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Abstract:  Propagtion of light in a square-latticehollow-core photonic
crystal fibre is analysedas a model of guidancein a classof photonic
crystalfibresthat exhibit broad-bandyuidancewithout photonicband@ps.
A scalar governing equationis used and analytic solutions based on
transfermatricesare developedfor the full setof modes.It is found that
an exponentially localised fundamentalmode exists for a wide range of
frequencies.Theseanalytic solutionsof an idealisedstructurewill form
thebasisfor analysisof guidancen arealisticstructuren afollowing paper
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1. Intr oduction

Hollow-core photoniccrystal fibres (PCFs)consistof a low-index air hole surroundecby a
periodiccladdingstructure[1]. This periodicdielectricconstanigenerateghotonicband@ps
to preventlight spreadingutsidethe centraldefect.Theair-guidedlight hasmary applications
owing to its low attenuatiorj2] andnonlineareffects[3, 4].

Recently a novel classof PCFshasbeenreported,attractingintenseinterest. Theseare
hollow-core, with a Kagome or square-latticecladding [5—7]. The cladding configuration
known asthe ‘Kagome’ structureis formed by threeparallelgroupsof glassstrutsat an an-
gle of 411/3 to eachother asshowvn in Fig. 1(a).Figure1(b) shovs a squae-latticehollow-core
PCF, whosecladdingstructurehastwo setsof orthogonabllassstrips. ThesePCFshave alarge
pitch, where A is typically 12 um for KagomePCFs[5] and 15-17 um for square-lattice
PCFs[6]. This makeslight guidancepossiblein the visible optical spectrumMoreover, they
exhibit very wide high-transmissiomvindows, severaltimes broaderthanfor band@p-guiding
hollow-corePCFg[5, 6]. Theseadwantagesnake themexcellent candidategor nonlinearopti-
caleffectsin gasesFor instanceppto 45 coherenStokesandanti-Stoleslinescanbeobsened
with wavelengthsspanningrom 325nmto 2300nmin hydrogen-filledkagomePCFg[7].

A striking fact of this classof PCFsis that the cladding geometryin both Kagomeand
square-latticenollow-core PCFsdoesnot supportphotonicband@ps[5-7]. The coexistence
of the fundamentamodeandcladdingmodesat the samefrequency andpropagtion constant
impliesthatthis guidancecannotbe explainedby band@pguidancebut is governedby anovel
physicalmechanismPrevious studieshave foundthatlight is confinedbecaus®f thelow den-
sity of thecladdingmodesandthe weakinteractionbetweerthemandthe fundamentayuided
mode[5-7]. Furtheranalysighrougha comparisorbetweeratypical bandgp-guidinghollow-
corePCFandKagomePCFfoundthat,althoughthedistancébetweerthepropagtionconstants
of thestrutmodesandfundamentaimodein band@p-guidingPCFsis severaltimeslargerthan
thatin KagomePCFs the overlapof thewavefunctionsbetweernthesemodesn KagomePCFs
is oneorderof magnituddower [8]. However, thesestudiesarelargely descriptve andqualita-
tive concerninghe guidancemechanismthey do notreally explain why well-localisedmodes
canexist in the absenceof a band@p andthey do not provide a quantitatve analysisof the
attenuation A comparisorbetweenKagomePCFsand Bragg fibres consistingof concentric
rings of glassindicatesthat the existenceof additionalglassstrutsin the former greatly in-
creaseshe leakag€d9, 10]. However, this still doesnot fully explain the guidancein Kagome
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Fig. 1. Schematiof trans\erseplanesof hollow-corePCFs. Thecladdingstructuren (a)is
aKagomelattice, (b) is asquare-latticéollow-corePCF Correspondingcanningelectron
micrographsanbe foundin Refs.[6] and[7]. RectangulamodelPCFsareshavn in (c)
and(d). (c) is arealisticmodelPCFin which the dielectricconstanof theintersectionss
equalto thatof the glassstrips,asindicatedin theinset.(d) is anidealmodelstructurefor
theapplicationof the scalargoverningequationtheinsetshavs thattheintersectionhave
ahigherdielectricconstanthanthe strips.

PCFsbecausé¢heguidancemechanism#n thesetwo typesof fibresaredifferent.

