the torus of
size N > 0,Ay = [—%, %)d with periodic boundary conditions. In this section, we let
the walks live on ANn 1 NZ® with N fixed. In a similar way as in Section 2.2, we denote
(St:n=1,2,...)and (S2:n =1,2,...) the corresponding random walks of (S})1<i<n
and (5’1-2)19-91 on ANn 1N 7%, Also, R}L and R2 represent, respectively, the number of

lattice sites visited by the random walks on the torus up to time n. Moreover, we have

TIn = 1{{S} h<j<n N {S: i<j<n } (3.1.1)

to be the number of intersection sites made by the two random walks up to time n.

We recall and rename Proposition 1.3.9 described in Section 1.3.3.

Proposition 3.1.1. %Jn satisfies the large deviation principle on Ry with rate n T

and with rate function éfﬁN where

L5(b) = inf(b) [/AN | v¢|2(x)dx}, (3.1.2)

pedY,
where

() ={pe H(AN): | ¢*(x)ds = 1,/ (1 - e_”¢2(x)>2dac >b). (3.1.3)

AN AN

This result is an analogous of Proposition 1.2.11. The main steps of the proof will also
be similar to that in Proposition 1.2.11. We therefore divide the proof into three main

steps as described in Section 1.3.3. The proof follows closely Proposition 2 of [BBHO04].

3.1.1 Approximation of 17, by Eﬁ?l%jﬂ

Similar to Section 2.2.1, we show that %jn can be well approximated by its conditional
expectation. Recall the skeleton walks described in (1.3.43): For j = 1,2 and € > 0
fixed

Sh.={8

Also, recall that Egz = E(-[S}, ., S3 ;) denotes the conditional expectation given S}, ., S?

n,e’ 'n,e
and IP’gl denote the conditional probability given S}L@S%e- In this section, we show

that J, can be approximated by its conditional expectation given S}%E, S,%’E.
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Proposition 3.1.2. For all 6 > 0,

lim lim sup ﬁ log P(3|7 — EZLT,| = 6) = —oo.

el nsoco N

Proof. Set
={SF:i=1,...,n}, k=12,

to be the lattice sites visited by the k-th random walk. Our aim is to use Proposi-
tion 2.2.2 in Section 2.2.1 for the proof. Note that we can deduce Proposition 3.1.2

from the following equations: Firstly,

hmhmsup;bgﬂj’(1 | T — E(J|SL 6,52)‘ > 0|B;) = —o0, (3.1.4)

el0 n—oco n( 2)/d

uniformly in the realisation of 8. And, secondly

1
lim lim sup —a/d log[P’(%}E(jn]S}L’e,ﬁg) E(J,|S} o n6)| >0) =—o0. (3.1.5)

el nsoco N

Combining (3.1.4) and (3.1.5), we get Proposition 3.1.2.

Proof of (3.1.4)
Note that the proof of (3.1.4) can be adapted from the proof of Proposition 2.2.2 as

follows: In the single random walk case, we are interested in how many sites on Z¢ are

visited by the random walk. For the intersection problem, we are interested in how
many elements in the set [Py are visited by random walk (S )i<i<n, l.e. J, can be

written as

LU o)

where W} is defined similar to (2.2.5). Then, it is obvious to see that we extend the
proof of Proposition 2.2.2 to this case, using Talagrand’s concentration inequality in

Lemma 2.2.3. In general, for any measurable set D C Ay,,1/4, the function

is Lipschitz-continuous in the sense of (2.2.15) uniformly in D. Hence, (3.1.4) follows.
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Proof of (3.1.5)
By interchanging 81 and S92 in (3.1.4), we get

= log P(+|Tn — E(TulB1, S} )| = 6181) = —o0, (3.1.6)

b lim sup —5=573

uniformly in the realisation of 3;. Note that (3.1.6) implies that

— 1 1 1
lglﬁ)lhgfgpWIOgP(ﬁ’E(jMS”@’ﬁQ) (jn\Sne, ne)’ > §|SL ) =—00, (3.1.7)
uniformly in the realisation of 8711,5 By averaging over S} e In (3.1.7), we finally get
(3.1.5).

3.1.2 The LDP for E217,

In this section, we prove the large deviation principle for IE )1 ¢y In- Note that, similar to
the set up in Section 2.2.2, we will do a scaling of the torus from App1/4 to Ay to remove
n-dependence. We also have an issue to have random walks live on a scaled grids,
therefore we will make similar assumption as described at the beginning of Section 2.2.2:
Unless stated otherwise, S,, = a will have the same meaning as S, = |a| where |a] =
(la1],...,|aq)) with |a;| is the biggest integer less than or equal to a;. Also, recall
that, for k = 1,2, S¥ is the corresponding position of the random walk Sk on Ay. Note

) 4y Cn

that, the scaling does not effect 7.

We recall a similar empirical measure introduced in (1.3.44)

Y

—2

g“

n

o =

_d-2
Lk,n,e =en 4 6( —1/dgk
1

gy k=12
i (i— 1)€n2/d7 ien2/d

Also, recall the entropy function, ¥ M (An x An) — [0, 00] defined in (2.2.24)

(3.1.8)

1 () = h(plp @ me) if pr = p2
¢ 00 otherwise,

where, as usual, h(-|-) denotes relative entropy between measures, p; and pg are the
two marginals of p and 7.(z,dy) = pT(y — x)dy is the Brownian transition kernel on
AN defined in (2.2.25).
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Next, for > 0, let &, : M (Ay x Ax) — [0,00) be the function

A

‘Pn(m,m):/ d»”C(leXp[?W»/ soe(y*fc,zfﬂf)ul(dyvdZ)])
AN ANXAN

(1—exp[—2n/£/A

where, we recall from (2.2.27) that,

Ve (y -,z — x)ug(dy, dz)]), (3.1.9)

NXAn

B o dsp)(—Y)Pl_g)a(?)

V1) (3.1.10)

©e(y, 2)

Our main result in this section is the following:

Proposition 3.1.3. Eg?l%jn satisfies a LDP on R™Y with speed n“T and rate function
ot JL (@ (2) : + ; _
Jefa(®) = inf { = (15 00) + 1) 2)) sz € MG (A % Aw), @1, z) = b}
This is an analogous result to Proposition 2.2.4.

