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CURVES OF STEEPEST DESCENT ARE ENTROPY SOLUTIONS FOR A
CLASS OF DEGENERATE CONVECTION-DIFFUSION EQUATIONS

MARCO DI FRANCESCO AND DANIEL MATTHES

ABSTRACT. We consider a nonlinear degenerate convection-diffusion equation with inhomoge-
neous convection and prove that its entropy solutions in the sense of Kruzkov are obtained as
the — a posteriori unique — limit points of the JKO variational approximation scheme for an
associated gradient flow in the L2-Wasserstein space. The equation lacks the necessary convex-
ity properties which would allow to deduce well-posedness of the initial value problem by the
abstract theory of metric gradient flows. Instead, we prove the entropy inequality directly by
variational methods and conclude uniqueness by doubling of the variables.

1. INTRODUCTION

The goal of this paper is to show on the example of the degenerate parabolic equation
Ut = (um)yy + (b(y)u’m’)yv ?J E Ra t 2 0) (1)

how the solution concepts of metric gradient flows and entropy solutions can be combined to
obtain global in time well-posedness of the initial value problem. Specifically, we define an energy
functional F, construct time-discrete curves of steepest descent in the landscape of F with respect
to the L?-Wasserstein metric by means of the JKO variational scheme [16], and show that these
curves converge in the limit of continuous time to entropy solutions & la Kruzkov [19, 20] (or, more
precisely, in the sense of Carrillo [3]) for (1). This way, existence of solutions to (1) is obtained by
a variational method, and their uniqueness follows from the theory of entropy solutions.

In (1), the exponent m > 1 determines the degeneracy of the diffusion for vanishing densities,
and

be L'(R) N WH>(R) (2)

is a given coefficient modelling heterogeneity in the convection part. As initial condition for (1),
we prescribe a non-negative datum u’ € L'(R) N L>(R) of finite second moment.

The link to metric gradient flows is established as follows. There is a spatial coordinate change
y = T(x) and an according transformation p(t,z) = T, (z)u(t,¥(z)) (see subsection 2.1 below)
such that all sufficiently regular solutions u to (1) become solutions of

pe = (pla(@)p™ 2), (3)

and vice versa; here a € W2°°(R) is a strictly positive function, determined from b via T. Well-
known formal arguments, see e.g. [28], indicate that the time-dependent density functions p(t)
satisfying (3) are “curves of steepest descent” in the energy landscape of the entropy functional

Flo):= / o)™ da, (4)

with respect to the L?-Wasserstein distance.

Indeed, if F would be a geodesically A-convex functional, then the theory of A-contractive
gradient flows — see e.g. [1] — could be applied to conclude the existence of a unique gradient
flow for F in the space of probability measures. This flow’s curves would be weak solutions to
(3), and by inversion of the coordinate transformation above, we could conclude well-posedness
for (1). Unfortunately, F does apparently not have the required convexity property; see Section 3
for details.

Date: March 15, 2013.



2 MARCO DI FRANCESCO AND DANIEL MATTHES

Nevertheless, the variational structure behind (3) is on the basis for our proof of ezistence of
solutions to (1). Specifically, we employ the JKO (or “minimizing movement”) approximation
scheme to obtain time-discrete curves p, of steepest descent for F. We prove that any family of
such discrete approximations p, possesses a weak time-continuous limit curve p,. By inversion of
the coordinate change, this provides a candidate u, for a solution to (1). We emphasize that this
construction does not require geodesic A-convexity of F; boundedness from below, coercivity and
lower semi-continuity are sufficient.

At this point, the variational framework of minimizing movements provides strong tools which
allow us to prove that wu, is actually an entropy solution for (1) in the sense of Carrillo [3]: we
show that ™ € L2 (0,00; HY(R)), and that for every non-negative test function ¢ € C°(R; x R)

loc

and for every k € R,:

T
/ / |us — K|r dy dt
o Jr

T
— / / Sen(u, — k)([(uT)y +b(ulr — k™), — bykmga) dydt > D(u)[p] > 0.
o Jr

We also obtain a non-trivial lower bound on the dissipation D (u.); see Proposition 4.11 for details.

The derivation of the entropy inequality (5) is the core element of our proof. First, a time-
discrete version of this estimate is proven directly for the JKO scheme, and this is passed to
the limit. In the derivation of the discrete estimates, the key idea is — as usual — to choose
appropriate variations of the minimizers. Here we build on the ideas that have already been
employed in [16] for the derivation of the weak formulation of the linear Fokker-Planck equation
and have been generalized later in [22] to the “flow interchange lemma”, see Lemma 4.2: variations
are performed by an auxiliary gradient flow, which — in contrast to the gradient flow of (4) itself
— is A-convex and thus satisfies certain variational inequalities.

Once that (5) has been establish, we adapt the doubling of the variables method in [18] to our
case and show that u, is actually the unique entropy solution for the given initial condition u®. A
posteriori, we conclude uniqueness of the limit curve p, of the approximation scheme as well.

The following theorem summarizes our main result in an informal way; the precise statement
is given in Theorem 2.7 in Section 2.4. For a possible slight generalization avoiding the scaling,
see Remark 2.9.

(5)

Theorem 1.1. Let an initial condition u® € L= (R) of finite second moment be given. Then every
curve obtained from the JKO approximation for F in the limit of continuous time corresponds —
by a chance of coordinates — to the unique entropy solution for (1).

A similar observation about the connection between entropy solutions and gradient flows has
been made recently by Gigli and Otto [15] in the context of the inviscid Burger’s equation, see also
[6, 24] for related results. The interpretation of the coincidence between entropy solutions and
gradient flows is that both types of solutions can be characterized by diminishing an underlying
entropy functional “as fast as possible”. For previous results on the well-posedness of scalar
conservation laws in Wasserstein spaces, we refer to [2, 4].

Apart from revealing an interesting connection between the two seemingly unrelated theories of
entropy solutions and Wasserstein gradient flows, our simple example indicates a possible general
strategy to prove existence and uniqueness of certain nonlinear evolution equations which can be
cast in the form of a Wasserstein gradient flow of a functional which is not necessarily geodesically
A-convex. First, use methods from the calculus of variations to construct a candidate for a solution;
a priori, there might be several. Second, show that this candidate is an entropy solution by deriving
further a priori estimates in the variational framework. Third, conclude uniqueness using doubling
of the variables. This strategy provides a new method to obtain entropy solutions, alternative e.g.
to the classical vanishing viscosity approach [8], to the wave-front-tracking algorithm [7], or to
semigroup theory [5]. In particular, the variational approach does not require the solution of
auxiliary regularized problems.

To conclude this introduction, we stress again that the goal of this paper is to establish a
link between gradient flows and entropy solutions but not to refine the results on existence and
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uniqueness of weak solutions to (1). This said, we remark that — as far as our model equation (1)
is concerned — uniqueness of weak L'-solutions could be proven also by other means, e.g. with
the methods developed in [23].

The paper is organized as follows. In Section 2, we formulate the problem and state our
main results. Section 3 recalls some basic facts from the theory of gradient flows. In Lemma
3.4, we provide a result on the contractivity of quite general reaction-diffusion equations in the
Wasserstein metric which might be of independent interest. In Section 4 we prove convergence of
the scheme and show that the limit curves are entropy solutions. Section 5 contains (for the sake
of completeness) the uniqueness proof of entropy solutions.

NOTATION

Measures, densities and Wasserstein distance. Here P3(R) denotes the set of probability
densities p € L'(R) with finite second moment [ z?p(x)dz. Note that the symbol Py(R) is
frequently used in the literature for the (wider) space of probability measures on R, which we
shall denote by P3(R) instead. Given a measure u € P2(R), its probability distribution function
U :R — [0,1] and pseudo-inverse G : [0,1] — R U {£o0}, respectively, are given by

U(z) = p((—00,2)), Gw)=sup{z eR|U(z) < w}.

The space P2(R) is endowed with the L2-Wasserstein distance W, defined by
1/2

W) = [ [66) -G a) )

where G and G are the pseudo-inverse distribution functions of x4 and fi, respectively. The pair
(P2(R), W3) is a complete metric space. We refer to [1, Chapter 6.0] or to [28, Chapter 7.3] for a
detailed explanation.

Mollifications. We will frequently use the following elementary functions: the absolute value
Abs(z) := |z|, the positive part PosPar(z) = (x)4+ = (x + |z|)/2, the sign Sgn(z) = x/|z| (with
Sgn(0) = 0), and the unit step function Stp(z) = (z + |z|)/2]z| (with Stp(0) = 0). In fact, we
will mostly use their regularized versions obtained by mollification: denote by d; : R — R the
standard mollifier

o1(y) =

{Zlexp[l/(lyz)] for all y €] — 1,1], )

0 otherwise,

where Z > 0 is chosen s.t. §; has unit integral. For ¢ > 0, define the e-mollifier §. : R — R by
5c(y) = e 101(e7ty). Accordingly, we denote by Abs, = Abs«d, and PosPar. = PosPar«d, the
e-mollifications of Abs and PosPar, respectively. Notice that Sgn’ = 26, and Stp. = 6., which
means in particular that Sgn, and Stp, are non-decreasing functions.