For afuller understandingf this novel guidancemechanismthe centralquestionaboutthe
origin andmagnitudeof the leakageshouldbe physically answeredThis will helpto improve
our understandingf the uniquefeaturesof the guidanceand provide a foundationfor sim-
plification andoptimisationin simulationsandfabrication.Analysisof PCFsis madedifficult
by the relatively complex geometryandthe vector natureof the governing equationsin the
trans\erseplaneof PCFs thetrans\ersecomponentf themagnetidield satisfied11]

(02 4 nkE — B?)hy = (O x hy) x O Inn?, 1)

wherekg = 211/A and A is the vacuumwavevectot B is the propagtion constantn? is the
dielectricfunctionwhich describeshetrans\ersestructureof the PCFE and[; is thetranserse
gradientoperator The vectorcharacteof Eq. (1) is containedn theright-handside.Although
numericaltools, suchasthefinite elementmethod[12] or boundaryelementmethod[13], can
be usedto obtainessentiallyexact solutions this doesnot provide a physical understandingf
thenatureof theguidance.

In this paperand a following paper[14] we take a new approachto analyseguidancein
Kagome-like PCFs.Our aim is first to develop a simplified structurefor which analytic so-
lutions can be found. We then useperturbationtheoryto analysethe differencebetweenour
ideal structureand a realistic fibre, which enablesus to develop methodsfor calculatingthe
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attenuationThefirst simplificationis to considera scalargoverningequation11]:
(0F + kG — B?)he = 0, &y

wherethe magneticfield h; is eitherx or y polarisedin the trans\erseplane.Although this
approximatiorhasalimited quantitatve accuray, it providesausefulinsightinto awide range
of PCFs[15]. It alsomakescalculationamoreefficient. In our casewe will solve Eq. (2) for a
modelstructureandincludevectortermsasa perturbation.

Both Kagomeandsquare-latticd® CFshave sufficiently complicatedibre structurego pre-
ventthe governing equation,evenin the scalarapproximationfrom beingeasily solved. We
thereforeusea modifiedsquare-latticestructure asshown in Figs.1(c) and1(d). The cladding
in thesestructuresonsistof squareair holessurroundedy thin glassstripsof uniform thick-
nesswhichis similar to the experimentallyreportedsquare-latticd®CFs.The main difference
is thatthe centralair defectin our modelsis createdoy moving the four glassstripsenclosing
the centralair hole by a small distancethe positionsof the otherglassstripsare unchanged.
Thedefectin ourmodelthereforenotonly coversthecentralair hole,but alsoextendsalongthe
x andy axes.Thetwo modelstructurediffer only attheintersection®f theglassstrips.Figure
1(c) shawvsastructurewhich,in principle,canbefabricatedHowever, it still doesnotallow for
a simplesolution.We thereforeusethe structureshavn in Fig. 1(d) asour ideal modelstruc-
ture.lt differsfrom Fig. 1(c) in having a higherrefractve index attheintersection®f theglass
strips. The key pointis thatthis designmakesthe total dielectricfunction separablénto iden-
tical setsof parallelglassslabsalongthetwo axesandallows usto obtainanalyticalsolutions.
A similar approacthasbeenusedin previouswork on waveguides[16,17]. The differencein
thestructureshavn in Figs.1(c) and1(d) will alsobetreatedusingperturbatiortheory

In this paper guidancein the ideal modelstructurewill be analysedusingthe scalargov-
erningequation We derive analyticalsolutionsfor the full setof modeslt will be shovn that
anexponentiallylocalisedfundamentamodeexists within the centraldefectevenwithout the
existenceof photonicband@ps.This propertyforms the basisof our analysisof guidancein
morerealisticKaogme-like PCF structuresThe existenceof localisedin-planemodesin our
modelstructurehasbeenfoundin previouswork [16]. In this paper we extendthis work to in-
cludethefull setof out-of-planemodesandto demonstrat¢hatthelocalisedfundamentaimode
existsover a broadrangeof frequencieslmportantly the analyticresultsalsoallows usto use
perturbatiortheoryto analyseattenuatiorin arealisticfibre structure aswill bediscussedn a
following paper{14].

This paperis organisedasfollows. In Section2, the applicationof a transfermatrix method
is demonstratefbr calculatingthe claddingandguidedmodeswithin a supercellgeometryfor
theidealisedmodelstructure Section3 presentsesultshasedntheanalyticmethodderivedin
Section2 anddiscussethenatureof themodescloseto theair-line in termsof beingair-guided
or glass-guidedThe conclusionis givenin Section4.

