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A Regularity Theory for Energy Minimising Intrinsic
Fractional Harmonic Maps

James Roberts

Abstract

We define and develop an interior partial regularity theory for intrinsic energy minimising
fractional harmonic maps from Euclidean space into smooth compact Riemannian manifolds
for fractional powers strictly between zero and one. This constitutes a partial extension of the
existing theory for intrinsic semi-harmonic maps, corresponding to the power one-half. Intrinsic
fractional harmonic maps are critical points of an energy whose first variation is a Dirichlet
to Neumann map for the harmonic map problem on a half-space with a Riemannian metric
which can degenerate/become singular along the boundary, depending on the fractional power.
We take advantage of the connection between fractional harmonic maps and free boundary
problems for harmonic maps in order to develop a partial regularity theory for the fractional
harmonic maps we consider. In particular, we prove partial regularity for minimising harmonic
maps with (partially) free boundary data on half-spaces with the aforementioned metrics up
to the boundary; fractional harmonic maps then inherit this regularity. As a by product of our
methods, we establish a result which sheds new light on the monotonicity of the average energy
of solutions of the degenerate linear elliptic equation related to fractional harmonic functions.



1 Introduction

Fractional harmonic maps from domains in Euclidean space into a smooth compact Riemannian
manifold IV have been studied by several individuals in recent years, particularly pertaining to their
regularity. Our goal is to develop an interior regularity theory for a class of fractional harmonic
maps for fractional powers in (0,1). Our main result is a partial regularity theorem for intrinsic
minimising fractional harmonic maps for powers between zero and one; for a precise statement see
Theorem 3.0.1 of Section 3. Our theorem constitutes a generalisation, to powers other than %, of
a regularity theory for intrinsic stationary fractional harmonic maps developed by Moser [29]. Our
results regarding intrinsic fractional harmonic maps to powers other than % are new; other authors
consider their extrinsic counterparts.

Our main theorem generalises the regularity theory for harmonic mappings of Riemannian man-
ifolds to the aforementioned fractional powers. In particular, intrinsic minimising fractional har-
monic maps are smooth in the interior of their domain away from a singular set with Hausdorff
dimension which depends on the dimension of the domain and the fractional power in question.
Moreover, the Hausdorff dimension of the singular set is consistent with the scale-invariance of the
problem and the dimensions of the singular set in the theories of harmonic maps and extrinsic
fractional harmonic maps.

There are (at least) two types of fractional harmonic maps, namely intrinsic and extrinsic, and
as a prelude to a discussion of these maps and the differences between them, we first consider the
situation when N is replaced by R. Let R7't" = R™ x (0,00) and 8 € (—1,1). Caffarelli and
Silvestre [3] established that, for given boundary data u : R™ — R, solutions v : R7™" — R of the
Dirichlet problem:

div(xﬁlJﬂVU) =0in R7™ and v

RrRm = U (11)

satisfy (—A)#u = a,/iﬂv = —(xfnﬂamﬂv)\ﬂgm, where (—A)? is the fractional Laplace operator
of order s € (0,1), defined via singular integral say. Observe that div(m,ﬁnHVv) = 0 is the Euler-
Lagrange equation for E”(v) := 1 R x,’;+1|VU|2dx in a suitable Sobolev Space. One method of
proof of Caffarelli and Silvestre’s result is to show that

s

ClI(=2)Ful 22 ) = nf{E? () : vlzm = u}
1-8
2
u — (—A)%u and u — 8& 41V, must therefore coincide. We conclude that if we wish to study
fractional harmonic functions (functions with (—A)*u = 0) then we may equivalently consider
minimisers (or even critical points) of E? with v|gm = u such that 8,€l+1v = 0. If instead we
consider (1.1) for u : @ — R where O C R™ is open, then we still obtain a Dirichlet to Neumann
map for the problem (1.1), but we may no longer identify this with a fractional Laplace operator.

The first to consider fractional harmonic maps between manifolds were Da Lio and Riviere [9];
they analysed the regularity of fractional %—harmonic maps into the round unit sphere S*~! C R”.

for some C' = C(m, s), where s = . The first variation of the preceding functionals, respectively

These maps are critical points u of the energy ||(—A)iu||2L2(R) in Hz under the constraint that

u takes values in S"~! almost everywhere. In other words, they considered critical points of the
functional

L(u) = inf{E°(v) : v|g = u,v € W2(R2;R™), u(z) € S""* for a.e v € R}.



The motivation for studying such maps is rooted in conformal geometry and is linked to Riviere’s
result asserting the continuity of critical points of functionals with conformally invariant Lagrangian
on two dimensional domains [33]; the functional L is invariant under the trace of conformal transfor-
mations of RZ. Moreover, as Da Lio and Riviere suggested, it has been observed that %—harmonic
maps appear in the asymptotic limit of a fractional Ginzburg-Landau equation [25].

Moser [29] observed that the definition of L is extrinsic, meaning that it depends on the choice of
embedding of S”~! into an ambient space. He proposed a modification of L to remove its dependence
on the choice of embedding, making the new functional intrinsic so that it only depends on the
geometry of the target manifold V. We assume henceforth that IV is isometrically embedded in R™
for some n, which can always be achieved for smooth compact N by the theorem of Nash [30], and
note that E# is invariant under isometries of N. Define

I(u) = inf{E°(v) : Tv = u,v € WH(RTTHR™), v(x) € N for a.e 2 € R}

Then I is intrinsic and its critical points are called intrinsic %—harmonie maps. When m = 1, this
functional is conformally invariant in the same sense as L.

To facilitate our subsequent analysis and an illustration of the difference between L and I,
we recall the notion of a harmonic mapping of Riemannian manifolds. Let (M, g) be a smooth
Riemannian manifold. Let

WY2(M;N) = {v e W' (M;R™) : v(z) € N for almost every z € M}.

If z1,...,7;,.1 are local coordinates in M, the energy density of v € W12(M;N) is given by

e(v) =22, g% <%, %> where ¢g¥ are the components the inverse of the matrix representing g
; i Oz,

and (-, ) is the Euclidean inner product in R™. The energy of v is

E,(v) = / e(v)dvolyys.
’ M
In a coordinate chart, the Euler-Lagrange equations for F, have the form

Agv+ ZgijA(v) (5;, g;) =0in M (1.2)
i,j v J

where A is the second fundamental form of N and Agv is the Laplace-Beltrami operator (with
the same sign-convention as the Euclidean Laplacian). Critical points of E, in W'2(M; N) with
respect to the dependent variable (weakly) satisfy (1.2) and are called (weakly) harmonic maps with
respect to g. Now observe that any v : R2 — R™ for which L(u) = E°(v) satisfies Av = 0 in R
(and is hence smooth there). In contrast, any v : R7""' — N for which I(u) = E°(v) is a (weakly)
harmonic map from RT+1 to N and satisfies

Av + A(v)(Vv, V) = 0 in R (1.3)

where (in Euclidean coordinates) A(v)(Vv, Vov) = >, A(v) (%, %) and A is the usual Laplace
operator on Euclidean space.

Extrinsic fractional harmonic maps into smooth target manifolds IV, have been studied by Da
Lio, Riviere and Schikorra [7, 8, 10, 35, 36] etc. for a range of fractional powers, as well as Millot



and Sire [25] for the power % The methods Da Lio, Riviere and Schikorra used to obtain regularity
take advantage of compensation phenomena, namely improvements of the a-priori regularity in the
Euler-Lagrange equations which are revealed using a well chosen gauge transformation, in analogy
with those observed for harmonic maps. One of the earliest applications of this technique was
used by Hélein to prove regularity for harmonic maps from Riemannian surfaces into spheres [21].
Millot and Sire [25] instead consider the extensions of fractional harmonic maps and exploit their
connection with free boundary problems for harmonic maps, a method first applied by Moser in the
intrinsic case for -harmonic maps (when 8 = 0) [29], to obtain partial regularity. Sire et al have
also recently released a pre-print which considers the regularity of extrinsic minimising fractional
harmonic maps defined on the real line.

We will generalise the notion of intrinsic %—harmonic maps to fractional powers strictly between
zero and one. In order to obtain a regularity result for these maps, we analyse their harmonic
extensions, similarly to Moser [29]. Consider v : O — N and its possible extensions v : RT‘H — N
with v|o = u. Moser observed that whenever I is differentiable at u, its first variation is the Dirichlet
to Neumann map A : u — —89, ;v for the problem (1.1) but with (1.3) in place of the condition
Av =0 in RTH. Hence, intrinsic %-harmonic maps satisfy Au = 0, which may be interpreted as
a zero Neumann condition on O for any v which is a harmonic extension of u in RTH. Moser
also re-formulated the Euler-Lagrange equations for critical points of I as Au L N and then used
the condition Au L T to study critical points u : @ — N which are further constrained to lie in
a smooth closed submanifold I' C N. The condition Au L T is equivalent to the Neumann data
for v being orthogonal to I'. Moreover, the conditions Au | N and Au L T respectively coincide
with (partially) free (v(O) C N) and constrained (v(O) C T') boundary conditions for harmonic
maps v : RQ’_LH — N [18]. Consequently, interior regularity for intrinsic %—harmonic maps may be
obtained from the regularity theory for free/constrained boundary problems for harmonic maps.

Without geometric constraints on the target manifold N (such as requiring N has non-positive
sectional curvature), harmonic maps may be discontinuous everywhere on a domain of dimension
at least 3 [32]. Harmonic maps with free/constrained boundary data also exhibit points of discon-
tinuity on the boundary [12, 18, 19] unless further conditions on IV are specified. Moser considered
stationary %—harmonic maps v : O — N, in other words critical points of I with respect to inner
and outer variations, as well as stationary %—harmonic maps constrained such that v(Q) C T'. He
observed that the harmonic extensions v : RTH — N for such maps are (at least locally) stationary
harmonic with respect to the free boundary condition. It therefore follows, using the regularity the-
ory of Hélein for weakly harmonic maps and Bethuel [2] for stationary harmonic maps, that intrinsic
%-harmonic maps are smooth when m = 1 and intrinsic stationary %—harmonic maps are smooth
away from a set of vanishing Hausdorff dimension m — 1 when m > 2 respectively. Moser also
observed that if u is constrained to lie in I" then the regularity theory of Scheven [34] for stationary
harmonic maps v with constrained boundary conditions v(O) C I' implies the same regularity as
for the unconstrained problem.

We will develop an interior regularity theory for energy minimising intrinsic fractional har-
monic maps. In comparison to the regularity theories for stationary harmonic maps, the theory for
minimising harmonic maps is relatively direct; it is possible to obtain regularity by constructing
comparison maps to take advantage of the minimising property. Moreover, the estimates on the
dimension of the singular set of minimisers is better than that obtained for stationary harmonic
maps. Morrey first established the interior regularity of minimisers on two dimensional domains
using comparison maps [26]. Schoen and Uhlenbeck later showed that on domains of dimension at
least three, minimisers are regular away from a set of Hausdorff dimension at most the dimension



of the domain minus three [37]; they also used manifold valued comparison maps, which are more
difficult to construct on domains of dimension greater than two. Hardt and Lin [19] considered the
regularity of minimising harmonic maps with free and constrained boundary data, using methods
analogous to those of Schoen and Uhlenbeck. In the context considered here, i.e. for minimisers of
EP with respect to v(O) € N or v(O) C T for any open O with closure in O, their results imply
that v|o = u is smooth away from a set of Hausdorff dimension at most dim© — 3 for the free
boundary case and at most dim© — 2 for the constrained problem. They also give examples of min-
imisers with singular sets in O which have precisely the stated Hausdorff dimensions, thus showing
that the dimension bounds for the singular set are optimal. Duzaar and Steffen [11, 12] simulta-
neously obtained the same partial regularity for the constrained problem. Baldes [1] and Gulliver
and Jost [18] have considered the regularity of weakly harmonic maps with respect to (partially)
free/constrained boundary data under geometric constraints on N and the maps in question. Such
maps have harmonic extensions which minimise the Dirichlet energy, in particular, with respect to
the (partially) free boundary condition v(0Q) C N for any open O with closure contained in O.

There are two stages to proving partial regularity theories for stationary or minimising harmonic
maps. First one proves partial Holder continuity and then that (Ho6lder) continuity implies higher
regularity. The latter fact was known when the first theories for minimising and stationary harmonic
maps were developed. An exposition of the method used to show that continuous harmonic maps
are smooth is given by Jost in [22]. Schoen showed that if a harmonic map is Holder continuous, one
can more readily deduce that this map is smooth [38]. The primary concern in regularity theories
regarding harmonic maps to date has therefore been to establish their continuity. In the theory
presented here, we are required to prove both continuity and higher regularity.

Our main theorem for fractional harmonic maps is obtained from two theorems regarding their
extensions: an e-regularity theorem and a partial regularity theorem, Theorems 4.0.1 and 4.0.2
in Section 4 respectively, which hold for the extensions up to O. We do not provide an optimal
estimate for the Hausdorff dimension of the singular set but we construct comparison maps which
we expect can be used to establish the compactness of sequences of local minimisers of E? and
facilitate dimension reducing arguments of the singular set. It is indicated in Remark 3.3 of [11],
which corresponds here to § = 0, that the construction of comparison maps which we generalise
can be used to this end. We will explore this further in future work.

2 Preliminaries

The Euler-Lagrange equations for E? at critical points v : RT‘H — N are semi-linear with leading
order term div(acfI 1+1Vv). We will require Sobolev spaces suited to the analysis of solutions of such
equations, as well as the associated linear equation div(xfn +1Vv) = 0. For 8 # 0 the coefficient

xfn 41 degenerates or becomes singular on 8RT+1 depending on the sign of 8 and the theory of
uniformly elliptic second order partial differential equations does not apply on sets overlapping
6RT+1. Viewing the coefficient x,ﬁn 41 as a weighting (density) of the Lebesgue measure dz, we
may instead appeal to the theory of weighted second order degenerate elliptic equations. We recall
and define the function spaces, and some of their analytical properties, necessary for our analysis
and then record properties of solutions to div(m,ﬂn +1Vv) = 0 which we will require for the study of
solutions of the Euler-Lagrange equations of E?.

For every 3 € (—1,1), there exists C' > 0 such that ﬁ I |xm+1|5dmﬁ [5 |Zmi1|Pde < C

for every ball B ¢ R™*! where dx is the Lebesgue measure on R™*!. Hence |z,,41|? is a weight of



Muckenhoupt class As, see [20] for an overview of these weights. Every such weight is canonically
associated to corresponding Sobolev and Lebesgue spaces. Let Q@ € R™*!. Define

LR ={f: Q= R": fis measurable,/ £ |#mar P da < oo}
Q

which is a Hilbert space, see [6] Theorem 3.4.1, where the inner product of f, g € L%(Q; R™) is given
by (f, 9>L§(Q;R") = [o(f,9) |4 1|%dx where (f,g) is the inner product of f and g in R™. Define

W5’2(Q;R”) ={v: Q= R":v,0v € L(QR") fori=1,...,m+1}

where 0;v denotes the weak partial derivative of v with respect to x;. Proposition 2.1.2 of [40] guar-
antees that Wg’Q (€;R™) is a Hilbert space the inner product (v, w>W§=2(Q;Rn) = [q (0, W) [Ty | da+
Jo (Vu, Vo) |241]Pdz for v,w € Wé’z(Q;R"), where we write (Vo, V) = Y7 (8,0, 0;w). We
also define the Hilbert space Wég(Q, R™) as the closure of C§°(€2;R™) in Wé’z (€; R™) with respect

to the norm induced by the inner product on W;’z (;R™). When 8 = 0 we omit the subscript
from the preceding notation.

It is worth noting that, for every 8 € (—1,1)\{0}, approximation by smooth functions in
L3(R™) and Wﬁl’Q(Q;R”) works in the same way as for the spaces L?(Q;R™) and W12(Q; R").
The details of this process are given in Theorem 2.1.4 and Corollary 2.1.5 in [40]. The spaces
Wé’z, ng and L?g also have essentially the same analytical properties, such as completeness, re-

flexivity etc. as the unweighted spaces W12, VVO1 2 and L? respectively. Moreover, since |2, 1|°
is an A, weight, many inequalities that hold for the spaces WP, such as the Poincare inequality,
have counterparts for functions in WB1 2 [20].

We will need to refer to the relationship between Wﬁl’2 and WP and record it in the following
Lemma.

Lemma 2.0.1. Let 8 € (—1,1) and suppose Q2 C ]RTH is open and bounded.
1 IfQCRTY then Wi (Q;R") = WH2(Q;R™).
2. If <0 then W5 (Q;R") € WEH2(Q;R™).

3. If B> 0 then Wé’Q(Q;R”) C WhP(Q;R™) for every 1 < p < ﬁ

Proof. Part 1 follows as in this case the norms on Wé’Q(Q;R") and W12(;R") are equivalent.

Part 2 follows as in this case the W12(£2; R") norm is dominated by a constant multiple (depending
on ) of the Wg’Z(Q; R™) norm. Part 3 follows from Holder’s inequality. O

2.1 Weighted Homogeneous Sobolev Spaces

Consider the Dirichlet energies

1
B (0) = /]R+ 22,1 |Vol?da 2.1)
+



where 8 € (—1,1), which are well defined on

DL(RTTHR™) :={¢ | ¢ = f|RT+1 for some f € C5°(R™T; R™)}.

The energy E? is naturally associated to the following Sobolev space.

Definition 2.1.1. Let 8 € (—1,1). The Weighted Homogeneous Sobolev Space Wﬁl’Q(RTH;R") is
the completion of D (R7"'; R™) with respect to the metric induced by the square root of E¥.

The elements of Wg -2 (RT‘H; R™) are, strictly speaking, equivalence classes of Cauchy sequences

and it will be necessary to have tangible representatives of these classes which may take values in
N.

Lemma 2.1.1. Let m € N with m > 2 and © be an open bounded subset of RTH. Ifm =2
let B € (=371,1) and if m > 3 let B € (—1,1). Then there is a bounded linear operator I :
Wé’Q(RTH;R”) — Wg’Q(Q;R”) which satisfies If = f|q for every f € D+(RT+1;R”). Moreover,

I 2(qrny < P12 (gl gn 2.2
10l w12 @mny < Clloll12 gmss g (2.2)
for every v € Wﬁl’Q(RTH; R™) where C' is a positive constant depending on m and Q.

Proof. Tt suffices to establish that (2.2) holds for all ¢ € D+(RT+1;R”)7 as this space is dense
in Wl’Q(RmH'R”) and Wl’Q(Q R") is a Banach Space. Let ¢ € Do (R} ;R"). By definition
||V¢)||L2 QRn) = ||¢|| 12(RTH RN so we need to estimate ||¢HL2 (Q;R™) in terms of H¢|| L2 R R)’

Suppose m > 3. We have (-, Tmi1) € WH2(R™;R™) for every xp,11 € [0,00). Let V'’ denote
the derivative of ¢ with respect to &’ for (2, z,,+1) € R™ x [0,00). We apply Fubini’s Theorem,
together with Holder’s inequality, for conjugate exponents —5 and %, and the Sobolev inequality
in R™ to see that

b
/xﬁl+1|¢\2dx:/ xrﬁnJrl/ 6?2’ Az 41
Q a l(a:erl)
b m—2
; 2 B 2m_ oo,
< C (diam(Q)) / - (/ = de) Qs
< C (diam(2 / m+1/ V' ¢|?dz’ Az, 41

= C (diam(Q))? / a1V ¢)da.
R+

+

We conclude that ||¢||%/V;*2(Q;Rn C||¢H 12 (e ey

The Sobolev Embedding Theorem as apphed previously is no longer viable on planes of dimen-
sion 2. However, provided 8 > —371, Corollary 2 in Section 2.1.7 of [24] implies that for every
¢ € C5°(R3;R™), and therefore by approximation every ¢ € Wé ’Q(Rg; R™), we have

(/ |x3|3ﬁ|¢6dx) <C / 23| |Vo|*da.
R3 R3



The even reflection with respect to IR, denoted b, ofa ¢ € Dy (RTHHR™) s in Wé’2(R3; R™)
and hence, applying Hdélder’s inequality, we find

N :
[ ttepas <iaff ([ eaPtiapas) < cloff [ lnpivira = 2ot [ oivopas
Q R3 R3 R3

+

<ol =

for every ¢ € Dy (R%;R"). We again conclude ||¢|\€V$,Q(Q;Rn < W2 R R

Remark 2.1.1. We can further connect Wg’2(RTH;R") with WP (€;R"™) for open bounded Q C
RTH using Lemma 2.0.1.

2.2 Compactness of the Embedding Wg’z — L3

We will require an analogue of the compact embedding W12 < L2 in order to analyse re-scaled
limits of bounded sequences of Sobolev functions. Away from the boundary, that is, for Q with
QC RTH, the compactness of the inclusion W2 < L? yields the compactness of the inclusion

WEQ N L% in view of Lemma 2.0.1. We have not been able to find a proof of compactness near
8RT+1 in the literature so present one for completeness. Let B,.(y) = {x € R™™! : | —y| < r}
and Q,(y) = {z € R™ ¢ |z; —y;| <ryi=1,...,m+ 1} and define B} (y) = B.(y) "R} and
Qf (y) = Qr(y) NRYT for y € ORYT.

Lemma 2.2.1. Letr > 0, y € ENRTH and suppose (v;)jen i a sequence in W;%Q;R") with
sup; ||”j||Wg’2(Q-R") < oo where Q is either Q; (y) or B (y). Then there exists a subsequence

(vj )ken and a v € Wﬁl’Q(Q;R") such that
1. vj, = v in Wy*(QR")
2. v, = v in L%(Q;R")
3. [yab 1 |VoPde < liminfy e [;, 20,1 |Voy,|2de.

