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Summary

We study the spectral properties of two problems involving small parameters.
The first one is an eigenvalue problem for a divergence form elliptic operator A.
with high contrast periodic coefficients of period ¢ in each coordinate, where ¢
is a small parameter. The coefficients are perturbed on a bounded domain of
‘order one’ size. The local perturbation of coefficients for such operator could
result in emergence of localised waves in the gaps of the Floquet-Bloch spectrum.
We prove that, for the so-called double porosity type scaling, the eigenfunctions
decay exponentially at infinity, uniformly in €. Then, using the tools of two-
scale convergence for high contrast homogenisation, we prove the strong two-
scale convergence of the eigenfunctions of A, to the eigenfunctions of a two-scale
limit homogenised operator Ay, consequently establishing ‘asymptotic one-to-
one correspondence’ between the eigenvalues and the eigenfunctions of these two
operators. We also prove by direct means the stability of the essential spectrum of
the homogenised operator with respect to the local perturbation of its coefficients.
That allows us to establish not only the strong two-scale resolvent convergence
of A, to Ap but also the Hausdorff convergence of the spectra of A, to the
spectrum of A, preserving the multiplicity of the isolated eigenvalues.

As the second problem we consider the eigenvalue problem for the Laplacian
in a network of thin domains with Dirichlet boundary conditions. We construct
an asymptotic solution to the problem using the method of matched asymptotic
expansions to obtain appropriate boundary conditions for the terms of the asymp-
totics near the junctions of thin domains. We justify the asymptotics and prove
the error bound of order h%?, where h is the width of thin domains. We then
derive a limiting model on the graph (which serves as a frame for such domain)
and prove that it gives a proper approximation for the eigenvalues end eigen-
functions of the original problem. An important new result is that the boundary
conditions at the vertices of the graph are mixed boundary conditions involving
the small parameter h. This type of conditions keeps the information about the
interaction between the edges of the graph and at the same time provides a better
approximation than previously known models. We also study the bottom of the
spectrum of the problem, whose corresponding eigenfunctions are confined to the

vertices.



Introduction: motivation,
literature overview, and

structure of the thesis

The present thesis consists of two parts studying two separate problems: spectral
convergence in homogenisation of high contrast media with a defect, and spectral
asymptotics for networks of thin domains. Both themes are unified by the need to
develop asymptotic analysis for associated spectral problems, employing relevant
tools from asymptotic methods, spectral theory, non-classical homogenisation,
etc. In turn, both topics are motivated by applications such as photonics and
phononics and quantum graphs.

The motivation for the first part of the thesis arises, in particular, from re-
cent growth of interest to photonic and phononic crystals and crystal fibers.
The photonic (phononic) crystals are composite materials that often have a pe-
riodic structure. The fundamental property of the photonic (phononic) crystals
consists in the existence of special regions (bandgaps) of frequencies where no
electromagnetic (elastic) waves can propagate. Mathematically this regions cor-
respond to the gaps in the essential spectrum of the related elliptic operators.
This effect opens large possibilities for various applications in physics. In par-
ticular introduction of a defect in a periodic photonic or phononic fiber can lead
to a spatial localisation of waves near the defect. While photonic applications
come from optics (with problems described mathematically by Maxwell’s equa-
tion of electromagnetism) and phononic applications come from acoustics and
elastodynamics, in both cases the key idea is that appropriate periodic media do
not allow propagation of waves of certain frequency ranges. For example, the
photonic crystal fibers, see e.g. [42], Figure 0-1, are typically represented by a
core surrounded by a periodic cladding. Consequently, on the cross-section of the

fiber the core itself represents a ‘defect’ with regards to the periodic cladding. In
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Figure 0-1: Photonic crystal fibers. Courtesy of P. Russell [42]

addition, it is well known that, in general, the width of the photonic (phononic)
bandgap (which is obviously an important property of a crystal) increases when
the contrast between physical characteristics of components becomes larger.

Inspired by the above mentioned facts we study a simplified mathematical
model of a photonic/phononic crystal, described by a divergence type operator
with high contrast periodic coefficients with a finite size defect and the period-
icity size ¢ being a small parameter. (See [32] for a comprehensive review of
mathematics of photonic crystals.)

There are several different mathematical aspects concerning the study of this
sort of problems. First of all the above mentioned physical bandgap effect, in
mathematical terms, is described by tools of spectral theory of differential op-
erators with periodic coefficients, known as Floquet-Bloch theory. Namely, the
above ‘forbidden’ frequencies precisely correspond to gaps in the spectra of such
operators. Moreover, the emergence of localised modes due to defects in such pe-
riodic media corresponds in turn to eigenfunctions due to extra point spectrum
appearing in the gaps. We hence first give a brief overview of the Floquet-Bloch
theory, see e.g. [31], [41, v.4]. The Floquet-Bloch theory was originally de-

veloped by physicists to address problems involving periodic potentials, e.g. in



solid state physics. It was probably first realised by Gelfand [24] that in the
multi-dimensional case it can be described by means of the spectral theory of
self-adjoint operators. The key point here is the Floquet transform of a function
f:R" — R, initially defined for f € C§°(R™), and then extended by continuity
to L*(R"):
U, k) =D flz—Ee™e,
gezn

It has two important properties: quasi-periodicity with respect to x,
ULz +m, k) = *™US)(x, k), Ym € 2™, (1)
and periodicity with respect to k,
Uf)(x, k+2mm) = USf)(z, k), Vm € Z".

So, from considering a function defined on an unbounded domain ( R™ ) one passes
to considering a function of two variables defined on a bounded domain: (z, k) €
Q x Q*, where Q = [0,1)" is the periodic cell, and Q* = [0,2m)" is the dual
cell of ‘quasimomenta’ (the so-called Brillouin zone). Let us denote by L(z, D)
an elliptic differential operator L(x,D)u = —V - A(z)Vu, where A(z) is a
measurable periodic positive definite matrix, i.e. vI < A(z) < v~'I in the
sense of quadratic forms for some v > 0, A(x +m) = A(x), Vm € Z". Due
to its periodicity L(z, D) commutes with the Floquet transform, i.e. for any
fecr®y)

U(LS)(z,k) = Liz, D)YUS)(x, k). @)

However now, on the right hand side of (2), for each k the operator L(z, D)
acts in a different domain of functions satisfying quasi-periodicity condition (1)).
So we have a family of operators L(k) acting in spaces of functions defined on a
compact domain. Hence each operator L(k), appropriately extended to the self-
adjoint one, has a discrete spectrum o(L(k)) = [J:2; A;(k). Then the following
central spectral property can be shown for the spectrum o(L(x, D)) of L(z, D),
see e.g. [31]:

oL@, 0) = | o) =J U Ak =B

ke@* 7=1 keQ@*

The spectrum of L(z, D) has hence a band-gap structure: the bands B;, j > 1,



may cease to overlap, resulting thereby in the presence of the gaps. Moreover,
if the periodic coefficients of L(x, D) are compactly perturbed, which physically
corresponds to introduction of a defect, the spectral theory assures that the es-
sential spectrum remains unperturbed, and hence the only extra spectrum can
be the discrete spectrum in the gaps.*

Therefore the spectral theory allows us to connect mathematical objects (e.g.
band-gaps and point spectrum in the gaps) with physical effects (e.g. forbid-
den frequencies and localised modes). However, problems of the existence of the
gaps, their location and width, the existence of point spectrum due to defects, the
properties of the related eigenfunctions etc, have no general answer and require
additional analytical or numerical investigation. Our key idea is to advance in
these directions analytically using asymptotic methods, i.e. exploiting the pres-
ence of a small parameter. In our context, ¢ describes the size of the periodicity,
which is the standard setup of the homogenisation theory? being reviewed next.

In the presence of a small parameter one normally looks for some asymptotic
approximation to the problem. Namely, periodic rapidly oscillating problems are
usually treated by the means of well developed theory of homogenisation, which
was originated as mathematical discipline probably in the work of De Giorgi and
Spagnolo [25]%. The idea of homogenisation is to approximate a given operator by
some homogenised operator (with constant or slowly varying coefficients). There
are several different approaches to this theory, which often can supplement each
other. One uses the method of asymptotic expansions, which assumes that the

solution to an appropriate differential equation
Leue := =V - A(z/e)Vu. = f (3)
can be represented in the form
u. = up(r, e ') + eur(z, e ) + 2ug(x, e ) + .. . (4)

where the terms are assumed to be periodic in the second variable, u;(x,y+m) =

wi(z,y), m € Z", i = 0,1,.... Substituting this ansatz into the equation and

'We do not discuss in this thesis the issue of whether embedded eigenvalues can emerge on
the bands as a result of the perturbation.

2Note that there are other ways of applying asymptotics methods in the present context,
not using homogenisation, see e.g. [26} 36].

3Condition of periodicity (on the e-scale) can be relaxed in various ways or removed alto-
gether, see e.g [27, [47], which we do not address in this thesis.



equating the coefficients at same powers of ¢ one arrives at a recurrent sequence
of equations depending on two variables 2 and y = e 'x. One first observes
that wg is function of x only, ug(x,y) = up(z). Then the corrector u;(x,y) is

found in the form
" ou
we.y) = Y Ny 5
k=1

where N, € H. (R™) is a periodic solution of ‘unit cell’ problems

loc

"\ 0
=V, - A(Y)VyNi(y) = — Z a_yaik<y>’
i=1 7"
(a;; are entries of the matrix A). Finally, the solvability condition for uy leads

to the homogenised equation for wuy:
—V - Abomyy, = f,

where A"™ is the homogenised matrix of constant coefficients given by

Arom = [ A(y)(I 4+ V,N)dy.
/

Here I is the unity matrix and V,/V is the matrix with columns V,N;, V, Ny, ...
VN, .

The problem of justification, or convergence of u. to wug, has received consid-
erable separate attention. The above procedure of asymptotic expansion can be
advanced further, using the uniform ellipticity of L., to obtain not only the con-
vergence but also error bounds establishing the rate of convergence. For instance
for bounded €2 with Lipschitz boundary 0€) and Dirichlet boundary conditions
on 9 one has |u. — (up+eui(z,2/2)) | < Ce?, see e.g. [5, 10,27, 143] and
further references therein. An alternative method of directly passing to the limit
is based on selecting appropriate oscillatory test functions in the weak formulation
of (3), using methods of compensated compactness, see e.g. [37, 47].

Another approach to homogenisation is associated with the method of two-
scale convergence. The idea of the two-scale convergence is to preserve in the limit
the information about oscillations of elements of a sequence on ¢ scale. For exam-
ple, in the sense of the usual convergence in L?-norm a sequence f(r)sin(e™1x)
weakly converges to zero (and there is no strong convergence). However, in the

sense of two-scale convergence this sequence strongly converges to the function of

9
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two variables f(x)sin(y). In general, the strong two-scale convergence of u.(x)
to up(z,y), u(z) 2, uo(z,y) , loosely means |lu.(z) — ug(z,z/€)||L2(0) — 0 as
¢ — 0. The first and crucial step in this direction was made by Nguetseng in [3§]
where he actually introduced (what we now call) weak two-scale convergence,
proved the weak two-scale compactness of a sequence of bounded in L?-norm
functions (which is a two-scale analogue of the Banach-Alaoglu theorem), and
derived a formula for the weak two-scale limit of gradients of a bounded in H'-
norm sequence of functions. He applied these results to the homogenisation of
a periodic uniformly elliptic problem obtaining classical results and also a new
convergence formula for the gradient of the solution of the problem. Later Allaire
[2], relying on the work of Nguetseng, introduced the notion of strong two-scale
convergence and developed further the theory and its applications to some prob-
lems of homogenisation for operators with periodic coefficients. The theory of
two-scale convergence was advanced thereafter, among others, by Zhikov [48], see
below, who in particular extended it for (periodic) measures and applied it to
study the convergence of spectra, see also [50].

(Classical homogenisation is incapable of accounting for the above described
effects: the homogenised operator has constant coefficients and therefore its spec-
trum is the whole positive semi-axis with no band gaps. However, certain versions
of non-classical homogenisation do allow one to account for some of these effects,
as we discuss next. On the other hand, the method of two-scale convergence is
applicable not only to the above reviewed ‘classical’ homogenisation, but also to
various ‘non-classical’ versions of homogenisation. The non-classical homogeni-
sation includes higher-order homogenisation, see e.g. [5, 20, 46], exponential
homogenisation [28], non-local homogenisation [9, 15, 17, 18, 19, 21], etc., which
often refer to high contrast in the coefficients (see also [45]), as is the case in
our model. (Notice that, as additional motivation for our simplified model, in
e.g. photonic crystal fibers even low-contrast structures can sometimes display
‘apparent’ high contrast on a cross-section, see e.g. [11] for a physical discussion.)

Following e.g. [2] and [48] we consider a special scaling of the coefficients
a(zx,¢e) of the operator

-V -a(z,e)V.

Namely, we let a(x,e) be of order 1 in the matriz phase and of order ¢ in the
inclusion phase. The asymptotic behaviour will then crucially depend on the
relation between the two small parameters ¢ and 0, a phenomenon known in

physical literature as ‘noncommuting limits’; see e.g. [40] and further references

10



therein. It is well-known that d(g) ~ &* is a critical scaling in this context,
often referred to as a ‘double porosity-type’ scaling.* This is the only scaling
that leads in the limit to the dependence on the fast variable y (i.e. the main
order term wug(z,y) in the asymptotic expansion (4) retains the dependence on
y”), whereas other scalings of order * where « # 2 lead to either the classical
homogenised problem with no dependence on y («a < 2) or to a degenerate
problem (a > 2), see [2] and [48] for more detailed explanations. The problem
of high contrast (or double porosity-type) homogenisation has become a popular
subject in the past two decades, in particular, it was firstly treated by the two-
scale convergence method in [2]. Since the principal interest of our study is in the
spectral characteristics of the problem, we mainly refer to the two works by Zhikov
[48, 49], where the author, in particular, developed further the method of two-
scale convergence, including its application to the high contrast homogenisation,
described the spectrum of the limit homogenised operator in an explicit way and
proved convergence of the spectra of the periodic operators to the spectrum of
the homogenised one in the sense of Hausdorff (see Section [1.1). The spectrum
of the homogenised operator has an explicit band-gap structure, hence so does
the spectrum of the periodic operator for small enough €.

As it was mentioned earlier, due to the presence of gaps in the spectrum of
the operator one can expect that an introduction of a defect into the periodic
structure of the coefficients may lead to emergence of localised modes, i.e. eigen-
values in the gaps of the essential spectrum with corresponding eigenfunctions
concentrated near the defect. Indeed, it was proven in [23] that for a given gap
in the spectrum of a periodic operator one can introduce a defect in the peri-
odic media, i.e. can perturb locally the coefficients of the operator, so that the
perturbed operator will have at least one eigenvalue inside the gap. Moreover,
as was also proven in [23], under the compact perturbation of coefficients the
essential spectrum of the operator remains unperturbed and the eigenfunctions
corresponding to the eigenvalues in the gaps decay exponentially at infinity. This
type of results is actually quite general in the perturbation theory of self-adjoint
operators (see e.g. [12) 41]).

We now describe our problem and the results in more detail. In the first

chapter we study an elliptic divergence form operator A. with locally perturbed

4The term ‘double porosity’ originates from mathematically similar problems of fluid flows
in fractured porous rocks [7].

5This relates asymptotically to phenomenon of ‘micro-resonances’, both in phononic and
photonic contexts, found in physical literature, see e.g. [33, [34]

11



high contrast (of order €?) e-periodic coefficients. The behaviour of A. and its
spectral characteristics as € — 0 is the main topic of interest. A similar problem
is considered in [29] using the method of asymptotic expansions, but the present
study pursues different aims and approaches the problem from another direction,
namely developing an appropriate version of the two-scale convergence technique
[2, 138, 49]. As a result we obtain a complete description of the asymptotic (with
respect to ¢ ) behaviour of the localised modes and other spectral characteristics
for the operator A. in terms of an explicitly described (two-scale) limit operator
Ap . For other recent applications of the high contrast homogenisation techniques
see also [4, 8, 13|, 16, 19, 21, [30), 44].

In the absence of a defect, Zhikov considers in [48] a divergence form elliptic
operator A. (denoted in [48] by A. ) with periodic coefficients corresponding to a
double-porosity model [3,14] ( A. in our notation is obtained from A. by a com-
pact perturbation of its coefficients). Operators of such type have the Floquet-
Bloch essential spectrum, displaying a band-gap structure. Zhikov proves that
the spectra of EE converge in the sense of Hausdorff to the spectrum of a certain
two-scale homogenised operator go with constant coefficients, see also [26], 49],
and that 121\0 is the limit of 121\5 in the sense of strong two-scale resolvent conver-
gence. The spectrum of fAlo is purely essential and displays an explicit band-gap
structure. As we already mentioned, in the case of a compact perturbation of
periodic coefficients in the elliptic operator EE its essential spectrum remains
unperturbed, see e.g. [23, [41]. The only extra spectrum that can emerge in the
gaps due to the perturbation is a discrete one (isolated eigenvalues with finite
multiplicity). Such an extra spectrum does emerge at least under some assump-
tions, e.g. [23,29]. This corresponds physically to localised modes emerging near
the defect.

One of the main goals of the first part of the thesis is to establish the strong
two-scale convergence of the eigenfunctions of A. corresponding to the eigenval-
ues in the gaps. In order to achieve this we need the strong two-scale compactness
of the eigenfunctions. This requires in turn an exponential decay of the eigen-
functions uniform in <.

The problem of wave localisation (i.e. of the existence of eigenvalues with
corresponding eigenfunctions decaying exponentially) in the gaps of the essen-
tial spectrum has been intensively investigated for a wide range of differential
operators over the last decades. The results obtained up to date ensure the ex-

ponential decay of eigenfunctions of A. for a fized ¢, see e.g. [23]. However
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this is insufficient for establishing the required compactness. Moreover, the de-
veloped methods, e.g. [6] and [23] (the latter using the method of Agmonl[l]),
seem to be insufficient for the present purpose. The reason is that in order to
obtain the uniform exponential decay one has to perform some kind of two-scale
asymptotic analysis, investigating the behaviour of the eigenfunctions on small
and large scales simultaneously. To achieve this we supplement the method of
[1] by the related two-scale techniques, which play a crucial role. As a result, we
obtain a uniform estimate with the decay exponent « (see (1.24) and (1.13)) be-
low) which ensures the compactness, but may also be of an independent interest.
On one hand, it is sharp in a sense as € — 0. On the other hand, it behaves
qualitatively entirely differently compared to e.g. the one in [6]: while the one in
[6] is proportional to the square root of the distance to the gap end, the decay
exponent we derive becomes large on approaching the left end of the gap and
small near the right end.

The structure of the first part is the following. We first define the problem in
Section [1.1, describe the two-scale limit operator Ay and state the main result.
We then consider a subsequence of eigenvalues of A. converging to some point
Ao lying in a gap of the spectrum of 121\0. In Section 1.2l we prove (Theorem
1.2.2)) the uniform exponential decay for the eigenfunctions of A.. Section [1.3/is
devoted to the proof of a main auxiliary lemma that is employed in the previous
section, which may also be of an independent interest. In Section 2.1/ we list some
properties of the two-scale convergence and several related statements which we
use in the next section. Employing the uniform exponential decay, we establish in
Section 2.2/ (see Theorem 2.2.1)) the strong two-scale compactness of (normalised)
eigenfunctions of A, see e.g. [48,/49]. This implies that, up to a subsequence,
the eigenfunctions two-scale converge to a function, which is eventually proved to
be an eigenfunction of the two-scale limit operator Ay with a defect, which could
be considered as a perturbation of 121\0. Accordingly )\ is an eigenvalue of Ajg.
The two-scale convergence of the eigenfunctions together with the results of [29]
on the existence of the eigenvalues in the gaps and related error bounds allow us
to make a conclusion about the ‘asymptotic one-to-one correspondence’ between
eigenfunctions and eigenvalues of the operators A, and Ay as € — 0. In the
Section 2.3/ we prove by direct means (via Weyl sequences) the stability of the
essential spectrum of Eg with respect to the local perturbation of its coefficients
(see Theorem 2.3.1)). Thereby this establishes the convergence of the spectra of
A, to the spectrum of Ay in the sense of Hausdorff (Theorem [1.1.1)).

13



Figure 0-2: Graph-like domain €2 .

Another interesting topic in asymptotic analysis relates to various problems in
thin structures which naturally arise in physics, chemistry, engineering, when one
considers for instance propagation of waves in a network of thin domains. When
the cross-sectional size of such an object is much smaller than its length it is
natural to try to approximate the original problem by a differential (or sometimes
more general) equation on a graph eliminating the transversal dimensions. In this
case one obtains a so-called “quantum graph”, i.e. one-dimensional differential
equation posed on the graph. Probably one of the first quantum graph models
was employed in chemistry where one considered a model of free electron motion
along a carcass of a molecule (see e.g. [79]). Other examples can be found
in nanotechnology and mesoscopic physics where several dimensions of physical
objects are reduced to a size of a few nanometers [54]. Problems in thin domains
appear in many other areas of mathematics and have been studied in different
contexts, see e.g. [52, 53] 55, 56, 57, 61, 63, [75].

First we recall some results obtained for models related to graphs with straight
edges. Consider a domain €2, given as an h-neighbourhood of a planar graph,
where h is a small parameter, see Figure (0-2. Let A, be an elliptic self-adjoint
differential operator in €2, with some boundary conditions. We are interested in
the spectrum of such operator. It is natural to try reducing the given problem in
), to some problem on the graph. In the limit as A tends to zero one normally
obtains a differential operator A, eg. A = —%, where s is an arclength
along the edges, which must be equipped with appropriate boundary conditions
at vertices. The latter is not always a trivial question, and for some boundary
value problems on 2, it is still (or was until recently) essentially open, see e.g.

[64] or [71] for the relevant discussion.

14



The case of Neumann boundary conditions is probably the easiest one. In this
case the first transversal eigenvalue is zero and bounded states confined to the
junctions of €2, are absent. The limiting operator is equipped with the so-called

Kirchhoff boundary conditions at each vertex v;:

a4

Lj

(Ul) =0.

{jlvi€e;}

Here e; denotes edges of the graph. The following result in a more or less general

way was obtained by different researchers (see e.g. [59, [70, 77, 78, 80]):
M(Ap) — A\(Ag) as h — 0,

where )\, is the m-th eigenvalue of a corresponding operator in the ascending
order, counted with multiplicities. The idea of the proof is the following: using
the minimax definition of the eigenvalues one needs to construct a mapping from

the H! space on graph into the H! space on ), and vice versa such that the
V12
17112
The case of the Dirichlet Laplacian is considerably more difficult. There

ratio does not increase substantially.

are two reasons for that. The first one is that the spectrum of the Dirichlet
Laplacian behaves completely differently compared to the Neumann Laplacian
case. The first transversal eigenvalue 1 for Dirichlet boundary conditions is
non-zero. Hence the corresponding eigenvalues of A; should behave essentially
as h~%yy. Additionally there may be bounded states living below the part of
the spectrum generated by the transversal eigenvalues. Another difficulty lies in
finding appropriate conditions at vertices of the graph for the limiting problem,
as was already mentioned.

A classical and very popular tool for dealing with problems in graph-like do-
mains is the method of matched asymptotic expansions. Employing this method
one considers an inner problem in a neighbourhood of a junction and an outer
problem in an adjacent strip and then one must match the corresponding solu-
tions in some intermediate region in the vicinity of the junction.

Consider the outer problem, i.e. eigenvalue problem for the Dirichlet Lapla-
cian in a thin (of width h) strip. One can introduce a stretched transversal

variable n = h™'y so that the problem is considered in a fixed rectangle. Then

15
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Figure 0-3: Junction

the Laplacian in the new variables reads

0? o?
—A=-h?= - . 5
on?  0s? ()
One can then seek a solution to the outer problem in the separation of variables

form
up(s,m) = vi(s)p;(n), An = h7%v; + i, (6)

where v; and ¢, are the transversal eigenvalues and eigenfunctions satisfying
Dirichlet boundary conditions and pu; and wv; are eigenvalues and eigenfunc-
tions of the operator —% which is not fully defined due to uncertain boundary
conditions at the vertices of the graph. We restrict ourself to considering the
eigenvalues of A, generated by the first transversal eigenvalue vy .