2. Solution for scalar model structure

2.1. Sepaationof variables

The modelstructurepresentedn Fig. 1(d) hasanidenticalvariationof the dielectricconstant
alongbothx andy directionsin the trans\erseplane.This featuremakesthe two-dimensional
dielectricfunctionseparablas

n?(x,y) = ng+An?(x) + An?(y), ©)

wheren? is thedielectricconstanfor theair holes,andthefunction An? givesthedifferenceof
the dielectricconstanbetweerthe glassstripsandair holesin eachdirection. Thus,/An? takes
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the value né —nZ for the glassregionsand zerofor the air regions,wherens is the dielectric
constanbf glass.Thevalueof thehigh dielectricconstanattheintersection®f theglassstrips
is thereforeZné — n2. Becausef this decompositiorof the dielectricfunction, thefield h(x, y)

in the scalargoverningequationcanbe separate@sh(x,y) = X(X)Y(y). Substitutingthis into
Eq. (2) leadsto thedimensionlesgquations

dz;igx)ﬂpx(x)/\]ZX(x):o, with [px(X)A]2 = (koA)?[M2+ AnP(X)] — (BA)? — & (4)
and
2
: de(zy) +IVWAPY(Y) =0, with [py(y)A]® = (keA)*ANE(Y) +¢, (5)

where a constantpitch A is introducedand £ acts as a separationconstant.The position
variables,x andy, are now dimensionlesghroughdivision by A. At the high-inde inter

sections,the magnitudeof the normalisedtrans\ersewavevector Kq takes the value: Ké =

(PxgN)? + (Pyg\)? = (koA)2(2nG —n3) — (BA)?, wherethe subscriptg representshe values
of py andpy in theglassregions.A trigonometricfunction canthusbeintroducedto replaceé

andwe write separablérans\ersewavevectorsas

(PxgN)? =KGcos'® and (pygh)? =Ksir’ e, (6)

where 8 representshe anglerelative to the x axis of the trans\ersewavevectorin the high-
index intersectionskFor simplicity a variableC = coq26) is usedto replacef. Thewavevector
componentganthenbewritten as

(PxgN)> =KG(14C)/2, (pyg)* =K3(1-C)/2. (7)
The equialentexpressionsn theair regionsbecome
(Pal\)* = KG(1+C) /2~ (koN)? (ng — ) 8)
and
(Pya\)? = KF(1—C) /2~ (ko) (0§ — ). ©

Thescalargoverningequatiorhasheenseparatedlongtwo orthogonabirectionsandtheso-
lutionscanbeparameterisety thevariables3 andC. By lookingatEq.(7) or Egs.(8) and(9),
the solutionscanbe sortedinto two types:‘symmetricmodes’with C = 0 and‘non-symmetric
modes’'with C # 0. Thesehave the sameor differenttrans\ersewavevectorcomponentsn the
x andy directions respectiely. The symmetricmodesareimportantbecauseaswe will shav
later, all the modesof the modelstructurecanbe derived from solutionswith C = 0.

2.2. Matrix expressiondor thefields

The separatedeqgs. (4) and(5) canbe solved analytically In Ref.[18] field expressiondor a
one-dimensiongberiodicdielectricstackhave beenderived. We now extendthis methodto a
generalarrangementf air andglasslayerssuitablefor our modelstructure.

A schematiof thestructureis shavn in Fig. 2(a) (seethe captionfor detail). The solutionof
Eq.(4) in theN™" layerof this structurecanbe expresseds[18]

XN(x) = a cos{(pxj/\) (x—x’]-")} +bl'sin [(pxj/\) (x—xﬂ“)} / (PN, (10)

Whereaﬂ-\‘ and b’j\I are coeficients which determinethe field, j = a,g representsir or glass
respectiely, and py;A is the normalisedvavevectorcomponenteferringto material j. xﬂ-\‘ de-
notesareferencepointin theNt" segmentandA is choserasthepitch of thecladdingstructure.
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Fig. 2. (a) Sketchof a generalone-dimensionahrrangemenof air andglassregions.The
light anddark coloursrepresentir andglass,respectiely. The widths of the NtM air and
(N+1)" glassregionsareh) andhf)+1. Here x} andx** aretwo arbitrarypointswithin
theair andglass All the quantitiesaremadedimensionlesshroughdivision by A. (b) and
(c) Examplesof evenandoddsolutionsin onedimensionof an8 x 8 supercelbf themodel
structure.

