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Abstract

Building on the work of Longuet-Higgins in 1972 and Calderbank and Macpher-
son in 2009, we study the combinatorics of symmetric configurations of hyper-
planes and points in projective space, called generalized Cox configurations.

To do so, we use the formalism of morphisms between incidence systems. We
notice that the combinatorics of Cox configurations are closely related to inci-
dence systems associated to certain Coxeter groups. Furthermore, the incidence
geometry of projective space P (V'), where V' is a vector space, can be viewed as
an incidence system of maximal parabolic subalgebras in a semisimple Lie alge-
bra g, in the special case g = pgl (V') the projective general linear Lie algebra of
V. Using Lie theory, the Coxeter incidence system for the Coxeter group, whose
Coxeter diagram is the underlying diagram of the Dynkin diagram of the g, can
be embedded into the parabolic incidence system for g. This embedding gives
a symmetric geometric configuration which we call a standard parabolic config-
uration of g. In order to construct a generalized Cox configuration, we project
a standard parabolic configuration of type D,, into the parabolic incidence sys-
tem of projective space using a process called parabolic projection, which maps
a parabolic subalgebra of the Lie algebra to a parabolic subalgebra of a lower
dimensional Lie algebra.

As a consequence of this construction, we obtain Cox configurations and their
analogues in higher dimensional projective spaces. We conjecture that the gen-
eralized Cox configurations we construct using parabolic projection are non-
degenerate and, furthermore, any non-degenerate Cox configuration is obtained
in this way. This conjecture yields a formula for the dimension of the space of
non-degenerate generalized Cox configurations of a fixed type, which enables us
to develop a recursive construction for them. This construction is closely related
to Longuet-Higgins’ recursive construction of (generalized) Clifford configura-
tions but our examples are more general and involve the extra parameters.
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Chapter 1

Introduction

1.1 Motivation

In projective geometry, the elementary objects are projective subspaces such as points,
lines, and planes. A finite projective configuration is a finite collection of these objects with

a prescribed incidence relation. For example:
e In P2 a complete quadrangle (Figure 1.1.2 (a)) is a collection of four points and six
lines such that each point is incident with three lines and each line is incident with

two points;

Figure 1.1.1: A complete quadrangle in P2,

e In P3 a tetrahedron (Figure 1.1.2 (b)) is a collection of four points, six lines and four
planes such that each point is incident with three lines and three planes, any line is
incident with two points and two planes, and any plane is incident with three points

and three lines.

Figure 1.1.2: A tetrahedron in P3.
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Given a finite projective configuration, the set of its all objects together with its prescribed
(symmetric) incidence relation is a multipartite graph, i.e., a graph equipped with a type
function on vertices such that distinct vertices of the same type are not incident, with types
determined by the dimensions of objects. The concept is shown in Figure 1.1.3 where the

multipartite graph associated with a tetrahedron is drawn. In general, we define an incidence

epoint Aline mplane

Figure 1.1.3: The multipartite graph associated with a tetrahedron ([BC13], page 5).

system to be a multipartite graph with the convention that each vertex is considered to be

incident with itself. For example:

e Given an n-dimensional vector space V', the set of all non-zero proper subspaces of V,
denoted by Proj (V'), is an incidence system with the incidence relation determined by

containment and the type function

d:Proj(V) — {1,2,....,n—1}
V' dim (V).
We call Proj (V') the projective incidence system of P (V');

e The set of all non-empty proper subsets of {1,2,...,n}, denoted by Py (n), is an
incidence system with the incidence relation determined by containment and the type

function

t:Pe(n) — {1,2,....,n—1}

S = |5,

where |S] is the number of elements in S.
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The point of view that we will adopt henceforth is that a finite projective configuration is a
realization of a finite incidence system such as P, (n) inside the incidence system Proj (V)
for some vector space V. For example, an abstract (n — 1)-simplex in P (V'), where V is an

n-dimensional vector space with a basis {vy,va,...,v,}, is the image of the realization

U:P.(n) — Proj(V)

S = (ulies), (1.1.1)

where (v;|i € S) is a vector subspace of V' spanned by wv;, for all ¢ € S. Formally, this
realization is a strict incidence system morphism, i.e., a map between two incidence systems
having the same set of types which preserves types and the incidence relation.

So, in general, a geometric configuration may be treated as a strict incidence system
morphism between two incidence systems. The co-domain of a geometric configuration
is the space in which the configuration is realized, while the domain of the configuration
determines the combinatorics of the configuration. Notice that the domain of a geometric
configuration also provides a labelling of the configuration. For example, when n = 4, the
realization of P, (4) by ¥ in P (V) is a labelled tetrahedron as shown in Figure 1.1.4. Its
points are labelled by the numbers 1,2, 3, and 4, i.e., one element subsets of P, (4). Then
lines and planes are then automatically labelled by two and three element subsets of P, (4)

respectively.

2 3

Figure 1.1.4: A tetrahedron in P? labelled by elements in P; (4)

More complicated geometric configurations we are interested in are finite projective con-
figurations in P (V'), where V is a four dimensional vector space, and governed by a well

known chain of theorems, studied by H.Cox (|Cox91]) in 1891, as follows:

e Suppose given four general planes a, b, ¢, d through a point py in P (V). Since every
pair of planes, say a and b, determines a line, by choosing a point, say ab on such line,

there are six such points. Since any three points like ab, bc, ac generate a plane, say
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abe, there are four such planes which, by Mobius theorem (|[M6b28]), intersect in a

point, say abcd;

e Suppose given five planes a,b, ¢, d, e through a point py in P (V). Then any four of
them, such as a,b,c,d give a point abcd. There are totally five such points, all of

which lie on a plane, say abcde;

e By introducing a new plane through py in P (V') in each step and continuing in this
manner inductively, we obtain Cox’s chain of theorems.

271 planes and

These geometric configurations are called Cox configurations, consisting of
27=1 points in a three dimensional projective space with n planes passing through each
point and n points lying on each planes. A Cox configuration in P (V') consisting of of 27~}
planes and 277! points is a realization of an abstract n-hypercube, which is a bipartite graph
Hcube (n) of an n-hypercube, into Proj (V') 5y, the subset of Proj (V') containing all but two
dimensional vector subspaces of V. As the vertices of Hcube (n) are partitioned into two

types, they can be colored by black and white. For example, Hcube (3) is shown in 1.1.5.

Thus Hcube (n) can be considered an incidence system whose elements are vertices of the

Figure 1.1.5: An abstract cube (3-hypercube).

graph with the incidence relation determined by edges of the graph and the type function
{vertices of Hcube (n)} — {black, white}. The combinatorics between points and planes of
the Cox configuration is same as the combinatorics between two types of vertices of the

graph. By postcomposing the type function of Hcube (n) by the bijective map
{black, white} — {1,3};black — 1, white — 3,

Hcube (n) can be considered as an incidence system over {1,3}. Therefore the Cox config-
uration is a strict incidence system morphism from Hcube (n) to Proj (V){1 3} mapping the
black vertices of the graph to points of the configuration and the white vertices of the graph

to planes of the configuration.
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The strategy we use in this thesis to understand complicated geometric configurations is
by studying the projection of simpler geometric configurations to lower dimensional geomet-
rical spaces. It is well known that, by projecting a tetrahedron in P3 away from a suitable

point onto P2, one obtains a complete quadrangle as in Figure 1.1.6.

(@) (b)

Figure 1.1.6: A complete quadrangle obtained from a tetrahedron.

Formally, let V' be an n-dimensional vector space and p be a point in P (V), i.e., p is a

one-dimensional vector subspace of V. The map

©p : {vector subspaces of V} — {vector subspaces of V' /p}

L — (L+p)/p,

maps a vector subspace of V' to a vector subspace of the lower dimensional vector space
V' /p. We call ¢, the projection away from p.

Denote Proj? (V') a subset of Proj (V') consisting all projective subspaces which are generic
to p, i.e., they do not contain p. Then Proj? (V) is an incidence system. Notice that if L C L
in Proj? (V), then ¢, (L) C ¢, (L"), and moreover if L and L' in Proj? (V) have the same
dimension, then ¢, (L) and ¢, (L’) also have the same dimension. However ¢, (Proj? (V')) ¢
Proj (V' /p) because if L is a maximal proper subspace of V' generic to p then (L +p) /p =
V' /p. Thus in order to make ¢, a strict incidence system whose co-domain is Proj (V' /p), we
need to restrict ¢, to the subset of Proj” (V) consists of all but (n — 1)-dimensional vector
subspaces in Proj? (V'); this subset is an incidence sub-system of Proj? (V).

This idea motivates us to define an incidence system morphism between two incidence
system having different sets of types. In general, given A and A’ incidence systems over N
and N’ respectively, ® : A — A’ is an incidence system morphism over a map v : N’ — N if
it is a strict incidence system morphism ¢ : |_| Avi) — A’. In particular, a strict incidence

1EN'
system morphism is an incidence system morphism over the identity map.
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Thus ¢, induces the incidence system morphism

®, : Proj? (V) — Proj (V' /p)

over the map v, : {1,2...,n —2} — {1,2,...,n—1};i — 4. Given an abstract (n — 1)-
simplex ¥ : P, (n) — Proj? (V') such that objects in the image of ¥ are all generic to the

point p, the postcomposition of ¥ by this projection ®, is an incidence system morphism
¢, 0V : P, (n) — Proj(V /p)

over the map v,. The case n = 4 is shown in Figure 1.1.6.

On the other hand, by choosing a hyperplane P in P (V), i.e., P is an (n — 1)-dimensional
vector subspace of V', one can define an incidence system morphism projecting a non-empty
proper vector subspace of V' generic to P, i.e., not contained in P, to a vector subspace of

P as follows

®p: Proj” (V) — Proj(P)

L — LNP

over themap vp : {1,2...,n —2} = {1,2,...,n — 1} ;i — i+ 1, where Proj” (V) is a subset
of Proj (V) consisting all projective subspaces which are generic to P. Similarly, given an
abstract (n — 1)-simplex ¥ : P, (n) — Proj (V)" such that objects in the image of ¥ are
all generic to P, the postcomposition of ¥ by this projection ®p is an incidence system
morphism

SpoV: P, (n)— Proj(P)

over the map v,. In the case n = 4, the projection ®p sends a tetrahedron in P (V'), generic
to P, to a complete quadrilateral in Proj (P) as in Figure 1.1.7. Its dual configuration in

Proj (P) is a complete quadrangle.
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(@) (b)

Figure 1.1.7: A complete quadrilateral obtained from a tetrahedron.

A complete quadrilateral can also be obtained from an octahedron in the Klein quadric
Q*CP (/\2 V), where V' is a four dimensional vector space, composed of six points, four
a-planes, and four S-planes. Let Klein (V) denote the incidence system consisting of the
points and the two types a and S of planes in Q* where planes of the same type meet in
a point and planes in different types meet in a line or in the empty set. The points, lines
and planes in P (V) correspond to a-planes, points, and S-planes in Q*, respectively. By
choosing a f-plane P’ in Q*, we define a projection map away from the chosen plane onto

the space P (V /P') via the incidence system morphism

Bps : Klein?” (V) — Proj(</\2v) /P’)

L — (L+P)/P,

over a map vp : {1,2} — {point, a- plane, S-plane};1 +— point,2 — [-plane, where
Klein” (V) is a subset of Klein (V') containing all objects generic to P’, i.e., they are not

contained in P’. Let

' P, (4) = Klein” (V)

over v : {point, a-plane, - plane} — {1,2,3};point — 2, a-plane — 1, B-plane — 3, be an
octahedron such that objects in the image are generic to P’. Then the postcomposition of

U’ by this projection ®ps is an incidence system morphism
Bp oW : P, (4) — Proj ((/\QV) /P’)

over the map vowvp : {1,2} — {1,2,3}.
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Figure 1.1.8: A complete quadrilateral obtained from an octahedron in Q*.

Indeed, Proj (V) = Klein (V). Therefore, a complete quadrilateral is obtained from es-
sentially the same geometric configurations when we associate each object in Proj (V) to
the corresponding object in Klein (V'), even though from the geometric viewpoint, these two
geometric configuration are different. To see that Proj (V') = Klein (V'), we use Lie theory.
Given a Lie algebra g, the set of all maximal parabolic subalgebras of g, denoted by Para (g),
is an incidence system with the incidence relation between any two maximal parabolic sub-
algebras determined by their intersection being again a parabolic subalgebra, and the type

function

t':Para(g) — 92

p +— the crossed nodes of %,

where & is the Dynkin diagram (and also the set of its vertices) of g and %, is the decorated
Dynkin diagram representing p, as defined in Section 2.2.4. The projective incidence system
of a projective space P (V) is isomorphic to the set of all maximal parabolic subalgebras of

the projective general linear Lie algebra pgl (V') via the incidence system isomorphism
Proj (V') — Para (pgl (V)); V' — Stabyg ) (V).

Similarly, Klein (V') = Para (pgl(V')). Therefore Proj (V') = Klein (V).

The symmetry group S, acts transitively on the flags, i.e., sets of mutually incident
elements, of the same type, i.e., the set of all types of elements in a flag, of P, (n). We say
that P, (n) is Sp-homogeneous. Consider the geometric configuration ¥ : P, (n) — Proj (V)
defined as in (1.1.1), the n points (v1), (v2), ..., (vy) in P (V) determine the maximal torus

T of PGL (V) fixing each of these points. Hence N¢ (T') /T = S,, permutes all these points.
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In other words, S, is the Weyl group of PGL (V). In Section 1.2, we exploit this relationship
to give a construction of a standard configuration in Para(g) generalizing this example in

Proj (V') = Para (pgl (V)).

1.2 Standard parabolic configurations

Let (W,S) be a Coxeter group, i.e., a free group W generated by elements in S modulo
the relations (ss’)m(s’sl) = 1 where m (s,s") € {3,4,5,...} U{oo} and m (s,s) = 1 for all
s, € S, with the Coxeter diagram 2, i.e., the nodes of 2 correspond to the generators in

{s;|1 <i<n—1} and edges joining s and s’ are determined m (s, s’). The set
CW) ={wW;lwe Wandiec 2},

where W; is a subgroup of W generated by all simple reflections except one corresponding
to the node i € 9, equipped with the incidence relation given by the relation having non-
empty intersection is an incidence system over 2 (see Section 3.2). We call C(W) the
Cozxeter incidence system for W.

Suppose that W is finite and crystallographic. Then there exists a finite-dimensional
simple algebraic group G over an algebraically closed field F of characteristic zero with Lie
algebra g such that its Dynkin diagram %; has Z as the underlying diagram. Each node
of the Dynkin diagram %, corresponds to a conjugacy class (resp. an adjoint orbit) of
maximal parabolic subgroups (resp. maximal parabolic subalgebras) of the Lie group (resp.
the associated Lie algebra g).

Any pairs (t,b), where t is a Cartan subalgebra and b is a Borel subalgebra containing
t of g, determines a specific isomorphism from W to Ng (T') /T, where T is the maximal
torus of G with the Lie algebra t. Under this isomorphism, we can define an action of W
on the set of all parabolic subalgebras of g containing t and identify each W;, where i € 2,
as the stabilizer of the parabolic subalgebra p;, of type ¢, containing b. Hence it induces a

well-defined injective map

Tp): C(W) — Para(g)

wW; —  w-p;, (1.2.1)
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where Para (g) is the set of all maximal parabolic subalgebras of g, which is actually a strict
incidence system morphism; we call Y ) a standard parabolic configuration.

For example, given a pair (,b) of the Lie algebra pgl(V'), where V' is an n-dimensional
vector space, the choice of the Cartan subalgebra t determines n points (v1), (va), ..., (vy)
in P (V) each of which is fixed under the action of 7', where T" is the maximal torus of
pgl (V) with Lie algebra t, while the choice of the Borel subalgebra b determines a full flag
of subspaces of V, and hence an ordering on the set of these n points. Define a strict

incidence system morphism
P, (n) — Proj (V) ; X — Span{v; i € X }.

The symmetry group S,, together with the generating set {s; |1 <i <mn — 1}, where s; is
the permutation swapping 7 and i + 1, is a Coxeter group. Since P, (n) has a full flag
{{1},{1,2},...,{1,2,...,n}} and it is S,,-homogeneous, one can show that P, (n) = C(S,)
(see Proposition 3.2.2). Since Py (n) = C(S,) and Proj (V) = Para(g), it induces a strict
incidence system morphism Yy : C(S,) — Para (pgl(V)).

Denote % the set of all the pairs (t,b) consisting of a Cartan subalgebra t of g and a

Borel subalgebra b containing t and
Mor™ (C (W), Para(g)) := {Y : C(W) — Para(g) is injective} .

Then we have the following.
Theorem 1.2.1. % = Mor™ (C (W), Para (g)).

We can obtain more complicated geometric configurations from standard parabolic con-
figurations by projection. The projection of standard parabolic configurations can be ex-

plained in more abstract approach by using parabolic subalgebras.

1.3 Parabolic projection

For any parabolic subalgebra q of g, in Section 2.2.3, we show that ( pNq)+q ) /q where

q* is the orthogonal complement of q with respect to the Killing form on g, is a parabolic

10
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subalgebra of the reductive Lie algebra q / g . Thus we have a well-defined map

pq: P (9) — z@(q/qL)
b (bna+at) fat, (1.3.1)

where & (g) (resp. 2 (q/q')) is the set of all parabolic subalgebras of g (resp. qo :=
q /qL). We call this map parabolic projection.

In Section 4.2, by using Dynkin diagram automorphisms, we introduce a procedure
(Proposition 4.2.2) to compute the type of ¢q(p) where p is weakly opposite to g, i.e.,

g =p + q. By using the procedure we introduced, we have the following.

Theorem 1.3.1. The parabolic projection @q induces an incidence system morphism
P, : Para(g)? — Para(qo), (1.3.2)

over the map v (computed by the procedure). Furthermore, the diagram

F (Para® (g)) — P (g)
]-‘(%)i \L‘Pq
F (Para (qo)) 2 (q0)

commutes, where

F(®q) : F(Para®(g)) — F(Para(q))

[ A2q(p)lpe f}

is the flag extension map of ®q, and T (resp. T%) is the isomorphism identifying F (Para (qo))
(resp. F (Para%(g))) with & (qo) (resp. 29 (g)) defined in (3.4.1) (resp. (3.4.2)).

For any parabolic subalgebra q of g, the set

9 :={(t,b) € % | any parabolic subalgebra p of g containing t satisfying g =p +q}
(1.3.3)

11
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is non-empty. Thus Theorem 1.2.1 implies that
U = Mor™ (C(W),Para%(g)) := {Y : C(W) — Para%(g) is injective},

where Para (g)? is the incidence system consisting of all maximal parabolic subalgebras of g
weakly opposite to q. We call each element in Mor™ (C (W), Para’ (g)) a q-generic standard
parabolic configuration. Therefore the postcomposition of a g-generic standard configurations
by parabolic projection

T(t,b)

C(W) Para‘ (g)

\ l@.

Para (qo) ,

gives rise a geometric configuration
Qg0 p) : C(W) — Para(qo),

over the map v, for all (t,b) € 9. In the case that qo has a simple component which is
isomorphic to pgl (V'), for some vector space V', we shall see that a further projection yields

a projective configuration from C (W) to Proj (V).

1.4 Generalized Cox configurations

In Chapter 5, we will use the postcomposition method by parabolic projection to study Cox
configurations and their analogue in higher dimensions. Let us first gives some historical
background about Cox configurations.

Another chain of theorems governing points and circles, studied by W.K. Clifford (|Cli71]),
called Clifford’s chain. It shows that, given n general planes through a point py on a non-
singular quadric in P3, such as a sphere, this quadric determines a point on any pair of
planes different from the point pg; by the same construction as in Cox’s chain, the theo-
rems in Clifford’s chain imply that we will obtain a Cox’s configuration whose points lie on
the quadric. Its associated configuration on the quadric is called a Clifford configuration
consisting of 277! circles and 2"~! points with the same combinatorics as those of Cox’s
configuration. More accurately, Clifford studied the stereographic projection of these con-

figurations of points and circles in the quadric. Some years later, J.H. Grace ([Gra98|) and
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1.4. Generalized Cox configurations

L.M. Brown ([Bro54]) generalized Clifford’s chain to higher dimension.

In 1972, Longuet-Higgins (|[LH72|) introduced an approach to study these generalized
Clifford configurations corresponding to Clifford’s chain and its analogues. He inductively
investigated a correspondence between generalized Clifford configurations and polytopes
(described by the formalism developed by Coxeter [Cox73|, Section 5.7) with the decorated
Coxeter diagrams

1
T T
b nodes ¢ nodes

In other word, such a polytope is the convex hull of an orbit of a particular point under
the reflection action of the corresponding Coxeter group W. The incidence system C (W)
represents an incidence sub-system of the faces of the polytope. For example, given a basis
{e1,ea,...,e,} of a Euclidean space, a convex simplex in the Euclidean space is a strict

incidence system morphism

P.(n) — {convex hulls of some elements in the Euclidean space}

X +— Conv({elie X},

where Conv ({e; [ € X }) is the convex hull of elements in {e; |i € X }. As P, (n) = C(S,),

each maximal coset of C(S),) represents a face of the simplex.

Figure 1.4.1: A convex tetrahedron in a Euclidean space.

Longuet-Higgins showed that such polytopes parametrize the generalized Clifford configura-
tions in the following sense: the points of a (generalized) Clifford configuration correspond
to the vertices of the polytope and its hyperspheres correspond to the facets of a certain
type. It is implicit in his recursive construction that all other objects, i.e. lower dimensional
spheres, in the configuration correspond to the certain faces of polytopes in between the
vertices and the facets of that type, each of which corresponds to an element in C(W). In

other words, there exist strict incidence system morphisms, preserving the incidence relation

13



1.4. Generalized Cox configurations

and types from C (W) to the incidence system of the quadric which a generalized Clifford
configuration lies on; the incidence system of the quadric consists of circles and points on the
quadric with the incidence relation determined by lying on. By using this correspondence,
he was able to show that the finiteness of Clifford configurations depends on the necessary

condition for the finiteness of their corresponding polytope given by

L
2 b ¢
In 2009, A.W. Macpherson and D.M.J. Calderbank (|[Mac09|) explored the relation be-
tween (generalized) Cox configurations and the flag varieties associated to representations
on Lie groups. They introduced a class of maps, called collapsing maps, with the property
that each maps the weight polytope of a representation of a certain Lie group into a flag
variety. Any weight polytope I' of G is determined by a pair (7', B), consisting of a maxi-
mal torus 7" and a Borel subgroup B containing 7', and the standard parabolic subgroup P
containing B of G. Faces or even flags, i.e., chains of faces, of I' are classified by W-orbits
(types) in the set of all parabolic subgroups of G containing 7', where W = N (T') /T is a
Weyl group. In particular, the set of points of I" are actually {g- P |g € W} which can be
embedded into the flag variety G /P. Note that the pair (7, B) turns the Weyl group W
into a Coxeter group, and so the set faces of I' of each type is considered as a coset space
of W. Their construction involved choosing a suitable parabolic subgroup @ of G which is
weakly opposite to all the Borel subgroups B containing T, i.e., G = QB. Then they obtain
a collapsing map as a composite map such that, for any parabolic subgroup P’ D T, there

exists a parabolic subgroup R’ of @ such that P’ N @Q C R/, and the collapsing map maps

{g-P'lge W}——=G /P —=Q/(P'NQ) —=Q/R .

The images of collapsing maps gives a large family of configurations in generalized flag
varieties. By choosing an appropriate parabolic subgroup @ so that @ /R’ is a flag variety
of type A, the images are elements or even flags in projective configurations, including
generalized Cox configurations.

Generalizing Longuet-Higgins’ work, suppose that the Coxeter diagram Z for W is
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1.4. Generalized Cox configurations

b nodes 2 ¢ nodes
=]
2
<
where

1 1 1

-4+ -+->1. 1.4.1

a + b + c ( )

Let V' a vector space of dimension a+b. Then a generalized Cox configuration of type (a, b, c)

is then a geometric configuration
U:C(W)— Proj(V),
over the map
0:{1,2,...;a+b—-1} > 9 (1.4.2)

given by the following labelling

at+b-1 atb-2 atb-3 a
*—0—©O

Iz
1
is defined by the strict incidence system morphism
i 0" (C(W)) = Proj (V),

where o* (C(W)) := {wW,;[1 <i<a+b—1}. For example, in the case that b = 1 and

c = 2, the geometric configuration is a complete quadrangle. Denote by
GCOpe) (W, V) :={¥ : C(W) — Proj (V') over the map o},

and

GCOZjb 0 (W, V) := {injective ¥ : C(W) — Proj (V') over the map p}.

In order to construct a generalized Cox configuration, let () be a parabolic subgroup
of G with the Lie algebra q such that it is in the conjugacy class complementary to one

represented by the decorated Dynkin diagram
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1.4. Generalized Cox configurations

Then by above construction, we have a well-defined map

%' — Mor(C(W),Para(qo))

(t6) = ®q0T (),

where Y p), ®q, and %% are defined as in (1.2.1), (1.3.2), and (1.3.3), respectively.
According to [Mac09], each (t,b) determines a labelled weight polytope of a representation
of g inside G /P which is a conjugacy class of parabolic subgroups where P is a parabolic

subgroup of G with the decorated Dynkin diagram

!

Hence % may be regarded as the set of all weight polytopes of representations of g.
Let ¢ be a Lie subalgebra of g such that the quotient g := q /¢ is a simple Lie algebra
with the Dynkin diagram

where 14 is the dual involution of the Dynkin diagram %;. We have an incidence system
morphism

© : Para(q9) — Para(q),

over the inclusion map i : 5 — %,,. Let V be a vector space of dimension a + b. For
any (t,b) € 9, choose an isomorphism from g to pgl (V') so that V' is a representation of
q with the highest fundamental weight A\.-1(;), where ¢ : Z5 — {1,2,...,a + b} is bijective
and satisfying v oi = po¢. Since V is a representation of g, we have an incidence system
isomorphism

= : Proj (V) — Para(q),
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1.4. Generalized Cox configurations

over the map ¢ : Z5 — [a + b].

c(w) T Paraf (g)
Dyg<—-——~— d_____ Dy
A A
¥ (,p) 0| |V B,
! \
lo+bl<<-=%g—->%
Proj (V) = Para (1) 5 Para (qo),
The composite incidence system morphism
U (i) 1 C(W) — Para (pgl(V)) = Proj (V) (1.4.3)

over the map g as in (1.4.2), is in GCO(q ) (W, V).

Compared with Calderbank and Macpherson’s approach, in our approach, we fix a pro-
jective space (a flag variety in [Mac09]) by choosing @ and project the set of all faces we
interested in of any possible polytope (a weight polytope in [Mac09]) into the fixed projective
space.

In the case a = b = 2, each element in GCO(y 5 o) (W, V) is a Cox configuration; its image
in the projective space can be constructed by using a theorem in Cox’s chain. The incidence
system morphism W) : C(W) — Proj(V) defined in (1.4.3) shows the correspondence
between C (W) and its corresponding generalized Cox configuration; any coset in C (W) of
the type labelled by i, where i € {1,2,...,a+ b — 1} is mapped to an (i — 1)-dimensional
projective subspace of PT0=1 (V).

Therefore there exists a well-defined map

vyl — GCO(%b,c) (W, V)

(t,b) — \I](t,b)~

In the case a = 1, b = 1, or ¢ = 1, classical facts imply that K \%9 = GCO?Z@ o (W, V),
where K is the connected algebraic subgroup of ) with the Lie algebra t. However, we hope

that this is also true in general. We thus make the following conjecture.
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1.4. Generalized Cox configurations

Conjecture 1.4.1. For arbitrary positive integer a, b, and ¢ satisfying (1.4.1),

K\%% =cCoy, , (W,V).

Let C (a,b,c) := dim (K \%"). Then we obtain the following inductive formula.

Theorem 1.4.2. For any a,b,c € N such that a > 2,
C(a,b,c)=(a+b—1)+C(a—1,b,c) + dz’m(pl).

where p s the Lie algebra of the parabolic subgroup P in the conjugacy class represented by

the decorated Dynkin diagram

]

Theorem 1.4.2 shows that if Conjecture 1.4.1 is true then the following Conjecture is

containing a pair (t,b) € %19.

automatically true.

Conjecture 1.4.3. For any a,b,c € N such that a > 2,

dim (GO, o (W,V)) = (a+b—1) + dim (6COl , , o (W,V)) + dim (p* ), (1.4.4)

where p s the parabolic subalgebra of P defined as in Theorem 1.4.2.

The equation (1.4.4) suggests that if we choose a point py in a (a + b — 1)-dimensional
projective space P (V') and a residual generalized Cox configuration at the point py (i.e., a
generalized Cox configuration of type (a — 1,b,¢) in the projective space P(V /pg)), then,
by choosing dim (pl) more parameters, a generalized Cox configuration of type (a,b,c)
could be constructed. Compared with the recursive construction of (generalized) Clifford
configurations (when a = 2) given by Longuet-Higgins (|[LH72|, Section 7), when the diagram
2 is of type A or D, dim (pL) represents the number of choices of points on the lines
through the point pg; these choices do not appear in Longuet-Higgins’ construction due to

the constraint of lying on a quadric surface. However, when & is of type E, there must be
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1.4. Generalized Cox configurations

additional parameters, apart from those appearing when 2 is of type A and D. By carefully

analyzing Conjecture 1.4.3, we found some further cases for which it holds.

Theorem 1.4.4. Conjecture 1.4.3 is true when (a,b, c) is equal to (a,1,c), (a,b,1), (2,b,2),
(2,2,0), (2,3,3), (2,3,4), or (2,4,3) for any a,b,c € N such that a > 2.
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Chapter 2

Review of basic materials

We begin with a chapter introducing the basic objects and terminology used throughout

this thesis.

2.1 Coxeter groups and root systems

Coxeter groups were studied first in [Cox34|. Since then they have become an important
class of groups which is used in many branches of Mathematics. In this section, we begin
by giving basic definitions of Coxeter groups and root systems. Then we consider special
subgroups in Coxeter groups. For further details on the fundamental theory of Coxeter

groups, see [CM57], [Dav08|, and [Hum92].

2.1.1 Coxeter groups

Definition 2.1.1. A COXETER DIAGRAM ¥ is an undirected graph with each edge la-
belled by an element of {3,4,5,...} U {oo}; the label 3 is usually suppressed. A Coxeter

diagram is said to be CONNECTED if it is a connected graph.

Example 2.1.2. These are some examples of Coxeter diagrams:

(1) —e—o (2 O—I—O (3) @

Definition 2.1.3. Let W be a group. A COXETER SYSTEM S ON W wiTH COXETER

DIAGRAM ¥ is an injective map S : 2 — W such that

W§<S@

(SiSj)m(i’j) =1fori,je @>,
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2.1. Coxeter groups and root systems

where, by slightly abuse notation, & is also considered as the set of vertices of the diagram
2 and S; == S (i) for all i € &; for any i,j € Z, m(i,1) =1, m (3, j) = the label of the edge
connecting the vertices i and j, and m (i, j) = 2 otherwise.

A Coxeter system is INDECOMPOSABLE or IRREDUCIBLE if its Coxeter diagram is con-
nected. We call (W, S) a COXETER GROUP; we sometimes abuse terminology and denote

(W, S) by W. The number of vertices of Z is called the RANK of the Coxeter group.
Remark 2.1.4. For any w € W, define the map w-S : 2 — W ;i — wS;w™'. One can check
that w - S is also a Coxeter system on W with Coxeter diagram 2.

If (W, S) is a Coxeter system, it may be possible to express w € W as a product of S;’s

in more than one way. This leads us to the following definition:

Definition 2.1.5. Let (W, S) be a Coxeter group with Coxeter diagram . For each
element w in a Coxeter group W, let £ (w) be the smallest number of S;’s, where i € Z, in
an expression of w. ¢ (w) is called the LENGTH of w. Any expression of w as a product of

¢ (w) elements of {S;|i € Z} is called a REDUCED EXPRESSION of w.

Proposition 2.1.6. Let (W,S) be a finite Coxeter group. Then W has a unique longest

element wo and for any w € W,

?(wow) = L (wp) — £ (w).

