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Abstract: Propagation of light in a square-latticehollow-corephotonic
crystal fibre is analysedas a model of guidancein a classof photonic
crystalfibresthatexhibit broad-bandguidancewithout photonicbandgaps.
A scalar governing equation is used and analytic solutions basedon
transfermatricesare developedfor the full set of modes.It is found that
an exponentially localisedfundamentalmode exists for a wide rangeof
frequencies.Theseanalytic solutionsof an idealisedstructurewill form
thebasisfor analysisof guidancein arealisticstructurein afollowing paper.
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1. Intr oduction

Hollow-core photoniccrystal fibres (PCFs)consistof a low-index air hole surroundedby a
periodiccladdingstructure[1]. This periodicdielectricconstantgeneratesphotonicbandgaps
to preventlight spreadingoutsidethecentraldefect.Theair-guidedlight hasmany applications
owing to its low attenuation[2] andnonlineareffects[3,4].

Recently, a novel classof PCFshasbeenreported,attractingintenseinterest.Theseare
hollow-core, with a Kagomeor square-latticecladding [5–7]. The cladding configuration
known asthe ‘Kagome’ structureis formedby threeparallelgroupsof glassstrutsat an an-
gleof 4π/3 to eachother, asshown in Fig. 1(a).Figure1(b)showsasquare-latticehollow-core
PCF, whosecladdingstructurehastwo setsof orthogonalglassstrips.ThesePCFshavea large
pitch, whereΛ is typically 12 µm for KagomePCFs[5] and 15–17 µm for square-lattice
PCFs[6]. This makeslight guidancepossiblein the visible optical spectrum.Moreover, they
exhibit very wide high-transmissionwindows,several times broaderthanfor bandgap-guiding
hollow-corePCFs[5,6]. Theseadvantagesmake themexcellent candidatesfor nonlinearopti-
caleffectsin gases.For instance,upto 45coherentStokesandanti-Stokeslinescanbeobserved
with wavelengthsspanningfrom 325nmto 2300nm in hydrogen-filledKagomePCFs[7].

A striking fact of this classof PCFsis that the claddinggeometryin both Kagomeand
square-latticehollow-corePCFsdoesnot supportphotonicbandgaps[5–7]. The coexistence
of thefundamentalmodeandcladdingmodesat thesamefrequency andpropagationconstant
impliesthatthisguidancecannotbeexplainedby bandgapguidancebut is governedby anovel
physicalmechanism.Previousstudieshave foundthatlight is confinedbecauseof thelow den-
sity of thecladdingmodesandtheweakinteractionbetweenthemandthefundamentalguided
mode[5–7].Furtheranalysisthroughacomparisonbetweenatypicalbandgap-guidinghollow-
corePCFandKagomePCFfoundthat,althoughthedistancebetweenthepropagationconstants
of thestrutmodesandfundamentalmodein bandgap-guidingPCFsis severaltimeslargerthan
thatin KagomePCFs,theoverlapof thewavefunctionsbetweenthesemodesin KagomePCFs
is oneorderof magnitudelower [8]. However, thesestudiesarelargelydescriptiveandqualita-
tive concerningtheguidancemechanism;they do not really explain why well-localisedmodes
canexist in the absenceof a bandgap andthey do not provide a quantitative analysisof the
attenuation.A comparisonbetweenKagomePCFsandBraggfibresconsistingof concentric
rings of glassindicatesthat the existenceof additionalglassstrutsin the former greatly in-
creasesthe leakage[9,10]. However, this still doesnot fully explain theguidancein Kagome
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Fig. 1.Schematicof transverseplanesof hollow-corePCFs.Thecladdingstructurein (a) is
aKagomelattice,(b) is asquare-latticehollow-corePCF. Correspondingscanningelectron
micrographscanbe found in Refs.[6] and[7]. RectangularmodelPCFsareshown in (c)
and(d). (c) is a realisticmodelPCFin which thedielectricconstantof theintersectionsis
equalto thatof theglassstrips,asindicatedin theinset.(d) is anidealmodelstructurefor
theapplicationof thescalargoverningequation;theinsetshows thattheintersectionshave
ahigherdielectricconstantthanthestrips.

