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MARTINGALE OPTIMAL TRANSPORT WITH STOPPING

ERHAN BAYRAKTAR, ALEXANDER M. G. COX, AND YAVOR STOEV

ABSTRACT. We solve the martingale optimal transport problem for cost functionals represented
by optimal stopping problems. The measure-valued martingale approach developed in [6] allows
us to obtain an equivalent infinite-dimensional controller-stopper problem. We use the stochastic
Perron’s method and characterize the finite dimensional approximation as a viscosity solution to
the corresponding HJB equation. It turns out that this solution is the concave envelope of the
cost function with respect to the atoms of the terminal law. We demonstrate the results by finding

explicit solutions for a class of cost functions.

1. INTRODUCTION

The aim of this article is to solve a class of martingale optimal transport problems for which the
cost functional can be represented as an optimal stopping problem of the underlying cost function.
Specifically, given a continuous and bounded cost function f : R — R we are interested in solving
the martingale optimal transport problem

sup PE(f) with P(f) = sup E[f(M,)] (L.1)
P, reTy
The outer supremum is taken over P, - the set of all pairs of filtered probability spaces
(Q, F, (Ft)t>0,P) and continuous martingales M = (M;);>0 on them such that the filtration (F3):>0
is generated by a Brownian motion and the terminal law is Mp ~ p under P. The inner stopping
problem is over 7; - the set of all (F;)-stopping times taking values in [s, T for s € [0,7] and some
fixed terminal time T" > 0.

The duality between martingale optimal transport and robust pricing problems was studied in a
related setting in Dolinsky and Soner [8] for general path-dependent European-type cost functionals
(i.e. payoffs) and continuous models. Recently Bayraktar and Miller [1] and Beiglbock et al.
[5] obtained solutions to distribution-constrained optimal stopping problems by using dynamic
programming and martingale transport methods, respectively. In contrast to our setting, however,
the constraints in |1] and [5] are on the distribution of the stopping times and not on the marginal
distribution at the terminal time. By using the concept of measure-valued martingales Cox and

Kallblad [6] studied the robust pricing of Asian-type options subject to a marginal distribution
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constraint. The authors cast the original problem into a control theoretic framework and obtained
a viscosity characterization of the solution.

Here we employ the control theoretic approach of [6] and |1] to analyze optimal martingale
transport problems with cost functionals which are of American type. The difficulty in our setting
is that we have an additional optimal stopping component. However, the fact that we optimize
over continuous models allows us to prove that the resulting value function is time-independent up
to the terminal time. Since the original problem is infinite dimensional we use the continuity with
respect to the terminal law to restrict it only to measures with finitely many atoms. Working in a
Brownian filtration allows us to recast this finite dimensional approximation as a recursive sequence
of controller-stopper problems with exit-time components. We prove that the value functions of
these problems are viscosity solutions to the corresponding sequence of elliptic obstacle problems
satisfying exact Dirichlet boundary conditions. We achieve this by applying the stochastic Perron’s
approach in the spirit of Bayraktar and Sirbu [4] where the obstacle problems are associated with
Dynkin games and Rokhlin [14] where an elliptic Dirichlet boundary problem arose from exit-time
stochastic control. We circumvent the potential difficulty of proving a strong comparison result
for viscosity sub/supersolutions satisfying generalized boundary conditions (see [14]) by using the
recursive structure of the problem to show the exact attainment of these boundary conditions.

The main result in this paper, Theorem is the characterization of the value function of the
finite dimensional martingale transport problem as the concave envelope of the pay-off with respect
to the probability weights of the terminal law’s atoms. In this final step we use a recent result of
Oberman and Ruan [11] on characterizing convex envelopes as unique viscosity solutions to obstacle
problems with appropriate Dirichlet boundary conditions. One possible application of our results
is the robust pricing of American options. Indeed, the martingales over which we optimize can be
seen as different models for the stock price with a given marginal distribution at the terminal time.

The rest of the paper is organized as follows: In Section [2] we formulate the finite dimensional
approximation of the Martingale Optimal Transport problem, see . In Section (3|, we employ
the stochastic Perron’s method to characterize the value function as the unique viscosity solution of
the corresponding Dirichlet obstacle problem and to show its concave envelope form in an appropri-
ate phase space. Section [ illustrates how our results can be achieved in a probabilistic framework

and provides concrete examples.

2. PROBLEM FORMULATION

We define the set of measures P as
Pim{n € B(Ry): u(®y) =1 and [ Jalu(ds) < oo},

and suppose that the terminal law g of the martingales in the optimal transport problem ([1.1))
satisfies u € P. In the usual optimal transport framework we can regard the probability measures
IP contained in P, as transporting the initial Dirac measure 0z, (i.e. the law of M) to the terminal

law 4 under the cost functional PP - both of these laws are known at time ¢ = 0. On the other



hand, notice that the continuous martingale M satisfies
M; = E[Mr|F] = /a:ft(d:r) for ¢t€]0,T], (2.1)

where &; is the conditional law of M7 given F; under the measure P. In particular, we have that
& = p and & = 0pz,. Therefore, similarly to the method proposed in [6], we can rewrite in
its measure-valued martingale formulation as

sup sup E[f(M;)] subject to &y = p, (2.2)

(&)e=ET€To
where = is the set of all terminating measure-valued (i.e. P-valued) martingales (see Definition 2.7
in [6]) such that ([ z&(dx))i>0 is a continuous process a.s. with respect to the filtered probability
space (2, F, (Ft)e>0, P) for all (§;)i>0 € 2, where (F¢)¢>0 is a Brownian filtration. Moreover, as in [6],
we fix the probability space (€2, F, (F¢)¢>0,P) which does not materially change our conclusions.

