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In The Name of God

Abstract

Stepped channels and spillways have been used for centuries as an effective and 
efficient means of dissipating the energy of overflowing water, since steps along the 
downstream slope increase the roughness of the spillway surface and generate high 
turbulence levels. Three main flow regimes, depending on step size and water 
discharge, have been recognized, namely nappe, transition and skimming flow. With 
the skimming flow regime, two regions, with respect to the air content, can be clearly 
identified along the chute slope, namely the non-aerated and aerated flow regions. 
Numerous studies have investigated the hydraulics of skimming flow conditions in 
the aerated flow region, whereas such conditions in the non-aerated flow region have 
received much less attention, especially over inclined steps. Understanding the flow 
properties in the non-aerated flow region over the horizontal and upward inclined 
steps is therefore important to improve hydraulic structure design.
This study is a numerical investigation, applying the 2D SPHysics code, as an 
implementation of the SPH particle-based method, to characterize skimming flow 
conditions over stepped spillways having bottom slopes typical of embankment 
dams. The code is initially validated against two laboratory experimental results for 
free surface models over hydraulic structures. Agreement between both results is 
good, demonstrating that the code is robust in predicting flow field variables over 
stepped spillways. The validated code is then applied to twenty-six numerical 
stepped spillway cases, to explore the behaviour of the skimming flow with various 
step heights, chute slopes and step shapes. The current work provides new insight 
into the hydraulics of skimming flow conditions in the non-aerated flow region. The 
computational results obtained have important implications for designing 
embankment stepped chutes, such as determining the position of free surface 
aeration, optimum step configuration and maximum design discharge, which ensures 
the safety of steps against cavitation.
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Summary

Dam spillways are designed to release excess water during times of peak flow. Water 

can overtop the dam crest, mainly because of insufficient dam storage and/or 

spillway capacity. In the absence of efficient protective measures, the high energy of 

the overtopping water may damage the downstream slope of the spillway and the 

surrounding area, which in turn might lead to entire dam failure. Statistical data on 

global dam accidents has reported that embankment dams account for a large portion 

of dam failures. The downstream slope of such kinds of dams is often run over 

moderate slopes and covered by compacted local site aggregates. A number of 

protection systems have recently been developed to ensure safe embankment dams 

during overtopping, such as riprap, gabions and stepped spillways.

The use of stepped spillways can be traced back for more than 3500 years. 

Nowadays, a stepped spillway is one of the most popular protection systems, for 

several reasons. The most obvious reasons are the ease of construction, simplicity of 

design, and recent advances in both the construction materials and the design 

technology of these materials, such as roller compacted concrete. The main concept 

of stepped spillways is to fit the downstream slope with steps of different shapes, 

dimensions and arrangements, in such a way so as to provide a staircase shape to its 

profile from top to bottom. These steps play a dual role: 1) generate high levels of 

turbulence, which increases the energy dissipation rate of the overflowing water, 

thereby reducing the need for a large basin at the end of the spillway; 2) increase the 

surface roughness, which on the one hand, contributes in decelerating the rapid 

velocity of the overflowing water, and on the other hand enhances the natural 

aeration mechanism taking place on the steps.

Depending on the discharge and step geometry, flow over stepped spillways has been 

classified into three regimes: nappe flow which occurs with low flow rates; 

skimming flow dealing with relatively high discharges; and transition flow with 

moderate discharges. Although stepped spillways can be found in various hydraulic 

engineering fields, most are designed to run under the skimming flow conditions. In 

fact, air plays a vital role in protecting the surface of such structures against 

cavitation damage. However, air may be entirely absent over the upstream reach of
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the chute, especially when water flows with high rates, typical of skimming flow 

conditions, over low dams. This reach of stepped spillways is often known as the 

non-aerated flow region. It starts at some distance from the spillway crest and 

extends to where the turbulent boundary layer intersects the free surface at a point on 

the free surface known as the inception point of air entrainment.

Despite its importance, up to now no accurate approach is available in the literature 

to determine the distance between the weir crest and the free surface aeration on 

moderate slope stepped spillways. In addition, detailed information regarding the 

skimming flow conditions on upward inclined steps is completely lacking. Moreover, 

the maximum unit discharges in terms of the step height and chute slope at which 

cavitation can occur on moderate slope stepped spillways are not clearly defined. 

This study is a numerical investigation conducted to characterize the skimming flow 

regime on the horizontal and upward inclined steps in the non-aerated flow region 

over moderate slope stepped spillways typical of embankment dams. The main 

purpose is to evaluate the effect of various factors such as the step height, chute slope 

and step shape on the characteristics of the skimming flow regime. These properties 

include the position of the free surface, location of the inception point of self

aeration, velocity profile, growth of the boundary layer, energy dissipation rate and 

pressure distribution on both faces of the steps.

The present research uses the numerical 2D SPHysics model as an implementation 

of the computational smoothed particle hydrodynamics method. Twenty-six 

numerical stepped spillway models are examined using horizontal and upward 

inclined steps of different step sizes over moderate slopes typical of embankment 

dams. These numerical stepped spillway models are divided into two groups: the first 

group includes eighteen models, while the second group is represented by eight 

models. Three bottom slopes of 1V:2H, 1V:2.5H and 1V:3H are used for the models 

of the first group. Also, with each slope three step heights of 0.06m, 0.09 and 0.12m 

are tested. For the stepped spillway models of the second group the bottom slope is 

set to 1V:2H and 1V:3H, with two step heights of 0.05m and 0.075m for each slope. 

In addition, all these models are examined with a range of unit discharges typical of 

the skimming flow regime over stepped spillways. The numerical stepped spillway 

models of the first group are used to investigate the properties of the skimming flow 

conditions over moderate slopes. The main purpose of running the models of the
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second group is to predict the maximum unit discharge above which cavitation could 

occur over moderate slope stepped spillways.

The 2D SPHysics code applied in this study is validated against the experimental 

results of two laboratory models conducted on: 1) broad crested weirs by Hager and 

Schwalt (1994); and 2) stepped spillways by Meireles et al. (2009). To do so, the 

convergence analysis is performed to: 1) select the most efficient numerical SPH 

techniques provided by the SPHysics code; and 2) to optimize the particle size. The 

aim of the convergence analysis is to obtain accurate results with less computational 

effort. The validation consists of comparing the computed and corresponding 

measured results in terms of the position of free surface, velocity profiles at different 

sections, and the pressure at different points along the broad crested weir. Despite the 

occurrence of some minor discrepancies between the computed and measured results, 

the overall comparison is good and demonstrates the ability of the numerical 

SPHysics code to predict the flow field variables on hydraulic structures.

The validated code is then applied on the numerical stepped spillway models of both 

groups prepared in the present work. This study provides new insights into the 

hydraulics of stepped spillways having bottom slopes typical of embankment dams. 

The effects of the step height, chute slope and step shape on the characteristics of the 

skimming flow condition in the non-aerated flow region are presented and explained. 

The computational results obtained in this study highlight that along with the unit 

discharge, the step height, chute slope and step shape are also important factors 

needing to be considered in determining the position of the inception point of air 

entrainment on moderate slope stepped spillways. Two separate relationships are 

presented which can be used to determine the location of the free surface aeration 

along the chute slope for the horizontal and upward inclined steps. In addition, the 

computational results of this investigation indicate that the upward inclined steps are 

more efficient than the conventional flat steps, not only in improving the energy 

dissipation rate, but also in decreasing both the length of the non-aerated flow region, 

which is prone to cavitation damage, and the mean flow velocity of the overflowing 

water. Finally, the current work presents the maximum unit discharges which assure 

the safety of steps against cavitation damage for various step heights and 

embankment chute slopes.
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CHAPTER ONE

INTRODUCTION



Chapter One: Introduction

1.1. Embankment dams and potential for cavitation damage

Water is one of our most important natural resources, and has substantially 

contributed in the cultural development of mankind throughout the ages. Over the 

past few decades the rate of water consumption has considerably increased due to the 

abrupt changes in climate and rapid growth in global population. From the hydraulic 

perspective one possible way in which to meet this demand is to store runoff water 

from the seasonal rains, through building ponds and dams, and using it during 

drought seasons. This has motivated hydraulic engineers to design new dams and 

improve the performance of existing dams. ICOLD (1997) reported that as of 1995, 

there were about 145,000 dams of different sizes around the world, of which 93% 

were small sized dams. The dam size here refers to both its height and the volume of 

the reservoir. Accordingly, ICOLD has classified dams of heights lower than 15m 

and reservoir storage of less than 1 million m3 as small dams. Globally, there is a 

preference for small sized dams, which might be due to the cost effectiveness and the 

time of construction needed for building such kind of dams.

The spillway is the major part of the dam, designed mainly to ensure the safe release 

of excess water from the dam reservoir to the downstream area, usually the river on 

which the dam has been constructed, during times of peak flow. Flow over spillways 

possesses relatively high kinetic energy and is generally characterized by high 

velocity (Chow, 1959). This is because the spillway conveys water from the dam 

reservoir through the spillway crest, the highest part of the spillway, to the toe, the 

lowest part situated at the end of the spillway, along the downstream slope. This high 

flow velocity usually results in a pressure drop to nearly the vapour pressure of 

water, in many cases to sub-atmospheric pressure, especially in the vicinity of the 

spillway surface. The combined high velocity and low pressure of the flow may 

cause cavitation and consequently serious damage to the spillway’s downstream face 

and/or scour to the spillway base (Andre, 2004), which often leads to entire dam 

failure especially in the absence of efficient protection measures (Chanson, 2002).
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Dams can also be classified into two main types depending on the material used in 

the construction:

1. Embankment or fill-type dams: in which the main body of the dam is usually 

built with natural materials such as earth and rock, which are possibly 

available in the dam site. The crest of this dam is often straight and long, 

typical of the broad crested weir type.

Figure 1.1. The dam at Bewl water in Kent, UK is an example of an embankment

dam.

2. Gravity concrete dams: concrete has recently been used as a main 

construction material of this type of dams. However, masonry was also used 

in the construction of this kind of dam before the development of 

cementitious material. The crest of its spillway is usually designed to form an 

ogee shape (Chanson, 2007).

Figure 1.2. Dokan dam in Kurdistan region of Iraq is an example of the gravity dam

type.



Although there are many factors that influence the selection of the dam type 

(Khatsuria, 2005), embankment dams lower than 30m are the most common type for 

constructing small dams due to the low cost and the ease of design and construction 

(Andre, 2004). However, the records of global dam failures have demonstrated that 

embankment dams are more likely to fail than concrete dams. Up to 1925, in Great 

Britain 13 of the 14 dam failure disasters were of the embankment dam type. In 

addition internationally, 12 embankment dams from a total of 16 dams have failed 

since 1925.

Needless to say spillways are usually equipped with mechanical devices, such as 

gates, and known as controlled or gated spillways. Controlled spillways are possibly 

safer than uncontrolled spillways as the gate could regulate both the flow rate over 

the spillway and the water depth in the dam reservoir. Indeed, water can overtop the 

dam and flow over its downstream face during severe flood events when:

1 - the storage capacity of the dam reservoir is not sufficient to impound surplus 

water;

2- the spillway itself does not have sufficient capacity to pass the water;

3- there is a fault in the spillway gates so that water cannot be released.

Embankment dams are more prone to damage than gravity dams during an 

overtopping event because of the nature of the material covering the face of the 

downstream slope, especially when it is poorly compacted. In fact, 40% of 

embankment dam, having heights lower than 30m, failures around the world were 

due to overtopping (Andre, 2004). The re-evaluation of the storage of most existing 

dams has shown that a great number of embankment dams were designed with 

capacities lower than the actual design capacity required to pass the flooding water. 

This has been attributed to the fact that these dams were built in a period when the 

recent advanced technological instruments for measuring and recording the required 

hydrological data were lacking (Chanson, 2002; Andre, 2004; Gonzalez, 2005).

1.2. Stepped spillways as energy dissipators and protection measures

Stilling basins have been frequently constructed at the downstream of smooth 

spillways to dissipate the residual energy of the overflowing water and to protect the
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toe base against damage caused by scouring. Despite the fact that constructing such a 

basin significantly increases the total cost of the whole structure, cavitation or 

erosion damage depending on the material covering the spillway surface may still 

occur. This is possibly because the spillway surface along the downstream slope is 

not rough enough to decelerate the high flow velocity and hence the flow still 

possesses high kinetic energy. A number of protection techniques have been recently 

developed to armour the downstream slope of spillways and embankment dams 

against potential damage caused by the high energy of overtopping water (Chanson, 

2007). The most widely used techniques are:

a- Riprap: in which two or more layers of filters and rocks of relatively large 

sizes are placed on the downstream face of the spillway slope, as shown in 

Figure 1.3. The size and distribution of the rocks depend on the discharge and 

spillway slope. This kind of protection system is often designed with 

cofferdams and small dams (Andre, 2004). The main advantage of this 

technique is the ease of repairing the system by just replacing the rocks on 

site. However, the need for large size rocks may limit the use of this kind of 

protection system everywhere.

Figure 1.3. Riprap protection over a downstream slope

b- Pre-cast concrete blocks: As shown in Figure 1.4, concrete solid blocks of 

large sizes and various shapes are introduced into the downstream slope. The 

stability of the downstream slope depends on the weight of these blocks 

(Baker, 1997). Although this kind of protection is efficient in terms of the 

energy dissipation, it is not cost effective as the design requires blocks of 

large sizes.
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Figure 1.4. Overflow embankment spillway of Zaraysk dam in Russia made of 

precast concrete blocks (from Chanson, 2000b)

c- Gabions: Figure 1.5 is an example of this type of protection system, which 

consists of a number of rectangular baskets of connected edges. These 

baskets are filled with angular rocks of small sizes. This technique is 

characterized by its simplicity of construction and cost effectiveness. 

However, the maintenance of this type of protection system is expensive, as 

repairing and replacing the damaged baskets after overtopping events would 

not be an easy task.

4

Figure 1.5. Downstream slope protection by gabion

d- Stepped spillways: This consists of a series of steps fitting into the spillway 

profile from the crest to the toe, as shown in Figure 1.6. These steps are able 

to slow down the velocity of the overflowing water. The following section 

provides more detail of this kind of protection system.
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Figure 1.6. Melton dam stepped spillway in Australia (from Chanson, 2000b)

Stepped spillways have become the most efficient technique due to their simplicity 

in design and ease of construction (Chanson, 1994). Additionally, the recent advances 

in the design technology of construction materials such as roller compacted concrete 

(Boes et al. 2002) have popularized this technique over the past few decades. In fact, 

this type of concrete is a mixture of cement and the local aggregates available at the 

dam site. Moreover, the equipment traditionally used in earthworks can be utilized to 

spread and compact this kind of concrete. Furthermore, its compatibility with the 

construction of stepped spillways may be another positive point of the roller 

compacted concrete as it can be placed in such a way to provide the staircase shape 

to the downstream slope (Andre, 2004; Gonzalez, 2005).

The use of stepped spillways goes back more than 3500 years, when the oldest 

structure of this type was built in Akarnania, Greece (Chanson, 1995). Typically, 

steps of different dimensions, configurations and arrangements are introduced into 

the surface of the conventional smooth spillway and arranged in such a way to 

provide a staircase shape profile from top to bottom. These steps play a dual role by:

1. Generating high levels of turbulence, which increases the energy dissipation 

rate of the overflowing water. This decreases the need for a large stilling 

basin at the end of the spillway.

2. Increasing the surface roughness, which accelerates the growth of the 

turbulent boundary layer and hence the process of self-aeration. This may 

effectively protect the spillway surface from cavitation damage.
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In addition, stepped spillways can also be applied over the top of existing 

embankment dams to increase their capacities, thanks for the steps which could 

provide additional stability to the downstream slope (Boes, 2000; Chanson, 2002). 

This technique might be practically and economically the most feasible alternative 

solution for increasing the capacity of existing spillways or embankment dams 

(Frizzell & Mefford, 1997; Hunt et al. 2008). Over the past three decades, stepped 

spillways have been implemented in the design of a number of embankment dam 

spillways (Chanson, 2002). Moreover, stepped spillways were designed to act as a 

secondary spillway for nearly two-thirds of the dams constructed in the USA during 

the 1990s (Ditchey & Campbell, 2000).

Depending on the discharge and step geometry, flow over stepped spillways has 

been classified into three main regimes: nappe flow which occurs with low flow 

rates, skimming flow dealing with relatively high discharges and transition flow with 

moderate discharges. The flow at each regime behaves differently, and is described 

in more detail in Section 1.3.1. However, modem stepped spillways are often 

designed to operate under a skimming flow regime (Chanson, 2002; Meireles et al. 

2009).

Finally, it is also worth noting that although horizontal steps have been commonly 

used to fit the downstream slope of spillways, the performance of upward inclined 

steps (Essery & Horner, 1969; Peyras, 1992; Chinnarasri et al. 2004; Barani et al. 

2005; Chinnarasri et al. 2006) end sills and blocks (Andre, 2004) and longitudinal 

vanes (Gonzalez, 2005) have also been examined to enhance the energy dissipation 

mechanism and accelerate the self-aeration process. Figure 1.7 shows various step 

shapes and arrangements which have been used so far in the design of stepped 

spillways.
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Figure 1.7. Stepped spillways with different step shapes and configurations.

1.3. Hydraulics of stepped spillways

The present study focuses on the characteristics of the skimming flow regime in the 

non-aerated flow region over stepped spillways having slopes typical of embankment 

dams. To make this issue more understandable it is essential to start with the features 

of flow over stepped spillways. The following subsections present the hydraulics of 

stepped spillways including the flow regimes, the onset of flow regimes, and the 

typical flow regions of skimming flow condition over stepped spillways.

1.3.1. Flow regimes over stepped spillways

Based on the discharge and step geometry, three different flow regimes have been 

recognized over a stepped spillway, namely nappe, transition and skimming flow 

regimes. Although the flow at each regime behaves differently, it is generally 

characterized by high levels of turbulence and intense air bubble entrainment 

(Chanson, 2007). Detailed characteristics of the flow regimes are individually 

described below.
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I.3.I.I. Nappe flow regime

This regime often takes place with small flow rates and low/wide steps. As can be 

seen in Figure 1.8a, at this regime the flow along the chute is characterized by: a 

series of over-falls; a free falling nappe at the upstream end of each step; a pool of 

recirculating water with an air pocket above and a hydraulic jump (Andre, 2004; El- 

Kamash et al. 2005; Toombes & Chanson, 2008) downstream the impacting point of 

the jet on the tread of each step (Chamani & Rajaratnam, 1994; Chanson, 1996; 

Toombes, 2002). In nappe flow conditions air can enter the flow on each step due to 

the intersection of the free falling nappe with the recirculating pool on each step. The 

formation of the hydraulic jump on each step is mainly dependent on the discharge 

of the nappe flow condition. In addition, in this regime if the hydraulic jump forms, 

it could significantly increase the dissipation rate of the overflowing energy 

(Chanson, 1994).

Practically, the design of a stepped spillway to operate typically for this type of flow 

regime is appropriate for very low dams and flat spillway slopes such as those found 

in water treatment plants. This flow regime is outside of the scope of the present 

study.

I.3.I.2. Transition flow regime

This regime often occurs with moderate discharges. The flow in this regime has been 

investigated only rarely, therefore the detailed information about this regime is 

limited. Elviro and Mateos (1995) and Yasuda and Othsu (1997) were the first who 

revealed the existence of this flow condition on stepped spillways. Basically, the 

flow is chaotic due to the presence of spray and splash. The height of splashing water 

droplets is about 3 to 8 times the step height, especially downstream of the inception 

point (Chanson & Toombes, 2004). The increase of flow discharge gradually 

changes the flow condition from nappe to skimming regime (Andre, 2004). For this 

regime, the nappe flow condition features at some steps, while rotating vortices 

appear inside the other steps, which refer to the skimming flow regime (Gonzalez,

2005). Figure 1.8b illustrates the transition flow regime, which is not investigated in 

the present work, over a stepped chute.
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I.3.I.3. Skimming flow regime

For relatively high discharges, the flow skims over the pseudo bottom as a coherent 

stream and is cushioned by re-circulating eddies underneath (Chanson, 2002). These 

eddies are trapped inside the steps and rotated in a rounded triangular shape (Diez- 

Cascon et al. 1991; Chanson 1994; Chamani & Rajaratnam 1999; Pegram et al. 

1999). The term pseudo bottom refers to a hypothetical line parallel to the chute 

slope passing through the step outer edges (Chanson, 1994). Figure 1.8c presents a 

skimming flow regime over a stepped spillway. The free surface flow in this flow 

regime is smooth, wavy and glassy (Chanson, 2002). Air entrainment starts at a point 

on the free surface along the chute slope when the turbulent boundary layer fully 

develops and reaches the surface. Furthermore, the transmission of shear stress from 

the flowing fluid sustains the vortices that are considered to be the predominant 

factor of the energy dissipation mechanism in this flow regime (Chanson, 2002; 

Gonzalez, 2005). Indeed, modem stepped spillways are currently designed to operate 

under the skimming flow regime (Chanson, 2002; Gonzalez, 2005; Amador et al.

2006).

The present study looks at the properties of the skimming flow regime over stepped 

chutes having moderate slopes. This is mainly to provide the designers new 

knowledge on the performance of small embankment dams when water with high 

discharges corresponding to the skimming flow conditions which is typical to a flood 

flow event flows over the downstream slope.

1.3.2. Onset of skimming flow regime

Predicting the flow regime is the key element in the design of stepped spillways, as 

the flow pattern of each regime is completely different. Numerous experimental 

studies have been conducted to set the boundary between the flow conditions 

mentioned above. Since the current work focuses only on the characteristics of 

skimming flow, this section presents a number of published experimental works 

conducted previously to indicate the onset of this regime. However, it might be 

difficult to determine the limits of each flow regime analytically due to the 

complexity of the flow structure of each flow condition. Although dimensional 

analysis has demonstrated that the prediction of the flow regime is mainly dependent
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on the discharge and the slope (Essery & Homer 1978; Peyras et al. 1992), most of 

the equations available in the literature are empirical. These equations have been 

developed based on the visual interpretation of the attainment of the features for each 

flow condition.

Hvdraulic
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Figure 1.8. Typical flow regimes over stepped spillways (from Gonzalez, 2005).

Rajaratnam (1990) was the first to define the onset of skimming flow in terms of the 

dimensionless parameter h(/h , where hc, is the critical flow depth on the weir crest 

and, hs is the step height. From his experimental tests on stepped spillways of slopes, 

defined by h / l s, where ls is the step length, ranging between 0.4 and 0.9, he observed
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that the skimming flow condition was achieved when the value of hc/hs was greater 

than 0.8.

Chanson (1994) suggested the following equation to predict the onset of skimming 

flow for 0.2 < h /ls <1.25 based on fitting the experimental data:

hc hr
^ =  1 .06 -0 .456-^  (1.1)
f l s  Ls

In addition, the following two equations were proposed by Yasuda and Othsu (1999) 

to predict the upper limit of the nappe flow regime and the lower limit of the 

skimming flow regime, respectively, for stepped spillways of slopes lower than 55°:

I1'4-7?)
0.26

hs

hr
-T  = 0-826hr

1.4

'h©
-0 .1 6 5

(1.2)

(1.3)

Furthermore, Chamani and Rajaratnam (1999) developed the following equation to 

determine the onset of the skimming flow regime by assuming that the jet of the 

skimming flow is the same as the bed slope of the spillway:

h $ _

ls N

Moreover, Chanson (2002) stated that the onset of the skimming flow regime can be 

predicted from the following equation:

hc hr
t-  = 1-20 — 0.325-p (1.5)
fls is

The derivation of the above equation is based on the re-analysis of a large number of 

experimental observations regarding the change of flow conditions.
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The experimental results of Boes and Hager (2003) on stepped spillways of slopes of 

30°, 40°, and 50° showed that the following equation can be used to predict the onset 

of skimming condition:

hc h*
—-  = 0.90 — 0.14 y-
n c tc

(1.6)

The above equation agrees well with the experimental data of Rajaratnam (1990), 

Stephenson (1991), Chanson (1996), Tatewar and Ingle (1999), Yasuda and Ohtsu 

(1999) and Matos (2001) for slopes steeper than 25° and flatter than 55°.

Chinnarasri et al. (2004) studied the effect of the step inclination on the upper limit

40° and 50°. For this purpose three step heights and step inclinations were examined 

with a range of flow discharge ranging from 0.01 to 0.17m2/s. They observed that the 

upper limit of nappe flow was independent of the step inclination, while the lower 

limit of skimming flow was slightly increased as the step inclination was increased. 

However, they presented the following equation to predict the minimum critical 

depth required for the onset of skimming flow on chutes with inclined steps for

in which 0 is the upward inclination of the step with the horizontal face.

Andre (2004) developed the following equations to define the upper limit of the 

nappe flow and the lower limit of the skimming flow regime respectively in the 

presence of micro-roughness elements such as endsills and blocks. The experiments 

were conducted on gated stepped spillways of two slopes of 30° and 18.6° and one 

step height of 6cm.

of nappe flow and the lower limit of skimming flow over three different slopes 30°,

(0.1 < l/h s <1.73 ):

(—0.153+0.004i9)

(1.7)

(1.8)

(1.9)
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where r\m is the correction coefficient and depends on the arrangement of the 

roughness elements along the chute slope and across the chute width. The following 

equation was proposed to determine this parameter:

r]m -  -In (m) + 1 (1.10)

where m is a dimensionless parameter that determines the proportion of the macro

roughness elements on the steps. In other words it is the ratio between the number of 

the micro-roughness elements and the number of steps.

1.3.3. Typical flow regions over steeped spillways in the skimming flow regime

When the skimming flow condition occurs on a stepped spillway, distinct regions 

can be clearly observed as displayed in Figure 1.9. There may be three or four 

regions depending on the chute length. The flow properties in each flow region are 

described as follows:

1- As water flows down a stepped spillway, the flow accelerates and the 

boundary layer develops rapidly next to the crest, which slightly affects the 

free water surface. This reach is known as the developing or non-aerated flow 

region and the flow depth is known as the clear water depth. In this region the 

flow depth decreases and the flow velocity along the chute slope increases. 

The free surface flow appears as smooth, wavy and glassy in this region.

2- Natural air entrainment or self-aeration initiates at a point on the stepped 

spillway where the turbulent boundary layer is fully developed and its outer 

edge intersects the free surface; this point is termed the inception point of air 

entrainment. It is characterized by high turbulence and is the start of the 

apparition of “white water” on the chute (Chanson, 1994). In fact, the high 

level of turbulence is due to the vortices acting next to the free surface, which 

are responsible for controlling both the surface tension and buoyancy of the 

air bubbles (Chanson, 1997).

