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A spine approach to branching diffusions
with applications to £P-convergence of
martingales

Robert Hardy and Simon C. Harris

Department of Mathematical Sciences, University of Bath,
Claverton Down, Bath, BA2 7AY, UK.
email: S.C.Harris@bath.ac.uk

Summary. We present a modified formalization of the ‘spine’ change of measure
approach for branching diffusions in the spirit of those found in Kyprianou [40]
and Lyons et al. [44, 43, 41]. We use our formulation to interpret certain ‘Gibbs-
Boltzmann’ weightings of particles and use this to give an intuitive proof of a gen-
eral ‘Many-to-One’ result which enables expectations of sums over particles in the
branching diffusion to be calculated purely in terms of an expectation of one ‘spine’
particle. We also exemplify spine proofs of the £P-convergence (p > 1) of some key
‘additive’ martingales for three distinct models of branching diffusions, including
new results for a multi-type branching Brownian motion and discussion of left-most
particle speeds.

1 Introduction

Consider a branching Brownian motion (BBM) with constant branching rate r and
offspring distribution A, which is a branching process where particles diffuse inde-
pendently according to a standard Brownian motion and at any moment undergo
fission at a rate r to be replaced by a random number of offspring, 1 + A, where A
is an independent random variable with distribution

P(A=1)=p;, i€{0,1,...},

such that m := P(A) = Y ;2 4p: < oo. Offspring move off from their parent’s point
of fission, and continue to evolve independently as above, and so on.

Let the configuration of this BBM at time ¢ be given by the R-valued point
process X; := {Xu (t) :u € Nt} where N; is the set of individuals alive at time ¢.
Let the probabilities for this process be {Pz T x € R}, where P? is the law starting
from a single particle at position x, and let (F3):>0 be the natural filtration. It is
well known that for any A € R,

2
Zx(t) == Z efrmteAXu(t)féA t_ Z A Xu(t)—Ext (1)
u€ Ny u€ Ny
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where E) = —Acy = %)\2 + rm, defines a positive martingale, so Zx(c0) :=
limy .o Zx(t) exists and is finite almost surely under each P”. See Neveu [410], for
example.

One of the central elements of the spine approach is to interpret the behaviour
of a branching process under a certain change of measure. Chauvin and Rouault
[9] showed that changing measure for BBM with the Z, martingale leads to the
following ‘spine’ construction:

Theorem 1.1 If we define the measure QS via

dQX| _ Zx(1)
AP |, ~ Zx(0)

= e M Zy\(t), (2)

then under QS the point process Xi can be constructed as follows:

e starting from position x, the original ancestor diffuses according to a Brownian
motion on R with drift A;

e at an accelerated rate (1 + m)r the particle undergoes fission producing 1 + A
particles, where the distribution of A is independent of the past motion but is
size-biased: (4 )

~ . 7 Di
DU=0=""0T
with equal probability, one of these offspring particles is selected;
this chosen particle repeats stochastically the behaviour of the parent with the
size-biased offspring distribution;

e cach other particle initiates, from its birth position, an independent copy of a
P branching Brownian motion with branching rate r and offspring distribution
given by A (which is without the size-biasing).

, i€{0,1,...}.

The chosen line of descent in such pathwise constructions of the measure, here Qs,
has come to be known as the spine as it can be thought of as the backbone of the
branching process X; from which all particles are born. The phenomena of size-
biasing along the spine is a common feature of such measure changes when random
offspring distributions are present.

Although Chauvin and Rouault’s work on the measure change continued in a
paper co-authored with Wakolbinger [10], where the new measure is interpreted as
the result of building a conditioned tree using the concepts of Palm measures, it
wasn’t until the so-called ‘conceptual proofs’ of Lyons, Kurtz, Peres and Peman-
tle published around 1995 ([44, 43, 41]) that the spine approach really began to
crystalize. These papers laid out a formal basis for spines using a series of new
measures on two underlying spaces of sample trees with and without distinguished
lines of descent (spines). Of particular interest is the paper by Lyons [43] which
gave a spine-based proof of the £!-convergence of the well-known martingale for the
Galton-Watson process. Here we first saw the spine decomposition of the martingale
as the key to using the intuition provided by Chauvin and Rouault’s pathwise con-
struction of the new measure — Lyons used this together with a previously known
measure-theoretic result on Radon-Nikodym derivatives that allows us to deduce the
behaviour of the change-of-measure martingale under the original measure by inves-
tigating its behaviour under the second measure. Similar ideas have recently been
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used by Kyprianou [40] to investigate the £'-convergence of the BBM martingale (1),
by Biggins and Kyprianou [4] for multi-type branching processes in discrete time,
by Hu and Shi [33] for the minimal position in a branching random walk, by Geiger
[16, 17] for Galton-Watson processes, by Georgii and Baake [19] to study ancestral
type behaviour in a continuous time branching Markov chain, as well as Olofsson
[47] for general branching processes. Also see Athreya [2], Geiger [15, 18], Iksanov
[34], Rouault and Liu [12] and Waymire and Williams [19], to name just a few other
papers where spine and size-biasing techniques have already proved extremely useful
in branching process situations. For applications of spines in branching in random
media see, for example, the survey by Englander [13].

In this article’, we present a modified formalization of the spine approach that at-
tempts to improve on the schemes originally laid out by Lyons et al. [44, 43, 41] and
later for BBM by Kyprianou [40]. Although the set-up costs of our spine formal-
ization are quite large, at least in terms of definitions and notation, the underlying
ideas are all extremely simple and intuitive. One advantage of this approach is that
it has facilitated the development of further spine techniques, for example, in Hardy
& Harris [23, 22], Git et al. [20] and J.W.Harris & S.C.Harris [27] where a number of
technical problems and difficult non-linear calculations are by-passed with spine cal-
culations enabling their reduction to relatively straightforward classical one-particle
situations; this article also serves as a foundation for these and other works.

The basic concept of our approach is quite straightforward: given the original
branching process, we first create an extended probability measure by enriching the
process through (carefully) choosing at random one of the particles to be the so-
called spine. Now, on this enriched process, changes of measure can easily be applied
that only affect the behaviour along the path of this single distinguished ‘spine’
particle; in our examples, we add a drift to the spine’s motion, increase rate of fission
along the path of the spine and size-bias the spine’s offspring distribution. However,
projecting this new enriched and changed measure back onto the original process
filtration (that is, without any knowledge of the distinguished spine) brings the
fundamental ‘additive’ martingales into play as a Radon-Nikodym derivative. The
four probability measures, various martingales, extra filtrations and clear process
constructions afforded by our setup, together with some other useful properties and
tricks, such as the spine decomposition, provide a very elegant, intuitive and powerful
set of techniques for analysing the process.

The reader who is familiar with the work of Lyons et al. [44] or Kyprianou [40]
will notice significant similarities as well as differences in our approach. In the first
instance our modifications correct our perceived weakness in the Lyons et al. scheme
where one of the measures they defined had a time-dependent mass and could not
be normalized to be a probability measure in a natural way, hence lacked a clear
interpretation in terms of any direct process construction; an immediate consequence
of this improvement is that here all measure changes are carried out by martingales
and we regain a clear intuitive construction. Another difference is in our use of
filtrations and sub-filtrations, where Lyons et al. instead used marginalizing. As we
shall show, this brings substantial benefits since it allows us to relate the spine and
the branching diffusion through the conditional expectation operation, and in this

! Based on the arXiv articles [24, 25]
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way gives us a proper methodology for building new martingales for the branching
diffusion based on known single particle martingales for the spine.

The conditional expectation approach also leads directly to simple proofs of
some key results for branching diffusions. The first of these concerns the relation
that becomes clear between the spine and the ‘Gibbs-Boltzmann’ weightings for
the branching particles. Such weightings are well known in the theory of branching
process, for example see Chauvin & Rouault [7], or Harris [30] which also studies the
continuous-typed branching diffusion example introduced later. In our formulation
these weightings can be interpreted as a conditional expectation of a spine event,
and we can use them to immediately obtain a new interpretation of the additive
operations previously seen only within the context of the Kesten-Stigum theorem
and related problems. Our approach also leads to a substantially easier proof of a
more general form of the Many-to-One theorem that is so often useful in branching
processes applications; for example, in Champneys et al. [5] or Harris and Williams
[28], special cases of this theorem were a key tool in their more classical approaches
to branching diffusions.

As another application of spine techniques, we will analyze the L£P-convergence
properties (for p > 1) of some fundamental positive ‘additive’ martingales for three
different models of branching diffusions.

Consider first the branching Brownian motion (BBM) with random family sizes.
We recall that Kyprianou [40] used spine techniques to give necessary and sufficient
conditions for £'-convergence of the Z) martingales:

Theorem 1.2 Let ) := —/2rm so that cx = —Ex/X attains local mazimum at .
For each x € R, the limit Zx(c0) := lim¢—cc Zx(t) exists P*-almost surely where:

if A< 5\~ then Zx(co0) =0 P®-almost surely;

if A € (A, 0] and P(Alog™ A) = oo then Zx(c0) = 0 P*-almost surely;

if A € (\,0] and P(Alog™ A) < oo then Zx(t) — Zx(co) almost surely and in
L£Y(P™).

(Note, without loss of generality (by symmetry) we will suppose A < 0 throughout
this article.)

In fact, in many cases where the martingale has a non-trivial limit, the con-
vergence will also be much stronger than merely in £'(P?), as indicated by the
following LP-convergence result:

Theorem 1.3 For each € R, and for each p € (1,2]:

o Z\(t) — Zx(00) almost surely and in LP(P®) if pA*> < 2mr and P(AP) < oo
o 7y is unbounded in LP(P®), that is limy—oo P*(Zx(t)F) = oo, if pA? > 2mr or
P(A?) = c0.

We shall give a spine-based proof of this L£P-convergence theorem, but also see
Neveu [46] for sufficient conditions in the special case of binary branching at unit
rate using more classical techniques. Also see Harris [29] for further discussion of
martingale convergence in BBM and applications. Iksanov [34] also uses similar spine
techniques in the study of the branching random walk.
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For our second model, we look at a finite-type BBM model where the type of
each particle controls the rate of fission, the offspring distribution and the spatial
diffusion. First, we will extend Kyprianou’s [40] approach to give the analogous L
convergence result for this multi-type BBM model. We will also briefly discuss the
rate of convergence of the martingales to zero and the speed of the spatially left-most
particle within the process. Next, we give a new result on £P-convergence criteria,
extending our earlier spine based proof developed for the single-type BBM case.

The third model we consider has a continuous type-space where the type of
each particle moves independently as an Ornstein-Uhlenbeck process on R. This
branching diffusion was first introduced in Harris and Williams [28] and has also
been investigated in Harris [30], Git et al. [20] and Kyprianou and Englénder [12].

Proofs for each of these models run along similar lines and the techniques are
quite general, and it is a powerful feature of the spine approach that this is possible.
For example, they have since been extended to more general branching diffusions
in Engliander et al. [14] and to fragmentation processes in Harris et al. [31]. More
classical techniques based on the expectation semigroup are simply not able to gen-
eralize easily, since they often require either some a priori bounds on the semigroup
or involve difficult estimates — for example, in Harris and Williams [28] their impor-
tant bound of a non-linear term is made possible only by the existence of a good £?
theory for their operator, and this is not generally available.

Of course, to prove martingale convergence in £P for some p > 1 we use Doob’s
theorem, and therefore need only show that the martingale is bounded in LP. The
spine decomposition is an excellent tool here for showing boundedness of the mar-
tingale since it reduces difficult calculations over the whole collection of branching
particles to just the single spine process. We find the same conditions are also nec-
essary for L£P-boundedness of the martingale when p > 1 by just considering the
contributions along the spine at times of fission and observing when these are un-
bounded. Otherwise, to determine whether the martingale is merely £'-convergent
or has an almost-surely zero limit, we determine whether the martingale is almost-
surely bounded or not under its own change of measure — this was Kyprianou’s [10]
approach and relies on a measure-theoretic result that has become standard in the
spine methodology since the important work of Lyons et al. [44, 43, 41].

