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GEOMETRIC RIGIDITY FOR INCOMPATIBLE FIELDS
AND AN APPLICATION TO STRAIN-GRADIENT PLASTICITY

STEFAN MULLER, LUCIA SCARDIA, AND CATERINA IDA ZEPPIERI

ABSTRACT. In this paper we show that a strain-gradient plasticity model arises as the I'-limit
of a nonlinear semi-discrete dislocation energy. We restrict our analysis to the case of plane
elasticity, so that edge dislocations can be modelled as point singularities of the strain field.

A key ingredient in the derivation is the extension of the rigidity estimate [10, Theorem 3.1]
to the case of fields 8 : U C R? — R?**? with nonzero curl. We prove that the L2-distance of 8
from a single rotation matrix is bounded (up to a multiplicative constant) by the L?-distance
of B from the group of rotations in the plane, modulo an error depending on the total mass of
Curl 8. This reduces to the classical rigidity estimate in the case Curl 5 = 0.

KEYwWORDs: I'-convergence, rigidity estimate, nonlinear plane elasticity, edge
dislocations, strain-gradient plasticity.

2000 Mathematics Subject Classification: 49J45, 58K45, 74C05.

1. INTRODUCTION

The permanent (or plastic) deformations of metals rely on the presence of many types of
defects in their atomic structure. Dislocations are one type of such defects and they play a
prominent role in the so-called plastic slip, the relative slip of atomic layers that alters perma-
nently the lattice structure of a metal. For this reason there is an increasing interest and effort
in the derivation of plasticity models from dislocation models, both in the mathematical and in
the mechanical engineering communities (see e.g. [4, 6, 11, 12, 13, 15, 16]). Clearly, the large
freedom in the choice of the dislocation model has a strong influence on the method of derivation
and on the resulting plasticity theories, and therefore requires some care.

In most of the cases the starting point is a semi-discrete (mesoscopic) dislocation model in
which the dislocations are modelled individually, while the underlying atomic lattice is averaged
out. This simplification is supported by the fact that at low strains the interatomic distance (of
the order of few tenth of a nanometer) is much smaller than the typical distance between two
dislocations (few microns). For straight and parallel edge dislocations the natural setting is that
of plane elasticity. Indeed in this case only the two components of the strain on the slip plane
are relevant and the positions of the dislocations are completely identified by the intersection of
the dislocation lines with an orthogonal plane; i.e., by their trace on a two-dimensional domain
Q). Moreover, in semi-discrete models the dislocation energy is usually assumed to be quadratic
(see, e.g., [4, 9, 11, 19]). More precisely, the energy is given by

1
- Cp: Bdx, 1.1
2 /Qs(u) ’ 4

1



2 S. MULLER, L. SCARDIA, AND C.I. ZEPPIERI

where C € R*** is the elasticity tensor, f: Q — R2X? denotes the elastic part of the strain
of a planar deformation, and €2.(u) is obtained from € by removing discs of radius € > 0, the
so-called core regions, around each dislocation, on which the measure p (the dislocation density)
is supported. The dislocation density u is a measure of the amount of disturbance in the lattice
due to the presence of dislocations, and is related to the incompatibility of the strain 3; i.e., to
Curlps. Notice that in this linear setting the e-regularisation of the energy (1.1), although not
ideal, is necessary to prevent the blow-up of the energy at the dislocations. Moreover, also the
assumption of a linear relation between stress and strain, which is equivalent to assuming small
deformations, is debatable. Indeed, few atoms away from a dislocation the use of the quadratic
energy (1.1) is justified, since the presence of dislocations causes a very local lattice distortion.
However, this description is not satisfactory close to the dislocations, where the strains are
too large for the linear approximation to hold. Moreover, in presence of a “large” number of
dislocations, the question of reducing to the small-strains case is more subtle. Considering a
more general, nonlinear dislocation energy is therefore desirable. This general principle triggered
the analysis done in [20], where the authors considered a nonlinear dislocation energy of the form

/ W(B) dz (1.2)
Q

where the energy density W: R?*2 — [0, +00) satisfies the usual assumptions of nonlinear
elasticity (e.g. stress-free reference configuration and frame indifference). In addition, W is
required to satisfy mixed growth conditions (considered also in e.g. [17]) ensuring that far from
dislocations the energy is essentially quadratic; i.e., W(8) ~ dist?(3, SO(2)), whereas close to
the defects W (5) ~ |B|P, for some p € (1,2). Therefore W(/3) is integrable also close to the
dislocations, thus the e-regularization needed in the linear case is no longer necessary.

In [20] the authors considered the case of a finite number N of fixed edge dislocations located

at points x1,...,xny with Burgers vectors 5(31, . ,55N, where |Z;Z| =1 and € > 0 is proportional
to the interatomic spacing, and analysed the asymptotic behaviour of the scaled energies
1
- [ W(B)dzx 1.3
g W) (1.3

in the limit as & tends to zero, by I'-convergence. In (1.3), the strain 5 and the dislocation density
which is encoded in the measure y = Zf\; 1 €b;0,, are coupled via the relation Curl 8 = p. In

[20] it was shown that the energies (1.3) give rise in the limit to the line-tension plasticity model
described by

N
1 R
2/ CVu: Vudzr + E W(RTD;), (1.4)
@ i=1

where C = %QFVZ (I), ¢ is given in terms of an asymptotic cell formula, Vu is the limit of a
sequence of suitably renormalized strains, and R is a rotation whose presence is characteristic
of the nonlinear setting. Hence, although in the e-energy (1.3) the strain 8 and the dislocation
density p are coupled, their limit objects are decoupled in the limit energy (1.4), that depends
on a curl-free strain Vu. The decoupling is typical of this dilute regime (see also [4, 11]) and
is due to the fact that the strains 8 “live” on a scale £4/|loge| while the dislocation densities

1 on the smaller scale £. As a consequence, in this regime, the limit procedure yields a pair of
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macroscopic decoupled variables and therefore two corresponding decoupled terms in the limit
energy.

In analogy with the linear case [11], in order to overcome the degeneracy of the dilute regime,
in the present paper we consider a scaling of the nonlinear energy (1.2) of order £2|loge|?.
Loosely speaking, considering this different scaling corresponds to considering a system of | log ¢|
dislocations. Then, our aim is to derive in the limit as € tends to zero a strain-gradient model
for plasticity; i.e., a model in which the energy depends on an incompatible field, and in which
elastic energy and dislocation energy are coupled.

From a mathematical point of view the transition between a finite and an “infinite” number
of defects is highly nontrivial. Indeed in the linear case it required a rather sophisticated tool,
namely a Korn-type inequality for fields with nonzero curl, see [11, Theorem 11]. Analogously,
in our nonlinear setting, it requires an extension of the rigidity estimate [10, Theorem 3.1] to
the case of incompatible fields. More precisely, in Theorem 3.3 we prove that if Q C R? is open,
bounded, simply connected, and with Lipschitz boundary, then for every 8 € L?(£2; R?*?) whose
curl is a measure with bounded total variation there exists a constant rotation R € SO(2) such
that

18 = Rl| L2 r2x2) < C(||dist(8, SO(2))||L2(q) + [Curl B (), (1.5)
for some C' > 0 depending only on . Notice that (1.5) clearly reduces to the classical rigidity
estimate when Curl 8 = 0. The above generalised rigidity estimate is one of the main results
of this paper and would appear to be widely applicable. The key ingredients of the proof of
(1.5) are an LP + LY rigidity estimate recently proved in [5] and a fine regularity result for
two-dimensional L!-vector fields with divergence in H~2 proved in [3] (see also [2]).