Let us write in the Markovian form
U(t,§) = sup sup E[f(M)|& = ¢, (2.3)
(&r)EETET:

and note that we have the following variant of Lemma 3.1 in [6] the proof of which can be found in

the appendix:

Lemma 2.1. If f is non-negative and Lipschitz then the function U is continuous in £ (in the
Wasserstein-1 topology) and independent of t for t € [0,T).

The continuity in & allows us to apply the finite dimensional reduction from Section 3.2 in [6].
In particular, we introduce the set Xy = {z¢,...,zn} where 0 < 29 < 21 < -+ < zy and let
PN = PN M(Xy) and P(X,) = PN M(X,) for any a C {0,1,..., N}, where M(Xy) resp.
M(X,) denote the sets of all measures on Xy resp. X, := {z; : 7 € a}. We assume from now on
that the terminal law ¢ (i.e. also u) is an atomic measure and satisfies £ € PV. Since we work
in a Brownian filtration, by martingale representation for any terminating P~-valued martingale

(&)+>0 it is true that the (nonnegative) martingales & := & ({xy}) solve an SDE of the form
d¢l = wi'dWy (2.4)

for t >0 and n = 0,..., N, where the vector of weights w; = (w?, ..., w}) satisfies ZnN:() wy =0,
and &' € {0,1} implies that wy® = 0. The following result, by analogy to Corollary 3.6 in [6], follows

directly from Lemma 3.4 in [6] and allows us to work with a bounded set of controls:

Lemma 2.2. Under the above assumption that p € PN, the value function in [2.3)) for t € [0,T)

reduces to the value function

N
V() = sup sup B | f ]Z::Ofcj &1 | lo=¢|. (2.5)

where the admissible control set A is defined as

A = {(w,)>0 prog. meas. : w, € cl(DNTY) €7 € {0,1} implies w? = 0},
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with the disk DFT1 being the intersection of the open unit ball with the hyperplane zi +- -+ zpy1 = 0

in RFY and T is the continuous inverse of

'
T, = / Asds  for r >0, (26)
0
where the strictly positive time change rate process A = (A )r>0 satisfies
Iwoell? + Ar = 1= L, —s, y [z =1} (2.7)

The role of the time change in is to stretch/compress the original time scale so as to bound
the volatility of the state process (i.e. the control process w). Thus we avoid technical difficulties
arising from unbounded control sets later when proving the viscosity characterization of the value
function.

Now notice that the value function V(€) can be identified with Vy(¢) where for k = 1,..., N,
and ¢ € P(X,), with || = k + 1, we introduce the sequence of problems

N
Vi(€) = sup sup E| Vi1 (60)ym, <ry + F( D565 ) iz, 0 =€, 2.8
©)= 22, 3 BV o)<y (jZ;anl) (71| (28)
with
A% := {(w,),>0 prog. meas. : w, € cI(DVH1), (2.9)
w' =0 for any i € {0,1,...,N}\ a},
o :=inf{s > 0:& € P(Xy) for some o with |o/| <k or Ty = T}, (2.10)

and Vy(€) = f(x;) for & = d,,. From now on we will denote the time changed filtration as (G;)¢>0 :=
(Fr)t>0 and suppress its dependence on A for notational purposes. The following lemma shows
that we can ignore controls which are small enough and that we can work with stopping times in

the time changed filtration.

Lemma 2.3. The value function Vi,(€) can be written as

N
Vi(§) = sup supE Vk’—lgUIO’T +f 1‘57]_ Itoorylé0 = €|, 2.11
© weint(A2) €T [ (&) lo<ry (]go J ) fo>r| ] (2.11)
where int(A2) := {(w,)r>0 € A* : w, € DNFL & £ 6, implies ||w,|| > e} for any e € [0,1) and
T is the set of all (Gi)-stopping times for an appropriately time changed filtration (Gi)i>0-

Proof. For any time change rate A we have \,, > 0 for u > 0 and from it follows that ||w,| < 1.
Moreover, since A is strictly positive, we have that T, and T[l are strictly increasing. It follows
immediately that if 7 € [0,7] is an (F;)-stopping time then T-! > 0 is a (G;)-stopping time and,
conversely, if 7 > 0 is a (G;)-stopping time then T, € [0, 7] is an (F;)-stopping time. Therefore in
we can substitute 7o with 7 and 7 with 7.