2. STATEMENT OF THE PROBLEM AND RESULTS

2.1. Coordinate transformation. In this subsection we shall establish the correspondence be-
tween equations (1) and (3). We define a spatial coordinate change y = ¥(z) as solution to the
initial value problem

Tuo(z) = a(Z(x)) for x € R, %(0) =0, (8)
where o : R — R is given by
_ y
a(y) = agexp (—mzml | b(n)dn>, (9)

ap being an arbitrary positive constant. The assumptions (2) on b ensure

a € W»®([R) and a>a for some o > 0. (10)
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Therefore, (8) admits a unique global solution ¥ : R — R, with ¥, (x) > a. Accordingly, introduce
the corresponding transformation S : L'(R) — L'(R) of densities by

S[u] ' =%, uo%. (11)
Finally, the transformed inhomogeneity a : R — R is given by
m
= ———(T,) "M, 12
R 1( ) (12)

Proposition 2.1. The function a satisfies
(a1) a(x) > a >0 for all x € R,
(a2) a € W*(R),
and the transformation p(t) := Slu(t)] of an arbitrary weak solution u to (1) with initial datum

ug € L*(R) satisfies equation (3) with initial datum p° = S[uY)].

Proof. By definition of a in (12), the properties (al) and (a2) are direct consequences of (10),
which are the properties induced on « by the assumptions (2) on b.
Now, let u be a weak solution to (1), that is

/ /wptdydt / /U Pyy dy dt — / / u™bp, dy dt (13)

for all test functions ¢ € C°(R1 x R). Define the transformed test function ¢ € C° (R4 x R) by
U(t, x) = p(t, T(z)).
Using (8) and its “derivative” T, = o, 0 TT,, one easily verifies that

oy (T(@), )Ta(2) = 1u(t,2), 4y (T(x), )Ta(2)? = (2, 1) — (2, 1)y (T(x)).

Substitute these representations and

z,t .
@), ) = o with plt) = S[u(0) (14)
into (13). A change of variables (t,y) = (¢, T(z)) under the integrals yields

/ / oy da dt = / —(m+D) g dt

(15)
/ / y o DT, 4 (o T)T, ™| dadt.
It remains to rewrite the integrands using a instead of b and ¥. Since
m—1

by (8) and (9), a direct calculation yields

1 1

—a, ® _%( 0 T)T, (Mt (19) (ay 0 T)T, ™D 4 (ho T)T, ™. (17)

m m —

Substitute (12) and (17), respectively, in the first and the second integral on the right hand side
of (15), to obtain

o m-—1 [ 1 [
—/ /pwt dxdt = 7/ /apmwm dxdt — —/ /axpmwm dx dt,
0o JR m 0o JR mJo Jr

which is a weak formulation of (3). O

Remark 2.2. The function a in Proposition 2.1 is not uniquely determined: different choices of
ag > 0 in (9) change a by a positive factor. On the other hand, if the function a is given, then
b and the corresponding change of variable y = T(x) can be recovered from a in a unique way.
Indeed, it follows from (8) and (12) that

ﬁ@=%ﬁm_%@}$l% (18)

m
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which, in combination with (16), implies further that
2m
bo Z‘II = m(log a)z.

Remark 2.3. The scaling T is still well-defined if the assumption b € L*(R) is relaxed to b o |y| =1
as |y| — +oo. However, assumptions (al) & (a2) may be not satisfied in those cases. Therefore
we require b € L'(R). Let us also emphasise that the case b = const cannot be included, since the
solution to (8) would blow up at some negative x.

2.2. Entropy solutions for (1). The notion of entropy solution for (1) used here is a variant of
the one originally introduced by Carrillo [3] and later adapted by Karlsen et al. [18]. To motivate
this definition, consider the usual viscous approximation of (1),

up = (D(y)u™)y + (u™)yy + vityy, (19)

which possesses smooth and classical solutions wu, for every v > 0, provided that the initial
condition u° is smooth enough. The following formal considerations are made under the hypothesis
that u, converges — locally uniformly on R} x R and in L ([0, T[xR) — to a limit function as
vl 0.

Similarly as in the classical approach by Kruzkov [20] for scalar conservation laws, we would
like to derive from (19) an evolution inequality for all functions of the form |u, — k| with given
k € Ry. As usual, the calculations are carried out with a suitable approximation of |u, — k[; in
our case, we multiply equation (19) by Sgn_(u?* — k™) with a mollification parameter € > 0 and
rewrite it in the following way:

Sen (ug’ — k™) () = Sgn(uy' — k™) [(u)y + b(u' — k™) +v(uy)y], + Sgn(u — k™)by k™.
(20)

Now let T' > 0, integrate (20) against a non-negative test function ¢ € C¢°(]0, T[xR), and integrate
by parts in the first term on the right-hand side:

[ st - ey agar = 1)
/O ' /]R Sen (ug? — b™) ([ + b = B™) + v(u,) |0y — byE™ ) dydt  (22)
+ /O ’ /]R (b S’ (ul® — k™) (u™ — k™) (w), dy dt (23)
w [ seto - e+ map )i dvar 24

For further simplification, observe that inside the integrand in (21),

Hi(r)l Sen, (u)' — k™) (uy)e = Sgn(u, — k) (uy)e = |uy, — kl:

at every point (¢,y) with u(t,y) # k. Likewise, in (22), the term with v becomes Sgn(u, —k)(u, ), =
|uy, — k|, in the limit € | 0. After integration by parts, its contribution is

T
—V/ / |uy — klpyy dy dt.
o JR

This term is negligible in the limit v | 0. Next, the integrand in (23) can be rewritten as

©b[Re(uy' — k™)], with Re(s):/ r Sgn’ (r) dr.
0

Since R, converges to zero uniformly for € | 0, it follows — after an integration by parts — that
the integral (23) vanishes in that limit. Finally, the integral (24) obviously gives a non-negative
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contribution. Thus in the limit € | 0, and after an integration by parts with respect to time in
(21), the equality (21)—(24) implies that

T T
/ / luy, — E|pr dy dt > / / Sgn(u, — k)([(ul’fb)y +b(ul — k™) ]y — bykm<p> dy dt
o Jr o Jr
r 2
—|—limsup/ /Sgn’e(u;’l — E™) [(u)y] e dy dt.
o Jr

el0

(25)

We take this as the defining inequality for entropy solutions.

Definition 2.4 (Definition of entropy solution). Let u® € L*NL>(R). A non-negative measurable
function u : Ry x R — R is an entropy solution to (1) with initial condition u° if w € L' N
L>(]0,T[xR) for all T > 0, if u™ € L} (0,00; HY(R)), if u(t) — u® in L'(R) as t | 0, and if
inequality (25) is satisfied for all nonnegative test functions p € C°(R4 x R), and for all k € R..

Remark 2.5. The inclusion of the very particular dissipation term in inequality (25) seems a bit
ad hoc. This term, however, plays a key role in the proof of uniqueness, see Section 5. Moreover,
the choice of this term is less arbitrary than it appears: any smooth and uniformly convergent
approzimation of the sign function could be used in place of the mollification Sgn, there.

Finally, we remark that a substantial part of the article [18] is devoted to proving that all
functions u of a certain regularity which satisfy (25) without the dissipation term actually satisfy
it also with the dissipation term. For us, the dissipation term results very naturally from our
construction of solutions u.

Remark 2.6. For a function u of the specified regularity, in order to be an entropy solution it is
sufficient that inequality (25) is satisfied for all test function ¢ of the form o(t,y) = 6(t)p(y) with
arbitrary non-negative functions 0 € CX(Ry) and ¢ € CX(R). This follows immediately since
the latter products lie dense in C°(Ry x R), see e.g. [14, Theorem 4.3.1].

In difference to [18], we do not require — and, in fact, cannot prove — that w is a continuous
curve in L(R) for ¢t > 0.

2.3. The JKO scheme. The JKO scheme [16] is a variant of the time-discrete implicit Euler
approximation for the solution of gradient flows in the non-smooth metric setting of the LZ2-
Wasserstein distance. In its core, it is a special case of De Giorgi’s minimizing movement scheme
[10]; see the book [1] for an extensive theory.

We apply the JKO scheme to the functional F defined in (4) with a defined implicitly in
Proposition 2.1 and inital condition p° := S[u°], see (11). To this end, let a time step 7 > 0 be
given. For every o € P2(R), introduce the associated Yoshida penalization F,(-;0) of F by

Folpi0) = 5-Walp,0)? + F(p).

Let further an initial condition p® € Py(R) with F(p°) < 400 be given. We define a sequence of
densities p” € P(R) inductively as follows:

(1) p2 = p".

