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Phase transition in a sequential assignment problem on graphs

Antal A. Jarai*

September 21, 2016

Abstract

We study the following sequential assignment problem on a finite graph G = (V| E).
Each edge e € E starts with an integer value n, > 0, and we write n = ) __pn.. At time ¢,
1 <t < n, a uniformly random vertex v € V is generated, and one of the edges f incident
with v must be selected. The value of f is then decreased by 1. There is a unit final reward
if the configuration (0,...,0) is reached. Our main result is that there is a phase transition:
as n — oo, the expected reward under the optimal policy approaches a constant cg > 0
when (n./n : e € E) converges to a point in the interior of a certain convex set R¢, and
goes to 0 exponentially when (n./n : e € E) is bounded away from Rg. We also obtain
estimates in the near-critical region, that is when (n./n : e € E) lies close to ORg. We
supply quantitative error bounds in our arguments.

Keywords: phase transition, critical phenomenon, stochastic sequential assignment, Markov
decision process, stochastic dynamic programming, discrete stochastic optimal control.

1 Introduction

Consider the following game (known in different versions [6], [IT, Section 1.7]). Players start
with a row of N empty boxes. In each of N rounds, a random digit is generated, and each player
has to place it into one of the empty boxes they have. A player’s score is the N digit number
obtained after the last round. The game is a special case of sequential stochastic assignment
introduced by Derman, Lieberman and Ross [3]. In sequential assignment, there are N jobs
with given values p; < --- < py that have to be assigned to N workers, as they appear in
sequence. The i-th worker has ability X;, where X1,..., Xy are i.i.d. random variables from a
given distribution F'. The reward from assigning the job of value p; to a worker with ability =
is p;x, and the overall reward of the assignment is the sum of the individual rewards. The game
mentioned at the start is recovered when p; = 10°~!, and X; is uniform in {0,...,9}.

The paper [3] showed that there is a strategy that maximizes the expected score inde-
pendently of what pq,...,pn are. This strategy has the following form. There are numbers
—00 =aon < a1y < - < ap—1n < Ay = 00, n > 1, that only depend on the distribution F,
such that if there are n jobs remaining to be assigned, with values p} < --- < p/,, and the next
worker has ability = with a;,_1, <z < a;,, then the worker is assigned to the job with value p).
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Albright and Derman [I] showed, using law of large numbers type arguments, that when F
is absolutely continuous, one has lim, o agnn = F~q),0< q<1,asn — oco. In particular,
when the number n of jobs is large, a worker with ability x should be assigned to a job with rank
approximately gn, where F~!(q) = x. Note that when F is discrete, this way of determining
the asymptotics breaks down: when z is an atom of F, the graph of F~! has a horizontal piece
at height x. For large finite n, the value of ¢ where the profile a4y, crosses height x can be
expected to be somewhere in the corresponding interval of constancy of F~!, and its precise
location can be expected to be governed by large deviation effects.

In order to motivate the subject of our paper, consider the following modification of the
game mentioned at the beginning. Suppose that each digit can take the values 1,...,k, with
equal probability. Also suppose that the goal of the player is to maximize the probability of
achieving the maximum possible score, that is to reach the unique final assignment consisting
of k contiguous intervals of equal digits. Let 7 be the first time when all k& numbers have
occurred at least once. At time 7, the empty boxes form k — 1 intervals of lengths ny,...,ng_1,
where n — 7 = Zf;ll n;. The i-th interval has a box filled with ¢ adjacent to it on the right,
and a box filled with ¢ + 1 adjacent to it on the left. It is plausible that there exist numbers
0=a1 <ay<-<ag1 <a,=1,such that for large n, under the optimal strategy, n;/n ~
i+l — i, 1 =1,...,k —1. We will be interested in the following question. Suppose that an
alternative position is imposed on the player, where the intervals have length n/ ~ (541 — 8;)n/,
t=1,...,k—1, where 0 = 1 < 2 < -+ < Br—1 < Br = 1. What is the behaviour of the
probability that the player can achieve the maximal score from this position?

We show that the above probability displays a sharp transition in the limit n’ — co. When
the vector (Biy1 — fi : i@ = 1,...,k — 1) lies in the interior of a certain convex set Ry, the
probability approaches a positive constant, whereas it goes to 0 exponentially when the vector
is at a positive distance from Ry.

More generally, we consider the above transition on a general finite graph G = (V, E) with
vertices labelled 1,...,k. The starting position is a vector (n. : e € E), and n = ) g Ne.
When a number 1 < ¢ < k is rolled, one of the edges f incident with vertex ¢ is selected by the
player, and the value assigned to edge f is decreased by 1. We assign a final reward of 1 when
the configuration (0,...,0) is reached, and refer to this as ‘winning’. In the game described at
the beginning, the graph is a path of length k£ — 1.

We believe the study of this model is interesting for a number of reasons.

1. Questions of reachability have been studied in control theory for a long time [10, Sections
19,20]. In our model, the controllable set R¢, that allows the player to reach the state
(0,...,0) with uniformly positive probability, has a simple characterization, which however
involves the graph structure in a non-trivial way; see Eqn. ([2) and Lemma @l As we
show, choosing the right control is only essential near 9Ra. We believe our model, that
is tractable on a general graph, is a useful example system to have in understanding the
behaviour of discrete controlled systems with spatial structure near critical regions. Indeed,
the main technical effort in this paper is getting estimates in the near critical region, that
we do in Section [3l

2. In deriving the optimal strategy for sequential assignment, Derman, Lieberman and Ross
[3] used Hardy’s inequality, of which we have no analogue on graphs. Our proofs work



without knowledge of the optimal strategy, and only rely on martingale and Lyapunov
function techniques, as well as an explicit relationship between R and available controls.
Thus our arguments may be adaptable to other models. It may be that the transition
phenomenon itself can be established with less effort, given more information on the opti-
mal strategy (see for example Question [Ilin Section []). Nevertheless, we believe that the
quantitative bounds we derive are of independent interest.

3. As the title of this paper suggests, we view the transition studied in this paper as an
instance of a critical phenomenonm While such transitions are ubiquitous in stochastic
control, we found little in the literature that connects them with critical phenomena. We
believe that such a point of view can be beneficial, and was indeed our original motivation
for this study. Examples of works in the physics literature that address an interplay
between controllability and network structure are [9, [7, [13].

4. Further problems that are important for applications can be studied in our model or
suitable modifications thereof. For example, we see no obvious distributed control, where
vertices would only have local information about the graph structure.

1.1 Definition of the model

Throughout G = (V, E) will be a finite connected simple graph (without multiple edges or
loops). We write k = |V, and assume |E| > 2 (the case with one edge being trivial). We write
degq(v) for the degree of v € V, and degp(v) for the degree of v in the subgraph of G induced
by the set of edges F' C E.

The state at time 0 < t < n is an integer vector N(t) = (N(¢) : e € E), where the starting
state is N(0) = n = (n. : e € E). Usually we will use capitalized letters for random variables or
random processes, and lowercase letters for their possible values. We write n = ) . pne. Let
Vi,...V,, € V be an i.i.d. sequence of vertices with P[V; = v] = %, veV,i=1,...,n. If the
player allocates V; to the edge e incident with V;, the state is updated as

1 if f=e:
N(t)=N({t—-1)—1°  where 1°= (1; . feE), 1? _ {0 %f j: ] €,
1 e.

The gambler wins if N(n) = (0,...,0) € N¥, and looses otherwise. We denote by pe(n) the
probability of winning under the optimal strategy, when the starting state is n. This satisfies

pG(n) = % > max pg(n—19), (1)

known as the optimality equation [12], Section 1.1], where e ~ v means that e is incident with v.
We introduce some notation needed to state our main theorem. We write Sg for the prob-
ability simplex in R¥, that is, the set of non-negative vectors x € R¥ such that Y ecpTe = L.

' A reader unfamiliar with critical phenomena can find a good introduction in the short text [4]. We note that
such familiarity is not required for understanding this paper.



