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Abstract

In this thesis we discuss how to extend the notion of one-parameter Feller
semigroups and one-parameter Markov processes to several time parame-
ters. Following a summary of the most important preliminaries we discuss
N-parameter Feller semigroups and address the difficulty of extending the
generator of one-parameter semigroups to multiparameters semigroups. In
particular we extend the differential equation associated with the generator
in the classical case to several parameters. Finally, we investigate families of
operators depending on several parameters which go beyond operator semi-
groups and construct associated processes. For these families of operators
the equality T 0 Ty = Ty, s,t € R_,A_’ , which is typical for operator semi-
groups, does no longer hold, and consequently the associated processes are
time-inhomogeneous. However, using a transform of variables we link these

operator families with operator semigroups.
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Introduction

The aim of this thesis is to extend the notion of thoroughly studied
one-parameter convolution semigroups of (sub-)probability measures and
semigroups of operators to N-parameter convolution semigroups of (sub-)
probability measures and semigroups of operators, respectively, i.e. to
objects indexed by a parameter ¢ € RY. On the one hand this extension to
N-dimensional parameters is interesting in itself, on the other hand we are
particularly interested in families of probability measures which give rise to
stochastic processes. We will mainly concentrate on the analytic point of
view. One-parameter convolution semigroups of (sub-)probability measures
are associated to (one-parameter) Lévy-processes. The analytic counterpart
are strongly continuous one-parameter semigroups of translation invariant
operators on C,,. More generally, positivity preserving, strongly continuous
contraction semigroups on Cy, i.e. Feller semigroups, are associated with
(one-parameter) Feller processes. We aim to extend this correspondence
to the N-parameter case. Certain stochastic processes with N-dimensional
(time-)parameter ¢, in literature also called random fields, can be described
by N—parameter convolution semigroups of (sub-)probability measures
or N—parameter semigroups of operators. When extending stochastic
processes or semigroups to parameters of N dimensions the main difficulty,
which arises from the extension to a multidimensional index, is the lack
of a total order on the parameter set. The notion of the generator of an
N-parameter semigroup of operators, for example, cannot be defined as

smoothly as in the one-parameter case. Another problem, which we do not



2 INTRODUCTION

attempt to tackle is the definition of multiparameter cadlag-property. Yet
there exists a partial order on RV of which we may make use. Together
with a commutation property this will allow us to define nice processes
indexed by subsets of RY. Moreover, we will construct vaguely continuous
N-parameter families of probability measures - not fulfilling an N-parameter
semigroup property - which give rise to multiparameter stochastic processes,
which - to the best of our knowledge - have not yet been discussed by other

authors before.

Summing up, the processes considered in Chapter 2 are both time- and
space-homogenous Markov processes whereas the processes in Chapter 3 are
space-homogenous and, in particular, time-inhomogeneous processes. If one
wishes to drop space-homogeneity the characteristic exponent needs to be
substituted by an z—dependent symbol. Symbols of this kind are briefly
introduced in the first chapter.

Multiparameter processes have been investigated by many authors before.
We mention just a few: R. Cairoli [5] looked at the (direct) product of
two Markov processes and compared its properties with those of the factor
processes, in [7] with J. B. Walsh they studied stochastic integrals in the
plane, i.e. of processes with a two-dimensional continuous parameter.
Moreover, in a book with R. C. Dalang [6] they provide a systematic
exposition of the theory of optimal stopping for multiparameter stochastic
processes with discrete parameter spaces. E. B. Dynkin [8] solved a type of
Dirichlet problem for the product of the infinitesimal generators of several
diffusion processes. In [17] G. Mazziotto developed a potential theory for
two-parameter Markov processes with regular trajectories and in [10] F.
Hirsch and S. Song introduce a Skrorokhod topology which allows them to
define the notion of complete N—parameter symmetric Markov processes.
O. E. Barndorf-Nielsen, J. Pedersen, and K.-I. Sato [2] analyse multivariate

subordination of multiparameter processes. The latter comes very close
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to some parts of this thesis and will be focused on in the due text. The
book [16] by D. Khoshnevisan presents a comprehensible account on the
theory of multiparameter stochastic processes, in which both the discrete
time-parameter case and the continuous time-parameter case is discussed.
Moreover, two different notions of multiparameter martingales are intro-
duced and it is proved that these two are equivalent under a commutation
hypothesis; examples of multiparameter processes are presented and a
potential theory for these processes is developed. Finally we mention paper
[18] of J. Pedersen and K.-I. Sato who investigated stochastic processes

indexed by a cone, more general than RY.

We briefly want to describe the content in some detail. In the first chapter
we give preliminaries, which are necessary to sooth the reading of Chapters
2 and 3. We start by defining the partial order < on multidimensional pa-
rameter sets which substitutes the total order. We state a theorem on tensor
product spaces and define the Fourier transform which is an important tool
to find the correspondence between convolution semigroups and continuous
negative definite functions, in addition we discuss the convolution theorem.
Moreover, we state a representation theorem for continuous negative definite
functions, the Lévy-Khinchin formula. We define convolution semigroups of
measures which are supported on the positive half-line and subordination
of convolution semigroups as well as semigroups of operators. We introduce
the notion of the generator of a (one-parameter) semigroup of operators and
state the Hille-Yosida-Ray theorem, which characterises generators of Feller
semigroups. Finally, we list some special functions which are needed later in
the text.

In Chapter 2 we extend the notion of convolution semigroups of probability
measures and semigroups of operators to the case of an N-dimensional

parameter. The first section focuses on N-parameter convolution semi-
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groups. After the definition an intuitive example is given. Then we prove
the continuity of the N-parameter convolution semigroups with respect
to (time-) parameter ¢. The first theorem of this section establishes a
one-to-one correspondence between N continuous negative definite functions
and N —parameter convolution semigroups. The second theorem validates
subordination in the sense of Bochner for N—parameter convolution semi-
groups. The following Section 2.2 is devoted to N—parameter semigroups
of operators. The definition is complemented by two examples which also
illustrate that N—parameter convolution semigroups of measures give rise
to N-parameter semigroups of operators. Continuity with respect to the
(time-)parameter ¢ is shown and decomposition of N—parameter semigroups
into its marginal (one-parameter) semigroups is proven. Concluding this
section we address the problem of generalising the generator by looking
at the evolution equation associated to the generator of a one-parameter
semigroup of operators. We extend it to an N-parameter evolution equation
which is associated to the composition of the generators of the marginal
semigroups of the N-parameter semigroup and analyse the domain of this
operator. In the subsequent Section 2.3 subordination (in the sense of
Bochner) is defined for N-parameter semigroups of operators. We emphasize
that the subordinate semigroup may be a indexed by an M-dimensional
parameter and both M < N and M > N (as well as M = N) are possible.
Moreover, we describe the generator substitute of the subordinate semigroup.
The concluding section of this chapter contains examples of multiparameter
processes and draws attention to the third example of this section which

illustrates the limitations following from the semigroup property.

In Chapter 3 drop the restrictive semigroup property and focus, more gen-
erally, on vaguely continuous families of probability measures and operators.
We are especially interested in the processes which correspond to these fam-
ilies. The first section contains a case study of a two-parameter family of

probability measures. Since it does not possess the semigroup property, sub-
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ordination as described in Chapter 2 is not feasible, instead we use iterated
subordination "by hand”. In addition we construct two kinds of processes
which are associated to this family of probability measures. In Section 3.2 we
look at other examples of two-parameter families of measures with the aim
of finding a convolution property or commuting structure as known from the
semigroup case discussed in Chapter 2. Indeed we obtain such a structure
on a curvilinear net and are also able to transform the families of probability

measures into convolution semigroups of probability measures.



Chapter 1
Preliminaries

In this chapter we introduce necessary notations and definitions and state
theorems needed in the due text. Moreover, the reader will be made familiar
with some basic facts of one-parameter semigroups which, in the subsequent
chapter, will serve as a basis for the introduction and analysis of N-parameter
semigroups. Where it seems helpful we give references for the reader to find

proofs to the theorems and further properties.

1.1 Notation

We use the following notation for vectors in RY to handle N-dimensional
parameters in a comfortable manner. First, e; := (0,...,1,...,0) defines
the j-th canonical basis vector of RY. Further let s,¢ € R then we define
s At := (81 Aty,...,sn Aty) where for a,b € R we set a A b = min(a, b).
Furthermore, s > t is defined to hold if and only if s; > ¢; holds for all
j € {1,...,N}. In an analogous way we define s > t, s <t and s < t.

B}(c) defines the open ball of radius § centered at ¢ in the space R™.

Among others we will need the following function spaces. (2 C R™ is an

open set)
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C(Q) | continuous functions on {2

Co(€2) | continuous functions with compact support in
C™(2) | m-times continuously differentiable functions on
C=(Q) | Nmen C™($)

CF(©) | Co(G) NC=(92)

B(Q2) | Borel measurable functions on 2

Definition 1.1.1. Let Q;,7 = 1,2, be open sets in R™ and u; € C(£;).
Then we define on Q; X Qy C R™1™2 the function u; @ uy by

(w1 @ wo)(z1,x2) = wi(x1) - ue(z2), for all z; € Qy,

and we call u; ® uy the tensor product of u; and uy. Furthermore, let
C3 (1) ® C§°(22) denote the set of all finite linear combinations of the form

m
>u@u?,
k=1

withud € CP(Q,),k=1,...,m,m €N, j =1,2. We call C(£,) @CL(s)
the algebraic tensor product of CP () and CP(Q2).

The importance of the tensor product for our considerations lies in the fol-

lowing lemma.
Lemma 1.1.2. A dense subset of CF (21 x§y) is given by CFP (1) QCF(Q2).

See §14 in [13] for a proof of this lemma and more properties of tensor product
spaces.

When introducing convolution semigroups of measures we will need the space
M; (R™) of positive bounded measures on R™ and for a measure u € M; (R")
its total mass is defined to be the non-negative value ||| = p(R™). Now, we

can define the convolution of measures.

Definition 1.1.3. Let p; € M (R™),j = 1,2, and define the mapping A, :
R?™ — R", (z1,T2) — z1 + T2. The image of u; @ ug, i.e. the product
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measure of (1, and psz, under the mapping A, is called the convolution of

and pe and is denoted by
pa * pg i= Ag(i1 ® po).

It follows that
(b1 p2) (A) = /ul(A — y) pa(dy).
Moreover, the convolution of two integrable functions f, g : R™ — R s defined

by
fxg(z) = / ) f(z — y)e(y) dy.

Definition 1.1.4. Let u be a Borel measure on R™. We define the support
of 1 as the complement of the largest open set G, such that u(G) = 0, and
we will denote it by supp u.

1.2 One-Parameter Convolution Semigroups

In this chapter we will summarize definitions and theorems arising when
analysing convolution semigroups and semigroups of operators depending on
one parameter. Since our aim is to investigate multi-parameter convolution
and operator semigroups we sometimes speak of one- or multi-dimensional
semigroups with reference to the parameter set. We omit proofs, however,
refer the reader to [14] by N.Jacob and [4] by C.Berg and G.Forst.

First we introduce the Schwartz space:

Definition 1.2.1. The Schwartz space S(R") consists of all functions
u € C°(R™) such that for all my,ms € Ng and o € Ny

Pragma () = sup |(1+ ™2 ¥ |8°u(z)]| < co.
xeR"

[a|<me

The family (Pm, ms)mi,mzen i a family of separating semi-norms on S(R") and

the Schwartz space equipped with the topology induced by these semi-norms
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is a Fréchet space. Before introducing the Fourier transform we mention that

CP(R™) ¢ S(R™) and S(R™) C I”,1 < p < 00, as a dense subspace.

Definition 1.2.2. A.The Fourier transform of u € S(R") is defined by

() == (2m)°3 / e~y () da,

n

instead of 0 we sometimes write F(u) or Fu¢(u).
B.The Fourier transform of a measure . on R™ is defined by the fol-

lowing integral (if it exists):

A€) = (2m) / e (da).

n

It is easy to see that the Fourier transform extends from S(R") to L!(R™).