What is left is to prove that we can take the outer supremum in over int(A2) C int(A®).
For 0 < e < 1 and any w € int(A%)\int(A2) we can choose w € int(AY) defined as wl := EsWi(s)



where

g2

gi)(s):/ Euydu  with &g =
0 [Wos)]

>

and ¢(s) is the right-continuous inverse of the (non-strictly) increasing continuous function ¢~!(s)

o= [,
0

g2

given by

From (2.4) we see that &' (corresponding to the control w) has the same distribution as ég,l ")
(corresponding to the control w). Hence, for any (G;)-stopping time 7 we have that 7 = ¢~1(7) is
a (Gg))-stopping time such that ' has the same law as 52 We conclude from ([2.8]). O

Before going further we introduce some additional notation. Let «(§) be the subset of elements
in Xy to which the atomic measure ¢ € PV prescribes nonzero probability and notice that we have

the consistency conditions

V(&) = ﬁa({)\fl(g) for k> ]a().

For every & € PV with |a(£)| = k41 it is true that £ = Z§:0 §i15xi]_ where «(§) = {ziy, ..., @i, } C
Xy. Hence, we can identify every ¢ € PN with the vector £ := (&%, & ..., %) € int(AFT!) where
a={ig,...,ip} and AF = {z ¢ R;‘gl 1>z =1} We let

V(%) = Viag)-1(6),  f(€%) = f(x*- &%), (2.12)
where X := (i, ..., ;). For any 7 > 0 and w = (w°,...,w") € int(A*) we also let &3 :=
(Chow'0r glwihr ff’wlk’r),v where ff]’w """ is the unique strong solution to (2.4) with control
w' and initial condition &; W = &4 for u < r. Denote by EWre" the PN-valued martingale

corresponding to £W¢% ie. EZV’T’EQ = Z?:o fij’wj’rcsxij. For short we let €V:¢" = ¢W:04% and
gw,Ea = gw,O,ia_

3. VISCOSITY CHARACTERIZATION OF THE VALUE FUNCTION USING STOCHASTIC PERRON’S
METHOD

We want to obtain the viscosity characterization of the value function V,. Fix 0 < ¢ < 1 and
a C{0,...,N} with |a] = k+1 > 2 for some integer £ > 1. Using ([2.12)) rewrite the value function

from (2.11]) as

Va(€) = sup  SupE Vit (€ ) oy + € ) (oomy] (3.1)
weint(A2) TET

where €% € AF1. Our aim is to show that V, is the unique viscosity solution (see e.g. Definition

7.4 in [7]) to the associated Dirichlet obstacle problem given by

min{ — sup ltr(ww’DEVa),Va — f} =0 on int(AF), (3.2)

WEIDJICH'1

Va(6%) = g(€%) ==V (€”) on AN, (3.3)
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where ¢ and o/ correspond to the nonzero components of £€* and «, and DFt! .= {w € DF*! .
|lw|| > c}. The derivative Dg is to be understood in the directional sense - i.e. we restrict ourselves
to second directional derivatives tr(ww’ Dg) w.r.t. directions lying in the set Df+1.

We are now ready to state the main result of the paper - its proof relies on the stochastic Perron’s

method and we present it in the next section.

Theorem 3.1. The function V, : A¥1 = R defined in s the unique continuous viscosity
solution of the obstacle problem satisfying the Dirichlet boundary condition . Moreover,
V,, is the concave envelope of f on ATl - i.e. denoting the projection of A*TL onto R’;O by Ak
and the projected functions Vg, f AP 5 R as B

k—1
Val(zoy ooy 25—1) = Va<zo,...,zk_1,lf zi>, (3.4)
=1
k—1

f(zg,...,zk,l) = f_(ZO,...,Zkfl,l—ZZi>, (35)
i=1

the function V,, is the concave envelope of f.

3.1. Proof of Theorem We begin by introducing the notions of stochastic sub- and super-

solutions.

Definition 3.1. The set of stochastic subsolutions to the PDE (3.2)) with the boundary condition
(3.3), denoted by V™, is the set of functions v : AFT1 — R that have the following properties:

(i) They are continuous and bounded, and satisfy the boundary condition
v(€®) < g(6*) on 9AF (3.6)

(ii) For each 7 € T and € € G, with P(§ € A*1) =1 there exists a control w € int(A®) such
that for any p € T with p € [1,0(T,&,W)] we have a.s. that

v(€) <EW(ETS,)167], (3.7)

where the (Gi)-stopping times o(,&,w) and 7.(v) are defined as
o(r, &, w) = inf{s > 7 : €¥7¢ ¢ int(AFH1)}, (3.8)
7e(0) = Tu(v; 7, €, W) == inf{s > 7 : 0(ETF) < F(ET4)). (3.9)

Definition 3.2. The set of stochastic supersolutions to the PDE (3.2) with the boundary condition
(3.3), denoted by V7T, is the set of functions v : AFT1 — R that have the following properties:

(i) They are continuous and bounded, and satisfy the boundary condition
v(€Y) > g(€%) on DAFFL (3.10)

(ii) For each 7 € T and & € G, with P(§& € AFTY) = 1, for any control w € int(AY) and any
p €T with p € [r,0(7,& w)] we have a.s. that

v(€) > E[v(&"¢)(G), (3.11)
where o(t,€,w) is defined as in (3.8).
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Clearly V™ (resp. V%) is nonempty since f is bounded from below (resp. above) and any constant
which is small (large) enough belongs to V= (resp. V1). Actually, we can easily verify that f € V.