The inner problem is set in the ‘spider domain’ II obtained from the rescaled
(by h~') neighbourhood of a junction by attaching straight strips II; of infinite
length and width 1, see Figure 0-3. In order to match a solution of the inner
problem with the solution of outer problem one needs to consider the following
equation

—Ag = (v + h*u;)g in 11,

g =0 on OIL.

In general an L?-solution to this problem does not exist. Assuming the absence of
L? -solutions one is interested in a ‘scattering solution’ which is defined as follows.

Let m be the number of the adjoint strips. In each strip II;, 7 =1,...,m, we
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introduce local coordinates (z,y), so that y is the transversal coordinate. A
function g = g, is called a solution of the scattering problem in II if it has the

following asymptotic behaviour in each infinite strip II;, j =1,...,m:

9p = O €00 (y) + s €MV o () + O(e™), (7)

where > 0 is some constant (which depends on h and y; ), 6,; is the Kronecker
symbol and g is transversal eigenfunction corresponding to vy (in our case
@o(y) = sin(my) ). The first term in (7) can be interpreted as an incident wave
coming from infinity along the strip II, and all the remaining terms describe the

transmitted (including reflected, j = p) waves. The matrix
S = [sp)]

is called the scattering matrix. S is unitary and depends on h analytically.

Matching the asymptotics of the inner and the outer solutions, one can obtain

d2
T ds?

acting on the graph with some boundary conditions (gluing conditions) at the

a description of the spectrum of €2, in terms of spectrum of the operator

vertices which depends on the scattering matrix. This program was carried out
in recent works [64, [72, 73], [74].

The existence of bound states in strip-like domains is well known from the
waveguide theory, see e.g. [58] 60] (see also [68, [76] for the similar effect in a
thin plates), where bounded states are proven to exist in L-shaped domains or
as induced by a curvature. Thus, below the part of the spectrum induced by
the transversal eigenvalues there can exist eigenvalues of €2, corresponding to
the bound states with eigenfunctions confined to the junctions of €2, or ‘sharp’
bends of its channels. Apparently, these eigenvalues cannot be described in terms
of the limiting operator on the graph.

In the present work we study a spectral problem for the negative Dirichlet
Laplacian in a simplified graph-like domain ﬁh with non-straight strips. Our
main goal is to obtain a delicate asymptotic description of the spectrum of A\h
in terms of limiting operators on the graph. One can start with considering a
symmetric graph that consists of only two edges joining in a single vertex at an
angle less than 7. We assume that the edges are straight in some neighbourhood
of the vertex. The corresponding f\lh is symmetric with respect to the bisectrix
of the angle between edges of the graph, see Figure [0-4. This implies that the

eigenfunctions of ﬁh satisfy either Dirichlet or Neumann boundary conditions
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Ih/

Figure 0-4: Simple symmetric graph-like domain Qh

at the bisectrix. Then it is sufficient to consider the eigenvalue problem for
the negative Laplacian in €2, , which is a part of Qy, lying on one side of the
bisectrix, with Dirichlet or Neumann boundary conditions at the bisectrix (being
now a slanted end of €2, ) and Dirichlet conditions elsewhere. The limiting graph
for €2, in this case is a simple curve. The case of Dirichlet boundary conditions
on the slanted end of 2, is very similar to the Neumann one and yet is simpler.
So we consider only the Neumann case, and denote the corresponding operator
by Aj , see the precise definitions and illustrations in Chapter 3.

We implement the general scheme of matched asymptotic expansions outlined
above. Considering the outer problem we change the variables so as to flatten
the domain and scale the transversal variable by h~'. The main terms of the
asymptotic solution the eigenvalue problem in the new domain have form (0),
however u;, v; solve now the eigenvalue problem for the operator —j—; — %,%2 ,
where k #Z 0. Hence some eigenvalues p; can be negative (which is different
from already studied problems in [64, 72, 73, [74]). We construct further terms of
the asymptotics to obtain more accurate approximations to the eigenelements of
Aj, (namely, the error bound of order h3/? is proven).

Matching the asymptotics of the outer solution with the asymptotics of the
scattering solution of the inner problem we derive the boundary conditions for
the limiting operator. The scattering matrix S (which is merely a complex
number in our setting of the problem) depends analytically on h. We use its

asymptotic expansion obtained in [66], which is given in terms of the scattering
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matrix corresponding to the threshold case
—Ag = 1og.

Normally, one has Dirichlet boundary conditions for v; at the end of the curve
corresponding to the slanted end of €2, . However for some geometric config-
urations (i.e. for some values of the angle of the slant) a Neumann boundary
condition is possible. Namely, this is the case when the scattering solution at the
threshold is bounded in L* -norm (i.e. being the so-called generalised bounded
state); we call this the critical case.

We also consider the eigenvalues corresponding to the bounded states in the
semi-infinite straight strip obtained from €2, by rescaling it in the neighbourhood
of the slanted end. It is well known that there exists at least one bounded
state lying below the transversal eigenvalue vy, see [69]. We provide some new
estimates on the number of such bounded states with respect to the value of the
angle of the slant.

In the case of Dirichlet boundary conditions on the slanted end of € the
limiting problem always has Dirichlet boundary conditions at the corresponding
end of the curve. There do not exist bounded states for the rescaled semi-infinite
strip in this case.

The structure of the second part is the following. In Chapter 3/ we construct
the asymptotics of the problem in €2, . We state the problem in Section 3.1. In
Section 3.2l we derive a formal asymptotic solution to the outer problem. In the
next section we recall some results on scattering solutions of the inner problem
from [66], also deriving order h term in the asymptotics of the scattering matrix
in the critical case. Then we match the asymptotics of the inner and the outer
solutions and consequently obtain the boundary conditions for auxiliary problems
on the limiting graph for the terms of the asymptotic expansion in Section 3.4.
Section 3.5/is devoted to the justification of the asymptotics. Chapter 4/is devoted
to the construction of the limiting model graph, which is probably the most
important result of the second part. In the last two sections we study properties
of the bottom of the spectrum of the operator A, , which is related to the bound
states in the rescaled semi-infinite strip lying below the first transversal eigenvalue
Vo . Notice that the notation that we use in Part II may be different from the

one used in the present introduction.
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Part 1

Spectral convergence for high
contrast media with a defect via

homogenisation
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Chapter 1

Uniform exponential decay of

eigenfunctions

In this chapter we first formulate the problem studied in the first part of the
thesis. We then review already known results related to our problem, namely,
the results on spectral convergence for the high contrast homogenisation when
there is no defect [48]49], and on existence of the eigenvalues of the operator A.
near the eigenvalues of the limit homogenised operator Ay [29]. We also describe
the structure of the homogenised operators and properties of their spectra. In
the end of Section 1.1/ we state the main result of the chapter on the exponential
decay uniform with respect to e of the eigenfunctions of A., which subsequently
implies the two-scale compactness of the sequence of eigenvalues (Chapter 2).

The rest of the chapter is devoted to the proof of the uniform exponential decay.

1.1 Notation, problem formulation, limit oper-

ator and the main result

We will use the following notation for the geometric configuration visualised on

Figure [1-1, cf. [29]. Consider a periodic set of unit cubes

{Q:Q=[0,1)"+¢ €2} (1.1)

Let Fy be an open periodic set with period one in each coordinate such that
FoNn@ € Q is a connected domain with infinitely smooth boundary. We denote
Fon@ by Qo and its complement Q\Q, by Q:. Notice that the position of the
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Figure 1-1: A defect in a rapidly oscillating high contrast periodic medium, cf.
[29, Fig. 1].

particular set )y, ()1 or ) depends on £ € Z", however we will not reflect this
in the notation to simplify the latter. Regularity assumptions on the boundary
could be relaxed.! Let Q5 be a bounded domain containing the origin and with
a sufficiently smooth boundary; its complement is denoted by €1, Q; = R"\ Q5.

We define the ‘inclusion phase’ or the ‘soft phase’ €1 as

%=1 =
eQuC
where € > 0 is a small parameter. The set of inclusions Qg which intersect the
boundary of {2, is denoted by @8. The ‘matrix phase’, denoted by €7, is the
complement to the inclusions in €2, ie. Qf = Q;\(Q5U Qg) . ‘Defect domain’
25 is defined by QQ\Q_E. We also use the notation Ogq for the characteristic
function of a set 2 and Bpg for the open ball of radius R centred at the origin.

We consider an eigenvalue problem

Au® = Al (1.2)

'In particular, the results on the two-scale convergence stated in the present work remain
valid at least under the assumption of Lipschitz regular boundaries. The £'/2-order bounds,
as obtained in [29], require higher regularity.
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for the point spectrum of an elliptic operator A., self-adjoint in L? (R"),
Auwf = =V - (a(x,e)VuE(x)), r e R", (1.3)

with coefficient a(x,e) given by the formula

a0€2, S Qg,
a x €

a(z,e) = b i’ (1.4)
a9, x € €,

’ddx,e), T e ﬁg,
where measurable ag(z,¢) is such that
cither Ay e?~? < Gg(z,e) < ooe>? for all €, or ay(x,e) = age? for all e, (1.5)

Here ag, ay, as, ,Zfo, oo and 6 are some positive constants independent of &,
0 € (0,2]. Notice that this includes as particular cases e.g. the case of ‘removed’
boundary inclusions, i.e. a(z,e) =ay if x € Qgﬂﬁl ,a(xz,e) =aq if x € ﬁgﬂﬁg,
and the case of the ‘full” inclusions, ay(z,¢) = age?. The domain of A, is defined

in a standard way via Friedrichs extension procedure with a bilinear form

B.(u,w) = /a(x, e)Vu - Vw dz

Rn

defined on H'(R"). By definition, u® € H'(R"), u® # 0, is an eigenfunction of

the eigenvalue problem (1.2) with an eigenvalue A, if

B.(uf,w) = )\g/uaw dx (1.6)

Rn

for all w e H'(R™).

Properties of A. are closely associated with properties of a corresponding
purely periodic high contrast self-adjoint operator ﬁa , i.e. with no defect present.
The operator A, is generated (via Friedrichs extension procedure) by a bilinear

form

~

B.(u,w) = /a(x,s)Vu -Vwdz

Rn
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acting on H'(R™) with a coefficient

i, e) ape?, T € eky,
a(z,e) = _
a;, 1z €e(R™"\Fy).

It is well known that the spectrum of a periodic operator is so called Floquet-
Bloch spectrum, it is purely essential and has a band-gap structure. This operator
was considered by Zhikov in [48, 49]. He proves that the spectra of A\E converge
in the sense of Hausdorff to the spectrum of a certain homogenised operator fAlo .

By definition, the Hausdorff convergence of spectra, 0(25) A O'(A\Q) as € —

0, means that
o for any A € o(Ay) there exists a sequence A. € o(A.) such that A. — A
o if \. € O'(A\E) and A\; — A, then X € 0(20).

The limiting operator Eo is of a ‘two-scale’ nature. It acts in a Hilbert space

Ho - {u<x,y> e 12 (R" x Q)| u(z, ) = uo(x) + v(z,y),
(1.7)
ug € L* (R") ,v € L? (R™; LQ(QO))},

with the natural inner product inherited from L*(R™ x Q) and Ho being its
closed subspace. At this point we suppose for definiteness that @ = [0,1)". Tt is
implied that v is extended by zero for y € ). In what follows we will assume
that a function defined for y € @) is extended by periodicity to the whole R™.
The operator 121\0 is defined as generated by a (closed) symmetric and bounded

from below bilinear form E(](U, w) acting in a dense subspace
V = H'(R") + L* (R", Hy(Qv)) (1.8)

of Hy = L*(R") + L*(R", L*(Qp)), which is defined as follows: for u = ug +
v,w=wyg+z2€V,
Bo(u,w) = /AhomVuo - Vwg dz + ag //Vyv -Vyzdydz. (1.9)

R R™ Qo

Here APom = (A?jom) is the standard “porous” homogenised (symmetric, positive-

definite) matrix for the periodic medium as described above but when no defect
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is present and with ay = 0, see e.g. [27, §3.1]:

Abomg.g, — mf(/mM+VwF@ (€ €R"). (1.10)

welCR,(Q)

Q1

Notation C5¢,(Q) stands for the set of infinitely smooth functions with periodic
boundary conditions. Then one can see that the form is indeed bounded from
below, densely defined and closed. Hence, according to the standard Friedrichs
extension procedure, e.g. [41], 21\0 can be defined as a self-adjoint operator with
a domain D(Ay) C V.

It is also proved in [49] that the spectrum of EO is purely essential and has
a band-gap structure. It can be described in terms of a function B(A) which
we introduce next, see [48] 49] (cf. also [13]). First we define an operator T' as

follows,

Tf:=—aAf, f(y) € Hy(Qo) N H*(Qo)- (1.11)

Denote by b the solution to
Th— \b=—agAb— \b =1, b(y) € Hy(Qo). (1.12)
Then the function B(A) is defined by the formula

BOY = A1+ Ab),), (1.13)

where (f), := [ f(y) dy denotes a mean value of a function in a unit cell.
Q

Omne can get a more transparent notion of () by applying a spectral de-
composition to problem (1.12). Let \;, A, and ¢;, ¢}, i,j = 1,2,..., be
all eigenvalues (repeated accordingly to their multiplicity) and corresponding or-
thonormalised eigenfunctions of T', where eigenfunctions ¢’ have zero mean,
(¢5)y = 0. The set of eigenfunctions of T makes a basis in Hj(Qo) . Hence we

can write b as

=1 j=1

We substitute this expansion into (1.12)) to obtain

Z(Ai — N + Z()\; — /\)c;-gog- =1.
i=1 j=1
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Figure 1-2: G(\), cf. [48].

Multiplying the latter by ¢; or ¢ and integrating we arrive at

This yields us the following expression for ((A),

= (pi);
BN = A+ v; Y = (1.14)
see Figure 1-2. The intervals where G(A) > 0 correspond to the bands of the
spectrum of 121\0. Isolated points of the spectrum of ﬁo, ie. A such that
B(N;) < 0, can also be regarded as degenerate bands. The intervals on which
B(A) <0 (excluding A} ) are gaps.

The operator A, is obtained from A. by a compact perturbation of its coef-
ficient. It was shown in [23] (cf. also [41]) that in this case the essential spectrum
of A, coincides with the spectrum of /Ala and only extra eigenvalues can emerge,
in particular in the gaps. We do not consider possible emergence of embedded
eigenvalues, i.e. eigenvalues in the bands of essential spectrum. Existence of
embedded eigenvalues is believed to be very unlikely, but this supposition has
not been proved. In this work we are interested in convergence properties of
the eigenvalues of A. lying in the gaps of its spectrum and the corresponding
eigenfunctions. We will prove that if a sequence of eigenvalues converges to a
point lying in the gap of O-ess<1/4\0> , then the latter is an eigenvalue of the ’limit’
homogenised operator Ag. The operator Ay can be obtained from 121\0 by a com-

pact perturbation of the coefficients. Its definition, analogous to the definition of
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EO, is the following. The operator A, acts in a Hilbert space

Ho — {u<x,y> e 12 (R x Q) | u(e,y) = uole) + vz, y),
(1.15)
up € L* (R") ,v € L* (Q; L2(Q0))}7

It is defined via a Friedrichs extension procedure by a closed symmetric and

bounded from below bilinear form

Bo(u,w) = ag/Vuo -Vwy dx —|—/Ah°mVu0 -Vwgy dr + ao//vyv -Vyzdydz
Qo

Q1 21 Qo
(1.16)

acting in a dense subspace
V = H"(R") + L* (Q1, Hy(Qo)) (1.17)

of Hop=L*(R") + L? (2, L*(Qo)), u=up+v,w=mwy+ 2z € V. By definition
Ao is an eigenvalue of Ay and u’(z,y) = uo(z) + v(z,y) € V is corresponding
eigenfunction if

Bo(u®, w) = Xo(u®, w)3,, (1.18)

for any w = wg+ 2z € V. The eigenfunction solves the following problem:
-V GQVUO(SL’) = /\QUO(I), T e QQ,
-V AhomVU()(SL’) = )\0 (UO + <’U>y) , T & Rn\QQ,

—agAyv = X (ug + v),y € Qo; v=0,y € 0Qy (r € R"\Qy),
auo OmaUO
(uo)— = (U0)+, a2 (%)_ = (Z A?J 8_%7%) , € 0.
+

Here

(0)y(x) = Q" / o(z,y) dy

Q
denotes the averaging with respect to y over the periodicity cell @ (extending v
by zero outside Qo ); (-)- and (:)4 denote respectively the interior and exterior
limit values of the appropriate entities at the boundary 0€y of €2y, n is the
interior unit normal to 0€)5.

A similar problem is considered in [29]. The authors use an asymptotic ex-
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pansion approach seeking a solution to problem (1.2) in the form

w(z) = uO(x,x/e) +euV(z,z/e) + 2u®(x,x/e) + ...,
Ae) = Ao+o(l).

They prove that if there exists an eigenvalue )\ satisfying G(Ao) < 0, Ao # A},
then there exists ¢y > 0 and a constant C; > 0 independent of ¢ such that for
any 0 < e < gq there exists an isolated eigenvalue A, of operator A. of finite
multiplicity, such that

Ao — Ao| < Cye'/2. (1.20)

Moreover if (ug,v) is an eigenfunction of Ay which corresponds to Ay then

the function

uo(z) +o(z,z/e), = €,

- (1.21)
up(x), x € QF UQy U,

u®PP(z,e) = {
is an approximate eigenfunction for A. at least in the following sense: there exist

constants ¢;(¢) such that

[u™ = " ;(e)u5]| Lo(rey < Cag'?, (1.22)

Jj€Je

where J. = {j : |\.; — Xo| < Ce'/?} is a finite set of indices (for each ¢), and
Aej, u5(x) are eigenvalues and Lj-normalised eigenfunctions of A., and the
constants C; and C5 are independent of ¢.

This assertion partly answers the problem of asymptotic behaviour of the dis-
crete spectrum of A.. Thus, we know that any eigenvalue of Ay has converging
to it a sequence of eigenvalues of A.. In this work we study an open question
that consists in the following. Suppose there is a sequence of eigenvalues of A,
converging to a point in the gap of 0(121\0), Ae — Ag. Is the limit )y an eigen-
value of Ay or not? To answer this question affirmatively one firstly needs to
show a compactness (in the sense of two-scale convergence) of the corresponding
eigenfunctions. Once having the compactness proved one can pass to a limit
in the spectral problem (1.2) to get eventually the spectral problem for the ho-
mogenised operator. In its turn the proof of compactness requires uniform with
respect to € exponential decay at infinity of eigenfunctions wu. corresponding to

a convergent sequence of eigenvalues.
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Now we formulate our main result.

Theorem 1.1.1. The operator A. converges to Ay in the sense of the strong
two-scale resolvent convergence. Hence the spectral projectors also strongly two-
scale converge away from the point spectrum of Ag. The spectrum of A. con-
verges in the sense of Hausdorff to the spectrum of Ay. Let Ay be an isolated
eigenvalue of multiplicity m of the operator Ay in the gap of its essential spec-
trum. Then, for small enough ¢, there exist exactly m eigenvalues \.; of A.

(counted with their multiplicities) such that
Aei — Xl S CeV2i=1,...,m, (1.23)

with a constant C independent of .2 If for some sequence €, — 0 a sequence
of eigenvalues M., of A. converges to Ao which is in the gap of the essential
spectrum of Aqg, then Ao is an isolated eigenvalue of Ay of a finite multiplicity

m and for large enough k, ., € {\.,;,i=1,...,m}.

1.2 Uniform exponential decay of the eigenfunc-

tions of A.

The phenomenon of exponential decay of eigenfunctions of various differential
operators corresponding to the eigenvalues in the gaps of essential spectra has
been extensively investigated for the few last decades, see e.g. [6, 22 23, 39].
For example, in [6] a Schrodinger operator H with random perturbation is con-
sidered. It is shown that the rate of the exponential decay is proportional to

AL (E)A_(F), where E is an eigenvalue in a gap, A, (F) and A_(E) are
distances from FE to the right and left edges of the gap respectively. Roughly
speaking, the exponent obtained in [6] is proportional to the distance from the
essential spectrum near the centre of the gap and to the square root from the dis-
tance near the both edges of the gap. This estimate is the best of the sort known
at present. Another result, obtained in [23], can be straightforwardly applied to
the operator A. when ¢ is fixed. It follows from [23] that an eigenfunction u*
decays exponentially with an exponent proportional to dist(\., oess(A:)) . Never-

theless, this is not sufficient for our purposes. To gain compactness of a sequence

2The error bound (1.23) employs the results of [29] requiring, as stated, higher regularity of
0Qo - The rest of the statement of the theorem applies potentially to less regular boundaries.
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u® we need uniform decay, i.e. exponential decay with exponent independent of
€, which previous results do not guarantee. In this section we prove & -uniform

exponential decay of sequence of u® corresponding to converging in the gap ..

Remark 1.2.1. We would like to draw attention to the qualitative difference
between the previously obtained estimates for the rate of exponential decay and
the one we prove in this work. As we mentioned above, known results give the
rate of decay proportional to the distance to gap edges or to the square root of the
distance. Our estimate (1.24)) is entirely different. For small enough ¢ the rate of
decay is O (dist()., 0ess(A:))/?) at the right end of each interval S(A\) <0 and
proportional to (dist()., oess(A:)) ™2 at the left end, cf. Figure 1-2/ and (1.14).

We formulate the main result of this section (and also one of the principal

results of the first part) in the following

Theorem 1.2.2. Let A\, and u®* be sequences of eigenvalues of the operator
A. and corresponding eigenfunctions normalised in L*(R"), where ¢, is some
positive sequence converging to zero as k — oo. Let g be such that (3(X\g) is
negative and Ao is not an eigenvalue of the operator T given by (1.11). Suppose
that A., converges to \g. Then for small enough ¢y, eigenfunctions u®* decay

uniformly exponentially at infinity, namely, for
I<a< —6<)\0)/CL1 (124)

the following holds:
||ea\m|uek ||L2(Rn) S O,

uniformly in ey, , i.e. for any 0 < g < e(a), with C = C(«) independent of € .

Proof. We drop the index k in ¢, for the sake of simplification of notation. So,
when we say, for instance, ‘sequence \.’ we actually mean ‘subsequence A, .
The plan of the proof is the following. We first derive ‘elementary’ a priori
estimates for the eigenfunction u° outside the set of inclusions QF U Q5. Next
we study the structure of the eigenfunction at the small scale and deduce some
vital inequalities for eVwu® inside the inclusions. As a central technical step,
we then employ in the integral identity (1.6) a test function with exponentially
growing weight ¢*(|x]), see (1.37)—(1.38) below, and perform some delicate two-
scale uniform estimates to achieve the result. Introducing a test function with

exponentially growing weight we use the idea of Agmon, [1]. This on its own does
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not lead to a straightforward conclusion. We have to develop some delicate two-
scale analysis, studying the properties of eigenfunctions of A. both at large and
small scales at the same time. The main auxiliary technical results are proven in
Lemma 1.2.4 and Proposition [1.3.1.

Step 1. Due to the nature of the operator A. (coefficient a(z,¢) is very small
on the inclusion phase) one can expect that the eigenfunctions (more precise, their
gradients) oscillate wildly on the inclusion phase. Nevertheless it is possible to

control u® outside the inclusions. Setting w = u° in (1.6) we have

EQGOHVUEH%%QE) + alHVUE‘@?(Q;) + QZHVUEH%%Q@‘*’

1/2 (1.25)
Ha™ (@, &) V2 gg) = Aclltlfzegmmy = Ao
Therefore
HuaHHl(Rn\(QSSQS)) <C (1.26)

uniformly in €. From now on C' denotes a generic constant whose precise value
is insignificant and can change from line to line.

