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Abstract

The J-matrix method is extended to difference and ¢-difference operators and
is applied to several explicit differential, difference, ¢-difference and second order
Askey-Wilson type operators. The spectrum and the spectral measures are dis-
cussed in each case and the corresponding eigenfunction expansion is written down
explicitly in most cases. In some cases we encounter new orthogonal polynomials
with explicit three recurrence relations where nothing is known about their explicit
representations or orthogonality measures. Each model we analyze is a discrete
quantum mechanical model in the sense of Odake and Sasaki [30].
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1 Introduction

The J-matrix method started with the pioneering works of Yamani, Heller and Reinhardt
[40], [20], [19] in the early 1970’s and has been applied by Yamani, Heller and Reinhardt
to different physical models. Some of the recent applications of the J-matrix method
to physics are spearheaded by Alhaidari and his research team, [2], [3], [4], [5] and
[7]. The J-matrix principle says that the spectrum of a tridigonalizable operator is
the same as the tridiagonal matrix representing it. Such a tridiagonal matrix can be
split into irreducible blocks, and to each of these blocks there is a corresponding set
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of orthogonal polynomials. Moreover, the eigenfunctions of a tridiagonalizable operator
can be expressed using these corresponding polynomials, and in the self-adjoint case the
spectral measure is related to the orthogonality measures of the orthogonal polynomials.
This general set-up is described and proved in [23] where we considered the Schrodinger
equation with the Morse potential as an example. Our later work [24] develops a general
scheme for tridiagonalizing differential, difference, or ¢-difference operators arising from
two sets of related orthogonal polynomials. In particular, we find the Jacobi transform
and its special case the Mehler-Fock transform originally introduced by Mehler to study
electrical distributions.

The link between more general differential, difference or g-difference operators, and
Jacobi matrices can be very useful to study the spectral decomposition of the original
operator in terms of the orthogonal polynomials and vice versa. So we can obtain
information on one of the operators by transferring information from the other, and we
show this in particular examples in this paper. In particular, in case information on both
operators is known, we obtain even more explicit results, and examples of this approach
can be found in [24]. In the tridiagonalization of the operators in this paper it is often
the case that the polynomials cannot be matched directly with known polynomials [29]
[22], and in these cases we have given some information on the support of the spectral
meaure of these polynomials. A treatment of the spectral theory of differential operators
can be found in many sources, and we refer the interested reader to the excellent book
by Edmunds and Evans [15]. The spectral theory of tridiagonal matrices and their
connection with orthogonal polynomials and the moment problem is in [1], [14], [30],
[38].

The contents of the paper are as follows. In Section 2 we record the formulas used in
the sequel. The basic references are [§], [22], [37], [16], [I7], and [29]. The expert reader
may easily skip Section 2. In Sections 3 and 4 we start with an operator with known
orthogonal polynomial eigenfunctions then multiply it by a linear function of the space
variable and study the spectral properties of the new Hamiltonian. Section 3 treats
the case of Laguerre polynomials, leading to tridiagonalization involving continuous
dual Hahn polynomials. It is simple enough but contains all the ingredients of the
method. Section 4 treats the Meixner polynomials and the J-matrix method leads to a
one parameter generalization of the continuous dual Hahn polynomials. In Section 5 we
introduce a different modification. We start with an operator T" which is diagonalized by
a known polynomial system. We then consider the Schodinger operator 7'+ ~yx. Such an
equation arises for example in the case of a charged particle in the presence of a uniform
electric field. In this case v = —qF’', where I is the magnitude of the electric field and
q is the electric charge, see [32, §24], or [10].

The Schodinger operator T + vx is automatically tridiagonal in the basis which
diagonalizes T'. We study the spectral properties of 1"+ ~vx for four different sets of
polynomials. In Section 6 we combine both generalizations of Sections 3 and 4 and
Section 7 for the case of the Laguerre and Meixner polynomials. Finally, in Section 7 we
study this approach for two families of g-orthogonal polynomials, namely the Al-Salam—
Chihara polynomials and the ¢~!-Hermite polynomials. The ¢~ !-Hermite polynomials
correspond to an indeterminate moment problem, so we study the corresponding g-



difference operator on the weighted L2-space corresponding to a N-extremal measure.
It turns out that the polynomials in the tridiagonalization is again corresponding to
an indeterminate moment problem, so that the ¢-difference operator is not essentially
self-adjoint on the space of polynomials.

We end by noting that more differential, difference and ¢-difference operators can be
studied using the J-matrix method. In particular, we can study classes of higher-order
operators in this way as well.

2 Preliminaries

In this section we recall some results needed in the sequel. We first record the prop-
erties of the Laguerre polynomials. They satisfy the differential relations, [22, (4.6.13),
(4.6.15)]:

d o
21) L) = ~L (@),
(22) s p— % [:L'O"’_le %Lg )(:L')] = —nLS,L )(SL’)

A generating function of the Laguerre polynomials is

(2.3) ngw(x)t" — (1= 1) exp ( — ) .

[22] (4.6.4)], [37], [29] and it implies

(2.4) L (z) = LD (z) — LD ()

n

The orthogonality relation is

I'a+n+1)

i Ommn, >—1.