Proof. See [Hum92|, Section 1.8. O

Let (W, S) be a Coxeter group with Coxeter diagram Z. For any w € W, define

r:W — P{Silie 2})

w +— {Si’s in a reduced expression of w}, (2.1.1)

where P ({S; i € Z}) is the power set of {S; |i € Z}. The solution to the word problem of

Coxeter groups tells us that 7 is a well-defined map (see [Dav08|, Proposition 4.1.1).

Theorem 2.1.7. (Deletion Condition) For allw € W, if £ (w) < k and w = S;,S;, - -+ S

)

for some iq1,is,...,1, € D, then there exists indices 1 < j <1 < k such that

w= i, Si; iy Siy1 Siay  Si
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2.1. Coxeter groups and root systems

Proof. See [Hum92|, p.117. O

The Deletion Condition shows that a reduced expression for any element w € W can be

obtained from any expression for w by omitting an even number of generators S;’s.

2.1.2 Root systems

A root system is a tool to understand the associated reflection group; it describes the
reflections in the group. Root systems are also important in the theory of finite Coxeter
groups and Lie algebras. In this section, we will state some crucial facts about root systems,
omitting standard proofs which can be found in [Bou02|, [Hum92|, and [Ser66|.
Throughout this section, let V' be a finite-dimensional real vector space and B be a

positive definite symmetric bilinear form.

Definition 2.1.8. Let v € V be a non-zero element. The REFLECTION of v is the endomor-

phism 7, of V such that 7, (v) = —v and 7, fixes the hyperplane H, = {v' € V' |B (v,v') = 0}.

Definition 2.1.9. A finite spanning subset R of V', which does not contain 0, is a ROOT
SYSTEM in V if for any o, 8 € R,

Toa (R) =R

and 7, (8) — (8 is an integer multiple of ar. The elements of R are called ROOTS of V' and

the dimension of V is called the RANK of R.

A subset A of R is called a SIMPLE SYSTEM of R if it is a basis for V' and each root 8

can be written as 8 = Zk:aa with integral coefficients k. all non-negative or all

aceA
non-positive. The elements of A are called the SIMPLE ROOTS for A.

A subset RT of R is called a POSITIVE ROOT SYSTEM if it is closed under addition,
ie., fora,B € RT,if a+ B € R then a+ B € RT, and for any a € R, either a or —« is in
RT.

Definition 2.1.10. Let R be a root system in V. The subgroup W (R) of GL (V') generated

by the reflections 7, for a € R is called the WEYL GROUP of R.

For general results about root systems, we state them in the following Proposition:
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2.1. Coxeter groups and root systems

Proposition 2.1.11. Suppose that R is a root system in V. Then

(1) R contains a simple system,

(2) there is one-to-one correspondence between positive root systems in R and simple
systems of R,

(3) any two positive (resp. simple) systems in a root system R in 'V are conjugate under
W (R),

(4) if A is a simple system of R, then W (R) is generated by the {7, | € A} subject to
the relations:

(Ta7s)™ P =1,

where m (o, 8) = 2,3,4 or 6 in the case when B (a, ) = 0,—1,—2 or —3 respectively, and
W(R) -A=TR.

Proof. The proof of (1) can be found in [Bou02|, Chapter VI, §1.5, Theorem 2. For (2) and
(3), their proofs is in [Hum92|, p.8 and p. 10, respectively. Finally the proof of (4) can be
found in [Ser66], p.33. O

Proposition 2.1.11 (4) implies that if R is a root system in V, there is a Coxeter system
T:9 — W(R), where 2 is a Coxeter system whose set of vertices is a simple system A
and edges are determined by m («, ) for all o, 5 € A, making (W (R),7) a Coxeter group

with Coxeter diagram 2.

Remark 2.1.12. On the other hand, given a finite Coxeter group (W, S) with Coxeter diagram
2, then the group W is actually a Weyl group of the root system R in a real vector space
of dimension |Z| with a basis Ay = {«a; i € Z} (see [Hum92|, Section 5.3). The basis Ay
is a simple system of R contained in the basis R, and each S; is the reflection of a;, where

7 1s a node of 9.

2.1.3 Coxeter polytopes and parabolic subgroups of Coxeter groups

Let (W, S) be a Coxeter system with the Coxeter diagram 2. For I C 2, let W be the
subgroup of W generated by all elements in S; = {S;|i € I }; in particular if I is a maximal

proper subset of 2, we will write W;, where 2 \I = {i}, in place of W} for convenience.

Definition 2.1.13. The subgroup Wy, for some I C &, is called a STANDARD PARABOLIC

SUBGROUP of W with respect to S. A PARABOLIC SUBGROUP of W is a W-conjugate
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2.1. Coxeter groups and root systems

of a standard parabolic subgroup of W.

A useful notation for a standard parabolic subgroup Wy of W for some I C Z is to use
a DECORATED COXETER DIAGRAM % obtained by the rule: all nodes in Z\I of the
Coxeter diagram & for W are crossed. Wi is indeed a Coxeter group with Coxeter diagram
obtained from Z; by removing all the crossed nodes and edges adjacent to them.

According to Remark 2.1.12, W is the Weyl group of a root system R of a real vector
space V' with the simple system Ay = {o; |i € Z} corresponding to the system of standard
generators S;.;cg of W. Since R span V and W acts on R, thus W acts on V. For any
I C 2, in order to represent the elements in W /W; := {wW |w € W}, as points in V, we

have to find a point v € V' such that
Wi={weWlw-v=uv}.
Any element v € V satisfying

(v,5) | <0 fori¢l,

(2.1.2)
(@ 0i) | g forier,

has the stabilizer W;. Since Ay is a basis of V', we can find v € V satisfying (2.1.2) but it

is not unique. Therefore we have a well-defined map
W /[Wp — ViwWr — w-v.

This map identifies the set W /W with the orbit W - v. We call the convex hull of points
in W-v a COXETER POLYTOPE. The orbits of W on V have parabolic subgroups as

stabilizers. This is a motivation for studying their stabilizers, the parabolic subgroups.

Proposition 2.1.14. For each I C 2,
Wr={weW|r(w) CSr},

where T is defined as in (2.1.1).

Proof. For any w,w' € Wy, we have r (w) = r (w™') and r (ww') C r (w) 7 (w’), by Theo-
rem 2.1.7. Thus X := {w € W |r (w) C St} is a subgroup contained in W;. Since St C X
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2.2. Lie algebras

and W7 is generated by elements in Sy, therefore Wy = X. O
Corollary 2.1.15. Let I,J C 2. WiNnWj;=Winy.

Proof. This is true by Proposition 2.1.14. O

Corollary 2.1.16. If Wrw; N Wjws # ¢ where wi,wy € W, then there exists w € W such
that Wrw1 N Wiwe = Wiajw.

Proof. Let wy,wy € W and Wrwy N Wjywe # ¢. Then there exists w € W such that
w € Wrwy N Wiywsy, whence Wiwy, = Wrw and Wjyws = Wiw. Therefore, by Corollary
2.1.15,

Wirwy N Wiwe = Wiw N Wiw = (W N Wy)w = Winjw.

2.2 Lie algebras

In this section, we review the fundamental theory of finite-dimensional Lie algebras and
analyze the properties of parabolic subalgebras of Lie algebras. Additional information

about Lie algebras can be found in [Hum?72|, [Jac79|, [Kna02|, and [Mil12b].

2.2.1 Definitions and examples

Here we define Lie algebras over an arbitrary field F and give some basic examples of them.

Definition 2.2.1. A LIE ALGEBRA g is a vector space over F equipped with a skew
symmetric bilinear map [-,-] : g X g — g, called the LIE BRACKET, satisfying the JACOBI
IDENTITY, ie., [[z,y],2] + [[y,2], 2] + [[2,2] ,y] = 0 for all z,y,z € g. In particular, a Lie

algebra g is said to be ABELIAN if [z,y] =0 for all z,y € g.

A LIE SUBALGEBRA s of a Lie algebra g is a subspace of g which is closed under the Lie

bracket on g, i.e., [s,s] C s.

As the Lie bracket is skew symmetric, it implies that [z,z] = 0 for all x € g. Unless

specified otherwise, we shall consider only finite-dimensional Lie algebras.
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2.2. Lie algebras

Example 2.2.2. (EXAMPLES OF LIE ALGEBRAS)
1. For any associative algebra A with multiplication x : A x A — A, the algebra g4 := A

equipped with a bilinear form

[, ]:gaxga — ga

(x,y) — x*xy—yx*ux, (2.2.1)

is a Lie algebra. It is the Lie algebra associated to A.

2. Let V be a finite dimensional vector space. Then the set of endomorphisms of V'
is an associative algebra. Therefore, equipped with the Lie bracket defined as (2.2.1), it
corresponds to a Lie algebra, denoted by gl (V).

3. If F C ' is a field extension, then for any Lie algebra g over I,
g =FQrg

is a Lie algebra over F’ with the Lie bracket [,-], 1 ¢’ x¢' = ¢/, A @ z,p @ y) = Au® [z, y].

Definition 2.2.3. A F-linear map f : g — ¢ of Lie algebras over F is called a LIE ALGEBRA

HOMOMORPHISM if

[f (), f ()] = f([z,v])

for all z,y € g. Further, we say that g = ¢’ if and only if there exists a homomorphism
f' g — gsuch that f'o f =idg and fo f’ = idy; we call f (and f') an LIE ALGEBRA
ISOMORPHISM.

A REPRESENTATION of a Lie algebra g is a vector space V together with a Lie algebra
homomorphism f : g — gl(V). A SUB-REPRESENTATION of a representation f : g —
gl (V) is a subspace W satisfying

fle)y(W)cw

for all z € g. A representation of a Lie algebra g is said to be IRREDUCIBLE if it contains
no proper sub-representation. If W C W’ C V are sub-representations of a representation
f:9— gl(V), then we can define a representation f’: g — gl(V /W), called a QUOTIENT
REPRESENTATION, of f and a representation f” : g — gl (W’ /W), called a SUBQUOTIENT

REPRESENTATION, of f.
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The NILPOTENT RADICAL, denoted by nt (g), of a Lie algebra g is the intersection of the

kernels of the irreducible representations of g.

Example 2.2.4. The Lie bracket of a Lie algebra g defines a representation, called the

ADJOINT REPRESENTATION, of g,

ad:g — gl(g)
x — ad(z),
where ad (z) (y) = [z,y], for all y € g.

Definition 2.2.5. Let g be a Lie algebra and s be a Lie subalgebra of g. The CENTRALIZER
of 5 in g denoted by
3g(8) ={xeg|lz,y=0foralyes}

is a Lie subalgebra of g. We will call the centralizer of g in g the CENTER of g and denote

it by 3 (g). Note that if 3 (g) = g if and only if g is abelian.
The NORMALIZER of s in g is the subalgebra
ng(s) :={z € gllz,s] Cs}.

And s is called an IDEAL if [g,s] C s.

Example 2.2.6. 1. Let g be a Lie algebra. For any subsets s1, s of g, define

n
[s1,82] = {ZcZ [, yi] |ci € Fyx; € 81,y; € 82 and n € N} .
i=1

This obviously is a subspace of g. Similarly,
n
51+ S0 = {Zczxz lci € F,z; € 51 Usy and n € N}
i=1

is a subspace of g. If s; and so are ideals of g, then so are [s, 52] and 1 + s2.
2. If s is a Lie subalgebra of a Lie algebra g, then its normalizer ng (s) is the largest

subalgebra of g containing s as an ideal.
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3. Let g and g’ be Lie algebras and f : g — ¢’ be a Lie algebra homomorphism. The

kernel

tee (f) = {z € g[f (z) = 0}

of f is then an ideal of g.
4. Let g be a Lie algebra. Then the nilpotent radical nt (g) is an ideal of g.

Let g be a Lie algebra. By skew symmetry of the Lie bracket, any ideal is two-sided. If
a is an ideal of g, then the Lie bracket on g induces a Lie bracket, |-, -]g/a, on the quotient
space g /a by

[z +a,y+a],, = [r,y +a,

g/a

hence g /a is a Lie algebra.

Definition 2.2.7. A symmetric bilinear form B : g x g — IF on a Lie algebra g over a field
F is called INVARIANT if

B(lz2],y) + B (x,[zy]) =0

for any x,y, z € g, and is called NON-DEGENERATE when

{reg|B(z,y) =0,Vy € g} ={0}.
For a subspace s of g, let s+ := {x € g|B(z,5) =0} the ORTHOGONAL SUBSPACE of 5

with respect to B.

Any Lie algebra g admits an important invariant bilinear form, called the KILLING
FORM, defined by

k:gxg—F:(z,y)—tr(ad(z)oad(y)),
where ad is the adjoint representation.

Theorem 2.2.8. (ENGEL'S THEOREM) Let g be Lie subalgebra of gl (V') such that every
element x in g is a nilpotent endomorphism of V , i.e., there exists a positive integer k such
that 2% (V) =0, for all x € g. Then there exists a nonzero vector v € V such that x (v) =0

forallz € g.

Proof. See [FH91|, Theorem 9.9. O
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Corollary 2.2.9. Ifn is an ideal of a Lie algebra g and p: g — gl (V) a finite dimensional
representation of g. Then the following are equivalent:
(1) For any x € n, the endomorphism p (z) of V is nilpotent,
(2) V has a filtration
0=V CWC - CV=V

such that p (n) (V;) C Vi1,

(3) p(n) acts trivially on any irreducible subquotient of p.

Proof. (1) = (2) Let Vj := {v € V|p(x)(v) =0 for all z € n}. Then, by Theorem 2.2.8,
Vi # {0} and p(n) (V1) C {0}. If V} =V, then we are done and k = 1.

Suppose that V3 # V. Then V /V} is a nontrivial quotient representation of n. Now
let Vo := {veV]p(x)(v) €V forall z €n}. Since p(z) is a nilpotent endomorphism of
V, it is also a nilpotent endomorphism of V' /V;. Again, by Theorem 2.2.8, V5 # {0} and
p(n) (V) C V1.

By the same manner, we finally obtain a filtration {0} = Vo C V1 C - C V=V of V
because V is finite-dimensional.

(2) = (3) This is trivial.

(3) = (1) Let x € n. Since V is finite-dimensional, there exists a positive integer k£ such
that

{0}=VocVigc---CV=V

a filtration of sub-representations and V; /V;_; is an irreducible subquotient representation
of p, for all 1 <14 < k. Therefore p (x) is nilpotent because it acts trivially on any irreducible

subquotient of p. O

Remark 2.2.10. Let g be a Lie algebra. Any representation f of g gives an ideal
ny = m kernel of irreducible subquotients of f. (2.2.2)
Then

nr(g) = N ny.

representations f

Definition 2.2.11. Let g’ and g” be Lie algebras over F. An EXTENSION of g’ by ¢’ is a
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Lie algebra g together with an exact sequence of Lie algebras

"

The extension is said to be CENTRAL if [g/, g] = 0.

Remark 2.2.12. If g is an extension of g” by ¢, then, by abusing notation, we may identify

!l ~

g’ with its image in g and consider it as an ideal of g; whence g"” = g /g’.

Definition 2.2.13. Let g be a Lie algebra over F. Then g is a SEMI-DIRECT SUM of
subalgebras a and s, denoted by g = a x s, if a is an ideal of g and the canonical quotient

map a — g /a induces a Lie algebra isomorphism s — g /a.

Remark 2.2.14. The above definition is equivalent to say that the exact sequence

is split, i.e., there is a Lie algebra homomorphism S : s — g such that 7 o g = id,.

2.2.2 Basic structure theory of Lie algebras

We will assume henceforth that any Lie algebra we mention is finite-dimensional. The

underlying field is still arbitrary, unless otherwise stated.

Definition 2.2.15. Let g be a Lie algebra. The LOWER CENTRAL SERIES of g is a

sequence of ideals of g:

C1(g) = g and Cyy1 (9) = [, Cn (9)]

for integer n > 1. The DERIVED SERIES of a Lie algebra g is a sequence of ideals of g;

D1 (g) = g and Dy41(9) = [Dn (9) , Dn (9)],

for integer n > 1.
A Lie algebra g is called NILPOTENT (resp. SOLVABLE) if there exists a positive integer

n > 2 such that C, (g) = {0} (resp. D, (g) = {0}).
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Remark 2.2.16. As D, (g) C C, (g) for all n > 1, if g is a nilpotent Lie algebra, then it is

solvable.

If a1 and ay are ideals of a Lie algebra g, one can show, by induction, that for n > 1,

both C,, (a1) and D, (a;) are ideals of g; moreover
Con (a1 + a2) C Gy (a1) + Oy, (a2)

and

Cont1 (a1 +a2) € Chyq (a1) + Cpga (a2)

for all n > 1; whence if a; and as are nilpotent, then so is a; + as. On the other hand, if a;
is a solvable ideal and as is a solvable subalgebra of a Lie algebra g, then a; 4 as is a solvable
subalgebra because there must be a positive integer m such that D,, (a; + az) C a;. This
implies that if a; and as are solvable ideals of a Lie algebra g, then so is the ideal a; + as.
Therefore the maximal nilpotent (resp.solvable) ideal of g exists and equals to the sum of

all nilpotent (resp. solvable) ideals of g.

Definition 2.2.17. The NILRADICAL (resp. RADICAL), denoted by nil (g) (resp. tad (g)),

of a Lie algebra g is the maximal nilpotent (resp. solvable) ideal of g.

Remark 2.2.18. Since any nilpotent Lie algebra is solvable, nil (g) C tad (g).

Corollary 2.2.9 implies that a Lie algebra g has a filtration

0O}=goCoC -Cor=au9

such that ad (nil(g)) (g;) C gi—1; hence, by Remark 2.2.10,
dim(g)
nil(g) = ﬂ tev(ad : g — git1/0i)-

=1

Therefore nt(g) C ny,g = nil(g) C vad(g), where nyq is defined as in Equation (2.2.2);

whence nt (g) is nilpotent.

Definition 2.2.19. Let g be a Lie algebra over a field F. Then

1. g is SIMPLE if it is non-abelian and has no proper ideals,

31



2.2. Lie algebras

2. g is SEMISIMPLE if tad (g) = {0}; equivalently, g splits into the direct sum of simple
ideals, called SIMPLE COMPONENTS, of g,

3. g is REDUCTIVE if tad (g) = 3 (g).
A CARTAN SUBALGEBRA of a Lie algebra over a field F is a nilpotent subalgebra equal
to its own normalizer. A BOREL SUBALGEBRA of a Lie algebra is a maximal solvable

subalgebra.
Remark 2.2.20. Any Borel subalgebra of a Lie algebra g contains tad (g).

Lemma 2.2.21. Let g be a Lie algebra and m be an ideal of g. Then rad(g/m) C
(vad (g) + m) /m. In particular, if m is solvable, then tad (g /m) = tad (g) /m.

Proof. tad (g) + m is an ideal of g containing m because both tad (g) and m are ideals of
g. Since tad (g) is solvable, there exists a positive integer n such that D, (vad (g)) = {0};
whence D,, (vad (g) + m) C D, (vad (g)) + m € m. Thus (vad (g) + m) /m is a solvable ideal
of g /m, and therefore (vad (g) + m) /m C vad (g /m).

Suppose that m is solvable and tad (g /m) = a/m for some ideal a of g. Then there
exists a positive integer k such that Dy (a) € m. As m is also solvable, thus a is solvable

and a C tad (g). Therefore tad (g /m) = vad (g) /m. O

Proposition 2.2.22. Let g be a Lie algebra over a field F of characteristic zero. Then

nr(g) = [g, 9] Nvad (g) = [g,vad (g)] .

Moreover g /nt (g) is reductive.

Proof. Proposition 7.5 in [Mil12b] shows the first part of the Theorem. Now we will show

that g /nt(g) is reductive. Since [g,tad (g)] € nr(g), Lemma 2.2.21 implies that

vad (g /nr(g)) = vad (g) /nr(g) =5 (g /nr(g)).

Therefore g /nr(g) = g /[g, tad (g)] is reductive. O

Remark 2.2.23. If g is a solvable Lie algebra, it immediately follows from Proposition 2.2.22

that ne(g) = [g,0] Ng = [g, g]-
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Theorem 2.2.24. Let g be a Lie algebra and s be a semisimple Lie algebra over a field F
of characteristic zero. If m : g — s is a surjective homomorphism, then there is a splitting

B : s — g such that 7o 8 = id,.
Proof. See [PrRO07], p.305. O]

Corollary 2.2.25. (Semisimple Levi Decomposition) Let g be a finite-dimensional Lie al-
gebra over a field F of characteristic zero. Then there exists a semisimple subalgebra s of g

such that g = s @ vad (g) (direct sum of vector spaces).

Proof. By Lemma 2.2.21, vad (g /tad (g) ) is trivial, and so g /vad (g) is semisimple. Consider

the exact sequence

0——rtad (g) —>g——>g/tad (g) —0

Theorem 2.2.24 implies that the exact sequence is split. Let s = 8 (g /tad (g)) C g, where
B : g/tad(g) — g is a Lie algebra homomorphism such that 7 o 8 = idg/a(g)- Then
g=5® rad(g) because s Nrad (g) =sNim (i) =sNter(r) = {0} and s = g /rad (g). O

Remark 2.2.26. The Lie subalgebra s is called a semisimple part of g. It is not uniquely
determined. However, any two such subalgebras of a Lie algebra are conjugate under an

inner automorphism.

Therefore any finite-dimensional Lie algebra is an extension of a semisimple Lie algebra
by a solvable Lie algebra. There is not always a subalgebra complementary to nr(g) in g;
to have such complementary subalgebra, we need rad (g) to be split as a direct sum of nt (g)

and a subspace of tad (g).

Corollary 2.2.27. Let g be a finite-dimensional reductive Lie algebra over a field F of
characteristic zero. Then there exists a semisimple subalgebra s of g such that g =3(g) © s

(direct sum of vector spaces).

Proof. This follows immediately from the fact that tad (g) = 3 (g) and Corollary 2.2.25. [

2.2.3 Parabolic subalgebras

Let us fix a field F of characteristic zero. The Lie algebras we are going to talk about

throughout this section will be finite dimensional Lie algebras over F. For any Lie subalgebra
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s of a Lie algebra g with an invariant bilinear form B and an ideal n of s, set 5) = s,
sy = C;(n) and 5(;) := (5(,1»,1))J‘ for all positive integer i > 1.

Lemma 2.2.28. Let s be a Lie subalgebra of a Lie algebra g and B be an invariant bilinear
form on g. If [s(-1):5(0)] (1), then [s(5), 5] S 5(64)-

Proof. Suppose that [5(_1),5(0)] C s(_1). For j <0, we have [5(_1),5(j)] Csg . fj>0,
then

B ([s-1),5()] 5(-5) = B (54): [5(-5)5¢-1]) € B (5(5):5(-j-1)) =0,
and so [5(71)75(73')] - (5(,j))L = 5(j—1)- This implies that [5(,1),5@)] C s¢-1) for all
jEeZ.
For ¢ < 0 and j € Z, the Jacobi identity and the definition of §(;) imply that [s(i),s(j)] C

S(i+j)- Now there is only one case left which is when 4,5 > 0. If 4,5 > 0, then

B ([s(y,54)] +5(-i—j-1)) = B (503, [S(-i—j—1):5()]) € B (505, [$(-j-1)]) =0,

€
and 50 [5(:),5(;)] € (5(-i—j—1))" = S(i4j)- O

Definition 2.2.29. Let g be a Lie algebra and (V, p) be a representation of g. The TRACE

FORM associated to (V, p) is the symmetric invariant bilinear form

(,y), =tr(p(z)p(y)).

Furthermore, the trace form is said to be ADMISSIBLE if g* = nt(g), where nt (g) is the

nilpotent radical of g.

Proposition 2.2.30. Let g be a Lie algebra with a trace form B associated to (V,p). Then

ne(g) C gt and the induced invariant bilinear form on g /nt(g) is a trace form.
Proof. Let (Vi),—o. j be a finite chain of g-submodules of V' such that p (nr(g)) (Vi) C Vi1

k

and let V' = @ Vi /Vi—1 be the associated graded representation. Then the representation
i=1

V and V' induce the same invariant form on g. Since nt(g) acts trivially on V', we have

ne (g) C gt. Thus the bilinear form

B :g/ne(g) xg/ne(g) — F

(z +ne(g),y+ne(g) — Blry)
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is a well-defined invariant bilinear form. Since V' descends to a representation of g /nt(g),

therefore B’ is the trace form of g /nt (g) associated to the representation V'. O

Corollary 2.2.31. Let g be a Lie algebra with a trace form B associated to (V, p) and q be
a Lie subalgebra of g. If - = nt (q), then the induced trace form on q /qL is admissible.

Proof. This is an immediate result from Proposition 2.2.30. O
Lemma 2.2.32. Any Lie algebra g admits an admissible trace form.

Proof. This comes from applying the fact that a Lie algebra is reductive if and only if it
admits a faithful finite-dimensional semisimple representation with associated nondegenerate

trace form (see [Bou89]) to the reductive Lie algebra g /nt(g). O

For any Lie subalgebra p of a Lie algebra g with an admissible trace from B, let g(g) := p,
let g(_s) = Ci(nv(p)), and let g(;) = (g(,i,l))J‘ for all positive integer ¢ > 1. By Lemma
2.2.28, these give a filtration of g. Define g; := g(; /g(i_l) for all i € Z and gry (g) == @gi.

1EZ
Definition 2.2.33. Let p be a Lie subalgebra of a Lie algebra g with an admissible trace

form B. A GRADING ELEMENT for p in g is an element 0 € gry, (g) with [6, z] = iz for all

1 €Z and x € g;.
Remark 2.2.34. Any reductive Lie algebra has 0 as a grading element.

Definition 2.2.35. A Lie subalgebra p of a Lie algebra g is called PARABOLIC if it contains
tad (g) and p (with respect to some admissible trace form of g) is a nilpotent subalgebra

of p.

Remark 2.2.36. A Lie algebra g is a (improper) parabolic subalgebra of itself because nt (g)
is nilpotent. If p is a parabolic subalgebra of g, then nt(g) = g~ C p* C p. Moreover, if
q is a Lie subalgebra of g containing p, then q is also a parabolic subalgebra of g because

tad (g) Cp Cqand g~ Cpt-CpCyq.

Proposition 2.2.37. Let F C F be a field extension. Then p is a parabolic subalgebra of g
if and only if p' :=F' Qg p is a parabolic subalgebra of g’ := F' Q@ g.

Proof. Since tad (g') = F'®prad (g), a Lie subalgebra p of g containing tad (g) if and only if p’

contains tad (g'). Moreover, there is a one-to-one correspondence between invariant bilinear
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forms of g and those of g’ in such a way that (g’)L = F'®pg". Thus g~ = ne(g) = [g, tad (g)]
if and only if (g/)" = F ®r [g,tad (g)] = [F' @r g,F @p rad (g)], and pt is a nilpotent

subalgebra of g if and only if p’ is a nilpotent subalgebra of g’. O

Proposition 2.2.38. Let g be a Lie algebra and (V,p) be a finite-dimensional semisimple
representation of g. Suppose that x € [g, g] is ad-nilpotent. Then p(x) is nilpotent.

Proof. The Jordan Chevalley decomposition of p (z) is p (z),+p (z),,. Then ad (p (x),)op =
poad(x), =0 because z is ad-nilpotent, and so p (), € 341 (p(g)). On the other hand,
p(x)y = p(x) —p(x), and p(x) € [p(g),p(g)]. By restricting to any simple component
of V' and extending the base field, p(x), is a trace-free multiple of the identity. Thus the
restriction of p (z), to each simple component of V' is zero; whence p (z), = 0. Therefore

p (x) is nilpotent. O

Theorem 2.2.39. Let g be a reductive Lie algebra and p be a parabolic subalgebra of g.
Then ng (p) = p and p* = ne (p).

Proof. Since nt (p) C p~ Np = p, it suffices to show that p* C nr(p). As pt is an ideal
of p, we have p C ny (pL) and so ng (pL)L C pt. Moreover, we have pt C [g, g] because
[g,g]L C tad (g) C p by Cartan’s criterion. Since p C [g, g] is a nilpotent ideal of ng (pL),
Proposition 2.2.38 implies that p C ng (pL)L. Hence pt+ = ng (pL)L.

Suppose that there exists 0 # = € [p,pL]L \p. Since p = ng (p ( ) there exists b € p*
such that [z,b] ¢ p. Thus there exists a € p such that 0 # B (a,[z,b]) = B ([a,b],z) = 0
tCopt.

which is a contradiction. So [p,pL]L C p and whence pt C [p,pt] C ng(p)

Therefore ng (p) = p. Furthermore, p* C [p,p*] C [p,vad (p)] = nr (p). O

Corollary 2.2.40. Let g be a reductive Lie algebra and p be a Lie subalgebra of g containing
tad (g). Then the following are equivalent:

(1) p is a parabolic subalgebra of g.

(2) dim (nt(p)) = dim(g) — dim (p).

(3)

3) For any admissible form on g, p~ = nt (p).

Proof. (1) = (2) If p is a parabolic subalgebra of g, then, by Theorem 2.2.39, there exists

an admissible trace form such that p~ = nt(p). So

dim (nt (p)) = dim (pL) — dim (g) — dim (p).
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(2) = (3) Suppose that dim (nt (p)) = dim (g) —dim (p). Given an admissible trace form

on g, we have nt (p) C p- Np C pt. Hence

dim (nt (p)) < dim (pL) = dim (g) — dim (p) = dim (nt (p)).

Therefore p~ = nr (p).
(3) = (1) Since nt (p) is nilpotent subalgebra of p, if p~ = nt (p), then p= is a nilpotent

subalgebra of p. O

Proposition 2.2.41. Let g be a reductive Lie algebra and p be a parabolic subalgebra of g.
Then gry (g) is reductive and has a unique inner derivation 6, called a grading element, in

3 (po) N [gr (g),9r(g)], with [6,x] =iz for all —m < i < m and z € p;.

Proof. Let B be a nondegenerate trace form associated to a faithful finite-dimensional
semisimple representation (V,p) of g. Since p = nt(p), it acts nilpotently on V. This
gives a finite chain (V;),_o , of g-submodules of V' such that p (p*) (Vi) € Viy. Since
Pi—1) = p(l_i) for i < 0, the induced trace form on gr, (g) is nondegenerate. Therefore
gry (g) is reductive.

The derivation D of gr, (g) defined by Dx = iz for all z € p; vanishes on the centre
of gry (g) and preserves its semisimple complement. Hence D is an inner derivation, i.e.,
D = ad (9) for a grading element § € 3 (pp) which is uniquely determined by requiring it is
in the complement [gr,g (9), 97, (g)] to the centre of gry (9)- O

Remark 2.2.42. Let p be a parabolic subalgebra of a Lie algebra g. Any lift g, called an
ALGEBRAIC WEYL STRUCTURE, in p of § with respect to the canonical quotient map

T p — po splits the filtration of g. Therefore the exact sequence

0 ——=nt(p) p Po 0,

where po := p /nr(p), splits. We call a subalgebra pg of p such that p = pg @ nr(p) and

Po = po a LEVI SUBALGEBRA of p, and call pg the LEVI FACTOR of p.

Definition 2.2.43. Let g be a semisimple Lie algebra. Any two parabolic subalgebras p

and q of g are said to be
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1. CO-STANDARD iff p N q is a parabolic subalgebra of g; equivalently, nt(p) is a
nilpotent subalgebra of q,
2. WEAKLY OPPOSITE iff p + q = g; equivalently, nt (p) Nne (q) = {0},

3. COMPLEMENTARY if pNqis a common Levi subalgebra of both p and q.

Proposition 2.2.44. Suppose that q is a parabolic subalgebra of a reductive Lie algebra g
and p is a Lie subalgebra of g. Then the following are equivalent:

(1) p is a parabolic subalgebra of q.

(2) p is a parabolic subalgebra of g.

(3) p contains nr (q) and p /nt(q) is a parabolic subalgebra of qo.

Proof. Fix an admissible trace form on g. By Corollary 2.2.40, its restriction to ¢ is also
admissible.