Coming back to our model, in the present paper we treat the case of “infinitely many”
dislocations in the nonlinear setting, although under more restrictive coerciveness assumptions
on the energy density W than in [20]. More precisely, the dislocation energy in our model is
given by

W(B) dx, (1.6)

Qe (M)
where the nonlinear energy density W behaves essentially as dist?(3, SO(2)) (see Section 2 for
more details), and the strain [ satisfies at any dislocation point x; the incompatibility condition

/ B-tds = agi,
OB (x;)

where, as above, b; is the direction of the Burgers vector associated to the dislocation located at
xi, and € is proportional to the interatomic distance. Unlike the case of fixed dislocations studied
in [20], where the dislocation density ;1 was constant (up to an e-scaling) and the energy (1.2)
depended only on the strain 3, in the present case the distribution of dislocations y = Zfil dA)iéxi
is a variable of the problem, and therefore the dislocation energy (1.6) depends on both 5 and
. Notice that, due to the quadratic growth of the energy density, also in this nonlinear setting
the e-regularization of the dislocation energy is needed, as in the linear case [11].
In order to obtain in the limit a strain-gradient model we consider the rescaled functionals

1
_ W (pB) dzx, 1.7
€2|10g5‘2/95(m () (1.7)
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and analyse their asymptotic behaviour via I'-convergence as € tends to zero.

As in [20] also here the key idea is to rigorously reduce to the linear setting in the spirit of [7].
To this end it is necessary to show that, in particular, sequences of strains with equibounded
energies converge to constant rotations of the plane (minimisers of the nonlinear energy). In
the case of an infinite number of dislocations, however, the compactness of the strains does
not follow from the corresponding result in [20]. It follows instead from the generalised rigidity
estimate (1.5), which allows us to perform a second order Taylor expansion of the energy around
a rotation, and to get a quadratic functional in terms of a renormalised strain. At this point the
final step of our approach is to apply previous results known for linear energies to the linearised
functional. Then, as in [11], the I'-limit is a strain-gradient plasticity energy (see Theorem 4.6)
and has the form

1
Q/QCCﬁ:ﬁd:E—k/ﬂgp(R,Curlﬁ)dx,

where § is the limit of suitably scaled strains and R € SO(2) is the limit of the sequence of

constant rotations provided by the generalised rigidity estimate (see Proposition 4.3). Concern-
ing the densities of the two terms in the energy, the elasticity tensor C equals %QTMQ/(I ), while
the plastic energy density ¢ is defined in terms of an asymptotic cell formula and is such that

©(R, ) is positively 1-homogeneous and convex.

This paper is organised as follows: Section 2 is devoted to the introduction of the necessary
notation and to the definition of the mesoscopic dislocation model. Then, the two main results,
namely the generalised rigidity estimate and the I'-convergence result, are treated in Sections 3
and 4, respectively.

2. NOTATION AND SETTING OF THE PROBLEM

In this section we introduce the nonlinear mesoscopic dislocation energy associated to the
(elastic part of the) deformation strain in presence of a system of straight and parallel edge
dislocations. In this setting the dislocations are modelled by points in the plane.

Let © C R? be a simply connected, bounded, Lipschitz domain representing a horizontal
section of an infinite cylindrical crystal. Let S := {b1, b2} be a set of admissible (renormalised)
Burgers vectors for the crystal; i.e., by, by € R? are two linearly independent vectors depending
on the crystalline structure, e.g., for a square lattice S = {e1,e2}. We also consider

S := Spany S,

the span of S with integer coefficients; i.e., the set of (renormalised) Burgers vectors for multiple
dislocations. Every dislocation is then characterised by a point z; € 2 and by a vector &; € S.

For the given crystal, let £ > 0 denote the interatomic distance. We assume that the distance
between two distinct dislocations is bounded from below in terms of an intermediate scale
pe > €, with p. — 0 as ¢ — 0. This assumption implies that dislocations are well separated
(with respect to the atomic spacing ¢); i.e., there is a scale separation between ¢, the scale of
the atomic lattice, and the scale of the dislocations distribution, represented by p.. We refer
the reader to the recent paper [9] where the assumption of well separation for the dislocations is
overcome in the case of a quadratic energy of type (1.1) and for finite number of defects. Here
we also require that (cfr. [11])
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(1) lime_y0 pe/e® = +00, for every fixed s € (0,1);

(2) lim._q |loge|p? = 0.
Under this assumptions on the hard-core scale p., we will show that in the limit the energy can be
decomposed into two contributions: a self energy concentrated in the hard-core regions B, (z;)

and an interaction energy essentially all stored outside the union of the hard-core regions.
We define the class X, of the admissible dislocation densities as

M
X. = {u € M(QR?): =Y c&id,,, MEN, B, (z;) C O,
i=1

|z — x| > 2p. for every j # k, & € S}, (2.1)

where M(Q;R?) denotes the space of vector-valued Radon measures on € and, for every i, &,,
denotes the Dirac mass centred at x;.
For given p € X and r > 0 we define

Q(w) =0\ | Brlx) (2.2)
;€ supp(p)

The class of admissible strains associated with any u € X is given by those 3 € L?(Q.(u); R?*?)
satisfying

Curl 5 =0 in Q.(p) and / B-tds=¢&;, fori=1,..., M,
OB (z;)

where the equality Curl = 0 is intended in the sense of distributions.! The vector t above
denotes the oriented tangent vector? to dB.(x;) and the integrand §3 - ¢ is intended in the sense
of traces (see [8, Theorem 2, pag. 204]).

Then, in this mathematical setting, an admissible y measures the failure of the condition of
being a gradient for the strain 5 and the presence of dislocations can be detected by looking at

the topological singularities of 3.

Let SO(2) := {R € R?®*2: RTR = I, det R = 1} be the set of rotations in R?>*2, The elastic
energy density W : R?2*2 — [0, 400) satisfies the usual assumptions of nonlinear elasticity,
namely

(i) W € C°(R?*2), W € C? in a neighbourhood of SO(2);

(ii) the reference configuration is stress-free; i.e., W(I) = 0;
(iii) W is frame indifferent; i.e., W (RF) = W (F) for every F € R?*? and R € SO(2).
Moreover, W satisfies the following growth condition:

(iv) there exists two constants Cy,Cy > 0 such that for every F' € R?x?
Cdist?(F,SO(2)) < W(F) < Cydist?(F,SO(2)).

LFor a matrix B € R?*2 Curl 3 is the vector field of R? defined as Curl 8 = (81812 — 02811, 0122 — O2021).
2We choose t = v to be a counterclockwise 7 /2-rotation of the outward normal v to 9B..
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The lower bound in (iv) states that the energy wells are non-degenerate and is widely used in
nonlinear elasticity. The upper bound, however, is rather restrictive as it allows for orientation
reversing deformations and for infinite compression. Although partially unsatisfactory, the upper
bound in (iv) is heavily used in the proof of the I'-convergence result (Theorem 4.6) to guarantee
that the energy along the recovery sequence is linear, up to a small error.