The following lemma proves an important property of the sets V=~ and V*.

Lemma 3.1. For any two v',v?> € V™ we have that v' V v € V. For any two v',v> € VY we
have that v* Av? € VT,

Proof. We will only prove the first part of the lemma - the second part follows in a similar way.
Denote v = v! Vv? and notice that item (i) in Definition [3.1|is clearly satisfied by v. Now fix 7 € T
and € € G; as in item (ii) of Definition and introduce the sequence of stopping time, control

and state process triples (v, w",£"),>_1 defined recursively as follows:

— — 0
(-1, w L €7 = (0, W', %) = (1 Ly (2020 W™+ Lui(g) <oz ey W' €Y TF)
where w¥!, w%2 are the controls corresponding to the stochastic subsolutions v
pair (7,&), and for n =0,1,2...:

(i) if v(€2)) < f(EZ) then we set
(771—{-17 Wn+17 £n+1) = ('7717 Wn: En)

(i) if v(g2) = v'(€2) > F(&2) for i € {1,2} then we set

1 v? starting at the

Ynt1 = 0(Vn, Z/L,L,Wn) N T*(Ui;'Yna ;Znawn)
el =g
is the control process corresponding to the stochastic subsolution v’ starting

at the pair (vp+1, Effnﬂ), and 7, (v Y, & . w™) is defined as in (3.9).
Define the control w by

. Wn+1,7l
n+1l .__ WnJrl,z

yYn+1 yﬁn
W = Tn+4+1 s

where wntl7

o0
W i = > Liachm )} Vo

n=1

and notice that by construction &' = 5:"’7’5 for s € [Yn, Yn+1] and any n > 0. For any stopping time
p € [r,0(1,&,w)] denote p A 7y, = p,. By the definition of the sequence (v, w", £") we get that

U(Egn) = (1{v12v2}v1 + 1{v1<v2}02)(£:;n)
< E[(Lpi(ep )ooen, 0" + Lot (en )<o2(en 10 (€t )IGp,)
< E[v(&21)(G,,],

Pn+1

and by iterating the above we conclude that

v(€) < Elu(€,1)IG:] = E[v(&)T9)IG-], (3.12)

Pn+1 Pn+1

for any n > 0. Now we apply the same reasoning as in the proof of Lemma 2.3 in [4] to conclude
that

lim v, =o(1,&, W) ATu(v;7, €, W) a.s.
n—o0
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By taking n — oo in (3.12)) and using the bounded convergence theorem we finally obtain that v
satisfies (3.7) and, hence, is a stochastic subsolution. O

We introduce the assumption:
Assumption 3.1. The boundary function g is continuous on OAFTT.

Proposition 3.1. Under Assumption the lower stochastic envelope v~ = sup,cy-v < Vg s

a viscosity supersolution and the upper stochastic envelope vt := inf cyr v > Vo, is a viscosity

subsolution of (3.2)) and (3.3).

Proof. The proof uses ideas from Theorem 3.1 (and Theorem 4.1) in 3] and Theorem 2 in [14]. We
repeat the key steps for the lower stochastic envelope v~.
Denote for short V' = V,. It is clear that v~ < V since in item (ii) of Definition we can

choose 7 = 0, a constant & € A* 1 and p = o(7, &, w) for some control w € int(.A%), and use the

condition and (3.9).

We will prove the viscosity supersolution property of v~ by contradiction. Take a C? test function
@ : AF1 5 R such that v~ — ¢ achieves a strict local minimum equal to 0 at some boundary
point & € OAFT! (the case when & € int(AF+1) is simpler). Assume that v~ is not a viscosity

supersolution and hence

max {(— sup L%9)(&), (¢ —9)(€0)} <0,

WEID)ICH'1

where
w 1
(L@)(€) := 5 tr(ww'Dgp(€)).
It follows that there exists W € D¥*! such that

(—L¥¢) (&) < 0. (3.13)

By the continuity of ¢, g and the lower semicontinuity of v~ we can find a small enough open ball
B(&p,¢) and a small enough § > 0 such that

(—L¥9)(§) <0, &€ B(&,e) N A,

0 <g, on B(&,e)NoAFT

p(§) <vT(€), €€ B(&,e) N A\ {&},

vT =62 on (B(&,e)\ B(é,e/2)) N AML
Using Proposition 4.1 in [2] together with Lemma above, we obtain an increasing sequence of
stochastic subsolutions v, € V™~ with v, / v~. In particular, since ¢ and the v,’s are continuous

we can use an argument identical to the one in Lemma 2.4 in [4] to obtain for any fixed ¢’ € (0, d)

a corresponding v = v, € V™ such that

v=0">¢ on (B(&,e)\ B(&,e/2)) N AM



Now we can choose 1 € (0,8") small enough such that " := ¢ + 1 satisfies
(—L¥¢")(¢) <0, &€ B(&,e)nAFt
@’ <g, on B(&,e)NoAFT
p" <v on (B(&,e)\ B(éo,e/2)) N AFL