(1) = (2) Let p be a parabolic subalgebra of q. Then tad(g) C tad(q) C p and,
by Corollary 2.2.40, ¢~ = nt(q) C vad (q) € p. Thus pt C q, and so p* is a nilpotent
subalgebra of p.

(2) = (3) Let p be a parabolic subalgebra of g. By Corollary 2.2.40, we have nt (g)

N

N

ne(q) € ne(p) € p € q C g And, by Proposition 2.2.41, pt = nr(p) = [nc(p),p] C
[q,q]; whence tad (q) € [q,q]" € p. Then, by Lemma 2.2.21, tad (qo) = tad (q) /nt(q) C
p /nr(q). The induced invariant form on ¢g is admissible by Proposition 2.2.30. Moreover,
(p /ne(q))" = ne(p) /ne(q) is a nilpotent subalgebra of p /nt (q).

(3) = (1) Suppose that p contains nt(q) and p /nr(q) is a parabolic subalgebra of
qo. Then, by Definition 2.2.35, tad (q9) C p /nr(q) and there exists an admissible trace
form B of qq such that (p /nt(q))" is the nilpotent radical of p /nt(q). By Lemma 2.2.21,

tad (q) /ne(q) =rad (qo) C p /nr(q); whence tad (q) C p. Define an invariant bilinear form

B :qxq — F

(z,y) = B(z+ne(q),y+ne(q)).

Therefore nt (q) C p* and p~ = [p*,p] 4+ nr(q) is a solvable ideal of p. Hence [p,p*] C
[p,tad (p)] = nt (p). It follows that pt is a sum of two nilpotent ideals; whence it is nilpotent.

O

By means of Corollary 2.2.25 and Proposition 2.2.44, to study parabolic subalgebras of
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Lie algebras, it suffices to focus on those of semisimple Lie algebras. If p is a parabolic

subalgebra of a Lie algebra g, then
p=(pNs)@rad(g),

where s is a Levi subalgebra of g and p N's is a parabolic subalgebra of s. Recall that if
a Lie algebra g is semisimple, then any invariant bilinear form of g is determined by the
Killing forms on the simple components of g; actually it is the direct sum of scalar multiples

of the Killing forms of the components of g. Thus B is non-degenerate which implies that

L = {0} = [g,vad (g)].

Proposition 2.2.45. Assume that g is a semisimple Lie algebra and € is a simple component

of 9. If p is a parabolic subalgebra of g containing €, then p /¥ is a parabolic subalgebra of
g/t.

Proof. Let p is a parabolic subalgebra of g containing €. It suffices to show that (ne (p) + €) /¢
is a nilpotent subalgebra of p /€. Since C, ((nr(q) +¢) /€) C (C, (nr(q)) + £) /€, for all
n € N, and nt (q) is a nilpotent subalgebra of p, thus (nt (q) + £) /€ is a nilpotent subalgebra
of p /€. Therefore p /¢ is a parabolic subalgebra of g /¢. O

Proposition 2.2.46. Suppose that p and q are parabolic subalgebras of a reductive Lie
algebra g. Then (p N q) + ne(q) is a parabolic subalgebra of q, and so of g.

Proof. According to the Proposition 2.2.44, it suffices to show that ((p N q) + nr(q)) /nt(q)
is a parabolic subalgebra of qg. Denote t := (p N q) 4+ ne(q). Since pNq is a subalgebra and
nt(q) is an ideal of g, v is a subalgebra of g. As p and q are parabolic subalgebras of g, thus
tad (g) € pNg C t. Given an admissible trace form on g and the induced admissible trace

form on qo, we will show that (v /nt (q))™ is a nilpotent Lie subalgebra of t /nt (q). Consider

¢ = (enmea)’
(

pna)nNg
L

) s

(v +
- ( ) tqtce (2.2.3)

because g+ C . Since nr(q) = g+ C v+, hence (v /ne(q))* = vt /nr(q) C ¢ /nr(q). Since
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1

pt is nilpotent, t- /nr (q) is nilpotent. O

Proposition 2.2.47. If g is semisimple, then any two parabolic subalgebras p and q of g
admit algebraic Weyl structures Ep and 51 with [&75‘1} =0, and so they contain a common

Cartan subalgebra of g.

Proof. Let v = (pNq) + nil(q). Then, by Proposition 2.2.46, v is a parabolic subalgebra
of g contained in q; whence t /nil(q) is a parabolic subalgebra of ¢ /nil(q). As any Cartan
subalgebra of v /nil(q) is a Cartan subalgebra of q /nil(q), it contains 3 (q /nil(q)). Hence
there is an algebraic Weyl structure E of q in p N g uniquely modulo p Nnil(q). Similarly,
there is an algebraic Weyl structure gp of pinpnNgq. As [E, £~p} € nil (p) Nnil (q) and ad (&)
is invertible on nil (p) N nil(q), there exists x € nil(p) N nil(q) such that [2, :c} = [E, gp}
Now let Eq = E — x. Then Eq is an algebraic Weyl structure of q which commutes with gp.
The span of Ep and gq consists only of semisimple elements in g; whence it lies in a Cartan

subalgebra t of g. Since all elements of t commutes with E,, and Eq, sotCpNyq. O

Corollary 2.2.48. If g is semisimple and p and q are parabolic subalgebras of g. Then
g = p +q if and only if there exists a parabolic subalgebra p of g complementary to p and

co-standard with q.

Proof. Assume that g = p + q. Given an admissible trace form on g, then p~ N gt =

(h+q

and determine p be the parabolic subalgebra of g complementary to p by using E Since

)J‘ = {0}. By Proposition 2.2.47, choose an algebraic Weyl structure gof pinpngq

pt N gt = {0}, thus g has nonnegative eigenvalues for €. Therefore g= C p. This implies
that p and q are co-standard.
Conversely, let p be a parabolic subalgebra of g complementary to p and co-standard

with q. Then g C p and p= Np = {0}. So p* N g+ = {0}. This implies that
L LA\t
g={0}" = (p ngq ) =p+a

O

Remark 2.2.49. The parabolic subalgebras p complementary to p are parametrized by alge-
braic Weyl structures in p; in particular, p contains a Cartan subalgebra t if and only if the

algebraic Weyl structure which parametrizes p is contained in t.
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By Corollary 2.2.48, we have that if g is semisimple and p is parabolic subalgebra of
g, then a minimal parabolic subalgebra p’ is weakly opposite to p if and only if there is a

parabolic subalgebra containing p’ such that it is complementary to p.

2.2.4 Split semisimple Lie algebras

In this section, we will study some aspects of split semisimple Lie algebras over a field of

characteristic zero. Assume, throughout this section, that F is a field of characteristic zero.

Definition 2.2.50. A Cartan subalgebra t of a finite-dimensional Lie algebra g over F is said
to be SPLITTING if the eigenvalues of ad (z) are in IF for all z € t. A SPLIT SEMISIMPLE
LIE ALGEBRA g over a field F is a semisimple Lie algebra containing a splitting Cartan

subalgebra.

Remark 2.2.51. If F is algebraically closed, any finite-dimensional Lie algebra is split and

any Cartan subalgebra is splitting.

Let g be a finite-dimensional split semisimple Lie algebra over F and t be a splitting
Cartan subalgebra of g. As g is semisimple, we automatically have {ad (x) |x € t} is simul-
taneously diagonalizable. It gives a vector space decomposition, called the ROOT SPACE

DECOMPOSITION, of g:

g=1teo @ Ja
ac(t)

where g := {z € g|[t,z] = a(t)z for all t € t}. The Jacobi identity yields [ga, 98] C ga+s

and [gq, 9—a] C t for all , 5 € t*. Since the Killing form & of g is invariant, we have

0= ’i([ta ga] agﬁ) + ’i(gou [ta gﬂ]) =R (agaagﬁ) + ff(gaaﬁgﬂ) = (a + B) ’i(gaagﬁ) ,

for any «, 8 € t*. Consequently, if o # —f3, then & (ga, g3) = 0. Each a € (£)*\{0}, such
that g, # {0}, is called a ROOT of g. Denote R (g, t) the set of all roots of g with respect to
t. For convenient, write R for R (g,t). Clearly R is finite. Then the root space composition

of g is actually in the form

g=to @ga-

acER
For each o € R, the space g, is called a ROOT SPACE of g and dim (g,) = 1. Since the

Killing form is non-degenerate, therefore, for any root a of g, we can associate the unique
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element t, of t such that

a(t) =k (ta,t),

for all t € t.

For any Lie subalgebra s of g containing t, we have

s=to P ga,

a€ERs

where R, := {a € R|ga C 5}, because dim (g,) = 1 for all & € R; moreover, R, is additively
closed since s is a Lie subalgebra. The additively closed property of subsets of R plays an

important role in determining a Lie subalgebra of g as we shall see in the following.

Proposition 2.2.52. For any additively closed subset A of R and any subspace t' of t
containing tan—_a = Z ta, the subspace

acAN—A
s:=t{@ @ Oa
acA
is a Lie subalgebra of g. Furthermore, s is semisimple if and only if A = —A and t = tan_a,
and s is solvable if and only if AN (—A) =0.
Proof. See |Bou05], Chapter VIII, §3.1, Proposition 1 and Proposition 2. O

Let t, be the Q-space spanned by the roots. Then tf, C t*. It was shown (see [Jac79],
Chapter IV, Section 2) that R is a root system in the vector space t,, called the ROOT
SYSTEM in g with respect to t. Let A C R be a simple system and the set R™ be the
positive root system of R corresponding to A as in Theorem 2.1.11. Define the set of

FUNDAMENTAL WEIGHTS {)\; € t|1 <1i <|A|} be such that
i (ta].) = (Sij, Q; € A. (2.2.4)

The Weyl group W (R) of R is then the subgroup of Aut (t@) generated by {sq|a € A},
where s, is the reflection of o in t*. As already discussed in the end of Section 2.1.2, W (R)
is a Coxeter group with a simple system s: A — W (R). The nodes of the Coxeter diagram
of W (R) correspond to elements of A. The DYNKIN DIAGRAM %, of g is constructed

from the Coxeter diagram of W (R) by replacing all the edges labelled by 3, 4, and 6 with
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single, double, and triple edges, respectively, and decorating with an arrow on double and
triple edges pointing toward the shorter roots. In particular, the Dynkin diagram of a split
simple Lie algebra over arbitrary field of characteristic zero is of type A,, where n > 1, B,
where n > 2, C,, where n > 3, D,, where n > 4, G, Fy, Eg, E7, or Eg (see [Jac79]|, Chapter
IV, Section 6).

Remark 2.2.53. Suppose that g is reductive. Then, by Corollary 2.2.27, g = 3 (g) ® s, where
5 is a semisimple Lie algebra. We may allow using the Dynkin diagram % to represent g,

i.e., 9y = P, but the reader need to keep in mind that g is also equipped with 3 (g).

Since R is a maximal additively closed subset of R such that R N—R™ = (), then, by

Proposition 2.2.52, any subalgebra b of g of the form

b:=t® P ga

a€ERT

is a Borel subalgebra of g. Conversely, a Borel subalgebra b of g containing t determines
a maximal additively closed subset A of R such that AN —A = (). Then A is a positive
root system. Theorem 2.1.11 implies that there is a unique simple system contained in
A. Therefore the Borel subalgebras b containing t correspond bijectively to the simple
systems A := Ay of R. Note that, with respect to the Killing form of g, we have

bt = @ go = nil(b) C b. Therefore every Borel subalgebra of g is a parabolic subalgebra.

aERT
Let p be a parabolic subalgebra of g containing t. Then

p=teo @gm

CXERP

and, with respect to the Killing from of g,

pJ— = @ Ja

a€Rp\(—=Rp)

is a nilpotent ideal of p. Since R, N (=R,) is additively closed, so by Proposition 2.2.52,

EO =td @ Ja

aE'Rpﬂ(pr)

is a Lie subalgebra of g. Notice that p = po @ p*. By Corollary 2.2.40, pg = p/pl is
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reductive. We call py the LEVI SUBALGEBRA of p with respect to t.

Proposition 2.2.54. If p is a parabolic subalgebra of g containing a splitting Cartan subal-
gebra t of g, then pt = nil (p).

Proof. Let p is a parabolic subalgebra of g containing a splitting Cartan subalgebra t of g.
Since p* is a nilpotent ideal of p, so p~ C nil(p). Notice that t C p\nil(p). Thus it is
sufficient to show that g, C nil(p) for all & € Ry \(—Rp). Let a € R. Then g, + pT is a

=

subalgebra of p but not an ideal of p because if z € g_, then

[x,ga + pL} = [z,84] + [%pL} Cta+ pL,

where to, = [ga, §_a] C t . Therefore p = nil (p). O

The following Lemma gives us an idea to characterize parabolic subalgebras containing

t by using a certain subset of R.

Lemma 2.2.55. Let A C R. There exists a parabolic subalgebra p of g containing t with
Rp =R\A if and only if AN (—A) =0 and R\A is additively closed.

Proof. Assume that AN(—A) = 0 and R \ A is additively closed. Then A is additively closed;
for «, B € A such that a4+ 3 € R, suppose that o+ ¢ A, then « = (a4 8)+(—8) € R\A

which is a contradiction because —3 € —A C R\A. Let p := t® GB go- Then, by
a€R\A
Proposition 2.2.52, p is a Lie subalgebra of g. Moreover, p+ C @ 0o Since AN(—A) =0,
ace—A
p' is a nilpotent subalgebra of p.

Conversely, let p is a parabolic subalgebra of g. Denote A := R\R,. Then R\A =
R, is additively closed. Suppose, for a contradiction, that A N (—A) # (. Assume that
a € AN(—A). Then gio € p but giq C pL. This implies that p- Z p, a contradiction.
Therefore AN (—A) = (. O

Remark 2.2.56. Let p be a parabolic subalgebra p of g containing t. Then Lemma 2.2.55
tells us the subset A := R \R, have the property that AN—A = (). Since R\ A is additively
closed, so is R \(—A). Hence, by the proof of Lemma 2.2.55, we see that

pi=te @ ga—t69 P oo

a€R\(— aE—Ry
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is a parabolic subalgebra of g containing t. Moreover, pg = pNp =t P @ o is a
a€ERpN(—Ryp)
Levi subalgebra. Therefore p and p are complementary.

Corollary 2.2.57. Any parabolic subalgebra p of g containing t contains a Borel subalgebra

containing t.

Proof. Let p be a parabolic subalgebra of g containing t. By Lemma 2.2.55, there exists a
subset A € R such that R\A = R, where AN(—A) =0 and R\ A is additively closed. For
any o € R\(AU (—A)), one can construct an additively closed subset B of R containing
both —A and « such that BN—B = (. Let A’ be the maximal additively closed subset of R
containing — A such that A/N—A" =@ and A/U—-A" =R, i.e., A’ is a positive root system of

R. Then b =t& @ga is a Borel subalgebra contained in p because A’ C R\A =R,. O
acA’

Remark 2.2.58. Given a Borel subalgebra b of g containing t. Therefore Lemma 2.2.55 tells
us that the parabolic subalgebras p containing b, called STANDARD PARABOLIC SUBAL-
GEBRAS, correspond bijectively to the subsets Ay N (R\(=Ryp)) of the simple system
A(gp)- Thus the parabolic subalgebras p containing b correspond bijectively to the DEC-
ORATED DYNKIN DIAGRAMS %,; the decoration of the Dynkin diagram is obtained by
crossing the vertices corresponding to the simple roots in A ) N (R\(=Ry)). Note that
if g is reductive, we still be able to use the same terminology for the decorated diagram
representing its parabolic subalgebras because parabolic subalgebras of g contain 3 (g).
According to Remark 2.2.53, we also represent the Levi subalgebra py (and the Levi
factor pg) of a standard parabolic subalgebra p by the Dynkin diagram of its semisimple
part which is a sub-diagram of Z; obtained from removing all the crossed nodes in %, and
edges adjacent to it. The number of crossed nodes in %, is equal to the dimension of the

center of py.

Lemma 2.2.59. Let p and q be parabolic subalgebras of g containing a splitting Cartan
subalgebra t. Then g = p+q if and only if p contains a Borel subalgebra of g complementary

to one contained in q.

Proof. Suppose that p contains a Borel subalgebra b complementary to a Borel subalgebra
b contained in q. Then g =b +bC p+q.

Conversely, assume that g = p + q. Let R be the root system in g with respect to t. By
Corollary 2.2.48, p = t @ @ go is a parabolic subalgebra of g complementary to p but

ac—Ryp
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co-standard with q. Then pNq is a parabolic subalgebra, and so by Corollary 2.2.57, there is
a positive root system R* of R such that RT C RgNRq = (=Ry) NRy. Hence —RT C R,

Therefore b = t @ @ go is a Borel subalgebra contained in p and complementary to the
ae—R*
Borel subalgebra b = t @ @ ga C q. O
a€ERT

Remark 2.2.60. Assume that p and q are parabolic subalgebras of g containing the splitting
Cartan subalgebra t. Denote t := (p N q) +q*-. Then we have seen that the nilradical of t is
— (pL N q) +q* (see Equation (2.2.3)). We now compute tp. Since t C pNq, hence t C «.
Let R be the root system in g with respect to t. Consider the root space decomposition of

T

t=to | P gt P 0

a€RpNRy a€R, 1

So

R = (RyNRy)UR,:
= (RyNRg) LR

= (Rﬁo N Rﬁo) U (7QPL N RHO) |‘”zﬁlL‘

Since (RPL N Rﬁo) UJ RqL = (RPL N Rq) U RqL, we have R, = (Rﬁo N Rﬁo) U (RPL N Rq) U

RqL . Consider

(Ryr NRy) N—=(Ryr NRy) S Ryr N—Ryr =10,
(Ryr NRy) N—Ryr = (Ryr NRy) N(=Rq\Rq) =0,

qu N —RqL = 0.
Hence if z € (Rpj_ N Rq) URgL, then —z ¢ (Rpj_ N Rq) URgyr. This implies that
Rzy = Ry, N Ry, and Ry = (Rpj_ NRq) U Ry

Therefore Ty = po N qo.

Example 2.2.61. Let V' be an n-dimensional vector space and g := pgl,, (V) and . Let
p and q be maximal parabolic subalgebras of g such that p # q and v := (pNgq) + q*+.
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According to Proposition 2.2.47, we can choose t C p N q a Cartan subalgebra.

In the case that p and q are co-standard, we choose a suitable basis {e; |1 <i<n} of V
so that p and q are standard parabolic subalgebra. Then there are two sequences of nested
subspaces

{0} cUCV and {0} CcWCV

where U := (ey,...,es) and W := (ey,...,e), such that their stabilizers in g are p and q,
respectively. p (resp. q) consists of upper-triangular block diagonal matrices of the form
A] * Bl *
resp.
0 A2 0 B2
where A; and Ay (resp. By and Bs) are respectively s X s and (n — s) X (n — s) (resp. t x ¢
and (n —t) x (n — t)) blocks. Thus the Lie subalgebra t consisting of upper-triangular block

diagonal matrices of the form

Ml * *
0 My, =« if s<t
0 0 Ms

where My, My, and Ms are respectively s x s, (t — s) x (t — s), and (n — ) X (n — t) blocks
if s < t, or respectively ¢t x t, (s —t) X (s —t), and (n —s) x (n — s) blocks if s > ¢, is a
standard parabolic subalgebra. Moreover, we see that t is the stabilizer in g of the sequence

of nested subspaces

{0cUcCcWcVifs<tor {0}CcWcCUCcCVifs>t.

In the case that g = p + g, we choose a suitable basis {e;|1 <i<n} of V so that
q are standard parabolic subalgebra and, by Lemma 2.2.59, p contain the complementary

standard Borel subalgebra. Then there are two sequences of nested subspaces

{0} cUCV and {0} CcWCV

where U := (ep—s4+1,...,6n) and W := (e1,...,e;), such that their stabilizers in g are p

and q, respectively. p (resp. q) consists of lower-triangular (resp. upper-triangular) block
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diagonal matrices of the form

Al 0 Bl *
resp.
* A2 0 B2
where Ay and As (resp. By and Bsg) are respectively (n — s) x (n — s) and s X s (resp. t x t

and (n —t) x (n —1t)) blocks. Thus the Lie subalgebra t consists of block matrices of the

form
M, x *

0 M, 0 | ifUNW=/{0}
0 * M3

where My, My, and Ms are respectively ¢t X t, (n — s —t) x (n — s —t), and s x s blocks, or

M1 0 *
0 0 M;

where Mj, My, and Ms are respectively (n —s) x (n—s), (s+t—mn) x (s+t—n), and
(n—t) x (n —t) blocks. Moreover, we see that v is the stabilizer in g of the sequence of

nested subspaces

{0ycWcCcU+WcCV HUNW ={0},

or

{0}cUNWcCcWcCV fU+W =W

Remark 2.2.62. From Example 2.2.61, ¢ is in general the stabilizer in g of the sequence of

nested subspaces

{0} CUNWCWCU+WCV.

2.3 Algebraic groups

This section, we introduce algebraic groups from the functorial viewpoint review the ba-
sic results (without proof), and discuss a method for passing from algebraic groups to Lie
algebras. We also discuss about algebraic subgroups of an algebraic group and their corre-

sponding Lie algebras that are needed later in this thesis. For more details about algebraic
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groups, we refer the reader to [Ayo|, [Mill2a], and [Milll]. Here we define algebraic groups

over an arbitrary field F, otherwise stated, and state some basic properties of them.

2.3.1 Basic definitions and properties

Definition 2.3.1. An ALGEBRA over a commutative ring R or an R-ALGEBRA is an R-
module A together with a map, called the multiplication map, m : A x A — A such that

(A, m) is a commutative ring and m is R-bilinear, i.e., for all a,b € A and r € R
r-(ab)=(r-a)b=a(r-b),

where - denotes the R-action on A.

We say that an R-algebra A is FINITELY GENERATED if it is isomorphic to the quotient of

a polynomial algebra R [X;, Xo,...,X,]. If A is a finitely generated R-algebra, we denote
spm (A) :={A' C A ’A' is a maximal ideal of A},
endowed with the topology for which the closed sets are those of the form
{A"espm(A)|A' D A"},

for any ideal A” in A.

Definition 2.3.2. An ALGEBRAIC GROUP over a field F is a functor G : Algy — Grp from
F-algebras to groups such that its composition with the forgetful functor F' : Grp — Set is

representable, i.e., there exists a natural isomorphism such that
F oG = Hompyg, (A4, —),

for some finitely generated F-algebra A. Any such A is called the COORDINATE RING of

G and we will denote it by O (G).

An ALGEBRAIC SUBGROUP (resp. NORMAL ALGEBRAIC SUBGROUP) H of an algebraic

group G is a subfunctor of G such that H (A) is a subgroup (resp. normal subgroup) of
G (A), for all A € Algy, and O (H) is a quotient of O (G).
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Remark 2.3.3. [Mill2a], Chapter IX, Theorem 2.1, Theorem 4.4, and Theorem 5.1 show that

the standard isomorphisms in group theory hold for algebraic groups.

Example 2.3.4. (EXAMPLES OF ALGEBRAIC GROUPS)

1. Let G, be the functor from Algg to Grp given by A — (A, +). Then
F oG, (A) = Hompyg, (Fz], A).

Then G, is an algebraic group, called the ADDITIVE GROUP.
2. Let Gy, be the functor from Algp to Grp given by A — (A*,m), where A* is the

group of elements with a multiplicative inverse in A. Then

F oGy, (A) = Homapyg, <M,A> )

Then G, is an algebraic group, called the MULTIPLICATIVE GROUP.
3. Let GL,, be the functor from Algy to Grp sending an F-algebra A to the set of all

invertible n X n matrices with entries in A. Then

FoGL, (A) ~ HomAngF < [$117$22, 7xnnay] A) :

(det (zij)y —1)

where det (z;5) = Z sign (0) * T15(1) ' * * Tpo(n)- Therefore GLy, is an algebraic group, called

O’GSn
the GENERAL LINEAR GROUP.

Let G be an F-algebraic group. For any g € G (F),
g:0(G) — F;

we let O (G)yey(q) be the ring of fractions obtained from O (G) by inverting the elements of
the set {f € O(G)|f(g9) # 0}

Definition 2.3.5. An algebraic group G is said to be FINITE if O (G) is a finite F-algebra,
i.e., finitely generated as a vector space. An algebraic group G is said to be SMOOTH if
spm (O (G)) is smooth, i.e., F, @ O (G) is regular (see [Mill12a], Chapter VI, 7.3), where Fy
is an algebraic closure of F. An algebraic group G is said to be CONNECTED if spm (O (G))

is connected (as a topological space). The IDENTITY COMPONENT of G is denoted by G°.
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Theorem 2.3.6. Every algebraic group over a field of characteristic zero is smooth.
Proof. [Mill12a], Chapter VI, Theorem 9.3. O

Let G be an algebraic group over F. Let R be an F-algebra. An R-algebra A can be

regard as an F-algebra, thus
Ggr: Algp — Grp; A — G (4)

is a functor. If G is an algebraic group, then so is Gr with the coordinate ring O (Gg) =

R ®r O (G) because, for any A € Algp,
Homayg, (O (Gr),A) = Homag, (R®r O (G), A).

The algebraic group Gg is an EXTENSION BY SCALARS of G.

Definition 2.3.7. Let G and G’ be algebraic groups. a map f : G — G’ is an ALGEBRAIC
GROUP HOMOMORPHISM if it is a natural transformation of functors and f (A) : G (4) —

G’ (A) is a group homomorphism for all A € Algg.

Proposition 2.3.8. For any algebraic group homomorphism f : G — G', there is an alge-

braic group N of G such that

N : Algz — Grp; A Ker (f (A) : G (A) — G' (A))
and its coordinate ring is O (G) /IO (G), where I is the kernel of the identity element
e: O(G") = F of G (F), and Iz O (G) is the ideal generated by its image in O (G).
Proof. See |Mill2a], Chapter VII, Proposition 4.1. O
Remark 2.3.9. The algebraic group N is called the KERNEL of the homomorphism f.

Definition 2.3.10. An algebraic group homomorphism f : G — G’ is said to be SURJEC-
TIVE if for every F-algebra A’ and ¢’ € G’ (A’), there exists a faithfully flat A’-algebra A,

i.e., taking the tensor over A’ with A through a sequence gives an exact sequence if and only
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if the original sequence is exact, and g € G (A) mapping to the image of ¢’ in G’ (4).

a4 1Y ara) E|g+—>T
G () G (A) J.

A surjective algebraic group homomorphism f : G — G’ with the kernel N is called the
QUOTIENT of G by N, and G’ is denoted by G /N .

Proposition 2.3.11. If f : G = G’ and ' : G — G" are quotient maps with the same

kernel. Then there is a unique algebraic group isomorphism u : G' — G" such that uo f = f.
Proof. See |Mill2al, Chapter VII, Corollary 7.9. O

Proposition 2.3.11 implies that the quotient is uniquely determined up to a unique alge-

braic group isomorphism.

Proposition 2.3.12. Quotients of smooth algebraic groups over a field are smooth algebraic

groups.
Proof. |Mill12a], Chapter VII, Proposition 10.1 and Chapter VIII, Proposition 8.6. O

Theorem 2.3.13. For any normal algebraic subgroup N of an algebraic group G, there

exists a quotient map with the kernel N.
Proof. See [Mill2al, Chapter VIII, Theorem 19.4. O

Definition 2.3.14. A LINEAR REPRESENTATION of G on an F-vector space V is an

algebraic group homomorphism r : G — GLy, where

GLy : Algr — Grp; A— GL(A®p V).

Let 7 : G — GLy be a representation of GG, and let W be a vector subspace of V. The

functor

Stabg (W) : Algp — Grp
A = {geGA)|lg-(AerV)=AxrV}
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is an algebraic subgroup of G (see [Mill2a], Chapter VIII, Proposition 12.1)
For a subgroup H of an F-algebraic group G and g € G (A), let 9H : Algy — Grp be a

functor defined by
IH(A):=g-H(A) g,

for all A € Algp. Define

Ng (H) : Algg — Grp

A {geGAYHA)=H(A)}.

Proposition 7.39, Chapter I in [Milll] shows that Ng (H) is an algebraic subgroup of G.

For each n € Ng (H), we have a natural transformation
in: H(A) = H(A): hw nhn™!,
of H. Define

Zq(H) : Algp — Grp

A {né€ Ng(H)(A)lip =idpy}.

Proposition 7.44, Chapter I in [Milll| shows that Zg (H) is an algebraic subgroup of G if

H is locally free.

Definition 2.3.15. For any locally free subgroup H of an F-algebraic group G, the F-
algebraic group Ng (H) is called the NORMALIZER of H in G and the F-algebraic group

Zq (H) is called the CENTRALIZER of H in G.

2.3.2 Lie algebras of algebraic groups

Let G be an algebraic group over a field I, and let F [¢] := F [z] /(3:2) be the ring of dual

numbers. Then F [¢] = F & Fe as a vector space. We have a short exact sequence
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where i (a) = a+ O, and 7 (a + be) = a, and so

G(i) G(m)

0——GF) LG (F[) G (F) —=0.

Denote
Lie (G) :=ker (G (7) : G (F[e]) — G (F)).
Remark 2.3.16. Lie (G) is the tangent space of O (G) at 1¢.
Proposition 2.3.17. Let ' be a field containing F. Then Lie(Gy) = F' @ Lie(G).
Proof. |[Mill12a], Chapter XI, Proposition 6.1. O

Proposition 1.11 in [Mill11] shows that Lie (G) has the structure of F-vector space. More-
over, Lie is a functor from the category of algebraic groups to the category of F-vector spaces.

For any F-algebra A, we have an exact sequence

0 A—'s Ale] T4 0,

where i (a) = a+ O, and 7 (a + be) = a, and so

e 2™y —o.

0 G (A)

Let g (A) :=ker (G (7) : G (A[e]) = G (A)), where Ae] :=F[e]@r A = A[X] /(X?). Then
g(A) =2 A®p g (F) (See [Milll]|, Chapter II, Remark 1.29). Define

Ad: G (A) = Aut (g (A)),

where Ad (g) (z) = (G (i) (g9)) - - (G (i) (g)) ", for all g € G(A) and = € g(A). Then

Ad (g) € Aut (g (A)). This gives a natural transformation, called the ADJOINT MAP,
Ad: G — Aut (g) = GLg,

i.e., it is a homomorphism of algebraic groups. By applying the functor Lie to the algebraic

group homomorphism, we have a homomorphism of vector spaces

ad := Lie (Ad) : Lie (G) — Lie (GLg)
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In [Mill12al|, Chapter XI, Section 8, it is shown that ad defines a Lie bracket on Lie (G), and

so Lie (G) is a Lie algebra.

Definition 2.3.18. The LIE ALGEBRA of an algebraic group G is the vector space

Lie (G) :=ker (G (7)) : G (F[e]) — G (F)),

together with the Lie bracket [, ] : Lie (G) x Lie (G) — F; (z,y) — [z,y] ;== ad (z) (y) .
For a standard convention, we will write g for Lie (G), b for Lie (H), and so on.

Example 2.3.19. Let G = GL, and I,, be the identity n x n matrix. For any n X n matrix
A,
I,+eAeGL, (F(e),

and

(I, +cA) (I, — eA) = ..

Thus I,, + €A € Lie (GL,,). Moreover,

gl,, ;== Lie (GL,) = {I, + cA|A € M, } = M,,

where M,, : Algrp — Grp; A — M, (A) is a functor sending F-algebra A to the set of all
invertible n x n matrices with entries in A. Then gl,, is a Lie algebra over F, with the Lie

bracket [A, B] = AB — BA.

Definition 2.3.20. Let G be a connected algebraic group over a field of characteristic zero.
Then G is said to be UNIPOTENT, SOLVABLE, REDUCTIVE, SEMISIMPLE, or SIMPLE if

its Lie algebra g is nilpotent, solvable, reductive, semisimple, or simple, respectively.

Example 2.3.21. The algebraic group GL,, is reductive. Its quotient by its center,

PGL,, := GL,, /G,

is semisimple.