PCFsbecausetheguidancemechanismsin thesetwo typesof fibresaredifferent.
For a fuller understandingof this novel guidancemechanism,thecentralquestionaboutthe

origin andmagnitudeof theleakageshouldbephysically answered.This will helpto improve
our understandingof the uniquefeaturesof the guidanceandprovide a foundationfor sim-
plification andoptimisationin simulationsandfabrication.Analysisof PCFsis madedifficult
by the relatively complex geometryandthe vectornatureof the governingequations.In the
transverseplaneof PCFs,thetransversecomponentof themagneticfield satisfies[11]

(∇2
t +n2k2

0−β 2)ht = (∇t ×ht)×∇t lnn2, (1)

wherek0 = 2π/λ andλ is the vacuumwavevector, β is the propagation constant,n2 is the
dielectricfunctionwhichdescribesthetransversestructureof thePCF, and∇t is thetransverse
gradientoperator. Thevectorcharacterof Eq. (1) is containedin theright-handside.Although
numericaltools,suchasthefinite elementmethod[12] or boundaryelementmethod[13], can
beusedto obtainessentiallyexactsolutions,this doesnot provide a physicalunderstandingof
thenatureof theguidance.

In this paperand a following paper[14] we take a new approachto analyseguidancein
Kagome-like PCFs.Our aim is first to develop a simplified structurefor which analytic so-
lutions canbe found.We thenuseperturbationtheoryto analysethe differencebetweenour
ideal structureanda realisticfibre, which enablesus to develop methodsfor calculatingthe
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attenuation.Thefirst simplificationis to considerascalargoverningequation[11]:

(∇2
t +n2k2

0−β 2)ht = 0, (2)

wherethe magneticfield ht is either x or y polarisedin the transverseplane.Although this
approximationhasa limited quantitativeaccuracy, it providesausefulinsightinto awiderange
of PCFs[15]. It alsomakescalculationsmoreefficient. In our casewe will solve Eq. (2) for a
modelstructureandincludevectortermsasaperturbation.

Both Kagomeandsquare-latticePCFshave sufficiently complicatedfibre structuresto pre-
vent the governingequation,even in the scalarapproximation,from beingeasilysolved.We
thereforeusea modifiedsquare-latticestructure,asshown in Figs.1(c) and1(d).Thecladding
in thesestructuresconsistsof squareair holessurroundedby thin glassstripsof uniform thick-
ness,which is similar to theexperimentallyreportedsquare-latticePCFs.Themaindifference
is that thecentralair defectin our modelsis createdby moving thefour glassstripsenclosing
the centralair hole by a small distance;the positionsof the otherglassstripsareunchanged.
Thedefectin ourmodelthereforenotonly coversthecentralair hole,but alsoextendsalongthe
x andy axes.Thetwo modelstructuresdiffer only at theintersectionsof theglassstrips.Figure
1(c)showsastructurewhich,in principle,canbefabricated.However, it still doesnotallow for
a simplesolution.We thereforeusethestructureshown in Fig. 1(d) asour idealmodelstruc-
ture.It differsfrom Fig. 1(c) in having ahigherrefractive index at theintersectionsof theglass
strips.Thekey point is that this designmakesthetotal dielectricfunctionseparableinto iden-
tical setsof parallelglassslabsalongthetwo axesandallows usto obtainanalyticalsolutions.
A similar approachhasbeenusedin previouswork on waveguides[16,17]. Thedifferencein
thestructuresshown in Figs.1(c)and1(d)will alsobetreatedusingperturbationtheory.