The expressionin Eq. (10) hasthe advantageof algebraiccornvenience The field coeficients,
a’j“ andb'j\', arealwaysreal evenif 32 is negative or pxj becomesero.Moreover, wavesin a
stopbandcanalsobe expressedria real valuesof a’l-\‘ andb']-\‘ [18].

At the interfacebetweernthe Nt and (N + 1)th layers(shavn by theredline in Fig. 2 (a)),
boththefieldsandtheir derivativesarecontinuous)eadingto the matrix equation

( cos[(pxa/\) iz sin[(pxa/A) 3R]/ (Pxa/\) ) ( ay )

—(Pxa/\) Sin [ (Pxa/\) NGR] cos|(pxa/\) i) by )
cos|(pxgN)h ] —sin[(pgN)Y ™/ (Pug) N-+1
( o snloo ] ottt () e

wherethe dimensionlesparametersiy , hii;, hi ™ and hji* are definedin Fig. 2(a). For

simplicity we choosethe centreof eachlayerasthereferencepoint andsethg‘L = hE';‘R = h’j\l /2.
Equation(11) thenbecomes

hN+l -1 hN
Q’!§I+1:Q(—QT7pxg/\) Q(?aapxa/\>§g7 (12)
where
_( coshp) sinthp)/p
m(h, p) = ( —psin(hp)  cos(hp) (13)
and
df=@hu)T, =@ a4)

By usingEq. (12), thefield in an arbitrarylayer canbe expressedn termsof the field in the
adjacentayer
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2.3. Modesin a supecell geometry

Thecorversionof thetwo-dimensionaprobleminto a one-dimensionabnemakescalculation
of the modesin our rectangulamodelstructurevery efficient. The transfermatrix methodis
suitablefor a numberof geometriesincluding a perfectcladding,a defectin a claddingor a
defectin a supercellgeometry The conceptof the ‘supercell’ is often usedin computational
solutiong[19,20]; eachsupercelcanbeviewedasalargeunit cellandcontaindN x N primitive
cellsin thetrans\erseplane.ln ouranalysiswe will useasupercelgeometrybecause¢hisleads
to a finite numberof calculatedmodesand, mostimportantly the modescanbe normalised,
whetheror not they arelocalised.This will be importantin the perturbationanalysisin the
following paper We focusonly on the modesat the I point of the supercellBrillouin zone,
whichimpliesthatthefield coeficientsin the centresof neighbouringsupercellsarethe same
for eachmode.lt is expectedthat the modesat the ' point can effectively represengll the
solutionswithin asupercellWith anincreaseof the supercelkize,theareaof thefirst Brillouin
zonecorrespondinglydecreasesThe accurag of I' point samplingcanbe examinedthrough
testsof the cornvergenceof solutionswith respecto the sizeof the supercell.

We first restrictour analysisto the symmetricmodeswith the sametrans\ersewavevector
in thex andy directions,i.e. C = 0. By choosingthe centreof the centraldefectof a supercell
astheorigin, the arrangemenof the glasslayersis symmetricalongboth axes.Owing to this
structuralsymmetry the permittedone-dimensionafields have eithereven or odd symmetry
with respecto the centreof the centraldefect;two examplesareshavn in Figs.2(b) and2(c).
Tofind thesewo typesof modesa particularvalueof normalisedrequeng koA is first chosen.
For thesymmetricsolutionswe begin attheorigin with thefield coeficientsa= (1,0). A trial
valueof BA is choserandtransfermatricesareusedto determinethefield at the origin of the
next supercell.The BA valueis thenscannedo determinevaluesfor which thefield returnsto
(1,0). Similarly, odd modesarefound by startingwith a = (0,1)". We notethat the search
for allowed BA valuesis the only numericalpart of the calculation.Oncethe A valueis
determinedthefield coeficientsaregivenby analyticalexpressionsilt is alsostraightforvard
to normalisethe modesagain by usinganalyticalexpressiong13].