Step 2. Now we will represent u® as a sum of two functions, one of them
has e-uniformly bonded norm in H', another preserves the ‘uncontrollable’ os-
cillations of the gradient of u°. Let us consider u® in a cell Q) corresponding to
such & =¢(e) € Z™, seell.1, that the respective ‘inclusion’ £Q)y has a nonempty
intersection with ;. There exists an extension u® of u|.g, to the whole cell
£() such that

1@l 2cqo) < Cllwtll2eqnys IV ll2eqo) < ClIVE]| 2, (1.27)

where C' does not depend on € or £, see e. g. [35, Ch. 3, §4, Th. 1], which
is a version of the so-called ‘extension lemma’, see also e.g. [27, §3.1, L. 3.2]. In

particular, we can choose the following extension:

u = u, x € Q] UQ;,

~V - (a(ze)Vu(z)) =0, z€ QU Qc,
which minimises [|a'/?(z, &) VU120, subject to the prescribed boundary con-
ditions, with (1.4) and (1.5) ensuring that (1.27) still holds. From (1.26) and

(1.27) we conclude that
||| g2 ry < C. (1.28)
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We represent u° in the form
ut(z) = u(x) + v°(x) (1.29)

and consider the function v € H}(Q5UQ5). We assume that v is extended by
zero to the whole R™. In each inclusion eQy C QF U5 we have the following

boundary value problem for v*(z):

—V - (a(z, &) Vo) =" = A0, z € eQ,
(1.30)
v¥(z) =0, z € 0(eQy).

When a(z,e) = ape?, i.e. everywhere in Qf and also in € in the case agy(z,¢) =

ape? , after changing the variables * — y = x/e we obtain

—apAyv°(ey) — Av°(ey) = A% (gy), v € Qo,
U5<€y) = Oa y S 8Q0

(1.31)

Since \g # A; by the assumptions of the theorem, \. is separated uniformly
from the spectrum of the operator 7', (1.11)), for small enough €. Hence the

resolvent of 7" at A. is bounded uniformly in ¢ and (1.31) implies

[o* ()l o) < Cllu(ey)ll 220 (1.32)

In the case when Age2~? < ao(z,e) < 0pe* %, 0 € (0,2], we multiply equa-

tion (1.30) by v° and integrate by parts to obtain after rescaling

= [aen Vi eolay=r [ () dy = [T e . (133

Qo Qo Qo

Notice that e~ 2ay(ey,e) > Ape=? — 00 as € — 0. Then using Poincaré inequal-

ity for functions from H*(Q)

/ Pdy<C / v, /2y,
Qo Qo
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and Holder inequality

2

/fgdy S/dey/fdy,
Qo Qo

Qo
we derive from (1.33) that
(Ce™ = A)lv*(en)lZ2qu) < Acllv® (en)llzzin 15 (e9) 20

The latter immediately implies that

v (el z2(@0) < Cllu(ey) | 2(qo)- (1.34)

In fact an even stronger relation is valid, [[v°(y)|lr2q,) = o ([T (ey)|lr2(q)) -
From (1.33) and (1.34) one directly obtains

_ ~1/2 ~,
e [[ay* Vv ()220 < CITE ()220 (1.35)

for small enough &. Returning in (1.32) and in (1.34), (1.35) to the variable x
we arrive at the following inequality that describes the behaviour of v® and its
gradient in Qf U ?zg ,

a2V 0" ()12 + 1V (@) IE2eqn) < CllE(@)II2q0) (1.36)

with an e-independent constant C'.
Step 3. In order to get the uniform exponential decay of the eigenfunctions

we next substitute in (1.6) a test function of a special form:
w = g*(|z])as (). (1.37)

Here we define function g as follows

{ et tel0,R] (1.38)

et e (R,+00),

where R is some arbitrary positive number. The exponent « will be chosen
later. This method was employed e.g. by Agmon, see [1], but in the present case

its realisation is not straightforward. Namely, to obtain the desired estimates we
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have to implement the approach of [1] in the context of the two-scale analysis.
We will show that ¢(|z|)u®(x), and consequently g¢(|z|)u®(z), are bounded in
L*(R™) uniformly with respect to R and e. Then we will show via passing to

the limit as R — oo that we can replace g(|x|) by e

Remark 1.2.3. We cannot use e?*#l1%#(x) as a test function directly, since it
is not known at this stage that functions e (x) and e®*lus(z) are square

integrable.

The following identity holds by direct inspection
V@V (g*uT) = |V(gu°)[* — [Vg|*(@)*. (1.39)

Notice that the Euclidian norm of Vg is bounded by ¢ with constant a (uni-
formly with respect to R):

[Va(lz))| < ag(|zl). (1.40)

After the substitution of (1.37) into (1.6) we have, via (1.29) and (1.39),

/Vu dx+/50VvE~V(92ﬂ5) dr + / a(x,e)|V(gu®)|? du—

R™M\Q5

/|Vg| Vdr — A / g () dr — A, /g VUt dr =

QsUQS Qs

= )\g/gzueifE dx + )\E/QQ(EE)QdJ: + / a(x,e)|Vg|*(@)? dx.
e 2 QsUes
(1.41)

Notice that the right hand side is bounded by some constant C' independent of
e and R due to (1.26), (1.28)), (1.36) and the boundedness of the domains of
integration.

The rough idea of the remaining part of the proof is the following. We argue
that the second term on the left hand side of the latter is small and the first one
is relatively small (compared to the other terms of the identity). One can notice
that in equation (1.31) the right hand side is ‘almost’ a constant for every fixed

(o - Then one can expect that the solution of (1.31) is ‘approximately equal’ to
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the solution of (1.12) corresponding to A = A. multiplied by A.u°(ey),

v°(ey) ~ Ab(y)us(ey).

Rearranging the integrated entities in the last two terms on the left hand side of

(1.41) one obtain ‘approximately’
= Ag? (@) = Ag?o%u ~ — [A(1+ Ab(y)] % (@ (ey))*. (1.42)

The expression in the square brackets resembles the definition of F(\.), see
(1.13)). Rescaling back to variable z and integrating the right hand side of (1.42)

one can obtain
- 6<)‘5>H977’8H%2(Q§)UQ§)' (1.43)

Notice that as A. — Ao, B(A.) — B(Xg) < 0. Hence we obtain ||gu* ||L2 (©500%)
multiplied by a uniformly positive coefficient, end we need only to choose appro-

priate exponent «, see (1.38)), to ensure that the fourth term on the left hand
side of (1.41)),

~ar [ 19 do > ~ar® |97 e
Q5
is compensated by (1.43).
Let us continue the proof. Consider the second term on the left hand side of

(1.41). Since the coefficient ag(z, <) is bounded uniformly in € and the sequence

of domains 5 is also bounded (so 92’96’ V92|96 < C uniformly) we derive that

/5OVU€.V( ) da <c/ a2\ Vo | (19| + 7)) de <

€35
1/2 ~ ~,
< Cllag”* Vo || 2oy (IVE | 2ga) + 171205

Then from (1.28), (1.36) follows that

[ V(T de| < I
€5

The right hand side of the latter converges to zero. Indeed, let us take an arbitrary
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subsequence u®. Since ||u®||g1rn) is bounded uniformly in e, see (1.28), the set
of functions ¢ is weakly compact in H'(Bpg) , hence strongly compact in L*(Bpg)
for any R; we take R large enough so that {25 € Bgr. Then there exists a further

subsequence u° that converges to some function wug strongly in L?(Bg). Then
12 o) < ol oo + 1 = ol aqeg) — O (1.44)

as the Lebesgue measure of the set (Nzg tends to zero. Since we have chosen in
the beginning an arbitrary subsequence u, (1.44) holds for any sequence of ¢.

Hence

/50VUE - V(g*u®) dx| — 0. (1.45)
5

From (1.36) and (1.44) we also obtain
||US||L2(93) — 0. (1.46)

Step 4. The following Lemma approximates the last two terms and bounds
the first term (both, in a sense, of a ‘two-scale’ nature) on the left hand side of
(1.41).

Lemma 1.2.4. There exists €9 > 0 such that for all positive € < g the following

estimates are valid

e / g*(uF)? dm+)\5/9205ﬂ5 dx — [B(Ae) / g () dx| <
Q5U0; Q5 Q5UQ% (1.47)

~c 2 ~€
<Ce (HV(gu Mi20s) + llgu HiQ(%U%)) +C,

and
€2a0/VU,EV(92ﬁ€) dr| < Ce <Hv(gﬂa)”%2(9§) + "ga5’|%2(ﬂguﬁ’i') + O) , (1.48)
5

where C' does not depend on € and R.

The proof of this lemma is quite technical and we give it in the next section.

We make use of Lemma [1.2.4/ and convergence (1.45) to transform identity (1.41)
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into the following inequality, valid for small enough «:

a1 ||V (92) |72 (0z) — axll (V@) &I 05y — B |98 [ 25005 —

— 20 ||V (9 [32(0x) + 97 320500 ) < C.

where C is independent of ¢ and R. Notice that 3()\.) is negative and uniformly
bounded away from zero as A\. — \g. Applying (1.40) to the second term on the

left hand side we arrive at
(a1 — 2CE)HV(9’E€)H%2(Q§) + (_5()\5) —a’ay — 206) Hgﬂg”%%ﬂguni) < C. (1.49)

Hence we should choose « such that —3(\g) — a?a; is positive, i.e.

a </ —B(No)/ar.

Since g(|z|) coincides with el on the ball By, taking e small enough and

restricting the L?-norms to Br we arrive at

a|x\a€ < C,

He HL2(BR) =

where C' does not depend on ¢ and R. Then passing to the limit as R — oo
we obtain

a|$|ﬁa

<C. (1.50)

”6 HLQ(R")

Step 5. Despite the fact that the sequence of Vo¢ is unbounded in L? -norm,
the function v° itself is controlled by u®, see (1.36). Therefore we can get the

estimate for the function u® analogous to (1.50).

2 ~e||2 2
HQQMUEHB(R") < HeamuEHm(R") + Z Heami}e”LQ(EQO) )
EQoCQSUQE

In each cell we use inequality (1.36) and

sup el < eavinegalal Vo € eQ), (1.51)
z'€e
to obtain
HGQMUSHL?(SQO) < CleVne Healx\aaHLQ(aQo) <C Hea\x|ae||LZ(EQO) ’
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and hence, finally,

alz|

e <c

us | | L2(R™)
uniformly in €. O

Remark 1.2.5. It is easy to see that Vu® (unlike Vu®) decays exponentially
uniformly in € with the same rate as v . Indeed, from (1.51) and (1.27) it follows
that

l9VT W00y < 2. su alIVE Iy < Cl9VE [Eaqre,
cQocapues U ¢

where II¢ := {U £Q1]eQ)y is such that correcponding @)y C Qf U (26} . Since
||VE5||%2(Q§) and hence || gVﬂEH%Q(QS) are bounded uniformly, we have
9V [y < € + ClgViE [2aes) = C + IV (6) — Vi s or) <
< C+C|V(gu®)| r20s) + CCVHQ?jE||%2(Q§)-

The latter is bounded uniformly in ¢ and R due to (1.49) and (1.50). Hence,

passing to the limit as R — oo, we finally arrive at

Healw\vaa

2@y < C (1.52)

uniformly in €.

Remark 1.2.6. Estimate (1.24) is sharp in a sense. As we will show later,
u® strongly two-scale converges to ug, for which y/—f(Xo)/a; is the optimal

estimate for its decay exponent, cf. (2.51).

1.3 Proof of Lemma 1.2.4.

Proof. Step 1. First we decompose the function v® in €2f into the sum of two
functions:
Ve =0 + 17, (1.53)

solving the following equations (cf. (1.31)):
—apAy 0" (ey) = A" (ey) = A(w(ey))y, ¥ € Qo
i\}/E(Ey) = 07 yE aQOa
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—aoAy U7 (ey) — AU (ey) = Ac (W (ey) — (u(ey))y) , v € Qo,

(1.55)

6€<€y) - 07 Y€ aQO

The solution of (1.54) could by written in the form
’ﬁs(gy) - /\€<ﬂg>yb5<y)7 (156)

where b, is a solution of (1.12) with A = A.. Due to the uniform (with respect
to €) boundedness of the resolvent of the operator 7" in the neighbourhood of
Ao , the solution of (1.55)) is bounded as follows,

15 ()| 220y = 11T = A) (@ (29) = (@) || 2y <

< Cllu(ey) = @)yl 12y < C IV 120 -

here we employed the version of Poincaré inequality for functions from H'(Qy),

1f = <f>y||L2(Qo) <C ||vyf||L2(Qo) '

After the rescaling we obtain that v° is relatively small compared to Vu®,
[0°(2) | 22(c@o) < € CIIVUE (2) [ 22(cq) (1.57)

where C' in the inequality does not depend on ¢ or & € Z".
Step 2. At this stage we will need several inequalities which follow from the

properties of g and u®.

Proposition 1.3.1. The following estimates are valid for small enough € with

constants independent of € and the choice of particular Q) :
167720 19 12 < € (IVGT) gy + 107 gy ) - (158)

HﬂEHLQ(aQ) HV(QQ:&E)HLQ(EQ) <C (Hv(g/ﬁE)H%Q(EQl) + |‘gagy‘%2(eQ)) ) (159)

IV 2 |V (6%8) | 2oy < € (IV (97 32y + 197 32y ) - (1.60)

Proof. We remind that

sipg < eVg(r) < Cy(x),  xe€eq, (1.61)
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for small enough . We apply (1.27), (1.40) and (1.61) to get (1.58):

V@ 2 eq) =
L2(eQ)

150 19 < €| (sp ) 7

(sup g) Y
=@ L2(eQu)

= Cllgt|| 2 ) IV(927) = (V@)U || 12, <

< Cllg ]| 2 < Cllg o[l oo 19V | L2(eq) =
~ ~ ~e 12
<C (ngEHLQ(EQ) HV(QUE)HLQ(EQl) + ngEHLQ(EQ)> <
~, 2 ~c 12
< C (VG aan) + 197132 ) -
The last inequality in the chain follows from the elementary
Loy 09
|ab| S 5(& +b )
The proof of (1.59) and (1.60) is analogous:
1@l 2c0) |V (58 || 2oy = 1T N2 IV (69T + 6V o) <
~ ~ ~e 112
<C (HQQU(EHL%&Q) ||vu€||L2(eQ) + ||9U€||L2(5Q1)) <

< O (IV (832 + 197120 -

IV&|120) |V (0°0) || 12 o) = IVE 2200 [V (97)0 + ¢*VE || o)

2
(sup g) Vu© ) <
Q L2(eQ1)

< C (IV () 32(e00) + 197132 )

< C (lnga@HLQ(EQ) HvaEHLQ(EQ) + '

]

Substituting (1.53) into the second term on the left hand side of (1.47)) we

obtain
)\6/920665 dx = )\6/92'17665 dr + A\, /g%\eﬂ6 dx
€% 2% €%

Let us show that A. [ ¢*0°u® dx is relatively small. Indeed, applying inequalities
Q5
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(1.57) and (1.58) in each cell we obtain

)\6/9265’126 o< Y (9% gy 17 2 <

“ R (1.62)
< > 20 (IV6E) Baeqn + 195 I3xeq)) -
Qo CQ
Considering sets
U Q@ and U eQq,
EQoCQS €QOCQS
one can notice that they are “nearly” equal to
Qg U Q3 and Qf,
respectively. Namely,
aue= [ |J |ues o,
EQoCQS
(1.63)
o= U @ |uei\a
Qo C
where
Qi,f = U 6@0 N Q27
€QOCQE
OGL= |J eQonoi
8Q0I’7927é@
We introduce two ‘correctors’
¥ = VT Baos ) + 197 rcos - (1.64)
and
ry = HgﬂEH%?(Qhquﬁ)-
Then inequality (1.62) transforms into
[ 7T do < 0 (1N By + 197 ooy +17) - (165)

05
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Step 3. Now we consider the term \. [ ¢°v°u° dz. We substitute (1.56) to

QE
obtain
)\/gvuadx—)\Q”Z/gu ey)b u®), dy,
e cQuCO

where b. is considered as a periodic function on R™, b.(y + &) = b.(y), £ € Z™,

and (uF), = (@),(y) = [ u(ey’)dy is a step function that takes constant
Qe
values on each cell Q. Notice also that S(\.) — Ac = A2(b.), . Then, keeping in

mind (1.63), we obtain

A=A /g vt dr — (B(A:) — A\e) / g () dx| <

Qs QsU0S

/ Y)(E)y dy — (b2), / ¢(ey) @ (c9)) dy| +
EQ()CQe Q Q
(1.66)

+or<coer Y @), / (95" = (g°U%)y) be dy| +
Q

EQ[)CQS

+ Ce” / ®)y) @ dy| + C'r.
EQQCQE Q

We will separately estimate terms contained in the last expression. The mean

value of ¢ is bounded by its norm in L? by Hoélder inequality

2

(@ (ey))? = / T dy| < / (@)? dy / Ldy = @ () 2oy (167)

Q Q Q

Similarly,
<b€>y < HbEHLQ(Qo) < 07

where C' does not depend on & due to the uniform boundedness of the resolvent
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(T —X\)7! in the neighbourhood of A\g. Via the Poincaré inequality we derive

[ @7 = @T),) T dy| < 7 — T [0 <
Q

S C Hvy ( 2~€ HLQ(Q) H HLQ(Q) )

and, similarly,

/ (g2ﬂE — <g277€>y) b.dy| < C HVy (gQiZE) ||L2(Q) , (1.68)

Q

with constants independent of ¢ and ¢ (see (1.1)). Applying inequalities (1.67)—
(1.68) and then (1.59) to (1.66) we arrive at

A <eC Y E )l Vo6 0T ()| gy + O <

EQOCQE

<eC ) |[EF e || V(T M 2o +Cri <
Qo C8

<c0 3 (V6T Baga + 197 22 ) +C7f <

€QoCQ

(1.69)

<eC (||V(9a€)||%2(ng) + ||9ﬂ6||%2(szgu9;‘) + Tg) +Cri,

where C' is e-independent. At the last step we used formulas (1.63) and (1.64).
Since the correctors r¢, r{ are uniformly bounded, inequalities (1.65) and (1.69)
together imply the validity of (1.47).

Step 4. Finally, it is not difficult to obtain similarly (1.48) via (1.36)), (1.59)
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and (1.60):

62a0/VuEV(g2ﬂa) dr| < £2C Z |V 22 (00) HV(gQEE)HLQ(EQO) <
Q5

eQoC

<eC Y (1eVllezeqn + el VE o) [V (070 || gy <

eQoC0

<<0 Y (I lean VG gy + NV e [V ) <

eQoCQ;
< 0 (I9(g8) B g + 97 Ixaguag + ) <
< <€ (I (97)32qag) + 197 32 z00) + C)

for small enough ¢.
Notice that all the estimates obtained in this section are independent of R.
O
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Chapter 2

Two-scale convergence of
eigenfunctions and convergence

of spectra

In this chapter we study the convergence properties of the localised eigenfunctions
of the operator A, and convergence of its spectrum. We list the definitions and
some properties of the two-scale convergence, see [2,[38, 148, 49], in the first section.
We also formulate several auxillary statements (analogous to those in [49]) which
are necessary for obtaining the two-scale convergence of the eigenfunctions of A,
and for the derivation of the limit equation. In Section 2.2 we prove, relying on
the uniform exponential decay, the main results on the two-scale convergence of
the eigenfunctions and the subsequent convergence of the point spectrum of A, .
In Section 2.3 we provide a proof of stability of the essential spectrum of the
two-scale homogenised operator with respect to the compact perturbation of its
coefficients, thereby establishing the Hausdorff convergence of the spectra of A.

to the spectrum of the homogenised operator Aj.

2.1 Some properties of two-scale convergence

Let € be an arbitrary region in R", in particular {2 = R™. Denote by [ the
unit cube [0,1)". We consider all functions of the form u(z,y) to be 1-periodic

in y in each coordinate.

Definition 2.1.1. We say that a bounded in L*(2) sequence v. is weakly two-
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scale convergent to a function v € L*(Q x O), v.(x) N v(z,y), if

e—0

Q

lim [ v.(z)p(z)b (g) dx—//v(m,y)w(m)b(y) dydx

for all ¢ € C*(Q) and all b € C2

So(0) (where C25.(0) is the set of 1-periodic
functions from C*(R™) ).

per

Definition 2.1.2. We say that a bounded in L*(S)) sequence wu. is strongly

two-scale convergent to a function u € L*(Q x O), u.(x) 2 u(z,y), if
lin(l) U () ve () da:://u(az,y)v(x,y) dy dx
Q Q

for all ve(z) 2 v(z,y).

Proposition 2.1.3. (Properties of the two-scale convergence.)
(i) If u.(x) N u(z,y) and a € L2 (O) then

per

a(z/e)us(z) > aly)ulz,y)

(i) v(x) 2 v(x,y) if and only if v.(x) EN v(x,y) and
liII(l) v2dr = //1)2 dy dzx.
Q Q

(iii) If f-(z) — f(z) in L3(Q), then f(z) > f(z).
() A sequence u. bounded in L*(S) is compact in the sense of weak two-scale

convergence.

Proposition 2.1.4. (The mean value property of periodic functions.) Let ®(y) €
LL.(O) . Then for each ¢(x) € C°(R™) we have

iy [ 0(a)0(/2)da /¢

Rn

The potential vector space Vpo is defined as a closure of the set {Vy: ¢ €
Co (D)} in L*(0)". We say that a vector b € L*(0J)" is solenoidal (b € Vi)
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if it is orthogonal to all potential vectors. Thus,
LQ(D)H = ‘/pot S ‘/sola
and
L(Q x O)" = L*(Q, Vior) ® L2 (2, Vig)).-

Lemma 2.1.5. Let u. and eVu. be bounded in L*(R™). Then (up to a subse-

quence)
ue(w) > u(z,y) € LA(R", HL,),
eVue(r) = Vyu(e,y),
where H', = H! (0O) is the Sobolev space of periodic functions.

per per

Lemma 2.1.6. Let u. € H'(R"),
ue(z) 2 u(z) € H'(R), (2.1)
and Vu. is bounded in L*(R"™). Then, up to a subsequence,
Vue(z) = Vu(z) + v(z,y), where v € LA(R", Vioy). (2.2)
Lemma 2.1.7. Let (2.1) and (2.2) be valid. Let also

. —1 .
l1_r)1(1) a1Vue(z) - Vyw(e z)p(z)dr =0 (2.3)

for any ¢ € C§° () and w € C2.(O). Then the following weak convergence of

per

the flows takes place:
110q, (') Vu () = A""Vu(z) in O,

where homogenised matriz A™™ is defined by (1.10).

The proofs of the listed statements repeat the proofs of the corresponding
assertions in [48] with no or only small alterations, and are not given here. The
following is an important definition of the strong two-scale resolvent convergence

of operators.

Definition 2.1.8. Let A., € > 0, and Ay be non-negative self-adjoint operators
in L*(R™) and Hy C L*(R" x Q) , see (1.15), respectively. We say that A. 2
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Ao in the sense of the strong two-scale resolvent convergence if for any A > 0

(Ac+ AN f 2 (Ao +AD ™ fy as long as f. 2 fo.

2.2 Strong two-scale convergence of the eigen-

functions and multiplicity of the eigenvalues
of A,

In this section we will show that the normalised eigenfunctions wu. are compact
in the sense of strong two-scale convergence. Namely, provided A\, — Ag, a se-
quence of normalised eigenfunctions u. of the operator A. strongly two-scale
converges, up to a subsequence, to a function uo(x, y) . Using the properties of
two-scale convergence we then pass to a limit in integral identity (1.6) with a
specially chosen test function. As a result we obtain in the limit integral identity
(1.18) which implies that \g and u°(z,y) are an eigenvalue and a corresponding
eigenfunction of Ag. This, together with the results of [29], allows us to estab-
lish an ‘asymptotic one-to-one correspondence’ between isolated eigenvalues and

corresponding eigenfunctions of the operators A. and Aj.