Definition 2.3.22. Let g be a Lie algebra over F. The ALGEBRAIC ADJOINT GROUP of

the Lie algebra g is the smallest algebraic subgroup of GL (g) where its Lie algebra contains
ad (g).
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2.3. Algebraic groups

Theorem 2.3.23. Assume that F is an algebraically closed field of characteristic zero. For
every finite-dimensional Lie algebra g over IF, there exists a connected algebraic group G with

the unipotent centre such that Lie(G) = g.
Proof. See [HocT1]. O

Proposition 2.3.24. For any F-algebraic group G,
(1) dim(Lie(GQ)) > dim (G), with the equality if and only if G is smooth.
(2) If V' is a representation of G and W C 'V, then

Lie (Stabg (W)) = Stabpicc) (W) .

In particular, if W is stable under G, then it is stable under Lie (G).

Proof. (1)|[Mill12a], Chapter XI, Proposition 16.2. (2) [Mill2a], Chapter XI, Proposition
16.15 and Corollary 16.16. O

Proposition 2.3.25. Let G, K, and Q be algebraic groups over a field F of characteristic
zero. If
1 K G Q 1

18 exact, then

0 —— Lie(K) —— Lie(G) —— Lie(Q) ——=0
1s ezxact.
Proof. [Mill2a|, Chapter XI, Proposition 16.7. O]

Theorem 2.3.26. Let G be a connected algebraic group over a field F of characteristic zero.
Then we have that:

(1) The correspondence H w— b := Lie(H) is injective and inclusion preserving between
the collection of closed connected subgroups H of G and the collection of their Lie algebras,
regarded as subalgebras of g := Lie (G).

(2) Let f and f' are algebraic group homomorphism from G to an F-algebraic group H.

If Lie(f) = Lie(f’), then f = f'.

Proof. [Mill2al|, Chapter XI, Theorem16.11 and Proposition 16.13. O]
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Definition 2.3.27. A SPLITTING TORUS is an algebraic group isomorphic to a finite
product of copies G,,. A TORUS is an algebraic group 7" such that 7%, is a split torus. A
MAXIMAL TORUS of an algebraic group is a subgroup which is a torus and is maximal

among all tori contained in G.

Theorem 2.3.28. Let G be a split reductive algebraic group, i.e., a reductive algebraic
group containing a splitting mazximal torus . All split maximal tori in G are conjugate by an

element of G (F).

Proof. |Milll], Chapter V, Theorem 2.19. O

Definition 2.3.29. Let G be a reductive algebraic group over a field F and let T" be a

maximal torus of G. The quotient
W (G, T) == N¢ (T) (F) /T (F)

is called a WEYL GROUP of G.

Definition 2.3.30. A BOREL SUBGROUP of an F-algebraic group G is a smooth subgroup

B such that Bp,, is a maximal smooth connected solvable subgroup Gr,,, where [y is an

al?

algebraic closure of F.

Theorem 2.3.31. Let G be a reductive group over a field F.
(1) If B is a Borel subgroup of G, then G /B is a projective variety.
(2) Any two Borel subgroups of G are conjugate by an element of G (F ).

Proof. [Milll], Chapter V, Theorem 3.21. O

Corollary 2.3.32. Let g be a finite-dimensional Lie algebra over an algebraically closed field
F of characteristic zero and G be a connected algebraic group over F with the Lie algebra g.

Any two Borel subalgebras of g are conjugate by an element Ad(g) for some g € G.

Proof. This is a consequence of Theorem 2.3.31, (2). O

Theorem 2.3.33. (BRUHAT DECOMPOSITION) Let G be a split connected reductive algebraic
group over a field F. Let B be a Borel subgroup of G and T be a maximal splitting torus of
G contained in B. Then

G= || BwB

weW (G.T)
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2.3. Algebraic groups

where W € Ng (T) is a representative of w. In particular, each BwB, where w € W (G.T),

1s called BRUHAT CELLS.
Proof. [Spr98|, Theorem 8.3.8. O

Remark 2.3.34. Since B = UT, where U is the unipotent radical of B, if wg is the longest
element in W (G, T), then

BwgB =UTwyB = UwgI'B = UwygB =wyU™ B

where U~ is the unipotent radical of the Borel subgroup B~ opposite to B. [Spr98|, Corollary
8.3.11 shows that BwgB is an open subset of G} it is called the BIG CELL.

2.3.3 Parabolic subgroups of algebraic groups

In this section, we assume that F is algebraically closed and has characteristic zero.

Definition 2.3.35. Let G be a connected algebraic group over F. An algebraic subgroup

P of G is PARABOLIC if it contains a Borel subgroup of G.

Theorem 2.3.36. Let G be a connected algebraic group over F. An algebraic subgroup P

of G is parabolic if and only if G /P is a projective variety,called « FLAG VARIETY.

Proof. [Milll], Chapter V, Theorem 3.27. O

Proposition 2.3.37. Let G be a connected algebraic group over F. Two parabolic subgroups

containing the same Borel subgroup and conjugate under G (F) are equal.

Proof. Suppose that P is a parabolic subgroup of G such that

B C PngPg™!,

where B is a Borel subgroup of G and g € G (F). Then BUgBg~! C P. Since B is connected,
B and gBg~! are Borel subgroups of P°. By Theorem 2.3.31, there exists p € P° (F) such
that B = pgBg~1p~!. Since Ng (B) = B (see [TY05], Theorem 28.4.2), pg € B (F) C P (F).
Therefore g € P (F), and so P = gPg~ 1. O]

Suppose that G be a connected semisimple algebraic group. We choose B be a Borel

subgroup of G and T" be a maximal torus of G contained in B. For any dominant weight
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2.3. Algebraic groups

A € t¥) i.e. a non-negative linear combination of fundamental weights defined in Equation
(2.2.4), let V), be the irreducible G-representation with the highest weight A and 1 ®p vy a
highest weight vector. Then, for any A € Algy, the stabilizer of A ® vy in G (A) contains
B (A); thus it is a parabolic subgroup. Therefore we can obtained the flag varieties in terms

of the fundamental weights.
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Chapter 3

Incidence geometries and buildings

In this chapter, we will introduce the notion of a parabolic configuration which is a morphism
between two certain incidence geometries. We will also show how to construct parabolic

configurations from a given algebraic group.

3.1 Incidence systems and geometries

We recall some terminology on incidence systems and geometries. More detailed overviews

of incidence systems and geometries can be found in the books [BC13|, [Bue95|, and |Pas94|

Definition 3.1.1. An INCIDENCE SYSTEM over a set N (of types) is a set A equipped
with a reflexive symmetric relation | C A x A, called the INCIDENCE RELATION, and a
surjective map t : A — N, called the TYPE FUNCTION, such that for each a,b € A,

if (a,b) €l and t(a) =t (b), then a = b. (3.1.1)

In particular, an incidence system A is said to be FINITE if |A| < co. The cardinality of N

is called the RANK of A.

Remark 3.1.2. By the property of an incidence system A over N, we have A is a disjoint

union of fibres
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3.1. Incidence systems and geometries

and [ is a disjoint union of incidence relations between elements of types
Iij =1N (A,L X Aj) CA; x Aj,

for i,j € N.

One may think of an incidence system A over N as an N-partite graph on A defined by
the incidence relation. An incidence system A is said to be connected if its incidence graph

is connected.

Example 3.1.3. Let V be a vector space of dimension n > 2 over a field F and Proj (V') be

the set of nonzero, proper subspaces of V. Define
| = {(a,b) € Proj (V) x Proj(V)|laCborbCa}

and t : Proj(V) — [n] := {1,2,...,n—1}, a — dim(a). Then Proj(V) is an incidence

system over N called the PROJECTIVE INCIDENCE SYSTEM of V.

Definition 3.1.4. Let A and A’ be incidence systems over N. A STRICT INCIDENCE
SYSTEM MORPHISM 1 from A to A’ is a morphism from A to A’ preserving the incidence
relation and types, i.e., for all a,b € A, if (a,b) € | then (¢ (a), (b)) € I, and the following

diagram commutes:
Y

N

Remark 3.1.5. If ¢p : A — A’ is a strict incidence system morphism between incidence

A A’

systems over IV, then by the property of ¢, we have
Vi = la, A= AL
and
Yig o= (i) | iy = 1y,

fori,j € N.

In particular, the identity morphism id : A — A is a strict incidence system morphism

and the composition of strict incidence system morphisms ¢ : A — A’ and ¢/ : A" — A",
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3.1. Incidence systems and geometries

defined by

Yo A — A
a = P (¥(a)),

is again a strict morphism. Thus the incidence systems over N together with their strict
morphisms form a category called the CATEGORY OF INCIDENCE SYSTEMS OVER NV,
denoted by ISys,. Note that a strict isomorphism is not just a bijective morphism. Indeed,
we have the following.

Lemma 3.1.6. Let A and A’ be incidence systems over N. A map v : A — A’ is a strict

incidence system isomorphism if and only if 1¥; and 1);; are bijective for all 1,5 € N.

Proof. Assume that v is a strict incidence system isomorphism. By remark 3.1.5, for each
1,7 € N, the subscripts ¢ and 45 may be respectively considered as functors A — A; and
A — 1;; from the category of incidence systems A over N to the categories of sets. Therefore
if » : A — A’ is an incidence system isomorphism, then both ¢; and 1;; are bijective for
all i, € N because A; and |;; are functorial.

Conversely, assume that 1; and 1);; are bijective for all i,57 € N. We will show that
1 : A — Al is a strict incidence system isomorphism. Define 9’ : A — A be a map such
that ¢ is the inverse of 1; for all i € N. Let 4,j € N. If (a/,b') € I;, then there exists

(a,b) € l;; such that v (a,b) = (a/,") because 1;; is surjective; whence

Wi (d8) = vl 0 (a,b) = (¥ 09 (a) , 1) 0 (b)) = (a,b) € Iy
Hence ¢’ : A — A is a strict incidence system morphism. One can easily check that

Yoy = id:A— A
o = id: A — A
Therefore 1) : A — A’ is a strict incidence system isomorphism. O
Therefore Aut (A) C HSym (A;) where Aut (A) is the set of all incidence system auto-

1EN
morphisms of an incidence system A over N. Given an incidence system A over N and a
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3.1. Incidence systems and geometries

map v : N’ — N, one can construct an incidence system over N’ as follows: set

VA = Au(z)7
and
Vg = Lgiw()-
Then the set v*A = |_| v*A; is an incidence system over N’ with the incidence relation
1EN’

vl = |_| v*l;; and the type function v*t : v*A — N’ given by v*t (a) =i for all a € V*A;

u,jeN’
and 7 € N'.

Definition 3.1.7. Let A be an incidence system over N and v : N’ — N be a map. Then
the incidence system v*A is called the PULL BACK INCIDENCE SYSTEM of A over N’
induced by v. In particular, if v is the inclusion map of a subset N’ C N, then v*A C A;

whence we call v*A an INCIDENCE SUB-SYSTEM of A over N’, denoted precisely by (A) y..

If 4 : A — A’ is a strict incidence system morphism between two incidence systems

over N and v : N’ — N is a map, then the map
v VA — A

defined by
V= Y e, = o) 1 A = Al

for all 7 € N’, is well-defined and preserves the incidence relation because 1 does; whence
v*y) is an incidence system morphism. Therefore v* is a functor from ISysy to ISysy:.
We shall now use such functors to define an incidence system morphism between any two
incidence systems over different set of types.

Definition 3.1.8. Let A and A’ be incidence systems over N and N’, respectively. An
INCIDENCE SYSTEM MORPHISM W : A — A’ over a map v : N’ — N is a strict incidence

system morphism ) : v*A — A’. In particular, we say that the morphism ¥ is INJECTIVE
(resp. SURJECTIVE) if ¢ : v*A — A’ is injective (resp. surjective).

Remark 3.1.9. A strict incidence system morphism between two incidence systems over N

is indeed an incidence system morphism over the identity map id : N — N.
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3.1. Incidence systems and geometries

Notation 3.1.10. Denote Mor, (A, A") the set of all incidence system morphisms from A to
A’ over the map v : N' — N. In particular, if v = id, then we will write Mor (A, A’) instead
of Moriq (A, A).

If :A— A’ and ¥ : A’ — A” are incidence system morphisms over maps v : N’ — N
and v/ : N” — N’ respectively, then we define that the composite morphism ¥ oW : A — A”

over the map vov/ : N” — N is given by the strict incidence morphism
Yo (V) Y (V) (W (A) = (V) (A) — A"

One can check that the composition of incidence system morphisms is associative, and so
incidence systems over arbitrary sets together with their incidence system morphisms over
arbitrary maps form a category called the CATEGORY OF INCIDENCE SYSTEMS, denoted

by ISys.

Definition 3.1.11. Let A be an incidence system over N. A FLAG f of A is a set of mutually
incident elements of A. If f is a flag of A, then we say that f is of TYPE ¢ (f) := {t (z) |z € [}
and of RANK |t (f)|. A FULL FLAG of A is a flag of type N. The RESIDUE of a flag f of
A, denoted by Res (f) is a subset of A consisting of all z € A\ f such that (z,y) € | for all
y € f. The TYPE of Res (f) is N\t (f). We will denote the set of all flags of A by F (A).

Remark 3.1.12. Any flag f of A may be thought of as an injective map

fot(f) —A,

such that to f=id: ¢t (f) = ¢t (f) and (f (i), f(j)) €| for i,5 € t (f).

One can simply check that if f is a flag of an incidence system A over N, then Res (f)

is also an incidence system, called a RESIDUAL INCIDENCE SYSTEM, over N\t (f).

Example 3.1.13. Let V be a vector space of dimension n > 2 over a field F. A flag in
Proj (V) (in Example 3.1.3) is a chain of subspaces W7 C W C ... C Wj.

Definition 3.1.14. Let A be an incidence system over N. We call A FLAG REGULAR if
every maximal flag of A is full and HOMOGENEOUS if Aut (A) acts transitively on the flags
of all types, i.e., if f and f’ are flags of A with ¢ (f) = ¢ (f’), then there exists ¢ € Aut (A)
such that f" = (f) := {¢ (z) |z € f}. In particular, if there exists a subgroup G of Aut (A)
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which acts transitively on the flags of all types, then we say A is G-HOMOGENEOUS; this
clearly implies A is homogeneous. If A is flag regular and homogeneous, then we say that A

is an INCIDENCE GEOMETRY over N.

Remark 3.1.15. The definition of “incidence geometry” used here is a little stronger than
what may be found in [BC13] because we impose that its automorphism group must acts
transitively on the flags of all types. However, it is still a geometry in the Buekenhout’s
sense.

Let A be a G-homogeneous incidence system over N. By using the orbit-stabilizer

theorem, we have that, for any 7,5 € N, if x € A; and y € A; such that (z,y) € l;;, then

B |Stabg ()]
((Res <{rc})>j\ ~ |Stabe (x) N Stabe (y)|’

where Stabg (a) :=={g € G|g-a = a} for all a € A. Moreover, for any z € A;, thereis g € G

such that z = ¢ - z, and so

(Res({z})); = {a€Aj|(z,a) €y}
= {9-a€Ajl(z,a) €y}

= g-(Res({z}));

because G C Aut (A); therefore ‘(Res ({x}))J’ = ‘(Res ({z}))]‘ Hence each element in A, is
incident with a certain number of elements in A;. This tells us that the incidence structure
of the incidence sub-system Ay; ;1 is symmetric and we can explicitly write the incidence

structure as follows.

Definition 3.1.16. Let A be a incidence system over N and G be a subgroup of Aut (A)
such that A; is G-homogeneous for all ¢ € N. For any 7,5 € N, we will denote the incidence
sub-system (A) y; ;3 of A by

c d

R

where |A;| = a, |A;| = b,

(Res({x}))j‘ = ¢, |(Res ({y})),] = d for any = € A; and y € A;.

We will call this the SUMMARY of Ag; ;.
Remark 3.1.17. Let A be a incidence system over N and G be a subgroup of Aut (A) such
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that A; is G-homogeneous for all i € N. For any i,j € N, if x € A; and H := Stabg () C G,
then the action H on A; (resp. Aj) decomposes A; (resp. A;) into disjoint orbits. Moreover
each orbit in A; /H has certain incidence relation with each orbit in A; /H. We are thus
able to construct an incidence graph, called the BRANCHED SUMMARY for (A) (i,j}> DY
writing the elements in A; /H on the right and the elements in A; /H on the left and drew

the line joining between any orbits if they are incident.

Example 3.1.18. Consider a complete quadrangle whose vertices are labelled by 1,2, 3, and
4. We will assume that the line joining between the vertices labelled by ¢ and j is labelled
by (i,j) for all 4,5 € {1,2,3,4}.

The complete quadrangle is an incidence system consisting of a collection of vertices and
a collection of lines. The symmetric group Sy is the automorphism group of this incidence

system. Moreover the set of all vertices (resp. lines) are Sj-homogeneous. Since

Stabs, (1) = {e, (23), (24), (34) , (234) , (243)} ,

we will see that this group acts on the set of all vertices (resp. lines) and decomposes it in
to disjoint orbits. Thus we have the branched summary and the summary for this incidence

system as in Figure 3.1.1.

66



3.1. Incidence systems and geometries

Lines Vertices

1 1

{(1,2),(1,3),(1,4)} 3

/\

23 {2,3,4}
(2,3),(2,4),(3,4)} 3/
TOTAL 6 2 34

Figure 3.1.1: The branched summary for a complete quadrangle.

Remark 3.1.19. Each line in the branched summary in the Figure 3.1.1 shows the incidence
relation between the orbit on the left and the orbit on the right. The left (resp. right)
number appearing on each line tells us the number of elements in the orbit on the right
(resp. left) of the line incident with each element in the orbit on the left (resp. right) of the

line.

Lemma 3.1.20. Let f be a flag of an incidence geometry A over N. Then the residual
incidence system Res(f) is an incidence geometry, called a RESIDUAL INCIDENCE GE-

OMETRY.

Proof. Since A is flag regular, Res (f) is automatically flag regular. Let

G = {¥ [Res(y) [ € Stabauea) (£)} € Aut (Res (1))

Let f1 and f; be flag of Res (f) of the same type. By the definition of Res (f), we have fiU f
and foU f are full flag of A of the same type. As A is homogeneous, there exists 1) € Aut (A)
such that fo U f = ¢ (f1U f). Hence, since ¢ preserves types, 1 € Stabayya) (f) and
f2 =¥ (f1); thus Res (f) is G-homogeneous. Therefore Res (f) is an incidence geometry. [

The incidence geometries over arbitrary sets together with incidence system morphisms

then form a full subcategory of ISys, called the CATEGORY OF INCIDENCE GEOMETRIES.
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Example 3.1.21. Let V be a vector space of dimension n > 2 over a field F. By ele-
mentary facts of linear algebra, Proj (V') (in Example 3.1.3) is clearly flag regular and also

homogeneous; whence it is an incidence geometry.

Lemma 3.1.22. Let A be an incidence geometry over N and v : N' — N be a map. Then
V*A is also an incidence geometry, called a PULL BACK INCIDENCE GEOMETRY, over

N'.

Proof. Let G := {¢|,+a |t € Aut (A)} C Aut (v*A). Suppose f and f’ be flags of v*A of
the same type v*t (f) = v*t(f’). By the property 3.1.1 of an incidence system, f and f’
may be regarded as flags of A of type ¢ (f) = t (f’) with some duplicate elements. Since A
is homogeneous, then there exists ) € Aut (A) such that f' = v*¢ (f). Therefore v*A is

G-homogeneous. Moreover, f is contained in a full flag of v*A because A is flag regular. [
Therefore the category of incidence geometries is closed under pullbacks.

Proposition 3.1.23. Let A be a homogeneous incidence system over N. If A has a full flag,

then A s an incidence geometry.

Proof. Assume that A has a full flag f. We need to show that A is flag regular. Let f’ be a
flag of A. Since f is full, there exists a f” C f such that ¢ (f”) = ¢ (f’). As A is homogeneous,
there exists a ¢ € Aut (A) such that f' = (f”) C ¢ (f), whence the result. O

3.2 Coset incidence systems and geometries

We dedicate this section to investigate some properties of one of the most elementary but
interesting example of incidence systems which is one constructed from a group and some
of its subgroups. This was first introduced by Jacques Tits in |Tit62].
Let G be a group and N a finite set. Suppose that, for each ¢ € N, H; is a non-empty
subgroup of G. Then
C(G;Hjen) :={Higlge G,ie N}

is an incidence system over N with the type function

t©: C(G; Hizien) — N Hig — 1,
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and the incidence relation

€= {(ngaH]g) € C(G7 Hi:iEN) X C(Ga Hi:iGN) |g € Gaiaj S N}7

i.e., two cosets are incident if and only if they have nonempty intersection. We call the

incidence system C (G; Hj.ien) a (right) COSET INCIDENCE SYSTEM for G.

Remark 3.2.1. As there is a bijection from right cosets of H; in G to its left cosets, for all
i € N, any following result which applies to the coset incidence systems (constructed from
the right cosets) also applies to the coset incidence system (constructed from the left cosets).

Notice that C(G; H;.sen) contains a full flag {H;g|i € N}, where g € G. Hence if
C (G} Hyen) is homogeneous, then, by Proposition 3.1.23, it is an incidence geometry, called
a COSET INCIDENCE GEOMETRY for G. There is a condition that when we impose it to a
homogeneous incidence system, the homogeneous incidence system is then a coset incidence

geometry.

Proposition 3.2.2. Let A be a G-homogeneous incidence system over N. If A has a full

flag, then A is isomorphic to a coset incidence geometry for G.

Proof. Assume that A has a full flag f. Denote H; = Stab (f (1)) < G for i € N. We will
show that A is isomorphic to C(G; H;.sen). Define ¢ : A — C(G; Hyien) by

Y Aj — C(G; Hjgen)

a +—— Hjvy,

for some v € G such that v(f(j)) = a, for all j € N. Then 1 is well-defined because,

for each j € N, if 7,7 € G and v (f (j)) = 7' (f (4)), then v~ o' (f (i)) = f (i); whence
v oy € H; and so H;y = Hyy/. Assume that j, k € N and (a,b) € l;; . Since A is regular,
there exists v € G such that yo f(j) =a and yo f (k) = b. Hence

(¢ (@), (b)) = (Hiv, Hjv) €1

Hence 1 is an incidence system morphism. One can check that ; is bijective for all i € N
and thus 1;; is bijective for i, j € N. Therefore, by Lemma 3.1.6, 9 is an incidence system

isomorphism. Since A is G-homogeneous, then so is C (G; H;.;en) and whence the result. [
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Next we will consider the symmetry groups of coset incidence systems. Let C (G; Hijen)

be a coset incidence system.

Lemma 3.2.3. The map

0:G — Aut(C(G; Hjen))

g = g, (3.2.1)
where

rg : C(G; Hiien) — C(G; Hiien)

H;h — H;hg (3.2.2)
i.e., the right multiplication by g on cosets, is a homomorphism, and so
G /Kero C Aut(C(G; Hiien)) -

Proof. It suffices to check that 7y € Aut (C(G; Hy.ien)) for all g € G. Let g € G. Clearly,
for any ¢,j € N, if (H;h, Hjh) € |, then (H;hg, Hjhg) € I°. Hence ry is an incidence system
morphism. Since g € G, so ¢g~! € G and T4-1 is also an incidence system morphism. One
can check that

TgOTg—1 = id: C (G7 Hi:iGN) —C (G7 Hi:iEN) )

rg-10rg = id: C(G;Hien) — C(G; Hyien) -

g

So rg € Aut (C(G; Hy.ien)). Moreover, for any g1, g2 € G,

0(9192) = Tg1g0 =Tg1 ©Tgy = 0 (g1) 07 (g2) -

O

In general, any coset incidence geometry is not necessarily G-homogeneous as we shall

see from the following example.
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Example 3.2.4. Consider the symmetric group Sy, by the above construction, we have

A= C (S5 ((12)),((12),(13)),((12), (45)))

is an incidence system over N = {1,2,3}. There is no element s € S5 such that

{((12)),((12), (13))} - s = {{(12)), ((12) , (45)) } -

In general, a coset incidence system C (G; H;.;c n) is not necessary G-homogeneous. So we
would like to know when it is G-homogeneous; this will turn C (G; H;.;en) into an incidence

geometry.

Theorem 3.2.5. Let C(G; Hi.ien) be a coset incidence system for G. Then C(G; Hiien)

is (G /Kero )-homogeneous if and only if

(P,) for any flag f of C(G; Hi.ien), the intersection m X #0.
Xef

That is C(G; Hien) is an incidence geometry if and only if the condition (Py) is satisfied.

Proof. Assume that C(G; Hien) is (G /Kero)-homogeneous. Let ) # I C N. Then
f=A{Higlie J} is a flag of C(G; Hi.ien) of type I. Since C(G; H;ien) is (G /Kero)-
homogeneous, any flag of type I of C(G; H.jen) is then of the form {H;gh|i € I}, whence

the result.
Conversely, assume that, for each flag f of C(G; H;ien), the intersection ﬂ X is
Xef
nonempty. Let f and f’ be flags of C(G; Hyjen) with t€(f) = t¢(f’). Choose a € ﬂ X
Xef

and a € ﬂ X'. Then we have
X'ef!

Thus C(G; Hiien) is (G /Kero )-homogeneous. The final result follows immediately from

Proposition 3.2.2. 0
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Proposition 3.2.6. Let C(G; H;.ijen) be a coset incidence geometry. For any i € N,

Res({H;}) = C (Hi§ (H; N HJ):jeN\{i}) '

Proof. Let i € N. For any j € N\{i} and g € G, if (H;, Hjg) € If;, then Hjg = H;h for

some h € H;; whence

(Res ({H:})); = {H;h|h € H;}.

Define o : Res ({H;}) — C (H (H; N Hj):jeN\{i}) by

1/}]‘ : (RGS ({Hz}))J — (Hz N H]) \Hl

Hjh — (Hl N Hj) h,
for all j € N\{i}. Then for each j € N\{i} and any hy, he € H;,

Hjhi = Hjhy < hihy!' € H;
& hhy' € HiNH;

~ (HZ ﬂHj) hi = (HZ ﬂHj) hi.

Thus ) is well-defined and 1); is injective; since v; is automatically surjective, thus ¢; is
bijective.

For any j,k € N\{i}, if h,h’ € H; and (H;h, Hih') € I5;, then, by Theorem 3.2.5, there
exists b’ € H; such that (Hjh, Hih') = (H;h", Hih'"); whence

Vi (H;h", Hyh") = ((H; N Hy) B, (H; 0 Hg) h") .

So 1 preserves the incidence relation, and so it is an incidence system morphism.
Moreover, for any j, k € N \{i}, we have 1, is injective because v; and 1, are injective,
and 1)j, is clearly surjective because H; C G. Thus v, is bijective for all j,k € N \{i}.

Therefore, by Lemma 3.1.6, v is an incidence system isomorphism. O

Proposition 3.2.7. Let A, B, and C be subgroups of a group G. Then the following are
equivalent.

(i) Any cosets Az, By, and Cz which intersect pairwise have the non-empty intersection
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3.2. Coset incidence systems and geometries

Az N ByNC-z.
(ii) (ANB)(ANC)=AnNBC.
(1it) A(BNC)=ABnN AC.

Proof. (i) = (ii) It suffices to show that AN BC C (ANB)(ANC). Let a € AN BC.
Then a = be for some b € B and ¢ € C. For any « € G, the cosets Az, Bax, and Cb lax
intersect pairwise; whence Az N Bax N Cb~lax # (). Choose u € Az N Bax N Cb~'ax. Then

aru~l € AN B and uxz~! € AN C. Therefore
a= (azu™') (uz™') € (ANB)(ANCO).
(i1) = (i4i)

ABNAC

(ABNA)(ABNCO)
= ABNAANC)(BNC)
= ABnNCOC).

(iii) = (i) If Az, By, and Cz intersect pairwise, then zy~! € AB, zy~! € CB, and
zx~! € CA. Since (z:rfl) (acyfl) = zy~! € OB, there exists b € B and ¢ € C such that

zy b7t = zz7le. But 2y 'b! € AB and xzz !¢ € AC. This implies that there exists

1 1

a € Aand u € BN C such that 2y~ 'b~! = 227 '¢c = au; whence a~'z = uc™

Therefore Ax N By N Cz # . O

z = uby.

Define

(P2) : for any 0 # I C N with || > 3, there exist i,j € I such that
KﬂHiHj = (KﬂHZ) (KﬂHj),

where K = ﬂ Hy,ie., k€ K = k= kik; for some k; € KN H; and k; € KN Hj.
kel\{i,j}

Proposition 3.2.8. For any coset incidence system, the condition (Py) implies the condi-

tion (P1).

Proof. Let C(G; H;.jen) be a coset incidence system with the condition (P3) satisfied and
f be a flag of C(G; Hj.jen). We will proceed this by induction on ¢ | f].
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If t¢|f| =1 or 2, then the result is obvious.
Suppose that t|f| > 2. Let I := t°|f| and 4,j € I be such that the condition (P3)

satisfied. Denote K = ﬂ Hp and A, B € f be such that t€ (A) =i and t¢ (B) = j. Then
kel\{i,j}
by induction, ﬂ X = Kg for some g € G; moreover ANKg # 0 and BN Kg # 0.

Xef\{A,B}
Hence A, B, and K g intersect pairwise. Since

KﬂHZ‘Hj:(KﬂHZ’)(KﬂHj>,

Proposition 3.2.7 implies that AN BN Kg # (. O

Corollary 3.2.9. Let C(G; Hy.jen) be a coset incidence system with the condition (Ps)

satisfied. Then C(G; Hiien) 1S a coset incidence geometry for G.

Proof. We need to show that C(G; H;.;cn) is homogeneous but it is an immediate conse-

quence from Theorem 3.2.5 and Proposition 3.2.8. O

3.3 Coxeter incidence geometries

In this section, we explore a crucial example of incidence geometries we interested in in this

thesis.

Let W be a Coxeter group with the Coxeter diagram 2. Note that when we say W is a
Coxeter group here, we mean that it is already equipped with a simple system .S. Recall from
Section 2.1.3, the parabolic subgroup Wy is a subgroup of W for all I C &. In particular,
we denote maximal parabolic subgroups W; := W ;3 for all i € 7.

Definition 3.3.1. Let W be a Coxeter group with the Coxeter diagram 2. Then C (W) :=
C(W;W,.icq) is a (left) coset incidence system, called a COXETER INCIDENCE SYSTEM
for W.

Consider the homomorphism
oW — Aut (C(W)) : w +— Ly,

where

Ly : C(W) — C(W) : W' W; — ww'W;.
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3.3. Coxeter incidence geometries

The following shows a condition that makes Kero trivial; whence we can think of W as a

subgroup of Aut (C(W)).

Proposition 3.3.2. Let W be a Cozxeter group with the Coxeter diagram 2. Then the
homomorphism o : W — Aut(C(W)) is injective.

Proof. For any i € 2, the kernel of the action of W on W /W; under o is contained in W;.

As, by Corollary 2.1.15, sz = {1}, thus W acts effectively on H W /W;. Therefore
€D €D
the kernel of the homomorphism o is {1}, i.e., o is injective. O

To summarize, for any Coxeter group (W, .S), the group W is a subgroup of Aut (C (W)).

Corollary 3.3.3. Let W be a Cozxeter group with the Cozeter diagram 2 and C(W) be
the Cozeter incidence system for W. Then C(W) is an incidence geometry, the so-called

COXETER INCIDENCE GEOMETRY.

Proof. Let ) ## I C S with |I| > 3. Suppose that [I| = 3 and the vertices corresponding to

i1, 92, 13 in I are pairwise adjacent in Z. Let w € W;; N W;,W,,. Since w € W;,W;,, thus
x = (85,5 Sjum) (Sky Ska ** Sky)

where S, 55, - -+ S;,, is a reduced expression in W;, and S, Sk, - - - Sk, is a reduced expression
in W;,. We can obtain a reduced expression from this expression of w by using the Deletion
Condition (Theorem 2.1.7) and so again it is in W;,W;,. Since w € Wj,, there is no S;,
appearing in such reduced expression. Therefore w € (W;;, N W;,) (W;, N W;,). Hence Wy, N
Wi, Wi, = (Wi, N Wy,) (W;, N Wyy), ie., the condition (P2) is satisfied.