3- Downstream of this point a layer containing air and water extends the 

flowing fluid, which may cause a rapid increase of air concentration over a 

short reach, which is called the rapidly varied flow region. The flow depth
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increases in this region as water mixes with air, which in turn reduces the 

flow velocity (Ohtsu & Yasuda, 1997).

4- A gradual change of the flow characteristics can be noticed along the rest of 

the chute length until the toe (Chanson, 2002). The main feature of this 

region is that it contains high amounts of air, which significantly contributes 

towards protecting the structure from the potential of cavitation damage. 

This region is termed as the gradually varied flow region.

5- The uniform flow region, which starts downstream of the gradually varied 

flow region and extends to the end of the structure. The uniformity of the 

flow condition has been justified on the ground that there will be a slight 

change in the flow properties on this reach (Andre, 2004). However, Chanson 

(2002) revealed that in order to attain the uniform flow condition on a 

steeped spillway, the length of its downstream slope needs to be long enough 

to allow the bed resistance force to counterbalance the gravitational 

force (Chow, 1959).

Broad crested

Figure 1.9. Flow regions of a skimming flow down a stepped spillway (from 

Gonzalez, 2005).
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1.4. Stepped spillways in real applications

As mentioned earlier, stepped spillways are characterized by their ease of design and 

construction, time and cost effectiveness and compatibility with the construction 

techniques of RCC. These features have attracted the attention of engineers to design 

this kind of hydraulic structure in different engineering disciplines, such as:

1- Flood protection systems for dams, spillways and weirs.

2- Energy dissipators for spillways and steep channels.

3- Auxiliary spillways for existing embankment dams, such as Monksville dam

in the USA (Chanson, 1994).

4- Water plant treatments, such as Murgon and Chinchilla weirs in Australia

(Gonzalez, 2005).

6- Fountains in public places, such as in Brisbane, Hong Kong and Taipei 

(Chanson, 2002).

1.5. Problem statement

Although air plays a vital role in protecting the surface of this structure against 

cavitation damage, it might be entirely absent or insufficiently present along the 

upstream portion of the chute, especially when water flows with high rates, as is 

typical of skimming flow conditions. This portion is termed the non-aerated flow 

region; it starts at some distance from the spillway crest and extends to where the 

turbulent boundary layer intersects the free surface at a point on the free surface 

known as the inception point of air entrainment (Chanson, 2002). The remaining 

downstream portion of the spillway is called the aerated region. At the inception 

point of air entrainment the turbulence level is so high that air can enter and mix into 

the flow in a continuous process known as self- or natural aeration. This process 

provides white colouring to the flowing water, which can be clearly seen along the 

chute slope and across its width. The quantity of air bubbles in this region may be 

large enough to protect the spillway surface from cavitation damage.

Investigating the skimming flow properties in the non-aerated flow region is of 

major importance, especially in small embankment dams. This is because its length 

along the downstream slope may be not long enough to allow the self-aeration 

process to take place and hence sufficient amount of air required to resist cavitation
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damage may not enter the flowing water. Therefore, a significant distance, if not the 

whole chute length, along the downstream slope might be vulnerable to such 

damage. To date, only a small number of studies have been conducted investigating 

the pressure behaviour, as a main parameter in predicting the cavitation tendency, in 

the non-aerated flow region on moderate slopes. Understanding the pressure pattern 

on the step faces under severe conditions is therefore an important aspect of 

improving the design of said structures. The current work is a numerical 

investigation which presents and describes the features of pressure flow field on the 

horizontal and vertical faces of steps situated in the non-aerated flow region for a 

wide range of slopes typical of moderate slopes.

In addition, to the best of the author’s knowledge the flow properties in terms of the 

inception point, pressure and velocity flow fields and energy dissipation upstream of 

the inception point for embankment dams of slopes flatter than 27° have yet not been 

investigated. Therefore, the current work evaluates the effects step height and chute 

slope have on the behaviour of skimming flow in the non-aerated flow region over 

moderate slope stepped spillways.

Finally, the research on the hydraulics of stepped flow over upward inclined steps 

has so far been focused on the flow regimes and their contribution to energy 

dissipation over stepped spillways having slopes steeper than 30°. Hence, no detailed 

information has until now been available regarding the skimming flow properties in 

the non-aerated flow region over embankment dams using upward inclined steps. 

Therefore, this work looks at the characteristics of the inception point of self

aeration and the velocity and pressure flow fields on upward inclined steps under the 

skimming flow condition over moderate slope stepped spillways.

1.6. Motivation

The author is motivated to conduct the present investigation as he hypothesizes that 

the hydraulics of stepped spillways, especially on moderate slopes typical of 

embankment dams, in the non-aerated flow region have not yet been studied in terms 

of the pressure variation on steps. The pressure field is the key factor for predicting 

the part of the spillway subject to cavitation risk which is linked in the present work 

to the cavitation index and the sub-atmospheric pressure. Applying a new particle 

based method to this problem is another motivation point. This is because up to now
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only grid-based numerical methods have been applied to simulate the flow properties 

over stepped spillways and the application of a particle-based numerical method is 

completely lacking. The reason behind applying the particle-based method in this 

investigation is that numerical simulations with grid-based methods based on the 

Lagrangian approach suffer from mesh distortion and therefore it is not easy to 

handle problems associated with large deformations. Moreover, it is difficult to 1) 

predict the elevation of free surface; 2) model irregular geometries and 3) record 

time history of flow field variables when an Eulerian approach method is used as the 

numerical simulation technique. The particle-based method is a purely mesh free 

Lagrangian method so that the mesh free particle property allows one to address the 

problem of large deformations, as no meshes or grids need to be predefined. In 

addition, the Lagrangian property allows recording the evolution of the flow 

properties over and inside the steps with respect to time. Also, the author is 

motivated to study the influence of upward inclined steps on the growth of the 

turbulent boundary layer and the process of self-aeration. Moreover, the upward 

inclined step may significantly increase the rate of energy dissipation and reduce the 

velocity of the overflowing water along the non-aerated flow region. This has 

motivated the author to investigate how this kind of step configuration could reduce 

the risk of cavitation on moderate slope stepped spillways.

1.7. Objectives of the present study

The present investigation is a numerical study conducted on stepped spillways 

having three different bottom slopes 1V:2H, 1V:2.5H, and 1V:3H typical of 

embankment dams using conventional horizontal and upward inclined steps. 

Furthermore, three step heights are used with horizontal steps, providing different 

numbers of steps for each slope, whereas one step height with three different step 

inclinations are examined with upward inclined steps. All these are tested in the non- 

aerated flow region under a range of discharge typical of the skimming flow 

condition.

The main objectives of the present work are:

1- To investigate the effect of the step height and chute slope on the behaviour 

of skimming flow over horizontal steps in terms of the position of free
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surface and velocity profiles at different sections, and the energy dissipation 

rate.

2- To investigate the effect of step inclinations and chute slope on the behaviour 

of skimming flow over inclined steps including the position of free surface 

and velocity profiles at different sections, and the energy dissipation rate.

3- To study and compare aspects of the pressure flow field on horizontal and 

upward inclined steps to predict the maximum permissible discharge above 

which cavitation could occur on moderate slope stepped spillways.

4- To determine and compare the position of the inception point of free surface 

aeration on the horizontal and upward inclined steps.

5- To investigate the performance of the SPH model as a new technique of 

computational fluid dynamics method in predicting the properties of 

skimming flow upstream of the inception point of air entrainment.

6- To formulate the numerical results of the present investigation and compare 

with the available formulae and data of other investigators.

1.8. Thesis outline

The thesis of the present study is divided into eight chapters. The first Chapter 

introduces the concept of stepped spillways and states the main objectives of the 

present investigation. Chapter two reviews the published experimental and numerical 

works previously conducted for investigating the features of the skimming flow 

condition in the non-aerated flow regions. The mathematical model using the 

smoothed particle hydrodynamics is illustrated in Chapter three. It also explains the 

main features of the SPHysics numerical code and shows the various numerical 

techniques implemented in this work. The next Chapter describes the setup of the 

numerical models and shows the way by which the code is calibrated. Chapter five 

presents and discusses the main results obtained in the present study in terms of the 

position of the free surface elevation and the location of the inception point of free 

surface aeration. The computational velocity profiles and energy dissipation rates 

obtained in the current work are presented in Chapter six. Chapter seven deals with 

the pressure distribution on both step faces, and evaluates the potential of cavitation 

damage on moderate slope stepped spillways. Finally, the main conclusions and 

suggestions for further investigations are summarized in Chapter eight.
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LITERATURE REVIEW
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Chapter Two: Literature Review

The current work is a numerical investigation which is conducted to characterize the 

skimming flow regime in the non-aerated flow region on stepped spillways having 

moderate slopes typical of embankment dams. It is mainly focused on predicting the 

maximum design discharge above which cavitation can occur in this kind of 

hydraulic structure. Also, it looks at the effects of various factors such as the step 

geometry, for instance step height, step shape, step inclination and the chute slope, 

on reducing the potential for cavitation formation. Moreover, it presents the 

properties of the inception point of self-aeration on horizontal and upward inclined 

steps over moderate slopes due to different flow rates typical of skimming flow 

conditions.

Flow over stepped spillways has been investigated extensively using both laboratory 

experiments and numerical simulations. For this reason, the review of most 

previously published works is divided herein into two parts: The first part begins 

with a comprehensive review of the experimental works for flow over stepped 

spillways having slopes typical of embankment dams. The second part presents a 

number of grid-based numerical models that have been applied to simulate the flow 

properties over stepped spillways. However, it should be noted that the particle- 

based methods, utilized in the present study, have not yet been applied to flow over 

stepped spillways.

2.1. Experimental investigations of flow over stepped spillways

Research into flow over stepped spillways has been active since the early eighties of 

the last century and more specifically since the recent development of new 

construction materials and design technology (Chanson, 2002). The flow over 

stepped spillways is free surface and it is characterized by high velocity and high 

turbulence levels, and contains high amounts of air in the aerated flow region 

(Chanson, 1997). Numerous laboratory studies have been conducted to study the 

characteristics of the flow over stepped spillways of different slopes, ranging from 

flat to very steep. In addition, horizontal steps have been widely used to investigate 

different flow properties on stepped spillways. However, the current work focuses on
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the features of the skimming flow regime on horizontal and upward inclined steps in 

the non-aerated flow region over stepped spillways having slopes typical of 

embankment dams.

The following sections review the findings of laboratory studies investigating the 

properties of flow over stepped spillways on horizontal, upward inclined steps and 

blocks. It includes the location of the inception point of air entrainment and the 

characteristics of skimming flow condition such as the position of the free surface, 

velocity and pressure distributions on the steps and amount of energy dissipation in 

the non-aerated flow region.

2.1.1. Inception point of air entrainment

The location of this point is necessary for the designer of stepped spillways. This is 

because the upstream portion of this point is likely prone to cavitation risk, while the 

air entering the flow at the downstream part of the inception point bulks the flow 

depth and therefore the height of the chute wall changes accordingly. Chanson 

(2002) defined the point where the turbulent boundary layer, which is developed 

from the upstream face of the weir, intersects the water surface on the spillway chute 

as the inception point of air entrainment. Based on visual observation, it corresponds 

to the point of the appearance of so called "white water" (Chanson, 1994; Chamani, 

2000; Matos, 2000). However, Boes (2003) defined this point as that point at which 

the air concentration is about 1%. Indeed, researchers have not only differed in 

defining the inception point of air entrainment, but also in the factors influencing its 

location from the crest. Chanson (2002) reported that the length of the inception 

point depends on the discharge and step height. Meanwhile, Matos (2000) stated that 

both the discharge and the chute slope are important factors that should be 

considered in estimating the length of the non-aerated flow region. Moreover, 

Chamani (2000) concluded that steps along the downstream slope increase the 

roughness of the spillway surface and hence accelerate the growth of the turbulent 

boundary layer to meet the free surface much earlier compared to the smooth 

surface. This is because steps allow the formation of various flow structures inside 

the steps, including the wake, vortices and internal jet, when the mainstream of the 

flow hits the step tread (Andre, 2004).
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Different empirical equations have been proposed by investigators to estimate the 

length to, and flow depth of, this point. Wood (1983) developed the following 

equation to determine the location of the point where air entrainment may start on 

smooth spillways:

— = 13.6(sin0)OO796F.°-713 (2.1)Ks

Where L, is the length to the inception point of air entrainment, 6 is the chute slope, 

Ks is roughness height measured perpendicular to the flow direction given 

by: Ks=hscosO; hs is the step height and, F* is the Froude number based on the 

roughness height deduced from:

F. = , q (2.2)
J g  sin OKj

where q is unit discharge and g  is the gravitational acceleration.

A wide range of the model-prototype experimental data of Sorenson (1985), Beitz & 

Lawless (1992), Frizzell & Mefford (1991), Bindo et al. (1993), and Tozzi (1994) 

was re-analysed by Chanson (1996) and the following two equations were proposed 

to predict the length to and the depth of flow at the point of inception for stepped 

spillways having slopes within the range of 27° <6 < 59°:

— = 9.719(sin 0)OO796(Fjo.?i3 (2 3)
KS
d i _ _  0 .4034  fr-NQ.592 „  „
Ks  ( s in  0 ) 0 0 t  K ,  J  '

Combining Equation (2.3) and Equation (2.4) yields:

^  = O.O611(sin0)°-133.(^ )  017 (2.5)
Li vKs /

In fact, Chanson (1994) reported that great care should be taken when applying these 

equations in the design of stepped spillways of slopes flatter than 27°. The 

experimental results of Hunt et al. (2010) showed that Equations (2.3) and (2.4) can
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be applied on stepped spillways of slopes steeper than 1V:4H when F* is larger than 

10. However, the present study deals with a range of skimming flow discharge that 

posits F* as smaller than 10. Therefore, these equations need to be modified to apply 

in the present study.

The experimental investigation of Boes and Hager (2003) on gated stepped flumes, 

with the results gathered on 26°< 6  < 55° crested stepped spillways, produced the 

following equations:

L, =  5.90 (cos 0)Vs p y 5 (2 6)
Ks sin 6

-  =  0.40 F°-60 (2.7)

where Fs is the step Froude number calculated from:

Fs =  q (2.8)
g s i n d h s

It should be noted that the equations proposed by Boes and Hager (2003) were 

developed to define the location of the air inception point at a section close to the 

crest, based on the condition that the air concentration in water needs to be at least 

1%. In addition, they neglected the effects of the turbulent boundary layer in this 

issue. Following Chanson (2002), in the present work the development of the 

turbulent boundary layer is considered as the main factor in predicting the location of 

the inception point.

Andre (2004) conducted experiments on horizontal steps over two chute slopes (30° 

and 18.6°) and one step height 0.06m, and proposed the following equation to 

determine the location of air entrainment:

i l  _  8 0 c-0.730
a F*o (2-9)Kc tan 9 v '

where F* e is the modified roughness Froude number in terms of the chute slope, as 

proposed by Chow (1959):

F  —  ^t *,e — I
\g cos 6 Kg

(2.10)
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Also, the same author developed the following equation to introduce the effect of 

micro-roughness elements, such as endsills and blocks, on the growth of the 

turbulent boundary layer for F* g > 4:

4.1 (F,(0 -  0.58) (2 .11)

The author further observed that when the endsills were placed over every step and 

m=4, where m is the concentration of the blocks across the chute width, the 

inception point of air entrainment was displaced further upstream compared to other 

arrangements of the micro-roughness elements used in his experimental work. The 

experimental results of this work confirm that the shape and dimension of the steps 

have a significant effect on the coordinates of the inception point of air entrainment. 

This has encouraged us to conduct the current work in order to see how upward 

inclined steps with different inclinations deal with this issue.

Meireles et al. (2009) studied the skimming flow regime in the non-aerated flow 

region down a 26.6° stepped spillway. They obtained the following two equations, 

which agree well with the experimental data of other investigators:

It should be noted that the above two equations were obtained from experimental 

data gathered on a laboratory model in which only one step height and one chute 

slope were examined.

From the aforementioned literature one can conclude that although different 

empirical formulae have been proposed to predict the coordinates of the inception 

point, the dependable criteria for embankment dams is still lacking. Generally, Lane 

(1953) from his experimental data on small spillways concluded that the flow 

properties at this point depend on the discharge and step geometry, including the 

height, slope and shape. In the present study three chute slopes typical of 

embankment dams and three step heights for each slope are examined to investigate 

the influence of the spillway slope and step height on the inception point of air 

entrainment due to various discharges typical of skimming flow condition. Also, 

upward inclined steps of identical height but with three different slopes are used to

(2 .12)

(2.13)
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investigate the influence of this type of step configuration on the development of the 

boundary layer and the properties of the skimming flow condition.

2.1.2. Pressure flow field in the non-aerated flow region

As described earlier, the turbulent boundary layer grows as the flow attaches the 

spillway body at the upstream face of the weir crest. The thickness of this layer 

increases along the spillway slope until it meets the water surface at a certain point. 

At this point, which is known as the air entrainment inception point (Chanson,

2002), air continuously enters the flow naturally and this mechanism is termed self

aeration. In fact, this point divides the chute length into two main regions: The first 

is the non-aerated or black water region, as air has yet not entered the flow. This 

region is located between the upstream face of the weir crest and the inception point 

of air entrainment. The second is the aerated region where white water can be clearly 

seen across the chute width and extends along the chute slope until the toe. 

Self-aeration plays a vital role in providing air to the spillway surface in the 

downstream region, which in turn eliminates or at least reduces the damage caused 

by cavitation. However, the upstream region is potentially more prone to cavitation 

than the downstream region, due to the lack of sufficient air content in the flow 

compared with that in the aerated region. Peterka (1953) documented that the 

presence of about 5 to 8% of air in the flow close to the spillway surface might be 

enough to prevent damage associated with cavitation. In fact, the increase of the flow 

velocity in the non-aerated flow region close to the inception point of air entrainment 

is so rapid that the pressure could drop to zero or/and negative pressure values close 

to the step’s outer edge and thus cavitation may form. Despite the importance of this 

fact, little attention has been paid to this issue, especially for flow over stepped 

spillways of moderate slopes. This section reviews the most important previous 

experimental works conducted on stepped spillways investigating the pressure 

pattern on moderate slopes typical of embankment dams.

The main focus of the experimental work of Frizzell and Mefford (1991) was to 

predict whether cavitation can occur, due to the drop of pressure to sub-atmospheric 

values, in flows over stepped spillways. Experiments were performed on two stepped 

spillway models built on 1V:2H and 0.8V: 1H sloping flumes, and examined for 

various heads. The main finding of this study was that the region close to the top of
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the return eddy may be prone to cavitation damage if it occurs. However, the 

location of potential cavitation in relation to the inception point of air entrainment 

was not specified.

Ohtsu and Yasuda (1997) conducted a systematic series of experiments on a wide 

range of sloping stepped spillways. Their study focused mainly on the 

characterization of the flow conditions, including nappe, transition and skimming 

flow, based on the pressure measurements at the step comers. The skimming flow 

was described as the condition of eddy formation inside the step cavity upstream of 

the impinging point of the jet. It should be noted that in their study no observations 

were made regarding pressure variation on the vertical face of the steps located in the 

non-aerated flow region.

An experimental investigation was carried out by Frizzell and Renna (2011) to study 

the potential of cavitation damage on stepped spillways of two different slopes; one 

was typical of embankment dams 1V:2.48H and the other corresponded to the 

gravity dams 2.48V: 1H. The roughness height in both cases was 0.05m. In their 

study, the authors used the cavitation index number to characterize the potential of 

cavitation along the chute slope. The cavitation index may be defined by the 

following equation:

W o _ p j )  ( 2 1 4 )
p v i K

where o is the cavitation index, P0 and Pv are respectively the reference pressure and 

the vapour pressure of water at a given temperature, p is the density of water and Va 

is the reference velocity.

The experimental results of the moderate slope collected in the low ambient pressure 

chamber revealed that: cavitation is likely to form in the absence of aeration; with a 

cavitation index of 0.6-0.7 cavitation bubbles could occur along the pseudo bottom; 

the number of cavitated bubbles significantly increased and appeared close to the 

step tips as the cavitation index decreased. From their research one can conclude that 

0.6 can be considered as the inception cavitation index underneath which cavitation 

damage can take place on stepped spillways of moderate slopes. However, Frizzell 

and Renna (2011) in their study didn’t specify the value of the flow velocity that 

caused cavitation to form.

28



From the above it is clear that the investigation of cavitation formation, especially in 

the non-aerated flow region under skimming flow conditions over stepped spillways 

of moderate slopes, is a key issue for improving the design of these structures. The 

current study focuses on the pressure variation on both the horizontal and vertical 

step faces under a range of discharges typical of skimming flow, down three 

different slopes typical of embankment dams. This allows us to determine the 

maximum discharge above which cavitation can form based on the critical cavitation 

index on different moderate slopes and step heights. Also, this work looks at whether 

upward inclined steps could increase the permissible velocity/ discharge responsible 

of the cavitation damage on horizontal steps.

2.1.3. Flow over stepped spillways with upward inclined steps

As mentioned earlier, steps have the ability to reduce the energy dissipation 

mechanism and accelerate the self-aeration process when they are introduced into the 

face of the downstream slope of the structure. Although horizontal steps have been 

commonly and widely used in the design of stepped spillways, different step shapes, 

such as inclined steps, blocks, endsills and vanes, have also been examined. Essery 

and Horner (1978) reported that with the same chute slope, step size and discharge, 

the design of stepped spillways with inclined steps might be more economical than 

that with horizontal steps. This is because the inclined steps lessen the total number 

of steps needed to fit the downstream slope compared to the conventional horizontal 

steps. The following presents a number of experimental published works previously 

conducted on various step configurations.

According to Homer (1969) the flow over inclined steps was classified to three main 

conditions, namely; subcritical, transition and supercritical. The occurrence of each 

flow condition depends largely on the discharge, which varies from small, via 

intermediate to high flow rates respectively. However, Chinnarasri and Wongwises

(2004) classified the flow over the inclined steps into three flow regimes similar to 

those observed on horizontal steps. They found that the step inclination with the 

horizontal has a great influence on each flow condition. Despite the fact that the 

upward inclined steps is believed to perform better than the other step 

configurations, such as horizontal, blocks and endsill, in terms of the energy 

dissipation rate, Chinnarasri and Wongwises (2006) revealed that the energy
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dissipation rates obtained with the endsill were higher compared to the upward 

inclined steps. In contrast, Barani et al. (2005) observed that the upward inclined 

steps produced higher energy dissipation rates compared to the endsills and 

horizontal steps.

It can be observed that only a small number of experiments have been performed to 

deal with the hydraulics of flow over stepped spillways with inclined steps. Also, it 

is obvious that these studies were focused on two points: 1) to identify the flow 

condition or 2) to examine their efficiency to reduce the energy of the flow. In 

addition, these findings were obtained from experimental studies conducted on 

slopes steeper than those typical of embankment dams. Therefore, to the best of the 

author’s knowledge, investigation of the flow properties on upward inclined steps in 

the non-aerated region over embankment dams is essential not only to increase their 

efficiency in terms of the energy dissipation, but also to optimize their ability in 

terms of surface protection measures. The present work looks at the effect of this 

kind of step configuration on the flow properties, mainly the location of the inception 

point of self-aeration, pressure and velocity flow fields in the non-aerated flow 

region due to various skimming flow discharges.

2.2. Numerical simulation of flow over stepped spillways

In this section the role of numerical simulation in solving complex engineering 

problems is discussed. Also, the concept of numerical simulation is described and 

the most common numerical methods are summarized. Moreover, the numerical 

models that have been applied up to now to simulate the flow characteristics over 

stepped spillways are reviewed.

It is worth mentioning that various grid-based numerical models have been applied 

to simulate the flow over stepped spillways, whereas the particle-based method, used 

in the present investigation, has yet not been applied.
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2.2.1. Concept of numerical simulation and its role in solving engineering 

problems

Recent advances in computers, hardware technology and the development of robust 

computational fluid dynamic (CFD) software have led to numerical simulation being 

used widely for solving practical scientific problems. In addition to the cost and time 

of laboratory experiments, the direct measurement of some flow field properties 

needed in many of these experiments is often problematic, even when precise and 

developed instruments are used.

Numerical simulation expresses most of the parameters describing a certain physical 

phenomenon as a set of partial differential equations, describing fluid flow in space 

and in time. These equations are generally known as the governing equations. The 

key issue behind developing the numerical simulation is to convert this set of 

equations into not necessarily differential equations. The domain is represented by a 

discrete set of points and this process is known as the discretisation. The governing 

equations apply to continuously varying quantities. Numerical simulation represents 

quantities on a discrete set of points and performs an approximate solution to the 

continuous equations. Fluid flow problems are mostly subject to the hydrodynamic 

equations, which are based on the mass, momentum and energy conservation laws. 

Two fundamental methods have been employed to simulate fluid flow problems 

numerically: grid-based methods and particle-based methods. A set of mesh or grid 

must be predefined in order to represent the computational domain of the problem 

under consideration when grid-based methods are applied. Particle-based methods by 

contrast represent the domain with randomly distributed particles. Each method has 

its own characteristics which are described in detail in the following sections. 

Further, the governing equations are expressed via two main approaches: the 

Eulerian and Lagrangian approaches. The finite element method is the typical 

representation of the Lagrangian approach (Liu & Quek, 2003), while the finite 

difference method and finite volume method, which comprise most CFD problems, 

are the typical representations of the Eulerian approach (Leveque, 2002). In both 

approaches, the Eulerian and the Lagrangian, the flow field variables are evaluated 

as a function of space and time. The main difference is that, in the Eulerian method 

fixed points are selected in the domain and the flow field variables are computed 

accordingly, whilst in the Lagrangian method the grids are fixed on the material and
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therefore the spatial changes of the flow field variables can be evaluated (Liu et al. 

2003).

Various numerical models have been applied by hydraulic researchers and engineers 

to investigate the hydraulic characteristics of flow over stepped spillways using grid- 

based methods. In the present study this problem is investigated using a particle- 

based method for the first time.

2.2.2. Grid-based numerical methods for simulating flow over stepped 

spillways

The key feature of the Lagrangian approach is the grid attachment on the material. 

This allows a straightforward treatment of many challenges of the computational 

simulation, with which the Eulerian approach might not deal effectively, such as 

recording time history data, tracking the interface and moving boundaries and 

modelling irregular and complex geometries. On the other hand, large deformations 

can be easily handled with the Eulerian approach, which is considered a difficult task 

with the Lagrangian approach (Liu et al. 2003).