Theorem 2.2.1. Under the assumptions of Theorem!|1.2.2 \g is an eigenvalue of
the operator Aoy . Moreover, there exists a subsequence € such that eigenfunctions
u® of the operator A. strongly two-scale converge to an eigenfunction uo(x,y)

of Ay corresponding to the eigenvalue X .

Proof. Step 1. In order to establish strong two-scale convergence of the eigen-
functions u® = u® 4+ v we prove it for each of its components separately. The
gradient of % is bounded in L?-norm uniformly in e. Naively speaking, this
means that u® itself is a function of slow variation and its two-scale limit should
not depend on the fast variable 3. Then one can expect that the sequence u® is
compact in a usual L?-norm sense.

From (1.50) it follows that

aR~ a\z|,&/5

|70 L2rm\BR) < le r2@Rm\Br) < C.

Then
||| L2(rr\ B) < Ce R (2.4)

with C' independent of ¢ and R. From this one can easily conclude that u® is
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weakly compact in H'(R") and strongly compact in L?(R"). Indeed, since u*
is bounded in H'(R") uniformly in & (see (1.28)),

(1) — up(z) in H'(R™), (2.5)

up to a subsequence due to the weak compactness of a bounded set in H!(R").
It is well known that H'(Q) is compactly embedded into L*(Q2) when 2 is
bounded. Hence, for any fixed R function u° converges to ug weakly in H'(Bpg)
and strongly in L?*(Bg) up to a subsequence. Considering a sequence of balls
Br, R € N, one can use the method of extracting a diagonal subsequence to

obtain a sequence converging in any ball Bpg,
U — ug in L*(Bpg) (2.6)

for any R > 0.

For any 6 > 0 we can choose R such that Hu0||%2(Rn\BR) < 6/3 and
[0° (|72 (e ) < 6/3 for all sufficiently small e (the latter follows from (2.4)).
From (2.6) it follows that ||ug — ﬂ€||%2(BR) < 0/3 for sufficiently small €. So we

conclude that
o — a€||%2(Rn) < [lug — ﬂsHiz(BR) + ||u0||%2(Rn\BR) + HﬂEH%Q(R”\BR) <0
for small enough e. Hence, up to a subsequence, we have proved convergence
U — up in L*(R™). (2.7)

Then from the properties of two-scale convergence (Proposition 2.1.3 (iii)) we
conclude that
us (z) 2, up (). (2.8)

Step 2. Now let us consider v°. Formulas (1.53) and (1.56) show that v* is
of a two-scale nature. One can expect that its two-scale limit depends both on
x and y. Since the coefficient a(z,e) on Qg is defined very loosely we consider

the behaviour of v* on (2‘6 separately. We denote by v] and v5 the restrictions

Velgg and . e: respectively, extending them by zero to the rest of R™.

Lemma 2.2.2. The following convergence properties are valid for v (up to a
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subsequence):

vi(x) 2 o(z,y) € LA, HE(Qo)),
eVvi(z) 2 Vyu(z,y),

where v(z,y) is a solution to the following problem:
— CLoAyU — )\(ﬂ] = /\0U0, (RS QO. (29)

Here ug is a function from (2.8).

Proof. The function v¢ € H'(Q5) satisfies the following differential equation:
— 2agAvS — M\ = \U°, x € Q. (2.10)
Let us rewrite it in the form
— 2ag AV — At = AT (@QO (/) @95(9”)) T e (2.11)

We understand the term O, (y) as a characteristic function of @y in @ extended
by periodicity on R™. Since u° is bounded in L?*(R") and the Lebesgue measure

of Sng tends to zero, we have
[u” @95\’%2(Rn) < WEHLQ(R“)H@ggHLQ(R") — 0.

By Proposition 2.1.3 (i) for any f.(z) N f(z,y) it is true that f.(2)Og,(z/¢) N
f(z,y)O¢,(y). Since u° strongly two-scale converges to ug, by the above and

the definition of the strong two-scale convergence we have

/ﬁg(x)fg(x)G)QO(:v/s)dx — //uo(x)f(x,y)@QO(y)dx
R™ Q

Rn

with arbitrary f.(z) N f(z,y). But this implies u®(x)O¢,(z/¢) 2, up(2)Og, () -

Hence we conclude that
AT (@Qo(x/g) ~ B4 (a:)) 2 MO0, (W)uo(x) € LAy x OI). (2.12)
Following [48] we consider the more general problem
z. € H'(QS), —e*apAz. — N\oze = f., f. € L*(%). (2.13)
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(It is implicit that f. = z. =0 in R™\Q5.)
Proposition 2.2.3. Let
(@) = fla,y).
Then
() = 2(2,y) € LA, Ho(Qu),
eVze(x) N Vyz(z,y),

where function z(x,y) solves the following equation:
—apAyz — Xz = f, y € Qo. (2.14)

Proof. One can easily derive an estimate for 2° analogous to (1.36), applying to

(2.13) a reasoning similar to those for the solution of equation (1.30):
ae” ||V 2 ()22 (05) + 127 (@) I1205) < CF(@)12205).

with C' independent of €. Since f¢ weakly two-scale converges, it is bounded.
Then 2° and eVz® are also bounded, and we can apply Lemma 2.1.5;

2% (x) 2 z(x,y) € LQ(Ql,Hl ),

per

eVze(x) N Vyz(z,y).

Equation (2.14)) follows by a straightforward passing to the limit in the integral
identity corresponding to (2.13) with appropriately chosen test functions. The full

proof can be found in [48] and applies to the present situation with no alteration.

Remark 2.2.4. Validity of z € L*(Qy, H}(Qy)), i.e. that 2 vanishes on the
boundary of Qq, follows from z € L?*(Q, H),) and the obvious convergence
property
. 2
0= 2°(2)Oq, (z/e) = 2(x,y)Oq, (y).
U

The above proposition together with (2.12) establishes a “weak” form of the
statement of the lemma, i.e. weak two-scale convergence of v{ to the solution
of (2.9). We now prove that the convergence is actually strong, following again
[48]. Multiply (2.10) and (2.13)) by 2° and v5 respectively and integrate by parts.
The left hand sides of the resulting equalities are identical. So, equating the right
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hand sides, we obtain the following identity
/f‘E dr = /ﬂgza dzx. (2.15)
Ql Q1
Since u® strongly two-scale converges, then by the definition we have
liI%)\ /Uszedl'—)\()//lb() 2(x,y) dy dx.
£—
Q1 Qo

Multiplying (2.9) and (2.14) by z and v respectively and integrating by parts it

is easy to see that
/\0//u0 z(z,y dydx—//fxy (z,y)dydz. (2.16)
Q1 Qo Q1 Qo

Since the right hand side of (2.15) converges to the left hand side of (2.16) we

conclude that:
llm fE dx—//fxy (z,y)dy dz
Q1 Qo
for any weakly two-scale convergent sequence f¢. Hence, by the definition of the

strong two-scale convergence,

vi(z) > v(a,y).

]

Lemma 2.2.5. The sequence of functions v5 converges to zero in the sense of

strong two-scale convergence:

2
vy — 0 ase — 0.

Proof. Straightforward from (1.46) and Proposition 2.1.3/ (7). O

Combining (2.8) with Lemmas 2.2.2 and 2.2.5, we arrive at

w () 5 u(x,y) = uolw) + vz, y), (2.17)

where uy € H'(R"), v € L*(Qy, H}(Qo)) -
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Step 3. Now it remains to show that Ay and u’(x,y) are an eigenvalue
and the corresponding eigenfunction of the limit operator Ay, i.e. that u%(z,y)
satisfies (1.19). In order to do that we need to choose an appropriate test-function

1 and pass to the limit in the integral identity

€ ao/Vu - VY& dr + aq /Vu - V© dx+/a0Vu - VY& de+

95
(2.18)
—i—ag/Vu Vi dr = A / uY dx
R”l
corresponding to the original eigenvalue problem (1.2)—(1.3)). Let us take
“(x) = Yo(x) + p(a)b(e 1),
V() = Yo(x) + p(x)b(e™ ) (2.19)

Yo € Cg°(R"), v € Cg°(h), b(y) € C5°(Qo),

and consider each term of (2.18)) separately. Let us expand the first term:

aO/VifvwE dr = SQaO/VﬂEVW dz+

2% 2

+e aO/VU Vb + b(e™'2) V) dx+ag/5Vv oV, b(e ™ 7) dr.
QE

Since Vu® is bounded in L?-norm and |V¢¢| < Ce™!, the first term on the
right hand side tends to zero. Consider the second term. By (1.36) we have
el Vv p2as) < Clluf||p2(qz) < C'; then from the boundedness of Vi) +bVe (in
L* -norm) we conclude that the second term also converges to zero. By Lemma
2.2.2 eVv® weakly two-scale converges to V,v(z,y), hence, by the definition of

the weak two-scale convergence, we obtain

lir%62a0/Vu6V¢€ dx = ag//v v(z,y)p(z)V,b(y) dy d. (2.20)
1 Qo

The third term on the left hand side of (2.18) converges to zero due to the

smallness of the domain of integration. Indeed, since for small enough ¢ the test

 Jag

function ¢ is equal to 1y on Q Vue|| 2@ < C' uniformly in ¢ (cf.
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(1.25)), and ‘§8| — 0 as € — 0, we derive for small enough &

/EioVuaV@/)E dx| = /50Vuavw0 dx| <
i i (2.21)
< C/aowuf\ dr < ||y |ay” Ve |2 0e) — 0.

5

The eigenfunction u® coincides with u® on 5. Then, via (2.5) we have

convergence of the last term on the left hand side of (2.18)):

lir% as / Vu® - VY& dr =

25

= lim |ay / Vu© - Vipgdr — as / Vu® - Vigdr | = (2.22)

e—0

Q2 96092

= Qa9 / VUO . V”Lﬂg d%,
Qo

as

1/2
— 0.

s / Vi© - Vipodz| < C / \vaﬁydxg|\va€\yggmz‘ﬁgm92

QSOQQ 98092

Now we will prove that the second term on the left hand side of (2.18) con-
verges to the second term on the right hand side of (1.16) with wy = 1. We
need to show that u® satisfies the conditions of Lemma 2.1.7. Let us show that
convergence property (2.3) holds for u®. To this end we substitute into (2.18) a
test function of the form ¢° = cw(e'z)p(z), ¢ € C*(), w e Cx.(0O), cf.

[48]. Since V(ew(e 'z)p(x)) = O(1) and [|eVu||L2(qs) is bounded by (1.25)

we have

EQCLO/VUE -V(ewyp)dr| < eaglleVu©| L2 |V (e wp) || L2s) — 0.
2%
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/EOVUE -V(ewp)dr =0
5

for small enough ¢ because ¢ € C§°(§;) equals zero in Qg for small ¢ and,

obviously,

Since ewp = O(g) as € — 0,
Ae /uaswgo dz — 0.
Rn
Thus all the terms in (2.18)) with ¢ = ewyp, except possibly
a /Vu (cwyp)dx = al/ [Vu® - ewVip + Vu(z) - Vyw(e ' z)p(z)] da,
o

converge to zero. Then the latter should also converge to zero. Since

ay /VUF -ewVedr — 0,
Q5
we conclude the validity of (2.3).

The eigenfunction u® converges in the sense of the strong two-scale conver-
gence and its gradient is bounded in L?-norm, see (2.8) and (1.28). Then by
Lemma 2.1.6

ViE & Vug(x) +0(z,y),

where U € L*(R™, Vo). As long as @° coincides with u® on €5, we now can

apply Lemma 2.1.7 to obtain

lim a, / Vu© - Vi de = lim a, / Vut - Vb dx = / APy - Vo de, (2.23)

1971

where ¢ is as in (2.19).
Thus, passing to the limit as ¢ — 0 on the left hand side of (2.18) via (2.20)—
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(2.23), and on the right hand side via (2.17), we arrive at

ag / / Vv -oVybdydr + /AhomVuo - Vo dx + as / Vug - Vipgdx =
Q1 Qo 91 Qo

= Ao (uo +v) (1o + ¢ b) dy dz.
I

Since the space of functions from (2.19) is dense in V (see (1.17)), the latter
is equivalent to (L1.18). Tt follows from (2.17), Proposition 2.1.3 (i) and the
normalisation of u® that u’(x,y) # 0. Thus we have proved that )\, and
u’(z,y) are respectively an eigenvalue and an eigenfunction of the operator Ay,

completing the proof of the theorem. O

Remark 2.2.6. Let (a,b) be a gap in the spectrum of Ay and I be an interval
lying strictly inside the gap. As we mentioned earlier, due to results of [48, 49
o(A.) — o(Ap) in the sense of Hausdorff. This implies that for small enough
€ the interval I belongs to the spectral gap of 121\5. Then we can implement
Theorem 2 of [23] which claims that for large enough [ small enough as , namely
such that [?/ay > C', the operator A. with Qy = IQ has at least one localised
eigenvalue A. in . The constant C' depends only on the size and position of [
and geometric properties of 2. Hence one can extract a converging subsequence
A satisfying conditions of Theorem 2.2.1. Then from the latter follows the
existence of eigenvalues of Ay in the gaps of its essential spectrum, provided (2,

is large enough and a, is small enough.

It is not hard to show that there holds the strong two-scale resolvent conver-

gence A, 2 Ap , see Definition 2.1.8. Consider the resolvent equation
Acw® + I = ff, (2.24)

where —\ ¢ o(Ap). It is well posed for small enough ¢ since for such ¢ A ¢

o(A.). Suppose also that
2
fo(@) = Oz, y).
Multiplying this equation by w® and integrating by parts we obtain

1/2
lag" (2, €) Ve[| Fagey + Allws [ Fagny < 10 [lz2m 1]z .

The weakly two-scale converging sequence f¢ is bounded in L?. If ) is positive,
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then we obviously get
|0 || L2rey < C, (2.25)

and

la (2, £)Vark || pagey < C, (2.26)

uniformly in . If X is negative, then ||w?|[z2rn) could be bounded or un-
bounded. The case when ||w?|[z2rn) is unbounded we will consider later. Oth-
erwise we also have (2.25)), (2.26)).

As when we considered the eigenvalue problem, we can represent the solu-
tion of (2.24) as w® = w® + 2°, where w® is a harmonic extension of w®|g:uqs
to the whole R™. Obviously |w®|r2rn) and ||Vw®| p2rny are bounded by
|| 2(@su0g) and || Vwe||r2(esuas) - Then applying Proposition 2.1.3/ (iv), Lem-
mas 2.1.5/ and 2.1.6/ we conclude that

w® =0 + 2 2 w(z,y) = wo(z) + 2(z,y) € H'(R™) + L*(Qy, HL,,),

per
eVzE(x) 2 Vyz(z,y),

V& (z) N Vwo(z) 4+ v(z,y), where v € L*(R", Vo).

As before, we can show that equality (2.3) holds with u. = w® , and then, applying
Lemma 2.1.7/ and the above convergence properties, pass to a limit in the weak

form of (2.24) with appropriately chosen test function to obtain
A()U)O + /\wo = fo.

Now suppose that f*© =N f°. We can carry out the same reasoning as in Lemma

2.1.6/ (when we proved the strong two-scale convergence of v§) to prove that

In order to complete the proof of the strong two-scale resolvent convergence
we need to consider the case when A is negative and the sequence ||w®||z2(rn)

is unbounded. Then there is a subsequence w® with L?-norms converging to

,ws

infinity. We divide equation (2.24) by |w®|| 2(rs) and rename Tl raqe and
L4 (R™

Toel s again as w® and f¢ to simplify the notation. Then we arrive at
L4(R™)

(2.24) with ||w®||p2rny = 1 and ||f®||2rn) — 0. By the properties of two-

scale convergence f¢ = 0. The by the above w® = w°

0

s and ||U)O||L2(Rn7Q) =

|w®||L2rny = 1, where w® satisfy the equation Agwy + Awy = 0. This means
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that —\ has to be an eigenvalue of Ag, which contradicts the initial assumption.

The strong two-scale resolvent convergence implies in particular the strong
two-scale convergence of spectral projectors ( P.(\) 2 Py(M\) if A is not an
eigenvalue of Ay ), see [41], 48], and has other nice properties, however it does not
imply in its own the convergence of the spectra. The latter requires an additional

(two-scale) compactness property to hold, which Theorem 2.2.1] provides.

Remark 2.2.7. The function v(z,y) could be represented as a product of
uo(x)|Ql and A\ob(y), where b(y) solves (1.12) with A\ = \g. Then v(z,e ')
strongly two-scale converges to v(x,y) by the mean value property and the prop-

erties of two-scale convergence. Then

Uo(l') + U(l’,x/{f), YIS Q%a

(2.27)
Uo(l‘), T Rn\Q67

u'PP(z,€) 1= {

also strongly two-scale converges to u’(x,y). Hence it approximates the eigen-

function u®(z):

[[uPPt — UE”%Q(Rn) =
2.28
= / (uappr)2d$ + / (ua)de -2 / u?PP'yfdxr — 0. ( )
LQ(R") LQ(R") LQ(R")

Using the result of Theorem 2.2.1 we will discuss the multiplicity properties of
the eigenvalues A\. and ). Let us assume that the multiplicity of the eigenvalue
Ao of Ay is m. Suppose that for a subsequence ¢, — 0 there exist [ (accounting
for multiplicities) eigenvalues of A., ., 1 < A 2,... < A, such that A, ; —
Ao, © =1,...,0. Let u;* be the corresponding eigenfunctions orthonormalised
in L*(R"). It follows from Theorem 2.2.1] that there exists a subsequence k,,
such that

0

where u; are eigenfunctions of A, corresponding to A\g. In particular, due to

the strong two-scale convergence, we have convergence of the inner products:

However (ujkm,ujkm)Lz(Rn) = 0;;. Then Y, i = 1,...,] are also orthonormal

(in Hp), i.e. there exist at least [ linearly independent eigenfunctions of Ay
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corresponding to Ag. Thus, [ < m.

The results presented in [29] remain also valid in our setting of the problem,
i.e. when the coefficients of the divergence form operator A. are of the form
(1.4). By Theorem 4.1 of [29], if )¢ is an eigenvalue of the limit operator Ay
lying in a gap of its essential spectrum, then for small enough ¢, there exist

eigenvalues (or at least one eigenvalue) of A. such that
Aei — X S CeV2i=1,...,1(c). (2.30)

Moreover, again by [29, Thm 4.1], for any eigenfunction v of Ay corresponding
to Ao the related ui™"" | see (2.27), can be approximated by a linear combination

of the eigenfunctions of A. corresponding to A.;, i =1,...,1(¢e):

I(e)

[ = cijler)us || Lywm < CeV/2
=1

Then it is not hard to show that [(¢) > m. Assume, for contradiction, that it is

not true. Then for some subsequence ¢, we have
!
[uf = cijer) || Lowey < C'2, (2.31)
j=1

with [ < m. Number of columns [ of the matrix (c;;(ex)) is less than num-

ber of its rows m, so the latter are linearly dependent vectors, and there exist

coefficients «;(gx), © = 1,...,m not equal to zero simultaneously such that
m
> ailer)eiler) =0,
i=1
where ¢;(ex) = (ci(eg),...,caler)). Let coefficients «;(e;) be normalised:

S Jag(er)|? = 1. It is obvious that then

m l

> ailer) Y cylen)u = 0. (2.32)

i=1 j=1



From (2.31) and (2.32) it follows that

m m l
> ailer)ui™ = 11D ilen) (™ = ciler)ust) 0.
=1 L2(Rn) =1 ]:1 LQ(R”)
But on the other hand, by (2.29),

m 2 m

Saeu | =3 alenar(en) @A), e

=1 La(R™) i,k=1

= > aier)an(er) (ug, ud)n, +o(1) = Y ailer)ar(er)di + o(1)
ik=1 ik=1

lovi(er)]? + o(1) — 1.

L

=1

We get a contradiction. Thus, total multiplicity of A(e) — Ao is at least m.

As a result we come to a conclusion that if Ay is an eigenvalue of Ag of
multiplicity m then there exist exactly m eigenvalues (counted with their mul-
tiplicities) of A. converging to )¢, and estimates (2.30) and (2.31) hold. In
other words there is an “asymptotic one-to-one correspondence” between isolated

eigenvalues and eigenfunctions of the operators A, and Ag.

2.3 Identity of the essential spectra of 121\0 and
Ay, convergence of the spectra of A. in the

sense of Hausdorff

We recall that /Ala and fAlo denote the ‘unperturbed’ operators corresponding to
A. and Ay, see Section 1.1. It was shown in [48] that o(A.) A o(A) (the spec-
tra of both A, and A, are purely essential). In [23] it is proved that the essential
spectrum of a divergence form operator —V -a(z)V (where a(x) > >0 is a
scalar function) remains unperturbed with respect to the local perturbation of
the coefficient a(z). Applying this assertion to the operator ﬁg and its pertur-
bation A, we conclude that a(/Alg) = Oess(Ae) A 0(20). Let us assume that
O'(A\g) = Oess(Ag) . Then oeg(AL) A Oess(Ap) . In this case Theorem 2.2.1] to-

gether with the results of [29] imply the convergence of the discrete spectra in the
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gaps (ogisc(Ae) A oaisc(Ap) ) and, consequently, we would have o(A,) A o(Ay) .
However, we cannot apply the result of [23] as it is stated to the case of the two-
scale operators g@ and Ap. In this section we prove the stability of the essential
spectrum of 121\0 with respect to the local perturbation of its coefficients, estab-
lishing thereby the missing part of the reasoning. We do this by direct means

using the Weyl’s criterion for the essential spectrum of an operator, see e.g. [12].
Theorem 2.3.1. The essential spectra of the operators 121\0 and Ay coincide.

Proof. Step 1. First we describe the domains of 20 and Ag. According to the
Friedrichs extension procedure, see e.g. [41], a function u belongs to D(Ay) if
and only if u = ug(x) + v(z,y) € V and there exists h = ho(x) + g(x,y) € Ho
such that

By(u,w) = (h,w), (2.33)

for all w=wy+ 2z € V, see (1.15)—(L.17).
Let u = ug+v € D(Ap). Then in order to ug € D(Ay) be fulfilled there
must be a function f € Hy such that

as / Vug - Vwg dx + /AhomVuO -Vwodr = (f, wo + 2)x, (2.34)
QQ Ql

for all w € V. In particular, setting in (2.33) z =0 we obtain

as / Vug - Vwg dz + /AhomVuo -Vwy de = /w()(h(] +(g9))dydx.  (2.35)
Qo (921 Rn

Comparing (2.34) and (2.35) we infer that their right hand sides are equal and
that f is orthogonal to L?(Qy; L?(Qy)) . One can derive that f satisfying (2.34)

is defined by
ho, x € (o,

{ Qi7" (ho +(9)) ©qu (y), = € .

Therefore uy and, hence, v belong to D(Ag) as soon as u = uy+ v € D(Ap).

f=

Due to the regularity properties of solutions of elliptic equations, uy € HZ,
everywhere away from the boundary of €25 .

Operator Ay acting in the Hilbert space H, was described in [48] and is gener-
ated by a (closed) symmetric and bounded from below bilinear form EO (u,w) ona
dense subspace V of Hy, where Ho, V and By(u,w) are defined by (1.7)—(1.9).
A function u belongs to domain D(A\O) if and only if u = uo(z) + v(z,y) € Y
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and there exists h € ﬁo such that

~

By(u, w) = (h,w)g,

for all w € V. Analogously to the case of D(Ap), if u = ug+v € D(Ay) then
ug,v € D(Ag), up € HX(R").

Let A be a self-adjoint operator with domain D(A) acting in a Hilbert space
H . By the Weyl’s criterium, see e.g. [12], condition A € gg(A) is equivalent to

the existence of a singular sequence u*) € D(A), i.e. such that

u®) — 0 weakly in H, (2.37)
(A= X)u® — 0 strongly in H. (2.38)

Employing this definition we will prove that \ € ges(Ag) if and only if A\ €
UGSS(A\O). The operators Ay and A\O possess very similar properties. The main
difference between them consists in the fact that their domains differ. Luckily, a
function which support does not intersect with Q belongs to D(Ay) and D(A\O)
simultaneously. So the idea of the proof is the following. We consider arbitrary
singular sequence of one operator and change it slightly to ensure that its elements
belong the domain of another operator preserving all properties (2.36)—(2.38).