Proof. We follow the first two steps as in the proof of Proposition 2.2.4 in page 54.
We approximate J, by cutting small holes around the points Sl.lm2 /d,Sfmg Ja» Where

1<i< %ndff. By the similar procedure as in (2.2.30), we get

1 24y K4
|~ TK !

en2/d

< (3.1.11)

which tends to zero as n — oo and therefore is negligible. Next, we recall the quantity
defined in (2.2.31). For y, z € Ay, define

2 ~
nc:2) = Plo < n}lSo = 9.8 3 =2)

where 0 = min{n : S,, = 0} = min{n : S, = 0}. Now, define W}K and WZ-2’K as similar

to (2.2.28). By the similar way as in (2.2.32), we can write the conditional expectation
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as:

]EQ)le
e )Y n
1,432 1,4
1 € €
== > (1-P2@e U W) (1-PRa¢ U W)
zeEN 1 i=1 i=1
Nnd
1 a2
:/ dx l—exp(nd /
AN € ANXAN

1/d

Ly p.e(dy,dz)log [1 — q§727

(1 dz/
X|1l—exp|-—-nd
€ ANXAN

L2,n,e(dyv dZ) log [1 - q5?7

(y — lznd [n~4, 2z — Lméjn—é)D)

1/d

(3.1.12)

where for p > 0, we remind that ¢ ¢(y,2) = gn(y,2) if y,z ¢ B,, the centred ball of

radius p, and zero otherwise.

The next step is the key part of the proof. This is to show that the difference between
the number of intersections given their conditional expectation and the function of
1, p2 defined in (3.1.9) can be written as the sum of a function of each measure
individually. This allows us to apply the result from Proposition 2.2.4 straightaway.
This method was done in pp. 753 of [BBH04]. We repeat the method from the paper:

For k =1,2 and x € Ay, we set

1 4
fr(z) :=exp (ndd2 / Lin,e(dy,dz)
€ ANXAN
g [1 = a2y~ Lond o~ Land o] )
2K
gr(z) == exp ( - — / 0y —,2 — x)Lipn (dy, dz)> (3.1.13)
€ ANXAN
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Then, we can write:

(2)*jn_(1)1/5(L1neaL2ne)
= [ (- @) (- f@) - [ o= ) (1- p)
AN AN

:/ dz(g1(z) = fi(z)) (1 = fa(a) )+/ dz(1 - g1(z)) (g2(2) — fa(x)).
AN AN
(3.1.14)

Let £k = 1,2. Since qﬁfﬁ_l/d(-) is probability of an event, we have log [1 —

Kn~
n,€

Hence, we have |1 — fi(x)| < 1. Similarly, since @.(-) is non-negative func-

1/d(-)] < 0. This gives fi(z) is an exponential of a non-positive term.

tion, this implies that gi(z) is also an exponential of a non-positive term.

Hence, |1 — gi(z)| < 1. Using these two facts along with (3.1.14), we get

jﬂ_q)l/E(Ll,n,ea L2,n,e)|

< /A ol ()~ i) + /A (o) ~ @) (3115)

1

Therefore, we can do the approximations on L1 ,, . and Ls ,  separately, which is exactly
done in Section 2.2.2. Next, we need to show that the left hand side of (3.1.15) converges
to zero as n — oo follows by € | 0. We consider each term on the right hand side of
(3.1.15) separately. Note that

/ dlgr (z) — fi(x)] = / dz (1 - f1(2)) - (1 - ga())].
AN AN

By recall fi(x) and g1 () defined in (3.1.13) we get

/ dz|(1 = fi(z)) — (1 — g1(2))]
A

N
1 a2
:/ dx lexp<nd/
AN € ANXAN

Lin(dy,dz)log [1 — g0 (y — [ana Jn~4, 2 — LmiJn—iﬂ))

2
—|1—exp —/{/ Oy —x,2 — ) L1 . (dy, dz) ,
€ ANXAN Y

we can see that this is exactly the same as |1E,, REE — Doo1/6,0(L1,n.e)|, which has

already been studied in Section 2.2.2. Hence we can immediately apply the result from

Section 2.2.2, namely (2.2.72), to deduce the large deviation principle for each term.
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Note that, the similar arguments also apply for the second term on the right hand side
of (3.1.15).

Finally, we can deduce the rate function in Proposition 3.1.3 since we have the sum of

two explicit rate functions for each random walk. O

3.1.3 The limit € | 0 and the proof of Proposition 3.1.1

The structure of this section is similar as what was done in Section 2.2.3 and Sec-
tion 2.2.4. We first introduce more approximate functions. Then, we complete the

proof of Proposition 3.1.3.

Set p1, pa € M1(An),

and for f1, fo € LT (An),

(f1, fa) = / (1~ A (1 - e20), (3.1.17)

AN

Also, recall (2.2.75) and (2.2.76) that I, is the rate function of the discrete-time Markov

chain on Ay with Brownian transition kernel p,, i.e.,
I(v) = inf (I () : p1 = v) (3.1.18)

Next, we finalise the proof of Proposition 3.1.1. This will be done by obtaining the

limit when € goes to zero.

Proof. By Proposition 3.1.2, Proposition 3.1.3 and Varadhan’s lemma, for f : R, — R
bounded and continuous, we get

. 1 d—2 1

lim —— 10gE<exp [nd f(ﬁjnn)

=i Oy (pr, p2)) — (1D () + 12 .
im | sw {F@ el m2)) = HIG ) + 15 (2)) }

(3.1.19)

Then, we repeat the approximation arguments similar to Section 2.2.4 and we get from
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(3.1.19) that

lim % logE(exp [n%f(%Jn)D

~ lim lim sup F(U17e(.02)) = HTgan) + Lyalr)
K36 el0 vwz:Zfe/d(u1><K,§fe/d<y2)<K{ (T ) = ey jav2)) }
= sup {F(E@68) - H(IVoB+Veald) ). (3.1.20)

i=1,2:p€ HL (AN),||¢i]|2=1

Using Bryc’s lemma [Bry90], we see from (3.1.20) that 17, satisfies the large deviation

principle with speed n(?=2/4 and with rate function

N 1
L) = inf{?d(HV(blH% +[|Vell3) :

o1l =liealld =1, [ do(1— 20610 (1— e o30)) = 0}

N
1 2
— inf {—||v¢||§ o2 = 1,/ d:v(l _ e—ﬂqﬂ(m)) > b}. (3.1.21)
d An
Note that the variational problem reduces to the diagonal ¢1 = ¢9 in the last equality
by (3.1.22) and (3.1.23) below. We set ¢* = $(¢7 + ¢3) and note that

1
V2

By using the relations in (1.3.34) and (1.3.35), we get

¢ =1/3(83+ 03) < —(d1 + b2).