Theorem 1.2.3. The Fourier transform is a linear operator from S(R") into

itself which is continuous and bijective and has a continuous inverse given

by:
FHu)(z) := (27‘(‘)—%/ etu(€)d¢, for all u € S(R™).

n

The estimate in the following theorem is often called Lemma of Riemann-

Lebesgue:

Theorem 1.2.4. The Fourier transform is a linear operator which maps
(LYR™), ||.||t2) continuously into (Coo(R™), ||.|lec). In particular, the follow-
ing inequality holds true for all u € L}(R") :

lalloo < (2m) 7% [Jullws.

For the Fourier transform on S(R") and M (R") we have the following

convolution theorem:

Theorem 1.2.5. A. For u,v € S(R™) it holds
(- v)"(€) = (2m) 7 (@ x ¥)(&) (1.1)

and

(uxv)N(€) = (2m)24(€) - 9(€). (1.2)
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B. For p,v € M (R™) we have the following equality

(B *v)"(€) = (2m)EA(E) - 2(8), (1.3)

as well as for p € M (R") and v € M (R™)

(L@ V)" (&n) = p(E) - o(n), (1.4)
for £ € R™ andn € R™.

To characterise bounded Borel measures on R™ and convolution semigroups

of measures we introduce positive definite functions:

Definition 1.2.6. A function u: R* — C is said to be positive definite if
for any fizred k € N, vectors £,...,6* € R™ and all Ay,..., A € C it holds

k
> uE - = o.

Ail=1

Now, we can state Bochner’s theorem:

Theorem 1.2.7. A function u : R® — C is the Fourier transform of a
measure p € M (R™) with total mass |||, if and only if the following three

conditions are fulfilled

(i) u is continuous,

(i) u(0) = A(0) = (21)~F||ull,
(#33) u is positive definite.

(1.5)

Remark. We found a one-to-one correspondence between positive bounded
Borel measures and continuous positive definite functions; especially, for a
probability measure the corresponding continuous positive definite function
attains the value (21)~% at the origin. Note that this correspondence can be
extended to a correspondence respecting natural topologies on M:(R“) and

on Cy(R™), respectively.
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Definition 1.2.8. Let (u,),en C M (R™) be a sequence of bounded positive
measures on R™ and po € M (R™).
A. Then p, is said to converge weakly to po as v tends to infinity, if for all
u € Cy(R™; R)

lim [ u(z)p(dz) = / () o (dz). (1.6)

V—00 Rn n
B. Moreover, u, is said to converge vaguely to pg as v — o0, if equality

(1.6) holds for all u € Co(R™; R).

Remark. [t is obuvious, that weak convergence implies vague convergence,
since Co(R™; R) C Cp(R™; R).

Definition 1.2.9. A family (u:)i>0 of bounded Borel measures on R™ is called

a convolution semigroup on R™ if the following conditions are satisfied:

(1) w(R™) <1, for allt >0,
(i) o* e = thorey  forall s,t>0,
and po = €o,

(#93) pe — €o vaguely ast — 0.

Remark. The vague convergence of a convolution semigroup for t — 0
already implies weak convergence to gy for t — 0 as the following theorem

states.

Theorem 1.2.10. A sequence (i, )nen of positive bounded measures on R™
which converges vaguely to u € M (R™) and satisfies lim,_,c pin(R™) =

u(R™) also converges weakly to the same limit p.

Definition 1.2.11. A function ¢ : R® — C satisfying

(i) ¥(0)=0
(ii) &+ (2m) 2 ® is positive definite for all t > 0,

is called negative definite.
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For continuous negative definite functions we have the following representa-

tion theorem:

Theorem 1.2.12 (Lévy-Khinchin). Fvery continuous negative definite

function ¢ : R® — C has a representation of the form

i€ 1.’17§ 1+|$| 1
n\{o}(l ° 1+|z|2> @r 4o (D)

W) =c+ild- ) +a(o)+ [

R

with a non-negative constant ¢ > 0, a vector d € R", a symmetric positive
semidefinite quadratic form q, and a finite Borel measure p on R™\ {0}. The
quadruple (c,d,q, 1) determines the function v uniquely. Conversely, any

such quadruple defines a continuous negative definite function by equation
(1.7).

Using the correspondence between positive definite functions and positive
Borel measures we now establish a one-to-one correspondence between con-

tinuous negative definite functions and convolution semigroups on R™ :

Theorem 1.2.13. Let (ut)u>0 be a convolution semigroup on R™, then there

exists a unique continuous negative definite function ¢ : R — C, such that
(€)= (2m) "2 WO, (1.8)

for allt > 0 and £ € R™. The converse also holds, to every continuous nega-
tive definite function, there exists a convolution semigroup such that (1.8) is
satisfied.

To investigate subordination of convolution semigroups we introduce convo-
lution semigroups of measures which are supported on the positive half-line
and again we find a one-to-one correspondence between convolution semi-
groups which are supported on [0, 00) and a class of functions, called Bern-
stein functions and this correspondence will be established using the Laplace

transform.

Definition 1.2.14. Let (14)i>0 be a convolution semigroup of measures on

R. It is said to be supported by [0,00), if suppv; C [0,00) for allt > 0.
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Definition 1.2.15. A real-valued function f € C*((0, 00)) is called a Bern-

stein function if
dk
f>0 and (—l)kagf(x) <0, forallkeN.

Definition 1.2.16. A.The Laplace transform of a function u €
LY(R),suppu C [0, 00), is defined by

L(u)(z) = /000 e *u(t)dt, forallz € C.

B. Moreover, we define the Laplace transform of a measure p on R
which fulfils supp u C R as well as f;° e™*° p(ds) < oo by

L(u)(z) = / " e u(d).

Remark. Only the real-part of z = x + iy, for z,y € R is relevant for the
convergence of the Laplace transform of a function . Furthermore, there
exists an o, called the abseissa of convergence, such that the Laplace
transform exists for z € C with Rez > zo and diverges for all z € C with

Rez < zo, where xo may also assume the values —oo or +00.

Theorem 1.2.17. Let f: (0,00) — R be a Bernstein function. Then there
ezists a uniquely defined convolution semigroup (V)i>0 Supported on [0, 00)

such that
L(v)(z) = e~t@ (1.9)

holds for all x > 0 and t > 0. Conversely, for a convolution semigroup
()0, which is supported on the positive half-line, there erxists a unique

Bernstein function such that (1.9) holds.

Bernstein functions have a modified Lévy-Khinchin representation of the fol-

lowing form:
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Theorem 1.2.18. For every Bernstein function f, there exist constants

a,b >0 and a measure p on (0,00) satisfying

/Ooo > p(ds) < oo

+ 1+s

such that

[e.¢]

Hz) = a+ bz + / (1) u(ds), z>0. (1.10)

o+

The triple (a, b, p) is uniquely determined by f. Conversely, each such triple
defines by (1.10) a Bernstein function.

Remark 1.2.19. A. Since the Laplace transform of a probability measure

/ e 1y (dx)
0

is well defined for z € C with Rez > 0, we extend the domain of Bernstein
functions to the complex half-plane Rez > 0 and only in the light of this
extension Lemma 1.2.20 makes sense.

B. Using the relation between Fourier transform and Laplace transform we

find
@m)iF()(y) = L) (iy) =@, yeR

and hence, remembering Theorem 1.2.13, it becomes apparent that for a Bern-

stein function f the function x — f(iz) is negative definite.

Lemma 1.2.20. Let f be a Bernstein function and v a continuous negative
definite function. Then the function f o ¢ is also continuous and negative
definite.

Now, we have all tools to introduce subordination in the sense of Bochner

for convolution semigroups.

Theorem 1.2.21. Let v be a continuous negative definite function on R™ as-
sociated with the convolution semigroup (ut)i>o0. Furthermore, let a Bernstein

function f with associated convolution semigroup (v4)i>0 be given. Then the
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convolution semigroup (uf)i>o associated with the continuous negative definite

function f o1 is given by
s@uilen) = [ [ s udnus), ¢ Co®?).
Rn 0 R™

Definition 1.2.22. The semigroup (uf);>o is called the semigroup subor-

dinate (in the sense of Bochner) to ()0 with respect to (v4)i>o.

1.3 (One-Parameter) Operator Semigroups

Now, we extend our considerations to semigroups of operators. It is an
extension since every convolution semigroup defines an operator semigroup
as will be shown in this section. As in the previous sections we do not prove
the theorems stated and refer the reader to [14].

We start with:

Definition 1.3.1. Let (X, ||.||x) be a real or complex Banach space, then
a one-parameter family (T;);>o of bounded linear operators Ty : X — X,
t > 0, is called a strongly continuous one-parameter contraction

semigroup of operators if

(1) To=1id and Tsyy = T, 0 Ty for all s,t > 0,
(i) lim T =l =0,

(253) ||T¢|| £ 1, forallt >0,

where ||.|| denotes the operator norm.

If, instead of condition (iii), we only know that inequality
(i) | T4|| < C, for allt >0,

holds for an arbitrarily fited C > 0, then we call (T)i>0 a strongly con-

tinuous one-parameter semigroup.

Furthermore, we define a special class of semigroups of operators:
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Definition 1.3.2. Let (T:);>0 be a strongly continuous contraction one-
parameter operator semigroup on X = Co and assume that for allt > 0
the operators T; : Coo — Cx are positivity preserving, i.e. u > 0 implies
Teu > 0,¢t > 0, then we call (Ty)i>0 a Feller semigroup.

Lemma 1.3.3. For a strongly continuous one-parameter semigroup (T4)i>o

on (X, ||.]|x) we have the following estimate:
ITell < Mue,
for allt > 0, with constants w > 0 and M, > 1.

Due to the following theorem we are able to define subordination of one-

parameter contraction operator semigroups:

Theorem 1.3.4. Let (T;):>o0 be a strongly continuous contraction semigroup
on the Banach space (X, ||.l|x) and (vt)i>0 be a positively supported convolu-
tion semigroup associated with the Bernstein function f. Then we define Tiu,

foru € X, by the Bochner integral
T?u =/ Touvy(ds).
0

The integral is well-defined and (Tf);>o is a strongly continuous contraction

semigroup on X.

The semigroup (T%)>o is called the subordinate to (T;):;»o With respect to f

or (Vt)t_>_0'

For a strongly continuous (one-parameter) contraction semigroup (T)i>0 we

define an operator A called the generator of (T;):>o.

Definition 1.3.5. Let (T;):>0 be a strongly continuous (one-parameter) con-
traction semigroup on a Banach space (X, ||.||x), then we define its gener-
ator by

T,u —
R0 s strong limit, (1.11)

Au = lim
t—0
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for all

T
ueD(A) := {u e X: %iII(l) tut 2 ezists as strong lz’mit} .

From the general theory of strongly continuous one-parameter semigroups

we need the following result:

Lemma 1.3.6. Let (T}):>0 be a strongly continuous semigroup on the Banach
space (X, ||-||x) and denote its generator by A with domain D(A) C X.

A. For anyu € X and t > 0 it follows fOthuds € D(A).

B. For u € D(A) and t > 0 we have Tiu € D(A), i.e. D(A) is invariant

under T;, and

d
aTtu = ATtu = TtAu.

To characterise generators of Feller semigroups we need the following two

definitions

Definition 1.3.7. A linear operator A : D(A) — B(R™%;R),D(A) C
B(R™R), is said to satisfy the positive maximum principle if for
u € D(A) and some zo € R" it holds u(zg) = supyegn u(z) > 0 then it
follows:

Au(z) <0

Definition 1.3.8. Let q : R® x R® — C be a measurable, locally bounded
function for which € — q(z, &) is continuous negative definite for all x € R™.

Then we define a pseudo-differential operator for u € CP(R") by

n

oz, D)u(z) = (2r)°% / a(z, )a(€)de,

and we call the function q the symbol of the pseudo-differential operator
q(z, D). Since q(z,.) is a continuous negative definite function we call (z, D)

a pseudodifferential operator with continuous negative definite symbol.

The following result due to Courrége gives an important representation the-

orem for operators which satisfy the positive maximum principle.
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Theorem 1.3.9 (Courrége). Let A : C°(R*;R) — C(R™;R) be a lin-
ear operator satisfying the positive mazimum principle. Then there exists a
pseudo-differential operator with continuous negative definite symbol q(z, &)
such that

A = —q(z,D). (1.12)

In the following characterisation theorem for generators of Feller semigroups
the positive maximum principle plays a central role and together with The-
orem 1.3.9 it interlinks pseudodifferential operators with generators of Feller

semigroups.