Step 2. Let A € 0ess(Ag) and u® = u(()k)(x)+v(k) (x,y) be the corresponding
singular sequence in D(Ag) C Hy. First notice that the gradient of u{” is

bounded in L?*(R"). Indeed, from (1.9) and (2.38) we have
IVus? |22 ey < CBo(u®,u®) = OMu®, u®)y +0(1) < C. (2.39)

Let us define a cut-off function

mate) = (el = 1),

where 1 € C%(R) is such that

So Mg is 1 when |z| < R, 0 when || > R+ k and has small gradient if £ is
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large.

Consider the following sequence, u(k)nk, R, € D(ﬁo) , where Ry is chosen large
enough so that [[u® (1 — 1, rR)llm, < = . This sequence obviously satisfies (2.36)
for large enough k regarding the operator Ay. Let us check property (2.38).
The operator Ay acts on a function u € H2(R") C D(Ay) as follows’, cf. [48].
Let

—V - AMmvyy(z) = f(x) € LA(R™).

Then, by the definition of go , we have

Agu(x) = Q1" Oq, () f(z) € Ho.
Note that
[Aoull 5, = Q1172 1| 22rey-

For u(k)nk,Rk we derive

~

Ay (u(k)nk,Rk) = nk,RkAOU(k)_

—1Q1I700, (1) (2Vn, - AVl +ufV - AT, )

The second term on the right hand side becomes small as & — oo. Thus we

arrive at

+

(Ao = N n,) N

< Hﬁk,Rk(fAlo - )\)U(k)‘
Ro

—-1/2 . phomyz, (k)
+2|Q1‘ V?];%Rk A VUO ’LQ(R")+
(2.40)
—1/2 (k) . Ahom _
+[Q1] Huo V- AN g, P

o1+ 40 ([50 ) + 50 ()

Due to (2.36) and (2.39) the latter converges to 0 as k — oo. Hence (2.38)
holds regarding 20 and u®ny g, .

Now notice that if suppun€ly = 0, then u € D(Ap) if and only if u € D(Ap)
besides A\Ou = Apu. We hence next shift the supports of u(k)nh R, away from

)y ensuring also that the new sequence is weakly convergent to maintain (2.37).

f u = ug(x) +v(z,y) then Aou = h € Hy implies —V - AlmVy = (), and —agA, v =
h(z,y), y € Qo

63



Since supp i g, is a closed ball of radius Ry, + k centred at the origin, the shift
of © by & = (R + 2k + diam(€)) £ for every k, where £ is an arbitrary unit
vector from R™, will do the job. Hence, for the given A we have constructed a

singular sequence

satisfying all the properties (2.36)—(2.38) for the operator Ay . Namely, the trans-
lational invariance of A in 2 ensures that (2.36) and (2.38) are satisfied. Finally,

k) to zero as k — oo (since

(2.37) follows from the pointwise convergence of w(
for any fixed z, w®)(z,y) =0 for large enough k). Thus \ € oes(Ap) .

Step 3. Suppose now that A € oess(Ag) and u® =yl () +v® (z,y) is the
corresponding singular sequence. Let R be such that Q, C Br. The situation
now is more complicated. The elements of the sequence does not belong to D(A\O)
because of the discontinuity of first derivative at the boundary of Q5. If we cut off
the elements of the sequence in the neighbourhood of €25 we may loose property
(2.36). This may happen when functions «* mainly “concentrated” around
Q. In fact there are two possibilities: either functions u® decay uniformly at
infinity in Hg or not. In the first case it is possible to prove the compactness of
u(()k) in L*(R™). Due to (2.37) the latter implies u(()k) — 0. Then the sequence

(k)

satisfies all the properties of Weyl sequence for 121\0 and belongs its domain.
In the second case we can cut off u® in the neighbourhood of €, to obtain
Weyl sequence straight away. In the following we carry out this sketch in more
precise way.

There are only two alternative possibilities?:

e There exists a sequence 9; — 0 such that for any i € N
[ (1 = Oy, ) o < 0 (2.41)

for all k.

e There exist a constant M > 0 and subsequences k(j) — oo, i(j) — oo as
7 — oo such that
Hu(k(j))(l - @BRH(J'))HHO > M (2'42)

2Let Ap; == |lu®(1 - OBy, andlet &; :=sup Ag; . Then either §; — 0 giving (2.41)
k
or §; » 0 yielding (2.42).
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for all j.

Let (2.41)) take place. The sequence Vuék) is bounded in L*(R"), cf. (2.39).
From (2.41) and

1 fllz2rny = || fll#. for all f € L*(R™) C Ho, (2.43)

it follows that
u = w(z) in L2(R"), (2.44)

up to a subsequence. The reasoning leading to this assertion is essentially identi-
cal to the one in (2.4)-(2.7) and is not reproduced here. Since u®) = u(()k) + (k)

converges weakly in Hy to zero, from (2.44) we conclude that
v®(z,9) = —u(z) weakly in H,.

Hence, on one hand, we have
(u,v(k))HO — = (u, 1)y, = —/u2 dx
Rn
as k — oo. On the other hand,

(u,’u(k))HO = //uv(k) dy dx =

R™ Qo

- //““(k)%o(y) dy dz = (uOq,(y),v™),, —

R™ Qo

(4O (). w)yy, = — Qo / W dz.
R”l

Comparing the last two formulas, we conclude that © =0, i.e.
(k) : 2 n
uy’ — 0in L*(R"). (2.45)

Moreover

v®(z,9) — 0 weakly in H,. (2.46)
Let us consider an arbitrary sequence ¢*) = g(()k) + A from H, converging

to zero. It is simple to prove, but probably not entirely obvious that both gék)
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and h®) converge to zero. We can write the terms as ¢ = g(()k)@cgl(y) +
(g(()k)@QO (y) + h(k)> . We obtain

2
1991, = @1l [ () o+ [ [ (900w + ) dyds o
Rn

R™ Qo

Then it follows that gék) converges to zero (in L?(R") and Hy ), and, hence,
h®) converges to zero (in Hy ).
Now we denote Agu® by ¢®(z,y) = ¢ (z) + h® (z,y) € Ho. From (2.38)

we get the following convergence:

k k
Hg(() ) - AU(() )HLQ(R”) — 0,

A% — Xo®) ||, — 0. (2.47)

Then (2.45) implies that
g = 0in L*(R™). (2.48)

One might expect now that v®) has to be a Weyl sequence for the operator
Ap (and also for the operator 20, as v®) extended by zero into €, belongs to

its domain). However it is not true. Functions v*) satisfy the following equation

Ap® = 700, ()00, (1) + ) Q1] Oq, () (45 On, (2)0q, () +1¥)
Substituting the expression on the right hand side into ||4gv™ — Av*)||3, one
finds that this entity does not converge to zero. Nevertheless, v*) turns out to
be a Weyl sequence for an operator gy , see below, whose spectrum is contained

in the essential spectrum of A\O ,

-~

O_(A\y) - O—ess(AO), (249)

see [49]. We define a self-adjoint operator A\y (cf. [48]) acting in L*(Q; x Qo)
by

o~

A =—agAyu=p, peL*(R"x Q).

The domain of the operator, D(A,) C L2(R™ HY(Qo)), is the set of all the
solution of this equation. It is not difficult to see (by analysing (1.16))) that

Ap® = g 00g, (2)0g,(y) + A, (2.50)
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ie. v®) € D(A,). Combining (2.47), (248) and (2.50) we arrive at
1A, = MWz nxan) = 195 Ou(y) + A = M 2@nxqq) — 0.

From (2.45) and (2.46) we conclude that other properties of Weyl sequence are
fulfilled, and hence \ € A\y. Hence A € 0e(Ap) , see (2.49).
Now let (2.42) hold. Consider a sequence w') = u®@) (1 — p;) z) € D(Ap)

(we remind that R is large enough to ensure Qy @ Bg). Then
[P, > e (1 = ©py, ) lre > M,

i.e. (2.36) is satisfied for w) . Since the sequence 1—n;¢;),r tends to 0 pointwise,
(2.37) is valid. Analogously to (2.40)) we derive

(Ao = M|, = [[(Ag = Nyw 2 — 0,

yielding (2.38). Thus, we conclude that A € 0es(Ag), completing the proof of
the theorem. N

Remark 2.3.2. Theorem 2.3.1 combined with [48] implies that ceg(Ag) = {A :
B(A) > 0} Uo(A4,). Using the methods of [48] it is not hard to show further
that oess(Ap) contains no point spectrum (in particular, no embedded eigenval-
ues) except if A is an eigenvalue of A, corresponding to an eigenfunction with
zero mean. It is natural to conjecture (cf. [48]) that, outside these eigenvalues,
the spectrum is absolutely continuous and the “eigenfunctions of the continuous
spectrum” are u(x,y, \) = ug(x, \)(1+Ab(y, \)), where ug(x,A) are solutions of

the appropriate scattering problems:

V- APy 4 B(Aug = 0, & € R™\(,
(2.51)
GQAUO + )\UO = 0, T € QQ

with the appropriate matching condition at 0€2, and radiation condition at infin-
ity. A detailed study of this as well as of the convergence of the related generalised
eigenfunctions (cf. [48] for the defect-free case) is beyond the scope of the present

study.

Summarising the main results of the chapter we conclude that Theorems2.2.1
and 2.3.1] together with the results of [23], 29] (see the discussions at the end of

67



Section 2.2 and in the beginning of the present section) establish the validity of
Theorem [1.1.1.
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Part 11

Spectral asymptotics in networks

of thin domains
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Chapter 3

Asymptotics of eigenfunctions

and eigenvalues

This chapter is devoted to the construction of the asymptotics of the eigenvalue
problem for the Laplacian in a thin curved domain 2, with Neumann boundary
condition on one slanted end and Dirichlet condition elsewhere. We first state
the problem and make a change of variables so as to pass to a problem in a fixed
rectangle for a differential operator formally given by an asymptotic series. We
then formally construct the asymptotics of the eigenvalues and eigenfunctions
in Section 3.2 (outer problem), where the main order terms are functions of
separated variables - transversal and longitudinal. In order to obtain proper
boundary conditions for the functions of longitudinal variable we use the method
of matched asymptotic expansions. Namely, we match the asymptotics of the
outer problem with the asymptotics of the solution to the inner problem, which
reveals the behaviour of the eigenfunctions of the problem in €2, in a small
neighbourhood of the slanted end. The solution to the inner problem is described
by means of scattering theory. In the last section of this chapter we provide the

justification of the derived asymptotics and obtain relevant error bounds.

3.1 Problem formulation

We consider an eigenvalue problem for the Laplacian in a thin curved strip
Q) with a slanted edge described as follows. Let I' be a smooth curve in
R? with a natural parametrisation r(s) = (ri(s),r2(s))?, s € [0,1]. The
length of tangential vector r’(s) is one. The unit normal vector is given by

n(s) = (=rh(s),r1(s))T. We assume that r(0) = 0 and the curvature is zero in
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Figure 3-1: Thin curved strip

some neighbourhood of zero, say s € [0, so], so < 1, for definiteness, and that
ri(s) = s, rao(s) =0, s € [0,80], i.e. I' coincides with the positive part of x;
axis in this neighbourhood. Let n be a normal coordinate along n(s). Then,

for small enough h > 0 we define a thin curved strip €2, by

0, { <$1> _ (rl(s) - m’é(s))
T9 ra(s) + nri(s)
(3.1)

where 0 < h < 1 is a small parameter and 0 < o < 7/2 is some fixed angle

s€ (0,1),n € (0,h),n < tan(w) 3} :

describing the slant of the left edge, see Figure 1-1. We denote by v, the part of
the boundary of €2, that is described by the equation n = tan(a)s. Respectively
Yo = 8Qh\’71 .

We study the following spectral problem:

—Auy, = Mup, € Qy,
ou
5=
u=0, =&,

Oa T € 1, (32)

where v is an exterior unit normal to the boundary of €2, . Denote the corre-
sponding self-adjoint operator by A;,. We are interested in finding an asymptotic
solution to the problem. The small parameter h describes the thickness of the
domain €2, i.e. the shape of the domain changes with h. We next aim at
changing the variables so that the transformed spectral problem is in a fixed

domain.
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Let us rewrite the Laplacian in coordinates (s,n). First we write the partial

derivatives with respect to s and n:

g_(/_ //)__'_(/+ //)i
D5 =" nry axl Ty nryq axz,
(3.3)
9__,9 9
8n N T20x1 rl@xg'

Since the curve’s parametrisation is natural, the vector r” is normal to the curve
(and hence parallel to n). In this case the curvature is usually defined as the
length of r”. However in order to operate with the notation more conveniently

we define the curvature with sign:
k=n-r" (3.4)

We assume that x € C?[0,1]. Obviously, kn = r”. This implies that r] = —xr),

and 7} = kr} . Substituting the latter into (3.3) we arrive at

9 9
% o AT/I AT/Q (9&:1
9 -y )| 0]
on (91:2

where A =1 — kn. We inverse matrix on the right to obtain

d 0
vy | 1 [ —An\ | Bs
O AN an )| 9
81‘2 (971

Therefore

0s = A2 952

ox2 T t\4a T A

0? A1 (T’l’ N /i/TL?“/l> g  (r)*o?

_7"’17“’2/ o krirh O rrlh 02 , 0

A on Az 95 24 osom T2 g0
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and

82 7”// /{’m“' a (7“/)2 62

9 (2 2\ 9 2)” O

072 T2<A+ e )83+ VEREM
riry 0 Kriry O

O kb0 0 L0
L on T Az 05 T2 A ason T U 5

From the relations r' - =0, (r')> =1 and (3.4) we derive

A—@£+La_2_ﬁi+a_2
A3 09s  A20s2  AOon  On?’

We can rewrite this in a more convenient form

e R (T S (R KSR Y

A=(1-nn) 0s on on’

We will seek an asymptotic solution of (3.2). To obtain an asymptotic approx-
imation of the eigenvalue problem with respect to the small parameter h we

introduce the following rescaling:
on
77 - h?
and consider an eigenvalue problem in the rectangular domain of variables (s,7),
D =(0,1) x (0,1).

We use the Taylor’s expansion (1—hxn)™t = 1+ hxn+ (hkn)?+... and 9/dn =

h=10/0n to write a formal asymptotic expansion of the Laplacian:

0? 0 0 0?
o — _p2 -1, 7 2, - 2
A h 8772—|—h /@an—l—(/ﬁnan 832)+
(3.6)

(el o ) O(h*) = —Ap, + O(h?

3.2 Outer problem: asymptotic expansions

In this section we seek a formal asymptotic solution to the eigenvalue problem

for the operator —Aj, in a rectangular domain D :

— Apup, = Apup,  (s,m) € D, (3.7)
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satisfying Dirichlet boundary condition u;, = 0 on the part of 9D corresponding
ton=0,n=1and s =1. Wedo not specify any particular boundary condition
at s = 0 at the moment. The problem of finding a correct boundary condition
at this part of the boundary is one of the main goals of the present chapter and
requires a considerable special attention.

Due to the structure of —A,, it is natural to seek the asymptotic solution to

the spectral problem in the form of a standard regular asymptotic expansion:
up ~ UO(Sa 77) + hu1<3777> + h2 u2(87 7]) + h3 U3(S, 77) +.. (38)

A= /\h = h_2)\_2 + h_1>\_1 + /\0 + h)\l + ... (39)

We substitute (3.8), (3.9) into (3.7) and collect terms at the equal powers of h,
obtaining a recurrent sequence of differential equations, as follows.
-2,
h==: P
The variable s in this equation plays the role of a parameter. This, together

with the boundary conditions, implies

uo = $o(n)vo(s),
o = sin(mn), (3.11)

)\_2 = 7T2.

Here vy is some function which will be defined at later stages. Notice that we
restrict our attention to the eigenvalues \;, corresponding to the first transversal
mode 7%, the eigenvalues ), ‘produced’ by the transversal modes n’m?,n =

2,3, ... are beyond the scope of the present work.
h=t:

82U1

0 /
— )\_2U1 = —/ia—nUo + )\_1U0 = (—QDOKZ + )\_1@0) V9. (312)

As above, s is a parameter. This problem is solvable if and only if the right hand
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side is orthogonal to the eigenfunction ¢y . So we obtain

1
RV

1
d .
/(—%ff + A_1p0) vo o dny = —70 / n sin® (7n)dn-+
0 0
1 1
+A_1v / sin®(7n) dn = A\_1vg / sin®(7n) dn = 0,
0 0

from which, assuming vy # 0, it follows that
)\_1 == 0

A general solution to (3.12) can be presented as a sum of the general solution
of the homogeneous equation and some solution of the inhomogeneous equation.
So,

ur = r(n)vi(s) + o(n)wols),

U1 = Ky,
1
Y1 = 577%»

where wq is some function which will be defined at a later stage. We will obtain

an equation for vy at the next step from the solvability condition.

ho

0? 0 o  0°
u; - )\_QUQ = —KkK Uy — ( 27’]— - —2) Ug + )\OUO =
on on dn  0Os (3.13)

= — K2V — YhKkwy — NPaKV + Povh + XoPoo.
As earlier, the solvability condition for this equation consists in the orthogonality

of the right hand side to ¢y for any s,

1
/ (—<P/1’i2vo - 906’“110 — 77906527}0 + SDOU()/ + )\O%Uo) wodn = 0. (3.14)
0
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One can easily check that

1
/%%MZQ
0

1

/ﬁ%%@z—

0
1 1 1
/%%M—Z/%M-
0 0

Hence from (3.14) and (3.15) we obtain the equation for vy :

N | —

1
/(pgdn (3.15)
0

1
— vy — Z&Qvo = A\vo, s€(0,1). (3.16)

From the setting of the original problem it follows naturally that the Dirichlet
boundary condition has to be prescribed at the right end of the interval,

but the condition at the left end is still to be determined. Substituting equation
(3.16) back into (3.13) we transform it into

0%u 3 3
- an;“A2“2=:(‘jiwo—-§n¢6>f¥vo—-w6mwu (3.17)

A solution to this equation is given by the formula

Uz = Pa¥2 + Y1W1 + P20,

Vg = HJ2U0,
3, (3.18)
Y2 = §77 %o,
w1 = KWy,

where zy(s) is an arbitrary function. For the purposes of the present chapter we

choose it to be identically zero,

20 =0, s€0,1].
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In the next step we obtain an equation for wy .

h':
82U3 N ou K@Ug /<L aul 62u1
o T Ty T ey T e
(3.19)
8 + 2 82u + (9_ + A + A
“77 an /‘“762 /43776 olU1 1U0-

As usual, the right hand side must be orthogonal to ¢y . So we multiply the right
hand side by (g, integrate over the 1nterva1 [0, 1] Wlth respect to n and work

out all the terms separately. (Note that fmp dn = 3 fgo dn and fn wopodn =
1

—3 [ ©ddn.) As a result,
0

1 1

0uQ 3 1
/lia_n@()dn = — (1—61{ U()"‘ 4/{2w0) /gpgdn,

0 0
1 a 1 1
Ut
/ K na—wodn = §ﬁ2wo / wodn,
0 0
1

1
82U1 1 " 1 " " 2
52 podn = 1 (K"vo + 260, + Kvy ) + wy wodn,

0

1 1
9*u
/ 2rn— Sodn = kv / wodn,
0 0
1 1

Juyg 1
/K”a—%dn = 5/41’6/90(2)6577,

0 0

1
1
Aourpodn = (Z)\OHUO—F)\O’LUo)/(Pgd??,
0

O\H

1

Mugpodn = )\11)0/4,036177.
0

O"\H
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We take the sum of the expressions on the right hand side of the above, equate it
to zero and use equation (3.16) to eliminate the second derivatives of vy. Thus

the solvability condition gives us the following equation for wy :

1 1
—wy — Z—lHQwO — MWy = AUy — \gkVg + lei/lvo + K'vg, s €(0,1). (3.20)
The solution to (3.19) (if it exists) is not unique. We fix a particular one by

imposing the orthogonality condition:

/ (5, ) po ()i = 0. (3.21)

So, in summary, the formal asymptotic approximation to the solution of (3.2)

is given by
3

(3) i
uh h UZ‘(S, 77);
2 52)

AP = B2\, 4+ A + By

The eigenelements A\g and vy (as well as A\; and wy ) are not yet defined,
since the boundary condition at the left end of the interval (0,1) is unclear. In
order to obtain proper boundary conditions on vy and wy we need to match the
asymptotics (3.22) with the asymptotics of a solution of the inner problem, i.e.

a solution near the origin which satisfy Neumann boundary condition on ~; .

3.3 Inner problem and scattering matrix

In order to obtain proper boundary conditions for functions vy we need to con-
sider the behaviour of the solution of (3.2) in the neighbourhood of the origin.
We will use the method of matched asymptotic expansions, adjusting expansion
(3.22) to the asymptotic expansion of the solution to problem (3.2) near the ori-
gin. From now on we assume that A\g # 0. By the assumptions of this chapter
the domain €25, in the neighbourhood of the origin coincides with a straight strip
of the width A slanted at the origin. Then we can introduce a stretched variable
y = h7'z (hence A, = h™2A,) and consider an ‘inner’ eigenvalue problem in a

semi-infinite cylinder (see Figure [3-2)
I, :={y|y1 > 0,y2 € (0,1), y2 < tan(«) y1 }, (3.23)
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2
1
Iy 1 I,
& - >
| Y
Figure 3-2: Semi-infinite cylinder
—Ayg(y) =kig(y), v €T,
0
99 0, yerl, (3.24)
v
g=0, yery,
(v is the exterior normal in the y-coordinates) with
k2 = (7 + kMo + h°)\1), (3.25)

via (3.9) and (3.11). Here T’} is the slanted part of the boundary of II, (i.e.
corresponding to y, = tan(a)y; ) and I'2 =9I, \I'},. Denote py = /Ao + hA; .
A solution to problem (3.24) depends obviously on the angle «. We therefore
use index « in our notation wherever necessary.

In this section we will make some use of the reasoning and results of [66].
In general, equation (3.24) does not have a nontrivial solution from L?(II,).
Nevertheless, there always exists a solution that is given us a sum of the Floquet
waves and of some function decaying exponentially at infinity. Its structure
depends on the values of o and kj,. The term ‘Floquet waves’ is used here
for the solutions of the eigenvalue problem akin to (3.24) where the domain II,,
is replaced by the infinite strip 0 < y» < 1. These solutions are given by the

following formula

5 (y) = exp(dihpmyn) sin(ry) i, # 0. (3.26)

Formally setting h = 0 we have kg = 7. We call this threshold case. The

Floquet waves then are the following

Yo(y) = sin(mya),  P1(y) = yasin(myz). (3.27)
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When )\ is positive (super-threshold case) the Floquet waves are oscillating

waves of constant amplitude. They have clear physical meaning. Namely

gt = exp(—ihuy, y1) sin(mys), (3.28)

is called the incoming wave (as travelling from plus infinity), and

g~ = exp(ihuy y1) sin(mys), (3.29)

is called the outgoing wave (as travelling to plus infinity). When A, is negative
(sub-threshold case) the Floquet waves are exponentially growing and exponen-
tially decaying functions. In this case there is no similar intuitive classification.
Nevertheless, for some technical reasons (see [66] for some explanations), it is
convenient to call the following combinations of Floquet waves the incoming and
the outgoing waves respectively:

1
gt = V2 lexp(ihppyr) — 1 exp(—ihupy)] sin(mys),
1

(3.30)

9= [exp(thpnyr) + 1 exp(—ihupys )] sin(mys).