(2) For n > 1, let p? € P2(R) be the (unique global) minimizer of F,(+; p?~1).
In Lemma 4.1 we prove well-definiteness of this scheme. In the following, we denote by p, :
[0, 00[— P2(R) the piecewise constant interpolation of the sequence (p?)nen, with

pr(t)=pr for (n—1)7 <t <nrt. (26)

2.4. Main results. We are now in the position to give the precise statement of the two main
results of this paper.

Theorem 2.7. Let p° € Po(R) N LOO(R), and let a satisfy conditions (al)é(a2) of Proposition
2.1. Define discrete curves p, : [0,00[— P2(R) by means of the JKO scheme from Section 2.3
above. Then every vanishing sequence (T )ken of time steps contains a subsequence (not relabeled)
such that the p,, converge — in L™(]0, T[xR), and also uniformly in Wo on each finite time
interval [0,T] — to a curve p. : [0,00[— P2(R) that is continuous with respect to Wy. The
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rescaled function u, = S™Y[p.] is an entropy solution to (1) in the sense of Definition 2.4, with
initial condition u® = S~1[p"].

The proof of Theorem 2.7 is performed in Section 4.

Theorem 2.8. For each initial condition u® € Pa(R) N L®(R), there exists only one entropy
solution to (1) in the sense of Definition 2.4. Consequently, every sequence of time-discrete ap-
prozimations pr, converges to the same limit p.

The proof of Theorem 2.8 is taken from [18], with minor modifications. In order to make
the present paper self-contained, we outline the argument and review the relevant calculations in
Section 5.

Remark 2.9. A sensible notion of entropy solution (providing uniqueness under suitable hy-
potheses) can be introduced also directly for the equation (3), without passing through the scaling
established in Proposition 2.1, see [17]. We prefer to deal with equation (1), which is a porous
medium equation with a nonlinear convection perturbation, and is therefore of independent interest.

3. CONVEX FUNCTIONALS AND CONTRACTIVE GRADIENT FLOWS

Contractive gradient flows (or “s-flows”, see Definition 3.1 below) constitute our key tool for the
derivation of a priori estimates on solutions p to (3), or, equivalently, for solutions u to (1). First,
we recall the definition of k-flows and their relation to geodesically A-convex functionals. Then
we prove k-contractivity of a class of flows that is relevant for our needs. We refer to [1, 28, 29|
as references on the general gradient flow theory on Wasserstein spaces.

3.1. Fundamental definitions and relations. A curve p : I — P2(R) is called absolutely
continuous in W on the interval I C R if there exists a function g € L{ (I) such that

Wa(p(t), pls)) < | / t g(r)dr| forallt,s e 1.

An absolutely continuous curve p : [0, 1] — P2(R) is a constant speed geodesic if
Wal(p(s), p(t)) = |t — s|[Wa(p(0),p(1)) for all t,s € [0,1].

Definition 3.1 (k-flow). A semigroup Sy : [0,00[xP2(R) = P2(R) is a s-flow for a functional
U : Pa(R) — RU {+o0} with respect to Wy if, for arbitrary p € P2(R), the curve s — &5,p is
absolutely continuous on [0, 00[ and satisfies the evolution variational inequality (EVI)

1dt a2 K . )
3| Wa(850.9)" + 5 Wa(S5p. ) < U(p) — V(&Y p) (27)

for all s > 0, with respect to every comparison measure p € Pa(R) for which ¥(p) < oo.

Remark 3.2. The symbol d*/do stands for the limit superior of the respective difference quo-
tients, and equals to the derivative if the latter exists.

The fact that a functional ¥ admits a x-flow is essentially equivalent to the A-convexity of ¥
along geodesics. The characterization of k-flows by convexity will not play a role in our further
considerations, but we cite the respective result for the sake of completeness, see [9, 25] for further
details.

Theorem 3.3. Assume that the functional ¥ : Py(R) — RU{+400} is A-convex (along geodesics),
with @ modulus of convezity A € R. That is, along every constant speed geodesic p : [0, 1] — Pa2(R),

lp(®)] < (1= 1)W[p(0)] + t¥[p(1)] — gt(l — ) Wa(p(0), p(1))? (28)

holds for every t € [0,1]. Then ¥ possesses a uniquely determined k-flow, with some k > \.
Conversely, if a functional U possesses a k-flow, and if ¥ is monotonically non-increasing along
that flow, then ¥ is \-convex, with some A > k.
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3.2. A special class of k-flows. In this section, we derive a sufficient condition under which the
functional

() = / F(z,n(z)) dz (20)

for a sufficiently smooth function F' : R x Ry — R admits a k-flow. For a concise formulation of
that condition, we introduce the adjoint function H : R x R, — R by

H(‘T7€) ZfF(l‘,l/g), (30)

which satisfies
Hm(l',f) :ng({E,l/f)7 Hg(.r,{) :F({E,l/f)—l/an(l',l/g). (31)

Lemma 3.4. Let F € C%(R x R,) be given, and assume that there exist constants 0 < ¢ < C
such that

c <nFpy(z,n) <C and |Fpy(z,n)| <C  forall (z,n) e R x Ry. (32)
Assume further that there is some k € R such that H, : R x Ry — R with
H(2,§) = H(,€) - 32 (33)

is (jointly) convex on R x Ry. Then, the solution operator Sy of the evolution equation
N = Da:(an [Fn(xv 77)]) (34)
is a k-flow for the functional ¥ from (29).

The convexity condition (33) can be rephrased as
Hyp —k Hy
D?H,, = e o8 is positive semi-definite for all (z, §), 35
(M ) e (2,6) (35)
and the condition (32) is equivalent to

c<EHee(2,6) <C and  |Hy(2,€) — EHpe(2,6)| < C forallz € R, € € Ry (36)

Proof. We need to show that the EVI
1d
2 dt
holds for all smooth and strictly positive densities 7°,7 € Pa(R) at almost every time ¢ > 0.
Instead of proving (37) directly for Gy, we prove it for a family of regularizations and then
pass to the limit. For every N € N, we set
F(x,n) if |[z]<N-1
FN(z,g)={ F(N-1,7) ifaz>N-1 ,
F(-N+1,p) ifz<-N+1

- K ~ -
W (S4n°, 1) + §W2(<‘5&n0,n)2 < W(7) — ¥(&5n°) (37)

and consider FV to be a C*° mollification of FN as N — +oo (by a compactly supported
smoothing kernel) such that F, = 0 in the set {|z|] > N — 1/2} for N large enough. Note
that 'V can be chosen such that it satisfies the conditions (32) with constants ¢, C' independent
of N. Let also define the approximate adjoint function H™ (z,£) = &(FN(z,1/¢). Note that

FN(z,n) = F(x,n) for all (z,1) € Rx[0,+00[ as N — +oco. Let ¥V (n) = [, FY(x,n(z))dz. The
regularized functional Wy is defined by Wy () = UV () if n € P, (R) is supported in [N, N], and
Uy (1) = 400 otherwise. We show that the solution operator &y to the boundary value problem
e ZDx(TiFr%(fC’n)nz+77F$($7’7))7 N:(t, N) =nz(t, =N) =0 (38)
is a k-flow for Wy, i.e., the analogue of (37) holds. The densities 7 and 1° are approximated by
iv =M+ in)1-nn, 0 = 0"+ )1,

with constants iy, % > 0 such that 7y, 7% € P2(R). Notice that ¥y (7n), ¥n(n%) converge to
U(7), ¥(n"), respectively, as N — oc.
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By the lower bound on nF,, required in (32) (and satisfied by FN as noted before), the equation
(38) is uniformly parabolic. Moreover, F} = 0 on = € {—N, N}, so that (38) preserves the total
mass. Therefore, the boundary value problem with initial condition 7%, possesses a solution 1 with
n(t) = &4 (n%;) for all t > 0 such that each n(t) € P2(R) restricts to a smooth and strictly positive
function on [—N, N] and vanishes outside of that interval. The associated distribution function
U :[0,00[x[—N,N] — [0,1] with

U(t; x) :/z n(t;y) dy

—0o0

is a smooth diffeomorphism from [—N, N] to [0, 1], for every ¢ € R ; this follows from smoothness,
strict positivity and mass preservation of 5. The inverse G : [0,00[x[0,1] — [-N, N] of U with
respect to x satisfies by definition

G(t;U(t;z)) =« for all z € [-N, N]. (39)
In particular, we have
G(t;0) = —N and G(¢;1) = N. (40)
We differentiate equation (38) with respect to x and with respect to t, respectively, to obtain
1=n(t;2) Gu(t;U(t;z)), and (41)
0=Gi(t;U(t;2)) + Ur(ts ) Go (U (¢ @) (42)
On the other hand, integration of (34) with respect to x yields
Ui(t; ) = n(t; 2)De[E) (2, n(t;2))].
We multiply by G,,(t; U(t; x)), substitute (42) for U; and (41) for n. This yields
Gi(t;U(t;x)) = =D, [Fév (:z:,n(t;x))]. (43)
We rewrite this (omitting the dependence on ¢) using again (41) and the properties of H from

(31):

DL [EN (2, 9(x))] = @(DI[FWM(@) (@) FN ()]

— D FN (@, (@) + na (1) FY (w, ()
- %nz[ffg (2, 1/n(@)] — HY (2,1/n(a))
— G (U(2) D, [HY (G(U @), Gu(U(2)))] — HY (G(U @), G (U(2)))-
In combination with (43), we have
Gy =D, [H{ (G, G.,)] — HY (G, G). (44)

Further, observe that a change of variables w = U(z) leads to

wn = [ J]VV PN (o) de = [ J]VV Y (G g
= 1G FN(@ L Vaw= 1HNG G d 45
= | Gu@r (). g ) de = | (G Gule)) (45)

Now, let G be the inverse distribution function of 7. Using the representation (6) of the Wasser-
stein distance, we obtain

Wi (n(t), 7)* = / Gt w) — G(w)]? dw. (46)
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Now we can prove (37). Combining (46) with the evolution equation (44) and the representation
(45) of ¥, we find

1 d ~ _ 1 N 1 N
§EW2(77(?5)7 iin)? + ng(n(t)aﬁN)Q = / GG — G dw + g/ (G - G)* dw
0 0

—/1D HYN (G, G )}[G—G}dw—/lHN(GG )[G—G‘]dw+“/l[a—é]2dw
0 wee T o e 2 Jo

1 1 0
@[ GGG~ G+ [ HYG.GG -G+ ] [16 - P

s /0 (HN(G,G.,) — HN(G, Gy,)] dw = Un(iin) — Un(n(t)).