The discretisation of the problem domain in this method is based on the pre-defined 

mesh or grid procedure in which a frame of connective points is utilized to describe 

the whole domain. The complexity of the hydraulic behaviour of the flow over 

stepped spillways, as described in the literature, might cause the numerical 

modelling of such types of flows be somewhat difficult. A few numerical 

simulations of flow over stepped spillways have been conducted using various 

techniques, including the finite difference method, finite volume method and the 

finite element method. This section presents some important studies performed in 

this field of hydraulic engineering.

Mehdi (1997) applied a 2D numerical model based on the finite element method to 

predict the position of free surface flow over the downstream slope of an ogee crest 

stepped spillway, by solving Bernoulli’s equation. It was observed that the model 

provided accurate results only in the uniform flow region, which is located at the 

downstream portion of the structure. This was attributed to the use of the well- 

known U.S. Army Corps of Engineering formula for introducing the effect of air 

entrainment on the flow. However, Chen et al. (2002) claimed that the difference 

between the computed and measured data was increased at and downstream to the
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section of free surface aeration. They reported that this could be due to the fact that 

the governing equations of the numerical model applied in their study, which was 

based on the finite volume method, were solved assuming that the flow is of single 

phase fluid. Moreover, despite the use of a transport equation to introduce the effect 

of air in the fluid flow, Andre (2004) observed that the numerical model produced 

inaccurate computational results when compared with the experimental data. This 

was attributed to the fact that the Boussinesq correction coefficient was not sufficient 

to simulate and describe the turbulent flow structures, such as internal jets and 

recirculating eddies developing inside the steps cavities. Furthermore, Tabbara et al.

(2005) stated that the omission of the effects of the air entrainment in solving the 

governing equations of the numerical ADINA model, which is based on the finite 

element method, led to some discrepancies between the experimental and numerical 

results. Carvalho and Martins (2009) applied a 2D numerical model, which is based 

on the Reynolds averaged equations, to simulate the flow properties over a relatively 

large-scale stepped spillway model of 1V:2.75H bottom slope in order to 

characterize the pressure and hydrodynamic forces on the baffles and sills. For this 

purpose they used a finite difference staggered grid system of rectangular cells of 

variable width and height to descretize the governing equations. They concluded that 

the numerical model is capable of predicting the flow field variables over stepped 

spillways as the computational results were in close agreement with the 

corresponding experimental results. Tongkratoke et al (2009) carried out a numerical 

work for simulating the flow over stepped spillways with various step heights and 

slopes. They applied the finite volume method to descretize the governing. The 

main aim of their study was to assess the performance of various turbulence models 

including the LES with Smagorinsky-Lilly SGS, the linear RNG k-e turbulence 

model, the non-linear k-e turbulence model of craft et al (1996) and the modified 

non-linear k-e turbulence model in predicting the flow field variables over stepped 

spillways. Comparison between the numerical results of these models and the 

experimental results showed that the computational results of the LES turbulence 

model were more accurate than those provided by the linear k-e and non-linear 

turbulence models for the cases of stepped spillways with flatter slopes. However, 

they found that the computational time with the LES method is nearly four times 

higher compared to that required with the non-linear modified method. Fabian et al.
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(2010) concluded that the high level of turbulence close to the inception point of air 

entrainment could be the major source of inaccuracy in the numerical results.

It is worth mentioning here that the numerical models presented above are 

categorized under the grid based method. In other words, complex mesh generation 

is needed to simulate the physical geometry of stepped spillways. In addition, these 

models solve the governing equations based on the Eulerian fluid flow scheme. 

Therefore, it is difficult to detect the flow behaviour with respect to time, especially 

inside the step cavity. The numerical particle based method applied in this study 

provides a straightforward way to reproduce the computational domain. Also, the 

mathematical model is based on the Lagrangian approach which allows one to record 

the evolution of flow with time.

2.2.3. Particle-based numerical methods for simulating free surface flows

Grid-based methods have been used widely in simulating hydrodynamic problems, 

in particular free water surface flow problems, as described in the previous section. 

Although the grid-based method has been successfully applied in various 

engineering and scientific disciplines, many limitations are marked with this method, 

even when both the Lagrangian and Eulerian approaches are combined such as ALE, 

due to the existence of some inherent difficulties such as mesh distortion, 

particularly in case of high velocity impact problems (Liu et al. 2003). Nowadays, 

the trajectory of the computational methods tends toward the second generation, 

which are known as mesh free particle-based methods. Problems associated with 

complex geometries, tracking moving boundaries, and interfaces can be successfully 

treated by this method without any mesh refinement or grid transformations, which 

are essential tasks when grid-based methods are applied. This method is 

characterized by a pure mesh free, adaptive and Lagrangian approach, in which the 

grids are replaced by arbitrarily distributed particles carrying the fluid properties 

(Monaghan, 1989).

Smoothed Particle Hydrodynamics method is the oldest of the mesh free particle 

techniques. It was originally invented by Lucy (1977) and Gingold and Monaghan 

(1977) to solve three-dimensional astrophysical problems. Recent improvements and 

modifications to its stability, accuracy and adaptability have led to this approach
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being extensively used to deal with other physical and engineering applications, such 

as coastal hydrodynamics, fluid structure interaction and free surface flows. 

However, up to now this method has not been applied to simulate the flow behaviour 

over stepped spillways.

Initially, Monaghan (1994) studied free surface flow by representing the continuum 

via a finite set of randomly distributed particles. Each particle carries the physical 

fluid properties, including density, pressure and velocity, which might change with 

time, and moves according to the governing equations (Gomez-Gesteira et al. 2012). 

Ferrari (2010) developed a new SPH scheme to simulate the flow over a sharp- 

crested weir. The mathematical model of her study was developed on the basis of the 

Navier-Stokes equations and the equation of state proposed by Tait (1887), 

considering the fluid as weakly compressible. The model was solved by using the 3D 

parallel SPH scheme, to track the free surface profile and compute the pressure field, 

proposed by Ferrari (2008) for free surface flows. The numerical results were 

quantitatively and qualitatively in good agreement with the experimental data of 

Scimemi (1930).

From the previously published numerical modelling investigations of the flow over 

stepped spillway it can be concluded that numerical modelling of stepped spillways 

has been extensively carried out using grid-based methods such as finite element and 

finite volume methods, whereas particle-based methods, such as SPH method, have 

not been applied yet. Hence, SPHysics code as an implementation of the SPH 

method is used in the present work to simulate the properties of the skimming flow 

down stepped spillways of moderate slopes, typical of embankment dams, in the 

non-aerated flow region.
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Chapter Three: Numerical Smoothed Particle Hydrodynamics 
Method

This chapter describes the features of both the computational SPH numerical method 

and the numerical SPHysics model applied in the current work. It begins with the 

concept of the numerical simulation of the SPH mesh free particle-based method 

covering: the theoretical background, the standard SPH formulations and the 

governing equations based on the conservation laws in the discretised form. Then the 

numerical SPHysics code, as an implementation of the SPH method, which is 

applied in the present study, is described including: boundary conditions, time step 

algorithm, computational efficiency of the code and most of the recent numerical 

techniques developed to modify the SPH method in an attempt to improve the 

accuracy of the numerical results.

3.1. Numerical smoothed particle hydrodynamics method

SPH is a particle based method initially developed by Lucy (1977) and Gingold and 

Monaghan (1977) in the field of astrophysics. Since its first application to the 

simulation of free surface flows by Monaghan (1992), numerous efforts have been 

made to increase the stability and accuracy of SPH computational results. Over the 

past two decades this method has been applied with promising outcomes in various 

free surface flow problems, such as flow in open channels (Lopez & Marivela, 

2009a; Federico et al. 2010; Lopez et al, 2010) and flow over hydraulic structures 

(Gatti et al. 2007; Lopez et al. 2009b; Ferrari, 2010). In addition, this method has 

gained considerable interest from industry see Violeau et al. (2007); Violeau (2008) 

and Lee et al. (2010) for solving a range of difficult problems where the gird-based 

methods have great difficulty, such as mesh generation for complex geometries and 

non-linear large deformations (Liu & Liu, 2003).

Indeed, simulation time and system size are the two main numerical issues which 

may limit the application of this method in cases, such as flooding hydro-science, 

where detailed information is required to understand the flow characteristics under 

real conditions (Lee et al. 2010). However, the development of modem 

supercomputers and parallel computing systems (Rogers et al. 2007; Moulinec et al.
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2009; Ferrari, 2010) have significantly contributed to accelerating existing numerical 

SPH models.

As stated earlier, SPH method is a purely mesh free, Lagrangian and adaptive 

particle method, in which a set of particles is used to represent the state of a system. 

Conservation equations can be applied on these particles, which carry fluid 

properties, and they move accordingly (Liu et al. 2003).

Theoretically, the SPH method takes advantage from the integral interpolants theory 

and kernel functions. The SPH formulation is mainly dependent on two tasks: 

integral representation (kernel approximation) and particle 

representation/approximation. The former is performed through the use of an 

interpolating function to transfer the partial differential equations, appearing in the 

governing equations of a certain fluid flow problem, into integral equations and 

therefore the flow field variables at any point within the computational domain can 

be estimated. The latter is then applied to achieve the numerical computation of the 

integrals by summing the values of the flow field variable under consideration that 

are carried only by the neighbouring particles. The procedure of the above two tasks 

is presented in the following section.

To begin with the first task, it should be noted that the integral form of any function 

A(r) can be expressed over all the space Q using the Dirac delta function as:

A(r)  =  fa A (r ')8(r  — r ')dr '  (3.1)

where r is the vectorial position of any point in the space Q and 8 is the Dirac delta 

function defined by:

«(r-r') = {10 ; = (3.2)

The integral interpolant of Equation (3.1) can be approximately obtained when the 

delta function is replaced by a smoothing function W of a characteristic length h:

A(r) «  A (r ')W (r  — r ',h )d r '  (3.3)

W (r — r ',h )  is also called the smoothing or weighting kernel function. The 

characteristic length, h plays an indispensable role in smoothing the kernel function 

because it determines the influence domain area of the smoothing function.
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The second task, particle approximation, transforms Equation (3.3) into the discrete 

form of a given interpolation point, a  by the following summation equation that is 

carried out over all of the neighbouring particles located within its influence domain:

A(ra) = Z bAb VbW(ra -  rb,K) (3.4)

where the subscript, b refers to all of the particles located inside an influence area of 

circular shape, in 2D fluid flow simulations, having a radius characterized by the 

smoothing length times a scaling factor kh, known as the compact support of the 

kernel function, Vb is the volume of that particle and Ab is the value of the function 

at the position rb. Figure 3.1 illustrates the influence area of a given particle and the 

neighbouring particles within this area.

The volume, Fbcan be expressed as the relationship between the mass m b and mass 

density pb as follows:

Vb = (3.5)
Pb

Substituting Equation (3.5) into Equation (3.4) yields:

A(.ra) = Z bAb ^ W ( r a - r blh) (3.6)
Pb

The above equation can be considered as the basic expression of the SPH method, 

which can be used to approximate a continuous vectorial or scalar field function.
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Figure 3.1. The influence area of a given particle of radius kh and the neighbouring 

particles located in this area (from Gomez-Gesteira et al. 2012).

Similar to other numerical simulation methods, the derivatives of the flow field 

functions appearing in the governing equations, which are typically of the first and 

second orders in most fluid flow problems, are also needed. In the SPH method, 

based on both the values of the function carried by a number of particles, situated 

within its compact support, and the analytical form of the smoothing function, which 

should be of continuous differentiable type, the spatial derivative of the field

function may be evaluated. Thus, differentiating Equation (3.6) with respect to X

produces:

Tx A ^  = Tx {A » ^ W ( r a - r b,h )}  (3.7,

=  Tx ( A » 7 f )  -  r»’ V  +  A > f b Tx W (n. ~ r b.h )  (3.8)

Since the value of A b —  at a given point is independent of the space
P b

components x , y  and  z, therefore; 

i M r a )  = A b ^ W i r a - r h.K)  (3.9)
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Thus,

V/lOa) =  l bA „ ^ W ( r a -  rb,h ) (3.10)
Pb

Based on the second golden rule of the SPH method, which states that the formulae 

can be represented in a better manner when the density is placed inside the operator 

(Monaghan, 1989):

V(pA) = pV U) + AVp (3.11)

pV(A) = V(pA) -  AVp (3.12)

v 0 0  =  i ( v ( p 4 ) - y i v p )  (3.13)

Applying this rule to Equations (3.6) and (3.10) and taking into consideration that 

only the smoothing kernel is affected when the derivative of a summation interpolant 

is carried out:

VA(ra) = i  p„Ab ^  VW(ra -  r„, ft) -  £„  Apb ^  VW(ra -  r„, ft)] (3.14)
P t  Pb Pb J

VA(ra) =  ^{Y.bAb m bVW(ra - r „ ,h )  - Z , bA m bVW(ra - r 6,ft)) (3.15)

VA(ra) =  4 1 b(Ab -  A) m„VW(ra -  r„, ft) (3.16)

In fact, the second golden rule of the SPH method can be symmetrised in the 

following form:

V Q4 )

P W  P
= v g ) + ± V p  (3.17)

VG4) =  p { v ( ^ ) + £ v p }  (3.18)

Hence, Equation (3.16) can be rewritten as:

m r a) =  p { l b~ V W ( r a - r „ ,h )  + T . A p b ^ V W ( r a - r b,h)}  (3.19)
t  Pb Pb P Pb J

m r a) = P { l „ - ^ n i bVW(ra -  rb,h) + l b- ^ m bVW(ra -  rb,h)}  (3.20)

VA(ra) =  P S „ { ^  +  ^ } m bVW(ra -  rb, ft) (3.21)
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Thus, the symmetrised forms for the pressure gradient and the velocity divergence of 

particle, a can be respectively expressed by the following two equations:

(VP)a = p M 7 r > + j ^ }  m »VW(ra ~  r»' (3.22)

V. U a = p Zb +  f%) ■m b. VVK(ra -  rb, h) (3.23)
Pb Pa J

Similarly, using the same procedure shown above starting from the original formula 

represented by Equation (3.6), the second order derivative of the smoothed field 

quantity function can be obtained as follows:

V2A(ra) = I .bAb ^ V 2W(ra - r b,h)  (3.24)
Pb

3.2. The weighting function

The performance of an SPH method in terms of accuracy and computing time is 

strongly dependent on the kernel function (Liu et al. 2003). In analogue to the finite 

difference method, where various schemes are used, various kernel functions have 

been proposed since the invention of the SPH method, in an attempt to increase its

stability and accuracy. The following section highlights the properties that kernel

functions should have and presents the most widely used functions in the SPH 

method.

Liu et al. (2003) reported that a kernel function in an SPH method should possess the 

following properties:

1- Normalization: this can be satisfied when the integral of the kernel function is 

unity:

{n W (r ,h )d r  = l  (3.25)

2- Positivity: this will ensure the averaging function of the kernel:

W (r, h) > 0 (3.26)

3- Dirac delta function’s behaviour: this should be satisfied by the delta function 

as the smoothing functions approaches zero (Benz, 1990; Monaghan, 1992): 

limh_ 0 W  (r, h) = S (r) (3.27)
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4- Compact support: this limits the contribution only to the particles located 

inside the compact support of radius h of a certain particle inside the 

computational domain while computing is performed to evaluate any field 

function at that particle.

5- The monotonic decrease of the function as the distance from the particle 

under consideration is increased (Liu et al. 2003).

6- Even function: this property may ensure the achievement of symmetry.

Based on the order of the kernel function, various functions have been proposed in 

the SPH method. The higher the order of the kernel function the higher the accuracy 

of the results will be, but the computational time will be greater. The following 

kernels are considered as the most widely used functions in the SPH method.

1- Gaussian: this kernel was originally proposed by Gingold and Monaghan 

(1977). It takes the following form:

where aD is a parameter that depends on the number of dimensions involving the 

computational domain and defined as:

where h is the smoothing length. This defines the area of influence called the 

influence domain, q is the dimensionless distance between the particles defined by:

where r is the distance between the two particles being considered.

This function is characterized by its smoothness, even for higher order of derivatives, 

stability and accuracy, particularly for disordered particles (Liu et al. 2003). One of 

the drawbacks of this function is that all the particles have to be used in the 

computation procedure because it theoretically never falls to zero, unless, q

W (r ,h ) =  0, as ||r || >  h (3.28)

W(r, h) = a De q2
(3.29)

(3.30)

r (3.31)
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approaches to infinity. It is therefore computationally more expensive than other 

types.

2- Quadratic: This type was used by Johnson et al. (1996) to treat problems 

associated with compressive instability, due to the impact of high velocity. 

This kind of kernel function can be expressed by:

3- Cubic spline: This kind of kernel function, which is one of the most popular 

and widely used functions, was proposed by Monaghan and Lattanzio (1985). 

The general expression of this function is as follows:

The shape of this kernel type is similar to the Gaussian type but with a narrower 

compact support, especially when q is equal to or greater than 2, and hence it needs 

lesser computational time.

4- Quintic (Wendland, 1995): This can be defined by the following expression:

W (r,h )  = a D[ ^ q 2 - ^ q  +-^ (3.32)

with,

(47T/13) '

(3.33)

0 <  q < 1

1 < q < 2 
q > 2

(3.34)

where,

( 7 n h 2 ) ' (3.35)

0 <  q < 2 (3.36)
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in which,

7— # i-n  2D
a D = •{ (42f  3 (3.37)

0 5 5 ? ) ’ i n 3 D

This type of kernel function is also close to the Gaussian type and is stable (Liu et al,

2003) but is computationally more expensive than the cubic spline function.

It is worth mentioning that the choice of the kernel function has a significant role in 

improving the accuracy of the computational results and optimizing the 

computational time. In the above equations it can be noted that, h and q are the 

dominant factors affecting the smoothing kernel functions. In the present 

investigation the cubic spline kernel function is used to obtain results that are as 

accurate as possible, while taking into account the need to minimize computing time. 

However, the spline kernel function has been widely used to simulate free surface 

flow problems, for example: in Lopez et al. (2009a) for simulating fish-ways; Lopez 

et al. (2009b) for calibrating the SPH model using prototype spillway data; Ferrari 

(2010) to simulate the flow over sharp crested weirs; and Crespo (2010) to model the 

2D and 3D dam break problem. This is because this kind of function has provided 

numerical results close to those obtained from the experiments in a relatively short 

computing time. Thus, in the present investigation the spline kernel function is used 

as an interpolation scheme to estimate the flow field variables over stepped 

spillways.

3.3. Governing equations

In this section the differential equations governing fluid flow motion and the 

numerical schemes developed for solving them in the SPH method are presented. 

Since the fluid inside the domain is completely defined by particles which follow the 

fluid motion, it is therefore worthwhile to formulate the equations on the basis of the 

Lagrangian form. As with the grid-based methods, the conservation laws of mass and 

momentum are applied in the SPH method to express the fluid motions. Indeed, in an 

SPH method this motion has been traditionally simulated based on considering the 

fluid as compressible. Thus, an equation of state can be directly applied to calculate 

the pressure instead of solving a pressure differential equation of the Poisson-type

45



(Monaghan, 1989). However, the concept of a weakly compressible fluid has also 

been widely used to address the issue of fluid incompressibility in the SPH method 

(Monaghan, 1994). In addition, Dalrymple et al. (2006) stated that it is reasonable to 

consider the fluid as compressible to a certain degree when a relatively large 

variation of pressure exists.

3.3.1. Conservation of mass

Basically, in particle-based methods, mass conservation can be achieved when: 1) 

the number of particles used in the simulation is kept constant and 2) the same mass 

is initially assigned to each particle (Monaghan, 1994).

In the Lagrangian form, the mass conservation law can be expressed as:

=  - 7 .u  (3.38)
p  D t  V '

where p and u are respectively the density and velocity of the particle, t is the time 
D

and —  is the total material derivative. The discrete form of the above equation 

would be:

(% )a =  Zb m b (ua -  u (,)VaW'af) (3.39)

where VaWab is the gradient of the kernel function at particle a, u a and u^are the 

velocity of particles, a and b respectively.

3.3.2. Conservation of momentum

Basically, the following equation might be used to describe the fluid motion on the 

basis of the Lagrangian form in which its derivation is based on Newton’s second 

law of motion:

— = - - V P  +  0  +  g (3.40)
D t  p  ®  v '

where u is the spatial velocity of the particle, P is the pressure and g accounts for the 

body force per unit mass due to the effect of gravitational acceleration. In this 

equation, all diffusion terms, caused mainly by the effects of the fluid viscosity, are
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parameterised by 0 .  Different approaches have been proposed to model the 

diffusivity in the SPH method. It can be observed that the convection term in the 

SPH momentum equation is dropped. This can be attributed to the fact that the 

Lagrangian form is based on the material coordinates, not on spatial coordinates like 

the Eulerian form, by which the motion of the particles facilitates the automatic 

calculation of the time independent acceleration terms. This can be counted as 

another advantage of using the Lagrangian form which helps in solving such 

complex equations in a more straightforward manner.

The total force acting on a particle, including the internal and external forces, is 

represented by the right hand side of Equation (3.40), whereas the left hand side 

represents its acceleration. Indeed, it should be noted that the direct application of 

the gradient form expressed by Equation (3.40) on the pressure, the first term of the 

right hand side, could not guarantee momentum conservation (Monaghan, 1989). 

This is because all particles would not necessarily be symmetrically subjected to the 

same pressure value and hence the fundamentals of the action-reaction law might not 

be entirely accomplished. However, in applying the SPH formulations, the following 

symmetrised form of the SPH discretised notation may be used to express the 

pressure gradient:

where Pb, pb,Paand pa are the pressures and the densities corresponding to particles 

a and b respectively.

As pointed out above, different approaches have been proposed to model the 

diffusivity term, 0 in the Lagrangian momentum equation, which is highly affected 

by the fluid viscosity, especially in free surface flows. In the SPHysics code three 

approaches have been employed to introduce the effect of the fluid viscosity, 

namely;

1- Artificial viscosity

2- Laminar viscosity

3- Laminar viscosity and sub-particle scale (SPS) turbulence.

Since the flow over stepped spillways is characterized by fully turbulent flow, the 

third approach is used is the present investigation.

(3.41)
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The laminar viscosity and SPS turbulence approach was initially developed by 

Gotoh et al. (2004). The diffusion term, 0 is split into two parts; the laminar 

stress, \iV2 part and the sub-particle scale stress tensor, V.x part. Thus, the 

momentum equation can be expressed as:

£H = - l y p  + v p2u + l p r  + g (3.42)
D t  p  p  v J

where v0 = ju/p is the kinematic viscosity of water, p  the dynamic viscosity of 

water, p  is the mass-density of water and t  is the sub-particle scale stress tensor. Lo 

and Shao (2002) modified the laminar stress term for particle, a on the basis of the 

interactive neighbouring particles b located inside its compact support, and the 

following equation was presented:

(3.43,

The symmetrised form of the stress tensor of particle, a based on the SPH 

formulations and notations can be given by:

( H a=z»’n* ( M ) v* w <» ( 3 M )

where xa and xb are respectively the stress tensors at particles, a and b. The 

SPHysics code determines the stress tensors at each particle based on the LES type 

sub-particle scale SPS turbulence model proposed by Lo and Shao (2002). This 

model in mesh free particle methods is the same as the sub-grid scale SGS in the grid 

based methods. Various advanced SPS models have been proposed in the literature. 

For a compressible fluid, the SPS stress tensor is commonly modelled on the basis of 

the Boussinesq’s hypothesis-eddy viscosity assumption using the Favre-averaging 

technique (Gomez-Gesteira et al. 2012), as follows:

" f  =  v t (2S,J - \ k t S t j )  ~ ^ C lA 2S ij \ S ij \ 2 (3.45)

where is the sub-particle scale stress tensor, vt = [(CsA 0]2|S| is the turbulent

Veddy viscosity, Cs= 0.12 is the Smagorinsky constant, |S| =  (25^5^) 2, Stj is the 

element of the SPS strain tensor, AI is the particle-particle spacing, Cj = 0.0066, 

is the sub-particle scale turbulence kinetic energy and, 8^ is the kronecker delta
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function. Comprehensive details regarding the theory of the LES type SPS 

turbulence model can be found in Pope (1994).

Substituting Equations (3.41, 3.43, and 3.44) into the momentum Equation (3.42) 

yields the discretised Lagrangian form of the momentum equation in the SPH 

notations:

o .  - - £ > ”•» { % + a )

&46>
+ m b VaWab

The above equation conserves both the linear and angular momentums of all of the 

particles involving the computational domain.

3.4. Equation of State

As mentioned earlier, the standard SPH formulation is based on considering the fluid 

as compressible. However, the concept of weakly compressible fluid has also been 

widely used by applying a stiff equation of state, modified by Monaghan (1994), in 

which the pressure of each particle can be explicitly calculated as a function of its 

density (Batchelor, 1974) as:

P = B [ ( £ ) Y -  l]  (3.47)

where P is the pressure, and p0 is the reference fluid density. The density of the fluid

at the free surface, which is subject to atmospheric pressure, is usually taken as the

reference fluid density; for water p0= 1000 kg/m3, y  is the polytrophic constant, with 

values ranging from 1, for low Reynolds flow problems as recommended by Morris 

et al. (1997), to 7 which fits the oceanic data, and B is the bulk modulus elasticity of 

the fluid, defined by:

B = —  (3.48)
Y
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where c0 is the speed of sound defined in terms of the reference density. The speed 

of sound can be determined when the first derivative is performed on Equation (3.47) 

with respect to the density as follows:

The main advantage of using the concept of weak compressibility is the explicit 

calculation of the pressure instead of solving a partial differential equation, which 

considerably lessens the computation time. Equation (3.50) illustrates that an

defined as the ratio between the flow speed and the speed of sound, could be 

significantly reduced in such a way that the maximum density variation should be 

kept less than 1%.

where Sp is the difference in density and V the maximum expected flow speed. 

However, Monaghan (1994) suggested the Mach number should not exceed 0.1, 

which requires the minimum value for the speed of sound be 10 times greater than 

the maximum expected flow velocity. This is to keep variation of the relative 

density, (p /p D), which appears inside the state Equation (3.47), by less than 1%. 

Consequently the effect of compressibility can be reasonably neglected. Moreover, it 

is obvious from Equation (3.47) that the relative density is raised to the power y  and 

therefore any small increase of its value may cause the pressure flow field to 

fluctuate greatly. Indeed, according to the Courant-Friedrich-Levy condition, this 

approach increases the time step, At required for the computation by 10 times, since 

it is based on the speed of sound At ~  A x /c 0 rather than the maximum expected 

flow speeds At «  A x /V , in which Ax is a resolution length.