(2.5) / 2% "L (2) L\ (z)dx =
0

The Meixner polynomials are, [22], §6.1], [29, §1.9]
(26) Mn(xuﬁuc):2Fl(_n7 —$75,1—1/C),

and have the generating function

(2.7) > (i)!"Mn(:c;ﬁ,c)t" = (1—t/e)*(1—t) "

The orthogonality relation is

(ﬁ)x x c " nl
2 ¢ T =gt

(2.8) > My (5 8, 0) My (x: B, c)



valid for 8 > 0,0 < ¢ < 1 and their three term recurrence relation is

M, (x; B, ¢).

—I’M (ZL’ 5) )

(2.9) _n+c(ﬁ+n)

1—-c

The Meixner polynomials satisfy the second order difference equation

x! (64 1),c” nc—1 e
210 v (A a0 = 55 o)

where
(2.11) (Af)@) = flz+1) = f(z), (V )(z)=[f(z)— flz-1).

The Meixner-Pollaczek polynomials {Pyg)‘)(aj; ¢)} satisfy the orthogonality relation
[29, (1.7.2)]

I(n+2X)
(2 sing)2An! ™"

1

212) o [ DO i) PP i )P (w5 6) da
2T R

for A > 0,0 < ¢ < 7, and the three term recurrence relation [29] (1.7.3)]

(n+ 1) P, (256) + (n +2X = )P, (2: )

(2.13) = 2[zsing + (n+ A) cos ¢] PV (z; ¢),

with PV (2 ¢) = 1, P (2: ¢) = 2[w sin ¢ + A cos ).
We parametrize the independent variable z by x = (2 +1/2)/2 and given a function
we set

(2.14) f(2) = f(x).
The Askey-Wilson operator D, and the averaging operator A, are defined by, [22],

_f<z - < )

(A f)(x) = —[( 1”)—f?(zq‘”z)]

where e(x) =z = (2 +1/2)/2.
The Askey-Wilson operator is well-defined on H, /o, where

(2.15)

N | —

(2.16) H, = {f: f((z+1/z)/2) is analytic for ¢" < |z| < ¢"}.

Let H,, denote the weighted space L*(—1,1;w(z)dz) with inner product

(2.17) (f. 9)u == / @ @@ e, fll= £



and let T" be defined by
1
(2.18) Tf(x) = =< Dy (PDyf) ().
for fin H;. We shall assume that p and w are positive on (—1, 1) and also satisfy

(i) plx)/V1=a®€ Hyp,1/pe L(-1,1),

(ii) w(z) € L(~1,1),1/w € L <—1, 1; uiigfzz)) .

(2.19)

The expression T'f is therefore defined for f € H;, and the operator 1" acts in H,,.
Furthermore, the domain H; of T' is dense in H,, since it contains all polynomials. The
following theorem is due to Brown, Evans and Ismail [12].

Theorem 2.1. The operator T is symmetric in H,, and positive.
The Al-Salam—Chihara polynomials are defined by [22) (15.1.6)]

an)-

-n ¢ iGt —10
(2.20) P (T3t1,t2 | @) = 302 ¢ he e
tits, 0

Their weight function is

(€*, e q)oc/ sin 0

(t1e¥,t1e7 t2e? tre™; q) oo

(2.21) w(cos B; tq,ty) 1=

Y

and their orthogonality relation will be stated in (Z5]). The generating function for the
Al-Salam—Chihara polynomials is [22, (15.1.10)]

(222) Z M (i)npn(COS 97 t1’ tg) _ (tth tt27 Q)oo

(;Q)n \t1 (tre? t1e7; q) o

n=0
Theorem 2.2. Consider the three term recurrence relation in orthonormal form
(2.23)  apu(r) = anp1Pnt1(T) + bppn(®) + anpp-1(z),n >0, a, > 0,b, € R,

with agp_1(z) := 0. Then the moment problem is determinate, that is has a unique
solution, if one of the following conditions hold

o0

(2.24) bl

n—0 Ap4+10n+2
(2.25) ap + b, +a,1 < C, for someC
(2.26) ap — b, +a,.1 <C, for someC

The condition (2.24)) is Exercise 2 on page 25 of [I], while (2.25])-(2.26]) are Theorem
(VIL.1.4) and its corollary in [11 pp. 505-506].



Theorem 2.3. Let p, () be generated by (2.23)). Then the zeros of the polynomial p,(x)
are in (A, B), where

B =max{z; : 0 < j <n}, A =min{y; : 0 < j <n},

where y; < x; and

1 1
(227) =5+ bi) 5 Vb = b2+ 1662, 1<j<n.

Theorem [2.3is the special case ¢, = 1/4 of a result due to Ismail and Li in [26]. The
full result is also stated and proved in [22] Theorem 7.2.7].