In this paper, guidancein the ideal modelstructurewill be analysedusingthe scalargov-
erningequation.We derive analyticalsolutionsfor thefull setof modes.It will beshown that
anexponentiallylocalisedfundamentalmodeexistswithin thecentraldefectevenwithout the
existenceof photonicbandgaps.This propertyforms the basisof our analysisof guidancein
morerealisticKaogme-like PCFstructures.The existenceof localisedin-planemodesin our
modelstructurehasbeenfoundin previouswork [16]. In thispaper, weextendthiswork to in-
cludethefull setof out-of-planemodesandto demonstratethatthelocalisedfundamentalmode
existsover a broadrangeof frequencies.Importantly, theanalyticresultsalsoallows usto use
perturbationtheoryto analyseattenuationin a realisticfibre structure,aswill bediscussedin a
following paper[14].

This paperis organisedasfollows. In Section2, theapplicationof a transfermatrix method
is demonstratedfor calculatingthecladdingandguidedmodeswithin asupercellgeometryfor
theidealisedmodelstructure.Section3 presentsresultsbasedontheanalyticmethodderivedin
Section2 anddiscussesthenatureof themodescloseto theair-line in termsof beingair-guided
or glass-guided.Theconclusionis givenin Section4.

2. Solution for scalarmodel structur e

2.1. Separation of variables

Themodelstructurepresentedin Fig. 1(d) hasan identicalvariationof thedielectricconstant
alongbothx andy directionsin the transverseplane.This featuremakesthe two-dimensional
dielectricfunctionseparableas

n2(x,y) = n2
a +△n2(x)+△n2(y), (3)

wheren2
a is thedielectricconstantfor theair holes,andthefunction△n2 givesthedifferenceof

thedielectricconstantbetweentheglassstripsandair holesin eachdirection.Thus,△n2 takes
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the valuen2
g−n2

a for the glassregionsandzerofor the air regions,wheren2
g is the dielectric

constantof glass.Thevalueof thehighdielectricconstantat theintersectionsof theglassstrips
is therefore2n2

g−n2
a. Becauseof this decompositionof thedielectricfunction,thefield h(x,y)

in thescalargoverningequationcanbeseparatedash(x,y) = X(x)Y(y). Substitutingthis into
Eq.(2) leadsto thedimensionlessequations

d2X(x)
dx2 +[px(x)Λ]2X(x) = 0, with [px(x)Λ]2 = (k0Λ)2[n2

a +△n2(x)]− (βΛ)2−ξ (4)

and
d2Y(y)

dy2 +[py(y)Λ]2Y(y) = 0, with [py(y)Λ]2 = (k0Λ)2△n2(y)+ξ , (5)

where a constantpitch Λ is introducedand ξ acts as a separationconstant.The position
variables,x and y, are now dimensionlessthrough division by Λ. At the high-index inter-
sections,the magnitudeof the normalisedtransversewavevector Kg takes the value: K2

g =

(pxgΛ)2 + (pygΛ)2 = (k0Λ)2(2n2
g − n2

a)− (βΛ)2, wherethe subscriptg representsthe values
of px andpy in theglassregions.A trigonometricfunctioncanthusbeintroducedto replaceξ
andwewrite separabletransversewavevectorsas

(pxgΛ)2 = K2
g cos2 θ and (pygΛ)2 = K2

g sin2 θ , (6)

whereθ representsthe anglerelative to the x axis of the transversewavevector in the high-
index intersections.For simplicity avariableC = cos(2θ) is usedto replaceθ . Thewavevector
componentscanthenbewrittenas

(pxgΛ)2 = K2
g(1+C)/2, (pygΛ)2 = K2

g(1−C)/2. (7)

Theequivalentexpressionsin theair regionsbecome

(pxaΛ)2 = K2
g(1+C)/2− (k0Λ)2�n2

g−n2
a

�

(8)

and
(pyaΛ)2 = K2

g(1−C)/2− (k0Λ)2�n2
g−n2

a

�

. (9)