We define
d(F) = {v eV : degp(v) = degg(v)}|, 0 CF CE;

1
Ra = {XGSszor all ) € F C FE we have er > Ed(F)}’
ecF

Ic = {X € 8¢ : there exists ) C F C E such that Zme < %d(F)} .

eck
The letters ‘d’, ‘R’ and ‘I’ are intended to evoke ‘degree’, ‘reachable’ and ‘inaccessible’; as we
explain. For any non-empty set F' of edges, @ is the probability that the player receives a
vertex that has full degree in F'. Any such vertex must be allocated to one of the edges in F. For
starting positions n = (n. : e € E) where the proportion of space ) . ne/n available at the
beginning is smaller than d(F)/k, the probability of winning goes to 0 (as n — o). Therefore,
from the region Zs the winning position is asymptotically inaccessible. On the other hand, as
we show in Theorem [I if n = nx with x € R, then the winning position is asymptotically
reachable from n. As we point out in Section 2], the set R arises as the region of controllability
for a simple (deterministic) linear control system associated to the game. It can be verified that
when G is a tree with k vertices (k > 3) R is a parallelepiped. As we will not need this fact,
we omit the proof.

Remark. The arguments we present in this paper are also applicable to the slightly more general
model when Vi,...,V,, are not uniformly distributed (but still i.i.d.). Suppose P[V; = v] = p,
with a probability vector p = (p, : v € V') such that p, > 0 for all v € V. In this case Rg and
I are replaced by

Rap = xengforaH@gFngehaveer> Z Do 7
eclF videgp (v)=deg g (v)
Tep =1 x € Sg : there exists ) C F C E such that Z Te < Z Do g s
eck v:deg p(v)=deg s (v)

As the required changes in the proofs are minor, but including them would burden the notation
further, we state and prove the results only in the uniform case. All the essential difficulties are
already present in the uniform model.

1.2 Main results

Theorems [Il and 2] below state our main results. Figure [I] illustrates these when G is a path of
length three, that is k = 4.

Theorem 1. Let G be a finite connected simple graph with |E| > 2.

(i) If x € Zg, and n = nx + O(1), then pg(n) — 0 exponentially fast, as n — oo, at a rate
depending on x. The rate of decay is bounded away from 0 on subsets bounded away from Rq.
(7i) There exists a constant cg > 0, such that if x € R¢g, and n = nx+ O(1), then pg(n) — cq,
as n — oo.



(a) (b)

Figure 1: (a) Image of pg(m,200—m—¢, £) when G is a path of length three (k = 4) and n = 200.
The limit of pg is a positive constant in the rectangle i <z=m/n,y=1~/n< % (dark region),
and goes to 0 when (z,y) is away from the rectangle (white region). The maximum of pg is
~ 0.2583299. (b) Detailed image of pg near the corner of the critical region 0.15 < m/n < 0.35,
0.4 < €/n < 0.6.

In Section [B] we obtain bounds on the behaviour near OR¢g. These shows that the ‘critical
window’ has width of order y/n around ndR¢g. Our bounds in particular imply the following
upper bound on pg(n) in this region. Fix any ¢ > 0, and let

M, = M,(8) = max {pg(n) : n/n € Sg, dist(n/n,0Rg) < §}.
Theorem 2. For any 6 > 0 we have limsup,,_,., M,,(8) < cq.
Combining Theorems [I] and 2 we obtain the following corollary.

Corollary 3. The configuration n that mazimizes pg(n) with n fized, satisfies pa(n) = cg+o(1),
as n — oo.

Theorems [Il and 2] do not rule out the possibility that pg(n) is maximized near the critical
surface, at a distance that is o(n). But of course we expect that the location of the maximum,
when rescaled by 1/n, converges to a point in the interior of R¢. It is also plausible that the
location of this point can be characterized in terms of large deviation rates for events of the
form ‘the gambler runs out of space on the edges in F”, that is:

n
> 1y > nep, BCFCE

videg p(v)=degq (v) t=1 ecF



We state an explicit conjecture for a path of length k — 1, where this is easiest to formulate. Let

oy )
O ()

1<j<k-2 a.(0;k) =0 a.(k—1;k) = 1.

Let n™2* = (n?‘ax :j=1,...,k —1) denote a point in n Sg where pg(n) is maximized, n > 1.

Conjecture. Let k > 3. Then for 1 < j < k — 2 we have

1 J
lim — Zn;nax = a(J; k).
(=1

n—oo n

The number a.(j; k) is obtained as the unique point a € <%, %), for which the ‘cheaper’
of the two large deviation events

ji_n k n
{ZZIVFU>an} and Z Zlvt:v>(1_a)n

v=1¢=1 v=j+2 t=1

is as ‘expensive’ as possible. (This number a can be obtained by equating the large deviation
rates of the two events.) Each a.(j; k) marks out a linear submanifold of S¢, and the location
of the optimum is their intersection. We expect that a similar characterization holds for any
connected graph G.

The structure of the paper is as follows. The proof of Theorem [Ilis given in Section 2l We
study the behaviour near R ¢ in Section [B] and deduce Theorem 2l We stress however, that
our analysis provides a much more refined picture than Theorem [2} see Propositions [I0, [[1] and
2] and their proof. The estimates in these propositions suggest Gaussian behaviour near IR .
We conclude with some further questions in Section [l

2 Proof of the phase transition

The next section collects some preliminaries and useful notation.

2.1 Basic properties of Ry

It will be convenient to have the version of R« in which the inequalities are not strict:

1
Ka= {XESszorallFCEwehave E Te > Ed(F)}
ecl’

We denote by Hp the hyperplanes appearing in these inequalities:

Hp:{XGRE:er:%d(F)},(D#FCE.

ecF

In particular, S¢, Ra, Zg and K¢ are all subsets of Hp.



Lemma 4.
(i) The sets K and Rg are convex with a non-empty interior relative to Hp.

(ii)) Ko = R (the closure of Rg in Hg).

Proof. (i) As intersections of halfspaces with Hg, both Kg and R¢ are convex. Also, since the
halfspaces defining R (resp. K¢g) are open (resp. closed), Rg (resp. K¢) is a relatively open
(resp. closed) subset of Hg. The containment Rg C K¢ is immediate from the definitions. To
show that R¢ has non-empty interior, we check that the vector

1 1
* = * N E * = — _— E 3
X (xe ec )7 Le k UEEV deg(v)’ ee L, ( )

belongs to R¢g. First, x* € Hg can be seen by summing the formula for z} over e € E and
exchanging the two sums. It is also immediate that =} > 0, and therefore x* € Sg. Now fix any
) C F C E. Since G is connected, there exists a vertex v € V such that 0 < degp(v) < degg(v).
Therefore,

. 1 11 1 1 1
er - Z k Z deg(v) &k Z Z deg(v) Tk Z Z degg(v)

ecl ecF  wveV veV eclF veV eclF
vrve degp (v)=degq(v) e~v degp(v)<degg(v) e~v
1 d(F)
> = 1=—"
DY ;

veV
degp(v)=degg(v)
This shows that x* € R, and since R is open in Hg, X* is an interior point. The containment
Ra C K¢ implies that x* is also an interior point of K.

(ii) Since K¢ is closed, we have Rg C Kg. Therefore, it is enough to show that Kg \ Rg C
Ra. Let x € Ko\ Rg. Let x(t) = tx+ (1 —t)x*. Convexity of K¢ implies that x(t) € K¢ for all
0 <t < 1. Moreover, since the expressions ) . 2.(t) are monotone linear functions of ¢, and
Y oecr Te(0) > d(F)/k, and Y g zc(1) > d(F)/k, we must have the inequality ) . ze(t) >
%d(F) for all 0 < t < 1. This implies that x(t) € Rg for 0 < ¢t < 1, and hence x € Rg, as
required. O

The optimality equation implies that the optimal deterministic strategy is also optimal
among randomized strategies. The next lemma states a connection between elements of Kg
and possible moves in a randomized strategy. In its statement, we think of q(”)(e) as the prob-
ability of assigning vertex v to the edge e in such a move.

Lemma 5. We have x € Kg if and only if there exists a collection {¢")(e) : v € V, e € E} of
non-negative numbers such that:

(i) S ecr @™ (e) =1 for allv e V;

(ii) ¢ (e) = 0 if e is not incident with v;

(iii) £ > pev @V (€) =z for all e € E.