The zeros of orthogonal polynomials are real and simple, so we shall follow the
standard notation in [39] or [22] and arrange the zeros x, ;,1 < j <n as

(2.28) Tp1 > Tpa > > Ty

3 A differential operator related to the Laguerre
polynomials

Consider the differential operator

1 d af
1 T, = — |z TPe .
(3.) (Tf)0) = g e
We will discuss a generalization of this operator in §6. The boundary value problem
we are interested in is T,y = Ay with the boundary conditions z'T%/2 f(z)e=*/2 — 0 as

x — 0 and  — oo. The equation Ty = Ay is

(3.2) 22y + (a+ 2)zy — 2%y = \y.

It is easy to see that T}, is symmetric on weighted Lo space with the inner product

(3.3) (f.9) = / e f()g(@) de

The (m,n) matrix elements of 77, as an operator in Ls(0,00,z% ™) in the basis
(LY (2)} are given by multiples of

(o) at2 -z (a)
/0 Lye (x)_dx {x e —den (x)} dx

> « @ d o —x d « @
= [(ie @ - LV e L) - 1 )| do

= [ a1 @) - LV @)L @) - (0= DL (@)
0

_F(n+0z+2)5 _F(m+a+2)5 _F(n+a+2)5 +F(n+a+1)5
T (n—1 ™" (m—1) " (n—1)1 ™ (n—2) ™"
 I'm+a+2) 'n+a+1) (m+a+1)
- (m _ 1)' 5m+1,n + (a + 2m) (m — 1)' m,n (m — 2)' 5m,n+1-



Thus the sought matrix representation of 77 is tridiagonal. It is also clear the constants
are in the null space of 77, so we mod out by the constant functions. Let {4, (L)} be

the matrix elements. Thus A,,,(L) is \/ FmTa +"f)'§'(n 77 times the above expression.
Thus

Ap (L) = —my/(m+1)(m+a+1) Spyin
+m(2m + a) Sy — (M — 1)/ m(a+m) dpni1.

The effect of modding out by the constants is to delete the first row and column of
the matrix is to shift m and n by one. Thus we consider the tridiagonal matrix B =
(Bmn,m,n=0,1,---),

(3.4)

Bpn = —(m +1)y/(m +2)(m + a +2) Smnt
+(m+1)2m+a+2) dpp — m\/(m + D (a+m+1) 6mpta-

Now the spectral equation £FX = BX where X is a column vector, when written com-
ponentwise is a three term recurrence relations and the component of X are p,(E). The
corresponding monic polynomials satisfy the three term recurrence relation

Epn(E) = prai(E) + (m+1)(2m + a + 2)p,(E)

(3.5) +m?*(m + 1) (m + o + 1)pm_1(E).

This is [29, (1.3.5)] and identifies the p,,’s as continuous dual Hahn polynomials with
the parameter and variable identifications

_l—a

1+« 3+«
(3.6) a=— = =

12
e (a—17°
2 2

4

) b y E:LU+

When a,b or ¢ is < 0 the orthogonality measure of continuous dual Hahn polynomials
will have discrete masses. In the present case however we assumed a > —1 hence only a
can be negative. Indeed the discrete spectrum is at the points x = —[k+ (1 —«)/2]? k =
0,1,...,m, where m = max {k : k+(1—a)/2 < 0}. With a, b, c as in ([8.6]) the normalized
spectral measure is given by

oo 1 T(a + iz)0(b 4 iz)T(c + iz) |?
K = S T+ T 1 0) T (2ix)
I'b—a)l'(c—a) (2a)r(a+ 1)g(a+b)r(a+ c)k

I'(—2a) Ela)k(a—b+1)(a—c+ 1)

(3.7)

Jp = (—1)F,
where Jj is the mass at v = —(a + k)2, k=0,1,--- ,m.

This discussion of the differential operator T}, is related to the set-up of [24], where
the case related to Jacobi polynomials is considered. In [24] we assume that we did
not need to mod out a null space. The differential operator 77, can be related to the
confluent hypergeometric differential equation in the same way as the hypergeometric
differential operator shows up in [24] §3].



4 A difference operator related to Meixner polyno-
mials

The generating function (2.7)) implies
(4.1) BM,(x;8,¢) = (B+n)Mn(z;8+1,¢) = nMy_1(2; 8+ 1,¢)

The second order linear operator to be considered is T}y,

x! (B4 2),c"
4.2 T = A )
(12 TN = =9 (L ar) )
We consider the inner product spaces endowed with the inner product
- Cm(ﬂ)x N
(4.3) (f9)8=> o (@)g(2).
z=0
The operator T); is formally selfadjoint with respect to (., .)g.
Using (A1) and (2.I0) we see that
-1
Ty M, (a; ) = L D)

2B + 1)
X [n(B+n)My(x;8+1,¢) —n(n —1)M,_1(x; B+ 1,¢)].

Therefore

5 C((fjll)) (M (3 B, ), Tae My (3 B, €))
={((B+m)My,(2;8+1,¢) — mM,,_1(z; 3+ 1,¢),
n(B+n)My(x; 8+ 1,¢) —n(n — 1)Mp—1(2; 8+ 1,¢)) g1
= 1B + m)*hp (B + 1)0mp — m(m + 1)(8 + m)hom (B + 1)0mn1
—m(m —1)(B+m — Dhp1(8+ D1 +m*(m — Dhp (8 + 1)0pmn,

where
¢ "n!
(B)n(l—c)?