Vo[> < 3IVérl3 + §[Veol3. (3.1.22)

Next, we use that fact that z — —2r9°(2) ig concave to show that

(1 _ e—2f$¢2(x))2 _1_ 26—2,-;(;52(1») 4 46 (@)
>1- (672/«;5%(1) + 672#@%(‘%)) + 6725¢>¥(:p)672n¢§(x)

> (1 — e 2001 (1 — =23, (3.1.23)

Note that (3.1.21) is the required rate function for Proposition 3.1.1, and this completes
the proof. 0
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3.2 The lower bound in Theorem 1.3.7

In this section, we complete the proof of (1.3.39):

CN 1 1 17k
- 17 5 )y>_1
hnni)gf o logP(-- J,, > a) > —5L"(a), (3.2.1)
where L*(a) is as given in (1.3.26) and (1.3.27). The proof is similar to the proof in
Section 2.3.2 and the idea of the proof follows from Section 2.2 of [BBHO04].

Proof. Firstly, we let C’]zvn1 ,a(n) be the event that both of the two random walks do

1/d

d
not hit the boundary of [— %né, %Tﬁ) , hence stay in the torus of size Nn*/%, until

time cn. Clearly,
P(tJ, >a) >P(27, > a,C% 1/u(n)) (3.2.2)

Now, similar to Section 2.3.2, we repeat the argument that led to Proposition 3.1.1,

with the restriction on the event C?an ,a(n). We then get

: 1 1 2 17k

where L% (a) is the same rate function as in (3.1.2) and (3.1.3), except that ¢ is sat-

isfying the extra restriction supp (¢) N 6{ — (%né, %né)d} = (). Next, we recall from

Section 2.3.2 that C;,,1/4(n) is the event that a random walk does not hit the boundary

1

of | — %né, %n2> . By a similar calculation as in Section 2.3.2, we get

: 1 . 1 2

UL (3.2.4)

where the inequality comes from (2.3.5) and Ay is also defined in (2.3.5). We also
remind that limy_, .o Ay = 0. Next, combine (3.2.2)-(3.2.4), we get

1 -
liIr_1>inf —— logP(2J, <a) > —1L%(a) — 2\N for all N > 0. (3.2.5)
n=ee nTa

Now, let N — oo and note that by Proposition 1.3.10, we get

lim L% (a) = L"(a). (3.2.6)

N—oo

We will not prove Proposition 1.3.10 but the can be done in a similar way as in
Proposition 1.2.13. This completes the proof of (1.3.39). O
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3.3 The upper bound in Theorem 1.3.7

In this section, we prove (1.3.38). For the ease of reading, we translate the equation to

the following proposition:

Proposition 3.3.1. Let d > 3. Then, for every a > 0,

. 1 1 lrk

where L*(a) is as given in (1.3.26) and (1.53.27).

The proof of Proposition 3.3.1 is divided into five steps. The structure of the proof is

as described in Section 1.3.3.

3.3.1 Preliminaries

We divide this section into four main steps. In the first step, we introduce the models
which will be used through out the proof. In Step 2 and Step 3, we define important
quantities of the proof. Finally, to prepare for the proof in later sections, we introduce

and prove a few results of the quantities we described in first three steps.

(1) We will make a partition of Z¢ by the following: Assume N > 0 and 0 < 1 < N/2.
Define © ;,,1/4 to be a d-dimensional box of side-length Nnl/d je.

1 1 d
@an/d = |:— §Nn1/d,—§Nn1/d> .

Then, this will partition Z¢ into Nn'/?-boxes as:

7' = ) Onnva(2), (3.3.2)

z€Z4

where Oy, 1/4(2) = O y,,1/4 +2Nn'/9. This box partition will be used throughout the
section.

Now, we may also partition Z¢ into d-dimensional slices, by the following: For each
direction k € {1,...,d}, we can separate Z% into d-dimension slices, t**) with width

nn!/® in direction k and infinite width in the other directions, i.e.

) = {(zl, o 2g) €24y € [- gnl/d + mnnt/, gnl/d +mnn1/d)}, m € 7.
(3.3.3)
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Figure 3-1: Partition of Z?2 into boxes of sidelength Nn!/¢ and copies of Qy,N,n defined

in (3.3.4) and (3.3.5). The shaded area represents the %nnl/ d_neighborhood of the faces
of the boxes. The picture on the left shows the copy Q;?}S,)m while the copy on the
right represent Q;?}\lf’)n.

For example in direction 1, we can have slices as:

.. [— 3—77n1/d —in/d> x 7371 [— ﬂnl/d in/d) x 7471 [in/d 3—77n1/d) x 21 .
) 2 ) 2 ) 2 72 ) 2 9 2 )

These slices will be important tools later on.

(2) We introduce copies of the box partition. Let @, n,, denote the %nnl/ 4_peighborhood

of the faces of the boxes, i.e.

Quvn = U ((Onsa \ Oy_ppisa) + 2Nt/ (3.3.4)
z€L%

Assume N/n is an even integer. If we shift Q, v, by nn!/? for N/n times in each of

the d directions and in every possible combinations we obtain (N/n)¢ copies of Q. N n:
1 d
f,,N,n=Qn,N,n+$77nd, x=(x1,...,2q) € {O,...,%—l} , (3.3.5)

where Qﬁ’ N 18 the shift, which was made by shifting Qn v, by zxnnt/?® in each direction
k. Each point of Z? is contained in exactly (N/n)% — (N/n—1)? copies. See Figure 3-1,

for example.

Now, we can see that each copy of @, n, can be formed by forming the union of
particular slices in (3.3.3). However, the most important remark is that each slice is

contained in exactly (N/n)?~1 copies.
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(3) We are going to look at how often the random walks (S})1<i<p and (S?)1<;<y, cross
the slices in direction k € {1,...,d} of width nn'/¢. Define

Bk — {(21, o 2g) €28z = (g + na)nl/d for some a € Z}, (3.3.6)

to be set of points on the boundary hyperplanes between slices on direction k. Also,
for x = (z1,...,2q4) € B®), define

Bk = {(21,...,20) € 74z = Ty} (3.3.7)

to be set of points on the boundary hyperplane that contains x.

