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Abstract. This paper investigates four different boundary conditions for the upstream reservoir
boundary for dam-reservoir interaction problems. Accurate numerical modelling of the reser-
voir hydrodynamic pressures on dams is used as a means of assessment of the different boundary
conditions. The reservoir is modelled with two-dimensional plane-strain displacement-based
isoparametric solid finite elements. The study considers stiff dams with vertical upstream faces
under ramp and harmonic acceleration loads. The numerical results were compared and found
to be in good agreement with available closed-form solutions. The same approach may be used
in analyses of other waterfront structures such as quay walls.
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1 INTRODUCTION

The seismic behaviour of dams has long been studied [11] and several methods of analysis
were developed such as the pseudo-static [26] [23], the shear beam [1] and the dynamic finite
element [2, 3] methods. Significant progress was made regarding the dynamic characteristics
of inhomogeneous visco-elastic dams [7, 8] and the seismic response of nonlinear elasto-plastic
dams [10]. However, most of the analyses neglect the hydrodynamic pressures from the up-
stream reservoir and consider only the hydrostatic part of the reservoir pressures.

The hydrodynamic pressures on dams during earthquakes were first investigated by Wester-
gaard [29] who considered a stiff dam with a vertical upstream face under harmonic loading.
Zangar [32] [33] and Chwang [6] considered dams with a sloped upstream face whereas Liu
[18] considered a sloped reservoir base. Moreover, the effects of the reservoir water compress-
ibility were studied by Chopra [4] who showed that the magnitude of the total hydrodynamic
force on the dam from a compressible reservoir depends on the frequency of the applied loading.
In addition, the work of Chopra [4] was extended to investigate the hydrodynamic pressures due
to general (non-harmonic) acceleration loading and a closed-form solution was developed.

A number of analytical solutions were developed [29] [33] [4] covering several aspects of the
problem (such as slope angle, water compressibility, nature of load etc.) and provided various
solutions for the magnitude and distribution of the hydrodynamic pressures on dams. How-
ever, they suffered from several assumptions and limitations (such as simple geometries, unde-
formable dams etc.). More elaborate problems involving complicated geometries, deformable
and inhomogeneous dams required discretisation of the reservoir domain [12], so that reservoir-
dam interaction can be fully analysed. To model the reservoir, various techniques have been
developed, such as Eulerian [22] and Lagrangian [30] fluid finite elements, boundary elements
[28] etc. However, all these advanced approaches that model the reservoir domain require ap-
propriate boundary conditions at the truncated upstream boundary of the reservoir.

This paper investigates the numerical modelling of the hydrodynamic pressures by discretis-
ing the reservoir domain. The main aim is to assess different boundary conditions employed
on the upstream reservoir boundary and their effect on the hydrodynamic pressures on the dam
face. The reservoir is modelled with two-dimensional plane-strain displacement-based isopara-
metric quadrilateral solid finite elements (FEs) which are the same as those used to model the
dam structure. The investigation considers the upstream reservoir boundary condition (BC), its
distance from the dam and also the dam-reservoir and foundation-reservoir interfaces under two
types of acceleration loading. Additionally, the geometric (element discretisation) and material
(water compressibility) properties of the reservoir domain on the performance of the considered
boundary conditions are discussed.

2 STATEMENT OF THE PROBLEM

The problem under study is shown schematically in Figure 1. It consists of a dam (1) which
retains a large volume of water in the reservoir (2) and rests on the ground (3) which serves as
the foundation of the dam. Under seismic or general dynamic conditions, the reservoir induces
hydrodynamic pressures on the upstream (US) dam face, A-B. The hydrodynamic pressures
induced on the dam depend on the magnitude and the frequency characteristics of the load as
well as the properties of the dam, the foundation and the reservoir.