Thescalargoverningequationhasbeenseparatedalongtwo orthogonaldirectionsandtheso-
lutionscanbeparameterisedby thevariablesβ andC. By lookingatEq.(7) or Eqs.(8) and(9),
thesolutionscanbesortedinto two types:‘symmetricmodes’with C = 0 and‘non-symmetric
modes’with C 6= 0. Thesehave thesameor differenttransversewavevectorcomponentsin the
x andy directions,respectively. Thesymmetricmodesareimportantbecause,aswe will show
later, all themodesof themodelstructurecanbederivedfrom solutionswith C = 0.

2.2. Matrix expressionsfor thefields

The separatedEqs.(4) and(5) canbe solved analytically. In Ref. [18] field expressionsfor a
one-dimensionalperiodicdielectricstackhave beenderived.We now extendthis methodto a
generalarrangementof air andglasslayerssuitablefor ourmodelstructure.

A schematicof thestructureis shown in Fig. 2(a)(seethecaptionfor detail).Thesolutionof
Eq.(4) in theNth layerof this structurecanbeexpressedas[18]

XN
j (x) = aN

j cos
�

�

pxjΛ
��

x−xN
j

�

�

+bN
j sin

�

�

pxjΛ
��

x−xN
j

�

�

/
�

pxjΛ
�

, (10)

whereaN
j and bN

j are coefficients which determinethe field, j = a,g representsair or glass
respectively, andpxjΛ is thenormalisedwavevectorcomponentreferringto material j. xN

j de-

notesareferencepoint in theNth segmentandΛ is chosenasthepitchof thecladdingstructure.
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Fig. 2. (a) Sketchof a generalone-dimensionalarrangementof air andglassregions.The
light anddarkcoloursrepresentair andglass,respectively. Thewidthsof theNth air and
(N+1)th glassregionsarehN

a andhN+1
g . Here,xN

a andxN+1
g aretwo arbitrarypointswithin

theair andglass.All thequantitiesaremadedimensionlessthroughdivision by Λ. (b) and
(c) Examplesof evenandoddsolutionsin onedimensionof an8×8 supercellof themodel
structure.

Theexpressionin Eq. (10) hastheadvantageof algebraicconvenience.Thefield coefficients,
aN

j andbN
j , arealwaysrealeven if β 2 is negative or pxj becomeszero.Moreover, wavesin a

stopbandcanalsobeexpressedvia realvaluesof aN
j andbN

j [18].

At the interfacebetweentheNth and(N + 1)th layers(shown by the red line in Fig. 2 (a)),
boththefieldsandtheir derivativesarecontinuous,leadingto thematrixequation

�

cos
�

(pxaΛ)hN
aR

�

sin
�

(pxaΛ)hN
aR

�

/(pxaΛ)
−(pxaΛ)sin

�

(pxaΛ)hN
aR

�

cos
�

(pxaΛ)hN
aR

�

��

aN
a

bN
a

�

=

�

cos
�

(pxgΛ)hN+1
gL

�

−sin
�

(pxgΛ)hN+1
gL

�

/(pxgΛ)

(pxgΛ)sin
�

(pxgΛ)hN+1
gL

�

cos
�

(pxgΛ)hN+1
gL

�

�

�

aN+1
g

bN+1
g

�

, (11)

where the dimensionlessparametershN
aL, hN

aR, hN+1
gL and hN+1

gR are definedin Fig. 2(a). For
simplicity we choosethecentreof eachlayerasthereferencepoint andsethN

aL = hN
aR = hN

j /2.
Equation(11) thenbecomes

aN+1
g = m

�

−
hN+1

g

2
, pxgΛ

�−1
m
�hN

a

2
, pxaΛ

�

aN
a , (12)

where

m(h, p) =

�

cos(hp) sin(hp)/p
−psin(hp) cos(hp)