Proof. For 8 =0, a proof can be found in [39] Section 1.3 Lemma 1. Otherwise, statement 1 follows
from the weak sequential compactness of the unit ball in a Hilbert space and statement 3 follows
from statement 2 and the lower semi-continuity of a Hilbert space norm. Hence, the main task is to
prove statement 2. We may assume r = 1 and y = 0 since statement 2 is invariant under rescaling
and translations with respect to z; for i = 1,...,m. We further assume that Q = Q7 (0) since if
Q = B;(0) and the result is true on @ (0), we may compose with the, bi-Lipschitz piecewise C*
with piecewise C! inverse map Q7 (0) — B; (0) :  +— max;|z;||z| ~'x and deduce the statement on
B (0).
Suppose (v;)jen is a sequence with v; € Wﬁl’Q(Qf(O); R™) for every j and which satisfies

5 ; , o <M 2.
;ggHUJHWg?(Qf(o);R ) = (2:3)

for some positive constant M. Relabelling if necessary, suppose (v;)jen is also the subsequence
which satisfies v; — v for v € Wﬁl’Q(Ql+ (0); R™). Then

HU”Wg’z(Qj'(O);R") <M. (24)



Let Q' = (—1,1)™, define Q; = {(m’,mmH) €QTO0): (i +1) P <apyy < 1} for i € N and
let Qi = Q7 (0\Qi = Q' x (0,(i +1)71). In view of (2.3), we have SUpjey ij‘|Wg’2(Qi-R") <M
for each i € N. Hence, using the compactness of the embedding W;72(Q1;R") — L%(Ql;R”), we
find a v € Wé’z(Ql;R”) and a subsequence, which we denote (v;);jea, for an infinite set A; C N,
which satisfies v; — o in Wg’2(Q1;R"), v; = 0 in L3(Q1;R™) and almost everywhere as j — oo
with j € A;. Notice that (v;);eca, converges weakly to v in Wé’2(Q1; R™) because (vj);jen does and
so, by the uniqueness of weak limits, we deduce ¥ = v in ;. Hence v; — v in L%(QUR”) and
almost everywhere as j — oo as well. Repeating this process inductively for every i € N, we obtain
sequences (v;)jen, With A;y 1 C A; such that (vj)jea, converges to v in L3(Qs;R™) and almost

everywhere in ;. Hence we can choose an increasing sequence of numbers (k;);en with k; € A;
such that

l.
B 2 ‘f:h $§L+1dl'm+1 1
/ Ty, ve —v[*de < 5 < ERRDY (2.5)

i

for k > k;. Then the sequence (v, );en converges to v almost everywhere in Q7 (0) and in L% (Qr; R™)
for all k € N as ¢ — oco. Observe that

2
/ xfrb-‘rl'”’ci —v|*dx :/
QT (0) Q

By (2.5) we have fQi xi+1|vk1 —v|dz < 5 — 0 as i — oo so we consider the remaining

x§L+1|vki —v|?dz + / x,ﬂrb+1|vki — v|*dz. (2.6)

term in (2. 6) Using Chebychev’s inequality combined with Fubini’s Theorem, we may choose
ci € ((i+1)71, i) such that

/ log; (27, ¢;) — v(2', ¢;)[Pda’ < ( T / / 2l vk, — v]*da. (2.7)

fl iE +1dxm+1 i+
T

Now for each i € N, we calculate
22 ok, —v]Pdz < 4 p - ') + 4 p — (2, ¢;)|*d
el o —oPde <4 [ al o — v (@ e)Pde 44 [ ol o —o(e, ) Pde

+ 4/ 2l ok (@ i) — v(@, ¢;) Pda (2.8)

We apply Holder’s inequality and (2.4) to see that

2

/ 2l (@ Emgn) — o e)|Pde :/ mfﬁbﬂ / §T752 0 qv(a’, s)ds| dz
i i Tm4+1
1
< 1 752 z+6/ / Lin41 ‘8m+1’l)| dx
1
<1 e 12 (2.9)



The bound for the integral on the left hand side of (2.9) but with v replaced by vy, is identical. We
apply (2.7) followed by (2.5) to see that

1

o8 de i
[, Sl ) ol coPar < o TmaSest [T

; 1
Qi fll xm+1dmm+1 i+1
T+

=

—

< AT pEE (2.10)

Finally we combine (2.5), (2.6), (2.8), (2.9) and (2.10) and let ¢ — oo to conclude the proof. O
Remark 2.2.1. The method of proof of Lemma 2.2.1 is also valid for © of the form Q@ = O x [0, 7]
for r >0 and O C 5‘RT+1.

2.3 Energy Decay for a Linear Neumann-type Problem

When examining the limit of re-scaled sequences of Sobolev functions, as in the proof of Lemma
4.9.1, we will obtain a weak solution of the Neumann-type problem

div(xﬁlHVv) =0 in Bf(z9) and xfnﬂam“v =0in OB} (zo) N ORT T, (2.11)

for some R > 0 and z¢ € 8RT+1. The rate of decay of the re-scaled energy of such solutions on
concentric half-balls centred at xy will play a role in the proof of the aforementioned lemma and
we estimate this decay here.

Lemma 2.3.1. Let 5 € (—1,1) and suppose v € Wg’Q(BE(xO);R”) satisfies

/ 2l Vo, Vs =0 (2.12)
Bf; (o)

for every ¢ € C3°(Br(x); R™). There exists a v = v(m, ) € (0,1) and a positive constant C' such
that

1-m—p
(i> / ac'fn+1|Vv|2dx <Ccr® (2.13)
2 BY (a0)

2

R
for every r < <.

Proof. The even reflection of v in GRT“, which we don’t relabel, belongs to Wé’Q(BR(xO); R™) and
satisfies

/ mia | (Yo, Vio)dz = 0 (2.14)
Br(zo)

for every ¢ € C§°(Bgr(zo); R™). A result of Fabes et al, see [14] Theorem 2.3.12, implies the local
Holder continuity of v in Br(zg). In particular, there exists a constant C' such that

lv(z) —v(y)| < Clz —y|” (2.15)

for some v € (0,1) and every x,y € B%(xo).



By approximation, (2.14) holds for every ¢ € Wg:g(BR(xo);R"). Let n € C§°(B;(x0);[0,1]) be
a cutoff function with n = 1 in Bz (x¢) and [Vn| < g for a fixed positive C' > 2. We observe that
¢ = n*(v — \) is an admissible test function for every A € R". Testing (2.14) against ¢ and using
Young’s inequality, ab < 5% + % for a,b > 0 and § > 0, we see that

C
[ temalPVelae <5 [ fonnlPEVePde+ S [ (o Vil - APds,
B,- o

B.(x0) B (w0)

We choose 6§ = 1, set A\ = v(z0), recall |[Vn| < € and apply (2.15) to see that
/ |xm+1\5772|V11|2dx < Crimm=Aty (2.16)
B, (z¢

for another positive C' > 0, independent of r < %. Multiplying (2.16) by (27!7)=™=5 concludes
the proof. O

2.4 Boundary Monotonicity Formula for the Average Energy of Solu-
tions to the Degenerate Linear Equation

In order to utilise a version of the method of harmonic replacement, see Lemma 4.12.1 in Section
4.12, we need to know how the average energy of solutions to div(|z,,41|?Vv) = 0 behaves on
concentric balls. When these balls are centred on BRTH, we have the following.

Theorem 2.4.1. Let Br(wg) C R™™ with (20)my1 = 0 and R < 1. Suppose v € Wﬁl’z(BR(xo);R")
is a weak solution of div(|xm11/°Vv) = 0 in Br(zo). If B € (=1,0] or if B € (0,1) and v is
symmetric with respect to ORTT! in Br(xo) then

57(1+m+ﬁ)/ i1 | | Vo2 dz < Tf(HerB)/ @1 || Vol da
BS o B

r(z0)
for every 0 < s <r <R.

Remark 2.4.1. Theorem 2.4.1 is a particular case of Theorem 2.6 of [4] where the assumptions
are slightly different: suppose v is a weak solution of div(|z,,1|°Vv) = 0 in B;(0) with v €
Wé72(31(0);R") and v € L?(B;(0); R™), then the conclusion of Theorem 2.4.1 holds. This state-
ment is actually false in general for 5 € (0,1) as is illustrated by considering the function

Lgp if >0
(! — lfﬁmerl U ZTmy1 =2
(2 Ty1) = 5 .
( m+1) { —ﬁ(—xmﬂ)l B ifx, <0

for g € (—1,1).

The remainder of this section is predominantly devoted to a proof of Theorem 2.4.1. We also
establish a similar monotonicity formula for balls Br(xo) with (zo)m4+1 > 6R for § > 2 and give
explicit dependence on #. Our method is essentially that used to show the well known monotonicity
results for the average energy of sub-harmonic functions, which is based on the observation A|Vv|? >
0 if Av = 0. When 8 = 0 our result reduces to the usual growth formula for the average energy of
sub-harmonic functions.
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Define v* := |Zm41 |'88m+1u. This function will be integral to our proof of Theorem 2.4.1 because,
as we will see in more detail later, it satisfies div(|z,,+1|7#Vv*) = 0 when div(|z,,41/°Vv) = 0.
This fact that if div(z!,, , Vo) = 0 in RT*! then div(z;,}, Vv*) = 0 was first observed by Caffarelli
and Silvestre [3].

First, we consider the regularity of solutions of div(|z,,11/?Vv) = 0. The following results have
essentially been obtained in, for example, [5]. We give a proof regardless, as an illustration that
the method of difference quotients works essentially unchanged in the directions z1, ..., z,,, which
we will take advantage of when considering the regularity of manifold valued minimisers of E?.

Let i = 1,...,m, Q C R™*! and let h € R. Define the difference quotient of v : Q2 — R™ by
AlMy(x) = h=(v(z+he;)—v(x)) where e; denotes the i-th basis vector in R™*! and dist(z, 9Q) < |h|.

Lemma 2.4.1. Let Q C R™*! be open and v € Wﬁl’z(Q;R"). Then for any i = 1,...,m we have
Aly L%(K;R”) for any compact K C Q, provided |h| < dist(K, ). In particular,

| lmaPlaloPas < [ ol o0 de
K Q

Proof. This proof follows the proof of Lemma 7.23 in [16]. We assume that h > 0, the argument for
negative h is analogous. Let v € C1(;R™) N Wﬁl’Q(Q;R"). Using the notation Kj, = {x € R™*!:
dist(z, K) < h} and noting K C Q, by Fubini’s Theorem and the compactness of K, for h with
|h| < dist(K,00) and any i = 1,...,m, we calculate

1 h
/|xm+1|6|A?v|2daﬁ§/ |xm+1|’3—/ 0s0( + te)[2 dida
K K h 0

I FI
<= |Tma1]” |Osv|” dadt
h 0 Kh

§/|xm+1|6 |8iv|2dx.
Q

We deduce the result for v € Wﬁl ’Q(Q; R™) by approximation. O

Next we prove a criterion for the existence of weak derivatives in the directions z; for ¢ =
1,....,m.

Lemma 2.4.2. Suppose Q C R™*! is open and bounded and let v € L%(Q;R”), For any ¢ =
1,...,m, suppose there exist constants M > 0 and h >0 such that

[ Jmial?|ALoPds < 21
K

for every h # 0 with |h| < h and compact K C Q with dist(K, Q) > |h|. Then the weak derivative
;v exists in Q) and satisfies

/ |Zmi1|? |00 dz < M.
Q

Proof. First choose a sequence (hy)ren with hy — 0. We discard hy with |hy| > h and re-index
to k € N. Define v (z) = Al v(z) when z € Q and dist(z, 8Q) > 2|hg| and v/ = 0 otherwise.
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It follows that {vf’“}keN is a bounded sequence in L%(Q; R™). Hence there is a subsequence, which

we index again by k € N, such that hy — 0 and vf“‘ — ¥; weakly in L%(Q;]R"). Furthermore,
this convergence, together with the weak lower semi-continuity of a Hilbert space norm, guarantees
that [, xflﬂ |5;|° dz < M. Note that Hélder’s inequality implies L% (;R™) C LP(;R™) for some
p € (1,2] depending on . Thus each linear functional on LP(£2;R™) restricts to a linear functional
on L%(Q; R™) and vf" converges to ¥; weakly in LP(£2;R™). As in the proof of Lemma 7.24 in [16],
it follows that ¥; is the weak derivative d;v. O

We now establish the regularity properties of solutions of div(|z,,,1|°Vv) = 0 needed for the
proof of Theorem 2.4.1.

Lemma 2.4.3. Letv € Wﬁl’2(BR(x0); R™) and suppose v is a weak solution of div(|xm,y1|°Vv) =0
in Br(zo). For every r < R and i = 1,...,m it follows that O;jv € Wé’Z(BT(:co);]R"), Oiv is a
weak solution of div(|xm+1/PVv) =0 in B,(z0) and ;v is locally Hélder continuous in Br(zo). In
addition, v* € Wi’g(Br(xo);R") and v* is a weak solution of div(|xm 1| P Vv*) =0 in B,.(zo) and
v* is locally Holder continuous in Br(xo).

Proof. Elliptic regularity theory shows that v is smooth in Bg(zo)\OR7*" [16]. Observe that v
satisfies

/ |Zma1]? (Vv, Vo) dz (2.17)
Br(zo0)

for every ¢ € Wg:g(BR(xO);R") by approximation. Let » < R and choose n € C§°(Bg(z0)) with

7 =11in B.(z9), n = 0 in BR(Io)\BTjL?(Io), 0 <n<1and|Vyl < %. Let Alv be the

difference quotient of v for some i = 1,...,m and suppose |h| < RZ". Then ¢ = —A;h(n2Aﬁv) €

W,Bl ’g (Br(zo); R™) is an admissable test function for (2.17) and an application of Young’s inequality,

ab < (5% + 6‘1§ for a,b > 0 and 0 > 0, together with an integration by parts and Lemma 2.4.1
implies

/ 1|21 |° | VAL [Pde = —/ 20|z 41|” (VALY - Vi, Alv) da
Br(zo) Br(zo

< ¢ 0 0 |2mai|P | VAL [?de
R—’I" BR(wo)

C
5*1/ |Zm1]?|05v]2da.
R —Tr (Io)

+

Since 7 = 1 in B(z0), choosing § = £=" we deduce that

C
g ||V AP < ——— / (1?0502
/BT To ’ (R —r)? Br(zo) !

The right hand side above is independent of h and thus Lemma 2.4.2 implies the weak derivative
V0;v exists and is in L% (B, (x0); RO™D") . Hence djv € Wg’Q (Br(x0); R™) for every r < R. We inte-
grate by parts in (2.17) to see that 9;v is a weak solution of div(|z,,+1|°*Vv) = 0 in B,.(x) for every
r < R. Tt follows from [14] Theorem 2.3.12 that each 9;v is locally Holder continuous in Bg(xg).
We inductively deduce that for any multi-index o’ with a7, ; = 0, D¥v € Wﬁl’z(Br(xo);R”) is

12



a weak solution of div(|z,,1/°V.D*v) = 0 in B,(x¢) for every r < R and D* v is locally Hélder
continuous in Br(zp).
Since 9;v € Wﬁl’2(B,.(a:o);R”) for every r < Rand i = 1,...,m, we have

/ |Zmi1]| P 00" [Pda = / |Zm41]? 1050 11v]?dz < 0. (2.18)
B..(zo Br(z0)

We also have A'v € Wg’2(BT (x0); R™), where A’ is the Laplace operator with respect to the variables
T1,...,Tpy. Furthermore, as v solves div(|z,,4+1|°Vv) = 0 classically in Bg(zo)\OR]"", we have
|Zma1]| P Omaiv* = —Alv € Wé’2(Br(:L'0);]R”) for every r < R. Hence

/ |Zma1] P Omv*|Pde = / |Zma1|?|Av]?dz < 0. (2.19)
Br(zo) Br.(z0)

Together, (2.18) and (2.19) imply fB,.(mo) |Z 1) 7P| Vo*|2dz < oo for every r < R. Moreover, we
have

/ msa |20 P = / (i1 POy 10]2de < o0, (2.20)
B,-(xo r(Zo

since v € Wﬁl’2(BR(z0); R™). We can directly verify that 9;v*, i =1,...,m, are the weak derivatives
of v* and omit the details. Now consider 0,,11v*. Let V' denote the gradient operator with respect
to the variables x1,...,7,, and let v € C§°(Bgr(xo);R"). Since |Tpi1]| P0miiv* = —Alv €
WE’Q(BT(;UO); R") and v is a weak solution of div(|z,,11|°*Vv) = 0, we see that

[ omtwdo == [ el @) do
BR(CE()) BR(mO)
_ / Zmir|® (V'0, V') da
Br(xo)
_ / (0", O 119) da.
Br(xo)

It follows that v* € Wi’g(Br(mo); R™) for every r < R. In a similar manner we calculate

/ Comss| (Vo*, Vi) dz = / st |® (Oms 10", B ) da
Brg(zo)

Br(zo)

+/ |xm+1|75 (V'v*, V') dz
BR(IU)

= - / <A/’Uv 87n+1w> dz + / <A/U7 B’rﬂ-i-lw) dz
Br(zo) Br(zo)
= 0.

Hence v* is a weak solution of div(|z,,11]/?Vv*) = 0 in B,.(x¢) for every r < R. It follows from [14]
Theorem 2.3.12 that v* is locally Holder continuous in Bg(z). O

Corollary 2.4.1. Suppose v € Wgz(BR(xo);R") and assume v weakly satisifes div(|T,,41]|PVv) =

0 in Br(xzo). Then the derivatives D v, where o is a multi-index with (& )m+1 = 0, are elements
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of Wg’2(BT(xO);R") and weak solutions of div(|Tm+1|°Vv) = 0 in B.(x¢) for every r < R and

are locally Hélder continuous in Br(zo). Furthermore, the functions (D v)* := |Zm41|?Omy1 DY v
are elements of Wi’g(Br(xo);R") and weak solutions of div(|Zm, 1] PV (D v)*) = 0 in B,(zo) for
every r < R and are locally Hélder continuous in Br(xo) .

Proof. This follows from an immediate and direct application of Lemma 2.4.3. O

Next we record a condition on integral of the normal derivative of Sobolev functions which
implies the type of monotonicity we want to establish in Theorem 2.4.1.

Lemma 2.4.4. Suppose that v € Wg’2(BR(xO)), where zo € ORT, and that

/ Vo |y |PVodS(z) >0
0By (z0)
for almost every p € (0, R), where v is the outward pointing unit normal on 0B,(z), then

s_(1+m+5)/ || vde < T_(1+m+ﬁ)/ | 41| vdz (2.21)
Bs(xo) BT(Z.O)

for every 0 < s <r < R.

Proof. This proof follows the proof of Theorem 2.1 in Section 2 of [16] and the proof of Proposition
2.2 in Section IIT of [15]. For almost every 0 < s < r < R, using Fubini’s Theorem, we see that

P [ feaPudsta) -5 0 [ Puds(a)
6BT(I0) 8Bs(10)

"0
2B1(0) s Ot

= / = (m+8) / |Zmi1|Pv - VodS(z)dt
s 0B¢(z0)
> 0. (2.22)

Define the absolutely continuous function f(r) = [, (o) |Z s 1]|Pvde for 0 < r < R. Using (2.22)
we calculate

flr) = /O F'(p)dp = /0 PP A f (p)dp < /O P 1 (r)dp

r

SR T

for 0 < r < R. Tt follows that (r~(+™+5) f(r))’ > 0 and integrating between s < r < R completes
the proof. O
Proof of Theorem 2.4.1. Note that v is smooth in Bg(zo)\ORT"'. Hence div(|zm+1/°V;v) = 0

and div(|z,,41|7?Vo*) = 0 classically in this set. Furthermore, we have

— L div(|zms1]|P Vo)

0= am+1div(|$m+1lﬂvv) = div(|mm+1|BV8m+1v) + sgn(Tm11) |Trmt1]
m+

- ﬁ|xm+1|ﬁ_28m+lv
= diV(|1‘m+1|ﬁvam+1’U) - b’|xm+1|ﬁ’28m+1v,
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so that div(|Zm+1/°VOm410) = BlTmi1]? 20mi1v in Br(xo)\ORT . Hence on Bg(zo)\oRTH!
we have
Aiv(| 21 [P V[0iv]?) = 2|Zme1 P V| + 2(0;v, div(|zms1 [P VIw)) > 0,

diV(|xm+1\_5V|v*|2) = 2\1‘m+1|ﬁ|V1}*|2 + 2(v*, div(|xm+1\_5V1}*)> >0,
and, when g € (0,1),
div(|xm+1|5V|3m+1v|2) = 2|$m+1‘ﬁ‘vam+lv|2 + 2B|5'37rL+1|B72|8m+1U|2 >0,

classically where ¢ = 1,...,m.
Fix R >r > ¢ > 0 and let B:(zo) = B.(29) N {x € R™" : |z,,.1] > }. Using the divergence
theorem, we calculate

0< / Ll v - V]9 [dS (@)
8BT($0)

— / ey - (V0| (', €) — V|ow|? (2!, —¢))da’, (2.23)
Bm(wo)

0< / ﬂ%|xm+1|_ﬂl/ - V[v*|*dS(z)
OB, (z0)

— / e Pepmyr - (Vo2 (2, e) — V|v*|? (', —¢))da’ (2.24)
BmTz\/j(wo)

and, when g € (0,1),
0= / lmmm-&-l‘ﬂ’/ - V|0 i1v]?dS(x)
aB,-(JEo) "

—/ Bernir - (VIomrv (@) — VOmsrv]2(a/, —&))da’ (2.25)
Bh(ﬂ?o)

where Igeaoy 18 the indicator function of BE(xg), v is the outward unit normal on 9B, (xg), dS is
the Lebesgue measure on 0B, (zg) and B (xg) = {x € R™ : | — x| < s}.

We consider the terms on the right hand side of (2.23)-(2.25) separately with a view to taking
the limit as ¢ — 0". Lemma 2.4.3 and Corollary 2.4.1 imply that 9;v, 9;0;v € V[/Bl’2 (Br(z0); R™) and
are locally Holder continuous in Br(z) for ¢,7 = 1,...,m. The lemma and corollary further imply
that v*, (9;v)* € Wi’g(Br(xo);R”L where ¢ = 1,...,m, are locally Hélder continuous in Br(zo)
and hence uniformly continuous in B,.(x¢). We can therefore check that |9;v|? € Wg’Q(BT(xO)),
integrating over BE(zo) and letting € — 0 for the m + 1-th derivative. It follows that

|2ma1|?v - V900 < 2| (Wmi1(0i0)%,0:0) + 2 |wmsa]? (1000, 0,0)]

j=1
< O+ |zmra]?), (2.26)
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where C is a positive constant that may depend on r but is independent of . Furthermore, since
;v and (0;v)* are uniformly continuous in B,(zg), we see that

ﬂBh(IO)emHsﬁ (V|0 |* (2, €) — V|0iv|*(2', —¢)) — 0 uniformly as ¢ — 0T (2.27)
for (2/,0) € B,(zo).

Since each 0;0;v € ng (Br(x0); R™) is locally Holder continuous in Bg(zg) for ¢,j =1,...,m
and div(|zm+1/°Vo) = 0 classically in Br(zo)\OR}™, we have |z,41| #0pni1v* = —Alv €
Wé’z(BT(xo);R”) is uniformly continuous in B, (zo) for every r < R. We can hence check |[v*|? €
Wi’g(Br(xo)). We also have

a0 V0" P < 2 |[2mi1 | Wms1Omarv®,07) | + 2 |[ma | 7P midiv*, 0%)|
i=1
<O+ |zmi| ) (2.28)

and

Igm (wo)em+1€ 7 - (V[v*[*(2',e) — V|v*[*(2/, —¢)) — 0 uniformly as ¢ — 0" (2.29)

Vir2—e2
for (2/,0) € B,(xo).

In order to derive similar conclusions to (2.26) and (2.27) for the constituent integrands of (2.25),
we assume that § € (0,1) and that v is symmetric with respect to 8RT+1, namely v(2/, Zyy1) =
v(2', —xmy1) for every (2, xm11) € Br(xo). The symmetry of v implies v* must be odd with respect
to ORT, that is v*(2/, Zms1) = —v* (2, —Tm+1) for every (2',Tm41) € Br(zo) and hence, as it
is also continuous in Bg(zo) we have v*(z’,0) = 0 for every (z',0) € Bgr(zo).