Due to the quadratic growth (iv) the energy associated to an admissible pair (i, ) is well
defined only away from the dislocations, as in the linear case, namely in the domain Q. (p):

W(B) dzx.
QS(M)

In what follows it is useful to extend the admissible strains 8 to the whole domain €. There
are different possible extensions compatible with our model. Here we decide to consider 8 = I
in the discs Be(x;). Therefore, from now on the class of admissible strains associated with a
measure pu € X; is given by

AS:(p) == {B € LX(;R¥?): B=Tin UM, B.(z;), Curl B = 0in Q. (),
/ B-tds:5§i,fori:1,...,M}. (2.3)
OB (x;)

By (ii) we can rewrite the energy associated to an (extended) admissible strain 5 € AS(u) as

8= [ W(e)do

For our purposes, as in the linear case [11], the relevant scaling for the energy is £2|logel|?;
therefore we consider the scaled nonlinear dislocation energy given by

1 .
£.(u, B) = WEE(M’B) if peXe, BeAS(1), (2.4)

+o0 otherwise in M(2;R?) x L?(Q;R?*?).

Then, as in [11], we notice that this is the only scaling of the energy for which the strain § and
the measure p are of the same order in €. This results into a coupling of their limit rescaled
objects, and therefore to a strain-gradient plasticity model (Theorem 4.6).

3. RIGIDITY ESTIMATE FOR FIELDS WITH PRESCRIBED CURL

In this section we prove a generalised rigidity estimate for vector fields with nonzero curl.
This result provides a quantitative estimate of the distance of a two-dimensional matrix-valued
field from a constant rotation in terms of its distance from the set of rotations of the plane, like
the classical rigidity estimate [10] in two dimensions, with an additional term depending on the
total mass of the curl.

Before proving the desired result, for the reader’s convenience we state here a variant of the
Rigidity Estimate recently proved in [5]. To this end, we first recall some useful notation.
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Let U C R™ be a measurable set. We denote by L%°(U; R™) the space of weak-L? functions;
i.e., f € L (U;R™) if and only if f is measurable and there exists a constant C' > 0 such that

2
Lr{zeU:|f(z)>A}) < c for every A > 0.

A2’
We also set
£l 20 (0rapemy = inf {C > 0: XL"({|f| > A2 < C, YA > 0}
Notice that || - || 72, 7;rm) is not a norm but only a quasi-norm since the Minkowski Inequality

holds only in the following form
If + gllz2.oo@mrmy < 20 fll 2,00 @ ;mmy + 219l £2.00 (R -

If f € L*(U; R™) then clearly f € L*>*(U;R™) and || f|| 2.0 (;rm) < I1f | n2(0rmmy; but L2 (U5 R™) ©
L?®(U;R™) as, for example, 1/|2|™? belongs to L>*(U; R™) but not to L>(U; R™).

We are now ready to recall the weak rigidity estimate (see [5]).

Theorem 3.1 (L**°-rigidity). Let U be a bounded Lipschitz domain of R™. There exists a
constant C = C(U) > 0 with the following property: For every u € L*(U;R™) such that Vu €
L2%°(U; R™™) there is an associated rotation R € SO(n) such that

HVU — RHLQ"X’(U;R”X”) S CHdlSt(VU, SO(TL)) HLQ,oo(U). (31)
We prove a technical result we use in what follows.

Proposition 3.2. Let g: R — R be a bounded function such that |g(t)| < v[t|*, for some v >0
and for some a > 1. Let U C R™ be a measurable set; if 0 € L>*°(U) then go 6 € L*(U) and

g © 0l L2y < M| 2.5 (1) (3:2)
where M = max{”g”Loo(U), 2%/(1 — 4(1*04))1/2}_
Proof. We have

0)% dx = 0)|? dx 0)|2 da. 3.3
/U\g< ) /{MM 19(0)] +/{x:9|<1} 19(0) (3.3)

The first term in the right hand side of (3.3) can be easily estimated appealing to the boundedness
of g, in fact

/ 1900)2 < 192y £ s 101 > 1) < g1 e 0 10122 0 (3.4)
{z: |0|>1}
For the second term in (3.3) we proceed as follows. Using the growth assumption on g we find
/ 9(0) 2 dz < 29 / 62 d. (3.5)
{z: |0|<1} {z: 0<6<1}

For § € (0,1/2] we have

/ 6% dw < 4°5**L7({w: |6] > 5}) < 4°6*V16]| 7200 (1) (3.6)
{x: §<6<25}
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Therefore using (3.6) with 6 = 1/2% and k € N we get

62 da = / 6> da
/{x:0<9§1} g {z:2ik<0§ L1

ok—1
1 2
<4 Jmm 1l )
k>0
40¢

2
= m”e”mmw)'
Finally, combining the last inequality with (3.3)-(3.5) entails the thesis. O
The following theorem is the main result of this section. It states that in dimension two
the rigidity estimate holds true also for vector fields with nonvanishing curl, modulo an error

depending on the total mass of the curl. This result is the nonlinear counterpart of the generalised
Korn Inequality proved in [11, Theorem 11].

Theorem 3.3 (Generalised Rigidity Estimate). Let Q C R? be open, bounded, simply connected,
and Lipschitz. There exists a constant C = C(Q) > 0 with the following property: For every
B € L*(Q;R**%) with p := Curl 8 € My(Q;R?) there is an associated rotation R € SO(2) such
that

18 — Rl pz(zer2) < C(Idist(8, SO@)) | 2@y + lul (). (37)

Proof. Set ¢ := ||dist(8, SO(2))l 2 + [1/().
Notice that for i = 1,2

pi = curl(BTe;) = —div(J (BT e;)), with J:= ( (1) _01 > ;
therefore ;1 € H~'(£; R?) and there exists a unique solution to the following problem:

—Av = in €
oo e (3.8)
v e Hy(;R?).

By classical regularity theory for linear elliptic systems with measure data (see e.g. [18] and
references therein) we have

IV ll 2 ey < Clal(), (3.9)
Let 3 := VuJ; in view of (3.8) we have that Curl 8 = p. Hence, Curl (B — B) =0 in 2, which
implies the existence of u € H'(2;R?) such that 8 — 3 = Vu a.e. in . Then we have

dist(Vu, SO(2)) = dist(8 — 3, SO(2))
< dist (8, 50(2)) + ||
= dist(5, SO(2)) + |Vv|. (3.10)
This implies, by (3.9) and by the definition of §, that
[dist(Vu, SO(2)) || 2.0 () < C0.

Then, Theorem 3.1 provides us with a constant C' > 0 and a constant rotation R € SO(2) such
that
HV’LL — RHLQ’“’(Q;RQXQ) § 05,
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and as a consequence

HB - RHLQ,OO(Q;RQXQ) S 06 (311)

Without loss of generality we may assume that R = I (otherwise we consider RT j3).
Let ¢: Q — [—m, ) be a measurable function such that the corresponding rotation

costy —sind
R(0) = < sin?  cos? >
satisfies
|B(z) — R(¥(x))| = dist(8(z), SO(2))
for a.e. x € Q. Then, (3.11) yields

I — R(ﬁ)“LZ,oo(Q;RQXQ) < . (3.12)
Since |I — R(9)| > |9|/2 for a.e. x € €2, by (3.12) we deduce that
9] 2,00 () < C9. (3.13)

We now consider the linearisation of the rotation R(¢}) around zero, namely

Rin(9) = < P ) .