(3.49)

(3.50)

appropriate value should be given to the speed of sound so that the Mach number M,
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3.5. Movement of particles

Particles used in the simulation with an SPH method are moved according to the 

following expression, known as the XSPH variant (Monaghan, 1989):

^ f  =  u a +  e S fĉ u  baWab (3.52)
d t  p ab

where e is a constant the value of which varies from zero to one with a frequently 

used value as 0.5 and pab = (pa + pb) / 2. Crespo (2008) defined this expression as 

the correction for the velocity of a particle with respect to the neighbouring particles 

inside the compact support of that particle. Thus, the velocity of particle a is 

approximately equal to the average velocity of the neighbouring particles. 

Furthermore, Crespo (2008) stated that particle penetration might be considerably 

controlled when this equation is used to simulate high velocity fluid flow problems.

3.6. Numerical SPHysics code

Since the invention of the smoothed particle hydrodynamics method, many codes 

have been developed to simulate fluid flow problems. The numerical part of the 

present work is conducted using the SPHysics code, as an implementation of the 

SPH mesh free particle method, to simulate the characteristics of skimming flow 

over moderate slope stepped spillways. This code was developed via the 

collaboration of four international institutions: Johns Hopkins University (USA), 

Universidade de Vigo (Spain), University of Manchester (UK) and University of 

Rome, La Sapienza (Italy). The first version of this code was released in 2007 and is 

still under development. It is based on the standard formulations proposed by 

Monaghan (1989) for free surface flows and includes most of the corrections and 

modifications which have recently been made to improve its stability and efficiency. 

In this section the boundary conditions, the numerical schemes used to solve the 

SPH governing equations and most of the corrections employed by the SPHysics 

code will be presented. Furthermore, the initial particle configuration required for 

both the boundary and fluid particles are also described.
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3.6.1. Code description

In SPHysics code, the main source code programme is based on FORTRAN 

language, while MATLAB software is used to visualize the flow. 2D and 3D fluid 

flow problems can be simulated with this code. Also, the serial and parallel versions 

are provided to run the problem. The main source code is split into two 

parts: 1) SPHysics.gen and 2) SPHysics. All the subroutines necessary for setting up 

the geometry and the initial fluid particle configuration are included in the first part, 

while all the subroutines required for solving the differential equations governing the 

problem under consideration are contained in the second part.

In the present work the source code is compiled with the SILVERFROST compiler 

package as one of the compiling options provided by the SPHysics code, while 

licensed MATLAB 2012b software is used for the flow visualization. The SONY 

PCG-71613M PC model is used to run all the models proposed in the present work, 

using the 2D serial version.

3.6.2. Boundary conditions

In this section the boundary conditions employed by the SPHysics numerical model 

and applied in the current study are presented. It explains the way whereby both 

types of particles the boundary and fluid particles constituting the computational 

domain are reproduced.

3.6.2.I. Boundary particles

In an SPH method, the solid boundaries composing the boundary walls of the 

geometry under consideration are also represented by discrete particles carrying the 

flow properties of mass, density, pressure and velocity, in the same way as a fluid 

particle. Fluid particles moving close to the boundary particles are subject to a 

repulsive force from the boundary particles in the normal direction (Monaghan, 

1992). This force could prevent fluid particles from penetrating the boundary 

particles. Despite their disappearance in the SPH formalism, these boundary particles
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may cause unrealistic results if they are not properly treated (Gomez-Gesteira et al. 

2012). This is because on the one hand, the compact support of the fluid particles is 

truncated and therefore the number of neighbouring particles located inside the 

compact support is reduced, as there are no fluid particles outside the wall, and 

consequently the radius of the compact support is restricted to only one side. On the 

other hand, some of the flow field variables carried by the fluid particles close to the 

boundary particles might be affected, such as velocities where their values are 

reduced to zero. In an SPH method various kinds of boundary conditions have been 

proposed. Indeed, the SPHysics code applied in the current study uses three kinds of 

boundary conditions, namely 1) Dynamic boundary conditions, 2) Repulsive 

boundary conditions and 3) Periodic boundary conditions. In the present work the 

first two kinds are applied, see Chapter 4, to choose the method that produces more 

accurate numerical results. Therefore, the explanation that follows in this section is 

focused on the dynamic and repulsive boundary conditions.

In dynamic boundary condition the boundary particles are treated as the same as the 

fluid particles such that to verify the conservation laws and the equation of state. The 

only difference is that these particles are fixed in their positions or moved when 

some external functions, such as gates, moving objects and wave makers are 

imposed.

This type of boundary condition was initially proposed by Dalrymple and Kino 

(2000) and then extensively used by others. In this type two successive 

rows/columns of boundary particles are set up in a zigzag manner, as shown in 

Figure 3.2. The distance between these two rows is fixed to half of the initially 

imposed spacing between the particles: (1 /2 Ax) for the horizontal boundaries and 

(1 /2 Az) for the vertical boundaries. The repulsion mechanism is based on the 

pressure exerted on the fluid particles as they approach the boundary particles. This 

can be obviously observed from Equation (3.39) in which the movement of fluid 

particles close to the boundary particle may lead to an increase in the density of the 

boundary particles and as a result, following Equation (3.46), the force exerted by 

the boundary particles is increased accordingly (Gomez-Gesteira et al. 2012). 

Although this force may protect the boundary particles from the penetration of fluid 

particles, the impermeability of this type of boundary conditions in an SPH method 

has not been guaranteed. Users should apply this method cautiously and the 

numerical results obtained with this technique need to be evaluated to see how they
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are affected by the unrealistic physical phenomenon of penetration. This is marked 

as the main disadvantage of this type of boundary condition in an SPH numerical 

method, especially for high velocity flows. However, since the boundary particles 

are treated as the same as the fluid particles, the conservation laws and the equation 

of state can be applied to both of them with less programming effort. This is the 

main advantage of this type of boundary particles.

Fluid particle

4
Boundary particle

dx dx

r iis!
dx/2 dx 2

Figure 3.2. Schematic view of the dynamic boundary particles (red colour circles) 

(from Gomez-Gesteira et al. 2012).

The repulsive boundary condition technique was initially developed by Monaghan 

(1994) to represent the particles constituting the solid walls of the physical geometry. 

In this method the crossing of fluid particles through the boundary particles is 

prevented by a central force exerted on the fluid particles when they tend to approach 

them. This force per unit mass is defined by the Lennard-Jones equation, as a 

function of the distance, r between the fluid particles and the boundary particles. 

Monaghan and Kos (1999) later modified this equation to minimize the effect of the 

distance between the boundary particles on the repulsion force of the wall. In 

addition, the following equation was proposed by Rogers and Dalrymple (2008) to 

describe the force, /  exerted on fluid particles:

f  = n R ( i l ) )P t f )£ { z ,u L) (3.53)

where n is the normal of the solid wall, ip is the perpendicular distance of the particle 

from the wall, <f is the projection of the interpolation location <fj onto the chord that 

connects two neighbouring boundary particles, and u ± is the velocity of the fluid 

particle projected onto the normal.
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The first function R(xp) appearing in Equation (3.53) is called the repulsion force, 

which can be evaluated based on the dimensionless distance, q and the sound speed 

of particle, i as follows:

R ty )  = A ± { 1  -  <?) (3.54)

in which, q =  ip/2h  and A is a coefficient defined by:

A = (3.55)

where c\ is the speed of sound of particle /.

Meanwhile, the second function is selected in such a way as to ensure that all fluid 

particles need to be subject to a constant repulsive force when they are moving 

parallel to a solid wall. This function is usually expressed as the following:

where Ab is the distance between any two adjacent boundary particles.

Finally, the function that was originally suggested by Monaghan and Kos (1999) is 

modified to adjust the magnitude of the force. This function is expressed in terms of 

both the local water depth and the velocity of the fluid particle normal to the 

boundary wall as follows:

(3.56)

£(z,u±) = e(z) + £(ul) (3.57)

The function £(z) is defined as:

0.02
f(z ) = \ z /h 0\ + 0.02

z >  0 
0 >  z >  —/ino (3.58)

1 \ z /h 0\ >  1

The following equation is proposed to evaluate the function e(u±):

r 0 u ± > 0

|20iijJ <  c0 (3.59)

1 |20u±| >  c0
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In the above two equations, z is the elevation measured above the local still water 

level ho, u±is the velocity of the fluid particle normal to the boundary, which can be 

estimated from: uL — (vWp — vBp)- n

where, the subscripts WP and BP refer to the water and boundary particles 

respectively and, Co is the sound speed at the reference density.

To generate the system of normals in this kind of boundary condition, the 

coordinates of the adjacent neighbour particles to each individual boundary particle 

need to be defined. Figure 3.3 displays the boundary wall of a 2D case and shows 

how the boundary particles of the repulsive boundary condition method are 

reproduced. It can be seen from this figure that the boundary particles, i-1, i+ l , j- l  

and j+1 are adjacent neighbours to the boundary particle, i in which their positions 

are already known. This allows one to calculate the tangents, t  and S, and normal, n 

as follows:

t  = (n+T-n^T)
\n+i-n^i\

s  =
b + i - o - i l

(3.60)

(3.61)

and

n  =  t  * s (3.62)

In these equations, t  and S are the tangents to the boundary particles in the X and Y 

directions respectively, while n represents the normal of the solid wall to these 

tangents.

It is worth mentioning here that this kind of boundary condition is more popular than 

the dynamic boundary condition, as it is impermeable and only one layer of equally 

spaced boundary particles is needed to simulate the boundary walls of the physical 

geometry. This considerably reduces the computing time compared to the dynamic 

boundary condition, especially for complex geometries and when small size particles 

are needed. Despite the fact that an empirical equation is used to determine the 

repulsion force, which is considered as the main disadvantage of this kind of
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boundary condition, it has been widely used to simulate different fluid flow 

problems and produced reasonable results.

Figure 3.3. Reproducing boundary particles in the repulsive boundary condition 

approach.

3.6.2.2. Fluid particles

Two approaches are employed by the SPHysics code to initially place each fluid 

particle in a fixed location in the computational domain, namely 1) Cartesian grid 

and 2) staggered grid methods. The following section sheds light on the main 

features of each approach individually.

In the Cartesian grid type, which was initially proposed by Monaghan and Koss 

(1999), nodes of a square grid are used to hold particles in 2D problems. In 3D fluid 

flow cases, nodes of a simple cubic (SC) grid hold particles based on the 

fundamentals of vectors such as:

R = Idxi  +  m d y j  +  n d z k  (3.63)

where R is the initial vectorial position of a given fluid particle in the computational 

domain, d x , dy, and dz  are the distance between particles in X, Y and Z directions 

respectively, i, yand k  being the unit vectors in each direction and /, m and n the 

integers corresponding to each unit vector. Figure 3.4 illustrates the way whereby 

both boundary and fluid particles are initially placed in a 2D domain using this 

approach.

Bc'U'&trypartd'

57



Boundary particles

L
Fluid panicles

Figure 3.4. 2D initial configuration of boundary (red colour) and fluid particles (blue 

colour) in a 2D domain using the Cartesian grid approach (from Gomez-Gesteira et 

al. 2012).

The staggered grid method was used by Monaghan and Lattanzio (1991) to locate 

the initial position of the fluid particles. As can be seen in Figure 3.5, both the 

boundary and the fluid particles are placed in the same manner as the first method. 

The only difference is that in the staggered method an extra particle is placed in the 

centre of the square grid.

The staggered grid method is believed to have the potential of increasing the 

accuracy of the numerical SPFI results, as more neighbouring particles are occupied 

within the smoothing length of particles inside the domain (Crespo, 2008). Flowever, 

this technique is computationally more expensive than the Cartesian grid as more 

time is needed to perform the interpolation for evaluating a flow variable. In the 

current study both approaches are applied to select the one which optimizes both the 

accuracy and computational time, see Section 4.3.2.1.
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Boundary particles

Fluid particles

Figure 3.5. 2D initial configuration of boundary (red colour) and fluid (blue colour) 

particles using the staggered grid approach (from Gomez-Gesteira et al. 2012).

3.7. Time stepping

As mentioned earlier, the integration of the ordinary differential equations, obtained 

from the conversion of a set of partial differential equations, can be numerically 

achieved by applying an appropriate time step algorithm. However, in SPH method, 

the partial differential equations governing the physical domain are simplified to a 

set of ordinary differential equations, which facilities the application of any 

numerical time integration. However, Gomez-Gesteira et al. (2012) recommended 

that the accuracy of the time scheme used in particle methods should be no less than 

the second order as the particles are moving in space.

The governing equations represented in Section 3.3 and the particle movement 

equation expressed by Equation (3.54) can be summarized as follows:



Indeed, four different numerical schemes of at least second order accuracy are used 

by the SPHysics code to integrate the SPH equations with respect to time, namely 

1) predictor corrector algorithm, 2) Verlet time step algorithm, 3) Symplectic time 

step algorithm and 4) Beeman time step algorithm. The Verlet scheme is 

computationally one of the fastest and simplest time integrator algorithm in an SPH 

method and has been commonly used in many particle based numerical simulations. 

The Verlet time integrator scheme is therefore adopted in the current study and the 

following section describes this time stepping algorithm.

3.7.1 Verlet numerical scheme

This first use of this scheme in molecular dynamics is due to Verlet (1967), where it 

was applied to calculate trajectories of particles. It is characterized by its stability, 

simplicity and lower computational expensive (Gomez-Gesteira et al. 2012). The 

algorithm is divided into two stages; in the first stage the variables are calculated as 

follows:

Then in the second stage, which performs at a pre-defined time step, these variables 

are re-calculated using the following expressions:

Pa+1 = P r 1 + 2A tDS
- n + 1 =  - n - 1  +  A t - n  +  Q .5 A t2Fan

(3.68)

(3.69)

(3.70)

(3.71)+ 2A tE.

= Pi  +  A tDS 

- n + i  =  - n  +  A f - n  + 0.5At2Fan

(3.72)

(3.73)

(3.74)

(3.75)
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3.8. Variable time step

In the SPH method the time step can be updated periodically before the next time is 

started. Therefore, the time step is variable and its value depends on three main 

factors: the CFL number, the forcing terms and the viscous diffusion term. 

Monaghan and Kos (1999) proposed the following formula to calculate the time step:

At = 0.3.min(Atf ,At cv ) (3.76)

where Atr is the forcing time step defined by:

A tf  =  m ina{yjh/\fa\) (3.77)

\fa\is the force per unit mass.

Atcv is the time step based on the combination of both the viscous terms and the 

CFL number given by:

A t cv =  m i n a ---------- 7 ̂  a—  (3.78)
Cc+max ?lv a b r ab

' ab

The iteration is performed over all particles in the domain to find the flow field 

variables based on the minimum time step value evaluated by Equation (3.76).

3.9. Computational efficiency

It was explained in previous sections that each particle should verify the differential 

equations governing the fluid flow. When the interaction of all the particles 

involving the domain is considered in calculating a flow field variable at a certain 

particle, the process is computationally too expensive, especially when the number 

of particles is large. Many techniques have been proposed in an attempt to improve 

computational efficiency. The key idea of these techniques is to introduce the 

physical quantities only carried by a number of particles located near to a certain 

particle, on which the computation is performed, in the interpolation procedure,
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taking into consideration accuracy as well. This could result in a significant 

reduction of the computation time, as the process of searching for particles for each 

particle and at each time step needs an excessive time. Therefore, the influence 

length, on which the selection of the neighbouring particles is based, of each particle, 

should be pre-scribed in advance.

A linked list method is one of the most powerful techniques that has been developed 

to improve the computational efficiency (Gomez-Gesteira et al. 2012). It uses the 

compactness of the kernel function having an influence length of radius 2h. The 

details of this technique are explained in the following section.

3.9.1. Linked list

Following Monaghan and Lattanzio (1985), this technique, which is implemented by 

the numerical SPHysics code, divides the computational domain into squares having 

dimensions exactly the same as the radius of the kernel function 2h (Gomez-Gesteira 

et al. 2012), as shown in Figure 3.6. Thus, the number of particles surrounding the 

particle under consideration is reduced because the contribution of the particles 

located outside this area is neglected. Then, for each Z level in a 2D domain the grids 

are swept along the X direction so that repetition of the particle interactions could be 

minimised to a great extent. This can be conducted by searching for particles placed 

in the E, N, NW and NE cells surrounding each cell. The mechanism of sweeping 

and searching for particles using the linked list technique is shown in Figure 3.7. The 

procedure is that: cells (N), (E), (NE) and (NW) are checked while searching for 

neighbouring cells which contain interacting particles with a particle inside the cell 

(ik). Whereas, the cells (S), (W), (SE) and (SW) were already checked while 

interacted particles searched in the reverse interaction.

Since all the fluid particles are continuously moving, their position should be 

updated each time step. Meanwhile, some of the boundary particles, such as gates, 

moving objects and wavemakers, are also moved with respect to time, and the rest 

are fixed. Therefore, their position needs to be updated as well.
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Figure 3.6. 2D Computational domain is divided into squares having the same 

dimensions as the compact support radius (from Gomez-Gesteira et al. 2012).

• • ♦

* . • • * *
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• • •  • • • •  « •
•  •  •  •  •

•  •
. •  •

n c x  c e l l s

Figure 3.7. Mechanism of searching for particles and sweeping the grids of the link 

list scheme (from Gomez-Gesteira et al. 2012).

3.10. Modifications to the standard SPH method

The direct use of the classical SPFI formulations may cause instability and 

uncertainty in the numerical results. This is because there are two main issues in an 

SPH method that were not addressed in the original form. The first one is the 

truncation of the compact support of the particles located close to the boundaries, 

such as the solid walls of the geometry and the free surface. The second is that the 

SPH method treats the fluid as weakly compressible, which may cause fluctuations 

in both the velocity and pressure How fields.

Many efforts have been made since the invention of the numerical SPH method to 

modify the standard equations for the sake of enhancing the numerical results. The



following sections present the main techniques that have been developed recently 

and provided by the SPHysics code to sort out these numerical SPH problems.

3.10.1. Normalization of kernel function

As shown in Section 3.2., one of the main conditions that a kernel function should 

possess is normalization. This condition may not be exactly fulfilled for particles 

situated close to both the solid wall boundaries of the geometry and the free surface. 

This is because the kernel function truncates in these regions, due to the absence of 

particles outside of these boundaries. Two different approaches have been developed 

and employed by the numerical SPHysics code to overcome this problem; this first 

one corrects the kernel function, while the kernel gradient is corrected in the second 

approach. Both these techniques are described in the following sections:

3.10.1.1. Kernel correction

Liu et al. (1997) first proposed this approach to modify the kernel function in such a 

way that achieves the exact interpolation to a certain degree. They introduced a 

linear function to correct the kernel function. Then, Bonet and Lock (1999) proposed 

a constant function instead of the linear function, and improvements in the physical 

quantities, especially carried by particles located close to the domain boundaries, 

were observed. The following expression is proposed to estimate the value of a

vectorial variable, f a :

— > Yib0**fbWab
fa  =  — % , ------- (3.79)

Pb

3.10.1.2. Kernel gradient correction

This method modifies the kernel gradient instead of the kernel function. The normal 

kernel gradient, VWab will be replaced by the corrected kernel gradient, VWab to
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calculate the forces in the equation of motion. For this purpose a correction matrix, L 

is usually used as follows:

VWab = LaVWab 

La = Ma1

(3.80)

(3.81)

The matrix, La may be evaluated explicitly from the following expression:

Ma = Y,Nb=l^ V W ab® (xb - x a)
nb

(3.82)

where N  refers to all particles interacting with the particle under consideration a.

3.10.2. Density reinitialization

As mentioned in Section 3.4., the fluid in the numerical SPHysics code is considered 

to be weakly compressible, which allows the explicit determination of the pressure 

using the equation of state, significantly reducing the computational time. However, 

this issue may cause fluctuations in the pressure and velocity flow fields even when 

the fluid density is varied slightly. In fact, three main approaches have been 

developed to solve this problem in an SPH method, namely: 1) Shepard density 

filter, 2) Moving least squares and 3) Riemann solver. Although the concept of 

incompressible fluid is also incorporated in the SPH method to remove such 

oscillations, the results are improved slightly and computing time is increased 

significantly (Gomez-Gesteira et al. 2012). Following Monaghan (1994), in the 

present study the fluid is treated as weakly compressible. The following section 

presents the three techniques mentioned above that have been implemented by the 

SPHysics code to smooth both the velocity and pressure flow fields.

3.10.2.1. Shepard filter

This is also called the first order correction of the density flow field. It is the simplest 

and quickest technique, in which a filter is performed over the density of the

65



particles, assigning a new density to each particle. The numerical SPHysics code 

repeats this procedure every at least 30 time steps using the following equation:

p2ew = Z bm bWab (3.83)

where Wab is the zeroth order corrected kernel function, the same as that described 

in Section 3.10.1.1.

3.10.2.2. Moving least squares MLS

This approach was proposed by Dilts (1999) and applied successfully by Colagrossi 

and Landrini (2003) and Panizzo (2004). This is the first order correction as a linear 

function is used to reproduce the linear variation of the density flow field. Similar to 

the zeroth order correction, the following expression is repeated every 30 time steps:

P lew = X bm bK b LS (3-84)

The corrected kernel, WabLS here can be evaluated from the following equation:

WabLS =  [A>(nD + 0 ix(rD(xa -  **,) + 0 i z ®  (*a -  zb)Wab (3.85)

where (30, p lx and /?lz are the coefficients of the linear correction function.

3.10.2.3. Riemann solver

This technique in the numerical simulation has been developed mainly to solve the 

issue of discontinuity in the flow field variable at a location in space. This issue is 

typical of the variation of density in the numerical SPH method, especially when the 

weakly compressible version is used. The Riemann solver concerns the region where 

the variation is high, known as the star region, which separates the shock wave from 

the rarefaction wave. The solution takes into account the variables located within the 

star region and the speeds of the shock and rarefaction waves. The numerical 

SPHysics code implements the non-conservative form of the Riemann solver method
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which was firstly introduced into the SPH method by Parshikov et al. (1999 and 

2001). This approach modifies the pressure gradient appearing in the momentum 

equation of the SPH method as follows:

( £ ) a = - I t  ™b2Pab ( j l  + % ) VaWab (3.86)

Also, Villa (1999) proposed the following expression as an alternative modification

to the pressure gradient:

( % ) a = - Z b m b ( f ^ ) V aWab (3.87)

In the above two equations, the corrected pressure 2P*b can evaluated from:

2 P a b  = P a  +  P b (3.88)

Similarly, the velocity at the centre of the line that joins two particles can be

estimated from:

2 U ’a b  = Wa + U§ (3.89)

where, UR = u. (3.90)t r ba J

Hence, the continuity equation may change from:

( ~ ) a = Y.„mb(ua - u b)VaWab (3.91)

to

( ^ )  =  - 2 m b{u'ab -  u a)VaWab (3.92)
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Now, considering the values carried by the particles, a and b as the left and right 

states respectively, the intermediate values of the velocity and pressure in the star 

region can be evaluated as:

r r *    P a c g U b  ~^Pbc b U g  P b
U  n h  ( j .y jj

a °  PaCa+PbCb

p*   PacaPb+PbcbPa~PacaPbcb(Ub~Ua^
a ^ P a ca + P b c b

To optimize both the numerical results and computational time, all of the techniques, 

including the kernel and density corrections mentioned above, are examined in two 

stages: first all these techniques are applied individually; second, each technique of 

the kernel correction is used, along with the density correction techniques separately. 

These are described in more detail in Section 4.3.2.1.
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Chapter Four: Code Validation

The SPHysics code has so far been applied to investigate various fluid flow 

problems, including wave breaking (Dalrymple & Rogers, 2006), dam-break (Crespo 

et al. 2008), interaction with coastal structures (Gomez-Gesteira & Dalrymple, 

2004), and moving breakwaters (Rogers et al. 2010). Researchers have compared 

their numerical results with either the experimental observations and/or analytical 

results to examine the performance of the numerical SPHysics code in predicting the 

physical quantities of their studies. In the present investigation the code is applied to 

simulate the characteristics of the skimming flow over stepped spillways having 

slopes typical of the embankment dams in the non-aerated flow region. In order to 

have confidence in the numerical SPHysics model it is important to validate it 

against the existing published data. This chapter concentrates on the procedure of 

validating the numerical SPHysics model in the current investigation. To accomplish 

this, the results of two previously published experimental models are considered to 

evaluate the computational results obtained in this study. Also, it sheds light on the 

effects of various numerical SPH techniques implemented by numerical SPHysics 

code on the computational results, in terms of accuracy and computational time. 

Moreover, it presents the numerical results obtained in this study and compares them 

with the corresponding experimental results.

4.1. Experimental models considered in this study

Since the current work concerns features of the skimming flow over stepped 

spillways, which is characterized by free surface, turbulent and gravitational flow, 

the experimental results of two laboratory models featuring nearly the same flow 

characteristics are considered to validate the numerical SPHysics code. The first one 

is the experimental work of Hager and Schwalt (1994) for flow over a broad crested 

weir, while the second experimental work is the flow over stepped spillways on a 

moderate slope carried out by Meireles and Matos (2009). To characterize the flow 

in a more accurate way the SPS turbulent model, see Section 3.2.3.1 for more 

information, is applied in both test cases to introduce the effect of turbulence in the 

numerical simulation. In addition, as mentioned earlier, in both validation test cases
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the cubic spline kernel function, see Section 3.3, is used to interpolate the flow field 

variables. The Verlet numerical scheme, see Section 3.5, is also incorporated to 

numerically integrate the differential equations. These can be justified on the 

grounds that these techniques have been commonly used to simulate various free 

surface problems that provide relatively accurate computational results without 

excessive computational time.

4.2. Estimation of the flow field variables

In the present work the numerical and experimental results are compared 

qualitatively, to see how well the numerical model captures the conditions of the 

flow while overtopping broad crested weirs and stepped spillways, and quantitatively 

to ensure that the numerical results provided by the numerical model are reliable. 

The quantitative comparison includes the position of the free surface, velocity 

profiles at various sections, and the bottom pressure on the crest of the broad crested 

weir due to various discharges.

The discharge value of the numerical model for both validation test cases is obtained 

from the flow depth and velocity profile at the critical section perpendicular to the 

flow direction. The critical section designates the section of the weir crest where the 

Froude number is equal to one. The reference discharge is calculated at the critical 

section from the following equation (Chow, 1959):

R = (4.1)

where q is the discharge per unit channel width, hc is the flow depth at the critical 

section on the weir crest known as the critical flow depth and g  is the gravitational 

acceleration. In the current work the critical section for all discharges is found 

between half to two thirds of the crest length measured from the upstream comer, 

which agrees well with the range reported in Chow (1959) and Andre (2004). 