Proof. We deduce the statement from the Max-Flow-Min-Cut Theorem [2, Theorem III.1]. De-
fine an auxilliary directed graph G’ as follows. Replace each edge {v,w} of G by two directed



edges (v,u.) and (w,u.), introducing the new vertex u, for each e € E. Also add new vertices
s and t. Add a directed edge (s,v) for each v € V and a directed edge (ue,t) for each e € E.
Thus G’ has |V| + |E| 4+ 2 vertices and 2|E| 4 |V| + | E| edges.

Consider flows of strength 1 from s to ¢t in G’, where we assign capacity 1/k to each edge
(s,v), v € V, capacity 2 to each (v,u.) and capacity z. to each (ue,t).

Suppose ¢(¥)(e) satisfy (i)-(iii). Define a flow by letting 1/k flow on each (s,v), ¢ (e)/k
flow on each (v,u.), and x, flow on each (ue,t). This flow satisfies the capacity constraints, and
it is a maximal flow, since {(s,v) : v € V'} is a cut with value 1. Therefore any other other cut
must have value at least 1. Given () C F' C E, consider the cut

{(s,v) : degp(v) < degg(v)} U {(ue,t) : e € F}. (4)

with value k— d(F) i(F)
LI ST L S
eclF ecl
This implies that x € K.

For the converse, suppose that x € K, and consider a maximal low on G’. The conditions in
the definition of K¢ imply that all cuts of the form (@) have value > 1, and the cut corresponding
to F' = F has value 1. It is easy to check that any minimal cut is necessarily of this form, and
therefore the maximal flow is 1. Letting ¢(*)(e) be k-times the amount flowing on (v, u.) we
obtain a collection satisfying (i)—(iii). O

Basic for Theorem [lis the following computation. Suppose that our current state is n = nx,
x € Sg. Let {¢™)(e)}vevecr be a set of probabilities representing a randomized move (that is:
qév) is the probability that edge e will be used, conditional on the event that vertex v has been
drawn). Let N’ = (n — 1)X’ be the random outcome of the move. Let ye = 1 > 1, ¢V (e). We

have

1 1 n 1 1

I I B e | _ . o .

EX_n—lEN_n—1<n 56Ey61>—n_1x n—ly_x+—n—1(x y). (5)
&

If x € R, then due to Lemma [0 it is possible to choose y € K¢ in such a way that the average
displacement points in any desired direction. On the other hand, if x € Zg, convexity of Kg
implies that the process will always move away from R on average.

The above observations are also reflected in the following deterministic controlled differential
equation:

d

d_)t( =x —u(t), where the control u satisfies u(t) € K¢ for all ¢t > 0.

It is easy to see (for example using as Lyapunov function the distance from HgN HF for suitable
F) that:

(i) If x(0) & K¢, then for any control u we have x(t) ¢ K¢ for all ¢t > 0;

(ii) If x(0) € R, then for any x" € R¢ there exists a control u such that lim;, . x(t) = x'.



Let us introduce some further notation. Throughout we write |[w|; = > cp |we| and [w| =
V¥oeer wel? for any vector w = (we : ¢ € E) € RF. For w € RF and A C R¥ we write
dist(w, A) = infyc 4 |[w — y|. We will write (-,-) for the Euclidean scalar product.

For each ) C F' C E we fix a point z"" € K¢ such that Y 2L = @. Let u’’ be the unit
vector of the form
o ap ifeeF;
u =
¢ —bp ife€ E\F,
with ap,bp > 0, and such that ) _p uf” = 0. For all w € Kg we have (w —zf uf’) > 0. We

will often use linear functions of the form:

LE"(n) = (n — nzl", ul’) = Z:(ne —nzPul'.
The last expression can be rewritten as follows:

S (ne —nzEyl = ap Y ne+ (- <n—2ne>—napz <1—Zz{>

eckE ecF eclF eclF eeF
:(ap—l—bF)Zne—nbp—n(ap—i—bp)z,z + nbp = (ap + bp) <Zne—n—>.
eeF eclF eeF

We define k = k(G) = min{(ap + bp) : 0 T F C E} > 0. We will need the following lemma.

=

Lemma 6. There exist constants b = b(G) > 0 and B = B(G) such that for all w € Kg we
have

d(F) .
< —— 3 < .
bdist(w,0Rq) @glFlélE{ EFwe k‘ } < Bdist(w,0Rq) (6)
We also have
1 dF)\ 1
—pfn < § ) < ZpFn > 1.
5 (nw) <n <66F We k: ) < - (nw), n> (7)

Proof. The proof of Lemma [(ii) showed that K \ Rg = ORqg. Therefore, if w € K¢ \ Ra
then ) . pwe = d(F)/k for some ) C F C E, and dist(w,0R¢) = 0. In particular, the first
statement of the lemma holds when w € K¢ \ Rg. Henceforth assume that w € Rg. Then
since IR = Upc pcpHr N Kg, we have

dist(w,0R¢g) = min dist(w,KgNHp)> min dist(w,Hg N Hp). (8)
0CFCE 0CFCE

We claim that the last inequality is in fact an equality. Let F' be a set for which the minimum in

the right hand side of (8)) is attained. Let wq be the orthogonal projection of w onto Hg N HF in

the linear space Hy. If the line segment w w( had any interior point w; belonging to any other

Hp, then this would contradict the minimality of F’. Therefore, the entire line segment w wy,

apart from wg, belongs to Rg, with wg € OR¢g. Hence dist(w, Hg N Hp) = dist(w, wq) >



dist(w,0R¢). This proves our claim. Since w € Hp, there exists a constant By, that only
depends on min{angle between Hp and Hp : ) C F C E}, such that

diSt(W, HF) < diSt(W, HgnN HF) < By diSt(W, HF)

This implies the first statement of the lemma, since dist(w, Hyp) = |F|~1/? <Ze€F We — @)

The second statement of the lemma follows from the definition of x(G), and the fact that

ar,br <1 (since u’” is a unit vector). O

Recall that we write n = nx for the starting state. Given a randomized strategy, we write
X(t) = -L-N(t). Note that we allow the processes N(t), X (), etc. to have negative entries, and
once this happens, we have X(t) € S¢ for all further times. We write Y (¢ — 1) for the vector
of edge weights that our strategy prescribes for round ¢, and E(t) € E for the random edge

selected in round ¢ according to this strategy. We write
Fi=0(N(s), Y(s):0<s<t)

for the filtration of the process.

2.2 Steering

In the following proposition we show that if n is large enough, then starting from any state in
R that is bounded away from the boundary, there is a strategy that steers the process close to
any other such point in Rg.

Proposition 7. Given § > 0, there exist c; = ¢1(G,9) > 0, Ay = M\ (G,0) > 0, ng = ny(G,9),
K, = K1(G,9) and C1 = C1(G,6) such that the following holds. Let n and ny be any positive
integers such that n > (1 4+ Ki)ny and ny > ng. Suppose that n = nx with dist(x,0Rqg) > 6.
Suppose also that z € R with dist(z, 0Rg) > I, with n1z having integer coordinates. There
exists a randomized strategy starting from state n such that under this strategy we have:

P[N(n —ny) =niz] > c1; 9)
and for all ¢ > 1 we have
P[IN(n —n1) — niz| > q] < Cyexp(—Aig). (10)

The strategy will be defined in three stages: in the first stage we reduce |N(t) — (n — t)z|
to O(1); in the second stage we keep it within O(1) until time n — n; — O(1); and we use the
last O(1) steps to attempt to hit nyz exactly. The first two of these steps are the content of the
next two lemmas. After proving the lemmas we assemble them to prove Proposition [7

Lemma 8. Given § > 0 there exists Ko = Ks(G,0), dy = dp(9), Aa = Aa(G,0) > 0 and
Cy = Co(G) such that for any x,z with dist(x,0R¢), dist(z,0Rqg) > 0 the following holds. For
any n,n’ with n > Kon' and n’ large enough there is a randomized strategy starting from state
n = nx such that the stopping time

Tdo = Inf{t > 0: N(t) — (n — t)z| < dp}

10



satisfies
P[4, > n —n'] < Cyexp(—Xan'). (11)

Proof. The value of dy > 0 will be chosen in course of the proof. We are also going to use a small
parameter 0 < €9 < §/4, chosen later. The first step of the proof is to reach an eg-neighbourhood
of z.