We define

. vV " on B(&,e) N AFFL
v =
v otherwise,

and notice that v" is continuous and v"(&y) = v~ (&) + 1 > v~ (£o). Since condition clearly
also holds, we see that v" satisfies item (i) of Definition What is left is to check item (ii) in
Definition and obtain v" € YV~ which will lead to a contradiction since v"(&y) > v~ (&).
Choose 7 € T and £ € G, with P(¢ € A*1) =1, and, similarly to the proof of Lemma above,
introduce the sequence of stopping time, control and state process triples (v, w",&")n>_1 defined

recursively as follows:
(o1, w €7 = (0, W0, €°) 1= (7, Wl + WL ae, €079,

where W9 is the control corresponding to the stochastic subsolution v starting at the pair (1, &),

the event A is given by
A= A§) = {& € B(&,e/2) N AM T and 7(€) > v(€)}
and for n =0,1,2...:
(i) if v7(€2 ) < F(€2)) then we set
(Y1, WL EMY) =y, WL E7).
(ii) if A(&7,) holds then we set

TYn41 = U(7n7£f?nawn) A 7-1(77” 2n7wn) A T*(gon;’}/nas'rylnvwn)a

n+1 gl .= Ewﬁnﬂ,ﬁﬁnﬂ
* )

w =W,

where the G;-stopping time 7 is defined by
71(r, & w) i= inf{s > 7: €7 € OB(%,¢/2)},

and Ty is defined as in (3.9).

(iii) otherwise we set

Yn+1 ‘= U('an zn7wn) A T*(U; Tns g'rylnvwn)

£n+1 e &Wn+177n+17£2’n+1
T b

where w”t! is the control process corresponding to the stochastic subsolution v starting at

the pair (yp41, 52,1“ ).
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By construction we have that ~, < 7.(v";7,&, w) where the control w € int(A?) is defined as

5= Z Lselynmmin)} Ws
n=1
Introduce the event
B :={v, < (" 1,&w)ANo(r,€,w) forall n € N}

and notice that for each w € B there exists ng(w) such that

! r !
P T < FEa) 314
if 7 (9" Yo+t 523;?22’“’”0”1) < 71 (Yno+215 éﬁgﬁjl,wm“l),
+204+1y +20+1
vn(ﬁ%(}””l) - U(E’T;Sowm) (3.15)

. . no+21 no+21 no+21 no+21
if T*(¢n)7no+217£720+217w 0 ) Z Tl(r)/no-‘rQlaS'ygoJrQlyW 0 )7

U(£n0+2l+1) < f(£n0+2l+1) (3.16)

Tng+20+1 Yng+20+17/7

for [ > 0. Denoting oo := lim, 7, and noticing that £ = & for s € [Yn, Ynt1) we take the limit

in to obtain

v(€T%) < FIENTH). (3.17)
Now assume there exists C C B such that for each w € C we have

PI(EYTE) > F(EYT),

and conclude from (3.14)-(3.15]) that there exists large enough positive integer M (w) such that for
all n > M we have

V(D) = u(gn).
By taking n — oo above we get v”(gvof’s) v(&Y T’s) on C. Hence, by using (3.17) we see that
V€T < FET)
on C. On the other hand, on B\ C' we have
PI(EYTE) < F(ET)
and again from (3.17) we get
VI(ETE) < F(ENTE)

on B\ C. It follows that 7o > 7« (v";7,€,w) on B and from the definition of B we conclude that

Yoo = T(V; T, &, W) Ao (T, &, W).
Now take any p € T with p € [r,0(7,& w)], let p A v, = p, and notice that, by Itd’s formula
applied to ¢" and the subsolution property of v, we have

v(&p,) = (Lag" + 1acv)(€))
S E[(Laen )" + 1A(ggn)cv)(€gj+11)|gpn] < E"(&2)1G,,],
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and by iterating the above we conclude that

v(é) < Elu(&;7))IG:] = EIEN TG (3.18)

Pn+1 Pn+1

By taking n — oo in (3.18) and using the bounded convergence theorem we obtain that v" satis-
fies item (ii) in Definition Hence v € V™ and we obtain contradiction and consequently the

supersolution property of v~. Il

Assumption 3.2. The boundary function g is the concave envelope of f on the simplex faces
{z e AF1: 2, =0} forallj=0,...,k+ 1.

Proposition 3.2. Under Assumption we have that v~ = vt = g on OAFT,

Proof. Let ¥ be the concave envelope of f on the whole of A+, From Assumption it follows
that 7 = g on JAFT! and T satisfies item (i) of Definition Now take any 7 € T, & € G,
with P(§ € AF1) = 1, w € int(A?) and p € T with p € [r,0(7,&, w)], and notice that, by the

It6-Tanaka formula (see e.g. Theorem VI.1.5 in [13]) applied to the concave function T we have