By usingthesesymmetricmodesthe non-symmetrianodeswith C # 0 canalsobederived.
We note that the variablespyg/A and pyg/\ sene asthe only argumentsin Egs. (4) and (5),
respectiely. Owing to theidenticalone-dimensionahrrangementef the air andglassregions
in bothdirections the solutionsof thesetwo equationgointto the samesetof (pg/\)™ values,
wherem s alabel. If we considerthe symmetricmodeswith C = 0, these(pgA)™ valuesare
determinednly by asetof K, whereKy is Kg atC = 0 andthelabelmrelatesto thatin pg/\.
For a non-symmetrianodewith C # 0, we assumehat pyg/\ = (pg/\)¥ and pygA = (pg/\)",
wherev#u becausepg/\ and pyg/\ arenot equal.By usingEq. (7), this non-symmetrianode
is relatedto the symmetricmodesv andu by

(1+C)KZ =Ky (15)

and
(1-C)KG = Kg™. (16)

Eqgs.(15) and(16) arecombinedto give
K3 = (Kyo’ +Kgo™) /2. (17)

By substitutingexpressiongor Ky, Ké’o and Ké’o into Eq. (17), the (BA)? value of this non-
symmetricmodeis givenby

(BN)? = [(BsN)? + (B§N)?]/2 (18)

#141859 - $15.00 USD Received 27 Jan 2011; accepted 9 Mar 2011; published 25 Mar 2011
(C) 2011 OSA 28 March 2011/ Vol. 19, No. 7/ OPTICS EXPRESS 6951



wherefy and 35 arepropagtion constantgor the two symmetricmodes After obtainingthe
propagtionconstantthefactorC is givenby Eq. (15) or (16). This connectiorindicateghatthe
full setof non-symmetrianodescanbe obtainedrom the setof symmetricmodesIn practice,
we areinterestedn modeswith 3 closeto the air-line. This requiresa large rangeof (BA)?
valuesfor the symmetricmodesto be calculated ncluding thosewith (BA)? lessthan zero.
Althoughsolutionswhen(BA)? is negative do not exist aspropagtingmodesthey areneeded
to determinethefull setof non-symmetrianodeswith positive (BA)?.

3. Resultsin the scalarapproximation
3.1. Guidancepropertiesof rectangularhollow-coe PCFs

In our simulations we modela hollow-core PCFusingglassstripswith a thicknessof 0.05A,
whereA is thepitch of the perfectlyperiodiccladding.Therefractive indicesare 1.0 for theair
holesandl.5 for theglassstrips.Thecentraldefectis createdy moving outwardthefour glass
stripsenclosingthe centralair hole by a distanceof 0.125\. The arrangemenof glassstripsin
onedimensionof an8 x 8 supercelis shovn in Figs.2(b) and2(c).

Whenconsideringguidancen PCFsit is usefulfirst to analysethe propertiesof the perfect
periodic claddingstructure.This is corveniently doneby calculatingthe photonicdensity of
states(PDOS)[21-23]. The PDOS,asa function of normalisedfrequeng, clearly shavs the
location of photonichandsand band@ps.With our rectangularmodel structure the method
of Section2 canbe extendedto calculatethe PDOSof the perfect,infinite claddingby using
Bloch’stheoremDetailsof thesecalculationsaregivenin Ref.[13].

The PDOSis shavn in Fig. 3(a), asa function of the normalisedfrequeng ko/A andthe
rangeof normalisedpropagtion constantsloseto theair-line, i.e. (8 — ko). Theyellow and
white regionsrepresenphotonicbandsandband@ps,respectiely. It is obsenedthatthereis
asequencef band@psthatcrosstheair-line.

(a)
4 . . .
Fundamental modes
0.5
=
£ 0
&
-0.5
-1 T
10 12 14 16 18 20 22
koA
(b) () (d)
4A . 4A T 4A T 1.5
1
- -
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Fig. 3. (a) PDOSandfundamentabuidedmodefor theideal model PCFstructureof Fig.
1(d) and the scalargoverning equation.The red line shavs the propagtion constantof
the fundamentamode.The greenandblack lines aretwo frequenciedor which the field
of the modesare plottedin (b) and (c,d), respectrely. (b) The fundamentaimode with
BA =16.031atko/\ = 16.5. (c) and(d) Thefundamentahndselected:laddingmodewith
equialentSA = 13.941atko\ = 14.5.