Let y be the point where the halfline starting at z and passing through x intersects IR .
Let u denote the unit vector with the same direction as x — z. In the first step, we use the
following strategy: given the current state N(¢) = (n — t)X(t), we select Y (t) € OR¢ such that
Y (t) — X(t) is a positive multiple of u. In particular, Y(0) = y. We employ this strategy until
the stopping time 7(1) defined by

7(1) =inf{t > 0:|X(t) —z| <ep}.
Let us write X°'(¢) for the component of the vector X(t) — z orthogonal to u. Let
S(t) = (N(t) — (n — t)z,u). (12)

Since
N(t+1) = (N(8) = Y (1) + (Y(8) - 150D,

and the second term has mean 0 given F;, we have
E[S(t+1)[F] = 5(t) = (Y(t) — z,u). (13)

Since x and z are bounded away from 0R¢, there exist u = u(G,d) > 1 and g9 = €9(G,0) > 0
such that as long as [X°"(t)| < £, we have

(Y(t) — z,u) > ulx — z|. (14)
This implies that S’(t) = S(t) + tu|x — z| is a supermartingale as long as |X°"(¢)| < g¢/2. On

the other hand, due to the calculation in (&), X°*(t) is a martingale.
Let t1 = 15; £n. Due to the choice of u and gy, we have the inclusions

{7(1) > t1} C {|X°(s)| > £0/2 for some 0 < 5 < t1}
U{S(s) > p(n — s)|x — z| for some 0 < s < ¢1}U{S(t1) > 1}

C { max |X(s)| > 60/2} U { max S'(s) — S'(0) > (u — 1)n|x — z|} (15)

0<s<t; 0<s<t;

u{ max §'(s) — §'(0) > M;1n|x—z|}.

0<s<ty

The inclusions (I5]) imply

P[T(l) > tl] <P |:0r§nsa§}§1 S’(s) — S’(O) > o ; 1n‘x — z’:| +P |:0r§nsa§}§1 ’XOH(S)’ > 50/2:| ) (16)
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Since S’(t) has increments bounded by (1+ p)v/2, while | Xt (¢t +1) — X ()| < v/2/(n—t —1),
we can apply the Azuma-Hoeffding inequality (see [14, Exercise E14.2] or [5, Theorem 12.2(3)])
to {S’(t)}+>0 as well as to the projection of {X°(¢)};>¢ to each coordinate direction. This
yields

T2 020 o2 2
P[r(1) > t1] < exp <—(M )° n'x — 2| 2> + 2|E|exp < L £0 )
° /) (D

t12(1+p) 84| B[ XL,
< Cexp(=N'n)

for some N = N (u,e09) > 0 and C' = C'(G).

For the second step we condition on the point n; = nyx; = N(7(1)), such that n —ny <t
and |x; —z|] < g9 < §/4. For ease of notation, we re-parametrize time for this step so that
N(0) = n;. We choose Y () to be the point where the halfline starting at z and passing through
X(t) intersects OR¢. Let us write u(t) for the unit vector with the same direction as X(t) — z.
Decompose X(t + 1) —z = X'(t + 1)u(t) + X"(t + 1), where (X"(t + 1),u(t)) = 0. As long as
IN(t) — (n — t)z| > dy, we have

IN(t+1)—(n—t—1)z|=/(N{t+1)—(n—t -1z, ut))2+ (n —t — D2[X"(t + 1)?
<VIN@E+1) = (n—t—1)z,u(t)? +2

CN(E+1) = (n—t — )z, u(t)) + ﬁ.
Therefore,
2
E(IN(t+1)—(n—t—1)z|| /) <E((N(t+1) — (n —t — D)z,u(t)) | /1) + s
= (N(#) = (n = t)z,u(t)) — (Y(t) — z,u(t)) + ﬁ
2

< |N(t) — (’I’L—t)Z| -0+ m

Hence if we require that dy > /2 2+3 4 then
0
D(t) = |N(t) — (n — t)z| + 575, t>0,

is a supermartingale until 74,. Since the increments of D(t) are bounded by 2 + g < 3, and
o < g, it follows with t9 = %nl that

0 6%t3 "
Prg, > t2] <P O%%§2(D(s) — D(0)) > gnl} < exp <—m> < exp(—=A'nq)
with some X" = \'(§) >0
Putting the two parts together, the statement follows if we choose Ky = S O

pn—1
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Lemma 9. Given 6 > 0 there exist A3 = A3(0) > 0 and Cs = C3(9) such that such that for all
n' >n" >0 and all w,z € Kg with dist(z,0Ra) > 6, |[n'w — n'z| < dy(d) the following holds.
There exists a randomized strateqy starting in state n’ = n'w such that for all ¢ > 1 we have

P [|N(n' —n") —n"z| > q] < C3exp(—A3q). (18)

Proof. When |N(t) — (n’ —t)z| < do, let us apply an arbitrary move, otherwise, let us follow the
strategy used in the second part of Lemma[8l We saw in the proof of Lemma [§ that

)
D(t) = [N(t) = (n—t)a| + 5 > I[IN(s) = (n — s)a| > do]
0<s<t
is a supermartingale on any time interval s € [¢1,t2) on which |[N(s) — (n — s)z| > dy. Assume
the event
F(q) = {IN(n' —n") —n"2| > 4q},

and suppose ¢ > dyp. When n’ —n” < ¢, the event F(q) is impossible, because |N(0) — n'z| <
do < q and the increments of [N(¢) — (n — t)z| are bounded by 2. Hence we may assume that
lmax == [ (' —n")/q] > 1. Since D(0) < dy < ¢, the inequalities

IN(n —n" —tq) — (n" +4q)z] > 4q, £=0,...,lmax, (19)
cannot all simultaneously be satisfied. Summing over the smallest ¢ for which (I9) fails, we have

P[F(q)] < Z P |D(n' —n")— D(n —n" —tq) > gqﬁ

1<l<lmax
- (20)

152 2(2
< > exp <—§ 33(16 ) < Czexp(—A3q).

Adjusting the constant Cj, if necessary, we have the statement for all ¢ > 0. This completes the
proof. O

Remark. Note that the above strategy does not require the coordinates to stay positive. This
will become important in Section [3.3]

Proof of Proposition[7]. Observe that if there is no point w such that dist(w,9Rg) > 0, then
the statement of the Proposition holds vacuously. Henceforth assume that ¢ is small enough so
that the set above is non-empty. We choose go > 2 so that for the event F'(¢) introduced in the
proof of Lemma [@ we have P[F(go/4)] < 1. Let M be the smallest integer such that

M > (min{w, : e € E, w € Rg, dist(w,0Rg) > 5})_1 )

which is finite by our assumption on §. We choose K7 and ng such that n > Kinq and ny > ng
imply n > Ka(n1 + Mqqp), where K is the constant from Lemma [ Following the strategies in
Lemmas 8 and [@] over the time interval [n,n — n; — Mqy] we have

1
P[IN(n—n; — Mqy) — (n1 + Mqo)| < qo] > 3 Cyexp(—Aany) > =, (21)

] =
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if ng is large enough. On the event in (2I]) we have

Ne(n —ny— MQO) — N1Ze
> (Mgqo)ze — |Ne(n —n1 — Mqo) — (n1 + Mqo) 2|
>q—q =0, eckE.

Therefore, N(n —ny — Mqp) > n1z componentwise, and there is a strictly positive probability
c1 = ¢1(G,0) > 0 that niz can be hit exactly from the state N(n —n; — Mqp). This proves (@)
of the Proposition. Since the form of the bound (I8]) is not affected by taking Mg extra steps,
statement (I0) follows from the estimates (II) and (I8]) of Lemmas [ and [@ O

2.3 Proof of the Main Theorem

In this section we complete the proof of Theorem [I1

Proof of Theorem[1(i). Fix x € Zg, and let ) C F C E be a set such that >  pz. < @.

Then for some ¢ = £(G, x) > 0 and sufficiently large n we have 1 3~ _ . N.(0) < @ —e. Let

0 otherwise.