In order to model efficiently and economically the hydrodynamic pressures, the US reservoir
is truncated at some distance from the dam, (C-D). Likewise, the foundation soil is truncated at
some distance from the dam and the reservoir (E-F-G-C). On both soil and reservoir boundaries,
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Figure 1: Geometry of the dam-reservoir-foundation system: (1) dam, (2) reservoir, (3) foundation soil, US dam
face A-B, US reservoir boundary C-D and foundation boundary E-F-G-C.
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Figure 2: The ramp acceleration load used by Küçükarslan et al. [16]

H

LW

T

A

B C

DE

G H

F

Reservoir

Stiff dam

Stiff foundation

Figure 3: Geometry of the dam-reservoir system considered
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special absorbing boundary conditions (BCs) need to be applied so that reflection of outgoing
waves is avoided.

Therefore, issues that need to be considered for appropriate modelling of the hydrodynamic
pressures include: the type of the absorbing BC on the upstream reservoir boundary (C-D), the
distance of this BC (B-C), the dam-reservoir and foundation-reservoir interfaces (A-B-C) and
the geometric and material properties of the reservoir (A-B-C-D).

3 RAMP ACCELERATION

This section concentrates on the evaluation of the hydrodynamic pressures on a stiff (unde-
formable) dam with a vertical upstream face under a ramp acceleration load. The modelling
of hydrodynamic pressures on dams was recently investigated by Küçükarslan et al. [16] who
represented the reservoir in their analyses with Eulerian fluid elements. Their study considered
a stiff dam with a vertical upstream face of height H=180m, following the work of Tsai et al.
[27], and examined the evolution of hydrodynamic pressures at the base of the dam (Point B in
Figure 1) with time, under the ramp acceleration load shown in Figure 2.

3.1 Upstream boundary condition

Following the work of Küçükarslan et al. [16], analyses were carried out using the dam-
reservoir system shown in Figure 3 under the above-mentioned ramp acceleration, modelling the
reservoir with solid elements. All the analyses carried out were two-dimensional plane-strain
dynamic in the time-domain using the FE software ICFEP (Imperial College Finite Element
Program) [21]. The time-integration scheme employed was the generalised α-method of Chung
& Hulbert [5] implemented in ICFEP by Kontoe et al. [14] and the time step used was ∆t =
0.002sec.

In Figure 3, A-B-F-E represents a stiff dam with a vertical upstream face (A-B), A-B-C-D
represents the reservoir and F-C-H-G represents a stiff rock underneath the reservoir. The height
of the reservoir was H=180m, whereas five values were adopted for the length of the reservoir,
L=540, 960, 1260, 1800 and 2400m (i.e. L/H = 3, 5.33, 7, 10 and 13.33). The width of the stiff
dam, W and the thickness of the foundation, T were 18m. The maximum element dimension,
d used was 4.5m (= H/40). The load was applied as prescribed values of acceleration in the
horizontal direction along the bottom and left vertical boundaries, while the displacements in
the vertical direction were restricted to be equal to zero. Four boundary conditions (BCs) were
considered for the upstream reservoir boundary (CD):

• Free, i.e. zero stress and displacement in the horizontal and vertical directions respec-
tively

• Viscous [19], i.e. dashpots in the horizontal and zero displacements in the vertical direc-
tion

• Cone [13], i.e. dashpots and springs in the horizontal and zero displacements in the
vertical direction

• Viscous with a constant hydrostatic pressure

As far as the last BC is concerned, it should be noted that, according to Parrinello & Borino
[20] (who followed the Lagrangian approach to discretise the reservoir domain), the Sommer-
feld radiation condition [24] [25] may be represented by a series of dashpots and a hydrostatic
stress at the boundary.
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Figure 4: Hydrodynamic pressures at the base of the dam due to the ramp acceleration for the Free BC
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Figure 5: Hydrodynamic pressures at the base of the dam due to the ramp acceleration for the Viscous BC
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Figure 6: Hydrodynamic pressures at the base of the dam due to the ramp acceleration for the Cone BC
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Figure 7: Hydrodynamic pressures at the base of the dam due to the ramp acceleration for the Viscous + hydrostatic
stress BC
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The reservoir water is modelled as a linear elastic material and its properties are the bulk
modulus, Kw = 2.2 · 106 kPa and the shear modulus, Gw = 100 kPa. A nominal value of
the shear modulus was adopted to avoid numerical instability without causing unrealistic shear
wave propagation in the water. The dam and foundation (A-B-C-H-G-F-E in Figure 3) were
considered as rigid, therefore the bulk modulus assigned was Kd = 108 ·Kw = 2.2 · 1014 kPa.
No material damping was specified in the reservoir, dam or foundation domains. The dashpots
and the springs are defined by Equations 1 and 2 respectively.