Obviously, Ba(ck) c B¥). Also, for i = 1,2, define

le‘,(k) =min{m >0:8’, € B(k)}
1" = min{m > 17" . S}, € BW, B £ BY 3,
’L ,(k)
i,(k) i (k) i (k
T =min{m > T,7)" : S}, € B si. # B } (3.3.8)

b (k)

to be the steps taken to cross the slices in direction k (of width nn'/?) of the random
walks. Now, we are going to define the crossings on the slices of width nn!/¢ in direction
k. Let

o0 < <) s e B, (3.3.9)

i(k) _
T = max{T} ) oo

J

to be the last time that the random walk ¢ hit the current boundary hyperplane Bgi)‘ ,

7 (k)
J

) . Now, we can see that the path

76 (k)
ik

before hitting the new boundary hyperplane B(

S i,(k) i,(k)
S

lies fully inside a slice of length nn!/? in direction k. We call this path the crossing of
the slice. Now, define C;Lk) (1) to be the total number of crossings made by two random

walks up to time n in direction k. It is clear that

CP () = max{j : T < n} + max{j: T} < n}. (3.3.10)
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Finally, define

d
Cu(n) =Y CP(n) (3.3.11)
k=1

to be the total number of crossings made by the random walks. Now, we introduce the
central hyperplanes on the slices of width nnl/ @ on direction k, which lie at the centre

of these slices, i.e.
HE) = {(zl, o 2g) €L g = ann'/? for some a € Z}. (3.3.12)

Obviously, for each crossing, the random walk will hit the central hyperplane of the
slice. Now, we define the entrance time of a crossing to be the first time when the
crossing hits the central hyperplane. Similarly, we define the exit time of a crossing to
be the last time where the crossing hits the central hyperplane. The reason to introduce
the central hyperplanes is that, we will do reflections on the path of the walks on these
central hyperplanes.

Next, for a slice Hgk) of width nnl/ 4 and its central hyperplane, ’Hgk), define

e A good excursion of Hgk) to be the path of a random walk that starts from an

) (

exit time of ’Hgk) of any crossing of Hgk and ends at the entrance time of Hlk) of

the next crossing on Hgk).

e A bad path of ’Hgk) to be the path of a random walk that starts from the entrance
)

time of Hgk) of any crossing of H(lk and ends at the exit time of the same crossing.

e An exit excursion of Hgk) to be the path of a random walk that starts from the

last time that the random walk hits Hgk).

) to be the path of a random walk that starts from

time zero and ends at the first entrance time the walk hits ’Hgk).

. k
e An entrance excursion of 7—[(1

In order to do the reflection on Hgk), we only reflect some of the good excursions, exit

excursions and entrance excursions of Hgk), leaving all bad paths unreflected. Which

excursions that are actually reflected will become clear in Reflection argument 3.3.3.

(4) At a later step of the proof, we are going to do the reflection of the paths in
various hyperplanes in order to move them inside a large time-dependent box. We now

introduce the lemma which will be needed for the estimates. Define the event

On:{sfe [—n,n}d,ogjgn,k:m} (3.3.13)

Lemma 3.3.2. (a) lim, y log P([0,]¢) = —o0

1
n(d-2)/
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1

(c) For every M >0,

. . 1 dM a-2
llﬁgp llﬂsipmlogP(Cn(n) > Tn d ) =—-C(M), (3.3.14)
with limps oo C(M) = o0.
We abbreviate the last two events as:
Vo = {LJ, <2k}, (3.3.15)
dM a2
Cnpin = {Cnlm) < = =n "} (3.3.16)

The lemma implies the following: (i) Until time n, the random walks can not travel
further than the distance n (ii) the number of intersection points cannot be too large,

and (iii) the total number of crossings in (3.3.11) cannot be too large.

Proof. (a) This is trivial since the random walks can not escape from the box [—n, n] I
This gives P([0,]¢) = 0 and hence Lemma 3.3.2 (a).

(b) Note that J,, < RL. Using Kesten and Hamana’s result in Theorem 1.2.6, we have

1
lim —logP(R} > 2kn) = —4(2k), (3.3.17)

n—oo N

where 1(2k) is positive and finite. Next, since n 3> n(4=2/4 it can be deduced that

: 1 1
nh_)rrgo @7 logP(R,, > 2kn) = —00. (3.3.18)

Therefore, we can deduce Lemma 3.3.2 (b).
(c) Since

P(Cn(n) > leyndf) < dIP’(C}L(n) > %n%g»

, (3.3.19)

it is enough to estimate the n-crossings perpendicular to direction 1. For ¢ = 1,2, let
T]ﬁ = T,f:, — T,i_l with Ty = 0. Then, T}, Tb, ... denote the independent and identically®

distributed crossing time of the slices. Since, for both random walks, all the crossings

!By (3.3.8), the distribution of T, is different from T%, T, . . .. However, we can deal with this easily,
and the rest of the proof remains valid.
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must occur before time n, we have

M, =g
Wy o M 22 N A0
P(Cn (n) > —na ) < 21[”( Y 1< n) (3.3.20)
" i=1
Now, let 71,72,... denote the independent and identically distributed crossing time

taken by the one-dimensional random walk to cross the one-dimensional slice of width

nn!/?. Obviously,

IP’( > Ti< n) < ]P’( 7 < n) (3.3.21)

d—2
M, "5
Now, note that the event { ng? T < n} implies that at least half of one-dimensional

n-crossing time is less than %nw @, Since all the time are independent and identically

distributed, we have,

M, 4=2
2" ¢ M, A2
IP’( Y A< n> < 5(1?(%1 < %’n?/d))“" , (3.3.22)
i=1
e =2
where ¢ = L%} a—2" | is the number of permutation to choose L%nTJ events out
e
of L%n%J. Note that, by Stirling’s formula,
M a -
log & = %ndTQ log 2 + 0(%71%2). (3.3.23)

Now, let M}, = max;<;< |S}|. From (3.3.22), we can deduce that

]P)(7~'1 < %HQ/d) = P(M%}nwd > nnl/d)
:IP’( ! VM”),

My g > Y

/%ng/d M 2

Now, by Theorem 2.13 from [Rév05] we have, for any ¢ > 0,

o T

(3.3.24)

M‘Lﬁn2/d >

8
_— <(1 —_— - —). 3.2
/4M77n2/d M 2 ) = +€)27TM?7 exp( 8 ) (3.3.25)
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Hence, from (3.3.19) - (3.3.25) we can deduce that

M =g
d d—2 8 Mny |
il < __° _ =1
P(Culn) > O )_2£d[(1+6)\/mexp( . )}
M2 SRE
d—2 n
= 2¢dexp ( gy ) [(1 + 5)277]\477} . (3.3.26)
Therefore, by (3.3.23) and (3.3.26),
. dM a-2
llﬁsogpmlogp(cn(n) > Tn d )
M? 8 M
< Xog2— 2 4 Pg |1 e
oy 087 3y Ty o8 [( +e) 27rM77] (277)’

and therefore,

: 1 :
lim sup —a57d h’rrzn—?ogp log P (C’n (n) >

n—oo N

Hence, we get the claim in (3.3.14) with C(M) = —. O

3.3.2 Counting the intersections

We start analysing Q7 y ,, introduced in (3.3.5) and describe the set up to complete
the proof in Section 3.3.5.