Theorem 1.3.10 (Hille-Yosida-Ray). A linear operator (A,D(A)) on
Coo(R™;R), D(A) C Cx(R™R), is closable and its closure is the genera-
tor of a Feller semigroup if and only if the three following conditions are
fulfilled:

(¢1) D(A) C Cx(R™R) is dense,
(it) (A,D(A)) satisfies the positive mazimum principle,

(i) R(A — A) is dense in Coo(R™;R) for some A > 0.
Here R(A — A) defines the range of the operator X - id — A.

There exist more general versions of the previous theorem, however, since
we will be handling Feller semigroups this form is the best choice for our
purpose. In order to prove that a given operator extends to a generator of a
Feller semigroup we have to verify conditions (i)-(iii) in the Hille-Yosida-Ray
theorem. Courrege’s theorem helps tackling (ii), (i) is a question of starting
with a good domain. Condition (iii) is crucial, it requires to solve the
equation (A — A)u = f for f in a dense set C. For certain operators we
may use Hoh'’s symbolic calculus for this problem. The idea is to reduce
manipulation of (pseudo-differential) operators to calculations on the level
of symbols, i.e. functions. In our presentation we follow §2.4 of [15] but also
refer to [11] and [12] by W.Hoh.
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Let 9 : R® — R be a continuous negative definite function with Lévy-
Khinchin representation
WO =c+QO+ [ (1= cosz-u(d)
R~\{0}
Here ¢ > 0 is a non-negative constant, Q) a symmetric positive semidefinite
quadratic form and let v be a measure whose absolute moments for 2 <[ < k

we assume to exist, i.e.

M, ;=/ ol v(dz) <00, 2<I<k. (1.13)
R™\{0}

Then we know that 1 is of class C¥(R";R). Moreover, for a € N2, |a| < k

the estimates

¢(§)a (0% ’_0
029()| <o -{ ¥2(E), o =1 ,
1 lo| =

hold for a constant ¢jq|, only depending on |«|.

"Lemma 1.3.11. Let the negative definite function v satisfy (1.13) for all
k € N. Then for all m € R and all « € Nj we have the estimate

o m m=—p(lel)
681+ 9(6)7| < oy - (L+ ()™ 2 (1.14)
Here and in the following we use the function p : Ng => Ny, p(k) = kA 2.

Definition 1.3.12. The class A is the set of continuous negative definite
functions ¥ : R™ — R satisfying (1.14) for m = 2 and all o € N§.

Definition 1.3.13. Form € R and 9 € A a function q € C®(R"* xR",C) is
called a symbol of the class S;“”(R") if for all o, B € N there are constants
o3 > 0 such that

|6g6£Q($a§)| S ca,ﬁ ° (1 + ¢(§)

holds for all x € R™ and £ € R™. The order of the symbol is m. If instead of
(1.15) q satisfies the weaker inequality

|020%q(z, €)| < Eap- (1+(€))7,

ym=gied (1.15)
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forall a,B € N}, z,£ € R", and some constants ¢og > 0, then q is called a
symbol of the class Sg*¥. It is obvious, that S7¥ C S™Y.

Now, we extend the definition of pseudo-differential operators and introduce

certain operator classes:

Definition 1.3.14. Let q € SZW or q € SP*¥. On S(R™) we define the
pseudo-differential operator q(z,D) by

al@,D)ula) = (2n)F [ ea(a, )0le) o

The classes of these operators are denoted by ¥7"¥(R™) and UMY (R™), re-

spectively.

Theorem 1.3.15. The operator q(z, D) € U5 maps S(R™) continuously

into itself.
Further we need to introduce double symbols:

Definition 1.3.16. For¢ € A and m, m’ € R the class S7"™ ¥ (R™) of double
symbols of order m and m’ consists of all C®-functions q : R® x R® x R" x

R™ — C satisfying
6gafagllafllq(x’ é"; ZL'/, E’) < ca,ﬁ,a',ﬁ'(l + d)(g))% (1 + ¢(§))m7v

foralla,B,d/,3 € Ni. Forq¢€ Sg”ml”/’(R") we define on S(R™) the operator

q(z,Dg;2', Dy )u(z)
= (2”)_%"/ / / eV (0 0ol ¢)a(€)dEdadE. (1.16)

Theorem 1.3.17. Lety € A and q € ST"™ ¥ (R™). Then the iterated integral
(1.16) ezists for u € S(R™) and defines a pseudo-differential operator in the

class W™ ¥(R™). Moreover,

qL(z,€) := Os — /n /n e Wiq(z, £+ n,z+y,€) dydy (1.17)
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is a symbol in STT™¥(R") and
q(z,Dg; 2', Dy )u = qu(z, Dy)u.
The symbol qr, is called the simplified symbol of q(z, &; 2, &').
Remark. The integral in (1.17) is an oscillatory integral which in this case
is defined by:
€0

lim / e ¥y (ey,en)a(z, €+ n,z +y,€) dydn,
]Rn n

where x € S(R™,R™) and x(0,0) = 1.

One important consequence of Theorem 1.3.17 is that for q; € S ’d)(]R“), j=
1,2, we know that q;(z, D) o qo(z, D) € ™% (R") holds.

Lemma 1.3.18. For ) € A and q € Sp™ ¥(R™) such that
2q(z, &0, €) € S§PPPHRY,  for all o € NE,

it holds
1 m+m'— y n
au(z, §) — E a%(%f) €Syt PN (R

laj<N

here qi, denotes the simplified symbol of q and

& g =pllab s gy,

qa(x7€) = :’ ?q(xyg;xl)gl)

$/=I

&'=¢

Finally we want to point out that under certain conditions on the symbol
of the operator —q(z, D), the operator extends to the generator of a Feller
semigroup. For the proof of the following theorem we refer to Chapter 2.6 in
[15].

Theorem 1.3.19. Let ¢ : R — R be a continuous negative definite func-

tion in the class A which satisfies a minimum growth condition, t.e.

(&) = clé]
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for some c,r > 0 and all £ € R", |¢| large. Furthermore, let q(z,&) be a

continuous negative definite symbol of class S2¥(R™) and

q(z,€) 2 0 (1+9(£)),

for some § > 0 and all £ € R", |€| large.
Then —q(z, D) with domain C*(R™) is closable in Cy, and the closure is the

generator of a Feller semigroup.

1.4 Other Preliminaries

This final preliminary section is a collection of a few results which cannot be
assigned any of the previous sections.
Our first result is about functional equations. From Theorem 5.3, page 216

of [1] we deduce:
Lemma 1.4.1. The general continuous nonvanishing solution of
f(z) - f(y) = f(z + v), (1.18)

forz,y € R, is

f(z) = €%,

for an arbitrary constant vector ¢ € C™.
The following result is taken from page 146 in [9)].

Lemma 1.4.2. The Laplace transform of

where Ret > 0, is given by

L()(p) = T(£) - 2+ &% - D_y(2p),
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where Dy is the parabolic cylinder function given by:

_  o3t+i F(_%)
Dz) = 2 (P(—lt)

here 1F denotes the confluent hypergeometric function, see below.

Since we will need it in another context, we give the definition of the gen-
eralised hyperbolic function with indices m and n. The confluent hypergeo-

metric function is a generalised hypergeometric function with indices m = 1,

n=1.

Definition 1.4.3. The generalised hypergeometric function is given by:

d (amkz’c
mFn(@1,...,0m;b1,...,b ,
(o i i) = 3 e

with (a)y =a-(a+1)-...-(a+k—1) forkeN.



Chapter 2

N-Parameter Semigroups of

Operators

2.1 N-Parameter Convolution Semigroups

In this section we introduce N-parameter convolution semigroups of measures
which will be used to construct examples of N-parameter operator semi-
groups. Further we define subordination of multi-parameter semigroups of
operators. Many of our statements are quite analogous to the one-parameter
case and in our presentation we often follow N. Jacob [14], Chapter 3.6.,
where the one-parameter case is treated. As source for the multi-parameter

case we refer to D. Khoshnevisan [16].

Definition 2.1.1. By definition an N-parameter convolution semi-
group (fi)e-0,t € RY, on R™ is a family of sub-probability measures sat-
isfying for all s,t > 0 :
(1) wR") <1,
(38)  ps * it = Moyt
and po = €o,
(792) pr — €o,

where the convergence in (i) is meant in the vague sense and fort — 0.

25
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Example 2.1.2. Let (us)s>0 and (v:)i>0 be two one-parameter convolution

semigroups of sub-probability measures on R", then
Nst := Ps @ 1y for all s,t >0

defines a two-parameter convolution semigroup on R*".

Proof. Obviously 7s:(R?**) < 1 is fulfilled.  Moreover, for & =
(&1,&2) and &;,& € R™ as well as arbitrary s;, s, t1,t2 € Ry we find

(27)" P15yt (€) sz 22 (€)

(2m)" fisy (€1) 1, (€2) sy (1) D1, (2)
= (s, * Bsp)" (&1) - (s ¥ 11,)" (62)
(Bsr+sz ® Viyt42)" (€1, €2)

= Nstspti+t2(€)s

F(7781,t1 * "752,t2)(§) =

where we applied (1.3) and (1.4) of Theorem 1.2.5. Moreover, 190 = €, thus,
the second property (ii) of a convolution semigroup is proven. It remains to
prove, that 7,; — & vaguely as s,t — 0. For this let () and ¢® be
elements of Co(R"). For ¢(x) := ¢V (z;) - ¢¥(z,) with z = (z1,z,) € R?,

x1, T2 € R™, we obtain

/ pdns; = / WMy, - / ¢Ddu;. (2.1)
]RZn R" n

Since (us)s>0 and (¢4);>0 are convolution semigroups on R™, s and v, con-
verge vaguely to £q as s and ¢ tend to zero, respectively, we find that the prod-
uct of the integrals on the right hand side of (2.1) converges to ¢(1(0)-#(0),
respectively. Thus, the integral on the left hand side converges to ¢(0) as
s,t — 0. Using the density of Co(R") ® Co(R™) in Co(R?*") we obtain the
result. O

Remark. For convolution semigroups (us)s>o on R™ and (v4)i>0 on R™,
n1,n2 € N, the product (s ® v¢)ss 1S a two-parameter convolution semigroup

st on RMH72,
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Example 2.1.3. A. Let (ugl))szo and (u,?))tzo be Brownian semigroups on

R, then their product (,ugl) ® u?)) st>0 1S given by

(40 @ 1) (21, dzs) = p(der) - i (dz)

1 =3 1 2
= ~%dx e 2tdrx
(47s)1/2 © 1 (4mt)1/2 2
1 o
- 47r(st)1/2e “7E dzy doy,

for all s,t > 0.
B. Now, let (/,Lgl)) s>0 and (u?’)tzo be I'-semigroups, their product is given by

(12 @ 1) (dzr,dzz) = p(de) - (dz)

1 -1_ -z
= X(0,00)(Z1) - =~72° le=%1 4y,

I(s)
1
. X(O,oo) (.’172) . W.,Et—le—-’tz d.’l)z
1

I'(s+1)

= X(o,oo)2($1, T3) gsHt=2e7%17%2 4, dz,,

for all s,t > 0.