E@(&Y™4)|G,] = ED(€) + /p 1 L$v"(da)|G-] < (§),

T

GRS
A

k+

where ' is the left derivative, the second derivative v’ is understood in the sense of a negative
measure and L is the local time at a of the process £€V'™¢. Hence, item (ii) of Definition is also
satisfied and 7 is a stochastic supersolution. Since v™ satisfies and v™ < v it follows that
vt = g on OAFFL,
Fix a constant control w € int(A%) and define the function v : A¥! — R by

o(€%) = S E | Vi (68 oy + FE (o] (3.19)
The continuity of v(£%) follows from the boundedness of the control w and standard results on
optimal stopping problems (see e.g. Theorem 3.1.5 in [|9]). We have that v({%) = V (fa/) =g(&")
for £ € OAF! and we obtain that item (i) of Definition is satisfied. Moreover, the optimal
stopping time in exists and is equal to 7% = o A 7(v;0,£% w) and it follows that Q(EZ’XES)
is a martingale (see e.g. Theorems 1.2.4 and 1.2.7 in [12]). This means that is satisfied with
equality and v is a stochastic subsolution. By definition we know that v~ < g on IAF and v < v~
Hence, we conclude that v~ = g on JAFFL, O

Proof of Theorem[3.1]. Tt is clear that if |a| = 1 then V,(£%) = f(£%) where £ = 4, for some i
and £€* = 1. We continue by induction and assume that we have proven the statement for all
k' < k. By the induction hypothesis V,, (fa/) is the concave envelope of f on the corresponding
to o/ simplex face and hence Assumption is satisfied. Moreover, value functions coincide on
the intersection of their corresponding simplex faces, and therefore Assumpton [3.1]is also satisfied.
Define the Hamiltonian H as

1
H(A):=— sup =tr(ww'A) for AeREFDx(E+D)

WEIDJ’.§+1
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and notice that for small enough ¢ the set D¥*! contains all directions in R¥. On the other hand,
V, is a viscosity solution to (3.2)) on int(A¥*1) if and only if the projected function V, defined in
(3.4) is a viscosity solution of

1 R
min{ — sup §tr(WW/D§Va), Vo — f} =0 (3.20)

webk

on int(A*), where DF is the projection of D! onto R*. Hence, the function V, is a viscosity
solution to H(DgVa) > 0 if and only if V, is a viscosity solution to —A\g[Va] > 0, where A\,[V,] is
the largest eigenvalue of the Hessian Dgffa. Therefore we can apply Theorem 1 in [10] to obtain
that any continuous viscosity solution to is concave. Moreover, uniqueness of the solution to
together with the projected boundary condition

Va(€%) = Vi (69, (3.21)

follows from the comparison principle for Dirichlet problems stated in Theorem 2.10 of [11]. This
leads to uniqueness and comparison principle for our original problem —. In particular, by
Propositions and we have that v+ < v~ on int(A**1). On the other hand, by Proposition
3.1| we also have v~ < V,, < vt on AFt1. Therefore, we can conclude that v~ =V, = v+ on AFt!
and V,, is the unique viscosity solution of with the boundary condition , and the same is
true for the projected versions.

Finally, from Theorem 2 in [10] we have that the concave envelope of the projected cost function
f solves , and since it also clearly satisfies we conclude from the uniqueness that V,, is

the concave envelope of f . O

Remark 3.1. The value function V,, can be regarded as the concave envelope on the simplex AF+1
of the modified cost function f. Indeed, we can ignore one direction in the state space vector &
due to the fact that A**1 is a k-dimensional simplex and any concave function on a k-dimensional
simplex in RETY is concave in any k of its variables (and vice versa). Note that the optimal control
weight vector w* may not be unique. It is determined by the direction on the simplex A*TT for
which the second directional derivative of the value function V, is zero - if the value function is

linear at a point then clearly many directions satisfy this condition.

Remark 3.2. When applying the stochastic Perron method to controlled exit time problems one
needs a comparison result for the corresponding PDE in order to characterize the value function
as a viscosity solution (see e.g. Definition 2 and Remark 1 in [14]). These comparison results
are of a slightly different nature than the standard ones of e.g. Theorems 7.9 and 8.2 in [7] - the
latter require an apriori knowledge of the behaviour of the stochastic semisolutions at the boundary.
We were able to exploit the specific structure of our exit time problem in Proposition[3.3 to obtain
the behaviour at the boundary of the stochastic semisolutions. This allowed the application of the

comparison result in [11].
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4. EXAMPLES

Let us first provide some intuition behind the choice of optimal controls and stopping times.
We will consider a general class of cost functions - namely all bounded, non-negative Lipschitz
continuous functions f : R — R. This is the class for which Theorem [3.1] holds. We will use our
concave envelope characterization to choose the optimal controls and verify that Brownian exit
times are optimal.

We abuse notation and regard f as a function on the projected set of probability vectors AN =
{z € Rgo : 322 < 1}. Denote by conc(f) the concave envelope of f on AN. For any initial

probability vector z € AN corresponding to some terminal law I, e.g.

N N
n=3 2l + (1= )6,
=1 =1

we will find a candidate optimal control weight process (w;,),>¢ taking values in the projected

admissible set Iﬁ)év (i.e. the projection of DY ! onto RY) and a candidate optimal stopping time T

such that the resulting value function will be conc(f).