�

(13)

and
aN

j = (aN
j ,bN

j )T , aN+1
j = (aN+1

j ,bN+1
j )T . (14)

By usingEq. (12), the field in an arbitrarylayer canbe expressedin termsof the field in the
adjacentlayer.
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2.3. Modesin a supercell geometry

Theconversionof thetwo-dimensionalprobleminto a one-dimensionalonemakescalculation
of the modesin our rectangularmodelstructurevery efficient. The transfermatrix methodis
suitablefor a numberof geometries,including a perfectcladding,a defectin a claddingor a
defectin a supercellgeometry. The conceptof the ‘supercell’ is often usedin computational
solutions[19,20]; eachsupercellcanbeviewedasalargeunit cell andcontainsN×N primitive
cellsin thetransverseplane.In ouranalysis,wewill useasupercellgeometrybecausethisleads
to a finite numberof calculatedmodesand,most importantly, the modescanbe normalised,
whetheror not they are localised.This will be importantin the perturbationanalysisin the
following paper. We focusonly on the modesat the Γ point of the supercellBrillouin zone,
which impliesthat thefield coefficientsin thecentresof neighbouringsupercellsarethesame
for eachmode.It is expectedthat the modesat the Γ point caneffectively representall the
solutionswithin asupercell.With anincreaseof thesupercellsize,theareaof thefirst Brillouin
zonecorrespondinglydecreases.The accuracy of Γ point samplingcanbe examinedthrough
testsof theconvergenceof solutionswith respectto thesizeof thesupercell.

We first restrictour analysisto the symmetricmodeswith the sametransversewavevector
in thex andy directions,i.e.C = 0. By choosingthecentreof thecentraldefectof a supercell
astheorigin, thearrangementof theglasslayersis symmetricalongbothaxes.Owing to this
structuralsymmetry, the permittedone-dimensionalfields have eithereven or odd symmetry
with respectto thecentreof thecentraldefect;two examplesareshown in Figs.2(b) and2(c).
To find thesetwo typesof modes,aparticularvalueof normalisedfrequency k0Λ is first chosen.
For thesymmetricsolutionswebegin at theorigin with thefield coefficientsa= (1,0)T . A trial
valueof βΛ is chosenandtransfermatricesareusedto determinethefield at theorigin of the
next supercell.TheβΛ valueis thenscannedto determinevaluesfor which thefield returnsto
(1,0)T . Similarly, odd modesarefound by startingwith a = (0,1)T . We notethat the search
for allowed βΛ valuesis the only numericalpart of the calculation.Oncethe βΛ value is
determined,thefield coefficientsaregivenby analyticalexpressions.It is alsostraightforward
to normalisethemodes,again by usinganalyticalexpressions[13].

By usingthesesymmetricmodes,thenon-symmetricmodeswith C 6= 0 canalsobederived.
We note that the variablespxgΛ and pygΛ serve as the only argumentsin Eqs. (4) and (5),
respectively. Owing to theidenticalone-dimensionalarrangementsof theair andglassregions
in bothdirections,thesolutionsof thesetwo equationspoint to thesamesetof (pgΛ)m values,
wherem is a label. If we considerthesymmetricmodeswith C = 0, these(pgΛ)m valuesare
determinedonly by asetof Km

g0, whereKg0 is Kg atC = 0 andthelabelm relatesto thatin pgΛ.
For a non-symmetricmodewith C 6= 0, we assumethat pxgΛ = (pgΛ)v and pygΛ = (pgΛ)u,
wherev6=u becausepxgΛ andpygΛ arenot equal.By usingEq. (7), this non-symmetricmode
is relatedto thesymmetricmodesv andu by

(1+C)K2
g = Kv

g0
2 (15)

and
(1−C)K2

g = Ku
g0

2. (16)

Eqs.(15)and(16)arecombinedto give

K2
g = (Kv

g0
2 +Ku

g0
2)/2. (17)