Since T, annihilates constants we mod out by the space of constants and let the matrix
elements of Ty be {B,,,, : m,n > 0}. Thus

<Mm+l(z; ﬁ> C)> TMMn+1($; ﬁ? C)>B )
Vi1 (8) it (B)

(4.4) ha(B) = (My(z; B, ¢), Mn(2; 8, ¢)) g =

Bm,n(M> =

In other words
BB+ 1)Bmn=—[(m+1)(m+B+1)+m(m+1)c|dnn

(4.5) +my/c(m + 1) (m+ B) bpmnst + (m+ 1)\/e(m +2)(B+m + 1) Gn1.




Now scale the energy parameter £ by £ = —z/(cf(8 + 1). This translates into the
monic three term recurrence relation

zPn(x) = Ppia(x) + [(m+ 1)(m+ B+ 1) + m(m + 1)c] Py (z)

(4.6) +em?(m + 1)(B +m) P (2).

The polynomials generated by (4.6]) seem to be new. They give a one parameter gen-
eralization of the continuous dual Hahn polynomials which is different from the Wilson
polynomials. Finding the orthogonality measure of these polynomials remains a chal-
lenge. It clear that the measure is unique and is supported on an unbounded subset
of [0,00). They are birth and death process polynomials corresponding to birth rates
b, = (n+ 1)(8+n+ 1) and death rates d, = cn(n + 1), see (5.7). By (2.26]) the

corresponding moment problem is determinate.

5 Operators with additional potential

We consider the case of second order operators which arise from classical orthogonal
polynomials. Let p,(x) be a monic family of classical orthogonal polynomials and 7" a
second order operator such that

(5.1) Tpn(z) = Anpn(x)

Also assume that the three term recurrence relation for the p,s is
(5.2) Tpn(2) = Ppt1(x) + pn(@) + Bupp—1(2).
We now consider the spectral problem

(5.3) (T +yx)Y(z, E) = EY(z, E).

One can think of Ty = Ey as a free particle problem then (5.3)) will be a Schrodinger
problem with potential yx. Let p be the orthogonality measure of {p,(z)} and assume
we deal with the case when the polynomials are dense in Lo(R, 1), which is true with
very few exceptions. The orthonormal polynomials are {p,(x)/v/B152 ... 0B, } and form
a basis for Ly(R, pt). The matrix element of 7'+ vx with respect to this basis are

54 Bun= g v P @

Clearly
Bm,n - ()\n + ’Yan)am,n + v V ﬁmém,n-l—l + 7/ V ﬁm-i—lém,n—l-

The matrix B = {B,,,,} is tridiagonal and generates the monic orthogonal polynomials
via {¢n(E)}
Po(E) =1, ¢1(E)=FE — X — o,

(55) Cbn—i-l(E) _ (E -\, — fyan)qﬁn(E) _ 72ﬁn¢n—1(E).
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We can still scale E by E' = ¢(x—n) and introduce additional parameters to help identify

the polynomials as known ones. Thus we let ¥, (z) = "¢, (E) and transform (5.5]) to
Yo(z) =1, i(z) =2 —n—(lo+ a)/§,

Yns1(2) = [2 =1 = (O + 700) /E1Wn(@) = (1/8) Butbn-1(2).

The importance of this scaling will be made clear in the examples.
Recall that (5.2)) generates a birth and death process polynomials if there are se-
quences {b,} and {d,} such that

(57) oy = bn + dna Bn = dnbn—l

(5.6)

and for n > 0, b,_1 > 0 and d,, > 0, with dy > 0. One can represent the transition
probability of going from state m to state n in time ¢ as the Laplace transform of the
product of two orthogonal polynomials and their orthogonality measure. For details,
and additional information and references see [22, Chapter 5] and the survey article [25].
The b,s and d,s are birth and death rates at state (population) n. In the case of
birth and death processes with absorption (killing) Karlin and Tavaré [28] showed that
the corresponding orthogonal polynomials satisfy (5.2)) where (57)) is now replaced by

(58) Qpn = bn + dn + Cn,y 571 = dnbn—l
where ¢, is the absorption rate at state n. This leads to the following remark.

Remark 5.1. Assume that T is a positive linear operator and (5.1]) holds where {p,} are
birth and death process polynomials with birth and death rates {b,} and {d,}, respectively.
Then the orthogonal polynomials in (5.0 which arize in the tridiagonalization of T + vz
are polynomaials associated with a birth and death process with absorption where the birth
and death rates {b,} and {d,}, respectively and the absorption rates are {\,/7v}.

The phenomena described in Remark [5.T]seems to be related to shape invariance and
related topics in Discrete Quantum Mechanics recently developed by R. Sasaki and his
coauthors, see the recent survey [36].