{1 if V; = v and degp(v) = degg(v);
t =

Since any v with degy(v) = degq(v) must be assigned to one of the edges in F', we have

n n 52
;YtsZNem) %;n<@_g]gexp<_nz>.

eclF
by Bernstein’s inequality; see [5, Theorem 2.2(1)]. The rate of decay is bounded away from 0 as
long as x is bounded away from 0Rg. O

pg(n) <P <P

Proof of Theorem[1l(i1). We show that for any fixed § > 0 we have

lim M, = lim m, = a, (22)

n—oo n—oo

where

My, = My (J) = min {pg(n) : Zne = n, dist(n/n,0R¢q) > 5} , n>1;
eck

M,, = M, (4) = max {pg(n) : Zne = n, dist(n/n,0R¢g) > 5} , n>1;
eck

a = «a(d) = liminf m,(0).

n—oo

We consider n’ > ng, n > Kin’ and n = nx such that m,, = pg(n). We apply Proposition [7]
with z = n’/n’, where n’ is chosen so that M, = pg(n’).

14



Let ¢(r) denote the probability that with the strategy described in Proposition [7] the state at
time n —n' is n'z +r, where 3~ __pre = 0. Due to Proposition [7, we have ¢(0) > ¢;. Therefore,
we can write

ma=pan)> Y eE)pa(z+r)>capan'z)+ > er)pe(n'z + 1)
: e=0 #0:
R ZEEE re=0

> 1 (Mp — my) + Z o(r) my
r:ZeEE re=0
> c1(My — mypr) + my — Cexp(=in’)

with some A > 0 and C depending on § and A1, A9, A3. Rearranging gives

1 C
M,y —myy < c—(mn —my) + o exp(—An'). (23)
1 1

Since n > Kn' was arbitrary, taking liminf,, ... yields

1 C
M,y —my < c—(a — My) + o exp(—An'). (24)
1 1

Taking limsup,,_, ., in 24) yields M, — m,; — 0. Taking liminf,/_, ., in 24]) yields

1
0 < liminf(M,y —my) < —(a —limsupm,) < 0.

n/—o0 C1 n/—o0

This shows that lim,/_, ., m,s = a, and the proof of ([22)) is complete.
The limit does not depend on 9, since for 0 < §; < §o we have

and hence a(d1) = a(d2) = cq.

We conclude the proof by noting that ¢ > 0. This is because Proposition [ implies that the
process can be steered close to the point ngx* for a sufficiently large ng with positive probability,
and from here there is a strictly positive probability of winning. O

Remark. Since the left hand side of (24)) is non-negative, we can rearrange to get
mp < a+ Cexp(=An), n' > ny.
We do not have a corresponding exponential lower bound on the speed at which the limit « is
approached. See Question [I in Section [l
3 Upper bounds in the critical region

In this section we obtain estimates in the critical region. This requires distinguishing a few cases
that we state as separate propositions in the next section, and use them to prove Theorem [2
The proofs of the three propositions are given in Sections [3.2] B3] and [B.4] respectively.
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3.1 Statements of upper bounds in three subregions

We define the sets of configurations
BL(n; A) = {n € nSg : for some ) C F C E we have L™ (n) < —Ay/n}

BH(n; A) = {n € nSg : for all F with 0 < d(F) < k we have LE"(n) > Av/n} (25)

BHI(n: A) = Sa: —A i Lrn A .
G (nid) {nE”G VRS omin  LTm) < Avn

Proposition 10. For all A > 0 we have

2
lim sup max{pg(n) : n € Bé(n; A)} < exp <_%> )

n—o0

In particular, the limsup is at most cq, if A > +/8log(1/cq).

Proposition 11. There exist constants Cy = C4(G) and Ay = A\y(G) > 0 such that for all A > 1
we have
limsup max{pg(n) : n € BH (n; A)} < cg + Cyexp(— 1 A?). (26)

n—o0

Proposition 12. There exists Ag = Ao(G) such that for all A > Ay we have

lim sup max{pg(n) : n € B (n; A)} < cg + Cpexp(— g A?).

n—o0

Proof of Theorem[2 assuming Propositions [I(, [11, [I2. Given € > 0, choose A sufficiently large
so that each of the upper bounds in Propositions [I0 1] and 12 is at most ¢ + €. Since with
this fixed choice of A the sets BIG, Bg and Bg I cover all possibilities, the statement follows. [

3.2 Upper bound for B

Proof of Proposition [I0. We may fix the set F' in the definition of B(I}(n; A) and argue separately
for each such set. Let us fix 6 > 0. Due to Theorem [I}i), we may restrict to n such that

—on < L¥"(n) < —Av/n.

Let us follow the optimal strategy starting in configuration n. The process S(t) = LF""~{(N(t))
is a supermartingale due to

E[S(t+1)|F) = 5(t) = (Y(t) — 2", u") < S(1). (27)
Consider the stopping time
T=(ln—cvn]+1) Ainf{t >0: S(t) < —d(n —1)},

where ¢ = 2—’%. Then we have

Plr>n—cy/n| <P [0<t<HLlna—Xc\/ﬁJ S(t) —S(0) > (A— 50)\/5]

16



Due to the optimality equation, pg(N(t)) is a bounded martingale. Hence by optional stopping
we have

pe(m) = E[pa(N(7)); 7 <n—cyn, S(1) < —=6(n — 7)] + E[pe(N(7)); 7 > n —cv/n|, (28)

The first term in the right hand side of (28]) is at most
mac {pa(n) : [0l > evir, L7 (n) < ~on'},

which goes to 0, as n — oo, due to Theorem [I}(i). The second term in the right hand side of
[28) is at most P[T > n — ¢y/n] < exp(—%Q) < ¢g@, due to our choice of A. This completes the
proof of the Proposition. O

3.3 Upper bound for BY

We start with two propositions that strengthen Proposition [7] and will be used in the proof of
Proposition Il In the first, we give a lower bound on the probability that the process can be
steered away from the boundary, if at least order y/n away.

Proposition 13. There ezist \s = A5(G) > 0, v = v(G) > 0, ¢5 = ¢5(G), C5 = C5(G) and
ny = ny(G) such that for all A > 1 the following holds. Let n,n’ satisfy n” > n' > ny, and let
n = nx be a configuration such that

1 A
eezer Z Ed(F) + %, fOT’ all@g F gE (29)

There exists a randomized strategy starting from n such that for the stopping time
7 =inf{t > 0: dist(X(t), 0Rqg) > c5}

we have
P[r > n —n'] < Csexp(—AsA?).

Proof. Let y be the point where the halfline starting at x* and passing through x intersects
OR¢g. Write d = |x —y|, and note that d > %%, due to Lemmal6l Let r be the smallest integer
such that (3/2)"d > 3|x* —y|. We fix a small number 5 > 0 such that 3 —n > %. Then it is
straightforward to check that the choice of 7 ensures that there exists 0 < v = 7(G) < 1 such
that (3 —n)"n > n?, if n > ng for some ny = no(G).

Consider the sequence of points x = y(0),y(1),...,y(r) defined by

y(i) =y + (3/2)(x—y), i=0,1,...,r

The following statement can be proved in essentially the same way as Lemma 8 For ¢ > 0
sufficiently small, there exists A = A(G,n,e) > 0 such that given any point w € R¢g with
|w — y(i)| < e(3/2)'d and any n such that (3 —n)n > ng the following holds. There exists a
randomized strategy starting in state nw such that for the stopping time

(i) = inf{t > 0: |X(t) —y(i + 1)| < (3/2)"d}

17



o P70 (1 )] < (270

Summing the upper bounds on 7(0),7(1),...,7(r — 1) we obtain that there is a randomized
strategy starting from state n such that for the stopping time

' =inf{t >0:|X(t) —y(r)| <e(3/2)"d}
we have
P[r' > n —n"] < Cexp(—\A3?).

Due to the choice of 7, and for a sufficiently small £, the point X(7’) is at least a fixed positive
distance c5 from OR¢, and hence 7 < 7/. This completes the proof. [l

The next proposition extends the result of Proposition [1 to the case when the target state
is anywhere in Kg.