(Notice that the normalising coefficient % is introduced to make the amplitude
of the waves the same as in (3.28), (3.29).)
Problem (3.24)) is solvable in weighted spaces, see e.g. [66], and the solution

)

could be written as a linear combination of incoming and outgoing waves g+ and

g~ and some exponentially decaying function z,
g=g"+Sg +z (3.31)

The function z decays exponentially in the following sense. Let HE(HQ) be a
completion in the norm || ul| g2,y of the set of functions in C*(Il,) with
compact supports vanishing in the neighbourhood of T'2. Then we require z €
HE(HQ) for some positive (. Finally, S is a unitary scattering matrix (in the
present case it is simply a complex number depending on h and pup, |S| =
1), whose asymptotic behaviour as h — 0 determines in fact the boundary
conditions for equations (3.16), (3.20). One can write the asymptotics of S
in terms of the scattering matrix § relevant to Floquet waves (3.27) on the

threshold, as follows.
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Solutions sin(7ys) and y; sin(7rys) correspond to the spectral parameter ki =
Ay = 7%, i.e. by formally setting A = 0 in (3.25). The incoming and outgoing

waves in this case will be defined as

o+ . .
g = (1 —dyy) sin(mys),

(3.32)

g = 7(1 + i1 ) sin(mys).

Hg|H
[\ [\

We assume that there does not exist a solution of (3.24) with k3 = 7% belonging
to L*(I1,) . Then the solution to the problem in a weighted space can be presented

in the form

G=0 +55 +2 (3.33)
where §, |s| =1, is a scattering matrix and z € H3(11,) for some (>0 (this
z is obviously different from the one in (3.31)).

The asymptotics of S can then be written in terms of s as follows. For s # 1
one can obtain an explicit formula for the second term of the asymptotics of S,

see [66]. Namely, when \q is negative

1+ 145
S:z’—hQuhlJrf +O(h?) :i—hQ\/)\olJrf + O(h?); (3.34)
— S — S

and when )\ is positive

145 14 s
S = —1 4+ h2un—2 4 O(h?) = =1+ h2y/do—— + O(h?). (3.35)
1—s5 1—s5

(In our notation /Ay =iy/|Ao| for A\g <0.)
It is obvious, that in the case § = 1 (the critical case) formulas (3.34), (3.35)

are unsuitable. We will derive an asymptotics of the scattering matrix
S=Y_h"S, (3.36)
m=0

when s = 1 also following the general reasoning from [66]. (Notice in passing
that the following derivation is easily adopted to the simpler non-critical cases
yielding (3.34) and (3.35).) The special solution of (3.24) is given by (3.31),
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(3.30). We seek the asymptotics of the solution in the form

gr gt + Z h™Smg~ for y; > |loghl, (3.37)
m=0
g~ Z RV (y) for y; < 2|loghl. (3.38)
m=0

Matching these two expansions in the intermediate region |logh| < y; < 2|log A/
we can find (3.36).
Substituting (3.38) into (3.24) we obtain the following sequence of boundary

value problems

—~(A+k)V=0, yell,, m=0,1,
—~(A+ )V = 13 Vi, y €1y, m=2,3,...,

% o yert, (3.39)
Vie=0, yeT2 m=0,1,....
For m = 0,1 the solution is given by
Vi = Ang,
where ¢ is from (3.33). Then for m = 2 we obtain
—(A+R)Va = Ag(§ +§ +2)
(recall that s = 1). A solution to this problem exists and has the form

1 o+ o— ~
Vo = —§Ao/~biyf(g +g )+ Ve (3.40)

The function V; solves the following boundary value problem

—(A+ kg)vg =z,

ov, o1 ot o

= 5(5140#2?1?(9 +g ), yerl},

Vy =0, yeT?.
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Vy is given by
Vo= Ayg+ By +72 (3.41)

where A, and B are some constants and z € H?, see [66].

Let us derive a formula for the coefficient B. We need this because, as we
will see later, B enters in the formula for the first order (O(h)) term in the
asymptotics of S. In order to obtain the formula we apply integration by parts

to the following integral (bar over a symbol denotes its complex conjugate).

Mi/@+%wvai/§@+%Wﬁﬁ

Ha,R Ha,R
0 o— o O —
+ / a9 VadS — / 9%, VadS = (3.42)
81_[&71{ aHa,R
2 o 2 a o —= o a —_—
= —Aopy, lg|"dy + Y VodS — 9%, VadS,
I, r 8HQ7R Olla r

where II, r denotes the part of II, satisfying condition y; < R. It becomes
clear from the last formula why we integrate over the bounded domain: the reason
is that function ¢ does not belong to L*(I1,) . Due to the boundary conditions
and asymptotic behaviour of E] and V5 the second term on the right hand side
of the latter converges to zero as R — oo. As for the last term, we derive via
(3.32), (3.33), (3.40) and (3.41) the following

o 0 — 0 O —
/ G Vads = / i, Vadya =
Oy, R y1=R

=— / sin(mys) (24045 y1 sin(mys) + i B sin(mys))dys + o(1) = (3.43)
y1=R

:f%@R—%B+dﬂ

From (3.42) and (3.43) we obtain

B = —i2Aop3 Jim / l9)%dy — R| . (3.44)

H&,R
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Notice that the limit in the latter formula indeed exists. This is easy to see from

the following observation:

ot o™ ot o—
R=2R / lg +g |Pdys = lg +g |*dy + const.
y1=R R

@y

Let us denote

o= I%im / l9)%dy — R . (3.45)
Ha,R
Then
B = —ZQAOIIL}%O'

Let us write the asymptotics for the Floquet waves as h — 0 and y; ~ |logh|:
1
exp(xihppyr) = 1 + ihppy — §h2ﬂiy% +O(h’| log h°).

Notice that
1 o+  o— 1

5(9 +g )= ﬁsm(ﬁw)a
1 o— o+ 1

5(9 -9 ):iﬁyl sin(7ys).

First we consider case of negative )\g. Then we can write asymptotics (3.37) as

follows,

o+ o— o+ o— o— o+
g=0-(9 +9 )+S0:(g +g )+hljoru(g —g )+

o— ot ot o— 1 ot o—
+Soo_pn(g —g )+ Siow(9 +g )]+h2[—§m/~biyf(9 +g )
1 L o . (3.46)
—§Soa+uiy?(g +9 )+ Sio_pun(g —g )+ S0i(g +9g )+

+O(h*|log h[),

where we denote .
==

o4 = 5 .

Now we derive the first two terms of asymptotics (3.36). Matching expansions

(3.37) and (3.38) in the intermediate region |logh| < y; < 2|log h| we first equate
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main terms of V, and term of order one in (3.46). From this we obtain
AO = U+(—Z + SO)

ot o—
Equating the terms of order h and collecting the coefficients at ¢ and g we

respectively have two equations
Ay = oy (—pn + ippSo + S1)

and
Al = O’.,.(/Lh - iMhSO + Sl)

Hence it follows that

Al - Sl)
Sg - —i,
Ao =20_.

Equating terms of order h? we obtain

A2 = U+(iﬂhsl + SQ)
A2 + B = U+(—iﬂh81 + SQ)

Then we arrive at

Sl = U—+B == —ZQ/JMJ'.
Hhn

Notice that since py, is purely imaginary the first order corrector S; is real. So,

the asymptotics of S in case when s =1 and )y is negative is given by
S = —i — hi2upo + O(h?) = —i — hi2\/Xoo + O(R?). (3.47)

Analogously we obtain the asymptotics for the case of positive A\g. Now, the

asymptotics of ¢ is given by

1 o+ o— 1 o— ot 1 o— o+
=—(1+5 + + h|l—— — + —5 — +
g \/5( 0)(9 g ) [ ﬂﬂh@ g ) \/5 o,uh,(g g )

1 ot o— 1 ot o~
+—=51(g + + R ——=(1+ So) iy (g +g )+ 3.48
% g +g ) [ 2ﬂ( 0HRyi(g +g ) (3.48)
o+ 1 o+

1 o o
+—9 — + —S + + O(h3| log hl?).
NG 1in(g —g ) 7 29 +9 )] (h”|log h|”)
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Equating terms of the same order in (3.38) and (3.48) we derive sequentially

1
Ao = —(1 + So),
0 \/5( 0)

1 1
Ay = —(pup — Sopun + S1) = —=(—pu, + Sopn + S1),
1 \/i(ﬂh OMh 1) \/5( M OMh 1)
hence
So =1,
A= (i + S)
2_\/§ luh 1 27
1
Ay + B = —(unSy + ),
2 \/i(uh 1 2)
hence

Sl = —7;2[1,}10'.

In this case uy is real and S is purely imaginary. Finally we have
S =1— hi2upo + O(h?) = 1 — hi2\/ Moo + O(h?). (3.49)

Remark 3.3.1. The scattering matrix S depends on the choice of a coordinate
system, i.e. on the position of the domain II, in a coordinate system. In par-
ticular, the formulas for S in this section are valid only for II, positioned as
described in (3.23).

3.4 Matching of asymptotics and limit bound-

ary conditions

In this section we will derive proper boundary condition for the function vy at
the left end of the interval [0,1]. In order to do this we need to match the outer
asymptotic solution (3.22) to problem (3.7) and asymptotics of the solution to
inner problem (3.24)) given by (3.31), (3.36). The matching will be made in some
intermediate region lying near s = 0. Accomplishing this we will eliminate the
uncertainty about the approximate solution uf’) in (3.22).

Note that due to the straight shape of €, when s < sy the coordinates
are related by the formula (s,7) = (hy,y2). In this section we mostly use the

coordinates (s,7n), so we must rewrite formulas from the previous section, in
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particular the Floquet waves (3.26) read

Y* = exp(Fipns) sin(mn) = exp(Eipns)eo(n)-

We carry out the matching of the asymptotic expansions in the region s €

(R/3,2h/3) . For such s the curvature x is identically zero. Then it is easy

to see that equation (3.19) locally becomes homogeneous, and due to condition

(3.21) we have uz = 0. Also obviously we have u; = powy and us = 0. Thus

the approximate solution to (3.2) for s < so simplifies to

u® = 0o(n) (vo(s) + hawg(s)),

where vy and wq locally satisfy differential equations
— Ug = /\o’UO

and

"
—Wqy — )\Owo = )\1’00,

cf. (3.16) and (3.20). Then vy is a linear combination of exponents,

vg = Crexp(in/Aos) + Caexp(—in/Aos),

and w , consequently, can be presented in the form
i\

2V

+C5exp(in/Aos) + Cyexp(—iv/ Aos).

1A

s —Cy exp(—i\/)\os)z\/)\_
0

wo = C exp(iy/Aos)

S+

(3.50)

(3.51)

(3.52)

(3.53)

Let us write an asymptotics of the Floquet wave as h — 0. Notice that

s =/ X0+ h

A
——— + O(h?).
2 o)

Then
YE = exp(dipys) sin(mn) =

i
2V

= exp(Fiy/Aos) (1 + h;%/;\_os) vo(n) + O(h?).
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Consider first the non-critical case and negative Ag. Let us denote

o

(3.55)

Notice that we use the same notation for the different objects, see (3.45) and
(3.55). We do this because these objects play a similar role in the formulas for
the asymptotics of the scattering matrix. Also there should not be any confusion
since formula (3.45) is only used for the critical case s = 1 and (3.55) is valid
for the non-critical case s # 1. Notice further that straightforward calculation

shows that o is real,
Ims

1— Res
In view of (3.54), employing (3.34) we obtain the following asymptotics for the
solution of (3.24):

g =

g= %( [exp(ipns) — i exp(—ipns)] +
+8 [exp(ipns) + i exp(—ipns)] ) po(n) + 2 =

=7 exp(in/Aos) o () — 1f exp(—iv/Aos) o1

h .
+E (( \/_s —i2y/No ) exp(iy/Xos) o (n)+
L s+ 2y N ) exp(—iv/Aos)po(n)+

+O(h?) + 2

—_
+

(3.56)

s (09505

In formulas (3.54) and (3.56) notation O(h?) stands for the remainder that is an
infinitely smooth and uniformly bounded with respect to h function times h?,
i.e. this remainder together with all its derivatives is bounded by Ch? in the L -
norm. (Constant C' is independent of h although may depend on the order of the
derivative). Another remainder is exponentially decaying: z = z(y) € H é(Ha) )
Since z = z(h~'s,n), it must be a rapidly decaying function even for relatively
small values of s. However it depends on h as a parameter, since z enters
formula (3.31)) for the solution of eigenvalue problem (3.24) where the eigenvalue

depends on h. Fortunately, z(y) is bounded in Hj(Il,) uniformly in &, see
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[67]. This means that the H'-norm of z(h™'s,n) in the region s € (h'/3,2h/3)
is exponentially small ( ~ exp(—h~2/33)) uniformly with respect to h.

We match asymptotics of u,(f) and Mg, where M is arbitrary constant. This
gives us relations between coefficients in (3.52) and (3.53). Matching the main

terms of the asymptotics we derive from (3.53) and (3.56) that

141

V2

It is obvious from (3.52) and (3.57) that vo(0) = 0. Thus, vy and A¢ is a

solution to eigenvalue problem (3.16) with Dirichlet boundary conditions

02:—01:—

M. (3.57)

10(0) = (1) = 0. (3.58)

We assume also that vy is normalised,

1
/|v0\2ds =1. (3.59)
0

This condition fixes some precise value of the coefficients C; and M . Matching
wopo with the coefficient next to h in the asymptotics of Mg we determine the
coefficients in (3.53). We see that C3 and Cj; must be the following

ng—i 2/\00M:—(1+i)\//\0001,

04: \/2)\00M:(1—’i)\/)\_0001.

It follows from (3.53) and the latter that w, must satisfy the following hetero-

(3.60)

geneous the Dirichlet condition at the point s =0:
wo(O) :Cg+C4: —2’i\/ )\00’01. (361)

In order that the function w; = pv; + @ovg comply with Dirichlet condition on

the right end of the strip €2, we must set
wo(1) = 0. (3.62)

Now we are going to demonstrate that there is a unique choice of A; (which was
not defined yet) such that there exists a solution of (3.20) satisfying boundary
conditions (3.61), (3.62)). Indeed, it is well known that the aforementioned prob-
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lem has a solution if and only if the right hand side of (3.20)) satisfies the following

solvability condition:
1 " /.. —_ —/
A1y — Aokvg + 77 Vo + k'vy | Dods = —wo(0)7;(0). (3.63)

From (3.52) and (3.57) we have v}(0) = 2iv/A¢C; . Then from (3.61) we obtain
that
—wot(0) = 4|Ao[|C1 "o = [v5(0)[%0,

since

[0(0)* = 4|AoIC1[*.

Notice also that in the neighbourhood of zero where x = 0 the eigenfunction
vy has a form C4 [exp(—\/WS) - exp(ﬂs)] . It follow from the theory of
ordinary differential equations that vy = Cyf(s), s € [0,1], where f(s) is a real
valued function. In this case vty = %(|vg|2)’ and one can apply integration by

parts as follows,
1 1

1
/m'vé@ods = —5//@”\00]%3.

0 0

Thus solvability condition (3.63)) is fulfilled if A; is given by:
1
1 " 2 / 2 -2
A= Aok + 1" |vo|“ds + |vg(0)|a | ||voll ™7, (3.64)
0

where [Jv||* = fol |lvg|2ds .

Therefore, problem (3.20), (3.61), (3.62) has a solution (which actually is not
unique). We need to chose a solution that satisfies (3.53), (3.57) and (3.60) (so
that uf’) would match with the inner solution Mg ). Let us show that this is
possible. We fix some arbitrary solution w, of (3.20), (3.61), (3.62). In the

neighbourhood of zero it has a form

— . Z/\l i Z)\l
=C VAos) ——=s — C: —i\/ XgS) ——=s+
Wo 1exp(iv/Ao$) 2\/}\_03 9 exp(—iy/Aos) 2\/}\_03 565
—l—Cgexp (iv/ Aos +C4exp —i4/ AoS)

where the coefficients C; and Cy are as in (3.57), but 6’3 and O, may differ
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from C3 and Cy, cf. (3.51)—(3.53). From the boundary conditions for wy, we

have

@o(0) = Cs + Cy = —2iv/Ag0C}. (3.66)

Notice that function wg = wg + muvy, where m is arbitrary constant, is also a
solution of the concerned problem. In the neighbourhood of zero it can be written

as

~ Z)\l . Z)\l
= wy + C i A - C —i/ A +
wo = Wy + muy = C exp( 0S) s 9 exp(—iv/Ags) 5 \/)\_03

(C’3+mCl exp(iv/Aos) C4+mC’2 ) exp(—iy/ A\o$)

We can choose m such that Cs 4+ mC) = —(1 +)v/AoCy. Then from (3.57),
(3.66) we obtain that Cy+mCy = Cy —mC) = (1 —4)y/ Ao Cy . Hence for such
choice of m the solution

Wy = 2/170 + muy

behaves in neighbourhood of zero as described by (3.53), (3.57) and (3.60).
Resuming the above we conclude that such chosen solutions vy and wy match
with the asymptotics of inner solution Mg up to the term of order h? and we

have the following relation in the region s € (h'/3 2h/3).
(3) 2
Mg —u® = B2 fy + 2, (3.67)

where

1 SCMa

LAl

(3.68)
20|t (/s 2ni/3yx 0,1)) < CM(R™) for any m.

For positive Ay in the non-critical case we have
g9 = (exp(—iuns) + Sexp(ipns))o(n) +2 =

z( 1+ hi2\/ Ao — \/_)exp (iv/X05)00(n)
( s)exp (—iv/Aos)po(n) + O(h?) +
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In this case we set in (3.52) and (3.53))

CQ = —Cl - M,
03 = —-21 \V )\0 0'017 (369)
Cy=0.

We choose vy being a solution of (3.16)), (3.58) satisfying (3.59) and (3.52), (3.69).
Analogously to the above one can show that for A; given by (3.64) there exists
a solution of (3.20), (3.61), (3.62) satisfying (3.53), (3.69). It is easy to see then
that (3.67) holds true.

In the critical case § = 1 we similarly obtain the coefficients C;, i = 1,2,3,4.

For the case of negative \y we have

1—i
V2
Cs = (1 — i)/ Ao Ch, (3.70)

04 = (1 —Fi)\/ )\00'01,

Cy =0y = M,

and if \g is positive, then

Ci=0y=M,
Cg =—21 vV )\(]O'Cl, (371)
Cy = 0.

These formulas imply that vy must satisfy Neumann boundary condition at zero.

Thus vy is a normalised solution of (3.16) subject to boundary conditions
vp(0) = vp(1) = 0. (3.72)

In this case the solvability condition for the equation for wy:
1 " /.1 — / —
A1y — Aokvg + 7 o + k'v) | Dods = w,(0)7(0). (3.73)

involves the value of wy(, at zero. So we impose the following boundary conditions

w6(0> = 2)\00'01, ’ll)o(l) = O,
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from which the first one is implied by (3.53) and (3.70) (or (3.71)). Then
w)(0)05(0) = 4Xo|C1 20 = [vo(0)* Ao (3.74)

Consequently from (3.73) we obtain that

1
1
)\1 = / ()\Oli + ZK”) ’Uo|2d8 + |Uo<0)|2)\00' HUo”_Q. (375)
0

Then one can show that there exits a solution of (3.20), (3.74) which satisfies
(3.53) and (3.70) (or (3.71)) and we still have (3.67).

Thus wy is fully defined as a solution of (3.20)) with Dirichlet boundary con-
dition at the right end of the interval and satisfying condition (3.53) with an
appropriate coefficients near the left end. For such wy the solvability condition
for equation (3.19) is fulfilled, hence there exists a solution uz € C*°(D) such
that u(s,0) =u(s,1) =0 and

1

/ s (5, m)po(n)dn = 0.

0

3.5 Error bounds and justification of the
asymptotics

In this section we justify the asymptotics obtained earlier. In order to do this
we first need to construct a function satisfying the boundary conditions in (3.2)
such that after the substitution into equation (3.2) we get asymptotically small
(of order h*?) error on its right hand side. It is well known that the operator A,
(as elliptic and defined in bounded domain) has a discrete spectrum with the only
accumulation point at infinity. Let A1, < Ao, < ... be all the eigenvalues of A,
repeating accordingly to there multiplicity and w;p, ¢ € N be the corresponding

orthonormalised eigenfunctions. Let us introduce a smooth cut-off function

1, s <1,

x(s) = { (3.76)

0, s > 2.

We formulate the main results of the present section in the following theorem.
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Theorem 3.5.1. Let )\23) be given by (3.22) and Ao # 0. Then there ezists
ho >0 and a constant C' independent of h such that for any 0 < h < hy there

exist an eigenvalue N of the operator Aj such that
Ain — AP < o’ (3.77)
Moreover, a function
uiP" = x(sh™3) Mg+ (1 — x(sh™3))(ug + huy),

where g is a solution of scattering problem (3.24) and M is a constant such that
(3.67) is satisfied, approximates eigenfunctions of Ay in the following sense: for
any d >0 and any 0 < h < hy there exist coefficients c;(h) such that

uir Z ci(R)uip < Cd'h?. (3.78)

N P
|/\z,h )‘h Ld LQ(Qh)

Remark 3.5.2. The error estimate in (3.78) is somewhat deceptive. The fact is
that the norm of ;™" is not of order one. Indeed, roughly speaking the main
term of the asymptotics uy™" is wvo(s)sin(h~*mn), where fol vids = 1. Tt is
clear then that the norm of vy(s)sin(h~'mn) in ui?" is of order h'/2. One can
consider normalised u;”", for which the error estimate (3.78) holds with the
right hand side equal Cd~'h%? (which is of the same order as the estimate for
eigenvalues). But in this case the main term of uj?" is of order h~Y/2 in L*-
norm. This seems to us to be improper in some way, so we prefer to normalise

vo rather than u;™" .

Proof. We will first mention the regularity properties of the functions ¢g and
uf’). Obviously ¢y = sin(mn) € C*°([0,1]). From the general theory of or-
dinary differential equations we know that vy, and consequently wy belong to
C*([0,1]). Then obviously ug, u1, uy € C=(D) as elementary combinations of
C* functions. The third term of the asymptotics us € C*(D) as a solution of
ordinary differential equation with respect to n (3.19), where s plays the role
of a parameter and the right hand side belongs to C*(D). Furthermore, in the

coordinates (s,n) the operator —A is presented in the form

—A = —A, +Rh*Ly,
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where L, is a second order differential operator with smooth bounded coeffi-
cients, cf. (3.5), (3.6). Due to equations (3.10), (3.12), (3.13), (3.19) the approx-

imation uf’) solves the following equation

—Aul? = XD 4 B2 f, in D, (3.79)

where

0 0? 0
- I (3) 3,29 90 10 @

+ ﬁQi—a—Q u+ﬁ£u—
Ton ~ 852 ) 2T "ot

—h2)\0(U2 + hlL3> — h2)\1(u1 + hUQ + h2U3).

It is smooth and hence
hl<C (3.80)

uniformly in h.

In order to justify the asymptotics, the approximation to the actual solution
of (3.2) must satisfy boundary conditions imposed in (3.2). To this end we will
slightly modify the function u,(f). Namely, since the functions wu;, i = 0,1, 2,
comply with the proper boundary conditions on 7, , and w3 vanishes everywhere
on 7y, except the part corresponding to s = 1, we need only to multiply usg by

the appropriate cut-off function. Consider function
2
) = hiui + hhugx((s — h ™" +2),

=0

Where [ is some positive number. Obviously this function satisfies Dirichlet

boundary condition on the whole of ~,. We can rewrite it as
0 = ul? + RPug[x((s — D% +2) = 1].

Let us derive the equation for the latter. We will drop the argument of the
function y((s —1)h™? +2) to shorten the notation hoping that this will not lead

to any confusion. From (3.79) we obtain

AT = —Aul) — BPAus(x — )] = AT + W2 fa+ B2 fsin D, (3.81)
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where
fs= —Afus(x — 1] = A us(x — 1).

Due to formula (3.6) we have

~ 0 ~ 0?
fs = (—Aug — A;(L3)U3)(X -1)+ f3%X + f3@X =

= (—Auz — )\23)“3)<X -1+ hP fax' + h_mﬁ)X“-

The components of the latter formula are bounded as follows.

fsl, 1fs] < C,

uniformly with respect to h. Since uz € C*°(D) and bounded together with
its derivatives uniformly in h, and A in the coordinates (s,n) is an operator of

second order with smooth coefficients of order h=2, we have
|AU,3| S h_QC,

uniformly with respect to h. It is important that support of the functions
X — 1, X’ and x” defined on the interval [0,1] is small, namely, sup(y —1) =
sup(x’) = sup(x”) = [1 — h®,1]. Then we arrive at

1fs] < (W2 + h™%)C,

(3.82)
sup(fy) = [1 — 4, 1].