The usual characterization of optimal stopping times leads us to choose the candidate 7, as

T := inf{r > 0 : conc(f)(&"*) = f(&%)}. (4.1)

In particular, if the initial probability vector z is such that conc(f)(z) = f(z) we can simply
set 7. = 0. Assume now that conc(f)(z) > f(z) and note that the point (z,conc(f)(z)) be-
longs to a planar region of the graph of conc(f)(z) that contains a point (z(), conc(f)(z(")) such
that conc(f)(z(V)) = f(2(). In other words, all points on the line between (z,conc(f)(z)) and
(M, conc(f)(2(M)) are also part of the graph of conc(f). We choose the control weight process as
a constant vector in the direction of z — z(l), ie. w, =ci(z — z(l)), where the constant c¢; is such

that w is admissible. Therefore the probability vector process (&)%), >0 evolves along the direction

2)

z — z() and either hits the point z(!) or hits the boundary of AN at some point z(2). The point

2(?) can be regarded as belonging to a lower dimensional projected set AN .= {z € Rgo iz <1}
where N < N. If conc(f)(2) > f(2), we repeat the same procedure when choo;ing a control
on this lower dimensional set - clearly this can happen at most N times.

For simplicity’s sake assume that conc(f)(2(?)) = f(2(?)). In other words, by looking at and

(4.1), we get that 7, is the first exit time of a Brownian motion from the interval with endpoints
(2)
ZO —Z0

<1)— . . . . .
v = =9 20 and vy = - Using the formula for the Brownian exit times from an interval

c1(z0—2() c1(z0—2|,

we obtain that the projected value function as defined in (3.4]) satisfies

~ 1) _ —v _
VO[(Z) = s _Zvlf Z(l)) + - _1Ulf(z(2))

and the point (z, V,(z)) lies on the line going through (z,conc(f)(z)) and (2, conc(f)(2)), hence
Va(2) = conc(f)(z). Similar calculation is valid for the case conc(f)(z(?) > f(2(?).
Finally, by application of the Ito-Tanaka formula as in the proof of Proposition we conclude

that conc(f) bounds the value function from above, and therefore the two coincide.
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Remark 4.1 (Generalized Put options). In fact, if the cost function is of the form

for some concave function g, by direct calculation we can check that the candidate control and
stopping time described above are optimal among those controls that follow a fized direction and
those stopping times that are Brownian exit times from an interval. By applying Theorem we

see that optimization over this class is sufficient.

In what follows, using the observations above, we will construct the optimal controls and stopping

times explicitly for a piece-wise linear cost function which can be thought of as a call option spread.

4.1. Call option spread. We let f take the form
f(s)=(s—K1)" — (s — K2)"

for K1 € (—1,1), K2 € (0,1) and K; < Ka, which can be seen as a bull call spread. Set N = 2,
Xy ={-1,0,1} and assume that the law of Mr is given by

w=(1—~v—pB)o—1+ B + i1,

for 0 < ~,8 < 1 such that 0 < v+ 8 < 1. Therefore, the initial probability vector is
€ = (6,64,€3) = (1 — v — B, 8,7) € int(A?)
where a = {0, 1,2}. From the definition of the process M in (2.1)) it follows that
M; = 'YTfl — (1 — ’YTt—l — BTz_l) = 2’}/Tt_1 + ﬁTt—l —1 for te [O,T], (4.2)

where 3, = ¢! and v, = &2 for » > 0. We introduce the constants s 100 = 2y 4+ 5 — 1, s = Aﬂ%ﬁ,
sl =1 and s® = 0 corresponding to the value of M taking various atoms of Xy into account. We
use the notation V,(8,7) 1= Vo (£%) and f(3,7) := f(£%).

We will now describe how to obtain a guess for the value function which, as expected, will turn
out to be the concave envelope of the modified cost function f. Notice that f is nondecreasing
and achieves its maximum for any s > Ko and its minimum for any s < K. Therefore, for the
martingale state process £€%¢” (or equivalently the law process £€%+¢"), we want to offset any decrease
of probability mass on the interval (K3, 0co) with a corresponding decrease on the interval (—oo, K1).

We consider the following cases:
(1) Assume My = s71% > K5. Then it is optimal to stop immediately, i.e. choose an optimal
stopping time 7, = 0 and obtain V,(8,7v) = Ko — Kj.
(2) Assume s > Ky > 57101 and let the constant 1 € [0,1 — v — 3) be such that -2 = Kj.

y+B8+n T
Then it is optimal to choose a stopping time 7. and a control process w, = (w?, w}, w?) =
(—c1 — gcl, gcl,cl) for any r € [0, 7], where the constant ¢; > 0 is such that w is an

admissible control and the optimal stopping time 7, is the first exit time of ~, from the

interval (0 . Note that this choice of w is not unique.

— )
y+B+n
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Equivalently, by using (4.2]), we see that 7, is the first exit time of My, from the interval
(—1, K5). This corresponds to letting the law £%¢” evolve until the stopping time 7, when

it separates into two measures of the form

701+B%+19—1
w,EY Y+8+n

~ 0_1 with probability 1 — (v + 8+ 7).

with probability v + 5 + 7,

By the definition of  we have that y+8+n = ?;ﬁ and therefore V,(5,7v) = ?;’;61 (K2—K;).