Lemma 2.1.4. Let (ﬂt)temf be an N-parameter convolution semigroup on
R™. Then the mapping t — u. is continuous at O with respect to the Bernoulli

topology.
Proof. For ¢ € Cy(R™), 0 < ¢ <1 and ¢(0) = 1, we find by Definition 2.1.1

1=¢(0) = lim ¢ dyy < liminf 4 (R"®) < limsup :(R") < 1,
|t|—0 R |t|—0 |t|—0

hence,
Lm z,(R") = €o(R™),
|t|—0
and since now vague convergence to €9 implies weak convergence to gq for

t — 0, see Theorem 1.2.10, the lemma is proved. O

Lemma 2.1.5. Let (1t)e=0 be an N-parameter convolution semigroup on R™.
Then the mapping t — p, is continuous from RY to M; (R™) equipped with
the Bernoulli topology.
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Proof. For s,t € RY and £ € R™ we get

125(&) — ()] = |isy,..sn (&) = fhty,s0,..5n (€) —
fity t2,55,.-. o5 (§) F Bt ta,sa,sn (€) —
o Byytnn,on (§) = finy, ,tn(f)l
< |Bount,saremsn (O |Bitr-sato,..0€) — (2m) 7E[ + ..
tn—nswaty ()] |ﬂ0,...,o,|tN_sN| - (ZW)_%I (2.2)

The right hand side of (2.2) tends to zero as |t — s| tends to zero, moreover,
the mapping pu —— [i is bicontinuous, compare Theorem 1.2.4, hence the

lemma is proved. O

Theorem 2.1.6. For an N-parameter convolution semigroup (ut)tGRN on R
there exist continuous negative definite functions ¥y,vs,...,¢¥n : R* — C

such that
[ (€) = (QW)—%e—mh(ﬁ)—----thN(f) (2.3)

holds for all £ € R™ and t = 0.

Proof. Let s,t € RY then
Hs * by = Usytt,

hence, by the convolution theorem
(2m) 720 (€) - (€)= frere(€). (2:4)
We define for each £ € R™ the function
be(t) == (2m)Eu(), t=0,
which, by the previous Lemma 2.1.5, is continuous in t and by (2.4) it holds:
Pe(s) - de(t) = de(s +1), 5,620,

hence ¢, fulfils a generalised Cauchy Functional Equation. By Lemma 1.4.1

it has a representation of the form:

¢€(t) — e~t11/11(§)—---—tN111N(€),
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with complex numbers ¥ (£), ..., %¥n (&) depending only on £.
It remains to prove that 1, ..., %N are continuous negative definite functions
in £ € R™. For this let j € {1,...,N} and t; = (0,...,¢;,...,0), t; € Ry.

We find that (ut;)tj >0 is a one-parameter convolution semigroup and
fi (6) = (2m) "%,

which is the Fourier transform of a probability measure, hence by Schoen-
berg’s theorem a continuous positive definite function in £, herewith 1; is a
continuous negative definite function for all j = 1,..., N and the theorem is

proved. a

Remark. A. An N-parameter convolution semigroup (u)scgry has a repre-

sentation as a convolution of N one-parameter semigroups. By definition

He = Wt1eq * Higeg ¥ - ¥ Utpen

(remember e; denotes the j-th unit vector). Now upon defining for all j €

(1,...,N) the one-parameter semigroup

/"l’g) = .utj -

we arrive at

2 N
e = iy ) x ) (2:5)

Conversely, given N one-parameter convolution semigroups (ii;)¢;>0, J =
1,..., N, equation (2.5) defines an N-parameter convolution semigroup. In
terms of the Fourier transform, given arbitrary continuous negative definite
functions i, ..., YN attaining value zero at the origin an N -parameter con-
volution semigroup is defined by (2.8). B. Finally, we show that the prod-
uct of convolution semigroups can be expressed by the convolution of con-
volution semigroups. Let (#g))tlzo, ceey (ug:) )t.>0 be one-parameter convolu-

tion semigroups on R and define the one-parameter convolution semigroups

([‘g))tlzo,---,(ﬁg))tnzo on R™ by

i (dz) == p(dz;),
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forallt; >0z €R™ and j € {1,...,n}, then it holds
1 2 n ~ ~(2 ~(n
P @pd @ . @ = i) x5 e,

Next we want to extend subordination to multiparameter convolution semi-

groups.

Theorem 2.1.7. Let (.U's)selkﬁ be an arbitrary N-parameter convolution sem:-
group on R™ and let (m)teRT be an M-parameter convolution semigroup sup-

ported on ]Rf . Then the integral

Vt =/ ,U/snt(ds) (26)
[0,00)¥
defines an M-parameter convolution semigroup on R™.

Proof. Since for t € RY and ¢ € Co(R™) the mapping
s [ [ 8@ u(@om(s)
[0,00)N JR™

is positive and linear, there exists a measure 4, on R™ such that
v = / psme(ds)  vaguely.
(0,00)

Obviously, ; is a (sub-)probability measure for all ¢t € R} and we find for

t1,t2 € RY
[ 0() (v va)de) = [ [ plo+)a(doaen)
= [ 4 (el G ) )

_ / ) / . 9(2) (% ) (A (dp)me, )
_ / ) / W RO ITCUUNCOUNCY
= /RN /]R" ¢(z) pp(dz) e, 44, (dp)

= ¢(x)v1y 11, (dz),

R”
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thus (I/t)temy fulfills the semigroup property. Moreover, (us)scry and
(nt)temff converge vaguely to gy for s,t > 0 and so does (Vt)t€R+M, hence

is an M-parameter convolution semigroup. O
The semigroup we constructed in Theorem 2.1.7 leads to

Definition 2.1.8. The M-parameter convolution semigroup defined in 2.6

18 called the multiparameter subordinate convolution semigroup of

(1s)semy with respect to (ne)egm -

The following example illustrates subordination.

Example 2.1.9. Let (us) scr? be a Product Brownian semigroup, i.e.

I2 32
1 = 1 3

sy s, (dz) = We 1 We_"z dzdzs.

We subordinate () sex2 with the Product I'-semigroup (nt)teRi which is

given by

1 L 1 _
Nt1,t2(AT) = X(0,00) (1) - F(tl)xil lg=21 . X(0,00) (avg)l,(tz)actz2 le*2 dz,dzs.

We find

1 _3i_=3 1
s d — —_— 4s 4s . ti—1 _t2—1 -—81—32d
/Riu ne(ds) /Ri 47T(3132)1/2e 1 s ——F(tl)r(tz)SI Sy e S
Y SR S S
= 4s 1— —sld
r(t1>r<t2>/o (dmsp)2® 01 °

oo} 1 z2
N A
/ e Tas e ds,y
o (

47(32)1/2
o1 2_1
1 x%’zl 1 :I?% 214
— K - == K .
WIS SRS S )

The latter equality follows with (17) on page 313 in [9] and K denotes the
modified Bessel function of the third kind.
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2.2 N-Parameter Operator Semigroups

Many properties of N-parameter operator semigroups are similar to those of
one-parameter semigroups, which have been discussed in many monographs,
we refer to [14]. When extending the notion of strongly continuous operator
semigroups to the N-parameter case we encounter one main difficulty. This
is the extension of the notion of a generator. We tackle this problem to a
certain degree by investigating the differential equation which is associated
to the generator of a one-parameter semigroup and extending it to a partial
differential equation for the N-parameter case.

Let (X, ||.]|x) be a real or complex Banach space.

Definition 2.2.1. A. An N-parameter family (Tt)t:o’ t € RY, of bounded
linear operators Ty : X — X 1is called an N-parameter semigroup of
operators, if

To =1id
and

Tett =Ts0 Ty

holds for all s,t € Rf.
B. We call (Ty),., strongly continuous if

iy Tou w5 = 0
holds for all x € X.
C. The semigroup (Tt),., is a contraction semigroup, if

ITell <1

holds for all t = 0, i.e. each operator T; is a contraction. Here ||.|| denotes
the operator norm ||.||x -
Example 2.2.2. Let A and B be bounded operators on X such that [A, B] :=
AB — BA =0, and define for all t = (t1,t;) € R2

_ A B, _ N\~ (A O (6B)
Ttu =€ oe"? u-—-kz:o kll OI; —ET—U. (27)
1: =
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Fort > 0 we find

et oem < et e < 3 a3 1) @9

k:l—o k2—0
- tllc k1 k2
< Al Z IIBII (2.9)
k1—0 k2—0
_ etlnAu,etanu<oo. (2.10)

Hence, the sum converges uniformly in X which allows us to change the
order of summation, and using [A, B] = 0 we obtain the semigroup property
of (T¢)es0. For s, t € RE

T,oTu = e oe2BoeldoehBy (2.11)
e(s1tt)A ¢ g(s2+t2)By (2.12)
= T3+tu, (213)
as well as e® o "By = u.

Furthermore, we have uniform continuity of the family (T,g),,E]Rgr ast — 0,

i.e.
lim ||etlA oef?B — zd“ =0
£0
implying strong continuity, i.e. lim, o ||e"* oe”Bu—ul, = 0. Hence,

(Tt)tER?,_ as defined in (2.7) is a strongly continuous two-parameter semi-

t1A toB

group on (X, |.||x) . Moreover, if for t;,ta > O the operators e"* and e*® are

contractions, then (T¢)ierz is a contraction semigroup.

Example 2.2.3. Let (u, )1, >0 and (v4,),>0 be two convolution semigroups of
probability measures on R™. On the Banach space (Coo(R?"), ||.|| ) we define
for all t € R? the operator

Tu(z) = / u(z — 9)3m, @ w,)(d) (2.14)

We claim (T4),, is a strongly continuous contraction semigroup.
First, since u € Coo(R?™) is bounded, we find

[ Tru(z)| < / @ = 9)l(uy ®v4,)(dy) < flulloo (e, ® vr,) (R*")
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but (i, ® vg,)(R?™) < 1, which implies

sup [Tu(z)] < [[uleo < 00, (2.15)

I6R2n
i.e. T; is defined on Coo(R?), for all t = 0, and Tsu is a bounded function.
We show that Tau € Coo(R?*). In fact, for u € S(R™) we find using
Theorem 1.2.5 and Theorem 1.2.13 that

(Taw)*(€) = (2m)™ Q&) (ke ® v1,)"(€)
= () (2m)"2fu (€1) (2m)201, (&2)
= ﬁ(g)e—t1~¢(51)e—t2¢(€2)’ (2.16)

where & = (&1, &) with&1,€2 € R™ and ¢,v¢ : R™ — C are the continuous neg-
ative definite functions associated with the convolution semigroups (i, )i, >0
and (Vy,)s,>0, Tespectively. Since i, = (2r) %1% and Dy, = (2m) "/ 2e7t2¥
(2.16) implies that (T;u) € L}(R?*) for u € S(R*™), and the Riemann-
Lebesgue-Lemma, Theorem 1.2.4, implies Teu € Coo(R?). Using the density
of S(R?") in Co(R?) and (2.15) we find that T; is a contraction on Cy(R?™)
for allt € R%". Furthermore, we find using Ezample 2.1.2

rotaw) = [ {[ we-y-a o))} @)@
= [ =200 © ) (s ® 1)) ()

_ / (e~ 2) (s ® V) ()

= Tsyttr,0+t u(z)

= Ts+tU($).

Obviously, we have T(ggyu = u, since po = g9 and vy = €.
Finally, we prove that (Tt)-o is strongly continuous for t — 0. First, note
that any function in Ce(R?") is uniformly continuous. Hence, for e > 0

there exists § > 0 such that

lu(z) —u(z—y)| <e for all |z —y| <.
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The continuity of (1, ® V1, )0 with respect to the Bernoulli topology implies,
see Lemma 2.1.4, that

lim (s, ® v2,) (B3"(0)) = e0(BE"(0)) = 1,

i.e. it exists 7 > 0 such that

(1, ® v5,) (BS(0)) < € and 1 — (g, @ vy,) (R*™) <& for all t € ]0,7)3,
where B§(0) denotes the complement of the open ball BZ*(0).
Now, we find

[Tru(z) — u(z)|

IN

[ tata = ) = u(a) e, ©1) ()
Hu@)I(1— (e, ©v1,)(B)
[, 1 =) @)l 2 v) (@)

IN

+ / o 17 =) (@), @ 1) (@)

Hlulloo(1 = (ke ® 1) (R*™))

£+ (bt ® v1,)(B5(0)) + 2 - [|ulloo (e, ® 14,)(B5(0))
+lullg (1= (e ® v,)(R™))

e+2-¢lull, +ellully

= e(1+3]ufl,)

IA

IA

implying that (T;),,, is strongly continuous as t — 0. Note also that (T4),,

is positivity preserving, i.e. u > 0 yields Tyu > 0. O
Remark. Clearly, Example 2.2.3 extends easily to the N-parameter case.