Appealing to Proposition 3.2 with g(t) = cost — 1, or ¢g(t) = sint — ¢, from (3.13) we derive the
two following bounds
[cost¥ — 1|2 < C§ and  |[sind —J12q) < C6;
therefore || R(V) — Rin(9)]|12(qir2x2) < C4. Since
18 = Rin(9) | 2(aees) < list(8, SO2) | () + I R) — Rin(®) | 2(m22) < C6,
we have
5 = R]in(ﬁ) + h, with HhHLZ(Q;R2X2) S Co.
Then by the definition of Rj;, we deduce

Curl 8 = =V + Curl h,

which in its turn implies
div((Curl 8)4) = div((Curl b)), (3.14)
where, for a vector a € R? we use the notation a' := Ja.
Hence we have
[div((Curl B) )| gr-2(0) < Cllhllp2(ourex2y < C6. (3.15)
By [3, Theorem 3.1 and Remark 3.3] (see also [2]) if f € L'(Q;R?) is a vector field satisfying
divf € H2(f2), then f also belongs to H~1(€2;R?) and the following estimate holds true
[ fll -1 mey < CUdivfllg-2(0) + [ fllL1@ir2))-
This estimate clearly extends by density to measures with bounded total variation. Thus, by
applying the previous estimate with f = (Curl 8)*, by virtue of (3.15) we have
1(Curl )11 (opey < ldiv((Curl A1) -2y + [(Carl BH(@) < Co. (3.16)
Eventually, recalling that v solves (3.8), by (3.16) we deduce
||VU||L2(Q;R2X2) < C(Sa



10 S. MULLER, L. SCARDIA, AND C.I. ZEPPIERI

and therefore, by (3.10),

[dist(Vu, SO(2)) | 12(q) < C0.
Hence the classical Rigidity Estimate [10, Theorem 3.1] provides us with a constant C' > 0 and
with a constant rotation R’ € SO(2) such that

HVU — R,HLQ(Q;RQXQ) S C(S,
thus
18 = Rl 2(qrex2) < C8
and the thesis is achieved. O

4. T'-CONVERGENCE OF THE NONLINEAR DISLOCATION ENERGY

In this section we study the asymptotic behaviour of the scaled energies &, defined in (2.4),
as € tends to zero. In the spirit of the I'-convergence analysis performed in [11, 20], we show that
a linearisation takes place in the limit and that the limit energy is a macroscopic strain-gradient
model for plasticity, namely there is a nontrivial interplay between the interaction and the self
energy.

4.1. Cell formula for the limit self energy. For the definitions and results contained in this
subsection we refer the reader to [11, Section 6].

For later reference, it is convenient to introduce a new class of admissible (scaled) strains.
For 0 < r; < 1o < 1 and & € R? we define

ASy, ro(§) == {17 € L*(By, \ B,,): Curly = 01in B,, \ By, / n-tds = f} ,
0B,

where B, denotes the disc of radius r centred at 0. In the special case 1o = 1 we will simply
write AS,, (§) instead of AS,, 1(£).
We also set

U(E,8) = mm{; | coimdn e A85<5>}, (41)

where C = %QFVQV (I).

We recall the following fundamental result (see [11, Corollary 6, Remark 7]).

Proposition 4.1. Let £ € R? and 6 € (0,1), and let ¥(&,5) be as in (4.1). Then for every

¢ € R?
QZ)(&’&) _ 0
where : R2 — [0, +00) is defined by
- 1
= lim ———— :mod 4.2
¥(§) = lim Togo]2 /Bl\RS Cro : mo da, (4.2)

and no : R? — R?X2 s a distributional solution to

Curln = €6y in R2?,
DivCp=0 in R2
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Remark 4.2. Assume that p. satisfies (1) and (2), from [11, Proposition 8] it follows that the
function v : R? — [0, +00) defined as

1 . 1 '
Ve(§) = @mm {2 /BPE\BE Cn:ndx, ne ASa,ps(f)} ; (4.3)
satisfies
(&, e)
1/]8(5) - |10g€‘ (]‘ + 0(1))’

where o(1) — 0 as ¢ — 0, uniformly with respect to & Then, in particular, 1. converges
pointwise as € — 0 to ¢ given by (4.2).

We are now in a position to define the density ¢ : SO(2) x R? — [0, 4+00) of the self-energy
through the following relaxation procedure:

M M

(R, £) := min {Z MO(RTE) > M =6 M N, M\ > 0,8 € S} : (4.4)
k=1 k=1

It follows from the above definition that the function ¢ is positively 1-homogeneous and convex

(see also [11, Remark 9]).

4.2. Compactness. In the next proposition we prove a compactness result for sequences of pairs
(e, Be) with equibounded energy & by means of the generalised Rigidity Estimate Theorem
3.3.

Proposition 4.3 (Compactness). Let e; — 0 and let (uj, 8;) C M(S;R?) x L2(Q;R?*2) be
a sequence such that sup; &, (5, B5) < +o00. Then there exist a sequence of constant rotations
(Rj) C SO(2), a measure p € H-Y(Q;R?) N M(R?), and a function 8 € L*(Q;R**?) such
that, up to subsequences,

Hj * - 2
_ m M(Q; R, 4.5
llogs,] M (5 R%) (4.5)
RTB; — I
BoD g, L?(;R>?); (4.6)
| loge;|

moreover, Curl 8 = RT 11, where R := lim; 4o R;.

Proof. Let (pj,8;) C M(;R?) x L?(Q; R**?) be a sequence such that &, (u;, 8;) < C for some
positive constant C' independent of j, where

M
Wi = E €550, ;5
=1

with & ; € S, x;; € Q such that Bpgj (w55) € Qand |z;; — 21| > 2p; for every i # k.
The proof of the compactness is divided into three steps.

Step 1. Weak convergence of the scaled dislocation measures.
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We first show that the sequence p;/(g;|loge;l) is uniformly bounded in mass. We claim that

1
Z : 4.7
q\loge\’lm |10g5| ’§7J|— ( )

Let s € (0,1) and d € (0,1) be fixed parameters. From the bound on the energy it follows that,

for j sufficiently large,
1
> W(B;)d
- 82\10g5j\2 /6,( ) (B;) dz

W(B) da, (48)
2‘10g€‘7‘2 Z/Bps (xlj \B56 x'LJ) ’

where in the last inequality we used the assumption Bpg]. (i) N Bpij (zg,;) =0 for i # k.
For every i € {1,...,M;} we decompose the annulus By, (xij) \ Bes (wi;) centred at x; ;
into dyadic annuli with constant ratio § € (0,1) between inner and outer radii. More precisely,

the annuli are defined as o
Cj . B,Osj Sk—1 (a:i’j) \ B,Osj 5k (1‘1‘7]'), (4.9)

and we consider only those corresponding to k=1,... 12:5., where

|log 5]| | log p, |

ke, = |ke;] +1 and k., = : 4.10
= lhe ] 1 and ke =5 0 S T Thoge (4.10)
Notice that pgjéigsj > psjéksﬂ'ﬂ = dej; therefore, for every i € {1,..., M;} we have
1 1 ()
— W(3,)de > ———— / g (4.11)
€?| log e? /BPEj (@i,1)\Bses (i.5) ’ |log &/ ; ot E?