Otherwise there exists 4,5 € I such that there is no line joining the nodes ¢ and j, i.e.,

(S’Z-Sj)2 = 1. Denote K := m Wi. Then K = Wy, jy, i.e., the subgroup of W generated
kel\{i,j}
by S; and S;. Since (SZ-Sj)2 =1, we have 5;5; = 5;8;, and so

K= W{]}W{Z} =(KNW;)(Kn Wj) .

Then the condition (P3) is satisfied. By Corollary 3.2.9, C (W) is a coset incidence geometry.
O
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3.4 Parabolic incidence geometries

In this section, we explore another class of incidence geometries which is a key ingredient in
this thesis.

For this section, let g be a finite-dimensional split reductive Lie algebra over an alge-
braically closed field F of characteristic zero, and let G be a connected reductive algebraic
group over I with the Lie algebra g. Let q be a parabolic subalgebra of g and @ be the
parabolic subgroup of G with the associated Lie algebra q. Recall, from Remark 2.2.53, g
has the diagram %, which is the Dynkin diagram of a semisimple part of g. Let & (g) be the
set of all parabolic subalgebras of g and 2% (g) := {p € £ (g)|g =p + q}, i.e., the set of all
parabolic subalgebras weakly opposite to q. The adjoint action of G on & (g) decomposes
Z (g) into disjoint G-orbits.

Let by be a Borel subalgebra of g. By Corollary 2.2.57, a parabolic subalgebra p contains
a Borel subalgebra b, and, by Corollary 2.3.32, there exists g € G such that by = g-b; whence

each orbit G -p contains the standard parabolic subalgebra pg := ¢ - p containing bg. Denote
‘@I(g) =G - po,

where pg 2O bg and I corresponds to the set of crossed nodes of the decorated Dynkin diagram

Dy, as in Remark 2.2.58. Hence

2@ = |2,

1C 7,

and

7)) = | | 2} (0),

1C %,

where 2] (g) := 21 (g) N 2% (g). Note that, for any I C %, the set &} (g) is nonempty.
To see this, for any Borel subalgebra b of q containing a Cartan subalgebra t, let b be the
Borel subalgebra complementary to b with respect to t, i.e., bN b = t. Then there exists a
parabolic subalgebra p € L@? (g) containing b the Borel subalgebra of g complementary to

b with respect to t because all Borel subalgebras of g are Ad (G)-conjugate, and so

g=b"+bCp+qgCy.
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3.4. Parabolic incidence geometries

In particular, there is a one-to-one correspondence between G-adjoint orbits of maximal
parabolic subalgebras and the nodes of Zg; for any i € %, the orbit 2} (g) := @?i} (9)

corresponds to the node ¢ in the diagram. Denote

Para (g) = | | 2: (0).
=
and

Para’ (g) := 29 (g) N Para(g) C Para(g).

Define a relation 1°22(9) on Para (g) by
(p, p/) € IPara(®) s and p’ are co-standard, i.e., pNp’ is a parabolic subalgebra,
for all p,p’ € Para(g), and
tPar2(9) . Para (g) — P4;p — the node of Zycorresponding to the adjoint orbit of p.

Then Para (g) is an incidence system, and so is Para%(g).

Definition 3.4.1. Let g be a semisimple Lie algebra over a field F of characteristic zero and
q be a parabolic subalgebra of g. Then Para (g) and Para? (g) are incidence systems over %,
called the PARABOLIC INCIDENCE SYSTEM and ¢-GENERIC PARABOLIC INCIDENCE

SYSTEM for g, respectively.

Lemma 3.4.2. Let p1,...,pn be parabolic subalgebras of g which are pairwise co-standard.

Then p1 N ...N Py, is a parabolic subalgebra.

Proof. For any two parabolic subalgebras p and q of g, we have pNq is a parabolic subalgebra
of g if and only if p C q. We will proceed from this by using induction on n.

If n =1, then result is trivial.

Suppose that n > 2. By induction hypothesis, p; N...Np,_1 is a parabolic subalgebra.
Since p,, Np; is a parabolic subalgebra for all 1 < i < n—1, we have p:- C p1N...Np,_1, and

so(p1nN...N pn_l)L =pi+...+pr 4 C pn. Hence piN...Np, is a parabolic subalgebra. [
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Corollary 3.4.3. The map

T:F(Para(g)) = Z(g): f [P (3.4.1)
pef

s a bijection map preserving types.

Proof. Let f € F(Para(g)). Lemma 3.4.2 implies that v = 7(f) = ﬂ p is a parabolic

pef
subalgebra of g. Let b be a Borel subalgebra contained in v and t a Cartan subalgebra

contained in b. Denote R := R (g,t). Any p1,p2 € f, the parabolic subalgebra p; N pa

corresponds to the subset

Ay N(R\(—Rpynps)) = (A(t,b) N(R\(=Rp,))) U (A(t,b) N(R\(—Ry,)))

of A p); whence p1 Mp2 € Py u(p1)y (8)- By induction, we have v € Z,5) (g). Therefore,
7 is well-defined and preserves types.

It suffices to show that, for any I C 7,

1= T |y (para(a)) F1 (Para(9)) = 21 (a).

where Fr (Para(g)) := {flags in Para (g) of types I}, is bijective.
Let I C 9. Let f, f' € Fr(Para(g)) be such that 77 (f) = 77 (f'). Suppose that f # f'.
Then there exists ¢ € I such that f (i) # f' (i) and f (i) N f' (i) 2 77 (f), a contradiction.
Therefore 77 is injective. Next let p € &1 (g). Then, for each i € I, there exists a unique
b; € 7 (g) such that p C pr. So f = {pi i € [} € Fy (Para(g)) and p C 7/ (f) € 21 (g);

whence 77 (f) = p. Therefore 77 is surjective. O

The adjoint action of G on Para (g) makes G < Aut (Para(g)). Since G acts transitively
on each orbit Z; (g), thus Para (g) is G-homogeneous. However, G doesn’t act on Para‘ (g).
To show that Paraf(g) is also homogeneous, we need to find a subgroup of G which acts

transitively on the flags of all types of Para%(g).
Proposition 3.4.4. Ifp € 229(g), then Q - p is an open dense orbit in G - p.

Proof. Let p € &%(g). Thus we have g = p + ¢, and so

g/p=@m+a)/p=q/(pnNq).
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This implies that

dim (G'/P) = dim (g /p) = dim (q/(p N q)) = dim (Q /(Q N P))

where P={ge€ Glg-p=p}. Since G-p=G /P and Q-p = Q /(Q N P), we see that Q - p
is open in G - p. Moreover () - p is dense in G - p because G - p is irreducible. O

Lemma 3.4.5. For each I C Z,, Q acts transitively on 2] (g).

Proof. If p € 27 (g), then, for each ¢ € Q, q-p € P] (g) because

g = 49
= qptq-q

= ¢pta

Now let p,p’ € 2] (g). By Proposition 3.4.4, @ -p and Q - p’ are open and dense in 2] (g).
Thus Q - pNQ - p’ # 0 which implies that p’ = ¢ - p for some ¢ € Q. O

Proposition 3.4.4 and Lemma 3.4.5 show that, ) < Aut (Para%(g)) and, for any subset
I C 9, the set 2] (g) is the unique open dense Q-orbit in & (g).

Lemma 3.4.6. Let p1,...,pn be parabolic subalgebras of g which are pairwise co-standard
and weakly opposite to q. Then p1 N ... NPy s a parabolic subalgebra of g which is weakly
opposite to q.

Proof. We will prove this by induction on n. If n = 1, then the result is trivial. Suppose that
n > 1. Let v:=p;N...Np,. Then v is a parabolic subalgebra by Lemma 3.4.2. Let t C tNgq
be a Cartan subalgebra. Choose an algebraic Weyl structure E € t of q and determine the
parabolic subalgebra q complementary to q. By induction hypothesis, (¥/ )J‘ Nnqg*t = {0},
where t:=p1 N...Np,_1. Thus (‘c’)L has nonnegative eigenvalues for &, and so (t’)L Cq.
By the same argument for p,,, we have p+ C §. Thus v+ = (/)" + pL C G, i.e., t and § are

co-standard. Therefore, by Corollary 2.2.48, v is weakly opposite to . 0

Corollary 3.4.7. The map
=7 }]—'(Para(g)) tF (Paraq (g)) — PN (g) ) (342)
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where T is defined as (3.4.1), is a bijection preserving types.
Proof. This is a consequence of Corollary 3.4.3 and Lemma 3.4.6. O
Corollary 3.4.8. Para(g) and Para’(g) are incidence geometries.

Proof. Given a Borel subalgebra b of g, one can find a parabolic subalgebra p’ € Z; (g)
(resp. p' € 9;' (g)) containing b, for all j € . Hence Lemma 3.4.2 implies that Para(g)
is flag regular, and similarly Lemma 3.4.6 implies that Para?(g) is flag regular. Let @ be
the parabolic subgroup of G with the Lie algebra q. Then we have seen that Para(g) is
G-homogeneous and Para% (g) is Q-homogeneous. Therefore both Para (g) and Para’ (g) are

incidence geometries. O

3.5 Incidence systems and labelled simplicial complexes

This section is included for completeness to provide a bridge between the previous section
on incidence systems and the next section on buildings. No essential use will be made of
it in later chapters. We begin this section by introducing labelled simplicial complexes; it
will be seen later in this section that there are some correspondences between them and

incidence systems.

Definition 3.5.1. A LABELLED SIMPLICIAL COMPLEX X over a set N is a disjoint union
of nonempty collections 37 of sets indexed by I C N satisfying the following conditions:

(SC1) for each I € J C N, there is a map 0y : ¥y — Xy such that for any I C J C
K CN,

05100k, =0k 2K — XI,

and Oy is the identity on ;.
(SC2) for each I C N, any element o € X is uniquely determined by {317{1'} (o)]iel}.
The elements of ¥ are called SIMPLICES; in particular, the elements of ¥;, where I C N,
are called I-sIMPLICES. The {i}-simplices, where i € N, are called VERTICES and N-
simplices are called CHAMBERS. For any 0,0’ € 3, if there exists an inclusion I C J C N
such that 07 (0) = o', then we say that ¢’ is a FACE of 0. Any two simplices o € X1 and
o' € ¥ are INCIDENT if and only if there exists 7 € X such that Orug1 (1) = o and

OruJ.J () =0o".
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Definition 3.5.2. Suppose that ¥ and ¥’ are labelled simplicial complexes over N. A
STRICT LABELLED SIMPLICIAL MORPHISM ¢ : ¥ — ¥/ over N is a map from X to ¥/

such that, for each I C J C N, ¢y := |y, : ¥1 — ¥, and 8}’IO¢J:w108JJ IR DI

Let ¥ and Y are labelled simplicial complexes over N and N’ respectively. A LABELLED
SIMPLICIAL MORPHISM VU : ¥ — ¥/ over a map v : N — N’ is a strict labelled simplicial
morphism 1) : v*3 — ¥/, where v*X is a a labelled simplicial complex, which is a disjoint

union of v*¥y := X5, over N’ and v*0r,7 = 0,1 u()-

Remark 3.5.3. By (SC1), a labelled simplicial system over N can be consider as a presheaf,
i.e., a functor, X : P (N)? — Set. The labelled simplicial morphisms are natural transfor-
mations of functors.

Labelled simplicial complexes over N and their morphisms form a category; we denote
this category by SCy.

There is a connection between labelled simplicial complexes and incidence systems. Sup-
pose A is an incidence system over N. Then F (A), i.e., the set of all flags, of A is a labelled

simplicial complex over N with, for each I C J C N,

a]’]:]:(A)J — ]:(A)I

fo= o),

where F (A) ; is the subset of F (A) consisting of all flags of type J, and ¢ is the type function
of A. Full flags of A are chambers, and singleton subsets of A are vertices.

If ¢ : A — A’ is a strict incidence morphism between incidence systems over N, then

F@): F(A) — F(A)
foe () ={lacf},

is a simplicial morphism because 1) preserves types. This implies that F : ISys, — SCy is
a functor. Moreover, if ¥ : A — A’ is an incidence morphism over a map v : N’ — N, then

F(¥) : F(A) = F(A') defined by

(fet(H) = A= (@) v () > A ey (f (v(2))
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is a labelled simplicial morphism over the map v : N’ — N.

Example 3.5.4. Given a Coxeter group (W, S) with the Coxeter diagram &, let C (W) be
a Coxeter incidence system as defined in Definition 3.6. Corollary 2.1.16 and Proposition

3.2.8 imply that each flag f of type J C Z can be considered as a coset Wjw for some

w e ﬂ X. Hence
Xef

FCW))=C(W;Wyyca)
is a labelled simplicial complex over 2 whose simplices are cosets in C(W;Wy.;cy). The
vertices of C(W;W.jcy) correspond to wW; where w € W and i € &, and the chambers

of C(W;Wj.jcy) are the singleton sets {w} where w € W.

Example 3.5.5. Let g be a finite-dimensional semisimple Lie algebra over an algebraically
closed field of characteristic zero with the Dynkin diagram %;. Then Para (g), as defined in

Section 3.4, is an incidence system. By Corollary 3.4.3,
F (Para(g)) = 2 (g)

is a labelled simplicial complex over Z; whose simplices corresponding to proper parabolic
subalgebras of g. The vertices of & (g) correspond to maximal proper parabolic subalgebras
of g, and the vertices p1, P2, ..., pn form vertices of a simplex if and only if py NpaN... NP,

is a parabolic subalgebra corresponding to such simplex.

Conversely, suppose ¥ is a labelled simplicial complex over N. Let £ (X) C 3 be the
set of all vertices of X, i.e., the disjoint union of ¥ where ¢« € N. Then the relation
~ on & (X) defined by o ~ ¢’ if and only if o and ¢’ are incident and the trivial type
function ¢ : £ (¥) — N give an incidence structure on & (). Therefore £ (¥) is an incidence
system. For any labelled simplicial morphism 1 : ¥ — ¥/ the map & (¢) : £ (%) — &€ (X)
defined by restricting ¢ to € (¥) will then preserve the incidence relation and types because

Or iy o¥1r =Ygy 0 Or sy foralli € I C N. Thus £ : SCy — ISysy is a functor.

Example 3.5.6. Given a Coxeter group (W, S) with the Coxeter diagram &, from example
3.5.4, C(W;Wj.jco) is a labelled simplicial complex over &, and so

E(CW;Wyrycg)) ={wW;lwe Wandie 2} =C(W).
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Example 3.5.7. Let g be a finite-dimensional semisimple Lie algebra over an algebraically
closed field of characteristic zero with the Dynkin diagram %;. Then, from example 3.5.5,

Z (g) is a labelled simplicial complex over %, and so
E(Z (g)) = {maximal proper parabolic subalgebras of g} = Para(g).

In general, £ o F : ISysy — ISysy is naturally isomorphic to the identity idisys, :

ISysy — ISysy via the natural isomorphism ¢ : £ o F — idjsys,, such that

en:E0F(A) — A

{a} = q

for all A € ISys,. On the other hand, there is a natural transformation 7 : idsc, — Fo &

such that

Ny X — Fo&(X)

o {8]’{1-} (O’) ‘Z € I},

for all > € SCp. One can show that F and £ are respectively right and left adjoint functors,
i.e., Homgc, (2, F (A)) = Homgysys,, (£ (X),A), where A € ISysy and ¥ € SCy.

Definition 3.5.8. A labelled simplicial complex over N is called a COXETER COMPLEX
if it is isomorphic to F (C (WW)) of some Coxeter group W in particular, F (C (W)) itself is

called a STANDARD COXETER COMPLEX associated to the Coxeter group W.

3.6 Buildings

In this sections we state some basic notions and facts about buildings; for more details, we
refer to the books by [ABO08|, |[Gar97], [Ron09|, and |Tit81]. The approach that we will use
to study buildings here is using graphs. So we will begin this section by introducing some
terminologies about graphs, and then, at the end of this section, we will see that under
certain conditions buildings and incidence systems are related.

In the following, a graph A is a set A equipped with a symmetric irreflexive relation

E (A); so elements of A and E (A) are respectively nodes and edges of the graph A. The
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set £ (A) may be considered as a collection of two element subsets of A.

Definition 3.6.1. Let A be an edge colored graph with index set N, i.e., A is a graph
equipped with a surjective map ¢ : E(A) — N, called an edge coloring. Let a,b € V (A)
and I C N. We will write

aNib

if ¢ ({a,b}) =i. The vertices a and b are called i~ADJACENT if a ~; b and /-ADJACENT if

they are i-adjacent for some ¢ € I.

A PATH of length n from a to b is a sequence of n + 1 vertices vy, vy, vs, . . ., v such that
a = Vg ~iy V1 ~iy V2 ~ig t e~ Up = b,
for some i1,19,...,%, € N, and we will denote this path by
a —y b,

where w := i1io---iy,; the TYPE of the path is w. A I-PATH is a path whose type is a
sequence of elements in 1.

The DISTANCE from a to b, denoted by dist (a,b), is the length of a shortest path from
a to b if there is a path form a to b, and co otherwise. A MINIMAL PATH from a to b is a
path whose length is dist (a, b).

The DIAMETER of A, denoted by diam (A), is the supremum of the set
{dist (a/, b/) |a’, b e A} .

a and b are said to be OPPOSITE if dist (a,b) = diam (A) < oo; so if diam (A) = oo,
there are no opposite elements.

A is said to be CONNECTED (resp. /-CONNECTED) if for any two vertices of A, there
exists a path (resp. I-path) from a to b. A CONNECTED COMPONENT of A is the subgraph
spanned by an equivalence class with respect to the equivalence relation that there exists a
gallery from x to y in A.

An I-RESIDUE of A is a connected component of the subgraph of A obtained from A

by removing all edges whose color is not in I, and they have RANK |I|. The J-RESIDUE
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CONTAINING a is denoted by [a] ;; in particular [a], is just a.

Definition 3.6.2. A CHAMBER GRAPH A over a set N is an edge-colored graph A with
index set N such that for each ¢ € N, all {i}-residues, called i-PANELS, of A are complete
graph with at least two vertices. We call the vertices of A CHAMBERS. A SUB-CHAMBER
GRAPH of a chamber graph A is a subgraph of A which is also a chamber graph.

A chamber graph is THIN if every panel contains exactly two chambers, and THICK if

every panel contains at least three chambers.

Remark 3.6.3. The term “chamber graph” is non-standard in context of buildings. Ronan
([Ron09]) defines a chamber system over N as a set equipped with equivalence relations ~;,
one for each ¢ € N. However, a chamber system can be viewed as an edge-colored graph
over N with a loop on every vertex; its maximal subgraph without loops is a chamber graph.
Under the convention that there is a loop on every vertex of a chamber graph which is not
drawn, we will use chamber graphs in place of chamber systems. The “paths” in a chamber

graph we use here correspond to the “non-stuttering galleries” of a chamber system.

Example 3.6.4. Let (W, S) be a Coxeter group. Define an irreflexive symmetric relation

E (W) on W by
EW) = {{w,w'} CW |w' =ws for some s € S} .
Then W is a graph. Now define the edge coloring

c:E(W) —» S

{w, w’} — w_lw';

Lw' = (w') "' w, because s2 = 1 for all s € S. For any s € S

this is well-defined, i.e., w™
and w € W, the set of chambers in the {s}-panel [w], is {w,ws}. Therefore W is a thin

chamber graph over S. We call W a COXETER CHAMBER GRAPH.

Remark 3.6.5. If W is finite and wy is the longest element of W, then wq sends any chamber
w of W to its opposite chamber wwy. Moreover, Proposition 2.1.6 implies that any w € W

is on a minimal path from 1 to wy.
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Example 3.6.6. Let g be a finite-dimensional semisimple Lie algebra over an algebraically
closed field F with the Dynkin diagram %,;. Recall form Section 3.4, &7 (g) is an adjoint
orbit of parabolic subalgebras corresponding to the subset I (of crossed nodes) of ;. Let
2 (g) is the set of all Borel subalgebras of g. Then the relation E (4 (g)), consisting of the
collection of all distinct pairs of Borel subalgebras {b, b’} having a subminimal parabolic
subalgebra p; € P4\ (i) (9), i.e. the minimal parabolic subalgebra which is not a Borel
subalgebra, for some i € %, such that b U b’ C p;, is a symmetric irreflexive relation on
2% (g). Thus £ (g) is an edge-colored graph.

For any b € #(g) and i € g, the chambers in the {i}-panel [b];;, are all Borel sub-
algebras contained in the subminimal parabolic subalgebra p; € £\ (5 (g) containing b.
Hence [b];, has at least two elements, otherwise p; = b. Therefore # (g) is a chamber graph

over Z,.

Definition 3.6.7. A CHAMBER GRAPH MORPHISM ) : A — A’ of chamber systems
over N is a map from A to A’ that preserves i-adjacence for all i € N, i.e., if a ~; b in A
then 1 (a) = (b) or ¥ (a) ~; ¥ (b) in A,

Chamber systems over N and their chamber graph morphisms form a category CGy.
Next we will show that there is a connection between labelled simplicial complexes and
chamber systems.

Assume that ¥ is a labelled simplicial complex over N. Let M (X) denote the set of all
chambers of ¥. For each i € N, define a relation ~; on M () by

o ~i o' < Oy (0) =0nngy (07);

clearly ~; is an equivalence relation. Therefore an edge-colored graph, all {i}-residues of
M (%) are complete. Hence M (X) is a chamber graph over N. For any labelled simplicial
morphism ¢ : ¥ — ¥’ the map M (¢) : M (X) — M (¥') defined by restricting ¢ to M (X)
is then preserve the incidence and labels because 97 (3 0 ¢r = ;3 00y g4y for alli € I C N.
Thus M : SCy — CGy is a functor.

Example 3.6.8. Given a Coxeter group (W, S) with the Coxeter diagram 2, from example
3.5.4, C(W;Wj.jco) is a labelled simplicial complex over &, and so

M(CW;Wyca)) = {{w}lwe W} =W,

86



3.6. Buildings

Example 3.6.9. Let g be a finite-dimensional semisimple Lie algebra over an algebraically
closed field of characteristic zero with the Dynkin diagram %;. Then, from example 3.5.5,

Z (g) is a labelled simplicial complex over %, and so
M (Z (g)) = {Borel subalgebras of g} = Z (g).

Conversely, let C be a chamber graph over N. Define a labelled simplicial complex S (C)
over N by letting S (C) be the disjoint union of collections S (C) ; of J-residues of the labelled
graph C where J C N, and for any I C J C N, defining 957 : S (C) ; = S (C); mapping [c];

to [c];. For any chamber morphism ¢ : C — C’, the map
8(1/}):8(6)—)8(C’),

defined by S (¢) (¢) = 1 (o) is then satisfied the condition 055 o ¢y = 1y 0 0y for all
ICJCN. Thus § : CGy — SCy is a functor.

Example 3.6.10. Given a Coxeter group (W, S) with the Coxeter diagram 2, from example
3.6.8, W is a chamber graph over Z, and so

SW)={wWr|lweWand I C 2} =C(W;Wy.jco).

Example 3.6.11. Let g be a finite-dimensional semisimple Lie algebra over an algebraically
closed field of characteristic zero with the Dynkin diagram %;. Then, from example 3.5.5,

% (g) is a chamber graph over Z; and so

In general, M oS : CGy — CGy is naturally isomorphic to the identity idca, :

CGy — CGy via the natural isomorphism 7' : idcg, — M o S such that

nh: A — MoS(A)

a +— {a},

for all A € CGy. On the other hand, there is a natural transformation £’ : So M — idgc,,
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such that

g :SoM(E) — X

[olpng = Ona (o),

for all 3 € SCp. One can show that M and S are respectively right and left adjoint functors,
i.e., Homgcy (3,5 (A)) = Homysys,, (M (X),A), where A € CGy and ¥ € SCy.

Definition 3.6.12. A BUILDING of type (W, S), where (W, S) is a Coxeter group, is a
chamber graph A over S such that:

(B1) every panel of A contains at least two chambers;

(B2) A has a W-valued metric 6 : A x A — W such that if w = sys2- - s is a reduced

expression of w in W then
) (c, c’) = w < there is a path ¢ —,, ¢ in C.

If (W, S) is a finite Coxeter group, then we call A a SPHERICAL building.

Lemma 3.6.13. For any Cozeter group (W, S),

is a building of type (W, S).

Proof. Let (W, S) be a Coxeter group. Then W is a chamber graph over S. In Example
3.6.4, we have seen that the panels of W are in the form {w,ws}, where s € S and w € W
whence (B1) is satisfied. Define

ow WxW — W

(w, w’) = w .
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Then, for any w,w’ € W, we have

" 1

ow (w,w') =v o wiuw=u"
& v =ww’

& there is a gallery w —n w'.

In particular, if w” is reduced, then w —,» w’ is the minimal gallery. Thus (B2) is

satisfied. n

Lemma 3.6.14. Let g be a semisimple Lie algebra over an algebraically closed field of
characteristic zero with the Dynkin diagram Z,. The chamber graph % (g) over %, is a
building of type (W,S), where (W,S) is the Cozeter group whose Cozeter diagram is the
underlying diagram of Y.

Proof. From Example 3.6.6, we have seen that (B1) is satisfied. Let G be an algebraic

group over [F with Lie algebra g. Since G acts transitively on % (g), hence
#(9) =G /B

for some Borel subgroup B with Lie algebra b € % (g); each coset gB € G /B corresponds
to the Borel subalgebra ¢ - b. Let t be a Cartan subalgebra of g contained in b. Then t and
b defines a specific isomorphism from W to Ng (T') /T, where T is the maximal torus of G
with Lie algebra t. This induces a right action of W on G /B. Define

§:G/BxG/B — W

(9B,g'B) +— w,

such that g~'¢’ € BwB.

Let w = s;,8i,---si, be a reduced expression of w in W. If ¢ (¢B,¢'B) = w, then
g = gbsi, si, -+ si, b/ for some b,V € B. For any 1 < j <k, B (s;;) B is a minimal parabolic
subgroup of G (see [Hum75]), denoted by P;;, because it is a subgroup of G containing B.

Hence there is a gallery
g- b ~iq (gbsh) b ~ig (gb5i18i2) b (gb5i18i2 T Sikfl) b iy (gbshsiz o 'Sik) b= g/ b
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such that ~;; is the equivalence relation defined by being contained in the minimal proper
parabolic subalgebra (gbsi1 ‘e sij) - pi;, where p;; is the Lie algebra of P;;.

Conversely, if gB —, ¢'B, then ¢'B = gBw, and hence g~'¢’ € BwB. Thus (B2) is
satisfied. O

Definition 3.6.15. An APARTMENT of a building A of type (W,S) is an isometric im-
age, i.e. the image of a chamber graph morphism ¢ : W — A such that dy (a,b) =
5 (¢ (a), (b)), of the Coxeter chamber W in A.

Proposition 3.6.16. For any two chambers a and b in a building A, there is an apartment

of A containing both a and b.
Proof. See |AB08|, Corollary 5.74. O

Proposition 3.6.17. If A is a chamber subgraph of a building A of type (W, S) and iso-

morphic to W, then A is an apartment of W.
Proof. See |AB08|, Proposition 4.59. O

Example 3.6.18. Given a Coxeter group (W,.S), there is just one apartment in W which
is W itself.

Example 3.6.19. Let G be a connected semisimple algebraic group over an algebraically
closed field of characteristic zero with Lie algebra g. Let Z; be the Dynkin diagram of
g. By Lemma 3.6.14, % (g) is a building of type (W,S), where W is isomorphic to the
Weyl group of G. Let T' be a maximal torus of G with Lie algebra t. By choosing a Borel
subalgebra b € Z(g), there is an isomorphism from W to Ng (T') /T determined by t and
b. Since Ng (T') acts transitively on A¢ := {b € Z(g) |t C b} with the stabilizer T', the set
A= Ng (T) /T is an apartment of £ (g).

Theorem 3.6.20. (Convezity of apartments) In a building A, let A be an apartment con-

taining a and b. Then any minimal gallery in A from a to b lies inside A.
Proof. See |[Thall], Proposition 4.3, and [ABOS8|, Proposition 4.40. O

We will use this convexity result to prove an important fact in the next section.
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3.7. Parabolic configurations

3.7 Parabolic configurations

Definition 3.7.1. Let C (W) be the Coxeter incidence geometry for a Coxeter group W with
the Coxeter diagram 2 and Para(g) be the parabolic incidence geometry for a semisimple

Lie algebra g with the Dynkin diagram Z,. An incidence system morphism
U :C(W)— Para(g),

over amap v : Yy — % is called a PARABOLIC CONFIGURATION.

Denote Mor, (C (W), Para(g)) the set of all parabolic configurations over v. In particu-
lar, if 3 = 2 and v is the identity map, then we may write Mor (C (W), Para (g)) instead
of Morjq (C (W), Para(g)).

Let G be a connected algebraic group over an algebraically closed field F of characteristic

zero with the Lie algebra g, and let @) be a parabolic subgroup of G with the Lie algebra q.

Notation 3.7.2. Denote by % the set of all pairs (t,b) where b is a Borel subalgebra of g
and t is a Cartan subalgebra of g contained in b. Let .7 be the set of all Cartan subalgebras
of g and

™Y = T

(t,b) — t

be the first projection map.

Since G acts on the set of Cartan subalgebras and the set of Borel subalgebras by the

adjoint action, G also acts on %/,

GxXuU — U

Lemma 3.7.3. G acts transitively on % . Moreover,
StabG ((tv b)) = {g €G |g : (ta b) = (ta b)} = Ta

where (t,b) € % and T is the mazimal torus in G with the associated Lie algebra t.
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3.7. Parabolic configurations

Proof. Let (t1,b1) and (t2,b2) be in 2. Then there exists g € G such that { = g - t5. So
tt =¢ - (g-b2) and by = ¢ - (g - b2) for some ¢’ € Ng (T1) where T} is a maximal torus in

G with the associated Lie algebra t;. Therefore (t1,b1) = ¢'g - (t2, b2). Moreover

g-(t1,b1) = (t1,b1) & g-ti=tyandg-by =by

= QENG(Tl)ﬁBlle,

where Bj is the Borel subgroup of G with the associated Lie algebra b;. O

Thus, by the Orbit Stabilizer Theorem, a choice of (t,b) € % determines an isomorphism
% = G /T, where T is a maximal torus of G with the Lie algebra t. Moreover 7 can be
parametrized by the quotient G /N¢ (T') because G acts transitively on 7 by conjugation.

Therefore 71 can be identified with the quotient map

7T1:G/T — G/Ng(T)
gT — gNg(T),
and each fibre can be identified with the Weyl group N¢g (T') /T of G.
Let (tg,bo) € % and Ty be the maximal torus of G with the associated Lie algebra t.

Denote W = Ng (Tpy) /Ty. According to Theorem 8.28 in [Spr98|, by turns the Weyl group

W to a Coxeter group with Coxeter diagram %j.

Proposition 3.7.4. For any (t,b) € %, there is a well-defined strict incidence system

morphism

Tp): C(W) — Para(g)

wW; +—  gw - p;, (3.7.1)

where (t,b) = g - (to, bo) for some g € G, where p; € P;(g) is the one containing by, and

where w € Ng (Ty) is a coset representative of W.

Proof. Let (t,b) € % . For any w,w’ € Ng (Tp) such that w™'w’ € W; , we have

gu'-pi = guww' - p; = gw - pi,
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3.7. Parabolic configurations

because w™tw’ - p; = p;. Moreover, for any ¢’ € G such that ¢’ - (tg, bg) = (t,b) = g - (to, bo),

we have g~!¢’ € Tp, and so
gw-pi = gww g™ gw - pi = gw - p;,

because w'g~tgw € Ty. Thus T (¢p) is well-defined.
From (3.7.1), the map T () is automatically preserves types. For any i,j € %, if
w;W; ﬁ@jo #* @, then

T (o) @iWi) N Ly (W;W5) = gw - p; N gw - p; 2 gw - by,
for some w € w;W; Nw;W;, is a parabolic subalgebra. Therefore T ) is a strict incidence

system morphism. O

Remark 3.7.5. Since G acts transitively on %, W is defined up to canonical isomorphism
and so is C(W). Furthermore, if we choose a different base point (), by) € %, then the
diagram

o0

&b)‘\

Para (g)

commutes, where W’ = N¢ (T{) /T} and T} is a maximal torus of G with Lie algebra t{,. In

IR

c(w)

this way, T does not depend essentially on the pair (o, bg).