We now considerguided modesin the model structurewith a centraldefect. The funda-
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mentalguidedmodeis shovn by theredline in Fig. 3(a). This hasbeencalculatedby using
the methodologyof Section2 with a 28 x 28 supercelllt is not surprisingthata guidedmode
shouldexist within the band@psof theperfectcladdingstructureanexampleof thefundamen-
tal modeat koA = 16.5 is givenin Fig. 3(b). More surprisingly we find thatan exponentially
localisedmodeexistsfor all normalisedrequenciesvithin thegivenrangewhetheror notthere
is a band@p. An exampleis givenin Fig. 3(c), andFig. 3(d) shawvs a claddingstatewith the
samefrequeny andpropagtionconstan{to within 6 d.p.)astheguidedmodein Fig. 3(c). As
discussedh theintroduction,this coexistenceof localisedanddelocalisednodeshasbeenpre-
viously notedfor ourmodelstructurein Ref.[16]. In this paperaleakage-freenodewasfound
within a continuumof statesata givenfrequeng wheninvestigating photonicwaveguides.For
ourapplicationto PCFswe notethatthe exponentiallylocdised fundamentaguidedmodeap-
pearsover awide rangeof frequenciesThereexistsaresonantegion (which startsin our case
at koA = 56) wherethereis no guidedmode;this occurswhena newv one-dimensionamode
is justtrappedin the trans\ersedirectionacrosshe glassstrips[24]. Thiswill bediscussedn
moredetailin afollowing paper{14] .

Both the coexistenceof the fundamentaland cladding modesat the samefrequeng and
propagtionconstantandtheultra-broadangeof guidedfrequenciehiave beenexperimentally
obsenedin Kagome[5, 7] andsquare-latticéollow-core[6] PCFs.t is for thisreasorthatwe
believe thatour modelPCFstructurecanprovide a usefulbasisfor understandinghe guidance
mechanismn Kagomeandsquare-latticdollow-corePCFs.

3.2. Guidedmodesn the supecell geometry

In orderto obtaina setof normalisedmodesiit is necessaryo usea supercellgeometry To
demonstratéhe natureof themodeswe chooseanexamplenormalisedrequeng of koA = 40,
whichlieswithin abandof claddingstatesFor corveniencein discussinghemodeswe begin
with arelatively small8 x 8 supercell.

(a) (b) (c) (d)
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Fig. 4. Field plotsin the trans\erseplanefor symmetricmodes(i.e. C = 0) closeto the
air-line. Thenormalisedrequengy is koA = 40, andthe (BA)? valuesof thesemodesvary
from 157273t0 1587.12. Thefundamentaimodeis shovnin (a).

Wefirst focuson the symmetricmodeswhich have identicalone-dimensionalavefunctions
alongthex andy directions(i.e. thosewith C = 0). It is corvenientto considerthesemodesas
beingof threedistincttypesin termsof their propagtion constantsThefirst is the setof air-
guidedmodesjust below the air-line. This setcontainseight modes(which is associatedvith
thesizeof the supercelichosen)Theseair-guidedmodesarewell separatedrom othermodes

#141859 - $15.00 USD Received 27 Jan 2011; accepted 9 Mar 2011; published 25 Mar 2011
(C) 2011 OSA 28 March 2011/ Vol. 19, No. 7/ OPTICS EXPRESS 6953



2A T 2A

8
4 .
6l . .
0 0
4 + . 4
> 3
= . . 2A L 2A L 2
2 0 20 0 27 20 0 27 1
e e as
1 1 . (d) (e) ’
2 2A - 2A : 1
4 ) ' 2
. 3
-6 I Pl 0 0 4
8 " . | . - ¢
-8 6 -4 2 0 2 4 6 8
X (A) 2A ! 2A

-2A 0 2A -2A 0 2A

Fig. 5. (a) Schematidiagramof thetwo regionsin whichthefield is concentatedfor high-
index modesin an8 x 8 supercell(b-e) Four modeswith fieldslocalisedin theblueregions
in (a). Modes(b) and(c) have evenwavesin both directions;(d) and(e) have odd waves
alongthe axes.Four othermodeshave a similar field pattern,but in the greenregions of

(a).

with lower valuesof BA. The trans\ersefields of this group of modesnearesto the air-line
areshawn in Fig. 4; amongthemis the fundamentafjuidedmode,asshavn by Fig. 4(a). The
wavefunctionsarebothevenin modeg(a)to (e) andbothoddin modeg(f) to (h) in Fig. 4.