In order to comply with the Neumann boundary condition on ~' we replace
@f’)(s, hn) by g(hs,hn) in the small neighbourhood of the origin, where g(y1, y2)
is the matching inner solution (3.31). In this neighbourhood x = 0 and due to
(3.24) we have

~Ag =)y, (3.83)
and ¢ satisfies conditions

6—3 =0on ',

g=0on~%

Since on the interval s € [k 2h'/3] we have relation (3.67), we match there
the outer and inner solutions ﬂf’) and Mg .

We choose the following function as an approximate solution to the eigenvalue
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problem (3.2),
W (s,m) = x(sh™"*)Mg(hs,n) + (1 = x(sh™ )@ (s, m).

Notice that in the region s € [h'/32h'/3] since the curvature s is zero and
the corresponding part of the domain €, is a strip parallel to the axis x, the

operator simply has form

Then we derive via (3.83), (3.81) and (3.67)

~appr ! 8 8 -
— AT = —xMAg — (1 - x)AG;Y - 2o X5, (Mg — i) -
o? . ~
—@X(Mg =) = N Mgx + DT + W2+ B ) (1 - x)— (3.84)
5/30./ 9 4/3. 1 —1/39. 1 d —2/3. 1
—h 2X£f1—h X'fi—h QX%Z—h X'z =
= NG+ (2 o+ B L) (1= ) + bV fy+ 2,
where function 5
Ja= hl/s?X'&fl -X"hf
is bounded due (3.68) and has a small support:
|f4| S 07
sup(fa(s,m)) = [h'/%, 21" x [0, 1],
and function 5
T = _h—1/32xla_z . h_2/3XHZ,
s (3.85)

2] L2(q2,) = O(R™) for any m
due to (3.68).

Now it is easy to estimate in L?(Q;) (in variables (z,y)) the discrepancy
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—ATP - NPT via (3.84), (3.80), (3.82) and (3.84)

| = AT = NG| 20,

= |(R?f2 + B> f3)(1 — x) + h*3 f4 + Z]| 120y <
< B2||Cl 2,y + WP (R 7% + hP)IC | r2@ungser—no,up+

+h4/3||CHLQ(th{se[h1/3,2h1/3]}) <

< (h5/2 + pBO)/2 4 p(1=36)/2 4 h2)C’.

Choosing =1 we obtain
| = ATP" — NPT 12,y < Ch2. (3.86)

It is well known that the set u; 5, ¢ € N of the orthonormalised eigenfunctions

of A, forms a basis in L?(€2,). Then u;"" can be written in the form

[e.9]

W =" citti. (3.87)

=1

The main term of u;™" is wvo(s)sinh™'mn, vy is normalised, and other terms
are of order O(h) or have relatively small support. Then one can easily check
that

o0

~appr 1
| ||L2 () ZCZQ = §h+0(h). (3.88)

=1

Substituting (3.87) into (3.86) we obtain
> A — A < Ot

Then from (3.88) follows that
min [\, — AV < OR?2, (3.89)

which prove the validity of (4.44).
Let us denote by f, the discrepancy —Aw™" — )\S’)ﬂzpp ". Then f;, =
o biugp , where Y00 b7 < Ch*. We can assume that 2B £\ (the case
=1 ) =1 " h )

)\23) = A\ip is trivial). Then ¢; = (A — Af’))_lbi. Let us represent u,"”"" as a
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sum of two functions:

b; b;
~appr _ (2 KA o
Up " = Z NG Wih =+ Z @) Wih =
h

R N — )\
)‘i.h7>‘(3) Sd th h )\z h7>\(3) >d l,h
) h ’ h
= 1 + Yo

It easily follows from the above that
1@ = il ran) = 12l < Cd™'R™. (3.90)

The asymptotics u;”" includes high order terms in its formula. They are re-
quired for the justification of (4.44), but not necessary for the approximation
of eigenfunctions of A,. Consider the function uy””" = x(sh™Y3)Mg + (1 —
X(sh™Y3))(ug + huy) . Tt is easy to see that it differs from """ by a term of
order h*/? in L?(€);,) norm. Hence the second part of the statement of theorem

follows. O
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Chapter 4
Models on graphs

In this chapter we obtain crucial results concerning the structure of the limiting
problem on the graph. We show that in the non-critical case the more accu-
rate model on the graph involves not Dirichlet, but ‘almost Dirichlet’ boundary

conditions at the vertices, namely, the condition of the type
V(0)+hTV'(0) =0 (4.1)

at each vertex. Here T' is a dxd matrix, where d is the number of all edges inci-
dent to the vertex, V(0) is the vector (v1(0),...,v4(0))" of the values at the ver-
tex that the function v attains along the edges, and V’(0) = (v{(0),...,v}(0))*
is the vector of the values at the vertex of the derivatives taken along the edges
taken in outgoing directions. This is important for the following reason. If one
imposes Dirichlet boundary conditions at the vertices, the limiting problem on
the graph splits into a number of disjoint problems on its edges, whereas bound-
ary conditions (4.1) insure that the interaction between different edges exists
although it is weak. The boundary conditions at the vertices for the limiting
problem are fully defined by the scattering matrix at the threshold (the first
transversal eigenvalue), which in turn is determined only by the geometry of the
junction (in our simplified model by the angle of the slant). In the last section of

the chapter we provide an explicit example for the case of zero-curvature, kK = 0.
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4.1 Limiting operator on graph

Let us consider the differential operator

~ d? 1 d 1
Lh = LO + hLl = — @ — Z/iz -+ h <—/€/£ — Z/i//)

acting on the interval (0,1). It follows from (3.16) and (3.20) that

Eh(vo + hwo) = )\01)0 + h(/\owo + )\11]0 — /\()I{U()) -+ h2L1w0 =
‘l‘hQLl’LUo - h2()\1w0 — )\1/‘%’00 - /\DHwo) + hg)\ll‘f’u)o.

Notice that vy, wy € C*(]0,1]) (see the discussion in the beginning of the proof
of Theorem 13.5.1) and x € C?([0,1]) by the assumptions of the present chapter.
Notice also that

e ™" =1 — hr + O(h?),

where the last term must be understood in terms of the norm L>(0,1). Then

we obtain from (4.2)
Ln(vo + hwo) = (Ao + hAr)e ™" (vg + hawg) + O(h?), (4.3)

where the last term is understood in the norm L>°(0,1). The operator Ly, cannot

be symmetric, however we can slightly change it to obtain a symmetric operator.

Indeed,
d hx d _ _hr d2 / d
ds (e ds) —° (d52 e ds )’

Then multiplying (4.3) by €™ we obtain

Lh(’UO —+ hU)O) = ()\0 -+ h)\1)<?}0 + hU)o) + O(hz), (44)
where 4 4 .
L, = h,‘i/L\ - _ he =\ = _hk(,.2 oy 4.
h=¢€"Lp 7 (e ds) ki (k" + he") (4.5)

In view of (4.4) it is natural to try to approximate the function
’17/1 =1y + hw()
by some eigenfunction of the operator L, with appropriate boundary conditions,
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which we will derive first. From (3.52)), (3.53)) we have

5h(0) — Cl —|— CQ —|— h(Cg + 04),
T (0) = (Cy — Cy) i/ Ao + h <<c1 - 02)2%_0 +(Cy = Cy) z\/)\—o) .

Then for the non-critical case, A\g < 0, via (3.57) and(3.60) we obtain

(4.6)

’6h(0) = —hQi\/ )\00'01,
6}1/(0) == 2’i\/ )\001 + h (% — 27)\00’) Cl.

Hence .
0 (0) + hatvy'(0) = B? ( M 94 a> oC
= T 0 1-
Vo

(On the right end we obviously have v,(1) = 0.) This suggests that we need
to consider the self-adjoint operator L; acting in L?*(0,1), given by (4.42) with
boundary conditions

v(0) + hod'(0) =0,

v(1) = 0. 47)

Ideally, we would like to describe the asymptotic solution to spectral problem
(3.2) in terms of the eigenvalues and eigenfunctions of Ly, .

We slightly modify the function v, so that it would satisfy boundary condi-
tions (4.7). Consider the function

Dn = T, 4+ h2N (V208 4 ¢71V20%) y (45), (4.8)

where

A1 .
N=— — A C
(m—o "0“)"1’

and x is from (3.76). Clearly, v), satisfies (4.7). Moreover, v}, is approximate

solution to the eigenvalue problem,
Lion, = (Ao + hA)o, + O(h?). (4.9)

The last term is understood in the norm L>(0,1) and, hence, it is O(h?) in
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L*(0,1). Consider the spectral problem for the operator Ly, ,

Lk = )

d
0 (0) + ho—0,7(0) = 0, v (1) = 0.

Applying absolutely the same reasoning as in the previous section when estimates
(3.89), (3.90) have been derived, we conclude that

min |1 — (A + hAy)| < Ch?,

k
1> er(m)os? = Bullzzo0) < Cd7'R2,

keKy

(4.10)

(k)

where ;" and v,(f)

are the eigenvalues and corresponding eigenfunctions of Ly ,
C is an h-independent constant, and summation is taken over the set of indices
K, such that \uék) — (Ao +hA)| < d.

The case of the positive )¢ is analogous, and one can easily obtain (4.10) for
function (4.8) with N given by

I\
N =— A Ch.
(2 ,—)\0 + 00)0' 1

Estimates (4.10) show that all the asymptotics Ao+ hA; and vg+ hwy can be

approximated by the eigenvalues and eigenfunctions of ;. Moreover, an almost
converse statement is valid. But in order to prove this we need to obtain more
precise information about the spectrum of Lj . This is the main purpose of the

next section.

4.2 Spectrum of the limiting operator L,

We are interested in the behaviour of the spectrum of L; as h — 0, in particular,
in its relation to the spectrum of the operator L,
" 1 2

— —K"v,

4
D(Ly) = Hi N H? = H}(0,1) N H?*(0,1).

Lov = —v

Remark 4.2.1. Notice that if ¢ =0 (i.e. s = —1), boundary conditions (4.7)

are purely Dirichlet. In this case the operator L;, is a regular perturbation of
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the operator Lg. Then the spectrum of L, converges to the spectrum of L.

So we assume in the following that o # 0.

We consider first the operator Lj o defined by the same differential operation

as Ly, )

Lpov=—v"— 1—1/121),
with the domain D(Lj ) that consists of all v € H? satisfying boundary condi-
tions (4.7).

The operators Ly, Ly, Ly are self-adjoint and their spectra are discrete with
the only limiting point at infinity. Integration by parts yields that the following

bilinear forms correspond to the operators:

1 1
1
Ao(v,w) = /U’w'ds — / Zmszds, v,w € Hy = Hi(0,1),
0 0
1 1
1 1
Apo(v,w) = /v’w’ds - / 1 k*vwds — Ev(O)w(O), v,w e Hiy,
0 0
1 1
1 1
Ap(v,w) = /eh”v’w'ds — / 1 " (K 4 hi"vwds — h—U(O)w(O), v, w € Hiy,
o
0 0

(4.11)
respectively, where H (10) is the set of functions from H! vanishing at 1, v(1) = 0.
We use the minimax definition for eigenvalues of an operator L with a bilinear

form A:

Av,v)
*) .= inf sup L
a dimW=k yey  ||v]|?

k=1,2,..., (4.12)

where W denotes a subspace of the domain of the bilinear form, and |v]|?

denotes fol v2ds for short.

Lemma 4.2.2. The eigenvalues of Ly and Lo alternate:
k k k+1
M2,3<M(()) <u276r), k=1,2,....

If 0 <0, then

}llin%)uff()) :,uék), k=1,2,....

104



If 0 >0, then

e (K™, ¥Ym > 0,

Y (ho) (4.13)
hm ,u(kﬂ) = [y ), k= .

and the first eigenfunction of Ly can be approzimated by the exponentially de-
caying function fy :
lvps = full = O(R™), ¥m > 0, (4.14)

where fy is given by

exp(—(ho)~'s)x(2s/50)

= Texp (o) T5) x @ /s0)

(4.15)

Proof. Since for an arbitrary function v € Hj we have Ag(v,v) = Apo(v,v), it
follows from the minimax principle that

k k

/M) <.

Let us consider the spectrum of the self-adjoint operator L7 corresponding

1
/ vw'ds — /
0

defined on H} (o where the parameter v € R™. Denote its eigenvalues by u*)(v).

to the bilinear form

r*vwds + yv(0)w(0)

»&IH

We have p®)(y) = Mho (and the equality of the corresponding eigenfunctions)
provided that v = —-=. Since for any fixed v the bilinear form A7(v,v) is a
continuous non—decreasmg function of v, each eigenvalue p*)(v) is a continuous
non-decreasing function of + as well. Let us fix some g € R. It follows from
the theory of ordinary differential equations that if v € H(lo), v # 0, is some
solution of the equation

—v" — i/@% = uv, (4.16)
then any other solution of (4.16) from H(lo) is given by Cwv, where C is con-
stant. For any p € R there exists a solution (4.16) from H (10) , therefore 1 is an
eigenvalue of either L7 (for some particular value of v) or L. These observa-

tions imply several important consequences. Firstly, each eigenvalue p®(y) is a
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continuous strictly increasing function of v ; secondly,
(k) ) < u®4D (5y), ¥ R, k=1,2,...; 4.17
2 (71)<M0 < p (72)7 7,72 € R, — L&y ( : )
and, thirdly,

lim p®(y) = pf? = lim p*D(), k=12,

yY—+00 Y——00

(1)

The statements of the lemma follow immediately except the one concerning s,

and U,% when o > 0.
The function f; belongs to the domain of Lj, and satisfies the following

equation:
Luofn = —f1 = —(ho) 2 fu + O((ha)_3/2 exp(—(ho)'s0/2)). (4.18)

Then it is easy to show in the way absolutely analogous to the proof of error
bounds (3.89), (3.90) the validity of the first equality in (4.13) and asymptotics
(4.14). 0

Remark 4.2.3. Notice that if ¢ > 0, then equally to the case of the operator
Ly, we have the following asymptotics for the first eigenvalue and the corre-

sponding eigenfunction of Ly :

Lifn=~fi = —(ho) 7 fu + O (h™),
m___L L omm, (4.19)

= " (hoy?
[0 — £l = O(h™), ¥m > 0.

The next lemma establishes asymptotic proximity of the eigenvalues of L,
and Lpo. In turn this will provide the desired result on the convergence of the

eigenvalues of L; to the eigenvalues of L.

Lemma 4.2.4. The eigenvalues of the operators Lj, and Ly are asymptotically
close:
}Lir%|u§fg—u§f)| —0,k=1,2,.... (4.20)
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Proof. Let us consider the difference between the bilinear forms A, and Ajp:

|An(v,v) = Apo(v,v)| =

1 1

— / (" —1)(v)*ds — / i (" (K* + he") — K*)v?ds| .

0 0

It follows immediately from (4.11) that if ¢ < 0 then
[An(v,v) = Ano (v, v)] < h C(Ano(v,v) + Cllol]?), (4.21)

where C' is some constant independent of h. These estimates allow us to derive
the statement of the lemma using the minimax definition of the eigenvalues.
Indeed, from (4.21) we obtain
Ap(v,0) < Apo(v,0) + |Ap(v,v) — App(v,v)] <
< Apo(v,v) + hC(Apo(v,v) + Cllv]|?),
Ano(v,v) < Ap(v,v) + [An(v,v) = Apo(v,v)| <
< Ap(v,0) + hC(Apo(v,v) + C|lo|?).

Then it follows from definition (4.12) that

hC(MhO+C) <Mh) <M +hC(Mh0+0)

The latter implies (4.20) for the case ¢ < 0.
If o > 0 the matter is more complicated. In this case we need to employ the

following lemma, whose proof we provide later.

Lemma 4.2.5. Let v be the following linear combination of the eigenfunction of
either Ly, :

k
v = g aivg),
=2
or Lpo:

v = E alvho

Then for such v inequality (4.21) is valid.

Notice that f;, is almost orthogonal to the eigenfunctions of Lj, and Ly
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(clearly except for the first ones):

:’( vh ,vh ‘ O(h™)| \v H Ym >0, k> 2,
‘ (4.22)

(fn —vho,vho‘ OhmHv H Ym >0, k> 2,

due to (4.19). Here (e,®) denotes the scalar product in L?*(0,1). Then via
(4.19), (4.18) and (4.22) one has

Ah(fhuv> = (thhvv) = O(hm)HUH? Vm > 07

(4.23)
Ah,O(f}hU) = (Lh,()fhav) = O(hm)H,UH? Vm > 07

where v is as in Lemma 4.2.5. Notice also the following obvious observation:

1
Mlfir f) = =35 + OU™) = + O(W™),
7 (4.24)
mm&mﬂz—mﬂ+ommzﬂg+owmvm>u
Then from (4.23) and (4.24) we derive
An(arfu +v,a1fn +v) = aiAn(fo, fn) + 200 M0 (fn, v) + An(v,0) < (4.25)

< Aw(v,v) + O(h™)las fi + vl*, ¥m > 0,

and analogously

Anolarfr +v,a1fn +v) < Apo(v,v) + O(K™)|lay fr + v||?, ¥m > 0.

Let W, be a subspace of H (10) spanned by the functions fj,, vﬁf()), e ,v,(f()) and

let Wy_1 be a subspace of H (10) spanned by the functions v,(f()), e ,v,(fg . Clearly
dim Wy = k since f is ‘very close’ to v,(i()), see (4.14). Let v € Wy. Then the
function v can be presented in the form v = a;f, + v, where v € W_;, and
|v]|? = llarfall® + |OI1* + O(K™)||layfall [|0]], ¥m > 0, due to (4.22). Hence we

obtain from (4.25) that

Ah(”a“) < Ah(iaﬁ)
[oll> = vl]?

L om) < 2:0)

S NTFIE +O(h™). (4.26)

That is for any v € W), there exists v € Wj_; such that (4.26) holds. (We

assumed in the above that v # ayf), otherwise the reasoning is trivial.) Then
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via (4.12)), (4.21) and (4.26) we derive for k > 2 that

Ap(v,v) Ap(v,v)
(k) < o< SR O
S sup = S sup = O <
2
< sup Mno(:0) +hCOWno(w,0) + Ol?) | pmy (4.27)

T veWi s [o]?
= uy(1+hC) + O(h).

Analogously, let W), be a subspace of H (10) spanned by the functions fj,, v,(f), ey v,(lk)
and Wj_; be a subspace of H(lo) spanned by the functions vf(f), e ,v,(f) . Then

for k> 2

i o S S -oun <
< sw Ap(v,0) + R C(Apo(v,v) + Cljv]?) +OMh™) = (4.28)
veWy—1 o2
= i + hCu) + O(h).
Estimates (4.27) and (4.28) imply the statement of the lemma. O

Proof of Lemma [4.2.5. In order to proof the validity of (4.21) we need to estimate

+=0v%(0) for the eigenfunctions v,(lk) and v,(fg, k=23,....
k)

The following reasoning is equally valid for both v,(Lk) and v}(L 0 » S0 we give it only

somehow the term —

for the eigenfunctions of L. Since k(s) =0 for s € [0, sq],

RO IR

—@ o = My, U, S E [0,50]. (4.29)
Let u,(f) be positive. Then
v,(f) = a; sin ( ,ugk) s> + as cos ( ,u,(lk) s) ., s €0, s0). (4.30)

From boundary conditions (4.7) it follows that

as=—ho uflk) ai. (4.31)

109



The coefficient a; is determined by the norm Hv,(Lk) || . Indeed,

S0
[0 )12 > al/ {sin2 (\/ugf) s) + R20 i cos? (\/,ug{) s) —
0
—2h0\/uh ") sin (\/ugk) s) coS (\/,ug 3>] ds =
—1+ h20?
= a} B (1+h2 2 ’“)>+ + oty Sin( \/Mglk)&)) +

h 4\/>
+7U (cos (zmso) - 1)] .

If the eigenvalue uék) is bounded away from zero uniformly with respect to h,

,u,(f) > (C' > 0, we conclude from (4.32)) that

(4.32)

[os)? > a2,

for come C' > 0, and hence
jar| < Clloy”Il (4.33)

where C' independent of h. If for some sequence h — 0 we have |u§lk)| — 0,

then by applying Taylor expansion to the right hand side of (4.32) we arrive at

k I & k k
I > a {31%)83 +0 by + (ué)) :

Therefore,

¢ ok
ar] < —=lo;” (4.34)

Ky,

for small enough h and some constant C' independent of h.
At this stage we need to use the following proposition whose proof we provide

after the proof of the lemma.

Proposition 4.2.6. Fach eigenvalue ugc), k=2,3,... of L, is bounded uni-

formly with respect to h, i.e. for any k = 2,3,... there exists a constant C
such that
k
< c. (4.35)

We obtain from (4.30), (4.31) and either (4.34) or (4.33) and Proposition 4.2.6

110



that
5 0)) < ChllP|l, k=2,3,.... (4.36)

The case of negative ,ugk) is very similar. In this instance

v,(lk) = ay exp (\/ |u§lk)| s) + as exp (—\/ \,u,(f)| 3) , s €0, s (4.37)

From boundary conditions (4.7) it follows that

a; +az = —hoy/ |,u§lk)| (a1 — az). (4.38)

Denote by = (a3 — ag)/2 and by = (a3 + az)/2. Then

S0 9
k
o> 8 [ [(1—h mé’“)w) exp (2\/|u§3|s)+
0

2
+ (1 +h |M§Lk)|a> exp (—2 |u§f)| s) -2 (1 — hz,u,(lk)02> ds =
1 2 %0 4.39
= [ (1= e ) e (2115) |+ (4:39)
2\/ |y, | 0

s0

1 2
T (1 +h ’Mék)fa) exp (—2 | 3) -
24/ [ | 0

—2 <1 - h2,u2k)02> so} .

If the eigenvalue ,ugk) is bounded away from zero uniformly with respect to h,

|,u§lk)| > (C >0, we arrive at
oa] < Cllw”ll,

where C' independent of h. Then (4.36) follows from (4.37), (4.38) and Propo-
sition 4.2.6.
If for some sequence h — 0 we have |,u§lk)| — 0, then by applying Taylor

expansion to the right hand side of (4.39) we arrive at

4 2
lei”I1? > 7 {5 | st +0 (hﬂgm + (1) )} |

111



Therefore,

k
Ibi| < o],

k
|

for small enough h and some constant C' independent of h, and (4.36) follows

from (4.37), (4.38).

The case ,uglk) =0 is trivial. For s € [0, s¢] we have

k
v,(l ) — a8 — hoay.

Then

S0
ol > / (ars — hoay)2ds > Ca,
0
and (4.36) follows.

Analogously for the eigenfunctions of Lj, we have
Vo (0)] < Chlloigl k=23,.... (4.40)
Remark 4.2.7. Constants in (4.30), (4.40) are uniform in A, however may de-

pend on k.

The crucial estimates (4.36)), (4.40) are valid not only for the eigenfunctions

of L, and Ly, but also for their finite linear combinations. Indeed, let

k
v="> aw. (4.41)
=2

Then i i
v}(0) < €Y a2 (v(0)" < Cr* Y a?|lv) [P = Ch?lu]?,
1=2 =2

and analogously for v = Zsz aiv,(f}] . From the latter estimate it follows, that in

the case of positive o inequalities (4.21)) are valid for such linear combinations

of the eigenfunctions. m

Proof of Proposition 4.2.6. Let us introduce two self-adjoint operators Ly, Lj
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via their bilinear forms:

1

U (v, w) := /eh“v’w’ds -

0

1
é_l " (K + he")vwds,

" (k* 4 he")vwds + yv(0)w(0),

Uy, (v, w) ::/ ' w'ds —

1
/ 1
0 0
with the domains
D(\I’h) = H(%v

D(Wp) = Hy.