In step (*x) we have used the joint convexity of (33). The equality (%) is established integrating
by parts; the boundary terms vanish because of the boundary conditions (40) satisfied by G and
G. This proves the analogue of (37) for each Wy with its respective flow Sy .

Finally, we pass to the limit N — co. For definiteness of notation, we denote the solutions to
(38) by nn (t) = &% (n%) from now on.

To begin with, we show that a subsequence (nn/) C (ny) converges to a limit function 7.,
satisfying the unregularized evolution equation (34). For the following calculations, the bounds
(32) (satisfied by FN as well, uniformly w.r.t. N) are essential. First, we derive an H!(R)-estimate:

1d N, N , N N
P Ny de = — NE (n, @) (), dz — (N ) Fon (v, 2)ny dz
2 dt -N — —N

N c N 02 N
s—c/ <nN>idx+f/ <nN>idx+—/ 2 da.
—N 2 —N 2c _N

Integration with respect to t €]0,T[ yields an N-uniform bound on ny in L?(0,7; H*(R)) in
terms of ||n°||z2. By Alaoglu’s theorem, this provides weak convergence of a subsequence 7y to
a limit 7., in L?(0,00; HY(R)). Second, we prove an H~!(R)-estimate on (nx)¢. To this end, let
Ope = (M) with 0,(¢t, N) = 6,(t,—N) = 0, and calculate, using again (32):

N N N N N
/ 9920 dz = —/ 00, dx = —/ O(nn )i de = / 0. (NN)x nNFé\[] dx—|—/ 0 nNFé\glc dz
N

—N —N —N —N

N CZ N 02 N
<[ easS [ ovzar S [

which, in combination with the H'(R)-bound from above, shows that (nx); is N-uniformly
bounded in L?(0,T; H=(R)). The Aubin-Lions lemma, see e.g. [27], shows that the convergence
of Ny t0 Ns is actually strong in L (R4 x R).

Strong convergence in L2 (R4 x R) and weak convergence in L%(0, oo; H(R)) allows us to pass
to the limit in the weak formulatlon of (38),

_/ /(ptnN/ dzdt = / /%L e For (2, ) (NN ) 2 +77N/F£,[7,(x777N’)] dz dt
0 R

where ¢ € CX (R4 x R) is a test function. Here we use that the nonlinearities nF,,(z,n) and
nFyy(x,m) grow at most linearly with respect to n by assumption (32), and so they converge in
L120c (R, x R), too, by dominated convergence. Since F*V ' converges to F' on the compact support
of ¢, we conclude that the limit 7 is a weak (and thus — by parabolic regularity theory —
also the unique classical) solution to the Cauchy problem (34) with initial condition 1°. In other
words, we have &% (10) = 700 (t) for almost every t > 0, where Gy is the solution operator to (34).

Passage to the limit in the EVI (37) is more subtle because the convergence of the time deriva-
tives (nnv)¢ is a priori only weak in L2(0,00; H~*(R)). In [ ], an equivalent time-integrated version
of (37) is given, and the latter is stable under strong LZ -convergence. Notice that 7jy can be
chosen such that Uy (7j5) — ¥(77) (e. g. by suitably cutting off 77 on |x| < N — 1). Moreover, the
lower semi-continuity of the term Wy (nx(t)) can be proven by first restricting to compact subsets
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K C Rsothat FYN = F on K for N large enough. We refer the interested reader to [9, Section 3]
for further details. O

Lemma 3.4 gives an indication that the functional F from (4) is not geodesically A-convex.
Note that, by Theorem 3.3, convexity of F would imply the existence of a x-flow for ¥. However,
with F(z,n) = a(z)n™, we have H(z,£) = a(x)¢1~™, and thus, with H, defined in (33),

2 _ amr(m)flim — K —(m —1)ag(x)~™
D H(x,€) = <—(m —Daz(x)6~™ m(m — 1)a(x)§_(m+1)) '

Unless a is a constant, there must exist an Z € R with a,,(Z) < 0. Thus, no matter how & is
chosen, there exists further a sufficiently small £ € R, such that the top left element of D?H,(Z, £)
is negative, that is 4, (z)£~ ™~ —k < 0. Consequently, D?H,(Z, ) is not positive semi-definite.
Note, however, that we have only shown sufficiency of the joint convexity of (33) for the existence
of a k-flow.

4. CONSTRUCTION OF ENTROPY SOLUTIONS

This section is devoted to the proof of Theorem 2.7.

Throughout this section, p? denotes the nth iterate in the JKO scheme for given time step
7 > 0 as described in Section 2.3, see also (47) below. Further, p, : [0,00[— P2(R) denotes the
piecewise constant interpolation of the sequence (p),en, with (26).

4.1. Well posedness of the JKO scheme. Recall the inductive definition of the pZ,
1
P € P2(R) is the unique minimizer of F,(p; p?~ ') = . W (p, )"~ 1)2 + F(p). (47)
T

Lemma 4.1. The time-discrete scheme is well-defined in the sense that for any given pP~! €
Pa(R), the functional Fr (- p~ 1) indeed admits a unique minimizer p* € Pa(R).

Proof. We argue that the direct methods from the calculus of variations apply to the minimization
problem for F,(-; p?~1) on P2(R).

First, observe that p?~! € Py(R) implies that the F(p?~!)-sublevel of this functional is non-
empty and weakly-* relatively compact. Indeed, p”~! itself belongs to that sublevel, and if p* €
P5(R) is any other element of this sublevel, then Wy (p*, pn~1)? < F(pn~1), since F is a non-
negative functional. This bound on the Wasserstein distance provides a control on the second
moment of p* in terms of p”~! alone, and so the sublevel is a tight collection of measures, and
thus relatively compact in the weak-x topology. Further, both F and the distance Wy(-, p? 1)
are lower semi-continuous with respect to narrow convergence. This, together with the fact that
Fr(+;p271) is bounded from below, guarantees the existence of at least one minimizer p? € Py(R).
Finally, since necessarily F(p?) is finite, p* belongs to the subspace of densities P (R).

To prove uniqueness of the minimizer, it suffices to observe that the squared distance Wy (-, p?~1)2
is convex, and that the potential F is strictly convex (recall that m > 1) in the sense of linear

interpolation of measures. Thus, there can be at most one minimizer. O

4.2. Basic energy estimates and flow interchange. Immediately from the construction in
(47), we obtain the canonical energy estimate

N
1 n n—1\2 0 N
gn;Wz(pT,pT )2 < F(p2) — F(pY) forall N eN.

which induces the following uniform bound on p in L™ (R):
a n||™ n
ozl < Flo7) < F (o). (48)

Since F is non-negative, it follows further that

D Wl i) < 21 F (). (49)
n=1
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For our purposes, we derive stronger a priori estimates by variations of the minimizers p? along
specific k-flows, following the general strategy from [22, Section 3].

Lemma 4.2. Let ¥ : Po(R) —] — 00, +0] be a lower semi-continuous functional on Pa(R) which
possesses a k-flow Sy. Define further the dissipation of F along Sy by

Dy(p) = 1insli%up é [F(p) — F(&%p)]

for every p € Pa(R). If p»~t and p™ are two consecutive steps of the minimizing movement scheme
(47), then
— n n K n mn—
(o)~ W) > D) + S Wa(pl 1) (50)
In particular, U (pn~1) < oo implies Dy (p?) < co.