Fix (2/,0) € Bgr(zo) and note that (z',0) € B,(xo) for some r < R and choose h with |h|
sufficiently small as to ensure (2’,h) € B,(zg). We see that

R~ o(a', k) = v(@’, 0)] = [Oni10(@’, Zmia)]
= [@mi1| P o* (@', Tmg1) = O]
= [Zm 1] P Om 10" (&, ) [T
< |z ||E] P Ompr0™ (2, €)
< C|h| > 0as h—0,

where x,,41 with |z,,41| € (0,]h|) and € with €] € (0, |x,,+1]|) are chosen such that the Mean Value
Theorem holds. Thus we see that Oy, 1v(z’,0) = 0 classically for (2’,0) € Br(xo). Analogous
calculations to those on the right hand side above show that 9,,+1v is continuous at (z/,0) and
hence continuous in Br(zp). We also have

|$m+1|5872n+1v = Omy1v" — ﬂx;ﬁrlv*
for (2',2m+1) € Br(z0)\OR}" and hence

me+1|6672n+1v($/7$m+1)| < |Oms1v™| + B|$;n1+1v*‘
< O+ Blomy1v™ (2, €)]
<C,
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in B, (20)\OR"™, where ¢ is chosen with || € (0,|z,41]) such that the Mean Value Theorem
holds. It follows that |z,11|?02, ,,v is essentially bounded in B, (zg) and 9B, (o).
The preceding discussion implies |9, +10]* € Wﬁl’Q(BT (x0)) and

|#m41|%v - V|Opmiavf’| < C (2.30)
on B, (xo)\8RT+l. Furthermore, using the symmetry of v, we see that

]le,.z,Ez(“)emHgﬁ (V]O0m1v* (@, €) = V|Omr10|* (2, —€)) — 0 uniformly as ¢ — 07 (2.31)

for (2/,0) € B,(zo).
Using Lebesgue’s Dominated Convergence Theorem, we combine (2.23) with (2.26) and (2.27),
(2.24) with (2.28) and (2.29) and (2.25) with (2.30) and (2.31) to see that

0< / |zm+1\5V~V|3¢v|2dS(:1:), 0< / |Im+1‘75V'V|U*|2dS(l‘)
8BT(ZL’0) aBT(ZIZQ)

and, when 8 € (0,1) and v is symmetric with respect to GRTH,
0 g/ |Zmi1|PV - V|Omy1v]|?dS (z)
aB,,,(a:o)

respectively. Noting that |z, 11| ?|v*|? = |2m11]?|Oms1v]?, we apply Lemma 2.4.4, to see that

s*<1+m+ﬂ>/ |Zm1]? | Vv 2de < r*<1+m+5>/ |Zm1]?|V'v|2de, (2.32)
B, (zo B

(o)

s~ (14m=5) / |Zms1|®|Omy1v)?de < p=(Fm=5) / |Zm11]P Oy 10> de (2.33)
Bs (o) B

s (.’/Co)

and, when 8 € (0,1) and v is symmetric with respect to GRTH,

s~ (1Fm+h) / |Zm1]POm1v)?de < pm(Fm+H) / |Zms1]? |0y 10| dz (2.34)
B (zo Br(z0)

for every 0 < s < r < R. We apply Lebesgue’s dominated convergence, sending r — R~ and
combine (2.32), (2.33) and (2.34) conclude the proof to see the theorem holds for 0 < s <r < R. O

Remark 2.4.2. We observe from (2.33) and (2.34) that without the symmetry condition on v, the
monotonicity of the average energy of |d,,41v|? is better than required if 8 € (—1,0] and worse
than required if 8 € (0, 1); the symmetry of v with respect to 9,,41v resolves this issue by implying
continuity of 0,,+1v on 8RT+1 which, as Lemma 2.4.1 shows, cannot be expected in general.

2.5 Interior Monotonicity Formula

We need a counterpart to Theorem 2.4.1 for balls in the interior of R’**". Since the weight a L1 s
not scale invariant on a (Euclidean) ball with B,(y) with y,+1 > 2p, we only expect monotonicity
of the average energy (with respect to the Lebesgue measure) of solutions to div(z?, 1 Vv) =0 up
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to a correcting factor. As the radius tends to zero, the coefficients of uniform ellpiticity for the
preceding equation tend to constants. Accordingly, the correcting factor becomes smaller with the
radius. General monotonicity-type formulas for linear uniformly elliptic equations are available in
[15] for example. We perform the following calculations in order to determine how the correcting
factor behaves explicitly as the radius decays geometrically. We first establish monotonicity on the
boundary of concentric balls.

Lemma 2.5.1. Let 8 € (—1,1), Br(y) C R7* with Br(y) € R7 and suppose v € C?(Bgr(y); R™)
satisfies div(mi+1V\v|2) > 0 classically in Br(y). Then, letting dS denote Lebesgue surface mea-
sure, for 0 < s <r < R we have
™ ! 3 / xfn+1|v\2d5(m) <gpmm ! 3 / xfn+1|v|2d5(x).
(Ym+1 — sgn(B)s)P Jan, () (Ymt1 — sgn(B)T)P Jom, (y)

Proof. Let p < R. We calculate 0 < faB () ZHI/-V\deS( ), where v is the unit outward normal

on 0B,(y). Now using variables p = |z — y| and w = p we have

0
0<pm /S (i1 + 3 s1) 5 (oo + 9) )

0
=" [ (o + ) oo+ 9) ) d

- p" / me-‘rl(pwm-‘rl + ym+1)571|U(Pw + y)|2dw
Sm

m.8 —m B
—ono (o [ ahePas@ ) < [ el — ) oS ().
9p 9B,(y) 9B, (y) P

We define f(p) = p~™ fBBp(y) xi+1|v|2d5(x) and divide by p™ to see that

0§f’(p)—§f(p)+‘ym+1ﬁ  ahblrase)

m+1
P OB, (y

/ o ym+15
< f'(p) @H*wwﬂ_%mm)ﬂm

5
p
+( L ))f(p)-
(p))

Ym4+1 — Sgn
Hence 0 < ((ymH —sgn(f " and integrating between s < r concludes the proof. O
With this lemma in hand we can establish the following counterpart to Theorem 2.4.1.

Lemma 2.5.2. Let Br(y) C R™! with y,,.1 > OR for 6 > 2. Suppose v € C*(Br(y);R™) N
WE’Q(BR(y);R") satisfies div(miHV?)) =0 in Br(y). Then there exists C = C(m) such that

R\~ C
< ) / xi+1|Vv|2dz < (14 ——)R~(m+Y / :cfn+1|Vv|2dx.
2 B () -1 Br(y)
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Proof. Let g(r) := fB ) xi+1|f|2dx where f satisfies the assumptions of Lemma 2.5.1 and r €
(0, R). Then we have

n=[ [ alalrPaseds
0 9B, (y)

- / Wons1 — sg0(8)9) 0™ (Ysr — sen(B)p) Pp™ / 2| f2AS(x)dp
0 9B, (y)

< / (Ymr1 —sgn(B)p)’ p" dp(ym41 — sgn(B)r) Pr=" / 2 | f12dS(x)
0

aBT(y)
r _
< i G —sen(8)) [l |7PaS() (239
m+1 9B, (1)
Hence
g m+1
0<g'(r)- g(?‘)ymilf(ymﬂ —sgu(B)r)”
m—+1 r
=g'(r) = g(r) (1 —sgn(8)—)"”
r Ym+1
m+1 _ —r
= () = 90 ™ (14 500 sgn(9)- ) ()~ )
r Ym+1 Ym+1
m+1 m—+1 s T
=g'(r) —g(r) + g(r)——IB|(1 — sgn(p) ) :
r Ym+1 Ym+1
where s € (0, r) is such that the Mean Value Theorem holds for the function r + (1 —sgn(f) o )8,
Now recall that y,,+1 > 0R > 0r for 8 > 2. We hence find
m-+1 m+1
0<g'(r)—g(r) +9(r)
(1) L2l , e R
It follows that 0 < (r—\™ g(r))" and consequently, if 5 <r < R, we have
—(m+1)
i g E) < 2 = (mt ) g )
2 2
R S s
< (1 + |ﬂ‘ém"‘ll‘ 1) 2|/3\(m+1)) —(m+1) ( ) (2.36)
where £ € (1,2) is such that the Mean Value theorem holds for the function t — =l

div(x,ﬁnHVv) = 0 then, as observed in the proof of Theorem 2.4.1, we have div(x m+1V|8ﬂ)| )>0
fori=1,. m and div(x;§1V|xﬁ+lam+1v|2) > 0. We apply (2.36) with f = Qv fori=1,...,m,
and with f = xm 4+19m+1v and —f in place of 8 and combine the results, letting » — R~ to conclude
the proof. 0
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2.6 Solutions of the Linear Degenerate Dirichlet Problem

We require further results regarding the following Dirichlet problem: solve
div(|zmy1|?Vv) = 0 in Br(xo) and v = ¢ on dBRr(xo) (2.37)

for a given ¢, where xo € R™*!, in order to apply a version of the method of harmonic replacement
in the proof of Lemma 4.12.1. A weak solution of (2.37) isa v € Wg’2(BR(xO);R") which weakly
satisfies div(|z,,41|°Vv) = 0 in Br(xo) with v — ¢ € Wé:g(BR(:vo);R"). We collect the results we
require, which can be found in [20], in the form of a lemma.

Lemma 2.6.1. Suppose ¢ € Wﬂl’2(BR(xo);R”). Then there exists a v € WBLQ(BR(;EO);R”) which
is a weak solution of the Dirichlet problem (2.37). Any such solution is unique and continuous in
Br(zo), if € C(Bgr(z0); R™) then v(x) = ¢(2) as x — z for z € 0Bgr(xo) and the weak mazimum
principle

max v = max v = max ¢
Br(zo0) O0BR (o) O0BR (o)
and weak minimum principle
min v = min v = min
Br(zo) 9BR(z0) 9BR(z0)

both hold, where we take the mazimum and minimum component-wise. If w € Wé’Q(BR(xO);R")
also satisfies w — ¢ € Wﬁlg (Br(zo); R™) then

/ (et |°|Vo[2da < / (s [P Veol2da.
Br(xo) r(zo)

Proof. Since |z,,41|° is of Muckenhoupt class Ay it follows from 1.6 of [20] that |z,,.|° is a
2-admissible weight so we may apply the theory of [20]. Aside from the minimising property
of v, the assertions of the lemma are consequences of Theorem 3.70, Corollary 6.32, the strong
maximum principle 6.5 and lastly 3.17 in [20]. If v is a weak solution of (2.37) for a given ¢ and
w € W5*(Br(zo); R") with w — ¢ € Wy 3 (Br(x0); R") then w — v € Wy 3 (Br(x0); R"). Hence, by

approximation, we have
[ amnl (Ve Vw - o)ds <o,
Br(zo)

so that
/ || Vo P = / (s |P|Vol2dz + / i |P|V (w — ) 2dz
Br(zo) r(xo r(xo

which concludes the proof. O

The uniqueness of solutions to the Dirichlet problem (2.37) implies that solutions with boundary
data which are symmetric with respect to 8RT+1 are themselves symmetric. More precisely, we
have the following.

Lemma 2.6.2. Suppose v, ¢ € Wé’z (Br(z0);R™) and v is a weak solution of the Dirichlet problem

(2.37) with ¢ as boundary data. Let ¢ € C(Br(xo);R™) and suppose ¢p(x’, xma1) = d(x', —Tmt1)
for every (&', xmy1) € Br(xo). Then v(2', Tpmy1) = v(2, —Tm1) for every (', xmi1) € Br(xo).
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Proof. The continuity of ¢ in Bg(xp), combined with an application of Lemma 2.6.1, implies that
v and, consequently, ¥(z',zpmy1) = v(2', —Zm41) are continuous in Bgr(xg). We observe that
¥ € Wy (Br(wo); R") weakly satisfies div(|zp41|°V3) = 0 in Br(wo) and 9|pp,(ze) = @loBa(zs) 50
that o — ¢ € Wﬁlg (Br(zo); R™). Hence v and o solve the same Dirichlet problem; solutions to this
problem are unique by Lemma 2.6.1 and thus v = v. O

3 Intrinsic Fractional Harmonic Maps

We assume, translating N if necessary, that 0 € N. For technical reasons, when m > 3 we let
B € (—1,1) and when m = 2 we let 8 € (=37%,1). Then Lemma 2.1.1 may be applied and we can
define

Wﬁl’Q(RTH; N)={ve Wé’z(RT“;R”) :v(z) € N for almost every z € R7}.

Let O C 6RT+1 be open and such that a continuous linear trace operator with respect to O
exists. We can, for example, obtain such a trace operator T' : Wé’2(RT+1; R™) — LP(O;R™), where
p =p(B) € (1,2], by combining Lemmata 2.1.1 and 2.0.1 with [13] Section 4.3 Theorem 1 whenever
O is contained in the boundary of a Lipschitz Q C RTH. Define

IP(u) = inf{E®(v) : v € W32 (RTT; N), Tv = u}

for u € T(Wé ’Q(RTH; N)). The functional I® serves as an intrinsic energy for u; it does not depend

on the choice of embedding of N into Euclidean space. Moreover, I? coincides with the fractional

Sobolev semi-norm ||u|| . 1-s when N =R" and O = R™.
H 2 (R™R7)

For every u € T(I/Vg‘2 (RTH; N)), an application of the direct method of the calculus of vari-
ations shows that there exists v € Wﬁl’Q(RTH; N) with Tv = u such that I%(u) = Ef(v). For a
given wu, such a v is referred to henceforth as a minimal harmonic map. Any minimal harmonic
map v is weakly harmonic in RTH with respect to the metric represented in Euclidean coordi-
nates by ), 19;;, where 8 = W; the Dirichlet energy on RTH for this metric is precisely E°.
Observe that when m = 1, for every a € R the Dirichlet energy density in RTH corresponding
to the metric 2, ,4;; satisfies e(v) = |Vv|?. Hence, if we take the point of view that R7! is a
Riemannian manifold with metric 2% ,,d;; and try to define I” as above when m = 1, we would
have I? = I°. Every critical point of I° is smooth when m = 1 by the theory of Moser [29] and so
we only consider the case m > 2 henceforth. Since a minimal harmonic map v is weakly harmonic
in RTH, it satisfies

/R’"“ xrﬁn+1 (¢, A(v)(Vv,Vv)) — (Vu, V) dz =0 (3.1)

for every ¢ € C§° (RTH; R™), where A is the second fundamental form of N and
m+1 m-+1

(Vo,Vy) = > (9v,01)) and  A(v)(Vv,Vv) = Z A(v) (830, 0v) .

i=1
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Formally, if v is sufficiently regular in RTH U O, we calculate
L w0 A0, 90) = (90,90 do = [ (@] 100100 0).6(0")) ',
R+

for every ¢ € C§°(O;R™) and any ¢ € D+(RT+1;R") with ¢ (z',0) = ¢(z'), where dz’ is the
Lebsegue measure on R™. In general, the integral in 3.1 defines a distribution on O given by

i@ = [ s (0. AW)(T0,T0) = (70, 9)) do

+

for ¢ € C§°(O;R™). This observation allows us, analogously to [29] Proposition 1.1, to identify a
superdifferential for I”. Recall that since N is compact, Theorem 1 in Section 2.12.3 of [39] gives
a tubular neighbourhood of N, which has the form Us(N) = {x € R" : dist(z, N) < d} for a
0 =0(N) > 0, and a smooth map 7wy : Us(N) — N such that |7y (y) — y| = dist(y, N) for every
y € Us(N). Using the same method of proof as [29] Proposition 1.1 we deduce the following.

Lemma 3.0.1. Let u € T(Wﬂl’z(RTH;N)) and v € Wﬂl’Q(RTH;N) be a minimal harmonic map
with Tv = u. Then for ¢ € Cg°(O;R™),

IP(an(u+te)) < 1P (u) — 10, 1 v(9) + o(Jt]) (3.2)
ast — 0.

It follows from this proposition that if % o IP(mn (u+tg)) exists then it is equal to —aﬁ+1v(¢)

where v is any minimal harmonic map with Tv = w; this indicates a candidate for the first variation
of I8,
Definition 3.0.1. Let 8 € (—1,1) and Dg be the collection of all u € T(Wg’2(RT+1;N)) such
that there exists a distribution Ag € (C§°(Q;R™))" with A\g = faflﬂv for every minimal harmonic
map v € Wﬂl’z(RTH; N) with Tv = u. Then we may define a map Ag : Dg — (C§° (4 R™))" 1 u—
/\,3 = Agu.

In [29] Theorem 1.1 Moser showed that A is the first variation of I°. The method of proof of
Moser’s theorem, applied with the Lebesgue measure dz on R™*! replaced by xﬁl 1dz, yields the
following.

Lemma 3.0.2. If u € Dg, then

% P+ 19)) = Agul9)

for all ¢ € C(O;R™). If u & Dg, then there exists ¢ € C§°(O;R™) such that the function
t > 1P (mn(u+te)) is not differentiable at 0.

Consequently, we may define intrinsic fractional harmonic maps as follows.

Definition 3.0.2. Let 8 € (—1,1) and u € T(Wé’Q(RT+1; N)). If Agu = 0 then we say that u is

an intrinsic %—harmonic map.
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As discussed in the introduction, intrinsic 1;5 -harmonic maps are the boundary values of free

boundary harmonic maps from RTH to N. In general, such maps may have singularities in O and
we may not expect regularity in general. We consider a smaller class of fractional harmonic maps
which minimise I? in order to obtain partial regularity in O.

Definition 3.0.3. We say that u € T(WE’Q(RTH; N)) minimises I? if for every compact K C O
and every @ € T(WEQ(RTH; N)) with u|o\x = @|o\x we have I?(u) < I°(@). A minimiser of I?
will be called an intrinsic minimising %—harmonic map. For convenience, as we consider no other
kind of fractional harmonic map, we drop the prefixes intrinsic and minimising. Any %—harmonic
map will also be broadly referred to as a fractional harmonic map.

This definition allows us to consider interior regularity for a class of critical points of I? without
explicitly specifying boundary conditions. For example, minimisers of I® with respect to Dirichlet
or free boundary conditions satisfy the definition. In order to deduce regularity results for u, we
analyse their minimal harmonic extensions in more detail. To this end, we make the following
definition.

Definition 3.0.4. Let v € Wﬁl’2(RT+1; N). We say that v is E” minimising, or energy minimising,

in R relative to O C OR’", if for every compact K C R™*+! with K N OR}"™" C O and for
11,2 mm41, ; . — o B < EB

every w € Wy (R}, N) with v|R++1\K w|R+,+1\K we have Ef (v) < EP(w).

Minimisers of I and minimisers of E? relative to O are connected as follows.

Lemma 3.0.3. Suppose u € T(W;’z(RTH; N)) minimises I? in the sense of Definition 3.0.3 and
fix a minimal harmonic map v € WBM(RTH;N) with Tv = u. Then v is a minimiser of EP
relative to O.

Proof. Let K C R™*! be compact such that the compact set K,, := K N 6RT+1 C O and
suppose that w € W;’Q(RTH;N) satisfies v

RTH\K = ’LU‘RT-H\K. Define & = Tw and let ¥ be a

minimal harmonic map with 70 = w. Since O is open in 8Rﬁf+1 and K,, C O is compact we have
dist™ (Kpn; 00) > 0, where dist™ is the distance in R™ x {0}. We can therefore choose an open set

O cOwith K,, cOc Oc O. Since K,, is closed and O is open we have distm(Km;aé) >0

as well. Tt follows that dist(O\g; K) := k> 0, where dist is the Euclidean distance in R7""'. The
continuity of the trace operator yields

— glPde = —w)Pdz < —wl||? . =
/o\@u ifPdz /0\@T(v w)ffde < Ol wHWl*P((O\O)x(O,n);R") 0,

since v = w in (’)\5 x (0, k). Since v and ¥ are minimal harmonic maps and u is a minimiser of I”,
we have
Bo(v) = I'(u) < I°(5) = B (3) < BP(w)

as required. O

As a consequence of the preceding lemma, we can consider the regularity of minimisers of E#
relative to O on relatively open balls (in the Euclidean topology) centred on RTH U O in order
to prove regularity of fractional harmonic maps. Our main results, stated and proved in Section
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4, constitute an e-regularity and a corresponding parital regularity theorem for minimisers of E?
relative to O which translate into the following partial regularity result for fractional harmonic
maps.

Theorem 3.0.1. Suppose u € T(Wg’Q(RTH; N)) minimises I®. Then there exists a y(m, N, B) €
(0,1) and a relatively closed set > C O with H™P~1(X) = 0 such that u € C°(O\; N).

Proof. Fix a minimal harmonic map v € Wg

’Q(RTH; N) with Tv = u. As u is a minimiser of I?,
Theorem 3.0.3 implies v is a minimiser of E? relative to @. An application of Theorem ?? implies

the result. O

4 Partial Regularity of Minimisers of E” relative to O

The main result of the paper is the following e-regularity theorem for minimisers of E? relative to O.
To state the theorem and subsequent results we will need the following notation. For a set {2 C R:’_LH
we will sometimes split the boundary 9 into the (possibly empty) sets 9TQ = QN RTH and
°Q = 0N IR}, Let zo € ORTH" and recall the notation B (z¢) = {z € RT™ : |z — 20| < R}.

Theorem 4.0.1. If m >3, let B € (—1,1) and if m =2 let f € (—371,1). Letv € Wﬂl’2(RT+1;N)
be a minimiser of EP relative to O and let B} (xo) be a half-ball with R < 1 and 9°B};(zo) C O.
There exists ¢ = (m, N, ) such that the following holds. If R*=™~F fB;(xo) xfn+1|V1}|2dx < ¢ then

there is a 0 = 0(m, N, B) € (0,1) and a v = v(m, N, 8) € (0,1) such that v € C*V (B, (z0); N).
Furthermore, for every l € N there is a 8 = 0(m, N, 3,l) € (0,1) and a v = y(m, N, 5,1) € (0,1)
such that D* v € COY (B p(x0); R™) for every o/ € Nyt with |/| <1 and o, = 0.

Remark 4.0.1. Henceforth, we assume the conditions on m and f from Theorem 4.0.1. We have
restricted to considering o’ with o], ; = 0 as (partial) regularity of these derivatives up to the
boundary will yield the desired regularity for fractional harmonic maps stated in Theorem 3.0.1.
The main purpose of the theorem is to provide regularity estimates which are uniform up to O;
such estimates do not follow from known theory.

Theorem 4.0.1, combined with the partial regularity theory for harmonic maps yields the fol-
lowing. We use the notation H! to denote the t-dimensional Hausdorff measure, with respect to
the Euclidean metric on Rm“, for t > 0.