Definition 2.2.4. Let (T:)i-0 be a strongly continuous contraction N-
parameter semigroup on (Coo(R™), ||-|l.,) which is positivity preserving. Then

(T¢)eso0 ts called an N-parameter Feller semigroup.
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Remark. Since for u € Co(R?;R) the function Tiu defined in Ezam-
ple 2.2.3 by (2.14) is a real-valued function, it follows that (T;)e-o is a Feller

semigroup.

Example 2.2.5. Let (ut, ® vy, )0, t = (t1,t2), be as in Ezample 2.2.3. For
u € S(R*™) we define as before

Tea(a) = [ a(o = 4)(oa ©1,)(d) (217)
R2n
and we obtain for £ = (&1,&) with &;,& € R™
(T,u)(€) = e—t1¢(§1)—t2¢(§2)ﬁ(§) (2.18)

where ¢,9 : R* — C are the continuous negative definite functions associ-
ated with the one-parameter convolution semigroups (pi,)e,>0 and (Vt,)ip>0,

respectively.

Now, Plancherel’s theorem, see Corollary 3.2.17 in [14], implies
I Teully = (Tew)™ g < llullo,

where ||.||, denotes the norm in L2(R™).
Since S(R?) is dense in L2(R?"), it follows that each of the operators T,
has an eztension to L2(R?™) and that these extensions are contractions. We

denote this extension once again by (T;)i-o. Moreover, we find
ITaa =l = [ lemsse-ea(e) - ag)Pag 219
B /2 le~t19(E)-t9(&) _ 112|5(e)2de =% 0, (2.20)
R n

implying the strong continuity of (Tt),., as [t| — 0. From (2.18) it is obvious
that (Tt)tto is a semigroup, hence, it gives a strongly continuous contraction
semigroup on LZ(R™). Now, let u € L}(R?") N L2(R*"), then (2.17) makes
sense as a Lebesgue integral and we find for0 <u <1 (a.e.) that0 < Tu <1
(a.e.). As before the operator Ty maps real-valued functions onto real-valued

functions.
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Definition 2.2.6. A. Let (T,g)tto be a strongly continuous N-parameter con-
traction semigroup on LP(R™R),1 < p < oco. We call (Tt),, a sub-
Markovian semigroup on LP, if for u € LP(R™ R) such that 0 <u <1 (a.e.)
it follows that 0 < Tyu < 1 (a.e.). B. Let (Tt)i-0 be a strongly continuous
contraction semigroup on LP(R™),1 < p < 00, or on Coo(R™). We call (T})i0
symmetric, if for all u,v € LP(R™) N L2(R™) or u,v € Cx(R™) N L2(R™), re-
spectively, we have
(T, v)y = (u, Tev), -

Remark. The semigroups constructed in Example 2.2.5 are sub-Markovian
semigroups on L2(R*;R). Furthermore, with the definitions given there, we
find

fi (61) = (2m) /7 ~1#E

and
D, (€2) = (271')_"/29—'521/1(62),

where &;,& € R™.

We get for u,v € L2(R?") and real-valued continuous negative definite ¢ and

¥

(Trw,v)o = ((Taw)",9)g (221)
_ / e"tl"’(gl)‘tz"’(&)ﬁ(f)@dé (2.22)
R2n
_ / ()t b @ (&) de (2.23)
R2n
= (u, Ttv)(] . (224)

Hence, in this case the semigroups constructed in Example 2.2.5 are
symmetric on L2(R?"). Conversely, the same calculation gives that for
symmetric semigroups on L2(R?*") given by (2.17) the continuous negative

definite functions ¢ and ¥ must be real-valued.

We introduce the following notation of marginal semigroups to handle and

analyse N-parameter semigroups of operators in a more comfortable way.
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Definition 2.2.7. Let (Ty),,, be an N-parameter semigroup of operators, for
j=1,..., N we define the j-th marginal (1-parameter) semigroup (Tg)) o
t;>
by ’
T :=Ty.e,  forallt; >0.

Remark. Note that by the very definition of an N-parameter semigroup of

operators and its marginal semigroup it follows for t;,t; > 0 and ¢ # j that
Tt,--e,-+tjej = Tti-e,' o th-ej = th~e_,~ ° Ttren

which yields
T, TP = TP o TP — TP 0 T = 0,
i.e. the marginal semigroups are mutually commutating.
Moreover for each marginal semigroup (Tg))tj>0 we can define a generator
AW with domain D (A(j)) according to Definition 1.3.5.
In the proof of Lemma 2.2.8 we make use of the following decomposition of

(Tt )i=0 into its marginal semigroups. Fort = (t1,...,tn) we have
T = Tgll) o Tg) o...0oT™,

17

Lemma 2.2.8. Let (T3),., be a strongly continuous N-parameter semigroup
on (X, ||llx) - Then there exist constants w € RY and M, > 1 such that

ITellx x < My e

Proof. Using the decomposition of (T})»o we find

1 2 N
ITdl = IT8 0T 0.0 TEP|
1 2 N
< TR0 1T
where ||.|| denotes the operator norm ||.||xx. By Lemma 1.3.3 there exist
constants w = (wy,...,wy) = 0 and M,,, ..., M,, > 1 such that
[IT:]l < Mye*?,

where M, :==M,, - ... - M,,. O

e b
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Corollary 2.2.9. Let (T;)i-0 be a strongly continuous N-parameter semi-
group on (X, ||.||x) . For anyu € X the mapping t — Tyu is continuous from
RY to X.

Proof. Let t,h € Rf and —t =< h be fixed, then we find using Lemma 2.2.8

ITernn = Teully < [| Toaceam ||y x | Ternmtencermnt = Temqeacernpyul|
< [ Texemllx x ([ Tern—eacrmyn —ull
+ | Temeacesmy — 1l ) »
implying the continuity. O

By definition the generator A of a strongly continuous one-parameter semi-
group of operators on a Banach space (X, |.|| ), see Definition 1.3.5, is given

by:
Tyu—u

Au :=lim as strong limit

t—0
with domain
1
D(A) := {u € X: %iné g(Ttu — u) exists as strong limit} .

Moreover, a solution to the differential equation

d
azf(z,t) = Af(z,t)
is given by
f(z,t) = Tiu(x)
for u € D(A).

However, this definition cannot easily be extended to the N-parameter case

as we may see by investigating the ’generator’ of a 2-paramater semigroup

of operators, starting with an analysis of the derivatives %Tt, forj =
32

1, 2, and mTt

It is well-known from the one-parameter case, that for j = 1,..., N it holds:

thu = AT (2.25)
tj
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However, equality (2.25) does only make sense for u € X with u, Tu €

D(A®). Therefore, to investigate atl‘%w T}, we first give some properties of

the domain D(A(® o ... o AM) of the operator AV o ... 0 A,

Lemma 2.2.10. Let (Tt)tto be an strongly continuous N-parameter semi-
group of operators. Its marginal semigroups of operators are defined by
(Tg))tjzo = (Tti'ef)t,-zo’ j = 1,...,N; their generators be (AY), D(A0))),
respectively. Then we have (i) u € D(AMo ... c AM) = Tyu e D(AWo...0
AM) for allt = 0, i.e. D(AMo...0AW)) is invariant under Ty for all t > 0,
(i) [AD AD)] = 0 for alli,7 = 1,...,N, i.e. AW ... AWN) commutate mutu-
ally, and (i1) for all permutations 7 : {1,..., N} — {1, ..., N} we get

D(ADoA® o .. .0 AM) =D (A o Al 5 o AN

Proof. (i) Using Lemma 1.3.6, which states the invariance of D(A?)) under
Tg) for j = 1,...,N, t; > 0, and the commutating property of marginal

semigroups of operators, we obtain

AWo 0o AMo ng)u =AWo .. 0o AN-D o TN 5 Ay

=AWo.. .0AWN-2 [ lim 1 (T(N_l) o ng) o AMy — ng) o A(N)u)J

tN—
tn-1—0 Ty N-1

= A(Do...oA(N—?)[ lim

tn-1—0 N1

(N),

Since Tg) is continuous from X to X we can interchange the limit and T;;

we get

AWo o AW, ng) { lim 1 (T(N_l) o ANy — A(N)u)]

tn—
tn-1—0 T3 N-1

=AWo . 0o AN, T&V) o AN=1) o ANy,

for the last equation we used that u € D(A® o ... 0 AM), thus in particular
u € D(AW-1 o AM), Repeating this procedure (N-2)-times we obtain

AWo 0o AWM, ng)u = ng) 0o AWo . o AWMy,

(T o THZY 0 AWMU — T 0 A(N)u)} .
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Since u € D(AW o... 0 AM) it follows AV o ... 0o AMu € X, thus the right
hand side is well defined and so is the left hand side. Analogously, we see for
an arbitrary t; with j = 1,..., N that

AWo o AM o Ty = TW 6 AW 6 o ANy,
2 7
Combining this result for all marginal semigroups we finally obtain
AV o o AMoTu=T,0 AW o..0 AWMy,

and especially u € D(A® o ... 0 AM) implies T;u € D(AM o ... 0 A, iLe.
D(AM o ... 0 AM) is invariant under T;.
(ii) u € D(A® o AD), then

AD o Ay = Jim, = [Tuo AWy — (J)u]

= lim tliin' % [Tg) (Tg)u — u) — (Tg)u — u)]
1

t;—0
= lim lim — [T,E]:) (Tﬁ)u — u) - (TE?)u - u)]
tj—0t;—0 ¢; t 7 g t

= Ao AWy

where we can change the order of limits since the marginal semigroups are
commutating and we have proven that A® and A commutate in case both
A®D o AW and AD o A® are defined.

(iii) From part (ii) we see that in case A® o AU)u is defined for some u € X
then, due to [Tg), Tg)] = 0, we can reformulate this as AY o A®u, which
therefore is also defined. Part (iii) is just a consequence a finite number of

applications of this property. O

The previous lemma enables us to solve a partial differential equation which
resembles the differential equation associated to the generator of a one-
parameter semigroup. The following partial differential equation illustrates
that to some extend the operator AV o A®o...0AM™) may be considered as

the multiparameter equivalent to the generator A of a one-parameter semi-

group.
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Lemma 2.2.11. Foru € D(AW o...0 AM) and (T})iro as above we have

aN
By Ory

Touw=AWo..0 AN o T

Proof. Let u € D(AMo...0 AM), then, in particular, u is in the domain of
the generator AN) of the N-th marginal semigroup of (T})s-0, and we have

0 (V) NN
gt_I;TtN u= A( )TtN u.

Now define

i(z) := A(N)ng)u.
The i € D(A® o...0 AW-1) since u € D(AM o...0 AM) and D(AD o
... 0 AM) is invariant under ng). We obtain

atN—l iN-1

’

0 - -
T(N 1)1~1 — A(N—l)Tgi\rl_lnﬁ

and by substituting G

9 -1 0 ) N-1)p(N=1) 5 (N)p(N)
6tN_1Tt”‘l %Tm u= Al )TtN—l Al )TtN u.

(N-1
tN—1

[e)

Interchanging T ) and the derivative 3t as well as using the commuting

property as shown in the proof of Lemma 2.2.10 leads to
0 (N=1)m(N) N-1 N (N-1) (N)
mTtN—l TtN u= A( Vo A( Vo TtN—1 ° TtN u.
Iterating these steps another (N — 2)-times we arrive at
o @ M _ AW ) o D )
mTtl'“TtNuzA O...OA OTtl O...OTtNll,

which completes the proof. O

Lemma 2.2.12. Let (T),., be a strongly continuous N-parameter

semigroup on the Banach space (X,|.|yx) with commutating marginal

semigroups (Té”) ,J = 1,...,N, whose generators are given by
t; >0

AD AD) respectively. Then the domain D (AW o...0 AM) s dense
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in D(A®), foralli = 1,...,N, and A® o ... 0 AWM 4s q closed opera-
tor. Furthermore, (Tt)tt(] is a strongly continuous N-parameter semigroup
on D (A(l) 0...0 A(N)) when D (A(l) 0...0 A(N)) is equipped with the graph

norm ”uHA(l)o...oA(N),X = ”A(l) ©...0 A(N)u”X + ||u||x-

Proof. We give the proof of density in D (A(l)), the other cases follow by
permutation. Assume u € D (A(l)) , thus AMu € X. With Fubini’s theorem

and the commutating property of the marginal semigroups we get for ¢ €

N-1
Ry

tn t2
v, = / Tg’p.../ T® o AMu ds,...dsy
0 0

te(N) N tr(2) 0 )
= /0 T("( ) . /(; T(W( ) o A( )u dsﬂ(g) e dsﬂ-(N),

Sw(N) Sn(2)

where 7 : {2,...,N} — {2,...,N} is an arbitrary permutation.
Lemma 1.3.6 then gives v € D (A®@ o...0 AM) and for
1w 1

t2
— 2
U = a ; TsN EA ng)u ng...dSN,

with ¢; > 0, for all j = 2,..., N, we get uz € D(AMo...0 AM) where
we again used the commutating property of the generators of the marginal
semigroups. Since for ¢; — 0 it holds % IN Tg)w ds; — w (strongly), for all
w € X, we finally obtain u; — u strongly as ¢ — 0, which gives the density
of D (A(l) 0...0 A(N)) in D (A(l)) .