By substitutingexpressionsfor Kg, Ku
g0 andKv

g0 into Eq. (17), the (βΛ)2 valueof this non-
symmetricmodeis givenby

(βΛ)2 = [(β v
0Λ)2 +(β u

0 Λ)2]/2 (18)
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whereβ v
0 andβ u

0 arepropagationconstantsfor thetwo symmetricmodes.After obtainingthe
propagationconstant,thefactorC is givenby Eq.(15)or (16).Thisconnectionindicatesthatthe
full setof non-symmetricmodescanbeobtainedfrom thesetof symmetricmodes.In practice,
we areinterestedin modeswith β closeto the air-line. This requiresa large rangeof (βΛ)2

valuesfor the symmetricmodesto be calculated,including thosewith (βΛ)2 lessthanzero.
Althoughsolutionswhen(βΛ)2 is negativedonotexist aspropagatingmodes,they areneeded
to determinethefull setof non-symmetricmodeswith positive (βΛ)2.

3. Resultsin the scalarapproximation

3.1. Guidancepropertiesof rectangularhollow-core PCFs

In our simulations,we modela hollow-corePCFusingglassstripswith a thicknessof 0.05Λ,
whereΛ is thepitchof theperfectlyperiodiccladding.Therefractive indicesare1.0 for theair
holesand1.5 for theglassstrips.Thecentraldefectis createdby moving outwardthefour glass
stripsenclosingthecentralair holeby adistanceof 0.125Λ. Thearrangementof glassstripsin
onedimensionof an8×8 supercellis shown in Figs.2(b)and2(c).

Whenconsideringguidancein PCFsit is usefulfirst to analysethepropertiesof theperfect
periodiccladdingstructure.This is convenientlydoneby calculatingthe photonicdensityof
states(PDOS)[21–23].The PDOS,asa function of normalisedfrequency, clearly shows the
locationof photonicbandsandbandgaps.With our rectangularmodelstructure,the method
of Section2 canbeextendedto calculatethePDOSof theperfect,infinite claddingby using
Bloch’s theorem.Detailsof thesecalculationsaregivenin Ref. [13].

The PDOSis shown in Fig. 3(a), as a function of the normalisedfrequency k0Λ and the
rangeof normalisedpropagationconstantscloseto theair-line, i.e. (β −k0)Λ. Theyellow and
white regionsrepresentphotonicbandsandbandgaps,respectively. It is observedthat thereis
asequenceof bandgapsthatcrosstheair-line.

Fig. 3. (a) PDOSandfundamentalguidedmodefor the idealmodelPCFstructureof Fig.
1(d) and the scalargoverning equation.The red line shows the propagation constantof
the fundamentalmode.Thegreenandblack linesaretwo frequenciesfor which thefield
of the modesare plotted in (b) and (c,d), respectively. (b) The fundamentalmodewith
βΛ = 16.031atk0Λ = 16.5. (c) and(d) Thefundamentalandselectedcladdingmodewith
equivalentβΛ = 13.941atk0Λ = 14.5.

We now considerguidedmodesin the model structurewith a centraldefect.The funda-

#141859 - $15.00 USD Received 27 Jan 2011; accepted 9 Mar 2011; published 25 Mar 2011
(C) 2011 OSA 28 March 2011 / Vol. 19, No. 7 / OPTICS EXPRESS   6952