Proof. Since (50) is trivial for W(p?~!) = +o0, there is no loss in generality to assume ¥(p"~ 1) <

k
00. We can thus use the EVI inequality (27) with p := p? for the comparison measure p := p?~1

By lower semi-continuity of ¥, we conclude

W) = (o) = limsup (Vo) — W(S00) (51)
S
L. d* o n n—1\2 K n n—
2 ihmsup (@ U:SWQ(G\I/prva 1) ) + §W2(p‘rap7' 1)2' (52)

sl0

Notice that we have used the (absolute) Wy-continuity of the curve s — &3 p” at s = 0 in the
first step. The absolute continuity implies further that

o 7 n— 2 : 1 S T n— 7 n—
W (8570 ) ) > limsup —(Wa(&5p7, pp )2 = Wa(pf, pr1)?). (53)

I ( ar
imsup [ — =
d sl0 s

sl0 a

By definition of p? as a minimizer of F, from (47), we have
Fr(SGp2 01 = Fr(ps o)
for every s > 0, and thus
Wo(&ypr, 1) = Walpl, i~ 1)? > 27 [F(p}) — F(&507)]- (54)
Inserting (54) into (53), and then (53) into (52) yields (50). O

Corollary 4.3. Under the hypotheses of Lemma 4.2, let the k-flow &g be such that for every
n € N, the curve s — &3 p2 lies in L™ (R), where it is differentiable for s > 0 and continuous at
s =0. And moreover, let a functional R : Pa(R) =] — 00, 00] satisfy

d
CR o o .n > ny.
liminf (— | F(&500) 2 R(60) (55)
Then the following two estimates hold.
For every n € N: W(p2™") = W(p2) > 7R(}) + 5 Walpl o )% (56)
N
for every N € N: W(p) < W(p°) — 7 Zﬁ(p?) + 7 max(0, —x)F(p°). (57)
n=1

Proof. First, we estimate Dy from below by & The L™ (R)-regularity assumptions on &Y imply
that s — F(&Ypn) is differentiable for s > 0 and continuous at s = 0. Thus, by the fundamental
theorem of calculus,

1 ! d
0% (p) = limsup < [F(o7) - F(¥p2)] =timsup [ (= =
50 8 50 Jo do

1
> / lim inf ( - i
o 50 do

F(&¥p)) dz

o=5z

F(&2p1)) dz = A(pl),

o=382
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by Fatou’s lemma and (55). Now estimate (56) follows directly from (50). Estimate (57) is obtained
by arranging (56) in a telescopic sum and combining it with the energy estimate (49). O

4.3. Refined a priori estimates. The main ingredient in order to get suitable compactness is
the following a priori estimate.

Lemma 4.4. There is a constant A depending only on p° (and in particular not on 7) such that
the piecewise constant interpolants p. satisfy

-m/2
1572 oo gy S AL +T) - for all T > 0. (58)
In particular, p,(t)™'? € HY(R) for every t > 0.

For the proof of Lemma 4.4, we need a T-uniform control on the second moment of p,, which
is established in a further lemma.

Lemma 4.5. There is a constant B depending only on p° such that
/ |212p, (T,2)dz < B(A+T) for all T > 0. (59)
R

The proof of Lemma 4.5 is obtained by a straight-forward application of the “flow interchange”
Lemma 4.2. Specifically, we choose as auxiliary functional ¥ := m the second moment,

m(p) = [ #plo)d
R
This functional possesses a k-flow (with k = 2), which is explicitly given by

(Sman) () = e*n(e*x).

Clearly, s — 63,7 defines a curve in L™ (R) for every n € L™(R); this curve is differentiable for
every s > 0.

Proof of Lemma 4.5. In order to obtain a sensible bound £,y in (55), we compute the s-derivative

of F along &2, for a given 1y € Po(R) N L™(R):
a(e %z
g 0<€2(m—1)s/l% ( - )no(z)m dz)

F(im) = 5] ([ (i) = o
= 2(m 1) [ Ly ac - [ 22y 0z < wrow)

& ‘s:O ds
m

with the constant
zaz(z)

M:=2(m-1) _2;211% o)

We apply Corollary 4.3 with &y, := —MF; estimate (57) becomes

> 0.

N
/pr’TL(gg)de/gngO(gc)dx—i—TZRm(p?)g/;EQPO(x)dw—i—Mf(pO)NT,
R R R

n=1

using the monotonicity (48) of the potential. From here, (59) follows immediately. O

We now turn to the proof of Lemma 4.4 above. Also here, the key element is an application of
Lemma 4.2. This time, the auxiliary functional ¥ := H is the entropy,

H(p) = / p(2)log plx) da.

One of the celebrated results from the theory of optimal transportation is that this functional
possesses a k-flow &g, with k = 0, which is given by the heat semi-group, see e.g. [9, 16, 28].
More precisely: for given ng € Pa(R), the curve s — 1(s) := G§no solves the initial value problem

Nls = Nxa, 77(0) =To, (60)
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in the classical sense: 7(s) is a positive density function for every s > 0, it is continuously
differentiable as a map from Ry to C*°(R) N L*(R), and if ng € L™(R), then 7(s) converges to 1o
in L™(R) as s | 0.

In order to extract information from the flow interchange estimate for H, we need another
technical ingredient.

Lemma 4.6. There is a constant C' depending only on p® such that
—C(1+T)<H(p,(t)) <C forallT >0. (61)
Proof of Lemma 4.6. One verifies by elementary calculations that

2 1
—Z512 < slogs < ————s™ forall s > 0.

(m—1)e
And so, for every n € Pa(R), we have on one hand that
1 m
H(n) = 1 dr < ——— mdr < —mM8M—
) = [ ne)ogn(e)de < = [ @)™ de < R (),

while on the other hand,

H(n) > —%/(1 +22)"Y2(1 + 22)Y2(2) "2 da
R

> _2(/ 1i$$2>1/2(4(1+x2)n(x) dx>1/2 > —Q‘f <1+/]Rx2n(x) dx)1/2.

Now, with p,(t) in place of ), it is straightforward to conclude both estimates in (61) by using the
energy bound (48) and the moment control (59), respectively. O

Proof of Lemma 4.4. By the preceding discussion, Gy satisfies the hypotheses of Corollary 4.3;
we shall define a suitable lower bound Ky for the use in (55). By the spatial regularity of n(s) for
every s > 0, the following calculations are justified:

%]—'( ano) = m/ (s,x) ) dm:/Ra(x)n(s,x)mflnm(s,x) dx

— —(m-1) /R @l (2 do = [ as(on(s,o) n(s,0) do

4(m —1)

(62)
— _7/a(x)[(n(s 2)m?) ] dz + m/am (s, )™ dzx
R

m2
4(m —1 [
< (me)a/R [(n(s,x)mﬂ)z] dz + o Rn(s,x)m dz,
where we have used the notation @ := sup a,, < +0o in view of the property (a2) in Proposition
2.1. Consequently, we define
4(m —1)a 2 [
Rulp) = ———5 m/2) 17 de — == [ p™da. 63
) o= 2 [ (), e = 2 [ (63)
It is easily seen that (55) is satisfied with this choice of & indeed, since &3 is continuous in
L™(R) at s = 0, it suffices to observe that £y is lower semi-continuous in L™ (R) by Lemma A.1.
So Corollary 4.3 is applicable, and from (57), we conclude that

B(eY) + DS () |2 < +fTZHpTHm (649)

n=

for every N € N. In combination with the bound (61) on H, it follows that

TZH )" < HGP) - H +*TZ||PT||W TZHPT

<C@2+N7)+ [“a” + 4(_1)]]:(,00)NT.

Nlu

Lm
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The energy estimate (48) has been used to derive the last line. From here, it is immediate to
conclude (58). O

4.4. Weak and strong convergence of the discrete curves. Our first convergence result is
a standard consequence of the energy estimate.

Lemma 4.7. Every vanishing sequence (Ty)ken of time steps 1, > 0 contains a (non-relabelled)
subsequence such that p;, converges — uniformly on compact time intervals — in Wq to a Hélder
continuous limit curve py : [0, 0o[— Po(R).

Proof. From (49), we conclude the Holder-type estimate

W2 (p-(t), pr(s)) < V/2F(p2) max(r, |t — s[)'/? (65)

for arbitrary s,¢ > 0. The claim is now obtained as a consequence of (a refined version of) the
Ascoli-Arzeld theorem [1, Proposition 3.3.1]. O

In the following, let a sequence (7%) be fixed along which p,, converges to some limit p, in the
sense described in Lemma 4.7. For the derivation of the entropy formulation (25) for u, = S™![p.]
in the next section, the following stronger convergence result is needed.

Proposition 4.8 (Strong L™-compactness). The curves p, : [0,00[— P2(R) converge to p. in
L™(]0,T[xR) for every T > 0.

The proof of Proposition 4.8 is obtained via an extension of the Aubin-Lions lemma as given
in [26]. The precise statement is recalled here for convenience:

Theorem 4.9 (Theorem 2 in [26]). On a Banach space X, let be given

e ¢ normal coercive integrand § : X — [0,400], i.e., § is lower semi-continuous and its
sublevels are relatively compact in X;
e a pseudo-distance g : X x X — [0,400], i.e., g is lower semi-continuous, and g(p,n) =0
for any p,n € X with §(p) < oo, F(n) < oo implies p = 1.
Let further U be a set of measurable functions u :)0,T[— X, with a fired T > 0. Under the
hypotheses that

T T—h
sup / F(u(t))dt < oo and limsup / g(u(t + h),u(t))dt =0, (66)
uel Jo b0 wer Jo

U contains an infinite sequence (un)nen that converges in measure (with respect to t €]0,T]) to a
limit u, :)0, T[— X.