There are a number of reasons why we may be interested in knowing about the
LP convergence of a martingale: in Neveu’s original article [40] it was a means to
proving L£!-convergence of martingales which can then be used to represent (non-
trivial) travelling-wave solutions to the FKPP reaction-diffusion equation as well
as in understanding the growth and spread of the BBM, whilst Git et al. [20] and
Asmussen and Hering [1] have used it to deduce the almost-sure rate of convergence
of the martingale to its limit. Of equal importance are the techniques that we use
here. The convergence of other additive martingales can be determined with similar
techniques, for example, see an application to a BBM with inhomogeneous breed-
ing potential in J.W.Harris and S.C.Harris [27]. Similar ideas have also been used
in proving a lower bound for a number of problems in the large-deviations theory
of branching diffusions — we have used the spine decomposition with Doob’s sub-
martingale inequality to get an upper-bound for the growth of the martingale under
the new measure which then leads to a lower-bound on the probability that one of
the diffusing particles follows an unexpected path. See Hardy and Harris [23] for a
spine-based proof of a path large deviation result for branching Brownian motion,
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and see Hardy and Harris [22] for a proof of a lower bound in the model that we
consider in Section 11.

The layout of this paper is as follows. In Section 2, we will introduce the branch-
ing models, describing a binary branching multi-type BBM that we will frequently
use as an example, before describing a more general branching Markov process model
with random family sizes. In Section 3, we introduce the spine of the branching pro-
cess as a distinguished infinite line of descent starting at the initial ancestor, we
describe the underlying space for the branching Markov process with spine and we
also introduce various fundamental filtrations. In Section 4, we define some funda-
mental probability spaces, including a probability measure for the branching process
with a randomly chosen spine. In Section 5, various martingales are introduced and
discussed. In particular, we see how to use filtrations and conditional expectation
to build ‘additive’ martingales for the branching process out of the product of three
simpler ‘one-particle’ martingales that only depend on the behaviour along the path
of the spine; used as changes of measure, one martingale will increase the fission
rate along the path of the spine, another will size-bias the offspring distribution
along the spine, whilst the other one will change the motion of the spine. Section 6
discusses changes of measure with these martingales and gives very important and
useful intuitive constructions for the branching process with spine under both the
original measure P and the changed measure Q. Another extremely useful tool in the
spine approach is the spine decomposition that we prove in Section 7; this gives an
expression for the expectation of the ‘additive’ martingale under the new measure @
conditional on knowing the behaviour all along the path of the spine (including the
spine’s motion, the times of fission along the spine and number of offspring at each
of the spine’s fissions). In Section 8, we use the spine formulation to derive an inter-
pretation for certain Gibbs-Boltzmann weights of Q, discussing links with theorems
of Kesten-Stigum and Watanabe, in addition to proving a ‘Many-to-One’ theorem.
Finally, in sections 9, 10, and 11 we will prove the martingale convergence results
for BBM, finite-type BBM and the continuous-type BBM models, respectively.

2 Branching Markov models

Before we present the underlying constructions for spines, it will be useful to give
the reader a further idea of the branching-diffusion models that we have in mind for
applications. We first briefly introduce a finite-type branching diffusion (which will
often serve as a useful example), before presenting a more general model that shall
be used as the basis of our spine constructions in the following sections.

2.1 A finite-type branching diffusion

Let 0 be a strictly positive constant that can be considered as a temperature param-
eter. For some fixed n € N, define the finite type-space I := {1,...,n} and suppose
that we are given two sets of positive constants a(1),...,a(n) and R(1),...,R(n).

A single particle motion. Consider the process (&, n:):>0 moving on J :=R x I
as follows:

(i) The type location, ¢, of the particle moves as an irreducible, time-reversible
Markov chain on the finite type-space I with Q-matrix Q@ and invariant measure
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™= (71,...,Tn);
(ii) the spatial location, &, moves as a driftless Brownian motion on R with diffusion
coefficient a(y) > 0 whenever 7, is in state y, that is,

dé; = a(m)% dB;, where B; a Brownian motion. (3)
The formal generator of this process (&, n:) is therefore:

HE(@y) = Ja) 50 +0Y Qi) (FiJ—=R). (1

A typed branching Brownian motion. Consider a branching diffusion where
individual particles move independently according to the single particle motion as
described above, and any particle currently of type y will undergo binary fission
at rate R(y) to be replaced by two particles at the same spatial and type posi-
tions as the parent. These offspring particles then move off independently, repeating
stochastically the parent’s behaviour, and so on.

Let the configuration of the whole branching diffusion at time t be given by
the J-valued point process X; = {(Xu(t)7Yu(t)) tu € Nt}7 where N; is the set
of individuals alive at time ¢. Suppose probabilities for this process are given by
{P™Y : (x,y) € J} defined on the natural filtration, (F;)¢>0, where P™? is the
law of the typed BBM process starting with one initial particle of type y at spatial
position z.

This finite-type branching diffusion (with general offspring distribution) is inves-
tigated in Section 10 in this article, also see Hardy [21]. For now, we briefly introduce
two fundamental positive martingales used to understand this model, the first based
on the whole branching diffusion and the second based only on the single-particle
model:

Za(t) == ) oa(Yu(t))e T (5)

u€ Nt
Ca(t) = eJo R(ns)dS,UA(m)ek&ﬂ‘ﬂxt7 (6)

where vy and E, satisfy
<%)\2A +0Q + R)v,\ = Eva,

where A := diag(a(y) :y € I) and R := diag (R(y): y € I). That is, vy is the
(Perron-Frobenius) eigenvector of the matrix %)\214 4+ 0Q + R, with eigenvalue F).
These two martingales should be compared with the corresponding martingales (1)

ABy—

2
and e 22 for BBM and a single Brownian motion respectively.

2.2 A general branching Markov process

The spine constructions in our formulation can be applied to a much more general
branching Markov model, and we shall base the presentation on the following model,
where particles move independently in a general space J as a stochastic copy of
some given Markov process =, and at a location-dependent rate undergo fission to
produce a location-dependent random number of offspring that each carry on this
branching behaviour independently.
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Definition 2.1 (A general branching Markov process) We suppose that three
initial elements are given to us:

e a Markov process Z; in a measurable space (J,B),

e a measurable function R:J — [0,00),
for each x € J we are given a random variable A(x) whose probability dis-
tribution on the numbers {0,1,...} is P(A(z) = k) = pe(x), with mean
m(x) == > oo kpr(z) < 0.

From these ingredients we can build a branching process in J according to the fol-
lowing recipe:

e FEach particle of the branching process will live, move and die in this space (J, B),
and if an individual u is alive at time t we refer to its location in J as Xu(t).
Therefore the time-t configuration of the branching process is a J-valued point
process X; := {Xu(t) u € Nt} where N denotes the collection of all particles
alive at time t.

o [or each individual u, the stochastic behaviour of its motion in J is an indepen-
dent copy of the given process Zi.

e The function R : J — [0,00) determines the rate at which each particle dies:
given that u is alive at time t, its probability of dying in the interval [t,t+ dt) is
R(X.(t))dt + o(dt).

o Ifa particle u dies at location x € J it is replaced by 1+ A, particles all positioned
at x, where Ay is an independent copy of the random variable A(x). All particles,
once born, progress independently of each other.

We suppose that the probabilities of this branching process are {P” S J} where
under P® one initial ancestor starts out at x.

We shall first give a formal construction of the underlying probability space, made
up of the sample trees of the branching process X; in which the spines are the
distinguished lines of descent. Once built, this space will be filtered in a natural way
by the underlying family relationships of each sample tree, the diffusing branching
particles and the diffusing spine, and then in section 4 we shall explain how we can
define new probability measures P* that extend each P* up to the finest filtration
that contains all information about the spine and the branching particles. Much of
the notation that we use for the underlying space of trees, the filtrations and the
measures is closely related to that found in Kyprianou [40].

Although we do not strive to present our spine approach in the greatest possible
generality, our model already covers many important situations whilst still being
able to clearly demonstrate all the key spine ideas. In particular, in all our models,
new offspring always inherit the position of their parent, although the same spine
methods should also readily adapt to situations with random dispersal of offspring.

For greater clarity, we often use the finite-type branching diffusion of Section
2.1 to introduce the ideas before following up with the general formulation. For
example, in this finite-type model we would take the process =; to be the single-
particle process (&, n:) which lives in the space J := R x I and has generator H
given by (4). The birth rate in this model at location (z,y) € J will be independent
of x and given by the function R(y) for all y € I and, since only binary branching
occurs in this case, we also have P(A(z,y) = 1) =1 for all (z,y) € J.
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3 The underlying space for spines

3.1 Marked Galton-Watson trees with spines

The set of Ulam-Harris labels is to be equated with the set {2 of finite sequences of

strictly-positive integers:
2= {0}u Jm",
neN

where we take N = {17 2,.. } For two words u,v € §2, uv denotes the concatenated
word (uf) = fu = u), and therefore 2 contains elements like ‘213’ (or ‘9213’), which
represents ‘the 3rd child of the 1st child of the 2nd child of the initial ancestor @’.
For two labels v,u € {2 the notation v < u means that v is an ancestor of u, and
|u| denotes the length of u. The set of all ancestors of u is equally given by

{v:v<u}:{U:Hweﬁsuchthatvw:u}‘

Collections of labels, ie. subsets of {2, will therefore be groups of individuals. In
particular, a subset 7 C {2 will be called a Galton-Watson tree if:

1. 0er,

2. if u,v € £2, then wv € 7 implies u € T,

3. for all w € 7, there exists A, € 0,1,2,... such that uj € 7 if and only if
1<j <1+ Ay, (where j € N).

That is just to say that a Galton-Watson tree:

1. has a single initial ancestor 0,
2. contains all ancestors of any of its individuals v,
3. has the 1 + A, children of an individual u labelled in a consecutive way,

and is therefore just what we imagine by the picture of a family tree descending
from a single ancestor. Note that the ‘1 < j < 14 A,’ condition in 3 means that
each individual has at least one child, so that in our model we are insisting that
Galton-Watson trees never die out.

The set of all Galton-Watson trees will be called T. Typically we use the name
7 for a particular tree, and whenever possible we will use the letters u or v or w to
refer to the labels in 7, which we may also refer to as nodes of T or individuals in T
or just as particles.

Each individual should have a location in J at each moment of its lifetime. Since
a Galton-Watson tree 7 € T in itself can express only the family structure of the
individuals in our branching random walk, in order to give them these extra features
we suppose that each individual u € 7 has a mark (X, 0.,) associated with it which
we read as:

e 0, € RT is the lifetime of u, which determines the fission time of particle u as
Sy = Zv<u oy (with Sy := op). The times S, may also be referred to as the
death times;

o Xy:[Su—o0ou,Su)— J gives the location of u at time ¢ € [Sy, — ou, Su).

To avoid ambiguity, it is always necessary to decide whether a particle is in existence
or not at its death time.
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Remark 3.1 Our convention throughout will be that a particle u dies ‘just before’
its death time Sy (which explains why we have defined Xy : [Su — ou,Su) — - for
example). Thus at the time S, the particle u has disappeared, replaced by its 1+ Ay,
children which are all alive and ready to go.

We denote a single marked tree by (7, X, o) or (7, M) for shorthand, and the set
of all marked Galton-Watson trees by 7:

e 7T:=!{(r,X,0):7€Tand for each u € 7,0, € RT, X, : [Sy — 0w, Su) — J}.

e For each (1, X,0) € T, the set of particles that are alive at time ¢ is defined as
N; = {uGT:Su—Uu§t<Su}.

Where we want to highlight the fact that these values depend on the underlying
marked tree we write e.g. N¢((7,X,0)) or Su((r,M)).