We want to show that AD o ... 0 AN is a closed operator. For this we
let (w,),59 € D(A®o...0 AM) be a sequence converging to u € X as
v—ooand ADo...0 ANy, - g€ X as v — oo. We need to prove that
u€ D(AWo...0 AM)and it holds AMo...0oA™y = g. From Lemma 2.2.11
we obtain for all £t > 0

Z (("‘UNH(_l)szsuu)

81 G{O;tl},...,sNE{O;tN}

tN o t2 o ( t1 o ) )
= — —Tsu, ds; Jdss }...ds
‘/(; asN (/0 882 0 831 ! ? N
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and for v — o0, t1,...,ty > 0 we find

N
1 N 8;
— > Qq)lp_nq@)
s1€{0st1},....snE{0itN} 7j=1
1 t 1 t
=————i/TAW%”nAWuM$=—————/ng&
t-...tn Jo tie...tn Jo
As t — 0 we find that the limit on the right hand side exists, hence so
does the limit on the left hand side, herewith u € D (AW o...0 A®M) and

AWo . 0o AMy =g, implying that AM o ... 0 A ig closed.

Next we want to prove that (Ti),., is a strongly continuous contrac-
tion semigroup on (D (AWo.. .0 AMY, ||.||A(1)°___°A(N),X) . The semigroup
property on D (A o... o AM) is obvious since T;D (AVo...0 AM) C
D(A®o...0 A™) and from

ITeu — ullawo. onm x = AP 0. .0 AMoTu—-AMo. .o A(N)u”X
+ [Tt — ullx

= |[|[Ti0AWo.. .0 AMu—AW 6. 0 AMy|,
+ [ Teu — ul|x

follows the strong continuity on D (AW o.... 0 AM)) since (T),,, is strongly

continuous on X. O

Remark 2.2.13. Since D (AW o...0 AM) is dense in D (AW), which
again is dense in X, see Corollary 4.1.15 from [14], we get immediately, that
D (AWo...0 AM) is a dense subset of X. Furthermore, the proof can easily
be extended to show that D ((A(l))i1 0...0 (A(N))iN) with iy,...,ix € N is
dense in D (A1)

Proposition 2.2.14. Let (Tt)tto be a strongly continuous N-parameter semi-
group on the Banach space (X, |.||x) with strongly continuous marginal
semigroups (Tg))t.>0 and generators (A9, D (A®)), j=1,..., N, respec-
tively. Suppose Y cD (AW o.. .0 AM) s dense in X and invariant under
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Ty, forallt =0, i.e. T,Y CY. ThenY is a core for A® o...0 AW je,
YHae.oax — p (AW 6., 0 AW

Proof. If Y is dense in X, then for all u € D (AM o... 0 AM) there exists
a sequence (u,),.y C Y with |lu, —ul[, — 0 as v — co. By Lemma 2.2.12
and Corollary 2.2.9 the mapping ¢t — T;u, is continuous with respect to

[-llao..oam x and it follows that

t
/ Tyu, ds € T a®e.or®ox
0

Moreover, by the strong continuity and the commutating property we find

¢ t
/ T,u, ds — / Tsu ds
0 0 Ao, 0AWN) X

t
/ Ts (AP o...0 AM (u, —u)) ds
0

<

+ HTtu,, —u, — Ttu + u”X
X
and the right hand side goes to zero for v — oo. Thus,
t
/ Tsu dS € ?”'”A(l)o...oA(N),x.
0

Finally we get

t
/Tsuds—u
0

Ao, .0cAN) X

< l(Tt(f) - id) o .0t (Tt(,j") — id)u _ AW o AMy
i N x
1 t
+ —/ Tsuds—u
t-.tx Jo R
which tends to 0 for ¢ — 0, hence u € YlHlame. oam x| 0

2.3 Subordination for Operator Semigroups

Now we analyse the behaviour of N-parameter operator semigroups under

subordination by an M-parameter convolution semigroup. The subordinating
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convolution semigroup has its support in [0, 00)". Here we also stress that
by performing this subordination an N-parameter semigroup is transformed
into an M-parameter semigroup.

We start with

Theorem 2.3.1. Let (Tt)s-0,t € Rf , be a strongly continuous N-parameter
contraction semigroup on a Banach space (X,|.|x) and (1s)sz0,8 €
RY, be an M-parameter convolution semigroup on RN with suppn, C
[0,00)N, foralls € Rﬁ_’f . We define using the N-dimensional Bochner

integral for all u € X:

Ty = / Ty (dt). (2.26)
RY

Then the integral is well-defined and (T7)s=o0 is a strongly continuous M-

parameter contraction semigroup on X.
Proof. We find

ITSullx < /RN I Tewull x ma(dt) < ma(RY) lluallx < llully

+
thus, for s > 0, 77 is a contraction on X. Moreover, using the semigroup

property of (T;):=0 and (7s)s»0, respectively, we find

Teu = / Tpunr+s(dp)
RN

+

_ /R  Tyu(n, *715)(dp)

_ /R : /R Tyrqune(dg)ns(dp)

_ /R ; /R : (T, o Ty) un.(dg)ns(dp)
— / : T,,(+T;'u) ns(dp)

RY

(T7 0 TP,

thus, (T7)s»o is a semigroup on X.
Finally, we show that (7)o is strongly continuous on X. For this note



2.3. SUBORDINATION FOR OPERATOR SEMIGROUPS 47

that the function ¢ — | Tiu — ul|x is continuous and bounded on RY and
lim; 0 || Tiu—u||x = 0. Furthermore, the convolution semigroup (7s)s»o tends
to €¢ in the Bernoulli topology as s — 0, see Lemma 2.1.4.

Since

70—l < [T ullxna(a) + (0= n R ulx,
+
it is sufficient to prove for any function v € Cy(RY), v(0) = 0 that

lim [ wv(t)ns(dt) =0

s—0 RN
+
which follows from the definition of the Bernoulli topology and the definition

of 9. Thus the theorem is proved. O

Definition 2.3.2. The semigroup (T7)s»=0 as defined in (2.26) is called the
subordinate (in the sense of Bochner) to (Ti)i=o with respect to the

convolution semigroup (1s)s=o-

Remark. Since the convolution semigroup (1s)s=o has the representation

s = % ... *xn{MD,

one gets instantly that
(T")3) = T&,
fors; > 0andje€l,...,M, and (ngf)sjzo is obviously the j-th marginal

semigroup of (T7)s»=0, compare Definition 2.2.7.

Corollary 2.3.3. Let (Ti)i-0 be either an N-parameter Feller semigroup on
Co(R™ R) or an N-parameter sub-Markovian semigroup on LP(R™;R),1 <
p < 00, further let (ns)s=o be an M-parameter convolution semigroup on
RY with suppns, C RY, i.e. with positive support. Then (T7)sxo is an M-

parameter Feller or sub-Markovian semigroup, respectively.

Lemma 2.3.4. For the derivatives of the subordinate (T)s-o we have:

;—Tgu =AM o T
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and
oM
831 .o .asM

where A"Y) is the generator of the j-th marginal semigroup of operators

T)u = AP o o AMM) 4 T} u,

Proof. We start with the partial derivative

—a%Ts”u - ’135%% ( /O N Tou(Z)Nsphee, (dt) — /0 ) Ttu(l‘)ﬂs(dt))
= ’1113(1]% (/Ooo Tyw(z) (ns * Mhee; ) (dt) — /000 Ttu(x)ns(dt))
= lim % ( /0 N /0 N Ty4qu(2)Mhee; (dg)ms(dt) — /0 ) TtU(fv)’?s(dt))

— m 3 77,(]) —
= 17 (im(T7Pu(z) - u(x))
= Tlo A"’(j)u(:r) = Am() o Tju(z),

where e; = (0,...,0,1,0,...,0) is the j-th unit vector in RM.

For the second partial derivative 3 a; T7u with ¢ # j we find
3303

0? Thu(z) = —a—(A"’(j)oT.”u(a:))
05,0s, ° 0, I

Pl 84

= AP0 o aiTjﬂu(x)

83

= AP0 0 AP0 o Ty(x).

Applying this calculations another (M-2)-times in an analogous manner leads

to

——— Thu=A"Wo. . o A™M o Ty,
Doy - Oy ©

O

Proposition 2.3.5. Let (T;),., be a strongly continuous N-parameter con-

traction semigroup on a Banach space (X, ||.||x) with marginal semigroups

(Tg?) and their generators (AY),D (AD)), j = 1,..., N. Further, let
£;>0

(1) g0 be an M-parameter convolution semigroup with positive support, i.e.
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suppns C RY, for all s = 0. Where (n,) s=0 may be represented as the prod-
uct, see the remark following Theorem 2.1.6, of M one-parameter convolution
Semigroups (nﬁ?) o forj =1,..., M, each with support on the positive
half-line [0, 00). TSIJn_Ls we can associate (1s),.o with M Bernstein functions
fO, . fM) ] through its association with (nt(ll))tlzo,...,(nt(if))tho, respec-
tively.

Then D (AW o...0 AM) is @ core for D (A(l)'f(l) 0...0 A(M)'f(M)) :

Proof. Recall that Remark 2.2.13 states that D ((A(l))i]l 0...0 (A(N))iN) :
1,...,iny € Nisdense in X. In order to apply Proposition 2.2.14 we have to
show that D ((A(l))l1 0...0 (A(N))ZN) is invariant under T7 for ¢t > 0. For

this take u € D ((A(l))il 0...0 (A(N))i” ) and consider the sequence

(nye..ym)
/ Tsu n:(ds)
(0,...,0)
This sequence converges to TYu and the closedness of the operator A®o.. .0
AM) gives

neN

) (n,...,n)
(ADY o A(N))w/ T,u ny(ds)
m,...,m) X
(n,...,n) i i
= / Ts0 (AD) 0.0 (AM)™ u n,(ds)
(m,...,m) X
(n,...,n) . i
= / Tl m(ds) [|(AD)" o 0 (AD) ™ u
(m,...,m) X

< () - [[(A9) oo (AM)™

|X’

implying that ((A(l))i1 .o (A(N))'N f((”’ O m(ds)) . is a Cauchy
ne

sequence in the Banach space X, and the closedness of (AM) o...0 (AM)

yields that T/D ((A®)" ... (A(N))”“') D((A®)"o. .0 (A(N))”") .

O

We once again draw attention to the fact that the dimension of the parameter

of the subordinated semigroup (T%),., may differ from the dimension of
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the parameter of semigroup (Tj) s=0- NOW we give an example in which

subordination reduces the dimension of the (time-)parameter.