Proof of Proposition 4.8. Fix some T" > 0. We verify the hypotheses of Theorem 4.9 for a specific
choice of X, §, g and U. First, let X := L™(R). Next, define

_ ) Walp,n) if p,n € Pa(R),
g(p,m) = .
+00 otherwise.

Finally, let § be given by

& [(p(x)m/Q)w]z dz + [, 2%p(z)dz  if p € P2(R) and (p™/?), € L*(R),
8 = +o0 otherwise.

Since any elements p and 7 in the proper domain of § belong to P2(R), it is clear that 0 =
g(p,m) = Wa(p,n) implies p = n. Further, the lower semi-continuity of § on L™(R) follows
from Lemma A.1 in the Appendix A. Next we show that — for any given ¢ > 0 — the sublevel
A.:={p € L™(R)|F(p) < ¢} is relatively compact in L™ (R). To this end, we shall prove below that
B, :={n = p"™/?|p € A} is relatively compact in L?(R); since the map ¢ : L?(R) — L™(R) with
t(n) = n?/™ is continuous, it then follows that A. = «(B,) is a relatively compact set in L™ (R).
To show relative compactness of B, in L?(R), we verify the hypotheses of the Fréchet-Kolmogorov
theorem, see e.g. [12, Theorem IV.8.20].
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B. is bounded in L?(R). For any given ¢ > 1, the Gagliardo-Nirenberg interpolation inequality
(in combination with Hélder’s inequality if m > 2) provides

mqg—1 m(q+1)

/erq dz gK(/R(n@.)de) " (/Rn?/m dx) e (67)

Boundedness of B, in L?(R) follows directly with the choice ¢ = 1; recall that 7?/™ = p lies in the
proper domain of § and thus has integral one.
B, is tight under translations. For every n € B, and any h > 0, we have that

/R|77(x+h)fn(x)\2dx:/R /Ohnz(x+z)dz2dx§h/oh/R(nm(x))zdxdzgchQ.

Thus the integral converges to zero uniformly on B, as h | 0.
Elements of B, are uniformly decaying at infinity. For every n € B, and any R > 0, we have

/|$.>R”(x)2d” < [leteras < ([ anaprr dx)1/2< [ atay=2im dx)m.

Inside the last expression, the first integral is less than ¢, and also the second one is controlled in
terms of ¢, using inequality (67) with ¢ =2 —1/m > 1.

In conclusion, B, satisfies the hypotheses of the Fréchet-Kolmogorov compactness theorem. It
follows that § has compact sublevels.

We turn to verify the two hypotheses in (66) for the set U := {p,, |k € N}. The first hypothesis
is satisfied because of (58) and (59). We establish the second hypotheses as a consequence of the
7-uniform approximate Holder continuity (65). For this, pick 7' > 0 and h €]0, 1 arbitrary. Given
k € N, define Nj € N such that (N — 1) < T < Ni7. We distinguish two cases. If 0 < h < 7,
then (writing 7 = 7, and N = N}, for ease of notation)

T—h N1y 1/2
Wg(ﬁT(t+h),ﬁT( )) dt<r Z W2 n+1 ) < th/Q(ZWQ f+17p£)2)

0 £=0

/2 _ 1/2

< h(2rNF(P*)"? < (2T + D)F ()" n

by (49). If, on the other hand, h > 7, then there is a J € N with h < J7, < 2h, and so

T—h N-1J-1
W (pr(t+ 1), pr (1) dt <7 Y " W(pr it prt)
0 n=0 j=0

N-1 1/2
<ty (J“Q [ZW (Pt pt) } ) < Nr(2J7F(p°) " < 2(T + 1)F(o°) /2 /2.
n=0

Theorem 4.9 now provides for every subsequence (1) C (75) the existence of a subsubsequence
(x) € (7xrr) such that pr,, converges in measure with respect to ¢ €]0,T[ in L™(R) to some
limit p4. By convergence of p, (t) to p.(t) in Wy for every ¢ € [0, 77, it follows that p4 = p.. By
the usual arguments, we conclude that the entire sequence (p,,) converges to p, in measure. In
combination with the 7-uniform bound (48) of p, in L™(R), we can invoke Lebesgue’s dominated
convergence theorem to conclude strong convergence of g, to p. in L™(0,T; L™ (R)). O

Corollary 4.10. For every T > 0, we have pI"'* € L2(0, T; H(R)) and (p™), € L*(0,T; L'(R)).

Proof. Fix T > 0. By estimate (58), ka is uniformly bounded in the reflexive Banach space

L?(0,T; HY(R)). By Alaoglu’s theorem, there is a subsequence (73r) C (7%) such that ﬁf;,ﬂ

converges weakly to some limit ¢ in that space. Since ﬁ;’;,/z converges strongly to p*/ in
L?(0,T; L*(R)) by Proposition (4.8), it follows that pm/2 = (€ L*0,T; H'(R)).

The second claim is a trivial consequence of the representation (p7*), = 2pm/ 2 (pin/ e O
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4.5. Derivation of the entropy formulation. In this subsection we show that u, = Sfl[p*]
satisfies the entropy formulation (25). The following proposition plays the role of Lemma 2.4 in
[18]. We emphasize that although the entropy inequality contains the same dissipation term as in
[18], we derive it from a completely different source. Here, it results naturally from the variational
construction by minimizing movements.

Proposition 4.11. Define u, = S~ Y[p.] from p. via scaling, see (11). Then u, satisfies the
entropy inequality (25) for any k > 0 and for any non-negative test function ¢ € C°(R4 x R).

Proof. In view of Remark 2.6, it suffices to prove the estimate (25) for all test functions ¢ of the
form o(t,y) = 0(t)p(y), with arbitrary non-negative § € C°(R;) and ¢ € C°(R). Let ¢ and 0
as well as k > 0 be fixed in the following.

The proof of the entropy inequality results from another application of Lemma 4.2. For given
parameters v > 0 and 0 < € < k, define

o) = [ 5(275) 00 ST (o) do + vEELY) (63)

where the function S : R — R is given by

s) :/ Sgn, (r™ — k™) dr,
0

and has first and second derivatives:
S!(s) = Sgn (s™ — k™), SV(s) =2ms™ 1o (s™ — k™).
Observe that there is a constant K, such that
1S.(s)] <s, |S/(s)] <1, 0<8"(s)<K.s ' forallscRy, (69)

which can be verified by elementary calculations, using the definitions of J. and Sgn..
As a preliminary step, we show that there is a x-flow associated to ¥ ,, which is given as the
solution operator &, , to

o= (s ()" #7)oo] ), o "

This will be achieved by application of Lemma 3.4. In the situation at hand, we have

Flaon) = 557 ¢ 0 T@)Te(e) + vnlogn,

and it is easily seen that (32) is satisfied (with ¢ = v > 0). The associated function H reads

1
H($7 f) = fSE (m)¢ o ‘Z(:c)lm(:c) — Vlogf.
We calculate the entries of the matrix in (35):
_ +—3an 1 ¢o T(.’t) _9
Hee(x,8) = §°5¢ (55 @ )> T T

Heal,6) = 5. (e ) i) 4 S ) ol) + €782 (ot ) o),

1
£%.() @) £%.(2)
Hae(w,€) = S (g( ) )+ ’(a( )@)€ 5! (a2 ) ol

Here f; to fg are continuous functions of compact support in R, explicitly expressible in terms of
% and its derivatives. Using the properties (69), it is easily seen that there is a constant M. such
that

Hee(2,8) > vE?, Hypp(x,8) > =M., |Hae(z,&)| < M1

holds for all £ € Ry and uniformly in € R. Thus, for a suitable choice of k = k., < 0, the
matrix in (35) is positive for every ¢ € Ry and « € R, and so H is jointly convex. By Lemma 3.4,
the solution operator &, for (70) is a ke ,-flow for ¥, ,.
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In order to apply Corollary 4.3, we need to calculate the derivative of F along solutions 7 to
(70). For simplification, introduce the rescaling v(t) = S~™![n(t)], see (11). Further, recall the
definitions of T and of a = T, o T~1. Using the functional &g defined in (63), we have

ff(Ge V10) = /Rn[anm_l]x[Sgne (n/Te)™ — k™) o ]deV/Ranm_l%
_ /R{av} oT[{(aoT ) (av)™ Yo ‘I]:,; [{Sen, (v™ — k™) ¢} o ‘I]m dz — v&e(n)

(g) —/D§a2’l}|:ma_2 ’Um_l} [Sgng(vm _ km)¢]y dy — VﬁH(n)

m—1 Y

= [ ), + o] Sem ("~ K)ol dy — vRan)
R
— _/ [( 7n) + b( km)] Sgne(vm _ km)¢y dy _ / k,mb[sgne(vm _ km)(ﬂy dy
R R
- / [(0™), + b@™ — k™)] (™), S (™ — k™) dy — vfies (1)
= [ By = [ (™ - K™, - K7,0) Sen (0" — k™) dy
R R
—/[( ™), %6 dy — /w )y dy — V& (n).
R

In the last step, we have implicitly defined the smooth functions P, @Q., R : R4 — R such that
R.(s) = Sgn (s — k™), P!(s)*> =Sgnl(s — k™), Q.(s)=(s—k™)Sgn.(s— k™).