Proposition 14. Given § > 0, there exists \¢ = X\¢(G) > 0, Cs = Cs(G), ¢ = c6(G) > 0,
K¢ = Ks(G,06) and ng = ng(G,9) such that for any n1 > Kgn', n' > ng and configurations
n; = nix, x € Rg, dist(x,0R¢g) > 0 and n' = n'z, z € Kg the following holds. There exists a
randomized strategy starting in state ny such that

P [N(n; —n') =n'] > ¢, (30)
and
P [[N(n; —n') —n'| > ¢] < Csexp(—Asq), ¢>0. (31)
Proof. We consider the following intermediate point:
1 1
x" = gX §X/ and n” =n'x+n'+ 0(1),

where the O(1) term guarantees that n” has integer coordinates. Observe that dist(x”,0R¢) is
at least a positive constant. Due to Proposition [7l we can steer the process from n; to a (6/4)-
neighbourhood of x” with probability at least 1 — C7 exp(—A1n'), provided Kg > 2K1(G,6). Let
us call the point reached this way (2n)y”. Since
" 7 " " 1 " " 1 /
y' =x 4+ —x7) =5x -2y —x7) +5x,
and |2(y” — x")| < 3, the point w = x — 2(y” — x") satisfies dist(w,dRg) > 3.

Now consider the steps of the strategy of Lemma [0 for the starting state n’w and target
state Ow over the time interval [0,n’ — Mqo], where M > (min{w, : e € E})~", and qq is chosen
so that F(qo/4) > 4. Let N(t), t > 0 denote this process. If the coordinates do stay positive
until time n’ — Mgy, there is a strictly positive probability of hitting state 0. When 0 is not hit
exactly, we have the bound

P[N(n')| > q] = P[[N(n') - 0] > g] < Cyexp(—Aaq).
If we now apply exactly the same moves to the configuration (2n’)y”, we obtain that the process

N(t) = n’ + N(t) hits n’ = n/x’ with positive probability, and satisfies the bound in @I). O
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Since the proof of Proposition [[1lis quite long, we first give a brief outline. Suppose we can
select configurations n and n(¢),...,n(1) in such a way that:
(a) n/n is bounded away from 0R¢, so that we have pg(n) < c¢g + ¢;
(b) n(¢),...,n(1) are in the respective sets B with each pc(n(i)) close to the limsup in (26));
(c) We can steer the process as follows: n - n(¢) - n({ —1) —» --- — n(1);
(d) In each steering step we hit the target exactly with probability bounded away from 0.
If ¢ is large, step (d) ensures that pg(n) cannot be much smaller than the smallest of the
pa(n(i))’s, and the claim will follow. The crux of the proof is parts (c)—(d), which rely on
Propositions [[3] and [4l The argument is somewhat delicate, since the n(i)’s now can be arbi-
trarily close to OR¢; recall the definition of Bg in ([28). Therefore, Propositions [I3] and [I4] will
be applied on a suitable subgraph that omits some edges.

We carry out the plan (a)—(d). We start with some preliminaries. The first step is to
subdivide Bg according to which part of OR¢ is close. Given n € Béf , let

G§=3G(n;G,A) = {F C E:L""(n) < 2;—11\/5} and F =g,

where x is the constant from Lemma [6. It may so happen that F = (), in which case the
arguments we have to make are similar to and simpler than when F # (). We will not spell out
such arguments. Note that F € G implies d(F) = 0, since n € BY. Hence we have

Zne§22negz LF" ) < A\/— (32)

ecF FegGecF FGQ

This implies d(F) = 0, for n large enough. Note that any F with d(F) = 0 that is not contained
entirely inside F satisfies

Fan( KA
Z’I’Le_ L ) Z W\/ﬁ

ecF

Let us abreviate ko = & / 2lE142 In the remainder of this section, we are going to fix a possible
value Fy of F', and argue separately for each Fp. With this in mind we make the following
definitions. For any Fj such that d(Fp) = 0, let
1 .
I, _ I Ay . Doeer, e < 5A4/n, and for all F not contained
A, Fy) = A) . Fecho
Be (n: 4, Fo) {n € Bc(n; 4) in Fy we have ) _pne — gd(F) > koAy/n

M, (Fy) = max {pg(n): n € B (n; A Fy)} (33)
B = limsup M, (Fp).

Our task is to show that 8 < cg+C exp(—AA?) for each Fy such that BY (n; A, Fy) is non-empty.
We will need to work on subgraphs of the form G = (V, E¥), where E¥ = E\ H, H C F.
We write nf! for the restriction of n to G, that is: nfl = (n. : e € Eff). When no confusion

can arise, we will write nfl = > ecrH Ne-

Lemma 15. If Bg(n; A, Fy) is non-empty, then for any H C Fy the graph G is connected.
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Proof. It is enough to consider H = Fy. Should G*® not be connected, we could write £ =
FEy U FyU E» as a disjoint union, where Fy and Es are non-empty and do not share any vertex.
Then we have 0 < d(E; U Fy),d(Es U Fy) < k and d(Ey U Fy) + d(Eo U Fy) > k. Therefore, if
n € BY (n; A, Fy), we have

Znez Z Ne + Z ne—Zne

ecElR ecE1UF, ecEsUF, ecFy

1 1 1

> %d(El U Fp) + §Aﬁ + %d(EQ U Fp) + §A\/ﬁ — §A\/ﬁ
1

>n+ 514\/5 > n,

a contradiction. O

Lemma 16. Let H C Fy and n € BY (n; A, Fy).

(i) We have nfl /nfl € Km.

(ii) Suppose in addition that n. > cAv/n for all e € Fy\ H, with some ¢ > 0. Then n" satisfies
the assumption on the starting state of Proposition [I3, with A replaced by min{cA, ko A}.

Proof. Both statements will be proved by the same computations. Let § C F C (E'\ H). Since
d(H) < d(Fp) = 0, we have d(F U H; G) = d(F; G). When this common value is > 1, we have

1 n 1
donez Y ne— g AVR = Zd(FUH;G)+ AV — S AVR

ecF ec FUH (34)

nf ot 1~ _nf Je

This already suffices for part (i). When d(F U H;G) = d(F;G") = 0 and F is not a subset of
Fy, we have
Z ne > koAvn > koAVnH, (35)

ecF

When () C F C Fy \ H, under the assumption made in part (ii) we have

Z ne > cAv/n > cAVnH (36)

eckF
The three cases ([84]), (B3) and (B8] complete the proof of part (ii). O

The main technical difficulty in the proof of Proposition [[T]is that we have no control over
how small n.(i) can get for e € Fy, and therefore these coordinates must be hit exactly at each
stage. We can do this, if the difference n.(i + 1) — n.(i) > 0 is sufficiently small so that we
have enough opportunity to play these edges (once the exact value is achieved, we can ignore
any such edge, since d(Fy) = 0. The configurations introduced next will help us overcome this
technical difficulty.
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Let x*f0 denote the configuration introduced in (3], with the graph G replaced by G*0.
Given 0 > 0 and H C Fp, let

1
SRS H) = (1—0)x 4 6——00n > 17
e€Fo\H

where all vectors are regarded as being in RE”. Let n*0 (H) = ny*fo(5; H) + O(1).

Lemma 17.

(i) We have x*T0 € Kpn.

(i3) For all sufficiently small 6 > 0 we have y**(5; H) € Ron and dist(y*f(5; H),0Rgu) >
5(BIFy \ H|).

(i4i) There exists c7(G) > 0 such that for all sufficiently small § > 0 and all ) C F ¢ EFo we
have

-1
d(F; GFo
S wef) | e > WG
ecEFo ecF

Proof. (i) Let ) C F C Ef. We first consider the case when F ¢ [y \ H and E\ Fy ¢ F. Then

=

we have

d(F;GHY)
— > .
i k =Tk

Zx:,Fo — Z x:,Fo > d(F\FO;GFO) d(FU (FO \H)aGH) (37)

ecF GEF\F()

When F' ¢ Fy \ H and E \ Fy C F, we have instead

F- H
ZxZ7FO = Z xvaO =1> M (38)

k
eckF e€F\Fy
If) C FC Fy\ H, we have

F-GH
Zx:,Fo —0= d(’TG) (39)
ecF

This completes the proof of part (i).