Theorem 4.0.2. Let v € Wﬁl’z(RTH;N) be a minimiser of EP relative to O. There exists sets
Yint C RT'H and Xpqry C O such that the following holds. The set Y, is relatively closed
m RTH and has Hausdorff dimension at most m — 2. The set Xpar 15 relatively closed in
O and H™ P (Spary) = 0. The set ¥ = Ny U Spapy is relatively closed in RTH U O and
H™HBL(Z) = 0. Furthermore, we have v € C®(RTT\S;,5 N), v € Co’l((RT+1 UO)\X;N) and

loc

for every multi-index o/ € N™ with o, ., = 0 we have DYy € Co’l((RTJr1 UONZ;R™) and

loc

VDY v e L{° (R U O\Z; ROMDN) - Pinally, for every o/ € NI with o, = 0, we have

loc

xiH@mHDa/v € CPY(RTH U O\ ROMHD) for some v = y(m, N, B,a) € (0,1).

loc

Remark 4.0.2. The existence and properties of ¥;,; follows from the theory of Schoen and Uhlenbeck
[37].
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4.1 Euler-Lagrange and Stationary Equations for Minimisers

Minimisers of E? relative to O are critical points of E? with respect to outer and inner variations,
including those which vary their boundary data in @. As a consequence, they satisfy two systems
of partial differential equations which we describe presently.

Let 1 € Dy (RTTR"), as defined in Section 2.1, with ¢(-,0) € C§°(O;R™). For sufficiently
small ¢t we define an outer variation of v by vy = wny (v + t1p) € N, where 7y is the nearest point
projection onto N. Critical points of E? with respect to variations of the form vy satisfy

/Rmﬂ T ((V0, V9) = (4, A(v) (T, Vo)) dz = 0. (4.1)

Note that there is a Neumann-type boundary condition implicit in (4.1). In particular, if v is
sufficiently smooth in RTH U O we have

x,’;+1am+1v =0in O. (4.2)

A (weakly) harmonic map satisfying (4.1) is said to be (weakly) harmonic with respect to the
Neumann type boundary condition (4.2).

Define ¥y(z) = x + tg(z) for z € RTT', where ¢ € Dy (RTH;R™ 1) is such that (-,0) €
C§°(O; ORT) and [¢| is small enough to make ®; into a diffeomorphism of R with ®,(0) C

O. We say v € WgQ (R7H!; N) is a critical point of the Dirichlet energy corresponding to inner
variations v; := v o ®;, or variations of the independent variable, if v satisfies

m+1m+1
/ ZJF i 2’ 2 Qv v\ Sin|Vl? aqj)kdx :/ Bl bpia|VoPdz  (4.3)
R7H m+1 Ox;  Oxy, ! Ox; R+ m+1vm

i=1 k=1 v

for every 1 as above. A weakly harmonic map with respect to the Neumann type boundary condition
(4.2) which satisfies (4.3) for every ¢ € Dy (RTTHR™H) with ¢(-,0) € C§°(O; ORT) is called
weakly stationary harmonic, or stationary harmonic, with respect to the Neumann type boundary
condition (4.2).

4.2 Energy Monotonicity

Stationary harmonic maps satisfy a monotonicity formula for an appropriately scaled version of the
energy over balls with closure in RTH. This property was proved by Schoen and Uhlenbeck for
energy minimisers, see [37] Proposition 2.4, and Price, see the remark after Theorem 1 in [31], for
stationary harmonic maps.

As a consequence of 4.3, we show that stationary harmonic maps with respect to the Neumann-
type boundary condition 4.2 satisfy a similar monotonicity formula on half-balls B;‘ (y) with centre

y in O and which satisfy 9°Bj (y) = B™(y) C O. Moreover, we state a version of the formula for
balls with closure contained in RTH, giving an explicit expression for the factors that the constants
involved depend upon.

Lemma 4.2.1. Suppose v € WéQ (RT‘H; N) is a weakly stationary harmonic map with respect to

the Neumann-type boundary condition 4.2. Suppose y in O and consider BE (y) with BOBE (y) CcO.
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Then

1—m— 2 1—m— 2
T m'@/+ xﬁ+1|Vv| dz — s m'@/+ xﬁ+1|Vv| dz
B (y) B ()

_ g lz—y) -Vl

= 2/ Ty ———dx
Bron\Bf @) | lo—y|mTIs

whenever 0 < s < r < R and therefore p plfmfﬁ fB+(y) :L'fwl |Vv\2dx is a non-decreasing
P
function of p for 0 < p < R.

Proof. The proof is analogous to that of the monotonicity formula for stationary harmonic maps.
We follow [39] Section 2.4 and [28] Lemma 3.3; we test (4.3) with ¢(z) = (= — y)n(x), where
n € C§°(B,(y)), which yields

R™

m=145) [ aha Vel o+ [ ahi@=y) Valvilas
+
=2 /Rm+1 xi+1 ((x —y) - Vv, Vn - Vu) de. (4.4)
+

Let x € C§°(R; [0, 1]) with x(s) =1 for s > 1 and x(s) = 0 for s < . The smooth functions defined
by n;(z) = x(j(p — |z — y|)) are admissible choices for 7 in (4.4) and {n;};en converges pointwise
to the indicator function of B (y). We substitute 7; for 7 in (4.4) and take the limit as j — oo,
using Lebesgue’s Dominated Convergence and Differentiation Theorems, to see that

m=148) [ Veltde—p [ al, VoPdS()
BJ (y) 9+ By ()
2
=2 [ ahle ) VeP dS()

P Jo+BF (y)
for almost every p > 0, where dS is the Lebesgue measure on 0B,(y). Multiplying the above by the
factor —p~(#*™) and bearing in mind that d% fB,T(y) :cflﬂ |Vo|* dz = faJrB;r(y) zan IVu)? dS(z)
for almost all p > 0, we find

i pl—m—ﬁ/ xﬁ+1|Vv\2d:r :2/ xﬁ+1|($—y)-vv‘2ds(x)
dp Bj(y) m 6+B;r(y) m |x—y|m+1+5

for almost every p > 0. Integrating between 0 < s < r concludes the proof. 0

Remark 4.2.1. A consequence of Lemma 4.2.1 is that we can define the density function

0°(y) = lim pl_m_ﬁ/ x§L+1|Vv|2dw
B (y)

p—0t

for every y € O, analogously to Definition 1 in Section 2.5 of [39]. Using Lemma 4.2.1 we deduce
©# is upper semi-continuous in O for any map v which is weakly stationary harmonic with respect
to the Neumann-type boundary condition (4.2).
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The following version of the energy monotonicity formula is due to Grosse-Brauckmann, [17]
Theorem 1. We do not give a proof, but remark that the explicit form of the constant in the
forthcoming formula can be determined using the method of proof of Lemma 4.2.1.

Lemma 4.2.2. Suppose v € W512 (Rf“; N) is a weakly stationary harmonic critical point of E°.

Fiz a ball By, (y) with B,y (y) C RT+1 for some pg > 0 and suppose r and s satisfy 0 < s <r < pg.
Then

erclmrkm/ xfl+1|Vv\2dx - esclﬁlslfm/ :z:§1+1|Vv|2dz
By (y) Bs(v)

2
> 2/ o) k) m?f'*dx (4.5)
B, (y)\B:(v) |z =yl

and therefore, for 0 < p < po, eCIBlpt=m pr(y) x?n_H \Vv|2da: is a non-decreasing function of p
where C = (ym1 — po) ™" = (dist(By, (y), R™ x {0})) "

4.3 A Modified Lemma of Morrey

In order to prove Theorem 4.11.1, in analogy with the regularity theory of harmonic maps, we
will show that the re-scaled, scale-invariant energies in the monotonicity formulas in Section 4.2
decay slightly faster than implied by the Lemmata as the radius decreases. This will permit the
application of a well-known lemma of Morrey, see [28] Lemma 2.1 for example, which is used to
derive Holder continuity from sufficiently fast energy decay. We will reduce the hypothesis of this
lemma to similar hypothesis for the re-scaled energies from the monotonicity formula. To this
end, we introduce a class of ball with closure in RTH on which the metrics zf, , | d;;, discussed in
Section 3 and corresponding weights xfw 41 are uniformly equivalent to the Euclidean metric and 1
respectively. We also introduce classes of balls and half-balls contained in the interior of a given
larger half-ball Bf(zo) for R > 0 and zy € OR}.
Define

B ={B,(y) CRY"" : g1 > 2p} and By = {B,(y) CRT : ypi1 > Op}
for § > 2. Then By C B and By = B. We further define
By(xo, R, 1) = {B,(y) C Bf(20) : Ym+1 = 0p,y € Bf (x0)},
omitting the subscript 6 in the case 6 = 2, and let
B (20, R, 1) = {B; (y) C B (20) : Yms1 =0, |x0 —y| <7, p < r}.

Observe that, on any B,(y) € B, we can choose constants ¢, C, ¢y and Cp independently of 5 such
that for every « € B,(y) and € (—1,1) we have

B
8 8 8 SUPB, (y) Tm+1
Y1 < Ty < CYpin and g < ——— < (Cy. (4.6)

: B
infp, (y) Tpia
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Lemma 4.3.1. Let v > 0, g € 8RT+1, a>0,0; >2and s < % Define 0 = 29721. Then there
exists a constant Co = Co(m,~, 01, 8) such that if v € W;’Q(BE(:EO);R”) with

7"72"‘/ |xm+1|7ﬁdx/ IV |2y [P < ar? (4.7
B B

for every B = B (y) € B (29, R,02R) and every B = B.(y) € By, (xo, R,02R), then for almost
every xy,xo € B;R(xo),
lu(z1) — v(za)| < Coa? |y — o3

Proof. Let B,(y) C Bagr(xo) with y,11 > 0, y € Bpr(xo) and r < 0R, for a v € (0,1), an
a > 0 and 6 as specified. Such a B,(y) must satisfy either B,(y) € By, (z0,20R,0R) or B,(y) ¢
By, (x0,20R,0R). We consider these cases in turn and we work with the even reflection of v with
respect to 8RT+1, which we do not relabel and which is in Wﬁl’Q(BR(azo); R™).

Suppose B, (y) € By, (x0,20R,0R) with r < 0R. Then B,(y) € By, (xo, R,02R) and an applica-

tion of Holder’s inequality and the assumptions of the lemma yields

2

|xm+1|_ﬁdx/ Vo2 |Pde | <aZr3. (4.8)
Yy B (y)

r_m/ |Vo|de < (7“_27”/
Br(y) Br(y)

s

Now suppose B, (y) & B, (z0,20R,0R) and r < R. In this case, since B, (y) C Bagr(zo) and
y € Bgr(xo) by assumption, we must have y,,+1 < 617. Hence y,,p1 — 7 < (r, where ¢ > 1 is
such that ¢; = ¢ + 1, and thus B.(y) C B4¢)r(yo) where yo = y — (0,ym41). We observe that
B(J;JFOT(yO) € Bt (zo, R,02R). Therefore, defining s = (2 + ¢)r and using the assumptions of the
lemma, the symmetry of v and applying Holder’s inequality, we find

r_m/ [Volde < r_m/ |Vo|dz
Br(y) B (yo)

= 2r_m/ |Voldz
B (yo)

<212+ Q)™ 572m/ |xm+1\75dx/ |Vv|2|xm+1|ﬁd:c
B (o) Bt (yo)

<224 ()" 3q2y3.

1
2

(4.9)

Since v is even with respect to ORTT!, we deduce that either (4.8) or (4.9) holds on any
B, (y) C Bogr(xo) with y € Byr(xo) and r < §R. Hence we have established that the hypothesis of
the decay lemma of Morrey hold on Bagr(zg), see [28] Lemma 2.1. An application of this lemma
concludes the proof. O

4.4 Interior Estimates for Holder Continuity

Using the regularity theory of Schoen and Uhlenbeck [37] and Schoen [38], we show that minimisers
v E Wﬁl’Q(RTH; N) of EP relative to O essentially satisfy (4.7) in Lemma 4.3.1, provided the scale-

invariant energy R'~™ 8 fB+(wO) wﬁmH |Vo|2dz is sufficiently small. To this end, we show that that
R
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the preceding scale-invariant energy BE (20) controls the scale-invariant Euclidean energy on a class
of ball with closure in B} (20). We also recall the relevant theory from [37] and [38] Sections 1, 2
and 3, stating the results in our context with slightly different notation. Our goal is to prove the
following.

Lemma 4.4.1. Suppose v € Wg’Q(RT+1; N) is a minimiser of E® relative to O. Let B}, (z0) be a

half-ball with R < 1 and 8°B}(xg) C O. There exists an g = eo(m,N) > 0, a = 0(m,N) > 2
and a positive C = C(m, N) such that if

R—m—B /B+( )mﬁwl |Vv|2dw < g,
r\Zo

then

plfm/ |Vo|?dz < C (B)erfm/ |Vo|?dz (4.10)
Bp(y) r Br(y)

on every B, (y) € By(zo, R, &) for 0 < p<r and ay=~(m,N) € (0,1).

To establish the preceding lemma, we observe the following relationship between the scale-
invariant energy on BE (z9) and the scale-invariant Euclidean energy on a class of ball with closure
in B (zo).

Lemma 4.4.2. Suppose v € Wg

the Neumann type boundary condition (4.2). Let Bj(wo) be a half-ball with °Bf(xo) C O and
suppose B,(y) € B(xzo, R, &). Then there is a constant C = C(m) such that

2 (RTH; N) is a weakly stationary harmonic map with respect to

pl—m/ |v7}|2d$ < CRl—m—ﬁ/ x’ﬁH_llVUIde. (411)
B, (y) Bf(wo)

Proof. Notice that any ball B,(y) € B satisfies B,(y) C Bum+1 (y) so we can choose the scaling
2

2|Blp 2|Blp
factor e¥=+1 in Lemma 4.2.2. Furthermore, evm+1 < e since y,,+1 > 2p and 8 € (—1,1). Hence,

using (4.6) and applying Lemma 4.2.2, we find

o ) g 2 )
ot / \Vo|? dz <y, evme p! / 2l VP de
B, (y) B,(y)
Ymg1\17mh 2
<C (T) /B xan |Vo|” dz. (4.12)

Ym+1 (Y)
2

Let y = (1, Ym+1) and y™ = (y1,...,¥m,0). Note that Bum+i (y) C Bi, ., (yT) and, since
2

3Ym
B,(y) € B(zo,R, &), we have y € B} (z) and B, ., (y*) C BL(y") C B (zo). Using these
3 2

2
3Ym41
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facts we apply Lemma 4.2.1 to see that

Ym+1 1-m—p 5 5 Sym+1 1-m—p 5 5
(7> / T |Vo[fde <O | —— Ty, |Vo[*dz
2 Byt (4) 2 B, )
2 —a
1-m—p
<C <R> / xiﬂ Vol da
2 + +
BE (y™)
2
< CR'"mFP / 2 VP da (4.13)
B (o)
where C'= C(m). The combination of (4.12) and (4.13) yields (4.11). O

The maps considered in [37] and [38] belong to

Wh2(Q; N) = {v € WH2(Q;R™) : v(x) € N for almost every x € B,.(y)},

for open Q) C RTH. Consider the compact Riemannian manifold By (0) with metric g. Recall from

the introduction that the Dirichlet energy functional on B;(0) is given by
Ey(v) = /B . Vu[2 /det(G)da
1(0

A minimiser of £z with fixed boundary data is defined as follows.

Definition 4.4.1. [[37] Section 1] Any v € W2(B;(0); N) is an Ej minimising map if it satisfies
E;(v) < Ez(w) for any w € WH2(B1(0); N) with v — w € W, *(B1(0); R™).

The metric g is assumed to be of class C? on B;(0). For A > 0 denote by &, the class of
functionals Ej on B;(0) with metric § such that g;;(0) = J;; and

> 10gis] < A

.3,k

If v is Eg-minimising with E5 € & then we say v € J7;.

Schoen and Uhlenbeck [37] proved their e-regularity theorem for minimisers of functionals of the
form Eg + F', where F' gives rise to terms in the Euler-Lagrange equations which are lower order
than those coming from the energy. We state the result of their theorem with F' = 0.

Lemma 4.4.3 (Theorem 3.1 in [37]). There exists ¢ = e(m, N) > 0 such that if v € I, A < ¢
and fBl(O) |Vol?dz < e, then v is Hélder continuous in B1(0) and

[v(z1) — v(22)| < Cloy — 22]7
for constants C'= C(m,N) and v =~(m, N) € (0,1) and every x1,z2 € B1(0).

It is well known that continuous weakly harmonic maps are smooth, see [22] for example. It is
more readily shown that Holder continuous harmonic maps are smooth; this is the content of the
following lemma, proved by Schoen in [38].
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Lemma 4.4.4 (Lemma 3.1 of [38]). Consider a ball B,(y) C RT""" and suppose v € W'2(B,(y); N)
is a weakly harmonic map which is Holder continuous on B, (y). Then v is smooth on B.(y).

The final lemma we will need is from [38] as follows.

Lemma 4.4.5 (Theorem 2.2 of [38]). Let v € C*(B,(0); N) and § be a Riemannian metric on
B,(0). Suppose v is harmonic with respect to g in B,.(0) and g satisfies |0xgi;| < Ar=! fori, j, k =
L...,m+1 and A=(8;;) < (i) < A(0i;) in the sense of tensors, where 6;; = 1 when i = j and
0;; = 0 otherwise. Then there exists an € = (A, m, N) such that if

rl_m/ V0|2 (det(@)? dz < e
B.(0)

then

sup [Vof2 < Or(Hm) / V|2 (det(@))? da (4.14)
By (0) B,.(0)

for a constant C = C(A,m, N).

Proof of Lemma 4.4.1. Suppose R'~™m=# fB+(zo) xi+1|V1}\2dx < gg for an €9 > 0 to be chosen
R
small and let € be the number from Lemma 4.4.3.
Recall the metric g given in Euclidean coordinates by g := x,,d;; and define g on B;(0) by

9ij(x) = 615 (L+ry i wmin)” = yngi(re +y). (4.15)
The energy corresponding to § is

1

E,(b) = 7/ (14t 2m)” (V0 dz
2 B;(0)

for maps © € W'?(By(0); R"). Since B,(y) € By(wo, R, &) for a 6 > 2 to be chosen, we have
B, (y) € B. Hence, using (4.6) and noting that 8 = a (Z51) € (—1,1), we find constants ¢, C
depending only on m such that

c<(1+ ry;tﬂ_lxmﬂ)ﬁ <C and c < gij(z) <C. (4.16)
We note that 9y = 0 for k # m + 1 and, again using (4.6), we calculate

_ _ _ -1 _
’6m+1 (1 + rym]:i-lxm+1)a‘ = rym]-f—l|a| ‘(1 + ’rym}‘rlxm‘i’l)a ‘ S C’rym]-‘,-l

where C'is chosen independently of «.. Hence, if we set 6 = §(m, N) > max {2, (m + 1)Ce~'} then
we conclude that

m—+1
S 10kl = Y 1Oms1diil < e. (4.17)
i,k i=1

We assume the preceding choice of § henceforth so that (4.17) holds on any B,.(y) € By(zo, R, £).
Define v, ,(z) = v(rz + y) for z € B;(0). Lemmata 2.0.1 and 2.1.1 imply Wg’z(RTH;N) —
WH2(B,(y); N) for every B,(y) with B,(y) C R7"", regardless of 3 € (—1,1). A change of
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variables then yields v,,,, € W12(B;(0); N). Furthermore, since v is a minimiser of E” relative to
O we readily calculate that v, , is a minimiser of Ej in the sense of Definition 4.4.1 on B;(0), that
is, v, minimises F; among all maps in W'2(B;(0); N) with the same boundary values as v, .

Our considerations so far imply that if B,.(y) € By(xo, R, %), for our preceding choice of 0, then
vy € H#.. Let C be the constant from Lemma 4.4.2 and suppose that e < C~'e. An application
of this lemma, combined with a change of variables, yields

/ |va,|2 dz = rlfm/ Vo] da < Clem*ﬂ/ xfnﬂ Vol de < Ceg <e. (4.18)
B1(0) Br(y) Bj(wo)

This holds for every B,.(y) € By (xO,R, %) We may therefore apply Lemma 4.4.3 to v,, to
deduce that it is Hélder continuous in Bi(0). Re-scaling implies v is Holder continuous in every

Bz (y) € By(wo, R, &), or equivalently v is Hélder continuous in every B, (y) € Bag(xo, R, §).
Since v is weakly harmonic in RTH with respect to the metric represented by x5, , 1d;; (where

B = a™=1), it is weakly harmonic with respect to %, ,6;; on every B,(y) with B,.(y) C R}
Thus it follows from Lemma 4.4.4 that v is smooth in each B, (y) € Bag(zo, R, %), which holds if
and only if each v, ,, corresponding to such a B, (y) is smooth in B;(0). We further deduce that v,.,
is harmonic in B;(0) with respect to § using the chain rule. Moreover, it follows from (4.16) and
(4.17) that § satisfies the assumptions required of the metric in Lemma 4.4.5. We combine (4.16)

with (4.18) to see that

/ (1+ Ty;tilxmﬂ)ﬁ |V, |2dz < C/ |V, [2dz < Ce. (4.19)
B1(0) B1(0)
In addition to our previous stipulation for €g, we further require that g < & where £ is the
number from Lemma 4.4.5. We apply this lemma, recalling 8 = a(1) and B, (y) € B, to see that
2 -1 \# 2 _ -1 B 2
r? sup (Tmi1¥mir) |VolP = sup (1+7y,5 12me1) [V
B (y) B%(O)
< C sup (1 + ry;i_lxm+1)7a \va,|2
B1(0)
2
- B
<C (14 ryphizmsr)” |V, 2de
B1(0)

—m — B
=r' / ($m+1ymi1) |Vo|?dz.
B, ()
As a result, for any o € (0, 1] we have
(m’)lfm/ (l"m+1y7_ni_1)ﬁ |Voul2dr < 0021"17'"/ (mm+1y;f+1)ﬁ |Vo|?dz.
B y) Br(y)

Choose o such that 02 < % and let p < r. Then

18lor 18]r

1 _18lr
e¥m+1=" (a?‘)l_m/ ($m+1y;z£rl)ﬁ [Vol?da < §ey’"’“77'rl_m/ (mmﬂy;zil)ﬁ Vol*dz
B (y) Bor(y)
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|Ble
on every By (y) € Bag(wo, R, §). The map p — e¥m+t1-7 pl=m pr(y) (xm+1y;i1)ﬂ |Vou|?dz is non-

decreasing in p for p < r as a result of Lemma 4.2.2. Lemma 8.23 of [16] hence implies

18]p 187

_1Blp__ Y
eym+rrp1—m/ (xm+1y;ll+1)ﬁ |Vol’dz < C (B) eymﬂ”rl_m/ (mm+1y;z£rl)6 Vol?dz
Bp(y) r Br(y)

for every p < r on every B,(y) € Bag(xo, R, %) It follows that

plfm/ |vu|2dxgc(3>7r1*m/ Vol?dz
B, r B.(y)

on every B, (y) € Bag(xo, R, &) for 0 < p < r. This concludes the proof. O

4.5 A Modified Lemma of Luckhaus

Here we begin our construction of comparison maps. We prove a partial extension (to the particular
case of our degenerate/singular metrics x(,,10;;) of a lemma of Luckhaus, Lemma 3 in [23], as
presented in Lemma 1 Section 2.6 of [39].