Furthermore, in this study the highest particle existing at any section perpendicular 

to the flow direction, taking into account the splashed particles, is considered as a 

free surface particle. This is marked as another advantage of the numerical SPH 

method, as there is no need to define the pressure of the free flow particles, as a gird
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based method does (Monaghan, 1992). Moreover, velocity profile in this study is 

taken at various sections perpendicular to the flow direction. Each section includes a 

number of fluid particles, a and the velocity of each particle, va is estimated from the 

following equation proposed by Gomez -Gesteira et al. (2005):

=  (4 .2)
Wab

where b denotes all fluid particles located within the influence area of the particle 

being considered, Vb is the velocity of neighbouring particles and Wab is the kernel 

function.

As mentioned earlier, the repulsive boundary condition, which is used in the current 

work, assigns zero pressure to the boundary particles during the whole simulation 

time. Therefore, the pressure value at boundary particles needs to be estimated as 

well. In this study the pressure value of each boundary particle is estimated using the 

method proposed by Oger et al. (2006). In this method, the average pressure at each 

boundary particle is estimated from the pressure carried by the neighbouring fluid 

particles situated in a square region of a width equal to the diameter of the pressure 

instrument used in the experiments and a height of 5h, where h is the smoothing 

length.

It is also worth mentioning that the Lagrangian property of the SPH numerical 

method applied in the present study allows us to estimate the mean velocity and 

pressure values at desired points from a number of successive output files, for 

instance 3-5 output files.

Finally, as mentioned above, two experimental works are considered in the present 

study to validate the numerical SPHysics code. Hence, this chapter is divided into 

two main sections to describe how the numerical SPHysics code is validated in the 

present study. Each section initially describes the physical model of the experimental 

work and the numerical models set up procedure, then focuses on the sensitivity 

analysis that is conducted in the current work to improve the numerical results, 

taking into account computational time; finally, the numerical results obtained in this 

study are presented and compared with the corresponding experimental results.
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4.3. Case 1: Flow over broad crested weirs (Hager and Schwalt, 1994)

Broad crested weirs are usually used in hydraulic applications as a discharge 

measuring device. The crest is horizontal and the length is much larger than the flow 

depth, which allows the streamlines to be straight and parallel to the crest (Chow, 

1959; Handerson, 1966). The flow over broad crested weirs is free surface and is 

driven by gravity. Also, the flow upstream of the weir is subcritical, Froude number 

<1, and is supercritical, Froude number >1, downstream. In between, somewhere on 

the weir crest, lies the critical section where the Froude number is equal to one. 

Froude number, Fr in the hydraulics of open channel flow can be defined as.

F r =  m  (4 3 )

where V is the mean flow velocity in the channel, g  is the gravitational acceleration 

and R is the characteristic depth, usually referred to the hydraulic radius. The 

hydraulic radius R is defined as the ratio between the wetted area, A and the wetted 

perimeter, P as R= A/P. In 2D fluid flow test cases the parameter R can be 

approximately represented by the flow depth (Chow, 1959; Handerson, 1966). 

Hence, in the current work the flow depth is applied in Equation (4.3) to determine 

the Froude number.

In fact, the location of the critical section depends on the discharge and the upstream 

weir configuration (Chanson, 2004). However, experimental results have 

demonstrated that the critical section usually occurs between one third and half of 

the crest length from the downstream comer of the weir (Chow, 1959; Andre, 2004). 

The computed discharge value on the weir crest at the critical section for various 

values of the total upstream head Ha are evaluated and compared with the 

corresponding experimental value. In the present work the value of the upstream 

total head H0 is estimated from:

H0 = h0 + Vf g (4.4)
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where hQ is the initial flow depth upstream of the weir and V0 is the mean approach 

velocity. The value of the initial depth is taken, as reported in Hager and Schwalt 

(1994), at a distance upstream to the weir where the flow depth does not change. 

Also, the mean approach velocity is deduced from the velocity profile at that section. 

Then, this value of the upstream total head is used to determine the numerical 

discharge based on the flow depth and velocity profile at the critical section on the 

weir crest.

Finally, it is worth mentioning that numerous experimental works have been carried 

out to investigate the flow properties on broad crested weirs. In the current 

investigation the experimental results presented by Hager and Schwalt (1994) on the 

flow properties over a broad crested weir of a square edge are considered in the 

present study to validate the SPHysics code. The validation includes comparing the 

computed results with the measured data in terms of the position of the water surface 

level, velocity profile at different sections along the crest, as well as the pressure 

bottom head at different boundary points along the crest for a range of discharges.

4.3.1. Description of the experimental and numerical models

Hager and Schwalt (1994) conducted their experiments to characterize the flow 

properties on broad crested weirs. The experimental work was performed in a 

horizontal and rectangular laboratory flume of 7m length, 0.499m width and 0.7m 

height. The weir was placed at a distance of 4.82m from the flume inlet. The broad 

crested weir had a sharp upstream edge, length = 0.5m, height = 0.401m and width 

matching the entire flume width. The discharge was varied within a range producing 

the total upstream head Ha, with respect to the weir crest, to be varied between 

0.0509 and 0.2047m. A miniature propeller meter was used to measure the 

streamwise velocity profile at various sections along the weir crest, while a number 

of pressure taps were inserted at different points along the weir crest to measure the 

bottom pressure. Figure 4.1 plots the physical model tested by Hager and Schwalt 

(1994) in their experimental work.

Following Ferrari (2010) and Lopez e al. (2010), the upstream tank approach is used 

in the present work to set up the numerical computational domain. However, in this 

case study the length of the upstream tank and the dimensions of the weir are 

identical to that of the physical model of Hager and Schwalt (1994).
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i 1.1.
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Figure 4.1. 2D schematic view of the physical laboratory model used by Hager and 

Schwalt (1994) for flow over broad crested weir.

For this purpose a number of equally spaced boundary particles were used to fix a 

solid wall at 4.82m to the left of the upstream comer of the weir. This wall was 

placed to prevent the fluid particles from leaving the solution domain at the left hand 

side. However, no wall was placed to the right hand side of the weir to allow the 

fluid particles to leave the end of the solution domain freely.

The tank between upstream of the weir and the fixed wall of the solution domain was 

filled with fluid particles, with an initial upstream water head of 0.375m as a 

maximum flow depth above the weir crest. The position of each particle was defined 

based on the initial distance between them, while their horizontal and vertical 

velocities were initially set to zero. The flow depth at the left hand side of the weir 

decreased gradually with time evolution, without feedback. This allowed us to obtain 

different total heads upstream of the weir and various unit discharges, velocity 

profiles and pressure distribution along the weir crest. The total simulation time was 

12s and the initial time step was set to 10‘5s to achieve the requirements of the CFL 

condition.

For now in each figure the distances in both directions are metres, velocities are in 

metres per second, pressures are in pascals (N/m2) and densities are in kilograms per 

cubic metre. Also, the colour of each particle appearing in the snapshots represents 

the instantaneous value of the flow variable under scope carried by that particle.
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4.3.2. Sensitivity analysis

The key idea of the sensitivity analysis is to improve the computational results, while 

taking into consideration the computational time. In this study a sensitivity analysis 

is performed to: 1) identify the most efficient numerical SPH techniques, provided 

by the SPHysics code, used for free surface computations, and 2) optimize the initial 

distance between the particles. This allows the author to find out the numerical SPH 

techniques and particle size that provide accurate computational results with less 

computational cost. The following two sections demonstrate the effect of each factor 

individually on improving the computational results of flow over the broad crested 

weir.

4.3.2.I. Identifying the most efficient numerical SPH techniques

It is the purpose of this section to examine the performance of various numerical 

SPH techniques provided by the SPHysics code in improving the numerical results. 

In fact, the numerical SPH techniques examined in this section are: A) staggered and 

Cartesian grid methods, B) dynamic and repulsive boundary conditions, C) kernel 

and kernel gradient correction methods, D) Shepard and Moving least square density 

filters and the non-conservative Riemann solver approach. To simulate the models 

proposed in the present investigation in a more accurate way, the most efficient 

techniques, among the aforementioned numerical SPH techniques, need to be found. 

For this purpose, in the first stage these techniques are applied separately, then the 

most efficient technique of the kernel modification method and the density filter 

approaches are applied together. The numerical results obtained in this study using 

these techniques are presented in the following sections. Following Ferrari (2010) 

the initial distance between the particles, for both the fluid and boundary particles is 

fixed to 0.0075m in both directions to examine the performance of these numerical 

SPH techniques.

A- Staggered and Cartesian grid methods

As mentioned, staggered and Cartesian grid techniques are commonly used in 

numerical SPH methods to reproduce the initial condition of the computational
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domain. The properties of each technique are individually presented in Section

3.6.2.2. However, in this section the performance of the staggered grid approach is 

compared with the Cartesian grid method to see which technique is more efficient to 

represent the fluid particles in the computational domain. The staggered and 

Cartesian grid methods produce a total number of 136924 and 69409 particles 

respectively. Hence, the staggered method is computationally more expensive than 

the Cartesian grid method. It should be noted that the repulsive boundary condition 

method is used herein to generate the boundary particles of the physical walls. 

Figures 4.2a and 4.2b show the initial condition of the numerical SPHysics code for 

the flow over the broad crested weir for a number of fluid particles located close to 

the upstream weir crest using the staggered and Cartesian grid methods respectively. 

These figures show that with the Cartesian grid method a smaller number of fluid 

particles need to be generated compared to the staggered grid method.

Initial P a r tic le  C o n fig u ra t io n

o 65

o 6 :■

0 5  

0 45

4 6 5 “ '  4 7 ' *475 ‘ 4 8  * *  4 8 5  4 9 4 95 5 5 05 5 1 5.15
X tm i

a

Initial P a r t ic le  C o n f ig u r a t io n
0 7 l i . !i r . i r . . n n n . | i i l .  1   1-----

0 6 5 : : : : : : : : : : : : : : : : : : : : :

_  0 5 5 1: : : : : : : : : : : : : : : : : : : : :  
e  E : : : : : : : : : : : : : : : : : : : :n p. ......

0 5 : : : : : : : : : : : : : : : : : : : : :  

o 45 j

0 4p:::::::::::::::::::: |~- - - - ----- —̂- - - - - - - - - - - - - - - - - -- j
4 7 4 75 4 8 4 85 4 9 4 95 5 5 05 5 1  5 1 5

b

Figure 4.2. The initial condition of the numerical SPHysics model at t=0 for: 

a) staggered gird method and b) Cartesian grid method
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Table 4.1 presents the discharge values predicted by the SPHysics code qspHysics with 

the Cartesian and staggered grid methods for different values of the total upstream 

head Ho and compares them with the experimental qexperimentai values. Also, it presents 

the percentage of the relative error for each total upstream head value due to the 

difference between the computed and measured discharge. The percentage of the 

relative error, Relative Error %, is calculated from the following expression:

Relative Error% = (4 5)
Qexperimentai

As can be seen from this table the differences between the computed and measured 

discharge are relatively high, reaching 34% as a maximum percentage relative error. 

The most obvious reason of these differences is that no numerical SPH technique, 

except the SPS turbulence model, is used for solving the governing equations and 

hence the numerical results are due to the standard SPH formulations. In addition, 

the particle size of 0.0075 may not be sufficient to produce accurate results. 

Moreover, despite the fact that the staggered grid method considerably increases the 

computational time compared to the Cartesian grid method, no major improvements 

can be observed in Table 4.1 regarding the numerical results provided by the 

staggered grid method. Therefore, in the present study the Cartesian grid method is 

used to achieve satisfactory results and save execution time.

H o

(m)
qexperimentai

(m2/s)

qSPHysics

(m2/s) Relative
Error%

qSPHysics

(m2/s) Relative
Error%

Staggered Cartesian
0.2047 0.13614 0.09706 -28.71 0.09430 -30.73
0.178 0.10966 0.07828 -28.62 0.07616 -30.55
0.1392 0.07518 0.05457 -27.41 0.05314 -29.32
0.1084 0.05196 0.03787 -27.12 0.03677 -29.23
0.0844 0.03562 0.02601 -26.98 0.02530 -28.97
0.0607 0.02180 0.01595 -26.84 0.01554 -28.72

Table 4.1. Comparison between the experimental and computed discharge predicted 

by the SPHysics code by using the staggered and Cartesian grid methods.
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B- Dynamic and repulsive boundary conditions

This section presents the computed discharge values of this study produced by both 

the dynamic and repulsive boundary condition methods, with the corresponding 

experimental ones presented by Hager and Schwalt (1994) for different total 

upstream heads. This allows one to examine their performance in simulating the 

boundary walls of the physical geometry. The initial condition of the numerical 

SPHysics code for the flow over the broad crested weir is depicted in Figures 4.3 and

4.4, using the dynamic and repulsive boundary condition methods respectively. 

These figures illustrate that with the dynamic boundary condition each particular 

wall is represented by two layers of zig-zag particles, whereas the wall is modelled 

by one layer of particles with the repulsive boundary condition method.
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Figure 4.3. Initial condition of the numerical SPHysics model for the flow over the 

broad crested weir. The blue particles represent the fluid particles and red particles 

represent the dynamic boundary particles: a) near the corner and b) near the weir 

crest.
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Figure 4.4. Initial condition of the numerical SPHysics model for the flow over the 

broad crested weir. The blue particles represent the fluid particles and red particles 

represent the repulsive boundary particles: a) near the corner and b) near the weir 

crest.

Figures 4.5 and 4.6 display the evolution of flow with time over the broad crested 

weir with the dynamic and repulsive boundary condition methods respectively at 

different time instants of the numerical simulation.
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Figure 4.5. Evolution of flow over the broad crested weir with the dynamic boundary 

condition at: a) t=ls, b) t=2s and c) t=3s.

It is obvious from Figure 4.5 that despite the use of a large number of boundary 

particles with the dynamic boundary condition method to represent the 2D geometry 

of the weir, a number of fluid particles are able to penetrate the boundary walls. 

Meanwhile, Figure 4.6 shows that the repulsive boundary condition technique is 

more efficient than the dynamic boundary condition method in terms of preventing 

fluid particles from crossing the boundary walls. In fact, Gomez-Gesteira et al. 

(2012) stated that the dynamic boundary condition may not be fully impermeable 

and recommended using this kind of boundary condition with great care, especially 

in high velocity flow problems.
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Figure 4.6. Evolution of flow over the broad crested weir with the repulsive 

boundary condition at: a) t= ls, b) t=2s and c) t=3s.

In addition, as can be observed from Figure 4.5, there are quite a few particles in the 

air, which may be due to the repulsion force exerted by the boundary particles on the 

fluid particles. To compare the numerical results of both methods, Table 4.2 shows 

the percentage of the relative error due to the differences between the experimental 

and computed discharge values provided by both the dynamic and repulsive 

boundary conditions. This table clearly demonstrates that for all of the total upstream 

head values the numerical results in terms of the discharge obtained with the 

repulsive boundary condition are much better than those predicted with the dynamic 

boundary condition. This can be attributed to the effect of the penetration 

phenomenon that occurred with the dynamic boundary condition. Thus, in the 

current work the repulsive boundary condition is used to avoid the issue of 

penetration and to optimize time as well.

It can be also observed that the computed discharges with the repulsive boundary 

condition are still far from those presented by Hager and Schwalt (1994) from their 

experimental work. The differences between the measured and computed discharge 

values can be also explained by: 1) the use of only the classical SPH formulations to 

solve the governing equations without the use of the recent developed numerical
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particle-based techniques and 2) the use of the particle size of 0.0075, which in terms 

of the particle size may be relatively coarse for this particular test case.

H o

( m )

qexperimentai

(m2/s)

qSPHysics

(m /s) Relative
Error%

qSPHysics

(m2/s) Relative
Error%

Dynamic Repulsive
0.2047 0.13614 0.08306 -39.00 0.09430 -30.73
0.178 0.10966 0.06610 -39.72 0.07616 -30.55

0.1392 0.07518 0.04476 -40.46 0.05314 -29.32
0.1084 0.05196 0.03122 -39.92 0.03677 -29.23
0.0844 0.03562 0.02142 -39.89 0.02530 -28.97
0.0607 0.02180 0.01310 -39.91 0.01544 -28.72

Table 4.2. Comparison between the experimental and computed discharge predicted 

by the SPHysics code by using the dynamic and repulsive boundary conditions.

C- Kernel and kernel gradient correction approaches

These two numerical SPH techniques have been employed by the SPHysics code to 

handle numerical instabilities caused by fluid particles located close to the domain 

boundaries, such as the wall boundaries and free surface, due to the truncation of the 

kernel function. These methods are applied herein individually to: 1) see whether 

these techniques could improve the accuracy of the computed values and 2) find out 

the technique that provides numerical discharge values which are closest to the 

experimental results.

Table 4.3 presents the computational results provided by the SPhysics code from 

both techniques and compares them with the corresponding experimental results. As 

can be seen from this table, both techniques improve the numerical results and 

considerably reduce the relative errors compared to those presented in Table 4.2. 

These improvements in the numerical results can be attributed to the fact that the 

modified kernel function and modified kernel gradients play an effective role in 

summing up the flow field variables carried by the fluid particles, especially those 

located near the domain boundaries. Also, minor differences can be observed 

between the computational results of these two approaches, demonstrating that both 

perform nearly the same in terms of improving the computational results. Moreover, 

the execution time required for calculating the numerical results of both these
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techniques is almost identical. However, in the present study the modified kernel 

function is used to simulate the numerical models of flow over stepped spillways.

H0
(m)

qexperimentai

(m2/s)

qSPHysics

(m2/s)
Relative
Error%

qSPHysics

(m2/s)
Relative
Error%Modified

kernel
function

Modified
kernel

gradients
0.2047 0.13614 0.1005 -26.18 0.10046 -26.25
0.178 0.10966 0.8144 -25.73 0.08132 -25.85

0.1392 0.07518 0.05592 -25.62 0.05604 -25.46
0.1084 0.05196 0.03876 -25.41 0.03880 -25.33
0.0844 0.03562 0.02664 -25.21 0.02660 -25.32
0.0607 0.02180 0.01636 -24.95 0.01632 -25.14

Table 4.3. Comparison between the experimental and computed discharge predicted 

by the SPHysics code by using the modified kernel function and modified kernel 

gradients.

Further, it can be observed that the computational results are still away from the 

experimental data, as the maximum absolute relative error is approximately 26%. 

This may because the modifications of the kernel function and its gradients have just 

fixed the numerical instabilities caused by a number of particles located near the 

domain boundaries, and the issue of pressure oscillations still exists. Figures 4.7a to 

4.7c depict the pressure flow field predicted by the SPHysics code with the modified 

kernel function and modified kernel gradients at time instants of t=4.5s, 5.5s and 6.5s 

respectively. These figures clearly show that although the kernel function and its 

gradients are modified in such a way as to handle the truncation of kernel function 

close to the boundaries of the computational domain, fluctuations with high amounts 

still appear in the pressure flow field. The explicit determination of the pressure on 

the fluid particles using the equation of state could be the main source of these 

fluctuations.
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Figure 4.7. Pressure flow field with colour-coded pressures predicted by the 

numerical SPHysics code with the modified kernel function (left) and modified 

kernel gradients (right) at: a) t=4.5s, b) t=5.5s and c) t=6.5s.
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D- Numerical SPH density filter approach

To smooth out the fluctuations in the density flow field remaining from the previous 

numerical simulations it is necessary to apply density filters. The SPHysics code 

applied in this study implements three different methods, namely; Shepard, MLS and 

non-conservative Riemann solver. The features of each technique are described in 

detail in Sections 3.7.5, 3.7.6 and 3.7.7 respectively. However, in this section these 

three approaches are applied separately to evaluate their capability in removing 

oscillations in the flow fields. Table 4.4 shows the discharge values produced by 

each of the density filter techniques mentioned above for various values of the total 

upstream heads. Also, the percentages of the relative error due to the differences 

with the corresponding experimental data are presented.

This table shows that with the Riemann solver the maximum percentage absolute 

relative error is minimum compared to the Shepard and MLS techniques. This 

demonstrates that the Riemann solver performs significantly better than the Shepard 

and MLS density filters in removing the fluctuations in the density field.

H0
(m)

qexperimentai

(m2/s)

qSPHysics

(m2/s) Relative
Error%

qSPHysics

(m2/s) Relative
Error%

qSPHysics

(m2/s) Relative
Error%

Shepard MLS
Riemann
Solver

0.2047 0.13614 0.11104 -18.45 0.11120 -18.32 0.11828 -13.11
0.178 0.10966 0.09006 -17.87 0.09076 -17.24 0.09572 -12.71
0.1392 0.07518 0.06184 -17.74 0.06244 -16.95 0.06578 -12.50
0.1084 0.05196 0.04290 -17.44 0.04342 -16.45 0.04560 -12.24
0.0844 0.03562 0.02948 -17.25 0.02990 -16.06 0.03132 -12.07
0.0607 0.02180 0.01806 -17.06 0.01834 -15..87 0.01920 -11.93

Table 4.4. Comparison between the experimental and computed discharge predicted 

by the SPHysics code by using the Shepard, MLS and Riemann solver density filters.

Figures 4.8 to 4.10 display the pressure evolution at four different time instants 

during the numerical simulation, as predicted by the SPHysics code obtained with 

the Shepard, MLS and Riemann solver techniques respectively. These figures show 

that the Riemann solver is more efficient than the Shepard and MLS techniques in
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removing the oscillations in the pressure flow field. This could be due to the 

mechanisms by which the Riemann solver performs the removal of such oscillations. 

In addition, the Riemann solver updates the density and pressure flow fields every 

time step, while the Shepard and MLS density filters need to be applied occasionally, 

for instance every 30 time steps, to avoid excessive execution time. It can also be 

observed that the performance of both the Shepard and MLS techniques is 

approximately the same. However, it is worth mentioning that the Riemann solver 

increases the computational time by 15% compared to the other two density filter 

approaches. Although the calculation time of the non-conservative Riemann solver is 

more than the Shepard and MLS method, the Riemann solver technique is used in 

this study in order to keep the flow field variables as smooth as possible and to 

simulate the characteristics of the flow over broad crested weirs and stepped 

spillways in a more accurate way.

Figure 4.8. Pressure flow field with colour-coded pressure values predicted by the 

numerical SPHysics code with the Shepard density filter at: a) t=4.5s, b) t=5.5s, 

c) t=6.5s and d) t=7.25s.
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Figure 4.9. Pressure flow field with colour-coded pressure values predicted by the 

numerical SPHysics code with the MLS density filter at: a) t=4.5s, b) t=5.5s, 

c) t=6.5s and d) t=7.25s.
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Figure 4.10. Pressure flow field with colour-coded pressure values predicted by the 

numerical SPHysics code with the Riemann solver density filter at: a) t=4.5s, 

b) t=5.5s, c) t=6.5s and d) t=7.25s.

E- Modified kernel function approach combined with the non-conservative 

Riemann solver approach.

Sections D and E confirm that the modified kernel function and Riemann solver 

effectively contribute in improving the computational results of the SPHysics code 

when they are applied separately. In this section both of them are applied together in 

an attempt to increase the accuracy of the numerical results. The computational 

results of this case are presented in Table 4.5 and compared with the results gathered 

from the experimental work. It is obvious that the accuracy of the computational 

results is considerably improved when these two numerical methods are both used. 

This is because the modified kernel function may solve the compactness issue of the 

kernel function, while the non-conservative Riemann solver could reduce the 

considerable amount of the fluctuations occurring in the flow field.

Figures 4.11a to 4.1 Id show the pressure flow field over the broad crested weir 

predicted by the numerical SPHysics model obtained with the modified kernel 

function and Riemann solver technique, at time instants of t= 4.5s, 5.5s, 6.5s and 

7.25s respectively. From these figures it can be concluded that the accuracy of the 

computed discharges is increased when the modified kernel function and the 

Riemann solver density filter techniques are applied together. Hence, both these
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numerical SPH approaches are utilized together in the current investigation to 

accurately simulate the subsequent numerical models.

H0
(m)

qexperim entai

(irf/s)

q S P H y sic s

(nr2/s)

R elative
Error%

Riemann
Solver&
modified

kernel
function

0.2047 0.13614 0.12132 -10.89

0.178 0.10966 0.09922 -9.52

0.1392 0.07518 0.06794 -9.63

0.1084 0.05196 0.04750 -8.58

0.0844 0.03562 0.03268 -8.27

0.0607 0.02180 0.01994 -8.52

Table 4.5. Comparison between the experimental and computed discharge predicted 

by the SPHysics code by using the modified kernel function and the Riemann solver 

density filters.
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Figure 4.11. Pressure flow field with colour-coded pressure values predicted by the 

numerical SPHysics code with the modified kernel function and Riemann solver 

density filter at: a) t=4.5s, b) t=5.5s, c) t=6.5s and d) t=7.25s.
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4.3.2.2. Optimizing the initial distance between the particles

The above section presents the most efficient numerical SPH techniques required to 

accurately simulate free surface flow over the hydraulic structures that are the 

concern of the current work. As has been observed, the numerical results provided 

by the SPHysics code in terms of the discharge above the weir crest are still far from 

those documented by Hager and Schwalt (1994) in their experimental work. 

However, the computed discharges presented in the above section are obtained with 

only one particle size, of 0.0075m. It is therefore essential to examine different 

particle sizes in order to increase the accuracy of the computational results. This 

section aims to find the particle spacing which best improves the numerical results 

and optimizes the computational time. Four different resolutions, of 0.01, 0.0075, 

0.005 and 0.003 are used herein to perform the convergence study in terms of the 

initial distance between both the fluid and boundary particles. These resolutions 

produce a total number of particles of 45345, 67985,123456 and 234567 

respectively.

Table 4.6 shows the percentages of the relative error produced by each particle size 

examined in the present study for various values of the total upstream head. The 

error is due to the difference between the computed and measured discharge values. 

As can be observed from this table, the error is increased when the distance between 

the particles is increased. This can be attributed to the fact that as the particles are 

placed far away from each other a smaller number of them will be included in the 

interpolation procedure to estimate the velocity at the points located along the critical 

section. In addition, it is observed that for all values of the total upstream, when the 

initial distance between particles is smaller than 0.005m the discharge value is 

slightly improved and the computational time is considerably increased.
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H0
(m)

Relative error%
Particle 
size (m) 0.003 0.005 0.0075 0.01

0.2047 -5.20 -5.50 -10.89 -12.81

0.178 -4.05 -4.50 -9.52 -11.78

0.1392 -4.12 -4.58 -9.63 -10.91

0. 1084 -4.07 -4.46 -8.56 -9.04

0.0844 -4.55 -4.95 -8.27 -9.94

0.0607 -3.12 -3.67 -8.52 -9.83

Table 4.6. Convergence study for optimizing the initial distance between the 

particles by using four different resolutions to compare between experimental and 

numerical values of discharge.