Any particle u € 7 that comes into existence creates a subtree made up from the
collection of particles (and all their marks) that have u as an ancestor — and u is
the original ancestor of this subtree.

o (1,X,0)}, or (1,M)} for shorthand, is defined as the subtree growing from in-
dividual w’s jth child uj, where 1 < j <1+ A,.

This subtree is a marked tree itself, but when considered as a part of the original
tree we have to remember that it comes into existence at the space-time location
(Xu(Su—0u), Su—0u) — which is just the space-time location of the death of particle
u (and therefore the space-time location of the birth of its child uj).

Before moving on there is a further useful extension of the notation: for any particle
u we extend the definition of X, from the time interval [S, — ou, Su) to allow all
earlier times t € [0, Sy):

Definition 3.2 FEach particle u is alive in the time interval [Sy — ou, Su), but we
extend the concept of its path in J to all earlier times t < Sy:

T Xo(t) ifv<u and Sy — oy <t < Sy

Thus particle v inherits the path of its unique line of ancestors, and this simple
extension will allow us to later write expressions like exp{ |, Ot f(s)dXu(s)} whenever
u € Ny, without worrying about the birth time of u.

For any given marked tree (1, M) € T we can identify distinguished lines of descent
from the initial ancestor: (), u1,us,us,... € 7, in which us is a child of us, which
itself is a child of u; which is a child of the original ancestor (). We’ll call such a
subset of T a spine, and will refer to it as &:

e a spine £ is a subset of nodes {@71“711271137 .. } in the tree 7 that make up a
unique line of descent. We use &; to refer to the unique node in £ that that is
alive at time ¢.
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In a more formal definition, which can for example be found in the paper by Rouault
and Liu [42], a spine is thought of as a point on 97 the boundary of the tree — in
fact the boundary is defined as the set of all infinite lines of descent. This explains
the notation £ € 97 in the following definition: we augment the space 7 of marked
trees to become

o T := {(T,M,f) (M) € Tand ¢ € 87'} is the set of marked trees with

distinguished spines.

It is natural to speak of the position of the spine at time t which we think of as the
position of the unique node that is in the spine and alive at time t:

e we define the time-t position of the spine as & := X (t), where u € £ N Ny.

By using the notation &; to refer to both the node in the tree and that node’s spatial
position we are introducing potential ambiguity. However, in practice the context
will usually make clear which we intend, although if this is not the case we shall
give the node a longer name:

o nodei((r, M,§)) :=u if u € £ is the node in the spine alive at time ¢,

which may also be written as node:(€).

Finally, it will later be important to know how many fission times there have
been in the spine, or what is the same, to know which generation of the family
tree the node & is in (where the original ancestor () is considered to be the Oth
generation)

Definition 3.3 We define the counting function
ng = ’nodet(£)|,

which tells us which generation the spine node is in, or equivalently how many fission
times there have been on the spine. For example, if & = (@, u1, uz) then both 0 and
u1 have died and so ny = 2.

3.2 Filtrations

The reader who is already familiar with the Lyons et al. [41, 43, 44] papers will recall
that they used two separate underlying spaces of marked trees with and without the
spines, then marginalized out the spine when wanting to deal only with the branching
particles as a whole. Instead, we are going to use the single underlying space T, but
define four filtrations of it that will encapsulate different knowledge.

Filtration (F;)¢>o
We define a filtration of 7 made up of the o-algebras:
L= 0<(u,Xu,Uu) 8y <ty (U, Xu(s) s € [Su—0cut]) it € [Sy— ou,su)).

Then, F; knows everything that has happened to all the branching particles up to the
time t, but does not know which one is the spine. Each of these o-algebras will be a
subset of the limit defined as

Foo i= O'(U .7-}).

t>0
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Filtration (.73',5),520

In order to know about the spine, we make this filtration finer, defining Fi by adding
into F; the knowledge of which node is the spine at time t¢:

Fi:= o (Fi,node(€)), Foo 1= U(U ]}t)‘

t>0

Consequently, Fi knows everything about the branching process and everything about
the spine up to time t, including which nodes make up the spine, when they were
born, when they died (ie. the fission times S, ), and their family sizes.

Filtration (G¢)¢>o0

We define a filtration of ’j', {gt}
of the spine by:

500 which is generated by only the spatial motion

gt::a(gszogsgt), 001:0'<Ugt)7

t>0

Then, G knows only about the spine’s motion in J up to time t, but does not actually
know which line of descent in the family tree makes up the spine or anything about
births along the spine.

Filtration (Qt)tzo

We augment G¢ by adding in information on the nodes that make up the spine (as
we did from F; to F:), as well as the knowledge of when the fission times occurred
on the spine and how big the families were that were produced:

Gt = a(gt7 (nodes(€) : s <t),(Au:u< node,g(«g)))7 Goo := O’(U g})

t>0

Then, Gt knows about everything along the spine up until time t.

We no~te the~ obvious relationships between these filtrations of 7 that Fi C .7:',5 and
Gt C Gt C Fy. Trivially, we also note that G, g Fi, since the filtration F; does not
know which line of descent makes up the spine.

4 Probability measures

Having now carefully defined the underlying space for our probabilities, we remind
ourselves of the probability measures:

Definition 4.1 For each x € J, let P* be the measure on (’j', Foo) such that the fil-
tered probability space (T, Foo, (Ft)t>0, P’) is the canonical model for Xy, the branch-
ing Markov process described in Definition 2.1.
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For details of how the measures P” are formally constructed on the underlying space
of trees, we refer the reader to the work of Neveu [15] and Chauvin [8, 6]. Note, we
could equally think of P* as a measure on (7, F), but it is convenient to use the
enlarged sample space 7T for all our measure spaces, varying only the filtrations.

Our spine approach relies first on building a measure P® under which the spine
is a single genealogical line of descent chosen from the underlying tree. If we are
given a sample tree (7, M) for the branching process, it is easy to verify that, if at
each fission we make a uniform choice amongst the offspring to decide which line of
descent continues the spine £, when w € 7 we have

Prob(u € &) =[] ﬁ. (7)

v<u

In the binary-branching case, for example, Prob(A, = 1) = 1 and then Prob(u €
&) = 2-1%l This simple observation is the key to our method for extending the
measures, and for this we make use of the following representation found in Lyons

[43].
Theorem 4.2 If f € mF:, that is [ is an Fi-measurable function, then we can

write:
F=3 fulg=u (8)

u€EN¢
where fu, € mF.

As a simple example of this, in the case of the finite-typed branching diffusion of
Section 2.1, such a representation would be:

t - t s s -
elo R(nS)dS’UA(m) Bt _ Z eJo R(Yu(s)d ox(Yu(1)) A Xu(t)—Ext Le,—u)- (9)
u€EN

Definition 4.3 Given the measure P* on (7T, Fo) we extend it to the probability
measure P* on (T,Fs) by defining

DT . 1 x
./deP ._/fouH1+AUdP7 (10)

uE N v<u

for each f € mF, with representation like (8).

The previous approach to spines, exemplified in Lyons [13], used the idea of fibres to
get a measure analogous to our P that could measure the spine. However, a perceived
weakness in this approach was that the corresponding measure had time-dependent
total mass and could not be normalized to become a probability measure with an
intuitive construction, unlike our P. Our idea of using the down-weighting term of
(7) in the definition of P is crucial in ensuring that we get a natural probability
measure (look ahead to Lemma 4.9), and leads to the very useful situation in which
all measure changes in our formulation are carried out by martingales.
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Theorem 4.4 This measure P* is an extension of P* in that P = 15|].-m.

Proof: If f € mF; then the representation (8) is trivial and therefore by definition

Lfdﬁ:éfx(Z H1+1AU> dp.

wuENt v<u

However, it can be seen that ZueNp | ﬁ = 1 by retracing the sum back
through the lines of ancestors to the original ancestor (), factoring out the product
terms as each generation is passed. Thus

[ffdﬁ:/ffdP.

0

Definition 4.5 The filtered probability space (T, Foo, (Ft)i>0, P) with (X, &) will
be referred to as the canonical model with spines.

In the single-particle model of section 2.1 we assumed the existence of a separate
measure [P and a process (&, 7:) that behaved stochastically like a ‘typical’ particle
in the typed branching diffusion X;. In our formalization the spine is exactly the
single-particle model:

Definition 4.6 We define the measure P on (’Z~', goo) as the restriction of p:

P|9t = P|9t-
Under the measure P the spine process & has exactly the same law as =;.

Definition 4.7 The filtered probability space (’Z~', Goo, (Gt)t>0,P) together with the
spine process & will be referred to as the single-particle model.

4.1 An intuitive construction of P

As the name suggests, we should be able to think of the spine as the backbone of
the branching process. This is made precise by the following decomposition:

Theorem 4.8 The measure P on .7:} can be decomposed as:

Ay
aP(r,M.€) = B@IL ™) | T = | | I pautés) TLap(r00))
(1)

v<&t v<&t
where LY is the law of the Poisson (Cox) process with rate R(&;) at time t, and
we recall that n = (ne : t > 0) is the counting process of fission times along the
spine.
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We can summarise a clear intuitive picture of this decomposition in the following
lemma:

Lemma 4.9 The decomposition of measure P at (11) enables the following con-
struction:

the spine’s motion is determined by the single-particle measure P;

the spine undergoes fission at time t at rate R(&:);

at the fission time of node v on the spine, the single spine particle is replaced by
1+ A, children, with A, being chosen independently and distributed according to
the location-dependent random variable A(€s,) with probabilities (pr(€s,) : k =
0,1,...);

the spine is chosen uniformly from the 1 + A, children at the fission point v;
each of the remaining A, children gives rise to the independent subtrees (1, M)},
for 1 < j < A,, which are not part of the spine and which are each determined
by an independent copy of the original measure P shifted to their point and time
of creation.

5 Martingales

Starting with the single Markov process Z; that lives in (J, B) we have built (X¢, &),
a branching Markov process with spines, in which the spine &; behaves stochastically
like the given =%. In this section we are going to show how any given martingale
for the spine leads to a corresponding additive martingale for the whole branching
model.

We have already seen an example of this for the finite-type model of section 2.1,
when we introduced the two martingales:

't . _
Zx\(t) = Z v (Yu(t))e’\X“(t)*E*t7 G(t) = elo R("S)d&m(nt)ek& Ext,

u€ Nt

Just from their very form it has always been clear that they are closely related.
What we shall later be demonstrating in full generality in this section is that the
key to their relationship comes through generalising the following Fi-measurable
martingale for the multi-type BBM model:

Definition 5.1 We define an Fi-measurable martingale:

G) = T (14 Au) x oa(m)es B30, (12)

u<&t

An important result that we show in this article (Lemma 5.7) is that Zx(¢) and (x(t)
are simply conditional expectations of this new martingale é . We emphasize that
this relationship is only possible because of the construction of Pasa probability
measure and using filtrations to capture the different knowledge generated by the
spine and the branching particles. This idea of projection is also used in random
fragmentation theory where it corresponds to the notion of tagged fragment, see
Bertoin [3], for example.
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Furthermore, in the general form that we present below it provides a consistent
methodology for using well-known martingales for a single process & to get new
additive martingales for the related branching process. In Hardy and Harris [23, 22]
we use these powerful ideas to give substantially easier proofs of large-deviations
problems in branching diffusions than have previously been possible.

Suppose that (¢) is a strictly positive (’f', (Gt)¢>o0, P)—martingale, which is to say
that it is a Gi-measurable function that is a martingale with respect to the measure
P. For example, in the case of our finite-type branching diffusion this could be the
martingale (x(¢) which is Gi-measurable since it refers only to the spine process

(ftﬂ?t)'

Definition 5.2 We shall call {(t) a single-particle martingale, since it is G-
measurable and thus depends only to the spine €.