Arguing as in [20, Proposition 3.11] we deduce that for every j, i, and k the following estimate
holds true
W(ﬂg)

oz A > Y(RYE;,6) — 0, (4.12)
C’j j

where 9 (-, d) is defined as in (4.1) and o; is a nonnegative infinitesimal sequence as j — +oc.
Combining (4.8), (4.11), and (4.12) we find that for every 0€(0,1)

1
¢z / W(B;) dx V(RTE;,6) — 0
e?|logsj|2 (1) J llogeyPZl; J )
RT¢. . R
|10g€]| Z ’logej‘ 5@,])5) Uj)

o1 ZJ (8_ “ngsj|> (¢<RT&J,6) o >
~ |loge;| = | log e | log 4 | logd| )’

where in the last inequality we used the relation /;75]- = ke, | +1 2> ke;.
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Now, as a first step we let § — 0 in the previous estimate; this leads to

M.
1 / 1 - [log pe; |\ -
> 53 W(Bj) de > —— < | P(R & ), (4.13)
eilloge;? Jo. ) 7 | log & ; | log & ’

with 1) defined as in (4.2). By assumption p.; > €;, hence (4.13) entails that for j sufficiently
large

1 / T
> —— W (B;) dx > D(RTE; ;) (4.14)
€j2|10g€j|2 9, (1) ‘lo 63‘ Z 3J

Since the function 7,2 is 2-homogeneous (being the pointwise hmlt of 2-homogeneous functions,
cfr. (4.2)), we have in particular that for every i € {1,..., M;},

) R RT&' .
T L o 2 2,]
D(R &) = 1€ <|RT&,J-I>'

Set ¢ := inf|¢—; P (€), from (4.14) we finally deduce

B M; _ M;
C C
C>7§ > E  ; 4.15
- “OgE]‘ — ’6’57]‘ = |10g8]| — ’f’h]‘? ( )

where the last inequality follows from the fact that since & ; € S = spanyS, |§; ;| are bounded
away from zero. Therefore the claim (4.7) follows.

Step 2. Weak convergence of the scaled strains.
In view of the growth condition (iv) we have

Ce3lloge;|? > C’/ W (B;) dx > C/ dist?(3;, SO(2)) dz. (4.16)
Q Q

The idea is to apply the generalised rigidity estimate Theorem 3.3 to a suitable modification of
Bj. The estimate cannot be applied directly to the strains 3; since it is not clear whether the
crucial bound |Curl 8;|(2) < Cej|loge;| holds true. Indeed, on the one hand the total variation
of the measure p; is bounded by Cej|loge;| by Step 1; on the other hand, however, Curl 3; is
related to the measure p;, but it is not exactly p; and therefore it does not necessarily satisfy the
same bound. To overcome this problem, in what follows we construct new strains Bj satisfying
|Curl 5;](Q) = |11;|(Q), and hence the crucial bound.

For every z; ; in the support of y1;, set C; j := Bac,; (i ;) \ Be, () and consider the function
K;;:Cij— R2*2 defined as follows

Py
Km(a}) = ﬁgi,j &® J
where J, as above, is the clockwise rotation of /2. Then we have

/ |K; ;| dr < c/ dist?(8;, SO(2)) dz. (4.17)
i, Cij
Indeed, a straightforward calculation gives

/c K j|* dv = C€?|€z’,j\2,

%)
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while a scaling argument (see [20, Proposition 3.3 and Remark 3.4]) shows that

Ce3l&iy1* < / dist®(8;, 50(2)) du,
2,7
and hence (4.17).

By construction Curl (8; — K; ;) = 0 in C; j and fw(ﬂj —K;j)-tds =0, foreveryi=1,...,M;
and for every closed curve v C Cj; surrounding B, (7;;). Hence, there exist M; functions
Ug, 5 S Hl(CZ’J;RQ) such that ﬁj - Kiﬂ' == Vum- in Ci,ja for every 1= 1, ceuy Mj.

In view of (4.17) we have

J:

therefore the classical rigidity estimate applied to w;; provides us with a constant rotation
R; ; € SO(2) such that

J

for some C' > 0 independent of j.
By standard extension arguments, there exists a function v; ; € H I(ngj (z;,;); R?) such that
V’UZ‘J‘ = Vum — R@j in Cz',j and

dist>(Vus ;, SO(2)) da < C / (dist®(3;, SO@) 4|y e < € / dist?(8;, SO(2)) da,
Ciyj Ci,j

»J

\Vu; j — R j|*dx < 0/ dist?(Vu; ;, SO(2)) da < c/ dist?(3;, SO(2)) dx,

0]

/ Voi | do < c/ Vs, — Ryl de < c/ dist?(8;, SO(2)) de.  (4.18)
Bae, (x4,5) Ci.j Ci.j

Now define the field Bj: Q — R?*2 as

5. Bj in QEj (:uj)a
’ Vvi,j +Ri,j in st(xi,j) for i = 1,...,Mj.

By (4.18) we get

i (w4,5)

M;
/ dist?(3;, SO(2)) d < / dist?(3;, 50(2)) do + 3 / Vo2
Q e i=1 7 Be; (
< C/ dist®(8;, SO(2)) dx < Ce5|log e,
Q)

Moreover, by construction |Curl 8;](Q2) = |11;|(Q); then we are in a position to apply Theorem
3.3 to f; to deduce the existence of a sequence of constant rotations R; € SO(2) such that

[ 185 = R < € [ aisi®(3y, 50(2) + ([Curl 551))2) < C1oge P (4.19)
Q Q

for some C' > 0 independent of j. By the definition of §; and by (4.19) we deduce that

/ IBJ—RHQZ/ !Bj—RjQS/ B — RyI* < Ce|loge,?,
Q (Hj) ng(uj Q

€j
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and therefore

2
/ |ﬁ] ]|2 dr S C,
Q. (1) 8j|10g6]|

for every j. Finally, recalling that §; = I in Uf\ijl Be,;(zi;) and that from Step 1 we have the
bound M; < C|logej|, we deduce that, up to subsequences,

T
TBJ_RJ_RJBJ'_IA o T200). T2X2
R ejllogej|  ¢j|logel B in LA RS,

Step 3. The limit measure p belongs to H='(;R?) and Curl 3 = R" .

Let ¢ € C3(2) and let (¢;) C Hj () be a sequence converging to ¢ uniformly and strongly
in H}(Q) and such that ¢; = ¢(z;;) in B, (i), for every x;; in the support of y;. Then we
have

1
[ odu=1m / by = lim ————(Curl 3, 6;)
Q

j—oo sj\logsj\ j—r+o0 Ejllogejl

= lim ¥<Curl (Bj — Rj), ¢j) =

R;)JV; dx
j—+oo €] log €]

~>+oo £]| logajl /
= / RBJIV¢dx = (Curl (RB), ¢) = (R Curl 3, ¢),
Q

from which we deduce the admissibility condition Curl 3 = R” . Finally, since in Step 2 we
proved that 8 € L?(Q; R?*2), we immediately get that u belongs to H(Q;R?). O

Remark 4.4. Notice that in Proposition 4.3 Step 1 we show that the number of dislocations
M; corresponding to a pair (p;, f;) with equibounded energy is such that M; < C|loge;| (see
(4.15)).