Let S™ ¢ R™*! denote the round m dimensional unit sphere, centred at the origin and equipped
with the metric induced by the Euclidean metric on R™+!. Define S =8™ QRTH with the metric
induced from S™. We let w denote a point in S™ C R™*! or St C RT‘Hand write dw for the
volume element corresponding to the induced metric. Recall the notation 7 = 9Q N RTH for
QCR™ and Q,(y) = {z e R™ T 2 |z —yy| < ryi=1,...,m+ 1} for y € R™TL. We also write
QF (y) = Qr(y) NRET for y € IRTT.

In order to state the modified Luckhaus lemma precisely we introduce the notion of a Sobolev
space for functions whose domain is either S™ or S’

Definition 4.5.1. Let € > 0 and p > 0. Suppose S = pS™ and V. = B,;.(0)\B,_-(0) or S = pST’
and V. = B}, _(0)\B;__(0). An element v € L3(S;R™) is said to be in W;’2(S’; R™) if the map
v(pﬁ) € Wé’Q(VE;R”) for some € > 0. An element v € L3(S x [a,b; R"), with a < b real numbers,
is said to be in Wy*(S x [a,b]; R") if the map v(p,s) € Wy(Vz x [a,b]; R™) for some & > 0.
If N C R™ is compact, we say v is in W;’2(S;N) or Wé’Q(S X [a,b]; N) if v is in Wé’%S;R”) or
Wﬁl’Q(S x [a, b]; R™) respectively and v(z) € N for almost every = € S.

‘We now state our version of the Luckhaus lemma.

Lemma 4.5.1. Let m > 2 and 8 € (—1,1). Let N be a compact subset of R™ and suppose
u,v € Wﬁl’Q(ST;N). Then for all e € (0,1) there is a w € Wﬁl’Q(ST x [0,e]; R™) such that w agrees
with u on ST x {0} and v on ST x {e} in the sense of traces and which satisfies the following. Let
D be the gradient on ST x [0,¢] and D the gradient on ST'. Then w = w(w, s) satisfies

/S [ ]wi+1|5w|2dwds
TX 0,e
(4.20)
C
< Cl€/Sm wﬁH_l (‘Du|2 + |D1}|2) dw + ?1 /Sm wi+1|u — U|2dw
¥

+
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where C1 = C1(m, ). Furthermore, w satisfies

dist*(w(w, s), N)
1 1—1

02 / B 2 2 ! / B 2 !
< — Wy, Dul* + |Dvl]*) dw Wyl — v dw
€m+§+ |;23| < sm +1 (| | | | ) sm —0—1‘ | (421)

Cy 8
2
el | Wy yq U —v|*dw
e 2772 S;’j

for almost every (w, s) € ST x[0,¢e] where Cy = Co(m, §) and q satisfies the following. If B € (—1,0]
then (4.21) holds for ¢ = 2. If 8 € (0,1), for any p € (1, ﬁ), there exists ¢ € {2,p} such that
(4.21) holds.

Our proof of Lemma 4.5.1 follows the proof, given in Section 2.12.2 of [39], of Lemma 1 in
Section 2.6 of [39].

4.6 Absolute Continuity Properties of Functions in WE’Q

We recall the discussion in [39] Section 2.12.1 regarding the absolute continuity properties of W1
functions, which are inherited by VVBL2 functions in view of Lemma 2.0.1. Let H' denote the ¢-
dimensional Hausdorff measure with respect to the Euclidean metric. Consider a rectangle Q C
RTH of the form Q = [a1,b1] X ... X [@mt1,bm+1] where a; < b;. Suppose v € Wé’2(Q;R”)
with 8 € (=1,1). It follows from Lemma 2.0.1 that if ;41 > 0 then Q@ C RT™! and v|g €
Wh2(Q;R™). Lemma 2.0.1 also implies that if a1 = 0 then v|g € WHP(Q;R") for p = p(B).
Hence, by Lemma 3.1.1 and Theorem 3.1.8 in [27], if @41 > 0, we may infer the existence of a
representative ¢ of v such that, for each i = 1,...,m+ 1, 0(z1,...,Ti—1,Ti, Tit1,. .., Tmt1) IS an
absolutely continuous function of z; for almost all fixed values of x1,...,2;_1, 241, .., Tmy1 With
respect to the m dimensional Hausdorff measure H™ on [a1,b1] X ... X [a;—1,bi—1] X [@i11,bi+1] X
v

. X [@m+1,bm+1]- The classical partial derivatives % agree almost everywhere with the weak
v

derivatives §2-. Furthermore, for any closed subset N of R, if v(z) € N for almost every = then

it is possible to choose 9(z) € N for every x € R

4.7 Proof of Lemma 4.5.1

Proof of Lemma 4.5.1. We follow the proof, given in Section 2.12.2 of [39], of Lemma 1 in Section
2.6 of [39]. Throughout, C' denotes a constant only depending on m and §.
Suppose u,v € Wﬁl’2 (ST;N). We reflect u and v evenly in R™ x {0}, without relabelling, to get

u,v € Wﬁl’2 (S™; N) and choose extensions of u and v to R™\{0} which are homogeneous of degree
zero with respect to the origin. Then we choose representatives of these extensions which satisfy the
absolute continuity properties described in Section 4.6 on @1 (0). We will denote the representatives
of the extensions of u and v by 4 and ¥ respectively. Then @(pw) = 4(w), 0(pw) = ¥(w) for almost
every p > 0 and w € S™. Moreover, we have the identity Vi = |z|~'Vi(w(z)) = Du(w(zx)) for
w(z) = |z|~'x, where D is the gradient on S7* and V is the gradient on R, We therefore
calculate

/ 2l (Va4 Vo)) dz < c/ w? 1 (IDul? + | Dv|?) dw (4.22)
Q1 (0) sp
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and

/ mfn+1|f&—f1|2dx < C’/ wﬁb+1|u—v\2dw. (4.23)
QY (0) s

Let € € (0, %) and define the closed rectangles Q; . = [i1¢, (i1+1)e] X. .. X [in41€, (ims1+1)e] for
i = (iy,.. Zm+1) € Z™*. Fix € € (0, 1) arbitrarily henceforth. Let Fl denote any [-dimensional

face of a Qi’s. We define
Q={Qic:1€Z™" Q. CQ Q:1(0)} and F} = {Fl facebonZE}.

In addition, we write z + F! to denote the collection of the translations of all faces in F} by
x € Rt

Consider a non-negative, measurable function f : Q1(0) — R which is even with respect to the
hyperplane QRTH. Invoking [39] Section 2.12.2 estimate (3), which is a consequence of Chebychev’s
inequality and Fubini’s theorem, we see that for every K > 1 there exists a set P C Qo of measure

|P| < CE;H, with C = C(m), such that for all y € Qo \P and [ € {0,...,m + 1} we have

emti-t 3 Z/ fAH < K fdz = 2K fdx. (4.24)

{i:Qi,-€Q} y+F! Q1(0) Qi (0)

Since we chose @ and ¢ with the absolute continuity properties described in Section 4.6 on @Q1(0) it
follows that for almost every € Qo., with respect to the m + 1-dimensional Lebesgue measure,
all of the functions 1,9, Vi, Vo are H' almost everywhere defined on each of the [-dimensional
faces of x + Q¢ for Q;- € Q and [ = 1,...,m + 1. Moreover, the gradients of & and ¢ on
any [-dimensional face of x + Q; - coincide H' almost everywhere with the tangential parts of Vi
and V? respectively. Thus we may choose © = a € Q. such that these properties hold and,
provided we choose K (depending on m) sufficiently large in (4.24), such that a,,41 > § and such
that we may apply (4.24) simultaneously for f(z) = |zms1|?f(z) with f(z) = |a(z) — 8(z)|? and
f(x) = |Vi(z)|? + |[Vo(z)|? (where V is the gradient on R”*1). In particular, after discarding the
integrals in (4.24) taken over any cube faces which do not intersect RTH, we have

et Z Z / o xfn+1fd7{l <C . xfn_Hfdx.
{ Qi..€Q }a+fg FInRY Q) (4.25)
'Lm+1> 1

Now we begin the construction of w by defining a map on the one dimensional faces of every
Q x [0,e] where @ == (a + Q;c) NRT™ with Q;. € Q and 4,41 > —1. Let E; denote a one
dimensional face of @ parallel to the jth coordinate axis for j = 1,...,m+1. Define w(x,0) = 4(x)
on @ x {0} and w(z,e) = 9(x) on Q x {e} and let w(x,s) = (1 — 2)u(x) + 20(x) for x € E; and
s € [0,¢]. Since a(R}'") C N by definition, it follows that

distQ(w(x, 5),N) < max;—i . m15up | — o2 (4.26)

J

for z in the 1-dimensional edges of @ and s € [0, ¢].
We now estimate sup E; |t — ©|? using the Sobolev embedding theorem for Wé’z along the line

segments E;, which one can deduce analogously to the case for W2 functions. Note that in our
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construction so far, we have discarded any edges E; C GRTH. IfE;,7=1,...,m+1, liesin a
Q=(a+Q;.) ORTH with 4,41 > —1, with the exception of the case i,,11 = —1, j =m+ 1 and
B € (0,1), we calculate

1
sup | — 0]? < e (/ mwa (|0;4* + |9;9°) d:rj> </ 1’51+1|’U, — v|2dxj>
E; ezt E; E.

J J

¢ B A A2
M/E_fﬂmﬂlu—vl dz;. (4.27)

[N

_|_

If >0, 4,41 =—1and j =m+ 1 then we calculate

=
=

1_
B ~ ~12
[ ala- iPdnan
Em+1

+ Ce~ (A / a1l — 02z, (4.28)

Em,+1

sup o — 9> < C (/ xi+1(|8m+111|2 + 8m+1ﬁ|2)dxm+1>
m+1

Epmt1

for any p € (1, %) The combination of (4.26), (4.27) and (4.28) with (4.25), applied with | = 1,
yields

1
C q
dist?>(w(z, s),N) < ———— / mfn Val|? + |Vo]?) dz /
(wla,s), N) < —— ( i Tt (V£ VoP) o
¢ B A M2
— 924 4.29
€m+1+g+% /Q;F(O)xm-i_l'u U| €z, ( )

1
-2

xanm - 17|2dx>

where ¢q € {p, 2}, for p fixed as above, depends on f.

Next we bound the gradient of w on the product of the 1-dimensional edges of @ with [0, ¢].
Let V denote the gradient on E; x [0,¢]. Recall that 4, ¢ are defined so that the tangential parts of
their gradients Vi, V0 on RTH coincide H' almost everywhere with their gradients on the edges
E;. Tt follows that

sup [Vuw(z, s)|* < 8 (|Vi(@)* +|Vi()[?) + i) — o),
s€[0,e]

for « in any edge E;, j = 1,...,m+1, of Q. Integrating over E; x [0, €] with respect to xi+1dxjds
yields

— 2
/ a1 [Vw|?dzds < 85/ 2 (IVa? + Vo) da; + 7/ ol i — o2z (4.30)
E;x[0,€] i € JE,
Consider again @ x [0,¢] for Q = (a + Q;c) N RT“ with Q; . € Q and iy,4+1 > —1. Recall that
we are excluding cube faces in 8RT+1 from our construction. We use a slightly different procedure
to extend w to higher dimensions depending on whether i,,,17 = —1 or 4,41 > 0. Accordingly

we introduce some temporary notation for two classes of F* that we consider. Let Fi denote any
I-dimensional face of any @ with no edges in the m + 1 direction and let F! 41 denote any face
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of any such @ with edges in the m + 1 direction. Suppose that [ > 2 and w is already defined
with L? gradient on every Fi and I =1y x [0, g], square xfn +1d’Hl-integrable gradient on every F!, 11
and square J;fn +1d7—[l lds-integrable F +11 x [0,¢]. Furthermore, suppose that w(z,0) = 4(x) and
w(z,e) = d(z) for x € F! or x € F! ;. These assumptions imply that w is defined H' almost
everywhere on all the [- dlmensmnal faces of @ for I > 2. Since O(F! x [0,¢]) and 9F(F},,; x [0,€])
are the union of such [-dimensional faces, w is defined H' almost everywhere on these sets. If @
is such that im+1 > 0 then we do not distinguish between F! and F ma1 and extend w to each
F! x[0,¢] and F}, ., x [0,¢] by homogeneoue extension of degree zero with respect to (y, 5), where
y is the centre point of F! or F! . If iy,;.1 = —1 then we extend w into F! x [0, 5] using the same
method. We extend w homogeneously of degree 0 from 8*( L1 % [0,€]) into F, 4 x [0,e] with
respect to the point (y , 2) where y is the centre point of F +1 and y* =y — (0, Yma1)-
Now let F! denote any I-dimensional face of any @ again. Since the tangential parts of the
gradients Vi, Vi on R™*! coincide with the gradients of @ and © on ' for H! almost every = € F',
using the fact that @ and ¢ are homogeneous of degree zero, we calculate

/ o [FwlPdHlds < cg/ (VA + Vo)A
Flx[0,¢] Fl

+Ce Y / o 2 1 [Vw]2dH! " ds, (4.31)
a+.7:l ! *19.

where V is the gradient on F! x [0,¢]. From (4.31), we inductively deduce that for any | €
{2,...,m+1} we can extend w to each F' x [0,¢] in Q x [0,¢] so that w has an L? or mfnﬂd’}-ﬂds—
integrable gradient Vw on these faces. Moreover, Vw satisfies

/ o [VwPdHlds < Ce'~1 ) / 2l [Vw|?dH ds
Flx[0,e] atF} F1x[0,e]

+C’Zsl Y / a1 (Va2 + [ Vo|?)dH . (4.32)

a+.7:J

So far, we have constructed a map w = w®® on each cube and rectangle Q@ = (a + Qi) N
R:_"’H such that Q;. € Q with 4,41 > —1. It follows from the construction that whe) = 4(d:)
H!*1-almost everywhere on common faces F' x [0,¢] of (a + Qi) N RTH and (a+ Qj:) N RTH.
Furthermore, for 0 < ¢ < % it follows that

Gtomc U e+
. Qie€Q
{l.i'rn+1271}

We may therefore define w € Wgz(Q;(O) x [0,e];R™) by w|(a+Qi,£)mRr+1(m,s) = w®)(x,s) for

s € [0,e]. Since w is homogeneous of degree 0 on any I-dimensional face of any @ x [0,¢] with

I > 3, our inductive procedure preserves (4.29) for all (x,s) in QT (0) x [0,¢], with the possible
4

exception of a set P of m-dimensional Hausdorff measure 0. It follows from (4.29) that for (z,s) €
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(Q1(0) x [0,€])\P we have

1—1
) C R R q ) R q
dlStQ(U}(fE, 8), N) S m (/(\94»( )‘(L’,,ﬂn+1 (|VU|2 + |VU|2) d.%') <‘/Q+(O) xi+1|u - 7}|2d$>

e +W / 2l o — o da (4.33)

where ¢ € {2, p} for some fixed p € (1, ﬁ) Moreover, we combine (4.30), (4.32) and (4.25) to see
that

- C
/ 2l [Vw|?dads < 05/ 2l (IVal? +|Vo|?) do + —/ ol — o[*da.
Q1 (0)x[0,e] Qi (0) € Jato

1

(4.34)

The definition of w as required now follows from combining (4.33) and (4.34) with (4.22) and
(4.23). The absolute continuity properties, described in Section 4.6, of w, viewed as a function
deﬁned on a rectangle in polar coordinates, guarantee that for almost every p € [ ] w has square

x,, +1deds integrable gradient 9+ B (0) x [0,¢] which coincides H™ds almost everywhere with

the tangential part of Vw. Using Fubini’s theorem and Chebychev’s inequality, applied to the map
p — f8+B+ (0)x[0,¢] m+1|Vw|2deds we may therefore choose p € [§, ;] such that w has square

zh +1d?’-lmds integrable gradient on 9% B (0) x [0,¢] and satisfies

/ T [V dH"ds < € Tt [ Vw2 dH ™+ ds.
oL O)x[0e) B (0)x[0,]
1

We define @ on ST x [0,e] by w(w,s) = w(pw,s) and observe that this map has the required
properties. O

4.8 Comparison Maps

With Lemma 4.5.1 in hand, we may now construct comparison maps for V[/Bl’2 functions which
have values in N and are defined on half-balls centred in BRmH, provided the re-scaled energy is

1
sufficiently small. We use the notation @B;(y) 5= (fB+(y) dem) fB+(y) ziﬂvdz.
3 p \1

Lemma 4.8.1. There exists a 69 = do(m, N, ) > 0 such that the following holds. Let ¢ € (0,1)
and v € Wﬁl’Q(B;(y);N) with pt=m=P fB;(y) 2l |VolPde < 585"”‘1‘*‘%‘*‘@. Then there is a

o € (22, p) such that we can find a map w. € Wé’z(Bj(y); N) which agrees with v in B (y)\Bf (y)
and such that

alfmfﬂ/ xfn+1|Vw|2dx
B3 (y)

e C _(14m _
< Cep! 5/+( )xfn+1\Vv|2dx+ s a+ +ﬁ)/ xfn+1|v—vB;r(y),B|2dx (4.35)
B, (y

B (v)

for a constant C' = C(m, B).
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Proof. We follow the proof of Corollary 1 in Section 2.7 of [39]. Throughout, C' denotes a constant
which depends on m and possibly 8 and we only distinguish different C' when necessary. We also
assume, without loss of generality, that ¢ < %
Let g > 0 to be chosen as required and suppose the assumptions of the lemma hold for §y. As
a consequence of Poincaré Inequality for the Ao weights |z, 41]? [20], we have
p’(Hm*ﬁ)/ af - Tt y.sl dz < Cplfm*ﬂ/ 2l |VolPde < Cégsm“*g*%.
B (y) o B (y)

(4.36)

As discussed in Section 4.6, we may work with a representative of v, which we don’t relabel, such
that v(B} (y)) C N. It follows that

dist® (gt () 50 N) < [0(2) = U1y 51 (4.37)

B 181
for every = € B;f(y). Integrating (4.37) over B:(y) with respect to xﬁzif dz and dividing by
8, 181

Jp# () Tmr® do we see that

distQ(EBi(y)ﬁ,N) < C’p_(l+m+ﬁ)/

B = 2
x| — T+ |“dz. (4.38)
B} (y) vl Bz (y),8

Combining (4.38) with (4.36) we find

distQ(ﬁB;(y)ﬁ,N) < C’p*(lerJrB)/

B — 2 2_m+1+84 181
Ty 1|V = Uty gl da < Cdge ERNE
B (y) ’

P

Hence, we may choose A € N such that

|>\ —Tgiq, |2 < Cp—(1+m+ﬁ) /
P (v),B B;r(y)

xfn+1|v - EB;r(y),ﬂ‘de < C5§€m+1+%+@. (4.39)

Using Chebychev’s inequality, we choose a C' > 0 such that there exists o € (%’3, p) such that
NS Wﬁm(S’}}; N), where ¢(w) = v(ow + y), and such that

/ wfn+1|D17|2dw < C’JQ*m*ﬁ/ xﬁm+1|VU|2dS(x)
s o+t B (y)

< Cplimiﬁ/ xfn+1|V1}|2dx
B (y)\B} ()

< O8zemrI+EHE (4.40)

where D is the gradient on ST, and

B N 2 —m—_ B = 2
/ST Wiy 1|0 UB,T(y)ﬂ| dw <o /a+Bj:(y) Ty gV UB,T(y),6| dS(x)

< Cp~(Hm+hH) xfn+1|v — Upg+ |*dx
B W\B} () o ()0

< Of2emHITEHE (4.41)
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We may therefore apply Lemma 4.5.1 to ¥ € W;’z (S7; N) and . This yields a wg : ST x [0,¢] — R"
with wg = v on S x {0} and wy = X on ST x {e} in the sense of traces. Furthermore, (4.20) yields

— C
/ wg+1|Dwo|2dwds < CE/ wf@+1|Dﬁ|2dw + —/ wi+1|ﬁ — \?dw, (4.42)
ST x[0,€] m € Jsp

ST

where D is the gradient on 7" x [0,¢] and D is the gradient on S7. In addition, (4.21) implies that

1 11
c z ;
dist®(wo(w, ), N) < ey (/ wiﬂlD@?dw) (/ Wl — Ade>
€ 2 2 ST ST
¢ B A 2
o1t B+ B /g Wi [0 = AP dw (4.43)
+

for every (w,s) € ST x [0,¢], where ¢ € (1,2] depends on 3. Henceforth we assume that dp < 1.
Using (4.39) and (4.41) we deduce that

/Sm wh 16— APdw < 2/Sm Wiy 1|0 =Tt ) 5lPdw + 2/m W1 [Tt (4.5 — A dw

i i ST
< Of2emHItEE (4.44)

The combination of (4.43) with (4.40) and (4.44) yields
dist(wo(z, s), N) < Cdy (4.45)

for every (w,s) € ST x [0,¢] and for ¢ € (1,2] depending on f.

Choose 0y, depending on N, m, 3, such that Cdy < & where C' is the constant in (4.45) and
& > 0 is sufficiently small to guarantee that the nearest point projection 7w onto N exists and has
bounded derivatives in Ni = { € R™ : dist(z, N) < &}. It then follows from (4.45) that we may
apply 7n to wo. Let w € ST satisfy w = w(x) = =%, r = |z — y| and define w € Wﬁl’Q(B;(y); N)

BRERE
by
(Y +rw(z)) r € (0,p)
w(z) = w(y +rw(@) = ¢ mv(wo(w(x),(1-7))  rell—e)s,a]
A r € (0,(1 —¢€)o).
Note that w agrees with v in B (y)\BJ (y). We then readily calculate that w satisfies (4.35) as
required. O

4.9 Control of the Mean Squared Oscillation

The Euler-Lagrange equations of E? satisfy the structural conditions |div(a:§t+1Vv)| < coxfn_H |Vol?,
together with the Neumann condition (4.2). For functions satisfying such conditions, if the re-scaled
energy is sufficiently small it is possible to control their mean squared oscillation using the energy
as follows.

Lemma 4.9.1. For every § > 0 and every ¢y > 0 there exist two constants € = e(m,n,d,co) > 0

and 0 = 6(m,n,d,co) € (0, 1] such that the following holds. Let zg € ORT, R > 0 and Bf(z0) C
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R Suppose v € Wg’z(BE(xo);R") satisfies

B B 2
/+ Tyyq (Vo, V) d SCO/+ zpy o |0l Vol da
Bf (x0) BF (xo)

for every ¢ € C§°(Br(xo);R™). If
Rl_m_ﬂ/ xfn+1|V1}\2dx <e
B (o)

then

(9R)~(1+m+5) /

B;R(EO)

B = 2 1—m— B 2
J:,,L+1|U—UBH+R($0)75| de <OR™™ ﬁ/BJr(xo)me |Vo|” da.
R

Proof. The proof of the lemma is based on a blow-up procedure analogous to that of the proof of
Lemma 3.5 in [28] for example.