(a) For z € {0,..., % - 1}d, define

2 d
Cn(Qy nn) = Z > 1{(S;)Tzi’(k)SjSTﬁ(f) CQuNnt (3.3.27)

T

to be the number of crossings in Qn, N

up to time n, and

In( @) = H{{8 hsien N {SPhcicn N Qg }- (3.3.28)

X
n,N,n

the total number of crossings for all copies of @ v, each slice will be used exactly

to be the number of intersection points in up to time n. Now, by summing
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(N/n)®~! times. Hence, on the event Cp, as, N Vy, we have

AMn T /Nyd-1
C"( I, ,n) < —(— .
x€{07...,§]\f:/77—1}d Y n ( n )

3 L@ xn) 325(7)‘1_1, (3.3.29)

Note that there exists a shift X € {0,..., % — 1} such that

d—2
Cr(Q ) < 240" (3.3.30)
LIn(Q) N ) < 4R (3.3.31)

Our aim now is to use a reflection procedure introduced in [BBH04] in order to control
the random walks, and these two bounds will play crucial roles later. Next, we pick
n =N and M = log Nand use the fact that for large N, both the number of crossings
and the number of intersection points in Qi N are small. This fact will allow us to
control both the entropy associated with the reflections and the change in the number

of intersection caused by the reflections.

(b) Before we describe the reflection procedure, we need some set up. Recall (3.3.5),
let x% N denotes the shift that Q)\;N, N is obtained from @ VNN For z € 74, we
define

L Tan(2) = 28{{S} hi<jcn N {SFh1<j<n N OX,1/a(2) },
2 o () = 5 {81 higizn N {8 hi<y<n N Q%,NW(Z)}
2 v (®) = 288 higizn N {STh<izn N 103,1/a(2) \ Qg v, (2)]}, (3:3.32)

where
@%nl/d(z) = Opn,1/d + ZNn'/d 4 x)\;ﬁ,N,n
QY5 Nl = [Onna \ Oy _ymypsal + 2Nn +alo (3.3.33)
Next, define
Zé(N = {z ezt %R;?{,(z) > € or %Rifv(z) > 6}, (3.3.34)

to be the set of popular boxes, where

RN = t{{Sthgenn 0% a0} k=12, (3.3.35)
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Also, we define Zé(N = ﬁ{Zé(N}, and define the event
RP = {1R! <2k, 1R2 < 2k}, (3.3.36)

where R. and R2 is the number of distinct sites on 7% visited by each random walk up

to time n. Note that, trivially, R\Y) C V,. Moreover, by (3.3.34) and (3.3.36), on the

event ’Rg) we have

{220} < di/e. (3.3.37)
Also, by (3.3.18) we get
1
lim —— log P([RP)]) = —oc. (3.3.38)
n—oo nT

(c) Now, we described the reflection procedure introduced in [BBHO04]:

Reflection argument 3.3.3.
We start by a labelling procedure:

L1. We will deal with the reflection for each direction k € {1,...,d} separately. For
each direction k, we will partition Z% into slices T%) of width Nn'/?, ie. for
m € 7,

Tk .= {(zl,...,zd) SYAE

(3.3.39)

L2. We consider the collection of the popular boxes Z E{(N in (3.3.34). From now on,
we will only consider the slices that contain at least one popular box (we will
call these slices the popular slices). Assume there are R such slices. Note that
R < Zé(N. Now, we will label the popular slices by ka), e ,Hj(%k) to be the
popular slices evaluated from the left to the right.

Next, we define dyNn'/?, ... dr_1Nn'/? to be the distances between the successive

popular slices, i.e. if H{k) is connected to Hék), then dy = 0.

The reason that we introduce slices Tg,’f) of width Nnl/? is that each slice of Tgf)

corresponds to |J (z:2p=m} © (z) in direction k. Also, the unions of %n—neighborhood

X
Nnl/d
of the faces of the boxes make slices of width nn!/¢. Moreover, the central hyperplanes

of the slices of width nn!/?, see (3.3.12), will play the role of boundary hyperplanes
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. . k
between successive slices Tﬁn

). See Figure 3-1.

Now, we are ready to do the reflecting procedure via the following explanations:

R1.

R2.

R3.

RA4.

RA5.

R6.

We first consider di. If di > 1, define the central hyperplane ’Hgk) uniquely by

the following properties:

° Hgk) is amongst the central hyperplanes of slices of width nn'/?, located

between successive slices Tgf), that lie between H 1(k) and Hz(k).

e Reflecting on ”Hgk), the slice HQ(k) lands to the left of H 1(k) at a distance either
0 or N (depending whether d; is odd, respectively, even).

We then do the reflection on Hgk). If d1 = 0, then we do not reflect the walks.

To do the reflection, we only reflect on those good excursions, exit excursions and
entrance excursions (see Page 93) that lie fully on the right of Hgk). We do not
reflect bad paths.

The effect of the first reflecting procedure (R1) is that slices ka) and Hék) fall

1/d

inside a slice of side-length 3Nn'/¢, no matter whether we do the reflection or

not.

Now, we repeat the reflecting procedure with dy. If do > 3, we define the central

hyperplane Hék) uniquely by the following properties:

° ’Hék) is amongst the central hyperplanes of slices of width nn!/?, located
(

between successive slices Tn]i), that lie between HQ(k) and Hék).

e Reflecting on Hgk), the slice HQ(k) lands to the right(left depending on whether
there is a reflection on Step R1 or not) of the slice of width 3Nn'/d that
contains Hl(k) and Hz(k) (see R3), at a distance either 0, N or 2N.

We then do the path reflection similar to R2 on Hgk). Note that if we make reflec-
tion from the first reflection procedure on R1, then we look for good excursions,
exit excursions and entrance excursions that lies fully on the left of ’Hgk). If we
do not reflect from the first reflection procedure, we looks for good excursions,
exit excursions and entrance excursions on the right of ’Hék). If do < 2, then we

do not reflect the walks.