Example 2.3.6. Let (i45)s»0, S € Ri, be a two-parameter convolution semi-

group on R™ and define for all s > 0 the integral operator
Taa()i= [ uly - o)u(dy),
0

for u € Cx(R™). Moreover, let (m:)i>0 be a one-parameter convolution
semigroup with support in R2 and representation n,(dsy,dss) = nt(l)(dsl) ®
n®(ds,), for all t > 0, with two (one-parameter) convolution semigroups
(nt(l))po and (n§2))t>0. Then there are Bernstein functions f; and fy such
that:

(TT) (z) = (27)3 / 7€t (b1 (E)—Ha(2(6)) y(£)l £,

n

Proof. Using Theorem 2.1.6 we find the existence of continuous negative

definite functions 1; and % such that

(Th)™ ) = [ O 04(¢) (ds)
R

2
% 1 % \
— / e—sﬂ/’l(f) nt( )(dsl) ) / e—szll)z(f)nt( )(d82) . ﬁ(é’)
0 0
= e (@) . ~th@(0)g(¢), (2.27)

where the existence of the Bernstein functions f; and fy follows from Theo-
rem 1.2.17. Applying the inverse Fourier transform to (2.27) we obtain

T;’u(:r) — (271.)—%/ eine—tfl(¢1(€))—tf2(1//2(€))u(§) de.

n

O
The dimension of the parameter may as well be increased by performing
subordination as the following example illustrates:

Example 2.3.7. Let (us)s>0 be a one-parameter convolution semigroup on
R™ with corresponding continuous negative definite function v and define for

all s > 0 the operator

Tsu(z) = /n u(y — z) ps(dy),
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for u € Coo(R™). Moreover, let (n)i0, t € R%, be a two-parameter con-
volution semigroup on R with support on the positive half-line. Then the
subordinate to (Ts)s>0 with respect to (n:)i=o0 s a two-parameter semigroup

of operators and has representation

T?u(;y) = (271')—% / eixfe—tlfl("/’(E))‘h&(‘ﬁ(&))ﬁ(g) dé"
R

for the Bernstein functions f; and fy which are associated to (1)s-o-

2.4 Examples of N-Parameter Semigroup

Finally, in this section we give some examples of multiparameter semigroups
of operators. The first two examples fit smoothly into the category of N-
parameter semigroups. The third example, however, unveils how restrictive

the semigroup property is.

The first example is taken from [16], Ex.11.2.2.

Example 2.4.1 (Product Feller Semigroup). Let (Tgll)) o and
t12

(Tg)) ~o be one-parameter Feller semigroups on C(R™). Then we define
t2>

a two-parameter semigroup on (Coo(R?™), ||.lec) by defining it for f(z1,z2) =
fl(fl‘l) . fg(.’Eg), fi,fh € Coo(Rn) :

Tf(z) = TOH(z1) - TOM(22),

where we used the notation t = (t1,t3), t1,t2 € Ry and z = (z1,23), 1,22 €
R™. Using a density argument it becomes evident that Ty, t > 0, extends to
an operator on Co(R?") and one can prove that (Ty),,. is a two-parameter
Feller semigroup. Note that (Tg))tl>0 and (Tgf))tz>0 do not define the
marginal semigroups of two-parameter semigroup. (Surely, this example may

be extended to the N-parameter case.)

The next example is taken from Example 11.2.3 in [16].
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Example 2.4.2 (Additive Feller Semigroup). Again starting with two
one-parameter semigroups (Tﬁ)) ~o and (Tg)) oo on Coo(R™) we now de-
1> to>

fine a two-parameter family of opelmtors (Tt) 1m0 on Coo(R™) by

Tou(z) = Ty, o Tyu(z), u € Coo(R™),t = (t1,12).
Since we want the two-parameter family of operators to be a semigroup, ad-
ditionally we need pose a commuting condition on the one-parameter semi-
groups, namely [TEP,TES)] =0, for all t;,t; € R,. Now it is easy to prove
that (Tt),q is a Feller semigroup on Ceo(R™).
Now we show that the semigroup property is, indeed, a very restrictive prop-
erty:
Example 2.4.3. Let q1(z,D;) and qs(z,D,) be pseudo-differential opera-
tors on S(R?) which are generators of the Feller semigroups (Tgl))tzo and
(ng))tZO; respectively. We now define the following two-parameter family of

operators on S(R?)
Ty =Ty 0Ty, ,t=(t1,t2) € R% (2.28)

We want (T)s0 to be a two-parameter semigroup of operators. Thus, ac-

cording to Lemma 2.2.10 the generators need to fulfil:

[a1(, Dz), g2(z, Dg)] = 0. (2.29)
On the other hand if condition (2.29) holds, then we know that the family

defined in (2.28) is a 2-parameter Feller semigroup since the marginal semi-
groups are Feller. However, in general (2.29) is not fulfilled, but one needs

further conditions on qi(z, D) and qa(z, D), for ezample the following: if
ql(x7 Dl‘) = (~11($1, Dml)
q2(z, Dz) = Ga(z2, D.,)
where §1(x1,Dy,) and Go(z2,D,,) are generators of (1-parameter) Feller
semigroups on Coo(R).

This condition is very restrictive and motivates the considerations in the next
Chapter 3.
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2.5 N-Parameter Markov Processes

In this section we briefly give the definition of an N-parameter stochastic
process following the presentation in Chapter 11 in [16]. (Although there the
definition is given in a more general context, we consider R"-valued stochastic
processes.) Furthermore, we interlink the theory developed there with our

results.

Definition 2.5.1. An N-parameter, R"-valued stochastic process (Xt)temf
1s said to be a multipammeter Markov process if there erxists an
N-parameter filtration (-ﬂ)temgj and a family of operator (Tt)temzﬂ;’; such that

for all x € R™, there exists a probability measure P, for which holds:

(1) (Xt)teRf i (-ﬂ)tem{;"adapted;

(15) for all € R (Xy)ierny has Py-almost surely right continuous paths,

(i) for all t € RY, F; is Py-complete for all z € R", and (}—t)temi’ is a
commuting o-field with respect to all measures P, T € R",

(w) for all s,t € RY and u € Coo(R™), it holds for all z € R"

E,[u(Xspe)|Fs) = Tou(Xy), P, —a.s.,

(v) for all z € R™ it holds P,(Xo = z) = 1.

Furthermore (X¢);cgy is called an N-parameter Feller process, if: (i) for all
te ]Rﬁ\_’, T : Coo(R™) — Cop,
(ii) for each u € Coo(R™),

%51% I Tsu — u)|lee = 0.

Moreover, it is shown that (Tt)telk_"‘_’ is a semigroup. It follows that the
process (Xt)temf is Feller, if the semigroup (Tt)temf is Feller, as defined in
Definition 2.2.4.



Chapter 3

Beyond N-parameter

Semigroups

In this chapter we will analyse multiparameter families of probability mea-
sures leading to families of operators which no longer satisfy the semigroup
property introduced and investigated in the previous chapter. In the first
section we will construct such a two-parameter family of measures which we
will then subordinate (in the sense of Bochner) to derive therefrom more
families of this kind and to outline the differences to subordination in the
"nice” case of commuting families, i.e. semigroups. Moreover, we will show
one way of how to obtain a stochastic process associated with such a family
of probability measures. In section two we then will consider yet another
multiparameter family which does not commute in the sense of Chapter 2.
However, we will investigate the structure of these operators in dependence
of curves in the parameter space which will lead us to some interesting ob-

servations.

3.1 A Case Study

In the following we present two-parameter families of probability measures

no longer satisfying the semigroup property introduced earlier. For this let

95
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¥ : R® — C be a continuous negative definite function with ¢ (0) = 0. We

consider
Bs,0(€) = (2m) e~ W),

which is for s, > 0 a continuous positive definite function, i.e. by Bochner’s
theorem, Theorem 1.2.7 each ¢, is the Fourier transform of a measure on R".
Obviously, we also have ¢5,(0) = 1 for all s, € R4, hence each associated
measure is a probability measures and we can now define the two-parameter

family (p4st)s>0 Of probability measures by

fisa(€) = (2m) "2 e~ *W(E), (3.1)

Remark 3.1.1. Fiz s = sg > 0, then (us,t)t>0 15 a (one-parameter) convolu-
tion semigroup in t associated with the continuous negative definite function
so¥ and for s = 0,t > 0 we find that ps,: s the Dirac measure. The
same holds, of course, for a fized parameter to and a "running” parameter s.

However, (¢st)s >0 18 not a two-parameter convolution semigroup.

This case study of the family of measures defined in (3.1) is divided into two
parts. The first of which is an investigation of the behaviour under subordi-
nation of this family and in the second part we show how one can construct
processes from such a family of probability measures.

The nice results for subordination obtained in Section 2.3 are highly depen-
dent on the semigroup property, hence here we cannot expect to get the same
results, since we are not able to make use of the convolution theorem, instead
we perform the subordination of (us:)s+>0 step by step with two particular
convolution semigroups supported on the positive half-line. First we subor-
dinate with respect to parameter s and then with respect to parameter ¢. For
the primary step we consider the one-parameter family of measures (us:)s>0
where t remains fixed greater or equal zero. We subordinate (ps:)s>0 with
respect to the one-sided stable semigroup of order %, which is denoted by
(as% )s>0 and is associated to the Bernstein function f(z) = z2. Let (Vst)s>0

1
be the subordinate of (ust)s>0 With respect to (0d)s>0, then we get for all
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s>0
Das(€) = (2m)"teort @)} (3.2)

Performing this subordination for all £ > 0 we get a new two-parameter

family of probability measures described by (3.2).

Now for each s > 0, fixed, we subordinate (vst)i>0 with respect to the I'-

semigroup which is given by
_ I i1 -2\

(here A®M) denotes the one-dimensional Lebesgue-measure) which is associated
to the Bernstein function g(z) = log(l + z). We denote the new family of

probability measures by (75:)s¢>0. It is given by

1

N 1 [ e 1/2 L
= 2 sp ['/)(E)] N 1, Pd .
ot(§) = (2m) 2/0 e N

Now, substituting ¢ = p'/? we obtain

N _1 * _ 1/2 2 _ _ 2
= (2 sa(O/* . _Z | 521, =9 ({g.
Ts,t(&) ( 7!') 2 ‘/(; € F(t) q € q

Using Lemma 1.4.2 we get

@) = (am)HEELZ b0 Dy (s @)

Here D, denotes the parabolic cylinder function. We transform 7, to:

Rl = @m0 R s Fy (3451006

T
o) VR (6575900,

t))?

(2 ) 21—2t

LTt +3)
where 1 F; is the confluent hypergeometric function. Table 3.1 gives 7,;, when

(Ks,t)s,t>0 is subordinated in the first step by f(z) = zl/m
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For the second example we start again with the two-parameter family defined
1

by 3.1 and subordinate (s ¢)s +>0 for each fixed ¢ > 0 with respect to (¢ )s>0,
obtaining the same (Vst)s >0 as in the previous example. In the second step
we subordinate (vs¢)s >0 for each fixed s > 0 with respect to the one-sided
stable semigroup of order ; and denote the resulting family by (75:)s¢>0. We
get

2 (6) / Y e L -5y

T, = e o — . 2. P

s,t o \/E p p

t o0
- b / oo, )2

v Jo

in the last step we substituted ¢ = v/¢. Using the Meijer-G-function we can

e #’dp,

represent 7, , as follows
. S+ 1/2 - - -1
foatg) = U G ( y —t2s2¢>
2

Table 3.2 gives 75+ for (s +)s>0 subordinated by f(z) = z= in the first step.
Having analysed particular cases of subordination of the family (us¢)s¢>0 We,
now, show two constructions of different processes associated to (is¢)st>0-
The first one is merely a field of random variables, but nevertheless by

definition a stochastic process.

Recall that
fist(€) = (2m) 7O,

Since the function % is continuous negative definite and ¢(0) = 0, hence by
Bochner’s theorem p;; is a probability measure on (s, As,) for all s,t > 0,

where Q;; = R™ and A,; = B™. Defining the product probability space by

(Qa Aa P) = ® (Qs,ta As,t7 .u/s,t)

(s,t)ERZ

and using Corollary 9.5, p.62 in [3], one gets immediately the existence of an

independent family of random variables (X, :)s+cr, over the defined product
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probability space (2,.4,P). The state spaces are equal, hence (X;)stcr,
is a stochastic process. Due to the independence we shall not expect any
further interesting properties of (X;:)stcr,. The opposite is the case for the
second process which is associated to (ist)s t>0-

For thislet v = (y1,72) : Ry — Ri be a continuous, <-monotone increasing
curve starting at the origin, i.e. 4(0) = (0,0). We construct a process along
7, i.e. associated with (fs:t)(st)ev((0,00)), Dy defining a projective family of
probability measures.