mentalguidedmodeis shown by the red line in Fig. 3(a).This hasbeencalculatedby using
themethodologyof Section2 with a 28×28 supercell.It is not surprisingthata guidedmode
shouldexist within thebandgapsof theperfectcladdingstructure;anexampleof thefundamen-
tal modeat k0Λ = 16.5 is given in Fig. 3(b). More surprisingly, we find thatanexponentially
localisedmodeexistsfor all normalisedfrequencieswithin thegivenrange,whetheror notthere
is a bandgap.An exampleis given in Fig. 3(c), andFig. 3(d) shows a claddingstatewith the
samefrequency andpropagationconstant(to within 6 d.p.)astheguidedmodein Fig. 3(c).As
discussedin theintroduction,thiscoexistenceof localisedanddelocalisedmodeshasbeenpre-
viouslynotedfor ourmodelstructurein Ref.[16]. In thispaper, a leakage-freemodewasfound
within acontinuumof statesatagivenfrequency wheninvestigatingphotonicwaveguides.For
ourapplicationto PCFs,wenotethattheexponentiallylocalisedfundamentalguidedmodeap-
pearsoverawide rangeof frequencies.Thereexistsa resonantregion (whichstartsin ourcase
at k0Λ = 56) wherethereis no guidedmode;this occurswhena new one-dimensionalmode
is just trappedin thetransversedirectionacrosstheglassstrips[24]. This will bediscussedin
moredetail in a following paper[14] .

Both the coexistenceof the fundamentaland claddingmodesat the samefrequency and
propagationconstant,andtheultra-broadrangeof guidedfrequencieshavebeenexperimentally
observedin Kagome[5,7] andsquare-latticehollow-core[6] PCFs.It is for this reasonthatwe
believe thatourmodelPCFstructurecanprovideausefulbasisfor understandingtheguidance
mechanismin Kagomeandsquare-latticehollow-corePCFs.

3.2. Guidedmodesin thesupercell geometry

In order to obtaina setof normalisedmodes,it is necessaryto usea supercellgeometry. To
demonstratethenatureof themodeswechooseanexamplenormalisedfrequency of k0Λ = 40,
whichlieswithin abandof claddingstates.For convenience,in discussingthemodes,webegin
with a relatively small8×8 supercell.

Fig. 4. Field plots in the transverseplanefor symmetricmodes(i.e. C = 0) closeto the
air-line. Thenormalisedfrequency is k0Λ = 40,andthe(βΛ)2 valuesof thesemodesvary
from 1572.73 to 1587.12.Thefundamentalmodeis shown in (a).

Wefirst focusonthesymmetricmodeswhichhave identicalone-dimensionalwavefunctions
alongthex andy directions(i.e. thosewith C = 0). It is convenientto considerthesemodesas
beingof threedistinct typesin termsof their propagationconstants.Thefirst is thesetof air-
guidedmodesjust below theair-line. This setcontainseightmodes(which is associatedwith
thesizeof thesupercellchosen).Theseair-guidedmodesarewell separatedfrom othermodes
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Fig.5. (a)Schematicdiagramof thetwo regionsin whichthefield is concentratedfor high-
index modesin an8×8 supercell.(b-e)Fourmodeswith fieldslocalisedin theblueregions
in (a). Modes(b) and(c) have evenwavesin bothdirections;(d) and(e) have oddwaves
alongthe axes.Four othermodeshave a similar field pattern,but in the greenregionsof
(a).

with lower valuesof βΛ. The transversefields of this groupof modesnearestto the air-line
areshown in Fig. 4; amongthemis thefundamentalguidedmode,asshown by Fig. 4(a).The
wavefunctionsarebothevenin modes(a) to (e)andbothoddin modes(f) to (h) in Fig. 4.

Anothergroupof modesis foundwith propagationconstantswell above theair-line. Eight
modesarelocatedat(βΛ)2 = 3611.54,with extremelysmalldifferencesin the(βΛ)2 valuesof
lessthan10−7. Plotsof thesemodesareshown in Fig. 5, whereit canbeseenthatthefieldsare
locatedin thehigh-index intersectionsof theglassstrips.Owing to this property, thesemodes
arereferredto as‘high-index modes’.