Assume Ko > s%! and let the constant 7 € (0, 3) be such that ﬁ = K5. Then we choose a

stopping time R; and a control process w,, = (w?, w}, w?) = (—cl—zzggizgc , zifng c1,¢1)

for any r € [0, R1], where the constant ¢; > 0 is such that w is an admissible control and

the stopping time R; is the first exit time of 7, from the interval (0, VWTn) Equivalently, by

using (4.2]), we see that R is the first exit time of My, from the interval ( - }:1:5 , Kz).

This corresponds to letting the law £V evolve until time R; when it separates into two

measures of the form

791410 : s
Sg’fa _ 'ly—i-n with probability v + 7,
' (B—n)éol—l—_(i:g—v)éq with probability 1 — (v + 7).

In addition, if s < K, we choose the optimal stopping time as 7, = R; and we have
Va(B,7) = #; (K2 — K1). This is due to the fact that if yg, = 0 (i.e. the atom {1} dies)
it is not worth to evolve the law £W<" further because the cost function f will be 0 under
any combination of the atoms {0, —1}. In other words we gain nothing from transferring
probability mass between the atoms 0 and —1.

On the other hand, if we also have that s > K7, on the event A := {vg, = 0} we let the

control process be w, = (—wp, , wg, ,0) for 7 € (Ry, Ro] and set the optimal stopping time
Te = R11gc + Roly,

where the stopping time Rp is the first exit time of 3, from the interval (0,1) for u > R;.
Equivalently, by using (4.2), we see that R is the first exit time of My, from the interval
(— 1, O) for r > R;. This corresponds to further evolving the law ¢%¥:¢ until at the stopping

time Ry > Ry it splits into three measures of the form

% with probability v + 7,
fgfa =9 % with probability 5 — 7,
o1 with probability 1 — 8 — ~.

Therefore we have

Va(8,7) = K%(f@ — K+ (8- n)(—K)) = y(1 - Ky) — K.
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FIGURE 1. The modified cost function f(3,7) on the left plotted together with the

0.5. The

three triangular planar regions correspond to the three cases above. It is evident

projected value function V,(3,7) on the right for K1 = —0.1 and K,

that V,(8,7) is the concave envelope of f(3,7).

The candidate value function V,,(f,~) is given by

- -~
mKK
VA
SOSOS
~ A - -
o 33
>_KSS
- Al ANA
(@) oA N
75, K8
=

=
.
K\U_
o=
N —
2o LK
_WH%\_
a =
KoﬂKzLKzV

I

=

=

[«]

o~

and it is the concave envelope of f(3,7) (see Figure [1]).

APPENDIX A. PROOF OF LEMMA 2.1

Proof. In order to prove the independence in the t variable we choose 0 < t; < to < T and notice

that U(t1,£) > Ul(te,§). Indeed, the supremum in (2.3) corresponding to U(t1,§) is taken over a

= and

for any £ €

Conversely,

).

§

larger set of stopping times than the one corresponding to U (t2,

= and 7 € Ty, such that

T € T, we can choose & €

&t

fat—l—b

T=ar +b,
choice leads to

T(ta—t .
= and b= (TZ_tll). This

T—to
T—

with a

x &x(dx

(@) = [

&,

and we have

)

<t1>£

=U

U(t1,€) and hence U (tg,€)

>

)

§

(t27

which allows us to conclude that U

0,7).

[

To prove the continuity in £ we first observe (e.g. see Lemma 3.1 in [6]) that if

independence in t for t €

with
with

57")1“20 €=

(

¢ and dwy, (&,&') < € (here dyy, is the Wasserstein-1 metric) then there is (¢

—_
—
—

r>0 €

")

&t
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& = & such that E[| [z & (dz) — [x & (dx)||Fi] < € for all 7 € T; with some fixed A € A. Indeed,
we know that & = E[{r|Fs] and we can define

€ (dy) = E [ [ e, dy)\fs} Cext,

where the Borel family of probability measures m(z,dy) is obtained by the disintegration of the
transport plan I'(dz,dy) = &(dx)m(z,dy) such that T'(R,,dy) = &'(dy), T'(dz,Ry) = &(dr) and
[ [ |z —y|T(dz, dy) < €. By optional stopping we get

’ et~ [2e @) <E[ [ [ 1o vier@me. ).

E H/xﬁ.r(dm)—/xg;(dx) )}}} g//x—yyr(dx,dy) <.

Denote by M¢ the process corresponding to the measure-valued martingale (£,),>0 from (2.1)). By

and hence

the Lipschitz property of f and the above inequality we get
B [| () - F(vS)
Now fix &’ > 0 and consider £, £’ € P such that dyy, (§,£') < €’'/2. From the reasoning above, we can

choose (&)r>0, (&)r>0 € E with §& = £ and & = ¢ such that U(t,€) < sup,cr; E[f(Mf) | Fi] +¢'/2
and E Hf(Mfl) —f (MS) |]-'t} < €’/2. Therefore we obtain

U(t,€) < sup E[f(M$)|F] +€'/2 < sup E[f(ME)|F] +& <U(E) +¢,

TET: TET:

|]-"t} <E.

and by symmetry we get |U(t,&) — U(t,£')| < €’ and continuity follows.
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