Example 1: Laguerre Polynomials
In this case T is as on the left-hand side of (2.2) and
M=-n, ap=2n+a+1, fo=nn+a), pz)=(=1)"nLY ).
The recursion in (5.6 is

n(l —2 a+1 2
(5.9) Ypi1(x) = |z —n+ ( ) _ o ) Up(x) — n(n+ a)lQ
§ § §
with £ = ¢(z —n). When v = 1/4 we take { = 1/4,7 = —2a — 2. This identifies ¥, (x)
as (—1)"L£La) (x). Hence the spectrum is purely continuous and is given by x > 0, that
is £ > (a+1)/2. Thus

10y ) = S

%—1(35)7

[E—(a+1)/2]% ", Ecl(a+1)/2, 00).
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We next assume v > 1/4 and compare (5.9) with the following monic form of ([2.13])

n(n+2X—1)

e (a) = [ = (14 V) cot g () =

wn—l(x)'

We make the parameter identification

_a+1
2

(5.11) = %secQ(gb/Q), £ —tan(6/2), A= (a+1)/2, 7 cot(6/2).

With this choice of parameters we identify the 1’s as Meixner-Pollaczek polynomials.
Indeed ¥, (z) = pY (x; ) where

(5.12) = (148)/2, A= (a+1)/2 77:0‘221,
and
(5.13) On(E) =P+ E/8).

The spectral measure p is absolutely continuous and when normalized to have a total
mass = 1, it’s Radon Nikodym derivative is

(5.14)  p(B) = <%) eipg(i?a_ff) D(iz + (o + 1)/2)[.

We now consider the case 0 < v < 1/4. We identify (5.9) with the monic form of (29,
namely

Yo () = [:c+ w] yale) = D,

N 1-c
This done through the parameter identification

(5.15) szﬁéﬁﬁ e love g . n=0.
+V0)? 1+ e Ve
It is clear from (2.9) that the y,,’s are monic Meixner polynomials.

Note that such a division also occurs in the spectral decomposition of suitable ele-
ments in the Lie algebra su(1,1) in the discrete series representations, see [33], [31]. So
one can ask for Lie algebraic interpretations along the lines of [34], see [35] for a related
result.

_a+1

Example 2: Ultraspherical polynomials
In this case [22] (4.5.8)]

d d
T=(1- x2)—u+1/2% ((1 _ x2)u+1/2%) . An=—n(n+2v).
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The coefficients in the monic form of the three term recurrence relation has the coeffi-
cients [29] (1.8.18)]

n(n+2v —1)

o =0, ﬁn:4(n—|—y)(n+u—1)'

Thus the recursion in ([5.6]) becomes

& +2v 1)
dn+rv)(n+v-—1)

(5.16)  Uns1(x) = [z —n+n(n+ 2v)]Pn(z) Yn-1(z).
We do not know the orthogonality measure of the polynomials in (5.16]). The special
case v = 1 appeared earlier in the work of Alhaidari and Bahlouli [6], (3.8)] where they
applied the J-matrix method to quantum model whose potential is an infinite potential
well with sinusoidal bottom. The same case also appeared in the work [I8] by Goh and
Micchelli on certain aspects of the uncertainty principle. Determining the orthogonality
measure of these polynomials will be very useful.

The parameter n can be absorbed in x, hence we assume 1 = 0. In the notation of

2.23)

B 2 yn(n + 2v)
b = —nln +2v), n = 42n+v)(n+v—1)

In this case, and since b, < 0 and b, — b,,_; < 0, Theorem implies that the smallest
zero of p,(x) is approximately %(bn +b,1) — %|bn — b,_1|. Hence

(5.17) Tpn = —n(n+2v)+ O(1).

On the other hand a,, is monotone decreasing if v > 1 or —1/2 < v < 0 and monotone
increasing if 0 < v < 1. Using

1 1
5 (0 + bna) + 15\/@” —by_1)? + 1662

1
< =(bp+by1) + §\bn — b, — 1] + 2a,, < 2max {ay,ax},

N~

where a, = lim,,_,+ a,,. Therefore
(5.18) Tp1 < max{ay, oo}

Thus the spectrum is unbounded below and is contained in (—o0,2 max{a, ax}). It
is important to note that p;(0) = 0, hence the right end point of the spectrum, being
lim;, o0 Tp,1 is positive. The case v = 1 is the case when our starting point is the
Chebyshev polynomials of the second kind. In this case a,, = ay for all n and the largest

zero of pa(x) is =3 + \/af + § > 0.

Example 3: ¢-Ultraspherical polynomials
The weight function is supported on [—1,1] and is given by [22] §13.2]

2160 —240.
(€, e )
(Be?, Be=29; q) 0

(5.19) w(z; f)dx = de, x=cosf, [<I1.
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The second order operator is [22 §13.2]

1 4 1-n

(5.20) T = (1—¢"(1 - 3%").

In this case

(1)1 = )
(5.21) A e D i)

and the recurrence relation in (5.6) gives

1-n

4(] n 2. n
(o) = |2 =+ T (1= (1= 57) | )

_ A -gnd - BT
462(1 = Bg*)(1 = Bg*1)
It is clear n can be absorbed in z so we may assume n = 0. We do not know
any explicit formulas for the above polynomials. It is clear that they orthogonal on an
unbounded set and that Condition (2:24]) is satisfied, hence the orthogonality measure is
unique. Asin Example 2 we can show the the spectrum is bounded above and unbounded
below and estimate the largest and smallest zeros of p,(z). In the present case

4ql—n _.n _ n2.n 2 72(1_(]”)(1_52(]”_1)
Togpt =P &= geq gmm— gy

Here again the b,’s are negative and decreasing in n. A simple calculation shows that
a, increases with n if 0 < # < ¢ and decreases with n if ¢ < § < 1. Thus

(5.22)

’an_l(l’).