Observe that the statement of the lemma is invariant under rescaling and translation by any
point in 8RT+1; henceforth we assume R = 1 and xy = 0. Suppose, for a contradiction, that there
exist 6 > 0 and ¢g > 0 such that the claim is false. Then for any 6 € (0, i] there is a sequence of

maps (vg)ken, with vy € Wg’g(Bf(O);R”) for every k, such that

/ xfn_H (Vug, Vo) da| < 60/ xfn+1|¢||Vvk\2dx (4.46)
B (0) B (0)

1

for every ¢ € C5°(B1(0); R™) and

/ 9351+1|Vvk|2dx =cp —>0as k— o0
B (0)

1 (

but

g—(+m+6) / 28 ok — (0p) g+ |*dz > 5/ 22 [Vo|Pda = by (4.47)
55(0) +1 BF (0),8 5 0) +1

Consider the normalised sequence (wy)ren defined by wy = 6;% (v — (vk)B(j(o),B)' Then Vwy, =

1
€, > Vi and thus

/+(0) xi+1|Vwk|2dx =1 and (wk)B;(o),ﬁ =0. (4.48)
1
Furthermore, we deduce from (4.47) that
g~ (+m+5) / . xfn_H lwg|* dz > 6. (4.49)
0

Using (4.48) and the Poincaré inequality for A, weights we deduce that (wg)gen is bounded
Wﬁl’2(Bf(O);R"). Hence, the Compactness Lemma, Lemma 2.2.1, yields a subsequence (wg;);jen

which converges weakly in Wﬁl’Q(Bfr(O); R™) and strongly in L%(Bf‘ (0);R™")toaw € Wé’Q (B (0);R™).
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In view of (4.46) and (4.48) we calculate

1
< coll9ll oo (B (0);rm R

/ x?n—&-l (Vwy, Vo) dx
B{(0)
for every ¢ € C3°(B1(0); R™). Since wy, — w in WE’Q(BT(O); R™), it follows that

8 — 1 8 im e —
/+ T (Voo Vg)da) = lim /+ 1 {V0k;, V)| < colldll oo 57 (0 memy L e, =0
B{ (0) B (0)

for every ¢ € C§°(B1(0);R™). Hence w is a weak solution of the linear Neumann-type problem
(2.11) and, in particular, satisfies (2.12) from Lemma 2.3.1 in B (0).
We also conclude, using the Compactness Lemma to take limits in (4.48) and (4.49), that

/+(0) xi+1 Vw>dz <1 and Wyt (0),8 =0

1

and
9*<1+m+ﬂ>/+ o P de > 8 (4.50)

Bf (0

respectively. Now, since EB; .8 = 0 , the Poincaré inequality yields

ot [ a ePdr < optnt [ al Ve, (451)
BS (0) By (0)

We apply Lemma 2.3.1 to w with 6 < % (so that 20 < l). This gives a positive constant C

2
(independent of 6) and a v € (0,1) such that

gr—m=~ / 2l |Vw|Pde < O(20). (4.52)
Bf©)

Combining (4.51) and (4.52) we see that

g~ (+m+58) / 2 JwlPdz < C(20)%. (4.53)
B (0)

1
This holds for all fixed § € (0, 1] and we choose 6 < % (2)?7 so that (4.53) contradicts (4.50). O

Remark 4.9.1. We could have used Lemma 2.4.1 in place of Lemma 2.3.1 to the same effect. In
using the latter lemma, we observe that Holder continuity of solutions to the linear Neumann-type
problem (2.11) is sufficient to obtain energy decay and consequently Holder continuity of minimisers
of EP relative to O; we do not need higher regularity for the linear problem at this point.
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4.10 Energy Decay

We combine our construction of comparison maps in Section 4.8, with the improved control of the
mean squared deviation obtained in Section 4.9 in order to show that the re-scaled energy decays
faster than implied by the boundary monotonicity formula, Lemma 4.2.1.

Lemma 4.10.1. Letv € W;‘Z(RTH; N) be a minimiser of E° relative to O. Suppose B} (o) is a

half-ball with R < 1 and 8OBE(x0) C O. There exist eg = eg(m, N,3) > 0 and 0y = 6g(m, N, ) €
(0, 1) such that if

RI-m=H /B+( ):ri+1|Vv|2dx < ¢o,
r(Zo

then )
) [ alVePde < g [ el Ve,
Bi (y F ()

907'( B (y

for every B (y) € BT (zo, R, %)

Proof. Let Bf (y) C B} (y) € B" (20, R, %). Then p <7 < &,y € ORT™, |zg—y| < & and y € O.

Suppose v satisfies R =™ ~5 fB+(wo) |[Vol2dz < gq for g > 0 to be chosen. Then for any p € (0,7]
R

the monotonicity formula, Lemma 4.2.1, yields

P17m75/+ xrﬁn+1|vv|2dx STl*m*B/Jr xfm\wlzdfﬂ
B (y) B (y)

1-m—p
< (R> / xﬁl+1|Vv|2d:Z:
2 B, (y)

2 +
%
< Ce. (4.54)

We apply Lemma 4.8.1 on B (y) C B/ (y), with p <7 to be chosen later. This gives a dy such that
for any € € (0,1), if
pl_m_ﬁ/ xfﬂ_l\Vdem < 5851+m+§+@ (4.55)
By (v)

then there is a 0 € (22, p) such that we can find a w. € Wﬁl’z(B*‘(y); N) which agrees with v in

p
B (y)\Bf (y) and satisfies

017m76/+ ziH\Vdex

B (y

< Ceplfmfﬁ /
Bt

P (y)

1
:IIE,L+1|VU|2dZZ? + gC’pf(Herﬁ) /

B = 2
T g1V — V) 5l A2 (4.56)

Assuming (4.55) and consequently (4.56) hold, we make use of the comparison property of w. Since
v = w in B} (y)\B} (y) we may extend w to an element of Wﬁl’z(RTH;N) by requiring w = v

on RT“\B;(y). As v is a minimiser of E? relative to O, we deduce that fB:(y) xi+1|Vv|2dx <

fB+(y) xfnﬂ |Vw|?dx. Combining this fact with the monotonicity formula, Lemma 4.2.1, and (4.56)
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gives

1-m—p
3
<4p> / x,’l+1|V1}|2dx
B3, (v)

3,
4
1
< C’aplfmfﬁ/ 2P |VoPdz + fC’pf(Herﬂ)/ 2l v —The |*dz. (4.57)
B} (5) +1 c B} (1) +1 By (v).8

Fix ¢ = min{3, 75}, where C is the constant in (4.57) and let ¢ < %5%51+m+§+@ where C' is
the constant from (4.54). It follows from (4.54) that (4.55) is satisfied and hence, substituting this

e into (4.57), we have
3 1-m—p
) [ v
4 B, (v)

a4
1 N
< fpl’m’ﬁ/ a2 |Vv\2dx+0p7(1+m+ﬂ)/ 2l =T, P (4.58)
1 e . +1 B/ (v).8

7 ()

for a constant C' and any p <r < % Observe that

/B N )xfnﬂ (Vo, V) dz
e y

/B+( )xfnﬂ (¢, A(v)(Vv, Vo)) dz| < co /B+ w10l Vol*dz,
T y

» (y)

for every ¢ € C§°(B,(y);R"™) on every B;f (y) C Bf(zo) where cg = co(m, N). Hence, we may
apply Lemma 4.9.1 for 4, ¢y as above to obtain a corresponding €1 > 0 and 61 € (0, 1] such that if
pl=m=p St @) 2l |Vol2dz < &) then

C(14m _ Loy
(6yr)~0F +6)/ xi+1|v703;ﬂl(y)’5|2dx§Erl 'B/+ 2 1| VolPda. (4.59)

By, (v) Bl (y)
Now choose g9 = %min{(sgsl*m*g*%,sl} where C' is the constant from (4.54). It follows that
(4.58) and (4.59) hold on any B (y) C B/ (y) € B (zo, R, %). Thus we may apply (4.58) with
p = 61r. In turn, assuming this choice of p, we combine (4.58) with the monotonicity formula and
(4.59) to see that

30,0\ TP /
4 B+

30T )
A

1
xi+1|VU|2dx g Z‘f@+1|V1}|2dx.
2 Bf(y)

Hence the lemma is proved with the above choice of ¢ and 6y = 34@. O

4.11  e-regularity as far as Holder Continuity

The culmination of the results in this section so far lead to the following e-regularity theorem for
minimisers of E? relative to @ which establishes the first part of Theorem 4.0.1.
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Theorem 4.11.1. Ifm >3, let B € (—1,1) and if m =2 let B € (—=371,1). Letv € Wé’z(RTH;N)
be a minimiser of EP relative to O. Suppose Bf(wo) satisfies R < 1 and 8°B},(x¢) C O. There
exists an € =e(m,N,5) >0 and a 0 = 0(m, N, ) € (0,1) such that if

lemfﬁ/ xi+1|Vv|2dx <kg,
B, (20)

then v € C%Y(Bgx(20); N) for some v = y(m, N, B) € (0,1). In particular,

H RN
mi+1|V02dx> ('leml) (4.60)

for every 1,22 € Bip(zo) and a constant C = C(m, N, j).

[v(21) = v(2)| < C (Rl—m—ﬂ/B

% (o)

Proof. Throughout the proof we adopt the convention that all constants depend only on m, N and
B unless stated otherwise. We reinforce this dependence where appropriate.
Let v be a minimiser of Ef relative to O with RI=™~F fBE(IO)foﬂVdex < ¢ for e =
min{eg, &1}, where g is the number from Lemma 4.10.1 and ¢; is the number from lemma 4.4.1.
Observe that the function 7~ 71=™=8 fB;(Z) xfn+1|Vv|2da: is non-decreasing on (0, £] by the
monotonicity formula, Lemma 4.2.1. Furthermore, the choice of € allows us to apply Lemma
4.10.1. We apply this lemma, together with Lemma 8.23 of [16] to deduce that on every B (z) €

Bt (20, R, &) we have

1 8 5 ) 7\ 70 R 1-m—p3 5 )
T Lon+ Vol“de < C <2) (> / Loy Vo|“dx
/Bg_(z) 1| | R 2 Bt (Z) 1‘ |

R
2

=\ Y0
<C <T> Rl—m-ﬁ/ 2l 1 |VolPdz (4.61)
R B+ Zo)

R

for a constant C' and a 7y € (0, 1) which depend on m, N, 8 and 6y, and hence only on m, N, 5.
Our choice of ¢ also permits the application of Lemma 4.4.1; this lemma implies that for any
B, (y) € By, (zg, R, %), with 61 > 2 given by the lemma, and any 0 < p < r we have

pl_m/ |Vo]*dz < C <B>% rl_m/ Vol? da (4.62)
Bp(y) r Br(y)

for some ~; € (0,1). Since 6y > 2, for any B, (y) € By, (zo, R, %) we have the inclusions

R
B.(y) C Byn%(y) C B(Blﬂ (v") C B3, (y") e BT (a:o, R, 2> , (4.63)
2

o1 )ym,+1
where y© =y — (0, ym+1). It follows, applying (4.6), that

1-m 1-m—p
<y +1) / Vol?de < C ((1+)y+1> / 22 | Vol2da,
o By (4) 01 BY W)

G (%5 e

(4.64)
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where C depends on m, N, and 6; and thus only on m, N, 3. We combine (4.62), applied with
r= Y2l with (4.63), (4.64) and (4.61), applied on B (z) with 7 = (%) Yma1 and z =yt Tt

1

follows, after defining 4 = min{~g,v1}, that

1-m 2 I g 1-m—p B 2
p / Vol"de<C (=) R / zh, 1| Voul*da. 4.65
Bp(y) | | (R) B+ 1| | ( )

R(wO)
This holds for any B,(y) € By, (zo, R, £). Since (4.61) holds on every B (z) € B (2o, R, &) for
0, it holds on every B; (z) € B (zo, R, %) for 4. We deduce from (4.61) and (4.65) that the
hypothesis of Lemma 4.3.1 are satisfied; applying this lemma concludes the proof. O

Remark 4.11.1. Once we know that a minimiser of E? relative to O is Holder continuous in some
B (z0) with 9°Bf(29) C O, known theory for harmonic maps, see Lemma 4.4.4 which is from
[38], implies that v is smooth in B;g(xo). However, this theory does not imply v is smooth up to
80B§(x0); henceforth our goal is essentially to prove this fact.

4.12 An L Bound for the Gradient

The first step in our proof of a higher partial regularity of minimising fractional harmonic maps con-
sists of establishing an L°° bound for the gradients to solutions of systems of semi-linear equations
with growth conditions satisfied by minimisers v of E? relative to O and their derivatives D* v
where o/ € NJ"™! is a multi-index with o/, ; = 0. The method of proof is that of harmonic replace-
ment; compare the growth of the average Dirichlet energy of solutions ot the semi-linear equations
with that of solutions to the linearised system. We follow [38] for example. The monotonicity
formulas established in Theorem 2.4.1 and Lemma 2.5.2 are a key ingredient of the proof.
We will use the notation |Q|g = [, [m41]°dz and Q] = [, dz for @ ¢ R™1.

Lemma 4.12.1. Suppose v € Wé’Q(BE(xO);R”) N C%Y (B} (20); R™) where B (wo) is a half-ball
with R <1 and v € (0,1). Suppose v satisfies

/B+( )J;fnﬂ (Vu, Vip)dx = / xfﬂ_l (¥, G(z,Vv))dz
r\T0

B (zo)
for every 1 € C5°(Br(z0); R™), where G : R™ x RO js measurable and |G (z,q)| < Cilq|? + Oy
for a positive Cy < C* and non-negative Co < C* for some C* > 0. Then Vv € L™ (BE (z0); R(m+1)")
3

and, in particular, we have

||Vl / 2l 1| Vo2de + CyCy
B (z0)

1
2 <Oy
oo (Bt (zg):R(mt+Dny = 3
L@ o) = PR G,

where C3 = C3(m, N, 3,C*), Cy = C4(m, N, 3,C*) and Cy = C'Q% + Cy. In particular, if Co = 0
then then Cy = 0.

Proof. Without relabelling, we reflect v evenly across the hyperplane 8RT+1. It follows that v €
C%(Br(zo); R™) N Wé’2(BR($0);R”) is a weak solution of div(|zm,41/°Vv) 4 |2ms1|?G = 0 in
Br(z0), where G is measurable and |G(z, q)| < C1|q|? + Cy. We will derive estimates on classes of
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B,(y) with y € Bg(xo) and p < %. We focus initially on an estimate for the average energy on

By (y) in terms of that on B,(y). Since v is even with respect to ORT*! we only need to consider
B,(y) with ymm11 > 0. We consider two cases, Ym+y1 = 0 and ypm11 > 0.
Suppose B,(y) is such that B:{ (y) € Bt (=0, R, g) An application of Minkowski’s inequality,

for maps in L%(Bg(y);R"(m“)), yields
1 3 2
< |Bp( A |Zms1]” [Vw!|” dz
1
2

1 / 3 9
T Vol“dx
<|Bg( s Bg(y)| il )
+ ¢ / |Zmi1|? |V (v — w)2dz (4.66)
1B,(W)ls Ji, )

for any w € Wé’z(Bp(y);R"). Let w € Wg’Q(BP(y);R”) be the weak solution of div(|zy,1|*Vw) =
0 in B,(y) with w = v on 9B,(y), given by Lemma 2.6.1. Then w is smooth in B,(y)\ORT"" and
continuous in B,(y). Furthermore, since v is symmetric with respect to 8RT+1, it follows from
Lemma 2.6.2 that w is symmetric with respect to 8RT+1 and, crucially, we are now free to apply

Theorem 2.4.1 to w for every 8 € (—1,1). .
Asw—v e C(B,(y);R™) ﬁWéjg(Bp(y);]R”) and v satisfies div(|z,,41|°Vv) + |2mi1|?G = 0 and

w satisfies div(|2,+1|°Vw) = 0 weakly in B,(y), we calculate

/ |Zmi1 ||V (v — w)Pde = / |Zma1]? <v—w,é> dz
By (y) B (y)

< (1 sup [v— w\/ |21 | | Vo[Pda
By (y)

By (y)

1 1
2 2

+C5 sup |v— w\/ |Zm 1P de. (4.67)
Bp(y) Bp(y)

The Holder continuity of v, together with the weak maximum and minimum principles given by
Lemma 2.6.1 imply

sup |v —w| < Cp". (4.68)
B, (y)

Next we use the monotonicity and minimising properties of w to scale its averaged energy. An
application of Theorem 2.4.1, followed by an application of Lemma 2.6.1 yields

1 / 3 1 / 3 9
_ T Vwl“de < —— T Vwl|“dx
| g( )|ﬁ )| +1| | | |Bp(y)| p(y)‘ +1| | |
i,
< —— T B1vu|2de. 4.69
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Combining (4.66) - (4.69) we see that

1
1 / Bronzan | 1 / Bi,2
_ Tma1|” | Vol“da < Tma1|” | Vol“da
<B;<y>|ﬂ il ) By ls Jo, IV

1
+C<“”uummﬂ<ﬁ%“mwﬁm+@”>
14 p (Y

1
2

1
2

Define C; = (Cy + Cg) 2+ C and Cy = C’ + C5. We square both sides of the preceding inequality,
using Young’s inequality (ab < % b2 for a,b > 0) and the fact that v € (0,1) and p < R <1 to
see that

1 / 9
_ |1 1\[3\Vv| dz
1Bz (y)ls By () *

1
SRR /B o [l Iveide
p ,
Pl

NJ=

)
1 ? 1
B 2 ~y B 2
_ T Vul*dz | + Cap 7/ T Vol“dx
Bp<y>|ﬁ/3<y>' b Vel ) P 1B wls Sy V!

/ |21 |7 Vo da + C2P7>
»(¥)

+C (Clp’Y
+C<01
< Tpy1|? | Vo|2da

2 2
1
+C | (Cy+Co)p” 7/ |xm+1|ﬁ|VU|2dx + Cyp”
|Bp(y)|ﬂ B,(y)

1
+ CCLp” / |Zm1|?| Vo2 da 4+ CCyp”
1B, J,0)

2
2

3 1 3
< (1+001p5)7/ i1 || V02de + CCop? (4.70)
|Bp(y)\5 B, (y)

This holds on every B,(y) with B (y) € B (zo, R, &).

Now we iterate this estimate on concentric balls. Consider B (y) with B% (y) € BY (20, R, &).

Let p, = 2% R for k € Ny. First notice that p2 <2772 . Hence

ﬁ (1 —|—C’C~'1pj%) < ﬁ (1 ro((ch)? +c*)2—’%) <0< oo

Jj=0 J=0
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where C depends on m, N, 8 and C*. Tt follows from (4.70) that, for every k > 1, we have

1
1B (y)l /B

|@m41]7 Vo[ de
Pk (y

k
- 1
Zmi1 ||V 2da < (1+CC’1P2—') 7/
Jeme El ") 1Bz (y)ls By (y)

k j—1
+CCy Zp]j_j H (1 + CCIPE—z)
j=1 =1
1 k
< 067/ mia || Vo2de + CCoC S 236H)
1Br(20)15 Jop@y) ;
1
<0C—F/——
\BE(%NB

Now we consider estimates on B,,(y) with Bums1 (y) € B(zo, R, &); on this class of ball we have
2

/ 2l 1|Vt + CCoC. (4.71)
BE (ZL’())

Bp<y) C Bym;rl (y) C BT

%ym+1

R
(y") C By (y") € B (w0, R, ),
2
where y* =y — (v, ym+1). Let w € V[/Bl’2 (B,(y); R™) be the weak solution of div(|z,+1|*Vw) =0
in B,(y) with w = v on 0B,(y), given by Lemma 2.6.1 and suppose 6 > 2 is such that y,,1+1 > 0p.
Then Lemma 2.5.2 yields

1

|Bz (y) By (y)

(4.72)

C 1
Tt [V dz < (14 Hj)

B 2
x, 1| Vw|*dz.
1Bo)| Jp,) ™

Hence, repeating (4.66)-(4.69) but with |Bs (y)|s replaced by |Bs (y)|, we find

1
2

1 / 8 o\ C 1 8 )
—_— zh J|Vulfdz | < | (14 +—) zh, 4| Vo|*de
(Bs(y)| By ) . ) ( T B0 S,

1
|B,,(y)| B,(y)

1
2

+C (Clpy xfn+1|vv|2d$ + C2pﬂyy7,6n+1>

We square both sides of this inequality analogously to (4.70), noting that 6 > 2 so G—il <1,
v€(0,1) and p < R < 1, to see that

1

B 2d
By @) Sy

= X C 1 =~ X
< (1+CCyip? +7)7/ 22 |VuPdz + CCyp?yl . (4.73)
6—1 |B,,(y)| B,(y) i 1

This holds on every B,(y) with Bym,2+1 (y) € B(zo, R, &) and yy,41 > Op.
We iterate this estimate on concentric balls. Consider Bumii (y) € B(zo, R, &). Let p =
2

o4 .
2*’”’"’% for k € Ny and observe that v,,,1 > 2¥*1p; and pr < 2=%. Observe

- 5 2 C - a1 oo 12 c A
)= 1=
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where C depends on m, N, 8 and C*. Tt follows from (4.73) that, for every k > 1, we have

/ fn+1|VU\2d$
Pk | By, (v)

k
~ C 1
5 2
<]] (1 + OO+ g 1) B () 2l | VoPde

j=1 By7n+1 (y

j—1

C
+ CCoy Z/’k 11 (1 +CCipi, + 2kl+11>

j=1 =1

<C Vol?dz + CCoCyl, . (4.74)

|Bym+1 \/ B i1 () i

Now fix y € B} (20) which implics Buws (y) € B(zo, R, ). We divide (4.74) by yo 1, let
3

y" =y — (0,Ym+1) and combine (4.71), (4.72) and (4.74) to see that

—B -8
Bl I, )" V0 = OOy gy Vo + OCC
<ce— Y / st |°|Vo2da + CCoC
| Bavmer (¥5)|5 By, .0 )
< Cééwg(lxo)g /mo) £ [VoPde + O(C + CO)Cy.
An application of Lebesgue’s differentiation theorem concludes the proof. O

Remark 4.12.1. A consequence of the preceding lemma is that Holder continuous weak solutions
of div(xanVv) + ;vﬁlHG = 0 in B} (z0) and xﬁ+lam+1v =0 in °B}; (z0), with G satisfying the
assumptions of the lemma on B} (o), are actually Lipschitz continuous on Bf, ().

3

4.13 Existence of Higher Order Derivatives

The existence of higher order derivatives of minimisers of E? relative to O in directions tangential
to 3RT+1 follows using the usual method of difference quotients.