Any such single-particle martingale can be used to define an additive martingale for
the whole branching process via the representation (8):

Definition 5.3 Suppose that we can represent the martingale ((t) as

)= > Cul®)lg=u)» (13)

uEN¢

for Cu(t) € mFy, as at (8). We can then define an Fi-measurable process Z(t) as

Z(t) = e Jo mXuEDRXu()ds e gy,

u€ Ny

and refer to Z(t) as the branching-particle martingale.

The martingale property Z(t) will be established in Lemma 5.7 after first building
another martingale, ((t), from the single-particle martingale ((t). First, for clarity,
we take a moment to discuss this definition of the additive martingale and the terms
like Cu(t).

If we return to our familiar martingales (5) and (6), it is clear that

Gn(t) = ef(; R(ns)dsv)\(m)ekﬁthxt _ Z e'l"; R(Yu(S))dSw\ (Yu(t))e)‘X“(t)fE*t Liey—u)-
u€ Ny
(14)
The ‘¢’ terms of (13) could be here replaced with a more descriptive notation
O [(Xu, Yu)](t), where

Cult) = (X, Ya))(t) 1= o8 RO 824 (v, (1)) X0 Ert,

can be seen to essentially be a functional of the space-type path (Xu(t),Yu.(t)) of
particle u. In this way the original single-particle martingale {, would be understood
as a functional of the space-type path (&:,1:) of the spine itself and we could write

G = GIEMI®) = D GI(Xw, YI() Ligi=u)-

u€EN¢
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This is the idea behind the representation (13), and in those typical cases where
the single-particle martingale is essentially a functional of the paths of the spine
&, as is the case for our (i(t), we should just think of (, as being that same
functional but evaluated over the path X, (t) of particle u rather than the spine
&:. The representation (13) can also be used as a more general way of treating other
martingales that perhaps are not such a simple functional of the spine path.

Finally, from (14) it is clear that the additive martingale being defined by defi-
nition 5.3 is our familiar Z(t):

Z\(t) = Z e Io R(Yu(s))dsQ\[(Xu’Yu)](t) _ Z v}\(Yu(t))eAxu(t)—Ekt.

u€EN u€EN

Although definition 5.3 will work in general, in the main the spine approach
is interested in martingales that can act as Radon-Nikodym derivatives between
probability measures, and therefore we suppose from now on that ((t) is strictly
positive, and therefore that the additive martingale Z(t) is strictly positive.

The work of Lyons et al. [43, 41, 44], that of Chauvin and Rouault [9] and more
recently of Kyprianou [40] suggests that when a change of measure is carried out
with a branching-diffusion additive martingale like Z(t) it is typical to expect three
changes: the spine will gain a drift, its fission times will be increased and the distri-
bution of its family sizes will be size-biased. In section 6.1 we shall confirm this, but
we first take a separate look at the martingales that could perform these changes,
and which we shall combine to obtain a martingale E (t) that will ultimately be used
to change the measure P.

Theorem 5.4 The expression

T+ m(gsu))e*ftf m(€s)R(Es) ds
v<&t

s a I:’-martmgale that will increase the rate at which fission times occur along the
spine from R(&:) to (1 +m(&))R(&):
dL£(1+m(§))R(§))

t
— 1 +m(£sv) e*fo m(€s)R(Es) ds
dLiR(f)) H ( )

v<&t

where L) s the law of the Poisson (Coz) process with rate R(&:) at time t.

Theorem 5.5 The term
H 1+ A,
oo, LT m(Es,)

is a P—maﬁingale that will change the measure by size-biasing the family sizes born
from the spine:

if v < &, then Prob(A, = k) = T mEs.)
Sy
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The proof of these two results is left as an easy exercise for the reader. The product

of these two martingales with the single-particle martingale ((¢) will simultaneously
perform the three changes mentioned above:

Definition 5.6 We define a Fi-measurable martingale as

E(t) = H (1+Ay)e” Jo m(gs)R(Es) ds o ()

v<&t
1+ Ay — J¢ m(ga)R(Es) ds
= X 1+m(&s,))e 7020500 (). 15
ull T+ m@Es,) vll( (€s.)) (t) (15)

Significantly, only the motion of the spine and the behaviour along the immediate
path of the spine will be affected by any change of measure using this martingale.
Also note, this martingale is the general form of () (t) that we defined at (12) for
our finite-type model.

The real importance of the size-biasing and fission-time-increase operations is
that they introduce the correct terms into f (t) so that the following key relationships
hold:

Lemma 5.7 Both Z(t) and ((t) are projections of C(t) onto their filtrations: for all
t>0,

o Z(t)=P({(1)|F),

o (()=P(Ct)]G).

Proof: We use the representation (8) of (t):

()= Y T+ Aye o mXunmutndse iy1 ). (16)

uEN v<u

Since P(l(gt:uﬂft) = Lueny) X [Tyco(l+ Ay) ", it follows that

PEWIF) = e Jo MXu(@R(Xu()ds - gy o T[]+ A) P(1m0| 7o)

u€EN v<u
— [t w(s (s s
— Z e~ Jo m(Xu () R(Xuls)) d Cult) = Z(t).
u€ Nt

On the other hand, the martingale terms in (15) imply

ﬁ(f(t)|gt) =((t) x [3( H (1 +Au)e*fot ’n(és)R(&s)ds’gt) = ¢(b).

v<&t
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6 Changing the measures

For the finite type model, the single-particle martingale {x(t) defined at (6) can be

used to define a new measure for the single-particle model (as in [21]), via
APy _ G(t)
P |, ~ <0

We have now seen the close relationships between the three martingales (x, Zx and
%

Znt) =P(GW|F), G =P(G1)1G),
and in this section we show in a more general form how these close relationships
mean that a new measure Q, defined in terms of P as

| _ o0
dP Fi EA (0)

)

will induce measure changes on the sub-filtrations G; and F; of .7:',5 whose Radon-
Nikodym derivatives are given by (x(t) and Zx(t) respectively. We will also give a
useful intuitive construction of the measures P and Q.

Definition 6.1 A measure Q on (7’7 .7:"00) is defined via its Radon-Nikodym deriva-
tive with respect to P: y ~
dQ| _ <)

dPlz,  ¢(0)

As we did for the measures P and P in Section 4, we can restrict Q to the sub-
filtrations:

Definition 6.2 We define the measure Q on (T, Foo, (Fi)e>0) via

Q:=Q|r...

Definition 6.3 We define the measure P on (7’7 Goo, (Gt)t>0) via

P.= @|g°o.

A consequence of our new formulation in terms of filtrations and the equalities
of Lemma 5.7 is that the changes of measure are carried out by Z(t) and {(t) on
their subfiltrations:

Theorem 6.4

@ = @ and @ = @

dP|., ~ Z(0)’ P |, — ¢(0)
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Proof: These two results actually follow from a more general observation that if fi1
and fiz are two measures defined on a measure space (£2,S) with Radon-Nikodym
derivative di
2
=1
M1
and if S is a sub-o-algebra of 37 then the two measures u1 = fi1]|s and p2 := fiz2|s
on (£2,8) are related by the conditional expectation operation:

dpz

i fir (f18)-

Applying this general result and using the relationships between the general mar-
tingales given in Lemma 5.7 concludes the proof. 0O

6.1 Understanding the measure Q

This decomposition of P, given at (11) will allow us to interpret the measure Qif

we appropriately factor the components of the change-of-measure martingale ((t)
across this representation. On Fy,

dQ ={(t)dP
= (1) x e JRE TT (14 mies,)) x ][ 11+7Av < dP
u<& v<&t +m(€s”)
_ dIf”(f) JL(A+m @) R(€) (n)
1+ A, Av .
x }lw H p——r: pAu(fsv)]l;IldP((ﬂM)j)- (17)

Just as we did for I:’7 we can offer a clear interpretation of this decomposition:

Lemma 6.5 Under the measure Q,

the spine process & moves as if under the changed measure P;

the fission times along the spine occur at an accelerated rate (1 + m(&:))R(&:);
at the fission time of node v on the spine, the single spine particle is replaced
by 1+ A, children, with A, being chosen as an independent copy of the random
variable A(y) which has the size biased offspring distribution ((1+k)px(y)/(1+
m(y)) : k =0,1,...), where y = s, € J is the spine’s location at the time of
fission;

the spine is chosen uniformly from the 1 + A, particles at the fission point v;
each of the remaining A, children gives rise to the independent subtrees (1, M)},
for 1 < 5 < A,, which are not part of the spine and evolve as independent
processes determined by the measure P shifted to their point and time of creation.

Such an interpretation of the measure Q was first given by Chauvin and Rouault
[9] in the context of BBM, allowing them to come to the important conclusion that
under the new measure Q the branching diffusion remains largely unaffected, except
that the Brownian particles of a single (random) line of descent in the family tree
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are given a changed motion, with an accelerated birth rate — although they did not
have random family sizes, so the size-biasing aspect was not seen. Size-biasing has
been known for a long time in the study of branching populations, and in the context
of spines, it was introduced in the Lyons et al. papers [43, 41, 44]. Kyprianou [40]
presented the decomposition of equation (17) and the construction of Q at Lemma
6.5 for BBM with random family sizes, but did not follow our natural approach of
starting with the probability measure P.

7 The spine decomposition

One of the most important results introduced in Lyons [43] was the so-called spine
decomposition, which in the case of the additive martingale

Zx(t) = Z o (Yo (t))eMXuO=Ent

uEN¢

from the finite-type branching diffusion would be:

Qu(Za(®)|Goc) = D walns, )& oA gy () e (18)

u<N¢

To prove this we start by decomposing the martingale as

Z)\(t) = Z ,U)\(Yu(t))equ(t)fExt + Uk(nt)fi)\&i}z)‘a
uEN,ugé

which is clearly true since one of the particles u € N; must be in the line of descent
that makes up the spine £. Recalling that the o-algebra Goo contains all information
about the line of nodes that makes up the spine, all about the spine diffusion (&, 7:)
for all times ¢, and also contains all information regarding the fission times and
number of offspring along the spine, it is useful to partition the particles v € {u €
N, u ¢ £} into the distinct subtrees (7, M)" that were born at the fission times S,
from the particles that made up the spine before time ¢, or in other words those
nodes in the {u < §t} of ancestors of the current spine node &;. Thus:

ZH=3 6A€su*Exsu{ )3 v}\(YU(t))eA(Xu(t)*ﬁsu)*E/\(tfsu)}
u<&t VENg,wE(T,M)¥®

+ wa () et A

If we now take the Qx-conditional expectation of this, we find

Qr (22 (1)|G)
= exgsu—EAsu@A< 3 A (Yo (1)) Xu =€) Ba(t=5u) Qoo)
u<&t VENg,ve(T,M)¥
+ v}\(m)ekét*Ext.

We know from the decomposition (17) that the under the measure Q» the subtrees
coming off the spine evolve as if under the measure P, and therefore
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@)\( Z UA(YU(t))ek(Xu(t)*Esu)*Ex(t*Su)‘ gw)

VENg,ve(T,M)¥®

= P( Z 'l/)\(Y’u(t))e/\(xu(t)755u)7E)\(tisu)‘ g~oo> = 'Uk(nsu%
vEN¢,ve(T,M)¥

since the additive expression being evaluated on the subtree is just a shifted form
of the martingale Z) itself.

This concludes the proof of (18), but before we go move on to give a similar proof
for the general case, for easier reference through the cumbersome-looking general
proof it is worth recalling that

t —
Ga(t) = el P Aoy ()t =B,

and therefore noting that (18) can alternatively be written as

O (Za(D)Goc) = 37 e 0" R dsg, (g,) 4 = Ji Rmddsg, gy,

u< Ny

Also, in the general model we are supposing that each particle u in the spine will
give birth to a total of A, subtrees that go off from the spine — the one remaining
other offspring is used to continue the line of descent that makes up the spine. This
explains the appearance of A, in the general decomposition.