(5.23) b, = —

s fO0< B <q

A:=max{a, :n=1,2,---} = )
a; ifg< <l

Therefore Theorem [2.3] shows that the smallest zero z,,,, satisfies

1 1
(5:24) @ > 5(bu+but) + (0 = bao1) = 20, = by — 20, > b, — 24,

Indeed z,,, = b, + O(1). To determine the other end of the spectrum note that

V(b — bn1)2 + 1662 < |b, — by_1| + 4ay = b,y — b, + day,.
Now

ar ifg<f<1

B :=min{a,:n=1,2---} = )
ap  if0<fB<q.

Thus
1 1 )
ib” +bp_1) + 5\/(bn —bp—1)? + 164

1 1
< §(bn +bp-1) + 5(bn_l —by) +2a, = b1+ 2a, <2B, n>0.
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Consequently the largest zeros z,; is > 2B > 0. Therefore the spectrum of 7' 4 vz is
unbounded below and is contained in (—oo, BJ.

Example 4: Chebyshev polynomials.

The Chebyshev polynomials of the first and second kinds are special ultraspherical
polynomials and special g-ultraspherical polynomials as well. We will only discuss the
polynomials {U,(z)} but the reader can easily write down the corresponding formulas
for the polynomials {7,,(z)}.

The U,’s correspond to v = 1 of (5.I6]) and the case § = ¢ of (5.22). Thus we are
led to the following systems of orthogonal polynomials

(5.25) Tpui(z) = [r—n+nn+2)r,(z) — Vi_ Tno1(x),
526) sunle) = |o=n+ (=) (1= 0" 5,0) = Jsa(e)

Here again we do not know any explicit representations or orthogonality measures for
the polynomials {r,(x)} or {s,(z)}. Again condition ([Z:27]) is satisfied for {r,(x)} and
{sn(x)}. Therefore the orthogonality measures of both families of polynomials unique.

6 Adding a linear potential

In this section we yet have a variation on the problems of potential introduced at the
beginning of Section 5. We start with (5.1]) where the eigenfunctions satisfy (5.2]). We
then consider the Schrodinger operator

(6.1) S=(x+c)T+yz.

We illustrate this idea by considering the operators 77, and T}, for the Laguerre and
Meixner polynomials defined in (8I]) and (4.2), respectively.
The Laguerre Case:

Here we take ¢ = 0 and

e’ d d
T = I a+2 —x )
xottdx {x ‘ d:c]

With the notation in (31I) we let
(6.2) S =T+ vz.

We use the inner product (3.3]) and our weighted Lo space is Ly (0, 0o, x%¢~"). The matix
elements S,,,, are

m!n! e d d
Lo el a+2 T o d
\/F(a+m+1)T(a+n+1) [/0 m(x)d:z {x - "(x)} v

+v / Lo (x)x Ly (x)xae_mdx}
0
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Using the recurrence relation
(6.3) awLy(x)=—(+1)Ly, (x) = (n+a)ly_(z) + (2n + o+ 1)L (x),
and the calculation of the matrix elements in (3.4]) we find that

S = [m(a+2m) +v(2m + o+ 1)]0m.n
—(y+ D)V (m+1)(m+a+1) Omn—1 — (Y +m —1)\/m(m + Q) dmnt1.

The null space of S is trival so there is no need to mod out by the null space as we did
in Sections 3, 4. The monic polynomials {p,(F)} which arise through tridiagonalization
are generated by po(E) :=1, p1(E) := E —y(a+ 1), and

(6.4)

Epn(E) = pui(E) + n(n+ a)(y +n = 1)*poi(E)

(6.5) +n(a+2n) +v(2n + a+ 1)|p.(E).

The polynomials in (6.5)) form a two parameter subfamily of the continuous dual Hahn
polynomials [29, §1.3] with the parameters

a=v—(a+1)/2, b=c=(a+1)/2.

In the above analysis we assumed o > —1, hence b = ¢ > 0. If v > (a+ 1)/2 then S
has purely a continuous spectrum supported on [(« + 1)?/4,00). The spectral measure,
which we denote by u(E;a, ) is given by

(. )_if(v—%““\/ff(v—%“—i\/f
A ST = 3 Ta + 1)z D(2iya)0(—2i/7)

(6.6) - L 2
I'(45 +iva)l (9 — iV
I'(7) ’
where
(6.7) E=x+ (a+1)%/4

If v < (a+1)/2 p will have a discrete spectrum. The spectrum consists of the points
T = —(y+k—(a+1)/2)? such that k+v—(a+1)/2 < 0, that is 0 < k < —y+(a+1)/2.
The mass at x = x;, is

eV k= (L+0)/2)(2y — a — Da[(7)a]?
(v = (+1)/2) K {(v — a)i]? ’

(1)
At x = 13, we have

(6.8) E=E,=(+k)(a+1—v—k).
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Remark 6.1. In this case S = Ty, +~x can be written as S = x (D" + v), where D!
1s the second order differential operator

1 d d
a+l __ el at+2 —x 7
b= xotle=® dy [x ‘ da:] ’

for which D' Lot (z) = —n Lo (z). This shows that S is of the type considered in
(24

The Meixner Case:

With the notation in (£2]) we let

(1—c)y .
BB+1)

We use the inner product ([€3]) and our space is now Ly weighted with the orthogonality
measure of the Meixner polynomials with parameters ¢ and 5. The matix elements .S, ,,

/@Bl liM 0,09 (5 am00.0)

(6.9) S =Ty +

cm—nmln!