σ = ρVpu̇ (1)

σ = ρ
V 2
p

2r
u̇ (2)

where σ is a normal stress on the boundary, ρ is the density of the material the BC has been
applied to (i.e. water in this case), Vp is the p-wave velocity of the water (=1483 m/s), r is
the distance of the boundary from the excitation source (taken as equal to the length, L of the
reservoir) and u̇ is the velocity in the horizontal direction. More details about these BCs may
be found in Kontoe et al. [15].

Figures 4 - 7 show the hydrodynamic pressure at the base of the dam (Point B) with time
for the four different BCs considered. The hydrodynamic pressures, Pdyn, are normalised with
respect to ρaH , where ρ is the mass density of water, a = 1m/s2 is the maximum value of the
ramp acceleration load (see Figure 2) andH is the height of the reservoir. The numerical results
are compared to the analytical solution which was calculated using the relation of Chopra [4],
given by Equation 3.

p(y, t) =
4γwVp
πg

+∞∑
n=1

(−1)n−1

2n− 1
cos (λny)

∫ t

0
üg(τ)Jo[λnVp(t− τ)]dτ (3)

where, y is the vertical distance from the base of the dam, t is the time, γw is the unit weight
of water, Vp is the p-wave velocity of water, λn is the nth wavelength, üg(t) is the ground
acceleration and Jo(·) is a Bessel Function of the first kind of order 0.

As it may be observed from Figures 4 - 7, none of the four BCs satisfactorily captured the
analytical solution for the hydrodynamic pressures, regardless of the L/H ratio. In all four cases
the first half cycle is predicted correctly, whereas the hydrodynamic pressures are generally
increasing or decreasing with time for shorter and longer meshes respectively. Moreover, the
amplitude of the pressure fluctuations for the Free BC is significantly larger than that of the
pressures from the analytical solution. The amplitude of the fluctuations for both the Viscous
and the Cone BCs is more comparable to the analytical solution. The results for the Viscous
+ hydrostatic pressure BC show some spurious peak values of the pressure which occur at
different times according to the length of the mesh. The longer the FE mesh, the later the peaks
appear. This is believed to be due to the specification of a constant stress at the boundary which
causes reflection of the waves back towards the dam.

3.2 Reservoir-dam and reservoir-foundation interface

The analyses were repeated after the introduction of zero-thickness isoparametric interface
elements [9] [21] at the reservoir-dam and reservoir-foundation interfaces (ABC in Figure 3).
The reason for introducing these elements is to allow relative movement between the reservoir
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Figure 8: Hydrodynamic pressures at the base of the dam due to the ramp acceleration for the Free BC with
interface elements
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Figure 9: Hydrodynamic pressures at the base of the dam due to the ramp acceleration for the Viscous BC with
interface elements
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0 1 2 3 4 5 6
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Time, t [sec]

N
or

m
al

is
ed

 H
yd

ro
dy

na
m

ic
 P

re
ss

ur
e,

 P
dy

n/ρ
 α

 H
 []

Normalised Hydrodynamic Pressure at the base of the dam

 

 
Analytical
Numerical − L/H = 3
Numerical − L/H = 5.33
Numerical − L/H = 7
Numerical − L/H = 10
Numerical − L/H = 13.33