Lemma 4.13.1. Fiz | € Ny. Suppose v is a minimiser of EP? relative to O and let BE(:CO)
be a half-ball with d°B},(x¢) C O. Suppose further that for every multi-index o/ € Ny*** with
ol =0 and || <1 we have D*'v € C%V(Bj(20); R™) N Wg’z(BE(xo);R") for some v € (0,1)
and VDY v € L=(B (z0); RMHI™) . Then for o/ € NJ't' with af,,; = 0 and |o/| = | and
i=1,...,m, the weak derivative VO;D* v exists and VO;D* v € L> (BJr (zg); RIm+1Dm),

Proof. Without relabelling, we extend A to a smooth section of T*R*"@T*R"®@TR". Fix o’ € N0m+1
with o, ,; = 0 and |o/| = [. Since v is a minimiser of E” relative to O, the regularity assumptions
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on v and D v imply we may integrate by parts | times in (4.1); for any ¢ € C3°(Br(xzo); R™) we
have

/ " )mi+1<VD“'v,V¢>dx: /B " )xfmw,Da’(A(v)(vo,vu)»dx. (4.75)
r\Z0 r(Zo

Let n € C§°(Bsz(wo)) be a smooth cutoff function such that 77 =1in Bi( 0)y 1 >n>0in
Bar (l’())\B% (o) and |Vn| < % Furthermore, let APD*v = h=Y(D* v(x + he;) — D v(x))
be the difference quotient of D v and assume |h] < %. Observe that, by approximation, w =
— A2 AP D v) is an admissible test function for (4.75). We substitute w into (4.75) and apply

‘integration by parts’ for difference quotients to see that

/ 7 xm+1|AhVDO‘ v]Ade = / 7 me(AhDO‘ v, AP DY (A(v)(Vv, Vv)))da
B (z0) g (@0)
- / 2nxi+1<A?VD"/v -Vn, A?Do‘/v>dx. (4.76)
R (wO)

(l2

We now use Young’s inequality, ab < %5 + (5% for a,b > 0 and § > 0, to move all of the terms
involving A?VD® v on the right hand side of (4.76) to the left hand side. We calculate

—/ 27]1‘@+1<A?VDO/U -V, Al DY v)de < C6 n xm+1|AhVD°‘ v*dx
B, (20) B, (x0)
4

c ,
+ —/ 2l VP AFDY v de.  (4.77)
0 JB(z0)

We need to estimate the term involving AP D (A(v)(Vv, Vv)) in a similar fashion. An application
of the Mean Value Theorem, noting we are working on B3, (zo) and |h| < £, implies
4

AP DY (A(v)(Vv, Vo))| < C1|APV DY v| + Cy

where C1, Cy depend on m, N, 8 and |\VD&,U||LW(B;(IO)_R(,”H>") where @ € NI with |&/| < |o/|
and ay, ., = 0. Hence, using Young’s inequality again, we deduce

/ P2l (ARDY o, APD (A(0)(V, Vo)))de
%(330)

o Cs
<9 . 772$§1+1 AN DY v de + C=2 . E,L_Hdm, (4.78)
B%(zo) BgR (IO)

where C3 depends on m, N, and HVD&/U||Loo(B+(zo)~R(m+1>n) where @ € Ny't! with |a/| < ||
1 (o);

and &,y = 0. Choosing ¢ sufficiently small in (4.77) and (4.78) we combine these inequalities
with (4.76). Since |[Vn| < £ and n =1 in BY, (z9), we see that
2

Bf, (x0)

/B+ ( )xi+1\A?VD“'v|2dx < Cy(R?+ 1)/ .
r\T0

o1



where Cy depends on m, N, 8 and HVD&IU||LN(B;($O),R(M+1)”) where & € N'* with |&/] < ||
and &, ; = 0. This bound is independent of h with |h| < %. Hence by Lemma 2.4.2 we conclude

that the weak derivative V9; D v exists and satisfies the above inequality with Vo, DY v in place
of AV D v. This concludes the proof. O

4.14 Caccioppoli-Type Inequality

Here we show that the derivatives of minimisers of E? relative to O in directions tangential to
8RT+1 all satisfy essentially the same Caccioppoli-type inequality.

Lemma 4.14.1. Fiz | € Ny, let v € Wé’z(RTH;N) be a minimiser of EP relative to O and
let BE(IO) be a half-ball with R < 1 and QOBE(IO) C O. Suppose that for every multi-index
o € Nyt with o, .1 = 0 and |o/| <1 we have D¥v € C%(Bj(z0); R™) N W;’Q(Bﬁ(xo);R”)
for some v € (0,1) and VD v e LOO(BE(;UO);R(T"“)”), Suppose further that for o/ € Ny*™ with
alyi1 =0 and |o/| = 1 and some i € {1,...,m}, we have V&;D* v € L2 (B (wo); RU™HD™) - Let
B,(y) C Br(xo) with ymy1 > 0. For each o with o), = 0 and |o/| = | there are constants

C = C(m,N,p) and Cy,Cy which depend on m, N, and are comprised of polynomial functions,
with no constant terms, of [[VD* v|| o (g (y)rrm+1pmsin), where &' € Nyt with |&/] < |o'| =1
T

and &, =0, such that

4 1 ’
/ xiHW@-DO‘ ofPde < C (Cl + 2) / x',é)n+1|3iDa v — \?dz
B ()R} p B, (y)NRTH!
B, (y)NRY T

for any A € R™.

Proof. Fix o with o], ; =0 and |o/| = [. Integrating by parts [ + 1 times in (4.1) shows that for
every ¢ € C5°(Br(zo);R™), we have

/B+( )xan(V&-Da'v,Vd))dx/ 2 (), 0D (A(v)(Vv, Vo)))dz
r(To

B; (:Eo)

Now, by approximation, we may choose 1 = n? (8iD°‘/v — ) where A € R” is a constant vector and
n € C5°(By(y)) is a cutoff function with n =1 in Bs(y), 0 <n < 1, and [Vp| < %. We calculate

/ xi+1n2|V6iDa/v|2dx <C / xfn+1n2|3iD°‘lv — /\||V6iD°‘/v|da:
By, (y)nRY T By, (y)nRY T

+ é’g/ xfn+1n2|8iDo‘/v — Adz
B, (y)NRY T

+ c/ 2 n|Vn||9;D v — \||V8; DY v|dz,
Bp(y)ﬁRT+1

(4.80)
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where C = C(m, N, 3) and C1,Cy which depend on m, N, and are comprised of polynomial
functions, with no constant terms, of ||V D% U||Lw(BP(y)mR$+1;R(m+l>n) where @ € NJ'™ with |&/| <
land &), ; = 0. We apply Young’s inequalitiy, ab < % + % for a,b > 0 and 6 > 0, to each term
on the right hand side of (4.80). We first apply this inequality to the term corresponding to C,

choosing ¢ sufficiently small depending on C and hence only on m, N, 5 and recalling |Vn| < % to
see that

/ xi+1n2|v8iDa/v|2dx <C / xﬁ+1n2|8iD“'v — M|V, D% v|dz
B, (y)nRY T By, (y)nRY T

+ é’g/ xﬁLHnQ@Dalv — \dz
B, (y)nRY T

C ,
+ = / xi+1|8¢Da v — \?dz (4.81)
P™ JB,(y)nR} !

where Cy, Cy are possibly different from before but have the same structure and dependence as the
constants in (4.80). Applying Young’s inequality again, now to the terms in (4.81) corresponding
to C1, Cy concludes the proof. O

4.15 Control of the Mean Squared Oscillation of the Derivatives on the
Boundary

We prove an analogue of Lemma 4.9.1 for the derivatives of minimisers of E? relative to O.

Lemma 4.15.1. Fiz | € No. For every § > 0 there exist numbers e >0, 7 € (0,1) and 6 € (0, 1]
such that the following holds. Suppose v € WE’Q(RTH; N) is a minimiser of E® relative to O with

D¥v e COY (B (m0); R™) N Wﬁl’z(BE(xo);R”) for a~ € (0,1) and VD v € L (B (w0); RUm+m)
for every multi-index o/ € NJ'™' with o/, ; = 0 and |o/| < I, where Bj;(z9) C RTT! satisfies
R <1 and 9°Bj},(z9) C O. Suppose further that for o' € NI with o/, ; = 0 and |a'| =1 and
some i € {1,...,m}, we have V&;D* v € L%(BE(:I:O);R(””U”). If |o/| =1 and o, 1 =0 and

Rl_m_ﬁ/ xi+1|VU|2dm < e?,
B xo

+
R

then, for every B (y) € Bt (zo, R, TR), either

1-m—p B a2 r )2
r /Bi(y) zh, 1|V DY v|[*dx < 6 (7R|a’\+2 (4.82)
or
(r)~(+m+A) / xfn |81-D0‘/v — 0;D% v g+ |*da < 57"1*’”*5/ xﬁl \V@iDa/v\Qdm.
srw " Fo 05 s "

(4.83)

Proof. We use a blow-up argument, analogous in spirit to the argument we used in the proof
of Lemma 4.9. First we note that the statement of the lemma is invariant under rescaling and

53



translation by any point in GRTH. In particular, suppose the lemma holds for minimisers of
EP relative to @ whenever 39B; (0) C O. If the hypothesis of the lemma hold for minimisers of

EP relative to O and Bg(xo) satisfies R < 1 and 80B§(:c0) C O, then applying the lemma to
vr = v(R - +x¢) yields the conclusion of the lemma on B (zo).

We now prove the lemma when R = 1, 9 = 0 and v is a minimiser of E? relative to O
and 9°B; (0) C O. Suppose the statement is false. Then there exists § > 0 such that, for any
fixed 6 € (0, 1], we may find a sequence (vg)ren of minimisers of E” relative to O such that the
following holds. Each vy, satisfies D v, € CO7(B; (0); R™) N Wﬂl’Z(Bf'(O);R”) for a v € (0,1) and
VD v, € L®(Bf (0); R for every multi-index o/ € NI'*! with Ay, = 0and |of| < 1.
For o/ € Ng**! with af,,; = 0 and |¢/| = [ and a fixed i = 1,...,m, each v, further satisfies
V9, D vy, € L2(B{ (0); RO™Tm) . Moreover, the vy, satisfy

/ xfﬂ_l |Vur|? do := e — 0,
B{(0)

and, furthermore, there exists a sequence of numbers 0 < 7, — 07, half-balls B (yx) € B¥(0,1, ),
and numbers 0 < r, < 7, — 07 such that

r’i—nL—B/ $§n+1|V6iDa/Uk|2d-T > 6,,% (484)
B, (k)

and

(Ory,)~Hm+D) /

B o’ v 2
xy  110;D% v — (0; DY vg) g+ [“dz
Bl R

> 5ri7m7ﬁ/ xfn+1|V8iD°‘/vk|2dx (4.85)
B, (yx)

for o/ with |o/| =1 and o], = 0.
Since each vy, is a minimiser of E? relative to O and vy, € Wg’Q(BT(O);R") N C%7 (B (0);R™)
we deduce from Lemma 4.12.1 that each vy satisfies

IVorl2 <C 2l 1 |Vop2de < Ce? — 0. (4.86)

0 R(MADRY =
(B%(O)JR( +hm) BF(0)

The assumptions of the lemma guarantee that we may apply Lemma 4.14.1 on B (0) with A = 0.

6
We do so and conclude that there are constants C = C(m, N, ) and Cy,Cy, which depend on
m, N, 8 and are comprised of a polynomial function, no constant terms, of HVUICHLOO(BT(O)-R(WJrl)")

3
and consequently satisfy C1,Cy — 0 as k — oo, such that for o/ with o[ =1 and «a;,,; =0

B1(0)
3

/+ 2 VDY vy Pdz < 0(01+1)/ 2l DY vy P da + Oy
B (0)
6

<C(Ci+1) |\Vvk||2Lw(BT(O);R<m+l)n) +Cy =0 (4.87)
3

54



as k — oo. If | > 1, integrating by parts in (4.1), we see that when |o/| = 1 and a;, ;, =0, D vy,
satisfies

xi+1<VDa/”kv Vy)dz = Ifnﬂ@’, G)dz
+ +
B%(O) B%(O)

for every 1) € Cgo(B% (0); R™) where, by Young’s inequality, |G(z, q)| < Cs|q|?> + C, for constants

C3 = C3(m, N, ) and C4 which depends on m, N, and is comprised of a polynomial function,

with no constant term, of ||Vvk|\LW(BT(O);R(,”H)”) and hence C4 — 0 as k — oco. Now recall that
3

by assumption D* v, € C%7(BT(0); R(m+Dm) N Wé’Q(BI(O);R(mH)”) for each o/ € N™*! with
6 6
o'| =1and o/, ,; = 0. Hence applying Lemma 4.12.1 again in conjunction with (4.86) and (4.87),
! land a;,,; =0. H lying L 4.12.1 in i j i ith (4.86 d (4.87

we deduce that there exist positive constants Cs = Cy (m, N, ) and C4 which depends on m, N,
and k with C4 — 0 as k — oo such that

/ ~ 1 5 ’ 2 ~
190% 0l sy < Corpron [ b [ VD™ wda 4G =0
(B%%(O)JR +1 ) |B—%‘r(0)|5 B%(O) m
as k — oo. Repeating the preceding process for D vy, with |o/| = 2, then |o/| = 3,...,|a/| = I, we

see that

@Ry 0 (4.88)

D)
19D 0l
3
as k — oo for every o’ with |o/| <1 and o, = 0.
Now fix o’ with |o/| =1 and «;,,,; = 0. Discarding as may v as necessary and re-indexing the
resulting sequence we may assume that 27, < 6-(+1) so that B;; (yr) C B;}k (yr) C B;k (yr) €

B+ (0,567, 6=(+1) and, in particular, Bj, (yx) € BT, ,(0). Define

Lo

1-m—p B o 2 X2

Ty /+ T, 1|V DY vi|"dx = &
BTk(yk)

Note that it is possible to show, combining Lemma 4.14.1 with A = 0 and (4.88), that &2 — 0, but
this is not required in what follows.
We see from (4.84) and (4.85) that

E% > or} (4.89)
and
(Or)~(+m+5) / 28 0D v = O D 0 gy (0l > 022, (4.90)
B;;k (yk) "
Define ,
9; D% vy, (ryz + yx) — (0;D* Uk:)B;Tk (),
Wy = p
€k
Then , /
Vwk(x) = é—kv&«D“ Uk(rkl‘ + Yk )- (4.91)
k
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Hence, using the change of variables x — rix + yi, we find

/+ )xan Vwg)*dz =1 and (wk)Bg'(O),B = 0. (4.92)

1

Furthermore, after changing variables again, we deduce from (4.90) that
0*(1+m+6)/ 22w da > 6. (4.93)
B, (0)

The combination of (4.92) and the Poincaré inequality for As weights implies (wy)ren is bounded
in Wg 2(Bf (0); R™). The the Rellich Compactness lemma, Lemma 2.2.1, therefore yields a subse-

quence (wg,; )jen which converges weakly in Wé’z(Bfr(O);R”) and strongly in L%(BT(O);R") to a
w € Wy (B (0);R™).

Now we show that w is a weak solution of the Neumann-type problem (2.11) in B (0). Let
¢ € C°(B1(0);R") and define ¢ € C°(B,, (yx);R") by ¢(z) = (b(%) We observe that
rVo(z) = Vé(z) where = € By(0) and z € B,, (yi) satisfy z = rpz + y. Hence, using the change
of variables « — rx + yi and (4.91), we find

Tk

/ P (T V) e = 2 [ 2l (V00 i+ ), Vo)
P

_ Tk / 2B (V0D vy, Vo <Z - yk))dz
Bik(yk)

Ek Tk
1-m—p
Tk

=k / 20 VO, D vy, V). (4.94)
€k B, (ux)

As ¢ € C3°(By, (yr);R™), vy, is a minimiser of Ef relative to © and, in view of (4.89), we have
2

%< 5, it follows that
k

/B+ . 22 (VODY vy, V§)dz
Yk

<C / 22 (VO DY vy| +1)d=
B (yr)
= C’ri+m+5/ xi+1(|V8iDa/vk(rkx +yr)| + 1)dz
B (0)

~ m T
= Cgprt? / o 2l ([ Vwg| + i)dx

Bl
< Qe+ / (V] + 6, (4.95)
B (0)
where C' depends on m, N, 3, ||¢~5||L°°(Bik(yk);Rn) = ||¢||Loo(Bl+(0);Rn) and is comprised of a polyno-

mial, with no constant terms, of ||VD&,U’CHLOO(B§671(());Rn) where |&'| <1 =|d/| and &, = 0 and

is therefore independent of k in view of (4.88).
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We combine (4.92) and (4.95) to see that, for any ¢ € C§°(B1(0); R™), the weak convergence of
wy, to w in Wﬁm(Bf(O);R”) yields

= lim
Jj—oo

/B+(O) xfn+1<Vw, V¢)dr /B+(0) xi+1<vwkj,V¢>dx

< C lim rkj/ 2f (V| + 6 %) da
B

J=o0 O

=0

since ry, — 0. Hence w is a weak solution of (2.11) in B{ (0).
Using the Rellich Compactness Lemma, Lemma 2.2.1, we take limits in (4.92) and (4.93) to see
that

/ xfﬁl Vw|*dz <1 and Wp+ gy, =0 (4.96)
BY(0) o

and
—(14m 2
g+ +ﬁ>/+ ) 22wl de > 6 (4.97)

2

respectively. Now, in view of (4.96), the Poincaré inequality for Ay weights yields

9—(1+m+ﬂ)/ mi+1|w|2dx < Cgl—m—,@/ xfn+1|vw|2dx. (4.98)
B (0) B (0)

0 0

Lastly, since w is a weak solution of (2.11) we may apply Corollary 2.3.1 to w with 6 < i (so that
20 < 1). This gives a positive constant C' (independent of #) and a v € (0, 1) such that

g1-m—p / o [VwPde < C(20)7. (4.99)
By (0)
Combining (4.98) and (4.99) we see that

g~ (1+m+5) 22 lwPdr < C(20)27. 4.100
+(0) m—+1

6

1
This holds for all fixed 6 € (0, 1] and we choose 6 < 27 (&) so that (4.100) contradicts (4.97).
Hence the lemma is proved. O

4.16 Control of the Mean Squared Oscillation of the Derivatives in the
Interior

We need a counterpart to Lemma 4.15.1 which holds on a class of balls with closure contained in
the interior of RTH.

Lemma 4.16.1. Fiz | € No. For every § > 0 there exist numbers € >0, 7 € (0,1) and 6 € (0, 1]
such that the following holds. Suppose v € Wé’2(RT+1; N) is a minimiser of E® relative to O with

D¥v € CO7(Bf(x0); R™) N Wﬂl’2(BE(:c0);R”) for ay € (0,1) and VD v € L (B} (zo); R"T17)
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for every multi-index o/ € NJ'T' with of, ., = 0 and |o/| < I, where B (z9) C RTT! satisfies
R <1 and 8°Bj(zo) C O. Suppose/further that for o/ € NJ'"™ with o, .1 = 0 and |o/| =1 and
some i € {1,...,m}, we have V8;D* v € L%(BE(CE());R(WH_U”). If lo/| =1 and o), 1 =0 and

Rl_m_ﬁ/ xi+1|VU|2dm <é?
B (wo)
then, for every B,.(y) € By(zo, R, TR), either

rl—m/ IV0; D v[2dz < § ( (4.101)
By ()

r 2
)
or
(97")_(1+m)/ |8, D% v — ;DY v, (,|Pdx < 5T1_m/ V0, D v|?dx. (4.102)
BOT(y) BT(y)
Proof. The method of proof is similar to the proof of Lemma 4.15.1. We observe that the lemma
is invariant under scaling and translation with respect to z( in 8RT+1 in the same way as Lemma

4.15.1. Hence we assume R =1, £y = 0, v is a minimiser of E? relative to @ and BOBfr(O) c 0.
Suppose the statement is false. Then there exists 6 > 0 such that, for any fixed 6 € (0, i],
we may find a sequence (vj)reny of minimisers of EPB relative to O such that the following holds.

Each v, satisfies D*'vy, € COV(B{(0);R") N Wy*(Bf (0);R") for a v € (0,1) and VD v, €
L (B (0); Rm+Yn) for every multi-index o/ € Ni'*! with o/, ; = 0 and |o/| < 1. For o/ € Ny**!
with a;,,; = 0 and |o/| = [ and a fixed i = 1,...,m, each v, further satisfies Vo, DY v, €
L2 (B (0); RO™Fm) The vy, also satisfy

/+ xﬁw—l |Vo|* de := 2 — 0.

Bf (0

There furthermore exists a sequence of numbers 0 < 7, — 0, balls B, (yx) € B4(0,1,74), and
numbers 0 < r, < 7 — 0 such that

r,l;m/ |V8iDa/vk|2dx > or? (4.103)
By, (yk)

and

—(14+m DY vy, — (8; D% vy,) 2
[ T
67’k(yk)
T e
By (yx)

for o with |o/| =1 and o, ; = 0.
Since the assumptions of the lemma are the same as the assumptions of Lemma 4.15.1 we still
have (4.88), namely, for every o/ with |o/| <1 and aj,,; =0

IVD w||? — 0. (4.105)

(BT o @B HDm)
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Define

r,ifm/ |V8iDO‘/Uk|2dac = é2.
B'rk (Uk)

Fix o/ with |o/| =l and o], ; = 0. Discarding as many k as necessary, and re-indexing the resulting
sequence to k € N, we may assume 27, < 6~V so that B,, (yx) € B4(0,167!,6-(*V) and, in
particular, By, (yr) C 31'67, (0). Note that similarly to in the proof of Lemma 4.15.1, using Lemma
3

4.14.1 with A = 0 and (4.105) we can show £ — 0, but this is not used in what follows. Now
consider the normalised sequence

8iDa/U/€(7“k$ + yk) - (82,Da’vk)

Be’r‘k (yx)
w(x) z .
We have , /
Vuwy(z) = éivaipa vp (TR + k) - (4.106)
k
Hence, using the change of variables = — ryz + yi, we find
/ [Vwg|*dz =1 and  (wy) g, =0 (4.107)
B;1(0)
and, also using (4.104),
g—1+m) / lwg|* dz > 6. (4.108)
By (0)

As a result of (4.107) and the Poincaré inequality, we observe (wg)ren is a bounded sequence
in W12(B;(0); R"). The Rellich Compactness lemma, [39] Section 1.3 Lemma 1, thus yields a
subsequence (wy, )jen Which converges weakly in W2(B1(0); R") and strongly in L*(B1(0); R") to
some w € W12(By(0); R™).

Define fi(z) = (1+(yk);n1+1rk:cm+1)ﬂ for each k € N. Observe that ay, = (ykj);nﬂ_lrkj IS
[0,471] for every j, since each B, (yr) € B4(0,1,7). Thus there is a subsequence, which we also
index with k;, which converges to a € [0,47']. Furthermore, ( fx;)jen is uniformly bounded and
equicontinuous so, by the Arzela-Ascoli theorem, there is a uniformly convergent subsequence which
we again index by kj;. Since fi,(z) — f(z) = (1+ amm+1)’6 pointwise, we must also have fr, — f
uniformly.

Now, for ¢ € C§°(B1(0); R™), similar calculations to those in the proof of Lemma 4.15.1 yield

/ fk (Vw;ﬁ V¢> dx
B1(0)

< C‘|¢||L°°(Bl(0);]R”)Tk/ " |Vwy| + 5_%(311' — 0 (4.109)
B1(0

as k — oo. Furthermore, as wy, converges weakly to w in W12(B1(0); R™) and fr; — f uniformly,
we conclude that

/ f{(Vw,V¢)dr = lim fr; (Vwg;, Vo)dz = 0. (4.110)
B1(0) I J By (0)
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Hence w is a weak solution of div((1+ ame)B Vw) = 0 in B;1(0). By linear elliptic regularity
theory, w is smooth in B;(0). We also conclude by taking limits in (4.107) and (4.108) that

/ Vw/*dz <1 and Wp,0) =0 and 9*(1+m)/ lw|*dz > 6 (4.111)
B1(0) B (0)

respectively using the Rellich Compactness Lemma. Since |Vw|? satisfies a mean value inequality,
namely supp, ) |Vw|*> < C(m, ) fBl(O) |Vw|?dz as shown in theorem 2.1 in section III of [15], we

apply the Poincaré inequality and (4.111) to see that

9*(”7”)/ jw|?dz < al’m/ [Vuw|*dz < 092/ V|’ dz < C6. (4.112)
By (0) By (0) B1(0)

1
This holds for all fixed § € (0, 3] and we choose 6 < (%) ? so that (4.112) contradicts the last

statement of (4.111). O

4.17 Higher Order c-Regularity
With the preceding theory in hand, we are now in a position to prove our main e-regularity theorem.