(ii) If ¢ is sufficiently small, the inequalities (B7) and (B8], with x**0 replaced by y*fo(§; H),
remain strict. Also, Eqn. ([B9) becomes a strict inequality. The lower bound on the distance
follows from Lemma 6

(iii) This follows from (BT), since the normalization factor in the front is [n(1—0O(8))]~!. O

Proof of Proposition[11. Given € > 0, we select a subsequence along which M, (Fy) >  — €.
For each n in the subsequence, select n € BY (n, Fy) such that pg(n) > 8 — . By passing to a
further subsequence, we may assume that for each e € Fyy the coordinates n. are nondecreasing
along the subsequence.

We now choose n(1),...,n(¢) and n. Let n(1) < --- < n(f) and let n(i) € BY (n(i); Fy),
i=1,...,£ be a sequence of points such that:
(1) n(i+1) > 22Ken(i))/7, i =1,...,0 —1;
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(i) ne(i + 1) > ne(i), foralle € Fy,i=1,...,0—1,;
(iii) pa(m(i)) > f—e,i=1,...,L
We further define n in the following way. Let n = 2Kgn(¢), where K¢ is the constant of
Proposition 4 and let n = Kgn(f) y*0(51;0) + Ken(¢) + O(1) for a small 6; > 0 for which
the conclusions of Lemma [I7|(ii)—(iii) hold. We will need that for all e € Fjy we have

ne < Kg ’I’L(f) |§1—2| + Kg % A \/’I’L(f) + 0(1) < 201K ’I’L(f) = i1n, (40)
if n(¢) is large enough. Also note that an application of Theorem [Iii) yields pg(n) < cg + €.

We now define the strategy to steer from n towards n(¢). We first employ a strategy that
plays an edge e € Fy with N.(t) > n.(f), whenever that is possible, but never plays an edge
e € Fy with Ne(t) = ne(f). We stop the first time ¢ when for all e € Fy we have N.(t) = n.(¢).
Such a strategy exists, since d(Fp) = 0. Since we start with N.(0) — ne(¢) < d1n (recall ({@0)),
if 1 is sufficiently small, there is probability > 1 — exp(—An) that we stop before time C'én for
some C' = C(G) and A\ > 0. Moreover, the value on every edge is decreased by an amount at
most C'dn, and therefore it follows from Lemma [T7|(iii) that the configuration n’ reached has the
property that (n’)f? is bounded away from ORGFy -

We can now apply Proposition [ to (n’)f® and (n(£))® on the connected graph Gf°. We
can implement the moves given by the strategy in that proposition as a strategy on G, because
d(Fp) = 0. Let @y(r(¢)) denote the probability that at time n(¢) we reach state n(¢) 4+ r(¢). Let
us write ¢y = ¢;(0) for the probability that n(¢) was hit exactly. Note that since we applied
the strategy on G, we have 7.(f) = 0 for all e € Fy. This restriction will be implicit in our
notation. Proposition [[4] implies

cG +¢ > pa(n) > cpa(n(t)) + Y @u(r(0)) pa(n(l) +r(l))
r(£)#£0

> (B —e)+ > pe(r()) pa(n(l) +r(l)).
0<[r(6)|<vAy/n(e)

with any v > 0. The value of v will be chosen in what follows.
We now inductively define the strategy that steers from n(i + 1) +r(i + 1) towards n(7), for
i=0—1,0—2,...,1. We assume |r(i + 1)| < vA\/n(i +1). Let

H = {e € Fy: ne(i + 1) < 52Aw/ni+1},

where o > 0 will be chosen in a moment. We will first reduce the edges in H to their target
value n,(i). Then we use Proposition [[3] and Proposition [7in G to reach a target where the
edges e € Fy \ H do not have much excess compared to ne(i), so that these can be reduced to
ne(i) as well. Following this, we use Proposition [ in G¥° to hit n(i).

The first part of the strategy is to reduce the value on each edge e € H, whenever that
is possible, until it equals n.(i), and in such a way that no edge in Fy \ H is used. We stop
the first time ¢ when N.(t) = n.(i) for all e € H. Since d(Fy) = 0, such strategy exists. The
goal is achieved before time CdaA+/n(i + 1) with probability > 1 — exp(—Ay/n(i + 1)), if 02
is sufficiently small. Moreover, the value of every e € E \ Fy is decreased by no more than
CdaA\/n(i+1). Let n’(i + 1) denote the configuration reached.

(41)
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Lemma 18. If §y and v are sufficiently small, the restriction of the configuration n'(i + 1)

to G satisfies the assumption on the starting state of Proposition I3 with A replaced by
min{3roA, 2 A}.

Proof. The proof is similar to the proof of Lemma(l6l Let 0 C F C E\ H. If d(FUH;G) > 1
we have

Sonli+1) = D nl(i+1) =Y ne(@) > > nl(i+1)— Y (ne(i+1)+re(i+1))

ecF ec FUH eeH ec FUH e€eH

> Y (ne(i+1) +re(i+ 1)) = (C+ [H|)0Av/n(i + 1)

ecFUH

> ne(i+1) = VIElr(i +1)] = (C + [H|)d2 Av/n(i + 1)

ecFUH
n(i+1) .
> z d(FUH;G)+ Ayn(i+1) |E|lv + (C + |H|)d2)Av/n(i + 1)
- n'(i+1)
- k

v

A(F;GHY + (1 = C'v + C"8) A0/ (i + 1).
(42)

Hence we will require that 1 — C'v — C"dy > =, say.
When d(F U H;G) =0 and F is not a subset of Fy, we have

D onl(i+1) 2> (neli+1) +re(i+1)) — Co A/ n(i + 1)

ecF eclF

>Znez+1 (VI|E|v 4 Co2)A/n(i+ 1)
eckF (43)

(ko — V| Elv — Cda)Ay/n(i+ 1)

1
§n0A\/n/(i +1),

v

v

if v and 6§y are small enough.
Finally, if ) C F C Fy \ H, we have

S oni(i+1) = ne(i+1) =Y 6 AV/n(i+1) > 6 A\/n/(i + 1). (44)
ecF eeF eeF

The cases ([@2), (@3] and (44]) complete the proof. O

We need one more auxilliary configuration. Let n” (i) = 2Kgn(i), where Kg is the constant
from Proposition [I4], and let

n"(6) = Kon(i)y™™ (615 H) + (K5 — )% (n(@))" + n(i) + O(1).

(n())

Due to Lemma [I7(ii), n”(i)/n" (i) € Rg and (n” (7)) /(n"(i)) is at least distance cd; away
from ORgu. Therefore, we can apply Proposition [ on the graph G¥ to steer the process
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from (n’(i + 1)) to a 3 neighbourhood of (n” (7)), which succeeds with probability at least
1—C1exp(—A1d3n(i)). Moreover, due to Lemma [[7(iii), the configuration n” (i) 4+ s reached this
way satisfies

. (YFo
@Em() " Sl + 50> TEED g g pe R, (45)
ecF

Also, for e € Fy \ H we have
1
(M () + 5¢) = ne(i) = Ken(i)y: " (015 H) = V[ Blls| = 5 AvV/n(0)
1
> Kon(i) i = 2Honi)y/TET = 54V > 0.
0
if 63 < 61(4|Fp|+/|E|)~! and n(i) is large enough. On the other hand:

(5) + 5e < Ken(i)or + VIETls| + Koy AVaG) (1 +O(n(i) /%))
< K¢n(i)d1 + 2Kgn(i)\/|E|d3 < 2Kgn (i),

if n(i) is large enough.

If 07 is sufficiently small, we can now employ a strategy starting from state n”(i) + s, that
reduces the values on all e € Fy \ H, whenever that is possible, until they all equal n.(i), but
never uses an edge in H. This only changes the values on e € Ef° by at most 2C8; Kgn(i),
and succeeds with probability at least 1 — exp(—A2Kgn(i)). Let n”/(i) denote the configuration
reached. It follows from (@) that (n”)f° is bounded away from OR ;.