Cone BC

Figure 10: Hydrodynamic pressures at the base of the dam due to the ramp acceleration for the Cone BC with
interface elements
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Figure 11: Hydrodynamic pressures at the base of the dam due to the ramp acceleration for the Viscous + hydro-
static stress BC with interface elements
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Figure 12: Hydrodynamic pressures at the base of the dam due to the ramp acceleration with the Viscous BC for
L/H = 3
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Figure 13: Hydrodynamic pressures at the base of the dam due to the ramp acceleration with the Viscous BC for
L/H = 13.33
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Figure 14: Comparison of the hydrodynamic pressures at the base of the dam due to the ramp acceleration with the
Viscous BC for L/H = 7 against the analytical solution of Chopra [4] and the numerical results of Küçükarslan
et al. [16].
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Figure 15: Distribution of the peak hydrodynamic pressure on the face of the dam due to the ramp acceleration for
the Viscous BC
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and the solid material. For this reason, a very high normal and very low shear stiffness were
assigned to these elements so that only shear relative movement occurs.

Figures 8 - 11 show the evolution of the hydrodynamic pressures at the base of the dam
(Point B) with time for the all four BCs. As it may be observed, the results are now in better
agreement with the analytical solution as the general increase or decrease of the pressures with
time disappeared. However, the amplitude of the fluctuations for the Free BC (Figure 8) is
still larger than that of the analytical solution and the pressures for the Viscous + hydrostatic
pressure BC (Figure 11) still show some spurious peaks. As far as the Viscous (Figure 9) and
the Cone (Figure 10) BCs are concerned, a good agreement is obtained although there are still
some differences and these are mainly a slight increase of the amplitude and a small shortening
of the period of the pressure fluctuations, which seem to be more severe for the shorter FE
meshes.

Moreover, Figures 12 and 13 show the comparison between the analytical and the numer-
ical (with the Viscous BC) hydrodynamic pressure time-histories at the base of the dam for
L/H = 3 and 13.33 respectively. It is shown that for the shorter mesh, the increase in the
amplitude of the pressure fluctuations occurs much earlier than that for the longer mesh and
also the shortening of the period is more pronounced. Figure 14 compares the computed hydro-
dynamic pressures for L/H = 7 with both the analytical solution and the numerical solution
of Küçükarslan et al. [16] (obtained by adopting the Eulerian approach). It is shown that the
agreement of both numerical approaches (Eulerian fluid FEs and elastic solid FEs) with the
analytical approach of Chopra is acceptable. Finally, Figure 15 compares the distribution of
the peak hydrodynamic pressure on the upstream face of the dam for all 5 lengths computed
with the Viscous BC with the analytical solution, showing an excellent agreement (as it occurs
during the first half cycle). It should be noted that the results for the case of the Cone BC with
interface elements are almost identical to the results of the Viscous BC and are not shown here
for brevity.

Of course, the ramp acceleration may not be the most suitable load to determine an appropri-
ate length of the reservoir and consequently the distance of the boundary from the problem of
interest. However, so far it may be concluded that the Viscous and the Cone BCs perform well
as absorbing BCs on the reservoir and that interface elements with appropriate stiffness should
be placed at the interface between the reservoir and the solid domains (dam and foundation). It
is therefore concluded that both the “Free” and “Viscous + hydrostatic pressure” BCs are not
appropriate absorbing BCs and will not be considered further in this study.

4 HARMONIC ACCELERATION

4.1 Frequency Response

As mentioned earlier, Chopra [4] investigated the hydrodynamic pressures on dams under
harmonic loading and expressed the results in terms of a spectrum of forces. In order to examine
the performance of the Viscous and Cone BCs under a wide range of loading frequencies, the
same analyses were repeated for different loading frequencies according to Equation 4, with
amplitude a0 = 1 m/s2 for 40 cycles.