In view of Proposition 4.3, it is convenient to give the following notion of convergence for
sequences of pairs (pe, fe).

Definition 4.5. A pair of sequences (e, B:) C M(Q;R?) x L?(;R?*?) is said to converge
to a triplet (u, 8, R) € M(Q;R?) x L2(£;R?*2) x SO(2) if there exists a sequence of rotations
(R:) C SO(2) such that
1 *
e i O; R? 4.2
5| 10g5’ e H m M( ) )7 ( 0)
RIB. —1

—~ B in L*Q;R*?), and R.— R. (4.21)
el loge]

4.3. I'-convergence result. We are now in a position to state and prove the main result of
this section, namely a I'-convergence result for the scaled functionals &..

In what follows we additionally assume that Q has C! boundary. Notice however that the
higher regularity of 2 will be used only in the proof of the limsup inequality.
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Theorem 4.6. The energy functionals . defined in (2.4) I'-converge with respect to the con-
vergence of Definition 4.5 to the functional £ defined on M(£;R?) x L?(2;R?*2) x SO(2) by

;éCB%Mx+/ O%j|>am if 1€ H-1 (O R2) 0 M(O; R2)
E(u, B, R) = and Curl § = RTp, (4.22)

400 otherwise,

where C = ;FWQ/ (I) and ¢ is as in (4.4). Specifically, the following two inequalities hold true.

D-liminf inequality: For every (u, 8, R) € (H (% R?) N M(Q;R?)) x L2(; R?*%) x SO(2)
with Curl 3 = RTp, and for every sequence (e, ) C M(;R?) x L2(Q;R?*2) converging to
(1, B, R) in the sense of Definition 4.5, we have

liminf & (e, Be) > E(, 5, R).
e—0

I-limsup inequality: For every (u,3,R) € (Hfl(Q;RQ) OM(Q;RQ)) x L2(Q;R?X2) x
SO(2) with Curl 3 = RTp, there exists a sequence (ue, B:) C M(Q;R?) x L?(;R?*?) con-
verging to (u, 8, R) in the sense of Definition 4.5, such that

limsupga(ﬂg7/8£) S g(lu’a 57 R)

e—0

Remark 4.7. Notice that (4.4) can be equivalently rewritten as

M
mm{z/\ Y(Ck) 0 Y Ao = RTE, M € N, A, > 0, (keRTS}

k=1

hence ¢ depends on ¢ only in terms of RT¢; therefore p(R, &) = (R, RT€) for some function .
Then, since the limit strains 3 satisfy the condition Curl 3 = RT j1, thanks to the 1-homogeneity
of ¢(R,-) the I'-limit £ can be expressed in terms of § and Curl 5 in the following way

d 1
£<u,6,R):;/QC/3:/3d:c+/Q¢(R d,gurlgOd]Curlm_

In particular, if Curl 8 € L'(€;R?) we have

a%amziécw5m+4ﬂammmm

Proof of Theorem 4.6. I'-liminf inequality.

Let (1, 8,R) € (HY(Q;R?) N M(Q;R?)) x L2(Q;R**?) x SO(2) and (e, B) C M(R?) x
L?(2;R?*2) be as in the statement and assume that liminf. .o & (pe, Bz) = lim._o E (e, B2).
Suppose moreover that & (ue,:) < C for every € > 0 (otherwise there is nothing to prove).
This implies in particular that (pe,5:) € Xe x ASe(pe), where X, and ASc(ue) are defined in
(2.1) and (2.3), respectively.
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Arguing as in [20, Proposition 3.11], we decompose the energy into a contribution far from
the dislocations, in Q,_(u.) := Q\UM, B, (x;), and a contribution close to the dislocations; i.e.,

1
Ee(pe, Be) = 52“0g5|2/ﬂ,35(u5) W (Be) dz + 52|]0g€’2 Z/BPE(% (Be)d

= gs(,Ufa Be; ng (Ms)) + Z ga(ﬂsv Be; Bpg (%)) (4'23)

i=1
We treat the two contributions separately.

Lower bound far from the dislocations. For the energy contribution far from the dislocations
we perform a linearisation of the energy at scale e]loge| around the identity matrix. By a Taylor
expansion of order two we get W(I + F) = 1 CF : F + o(F), where o(F)/|F|> — 0 as |F| — 0.
Then, setting w(t) := sup|p|<; |0 (F)], we have

1
W(I +¢|loge|F) > 5 e2|loge|’CF : F — w(e|loge||F)), (4.24)

with w(t)/t? — 0 as t — 0. Now, let
_RIp. -1
~ ¢elloge| ’
and define the characteristic function

)1 it 2 e, () and |Ge| < e—1/2
Xe = { 0 otherwise in €. (4.25)

By the boundedness of (G.) in L?(£;R?*?) and in view of the definition of p. that ensures that
Q. (1te) has asymptotically full measure, it easily follows that x. — 1 boundedly in measure.
Therefore, from (4.21) we deduce that

Ge:=x.G. =3 in L*(uR>?). (4.26)

Using the frame indifference of W and (4.24) we get

1
55(#&565 ng (Ms)) > 62|10g€’2/QX6W(6€) dx

1 T
= W/{)XsW(RE ) dx

1
= 52|10g5’2/§;XEW(I+8|10g8’G6) dx

1~ ~ w(e|logel|Ge])
> —CG; : Ge — Xe———75— ) dz. 4.27
_/Q<2 € &€ XE €2|10g€’2 ) €z ( )

Then, the first term in (4.27) is lower semicontinuous with respect to the convergence (4.26).
On the other hand, the second term converges to zero, which can be easily seen multiplying
its numerator and denominator by |G:|?. Indeed, |G.|? - x-w(e|logel||G:])/ (| loge||Ge])?
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the product of a bounded sequence in L'(2) and a sequence tending to zero in L>(£2), since
e|loge||Ge| < €'/?|loge| whenever x. # 0. Combining these two facts, we eventually obtain

lim inf & (pte, Be; Qp. (1)) > /(Cﬁ Bdx. (4.28)
e—0

Lower bound close to the dislocations. We are going to estimate the energy contribution
Ec(pe, Be; By, (), for i = 1,..., M. For brevity, we write B, instead of B, (z;) for every r > 0.
Let s € (0,1) and 6 € (0,1) be fixed and independent of ¢; then, for small enough e,

ke
e BBy = [ RIS / LGS [ Wi as

where CF and k. are defined as in (4.9) and (4.10), respectively. Proceeding as in the proof of
Proposition 4.3, Step 1, we prove that, as in (4.14),

Z( "lﬁ)gg’; ) BRTE,). (4.29)

By formula (4.4) and by the definition of u. it follows that

1 & diic \ -
o L0 2 [ (R ali (4:30
i=1 He

where fi. := pe/(¢|loge|). Notice that (4.20) entails that ji. — u in M(€;R?). Since Spang$S =
R?, the convex l-homogeneous function ¢ is finite on R? and therefore continuous. Then,
invoking Reshetnyak’s lower-semicontinuity Theorem, (4.29) and (4.30) give

M
S 8 655 2 Lo (rgt) d (431)

Hence the lower bound for the energy follows from (4.28), (4.31), and from the arbitrariness of
s, which can be taken arbitrarily close to 1.

bes

M
ZSE(N&BES Z
= gf‘

T'-limsup inequality.
Let (1, B, R) € (H 1(Q;R?*) N M(Q;R?)) x L*(Q;R?*%) x SO(2) be such that Curl 8 = R p.
By standard density arguments we can assume that (u, 3) € W=1°(Q; R?) x L>®(Q; R?*?).
We divide the proof into three steps.