Theorem 7.1 (Spine decomposition) We have the following spine decompo-
sition for the additive branching-particle martingale:

~ 5 S“m 1 s — [tm 1 s
Q(Z(t)|G) = Z Ay e Jot mE)RE) dse(g ) o o= Jo mE)RE) da gy

u<&t

Proof: In each sample tree one and only one of the particles alive at time t is the
spine and therefore:

2= ¥ e lEmuEREuED dog, ),
u€ Nt
— e JimE)RE) dsp(p) 4 3 e o mXu(ENRKu() ds e 4.

u€Nt,u#Et

The other individuals {u € Ni,u # ft} can be partitioned into subtrees created
from fissions along the spine. That is, each node w in the spine & (so u < &) has
given birth at time S, to one offspring node uj (for some 1 < j7 < 1+ A,) that
was chosen to continue the spine whilst the other A, individuals go off to make the
subtrees (7, M)} . Therefore,

2 Su
Z(t)=e" Jo m(és)R(Es)dSC(t) + Z e Jo " m(&s)R(&s) ds Z Zuj(Suit), (19)
u<éy J=1,u 14+ Ay
uj¢g
where for t > Sy,
Zuj(Sust) := > e~ VoL MXo R ds e 4y

vENt,veE(T,M)¥
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is, conditional on Goo, a P—martingale on the subtree (7, M)}, and therefore
P(Zuj(Su;)|Goo) = ((Su)-

Thus taking Q-conditional expectations of (19) gives

Q(Z(t)|goo) = 67f(§ m(ES)R(fs)dSC(t)
+ Z 67f§“ m(fs)R({stﬁ( Z Zuj(Suyt)’Goo)

u<&t J=1,..., 1+ A,
uj¢e
. . Su
— e JomE)RE) ds e (py 3 el mEaRED Ay (g,
u<&t

which completes the proof. O

This representation was first used in the Lyons et al. [43, 41, 44] papers and has
become the standard way to investigate the behaviour of Z under the measure Q.
We also observe that the two measures P and @ for the general model are equal
when conditioned on gﬂx, since this factors out their differences in the spine diffusion
&, the family sizes born from the spine and the fission times on the spine. That is,

P(Z(1)|G) = Q(Z(1)|G).

8 Spine results

Having covered the formal basis for our spine approach, we now present some results
that follow from our spine formulation: the Gibbs-Boltzmann weights, conditional
expectations, and a simpler proof of the improved Many-to-One theorem.

8.1 The Gibbs-Boltzmann weights of Q

The Gibbs-Boltzmann weightings in branching processes are well-known, for exam-
ple see Chauvin and Rouault [7] where they consider random measures on the bound-
ary of the tree, and Harris [30] which gives convergence results for Gibbs-Boltzmann
random measures. They have previously been considered via the individual terms
of the additive martingale Z, but the following theorem gives a new interpretation
of these weightings in terms of the spine. We recall that

Z(t) = Z e I3 m(Xu(S))R(Xu(S))dSCu(t).

u€ N

Theorem 8.1 Let u € §2 be a given and fized label. Then

e~ J§ mXu(NR(Xu() s gy
Z(t)

@(& = u|~7:t) = l(uENt)
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Proof: Suppose F' € F;. We aim to show:

. e~ Jo mEKuEDRKu)dse (1)
/1(st:u>dQ(ﬂM,£):/ Liueny) 70 dQ(r, M, €).
F F

First of all we know that dQ/dP = {(t) on F; and therefore,

LHS:/ Loy [ (1+ Av)e™ Jo mERED A4y 4 P(r, M, €),
v<&t

by definition of C(¢) at (15). The definition 4.3 of the measure P requires us to
express the integrand with a representation like (8):

[t m(e)R(EL) ds
ez [ (14 Au)e fi mEDREIas ¢ ()
v<&t

—[tm u(s 9 u(s s
=1(e,—u) Liueny) H(1+Av)e Jo m(Xu(s))R(Xu(s))d Cult),

v<u
and therefore

LHS = / Lweny [ 1+ Ay)e™ Jo mEwENRE WD dse (51 dP(r, M, £),

v<u

= [ Ly BRI (1) ap(r ),
F
by definition 4.3. Since Z(t) > 0 a.s., we know that on F;, dP/dQ = 1/Z(t), so

—_ tm S L S S 1
LHS = [ Tuewye J mOWEIROLD G, 1) odn(r, M),
. Z0)

and the proof is concluded. O

The above result combines with the representation (8) to show how we take
conditional expectations under the measure Q.

Theorem 8.2 If f(t) € mF:, and f = S wens fulO)liermu), with fu(t) € mFy then
e = J§ XN RO () ds e (4)

OF) = > fult 20 : (20)

uEN¢

Proof: It is clear that

|-7:t Z fu {t = U|.7:t)

uEN¢

and the result follows from Theorem 8.1. O
A corollary to this useful result also appears to go a long way towards obtaining the
Kesten-Stigum result in more general models:

Corollary 8.3 If g(-) is a Borel function on J then

3 g(Xu(t)) e Jo MR EDRE LD A 4y = Q(g(€0)|F) x Z(1).  (21)

uEN¢
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Proof: We can write g(§) = >
from the above corollary. O
The classical Kesten-Stigum theorems of [37, 36, 38] for multi-dimensional Galton-
Watson processes give conditions under which an operation like the left-hand side of
(21) converges as t — oo, and it is found that when it exists the limit is a multiple
of the martingale limit Z(c0). Also see Lyons et al. [41] for a more recent proof
of this based on other spine techniques. Our spine formulation apparently gives a
previously unknown but simple meaning to this operation in terms of a conditional
expectation and, as we hope to pursue in further work, in many cases we would
intuitively expect that @(g(ft)|ft)/@(g(£t)) — 1 a.s., leading to alternative spine
proofs of both Kesten-Stigum like theorems and Watanabe’s theorem in the case of
BBM.

wen, 9(Xu(t))1(& = u), and now the result follows

8.2 The Full Many-to-One Theorem

A very useful tool in the study of branching processes is the Many-to-One result
that enables expectations of sums over particles in the branching process to be
calculated in terms of an expectation of a single particle. In the context of the
finite-type branching diffusion of section 2.1, the Many-to-One theorem would be
stated as follows:

Theorem 8.4 For any measurable function f: J — R we have

P PO, Y1) = B (3 F00 0 p g ).

u€ Ny

Intuitively it is clear that the up-weighting term elo R(ns)ds incorporates the notion

of the population growing at an exponential rate, whilst the idea of f(&:,n:) being
the ‘typical’ behaviour of f(X.(t),Y.(t)) is also reasonable.

Existing results tend to apply only to functions of the above form that depend
only on the time-t location of the spine and existing proofs do not lend themselves
to covering functions that depend on the entire path history of the spine up to time
t.

With the spine approach we have the benefit of being able to give a much
less complicated proof of the stronger version that covers the most general path-
dependent functions.

Theorem 8.5 (Many-to-One) If f(t) € mF; has the representation
FO) = ful®)lig=u),
u€EN¢
where fu(t) € mF, then
p( Z fu(t)e’fff m(Xu(S))R(Xu(S))dSCu(t)) _ Is(f(t) E(t)) _ ((O)Q(f(t)) (22)
u€ Ny

In particular, if g(t) € mGe with g(t) = 3, cn, 9u(t)l(g,=u) where gu(t) € mFy,
then



26 Robert Hardy and Simon C. Harris

P< 3 gu(t)) _ P<ef(§ m<ss>R(sS>dsg(t)) _ @(e% mgigg((i))dsc(t)) (23)

u€ Ny

Proof: Let f(t) € mJF; with the given representation. The tower property together
with Theorem 8.2 gives

A7) = 0(UWIF)) = o2 MIF))
@<Zit S Lult) ffofm(&(s))R(xu(s))dsCu(t))'
uE N
From Theorem 6.4,
Q| _ Z@)
ap|,, = 70y

and therefore we have

QW) = P(20)7F D2 fult)e™ [ mOwDREN ¢, (1))
uE N
On the other hand, 5
¢(t)

dpP 7

(0)’

we have

Q(f(1) = P(f(t) x () EO) 7).
Trivially noting Z(0) = ¢(0) = {(0) a
combine these expressions to obtain (2
can define

as there is only one initial ancestor, we can
2). For the second part, given g(t) € mG,, we

£(£) s= el MENRET g (1) x (1)
which is clearly G¢-measurable and satisfies f(t) = 3°, ¢y, fu(t)1(e,=u) With

ful(t) = gu(t)efg m(Xu(S))R(Xu(S))dsgu(t)fl € mF..

When we use this f(¢) in equation (22) and recall Lemma 5.7, that P := P|g__ from
Definition 4.6 and that PP := @|gw from Definition 6.3, we arrive at the particular
case given at (23) in the theorem. 0O

In the further special case in which g = g(&;) for some Borel-measurable function
g(+), the trivial representation

9(&) = > g(Xu(t))Lg,—u)

leads immediately to the weaker version of the Many-to-One result that was utilised
and proven, for example, in Harris and Williams [28] and Champneys et al. [5] using
resolvents and the Feynman-Kac formula, expressed in terms of our more general
branching Markov process X;:

Corollary 8.6 If g(-): J — R is B-measurable then

P(7 g(Xu(®)) = P(eld Mg g ).

uEN¢
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9 Branching Brownian motion

We now return to the original BBM model where particles move as standard Brow-
nian motions, branching at rate r with offspring distribution A, as in Section 1.
Under the measure 15‘"”, the spine diffusion &; is a Brownian motion that starts at =
and we note that the martingale Z, can be obtained as in Sections 5 & 6 by starting
with the spine P”-martingale

= . _—mrt n¢ 1+ A’U /\ftfé)\zt

G() =e ™ (14 m) Xullt(—1+m)xe .

That is, we define the measure Q, on (T,F) by

d@§ — §>\(t) _ AE—z)—Ext 14+ A4 24
T NOR Et( g 2

then, under @’L the process X; can be constructed as follows:

e starting from z, the spine &; diffuses according to a Brownian motion with drift
A on R;

e at accelerated rate (14m)r the spine undergoes fission producing 1+ A particles,
where A is independent of the spine’s motion with size-biased distribution {1+
E)pr/(1 +m) : k > 0};

e with equal probability, one of the spine’s offspring particles is selected to continue
the path of the spine, repeating stochastically the behaviour of its parent;

e the other particles initiate, from their birth position, independent copies of a P
branching Brownian motion with branching rate r and family-size distribution
given by A, that is, {px : kK > 0}.

Further, ignoring information identifying the spine by setting Q% := Q%|x.., we
find

dQX Z\(t) A Xy () —z)—Ext

—= = = e . (25)
dP?|,.,  Z 2(0) u;\ft
Of course, this is all in full agreement with the equivalent definition of Q) initially

introduced in Theorem 1.1 via its pathwise construction.

9.1 Proof of Theorem 1.3

Just before we proceed to the proof we recall the naturally occurring eigenvalue
Ey = %)\2 + mr, noting that under the symmetry assumption that A < 0 and for
p € (1,2

pEN—Epn>0 & cx>cn & pA* < 2mr

and that this always holds for some p > 1 whenever A € (5\70]7 that is, when X lies
between the minimum of ¢) found at A and the origin.
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Proof of part 1:

We are going to prove that for every p € (1, 2] the martingale Zy is £P(P)-convergent
if pEx — Epx > 0. Furthermore, since P*(Zx(t)?) = eP**P%(Zx(t)?) we do not
lose generality supposing that = 0; from now on this is implicit if we drop the
superscript by simply writing P.

From the change of measure at (25) it is clear that

P(Zx(t)") = P(Zx(6)" ' Za (1) = Qa(Za(8)"),

where ¢ := p — 1. Our aim is to prove that Qx(Zx(¢)?) is bounded in ¢, since then
Z%(t) must be bounded in £P(P) and Doob’s theorem will then imply that Z is
convergent in LP(P).