Moreover, it is worth mentioning that for all values of the total upstream head, the 

SPHysics code under-predicts the discharge of the experimental work, even when the 

smallest particle spacing, 0.003m, is used. This may be due to the fact that Equation

(4.1), which is used to calculate the reference discharge in the present study, is 

basically derived on the basis that: 1) the pressure distribution on the weir crest is 

hydrostatic and 2) the energy loss between the upstream comer of the weir and the 

critical section is so small that it can be considered to be negligible. Nevertheless, 

from Table 4.6 one can consider that 0.005m is probably the most appropriate value 

of the particle spacings among the other values examined in this study, in terms of 

the accuracy and the time required for computing the numerical results. Therefore, 

the initial distance between the boundary and fluid particles in both directions is 

fixed to 0.005m to run the subsequent numerical models of flow over the broad 

crested weir.

4.3.3. Comparison of the computational results with the experimental data

In this section the results obtained from the experimental work of Hager and Schwalt 

(1994) are compared with the numerical results provided by the SPHysics code. As 

mentioned earlier, the comparison is divided into two the parts: qualitative and 

quantitative comparisons.

Before beginning with the qualitative comparison, it is worth explaining the flow 

conditions of overtopping broad crested weirs. The flow over a broad crested weir is
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a free surface problem. Along with the internal force, the flow is also influenced by 

the gravitational force to overtop the weir crest, and in form it looks like a jet. As 

time evolves the flow hits the bottom floor of the right tank with large deformations 

at some distance downstream of the weir, depending on the total head of water 

upstream to the weir, forming a nappe at the end of the crest. At this instant a portion 

of the flow continuously returns towards the weir body, which gradually increases 

the flow depth in the region under the jet. Then this region gradually empties as both 

the head and the velocity of the jet decrease. As shown in Figures 4.12a to 4.12f, 

these flow conditions are depicted from the snapshots of the numerical simulation for 

the flow over the broad crested weir at different time instants. These snapshots 

demonstrate that the computational results provided by the SPHysics code are 

qualitatively in good agreement with the experimental data, demonstrating that the 

numerical SPHysics code captures the physical behaviour of the flow over broad 

crest weirs well.
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Figure 4.12. Snapshots of free surface profile at: (a) t=0.4s, (b) t=0.55s, (c) t= 1.35s, 

(d) t=4.9s, (e) t=8.0s and (f) t= 11.5s of flow over the broad crested weir predicted 

by the SPHysics code with colour-coded pressures.

Now the quantities of the How field variables predicted by the numerical SPHysics 

code will be presented and compared with the experimental data. This includes the 

position of the free surface, velocity profiles at different sections along the weir crest 

and the pressure head at different points along the top of the weir.

Hager and Schwalt (1994) presented different free surface profiles due to various 

discharge rates. Figure 4.13 displays the experimental and computed free surface 

profiles, in which jc represents the horizontal distance originating at the upstream 

edge of the weir and y  is the position of the free water surface relative to the weir 

crest. The maximum absolute relative error due to the difference between the 

experimental and numerical values is found to be less than 8.0%. This error may be 

due to the difference in discharge value produced by both the experimental and 

numerical results. However, it can be concluded that although the numerical results 

tend to slightly under-predict the measured results, especially for high discharges, 

the numerical model predicts the position of free surface well for all discharges.

94



0.7

0.6
0.5

0.4

0.3

0.2

0.1

0

--------------------

0.2 0.4 0.6 0.1

Distance- (m)
1.2

Figure 4.13. Comparison between experimental (continuous curves) and numerical 

SPHysics (circles) free surface positions for some test runs: Run 11 ( )

Run 10 ( ) Run9 ( ) Run8 (-------) and Run6 ( ).

Velocity profiles measured by Hager and Schwalt (1994) at different sections along 

the crest of the weir for the maximum discharge are compared with those predicted 

by the SPHysics code. The horizontal component of the flow velocity u was 

measured at different points in the direction perpendicular to the flow and at 

different distances from the upstream weir corner. Figures 4.14a to 4 .14d show these 

velocity profiles in terms of the normalized velocity u / (2gH/l) 1/2, and normalized 

vertical distance y/H 0 at sections x/H„— 0, 0.5, 1 and 2 respectively, where g is the 

gravitational acceleration and Ha is the total upstream head. The horizontal velocity 

of flow at the upstream edge of the weir at x/Ho- 0  is rapidly varied over a short 

distance in the vertical direction on the weir crest. This is the region where water 

attaches to the body of the weir and hence the thickness of the boundary layer is 

small. Negative velocities were measured by Hager and Schwalt (1994) and well 

predicted by the SPHysics numerical model at x/Ho=0.5. The negative velocity is 

due to the presence of some eddies moving in a recirculation region next to the 

upstream corner of the weir. The formation of this region may be due to the square 

edge configuration of the weir used in the experimental work. Further downstream 

from the upstream edge and specifically at x/H()- l  and x/H ()=2 the flow velocity has 

reached its peak value at relatively higher distances from the weir crest. This reveals 

that the thickness of boundary layer increases along the weir length.
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Figure 4.14. Comparison between the experimental and SPHysics numerical 

velocity profiles at sections: (a) x/H o=0, (b) x/H(l=0.5, (c) x/Ha- l  and (d) x/H()-2 .

Figures 4.15a to 4 .15d present variations of the horizontal flow velocity along the 

weir crest obtained from the numerical SPHysics code applied in the current work. 

Overall, one can observe that both the value and shape of the velocity profiles 

predicted by the SPHysics code are in close agreement with the corresponding 

experimental results.

a b
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Figure 4 . 15. Variation of the horizontal velocity of flow along the weir crest with 

colour-coded velocities: (a) Ho=0.204m, (b) Ho=0.178m, (c) Ho=0.1392m and 

(d) Ho=0.1084m.

Finally, Hager and Schwalt (1994) characterized the bottom pressure head along the 

weir crest using pressure taps. Figure 4.16 illustrates both the normalized pressure 

heads (P/pgH,,) measured at different points along the weir crest and those predicted 

by the SPHysics code for one set of experimental discharge values. In fact, the 

highest relative error, due to the difference in the experimental and computational 

results, is about 9%. This indicates that the numerical values are in reasonably good 

agreement with the corresponding experimental values, especially in predicting the 

value and position of both the minimum and maximum pressures.
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Figure 4.16. Comparison between the experimental (continuous curve) and SPHysics 

(circles) numerical values of pressure head above the weir crest - Runl 1.
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4.4. Case 2: Characteristics of skimming flow region in the non-aerated flow 

region on moderate slopes (Meireles and Matos, 2009)

The aim of this section is to verify the numerical SPHysics code based on the 

experimental results gathered by Meireles and Matos (2009). They conducted their 

experiments on a laboratory model to investigate the features of skimming flow 

condition in the non-aerated flow region over a moderate slope stepped spillway. 

This section starts with a description of both the experimental and numerical models, 

then the experimental results are compared with the computational results in terms of 

the flow depth and velocity profile at different sections along the non-aerated flow 

region for a range of discharges typical of skimming flow conditions.

4.4.1. Description of the experimental and numerical models

Experimental work was conducted by Meireles and Matos (2009) to investigate the 

properties of skimming flow in the non-aerated region on a stepped spillway of 

1V:2H bottom slope. The model consisted of a broad crested weir of a semi-circular 

shape upstream comer. The height and length of the weir were 0.5m, and ten 

identical steps of 0.05m height were used to fit the downstream slope. Figure 4.17 is 

the 2D plot of the laboratory stepped spillway model tested with all parameters 

required to define the skimming flow conditions in the non-aerated flow region. In 

addition, Meireles and Matos (2009) used point gauges to measure the flow depth, in 

order to locate the position of the free surface along the non-aerated flow region. 

Also, a pitot tube was used to measure the streamwise velocity at different sections 

perpendicular to the pseudo bottom originating at the outer edge of steps, located in 

the non-aerated flow region.

The main objective of their study was to determine the coordinates of the inception 

point of air entrainment for a range of flow rates, represented by the normalized 

critical depth above the weir crest hc/hs, where hc is the critical flow depth and hs is 

the step height, 1.27<hjhs< 1.74, typical of the skimming flow conditions. The 

authors in their investigation defined the inception point as where white water starts 

to appear along the slope and across the entire width of the chute.
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Figure 4.17. 2D schematic representation of the laboratory model used in the 

experimental work of Meireles and Matos (2009) for flow over a stepped spillway.

In the present work the repulsive boundary particle is used to represent the solid 

walls of physical geometry. In addition, fluid particles are initially placed to the left 

hand side of the stepped spillway using the Cartesian grid approach. The initial 

distance between each pair of particles, both fluid and boundary, is 0.005m, 

determined by a convergence study in Chapter 4. In fact, in the computations 

different lengths are initially assigned to the length of the tank upstream of the broad 

crested weir in an attempt to diminish the wavy free surface observed by the author 

in the upstream tank during the simulation tests. The occurrence of this phenomenon 

can be partly attributed to the fact that the boundary particles along the left wall of 

the domain produce a repulsive force, forcing fluid particles to move forward and 

flow over the weir. In contrast, the repulsive force from the boundary particles of the 

upstream wall of the weir acts in the opposite direction and hence the nearby water 

particles move towards the left wall of the domain. Both of these movements of 

water particles cause the free surface to be unstable and wavy. It was found that a 

tank length of 7.5m is sufficient to achieve an almost stationary condition of the free 

surface on the upstream tank. Ferrari (2010) also used this length to study the 

characteristics of flow over sharp crested weirs. Therefore, in this case a solid wall is 

placed 7.5m upstream of the broad crested weir and the distance between them is 

filled with fluid particles with an initial upstream head of 0.175m as a maximum 

flow depth with respect to the crest level.
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In this case study the whole simulation time is 15s and the time step is initially set to 

10'4s to fulfil the CFL condition. Following Meireles and Matos (2009), Equation

(1.1) proposed by Chanson (1994), see Chapter 1, is used in this test case to ensure 

the establishment of the skimming flow condition, while Equation (4.1) is used to 

determine the discharge overflowing the stepped spillway.

Finally, it should be noted the numerical SPH techniques which have been found 

from the sensitivity analysis of the present work, see Section 4.3.2.1A to section 

4.3.2.IE, are also applied herein to simulate the properties of the skimming flow 

conditions above the stepped spillway studied in this case study.

4.4.2. Comparison between the experimental and computational results

The flow over stepped spillways is free surface and it is driven by gravitational 

acceleration. When water flows over stepped spillways with rates typical of the 

skimming flow condition, it flows over the weir crest like a jet and hits the 

horizontal face of nearly all the steps downstream of the weir. The flow can be 

divided into two parts: the first part is the main flow represented by the stream, 

which coherently skims over the pseudo bottom formed by the step outer edges 

(Chanson, 2002). The second part is the secondary flow which often forms under the 

main flow and is the flow entrapped in the recirculation zone located inside the step 

cavity, delimited by both the horizontal and vertical faces. In this zone some water 

particles continuously return towards the vertical face of the steps and rotate in a 

triangular area, then eject back to the main flow. The height of the triangular area is 

nearly the same as the step height, whereas the base is about two thirds of the step 

tread (Andre, 2004). In the current work after 4.5s, almost all the aforementioned 

flow features are achieved, which reveal that the conditions of the skimming flow 

regime have been attained. In Figures 4.18a to 4.18d, four snapshots are shown from 

the simulation predicted by the numerical SPHysics code at different time instants. 

These figures show the capability of the numerical model to capture the physical 

behaviour of the skimming flow condition over moderate stepped spillways.

The following section presents the computational results obtained in the current 

work and compares them with the corresponding experimental results gathered by 

Meireles and Matos (2009). Convergence analysis in terms of the particle size is also 

performed in this test case using four particle sizes: 0.003, 0.005; 0.0075 and 0.01m,
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providing four different total number of particles: 621332, 233691, 100820 and 

56768 respectively.

c d

Figure 4.18. Snapshots of flow over stepped spillways predicted by the SPHysics 

numerical code applied in this study at (a) 0.45s, (b) Is, (c) 5s and (d) 6.4s with 

pressure colour-coded.

The percentages of the relative error due to the difference between the experimental 

and computed discharge for different critical flow depths hc, initial distance between 

particles dx and total number of particles np are presented in Table 4.7. As can be 

observed in this table, using the particle size 0.005m produces good optimization in 

terms of computational time and accuracy.



hc
(m)

Relative error%
dx
(m) 0.003 0.005 0.0075 0.01
np 621332 233691 100820 57678

0.087 -5.35 -5.63 -11.8 -14.7
0.07935 -4.25 -4.71 -9.94 -12.35
0.0716 -3.52 -4.00 -8.32 -10.12

0.0635 -4.07 -4.45 -7.25 -9.27

Table 4.7. Convergence analysis in terms of particle size and percentage of the 

relative error as a result of the differences between experimental and SPHysics 

numerical values of discharge for different values of the critical depths.

Table 4.8 presents the experimental and SPHysics numerical values of discharge per 

unit width q for different critical flow depths over the weir crest hc examined in the 

experimental work. Apparently, for all values of hc the numerical model 

under-predicts the experimental results with an absolute maximum error of 5.63%. 

This indicates that the numerical values in terms of the discharge agree reasonably 

well with the experimental results.

hc
(m)

qexperiment

(m2/s)
qSPHysics

(m2/s)
Relative
error%

0.087 0.0804 0.0755 -5.63
0.07935 0.070 0.0667 -4.71
0.0716 0.060 0.0576 -4.00
0.0635 0.050 0.0478 -4.45

Table 4.8. Comparison between the experimental and SPHysics numerical values of 

discharge per unit width, for particle spacing of 0.005m.

Also, based on their experimental data for free surface positions along the chute 

slope in the non-aerated flow region for various discharges, Meireles and Matos 

(2009) developed the following two equations to define the coordinates of the 

inception point:

^  =  5.25(F,)°-9S 

j  =  0.28(F,)°-68

(4.6)

(4.7)
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where L, is the length to the inception point, is the flow depth at the inception 

point, Ks is the roughness height perpendicular to the pseudo bottom which can be 

determined from Ks= hs cosO and F* is the roughness Froude number defined by

F* = Qw/yl9  sin OKs where qw is the discharge per unit channel width, g is  the 

gravitational acceleration and 0 is the bottom slope of the stepped spillway.

The experimental values of the flow depth along the chute slope d , normalized by the 

flow depth at the inception point d/dt, were correlated with Z/L„ where L is the 

length measured from the upstream end of the spillway, as below:

-  =  0.971 +  0.891e-3-41(L/ti) (4.8)

The numerical flow depths along the chute slope predicted by the SPHysics code 

obtained in this study for the range of discharges tested in the experimental work, 

1.27< h/hs <1.74, are compared with the corresponding experimental values. In 

practice, Equations (4.6), (4.7) and (4.8) are used to perform this comparison as not 

all experimental data gathered by Meireles and Matos (2009) is available. 

Figure 4.19 plots the computed and measured free surface profile d along the chute 

slope L in the non-aerated flow region for a range of flow rates, represented by hc/hs. 

The comparisons demonstrate a very good agreement between the experimental and 

SPHysics numerical results with a maximum relative error between measured and 

simulated flow depth of less than 10%. In addition, it is clear that the rapid flow 

without aeration in the non-aerated flow region decreases the flow depth along the 

chute slope towards the inception point of air entrainment. This has been clearly 

observed by most of researchers (e.g. Ohtsu & Yasuda, 1997; Chanson, 2002; 

Meireles and Matos, 2009) who investigated the skimming flow conditions in the 

non-aerated flow region on stepped spillways of moderate slopes.

103



0.0500

c  0.0450

0.0400
j=
K. 0.0350D
1  0.0300

E  0.0250

0.0200

0.0150
0.2 0.4 0.6 0.80
Length along the chute slope-L (m)

Figure 4.19. Comparisons between the experimental (curves) and numerical (circles) 

free surface profiles along the chute slope for different discharges represented by

h(/h s.

It is worth mentioning that the current work estimates the start point of air 

entrainment based on the hypothesis of Chanson (2002), stating that it corresponds to 

the point downstream of the weir crest where the turbulent boundary layer intersects 

the free surface. To do so, the thickness of the turbulent boundary layer 5 along the 

chute slope is determined from the velocity profiles along the chute slope for 

different discharges. The thickness of the turbulent boundary layer refers to that 

point of the velocity profile above which the velocity is 0.99 of the maximum flow 

velocity. Figure 4.20 shows the determination of the inception point of air 

entrainment for q -  0.05 m~/s and 2.2 < L/Ks< 5.
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Figure 4.20. The inception point of air entrainment determined by the SPHysics code 

from the intersection point of numerical free surface with the developed turbulent 

boundary layer for q= 0.05nf/s  and 2.2 < IYKS< 5.
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Table 4.9 shows a comparison between the experimental results of Meireles and 

Matos (2009) and the SPHysics numerical predictions, in terms of the coordinates of 

the inception point for the range of discharges tested in the experimental work. The 

experimental results are deduced from Equations (4.6) and (4.7), while the numerical 

results are estimated based on the definition of the inception point defined above. 

From Table 4.9 it can be noticed that the maximum percentage relative error among 

the experimental and numerical results is about 6.15%, demonstrating a reasonable 

agreement between them.

hc/hs dj-exp.

(m)

dj-SPHysics

(m)

Relative
error%

Lj-exp.

(m)

L i.

SPHysics

(m)

Relative
error%

1.27 0.0235 0.0226 -3.83 0.566 0.591 4.42

1.44 0.0266 0.0255 -4.14 0.673 0.708 5.20

1.59 0.0295 0.0280 -5.08 0.779 0.821 5.40

1.74 0.0325 0.0305 -6.15 0.884 0.934 5.66

Table 4.9. Comparison between the experimental and SPHysics numerical results in 

terms of the coordinates of the inception point of air entrainment for different 

normalized discharge h(/hs values.

In the current work the velocity flow field along the chute slope predicted by the 

SPHysics for h(/hs= 1.74 and 1.59 are plotted in Figures 4.21a and 4.21b 

respectively. Apparently, different velocity distributions on the steps can be observed 

along the flow direction. The flow velocity at steps close to the weir crest is 

relatively low and is almost constant over the entire flow depth. This indicates that 

the thickness of the boundary layer is small. Then the velocity increases towards the 

downstream and reaches its peak value at a section called the inception point of air 

entrainment. At this section the flow velocity varies across the whole flow depth, 

revealing that the boundary layer has fully developed.
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Figure 4.21. Variation of flow velocity over a stepped spillway, predicted by the 

SPHysics code applied in this study, with colour-coded velocities: (a) hc/h s= 1.74 

and (b) h(/h s= 1.59.

Furthermore, Meireles and Matos (2009) measured the flow velocity V parallel to the 

flow direction along the chute slope L with an origin at the downstream corner of the 

weir in different sections due to various discharges. Figures 4.22 and 4.23 show the 

velocity profiles provided by the experimental and numerical models within the non- 

aerated flow region in L=0.11m, and the inception point respectively. In these 

profiles y  refers to the distance of the point at which the flow velocity was measured 

from the step outer edge, taken at any section perpendicular to the pseudo bottom. As 

can be seen from these figures there is a slight difference between the numerical and 

experimental velocity values with a maximum relative error of 4.5%, the shapes of 

the velocity profiles are very similar.
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Figure 4.22 Comparison between the experimental (continuous lines) and SPHysics 

numerical (circles) velocity profiles at L= 0.11m. (a) hc/hs= 1.27, (b) hc/hs=1.44 and 

(c) hc/hs=l .59.
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a b

Figure 4.23 Comparison between the experimental (continuous lines) and SPHysics 

numerical (circles) velocity profiles at the inception point, (a) hc/hs= 1.27, (b) 

hc/hs= 1.44 and (c) hc/hs= 1.59.

From the above two case studies it can be observed that the numerical SPHysics 

code, as an implementation of the computational smoothed particle hydrodynamics 

method, is capable of simulating the properties of skimming flow condition over 

stepped spillways. Therefore, this numerical code is applied to simulate all the 

computational models proposed in this investigation. It is worth mentioning here that 

in this study the values of Cs and e are taken as 0.12 and 0.5 respectively for 

calculating the turbulent eddy viscosity in Equation (3.45) and the velocity of fluid 

particles in Equation (3.52). This is justified on the ground that these values are the 

default values of the SPHysics code applied in the present work. However, it would 

be interesting to conduct a sensitivity analysis by using different values for both 

parameters in order to investigate their impact on the accuracy of the computational 

results.

The next chapter presents and discusses the computational results obtained in this 

study in terms of the position of the free water surface and inception point of self

aeration over the horizontal and upward inclined steps.
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CHAPTER FIVE

RESULTS AND DISCUSSION: 

Free surface profile and inception point o f air 

entrainment
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Chapter Five: Results and Discussion: Free Surface Profile 
and Inception Point o f Air Entrainment

5.1. Introduction

This chapter concentrates on the computational results provided by the numerical 

SPHysics code applied in the present work. Initially, the parameters needed to 

generate the computational domain of numerical models tested in the current work 

will be described. Then the numerical results obtained in this study in terms of the 

position of the water surface level and the location of the inception point of air 

entrainment will be presented and discussed.

5.2. Numerical models of the present study

As mentioned earlier, the current study is conducted to characterize the skimming 

flow conditions in the non-aerated flow region over moderate slope stepped 

spillways using horizontal and upward inclined steps. For this purpose twenty six 

numerical cases are prepared and examined in the present work. The following 

sections present details of the physical parameters required to create the geometry of 

the numerical models.

5.2.1. Chute slope

Chanson (2002) stated that when the bottom slope of a stepped spillway is flatter 

than 27° and steeper than 16°, the structure is usually known as a moderate slope 

stepped spillway. Also, this slope is commonly used in the design of the downstream 

face of embankment dams. In addition, McLean and Hansen (2000) and Matos 

(2002) revealed that bottom inclinations of 26.6° and 18.4° are the most common 

slopes used in the design of the downstream face of embankment dams. However,
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Gonzalez (2005) used chute slopes of 16° and 21.8° for conducting his laboratory 

experiments to investigate the properties of skimming and transition flow conditions 

on embankment dams. Moreover, two different stepped spillways slopes of 30° and 

18.4°, were examined by Andre (2004) to investigate the flow conditions over 

moderate slope stepped spillways. In the current investigation three slopes (18.4°, 

21.8° and 26.6°) are examined to cover the range of moderate slope stepped 

spillways. For simplicity, from now these three slopes will be represented by 1V:3H, 

1V:2.5H and 1 V:2H respectively.

5.2.2. Step height

To explore what effect the step height has on the flow properties of the skimming 

flow condition, three different step heights 0.06, 0.09 and 0.12m are considered with 

the horizontal steps. For the upward inclined steps the step height is fixed to 0.09m 

and three step inclinations of IV:6H, 1V:4H and IV:3H are examined with each 

chute slope. The step heights are selected in such a way as to scale and to satisfy the 

requirements of Froude similitude in stepped spillways. However, the step height in 

practice could be either 0.30m, 0.60m or 0.90m, based on the construction 

techniques available for placing roller compacted concrete (Boes and Matos, 2000). 

However, Chanson (2000a), Gonzalez & Chanson (2004) and Chanson & Gonzalez 

(2005) reported that to apply the Froude similitude satisfactorily in stepped spillways 

it is necessary to use the step height hs > 0.02m and keep the Reynolds number Re > 

105. Also, Matos (2001) observed in his experimental work that the results in terms 

of the location of air entrainment were identical with model scales of 1:6 and 1:25. 

Finally, Boes (2003) and Boes & Hager (2003) reported that in order to achieve the 

Froude model similitude in stepped spillways, the scale ratio, which can be defined 

as the ratio between the prototype and model dimensions, needs to be no greater than 

15. Accordingly, the step heights of 0.06, 0.09 and 0.12m that are tested in the 

present study produce scale ratios of 10, 6.67 and 5 respectively, when 0.60m is 

considered as the step height in the prototype structure. In addition, all the discharge 

values tested in the numerical models of the current work provide Reynolds number 

higher than that recommended above, i.e. Re > 105. Hence, the computational results 

obtained in this project can be used in the design of moderate slope stepped 

spillways of heights 0.30, 0.60 and 0.90m.
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5.2.3. The crest and discharge

Broad crested weirs are usually used in the design of embankment dams and/or 

steeped spillways of moderate slopes (Chanson, 2002). In addition, as mentioned in 

Section 4.3.2.1, broad crested weirs are also used to measure the discharge based on 

the critical flow depth on the weir crest. The main parameters that need to be 

considered in the design of a broad crested weir are the length and height of the weir. 

The crest needs to be long enough to allow the streamlines to flow parallel above the 

crest. Also, in order to establish the critical flow condition on broad crested weirs, it 

is essential to keep the ratio between the crest length and the total upstream head 

with respect to the weir crest greater than 1.5 (Chow, 1959). The total upstream head 

in the approach section, which is located at a distance from the upstream comer of 

the weir where the flow is considered to be uniform, can be approximately estimated 

by applying the Bernoulli equation between that section and the critical section on 

the weir crest, and by neglecting the head losses between them.

The critical flow depth hc has been widely used in steeped spillways, not only to 

determine the discharge over stepped spillways, but to predict the type of the flow 

regime, such as nappe, transition and skimming, as well. Since the present study 

focuses on the characteristics of the skimming flow regime, the critical flow depth is 

important to estimate, to:

1- satisfy the attainment of skimming flow conditions.

2- determine the length of the weir crest.

As mentioned earlier in Section 1.3.2, various equations have been proposed to 

define the onset of the skimming flow regime over stepped spillways. However, the 

following equation, which was derived by Chanson (2002) based on laboratory and 

prototype data, is used in the present study to identify the skimming flow regime on 

horizontal steps:

in



— > 1.20 — 0.325
h-s ■s

(5.1)

where hs and ls respectively refer to the height and length of the steps.

The reason behind using Equation (5.1) in this study can be justified on the ground

that it provides higher values of the critical depth compared to the other equations 

available in the literature. Hence, it gives the author more confidence regarding the 

attainment of the skimming flow conditions, which often occur with relatively high 

discharges.