(1-0)7 o (B
c(B+1) x!

=0

M, (z; B, c)x M, (z; 3, c)] :

We already calculated the matrix elements of T), in (435 but we must replace m,n
by m — 1,n — 1, respectively. Using the recurrence relation (2.9) we then compute the
matrix elements of a constant times z. This leads to

¢B(B+1)Smp = —[m(m + B) +m(m — 1)c+ym + cy(8 +m)] dpn

6.10
( ) +(m —-1- 7)\/Cm(m + 08— 1) Omnt1 + (m - 7) \/C(m + 1)(5 + m) Om.n—1-

Therefore the polynomials p,(E) have the three term recurrence relation

cB(B+ 1) Epn(E) = —=[m(m + 8) + m(m — 1)c +ym + cy(8 + m)|pm(E)
(6.11) +(m — )y c(m+ 1) (8 + m)pm41(E)
+(m—1—=7)Vem(m+ 8 —1)pp_1(E).

We assume 0 < ¢ < 1, f§ > 0, since we are dealing with the Meixner polynomials.
In order to have (6.I1]) satisfy the conditions for an orthonormal polynomial system
we assume 7y < 0. The polynomials generated by (6.11]) seem to be new. Here again
we have neither explicit representations or generating functions, nor do we know their
orthogonality measure. One can say however that their orthogonality measure is unique
since condition (2.25)) is clearly satisfied for sufficiently large n. Using Theorem 2.3] and
some estimates we see that the support of the orthogonality measure is contained in
(—o0, a] for some a > 0.
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7 The Al-Salam—Chihara Polynomials
Recall that w as defined in (2:21]). The generating function (2.22)) implies

(1 — tity)pp(z;ty, t2)

7.1
(7.1) = (1 = t1taq")pn(m; te, qta) — tita(1 — ¢")pp—1(x; t1, qt2)

We will first consider the case when the operator T is

1
(7.2) L= mpq [w(if;ql/ztl,qg’ptz)pq} :

Apply (15.1.6) and (12.2.2) in [22] to see that

2t1417(1 — ¢")

(7.3) Dypn(z;t1,t2) = 10— a0 —hi) Pr—1(2; 114/q, t2\/q).
Moreover
(1), [, it Vite s Vit Vite)] = (et it 1),

The Al-Salam-Chihara polynomials {p,,(x;t1,2)} satisfy the orthogonality relation [22]
(15.1.5)]

1
(7.5) ho(t1,t2)0mn = / P (T t1, o) pn(x; ty, to)w(x; by, to)dx,
—1

27 (q; q)nt "

7.6 ho(ty,
(7.6) (12, %2) (q,t1t2; @)oo (tit2; @)n

and are complete in L?*(—1,1;w(x;ty,t3)dz). In view of (7.5 the orthonormal Al-
Salam—Chihara polynomials are

. (¢, t1ta; @)oo (tit2; @n
: (T3t t2) = (231, t2).
& ol \/ e e PGS
Theorem 7.1. Let {A,,,(AC)} be the matriz elements of L in the basis {pn(x;t1,t2)}.
Then
41— q™) 2
Apn=— 1- m —q"
m,n (1 — q)g [ t1t2q + t2(q q )] 5m,n
dtoq ™ (1 — g™

(78) + 2(](1 E q)2q ) \/(1 - qm+1)(1 — tltgqm) 5m,n—l

Atog>™(1 — g™ ")
(1—-4q)?

V(1 —gm)(1 — titagm1) Om,nt1
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Proof. Clearly equation (7.3]) implies

1
/ P t182) (2 11, £2) L (2 11
—1

26, (1 —¢")g' ™ [ 12, 3/2
= -1 —tb) Pm(25t1,t2) Dy [w(a; ¢t ¢*ta) i (2 111/q, t2/q)] dix.
- - -1

In view of (1)) the integrand in the last step is

(1 — tltgqm) tltg(l — qm>
m 7t7 t - m— 7t, t
{ 1= t1t, Pm(T;t1, ) 1— i1t Pm-1(; b1, qt2)
(1 — tltgqn)

xD, [w(x; q"*ty, ¢**ty) { Pn1(;\/qt1, ¢ *ta)