€

Accordingly, we define, still with v = S~1[r],
Seali) = = [ 8.0™oudy+ [ (0™ = K70, ~ K7b,6) Sen (7 k™) dy
R R
+ [P0y~ [ 00,0 dy + vt
R R

Considered as a functional of v, the right-hand side is lower semi-continuous with respect to strong
convergence of v in L™(R). Indeed, all of the integral expressions are even continuous in L™ (R),
except for the one involving P., for which lower semi-continuity can be concluded by means of
Lemma A.1. Since convergence of 17 in L™ (R) is equivalent to convergence of v = S™1[n] in L™(R),
the functional K., is lower-semicontinuous with respect to . Now since &¢ o converges to 7o in
L™(R) for every no € L™(R), we conclude that R, satisfies the condition (55) for the application
of Corollary 4.3.

We shall now derive a refined version of estimate (57). To this end, recall that 8 € C°(R.) is
a temporal test function. Multiply (56) by 0(n7’) and sum over n to find (since ke, < 0)

= O(nt) — 0 7
TZ\IJQV(/)Z) (TLT) ((Tl—i- > Zﬁ“’ pT ’fLT —|—/§6V7-]-'( )bup‘9|.

T

Thanks to the strong convergence of p; to p, in Lm(]O,T[XR) and the lower semi-continuity of
Re,v, we can pass to the time-continuous limit 7 | 0 and obtain

T T
/ . (o (£)00(1) dt > / 0(8) e (0. (1)) dt.

0 0
Taking into account estimate (61) on H(p.(t)), we can now pass to the inviscid limit v | 0 and
find, recalling ¢(t,y) = 0(t)o(y), that

/ /S () cptdydt>/ / um = k™)), k’”byw) Sgn, (u™ — k™) dy dt
+/O /R[Pe(uf)y gpdydt—/ /b<p ™) dy dt.
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Notice that we have integrated by parts in the first term,

/ / Re(uy")pyy dydt = / / )y Sgn, (ul* — k™), dy dt,

which is admissible since (p™), € L'(0,T; L*(R)) by Corollary 4.10. In the final step, we pass to
the limit € | 0. By the uniform convergence of Se(s) to |s — k| — k, by the uniform convergence of
Q. to zero, and since

m m m 2
[Pe(u.)y]” = Senl (ul — k™) [(u), ]
by definition of P,, we finally obtain (25). O

4.6. L> bounds. Definition 2.4 of entropy solutions requires u, € L' N L*>(]0, T[xR) for every
T > 0. The L'-bound is obvious from our construction. Below, we prove the L°*-bound.

Proposition 4.12. Assume that p° € Po(R) N L>®(R), and let k > 0 be such that p®(z) <
ka(z)~Y (=Y for almost all x € R. Then p.(T,x) < ka(x)™=Y for all T > 0 and almost
every x € R.

Proof. Once again, the proof is obtained in application of Lemma 4.2. As auxiliary functional, we
choose

V() = /]RPOSPar6 (a(z)m=Tn(z) — k:)a(x)% dz + vH()

with v > 0 and € €]0,k[. We verify that U, , satisfies the assumptions required in Lemma 3.4.
With the short hand notation A = a'/(™=1 we have

H(z,€) = £ PosPar, (A(x) - k)A(x)*l —vlogé.

Recall that PosPar, = Stp, and PosPar! = §,, and observe that there is some Kj . such that

0 < PosPar (s —k) <s, 0<Stp(s—k)<1, 0<0(s—k)<Kpes (71)
for all s € Ry. We obtain for the second derivatives of H:
_ Alr) o (Az) 2
Hgg(l',f)— g3 56( f 7]9)4’7/5 3

Hayo(,€) = fi(x)¢ PosPar, (A(;) k) + fa(x) Sto, (M k) + sé 7) 5€<A(x) ).

_ Az) f5(x) Az) fo(x) o (Alx)

Hye(x,§) = fa(z) PosPar, (T - )—i— ¢ Stp6< £ k) + e 55( ¢ —k:)7
where the functions f; to fg are explicitly expressible in terms of A, A, and A,., and are uniformly
bounded in z € R. Taking into account (71) and that A > a'/(™~1) we arrive at the uniform
bounds

Hee(w,6) > v€ 2, Hyp(w,6) > =M., |Hye(x,€)| < M1

with a suitable constant M.. Consequently, by application of Lemma 3.4, the solution operator
6\1/ to

1
ns = Dy (nDﬁ[Stpe(am—l n— /4;)]) + U

defines a x-flow for ¥, ,, with some x = k¢, < 0. The regularizing effect of the viscous term is

strong enough to justify the following calculations:

d )
-7 (S%mo) =/anm’l(n[Stpe(amn—k)]m)wdxﬂ// an™ My da
S R R

S—/n[(am i)™= 1] [Stpe(aﬁn—k)]w 7™ dz.
R R

Here we have used that the second integral with v can be estimated as in (62), neglecting a
positive term. The product under the first integral is always non-negative since both the functions



20 MARCO DI FRANCESCO AND DANIEL MATTHES

s+ s™ 1 and s+ Stp (s — k) are differentiable and increasing. Thus, condition (55) is satisfied
with
Vags

R(n) =

which is obviously continuous with respect to strong convergence in L™(R). Estimate (57) in
combination with (48) yields

n"dz,
m Jr

va

N
TS [ dr b n) F )

Vay,

m; Nt + T(—fﬁeﬂ,))}'(po).

\11571,(,05) < \Ijen/(po) +

< U, (p") + (

For fixed positive parameters v and €, the modulus s., < 0 of convexity is a 7T-independent
constant. We can thus pass to the limit 74 | 0 in (57) and obtain, using the lower semi-continuity
of ¥, , in Wa, that

VQgy

Ve w(p(T)) < \IJE,V(pO) + T}—(po)

ma
for every T > 0. Using further that H(p.(T)) is a finite quantity, see (61), we can pass to the
limit v | 0 and obtain

—1

/ PosPar, (a(x)ﬁp*(T, x) — k)a(x)w;ll dz < / PosPar, (a(x)ﬁpo(ac) — k)a(z) T dz.
R R

By the properties of a, and since p°, p.(t) € L™(R), we can further pass to the limit € | 0, which
yields

/R[p*(T,rc) ~ ka(z)77] , du < /]R [0 (x) — ka(z)7=], da.

Since the integral on the right-hand side is zero by hypothesis, so is the integral on the left-hand
side. This proves the claim. O

Corollary 4.13. Provided that p° € L>(R), it follows that p™ € L?(0,T; H*(R)).
Proof. By Proposition 4.12,
K := sup esssup p.(t,z) < o0,

teRy x€R
and so
m 2d _ ) m/2 m/2 2d < AK™ m/2 2d
(o az = [ 200 2(ou(/2),) dw < a8 [ [(pu(t)™/2),) da
for all ¢ > 0. The claim now follows from Corollary 4.10. O

4.7. Continuity at ¢ = 0. It remains to verify that u, attains the initial condition u°.

Proposition 4.14. u,(t) — v in L}(R) as t | 0.

Proof. Since the rescaling S from (11) is a homeomorphism on L!(R), it suffices to show that
p«(t) — p® in LY(R) as t | 0. By the lower semi-continuity of F, we can pass to the time-
continuous limit 7} 0 in (48) and obtain

Flo-(1)) < limint F(pr (1)) < F(p")

for every t > 0, which implies that

lim sup F (p.(t)) < F(p°). (72)
10
On the other hand, since the limiting curve p, is continuous in Wy, once again the lower semi-
continuity of F in Wy yields

F(p°) < liminf F(p-(1)).
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In combination with (72), we have that
li (o (1)) = ("), (73)

By definition, F(p) is the mth power of the L™-norm of p with respect to the non-uniform
background measure m~'a(x)dz. Since m > 1, and since the weight function a satisfies the
bounds (al)&(a2), we can conclude by standard arguments, see e.g. [21, Theorem 2.11], that
weak convergence of p,.(t) and convergence (73) together imply strong convergence of p.(t) to
p% in L™(R). To obtain convergence in L!'(R), we apply the generalized Holder inequality with
exponents 2m/(m — 1), 2 and 2m:

/Rm*m—p0|dw§/R<1+|x\2>—%[<1+|x| (o (1) + )]

< | [aslop) e dx} [P0 + a0 %up*() il

The first integral on the right hand side is clearly finite, and the second integral remains uniformly
bounded as t | 0, since continuity in Wy implies continuity of the second moment. The last term
vanishes for ¢ | 0 because of the strong convergence of p.(t) in L™(R). O

N
I\J‘H

Up*( —p H

Lm .

4.8. Proof of Theorem 2.7. At this point, we have proven that u, meets all the requirements
for being an entropy solution as stated in Definition 2.4: we have u, € L' N L*(R) by Proposition
4.12 and u™ € L*(0,T; H'(R)) by Corollary 4.13; we further have continuity of u, at t = 0
by Lemma 4.14, and the validity of the entropy inequality has been verified in Proposition 4.11.
Finally, convergence of the time-discrete approximation scheme in Wasserstein and in L™ have
been shown in Lemma 4.7 and Proposition 4.8, respectively.