The effect of the second reflecting procedure is that the slice H fk), Q(k) and H:)Ek)

fall inside a slice of side-length 6 Nn'/¢,

Repeat the arguments for ds,...,dr_1 i.e. compare whether d; > 3 x 2/=2(do
reflect) or d; < 3 x 272 — 1(do not reflect).
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R7. After all reflections have been made in direction 1, we repeat the label procedure

and reflection procedure for direction 2, ..., k.

It is clear by Figure 3-1 that the path reflection must be made at the central hyper-

planes, in order to control the entropy in |J,czq (@)]\(ml/d(z) \ Q%’Nm(z)), the volume
defined in (3.3.33).

The example in Figure 3-3 shows the global picture for a reflection procedure in Z?2,
while Figure 3-2 shows the local picture of what happens to a path when the reflection

at the central hyperplanes has been made.

I I

P —;

N

|

Ri Ri

Figure 3-2: To reflect the random walk on the right of the central hyperplane R;, we
only reflect a good excursion that lies fully on the right of R;, which is the path of
random walks from an exit time S to the next entrance time 7.
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m

m

H1 H2 M3 H4 H4 H3  H2 H1

Ha H3  H2 H1 H3  H2 H1 Ha

Figure 3-3: Reflection procedure on Z?2 in direction 1 from top-left, top-right, bottom-
left and bottom-right respectively: The popular boxes are represented by the black
boxes. In direction 1, we have such 4 popular slices labelled H1, ..., H4 from left to
right respectively. We can see that d; = 2,dy = 0,d3 = 6 (i) Since d; > 1, we make a
reflection on the bold hyperplane. (ii) The reflection makes all the popular slices move
to the left of H1 and the new distance between H1 and H2 is 1. This makes H1 and H2
lie inside a slice of width 3Nn!/?, represented by the green boundaries, in direction 1.
(iii) Since da < 3 we do not make a reflection and H1, H2 and H3 lie inside a slice of
width 6 Nn'/?. Next, since ds > 6, we do a reflection on the bold hyperplane. (iv) The
reflections made H1, H2, H3 and H4 lie inside a slice of width 12Nn'/? in direction 1.
After doing the similar procedure in direction 2, all the popular boxes will lie inside a
12Nn'/? box.
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(d) We end the section by introduce two results from Reflection argument 3.3.3.

Proposition 3.3.4. For N > 1 fized and €,0 > 0,

(a) By Reflection argument 3.3.3, the number of reflections made in the hyperplanes

of Q)\;N,N, is at most §{Z: N} — 1. After all the reflections have been made, all

1/d

the intersection sets end up in disjoint bozes of sidelength Nn'/® inside a large

box of sidelength 97N Npl/d, Therefore, by projecting the reflected random walks

on A2Z€XNNn1/ this will not affect the intersection Zzeng an\/NNm(z)

(b) Let R denotes the reflection transformation from Reflection argument 3.3.8 and
P the path measure for the two random walks defined by P(A) = P(R™'A) where
A is the set of paths of random walks. On the event O,NC, log N.VN ﬂR(Q) the

cost of doing the reflections is at most exp[’yj\m T O(logn)] as n — oo, with

limy_ooyny =0, de.,
dP/dP < explyyn'=2/? 4 O(logn)).

Proposition 3.3.5. There exists an Ny such that for every 0 < e <1 and é > 0,

limsup sup (d12)/dlogP<{; Z JifN } { Z /NN out 5})

oo N2No T 224\ 2X,
< —K(e,0), (3.3.40)
with lim g K (e, ) = oo for any § > 0.

Note that (3.3.40) imply, by the complement of the event, that

Ly g X Fvm(2) < 2. (3.3.41)

X
zEZE‘

Note that the sum in (3.3.41) is invariant under the Reflection argument 3.3.3 and
therefore the estimate in (3.3.41) implies that most of the intersection points are unaf-

fected after the reflections have been made.

3.3.3 Proof of Proposition 3.3.4
We proceed the proof of Proposition 3.3.4.

Proof. (a) After we consider the reflection procedure of all slices, we get all the R slices
fit inside a slice of sidelength 3 x 2B=2 Npl/d which is less than < 2BNnl/d. After the re-

flection procedure has been made in direction 2, ..., k, all the popular boxes fit inside a
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box of size 2Zen Nnl/4. Note that by making reflections at the central hyperplanes, this
make no effect on the number of intersections made in (J,a (@ﬁnl/d (2)\ Q)\;N,N,n(z))’
the volume defined in (3.3.33).

(b) Note that the cost of adapting the reflections is bounded, restricted on the event

O, N Cn,log NN Rg). This comes from the product of the three contributions:

e From the crossings of the random walks: By considering that each crossing defined
in (3.3.11) has two possiblilities, to reflect or not to reflect. Also, by (3.3.11)

and (3.3.16) with M = log N and 7 = /N, on the event Cplog NN the total

number of crossings of the two random walks is bounded above by dl‘\)ﬁ%\[n%2

log N 422
from Lemma 3.3.2 (c). Therefore, this contributes at most 2"V ™ T for the

cost of applying the reflections.

e On the event O,, defined in (3.3.13) the number of central hyperplanes available
d
for the reflection is bounded above by ( 2n ) . Also, on the event Rf) defined

ni/d
in (3.3.36) and from (3.3.37), the total number of reflections is bounded above by
)4dn/e

|Z EXN\ < 4k /e. Hence, this contributes at most <71217/ld

d
e The total number of shifted copies of @ /5y available defined in (3.3.4) is (%) .

Therefore, by combining these three contributions, we get

dP dlogNndf;2 2n 4dl‘€/€ N d
=2 () (R)
dlogN

log (2 VN n'7 (Qn(dfl)/d)‘ldﬁ/eNd/Q)]

= exp [nd%f (a2 Y 10g 2) + 24— 146 + log (2(4d”)/ENd/2)}. (3.3.42)

€

Hence, by setting vy = d% log 2, which gives limy_~ vn = 0 and noting that

exp [ 4422 og -+ Lo (204/N2)] = explO(log)

€

we can deduce Proposition 3.3.4 (ii). O

3.3.4 Proof of Proposition 3.3.5

We proceed the proof of Proposition 3.3.5. The proof is divided into two steps.
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Proof. (1) Firstly, the event

1 b's
{E Z Jn,\/ﬁ,N,out > 5}
2€74
from (3.3.40) can be simplified. Note that N > Ny = (4k/5)? because of (3.3.31) with
n=+vN and M =log N (recall that 1.J,,( %N) =15 cpaJX (2)). Thus,

n,v/N,N,out
we only need to show that there exists an Ny such that for every 0 < e <1 and § > 0,

1 1

nmeo N2No T 2€ZNZXy
with lim, o K (€,6) = oo for any 6 > 0. To do this, for N > 1 and € > 0, let

Ain}, = {A Cz%: inf sup 24{(A+2)NOy/a(2)} < e}, (3.3.44)

z€L yezd
Note that the class of sets AE”}, is closed under translations. Also, its elements become
more sparse as € | 0. We prove Proposition 3.3.5 via the following lemma:
Lemma 3.3.6. For every 0 < e <1 and § >0,

log sup sup ]P’(%ﬁ{A N{S;j}i<j<n} >6) = —K(¢,8), (3.3.45)

lim li 1
1m l1m sup
(d=2)/d N>1
(n)
=T AeA

el nsoco N
with lim, o K (€,0) = oo for any 6 > 0.