Anothergroup of modesis found with propagtion constantsvell above the air-line. Eight
modesarelocatedat (BA)? = 361154, with extremelysmalldifferencesn the (BA)? valuesof
lessthan10~’. Plotsof thesemodesareshawn in Fig. 5, whereit canbe seerthatthefieldsare
locatedin the high-inde intersection®f the glassstrips.Owing to this property thesemodes
arereferredto as‘high-index modes’.

Therearealsoa large numberof solutionswith C = 0 with BA valuesmuchlower thanthe
air-line. Threeexamplesof thesemodesare shavn in Fig. 6. As mentionedabore, solutions
with negative (BA)? valuesareimportantin determiningthe full setof non-symmetrianodes
with positive (BA)2. This alsoexplainswhy we areinterestedn thethreemodesn Fig. 6: they
can generatenon-symmetricmodeswith SA valuescloseto the fundamentaimode. Figure
6 shaws that, unlike the previous two types,the fields of these‘delocalisedmodes’are no
longerconfinedin a specificregion but insteadspreadhroughoutthe whole trans\erseplane.
Moreover, they exhibit rapid trans\erseoscillation, asindicatedby the alternationof the red
andbluecoloursin theseplots.

2A

Fig. 6. Exampleplots of symmetricsolutionswith delocalisedields. The (BA)? valuesare
53501, 49825 and —344.78 for (a), (b) and(c), respectrely. Note that only the region
closeto the centraldefectis shown.
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To form a completemodemap,the non-symmetrianodesmustalsobe consideredin prin-
ciple, every pair of symmetricmodescanbe combinedto give two non-symmetrienodeswith
identical propagtion constantsut oppositeC values.In practice,we areinterestedonly in
modeswith propagtion constantcloseto the fundamentajuidedmode.Therefore thereare
only two relevantchoicesof combinationof symmetricnodesOneis theinternalcombination
of theair-guidedmodesshavn in Fig. 4; theotherinvolvesa high-indec modeandadelocalised
mode,asshavn in Figs.5 and6, respectiely.

8A T i T 8A T T T
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Fig. 7. Two examplesof pairs of non-symmetricmodes.(a) and (b) Air-guided modes
generatedy the symmetricmodesshowvn in Figs.4(a) and4(e).(c) and(d) Glass-guided
modesformedby the combinationof the high-index modeof Fig. 5(b) andthedelocalised
modeof Fig. 6(a). The (ﬁ/\)2 valuesare 157993 for modes(a) and (b), and207328 for
modes(c) and(d).

Figures7(a)and7(b) shov anexamplepair of combinedair-guidedmodesthefield patterns
of which differ by anangleof 11/2 in thetrans\erseplanebecausef theoppositeC values.The
field intensityis still mainly confinedin theair holes.Figures7(c) and7(d) displayexamplesof
themodesformedby a combinationof high-index modesanddelocalisednodes Thesemodes
areglass-guidedandtheir fields are concentrate@longthe glassstrips. Becauseof the large
numberof delocalisedmodes,theseglass-guidednodesevenly cover a broadregion of SA
valuesandarethereforelikely to becomevery closeto the fundamentamode.As obsenedin
Kagomeandsquare-latticanollow-core PCFs[6, 7], the glass-guideanodesare characterised
by dramaticoscillationof the spatialfields. Owing to the obvious mismatchof spatialfrequen-
ciesbetweerthe fundamentamodeandthe glass-guidednodesjt canbe supposedhatthere
is a suppressedoupling betweenthe two. The leakagecausedoy the glass-guidednodesis
thereforeexpectedto be relatively small. This point will be analysedfurther in a following

paperf14].
4. Conclusion

Transfermatrix methodshave beendevelopedfor anidealisedrectangulahollow-core PCE
Within the scalarapproximationa completesetof modescanbe calculatedwithin a supercell
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geometry For modesnearthe air-line thereis a cleardiscriminationinto air-guidedandglass-
guidedmodes.The existenceof an exponentiallylocalisedfundamentaimodewith the same
propa@tionconstantscladdingstatesshavs thatthe modelhollow-corePCFcanbeidentified
asa prototypeof the PCFfamily that governslight via the weak interactionof modes.This
analysiswill beextendedn afollowing papemwhereperturbatiortheoryis usedto considerthe
effectsof vectortermsin the governingequatiorandthe unrealistichigh-inde intersection®f
theidealisedmodelstructure.
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