5. UNIQUENESS OF ENTROPY SOLUTIONS

In this section we prove Theorem 2.8, using the doubling of the variables device. Since we follow
almost literally the proof of [18, Theorem 1.1], we restrict ourselves to the key steps and refer the
interested reader to the original article [18] for more details.

For a fixed T > 0 we shall use the notation IIz = Rx]0,T[. Let ¢ € C°(IIr x IIr) be a non-
negative test function, and assume that u and v are entropy solutions in the sense of Definition
2.4. For brevity, we write v = v(x,t), u = u(y,s) and ¢ = @p(x,t,y,s); note that y € R is a
“doubling variable” that is not related to y in (1). From Proposition 4.11 we obtain

- // // (lv = uler +Sgn(v — u)[(v™ — u™)b(z) — (V)]s

— Sgn(v — u)by (z)u™p) dz dt dy ds (74)

< —hmsup// // )2 Sgn! (v™ — u™)p dz dt dy ds.
Eio HT HT

Recall that Sgn, is a smooth uniformly convergent approximation of the sign function, which is
obtained by mollification with .. Since (v™), € L?(Ilz), the following integration by parts is
justified:

- /HT Sgn (v™ — ) (V™) oy dy ds = //HT(SgHE(U’" —u™))y(v™)ap dy ds. (75)

We integrate (75) w.r.t. (z,t) € Il and send €} 0. By the dominated convergence theorem, that

yields
- // / Sgn(v —u)(v™)zpy dy dsda dt
I+ IIr

= —liﬂ)l// // )z Sgnl(v™ — u™)p dy ds dz dt.

(76)
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Adding (74) and (76) we get

//H //H (Jo —uler + Sgn(v — u) [(V™ — u™)b(z) ez — (V™) (@z + ©y)]
— Sgn(v — u)by (z)u™ ) dr dtdyds (77)

< - hmsup// // u™)y (v™)z] Sgnl(v™ — u™ ) da dt dy ds.
e—0

The terms in (77) containing b can be rewritten as follows:

Sgn(v — u)(v™ — u™)b(z)er — Sgn(v — u)ba(x)u™p

= Sgn(v — u)(v™b(x) — w"b(y)) ez + Sgn(v — u)(u™ (b(y) — b(x))P)a- (78)
Now, we repeat the previous steps with a simultaneous interchange of the roles of v and v and the
roles of (y,s) and (x,t). Summation of (77) with its respective counter part yields
- // (Io — ul(or + 22) + San(v — ) [p™"b(a) — u™b(y)] (g + 2,)
+ [0 = U™ |(Pow + 200y + yy)
Y vy (79)

+ Sgn(v — u) (W (b{y) — b(&))¢)e — (" (b(x) — b(y))¢),]) de dt dy ds

< —limsup// // |(v™)% — (u™)y|* Sgnl(v™ — u™)p dx dt dyds < 0,
e—0 It IIr

where we have used the identity
Sgn(v —u)((v™)z — (u™)y) = [™ = u™|s + ™ —u™|,]

and integrated by parts. We emphasize that for the estimation on the right-hand side of (79), the
dissipation term from the definition (25) has been essential.
As usual, ¢ = ¢(z,t,y,s) is chosen in product form,

+y t+ - t—
<P(m,t7ya3):¢(x2ya QS)WU(ny)6‘7< 28)’

where 0 < ¢ € C°(Ilr) is a test function, 6, = 071 (t/o) for ¢ > 0 and §; is the mollifier
defined in (7), and

_ |z[?
wo (@) = 20 1o 02 ):
Accordingly, we introduce a new set of variables (7,7, z,7) with

T4y F t+s ] t—s
xr = = z = T =
2 7 2’ 2 7 2’

for which we have (by the usual abuse of notation)

O =0:+0s, 03 =0;+0y, Ozz = 0yz+ Oyy+ 204y

With the understanding that v = wu(y,s) and v = v(z,t) while 1 = ¥(Z,1), we = wy(z) and
ds = 05(7), the inequality (79) can be written as

0> Jy i =— //HT //HT {{h} —ultbr + Sgn(v — w)(vV™b(x) — u™b(y)) bz + [V — Yz
+Sgn(v —u) [((u™ (b(y) = b(x)))s — (V™ (b(x) = b(y)))y) ¥
+ " (bly) — b)) — 0" (b(@) = b(y))y] ot

+ —(b(x) — b(y))|v™ — um|w(5[,(wg)z] dx dt dy ds.

DN =
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By assumption, b € W1>°(R). Moreover, since u and v belong to L (Ilr), and since (61)(z) <0
for > 0, we can find a constant K (depending on b) such that

(b(x) = by = u"|(wy)z = (blx) = by)o™ =" |5 (61)a ()

, o (81)

5
< Klv-— u\ﬁa 1X\z\§a~

Now we perform the limit ¢ | 0, which concentrates the support of ¢ on the diagonals x = y and
t = s. By Lebesgue’s differentiation theorem we then obtain

0>limJ, > — // [ lv —ulty + b(x) [v(2, )™ — w(@, )" [hs + |v(2, )™ — u(@, )" [teq
e tr (82)
+ by () [v(z, )™ — u(z, t)m|1/J} + K|v(z,t) — u(x, t)|w} dx dt.

Regrouping terms and using again that b € W1 (R), we arrive at the key estimate

- // (|u —v|thy + b0 — w4+ [0 — U by ) da dt < C’// |v — |y de dt, (83)
HT 1_IT

for some C' > 0 depending on K and on b.

At this point, we make the classical special choice for the test function . For any given
0<t;<ty<Tandr>0,letd, € C>(]0,T[) be the o-mollification of the characteristic function
of the interval [t1,t2], and let c;ST € C(R) be such that ¢,(z) =1 for |z| < r and ¢,(z) = 0 for
|z| > 7+ 1. Setting ¢¥(z,t) = ¢r(x)0,(t) yields

lim // (bJo™ — u™ [y + [0 — U iy, ) da dt

r—00

Sélim// (v—|—u)dxdt:0
=0 J ||z —r|<1

by the dominated convergence theorem (with respect to ¢ € [0, T]), because u and v are t-uniformly
bounded in L*(R). Therefore, by sending r — oo in (83), we get

//|v—u| dxdt<C/ /|v—u|9 £) dz dt. (84)

Finally, passing to o | 0, we obtain
to
[u(tz) — v(t2)|r < [lu(ty) — o)l + C/ [u(r) = o(7)[|Lr dT, (85)
t1

hence we can use the Gronwall inequality in (85) (integral form for measurable functions, cf. [13])
to obtain

lu(ta) = v(t2) o2 < Jutr) = v(t)] L (1 + Clta = t1)e=71)). (86)

Since u and v are right continuous at ¢ = 0, we can perform the limit ¢; | 0 in (86) and obtain
stability of the entropy solutions u, v in the L'(R) norm. In particular, if v(0) = u(0), then
v(t) = u(t) for all ¢ > 0, which shows uniqueness.

APPENDIX A. A LEMMA ON LOWER SEMI-CONTINUITY

Lemma A.1. Let H € CY(Ry), and let ¢ € C°(R) be a bounded non-negative function. Define
the functional U : Py(R) — [0, 00] by

W= [ o@D H @) da

whenever the integral is well-defined, and +oo otherwise. Then V¥ is sequentially lower semi-
continuous in LP(R), for arbitrary p > 1.
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Proof. Let (n,)nen be a sequence that converges to 1y in LP(R), with ¥ := sup,, ¥(n,) < oc.
Without loss of generality, we may even assume that 7, converges to 1y almost everywhere on R.
For every e > 0, introduce the functional ¥, : P(R) — [0, oo] with

U.(n) :/ qS[Dch(n)]2 dz where Q. := {x € [—e_l,e_l]w(x) > 6}7
Qe
with the understanding that ¥.(n) = +oo unless H(n) € H'(.). Since ¢ is non-negative,
| Do) do < W) < V() < T
Qe

Thus, the functions H(7,,) are n-uniformly bounded in H!(Q.). By Alaoglu’s theorem, every subse-
quence (H (1)) n en contains a subsubsequence (H (1,))nen that converges weakly in H(Q.) to
some limit h. Further, since €2, is compact by definition, Rellich’s Lemma applies, and H (1, ) con-
verges to h strongly in L?(£2.). We have assumed that 7, converges pointwise almost everywhere
to ng, hence H (n,7) converges to H(ny) almost everywhere, and we conclude h = H () € H'(,)
— independently of the chosen subsequence. From here, it follows that

By elementary calculations, one verifies that

o) > Uel) +2 / &(D, H () — D H (1)) D H (o) i

€

Using (87), the limit n — oo provides
We(no) < liminf ¥ (n,) < P.
n— oo

To conclude the proof, observe that ¥,(ny) — ¥(no) in the limit € | 0 by the monotone convergence
theorem. 0O
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