We will complete the proof of the lemma later. Now, we finish the proof of Proposi-
tion 3.3.5. Note that Lemma 3.3.6 implies Proposition 3.3.5 as follows: Consider the

random set

A* = U {{Sjl}lgjgn N @)]\gnl/d(z)}. (3346)

{2€24: 4{{S} hi<j<nn®X | (2)}<e}

We can see that, A* € Ainjz, Now, recall (3.3.32)-(3.3.34),

% > Tain(2) % > ﬁ{{S}hsJ‘Snﬂ{Sf}gjgnﬂ@ﬁnl/d(z)}

zeZNZXy, zeZNZXy,

% Z ]j{A* n {sz}lgjgn ﬂ@])\(mud(z)}

2€Z4

%ﬁ{A* N {S?}lgjgn}. (3.3.47)

IN
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Therefore,

P(i 3 J,{N(z)>5>g sup P(%ﬁ{Am{S]?}lgjgn}m). (3.3.48)

2ezi\zX, AeAly,

By (3.3.48) along with Lemma 3.3.6 implies (3.3.43), and this completes the proof of
Proposition 3.3.5. O

(2) Next, we prove Lemma 3.3.6.
Proof of Lemma 3.3.6. (a) We will show that

lm i | B [71/3d ~2414 RV } -0
0 P a7 08 {1 Azj{’n) (eXP e nTag{AN{Sihicjcn} 0
€, N

(3.3.49)
Now, using (3.3.49) together with Chebyshev’s inequality that
P(%ﬁ{Aﬁ{S}}lggn} > 5)
< exp [ _ 56%”%1 E ( exp {(1/3%’311{14 N {S}}lﬁgn}} ) . (3.3.50)

will imply Lemma 3.3.6.

(b) To prove (3.3.49), we use the subadditivity property of s — L#{A N s} as follows:

sup E(exp [6—3%”—%“/1 n {Sj}1<j<n}D

AeAEfﬁ,
_1 d=2
e dn d
12
< sup E(exp [e 3dn~d E ﬂ{Am{Sj}(k_1)61/dn2/d<j<k.51/dn2/d}:|>
AeA™) k=1 o
e, N -

e—1/dy(d—2)/d

< { sup sup Ew(exp [5_3%”_%“‘4“ {Sj}lgjgeén% }})} ’

AcA, 7R

(3.3.51)

where E, refers to the expectation given that starting point of the random walk with

E := Eo. Also, we use the Markov property at times ke'/4 k = 1,..., e 1/dpld=2)/d

along with the property that Ainjz, is closed under translations.

(c) Now we consider the expectation from (3.3.51). We use the inequality e* < 1+u+
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%uQe“, along with the Cauchy-Schwarz inequality, to obtain that

1 2}
1<j<ednd

Ex(exp [e_ﬁn_%jj{A Nn{S;} 12 }]) <1+ 6_1/3dn_2/dIExtt{A Nn{S;}

1<j<ednd

L 434 1 4 1
+ gy B Rasonaia)*\ B (exp [26/3 o B o,ra]).
(3.3.52)

Note that, we over estimate by removing the intersection with A in the last term of
(3.3.52). Now, we can see that

1 1/d, 2/d\4 _
B (eI )t = 1, (3.3.53)

1 4
4ﬂzz(}%€1/dn2/d) f; Z;i7a;giﬁiif

(eV/dn2/d)

and

1 1
]Ea; ( exp [262/3dWR61/dn2/d]) S Eg; ( exp [262/3dm€1/dn2/d]>

= exp[2¢2/39). (3.3.54)
Combining (3.3.52)—(3.3.54), we get

Ez(eXp [e_;?n_%ﬁ{A n {Sj}lgg‘ge%n% }D
<A (5), g g} et

VACZzeZ'T>1,0<e<]1.
(3.3.55)

Finally, the remaining expectation in (3.3.55) can be estimated as follows. Write
E{ANS;} . _ 1.3
= Z ]Eaflj{A N {S]}lf‘jgeén% N @an/d(Z)}
2€74
sup sup {Ex{ﬁ{Aﬂ{Sj} 1 2 ﬂ@an/d(z)}}H

L x€Zd 274 l=j<edn

X Exjj{z c 2% :{S;}

IN

1<j<€%n% NOpp1/a(2) # @}

[ sup sup {Ez{ﬁ{A N{Sj}h<icoo N @an/d(z)}}}]

L x€Z4 274

X Emﬁ{z €7 {S;}

IN

N Oy, a(z) 7 (b}, (3.3.56)

1 2
1<j<ednd

where {S;}1<j<co is a set of lattice sites visited by an infinite-time random walk. Now,

by [ACO07], for any z € Z? and P, the probability given that random walk start at z,
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we have

P, (ﬁ{A N {Sj}lgjgoo N @an/d(z)} > t) < Px(loo (A N @an/d(z)) > t)
B Cot
|AN O p/a(2)[2/4

< exp { } (3.3.57)

where [ (B) is the total time spent by the infinite-time random walk inside a set
B € 7. Hence, by the definition of A defined in (3.3.44),

0 Cat
Eof{AN{S;}1<jco0 N O < - dt
t{AN{Sjh<j< Nni/a(2)} /0 exp [ AN @an/d(z)2/d]
= Col AN O /0 (2) [/
< Cy(en)?. (3.3.58)

Combining (3.3.56) and (3.3.58), we can get from (3.3.55) that,

E.4{AN{S;} } < Cgez/an/dEzﬁ{z ez {8} 1 2 NOp1a(2) # (2)}.