As we know from Theorem 7.1, the algebra Goo gives us the very important
spine-decomposition of the martingale Z:

nt

@A (ZA(t)|g~oo) B ZAkekﬁskaASk +6A§t7E>\t7 (26)
k=1

where Ay is the number of new particles produced from the fission at time Sy along
the path of the spine, and the sum is taken to equal 0 if ny = 0. The intuition is quite
clear: since the particles that do not make up the spine grow to become independent
copies of X; distributed as if under P, the fact that Z, is a P-martingale on these
subtrees implies that their contributions to the above decomposition are just equal
to their émmediate contribution on being born at time Sy at location s, . Note,
we emphasize that here we must use @,\, since Qx cannot measure the algebra
oo € Foo.

We can now use the conditional form of Jensen’s inequality followed by the spine
decomposition of (26) coupled with the simple inequality,

Proposition 9.1 Ifq € (0,1] and u,v > 0 then (u+v)? < u? + v,

to obtain,
Q (Z3(6)"]G) < Qa(Zx(1)IGox)" (27)
< i AzeqkésquExsk 4 et —aBNt (28)
k=1

With the tower property of conditional expectations and noting that Q, and @,\
agree on Fi,

Q2" = W2 (®)) = O (Q(22(1)116) ) (29)
A (% 4 oaAEsy, —aE\ Sy, Q) (eIMet—abat
g@x(;Ak )+ ( ). 30)

and the proof of £?(P)-boundedness will be complete once we show this is bounded
in t.
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As written, (30) is made up of two terms, and since they play a central role
from here on we name them explicitly: on the far right we have the spine term
Qa (e‘”g’ﬁ*qE”f)7 the other being the sum term QA( i AZqugSk*quSk).

The spine term: Changing from P to @,\ gives the spine a drift of A, and therefore

the change-of-measure for just the spine’s motion (i.e. on the algebra G;) is carried

out by the martingale e &t~ 2*"t,

(}A<eqxgt7qut) ::js(eqxstqukt % 6A§r—%x2t)

— 13N =327 t—qExt p(emstf%(m)%)

SO

_ e*(PE/\*EpA)f @pA(l) _ e*(PE/\*EpA)f (31)

since the second-line term P &t~ 2(PN)’t ig also a P-martingale and %(p)\)2 — %)\2 =
E,\ — Es.

The sum term: Conditioning on the motion of the spine (without knowledge of the
fission times or family sizes) and appealing to intuitive results from Poisson process
theory (see [35] for example) yields

nt

t
@A (Z AzquﬁsquExS”gt) :/ (1 _,'_m),,.@A (Aq) eqkﬁsquxs ds (32)
0

k=1

Taking expectations of both sides of (32) and using Fubini’s theorem then gives
ne t

@ (3 Afem o™ ) = (14 m)r Qa (A7) / Qu (™67 ds
k=1 0

¢
= (1+m)rQi(A7) / e~ PEAEp)s g using (31).
Jo

Thus we have found an explicit upper-bound (if pEx # Ep»):
14+ m)r [1 _ 67(1)@713“),5]@A (Aq) + ef(pErEM)t) )
(33)

P(ZA(t)") < e (
SR Py
Finally, we also observe that

Lemma 9.2 Ifpe (1,2] and q:=p— 1, Q\(A%) < oo if and only if P(AP) < oo

since

NI - e | __P(Ap)+P(Aq)<2P(A”)
QA(A)_ZZ m+1pl_ m+1 - m+1"

i=1

Hence, if we have pEx — E,» > 0 in addition to P(AP) < oo, this implies that
P%(Zx(t)?) will remain bounded as ¢ — oo, which together with Doob’s theorem
will complete the proof of the first part of Theorem 1.3. O
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Proof of Part 2:

We seek to show that Z, is unbounded in LP(P®) if either pEy — Epyn < 0 or
P(AP) = co.
Note that if Zx is LP(P®) bounded then

P(Z3(00)") = lim P*(Z(1)") < o

hence, Q% (Zx(00)?) < oo and Zx(o0)? is a uniformly integrable @’ﬁ-sub}nartingale. In
particular, for any stopping time 7', Q% (Zx (00)?|Fr) > Zx(T)? hence Q5 (Zx(c0)?) >
QX(ZA(T)).

First, by considering only the contribution of the spine Zx(t) > et Bt for all
t > 0 and recalling (31), we see that

QRZA(8)7) = QR (e 77) = et e A=t

and Z) is therefore unbounded in £P(P%) if pEx — Epx < 0.
Now, let T" be any fission time along the path of the spine, then

Za(T) > (14 AT E\T

where A is the number of additional offspring produced at the time of fission. Then,
QAT = QF ((1+ A)7) ™ Qe P 5)T)

and so Z is unbounded in £P(P®) if Q% ((1 + A)q) = o0, which is true iff P(AP) =
oco. O

10 A typed branching diffusion

We move on to consider a general offspring distribution version of the typed branch-
ing diffusion introduced in Section 2.1. We will follow a similar notation and setup
as before, but leave some details to the reader.

Recall the single particle motion (Xi,Yi)¢>o0 from Section 2.1, where the type
Y; evolves as a Markov chain on [ := {1,...,n} with Q-matrix 6Q and the spatial
location, X;, moves as a driftless Brownian motion on R with diffusion coefficient
a(y) > 0 whenever 7, is in state y.

Consider a typed branching Brownian motion where individual particles move
independently according to the single particle motion as above, and any particle
currently of type y will undergo fission at rate R(y) to be replaced by a random
number of offspring, 1+ A(y), where A(y) € {O, 1,2,.. } is an independent RV with
distribution

P(A(y) = 1) = pi(y), i€{0,1,...},
and mean M(y) := P(A(y)) < oo for all y € I. At birth, offspring inherit the
parent’s spatial and type positions and then move off independently, repeating
stochastically the parent’s behaviour, and so on. We gather together the mean
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number of offspring in matrix M := diag[M(1),...,M(n)] and also recall that
R :=diag[R(1),..., R(n)] and A := diag[a(1),...,a(n)].

As usual, let the configuration of the whole branching diffusion at time ¢ be
given by the J-valued point process X; = {(Xu(t),Yu(t)) cu € Nt}, where NV
is the set of individuals alive at time t. Let the probabilities for this process be
given by {P™? : (z,y) € J} defined on the natural filtration, (F¢);>0, where P*¥
is the law of the typed BBM process starting with one initial particle of type y at
spatial position z. Recall, under the extended measures {fﬂy s (x,y) €J } where
we identify a distinguished infinite line of decent starting from the initial particle,
this spine (&, n¢)¢>0 will simply move like the single particle motion above.

It should be noted that the condition of time-reversibility on the Markov chain
is not absolutely necessary, and is really just a simplifying assumption that gives us
an easier £2 theory for the matrices and eigenvectors; our aim is really to show how
the spine techniques work — lessening the geometric complexity of the model serves
a good purpose.

Note, the special case of the 2-type BBM model was considered in Champneys et
al. [5] by different means. Also, in our model, at the time of fission a type-y individual
can produce only type-y offspring. This is not the same as the case in which a type-
y individual may produce a random collection of particles of different types — as
considered in T.E. Harris’s classic text [32], for example. Other forms of typed
branching processes have also been dealt with by spine techniques, for example, see
Lyons et al. [41] or Athreya [2] for discrete-time models in which a particle’s type
does not change during its life but a type-w individual can give offspring of any type
according to some distribution. See also the remarkable work of Georgii and Baake
[19] that uses spine techniques to study ancestral type behaviour in a continuous
time branching Markov chain where particles can give birth to across all types. In
principle, our spine methods will be robust enough to extend to all these other type
behaviours (with added spatial diffusion).

10.1 The martingale

Via the many-to-one Lemma 8.5, it is easy to see that for any A € R, any function
(vector) vy : I — R and any number E) € R, the expression

Za(t) = D oa(Ya(t) O

u€eN(t)

will be a martingale if and only if vy and E) satisfy:
(%)\QA +0Q + MR)us = By, (34)

That is, vy must be an eigenvector of the matrix %)\ZA +0Q + M R, with eigenvalue
E.

Definition 10.1 For two vectors u,v on I, we define

n
(u,v) = Z U VT,
i=1
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which gives us a Hilbert space which we refer to as L*(m). We suppose that the
etgenvector vy is normalized so that ||ua||, = <v,\,v,\>7r =1.

The fact that the Markov chain is time-reversible implies that the matrix %)\214 +
0Q + MR is self-adjoint with respect to this inner product. This in itself is enough
to guarantee the existence of eigenvectors in L',2(71')7 but the fact that we are dealing
with a finite-state Markov chain means that we also have the Perron-Frobenius
theory to hand, which allows us to suppose that vy is a strictly positive eigenvector
whose eigenvalue E) is real and the farthest to the right of all the other eigenvalues
— see Seneta [18] for details. This implies a useful representation for the eigenvalue:

Theorem 10.2

Ex= sup (((\/2)A+60Q+ MR)v,v)_, (35)

lloll =1

since it is the rightmost eigenvalue.

A proof can be found in Kreyzig [39]. From this it is not difficult to show that E
is a strictly-convex function of A. Interestingly, it will be seen in our proofs that it
is the geometry of the eigenvalue Ey that determines the interval that gives rise to
martingales Z(t) that are £LP-convergent.

Corollary 10.3 As a function of N\, Ex is strictly-convex and infinitely differen-
tiable with
E/A = )\<A’UA,’UA>7‘_. (36)

If we define the speed function
C) = _EA/)V (37)

then on (—o00,0) the function cx has just one minimum at a single point 5\(9), either
side of which cy is strictly increasing to 400 as either A | —oo or A 1 0. In particular,

for each X\ € (A(0),0] there is some p > 1 such that cx > cpx; on the other hand, if
A < A(0) there is no such p > 1.

We refer to the function ¢y as the speed function since it relates to the asymptotic
speed of the travelling waves associated with the martingale Z(t); see Harris [29]
or Champneys et al. [5] for details of the relationship between branching-diffusion
martingales and travelling waves.

Since Zx(t) is a strictly-positive martingale it is immediate that Z)(oco) :=
lim; oo Zx(t) exists and is finite almost-surely under P*Y. As before, by symme-
try we shall assume that A < 0 and, without loss of generality, we also suppose that
P(A(y) = 0) = 1 whenever r(y) = 0 to simplify statements. We shall prove necessary
and sufficient conditions for £'-convergence of the Zx martingales:

Theorem 10.4 For each x € R, the limit Zx(c0) := lim;_.oc Zx(t) exists P¥¥-a.s.
where:
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if A< 5\@) then Zx(co) =0 P®Y-almost surely;

if A € (M(0),0] and P(A(y)log™ A(y)) = oo for some y € I, then Zx(c0) = 0
P*Y-a.s.;

o if A& (N6),0] and P(A(y)log™ A(y)) < oo for all y € I, then Zx(t) — Zx(c0)
almost surely and in L' (P™Y).

Once again, in many cases where the martingale has a non-trivial limit, the
convergence will be much stronger than merely in £'(P*V), as indicated by the
following new LP-convergence result that we will prove by extending our earlier new
spine approach:

Theorem 10.5 For each x € R, and for each p € (1,2]:

o Zx(t) = Zx(0) a.s. and in LP(P®Y) if pEx — Epx > 0 and P(A(y)?) < oo for
alyel.

o 7y is unbounded in LP(P™Y), that is lim¢—.oc P*Y(Zx(t)P) = o0, if either pEx —
Epx <0 or P(A(y)?) = oo for some y € I.

Note, when A <0, the inequality pEx — Epx > 0 is equivalent to cx > cpx and holds
for some p € (1,2] if and only if X € (A(9),0].

10.2 New measures for the typed BBM

As usual, we can define a measure @ A via a Radon-Nikodym derivative with respect
to P by combining three simpler changes of measures that only affect behaviour
along the spine.