a(t) = a0 cosωt (4)

where, a(t) is acceleration, a0 is the amplitude of the harmonic acceleration, ω is the circular
frequency of the load and t is time. The time step used was ∆t = T/40, where T = 2π/ω.
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Figure 16: Frequency response of the total hydrodynamic induced by a compressible reservoir due to horizontal
harmonic loading with the Viscous BC
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Figure 17: Frequency response of the total hydrodynamic induced by a compressible reservoir due to horizontal
harmonic loading with the Cone BC
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Figures 16 and 17 show the ratio of the total hydrodynamic force, Fdyn (hydrodynamic pres-
sures integrated over the upstream dam face at steady state conditions), over the hydrostatic
force, Fst, multiplied by the acceleration of gravity, g, against the frequency ratio, Ω = ω/ω1

for the Viscous and Cone BCs respectively. The parameter ω refers to the circular frequency of
the load and ω1 to the fundamental circular frequency of the reservoir, given by Equation 5 [4].
The values of the ratio g · Fdyn/Fst at the natural frequencies of the reservoir (ω/ω1 = 1, 3, 5,
...) are not included as the hydrodynamic pressures, Fdyn, from the reservoir become infinite
due to resonance.

ω1 =
πVp
2H

(5)

where H is the height of the reservoir and Vp is the p-wave velocity of water.
As it may be observed, a generally good agreement is obtained for the whole spectrum of

frequencies for both BCs (Viscous and Cone) and in fact their performance is almost identical.
This suggests that both of these BCs can be applied on the upstream boundary of the reservoir
in order to model the hydrodynamic pressures on dams due to a dynamic load of a wide range
of frequencies.

4.2 Water compressibility

The significance of considering the true compressibility of water was highlighted by Chopra
[4]. In order to examine the behaviour of the numerical model (BCs) if water is considered
incompressible, the analyses of the previous section with the Viscous BC were repeated for the
same loading frequencies. The compressibility of the water, Kw was taken as 100000 times the
real value (i.e. Kw = 2.2 · 1011 kPa). The resulting force spectrum is shown in Figure 18.
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Figure 18: Frequency response of the total hydrodynamic induced by an incompressible reservoir due to horizontal
harmonic loading
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The numerical results for incompressible water agree with the analytical result of Wester-
gaard [29] (Equation 6), which was also confirmed by Chopra [4]. The higher hydrodynamic
pressures due to resonance for loading frequencies close to the natural frequency of the reser-
voir cannot be predicted, whereas the pressures for higher frequency loads are overestimated.
It is therefore suggested that water compressibility should be taken into account by using the
real value of bulk modulus of the water, Kw in order not to underestimate or overestimate the
pressures for different loading frequencies.

g · Fdyn

Fst

=
g · 0.543(a0/g)γwH

2

1/2γwH2
= 1.09 (6)

4.3 Effect of element size

A further investigation was carried out in order to examine the effect of the size of the reser-
voir elements on the hydrodynamic pressures. When modelling dynamic problems, care needs
to be taken in order to appropriately model wave propagation and therefore a sufficient number
of nodes should be provided to model the length of the propagating wave [19] [17]. A very fine
mesh could in one hand provide sufficient nodes; on the other hand, it would increase the com-
putational cost. The aim is therefore to identify the largest element size that provides accurate
results.

For this investigation, a FE mesh of height, H=90m and length, L=900m was employed.
Eight-noded isoparametric quadrilateral elements [21] were used as shown in Figure 19. The
Viscous BC was applied on the upstream reservoir boundary. The harmonic load is described by
Equation 4 with a single value of ω so that the ratio ω/ω1 = 4. The various element sizes used
are listed in Table 1 and are expressed as a fraction of the wavelength, λ. For a monochromatic
load (i.e. single frequency, f = ω/2π), the wavelength of a p-wave (with velocity, Vp) is given
by Equation 7.

λ =
Vp
f

(7)

Considering the fundamental frequency of vibration of a reservoir, f1 = ω1/2π (ω1 from
Equation 5), then the wavelength is given by Equation 8.