Therearealsoa largenumberof solutionswith C = 0 with βΛ valuesmuchlower thanthe
air-line. Threeexamplesof thesemodesareshown in Fig. 6. As mentionedabove, solutions
with negative (βΛ)2 valuesareimportantin determiningthefull setof non-symmetricmodes
with positive (βΛ)2. Thisalsoexplainswhy weareinterestedin thethreemodesin Fig. 6: they
can generatenon-symmetricmodeswith βΛ valuescloseto the fundamentalmode.Figure
6 shows that, unlike the previous two types,the fields of these‘delocalisedmodes’are no
longerconfinedin a specificregion but insteadspreadthroughoutthewhole transverseplane.
Moreover, they exhibit rapid transverseoscillation,as indicatedby the alternationof the red
andbluecoloursin theseplots.

Fig. 6. Exampleplotsof symmetricsolutionswith delocalisedfields.The(βΛ)2 valuesare
535.01, 498.25 and−344.78 for (a), (b) and(c), respectively. Note that only the region
closeto thecentraldefectis shown.
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To form a completemodemap,thenon-symmetricmodesmustalsobeconsidered.In prin-
ciple,every pair of symmetricmodescanbecombinedto give two non-symmetricmodeswith
identical propagation constantsbut oppositeC values.In practice,we are interestedonly in
modeswith propagationconstantscloseto thefundamentalguidedmode.Therefore,thereare
only two relevantchoicesof combinationof symmetricmodes.Oneis theinternalcombination
of theair-guidedmodesshown in Fig.4; theotherinvolvesahigh-index modeandadelocalised
mode,asshown in Figs.5 and6, respectively.

Fig. 7. Two examplesof pairs of non-symmetricmodes.(a) and (b) Air-guidedmodes
generatedby thesymmetricmodesshown in Figs.4(a)and4(e).(c) and(d) Glass-guided
modesformedby thecombinationof thehigh-index modeof Fig. 5(b) andthedelocalised
modeof Fig. 6(a).The (βΛ)2 valuesare1579.93 for modes(a) and(b), and2073.28 for
modes(c) and(d).

Figures7(a)and7(b)show anexamplepairof combinedair-guidedmodes,thefield patterns
of whichdiffer by anangleof π/2 in thetransverseplanebecauseof theoppositeC values.The
field intensityis still mainlyconfinedin theair holes.Figures7(c)and7(d)displayexamplesof
themodesformedby acombinationof high-index modesanddelocalisedmodes.Thesemodes
areglass-guided,andtheir fields areconcentratedalongtheglassstrips.Becauseof the large
numberof delocalisedmodes,theseglass-guidedmodesevenly cover a broadregion of βΛ
valuesandarethereforelikely to becomevery closeto thefundamentalmode.As observedin
Kagomeandsquare-latticehollow-corePCFs[6,7], theglass-guidedmodesarecharacterised
by dramaticoscillationof thespatialfields.Owing to theobviousmismatchof spatialfrequen-
ciesbetweenthefundamentalmodeandtheglass-guidedmodes,it canbesupposedthat there
is a suppressedcouplingbetweenthe two. The leakagecausedby the glass-guidedmodesis
thereforeexpectedto be relatively small. This point will be analysedfurther in a following
paper[14].

4. Conclusion

Transfermatrix methodshave beendevelopedfor an idealisedrectangularhollow-corePCF.
Within thescalarapproximation,a completesetof modescanbecalculatedwithin a supercell
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geometry. For modesneartheair-line thereis a cleardiscriminationinto air-guidedandglass-
guidedmodes.The existenceof an exponentiallylocalisedfundamentalmodewith the same
propagationconstantascladdingstatesshowsthatthemodelhollow-corePCFcanbeidentified
asa prototypeof the PCFfamily that governslight via the weak interactionof modes.This
analysiswill beextendedin afollowing paperwhereperturbationtheoryis usedto considerthe
effectsof vectortermsin thegoverningequationandtheunrealistichigh-index intersectionsof
theidealisedmodelstructure.
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