Definition 3.7.6. Let

Y:% — Mor(C(W),Para(g))

(t,b6) = Y, (3.7.2)
where T(¢p) is defined in (3.7.1). We call each T (i), where (t,b) € %, a STANDARD
PARABOLIC CONFIGURATION for g.

Example 3.7.7. Let V be a complex vector space of dimension 7. The group so (V') has
the Dynkin diagram & given by
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.1 .2 ? .3 .
Let {e1,e2,...,e7} be a basis of V and W be the Weyl group of so (V). The basis turns
W into a Coxeter group. The set C(W),, C(W),, and C(W), can be identified with the
orbits of fundamental weights A1, A2, and A3 corresponding to the nodes labelled by 1, 2,
and 3 respectively; whence each element in C (W) can be assigned by the standard parabolic
configuration with respect to the basis {e1, e, ..., er} to the parabolic subalgebra of so (V')
stabilizing its corresponding weight.

Geometrically, the set C(W),, C(W),, and C(W); are mapped into Para(so(V)),,
Para (so (V)),, and Para (so (V')),, which are the sets of orthogonal Grassmannians of isotropic
lines, 2-planes, and 3-planes respectively in V. The image of the standard configuration is
then an octahedron lying in @° C P (V) such that the set C(W);, C(W),, and C (W),
correspond to the collection of points, collection of lines, and the collection of planes of the

octahedron.

Example 3.7.8. Let V' be a complex vector space of dimension 2n. The group so (V') has

the Dynkin diagram 2 given by

Let {e1,ea,...,e2,} be a basis of V and W be the Weyl group of so (V). The basis turns
W into a Coxeter group. The set C (W), can be identified with the orbits of fundamental
weights \; corresponding to the nodes labelled by ¢ for 1 < ¢ < n; whence each each element
in C(W) can be assigned by the standard parabolic configuration with respect to the basis
{e1,ea,...,ea,} to the parabolic subalgebra of so (V') stabilizing its corresponding weight.
Geometrically, the set C(W),, for 1 <1i <n — 3, is mapped into Para (so (V)),, which is
the Grassmannian of isotropic i-planes in V. While the set C (W), _, and C (W),, are mapped

respectively into Para (so (V)),_; and Para(so (V')),, which are two connected components

n

of the Grassmannian of isotropic n-planes.

Lemma 3.7.9. For any (t,b) € %, the strict incidence morphism Yy : C(W) — Para(g)

18 injective.
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Proof. Let (t,b) € %. Then there exists g € G such that (t,b) = g - (to, bo). Since Yy
preserves types, it suffices to show that (T(t,b))i is injective. Suppose that () (wy) =
T (i,p) (wg2). Then gw; - p; = gws - p;, and so wl_lwg € P,. We have wl_lwg € Np, (Tp).
Therefore w1 W,; = woW ;. O

Consider a G-action on Mor (C (W), Para(g)) given by (g,%) + ¢ -1 := Ad(g) oyp. We

will show that the map T is G-equivariant.
Lemma 3.7.10. T is equivariant under the G-action.
Proof. By Lemma 3.7.3, it suffices to show that, for any g € G, g T4 09) = Yg.(t9,60)- FOr

any i € Jy and w € W (G, Tp),

Tg.(to,00) (WWi) = guw-pi
= g (w-p;)
= g Y(i00) (WW3),
where tg C by C p; € Z; (g) and w € Ng (Tp) is a coset representative of . O
Proposition 3.7.11. The map Y : % — Mor(C (W) ,Para(g)) is injective.
Proof. By Lemma 3.7.10, it suffices to show that, for any g € G, if T 6) = 9 L(tg,60)5

then (to, bg) = g - (to, bo). Let g € G be such that Yy ) = 9 T(t,6,)- Then we have

w P = guw - Py,

for all w € N¢ (Tp) and i € Z;. This implies that

g€ ﬂ ﬂpi = ﬂ bo = to.
wENg(To) \i€% weNg(To)

Therefore (fo, bo) =4g- (’to, bo) O

Proposition 3.7.12. For any incidence system morphism ¢ : C(W) — Para(g), if ¢ is
injective, then there exists (t,b) € % such that ¢ = Y ().
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Proof. Let 1p € Mor (C(W),Para(g)) be such that it is injective. Since M and F are

functors (see Section 3.5 and Section 3.6),
MoF (p): Mo F(C(W)) = Mo F(Para(g)) = A (g)

is a chamber graph morphism. Furthermore M o F (1) is an injective chamber graph mor-
phism because v is injective.

Since M o F(C(W)) = W and M o F (¢) is injective, by Proposition 3.6.17, M o
F () (Mo F(C(W))) is an apartment of A (g). Let wy be the longest element of W and
denote M o F (¢) ({1}) (resp. Mo F (¢) ({wo})) by b (resp. b’). By Theorem 3.6.20,

dist (b, b") = £ (wo),

where £ (wg) is the length of wy. Hence b and b’ are opposite Borel subalgebras. Let t = bNb’.
Then t is a Cartan subalgebra. By Remark 3.6.5, any Mo F (¢) ({w}), where w € W, is on
a minimal path from b to b’; whence Mo F (1) ({w}) is in A¢ (as defined in Example 3.6.19)
by Theorem 3.6.20. Therefore ¢ (C(W)) = T () (C(W)). Since 1 is an incidence system
morphism, t C Mo F (¢) ({w}) C o (wW;) € & (g) for all i € Z, and so p = V(). O

Theorem 3.7.13. Let Mor'™ (C (W), Para(g)) := {Y : C(W) — Para(g) is injective}. Then
U = Mor'™ (C(W),Para(g)).

Proof. This follows from Lemma 3.7.9, Proposition 3.7.11 and Proposition 3.7.12. O

Remark 3.7.14. By Proposition 2.3.37, Para; (g) is a projective variety, for all i € %,; whence

H Para;c(x) (g) is a projective variety (e.g. [Har92], Example2.21). Notice that
Xec(w)

Mor (C (W), Para(g)) C H Parage(x) (9)-
XeC(W)
As the incidence relation in Mor (C (W), Para (g)) is a closed condition, Mor (C (W), Para (g))

is a closed subvariety of H Parase(x) (g). Therefore Mor (C (W), Para (g)) is a projective
XeC(W) o
variety. Furthermore, since = G /T, we have that Mor™ (C (W), Para(g)) is an open

irreducible subvariety by Theorem 3.7.13; however it is not necessarily dense.
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Example 3.7.15. Let G = SL4 (C). Then its Lie algebra is g = sls (C) and the Dynkin
diagram % corresponding to g is

1 2 3
*—o—0

The incidence system C (W) has the incidence structure of an abstract 3-simplex. Then
Para; (g) = {i — dimensional subspaces in ((:4} )

i.e., Para(g) = Proj (C*). A standard parabolic configuration C(W) — Proj (C*) has

image looking like

which is a non-degenerate 3-simplex in P2, While a degenerate 3-simplex in P3, e.g.

-1
]
1
1
]
1
1
]
L]
]
]

e mmEmmm=-=-,

may arise from a parabolic configuration C (W) — Proj (C4) which is not injective. In fact,
such degenerate simplices form another irreducible component of Mor (C (W), Para (g))

different from the standard one.

Notation 3.7.16. Let 79 be the subset of .7 containing Cartan subalgebras t such that all
Borel subalgebras b DO t are weakly opposite to q. Let 9 := 711_1 (%) be the inverse image

of 79 under the projection map 7 :  — 7.

Note that
w9 G {(t,b) € % |b is weakly opposite to q} .

Proposition 3.7.17. .79 is an open dense subset of 7, and hence %9 is an open dense

subset of U .

97



3.7. Parabolic configurations

Proof. If 79 is an open dense subset of .7, then the result that %79 is an open dense
subset of % follows immediately. We now will show the first part of the proposition. Let
bo be a Borel subalgebra contained in q and ty be a Cartan subalgebra contained in by.
Denote T' the maximal torus of G with the associated Lie algebra tg. Let @y be the longest
element in W (G, Tp) with respect to some length function defined using the simple system

A corresponding to by. Then wg - by € £9(g), and so by Lemma 3.4.5,
Q- (wo-bo) = 2%(g),
where wy € N¢ (Tp) is the coset representative of wy. For each w € N¢g (T”), denote
Gw={9€Glg-(w-bo) € 7(g)}.

Then QuoBow ™! C G, where By is the Borel subgroup of G whose associated Lie algebra

is b, for all w € Ng (Tp) because
(QWOBO'U}_I) . (U} . b[)) = Q . (LL)O . bo) = P (g) .

Since BowgBy is an open dense subset of G, then QuwyBy contains an open dense subset
of G, and so does QuoBow™'. Hence G,, contains an open dense subset of G for all w €

N¢ (Tp). This implies that ﬂ G, contains an open dense subset of G because the

weNg(To)
finite intersection of open dense sets is again open and dense. By choosing g € ﬂ Guw,
wENg(To)
we have t := ¢ -ty as a required Cartan subalgebra because if b is a Borel subalgebra

containing t, then g~! - b contains ty, and so g~! - b = w - by for some w € Ng (Th); whence

b=g- (w bo) € P (g). 0

Remark 3.7.18. For any t € 79, we know that t  q. Otherwise, as appears in the proof of
Proposition 3.7.17, g € Q, and so g - b’ ¢ P9 (g), i.e., g ¢ Gy, which is a contradiction.

Lemma 3.7.19. Q acts locally freely on %Y.

Proof. Let t € 79 and T be a maximal torus of G with Lie algebra t. Firstly, we will show
that {p€G-qtCp} CT-q. Let t Cp € G-qand p be the parabolic subalgebra of q

complementary to p parametrized by the algebraic Weyl structure 5 € t. Then q is weakly
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opposite to p because t C p and t € .79. So q is complementary to p. Since exp <(E)J‘> acts
freely and transitively on all parabolic subalgebras complementary to p, thus q = exp () - p,

for some x € (fJ\)L Therefore

e (§ 0= s () .

Since §~ has negative eigenvalues on (ﬁ)J', this implies that = 0 is in the closure of the T
orbit on (/ﬁ)L Therefore p € T - g.

Let p € G - q containing t and
A=),

where \; is the fundamental weight corresponding to a crossed node of the decorated Dynkin

diagram Z,. By Proposition 1, Section 5.2, in [GS87]|, we have
dim (Staby (q)) = dim (T') — dim (T - q) = codim (conv (Lg)),

where Lo :={a e W -A|p*(Q) #0}and W = Ng (T) /T. Since{pe G-p|tCp} C T -q,
this implies that p® (Q) # 0 for all @« € W - X, and so codim (conv (Lg)) = 0. Therefore
Stabr (q) = {1}, and whence Nt = {0}. By Lemma 3.7.3, Q acts locally freely on 9. O

Define

T9: %% — Mor(C(W),Para’(g))

(t,0) = Y

where W = W (G, Tp) is a Coxeter group determined by some (tg, bg) € 9. Then Y9 is
well-defined. To see this, for any (t,b) € 9 and p € im (T(t7b)), we have t Cw - b C p, for
some w € Ng (T'), and so

g=w-b+qgCp+qgCyg.

Corollary 3.7.20. Let Mor™ (C (W), Para®(g)) := {1 : C(W) — Para’(g) is injective}.
Then
U = Mor™ (C(W),Para’(g)).

Proof. By Theorem 3.7.13, T is injective. Thus Y9 is injective because Y9 =T |44 .
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3.7. Parabolic configurations

Let ¢ € Mor™ (C (W), Para’(g)). Then ¢ = Y (gp) for some (t,b) € %. Let b’ be a

Borel subalgebra containing t. The b’ is of the form
o' =(»,
pef

for some full flag f of Para (g). Any maximal parabolic subalgebra p containing t is in im (¢);
whence p € Para’ (g). This implies that f is a full flag of Para%(g), and so, by Lemma 3.4.6,
b’ is weakly opposite to q. Therefore (t,b) € 9. O

Definition 3.7.21. Each element in the image of Y9 is called a g~-GENERIC STANDARD

PARABOLIC CONFIGURATION for g.
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Chapter 4

Parabolic projection

4.1 Definitions and properties

Let G be a connected reductive algebraic group over an algebraically closed field F of char-
acteristic zero with the Lie algebra g, and let @ be a parabolic subgroup of G with the Lie
algebra q. Define a map

pq: 2% — Z(q)
p o= ((pNa)+ne(q))/ne(q). (4.1.1)
By Proposition 2.2.44 and Proposition 2.2.46, ¢4 is well-defined.
Definition 4.1.1. (g is called the PARABOLIC PROJECTION of &% (g) into & (qo).
@ acts on both #9(g) and & (q¢) and we have the following.

Lemma 4.1.2. For any p,p’ € Z9(g), if p and p’ are co-standard, then so are pq (p) and
Pq (»").

Proof. Let p,p’ € 229 (g) be such that p Np’ is a parabolic subalgebra of g. Then

eq (pNp") = ((pNp Nag) +ne(q)) /ne(q)

is a parabolic subalgebra of qo. Moreover,

©q (PNP) C g (p) Mg ()5
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4.2. The induced map on types

whence ¢q (p) N @q (p’) is a parabolic subalgebra of qq. O

Lemma 4.1.3. @4 is equivariant under the Q-action.

Proof. For each g € Q and p € 29 (g),

vq(q-p) = (((g-p) Na) +ne(q)) /ne(a) =g ((pNq)+ne(a)) /ne(q) =q-(gq(p)

because nt (q) is an ideal of q. O

Lemma 3.4.5 and Lemma 4.1.3 imply that ¢4 induces a map

1P (Zg) = P (D)

between the power sets of &, and Z,,, respectively in such a way that the diagram

P9 (g) ——> P (q0)

tgl tqq

P (-@CIO)

commutes, where

tg: P29(g) > P (%) :pe P} (g) — I,

and

tgo : 2 (q0) = P(Zqo) 19 € Pr(a0) = 1.

In the following section, we will investigate the map pu.

4.2 The induced map on types

Let p be a parabolic subalgebra of g such that g = p + g, and v := (pNq) + nr(q). By
Corollary 2.2.48, let p be a parabolic subalgebra of g complementary to p and co-standard
with g. Denote T:= (pNq) + nt (q).

Lemma 4.2.1. The parabolic subalgebras v /nt(q) and T /ne(q) of qo are complementary.

Proof. It suffice to show that (nt(r) /nt(q)) N (t/ne(q)) = ne(q) /ne(q), ie, ne(x)NT =
nt(q) and (nr(¥) /ne(q)) N (v/ne(q)) = ne(q) /nx(q), ie, nt(¥) Nv = nr(q); whence
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4.2. The induced map on types

(tN7) /ne(q) is a common Levi subalgebra of v /nt(q) and T /nt(q).
Since p and pNgq are parabolic subalgebras of g, they contain a common Cartan subalgebra
that makes nt(q) be a direct sum of one-dimensional root spaces, each of which must lie in

either p or nt (p). Therefore nt (q) = (nr(q) Nnr (p)) & (ne(q) Np), and so

ne(@®)Ne = ((ne(p) +ne(q) Np) +ne(q)
= ((ne(p) + (ne(q) Np)) Np) +ne(q)
= ((ne () Np) + (nx(q) Np)) +ne(q)
= nr(q)
Moreover nt (t) NT= (pNpNq) +nr(q) =ne(q). O

This gives us a four-step procedure to obtain the Dynkin diagram representing t as

follows:

Proposition 4.2.2. Let p and q be parabolic subalgebras of g such that g = p+q. Then the
Dynkin diagram representing the parabolic subalgebra v := (p N q) + ne(q) of g is obtained
from the following procedure:

1. Apply the dual involution 14 of the Dynkin diagram of g to the decorated Dynkin
diagram representing p. (According to the proof of Corollary 2.2.48, this gives the decorated
Dynkin diagram representing p a parabolic subalgebra of g complementary to p and co-
standard with q)

2. Remove all the nodes in the decorated Dynkin diagram representing p obtained from
step 1. which are crossed in the decorated Dynkin diagram representing q. (This gives the
decorated Dynkin diagram representing ((p N q) +nr(q)) /nr(q))

3. Apply the dual involution 14, of the Dynkin diagram of qo to the diagram obtained
from step 2. (This gives the decorated Dynkin diagram representing t /nt(q) by Lemma
4.2.1)

4. Add all nodes we removed from step 2. to the diagram obtained from step 3. and cross

all such nodes. This yields the decorated Dynkin diagram representing t.

Remark 4.2.3. In the case that the Dynkin diagram of a simple Lie algebra g is of type By,

Dy, Cy, E7, Eg, Fy, or Gy, the dual involution 14 is the identity.
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4.2. The induced map on types

Example 4.2.4. Let g := slg (C). Denote p be a parabolic subalgebra of g represented by

the decorated Dynkin diagram

O—X—0—X—X—0—0©
and q be a parabolic subalgebra of g represented by the decorated Dynkin diagram
—0—0 X—X—0—©

such that g = p 4+ q. Apply above procedure to get the diagram representing the parabolic
subalgebra v := (p N q) + nil(q):

q —0—0 X—X—0—0
p O—X—0—X—X—0—0
Step 1. P O—0—X—X—0—X—0
Step 2. | ((pPNq) +nr(q) /ne(q) | —@—X X—e
Step 3. t/nr(q) x—o—o —X
Step 5. v X—O— 00— X—X—0—X

Example 4.2.5. Let g := 5019 (C). Denote p be a parabolic subalgebra of g represented by
the decorated Dynkin diagram

and q be a parabolic subalgebra of g represented by the decorated Dynkin diagram

such that g = p + q. Apply above procedure to get the diagram representing the parabolic
subalgebra t := (pNq) + q*:
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4.2. The induced map on types

Step 1.

Step 2.

Step 3.

Step 5.

o)

((hq) +ne(q)) /o (q)

¢ /il (q)

AA b A A A

In particular if g is semisimple, together with describing v by a decorated Dynkin dia-
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4.2. The induced map on types

gram, one can also describe t more precisely as a subalgebra of g. By Lemma 2.2.59, let b
be a Borel subalgebra contained in ¢ and complementary to one b contained in p. Then ¢
contains the Cartan subalgebra t =bnN b C qNp. Denote R := R (g,t) be the root system
of g associated to t. The Borel subalgebra b determines a choice of positive roots R™, and

consequently a choice of simple systems A, of R. By Remark 2.2.60, we see that
Re = (R, N Rap) U (Ruee) N Ra) U Rne(a)) »
with Ry, = R, N Ry, and Ruee) = (Rue(p) N Ryq) U Rue(q)- Denote
'={acAl-a Ry} =ANTR;.

Then
qo=t® @ g and nr (q) = @ Oa-

aceRNspan(T) a€RT\(RNspan(I"))
The Weyl group W (qo,t) of qo with respect to t is identified as a subgroup of W (g,t)
generated by {s, |a € T'}. Let wgo be the longest elements of the Weyl groups W (qo, t). It
is well known that wgo is an involution on Ry, sending positive roots of qo to negative roots
of qo. Therefore
Wl T — —T.

Lemma 4.2.6. The simple system wy’ (A) is contained in R. Thus t® EB o
aERNspan (wgo (A))

is a Borel subalgebra of g contained in .

Proof. Since A C Ry,
A= (ANTRG) U (ANRyyg)) =L U(A\D).

Furthermore we have

Wl (T) = -T C Ry N Rz, C Re

because —I' € —A C R, and

W8 (AND) € 0l (Rue(q)) € Ruela) S R
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4.2. The induced map on types

since nt (q) is an ideal of q. Therefore wg’ (A) = wg® (I') U wgo (A\I') C R.. O

Example 4.2.7. Let g := slg (C) with the standard diagonal Cartan subalgebra t. Then t
gives the root system

R={ei—e;[1 <i,j<8andi#j},

where e; (t) = t;; for 1 <i < 8. Let A ={e; —e;+1|1 <i <7} Then A is a simple system
of R. Let q be a standard parabolic subalgebra (with respect to A) of g represented by the
Dynkin diagram

el-e2 e2-e3 e3-e4 ed-e5 e5-e6 e6-e7 e7-e8
—0—0—X—X—0—0

Then q contains the standard Borel subalgebra b determined by A.
Let &5 (g) be a component in & (g) represented by the diagram

O—X—0—X—X—0—0.

We can choose p € &5 (g) such that p contains the Borel subalgebra complementary to b.

Then g = p + q. By associating each node in the decorated Dynkin diagram

X—O0—0—X—X—0—X

representing t := ¢q (p) = (pNq) + nr(q) with the corresponding simple root in wgo (A)

(here wl” = (24) (67) ), we now are able to describe t as a subalgebra in terms of the root

spaces decomposition of g:

el-ed ed-e3 e3-e2 e2-e5 e5-¢7 e7-e6 e6-e8
X—O—0@—>X—X—0—X

Therefore R, is the set consisting of all positive linear combinations of the set

wy’ (A) U {es —ez,eq —e3,e7 — €6}

and

t=t®p @ga.

a€ER,
Theorem 4.2.8. The parabolic projection pq induces the map p : P (Dy) = P (Zy,) defined
by
1 (S) = 1g0 (1 (S) N o) -

Proof. This follows from Proposition 4.2.2. O
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4.3. Parabolic projection as an incidence system morphism

4.3 Parabolic projection as an incidence system morphism

For any two parabolic subalgebras p and p’ of g, if p N p’ is a parabolic subalgebra of g,

then ¢q (p) N @q (p’) is also a parabolic subalgebra of qo because it contains the parabolic

subalgebra ¢q (p N p’). Therefore ¢4 preserves the incidence relation. It is worth to see under

which condition ¢4 becomes an incidence system morphism between incidence systems.
Define a map

vi=1g0i0g 1 Dyy — Yy

where i is the inclusion map from the diagram %, to the diagram %;. Then v is an injective

map.
Lemma 4.3.1. u is the pull-back of v.

Proof. Let S € P(%,). Then

1(8) = 1q, (1 (S) N D) = 18 0% 015 (8) = (1g 0 1014)" (5) = 1* (S).

O

Corollary 4.3.2. ¢ induces ® : Para® (g) — Para (qo) an incidence system morphism over

the map v : Dy, — Yy given by the strict incidence system morphism

©q |v*Parat(g) : ¥ Paral (g) — Para(qo).

Proof. Consider
v*Para’ (g) = |_| Para) ;) (9),

i€Z4,
and

Para (q9) = |_| Para; (qo).

i€ Zqq

For any i € Y, if p € Parai(i) (g), then ¢4 (p) € Para;(qo) because v is injective and
p({v (i)}) = {i}. Thus ¢q

Lemma 4.1.2, it preserves the incidence relation. Hence ¢

v*Parat(g) : V*Paral(g) — Para(qo) preserves types, and so, by

v*Paral(g) 1S @ strict incidence

system morphism. O
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4.3. Parabolic projection as an incidence system morphism

Theorem 4.3.3. The parabolic projection arises from the flag extension of
®, : Para’ (g) — Para(qo)

i such a way that

pg=T0oF (Bg)o(r) 7 P (g) = P (a0)

where 7 and T are defined as (3.4.1) and (3.4.2), respectively, i.e., the diagram

F (Para? (g)) —— 2 (g)
J:(‘I’)i l‘ﬁq
F (Para(qo)) — 2 (qo0)

commutes.

Proof. Let p € 29 (g). By Corollary 3.4.3. Denote f := 7! (p) and I the type of f. Then

(as discussed in Section 3.6)

]:(q)q) (f) = Pq |v*Para’(g) (f) : :U’(I) — Para (Clo) A Pq |v*Paral(g) (f (V (Z))) :

Therefore

Pq(p) = g (ﬂf@)

iel

= () ea(f (D))
iep(l)

= ﬂ Pq v*Para¥(g) (f (V (7’)))
iep(I)

- ﬂ ¥q |v*Para’(g) (f) ((V (Z)))
iep(I)

= ) F@) (@)
iep(l)

= 7(F(2q)(f))

= T7o0F (®y) (7‘_1 (p))
= TO}—(‘I’q)OT—l (p),
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4.3. Parabolic projection as an incidence system morphism

because, by Corollary 3.4.3, both ¢q (ﬂ f (z)) and ﬂ @q (f (v (7)) are in ‘@Z(I) (g) and
i€l iep(I)

clearly ¢ (ﬂf(z)) - m @q (f (v (4))). -

icl iep(l)

For any (t,b) € %9, we thus have the incidence system morphism
¢q0 T(gp) : C(W) — Para(qo)

over the map v : Z4y — Y4 = .

Example 4.3.4. Let V' be a complex vector space of dimension 7. The group so (V') has
the Dynkin diagram & given by

*——0

According to Example 3.7.7, choose an isotropic line £ in V. Then ¢ C ¢+. Let q =
Stabg,(vy (£) and p = Stabga(y) (W), where W' is an isotropic subspace of V. Then so (¢ /0) =
(90)ss, the semisimple Lie subalgebra of the reductive Lie algebra qo = q/nt(q). Since
5 (40) = (5 (@) + e (@) /ne (q), thus so (£ /€) = q /(3 (q) + e (q)). Under the projection

map, we have

24 () /3(a0) = ((p N1a) +1¢.(0)) /G (a) + e (@) = Stabyy ey ((WE-+0) /).
(4.3.1)

Now let ¢ : {1,2} — 2 be the injective map given by the labelling
. .1 ; .2 .

As in Example 3.7.7, the set C(W),y and C(W), 4 correspond to the collection of lines
and the collection of planes of an octahedron lying in Q> C P (V). By choosing a suitable
point in Q°, one can send lines (resp. planes) in Q° to points (resp. lines) in @ (as in
Equation (4.3.1)).

By using parabolic projection, we can define the injective incidence system morphism W :
C (W) — @3 over the map o : {1,2} — 2 such that ¥ maps C (W) 41y to a collection of 12
points in Q3, and C (W) 4(2) to a collection of 8 lines in Q? with 2 lines through each point

and 3 points on each line; it has the same incidence as edges and vertices of a cube.
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Chapter 5

Generalized Cox Configurations

Suppose that V' is a complex vector space of dimension four and (W, S) is a Coxeter group

with Coxeter diagram & given by

bpe e

Let 0: {1,2,3} — 2 be the injective map given by the above labelling. According to Exam-
ple 3.7.8, the set C(W),;) and C (W), can be identified with the orbits of fundamental
weights A\; and A3 corresponding to the nodes labelled by 1 and 3 respectively. Each orbit
is a demicube, i.e., a semi-regular polytope constructed from a hypercube with alternated
vertices truncated. A hypercube may be considered as a bipartite graph between two types
of vertices, black vertices and white vertices as in Figure 5.0.1, and thus an incidence system
with two types. The sets C(W),) and C(W),) can be taken to be the black and white
vertices with incidence pairs corresponding to edges. This is also the incidence system of
a configuration associated with Cox’s chain, consisting of 2"~! points and 2"~! planes in

P (V), with n planes through each point and n points on each plane.

Figure 5.0.1: A 2-face of an n-hypercube.

Moreover, C (W), can be identified combinatorially with the space of 2-faces in the

hypercube as in Figure 5.0.1. Any 2-face is incident with two white vertices and two black
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5.1. Generalized Cox configurations

vertices. Thus we get an injective morphism W : C (W) — Proj (V) over the map o : [4] —
2. ¥ maps C(W), to a collection of 2"~1 points in P(V), C (W) ,(2) to a collection of
n

2n—2 lines in P (V), and C (W), to a collection of 2"~1 planes in P (V). We call
2

the injective morphism ¥ a COX CONFIGURATION.
In this chapter, we will define generalized Cox configurations, construct them by using

parabolic projection, and investigate their existence in some cases.
5.1 Generalized Cox configurations
Let W be a Coxeter group corresponding to the Coxeter diagram & of type

L
T . T
b nodes : ¢ nodes

T(a7b7c) =

a nodes

Definition 5.1.1. A GENERALIZED COX CONFIGURATION OF TYPE (a,b,c), where

a,b,c € N, is a projective configuration
U:C(W)— Proj(V),

over the map p : [a +b] — Z, where V is a vector space of dimension a + b and [a + 0] is
the set of types of the incidence system Proj (V') (as defined in Example 3.1.3), given by the
following labelling:

at+b-1 atb-2 atb-3 a
o—0—©

Iz
1
We will denote Mor, (C (W), Proj (V')) by GCOqp.¢) (W, V). A generalized Cox configuration

is said to be NON-DEGENERATE if it is an injective morphism and we will denote

GCO(, o) (W, V) := Mory” (C(W), Proj (V).

When W and V' can be understood from the context, we will suppress (W, V') and then
write GCO(a,b,c) for GCO(a,b,c) (VV, V)
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5.2. Generalized Cox configurations from parabolic projection

Remark 5.1.2. Notice that we have an incidence system isomorphism from Proj (V') to
Para (pgl (V)) defined by
V' Stabpg[(v) (V/) .

~

Therefore Proj (V) = Para(pgl(V)). Thus generalized Cox configurations are actually

parabolic configurations.

As the image of a generalized Cox configuration of type (a,b,c) is in Proj(V'), we can
consider the dual of this configuration whose image is in Proj (V*) = Proj (V). Furthermore,
the dual of a generalized Cox configuration of type (a, b, ¢) is a generalized Cox configuration

of type (b, a,c).

5.2 Generalized Cox configurations from parabolic projection

The notation of each algebraic group and each Lie algebra appearing in this section depends
on (a,b,c). But for the rest of this chapter, we fix an (a,b,c) such that it satisfies the
condition

1 1 1

-+ -4+->1 5.2.1
o> (5.2.1)

i.e., the diagram T(, ) is a Dynkin diagram and so the Coxeter group is finite. It turns
out into 3 classifications of the related diagram which is of A, D, or E-types. We say that a
generalized Cox configuration of type (a,b,c) is of type A, D, or E if its related diagram is
of that type.

For the rest of this chapter, let ' be an algebraically closed field of characteristic zero.

Let G be a connected simple algebraic group over F with the associated Dynkin diagram

e S e e e )

L
T . T
b nodes : ¢ nodes

a nodes

Let @ be a parabolic subgroup of G in the conjugacy class complementary to the one

represented by the decorated Dynkin diagram
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5.2. Generalized Cox configurations from parabolic projection

with the unipotent radical Q" and the Levi factor Qo := @ /Q".
Let g and q be the associated Lie algebras of G and Q, respectively. Then q* is the Lie
algebra of Q% and qq is the Lie algebra of @Qg. By Corollary 2.2.27 and Proposition 77,

do =3(q0) ® s,

where s is a semisimple Lie subalgebra of qo and dim (3 (qo)) = 1. The Dynkin diagram

Ds = Dy, (see Section 2.2.4) is given by

oo

c-2 nodes

where 14 is the dual involution of the Dynkin diagram %j.

As s is semisimple and the Dynkin diagram %, has two connected component,

s=q®q,

where q = pgl, ., (F) and q’ = pgl,_ (F) are simple ideals of s such that [q, ¢'] = {0}. Hence
3(q0) ® q' is an ideal of qo. Define ' : ¢ — qo and 7" : qo — q0/(3(q0) ®q') = G be the
canonical projection. Then

on’iq—7

is a surjective Lie algebra homomorphism. It induces a surjective algebraic group homo-
morphism 7 : Q — @, where Q is the Lie subgroup of () with the associated Lie algebra g.

Denote K be the kernel of the homomorphism 7. So

0 K Q—"=Q 0

is an exact sequence. Then K is a normal subgroup of Q containing Q“ and Q = Q /K.

Let £ be the Lie algebra of K. The Dynkin diagram %5 of q is of type Aq4p—1,
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5.2. Generalized Cox configurations from parabolic projection

Then %5 is a sub-diagram of Z,. Let i: Z5 — %4, be the inclusion map.

Proposition 5.2.1. There is an incidence system morphism
© : Para(q9) — Para(q), (5.2.2)
over the inclusion map i: Y5 — Dy, given by the strict incidence system

0 :i*Para(qo) — Para(q)

p/ﬂlL = p/e,

where p € & (q).