1<j<edna
(3.3.59)

1 2
1<j<ednd

However,the expectation on the right hand side of (3.3.59) is also bounded above by
Cs uniformly in € Z% N > 1 and 0 < ¢ < 1. Therefore, by (3.3.55) and (3.3.59)

1 2
sup sup E (ex [e_@n_ﬁ AN{S; 12 D
vezars1 AL HAN S, et
1/3d

<14 CyC3e®/3 4 Cpet/3ec Vo<e<1l.  (3.3.60)

By substituting (3.3.60) into (3.3.51), we then get (3.3.49). This completes the proof
of Lemma 3.3.6. O

3.3.5 Proof of Proposition 3.3.1

We complete the proof of Proposition 3.3.1.

Proof. By (3.3.38), (3.3.41), Lemma 3.3.2(a), (c) and Proposition 3.3.5 we have, for n
and N large enough, 0 <e <1 and § > 0,

P(1J, > a) <exp[— $K(e, 5)n(d—2)/d}

1
+ P(ﬁ Z Jn)f\/ﬁN’in(z) >a—26,0,NC, 1, nyn N Rf))- (3.3.61)
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Now, by Proposition 3.3.4 we have, for any N > 1,0 <e <1 and § > 0,
1 X 2
P(E Z Jn,\/ﬁ,N,in(z) > a—20,0,0N Cn,logN,\/N n Rgz ))
zGZfN
d—2
<exp [VNnT + O(logn)

xP(L Y TN () 2 a=28,0,0C, 1y y R ND),  (33.62)

zEZSX

with D the disjointness property stated in Proposition 3.3.4(a). However, by this

disjointness property we have

zEZGX

S|=

where J,, is the number of intersection points wrapped around Agux/c 5, the torus of size
2U/€N ie., Jn = ﬁ{{61}1<j<n N {62}1<j<n} where Gi is the position of the random
walk when wrapped around Ayax/e y,,1/4. Note that we use that fact that §{Z; N} <4k/e
on R, Combining (3.3.61) — (3.3.63) we obtain that, for n, N large enough, 0 < e <1
and § > 0,

1 —L1K(e,6)n(d—2)/d vy n% +O(logn) 1~
P(LJ, > a) < e 2K e P(gdn >a— 25). (3.3.64)
We then use Proposition 3.1.1 to obtain that, for IV large enough, 0 < ¢ <1 and § > 0,
limsup —— log P(2.J, > a) < max{ — 3K (e,8), v — IALSM/EN(a - 25)}. (3.3.65)
n—oo n, d
Next, we let N — oo and use the facts that vy — 0 and note that
hm L24K/e (a —26) = L"(a — 26),
by Proposition 1.3.10. We then obtain that, for any 0 < e <1 and § > 0,
1
limsup —— logP(2J, > a) < max{ — 1K(e,6),—L"(a — 25)}. (3.3.66)
n—oo n d

Next, let € | 0 which gives K(¢,d) — oo, to obtain that, for any § > 0,

1
limsup —— log P(1.J, > a) < —L"(a — 26). (3.3.67)

n—oo nd

Finally we need to show that L"(a—2§) converges to our required rate function, L"(a),

in Theorem 1.3.7. We refer to the results by [BBHO04] to show this, since we can write
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L" in term of fg defined in (1.3.32). First of all, by the scaling relations in (1.3.34)
and (1.3.35) we have

LF(a—26) = (1 — 2)°T [7/1-20)(g). (3.3.68)

Now, we are in position to transform L* to another rate function ©,4 by the relation
described in (1.3.23) where Oy is also described in (1.3.23), except we replace 4 by .
The benefit of transforming the rate function is that ©, is continuous at a. Hence, we

can pass the limit § | 0 and therefore
L%(a —28) 22 L%(a).

This completes the proof of Proposition 3.3.1 and hence Theorem 1.3.7. O
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Chapter 4
Summary and open problem

In this chapter, we make a summary of the results in Chapter 2 and Chapter 3. We
also point out an open problem in the range of random walk and make a comment on

the problem.

The large deviation behaviour problems on the range of a random walk and on the
intersections of the independent ranges have been solved, respectively, in Chapter 2 and
Chapter 3. We have considered the problem on the range in the downward direction,
and the problem on the intersections in the upward direction. In both cases, the speed

(d=2)/d and the rate functions are explicitly given

of the large deviation are both n
in Theorem 1.2.10 and Theorem 1.3.7. For the result in Theorem 1.2.10, the main
technique for the proof is to project the random walk on a time-dependence torus in
order to get a good control for the range. The size of the torus will later increase to
infinity. While for the result in Theorem 1.3.7, the main technique is to reflect the
random walks in order to move the main contribution of the intersections of the ranges
inside a large time-dependence box. Then, we can apply the result for the intersections

of the ranges on the torus to get the large deviation result.

We try to extend our result in the general case. We now concentrate in the downward
direction. Rather than getting the large deviation principle on the range, we may

consider the large deviation problem of the type:

IP’( Z flan™V4) ~ n)

z€{S1,...,9n}

Note that, by taking a constant function,

1
f(z) = = for all z,
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this is exactly the same problem as in Theorem 1.2.10 which has been studied in

Chapter 2. Therefore, this suggests the conjecture:

Conjecture 4.1. For d > 3, and a function f bounded away from 0 and oo,

lim %log[@( Z Flan~V) < n) = —I"(f),
" n 2€{S1,,Sn}

where I"(f) is an explicitly given rate function.

This conjecture agrees with the conjecture made by Chen(Equation (7.6.2), [Chel0]).

However, it seems that both techniques from Chapter 2 and 3 cannot be applied to

solve this conjecture:

e By projecting the random walk to Ay, 1/, for the range we would get R,, < R,
which gives the upper bound in probability for the event. However, this argument
does not imply the same outcome here. If we consider a point x € Ay,1/a (with
the assumption that x is on a scale grid) then x can be any point in the set
{z + 2Nn'/%: 2 € Z%} at which each point in the set give the different values on
the function f. Also, the existence of x on the torus may represent the multiple
points for Z?. Hence, by projecting the random walk on a torus, we can not

conclude that the sum will increase or decrease.

e By reflection technique described in Chapter 3, the problem of the point x rep-
resents multiple points will disappear. However, this technique still not good
enough to solve the conjecture by the lack of monotonicity of the function f,

which is not the case for the intersections of the ranges.

Nevertheless, if we add a condition that the function f is radially decreasing, then
we can apply the reflection technique to solve the conjecture. By making reflection,
according to the location of the popular boxes, we end up with the reflected random
walk which stay closer to the origin than the original walk. This gives the lower bound
in probability for the sum. The projection technique, however, still cannot be applied

here since the point = on the torus may still represent the multiple points on Z<.
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