λ =
4H

f/f1
=

4H

ω/ω1

(8)

Figure 20 shows the distribution of the peak hydrodynamic pressure on the upstream face of
the dam for all 11 values of the element dimension, d. The results from the finest mesh (λ/d =
20) are considered to be the most accurate because a large number of nodes has been provided
to model the wavelength. As it may be observed from that figure, the peak hydrodynamic
pressure obtained using elements of size equal or smaller than a fifth of the wavelength deviate
significantly from the most accurate prediction, whereas the results for an element dimension
equal to a sixth and an eighth of the wavelength are close. It is therefore suggested that if the
reservoir is modelled with eight-noded quadrilateral solid elements, the side of these elements
should be smaller than a fifth of the wavelength.

5 CONCLUSIONS

Four boundary conditions for the upstream reservoir boundary for dam-reservoir interaction
problems were explored. The study focussed on the influence of this boundary condition on the
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Table 1: Size of the reservoir finite elements considered

CASE Element size, d [m] H/d = λ/d
1 90 1
2 45 2
3 30 3
4 22.5 4
5 18 5
6 15 6
7 11.25 8
8 9 10
9 7.5 12

10 6 15
11 4.5 20

d

Figure 19: Eight-noded isoparametric quadrilateral element [21]
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modelling of the hydrodynamic pressures on dams. The reservoir domain was discretised with
displacement-based isoparametric solid finite elements. Stiff dams with vertical upstream faces
were investigated under ramp and harmonic acceleration loads. In addition, the effect of the
geometric (element discretisation) and material (water compressibility) properties of the reser-
voir domain on the performance of the considered boundary conditions were examined. The
results (hydrodynamic pressures and forces) have been compared to analytical solutions where
available and showed a good agreement. The same approach may be used in analyses of other
waterfront structures such as quay walls. The conclusions of this study may be summarised as
follows:

• The Viscous and Cone BCs can be employed on the truncated upstream boundary of
the reservoir to absorb the radiating waves. Their performance under ramp and a wide
range of harmonic loading frequencies has been confirmed and it is almost identical. The
Free and Viscous + hydrostatic pressures BCs were also examined and did not perform
satisfactorily.

• At the interface between the reservoir and the dam and the reservoir and the foundation,
interface elements should be used in order to allow relative movement between the water
and the solid materials. Appropriate values should be used for the shear and normal
stiffness of these elements.

• The reservoir water should not be treated as incompressible in order not to underestimate
possible resonance for loading frequencies close to the fundamental frequencies of the
reservoir and not to overestimate pressures for higher frequency loads.

• The size of the reservoir elements should be smaller than a fifth of the acoustic (p-wave)
wavelength of the water.
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A NOMENCLATURE

a maximum value of ramp acceleration load (= 1m/s2)
ao amplitude of harmonic acceleration load (= 1m/s2)
a(t) acceleration load time history
d maximum element size
f frequency of harmonic load
f1 fundamental frequency of the reservoir
Fdyn total hydrodynamic force on the upstream reservoir face
Fst total hydrostatic force on the upstream reservoir face
g acceleration of gravity (= 9.81m/s2)
Gw shear modulus of water
H height of the dam
Kd bulk modulus of the dam materials
Kw bulk modulus of water (= 2.2·106kPa)
L length of the reservoir
Pdyn hydrodynamic pressure at the base of the dam
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r distance of the upstream reservoir boundary from the excitation source
t time
T thickness of the dam foundation
u̇ velocity of water in the horizontal direction
üg horizontal ground acceleration
Vp p-wave velocity of water (= 1483m/s)
Vs shear wave velocity of the dam materials
W width of the dam crest
y vertical distance from the base of the dam
γw unit weight of water (= 9.81kN/m3)
λ wavelength
λn nth wavelength
ρ mass density of water (= 1000kg/m3)
σ normal stress on the upstream reservoir boundary
ω circular frequency of harmonic load
ω1 fundamental circular freqency of the reservoir
Ω frequency ratio (= ω/ω1)
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