Proof. First we will show that 6 is well-defined. By Proposition 2.2.44, any parabolic sub-
algebra t of qq is equal to p /q* for some p € & (q). Furthermore, if v € Para (90) i(j))» then
the Dynkin diagram % representing v has only one crossed node on the component of %,
of type Ay4p—1; whence £ C ¢, and so 6 (t) € Para (ﬁ)j by Proposition 2.2.45. Therefore 0 is
well-defined and preserves types.

Given two parabolic subalgebras p/qL and p’/qL in i*Para (qp) such that (p /qL) N
(p’ / qL) is a parabolic subalgebra of qg, then p N p’ is a parabolic subalgebra of q. Hence
(pNp') /v =(p/t)N(p’ /r) is a parabolic subalgebra of . O

Notice that @) acts on both quotient spaces qg and q by canonical adjoint actions. These
induce actions of ¢ on Para(qg) and Para(q). Furthermore the subgroup K C @ acts

trivially on Para (g). The morphism © as defined in Proposition 5.2.1 has the following
property:

Lemma 5.2.2. The morphism © : Para(qo) — Para (q) is Q-equivariant.

Proof. For any q € Q and p /q* € i*Para (qo),

q-H(p/ql)=q‘(p/f)=(q-p)/?=@(q-p)-
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5.2. Generalized Cox configurations from parabolic projection

O

Recall that 7 is the set of all Cartan subalgebras of g, % is the set of all pairs (t, b)
where b is a Borel subalgebra of g and t is a Cartan subalgebra of g contained in b, 79 is
the subset of 7 containing Cartan subalgebras t such that all Borel subalgebras b D t are

weakly opposite to q, and % := 7! (F9). So far we have, for any u € %9,

Para (qo) 9% . Para ©)

Para (g)

As v, i and p are injective and im (¥ oi) = im (p), there exists a unique bijective map
S : 95— [a+ b] such that voi= pog. Let V be a vector space of dimension a + b. Choose
an isomorphism from q to pgl (V') so that V is a representation of § with the highest weight

A¢-1(1y (see Section 2.2.4). Define an incidence system isomorphism
=: Proj (V) — Para(q),
over the map ¢ : Z5 — [a + b] given by the strict incidence system isomorphism

€:¢"Proj (V) — Para(q)

W — Staba (W) .
Since Q = PGL (V), this implies that Q acts on V and the subgroup K C Q acts trivially
on V.
Lemma 5.2.3. The morphism Z : Proj (V') — Para (§) is Q-equivariant.

Proof. For any q € Q, x € q, and W € ¢*Proj (V'), we have (¢-z)- (W) =gq- (:E . (q_1 . W))
Therefore

§(q- W) = Stabg (q- W) = ¢ - Stabg (W) = ¢- & (W).
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Therefore, we have a commuting diagram

Cc(W) Yu Paraf (g)
Dy<——~~ R Dy
A A
W, Q| | v Dy
| \
la+bl<<—-—-Zg———>%
Proj (V) = Para (1) 5 Para (qo) ,

such that the composition map
U, :=Z""1000®;07Y,: C(W)— Proj(V)

is an incidence system morphism over the injective map p : [a + b] — 2 given by the strict

incidence system morphism

Yo =60 (TN 0orvrpgo Ty (7N (* (V*C(W))) — Proj (V).

5.3 A dimension formula and a conjecture

If A and A’ are incidence systems over N and N’ respectively, and @ acts on A’ in such a
way that this action preserves types and incidence relation in A’, then the action of @) on A’

induces an action of @ on Mory (A, A’), for some map ¢ : N’ — N, given by

(¢-A)(a) =q-(A(a)).

Thus the group @ acts on the spaces 9, Mor (C (W), Para%(g)), Mor,.; (C (W), Para (7)),
and GCO (j,k,n). The subgroup K C @ acts trivially on Mor,.; (C (W), Para(q)) and
GCOgp,e) (W, V) because it acts trivially on Para®(g) and Proj (V) . Let %9 be the set
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5.3. A dimension formula and a conjecture

defined in Notation 3.7.16. Consider the diagram

% L Mor (C(W), Para’ (g))
] (@O%)*

GCO(a,b,c) (VV, V)

Moryei (C(W), Para (q)) ,

(1]

where

(@oq)q)*(qﬁ):@o@qoqb’

for all ¢ € Mor (C(W),Para’(g)), and

for all ¢ € Mor,.; (C(W),Para(q)). By Lemma 3.7.10, Lemma 4.1.3, Lemma 5.2.2, and
Lemma 5.2.3, the morphism V¥ is Q-equivariant. As K acts trivially on GCO(,y ) (W, V),

so ¥ induces the map

W] : Q\%* — Q\GCO(pe) (W, V)
Q-u — Q-U,. (5.3.1)

We want to see if the map [¥] in 5.3.1 is a bijective map. However, it is equivalent to see if

the map

U K\ UL — GCO(&b,C) (I/V, V)

K-u ~ ¥, (5.3.2)

is bijective.

Consider the space K\ %1, a choice of (t,b) € %9 determines that

K\%%C K\% =~ K\G/T,
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5.3. A dimension formula and a conjecture

where T is a maximal torus of G with Lie algebra t. By Proposition 3.7.17, we have
dim (K\ 7% =dim (K \G/T) =dim (g /(¢+1t)).
Then by Lemma 3.7.19, ¢Nt = {0}, and so
dim (K\ %% =dim(g/(t+t)) =dim(g/(t®t)) = dim (g /€) — dim (t). (5.3.3)

Definition 5.3.1. Denote C (a, b, c) := dim (K(a@c)\ ?/(1 b C)>.

Theorem 5.3.2. For any a,b,c € N such that a > 2,
_ . 1
C(a,b,c)=(a+b—-1)+C(a—1,b,c) + dzm(p )

where p is the Lie algebra of the parabolic subgroup P in the conjugacy class represented by

the decorated Dynkin diagram

!

Proof. Let g, £, and q be respectively the Lie algebras of the algebraic groups G, K, and

containing a pair (t,b) € %9.

Q@ as defined in Section 5.2 depending on (a,b,c). Let (t,b) € % and P be a parabolic

subgroup of G in the conjugacy class represented by the decorated Dynkin diagram

]

such that its Lie algebra p contains b. Then £ /q+ C ((pNq) +qt) /g*. This implies that
((pNq)+9q*) /gt C (¢ /qL)L; whence p- N &= (pt Nq) Nt ={0}. The filtration

0Cp CpCy
of g induces a filtration
0Cy = (eapt) /e C(t+p)/E o/t
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5.3. A dimension formula and a conjecture

of g /€. Therefore, from equation (5.3.3),

C(a,b,c) = dim(g/(tDt))
~ dim (/) — dim (8
(g/(p+1¥)+dim ((E+p)/<é@pL)) +dim(pi) — dim (¢)
= dim(g/(p+¥)+ <dim ((E+p)/<é@pl)> — dim (t)) + dim (pl) .

= dim

Asg/(p+8) =(p+q)/(p+8,andp+g- Cp+ECp+(pNqg)+q- Cp+at, so

g/(p+¥ =(p+q)/(p+qL) %q/((pﬂquL).

Note that q /((p N q) + q*) is the tangent space of @ /(PN Q) Q") . As Q /K = PGLqyy (F)
and (PNQ)Q") /K = GLgpp—1 (F) x (For=1)" thus Q /(PN Q) Q") = Pa+*~1. Hence
dim(g/(p+¢)=a+b—1.

Let ¢/, ¥, and ¢’ be respectively the Lie algebras of the algebraic groups G’, K', and @’
as defined in Section 5.2 depending on (a — 1,b,¢). Then

dim (((q np)+ pi) /pL) = dim (¢) +1,
by Proposition 4.2.2, and
dim (((e np) + pL> /pL) — dim (¥) .

Since (E+p) /(@ pt) =p/((eNp) +pt), hence

b () (e29)) = i fo) (001 4) /)

= dlm(g)—i—l—dlm(v’i)

= dim (g’ /¢) +1

Thus dim ((¢+p) /(E@pt)) — dim (t) = dim (¢ /(¥ D t')) = C(a—1,b,c), where t' is a
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5.4. Recursive construction of generalized Cox configurations

Cartan subalgebra of g’ contained in .79 and dim () = dim (t) — 1. Therefore

C(a,b,c):(a+b—1)+o(a—1,b,c)+dim(pi).

We shall see later that, in the casesa=1,b=1,0orc=1,

K\%° = cCo(y, , (W,V).

Hence, we make the following conjecture for general (a, b, c).

Conjecture 5.3.3. K\%1 = GCoénj (W, V).

a,b,c)

To see whether Conjecture 5.3.3 is true or not, we need consider two following conditions:
(C1) V is injective, i.e., ¥, = U,y = u' € K - u.
(C2) im (V) = GCOE%C) (W, V).

If the Conjecture 5.3.3 is true, then Theorem 5.3.2 tells us that

dim (GCo{%, , (W,V)) = (a+b—1) +dim (GCol? |, (W,V)) +dim (p*) . (5.3.4)

This suggests us that non-degenerate generalized Cox configurations should be recursively

constructible.

5.4 Recursive construction of generalized Cox configurations

In this section, we will explain a recursive construction of non-degenerate generalized Cox
configurations of type (a, b, ¢) which will explain why (5.3.4) holds. Firstly, we recall all the
notations used in Section 5.2 and Section 5.3, and we will use them throughout this section.
We will see that this recursive construction is similar to Longuet-Higgins’ construction for
Clifford configuration (see [LH72|, Section 7) but still somehow different.

By Proposition 3.2.6, the residual incidence geometry Res ({Wg(l)}) in o*C (W) is iso-

morphic to the coset incidence geometry
C (W@(n; (Weg N W9(1>);@-6N\{1}) ;
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5.4. Recursive construction of generalized Cox configurations

which is the coset incidence geometry (o')* (C(W’)), where W' is a Coxeter group with the
Coxeter diagram T(, 1),

atb-2 atb-3 atb-4 a-1

c nodes
T(afl,b,c) = 2 )

and ¢’ : [a+b— 1] = T(q_1 ) given by the above labelling.

Recall from Section 2.2.3, p* is nilpotent, and so it has a filtration
{0} = Cousr (1) €O (1) SOt (34) © oo c 1 (04) =0,

where m is the depth of p*, and we write p_; := C; (p*) /Ciy1 (ph). Since (a,b,c) sat-
isfies the inequality (5.2.1), thus p_; is a miniscule representation with the highest weight

corresponding to the crossed node

atb-2 atb-3 atb-4 a-1

t

of the Levi factor of p (see |Gre08|, p.32), thus we have

¢ nodes

dim (p_1) = the number of the elements in C (W) (5.4.1)

o)
Hence Equation 5.3.4 suggests a recursive procedure to construct a non-degenerate gener-
alized Cox configuration of type (a,b,c) in the projective space P¢+0=1 (V) as follows: for
a,b,c € N such that a > 2,

(1) Choose a point pg in P*+*=1 (V); this use a + b — 1 parameters.

(2) Choose a generalized Cox configuration of type (a — 1,b,¢) in the projective space
Pe+0=2 (V' /pg) of lines passing through po; this use dim (GCO?Z{M,C) (W, V)) parameters.

(3) Choose generally a point, different from pp, on each line in the configuration passing
through the point pg; the number of parameters used in this step is equal to the number

of lines passing through py, i.e., the number of elements in C (W’)Ql(l), and so by Equation

5.4.1, it is equal to dim (p_1).
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5.4. Recursive construction of generalized Cox configurations

(4) Finally, in order to complete the configuration, we should choose dim ([pi, pL]) more

parameters.

The table below lists dim (p*) of some cases that (a, b, c) satisfied the inequality (5.2.1).

’ (a,b,c) ‘ dim (p_1) ‘ dim (p_2) ‘ dim (p_3) ‘
(1,b,¢) be 0 0
(a,1,¢) | a+c—1 0 0
(a,b,1) | a+b—1 0 0
(@,2,2) | 2(a+1) 0 0

2
(2,5,2) (bz ) 0 0
(2,2, ¢) (C t 2) 0 0
(2,3,3) 20 1 0
(2,3,4) 35 0
(2,3,5) 56 28 8
(2,4,3) 35 7 0
2.5,3) 56 28 8

Table 5.1: A table representing the dimension of pt be) for some (a, b, ¢)

Definition 5.4.1. We will call the configuration, obtained from Step (1), Step (2) and Step

(3), an (a, b, c)-STARTING CONFIGURATION.
Therefore we make the following conjecture.

Conjecture 5.4.2. For a,b,c € N such that a > 2, Let V be a complex vector space of
dimension a +b. Given an (a,b,c)-starting configuration in P*T0=1(V), then constructing
a non-degenerate generalized Cox configuration of type (a,b, c) requires dz’m([pL,pL]) more

parameters.

Remark 5.4.3. By showing that Conjecture 5.4.2 is true, the equation 5.3.4 is true.

Let ¥ : C(W) — Proj(V) be a generalized Cox configuration of type (a,b,c). As
im (V) C Proj (V), we can consider W (C (W)) as a configuration in P***=1 (V') and we can
say about the incidence relation of ¥ by considering the incidence relation of ¥ (C (1)), and
so of C(W). We will focus on the incidence relation between o* (C(W)),, corresponding
to a collection of points in P4T*=1 (V) and ¢* (C (W))asp—1, corresponding to a collection
of hyperplanes in P¢*~1 (V). To do this, we are going to use branched summaries (see

Remark 3.1.17) and summaries (see Definition 3.1.16) to represent such incidence relation.
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5.5. Generalized Cox configurations of A-type

Any o* (C(W)),, where 1 <i < a+b— 1, corresponds to a collection of (i — 1)-dimensional
subspaces in P*T*~1 (V) which can be obtained by intersecting hyperplanes corresponding

to 0* (C(W)),,p_, or being spanned by points corresponding to ¢* (C(W));.

Example 5.4.4. Consider a generalized Cox configuration of type (2,2,2) ,

3 2

1

its branched summary is represented by the graph
41
/
473
\
4
:(2)
3 /
4
3!
\4
1

TorAL 8

Any lines in this configuration can be obtained by the intersection of any two hyperplanes

in the configuration or spanned by any two points in the configuration.

5.5 Generalized Cox configurations of A-type

This is the case of generalized Cox configurations of types (1,b,¢), (a,1,c), or (a,b, 1). These

types corresponds to classical configurations. The incidence geometry C (W) corresponding
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5.5. Generalized Cox configurations of A-type

to the diagram of type A, has the incidence structure of an abstract n-simplex. For this

section, we denote n:=a+b+c— 2.

5.5.1 Generalized Cox configurations of type (a,b,1)

Let V be a vector space of dimension n + 1 and G := PGL,4; (V). As in Section 5.2, the
parabolic subgroup @ of G, we choose in this case, is actually G itself and K is {e}. Then
%% = % . Thus the map W defined in (5.3.2) is actually the map Y defined in (3.7.2), and
so generalized Cox configurations of this type are actually standard parabolic configurations
(see Definition 3.7.6). Any (t,b) € % gives us an ordered basis {vg, v1,...,v,} (up to a scale)
of V; this basis gives us an n-simplex, i.e., a collection of n + 1 points whose homogeneous
coordinates form a basis of V', in V.

By Proposition 3.7.11, the condition (C1) of Conjecture 5.3.3 is true. By Lemma 3.7.9
and Theorem 3.7.13, the condition (C1) of Conjecture 5.3.3 is true. Therefore Conjecture

5.3.3 is true.

Proposition 5.5.1. Let V be a vector space of dimension n+ 1. Given a (a,b,1)-starting

configuration in P" (V), a configuration in GCO(Zjb ) can be uniquely obtained from the

starting configuration.

Proof. The starting configuration has the following branched summary

H P
n 1 (o)
/
(h;) nn—1
\—1

(n 71 1> (Pir-win 1) -

The collection of n general points different from py uniquely determines a new hyperplane,
say h. Therefore we have n 4+ 1 hyperplanes and n + 1 points, with n hyperplanes through

each point and n points on each hyperplane, as in Figure 5.5.1.
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5.5. Generalized Cox configurations of A-type

TorAL n-+

Figure 5.5.1: The branched summary for GCO(qy 1)

O

Hence Conjecture 5.4.2 is true and generalized Cox configurations of type (a,b,1) are

n-simplices in P".

5.5.2 Generalized Cox configurations of type (a,1,c¢)

Let V be a vector space of dimension n + 1 and G := PGL,11 (V). Let U be a vector
subspace of V' of dimension n — a and @ be the maximal parabolic subgroup of G stabilizing
U. Let K be the subgroup of @ consisting of elements in PGLj, 1 (V) fixing P* (V /U ) and
Q = Q /K. Then Para(g)" C Para(g) = Proj (V) and Para (q) = Proj (V /U). Any t € J1
corresponds to the basis {vg, v1...,v,} (up to a scale) of V.This basis {vg, v1 ..., v,} forms
an n-simplex in V. Any Borel subalgebra b containing t corresponds to an ordering on
{vo,v1...,un}. As t € J9 the subspace, spanned by any collection of a 4+ 1 vectors in

{vo,v1...,v,}, intersects U trivially by Corollary 2.2.48. In particular,
te 9q<:><vi1,...,via+l>ﬂU:{0} forall 0 <i1 <i9 < -+ <igy1 <,

where {vg,v1...,v,} is the basis (up to scale) of V' corresponding to t.

As in Example 2.2.61, the incidence system morphism © o ®, : Para(g)? — Para ()
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5.5. Generalized Cox configurations of A-type

sending Staby (W) to
Staby (U /U C(U+W) /U CV/U);

whence it is a classical projection P™ (V') — P*(V /U).

Therefore the image of {vg, v1 ..., v,} under the map W is a non-degenerate collection of
n+ 1 points, i.e., any a+ 1 points in the collection span P (V' /U ), in P* (V /U). . Next we
will show that generalized Cox configurations of type (a, 1, c) are obtained by the classical

projection of n-simplices in P (V') into P*(V /U ).

Theorem 5.5.2. Any non-degenerate collection of n+1 points in P* (V' /U ) is the projection
of an n-simplex in some projection P* (V) — P*(V /U). Moreover, if any two simplices
project to the same collection of points in P* (V' /U ), then they are related by an element of
PGLyy1 (V) fizing P*(V JU).

Proof. The standard homogeneous coordinates of the n+ 1 points can be represented as the
columns of a (a+ 1) x (n+ 1) matrix M. By the non-degeneracy condition, every a + 1
columns span V' /U, and so the rows of M are linearly independent. Thus the collection
of rows of M can be extended to a basis of V, i.e., an (n+ 1) X (n + 1) invertible matrix
M'. The columns of M’ are homogeneous coordinates of an n-simplex projected onto the
collection n + 1 points in P* (V' /U ) as required.

Suppose that M" is an (n + 1) x (n + 1) invertible matrix whose the first a + 1 rows are
same as the a41 rows of M’. Then there exists an (n + 1)x (n 4 1) matrix B := (M”) (M')™*

of the form
1 0
ot , (5.5.1)
x  x
where I,11 is the (a + 1) X (a + 1) identity matrix, such that M” = BM'. O

From the proof of Theorem 5.5.2, we can extend the matrix M so that the span of any
a + 1 columns intersects the space U trivially; so the extended matrix M’ corresponds to
a (t,b) € 9. Therefore Theorem 5.5.2 implies the Conjecture 5.3.3 is true. The following

proposition shows that Conjecture 5.4.2 is also true.

Proposition 5.5.3. Let V' be a complex vector space of dimension a + 1. Given a (a,1,c)-
starting configuration in P (V'), a configuration in GCO?Z?l,c) can be uniquely obtained from

the starting configuration.
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5.5. Generalized Cox configurations of A-type

Proof. The starting configuration has the following branched summary

H P

Any a points in the collection of n general points which are different from pg uniquely

n n
determine a hyperplane; there are < > such hyperplanes. Therefore we have < 1> +
a/ a/ J—

1
(n) = (n * ) hyperplanes and n + 1 points, with ( " 1) hyperplanes through each
a a a—

point and a points on each hyperplanes, as in Figure 5.5.2. O

H P

o ()

1 a
TOTAL <n + ) C”7(1)n +1
a

Figure 5.5.2: The branched summary for GCO(, 1 ).
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5.6. Generalized Cox configurations of D-type

5.5.3 Generalized Cox configurations of type (1,b,¢)

Generalized Cox configurations of this type is the dual configurations of generalized Cox
configurations of type (b, 1, ¢). Thus generalized Cox configurations of this type are obtained
by intersecting n-simplices with a projective subspace of dimension b. Since Conjecture 5.3.3

in the case (b,1,c) is true, by considering GCOl('Tlué7 ¢ 38 the space of dual configurations of

the configurations in GCOEZ]1 ¢)» Poth conjectures are also true in this case.

inj

In fact, we can construct a configuration in GCO(1 b

) To see this, let V' be a complex
vector space of dimension b+ 1. Given a point py in P? (V) and a configuration in the space
P*~1 (V' /po) of b hyperplanes (i.e., hyperplanes in P? (V) through pg) and b points (i.e., lines
in P® (V) through pg) such that any b — 1 hyperplanes passing through each point and any
b — 1 points lie on each hyperplane. Choose ¢ general hyperplanes in P? (V) different from
those already exist; this use dim (pl) = bc (see Table 5.1) parameters because, in order

to choose a hyperplane in P? (V), we need b parameters. Intersecting all the hyperplanes

. o n+1 . .
we obtain so far, it gives totally < b ) points in the configuration. Therefore we have

1
n+ 1 hyperplanes and (n —;— ) points, with b hyperplanes through each point and (b " 1>

points on each hyperplanes.

5.6 Generalized Cox configurations of D-type

This is the case of generalized Cox configurations of types (a,2,2), (2,b,2), or (2,2,¢). In
this section, we are going to show that Conjecture 5.4.2 is true for the case (2,b,2) and
(2,2,¢). According to Table 5.1, dim ([pL,pL]) = 0 for these cases. Hence Conjecture 5.4.2
states that the starting configurations of these types uniquely determine non-degenerate
generalized Cox configurations of these types. The key ingredient to investigate these two

cases is the following classical result.

Theorem 5.6.1. (Mébius theorem) Let PPioPi3Pos and PigPosP3qPio3s be two Tetrahe-

dra in a projective 3-space such that the vertices P, Pio, P13, and Pas lie on the faces py :=

(P14, Pas, P34), p124 == (P14, Paa, Pi234), p134 := (P14, P34, P1234), and pazs = (Pay, P34, P1234)

respectively of the second tetrahedron. If the vertices Py, Pay, and P34 lie on the faces
p1 := (P, Pia, P13), p2 := (P, P12, Pa3), and p3 := (P, P13, Pa3) respectively of the first tetra-

hedron, then the vertex Piasq must be incident with the plane pias := (Pia, P13, Pa3).
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5.6. Generalized Cox configurations of D-type

Proof. Assume that the vertices P4, Pag, P34 are incident with the plane py := (P, Pia, Pi3),
p2 := (P, P12, Pa3), p3 := (P, P13, Pa3), respectively. Let m be the intersection line of planes
p3 and piag. As P is incident with ps, P34 Pi3PasP is a complete quadrangle giving a
quadrangular set Q(ABC, DEF') on m.

P2
P13

P34

m

A D C B E F

Figure 5.6.1: The quadrangular set Q(ABC, DEF) on m.

Then the point A is on the plane pi34 and so the line Pj4Pjo34. Similarly, B,C, D, E are
on the lines P24P12347 1314P247 P12P24, P12P24 respectively.
P

P2
13

2 P12
P123

P14

Figure 5.6.2: The quadrangular sets Q(ABC, DEF') and Q(DEF, ABC) on m.

Since Q(ABC,DEF) implies Q(DEF, ABC) and each point of a quadrangle set is
uniquely determined by the rest points (see [Cox61]|, page 240-241), the point Pja34 is on the
line PioF. Since the line Pjo P34 pass through the vertex F' on Pi3Pa3, Piosq is incident

with the plane pia3. O

According to Table 5.1, given a starting configuration of the case (2,b,2) or (2,2,c), we
need to choose no more parameter to complete the configuration because dim ( [pL, pi]) =0,
i.e., the starting configuration uniquely determines a non-degenerate generalized configura-

tion.
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5.6. Generalized Cox configurations of D-type

Proposition 5.6.2. Let V' be a complex vector space of dimension 4. Given a (2,2,2)-
starting configuration in P3 (V), a configuration in GCOZ('Z’Q’Z) can be uniquely obtained from
the starting configuration.

Proof. The starting configuration has the following branched summary

H P
41 (o)
1/
(hi) 43
2

(3) (Piria) -

For 1 <41 < ip < i3 < 4, the points p;,i,, Diji; and pi,i, uniquely determine a plane
Ni,igig; there are (;l) = 4 such planes. Notice that the planes hio4, h134 and hs34 meet in a
point, say q.

Now consider a tetrahedron T formed by the planes hi, ho, h3, hi23 and a tetrahedron T’
formed by the planes hy4, hi24, hi134, ha34.

P P24 P34

P12 P13% Q

T T
Figure 5.6.3: Tetrahedra T and T’.
From Figure 5.6.3, these two tetrahedra satisfy the condition in Theorem 5.6.1. This
implies that the point ¢ lies on the plane hjg3. Thus the planes h; i,i,’s, where 1 < 73 <

1o < 13 < 4, meet in a point, say pies4. Therefore we have totally 8 planes and 8 points,

with 4 planes through each point and 4 points on each planes, as in Figure 5.6.4.
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(o)

(h;)

(hiﬂ'zis

4/ |
\5(;) "
() 31/
L

(p1234)

4 4

ToTtAL 8 8

Figure 5.6.4: The branched summary for GCO(3 3 2).

O

Remark 5.6.3. Proposition 5.6.2 is Cox’s formulation of Mébius theorem. That is, given
four general planes a, b, ¢, d through a point pg in a projective 3-space, choose a point, say
ab, on the line of intersection of any pair of planes, say a and b; there are six such points.
Since any three points like ab, be, ac generate a plane, say abc, there are four such planes
which, by Mobius theorem, intersect in a point, say abed.

Proposition 5.6.2 is then the first Theorem in Cox’s chain of Theorems (see [Cox50], p.
446-447).

Proposition 5.6.4. Let V' be a complex vector space of dimension 4. Given a (2,2,c)-
starting configuration in P2 (V), a configuration in GCO?;j2 ¢ can be uniquely obtained from

the starting configuration.

Proof. We claim that if n is even (resp. odd), we obtain the left (resp. right) branched

summary as in Figure 5.6.5.
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5.6. Generalized Cox configurations of D-type

1 1

TOTAL gn-12  Ron-1

Figure 5.6.5: The branched summary for GCO(y 2 Wwhere n is even (on the left) and odd
(on the right) respectively.

We will prove the proposition by induction on n > 4. The case when n = 4 is already

proved in Proposition 5.6.2. Now suppose that n > 4.
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5.6. Generalized Cox configurations of D-type

The starting configuration gives the branched summary

H P

CASE 7 1S ODD.

By eliminating the planes h,, we have a structure of a configuration in GCoéng’c_l);

4

. . . . . n—1
points Pj iyizis, Where 1 < 41 < 49 < i3 < 1y < n—1, ... > = n — 1 planes

n—1 n—1
by induction, there are ( 3 ) planes hj iy, where 1 <41 < ig < i3 <mn —1, < >

" \n -2
Riyigeip o, Where 1 <y <iig < ... <'ip—3 <n—1, and a point pys..(,,—1). By eliminating

one plane h;, 1 < i < n, each turn, with the same argument as above, there are totally

n (n—1 n . ; ; ] ; no(mot
n—4 4 - 4 pOll’ltS DPiyigizias where 1 < 1 <12 <13 <14 < ™ n—>y 5) -
n

. . . n—1 n .
planes hili2igi4i5,Wherengl<ZQ<...<Z5§7’L,...75 n_9 = n_ 9 points

Divig-in_o, Where 1 <iq < ig < ... < iyp—2 <mn, and 1) = n planes h; ;,...i, ,, Where
n p—
1< <io< ... <ip_1 <n.

Consider the structure of a configuration in G.Cogj2 ¢1y in the dual projective space,

the point h; has n — 1 planes pio,...,p1, pass through and other incidences are given by
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5.6. Generalized Cox configurations of D-type

(P1ir) (n 1 1)
') e
/
(P1ivinis) (n ; 1) n—4a

1
n _
( 4 ) (Piiyigisis)

—1
(pl'hiz---in_g) (Z _ 2) 1

1 (h1),

all the points p1j, j,...j,_», Where 2 < j; < ... <i,_3 < n, lie on a plane, say hq. Likewise for
2 < i < n, there is a plane, say h;, which points Djijo-jn1, Where 1 < j1 < ... < jp—1 <n
and i € {j1,...,5n_1}, lie on. So all h;, where 1 < i < n, are the same plane as required
because, for 1 < i < k < n, the planes h; and hj, have n — 2 > 3 points in common.

CASE ¢ IS EVEN.

By eliminating the planes h.42, we have a structure of a configuration in GCOZ(Q’Q,CA); by
) points

Piyigigia, Where 1 <1y <ig <i3 <14 <n—1, ..., and a plane hys...(,,_1). By eliminating one

induction, there are ( ) planes Aj iyi4, Where 1 <141 < ig <iz3 <n-—1, (

n n—1 n
plane h;, 1 < i < n, each turn, there are thus 4< 4 ) = <4> points p;,iqizi,, Where
7 —
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5.6. Generalized Cox configurations of D-type

1 <41 <9 <13 < ig4 < n, because in n times of elimination, the point p;, .4y, Occurs n —4
times except when the hyperplane h;,, hi,, hi; or h;, is eliminated. By the same argument,

n n—1 n
there are thus ( ) = <5> planes Aj igigigig, Where 1 <4 < ig < ... <15 < n,

n—>9o b}
.., and 1) = n planes h; ip.i, ,, Where 1 <141 <ig < ... <ip_1 <n.
7 —
Consider the structure of a configuration in GCO?S{Q,e—l) in the dual projective space,
the point h; has n — 1 planes pio,...,p1, pass through and other incidences are given by
H P
n—11 (hl)

(p1iy) n—1

n—3 (” ; 1) (hairiy)
/
(P1irinis) (n g 1) 4
\4

n—1
( 4 ) (Piyigigia)

—_

-1
(Z _ 2) (hliliQ'“in—Q)
n—1

(p1) 1 :
all the planes hij, j,...5,_, Where 2 < j; < ... < jp—2 < n pass through a point, say pj.
Likewise for 2 < 4 < n, there is a point, say p;, which lies on n — 1 planes hj,...;,_,’s for
1<j1<...<jn-1 <mnsuchthat i € {j1,...,74n-1}. Hence p;, where 1 < i < n, are the

same point as required because, for 1 < i < k < n, p; and pi lie on n — 2 > 3 planes.
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5.6. Generalized Cox configurations of D-type

Therefore we have 2"~ ! planes and 2"~! points, with n planes through each point and

n points on each planes, as in Figure 5.6.5. 0
Remark 5.6.5. Proposition 5.6.4 is Cox’s chain of Theorems (see [Cox50], p. 446-447).

Proposition 5.6.6. Let V' be a complex vector space of dimension n. Given a (2,b,2)-

starting configuration in P*~Y(V), a configuration in GCOZ]‘b 5y can be uniquely obtained

from the starting configuration.

Proof. We claim that if n is even (resp. odd), we obtain the left (resp. right) branched

summary as in Figure 5.6.6.
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5.6. Generalized Cox configurations of D-type

2n—2 —
TOTAL 2n = — " on-1

Figure 5.6.6: The branched summary for GCO(yy 2) where n is even (on the left) and odd
(on the right) respectively.

We will prove the proposition by induction on n > 4. The case when n = 4 is already

proved in Proposition 5.6.2. Now suppose that n > 4.
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5.6. Generalized Cox configurations of D-type

The starting configuration gives the branched summary

H P

<n ﬁ 2) (Pivia-in_2)

For 1 <i1 <...<i,_1 <n, the set of points

{lejQ...kaQ ’jl < ... < jn_g andjl,. .. ,jn_g S {il,iz, . ;in—l}}

uniquely determines a hyperplane, say h such that i ¢ {i1,12,...,4,-1}; there are (n ﬁ 1) =
n such hyperplanes.