Let uy,...,ux € v with

U KU << ug

and
{U]_,uz,...,Uk} =Ke H)

for the set H of all finite subset of v C R%.
For K we define the measure Pk on (R™)* by
PK(A]_ XAg X ... XAk)-T-
=/ / . / p(uk—h Uk, Tk—1, dZL'k) . "p(u’h U2, T1, d.’Bg)p(O, u, T, dwl)l/(d.fl)),
RWA; JAg

for all Ay,..., A € B(R™).
Here
P(Uj, Ujt1, Tjy A) = P4, (A — T5),

for all A € B™. Where piy; u,,,(A — ;) is defined by:

&) = (2n)” % e~ (wr)v2(uj1) =71 (w2 (u;))¥(E) ’

Houjujg

v is the initial distribution.
This family is projective, and applying Kolomogorov’s theorem it follows the

existence of a probability measure P on B™ satisfying
mk(P) = Pk, for all K € H,

and the existence of a stochastic process with state space R", whose finite-

dimensional distributions are given by (Pk)ken-
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More general, we can consider (27)"ze~*(t4) where we have to assume, that
for fixed t € RY k(¢,.) is a continuous negative definite function and for all
t>sand £ €R”

k(t,€) > k(s,£).

3.2 Commuting Structure on a Curvilinear

Net

Previously we have constructed a multiparameter family of measures and
one corresponding multiparameter process which does in general not satisfy
the semigroup property or is not time-parameter homogeneous, respectively.
However, in the case of s = 0 or t = 0 the measures were degenerated,
moreover, we did not obtain any nice structure, meaning, we did not find
the commuting property which is common to all semigroups mentioned in
Chapter 2. Now we want to give an example of a 2-parameter family of
measures - defined by its Fourier transform - which is not a convolution
semigroup, and we will establish structural property similar to the commuting
property in the sense, that the family of measures will be commuting on
a skewed net which we will obtain by transformation of variables in the
parameter space.

We start with the family (us¢)s >0 of probability measures, which we define

by its Fourier transform:

ﬂs,t(f) — (27T)—'2-1e—(s+t+t-arctan(s))-¢(§) (3.3)

where v is a continuous negative definite function, £ € R", and s,t € R,.
For so = 0 (set)t>0 and for tg = 0 (is4,)s>0 are convolution semigroups.
However, for any other fixed sp > 0 and t, > 0 we find that (ps,:)e>0
and (Ust,)s>0, respectively, are no convolution semigroups and consequently
(ks.t)s,t>0 is not a two-parameter convolution semigroup. One can also argue,
that

Pisosto * Pisyty F Bso+sn,totts (3.4)
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and hence

Mso,to * Hsy,ty 7é Msots1,to+ts - (35)

Although (4454)s >0 is not a convolution semigroup for s,¢ > 0 each p,; is a
probability measure and on the Schwartz space we can define the following
family of operators. Let s,t € R, and u € S(R™), then

Ts,tu(:v) — (2,”)—% /eiz-ﬁe—-(s+t+tarctan(s))-w(ﬁ))ﬁ(é-)dg (3.6)

is a well-defined 2-parameter family of operators, since 0 <
e~ (sttttarctan(s)-¥(() < 1 but it is not a semigroup of operators with
respect to the two-dimensional parameter vector (s,t). We want to find a

two-parameter convolution semigroup (1,,r)s,r>0 such that
Hst = To,r)
for all s,t > 0 and o = g;(s,t), T = ga(s, t) for some mapping
g:(st) — (0,7) = g(5,t) = (g1(5, 1), g2(s, 1))-

To find a convolution semigroup (7y.+)s,r>0 With this property we define the

following transformation of variables

og:=o0(s,t)=s
7 :=71(s,t) = [1 + arctan(s)] - ¢
hence
s=0
t= 1+a.rc1t-.an(a)'
and

or ot

9o 9o
det [ 98 9 ] =1+ arctan(s),
ds Ot
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hence determinant of the Jacobian is non-zero for all s, > 0 and herewith the
transformation is one-to-one for all s,¢t € Ry. We emphasise that (7,,r)s.r>0

has the Fourier transform
oy (€) = (2m) 2™V E V()

for all 0,7 > 0 and £ € R, and hence is a convolution semigroup while
(s t)st>0 is not. However, the semigroup property of (7,+)s,r>0 is reflected

on (ist)st>0 as the following equation shows

Mso,to * Hsi,ty = Too,mo * Noy,m1 = Mootor,m0+m = Mg=1(oo+o1,m0+71)

where ¢ = g1(S0,%0), 7o = 82(S0,%0), 01 = 91(s1,%1), 71 = ga2(s1,t1). Here-
with we find that the semigroup property of (is,r)sr>0 reflects on (ps¢)s:>0
as a ”curvilinear convolution additivity”, more specifically, a convolution
additivity on the pre-image of the parallels of the coordinate axes of the

(o, T)-coordinate system. To visualise this let us consider the convolution:

70,0 * 10,to * Ms0,0 * 70,t1 * Ts1,0 = Msp+s1,to+t1

t1
*'7?31,0 P
Tso+s1,t0+t1
100,81 *nG,ti
*USO ;0
7 7
s0,to 81,0
*nﬂ,to . :
= S

We find for all s, > 0 that

Ns,0 = Hs,0 and To,t = Ho,t-
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Thus

10,0 * Mot * Hso,0 ¥ Loty * Hsy,0 = Tlso+s1,to+ts — Hg=1(so+s1,tott1)-

The curvilinear convolution additivity becomes apparent in the following
graphic, where ’f](f) = (27r)%e—(81+t1+(t0+t1)arc'ﬁaﬂ(30+81)—to arctan(so))¥(£)

\Q“‘““J
B

"——————--?780,1‘0,51 it

/

N
— —
*Ho

S ’tl

I *#ﬂ:ti -

|

Hsajto *fLgy 0

The convolution is additive on a curvilinear net. Especially notice that the
path from (sg,%0) to (so + S1,%0 + t1) does not effect the distribution of
(X30+sl,to+t1 - ng,t())-

We now investigate how the partial differential equation associated to T,
see (3.6), behaves under the variable transform. We perform the transform
(s,t) — (o, 7) on the Fourier-transformed differential equation and expect

the resulting equation to be associated with Ty .

8%u ?
_ —(s+t+tarctan(s))y —
5507 ~ 01 ° u) =0, (3.7)
d%u 1 (14t +s%)(1+arctan(s)) o
sot TTx T 1+ 2 Ppru=0. (3.8)

Now performing the above-defined transformation of variables we obtain
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0% LT 0% N 1 dv N 1
06Ot 1402 012 1+0%2 01 1+02
(1+0%)(1 + arctan(o)) + 7 ,
— =0. 3.9
+oret o0 (@9)

Yv

(1 + arctan(o))

Where in the latter equation v is defined such that
v(o,7) =v(o(s,t),7(s,t)) = u(s,t).
Now we assume that there exists a solution of the form
v(o,7) = eV - w(r; ), (3.10)

and in the previous differential equation we substitute v by the term on the
right hand side of (3.10) and we get:

2
0=e"¥ (—(1 + arctan(a))wgzv- T orw ! 6W+

67'+1+02. or? +1+0257?
1 (1+0%)(1+ arctano) + 7

g +02¢W_ o ¢2w). (3.11)

+

This reduces the partial differential equation to the ordinary differential equa-
tion:
ow T *w 1 ow
0=—(1 t — . —_—
(1 +arctan(c))y or + 1+02 o712 + 1+ 0207
1 _ (1+0%)( +arctano) + T W,

+1+02¢W 1+ 02

The in our case interesting w which solves this equation is
w=e Y.
Hence equation (3.7) is solved by
v(o,T) =e V.Y, (3.12)

The other possible solutions vy (0, 7) = €% - €™, vy(0,7) = e77¥ - €™, and

v3(o,7) = e¥ - e~ are, in this context, of little interest, since they are not
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positive definite and do not correspond to convolution semigroups.

Now, more generally, we consider (is¢)s >0 With
fis1(€) = (2m) 72KV (3.13)

for all s,¢ > 0 and £ € R", where k : D — R, D C R?, is a C!-function
and 7 is a continuous negative definite function from R™ to R. Then by

Bochner’s theorem p,; is a sub-probability measure for all pairs (s,t) for
which k(s,t) > 0 holds. Therefore we define

Dy :={(s,t) € D : k(s,t) > 0}. (3.14)

We are aiming at constructing a process with an oriented parameter set
v C Dy following Kolmogorov’s theorem. Thus we need to find a suitable

order <, on the parameter set Dy or on 7, such that

(7, =) (3.15)

is a totally order set.
By suitable we mean that for any two pairs (si,t1), (Sg,t2) € -y the following

implication holds:

(s1,t1) =4 (52,%2) - Msaty = Msyty * 7, (3.16)

where ) = 75, t1:5,,t2 18 @ probability measure (on R™). Desirable is also the

reverse implication of (3.16).
Remark. In case k(s,t) =s-t we find
(81, tl) = (Sz,tz) Sl k(Sl, tl) < k(Sz, tz), (317)

where =< denotes the partial order defined in Section 1.1. For pairs (si,t1)
and (sq,t3), such that (s1,t1) 2 (S, t2) and (s1,t1) # (Sg,t2), we cannot draw

any conclusion. Hence the partial order =< is insufficient in this case.



68 CHAPTER 3. BEYOND N-PARAMETER SEMIGROUPS

Using (3.13) we rewrite (3.16)

(s1,t1) 2 (s2,t0) = e7 (28O = 7K0WE (2m)Ei(g),  (3.18)
and get
H(€) = (2m) "7 e~ (ko2 t2)k(s1,t1))¥(E) (3.19)

Hence, for 7 to be a probability measure it is necessary and sufficient to
assume that k(sq, t2) —k(s1,%1) is positive, and (3.16) can finally be reformu-

lated as
(s1,t1) 2« (s2,82) = k(s1,t1) < k(s2,%2)- (3.20)

Vice versa, if (s1,%1), (S2,t2) € R% are such that
0 < k(Sl,tl) < k(Sz,tg), (321)
then there exists an 7 such that

Hsgta = Hasy,ty ¥ 7] (3'22)

where 7 is defined by (3.19).

In the multiparameter case of Chapter 2, admissible successive time-
parameter points for a process, which has reached time-parameter p € Rf ,
are exactly those of the subset {r : p X r}, i.e. the positive cone with vertex
b .

Now assume that there exists a bicontinuous and injective map I from D to

R2, I:(s,t) — (0,7) such that
k(s,t) = |I(s, )] = 0 + 7.

Moreover, we define a convolution semigroup (v, )sr>0 of probability mea-

sures by
Do,r(€) = (2m)"2e= (YO,

for all 0,7 > 0. Then for (s1,t;) € R and (01,71) = I(s1,¢1) we have

Hsity = Voy,m-
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Admissible successive points with respect to (07, 71) are those in the cone

Ci(o1,71) := {(0,7) €R} : (01,71) = (o, 7')},

thus we get the following set C(sy,?;) of admissible successive points for
(s1,t1) with respect to (ust)ss>0 in form of the pre-image of Cy(o1,71) under

the map I:
C(s1,t1) = I (Cy(o1, 7)) = {(5,t) € D : I(s, ) > I(s1,%1)}-
If (s2,t2) € C(s1,t1) then we denote it by
(s2,t2) =1 (s1,1). (3.23)
This relation satisfies (3.20), hence suffices our needs.

Remark. There may be pairs (si,t1),(s2,t2) € RL with both (s1,t1) =i
(89,t2) and (s1,t1) =1 (S2,t2). This, however, will not effect the Kolmogorov
construction of a process.

If one chooses the function k(s,t) to be strictly monotone increasing <p be-
comes a total order, but since this would exclude curves v* which are gripped

by <1, we do not for strict monotonicity.

Now define for all ¢ > 0 a set D, by

D, = {(s,t) € D : k(s,t) > c} . (3.24)

Furthermore, let v* be an injective C!-function from [0, 00) onto . Then ~*
is called a parameterisation of . If in addition +* is increasing with respect
to =<, then it is called I-admissible.

We conclude that for a I-admissible parameterisation v* of v, analogously
to Chapter 3.1, there exists a projective family associated to the family of
probability measures (15t )(st)ey- Thus by Kolmogorov’s theorem there exists

a process associated to (fst)(s,t)eq-
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