_ tita(g—¢")
1— qtltg

1 —qtity
Pn—2(x; \/qt1, q3/2t2) H

Applying (4] we see that the quantity after the x is

mw(x; ti, qta) [(1 — titaq")pn(@; tigta) — tita(q — q")pu—1(; tigta)] -
(g —

Therefore

1—q)%(1—titn)? (!
_( 4(1Q) (qn)qli:) / pm(x;tlt?)w(x§t17t2)Lpn(SL’;t1t2)dx
o -1

1
= / w(z, ty, qt2)[(1 — titaq™)pm (2 t1, qta) — tita(1 — ¢ )pm—1(z; t1, qt2)]

1
X[(1 = t1t2q")pn(; tigta) — tita(q — ¢")pn—1(x; t1gt2)|dz
= [(1 = titaqg™)?hin(t1, qta) + £it5(1 — ¢™)(q — ¢™) hm—-1(t1, qt2)|6mn
—qtita(1 —¢") (1 — titaq™ ) R (t1, qt2)0mn—1
—tita(1 — ¢™)(1 — titaq™ " Vhm_1(t1, qt2)Omni1-
The result follows since
1

1
Apn = / P (x5 trte)w(z; ty, ta) Lpy, (25 thts)da.
\/hm(tltg)hn(tl, tg) —1

O

The monic orthogonal polynomials generated by the matrix A = {A,,,(AC)} are
generated by
Poi(@) = o —q7"(1 = ¢")[1 = tataq™ + 34(1 — ¢")] Pu(2)
_t§q1—2n(1 _ qn—i-l)(l _ qn)2(1 _ tltzqn)Pn—l(l')

Note that the recurrence relation (7.9) is invaraint under ¢ — 1/q¢ after scaling and
renaming the parameters. The recurrrence coefficients grow exponentially, and by [11,

(7.9)
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Thm VII.1.5] we can easily check that the moment problem corresponding problem
does not have a unique solution (indeterminate). Nothing is known about the explicit
formulas of the polynomials generated by ([Z.9) or any of their orthogonality measures.
The ¢ !'-Hermite Polynomials
We now study the ¢g~'-Hermite polynomials of Askey [9], see also Ismail and Masson
[27]. They are generated by ho(z|q), h1(z|q) = 2z, and

(7.10) hny1(7lq) = 2xhy(2]q) — 7" (1 = ¢" ) hny (2] ).

Here we use the parameterization = sinh &. Recall the definitions [21], [22, Chapter
21]

y f(g"2ef) = f(g7" %)
flx)=f(e&), (D,f):=
(7.11) @) =7) (P) (¢ =g 2)(z + 1/2)/2
Ty 2
(Af)e) = 5 [Fa"25) = Fla )]
The corresponding moment problem is indeterminate but all the N-extremal measures
have been determined in [27], see also [I3| §4] for another proof. They are purely

discrete and are enumerated by a parameter a € (q,1). The support is {z,(a) : n =
0,+1,4+2,---} and

1 B a4nqn(2n—l)(1 4 a2q2n

(7.12) zp(a) = 5[(]_”/@ —aq"], p(ra(a)) = (—a2,—q/a®, ¢; @)oo |

where p is the corresponding normalized orthogonality measure. The orthogonality
relation is

(7.13) / (2] @) (2] q) dp(x) = ¢ D (q;.¢)n6mn
R

The lowering operator is

2(1 — ¢"
(7.14) Dyhn(2]q) = %q“‘”)/zhn_l(azlq}

The second order operator equation satisfied by the ¢~ '-Hermite polynomials is [21]

C4g(1 —g¢")
(1—-q)?

With the measure p defined as in (7.1Z2) the matrix elements of the operator on the left

side of (ZIH) on Lo(R, p) with basis {¢g""*V/*h, (x|q)/\/(¢; q)n} are given by
Therefore the polynomials {p,(F)} are generated by

%q‘"‘l(l — ¢""pn(E) — %m(ﬁi) + %pn—l(E)'

4q
qg—1

(7.15)  ¢"*(1+22*)Dly + TADyy = Ay, A =

(7.16) Epn(E) =
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This is essentially a perturbation of the Jacobi matrix of the ¢~ !-Hermite polynomials
by the diagonal matrix —4‘(151__(;)12 ). Apart from the shift ﬁld, this is a compact
perturbation of the Jacobi matrix for the ¢~!-Hermite polynomials. Using [I1, Chapter
VII, Theorem 1.5] the moment problem corresponding to the orthogonal polynomials
generated by ([ZI0) is indeterminate.

We now give bounds for teh zeros of p,(FE). In the present case

2 n
=L — by = — L")

It is clear that a, is monotonic increasing while b,, in monotic decreasing. The use of

V (by = bp_1)2 + 1602 < |b, — b,y | + 4ay,

shows that the z;’s and y;’s in (2.27) satisfy

1 1
T; < 5(()) + bj_l) + i(bj_l — b]) + QCLj =0;1+ QCLj < 2ay,,
1 1 4q
> —(b;+b;_1) — =(bj-1 — b;) —2a; = b; — 2a; > —2a, — .
Yj 2(J+ j-1) 2(] 1 —bj) — 2a; = b; — 2a; > —2a (1-q)2
Therefore
4
(7.17)  myq <yg "2/1 — ¢, Lo > =g "A/1— g — a _qq)z'
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