CASE n IS ODD.

By intersecting h,, with the other n — 1 hyperplanes hi,...,h,—_1, we obtain n — 1

hyperplanes in h, through the point py which gives the structure of a configuration in

GCOE%F1 ) consisting of
n—1 . ) .
<n . 3> points like Diy-i_gyn = hn 0 m hi N ﬂ hE where 1 <41 <

k’e{il,...,in_g} k%{’il,...,in_g,n}
<3 <n—1,

-1
<n > points like Diy i _syn = h, N ﬂ hi N ﬂ hE where 1 <171 <

n—>5 b o
ke{it,...in—5} k&{i1,...,in—5,n}
<y <n—1,

and a point p, on m hz.

k#n
Processing the same way for all hyperplanes h;, 1 < ¢ < n 4+ 2, then we have totally

-1
- ﬁ 1 <Z B 5) = <n ﬁ 4) points like p;,...;, , on ﬂ hi N ﬂ hz, where
ke{i1,...sin—a} k&{i1,..in—a}

1 <4 < ... <itpyg <n, because for 1 < i1 < ... < ip_4 < n, in n choices of intersecting

hyperplanes, the point p;,..;, , occurs n — 4 times except when the intersecting hyperplane

hj such that j ¢ {i1,...,ip—4a} is chosen. By the same argument, there are totally
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5.6. Generalized Cox configurations of D-type

n (n-—1 n i )
— <n _ 7> = (n _ 6> points like p;, .5, ¢ = | ﬂ hi N | ﬂ hE where
ke{ll,...,ln_ﬁ} k‘¢{11,...,ln_6}

1§i1<...<in_6§n,

and <7;> = n points like p; := ﬂ hz where 1 <i < n, as required.

ki
CASE n IS EVEN.

Again by intersecting h, with the other n — 1 hyperplanes hi,...,h,_1, we obtain n — 1

hyperplanes in h, through the point py which gives the structure of a configuration in

GCOE%F1 ) consisting of
n—1 . ) .
<n . 3> points like Diy-i_gyn = hn 0 m hi N ﬂ hE where 1 <141 <

k’e{il,...,in_g} k%{’il,...,in_g,n}
e <ip—z <n-—1,
n—1
< > points like Diy i _syn = hy, N ﬂ hi N ﬂ hE where 1 <141 <

n—>5 b o
ke{it,...,in—5} k&{i1,...,in—5,n}
<y <n—1,

-1
and <n1 )zn—lpointslikepm:: ﬂ hz where 1 <i <n—1.

k¢{in}
Processing the same way for all hyperplanes h;, where 1 < ¢ < n + 2, there are thus

—1
- ﬁ 1 <Z B 5) = <n ﬁ 4) points like pj,...;,,_, on ﬂ hi N ﬂ hE’ where
ke{it, . in—a} k¢ {i1,in_a}

1<iy <...<ip_g <n, because for 1 < iy < ... < in—4 < n, in n choices of intersecting

hyperplanes, the point p;,..;, , occurs n — 4 times except when the intersecting hyperplane

hi such that k ¢ {i1,...,i,—4} is chosen. By the same argument, there are totally

n (n—1 n . )
— <n B 7> = <n _ 6) points like Ditvip_g -— | ﬂ hi N | n hE where
kG{ll,...,ln,G} ké{zl,...,ln,(;}

1< <. .. <ipg<n,

nin-—1 n : ) . .
and 2( 1 ) = (2> points like p; 4, := m hg where 1 <71 < i9 < n.
k¢ {i1ia}

Consider the intersection of m hz with the hyperplanes hy, ho, hs and hy, respectively,

k¢{1,2,3,4}
we obtain 4 planes in ﬂ hz, which is a 3-space, through the point Pia34. This give a
k¢{1,2,3,4}
structure of C0O(2,4) which implies that all the hyperplanes hz, where 1 < k < n, meet in
a point, say pg, as required.

Therefore we have 2n hyperplanes and 2"~! points, with n hyperplanes through each

2n72

point and points on each hyperplanes, as in Figure 5.6.6. O
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5.7. Generalized Cox configurations of E-type

Remark 5.6.7. Proposition 5.6.6 is considered to be a generalization of Cox’s chain of The-

orems (see [AD61]).

There is one more finite case of D-type that have not been proven yet which is the case

(a,2,2).

5.7 Generalized Cox configurations of E-type

We are going to show that Conjecture 5.4.2 is true for the case (2,3, 3), (2,3,4), and (2,4, 3).
According to Table 5.1, these three cases have dim ([pl, pL]) # 0. Hence, given a starting
configuration of the case (2,3, 3), (2,3,4), or (2,4, 3), we need to choose dim ([pJ-, pL]) more

parameters to complete the configuration.

Proposition 5.7.1. Let V' be a complex vector space of dimension 5. Given a (2,3,3)-
ng

starting configuration in in P* (V), a configuration in GCO(2 3.3)

can be obtained by choosing

1 more parameter.

Proof. The starting configuration has the following branched summary

H P

61 (po)

<3> (Piizis)

For 1 <y <19 < i3 <14 <6, the set of points

{Pjijajs I1 < jo < jzandji, jo,j3 € {i1,...,0a}}

6
uniquely determines a hyperplane, say h;, 4,454, ; there are (4) = 15 such hyperplanes.

By intersecting hg with the other 5 hyperplanes hq,..., hs, we obtain 5 planes in hg

inj

(2.2,3) whose incidences are

through py which gives the structure a configuration in ¢Co

given by
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5.7. Generalized Cox configurations of E-type

(hﬁ N hz) 5

() )

\
3
3 /
(he N Priyigise) (g) 2
\4
1 (Z) (Pivigisisa6)
5 /

) L

5 . .
So there are <4> = 5 points like p; igizis6 := he N ﬂ Pk kokse sWhere 1 <
{k1,k2,k3¥{i17i27i3:i4}
i1 < 12 < i3 < 14 < b, and all of which lie on a plane, say hg, in hg. For convenience, for
each 1 <y <y <3 <igq <5, denote piyiyizis6 DY gz, Where i & {i1,12,13,14,6}.

Processing the same way for all hyperplanes h; where 1 < i < 6, there are totally

(6) (5) = 30 points like p; := N Py koksky, Where 1 < i.j < 6 and i # j
Je{ky,kab{1,....6\{i} _
and for each j € {1,2,...,6}, the points pj;» where i € {1,...,6}\{j}, lie on a plane h; in
h;.
Now choose h) be a hyperplane different from h; and containing h1; to do this, we need

to use 1 parameter. For 2 < i < j < 6, define py,; := hj N ﬂ Pikykoks - In the
{i7j}g{k17k27k3}

dual space of hi234, the point h1234 N hy has 4 planes p123, p124, p;5 and p;3 passing through

inj

it. This gives us a structure a configuration in GCO(272,2)

which implies that the planes p o,

Plags Pog and pyg meet in a point.
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5.7. Generalized Cox configurations of E-type

(hi23a N )

4 1
1/
(p123,p124,) 475
D15: P13
2 !
4 hi234 M ha, hi234 N B,
2 \2
3/
1
\4
1

hi234 N hiojr.je(3.41,kel5,6} )

( / 37p/ 17) (1)
p25A7p‘26A 3

Therefore the points plys, Plos, Doz and pyg lie on a plane, say hi234, in hi234.

The plane hig34 and the plane ho have the line, determined by {p25, p26} in common.
So let h} be the hyperplane containing the plane hy and the plane hiszs. Again, by the
same argument as above, <p’123, Dho5s Dois p28> is a plane which is obviously contained in A

because

<p/1237p/1257p2217p26> = <p/123ap2217p2§> c h/2

Thus the points p/o5 lies on hf. Similarly the points pog lies on hfy. Now for 3 <i < j <6

, define p’%j = h’2 N ﬂ Py kokskey -
{2,4,5}C{k1,k2 k3 ka} B
By the similar argument, (p,3, P34, Ps5: Psg) 1 @ plane in hiag4. The plane hg and the

plane (plo3, Plsss P35 Pag) have the line, determined by {psz,py} in common. So let hj
be the hyperplane containing the plane hs and the plane <p’123,p’134,p35, p3§>. The plane

(Pl93, Phss P31, Psg) is a plane which is obviously contained in h% because

<p,1237p,135ap32ppgg> = <P/123aP32pp3§> - hé-
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5.7. Generalized Cox configurations of E-type

Thus the points p}ss lies on hs. By processing the same argument, we finally have the
hyperplane k) contains the plane h3 and possesses the points p’13j (where j € {2,4,5,6}) and

Ph; (where 4 < j < 6). Now for 4 <i < j <6, define pj;; := hgN ﬂ Py ksl -
B {3,0,7} C{k1 k2 k3 ks }
Let h) be the hyperplane containing the plane hy and possessing the points p’14j (where

j € {2,3,5,6}), pyy; (where j € {3,5,6}) and pj,; (where 5 < j < 6). Define pj55 =

Ry () huase.
1<k<3 _
Let h% be the hyperplane containing the plane hs and possessing the points p’15j (where

J €1{2,3,4,6}), phs; (Where j € {3,4,6}), p35; (where j € {4,6}) and pijs.

Finally let hf§ be the hyperplane containing the plane hg and possessing the points p)q
(where 2 < i <5), phs (Where 3 <4 <5), ph (where 4 < i < 5) and pljg.

Consider 4 planes h} N hiasza, B} N hiass, A} N hi2ss and b)) N higes through the point
pyg in hy. This gives a structure of a configuration in Gcogféz) which tells us that the

hyperplanes hf, ..., h} and hf meet in a point, say p.

(p16’>

<h/1 N h1234, hll N h12357

4.1
1/
4
R, N higas, by N h1345> X
2
4
2\2
3/
(5
5)1
\4
1

/ / /
P123,P124, P125) )

/ / /
P134-P1355P145

W, N By, By 0 R,
Ry AR, B O R

(p)

However, by apply the same argument to 4 planes h) N higss, A} N hisas, b} N hisse and

h N higse through the point p,s in b}, we have that the hyperplanes h', h%, ..., hy and hg
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5.7. Generalized Cox configurations of E-type

also meet in a point which must be p. Thus the hyperplanes A/, ..., hf and h{ meets in the
point p.

Therefore we have 27 hyperplanes and 72 points, with 6 hyperplanes through each point
and 16 points on each hyperplanes as in Figure 5.7.1.

H P

/

(h) 6.1

U

1 (o)

6
0
3
6
3 <3) (pilizis)
4
6
(hi1i2i3i4) <4> 8
4
4
(
3
0

66 (pg)

1

3

/ @ e
\6 |

ToTAL 27 w6 72.

() 6

Figure 5.7.1: The branched summary for GCO(3 3 3).

O

Proposition 5.7.2. Let V' be a complex vector space of dimension 5. Given a (2,3,4)-
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5.7. Generalized Cox configurations of E-type

inj

(2,3,4) COn be obtained by choosing

starting configuration in in P* (V), a configuration in GCO

7 more parameters.

Proof. The starting configuration has the following branched summary

H P
1 (o)
1/
(hi) 7 15
3

<;> (Divizis)

For 1 <y <9 < ig <i4 <7, the set of points

{Pjijojs 171 < Jo < jzandji, jo, js € {i1,... 04} }

7
uniquely determine a hyperplane, say h;,iiqi,; there are (4) = 35 such hyperplanes.
The planes hy N hy, ho N Ay, hs N hy, ha N hy, hs N hy and hg N hy passing through the

inj

(2.2,4) which we use 1 parameter

point pg, we obtain a structure of a configuration in cCo

(see Proposition 5.7.1). It’s branched summary is given by
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5.7. Generalized Cox configurations of E-type

/
(hi N hy) 65
(5)

6
(h7 N higigia7) ( >

6
( 4> (P7iivinisia)

1 (p7) -

IAWAS
By applying this way for all hyperplanes h;, 1 < i < 7, there are <1> (2> = 105 points

like pikykokaky = hi N ﬂ Py koksk, Where 1 < i <7 and kq,...,ks € {1,2,...7}\{i};
’iE{k‘l,...k‘4}
7 points like p; on h;, for all 1 <4 < 7. Hence we use 7 parameters now. Moreover for each

1 <+¢ <7, all points in the set

{piapi;k1k2k3k4 ‘kl, .. .,]{,‘4 € {1,2, .. 7} \{Z} and kl < kz < k?g < k}4}

lie on a plane in h;. For convenient, for each 1 < ¢ < 7, kq,...,kq € {1,2,...7}\{i} and

k1 < ko < k3 < kg4, denote Disk1koksky by p.= where j,l ¢ {i, ki, ko, kg,k4}.

ijl
The hyperplanes hi, ho, ..., hs and hg passing through the point pg, we obtain a structure

inj

of a configuration in GCO(27373) whose incidences are given by
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5.7. Generalized Cox configurations of E-type

1 (Po)

6
6
3> =20 (pili2i3)

3

4

6
(hi1i2i3i4) 15 = <4>

0
5
8
\
10

)5)=30  (p,z)

1

(

0

,(5)=2 ()

(hﬁ) 6 /
\ |

By eliminating one hyperplane each turn, there are (6)(7) = 42 hyperplanes like hij‘

(p7) -

determined by {pi,@ 1<k <ky<Tandje {kl,kg}} where 1 < 4,7 < 7 and i # J;

7\ (4 o
<3> (1> = 140 points like Pirigis] = m Pk keokaky N m hk}
{i1,i2,43} C{k1,.. ka}C{1,..., T\ {5} ke {i1 inyis)
where 1 <141 < ig < i3 < 7andj e {1,...,7} \{il,i27i3}; 7 points likep{;: m hk?
ke{l,...,T}\{i}
where 1 <1 < 7.

Foreach1 <i,j<T7andi+#j,asp where j € {k1, k2}, span the plane h; N hﬁ and

ikik’
<pi,pz.k/1\]€2 l7 € {kl,k2}> is a plane, thus p; is on hﬁ. For 1 <41 < i9 < i3 < 7, consider 4

hyperplanes hk1k2k3k47 where 1 < k1 < kg < k3 < kg < 7and iy,19,13 € {]{1, - ,k‘4}, through
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5.7. Generalized Cox configurations of E-type

the point p;,4,,. This give a structure of a configuration in GCO?;”3 1 whose incidences are

given by

H P
n 1 (pilizis)
1/
(hk1k2k3k4) 47 n-1
n—1

) (ud)

n
71323374

7 . .
Hence there are ( 4> = 35 hyperplanes like hj1j/2j?j4 determined by

{Pi1i2i3g Wity iz, i3} = {1,..., 7} \{j1, ... ja}, i1 <ida <idgand k € {j1,.. -j4}}

where 1 < j1 < ja < ja <ja < T.
Now consider 4 planes h1 N hi234, h1234 N h1235, h1234 N h1236 and hi234 N hi237 in hi234

through the point pio3. This gives us a structure of a configuration in GCOZ(‘;”A2 2 which

implies that hi234 NIz, h1234 N hyg, hi23a N A= and Ay N hm meet in a point, say p, z=¢.

Likewise h1234 N hyz, h1234 N hyg, h1234 N hyz and higge N h?g(),\? meet in a point and this point

must be p, = because higzqa N hiz NhgNhpz= {p14/5\6}. By the same argument, the point

7\ (6
P15 1s also on the hyperplane hz=. Hence there are totally <1> <3> = 140 points like

Pk = ﬂ hymee N ﬂ his OV i igigia({in,eiad={1,0 T (ot ez ks )
{k1,k2,k3}C{j1,-..Ja} J€{k1,k2,k3}

There are 5 planes h3Mh,; where 3 <14 < 7 through the point p;. This gives a structure

of a configuration of GCOZ(ZJ2 3) Whose incidences are given by

149



5.7. Generalized Cox configurations of E-type

(hﬁ N hﬁ) 5

\;

(e <z>2/
\14

5 /

(Eﬁ) 1
Notice that the point p,. 33 are determined by 5 planes hy5 N h>, where 3 <14 < 7, passing
through the point p;, is same as the point P3.15 determined (by the same argument) by
5 planes hgs N hyp, where 1 <4 < 7 and i ¢ {2,3}, through the point p3 . We can omit
the colon symbol in our notation Pk So there are totally <;> (?) = 105 points like

pii=hg0hgn () g, Where 1 <i<j<Tand ke {1,...,7}\{i,j}.
ke{k1 ka,ks.ka}

Next consider 4 planes h123 3N haser, higzy N hsqs Riggg N Mg and higzy N heg in higgy

1234 510 1234 1234 1234

through the point p4.7. This gives a structure of a configuration of GCO(

hizzs: Piggg and hzs

22.4) which im-

plies that the hyperplanes h:== meet in a point, say p3, and

1230
<pﬁ§,p56@p5ﬁ,p6ﬁ> is a plane in hizz;. Likewise one can show that <p@,p56i,p5ﬁ,p6ﬁ>
and (prz, Pset Psri Port) are planes in gz, Then (pgz, Prsg Prss Paet Pari Per) 19 @

7
There are thus <3> = 35 points like p—~ = ﬂ

plane in h—z
111213
{11,233} €{k1,k2,k3,ka}

1234° hk‘lk/Z-]%k'él
where 1 < i1 <9 <ig3 < 7.

A8 (Posts Past Pasts Psgi Psrn) and (Prazs Prap Praas Psgi Pris Perg) ate planes having 2
points in common, let h; be the hyperplane <p25i,p35i,p45f,p56f,p5ﬁ,p6ﬁ,p@,p@,p@>.

Again since <p45T,p4ﬁ,p5ﬁ,p1/2\3,p1/2\6,p@> is a plane, the points p,,7, pr55 and prgg lie on
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5.7. Generalized Cox configurations of E-type

hs. Processing this way, we finally have hq := <piﬁ,p1/2\.j 2<i<j< 7>. By this argument,

there are 7 hyperplanes like h- generated by

{pj1j2/i\’pkﬁ€2\k‘3 ‘1 <1 <jo<71<k <ky<ks<T7and:ie€ {k‘l,kg,kg}}

where 1 <1¢ <7.
inj

Consider a structure of a configuration in GCO (2,3,3)

the point p; has 6 hyperplanes h -,

where 2 <4 < 7 pass through and other incidences are given by,

H P
61 (p1)
(hﬁ) 6 110
5
\3 6
3 <3> =20 (pl@s)
4
(him/is\@x) 15= <i> 8
4
4 1
6)5) =30 (p5)
1
3
5)=2 ()

W
10
1
\
1 ('),

thus the hyperplanes hs,...hg and hs meet in a point, say p’. By considering a structure

(o) 6

nj

of a configuration in GCO(2727 2 consisting of 6 planes hy N Az, where 2 <7 <7, through the
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5.7. Generalized Cox configurations of E-type

point p’, and so on, the point p; lies on the hyperplane h; because ﬂ hg = {pT} Hence,
2<i<7
for each 1 <4 <7, the point p; lies on the hyperplane h-.

Therefore we have 126 hyperplanes and 576 points, with 7 hyperplanes through each

point and 32 points on each hyperplanes, as in Figure 5.7.2.
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(o)

(pi1i2i3)
(hilizisu)

(i)
(pi1i2i3i:\1>

111213174 11121314
<pz‘1i2i3>

(rim)

(")

32 7

TorAL 126 576

Figure 5.7.2: The branched summary for GCO(3 3 4)
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5.7. Generalized Cox configurations of E-type

Proposition 5.7.3. Let V be a complex vector space of dimension 6. Given a (2,4,3)-
starting configuration in P° (V'), a configuration in GCogi’g) can be obtained by choosing 7
more parameters.

Proof. The starting configuration has the following branched summary

H P
1 (po)
1/
(hs) 720
4

(Z) (Piizis)

For 1 <iy <...< 15 <7, the set of points

{Pjrjagaja 11 < Jo < jz < jaandji, jo,j3 € {i1,...,i5}}

7
uniquely determines a hyperplane, say h;,4,454,; there are <5> = 21 such hyperplanes.
There are 5 planes h; N hg N hy where 1 < ¢ < 5 through the point pg. This gives a

structure of a configuration in GCOZ(ZJ2 3) Whose incidences are given by
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(hi Nhg N h7) 5

<2> (Piyis67)

\32
3 /
(hiyigiser N he N A7) <5) 2\
/4 () e

(isr) E

7\ (5
So there are totally (2> <1) = 105 points like P;j7 on h; N hj N ﬂ Pokes ko ks keais
ke{k1,ko2,ks,ka,ks}
where 1 <i<j<Tand ke {l,...,7}\{i,j}.
By intersecting h; with the other 6 hyperplanes, we have 6 3-planes h; N hy where
mnj

1 < ¢ < 7 pass through the point pg giving a structure of a configuration in GCO(233),

which we use 1 parameter (see Proposition 5.7.1). It’s branched summary is given by
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61 (Po)

(e 1) ; /

0
5
3
6
3 <3> =20 (pi1i2i37)
4
6
(Riyigizis7 N h7) 15 = 1) s
4
AN
6)5) =30 (pm)
1
3
6
3 <3 =20 (p7;i1i2i3)
/
0
1

(i) ;
\ 1

By choosing a suitable 3-plane in h7, we can define the points p7.,i,is, where 1 < ¢; <

(p7) -

19 < i3 < 6, on h7 such that, for each 1 <7 <6,

<Pj17f27p7;k1k2k3ap7 1 <71 <7j2<6,1<ky <ko<hks<6,j2¢&{ki,ko,ks},i€ {kl,k2,/€3}>

is a 3-plane, say i~z7;i, in h7. Processing the same way for all hyperplanes h; where 1 <1¢ < 7,

7\ (6
there are totally <1> <3) = 140 points like pg.;, ipis := AN m Py kokskaks
{k,i1,i2,i3}C{k1,k2,k3,kq,ks5}
where 1 < iy < iy < i3 < T7and k € {1,...,7}\{i1,42,i3} and for each 1 < 4,j < 7 such

that i # j, ﬁi;j is a 3-plane in h;. Hence we use 7 parameters now.
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5.7. Generalized Cox configurations of E-type

For any 1 <17 < j <7, since ﬁi;j N %j;i = Eij, define h;; be a hyperplane generated Ei;j
~ 7
and hj.;. So there are (2> = 21 hyperplanes like h;; where 1 < i < j < 7; 7 points like

Di = ﬂ Pk, where 1 <4 <7,

iG{kl,kQ}
The planes hjo345 N hi12346 N h; where 1 < ¢ < 4 through the point pio34 give a structure

inj

of a configuration in GCO(2,2,2)'

This implies that the hyperplanes hiosss, hi12346, h12356,
h12456, 13456 and hasgse meet in a point, say ps. There are totally 7 points like p; :=

m hk1k2k3k4k5 where 1 <4 < 7.

{k177k5}g{1777}\{z}
Similarly the planes h12345 N h12346 M h12347 and h12345 N h12346 N hi where 1 < ¢ < 3

inj

through the point pi234 give again a structure of a configuration in GCO(272,2)

implying that

the hyperplanes hi2345, h12346, N12356, 12, h13 and hoz meets in a point, say p,,s=. There

4
are totally (;) <1) = 140 points like

pi1i2i3E = m hklk? n m hkl"'k‘“
{k1,k2}C{i1,i2,i3} {i1,i2,33}C{k1,....ka }, k¢ {k1,....ka}

where 1 <11 <ig <ig<T7andke€ {1,...,7}\{i1,i2,i3}.

The planes hi2345 N h12346 N hi12347 and hio345 N h12346 N h;, where 1 < ¢ < 4, through the
point pios4 give a structure of a configuration in GCOéggg) implying

B934 = <p?vp123?’p124?’p134?’p234?>

is a plane in hi2345 N h12346. By the same reason, for any 1 < i1 < 49 < i3 < iy < 7
and k € {1,...,7}\{i1,12,13,14}, the plane EEi1’i2i3i4 is a plane. Let hs be a hyperplane

generated by the planes ET23457 h393460 Piosse and Eﬁ 457- Lhen it is not hard to see that

Piyigisis is in hy for all 2 < i1 < iy < i3 < ig4 < 7. Processing this way, there are totally
7 hyperplanes like /> containing all the planes E?kl Kok (1 <ky <ky<ks<ky<T7and
i ¢ {ki,..., ka}), where 1 <i <7.

Next consider the planes hi N hsase7 N hosass, hi N hsase7 N hosas, hi N h3ase7 N hosaer
and hj N h3as67 N hasser through the point p;. This gives a structure of a configuration in

mnj

GCO(2’272)

which implies that the hyperplanes hg, hsase7, 34, hss, h3e and hzz meets in a
point, say p.54. Processing this way, we will see that, for 1 < i < j < k < 7and all 7,75,k
are distinct, Pisk = Pk So the colon sign does not have any meaning in our notation. For

1<i<j<T7andke{l,...,7}\{4,j}, denote the point p-~

Gk = Piak by Pk There are
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5.7. Generalized Cox configurations of E-type

IAWAS)
thus <2> <1> = 105 points like Piix where 1 <i<j<Tand ke {l,...,7}\{i,5}.

Finally consider 3-planes hq N hy, kokskyks Where 2 < ky < ... < ks < 7 through the point

ing

p1. This gives a structure of a configuration in GCO(2 3.3) whose incidences are given by

H P
1
(hT N hi1i2i3i4i5) 6 10
5
\3
6
5 <3> =20 (ﬁz‘mig)
4
6
(hT N hilz’g) 15 = (4 o
4
\ 1
(6) (5) = 30 (rizis,)
6
3 <3) =20 (2%121/%273)
/
0
(hpning) 61

Processing this way, we will see that for all 1 < i1 < o < i3 < 94 < 7, the point

Prgon = Poiin So for all 1 <4 < ig < i3 <ig <7, denote Piimn = Poian by Piciainia’

There are 1) = 35 points like Dicivinia where 1 < i1 < 19 < i3 < 14 < 7. Moreover we will

see that the hyperplanes /> where 1 <4 < 7 meet in a point say .

Therefore we have 36 hyperplanes and 576 points, with 7 hyperplanes through each point
and 72 points on each hyperplanes, as in Figure 5.7.3.
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5.7. Generalized Cox configurations of E-type

H P
1 (o)
1 7
0 4
(hz) 7 30 3 (4> (pi1i2i3)
20
2

G) ()

: (50  Cua)
' ; (»)

(hiyiz) (j) 0 L7 (;)

K 06 )
() ()

(7) 7 ;>
\\4<AD ( m/zz\sw)

1 ()
72 7

ToTAL 56

Figure 5.7.3: The branched summary for GCO(3 4 3).
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5.7. Generalized Cox configurations of E-type

There are some finite cases of E-type that have not been proven yet in this thesis which
are the cases of (2, 3,5), (2,5,3), (3,2,3), (3,2,4), (4,2,3), (3,2,5), (5,2,3), (3,3,2), (3,4,2),
(4,3,2), (3,5,2) and (5,3,2).
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Chapter 6

Conclusion and outlook

A generalized Cox configuration is a symmetric configuration parametrized by a certain

polytope with the decorated Coxeter diagram

b nodes : ¢ nodes

!

It consists of points and hyperplanes, in a projective space with a certain incidence relation.

a nodes

We have interpreted such a labelled configuration as an incidence system morphism

\I](t,b) : C (W) — PI’Oj (V)

over a certain map, where C (W) is a Coxeter incidence system and (t,b) € 9. This
incidence system morphism shows explicitly the correspondence between maximal cosets in
C (W) and the objects in the image of the configuration such as points, lines, planes.
While not all generalized Cox configurations are non-degenerate, we believe that the
generalized Cox configurations constructed as in Section 5.2 are non-degenerate, i.e., injec-
tive. Moreover, we also claim that any non-degenerate generalized Cox configurations are
constructed in this way. We investigate these claims (Conjecture 5.3.3) in the cases (1, b, ¢),

(a,1,c), and (a, b, 1); all of these cases are A-type.

e A generalized Cox configuration of type (a,b,1) is a generic parabolic configuration
(without projection). The image of this generalized Cox configuration is an (a + b — 1)-

simplex in P¢t*~1  In this case, Conjecture 5.3.3 is true.
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e A generalized Cox configuration of type (a, 1, ¢) is a classical projection of an (a + ¢ — 1)-
simplex in P¢*t¢~! into the lower dimensional space P?. In this case, Conjecture 5.3.3

is also true.

e A generalized Cox configuration of type (1,b,¢) is the dual configuration of a gener-
alized Cox configuration of type (a,1,c). Thus it is intersecting a (b + ¢ — 1)-simplex
in PP*¢~1 with a projective subspace of dimension b. In this case, Conjecture 5.3.3 is

automatically true because of the duality.

There are still many cases in which Conjecture 5.3.3 has not been investigated yet here
precisely in the case that T4y ) is of types D and E. This requires some complicated work.

Base on Conjecture 5.3.3 and the dimension formula for K\ %9, we have a dimension
formula

dim (cComC) W, V)) = (a+b-1)+dim (GCoﬁ’;{ Loy W, V)) + dim (pL) . (6.0.1)

This formula suggests a recursive construction for generalized Cox configurations of type

(a,b,c), where a > 2. The recursive construction says that:

1. Choose a point pp in an (a + b — 1)-dimensional projective space P (V) and choose a
residual generalized Cox configuration of the point pg, i.e., a generalized Cox configu-

ration of type (a — 1,b,¢) on the projective space P (V /pp).

2. Now, there are dim (pL/[pL,pi]) lines through the point pg in the construction.

Generally choose a point on each such line different from py.

3. There are dim ([pL, pL]) more parameters to choose in order to complete a generalized

Cox configuration of type (a,b,c).

Comparing this construction with the recursive construction for (generalized) Clifford con-
figurations of type (2,b,¢), introduce by [LH72| in Section 7, we find that our recursive
construction is closely related to Longuet-Higgins’ recursive construction. Longuet-Higgins’
recursive construction says that given a point py on the surface of a (b+ 1)-dimensional
sphere and b+ ¢ hyperspheres on the surface passing through the point pg, there are <b + C)

b
points, obtained by the intersections of any b hyperspheres, on the surface different from py.
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The symmetric configuration

Hyperspheres Points

b L) b <b+c>
b

corresponds to the residual configuration in the Coxeter incidence system C (W) of the coset
corresponding to the point py (in Longuet-Higgins’ work). We see that the constraint of lying
on the (b + 1)-dimensional sphere uniquely determine a collection of dim (pJ- / [pJ-, pi] ) =
<bq;c> points on the lines in the residual configuration, while in our construction we
have to choose those such points. Longuet-Higgins claimed that by following his recursive
construction, one should be able to complete a (generalized) Clifford configuration type
(2,b,c¢). However, he did not mention anything about extra parameters which might have
to be chosen in completing the configuration apart from those we have already seen. We

conjecture (Conjecture 5.4.2) that our recursive construction works, which also implies that

equation 6.0.1 is true, and we explore this conjecture in some cases as follows.

e In the cases (a,1,¢), (a,b,1), (2,b,2), and (2,2, ¢),
dim ([pL,pLD =0.

Thus a starting configuration uniquely determine the generalized Cox configuration.

In particular, in the case (2,2, ¢), Cox’s chain implies Conjecture 5.4.2.

e In the case (2,3, 3),
dim ({pL,plD —1.

This is the first case we face that a starting configuration does not uniquely determine

a generalized Cox configuration.

e In the cases (2,3,4), and (2,4, 3),
dim ([pL,plD —7.
A starting configuration definitely does not uniquely determine a generalized Cox con-
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figuration because the configuration is constructed from generalized Cox configurations

of type (2,3, 3).

There are still some cases in which Conjecture 5.4.2 has not been investigated yet in this
thesis. Moreover, compared with Longuet-Higgins’ construction, the number dim ([pl, pL])
of parameters we found in the cases (2,3,3), (2,3,4), and (2,4,3) may or may not appear
in his construction. It’s worth to investigate the remaining cases we haven’t done in this
thesis and even explore Longuet-Higgins’ construction for Clifford configurations in the cases

(2,3,3), (2,3,4), and (2,4, 3) to see whether it needs more parameters.
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