Further, Equation (5.2) shown below, is used to ensure that the skimming flow 

condition is established in the present work on upward inclined steps. This equation 

was proposed by Chinnarasri and Wongwises (2004), based on their experimental 

data, to determine the onset of the skimming flow regime on the upward inclined 

step:

where d is the angle of the upward inclined step. They also reported that Equation

(5.2) is valid on stepped spillways having slopes steeper than 1V:10H and flatter 

than 1V:1.75H. Since the three chute slopes tested in the present work, 1V:2H, 

1V:2.5H and 1V:3H, are within the range recommended by Chinnarasri and 

Wongwises (2004), Equation (5.2) is used herein to predict the minimum discharge 

required to establish the skimming flow regime on upward inclined steps over 

moderate slope stepped spillways.

It is worth mentioning here that the range of the skimming flow regime examined in 

the present study is 1.10 <  hc/ h s < 2.90. The minimum and maximum values of 

h(/hs appearing in this range are due to the horizontal step of heights 0.12m and 

0.06m respectively. However, the maximum critical flow depth on the weir crest 

tested in this study is about 0.20m. Having determined the approximate value of the 

maximum total upstream head, based on the maximum critical flow depth, the crest 

length of 0.5m might be sufficient to fulfil the condition recommended by Chow 

(1959) for the occurrence of the critical flow depth on broad crested weirs. In fact, 

this value of crest length is used in the design of all the numerical stepped spillway

— > r0844 + 0003^ir-)^ -0 .5 1 3 + 0 .0 0 4 1 9 (5.2)
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cases examined in the present study to investigate the inception point, position of 

water surface flow, velocity profiles, pressure distributions over both the horizontal 

and upward inclined steps.

Furthermore, the experimental data of the pressure variation on the vertical face of 

steps within the non-aerated flow region of steeply sloping stepped spillway 

presented by Amador et al. (2006) and Amador et al. (2009) showed that the pressure 

may drop to the sub-atmospheric value, which may cause cavitation to form close to 

the step outer edge for critical flow depths hc greater than 0.15m. Accordingly, 

negative pressure values on moderate slope stepped spillways may attain at critical 

flow depths higher than on steep slopes, as the mean velocity on steep slopes is 

higher compared to the flatter slopes. Indeed, this encourages us to carry out an 

investigation to predict the maximum permissible discharge above which cavitation 

commences. To achieve this, the numerical stepped spillway models need to be 

tested for values of h(/hs higher than those examined for predicting the position of 

the free surface level, velocity profiles and pressure distributions. The crest length in 

such cases also needs to be increased in order to establish the condition of the critical 

flow above the weir crest. For this purpose, eight numerical models have been set up 

to investigate the cavitation formation based on the cavitation index number. Four of 

these models are for horizontal steps with two step heights of 0.05 and 0.075m and 

two chute slopes of IV:2H and IV:3H. Meanwhile, the other four models represent 

upward inclined steps having heights identical to those used with the horizontal 

steps. In addition, for these cases the step inclination with the horizontal face is set as 

the same as the chute slope. Moreover, the spillway height of these eight models is 

fixed to 1.2m and the range of the discharge in terms of the dimensionless critical 

flow depth tested is 4.0 < hc/hs < 9.0. The maximum and minimum dimensionless 

critical flow depths of this range are respectively due to the step heights of 0.05 and 

0.075m. Accordingly, based on the recommendation of Chow (1959) regarding the 

establishment of the critical depth on the weir, the crest length for these eight 

numerical models is set to 1.2m. Therefore, the computational results obtained on 

these two step heights can be applied on prototype stepped spillways of step heights 

0.6 and 0.9m with the scale ratio of 1:12.

Overall, twenty-six numerical stepped spillways cases have been set up and divided 

into two main groups: the first group is represented by eighteen cases, which are 

designed to investigate the location of the inception point of air entrainment, position
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of the water surface level, velocity distribution and energy dissipation rate. The 

second group consists of eight cases prepared to study the potential for cavitation 

damage. It should be noted that these stepped spillway models are equally divided 

between the horizontal and upward inclined steps. Tables 5.1 and 5.2 present the 

details of the first and second groups respectively for the numerical models prepared 

in the present investigation. In addition, Figures 5.1 and 5.2 demonstrate the 2D 

physical geometries of the numerical stepped spillways cases of the first and second 

groups respectively.

5.2.4. Run of the numerical models

In the present study the numerical 2D SPHysics serial version code, as an 

implementation of the computational smoothed particle hydrodynamics technique, is 

used to run the numerical stepped spillway models mentioned above. Since the 

present investigation concentrates on the properties of the skimming flow regime, the 

numerical results are obtained in each numerical model when:

1- almost all of the conditions of this flow regime, as laid out in Chapter 1, are 

achieved during the simulation time.

2- the flow properties, especially the flow depth and flow velocity, upstream of 

and above the weir crest, are almost constant for 3-4 consecutive time steps.

It is worth mentioning here that the initial flow depth upstream of the weir for 

stepped spillway cases is categorized under the first and second groups with respect 

to the weir crest being set to 0.45m and 1.00m respectively. The total simulation 

time for all cases is set to 12sec, with an initial time step of 10‘4sec to achieve the 

requirements of the CFL condition.
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Stepped spillway Steps

Range of 
skimming 

Flow 
condition

length
(m)

height
(m)

no.
of

steps

slope
(degree) shape height

(m)
length

(m)

step
inclination
(degree)

hc/hs

0.5 1.08

18
1V:2H

Horizontal

0.06
0.12

0

2.0-2.801V:2.5H 0.15

1V:3H 0.18

12
1V:2H

0.09
0.18

1.5-1.951V:2.5H 0.225

1V:3H 0.27

9
1V:2H

0.12
0.24

1.15-1.451V:2.5H 0.3

1V:3H 0.36

12

1V:2H

Upward
inclined 0.09

0.18
1V:6H
1V:4H
1V:3H

1.50-2.01V:2.5H 0.225
1V:6H
1V:4H

1V:3H

1V:3H 0.27
1V:6H
1V:4H
1V:3H

Table 5.1. First group numerical stepped spillway cases.
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Stepped spillway Steps

Range of 
skimming 

flow 
condition

length
(m)

height
(m)

no. of 
steps

slope
(degree) shape height

(m)
length

(m)

step
inclination
(degree)

hc/hs

1.2 1.2

24 1V:2H

Horizontal

0.05 0.1

0

5.0-6.5

24 1V:3H 0.15 5.5-7.0

16 1V:2H
0.075 0.15 5.5-6.5

16 1V:3H 0.225 6.0-7.5

24 1V:2H

Upward
inclined

0.05 0.1 1V:2H 6.0-7.5

24 1V:3H 0.15 1V:3H 6.5-8.5

16 1V:2H
0.075

0.15 1V:2H 6.5-8.0

16 1V:3H 0.225 1V:3H 7.0-9.0

Table 5.2. Second group numerical stepped spillway cases.

Crest length = 0.5m
h 1

Total height = 1.08m

' “ L -  

hj= 0.06m:

'  b 1
1= 0.12m

hs= 0.06m~ |~ |

ls= 0.15m
1- Chute slope = 1V:2H 2- Chute slope = 1V:2.5H

hs= 0.06m —j -rs'.

ls= 0.15m
3 - Chute slope = 1V:3H

a) horizontal steps with height 0.06m.
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C rest le n e th  = 0 .5 m
|—  1

T ota l h e ig h t = 1.08m

hs= 0.09m

h«= 0.09m" 1
ls= 0.18m 

1- C h u te  slope =  1V :2H

hs= 0.09m

ls= 0.225m
2- C h u te  s lope  = 1 V :2.5H

15= 0.225m 
3- C hu te  slope = 1V :3H

b) horizontal steps with height 0.09m.
Crest leneth 0.5m

h , 0  1 2 m 7
1 o ta ! h e ia h t 1 OSm

h , 0  12m * h , -  0  12 m , h , 0  1 2 tn ,

I 0  24m

1 - C hute dope IV 2H

t g=  0  30 m  

2- ( hulc slope IV 2  Ml

l t =  0 .3 6 m  

(. hutc Jope IV 3H

c) horizontal steps with height 0.12m.

(  r e s t  le n e th  0 .5 m

1 o ta l  h e ie h t  1 OSm

h ,  =  0  0 9 m 1

1 o IS m

h  r11"'""

I , = 0 .1 8 m

I - Step iriclifiattoci IV 3H

1 A A t u U *   L() 0 4 5 rh  0 .0 9 m  r

l , ~ 0  IS m

2 - Step inclination IV IH

h . 0  0 9 m *  ~  f 0 , ) 3 n lI

U 0  IS m

Step inclination -  1 \’ 6H

d) upward inclined steps with height 0.09m over the chute slope 1 V:2H.
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Crest leniith 0.5m

F «tal h e ig h t 1 .0 8 m
h. 0.09m

I. 0 225m

.--------------- ,------- E t o  0675m a Afw_4 , Lfl 056m . ,,------- J--------,__ := i0037mh, O OOml  I ' h. 0.09m  ̂ h  ' h ,~0.09irc K  '

I, 0 225m I ,-  0 225m 1 ,-  0.225m
I- Slep inclination IV ?H 2- Step inclination IV 4H 3 - Step inclination ~ I V:6H

e) upward inclined steps with height 0.09m over the chute slope 1 V:2.5H.

C'rest length 0 5m

r | . i a ao 0.09mtotal height 1.08m

U-0.27m

h, 0 09m | ' '» J0 09m h 0 09m  | ' ,f 1 ° 06 >m h. 0  09m  ' /  '* 1 0.045m

1 ,-  0 27m  l s=  0 .27m  I , - 0  27m

I• Slep inclination -  IV 3H  2-S tep  inclination -  IV:4H 3- Slep  inclination = IN 'M l

f) upward inclined steps with height 0.09m over the chute slope 1 V:3H.

Figure 5.1. 2D schematic view of the physical geometry for the first group 
stepped spillway cases with different configurations.
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C res t leng th  = 1.2mh -------- 1

T otal h e ie h t = 1.2m

hs= 0.05m

hs= 0.05m hs= 0.05m

ls= 0.10m 

1- C hute slope =  1V:2H

ls=0.15m

2 - C h u te  slope =  1V:3H

a) horizontal steps with step height 0.05m.

Crest lenath = 1.2m

Total heieht = 12m h4= 0.05m

h4= 0.075ml  i « hs= 0.075m] i _2i

l4= 0  15m 1,= 0.225m
1- C hute slope = 1V:2H 2- C hute slope = 1 V:3H

b) horizontal steps with step height 0.075m.

Crest leneth = 1 2m

Total heieht = 1 2m

h,= 0.05m

ls= 0.10m

05m

1- Step inclination = 1V:2H 
C hute slope = IV  2H

Vi

hs= 0.05m

y

h,= 0.05m j — j-^ jl10 0- 111

ls= 0.15m

2- Step inclination = 1V:3H 
C hute slope = 1V 3H

c) upward inclined steps with step height 0.05m and chute slopes 1V:2H and 

1 V:3H.
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Crest length = 1.2m

Total height = 1.2m h,= 0.075m

h,= 0.07 0,075m
hs= 0.075m[

. 0. 075m 0.075m | » t
1 = 115=0 15m 1,= 0.225m

1- Step inclination = 1 V:2H 
Chute slope =  1V:2H

2- Step inclination = IV 3 H  
Chute slope =  1\':3H

d) upward inclined steps with step height 0.075m and chute slopes 1V:2H and

Figure 5.2. 2D schematic view of the physical geometry for the second group 
stepped spillway cases with different configurations.

5.3. Free surface profile and inception point of air entrainment

As mentioned earlier, the position of the inception point of air entrainment on 

stepped spillways is important for the designer of stepped spillways, as it indicates 

the length of the spillway part which may be prone to cavitation. In addition, the 

level of the free water surface is essential in the design of the chute wall.

This section presents the computational results obtained in the present investigation, 

including the positions of the free water surface in the non-aerated flow region and 

the distance from the downstream face of the weir crest to the inception point of air 

entrainment on stepped spillways having moderate slopes typical of the embankment 

dams. These results are obtained on a number of numerical stepped spillway models 

having three chutes slopes using: 1) horizontal steps of three different step heights 

and 2) upward inclined steps of one step height and three different step inclinations. 

These models are examined under a range of flow rates typical of the skimming flow 

conditions over stepped spillways. These all together allow us to evaluate the effect 

of step geometry, such as step height, step shape, and chute slope on the position of 

the free water surface and the inception point of air entrainment.

1 V:3H.
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This part is divided into two sections: in the first section the computational results in 

terms of the free water surface will be presented, followed by the second part which 

focuses on the length to the inception point of air entrainment.

5.3.1. Position of free water surface

In order to clarify the effects of step geometry and chute slope on the free surface 

profile over moderate slope stepped spillways, it is important to look initially at how 

the numerical SPHysics code, which is applied in this study, predicts the flow 

conditions of the skimming flow regime. Figures 5.3 and 5.4 illustrate a number of 

snapshots of the flow evolution predicted by the numerical SPHysics code during the 

simulation of skimming flow, over horizontal and inclined steps respectively, at 

different numerical time instants.

As can be seen from these figures, a jet forms at the first stage as the water flows 

over the weir crest and then down the spillway slope. This is because the flow here is 

driven by both gravity and the upstream total head of water relative to the weir crest. 

Also, an impact of the lower mainstream jet on the horizontal face of the steps can be 

observed while the overtopping water flows down. This may cause vortices to 

continuously develop and flow' backward against the step riser. These vortices rotate 

in a triangular area with a length of about two thirds of the step length, and height 

approximately the same as the step height, and are then ejected back into the main 

flow. In addition, these vortices fill the step cavities delimited by the horizontal and 

vertical step faces under the lower layer of the skimming flow. Finally, despite the 

wavy free surface, the water flow over the steps looks like a coherent stream. All 

these indicate the establishment of the skimming flow condition over the stepped 

spillways. These observations are consistent with those reported by Chanson (1994) 

and Andre (2004) during their experimental work on skimming flow conditions on 

moderate stepped spillways.



a b

i j

Figure 5.3. Snapshots of unsteady skimming How condition attainment down a 

numerical stepped spillway model of bottom slope 1 V:2H and step height of 0.06m, 

predicted by the SPHysics code at: a) t=0.05s, b) t=0.20s, c) t=0.40s, d) t=0.50s, 

e) t=0.85s, f) t=1.2s, g) t= 1.75s, h) t=2.4s, i) t=3.3s and j) t=4.2s.
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i j
Figure 5.4. Snapshots of unsteady skimming flow condition establishment down a 

numerical stepped spillway model of bottom slope 1V:2H and step height of 0.09m, 

predicted by the SPHysics code at: a) t=0.05s, b) t=0.25s, c) t=0.40s, d) t=0.50s,

e) t=0.80s, f) t=1.3s, g) t= 1.85s, h) t=2.3s, i) t=3.2s and j) t=4. Is.
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To see how the step height influences the water surface level over moderate stepped 

spillways, three step heights of 0.06m, 0.09m and 0.12m are examined in the present 

study, with horizontal steps. Figure 5.5 displays the position of the free water surface 

along the non-aerated flow region on horizontal steps, using three different step 

heights fitting the downstream face of a stepped spillway of bottom slope 1V:2H, 

due to three different unit discharges: qw= 0.230, 0.190 and 0.155m2/s. In these 

figures ds represents the highest point of the skimming layer and L represents the 

longitudinal distance along the chute slope to the point under consideration, 

measured from the downstream corner of the weir crest.
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E 0.09 J ■
♦ h s= 0 .0 6 m

♦ ■ h s= 0 .0 9 m

0.07 * h s= 0 .1 2 m

0.05
0 0.2 0.4 0.6 0.8 1 . 2 1.4 1.6

L (m)

C

Figure 5.5. Free surface profile over along the stepped spillway of bottom slope

1 V:2H over horizontal steps of heights 0.06m, 0.09m and 0.12m, for unit discharges 

of: a) qw=0.230m2/s, b) qw= 0 .190m2/s and c) qw= 0 .155m2/s.

As can be seen from these figures, the shape of the free surface profile over all step 

heights is almost the same, featuring a drop down curve and wave-like surface 

(Chanson, 1994; Boes & Matos, 2003, Meireles & Matos, 2009). In other words, the 

flow depth decreases along the chute slope in the non-aerated flow region. This may 

be due to the fact that in this region, as the water flows down its velocity increases 

due to gravity acceleration, until it reaches the peak value close to the inception point 

of air entrainment (Chanson, 2002). Consequently, there will be a decrease in the 

flow depth. The absence of air in this region is another reason, as the mixture of 

water with air often bulks up the flow depth (Boes and Hager, 2003).

These figures demonstrate further that for the same chute slope and unit discharge, 

the step height of 0.12m moves the position of the free water surface upward by 

about 7% compared to that obtained with the step height of 0.06m. This agrees well 

with the experimental data obtained by Hunt et al. (2009) in their work conducted on 

a stepped spillway of 1V:4.0H bottom slope to characterize the free surface and the 

inception point of air entrainment using three different step heights.

Moreover, as mentioned earlier, in the present investigation three different bottom 

slopes of 1V:2H, 1V:2.5H and 1V:3H are used to examine the effect of the chute 

slope on the position of the free water surface. Figure 5.6 illustrates the free surface 

profile along the non-aerated flow region over the slopes for unit discharges of 

qw= 0.250, 0.210 and 0.182mVs. These figures represent the computational free



surface levels over horizontal steps with the step height of 0.09m. It can be observed 

that the chute slope has an inverse effect on the position of the free water surface for 

the same value of the discharge and step height. In other words, the steeper the chute 

slope is, the lower the free water surface level will be. This can be linked to the flow 

velocity on steep slopes, which is relatively higher than that on flatter slopes (Chow, 

1959; Handerson, 1966, Chanson, 2002), and hence the flow depth would be 

decreased.

0.17

0.15 — *■*-

0.13 4 

0.11

0.09

0.07

0.05
0.5

♦  « ■

1 1.5

L (m)

2.5

0.15

0.13

~ 0.11 £
0.09

0.07

0.05

•

0.5 1 1.5

L (m)

2.5

♦ slope 1 V:2H

■ slope 1 V:2.5H

* slope 1 V:3H

♦ slope IV 2H

■ slope 1 V:2.5H

* slope 1 V:3H

126
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0.05
0  0.5 1 1.5 2

L (m)

♦ slope I V:2H

■ slope 1 V:2.5H

* slope 1 V:3H

C

Figure 5.6. Free surface profile along the stepped spillway of bottom slopes 1V:2H, 

1V:2.5H and 1V:3H over horizontal steps having the height of 0.09m, for unit 

discharges: a) qw=0.250m2/s, b) qw=0.210m2/s and c) qw=0.182m“/s.

Now, let's have a look at the free surface profile over upward inclined steps. To do 

so, the free water surface profiles along the steeped spillway over the inclined steps 

having an identical step height of 0.09m, and three step inclinations of 1V:3H, 

1V:4H and 1 V:6H are plotted in Figure 5.7. The water surface profiles shown in this 

figure are due to the chute slope of 1V:2H and three unit discharges of qw= 0.250, 

0.2JO and 0.182m2/s. As is clear from this figure, the characteristics of the free 

surface profile over the upward inclined steps, which are represented by the wavy 

surface and drop down, for all step inclinations tested in the present study are 

approximately the same as those obtained with the horizontal steps discussed above. 

Also, from this figure one can observe that for a given unit discharge the inclined 

step of steeper adverse slope, 1V:3H, produces a higher free water surface profile 

than the other step inclinations tested in the current work. This is possibly due to the 

fact that an increase in the step inclination angle increases the obstruction area to the 

overflowing water, and consequently the flow velocity decreases accordingly.
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Figure 5.7. Free surface profile along the stepped spillway of bottom slope 1V:2H 

over upward inclined steps having the step height of 0.09m and inclinations of 

1V:3H, 1V:4H and 1V:6H, for unit discharges of: a) qw=0.250m2/s,

b) qw= 0.210m2/s and c) qw=0.182m2/s.
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To compare the free surface profile over horizontal and inclined steps, Figures 5.8, 

5.9 and 5.10 are plotted to show the free surface profile along the non-aerated flow 

region on both step configurations, over chute slopes of 1 V:2H, 1 V:2.5H and 1 V:3H 

respectively. It is worth mentioning that the numerical results for both step shapes 

shown in each of these figures are obtained with step height of 0.09m and unit 

discharges of qw= 0.25, 0.2J and 0.182m2/s. From these figures it can be observed 

that higher free surface profiles are associated with upward inclined steps. These 

figures also show that with the step inclinations of 1V:3H, the position of the free 

water surface moves upwards by about 6% compared with the horizontal steps. This 

is an indication that the upward inclined steps perform better than the horizontal 

steps in terms of slowing down the velocity of the rapid flow. This feature of 

inclined steps agrees well Essery & Horner (1978), Chinnarasri & Wongwises 

(2004) and Barani et al. (2005) regarding the performance of upward inclined steps 

in terms of slowing down flow velocity over steeply sloping stepped spillways.
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Figure 5.8. Free surface profile along the stepped spillway of bottom slope 1V:2H 

over horizontal and upward inclined steps having the step height of 0.09m and 

inclinations of 1V:3H, 1V:4H and 1V:6H, for unit discharges of: a) qw=0.250m2/s, 

b) qu-0 .210m 2/s and c) qw=0.182m2/s.
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Figure 5.9. Free surface profile along the stepped spillway of bottom slope 1V:2.5H 

over horizontal and upward inclined steps having the step height of 0.09m and 

inclinations of 1V:3H, 1V:4H and 1V:6H, for unit discharges of: a) q w=0.250m2/s,

b) qw=0.210m2/s and c) qw=0.182m2/s.
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Figure 5.10. Free surface profile along the stepped spillway of bottom slope 1V:3H 

over horizontal and upward inclined steps having the step height of 0.09m and 

inclinations of 1V:3H, 1V:4H and 1 V:6H, for unit discharges of: a) qw=0.250m2/s,

b) qw=0.210m2/s and c) qw=0.182m2/s.

5.3.2. Inception point of air entrainment

Air has been considered a successful means of protecting hydraulic structures, which 

are usually designed to pass water with high velocities, against the damage caused by 

cavitation (Peterka, 1945; Falvey, 1991). This may be due to the low resistance of 

concrete, which is usually used to cover the surface of such structures, against the 

impact of the vaporized bubbles when they collapse. Determining the location of the 

point where self-aeration begins on stepped spillways is therefore essential for the 

designer, since the upstream part of this point is prone to cavitation damage (Boes & 

Minor, 2002; Amador et al. 2009). However, self-aeration on embankment dams 

during severe flood conditions may not take place, especially when the length of the 

downstream face is not long enough (Meireles and Matos, 2009) to allow the 

development of the boundary layer (Chanson, 2002).

A number of criteria are available in the literature, see Chapter 2 for more details, by 

which to define the location of the inception point of air entrainment. According to 

Chanson (2002), it is located where the turbulent boundary layer is fully developed 

and meets the free surface. This definition is in fact used in the present study to 

determine the length to the inception point of air entrainment. This can be justified 

on the basis that the single phase fluid is considered in the present work, as the
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concern is to characterize the properties of the skimming flow conditions in the non- 

aerated flow region.

In addition, researchers have differed in identifying whether the step height, chute 

slope or both are also other significant factors, along with the discharge, that need to 

be considered in estimating the length to the inception point of air entrainment. In 

the present study three step heights and three slopes typical of embankment dams are 

used to assess their influence on the location of the inception point over the 

horizontal steps. Also, upward inclined steps with three different step inclinations are 

used to examine the effect of the step shape. These are tested with a range of flow 

rates typical of the skimming flow conditions.

Firstly, the effects of the step height and chute slope on the location of the inception 

point of air entrainment are investigated with the horizontal steps. Following 

Schlichting (1979), the boundary layer herein is defined as that layer of the flow 

depth above which the velocity is approximately 99% of the free stream velocity. 

This allows us to determine the thickness of the turbulent boundary layer from the 

velocity distribution over the outer edge of the steps located within the non-aerated 

flow region; see Chapter 6 for more detail on estimating the growth of the turbulent 

boundary layer in the present study.

Figures 5.11 and 5.12 illustrate the computed water surface level d and thickness of 

the boundary layer <5 obtained in this study at the outer edge of the horizontal and 

upward inclined steps respectively. These steps are located at a distance L measured 

from the downstream face of the weir crest. Following Chanson (2002) the length of 

the non-aerated flow region in the current study is assumed to be located at the 

intersection point of the two curves shown in both figures. It should be noted that for 

each step height of the horizontal steps, step inclination of the upward inclined steps, 

and stepped spillway slope, this procedure is performed for 3-4 different values of 

the unit discharge.
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Figure 5.11. Estimation of the length to the inception point of air entrainment above 

the horizontal steps, based on the computed water flow depth and thickness of 

boundary layer: a) step height 0.06m, chute slope 1 V:2H and unit discharge qw=0.23 

m 2/s, b) step height 0.09m, chute slope 1V:2.5H and unit discharge qw=0.20 m2/s, 

and c) step height 0.12m, chute slope 1V:3H and unit discharge qw=0.173 m2/s.
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Figure 5.12. Estimation of the length to the inception point of air entrainment above 

upward inclined steps of step height 0.09m, based on the computed water flow depth 

and thickness of boundary layer: a) step inclination 1V:3H, chute slope 1V:2H and 

unit discharge qw=0.25 m7s, b) step inclination 1 V:4H, chute slope 1 V:2.5H and unit 

discharge qw=0.21 m2/s, and c) step inclination 1V:6H, chute slope 1V:3H and unit 

discharge qw= 0 .182 m2/s.

As can be clearly seen from these figures, the thickness of the turbulent boundary 

layer close to the weir crest is small, as it has just developed. This can be explained
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by the uniform velocity distribution along the flow depth, see Chapter 6, above the 

step outer edge. In other words, the flow velocity above the outer edge of these steps 

reaches the maximum value over a short distance. Then the turbulent boundary layer 

develops as the water flows down and its thickness increases until meets the free 

surface at a point called the inception point of air entrainment.

In order to investigate the effect of the step height on the length to the point of 

surface self-aeration with horizontal steps, the computational results of L/K s 

obtained from various step heights used in the present work are plotted in Figure 

5.13, against the corresponding values of the roughness Froude number F*. The 

experimental data gathered in other stepped spillways with slopes typical of 

embankment dams, namely those by Chanson (1996), Chanson & Toombes (2002), 

Carosi & Chanson and (2008) and Meireles & Matos (2009), are also shown in this 

figure for the sake of comparison. In this figure L, is the length to the inception point 

measured from the downstream edge of the weir, Ks is the roughness defined by 

Ks=hscos0, hs as the step height and 6 is the chute bottom slope. The roughness

Froude number F* is determined from F* = qw/ J g  sin OK* , in which qw is the 

discharge per unit width and g  is the gravitational acceleration.