Step 1. u = & dr with € € R?.

Given ¢ € R? and B € L*°(£;R?*?) with Curl3 = RT¢dx, we are going to construct a
sequence (pe, B:) C X x AS-(pe) converging to (u, 5) in the sense of Definition 4.5 and such
that

lim sup & (pe, Be) < Q/Cﬁ ﬁd:v—l—/ (R,§) dx. (4.32)

e—0
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Let ) be as in (4.2); by (4.4) there exist M € N, &,..., & €S, and A\ >0, with k=1,..., M,
such that £ = Ekle A&y and

M
=> Mp(RTE). (4.33)
k=1
Set

M
1
A= Ak, re i = ——;
; * 2 /Alloge]

notice that 7. > p.. By [11, Lemma 14] there exists a sequence of admissible measures defined
as

M M¢
He 1= Zsfkuf, where pf = Z O; o
k=1 i=1
with the {z; .} such that B, (z;.) C Q, |z;c — x| > 2 for every i # j, satisfying
He = p weakly in M(Q; R?) (4.34)
e|loge]
uk| .
— \gdr  weakly in M(Q). (4.35)
oge]

We show that u. converges to pu.
For what follows it is useful to combine the two summations in the definition of u. into just

one sum and to rewrite it as
M

He = Z 562‘,&595@5;

i=1
we also introduce the auxiliary measures
1 & 1 &
ST . nTe . — 1
H? ) E 851’,& XBy. (zi,e) dz, ,ugs = § :5&78}[ LaBT& (xi,a)'
€ i=1

2rr
£ i=1

Appealing again to [11, Lemma 14] we get
s
el loge|

-
— u strongly in H™1(Q; R?), "{LE | S weakly in M(Q;R?). (4.36)
elloge

To define a recovery sequence for 8 we first introduce the auxiliary strains

Kte .= Z K Xpy () With Ki(z) = RT& . @ J(x — x;2),

2mr2

£

where J is the clockwise rotation of /2. Notice that Curl K¥< = RTjirs — RTjre.
Now, for every i =1,..., M, let 75 : R? — R?*2 be a distributional solution of

Curln = RT¢; .69 in R,
DivCn =0 in R?,
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2w

gz (I). In polar coordinates the planar strain 77 has the form

where C :=

1
77;: (T, 9) = ; FRT&Z‘,S (6), (437)

where the function I'pr,_, depends on R, §; . and on the elasticity tensor C, and satisfies the
bound |I'gre, (0)] < C for every 6 € [0,27) (see e.g. [1]). Let 77 (x) := 17 (x — xc;), and let 7
be defined as

M.
~E L NE .
W= e Xpi-
i=1

Notice that Curl #° = RT (u. — ile).

We define the recovery sequence ;. as
B i= R (I +elloge|8 + i — K2 + B ) Xo.(uo) + I X015 s

where B, := Vw.J and w, is the solution to the following system

—Aw, T g log2€|RT/,L — RTa= in Q, (4.38)
we € Hy (4 R?).
Notice that . € AS-(pe). In fact o =1 in Ui]\ialBg; moreover
(Curl B) Qu(p1e) = (ellog el pre — i = file + e — el logelu + fil¥ ) Qe (1) =0,

and by construction (. satisfies the circulation condition on Uf\igl@Bg.
Now we prove that . converges to 8 in the sense of Definition 4.5 with R, = R; i.e., we

show that Ijﬁ ;;ll — 8 weakly in L?(Q;R?*2). To this end we prove the following convergence
properties:
(a) X0 () weakly in L?(€; R?*?);
el loge|
Kt 2 2%2
(b) — 0 strongly in L*(2; R“*);
e|loge]
Vwe ) 2x2
(c) — 0 strongly in L*(€;R“*7).
el loge]

Clearly (a), (b), and (c) imply the desired convergence for the sequence fe.
To prove (a), we first notice that the sequence @ has bounded L2-norm in €. (). Indeed,
since || < ﬁ for i =1,..., M., we have

1 1 1 L& C
TR s e[ da = / ntfPde < ——— / 5 dx
2| logel? /Qs(us) : |log e|? ; i\Bi | log &? ; i\Bi [T — @icl?

M.

C

< — < C. 4.
< og e 2 c (4.39)

/’"f dr _ M.(logr. —loge)
<
e T |log e[?
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Moreover, the L?-norm of is concentrated in U (B’ \ Bl); in fact, similarly as above,

5|10g€\

1 9 Te dr M (logre — log pc)
—_-— dx —0 4.40
e2|logel? /st(ue i - |log£|2 Z/ |log e|? ’ (4.40)

as € — 0. Then since the measure of the set U (B’ \Bz) tends to zero as € — 0, the two
properties (4.39) and (4.40) entail (a).
Concerning (b), we have that

1 1 M. 1
511 19 R“E 2d = e 12— i 2d
e?|logel? /Q e e | log g2 ;/B;; 42rd [Sicl"lw = 2esl dz

e ——)
[Tog <2

as ¢ — 0, which proves the claim.
Finally, the convergence (c) follows from the estimate (directly implied by (4.38))

Vw,
el loge|

r7e

L2(QR2%2) H ~1(Q;R2)

and from (4.36).
For what follows it is convenient to notice that, by construction we also have
T3, — 1
Bh-1_ B)-t—0 strongly in H~Y/2(09). (4.41)
el loge]

Now it remains to prove (4.32). Recalling that W (I) = 0, we have

1 1
Ee(pie, Be) = &%ga]?/gw(ﬁa)dm = éalogg‘g/a( § W (B:) dx

1
= d ) de =: I} + 12,
e?|logel? /QES(HE W) de+ - 52|10g5|2 2/15\31 o +

where s € (0,1) is arbitrarily fixed. We are going to perform a linearisation for the term I}
around the identity matrix. Appealing to (i), (ii), and to the frame-indifference of W (iii) we
have

1 - -
Il=——— W (I +ell je — Kb
€ €2|10g5|2 / S(H ) ( +€| Oge‘/8+775 g +B€)
1 1 N ~ - -
= S35 / C(e!loge|ﬁ+ﬁ5—K£5+Be) : (5|10g5|ﬁ—|—ﬁ5—Ké‘5—|—65) dz
e2|loge|? 2 )
1 - -
22/ a@mmm+m—K§+@ym (4.42)

where |(|)—>0 as |F| — 0.
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We claim that

1 1 N ~ - -
limsup 22/ C (€| loge|B +ne — KE< + ﬁs) : (EI loge|B +ne — KE< + BE) du
e—0 € ’10g€’ 2 &S (ue)