First, we observe that for A € R,

NG elo MR(ns) ds A& —Fxt

is a P-martingale. This fact is easy to confirm with some classical ‘one-particle’
calculations, for example, using the Feynman-Kac formula, the generator (4) and
noting the relation (34). ~

We can obtain the Z) martingale as in Sections 5 & 6 by using the P-martingale

Q(t) — ei_;g MR(ns)ds H (1 +Au) % vx(m)efot MR(ns)dsexgﬁEAt'
u<&t

That is, for each A € R we define a measure @iy on (T, Fu) via

dQyY

5 t t t—x)—E\t
= — ~,\() _ o () M=) =F H (1+A) (38)

Fi B CA (O) UX (y) v<Ey

and then ignoring information about the spine by defining Q¥ := Q%] £, we find
that
dQe
dP=v

_ 4 v AN Xu(t)—a) =Byt
= Z2000) ~ A(y) MEXN:(t) A(Yu(t)) : (39)

Fi

We emphasise that, starting with the three simple ‘spine’ martingales, we have
actually shown that Z must, in fact, be a martingale. This route offers a simple
way of getting general ‘additive’ martingales for the branching process.



34 Robert Hardy and Simon C. Harris
10.3 The spine process (&;, 7¢) under Qa

It remains to identify the behaviour of the spine under the change of measure. In the
BBM model it was clear to see that the spine {; received a drift under the measure
Qx, and something similar happens here:

Lemma 10.6 Under @,\ the spine process (£¢,m¢) has generator:

2
MAF () = 5a(0) S +al)ATE + 3" 6aw.)F(w.d),  (40)

jel

where Qx is an honest Q-matriz:

6Qi, )35 if i #

0Qx(i,7) = .

0Q(i,) + 4ra(i) — BEx+r(i) ifi=j
That is, under QA, & is a Brownian motion with instantaneous variance a(n:) and
instantaneous drift a(n:)A, and n: is a Markov chain on I with Q-matriz 0Qx and
invariant measure Ty = V3.

The form of this above generator H, can be obtained from the theory of Doob’s
h-transforms, due to the fact that on the algebra G; the change of measure is given
by:
d(}i’y 1 j* MR( —
_ o (ns) ds A& —Ext 41
dp=v |, ua(y)er” or(m) e ¢ (1)

The long-term behaviour under Qx of the spine diffusion &; can now be retrieved
from the generator (40) and the properties of Ey stated in Lemma 10.3:

Corollary 10.7 Almost surely under @i'y, the long-term drift of the spine is given
explicitly as
Jim t7¢ = ES
and hence ~
00 if A € (A\(0),0]

—o0 if A < A(0) (42)

ft+CAt—>{

whereas, if A = X the process & + cat will be recurrent on R under @A.

Proof: From the generator stated at (40) we can write:

& =B (/Ot a(ns)ds) + A/Ot a(ns)ds,

where B(t) is a Qx-Brownian motion. Then by the ergodic theorem and the fact

that m = vim:

716 =AY a(y)m(y) =AY a@)i (W) (y) = MAva,vn) = E

yel yel
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Direct calculation from (37) gives E} = —cx — Ach, and therefore ¢t~ (& + cxt) —
—)ch, whence whether we are to the left or right of the local minimum of ¢y found
at A determines the behaviour of & + cat, as is required. Lastly, when A = 5\7
with the laws of the iterated logarithm in mind, it is not difficult to see that both
B(fot a(ns) ds) and fot (Aa(ns) + ¢x) ds will fluctuate about the origin, hence & + cxt
will be recurrent under @,\. a

10.4 Construction of the process under Qa

Drawing together the elements from this section, we now present the pathwise con-
struction of the new measure Q3Y:

Theorem 10.8 Under Qiy, the process X; evolves as follows:

e starting from (x,y), the spine (&,m:) evolves as a Markov process with generator
Hx, that is, m: evolves as Markov chain on I with Q-matriz 0Qx and & moves
as a Brownian motion on R with variance coefficient a(n:) and drift a(n:)A.

o whenever the type of the spine n is in state y € I, the spine undergoes fission
at an accelerated rate (1 4+ m(y))r, producing 1+ A(y) particles where A(y) is
independent of the spine’s motion with size-biased distribution {(1+k)pr(y)/(1+
my)) : k> 0};

e with equal probability, one of the spine’s offspring particles is selected to continue
the path of the spine, repeating stochastically the behaviour of its parent;

e the other particles initiate, from their birth position, independent copies of P

typed branching Brownian motions.

10.5 Proof of Theorem 10.4

The following proof is an extension of that given for BBM by Kyprianou [40]. The
second part of the following theorem is the key element in using the measure change
(38) to determine properties of the martingale Z:

Theorem 10.9 Suppose that P and Q are two probability measures on a space
(Q,]—'oo) with filtration (Fi)¢>0, such that for some positive martingale Z;,

dQ

= Z.
dP|,,

The limit Zoo := limsup,_, . Z: therefore exists and is finite almost surely under P.
Furthermore, for any F € Foo

Q(F) = /F Zoo dP + Q(F N{Z = o0}), (43)

and consequently

(@) P(Zoo=0)=1 = Q(Zoo =0) =1 (44)
() P(Zoo) =1 = Q(Zoo < 00) =1 (45)
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A proof of the decomposition (43) can be found in Durrett [11], at page 241.
Suppose that A < A < 0. Ignoring all contributions except for the spine, it is
immediate that

Zx\(t) = Z on(Ya(t) XXu@=EE > () N Ertert)

uEN¢

where, from Corollary 10.7, under the measure Q» the spine satisfies lim inf{& +
ext} = —oo a.s. and vy > 0, hence limsup,_, . Zx(t) = oo almost surely under Q,
yielding P(Zx(o0) =0) = 1.

Note that, for y € I, P(A(y)logt A) < co <= ¥,., P(logT A(y) > ck) <
oo for any ¢ > 0, where recall that fl(y) has the size-biased distribution {(i +
Dpr(y)/(1 +m(y)) : k > 0}. Then for an IID sequence {4, (y)} of copies of A(y),
Borel-Cantelli reveals that, P almost surely,

{0 if P(A(y)log" A(y)) < oo,

li “llogt An(y) =
noTpm e ) oo if P(A(y)log® A(y)) = oo.

t—oo

(46)

Now suppose that A € (X,0] and P(A(y)log" A(y)) = oo for some y € I (with
r(y) > 0). Let Si, be the time of the k™ fission along the spine producing Ax(ns,, )
additional particles, then

Zx(Sk) = Ak(ns, v (ns, ) €56 TA5K)

where (& + cat)/t — —Ac\ > 0, n¢ is ergodic so the event {ns, = y} will occur for
infinitely many k since r(y) > 0, and n;/t —< Rux,vs > 50 Sk/k —< Rox,vx >7 ",
hence the super-exponential growth for A (y) from (46) gives lim sup, . Z(t) = oo
Qx-almost surely which then implies that P(Zy(c0) = 0) = 1.

Finally, suppose that A € (X, 0] and P(A(y)log™ A(y)) < oo for all y € I. Recall
from (26):

nt

R (ZA (t)|g~oo) _ Z Ak(nsk)vk (nsk) e)\(Esk +eaSk) + ooy (m)ek(érkcxt). (47)

k=1

In this case, the facts that (& + cat)/t — —X 4\ > 0 and Si/k —< Rux,va >3t
together with the moment conditions and (46) implying that the Ax(y)’s all have
sub-exponential growth means that
lim sup Qx (ZA(t)|g~oo) < oo Qx-ass.
t— oo

Fatou’s lemma then gives liminf; .. Zx(t) < oo, Q,\—a.s., hence also Qx-a.s. In
addition, since Z(t)~! is a positive Qx-martingale (recall (39)) with an almost
sure limit, this means that lim:—.o Zx(t) < 0o, Qx-a.s. and then (45) yields that
P(Z\(c0)) = 1 and so Zx(t) converges almost surely and in £'(P). O

Discussion of rate of convergence to zero and left-most particle
speed.

Alternatively, when A < A we can readily obtain the rate of convergence to zero with
the following simple argument, adapted from Git et al. [20]. By Proposition 9.1,
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Z,\(t)q < Z v,\(Yu(t))q qu(Xu(t)Jrch) eI ex—cqr)t < K Zg (t)qu(CA*CqA)t
u€EN(t)

where K := maxyer v} (y)/vea(y) < oo since I is finite and vy > 0. Recall that ¢y
has a minimum over \ € (—o0,0] at A with c; = —FE;5 = A< Avs,v5 >x. Then,
since Zyx(t) is a convergent martingale, we can choose ¢ such that g\ = by giving
Z(t) decaying exponentially to zero at least at rate A(cx — cy).

Further, once we know that P and Q» are equivalent for every A € (5\7 0], since the
spine moves such that &/t — —cx — A} under Q,, the left-most particle L(t) :=
inf, e vy Xu(t) must satisfy liminf; L(t)/t < —c5, P-a.s. On the other hand, the
convergence of the Z, P-martingales quickly gives the same upper bound on the
fastest speed of any particle, leading to L(t)/t — —cj, P-a.s. This result also reveals
that the rate of exponential decay found above is actually best possible.

10.6 Proof of Theorem 10.5
Proof of Part 1:

Suppose p € (1,2], then with ¢ := p — 1 a slight modification of the BBM proof
arrives at

P™Y(ZA(1)F) = X ua (1) QY (25 (D))

nt
< o) (3 Afva(ns, ) e o)
k=1
T Moy (y)@i,y (v,\ (m)qeqkﬁt*qut)

and the proof of LP-boundedness will be complete once we show that this RHS
expectation is bounded in ¢.

The spine term. Since [ is finite we note that <v§, vm>7r < 0. It is always useful
to first focus on the spine term, since we can change the measure with (41) to get

J& MR(ns)ds Aet—Ext
~ _ ~ _ v e e
i,y (m(nt)qeq/\& qE>\t> — p©Y (vk(nt)qqu& qEAt' A(”t) )

oa(y)er”
_ LaAz Up (y) —(pEx—Epa)t 4
e —vx(y) gt(y)e (48)

where, for all y €

P

gi(y) = QY (2 (m)) — (], v,
UpX

as t — oo and <gtvm7vm>ﬂ = <v§7vm>ﬂ for all ¢ > 0, since n: is a finite-state

irreducible Markov chain under Q,, with invariant distribution 7, (y) = v, (y)*m (y).

It follows that the long term the growth or decay of the spine term is determined

by the sign of pEy — Epx.

The sum term. We now assume that pEyx — E,» > 0. We know that under @A
and conditional on knowing 7, the fission times {Sy : kK > 0} on the spine occur as a
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Poisson process of rate (1 4+ m(ns))r(ns) with the k" fission yielding an additional
Ay, offspring, each Ay being an independent copy of fl(y) which has the size-biased
distribution {(1+k)px(y)/(1+m(y)) : k > 0} where y = ng, is the type at the time
of fission. We also recall from Lemma 9.2 that

M, (y) == Qa(A7(y)) <00 <= P(A"(y)) < oo.

Therefore, if we condition on G; which knows about (£s,7,) at all times 0 < s <¢
we can transform the sum into an integral, use Fubini’s theorem and the change of
measure used in (48):

ng
QoY (Z Alvx (s, ) e85 *qusk>

k=1

= 0 (@0 (3 Al s e S5s P4 g,

k=1

=Q3" (,/t(l + m())r(05) Ma ()0 ()76 =72 ds )

= [ @ (@ m Mo ()7 ) s
)

quva() —(pEx—Epy)s s
o / he(ns)e d

_eatm@) o ke(y)
oa(y)  pEx — Epa

where

,UP

ha(w) = Q3 (FOMo(n) 2-(n). 7(0) = (14 m(y))r(y),

UpA
and  Fi(y) = E(hu(y);U < 1)

with U an independent exponential of rate (pEx — Epx) > 0. Note that, for all

y € I, ho(y) — (FMyv8,vpn) and ki(y) 1 koo(y) as t — oo, where (kivpx,vpn) =

(FMguS,vp ) P(U < t) 1 (koovpa,vpr) = (FMgv},vpn). Then, since My(w) <

oo <= P(A(w)?) < oo, and I is finite, we are guaranteed that keo(y) < oo

for all y € I as long as P(A(w)?) < oo for all w € 1.