The corresponding eigenvalue problems for these operators are given by the equa-
tion

d h d 1 h 2 "
_ K__ — — K c (0 4.42
(6 ) [ (& (/’i hk )’U WpU, S ( 5 ), ( )

accompanied by Dirichlet boundary conditions for L£; or the conditions

for £, . Analogously to the case of the operators L., and L, one can show that
for every fixed h

(k)

WP () < WP

<w}(lk+1)(7>7 7€R7 k: 1727"'7

where w}(Lk) and w}(Lk)(fy) are the eigenvalues of £, and L, arranged in non-

decreasing order. In particular, when v = —;L (then w,(Lk) (v) = ,u,(L )) we have

u,(l)<w,(lk)<ugk+l k=1,2,....

The operator L, is a regular perturbation of Lg, hence wék) — ,u(()k) . Therefore

for each k£ > 2 the eigenvalue ,ugg) is bounded uniformly with respect to h. [

Combining Lemmas 4.2.2 and 4.2.4 and Remark 4.2.1 we obtain the descrip-

tion of the asymptotic behaviour of the spectrum of L, .
Theorem 4.2.8. Let 0 <0, then

hm,u()—uék),k—l,Z,....
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Let 0 >0, then
(1) = ——1 +O(h™),¥Ym >0
luh (hO')2 ( )7 m )

,llil%uékﬂ) = ,u(()k), k=1,2,....

4.3 Approximation of the problem in (), by the
limiting problem on graph
Theorem [4.2.8 together with (4.10) imply the following

Theorem 4.3.1. Let ,uék) be the k -th eigenvalue of the operator L, such that
]1111%”2’” 40, k=1,2,...if0<0, k=23,... if 6 >0. Then for A\ - k-th

eigenvalue of problem (3.16), (3.58), and )\gk), given by (3.64) with \g = )\((]k),

we have

i = O+ <o k=12, if o <0,
1 — OF Y A < on? k=23, ifo > 0.

Let U(()k) be the eigenfunction corresponding to )\(()k) , and wék) be the solution of
(3.20) satisfying the conditions described in Section|3.4. Then

o — (08 + hwd) | 1200 < CR2, k=1,2,... if 0 <0,

(4.43)
Hvék) - (U(()k_l) + hw(()k_l))HLZ(m) <Ch? k=2,3,... ifoc > 0.

Proof. The first part of the statement of the theorem follows immediately from
Theorem 4.2.8 and the first inequality in (4.10) (notice that )\ék) = ,u(()k) ). The-
orem 4.2.8 implies also that for any )\(()k) there exists constant d such that for

small enough h the d-neighbourhood of /\(()k) + h)\(lk) contains exactly one eigen-

value /Lgf). Then the second part of the statement follows from (4.10) and a

simple observation that the function @(Lk) = v(()k) + hw(()k) differs from @\}(Lk) only by

the term of order h?. O

Remark 4.3.2. The limiting operator L; corresponds to the non-critical case.
The critical case is different from the non-critical one. The reason is that in the
critical case the limiting operator on the graph must include a spectral parameter
in the boundary condition. Indeed, for example if \q is negative, via (4.6) and
(3.70) we have

—hXooT(0) + Ty (0) = —h*2X3 %620
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The study of this problem goes beyond the scope of the present thesis.

Now we can prove that the limiting problem on the graph gives the correct
asymptotics of the problem in the thin domain €2. Indeed, it is easy to see via
(4.43) that

[ (uo + hur) — (@0 + by )vpllz2,) < ChY/2.

Then the assertion follows from Theorem 3.5.1l and Theorem 4.3.1 immediately:

Theorem 4.3.3. Let ,ugk) be as in Theorem 4.53.1 and v,(lk) be the corresponding
normalised eigenfunction. Then there exists hg > 0 and a constant C indepen-
dent of h such that for any 0 < h < hg there exist an eigenvalue X;p of the
operator A such that

Ao — (B2l + pi)) < O3/, (4.44)
Moreover, the function (o + hfigol)v,(f) approximates eigenfunctions w;y of the
operator Ay outside a small neighbourhood of the origin. Namely, let ©) be
a characteristic function of the set (0,2hY?)?, then for any d > 0 and any
0 < h < hg there ezist coefficients c;(h) such that

up?" — > ci(hyuip | (1—04) < Cd~'h%

[Ai,n—(R=2A_2+un)|<d L2(Qp)

Remark 4.3.4. In the last two chapters we never essentially used the assumption
about the boundary conditions imposed on the slanted end ~; of the domain
Q. All the arguments and results obtained are equally valid for the eigenvalue
problem

—Auy, = )\huh, x € Qh,

(4.45)
u = O, WS 89}“

except that in this setting the critical case is not possible. Let ulY be the eigen-
function of problem (3.2) and u? be the eigenfunction of problem (4.45). Then
a symmetric extension of u} into (Alh (see Introduction and Figure (0-4/ in par-
ticular), and antisymmetric extension of u? into ﬁh are eigenfunctions of the
problem

—Auyp, = Mup, 1« € Qp,

. (4.46)
u = O, WS th
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Denote by v)' (s) and vP(s) the eigenfunction of the limiting operators for prob-
lems (3.2) and (4.45) respectively. They satisfy the following boundary conditions

at the vertex:

d
v}]LV(O)thUN%UN(O):O,
d
D hoP LDy = 0.
v, (0) +ho e (0)=0

N = ¢ asisin (3.55), and o is given by the same formula with

(In particular o
s corresponding to the Dirichlet case.)

The limiting problem for (4.46) is posed on the graph consisting of two edges
adjacent in the single vertex. Let V(s) = (v1(s),v2(s))" be the vector of rep-
resentatives of an eigenfunction of the limiting problem along the edges of the

graph. Then either
V(s) = (vy (s). 05 (5))",
or

V(s) = (v3(s), =y (5))"

It is easy to see then that the following boundary conditions a the vertex must

be imposed:
V(0)+ hTV'(0) =0,

1 oV 4ol N —oP
T:§ N D p|-

where
o’ —0 oV 4o
4.4 Explicit example for zero-curvature case

Let k =0. Then the eigenvalue problem for the operator L; takes the form

P w_ w) ®

—o3Uh =M U s S € (0,1),
d
vi¥(0) + haEv,(lk)(O) =0,
vt¥(1) = 0.
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The eigenvalues /L;Lk) (except the first eigenvalue in the case o > 0 which we do

not consider here) converge to the eigenvalues of the problem

d2 k k k
_@U((J ) = ,LLE) )U(() )7 s € (07 1)7

as stated in Theorem 4.2.8. The solutions to the latter are elementary:

) = k2r? k=1,2,...,

U(()k) = sin(kws).

It is easy to see that the eigenfunctions of L, are given by

v,(f) = sin < ,uglk)(l — 3)) :

where pgk) can be found from the boundary condition. Namely, the eigenvalues

,uék) are all the solutions of the equation

tan ( Ml(f)) = ha\/,u,(f).

Asymptotically one has

1 = 1 + h20 kPt + O(R?), k=1,2,..., 0 <0,
,ul(fﬂ) =k + h20 k2 +O(h?), k=1,2,..., 0 > 0.

These perfectly agree with the results of Chapter 3 that give

k
Vg = cvé)

)\0 = k’27'('2,
A\ = 20k72,
for some k£ =1,2,..., and some coefficient c.

From Theorem 4.2.8 it follows that for any £ = 1,2,...

eigenvalue A, of the operator Ay in €, such that

, there exist an

A = h 727 4 B2 4 h 20 K2 4 O(RP?).
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Chapter 5

Localisation effects and the

bottom of the spectrum

In the above two chapters we studied the eigenvalues of problem (3.2) generated
by the first transversal eigenvalue 72. Now we will address the behaviour of the
bottom of the spectrum of Aj,. The first eigenvalues of A, correspond to the
so-called bound states, i.e. eigenvalues of the operator A, (see (3.24)) with the
corresponding eigenfunctions localised near the end of the semi-infinite strip and
exponentially decaying at infinity. The related eigenfunctions of A, demonstrate
the same behaviour: they are confined to the slanted end of €2, and decay at
the rate of order exp(—h~'lw;), where [ > 0 is some fixed number. Thus,
our purpose is to study the point spectrum of the operator A, lying below its
essential spectrum [72,00). In the first section we develop some methods for
estimation of the number of bound states. The second section is devoted to the
proof of the monotonicity of the first bound state as a function of the angle of

the slant.

5.1 Boundary localisation

Theorem 5.1.1. There exists at least one eigenvalue X of the operator A,
such that A < w2, the corresponding eigenfunction u(y) decays exponentially
at infinity (u(y) ~ exp(—ly1) as y1 — oo, where | is some positive number).
Then there exists hg > 0 and a constant C' independent of h such that for any
0 < h < hg there exist an eigenvalue A\, of the operator Aj such that

Ay —h 2N < Ce™
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Figure 5-1: Semi-infinite strip

Moreover, a function
up™" = x(221/s0)u(h™"x)

approximates eigenfunctions of Ay in the following sense: for any d > 0 and
any 0 < h < ho there exist coefficients c¢;(h) such that

ug?" — Z ci(h)ugp <COd e

‘)\i,h_h72)‘|gd LQ(Q]—L)

Proof. Tt is well known, see e.g. [69], that there exists at least one eigenvalue
of A, below its essential spectrum and the corresponding eigenfunction decays
exponentially at infinity. The rest of the proof is analogous to the proof of
Theorem 13.5.1 although is much simpler. One only needs to notice that the

. _ . _1p—1
discrepancy —A,up”" — h=2 " is of order e . O

In view of Theorem 5.1.1, it is important to describe somehow the discrete
spectrum of A, . Our aim is to study the relation between the value of angle «
and the behaviour of the discrete spectrum of A, . For this purpose we will use
methods from [62, Chapter IV]. Let

Uy :={(y1,72) |0 < y1 < cot(a),0 < yo < tan(a) y },

(5.1)
Uy = {(y1,92) | y1 > cot(a),y2 € (0,1)}.

Denote by Ty a self-adjoint operator for the negative Laplacian —A in ¥, with
Dirichlet boundary condition on y, = 0 and Neumann boundary condition on
the rest of the boundary of W¥,. Analogously, we denote by T; a self-adjoint
operator for —A in W; with Dirichlet boundary condition on y, = 0, yo = 7

and Neumann boundary condition on the rest of the boundary of ¥, . Denote by
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Dy and D; spaces of functions from H'(¥,) and H'(¥;) vanishing on y, = 0
and y, = 0, yo = m respectively. It is well known that o(7}) = [A_2,00). The
following lemma provides a tool of estimating the number of eigenvalues of A,
from above (cf. [62]).

Lemma 5.1.2. The number of eigenvalues of the operator A, lying below its
essential spectrum can be estimated from above by the number of eigenvalues of

To lying below 0ess(Aq) -

Proof. Let v < 7 < ... <y < 7% and w; < wy < ... < w, < 7 be
all eigenvalues of A, and 7Ty respectively and vq,...,vx, ¥1,...,%, be the

corresponding orthonormalised eigenfunctions. Our aim is to prove that
k <n. (5.2)
Assume the contrary, i.e. that k& > n. Then there exists a linear combination of

eigenfunctions of A,

v = CiVs,

k
1

]

such that
/ijdx—o,j—l,...,n.

)

For each eigenfunction of A, we have

Vol = illvileq,y = 7

Then we obtain the following inequality for v:

k

IVollZ2m) = Y ElIVeilliam,) =
=l (5.3)

k
=Yl < wllvliam,y < 710l
i=1
The lower bound of the spectrum of T is 7%, so by the variational principle

VOl 220 = 7 ll0l 2 g0,)-
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Deducting the last inequality from (5.3) we obtain
IIVUII%Q(%) < 7T2||UH%2(\1/0)-

Then, since v € Dy, one should have

||V77Z)||L2 (o) ||VU||L2 (¥o) < 72

DoB#’lQ/)j ||w||L2 \I/() B

yeeey TV

)

||U||L2(\1;0)

which is impossible because there are only n eigenvalues of Ty less than 72. We

arrive at a contradiction. Hence £ <n. O

Theorem 5.1.3. If o = /4 the operator A, has exactly one eigenvalue lying

below its essential spectrum.

Proof. Let a be equal to 7/4, so that ¥, is an isosceles right-angled triangle.

Let 1 be a solution to the eigenvalue problem

_A¢ = W¢7 Yy € \IJCH

Y =0, y2 =0; (5.4)

%

o U or Yya = Y1

We can extend 1 to the unit square (0,1)® symmetrically reflecting it with
respect to the line y; = 5, i.e. by the formula

for any (y1,y2) € (0,1)*\Iy, ¥ (y1,y2) = ¥(y2,91), (y2,41) € Vo

Then, by the symmetry principal for the Laplacian, the extended function, which

we still denote by v, is a solution to the eigenvalue problem

_Aw = w¢> Y € (07 1)27

¢:0a y1:OOI‘y2:O, (55)

O

E:O, ylz]_OI'ygzl.

So we can seek the solution to (5.4) amongst the eigenfunctions of the operator

given by (5.5). By separation of variables, all the eigenfunctions and correspond-
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Figure 5-2: Semi-infinite cylinder
ing eigenvalues of (5.5) are the following:

Ypm = sin (m(2n — 1)y;/2) sin (7(2m — 1)y2/2) ,

2
Wnm = % ((Qn — 1%+ (2m— 1)2) , n,m € N.

It is easy to see that w; = wy; = ”—22 and ; = 9 are eigenvalue and
eigenfunction of (5.4). The next eigenvalue of the problem w, is greater that 72
(since wy > wyo = woy = ng ). Then the theorem follows from Theorem 5.1.1

and Lemma 5.1.2. O

Now, when we have a method of estimating the number of eigenvalues A,
from above, we would like to know how to estimate it from below. This can be
done in somewhat similar way. Let ¥, be a bounded domain contained between
the lines y» = 0, y2 = 1, y» = tan(a)y; and some smooth simple curve I'®
lying entirely in II, such that its one end belongs to {y; >0, y» = 0}, another
belongs to {y; > cot(«), y2 = 1} and it has no other common points with 011, ,
see Figure 5-2. Let 15 be an operator defined by —A in W, with Dirichlet
boundary conditions imposed on OW, NT2 UT® and Neumann conditions on the
rest of the boundary (i.e. on T'L). Denote by D, the space of functions from
H'(V,) vanishing on 9W, NT2 UT?. Then the following assertion is true (cf.
62)).

Lemma 5.1.4. The number of eigenvalues of the operator A, lying below its
essential spectrum can be estimated from below by the number of eigenvalues of

Ty lying below Oess(Aq) -

Proof. Denote all the eigenvalues lying below oe(A,) and the corresponding

eigenfunctions of T, by p; and ¢;, ¢ =1,...,m, respectively, pu; < ... <, <
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Figure 5-3: Semi-infinite cylinder

72 . Let k be the number of eigenvalues of A, asin Lemma/5.1.2. Assume to the
contrary that m > k. Then there exists a linear combination of eigenfunctions
of Tg s

Y= Z Ci¥i,
i=1

orthogonal to all v;, 7 = 1,...,k. Notice that due to the boundary conditions
for ¢ we can extend in by zero to the rest of Il,, so that the extension ¢ €
H(11,,T2), where H}(II,,I%) denotes the space of functions from H'(II,)

vanishing on T2 | see (3.24). Then we have

HVUHLZ (o) HVQOHH(HQ

2
> Wy < 77,

1mn
H{ (Mo, I2) 50 Lo, HUH[)(Hao) H@”m )

J:17"'7k

which means existence of k + 1 eigenvalues of A, below its essential spectrum.

We obtain a contradiction. ]

Remark 5.1.5. The argument of Lemmas [5.1.2l and 5.1.4' is known as Dirichlet-

Neumann bracketing.

Suppose now that W, is a sector given in the polar coordinates by
Uy = {(p,0)|0 < p < (sin(a))™", 0 < 0 < a},
see Figure 5-3. Let us consider an eigenvalue problem

—Ap = pp, y € ¥s,

=0, 0=0o0r p=(sin(e))”", (5.6)
I

%:0, 8206.
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The Laplace operator in the polar coordinates is given by the formula
B 0? n 10 n 1 02
-~ Op* pdp  p?00%

We can separate the variables in the equation, let ¢ = u(p)v(#) . Then we obtain
the following equations for v and wu:

1 2
ull—l——u/—i-(/L_V_Q)u:O’
p p

u(0) = u ((sin(a))™') = 0.

Obviously, the sequence of eigenfunctions and eigenvalues satisfying the first
equation is given by

(5.7)

w:wm<£%m—1w%i:12

g Ly ooy

7r
= ——(2i—1).
v 2a< i—1)
Making the substitution r = /up, u(p)

u(r) in the second equation one
arrives at Bessel equation

~ 1~/ 1/12 ~
vw+-u+|{l-—=5)u=0
r r

The solution to this equation is given by Bessel function

JW(T) = g% k!F(y(i_l)k ) (T)Vﬂer‘

+k+1)\2

Denote by j,,1, {,7 = 1,2,... zeros of Bessel function J,,. In order to satisfy
boundary conditions in (5.7) we need to make a substitution r = ,/@;;p where

pig = sin®(ar) g2, i, 0 =1,2,.. .. (5.8)
Then the function

U = Ju, (\/ Nz‘,zl))
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Solves problem (5.7) with 1 = p;;. Then the solution to eigenvalue problem (5.6)

is given by the sequence of eigenvalues (5.8) and corresponding eigenfunctions

iy = sin (21(22 - 1)9> o (Viap), i1 =1,2,....
e
Thus we have proved the following

Theorem 5.1.6. The number of eigenvalues of A, lying below its essential spec-

trum is greater than or equal to the number of those eigenvalues

Wil = SinQ(oz)jj_’l, L,l=1,2,....

of problem (5.6) which are less than w2, where j,1 < ju2 < ... are zeros of
Bessel function J,, and
7
= —(20—1).
v 2@( i—1)

Notice that for the first zero of Bessel function .J, the following inequality is

valid:
j,/’l > 1/ I/(V -+ 2),

see e.g. [81]. Hence we have

2i — 1)2 21— 1
pig > sin®(a) (( 24@2) T+ Za 7T).

The function sin(a)/a is a strictly decreasing function on the interval o €
(0,7/2). Then it is easy to see by direct calculations that

i1 > 7T2, 1> 2.

On the other hand the asymptotic formula for zeros of Bessel function J, for
large values of v,
Jui=v+o(v), leN,

see e.g. [51)165], ensures that for small enough a > 0 there are arbitrary many

eigenvalues of problem (5.6) lying below 72. More precisely we have

2
Mg = T +0o(1), l €N,

as o — 0. Then the following assertion follows from Theorem 5.1.6.
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Theorem 5.1.7. For small enough o > 0 there are arbitrary many eigenvalues

of As lying below its essential spectrum.

5.2 Monotonicity of the first eigenvalue with re-

spect to the angle o

It is clear that the first eigenvalue of problem (3.24) is simple. It is interesting
question how it depends on the value of the angle «. Bearing in mind the results
of the previous section it is natural to conjecture that the first eigenvalue decays

as « gets smaller.

Theorem 5.2.1. Let )\, be the first eigenvalue of A, . Then A, is a strictly

increasing function of the argument o € (0,7/2) .

Proof. First let us consider eigenvalue problem (3.24) in the sequence of domains
Il,,, i=1,...,n, corresponding to angles «a;, where 0 < a; < ... < a,, <7/2,
a; =ap+ (1 — 1)Aa, Aa >0, i=2,...,n, and n is such that «,,1 > 7/2.

Denote by A,, < 72

and ¢, , first eigenvalues and respective eigenfunctions of
the corresponding problems. A position of a domain on the coordinate plane is
insignificant, therefore for the sake of simplified and more illustrative narration
we shift the domains II,, by cot(ag) — cot(q;) in positive direction of axis x so
as the top vertices of II,, and II,, to coincide (in the point C'), see Figure [5-4.
Points B and D on the Figure 5-4/ are located such that triangles A, pc and
Aspc are equal with sides AB = AD and BC = CD. We denote the domains
enclosed within A e and Aape by ;7 and Y5 respectively.

The following equality is true:

H C(:0t3f2||%2(na ) /\042H90042H%2(Ha ) (5-9)
2 2
By the variational properties of eigenvalues

IV £l
Aoy = inf e (5.10)
feH&(Hal;Fil) ||f||L2(1’[a1)
Let us extend the eigenfunction ¢,, into ¥; by symmetric reflection against
the line AC' and by zero into Apap. The extension, which we denote by @, ,
belongs to Hj(Il,,;T'2,) due to the boundary conditions imposed on ¢q, . Thus
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Figure 5-4:

we have SR
IV @a, ||L2(Ha1)

ap

_ . (5.11)
|Pas ||%2(na1)

Notice that from the symmetry of ¢,, against the line AC' follows that ||V@a, || r2s,) =

V@asll2(zs) and [|@asllz2mi) = [|@asllz2(s,) - Then we can write (5.11) as
IV aallEa1og) + V0022 = Aar (90 22ny) + Nealiaen ) - (5:12)
Deducting (5.9) from (5.12) we obtain
IV @asllZ2s) = Aar = Aao)l[as [ 72(11,,) + Aas [P0l Z2(s,)-

Now we deduct the latter from (5.9):

HVSOOCQH%2(HQ3) = |’V90a2”%2(na2) - HVSOazH%%zg) <

) : (5.13)
< (2)‘042 - >‘a1)||90042HL2(Ha3) + 2()‘a2 - /\al)”@azHLz(Zg)'

Assume that A\,, > A,, and denote AN = \,, — Ay, > 0. Since ¢,, €
H(IL,,; I'2,) we conclude from (5.13) that

||Vf||%2(na ) < IVa, 172 (Hag)

m
feH;(MagiT,) Hf”m (M) ”Spaz”p (M)

)\ag = < )\a2 — AN

Then we obtain Ay, — Aoy > AN = Ay, — A\a, - Reasoning by induction we derive
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that
A, < gy — (0= 1AN < 72, (5.14)

Now let us prove the monotonicity property of A,. We aim to show that
the first eigenvalue A, of (3.24)) is strictly increasing function of the argument
a € (0,7/2). Reasoning by contradiction we assume that there exist o and
o” from (0,7/2) such that o < o” < 7/2 and Ay > Ayv. It is obvious that
in this case one can choose o € [@/,a”] such that for any § > 0 there exists
0 < Aa < § satisfying A\, > Agiaa Then by (5.14) we have

Ay < A < T2 (5.15)

where the angle v = a +nAa for some n such thaty < 7/2, |y — 7/2] < Aa.
So v can be chosen arbitrary close to 7/2.

On the other hand the eigenvalue A, must be close to the bottom of the
essential spectrum of problem (3.24) when the angle v is close to 7/2. Indeed,
one can show this using Poincaré inequality. Let us introduce a new coordinates

obtained from (y1,y2) by rotation on the angle —(7/2 —~):

/

Y cos(m/2 —7) —sin(r/2-7)\ [wn

Uh sin(m/2 —~) cos(m/2 —7) Yo

so that the part of the boundary F,ly lies on the positive part of the axis y},. We

denote by II’, the domain II, in the new coordinates:

I, = {(y’l,yé)

y’1>0,y’1tan(z—fy><y§<y1tan<ﬁ—’y>+ ! .
2 2 sin(7)

For a function ¢ € Hy(0,1/sin(v)) we have well known Poincaré inequality with
an explicit constant,
1/sin() 1/sin(y)

| e s < msint (diyl,so@;))Zdy;.

2

Due to the properties of rotation the modulus of the gradient of function remains
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the same and the Jacobian equals 1. So we derive for ¢ € Hg(I1,,I?)

o d \*
/ pPdrdy = / Py dys, < (msin(y))~” / (d—y,w> dy,dys <
2

i, ; i,

< (msin(y))™2 / Vol dydyh = (wsin(y))™ / Vol? dady.
1L,

IL,
Thus, as v tends to m/2 the first eigenvalue

= inf HVSOHZLz(nA,)
, = —

> (wsin(y))?
perd () [lollFam,)

tends to 7%, which contradicts to (5.15). This proves the theorem.
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