1
< 2/9@6:661:6—&-/9@(}2,5) dx, (4.43)

where ¢ is defined in (4.4). We trivially have

1 1 1
/ Celloge|B: e|loge|fdx < /Cﬁzﬁdx.
Qes (ue) 2 Ja

e2|logel? 2
Then we notice that the mixed products in the left-hand side of (4.43) converge to zero as € — 0
by (a), (b), and (c), as well as the quadratic terms involving K** and f.. Moreover,

1 1 - 1 1 PO
21’22/ Ce = Nedx = 21’22/ Cie = Nedz + 0(1)
e?loge?2 Jo ., e?logel* 2 Ja ..\ (o)

1 Uy
=—— _\ = CHl - fldx + o(1),
el 28 g,

as € — 0 since we showed in (4.40) that the L?-norm of ﬁ is concentrated outside €,_(u.).

y (4.3) we have that for i =1,..., M,
1 1/ i T

- Cng :nide < (R & e)(1 4 0(1)),

o2 sy (7€)1 4+ o(1)

and this leads to

M
1 1 <

PCTEPPRT I Crje : Nedx < RT¢. 1 0. iad

€2|10g€’22/955(%) Me @ Nedx < Tog?] ;:1 (R &) +0(1), ase (4.44)

Moreover, by (4.33) and (4.35),

lim |Z¢E (R"€.) = lim |1ogey Zlus ) = (R &)

£—0 | log €

:ﬂmﬁywm%wzéﬂaom. (4.45
k=1
Thus, combining (4.44) and (4.45) gives
lim -1 /
50 e2|logel? 2 Jq

We now prove that the remainder term in I! tends to zero as ¢ — 0. We notice that, if
x € Qes(p), then

m@mM§AwR®w

€S (pe)

[e(2)] < sup  elxp (z)it(x)] < Ce' ™% (4.46)

i=1,...,Mc
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and

~ € Ce
[KLe(z)] < iZISH.I’)ME Xpi_(z) 22 §ie ®J(x —xie)| < P (4.47)

Moreover, in view of the regularity of €2, by standard regularity theory for elliptic partial dif-
ferential equations, the following estimate for w. holds true for every 1 < p < oo (see, e.g. [14,
Lemma 9.17]):

[wellwzp@r2) < Cllelloge|p — a2 || e w2, (4.48)
where the constant C' depends on p and €. Notice also that
lellogelp — fig*[| Lr(q;r2) < Cellogel,
for every 1 < p < oco. By the Sobolev Imbedding Theorem the estimate above together with
(4.48) imply
[welgra(@urey < Cellogel,
for every a € (0,1). Therefore, in particular,
va€||L°°(Q;R2X2) < 06‘ lOg €|. (449)

Then (4.46), (4.47), (4.49), and the boundedness of § entail

[el1og | + . — K2< + B

Hence, setting Xe := X, ,., and w(t) := sup|p<; [o(F)], we have that

dz| <

[ o (cllogels + . — K2 + )
Q

2 2
SS(HE) E ’logg‘

dx,

/ w (]5\ loge|B + 7 — KP4 ﬁg\) ‘5’ loge|B + fi. — Rl 4+ 55‘2
Xe R ~ =2
Q ’6|10g5]ﬁ+ng—K§‘E+ﬁg‘
and the limit for € — 0 of the expression above is zero as the integrand is the product of a
sequence converging to zero uniformly (by (4.50)) and a bounded sequence in L!(£2). Therefore,
combining this fact with (4.42) and (4.43), we get

limsup I} < E(u, 8, R). (4.51)

e—0

2| loge|?

Finally, we deal with I2. Using the quadratic upper bound on W (iv) we deduce

1

| I ——
~ £2|logel?

£

M. i e
Z/ ‘C‘e\log€|ﬂ+ﬁg—Ké‘e+ﬁg‘ dx. (4.52)
i=1 7 Bes\Bt

Similarly as before, due to (a), (b), and (c) the mixed products in (4.52) converge to zero, as
well as the quadratic terms involving K5 and .. In addition,

M,
Z/_ B2 < 1B o umene) Me (62 — €2) —50, ase 0
i=1 Y BLs\BL
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and

S

C M, €1
|logs|2z/zg\31' =T gz—:|2/ pdr< Ol —s);

limsup I? < C(1 — s). (4.53)

e—0

Then, gathering (4.51) and (4.53) leads to the final estimate
]ims(l)lp E (e, Be) < E(p, B, R) + C(1 — s),
e—

therefore

which entails the claim (4.32), by the arbitrariness of s € (0,1).

Step 2. u = ZLI Eldr O, where ¢ € R? and Q° C Q are Lipschitz pair-wise disjoint
domains such that ) = UZL:1 Of and |2\ UeL:1 Qe| =0.

For every £ =1,...,L, let (AM) ren be an increasing sequence of regular domains such that
AP c QF and [QF\ ABF| < 1.
For fixed k € N and for every £ = 1,..., L, we can argue as in Step 1 to construct u?k and

Bf’k7 recovery sequences for the energy in A%%, relative to ut* := u A% and g% = By atk,

respectively. Then, we define the sequences (1", Bf) in the whole domain € as

L
e 1= Z uﬁ’ker,k, ﬁf = Z ,Bf’k XAtk + RXQ\Ak.
/=1
where AF := UL A%F. Notice that by construction (¥, B%) converges in Q to (¥, pF) =
(11X Ak, BXar + Rxq\ ax) in the sense of Definition 4.5. Moreover, p¥ is admissible in Q while,
in general, the sequence ¥ does not belong to AS.(uF) since Curl ¥ # 0 in Q.(uF). In fact,
Curl 8¥ may have a contribution concentrated on JA*.

On the other hand, since by (4.41), (M — BM’) -t — 0 strongly in H—1/2(9A%F) for

el loge|

every £ =1,..., L, we may deduce that
L

<D

H-1(QR2) (=1

Curl B?'—Qe (1)
el loge]

RT gLk
5|10g5]

— ph* — 0, (4.54)

H-1/2(9AlK)

as ¢ tends to zero. Then, invoking the regularity of 92 and (4.54) we can argue as in Step 1
and add to ﬁf a suitably chosen vanishing sequence, so that the resulting sequence Bf satisfies
Curl BELQ(u¥) = 0 and it is still a recovery sequence for (1*, 8%, R). Hence in particular we

have
: koaky o L k. ak dpF k
limsup & (ug, L) < 3 Q(CB : B dx + R, i k’ d|u”|.

e—0

Moreover, taking into account that, for k& — +o00, 8 converges to 3 strongly in L?(€2; R?*?) and
uk converges to u strongly in measure, we get

lim sup limsup & (1, 8F) < €(u, B, R).

k—+oo e—0
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Then, invoking a standard diagonalization argument we can find an increasing sequence (k:) C N,
with k. — +o00 as € — 0, such that

limsup & (pke, 8%) < E(u, B, R).

e—0

Finally, it is easy to check that (pe,B:) := (ufe, 8¥) is the desired recovery sequence.

Step 3. € W—1%°(Q; R?).

We can argue as in [11, Theorem 12] Step 3 to reduce to the case of locally constant measures,

namely to Step 2 in this proof.

g
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