Having dealt with both the spine term and the sum term, we have obtained the
upper-bound

@,y p epMUp (y) —(PEx—Ep\)t
PRUZO") < @5t () + 01l) (B = Byn) e P F0))

and since Z(t)? is a P-submartingale, we find that

T,y p ep)\zvp (v)
P™Y(ZA(t)F) < m koo (y) (vt >0)

and Zx(t) will be bounded in LP(P*Y) if we have both pE\x — E,x > 0 and
P(AP(w)) <ocoforallwel. O



A spine approach to branching diffusions 39
Proof of Part 2:

The earlier proof for BBM goes through with minor modification. Exactly as in the
BBM case, looking only at the contribution of the spine means that Z is unbounded
in LP(P®Y) if pEx — Epx < 0. In addition, letting T be any fission time along the
path of the spine,

ZA(T) > (1+ A(nr))oa(nr)e T =T
where A(nT) is the number of additional offspring produced at the time of fission.
Then, with mq(y) == Q((1+ A(y))?) < co <= P(A”(y)) < oo,

QRUZA(T)%) 2 € Q5 (s ()75

gAT /[T,y Uk(m )p *(PEA*E;JA)])
= Q mq(nr)—-—< ¢
PA ( Q(n )va(U )

and so Zy will also be unbounded in LP(P®Y) if my(y) = co <= P(AP(y)) = o0
for any y € I (taking a fission time when also in state y). O

Remarks on signed martingales and Kesten-Stigum type theorems

In the multi-typed BBM, for each A there will be other (signed) additive martingales
corresponding to the different eigenvectors and eigenvalues obtained from solving
(34); the Z) martingale simply corresponds to the Perron-Frobenius, or ground-
state, eigenvalue E and (strictly positive) eigenvector vy. Since |u + v’q < (Ju| +
’v’)q < ’u‘q—&— ‘v’q for all u,v € R, the above proof will also adapt to give convergence
results for signed martingales. In fact, when there is a complete orthonormal set of
eigenvectors, a Kesten-Stigum like theorem would then swiftly follow (for example,
see Harris [30] in the context of the continuous-type model of the next section).

11 A continuous-typed branching-diffusion

The previous finite-type model was originally inspired by the model that we now
turn to, originally laid out in Harris and Williams [28]. In this model the type moves
on the real line as an Orstein-Uhlenbeck process associated with the generator

2
Qo = Q(@_ — yg)7 with € > 0 considered as the temperature,
2\ 9y? Oy

which has the standard normal density as its invariant distribution:
1 1.2
m(y) == (2m) " 2e 2Y .

The spatial movement of a particle of type ¥ is a driftless Brownian motion with
instantaneous variance

Ay) == ay’, for some fixed a > 0,
and fission of a particle of type y occurs at a rate

R(y) :=ry* + p, where 7, p > 0 are fixed,
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to produce two particles at the same type-space location as the parent (we consider
only binary splitting). The model has very different behaviour for low temperature
values (i.e. low 0), but most studies have considered the high temperature regime
where 0 > 8r. Also, the parameter A must be restricted to an interval (Amin,0) in
order for some of the model’s parameters to remain in R, where

Generally, unboundedness in a model’s rates is a serious obstacle to classical proofs
since they often depend on the expectation semigroup of the branching process,
and unbounded rates tend to lead to unbounded eigenfunctions. Here this is the
case, but the existence of a spectral theory for their particular expectation operator
allowed Harris and Williams to get a sufficiently good bound in particular for a non-
linear term (see Theorem 5.1 of [28]), and therefore to prove £LP-convergence of the
martingale. Other convergence results for various martingales and weighted sums
over particles for this model also appear in Harris [30], again using more classical
methods and requiring ‘non-linear’ calculations. The spine approach we again adopt
here is both simple and more generic in nature; requiring no such special ‘non-
linear’ calculations, it elegantly produces very good estimates that only involve easy
one-particle calculations.

We use the same notation as previously, X; = {(Xu(t),Yu(t)) = Nt} to
denote the point process of space-type locations in R x R, and suppose that the
measures {15’”’ : (z,y) € R’} on the natural filtration with a spine (Ft)e>o are
such that the initial ancestor starts at (x,y) and (X, (&,n:)) becomes the above-
described branching diffusion with a spine.

11.1 The measure change

Although there are some significant differences, this model is similar in flavour to
our finite-type model. There is a strictly-positive martingale Z, defined as

Z)\(t) — Z v}\(Yu(t))ek)(u(t)*E,\t
u€ENg

where vy and E) are the eigenvector and eigenvalue associated with the self-adjoint
(in £(r)) operator:
1
Qo + EAQA(y) + R(y).
The eigenfunction vy is normalizable against the £?(7) norm, and can be found
explicitly as

ua(y) = eV

-1 _m 1 = 2
NEES 1 990 M T 2\/9 0(8r + 4aX?),

are both positive for all A\ € (Amin, 0); another important parameter is 1/JA+ = %—&— -
The eigenvalue Fy is then given by

where

N :p—‘,—H’(/);
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We again define the speed function ¢y := —FEx /A, and 5\(9) < 0 is the unique point
(on the negative axis) at which ¢y hits its minimum ¢é(0) — further details are given in
Harris and Williams [28]. We are going to use spines to prove the following result, in
which the critical case of A = A and the necessary conditions for £? (P)-convergence
are new results:

Theorem 11.1 Suppose that A € (Amin, 0).

1. Letp € (1,2]. The martingale Zx is LP(P)-bounded if both pEx — Epx > 0 and
pypy < 1/173. In particular, for all X € (A(0),0], Zx is a uniformly-integrable
martingale.

2. Zy is unbounded in LP(P) if either pEx — Epx < 0 or ppy > 1,/1;;.

3. Almost surely under P, Zx(c0) = 0 if A < A(6).

Once again, for each A < 0 we define a measure @iy on (7, Fo) via

dQyY
dp=y

1 n Ae—E]t
= —— 9™y () e TN 49
e (ne) (49)

so that with Qy := @A|]—'oo we have

Qe
dp=v

A D0 my)e

The facts are that under @ bE:

e the spine diffusion & has instantaneous drift an?\;

092 2px, 8 ; ;
e the type process n: has generator §(a_y2 — Tya_y) and an invariant proba-
- -1 . s
bility measure 7wy = <v,\,v,\>7r vim, corresponding to a normal distribution,

N(0, 57-);
fission times on the spine occur at the accelerated rate of 2R (n:);
all particles not in the spine behave as if under the original measure P.

We briefly comment that, along similar lines as discussed for the finite-typed
BBM case, we could now give a straightforward spine proof that the asymptotic
right-most particle speed in this continuous typed BBM model is almost surely é(0).

11.2 Proof of Theorem 11.1

Proof of Part 1: Suppose p € (1,2]. Then using the spine decomposition with
Jensen’s inequality and Proposition 9.1 we find,

PEUZL (1)) < N ur@) QR (3 valns, )16 1 )

u<&t

+e o (y)QYY (UA (ﬂt)qemﬁqE*t) :
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Assume that pEx — Epy > 0 and pyp) < 17/);;. As seen in Harris and Williams [28],
we can do many calculations explicitly in this model, largely due to the fact that

0.
under Q) .
, 0(1 — e “HA® 0
0. NN((;HM&% (1—e ™ )) —>N(07 )
2Np)\ 2/"’1’/\

and the eigenfunctions vy have such simple exponential form. For example,

0. ( % @0 (Y~ )n?
pr(ﬁ(""» — QY (e PUS — )N ) (50)

can easily be seen to be finite and bounded for all s > 0 if and only if pyy — ¢,y —
“f% =py — 1/);;A < 0, and just as readily calculated explicitly.
In fact, more ‘natural’ conditions for £P convergence of the martingales would

be that
<Rquu§,vp,\>7r < 00, <v§,vpx>ﬂ < 00, and pEx — Epx <0,

where M, (y) := Q(A(y)) with A the size-biased offspring distribution (here, binary
splitting means fl(y) = 1), and we present arguments below that are more generic
in nature, at least in terms of adapting to other ‘suitably’ ergodic type motions and
random family sizes. Note, the last condition above is related to the natural convexity

of E and, in our specific model, both integrability conditions are guaranteed by
Py — 1/);3 <0.

The spine term. On the algebra G; the change of measure takes the form

dQyY
dP=»y

_ ) exp (/Ot R(ns)ds + A\(& — x) — E;t),

G oA (y)

which we can use on the spine term to arrive at

Filw,y) = T or @B (0a () €I = P (y) guly)e” THE (51)

with g¢(y) = @%’ (vi(nt)/vpk(nt)) Under the assumption that pyy < ¢, it
easy to check that (v§, va>7r < oo, that is v} /v,n € L*(mpa) from which it follows
that g; € L*(mpy) for all t > 0. Since 1 has equilibrium 7,5 under Q,», we find
<gtvpk7vpk>ﬂ = <v§7vm>7r < oo and ¢:(y) — <v§7vpk>ﬂ<vphvm>;l < ooast— 0o
for all y € R.

We also note that since g € L'(mp), we have fi € L'(#py) where 7, :=
(1, fuu>;1v“7r and then

vY v
/ Tpa(y) fir(x,y)dy = e””7< 500 ) e~ (PEA=Epx)t
y€ER <17Upk>7r

The sum term. Note that under the parameter assumptions we have <Rv§7 va>7r <
00. As for the finite-type model the fission times S, on the spine occur as a Cox
process and therefore
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gi(2,9) = @)Y (3 valns,) T o)

u<&t

NG / @57 (2R00.) va (1) 7P ds

= e® ua(y / Q 2R (ns) (77S)>(37(1’E*7ET’*)S ds
A

= P (ki)
where
t . P
b= [ e T s () = Q0 (2R 2 )
p

and hy, ke € L (mp2). Note, ki(y) T koo(y) € L' (7pa) as t — oo where
1— e*(PEA*EpA)t)

(PEX — Epy)

(kevpx, vpa) _

= (29RvP
<’UM7’UM>TF < R%vm%

<2Rv§7 va>
" = (kooUpx, ¥ < oo.

B — By U )

Note, k: € L' (mpy) implies g: € L' (7p»), with an explicit calculation again possible.

Bringing together the results for the sum and spine terms, we have an upper bound

PYY(Z (1)) < ep“vm(y){gdy)e*“’ErEwt + my)} €LiFp)  (52)

and hence the submartingale property reveals that
P™Y(ZA(1)") < € upa(y)koo (y) < 00

forallt>0andally € R. O

Proof of Part 2: We need only dominate the martingale by the spine at time ¢,
yielding

B0 2 B (0 () e

gz vpA(Y) AY ( v§ ) —(PEx—Epx)t
= e —_— e p .
oa(y) P \upa ()

Hence Zy is unbounded in £P(P®) if either pEx — Epx < 0 or <v§7 vm>7r =00. O

Proof of Part 3: The proof that we have seen in the finite-type model will work
here with little change: under Q, the spatial motion is

& =B (/Ot a(ns)ds) + /\/Ot a(ns)ds,

and the type process 7, has invariant distribution N(0, %), whence t7'¢, —

- 7 2p
Xaf/ux = EY. Therefore it follows that under Q, the diffusion &; + cxt drifts off
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to —oo if A < A(#). When X = J, it is also simple to check that & + cxt is recur-
rent, so has lim inf{& + cxt} = —oo. Whence, in either case, bounding Z» below by
the spine’s contribution as done before, we have Zx(t) > v (n:)e* &2t and since
vx > 0 and 7 recurrent, we see that limsup, . Zx(t) = oo almost surely under

Qi»y. O
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