Finally, we can apply Proposition 4 on the graph G with starting state (n”(7))° and
target state (n(i))f°. Let ¢;(r(i)) denote the probability that at time n(i) we reach state
n(i) + r(i). Let us write ¢; = ¢;(0) for the probability that n(7) is hit exactly. This gives the
following inductive bound:

pe(n(i+1) +r(i+1) = cpe(n@) + Y ¢ir(i) pe(n(i) + (i)
r(i)#0
>a(B-e)+ Y @ir@)pe(n() + (@)

0<|r(3)|<vA/n;

(46)

Combining (1) and (4@, Proposition [4] yields

ccte>(B—e)lce+ (1 —cp)epg+--+ (1 —cp)- (1 —ca)cq]
— Clexp(—AA?) — Cexp(—AvAy/ng).

Since each ¢; > ¢ > 0, we extract a factor arbitrarily close to 3 — . Letting € | 0 shows that
ca > B(1 — e — Clexp(—AA?). Choosing ¢ of order A% completes the proof. O
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3.4 Upper bound for B’

In the proof of Proposition [[2lwe are going to need the following lemma about supermartingales.
It is a close variant of [8] Propositions 17.19 and 17.20] and hence we omit the proof.

Lemma 19. Let Z(t) be a non-negative supermartingale with respect to Fy, and T a stopping
time with respect to Fi. Suppose that

(i) Z(0) =k > 1;

(i) |Z(t+1) — Z(t)| < B;

(iii) there exist constants o > 0 and b > 0 such that almost surely on the event {T > t}, either
Var(Z(t + 1) | F) > 02 or Var(Z(t +1)| F) =0 and E[Z(t + 1) = Z(t)| F] < —b. Then there
exists uy = u1(B,b,0) and C = C(b,0) such that if uw > uy then

k
Proof of Proposition[I2. Given € > 0 choose Ay(e) large enough so that the conclusions of
Propositions [0 and [[1] are satisfied for all A > Ag. Under the optimal strategy, we consider the
process
Z(t) = min{ LE""Y(N(t)) : F,0<d(F) <k}, (47)

which is a supermartingale, because the L™~ are. Since the increments of L™ are bounded,

condition (ii) of Lemma [I9]is satisfied. We show that Z(¢) satisfies the condition (iii) of Lemma
as well. Let F' be the set contributing the minimum in ([@7). Since d(F’) > 0, there exists an
edge e € F such that N, gets updated with probability at least 1/k. On this event we have

LF,nftfl(N(t + 1)) _ LF,nft(N(t)) — _<]_e — ZF’uF> = —b(e;F) < 0,

since d(F') < k. Therefore, if Var(Z(t + 1) | F;) =0, we have E[Z(t + 1) — Z(t) | F¢] < —b(e; F).

On the other hand, since there are only finitely many possible shifts in the values of the L7~

and only finitely many possible vectors Y (¢) (recall that there exists a deterministic optimal

strategy), if Var(Z(t + 1) | F;) is non-zero, then it is bounded below by some o2 = ¢%(G) > 0.
We will choose a small a > 0, and subdivide B! (n; A) into the slices:

B (n;a,k) = {n € nSg : min {LF"(n) : F, 0 < d(F) < k} € [aky/n,a(k +1)v/n)},
a>07 _kmax_zgkgkmax"i_la
where kmax = [A/a]. Let n € B (n;a, k). The idea of the proof is to run the martingale
pc(IN(t)) until Z(t) moves well into one of the neighbouring slices, and use optional stopping
to get an inequality relating the maximum of pg(n) over Bé” (n;a,k) to the maxima over
BIGH(TL’; a,k—1) and BIGH(TL’; a,k+1), with in < n’ < n. The parameter a will be chosen small

so that we can apply Lemma [19 to the stopping rule. We will need to handle £k > 1, k =0, —1
and k < —2 separately. It will be convenient to introduce the following notation:

M, (k) = max {pg(n) :n € BH(n;a, k)}
M (k) = sup M (K)

B(k) = limsup M,,(k) = lim M, (k).

n—00 n—00
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Case 1 < k < kmax. We define the stopping time

1

m—fn< 4k2>Ainf{tZO:Z(t)<<k_%>a\/m}

3
A inf{tZO:Z(t)Z <k+§>a n—t},
It is straightforward to check that whenever 7, < n(+

r - ﬁ), the value of Z(7y) is such that
N(7%) is either in the slice BY!(n—7; a, k—1) or in the slice BH!(n—74;a,k+1). An application
of Lemma 9 to Z(t) — (k — 1)a\/n yields

P van (- g)| <o o Y

A2 a1/4f\/¥ \/2A — ) \/% (%_2_\/})

By optional stopping, we have

pa(n) = E[pg(N(m))]
< P[Z(1) < kav/n — |M, 4(k — 1) + P[Z(73,) > (k + 1)av/n — 7| M, ja(k + 1) (49)
+P[Z(1) € [kav/n — 15, (k 4+ 1)ay/n — 73] n/4(/<:)
Note that due to our choice of a in (@8) the probability in the third term of (49) is at most
C(A)y/a. Maximizing pg(n) over its slice yields
My, (k) < en(k)M, q(k = 1) + dp (k)M 4 (k) + en (k)M 4(k + 1), 1<k < knax, (50)

where d,, (k) < C(A)y/a. By stopping the supermartingale Z'(t) = Z(t) — (k — 1)a/n at 7, we
have

day/m > 2/(0) > B[Z (1) Z'(r) > ga\/—n > a\/— — Vaen(k). (51)

When « is sufficiently small, the inequalties (BI)) and d,, (k) < C(A)y/a imply that ¢, (k) > %.
Case k = —1,0. We define

Tk:%an/\inf{tEO:Z(t)< <k—%>am}mnf{t20:z@)z <k+;> a\/m}.

We now have

Ph>a4 c2avn _ 2va0 (52)

Saan VAT

Analogously to (B0]) we obtain

By an argument similar to the one for the previous case, for a sufficiently small we have ¢, (k) >
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Case —kmax — 1 < k < —2. This time we define

Tk:n\/a<1ik—4(1ik)2> /\inf{tEO:Z(t)< (k—%)a\/m}

3
A inf{tZO:Z(t)Z <k+§>a\/ﬁ}.
Then with the same choice of a as in the case k > 1 we have

P|:Tk>n<1ik—4(1ik)2>:| gC%gcm)\/&

This yields the relation
Mn(k) < Cn(k)Mn/4(k - 1) + dn(k)Mn/4(k) + en(k:)ﬁn/4(k + 1)’ —kmax — 1 <k < =2, (54)

where ¢, (k) > 1 for sufficiently small a.
We select a subsequence of n along which ¢, (k),d,(k),e,(k) all converge to some limits
c(k),d(k),e(k), as well as all M, (k) converge to 5(k). Then we get

B(k) < c(k)B(k — 1) + d(k)B(k) + e(k)B(k + 1), (55)
Due to Proposition [[0l we have S(—kmax —2) < € and B(kmax + 1) < cg +¢. It is easy to deduce
from the relation (55) and c(k) > 1 > 0 that if (k) > B(k + 1) then also B(k — 1) > B(k).

Hence the maximum in the variable k occurs at the right endpoint and 5(k) < c¢g + ¢ for all
—kmax — 2 < k < kmax + 1. This completes the proof of the Proposition. O

4 Further Questions

Question 1. It is plausible that the limit cg is reached at an exponential rate everywhere in
Rq. If one could show that pg(n) is maximized in the interior of R¢, then this would follow
rather easily from (24)). Can one describe the asymptotic behaviour of the optimal strategy?

Question 2. The estimates in Section [ strongly suggest Gaussian behaviour near 9Rg. Can
one make this more precise?

Question 3. It is plausible that under the optimal strategy, the games starting from n,n’ € nRq
(and with the same sequence of vertices drawn) couple with high probability. This may provide
an alternative approach to the rather technical arguments of Theorem [I(ii) and Proposition [l

Question 4. We describe a possible definition of an “order parameter”, in analogy with statis-
tical physics models. Let 0 < a < 1, and suppose that the player has to give up proportion « of
her /his moves to an adversary, at which times the move is chosen by the adversary. Let pg (n)
denote the probability of winning in such a game. Let

(x) =inf{l0<a<1: le PG,a(nx) = 0}.

The methods of Theorem [Il show that #(x) > 0 in Rg and 6(x) = 0 in Zg. Can one analyze 6,
or a suitable alternative?
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