Proof of Theorem 4.0.1. Observe that the hypothesis of the theorem are invariant with respect to

the rescaling = + Rx + 2¢. Thus we will assume R = 1,29 = 0 and 0°B; (0) C O.
We use proof by strong induction. We choose € to be the number from Theorem 4.11.1. Then
the combination of Theorem 4.11.1, Lemma 4.12.1 and Lemma 4.13.1 yield a 6 = 8(m, N, ) < %

and a 4 € (0,1) such that v € C®V(B(0);R") N Wy*(BF (0);R"), Vv € L*(B}(0); Rim+1n)
and O;v € Wé’z(Bg(O);R") for i =1,...,m. Now fix [ € Ng. The induction hypothesis is that
there exists § = é(m,N”B,l) < % and a ¥ = 4(m, N, 3,1) € (0,1) such that the following holds.
For o/ € Nj**! with o/, ; = 0 and |o/| < I, we have Dy e C’O’:Y(Bg'(O);R") N Wg’Q(B;'(O);]R")
and VDYv € LOO(B;(O);R(’”“)"). Furthermore, when |o/| = [ and a,,; = 0 we suppose
Vo, D v e L% (Bg(O); R™) for i = 1,...,m. We have already observed that this is true when | = 0.

The inductive step will be to show the preceding statement holds, possibly for a different 6 and 7,
for D* v with [o/| <1+ 1 and o), = 0. We fix o’ with |o/| =1 > 0 and a;, ,; = 0 henceforth.
Applying Lemma 4.14.1, we see that

/ ]. ’
/ 2 1| VO: DY vde < Cy <Cl + 2) / 2l 118:DY v — Ndx
m+1 m41
By ()R p B, (y)NRT

+ 02/ ol da (4.113)
By (y)nRY T

for any B,(y) C B;(0) with y,41 > 0and i = 1,...,m, where Cy = Co(m, N, ) and C1, Cy depend
onm, N, 3 and are polynomial functions, with no constant terms, of ||V D% v| |L°°(Bp(y)nR$“;1R<m+1>n)
where & € N{'™' with |&/| < [ and a/,,; = 0. We apply Lemmata 4.15.1 and 4.16.1, with
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0 = %W, to respectively obtain numbers e; > 0, 4 € (0,1) and 6; € (0, ﬂ and e > 0,

79 € (0,1) and 05 € (0, %], depending only on & and hence only on m, N, 3, such that if R < 6 and

RI—m=6 /B+(0) xan\VUde < min{e?, €3} (4.114)
R

then either (4.82) or (4.83) holds for every Bt (y) € B*(0, R, 71 R) and either (4.101) or (4.102)
holds for every B,,(y) € 84(0,1:27 7'2]:2). It follows from the proof of Theorem 4.11.1, bearing in

mind R =1 and z¢ = 0, that for every B} (y) € BT(0,1, 1) we have

rlfmfﬁ/ xfn+1|V1}|2dx < Crv
B (y)

for some 4 € (0,1) and some constant C' = C’(m,N,ﬁ). In particular, this holds for y = 0 and

r < 1. Hence if R = R(m,N,B,l) = (min{%, %, <g)v})% then (4.114) holds on BE(O). We have

assumed R < g so that we may later apply (4.113) with impunity on any ball or half-ball in B}g (0).
First we show that (4.7) essentially holds for V8;D* v on every B (y) € B(0, R, R). We
know that (4.82) or (4.83) holds on B (y). We apply (4.113) with A = 0;D*vg+ () 5, noting

0171

that |A] < HvD@,UHLoo(B;rm (y):R(m+ 1)y, tO see that

1-m—p
(61“> / 28 V0D v|*dx
2 B

o1r \Y

2

< Cp2m A1 (G, )~(1HmHH) / 2P 10;D% v — 8;D%v

h
Bf ., () 1

2de+Cr. (4.115)

(v).8

Hence, regardless of which of (4.82) or (4.83) holds (bearing in mind our choice of § above), we

have
(Ulrl ) 1-m—p /
B+

o1r (¥)

/ 1 ,
$'§L+1|V6iDa vf’de < *Tll_m_ﬂ/ x’gl+1|V8iDa v]*dx + Cri,
2 B (4)
(4.116)

where 01 = %1 and C depends on ||VDd,vHL°°(BT(O)‘R”) where [&'| < | with &;,,; = 0 and,
¥ (0);

moreover, may depend on R,01,m,N and 8 and hence only on m, N, 3,1 as R = ]?(m,N,ﬁ,l)
and 01 = 01(m, N, 3). This holds for any B;\ (y) € B¥(0,R, 1 R). We may apply (4.116) with ry
replaced by o¥r; for every k € N and iterate to see that

(U’frl)limiﬂ/ xfn+1|V3iDa/v|2dz
B+k (y)

ofry

k—1
1 , _ ey
<t [ vt o S et oy
2 B4 ) 2
1 1-m—p B o 192 9
S 7]@ T1 xm+1|vazD U| dl‘ + C’I”l . (4.117)
2 B ()
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Setting 71 = — 22 € (0, 1) we conclude that

Inoq

Tlfmfﬁ/ xfl+1|V3iDa'v|2dz
B (y)

71
< Ui_m_ﬁ_” <T> <T11_m_ﬂ/ xfn+1|V8iDa v]2dx + Cr%) (4.118)
B (v)

T1

for any r < r;, where C depends on the same factors as the constant in (4.116). This holds for any
B (y) € BT(0,R, 7 R).
We want a similar estimate for ro' =™ fBr @) |V8¢D°‘/v|2dx on balls B, (y) € B4(0, R, Tgf%). We

calculate the constants in (4.6) from Section 4.3 explicitly. Then our choice of § and a similar
argument which lead to (4.118) yields the existence of a y2 = y2(m, N, 8) € (0, 1) such that for any
B,,(y) € B4(0,R, »R) and any r < ro we have

T2

72
7’1*’”/ VO, D v|?dz < gy ™7 <T> (T‘le/ |VO; D™ v|*dx + Cr%) . (4.119)
Br(y) By ()

where 0o = % and C depends on the same factors as in (4.118). We now use (4.118) and (4.119)

to show the hypothesis (4.7) from Lemma 4.3.1 is satisfied. }
Define 7 = min{Z, 72} < 1, v = min{y1,72}. We apply (4.118) with r; = 7R. It follows that
for every B;(y) € BY(0, R, 7R) we have B:_FR(y) € Bt(0, R, 7 R) and hence

pl=m=~ / xﬁl+1|V&Da/v|2dx
B (y)

<c (%)7 ((Té)l—m—ﬁ /B+

TR

( )J;gﬂ_ﬂV&‘Do‘/dex + C(TR)2> : (4.120)
Yy

Furthermore, applying (4.113) with A = 0 and p = 27 R implies that
(rR) P / [V, D oPde < C(1+ (rR)) < C, (4.121)
Bf.(y)
TR
where C depends on m, N, 3,1 and ||VD&/U||L°°(B3'(O);R”) where |&'| < I and &, ; = 0. We
combine (4.120) and (4.121) to see that for every B, (y) € BT (0, R, 7R) we have

r

v
plom=p / a1 |VO; DY v’ dax < C ( ) < C3r7, (4.122)
Bl (y)

TR
where C3 depends on m, N, 8,1 and ||VD&/UHL<><>(B§+(0);RTL) where |&/| <1 and &), ; = 0.
Now let B.(y) € By(0,R, % R). Then B,(y) C Bumii(y) C Bi,,., (y*) C Bl (y") €
- - 2
B*(0, R, TR), where y© =y — (0, y;m+1). Recalling again (4.6) from Section 4.3, we note that

Ym+1 1=m a2 3ym+1 tomes B a2
(—) VO, D v|2de < € ( 2Ymtt 22 1 |VO; D vda.
4 Bynrrl (v) 2 +)

+
B 3Ym41 &
2

(4.123)
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Since Y1 < TR < 1, applying (4.119) on Bumsi (y) € Bu(0, R, 7 R), using (4.123), and then
4
applying (4.122) gives

rl_m/ IVO; D v|*da
Br(y)

IA

4 v m 1-m ’
c7< ! ) (y +1) /ﬁ VO, D v|?dz + Cy2
Ym+1 4 By'm4+1 (y)

r v 3y7n+1 tom=p B o' 12 2
<C C xm,+1|vaiD U| dz + Cym-l—l
Ym+1 2 3Umt1 (y*)
Hmtl
ol 3 m vy
<om) (@ (M) ~ona)
< Cyr? (4.124)

where Cy depends on m, N, ,l and ||VD‘5‘IUHL°C(B;(O);R”) where |&/| < | and &), = 0. To-

gether, (4.122) and (4.124) imply (4.7) from Lemma 4.3.1 holds for B (y) € B*(0, R, %T]:z) and

B.(y) € B4(0,§, %TR) Applying this lemma shows that ;D% v € CO’”A’(B;(O);R”) for some
é,’y € (0,1) depending on m, N, 3,1. Hence, recalling that by the inductive hypothesis 9D v

Wé’z(Bgr(o); R™), we may apply Lemma 4.12.1 and Lemma 4.13.1 to respectively imply Vo, DY v e

LOO(BE(O);]R(’”“)") and V(?jaiDO‘/v € L%(BE(O);]R”) for i,57 = 1,...,m. This completes the
6

3
inductive step and therefore the proof. O

Remark 4.17.1. A consequence of the proof is that the number ¢ in Theorem 4.0.1 can be taken to
be the number from Theorem 4.11.1.

Theorem 4.0.1 yields an improvement to Theorem 4.11.1 for minimisers of E# relative to O. We
are now in a position to prove our partial regularity theorem.

Proof of Theorem 4.0.2. Aspects of the proof closely follow the proof of Theorem 3.2 in [28]. First,
it follows from the theory of Schoen and Uhlenbeck [37] that there exists a set iy C R, with
Hausdorff dimension at most m — 2, such that v is smooth in a neighbourhood of any point in ;..
Define
Shary = {y € 0: 0] (y) > ¢}

where ¢ is the number given by the Theorem 4.11.1 and ©%(y) is the density function defined in
Remark 4.2.1. The upper semi-continuouty of @f was established in Remark 4.2.1 which, when
combined with the definition of ¥p4ry, shows that Yyary is relatively closed in O.

We write Ypary as a countable union of compact sets of the form K N Xp4ry, where K C O
is compact, and let X/ C Ypdry be such a set. Fix § > 0 and cover Y by a collection of balls
Bl (x;) C O with B (x;) C O with z; € X' and 0 < r; < 0. The compactness of X', combined with
Vitali’s covering theorem yields a finite subcollection of balls, B (x1), ..., B (x1) for some I € N,
of any such cover of ¥', which satisfies B, (z;) N By (x;) =0 fori# j,1<i,j<I and X C
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I Bs,.. (x;). Using the boundary energy monotonicitly formula, Lemma 4.2.1, we see that
=1 i g

I I
B 10m+B8-1
P o Pl VP <
i=1" P (T

=1

1gm+B8-1

/ xfn+1|Vv\2dx.
€ 0x[0,6]

We send § — 07 and use Lebesgue’s Dominated Convergence Theorem to see that H™ 15 (%) = 0
and hence H™ 148(Zyqpy) = 0.

Let zg € (RTH UON\Z. If z € RTH then xg € RTH\EM and v is smooth in an open ball
centred at o and contained in RTH\Eint - (RTH UONE. If g € O then zg € O\Xpary and
©8(zy) < e which, combined with the fact that O\Zpq.y is open in O, implies there exists an R > 0
such that R*~—m—# fB;(xo)xleWdew <&, R <1 and 8°B}(zg) C O\Spary. Consequently,
Theorem 4.11.1 implies that there are 6, € (0,1) such that v € CO”Y(B;_R(xo); N). Furthermore,
we deduce from (4.61) in the proof of Theorem 4.11.1 that

1-m—8 B 20, <o ()
r /Bi(z) xp, 1| Vo[*de < C (R> €

on every Bj(z) € B (zo, R, &) which shows that ©%(z) = 0 for every z € 3OB§ (o). Now setting
o = min{f, 1} we see that ©J(z) = 0 for z € "B (z0) which implies 0°B(z0) C O\Spary.
Furthermore, v is a Holder continuous weakly harmonic map in any B, (y) with B,.(y) C Bl (zo).
We apply Lemma 4.4.4 to see that v is smooth in B () and conclude that B (z¢) C R\ Sy
Consequently, we have B}, (v0) U0 B (7o) C (RTT UO)\XE. Note that B (z0) U° B x(x0) is
an open ball centred at xo in the (Euclidean) topology of RTH UO. Hence X is relatively closed in
RTHU(’). As the Hausdorff dimension of ¥;,,; is at most m—2 < m—1+8 and H™ 1+5(Spq,y) = 0,
we deduce that H™+#~1(3) = 0. We also conclude v € CI()O’Z((IRTH UO)\Z; N).

Consider zg € (RT‘H U O)\X with zp € O. Then, as above, we observe there is an R > 0
such that R'=™~4 fBg(mo) $§L+1|Vv\2dx <e, R<1and B} (x0) C O\Shary. In view of Remark
4.17.1, Theorem 4.0.1 implies that for every | € Ny there exist 6,y € (0,1) such that for every
o/ € N with |o/| < and o,,; = 0 we have DYy € CO7 (B (wo); R™). However, we also
know that (R U O)\X is open in R7™ U O. Hence there exists R > 0 such that BE(%) U
803;{(900) C (RTT UO)\X. Setting r = min{fR, R} we conclude D¥v e CY(B; (z0); R™) and
B (20) U B}t (z) C (RTT UO)\X. We iteratively apply Lemmata 4.12.1 and 4.13.1 to see that
for every o' € NJ'*! with |o/| < [ and o/, ; = 0 we have VD¥v € L®(BT (x0); RO™D") and
D¥v e Wé’Q(B;(xO);R") for some 7 < r. It follows that B; (z9) U8°BJ (z9) € (RTH U O)\Z.
Hence v € C’O’l((RTJrl UO)\X; N) and for every multi-index o/ € N™*! with o/, ; = 0 we have

loc
D*v € OPH(RTTUO)\%;R?) and VD' v € LS (RTT U O)\Z; ROHD™),

Lastly, for zp as in the preceding paragraph, fix o’ € Ng”rl with a;, ; = 0 and 7 < 1 such
that B (z0) U9°BF (z9) C (RTT' UO)\E. Making 7 smaller if necessary, we may assume that
VD v € L®(B} (z9); R D7) and D v € CO (BT (0);R™) for every & € Ny**! with &/, = 0
and |o/| < |a’[ +2 . We also observe that since v € C%' (B (20); N) is a Holder continuous har-
monic map, it is smooth in B () by Lemma 4.4.4 and so we have x;ilamﬂ(xfnﬂamHD“/v) =
—(A'D¥v + D (A(v)(Vv, Vv))) classically in Bj (zg), where A’ is the Laplacian with respect
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to j, @ = 1,...,m. Hence, x;zilam+1(l'fn+lam+1pa/v) is bounded in BF (z(). Hence, for every
B (y) € B (w0, £, %) we calculate

plome /B )x;i1|V<mi+1am+1D“’v>|2dw < Cp*t,
p \Y

Moreover, for every B,(y) € B(zo, g, g) we calculate

plfm\/ |V(I§Z+1am+1Dalv)|2dw S Cp272|ﬁ|'
B, (y)

An application of Lemma 4.3.1 concludes the proof. O

Acknowledgements

This work is based on the authors PhD thesis, although improvements of the results regarding
higher regularity have been made for this article. Much of this work was conducted whilst the
author was a postgraduate student at the University of Bath under the supervision of Professor
Roger Moser. The author would like to thank Professor Moser for the opportunity to work on
this project, for many interesting and helpful discussions about this work and for his unwavering
support and patience.

References

1]

2]

Alfred Baldes. Harmonic mappings with partially free boundary. Manuscripta Math., 40(2-
3):255-275, 1982.

Fabrice Bethuel. On the singular set of stationary harmonic maps. Manuscripta Math.,
78(4):417-443, 1993.

Luis Caffarelli and Luis Silvestre. An extension problem related to the fractional Laplacian.
Comm. Partial Differential Equations, 32(7-9):1245-1260, 2007.

Luis A. Caffarelli, Jean-Michel Roquejoffre, and Yannick Sire. Variational problems for free
boundaries for the fractional Laplacian. J. Eur. Math. Soc. (JEMS), 12(5):1151-1179, 2010.

Luis A. Caffarelli, Sandro Salsa, and Luis Silvestre. Regularity estimates for the solution
and the free boundary of the obstacle problem for the fractional Laplacian. Invent. Math.,
171(2):425-461, 2008.

Donald L. Cohn. Measure theory. Birkhduser Advanced Texts: Basler Lehrbiicher. [Birkh&user
Advanced Texts: Basel Textbooks]. Birkh#user/Springer, New York, second edition, 2013.

Francesca Da Lio. Fractional harmonic maps into manifolds in odd dimension n > 1. Calc.
Var. Partial Differential Equations, 48(3-4):421-445, 2013.

Francesca Da Lio and Tristan Riviere. Sub-criticality of non-local Schrodinger systems with
antisymmetric potentials and applications to half-harmonic maps. Adv. Math., 227(3):1300-
1348, 2011.

65



[9]

[10]

[11]

[12]

[13]

Francesca Da Lio and Tristan Riviere. Three-term commutator estimates and the regularity
of %—harmonic maps into spheres. Anal. PDE, 4(1):149-190, 2011.

Francesca Da Lio and Armin Schikorra. %—harmonic maps: regularity for the sphere case. Adv.
Calc. Var., 7(1):1-26, 2014.

Frank Duzaar and Klaus Steffen. An optimal estimate for the singular set of a harmonic map
in the free boundary. J. Reine Angew. Math., 401:157-187, 1989.

Frank Duzaar and Klaus Steffen. A partial regularity theorem for harmonic maps at a free
boundary. Asymptotic Anal., 2(4):299-343, 1989.

Lawrence C. Evans and Ronald F. Gariepy. Measure theory and fine properties of functions.
Studies in Advanced Mathematics. CRC Press, Boca Raton, FL, 1992.

Fugene B. Fabes, Carlos E. Kenig, and Raul P. Serapioni. The local regularity of solutions of
degenerate elliptic equations. Comm. Partial Differential Equations, 7(1):77-116, 1982.

Mariano Giaquinta. Multiple integrals in the calculus of variations and nonlinear elliptic sys-
tems, volume 105 of Annals of Mathematics Studies. Princeton University Press, Princeton,
NJ, 1983.

David Gilbarg and Neil S. Trudinger. FElliptic partial differential equations of second order.
Springer-Verlag, Berlin, second edition, 1983.

Karsten Grofie-Brauckmann. Interior and boundary monotonicity formulas for stationary har-
monic maps. Manuscripta Math., 77(1):89-95, 1992.

Robert Gulliver and Jiirgen Jost. Harmonic maps which solve a free-boundary problem. J.
Reine Angew. Math., 381:61-89, 1987.

Robert Hardt and Fang-Hua Lin. Partially constrained boundary conditions with energy min-
imizing mappings. Comm. Pure Appl. Math., 42(3):309-334, 1989.

Juha Heinonen, Tero Kilpelédinen, and Olli Martio. Nonlinear potential theory of degenerate
elliptic equations. Oxford Mathematical Monographs. The Clarendon Press, Oxford University
Press, New York, 1993. Oxford Science Publications.

Frédéric Hélein. Regularité des applications faiblement harmoniques entre une surface et une
sphere. CR Acad. Sci. Paris Sér. I Math, 311(9):519-524, 1990.

Jirgen Jost. Riemannian geometry and geometric analysis. Springer Science & Business Media,
2008.

Stephan Luckhaus. Convergence of minimizers for the p-Dirichlet integral. Math. Z.,
213(3):449-456, 1993.

Vladimir Maz’ya. Sobolev spaces with applications to elliptic partial differential equations,
volume 342 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences]. Springer, Heidelberg, augmented edition, 2011.

66



[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

Vincent Millot and Yannick Sire. On a fractional ginzburg-landau equation and 1/2-harmonic
maps into spheres. Archive for Rational Mechanics and Analysis, 215(1), 2014.

Charles B. Morrey, Jr. The problem of Plateau on a Riemannian manifold. Ann. of Math. (2),
49:807-851, 1948.

Charles B. Morrey, Jr. Multiple integrals in the calculus of variations. Die Grundlehren der
mathematischen Wissenschaften, Band 130. Springer-Verlag New York, Inc., New York, 1966.

Roger Moser. Partial reqularity for harmonic maps and related problems. World Scientific,
2005.

Roger Moser. Intrinsic semiharmonic maps. Journal of Geometric Analysis, 21(3):588-598,
2011.

John Nash. The imbedding problem for Riemannian manifolds. Ann. of Math. (2), 63:20-63,
1956.

Peter Price. A monotonicity formula for Yang-Mills fields. Manuscripta Math., 43(2-3):131—
166, 1983.

Tristan Riviere. Everywhere discontinuous harmonic maps into spheres. Acta Maith.,
175(2):197-226, 1995.

Tristan Riviere. Conservation laws for conformally invariant variational problems. Inventiones
mathematicae, 168(1):1-22, Apr 2007.

Christoph Scheven. Partial regularity for stationary harmonic maps at a free boundary. Math.
Z., 253(1):135-157, 2006.

Armin Schikorra. Regularity of n/2-harmonic maps into spheres. J. Differential Equations,
252(2):1862-1911, 2012.

Armin Schikorra. \ varepsilon-regularity for systems involving non-local, antisymmetric oper-
ators. Calculus of Variations and Partial Differential Equations, 54(4):3531-3570, 2015.

Richard Schoen and Karen Uhlenbeck. A regularity theory for harmonic maps. J. Differential
Geom., 17(2):307-335, 1982.

Richard M. Schoen. Analytic aspects of the harmonic map problem. In Seminar on nonlinear
partial differential equations (Berkeley, Calif., 1983), volume 2 of Math. Sci. Res. Inst. Publ.,
pages 321-358. Springer, New York, 1984.

Leon Simon. Theorems on reqularity and singularity of energy minimizing maps. Springer
Science & Business Media, 1996.

Bengt Ove Turesson. Nonlinear potential theory and weighted Sobolev spaces, volume 1736 of
Lecture Notes in Mathematics. Springer-Verlag, Berlin, 2000.

67