As can be seen from this figure, the point of inception moves further downstream 

from the weir crest as the discharge is increased. This means that the increase in the 

length of the non-aerated flow region with the increase of the unit discharge. This 

can be attributed to the fact that the increase in the discharge increases both the flow 

depth and mean velocity in the flow direction. However, when the flow depth 

increases, the length required for the boundary layer to meet the free surface will be 

increased. This observation has been confirmed by most of the researchers on 

moderate and steep slope stepped spillways.

In Figure 5.13 it can be also observed that for a given chute slope and value of F*, the 

inception point moves upstream towards the weir crest with the larger step height 

0.12m used. This can be explained by the fact that large step sizes are more efficient 

than small step sizes in decelerating the velocity of the overflowing water when it 

passes from the outer step edge and hits the horizontal face. This was observed by 

Chamani (2000) from his experimental results on steeply sloping stepped spillways 

and the experimental results of Hunt et al. (2009) on flat slope stepped spillways. It 

should be mentioned here that the length to the section of self-aeration is decreased
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only by 13%, when the step height of 0.06m is changed to 0.12m. This suggests that 

the length of the non-aerated flow region is slightly influenced by the step height. 

Furthermore, this figure shows that the numerical results obtained in this study agree 

well with the experimental data of other researchers. In addition, it is obvious that 

the results of the present study underestimate those obtained from applying Equation

(2.3) proposed by Chanson (1996), see Chapter 2, especially when F* is smaller than 

8. However, as mentioned earlier, Equation (23) is derived from a wide range of 

model and prototype data of slopes steeper than those examined in this study. Also, 

Chanson (1996) revealed that Equation (2.3) may be applied on moderate slopes for 

F* values greater than 10, whereas the numerical results obtained in this study are 

due to F* values smaller than 10.
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Figure 5.13. Numerical SPHysics predictions of the location of the free surface 

aeration on moderate slope stepped spillways and comparison with the experimental 

data for slopes: a) 1 V:2H, b) 1V:2.5H and c) 1 V:3H.

To see what effect the chute slope has on the length of the non-aerated flow region, 

Figure 5.14 presents the computational results of L /K s obtained in this study versus 

the F* values for the three slopes examined. This figure demonstrates that the slope 

inversely affects the length of the non-aerated flow region. In other words, for a 

given step height and F* value the process of self-aeration over steep slopes may start 

earlier than on flat slopes. This may be due to the longitudinal velocity, which is 

much higher on steeper slopes compared to flatter slopes. Hence, the level of the free 

surface at any section on steep chutes is lower compared to flatter slopes. Therefore, 

the turbulent boundary layer meets the free surface in steep slopes over a shorter 

distance than the flatter slopes. This agrees with the experimental observation made 

by Boes and Matos (2002) and Andre (2004). It is worth mentioning here that the 

length to the inception point is decreased by about 27% when the chute slope is 

changed from 1V:3H to 1V:2H. This is an indication that the slope has a significant
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effect on the location of the self-aeration mechanism on the moderate slope stepped 

spillways.
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Figure 5.14. Numerical SPHysics predictions of the location of the free surface 

aeration on moderate slope stepped spillways using horizontal steps of heights:

a) hs=0.06m, b)hs=0.09m and c) hs=0.12m.

Following past studies, namely Chanson, (1996); Carosi & Chanson (2008); 

Meireles & Matos (2009) and Hunt et al. (2010) a power non-linear multiple 

regression is performed to develop an equation that fits the computational results 

obtained in the present study. For this purpose the values of L/Ks and the 

corresponding values of F* collected from various step heights, chute slopes and 

discharges tested in this work are used to obtain the following relationship with 

r=0.993:

I ■ ( V  " \0 .867

— =  4 .4 9 5  , . l ' n7Ro (5.3)
K s  (s i n d ) 0-283

The accuracy of Equation (5.3) is examined by comparing it with the empirical 

Equation (2.3) derived by Chanson (1996), experimental results of Chanson and 

Toombes (2002) obtained on 1V:2.5H stepped spillway with the step height of 0.1m, 

the experimental data set of Carosi and Chanson (2008) on a stepped spillway using 

the step height of 0.1m and chute slope of 1V:2.5H, and the experimental data of 

Meireles and Matos (2009) on a stepped spillway of bottom slope IV:2H with the 

step height of 0.05m. These are all plotted together in Figure 5.15, which 

demonstrates that Equation (5.3) agrees well with the existing experimental data. 

This confirms that Equation (5.3) can be applied to predict the longitudinal distance 

between the downstream edge of an uncontrolled broad crested weir to the point 

where the self-aeration mechanism starts on horizontal slopes over moderate slope 

stepped spillways.
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Figure 5.15 Regression for the numerical values of the normalized L, versus F*of the 

present study using horizontal steps with different step heights, and comparison with 

the existing experimental results for moderate slope stepped spillways.

The following section presents and discusses the effect of upward inclined steps on 

the length of the non-aerated flow region over three bottom slopes: 1V:2H, 1 V:2.5H 

and 1V:3H. For this purpose the step height is fixed to 0.09m and three step 

inclinations, 1V:2H, 1V:2.5H and 1V:3H, are examined with unit discharges typical 

of the skimming flow conditions. Figure 5.16 plots the computational results of L /K s 

against F* obtained on both the horizontal and upward inclined steps with three step 

inclinations, to compare their influence on estimating the distance to the inception 

point of air entrainment with the step height of 0.09m. The comparison clearly shows 

that the length required for the free surface aeration to take place on upward inclined 

steps is shorter compared to the horizontal steps. The location of self-aeration is 

approximately 15% further downstream for the horizontal steps. Also, it is obvious 

that the steeper the slope of the inclined steps, the shorter the length of the non- 

aerated flow region will be. This can be explained by the efficiency of the upward 

inclined steps in terms of decelerating the flow velocity. In addition, it is clear that 

inclined steps become more efficient when the inclination angle of the horizontal 

face is increased. This is possibly because upward inclined steps act as an 

obstruction against the overflowing water and hence the flow velocity reduces more. 

These findings are consistent with the observations and made by Barani et al. (2005) 

and Chinnarasri and Wongwises (2006) during their experimental works on 

comparing the efficiency of different step shapes, such as endsills and upward 

inclined steps, with horizontal steps, in terms of the energy dissipation.
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Figure 5.16. Numerical SPHysics predictions of the location of the free surface 

aeration using upward inclined steps and comparison with the horizontal steps of 

step height 0.09m on stepped spillways of slope: a) 1V:2H, b) 1V:2.5H, and 

c) 1 V:3H.

Finally, similarly to the horizontal steps, a power law relation is used to fit the 

computed results obtained with different chute slopes, step inclinations and unit 

discharge tested in the present study using the upward inclined steps, and the 

following expression is obtained with r=0.906:

L■ (F ')°-83
— =  3 7 9  —   (5 4)
Ks (sin6>)01(sini9)016 K ’

The parameters appearing in Equation (5.4) are the same as those in Equation (5.3) 

except the parameter which is added to Equation (5.4) to introduce the effect of 

the adverse slope of inclined steps with the horizontal face. However, it should be 

noted that Equation (5.4) is obtained with only one step height of 0.09m, therefore 

great care needs to be taken when it is applied to determine the location of self

aeration over upward inclined steps having heights different to those used in this 

study. Figure 5.17 presents the numerical values of L /K s against F* obtained in this 

study on upward inclined steps with three different step inclinations due to various 

unit discharges. Equation (5.4), which is derived from these numerical predictions is 

also shown. However, due to the lack of published data on the characteristics of the
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inception point on stepped spillways, only the computational results of the current 

work are presented in Figure 5.17.

♦ Numerical results 
of th e present 
study with upward 
inclined steps

——  Power (Equation 
(5.4) for step  
inclination 1V:4H 
and chute slope 
1V:2.5H)__________

Figure 5.17. Regression for the numerical values of the normalized L, versus F* of th* 

present study, using upward inclined steps w'ith different step inclinations.

Based on the numerical results obtained in this study, the next chapter will focus oil 

three main issues of skimming flow conditions in the non-aerated flow region ove- 

stepped spillways, namely longitudinal flow velocity profile, growth of the turbulen 

boundary layer and energy dissipation rate using horizontal and upward inclinec 

steps.

144



CHAPTER SIX

RESULTS AND DISCUSSION: 

VELOCITY DISTRIBUTION AND ENERGY 

DISSIPA TION RA TE

145



Chapter Six: Results and Discussion: Velocity Distribution 
and Energy Dissipation Rate

6.1. Introduction

The widespread interest in the design of stepped spillways is possibly due to their 

capability to dissipate a significant portion of the flow energy on the steps 

themselves during an overtopping event (Frizzell & Mefford, 1991; Chanson, 1994) 

without the need for a large basin at the end of the structure to dissipate the residual 

energy. Thus, estimating the energy dissipation rates on the steps is necessary in the 

design of stepped spillways. The energy dissipation rate in the non-aerated flow 

region is considered here since the present study concentrates on the features of 

skimming flow regime in that region. The parameters that need to be known in 

estimating the energy dissipation rate in the non-aerated flow region are the flow 

depth and mean flow depth at different sections (Meireles & Matos, 2009; Hunt et al. 

2009).

This chapter is divided into two main sections: the first section sheds light on the 

behaviour of flow velocity in the non-aerated flow region. The second section 

focuses on evaluating the energy dissipation rate, based on the flow depth and mean 

flow velocity.

6.2. Velocity distribution

This section focuses on the features of the velocity flow field on both horizontal and 

upward inclined steps over moderate slope stepped spillways, due to various flow 

rates typical of the skimming flow regime. Figure 6.1 shows the velocity flow field 

obtained with horizontal steps of height 0.09m down 1V:2H, 1V:2.5H and 1V:3H 

bottom slopes, for the unit discharge of qw=0.25m2/s. The velocity pattern shown in 

Figure 6.2 is that of inclined steps with a step inclination of 1V:4H, height of 0.09m 

and unit discharge of qw=0.25m2/s over the bottom stepped spillway slopes 1V:2H, 

1V:2.5H and 1V:3H. In these figures the fluid particles are coloured according to the 

flow velocity they carry. As may be observed from these figures, although the 

velocity flow field is quantitatively different from the abovementioned step
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configurations, the velocity trend is nearly identical for both. The following section 

presents and discusses the characteristics of the velocity profile on horizontal and 

upward inclined steps.
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Figure 6.1. Velocity flow field for unit discharge of qw=0.25m"/s along stepped 

spillway over horizontal steps of height 0.09m and bottom slope: a) 1V:2H, 

b) 1 V:2.5H and c) 1V:3H.
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Figure 6.2. Velocity flow field for unit discharge of qw=0.25m:/s along stepped 

spillway over inclined steps of height 0.09m, step inclination 1V:4H and bottom 

slope: a) 1V:2H, b) lV :2 .5H andc)  1V:3H.

To shed light on the velocity behaviour in the non-aerated flow region over the 

horizontal and upward inclined steps, velocity distributions are computed in the 

present work at different sections along the non-aerated flow region. These sections 

are taken perpendicular to the pseudo bottom with an origin at the step’s outer edge. 

In each section the flow depth is divided into a number of points and the flow 

velocity parallel to the chute slope is computed at each of these points. Figure 6.3 is
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a 2D schematic view of a stepped spillway demonstrating how the velocity 

distribution is computed in the present study, on both the horizontal and upward 

inclined steps. In this figure, y  denotes the distance between the step outer edge and 

the point where the streamwise velocity v is computed, 8 is the thickness of the 

boundary layer, where the velocity is about 0.99 V ^ ,  Vmix represents the maximum 

flow velocity at the section where the velocity profile is taken, Ks is the roughness 

height and L  is the distance between the downstream face of the weir and the outer 

edge of the step under consideration.

Horizontal Steps Inclined Steps

Figure 6.3. 2D schematic view of a stepped spillway which defines the parameters 

required to determine the velocity distribution along the chute slope at the outer edge 

of horizontal and inclined steps.

Figure 6.4 plots the velocity profiles relating to unit discharges of qw= 0.23, 0.20 and 

0.173, computed at the outer edge of a number of horizontal steps within the non- 

aerated flow region, located at different distances, L, normalized by the step 

roughness, Ks. In this figure the horizontal steps with heights of 0.06, 0.09 and 0 .12m 

and bottom chute slope of 1 V:2H are considered.
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Figure 6.4. Velocity profile along the non-aerated How region over the bottom 

stepped spillway slope of 1V:2H, using horizontal steps of heights 0.06m, 0.09m and 

0.12m with unit discharges of: a) qw=0.23m"/s, b) qw=0.20m"/s and

c) qw=0.173m2/s.

As can be observed, the skimming flow produces different velocity profile trends 

along the non-aerated flow region. This is because the velocity on the steps close to 

the crest is relatively small and uniformly distributed across the entire flow depth 

measured from the step outer edge. In addition, it is clear that the flow velocity close 

to the outer edge of these steps is high, which implies that the growth of the turbulent 

boundary layer in this region has just started and hence its thickness would be small. 

Then, due to gravitational acceleration, the velocity increases and the uniformity of 

the velocity profile vanishes gradually as the water flows further downward, 

reaching its peak value close to the inception point where the velocity varies over the 

whole flow depth. The same characteristics of the flow velocity are observed on the 

other chute slopes and unit discharges examined in the current work.
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These figures also demonstrate that for the same spillway height, the mean flow 

velocity close to the inception point of air entrainment is reduced by about 4.0% and 

6.2% when the step height of 0.06m is replaced by 0.09m and 0.12m respectively. 

This is possibly due to the increase of the recirculating area under the skimming 

layer inside the step cavity when the step height is increased. In fact, this area is 

significant for decelerating the velocity of the rapid flow because: 1) it acts as an 

obstacle against the overflowing water and 2) inside this area vortices continuously 

develop, rotate, eject back and mix with the skimming layer.

The characteristics of the velocity distribution mentioned above are nearly the same 

across the whole flow depth over the other stepped spillway slopes examined in the 

present work. Figures 6.5 and 6.6 show the velocity profiles obtained at different 

sections along the non-aerated flow region due to various unit water discharges 

flowing over the chute slopes of 1V:2.5H and 1V:3H respectively.
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This section concerns the velocity profile obtained with the upward inclined steps. 

Figure 6.7 illustrates the velocity profiles at the outer edge of upward inclined steps 

located at different distances measured from the downstream face of the weir crest, 

along the non-aerated flow region of 1V:2H bottom slope, for different unit 

discharges. This figure presents the velocity profiles of the upward inclined steps of 

height 0.09m obtained for the three step inclinations of 1 V:2H, 1V:3H and 1V:6H. It 

also includes the velocity profile obtained with horizontal steps of the same height as 

that of the inclined steps, and with the chute slopes mentioned above. This figure 

clearly shows that the velocity profile along the non-aerated flow region on inclined 

steps possesses the same features mentioned above with the horizontal steps. 

Moreover, it demonstrates that for a given discharge and stepped spillway geometry, 

in terms of step height and chute slope, the velocity of the skimming flow on 

inclined steps is slower than that on the horizontal steps. The mean flow velocity 

close to the inception point of air entrainment is reduced by 10.5% and 6.9% when 

the horizontal steps are replaced by inclined steps of inclinations 1V:3H and 1 V:6H 

respectively. This indicates that the inclined steps are more efficient in reducing the 

flow velocity than the horizontal steps, and this efficiency is increased when the 

slope of the inclined steps is increased. This can be due to the fact that the upward 

inclined steps act as a barrier against the overflowing water and its impact increases 

as the angle of the inclined steps is increased.
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Figure 6.7. Velocity profile along the non-aerated flow region over the stepped 

spillway of bottom slope 1 V:2H, using upward inclined steps of height 0.09m and 
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Chanson (2002) stated that the velocity profile at any section along the non-aerated 

flow region perpendicular to the pseudo bottom originating at the step outer edge can 

be defined by a power law as:

= 6 )
1/ N

(6.1)
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where V is the time averaged flow velocity at distance y, measured perpendicular to 

the pseudo bottom originating at the outer edge of the steps, Vmax is the maximum 

flow velocity, N  is constant and 6 is the whole thickness of the boundary layer, 

where the flow velocity is 0.99 Vmax. Past experimental studies showed that the 

exponent N  depends mainly on the chute slope and the section where the velocity 

distribution is measured. Meireles and Matos (2009), from their experimental study 

on 1V:2H stepped spillways, observed that the value of the exponent N  varied 

between 4.4 and 6.3, with an average value of 5.1, for a wide range of unit 

discharges typical to the skimming flow regime. They obtained these values at 

different sections starting at about 40% length of the non-aerated flow region and 

extending to the inception point of air entrainment. Moreover, Chanson (2002) 

analysed the velocity measurements, which were taken with a laser Doppler 

anemometer by Ohtsu and Yasuda (1997), and found that the value of N  was 5.0 for 

the single discharge test of 0.089 m3/s/m over a stepped spillway of slope 1V:2.9H. 

Furthermore, Hunt et al. (2009) measured the velocity profiles at the outer edge of a 

number of steps along the non-aerated region, of the skimming flow regime. They 

pointed out that the velocity profile follows the one-six power trend N=6 close to the 

inception point of air entrainment, with smaller values N<6 further upstream.

It is essential to investigate the growth of the turbulent boundary layer in the non- 

aerated flow region, in order to obtain the value of the exponent N  appearing in 

Equation (6.1). The velocity profiles obtained for various discharges and step 

geometries examined in the present investigation reveal that they follow different 

trends along the non-aerated flow region. This is possibly because of the 

development of the turbulent boundary layer in this region. Chanson (2002) 

mentioned that although there is no precise analytical or mathematical expression to 

describe this development, it is highly influenced by both the chute slope and step 

height, and slightly affected by the discharge and crest shape. He proposed the 

following power equation:

-  = 0.06106 * (sine)0133 * ( - )  (6.2)
L \ K SJ

where S is the thickness of turbulent boundary layer, L is the length to the step outer 

edge measured from the downstream face of the weir comer and Ks is the roughness
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height. The real numbers appearing in Equation (6.2) are obtained from the analysis 

of a wide range of model prototype data having slopes stepper than 30°.

The experimental results of Andre (2004) on different step configurations showed 

that the growth of the boundary layer on a particular arrangement of endsills and 

spaced blocks is faster compared with the horizontal steps. Moreover, Chamani et 

al. (2000) analysed their experimental data on steeply stepped spillway, and found 

that the development of the boundary layer is dependent on the step height.

In the present study the thickness of the turbulent boundary is deduced from the 

velocity profiles at the outer edges of steps located along the non-aerated flow 

region, for various discharges, step heights and shapes, and chute slopes. In order to 

develop an equation that expresses the growth of the turbulent boundary layer along 

the non-aerated flow region of moderate slope stepped spillways, Equation (6.2) is 

modified in this study so as to introduce the effects of the discharge, step height and 

chute slope. For this purpose, two dimensionless parameters hc/hs and sin# are added 

to Equation (6.2) to develop an expression for determining the thickness of the 

boundary layer on horizontal steps, taking into consideration the effect of discharge, 

step height and chute slope. The non-linear multiple regression is performed on these 

parameters and the following equation is obtained in the present work:

Equation (6.3) shows that the growth of the turbulent boundary layer along the 

non-aerated flow region on moderate stepped spillways is slightly influenced by the 

discharge and step height, and significantly affected by the chute slope.

Moreover, in addition to the above two parameters, sim9 is also added to Equation

(6.3) to introduce the influence of the step inclination on the growth of the turbulent 

boundary layer on upward inclined steps, yielding the following expression:

It is clear from Equation (6.4) that the steeper the step inclination, the faster the 

growth of the turbulent boundary layer will be. This can be attributed to the fact that

x /  i \  —0.332 / l, \  —0.028

z = ° - 2 i 8 y  f e )  (*"»> ojis7 (6.3)

x /  i \ —0.321 / i , \ —0.032
-  =  0.269 (—) ( - )  (sin0 ) OA64 (sin tf)0161Li V/fj/ \hsJ (6.4)
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the increase of the adverse slope of the steps with the horizontal face may increase 

the area where the vortices, which have a significant role in the growth of the 

boundary layer, develop and rotate inside the step cavities. Furthermore, for the same 

discharge, step height and chute slope, Equation (6.4) provides higher values of the 

thickness of turbulent boundary layer compared with Equation (6.3). This indicates 

that the growth of the turbulent boundary layer on upward inclined steps is faster 

than that on horizontal steps.

Turning to the determination of the value of N  in Equation (6.1), the velocity profiles 

obtained from both the horizontal and upward inclined steps are analysed for the 

skimming flow discharges tested in the current work. Figures 6.8 and 6.9 show the 

velocity profiles on the horizontal and upward inclined steps respectively. The 

computational results shown in these figures are obtained for the different step 

heights, step inclination angles, chute slopes and discharges tested in the present 

study. The numerical results presented in Figure 6.8 are gathered at the outer edge of 

steps located within the range of 0.0828 < L/L* < 1, whilst the numerical data 

shown in Figure 6.9 are velocity profiles obtained at the outer edge of the upward 

inclined steps located within 0.202 <  L/L* < 1, where L is the distance between the 

downstream face of the weir and the outer edge of the step under investigation, and 

Li is the length to the inception point of air entrainment. Also, these figures show the 

value of the exponent N  for each slope tested in the present study. The value of the 

exponent N  obtained in the current study for horizontal steps varies between 4.37 for 

steps close to the weir crest, and about 6.14 close to the inception point. These values 

are respectively 4.28 and 5.76 for the upward inclined steps. This agrees well with 

the N  values obtained from the experimental work of Chanson (2002), Meireles and 

Matos (2009) and Hunt et al. (2009).
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Figure 6.9. Velocity distribution in the non-aerated flow region over upward inclined 

steps of 0.09m step height versus the power law regression for slopes: a) 1V:2H, b) 

1 V:2.5H and 1V:3H.

6.3. Energy dissipation

One of the most important features that has attracted the attention of hydraulic 

engineers in the design of stepped spillways is their efficiency in dissipating a 

significant portion of the overflowing energy. As mentioned earlier, estimating the 

amount of the residual energy is necessary in the design of the stilling basin at the 

toe of the spillway. In fact, steps have the ability to generate high levels of 

turbulence when introduced into the downstream slope of smooth spillways. Indeed, 

the high level of turbulence is the main property of the flow over stepped spillways, 

which greatly enhances the energy dissipation mechanism (Chanson, 2002). The 

energy dissipation in the skimming flow regime over stepped spillways takes place 

on the steps, which is mainly due to the momentum transfer between the 

over-running flow and the recirculating fluid underneath (Rajaratnam, 1990; Rice & 

Kadavy, 1996; Chanson, 2002). The turbulence on stepped spillways includes the 

recirculating vortices that develop inside the cavity of each step and the internal 

transverse jet (Chanson, 1994; Boes & Hager, 2002; Andre, 2004).

In the present study, the steps located upstream of the inception point of air 

entrainment are considered, to estimate the residual energy on the stepped spillway. 

Figure 6.10 is a 2D schematic view of a moderate slope stepped spillway, where the

N=5. i9 
1 -0 .9 4 2  y’
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parameters required to estimate the residual energy on the horizontal and upward 

inclined steps are defined.

datum

dcosG: i .

b

Figure 6.10. 2D schematic view of a stepped spillway showing the parameters 

required to estimate the residual energy at the outer edge of: a) horizontal steps and

b) inclined steps.

Chanson (2002) stated that Bernoulli’s equation can be applied to determine the total 

flow energy H  at the outer edge of each step along the non-aerated flow region, as 

follows:

H = y  cos 8 + a  (6 5 )
2 9

where y  and Vmean are respectively the flow depth and mean flow velocity at the step 

under consideration, 6 is the bottom chute slope, a  is the energy coefficient and g  is 

the gravitational acceleration. The energy coefficient a  is introduced into Equation
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(6.5) to account for non-uniform velocity distribution over stepped spillways (Chow, 

1959) which can be estimated from the following expression:

(6.6)

where v is the flow velocity in the velocity distribution corresponding to the 

incremental area AA and A is the flow area. Assuming uniform flow across the 

channel width, then the area A can be replaced by the flow depth y. Similarly, the 

total flow energy Ha upstream of the weir can be determined in terms of the 

approach flow depth y0 above the horizontal surface of the step under consideration 

and approach flow velocity V0 as:

Hence, the total dissipated energy AH with respect to the step under consideration is:

However, Equations (6.5) to (6.8) can be used to determine the parameters required 

for evaluating the energy dissipation rates. In the present study the value of the 

energy coefficient is found to vary between 1.03 and 1.08, which is in good 

agreement with results obtained by Andre (2004) and Meireles and Matos (2009). 

The energy dissipation rate on stepped spillways is commonly represented by either 

the residual energy relative to the total flow energy H/Ha or the total energy lost 

relative to the total energy flow AH/Ha. In the present work the term AH/H0 is used 

to evaluate the energy dissipation rate along the non-aerated flow region. The rate of 

energy dissipation in the present study quantifies the total energy loss from the 

beginning of the non-aerated flow region to the step under consideration.

This section presents and discusses the computational results obtained in this study, 

in terms of the evolution of the flow energy along the non-aerated flow region on 

moderate slopes, with horizontal and upward inclined steps, over the tested chute 

slopes. Figures 6.11, 6.12 and 6.13 show the variation of the relative energy

(6.7)

AH = H0 -  H (6.8)
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dissipation rate AH/Hf) versus the dimensionless term L/Li on the horizontal steps, 

with step heights of 0.06m, 0.09m and 0.12m over chute slopes of 1V:2H, 1V:2.5H 

and 1 V:3H respectively, for different unit discharges. In these figures L is the length 

measured from the downstream edge of the weir to the step under scrutiny and L, is 

the length to the inception point of air entrainment.
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Figure 6.11. Variation of relative energy loss along the non-aerated flow region of a 

stepped spillway of bottom slope 1 V:2H, using horizontal steps, for unit discharges 

of: a) qw=0.23m2/s, b) qw=0.20m2/s and c) qw=0.173m2/s.
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Figure 6.12. Variation of relative energy loss along the non-aerated flow region of a 

stepped spillway of bottom slope 1 V:2.5H, using horizontal steps, for unit discharges 

of: a) qw=0.23m2/s, b) qw=0.20m2/s and c) qw=0.173m2/s.
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Figure 6.13. Variation of relative energy loss along the non-aerated flow region of a 

stepped spillway of bottom slope 1 V:3H, using horizontal steps, for unit discharges 

of: a) qw=0.23m~/s, b) qw=0.20m2/s and c) qw=0.173m:/s.

It is obvious from these figures that for all discharges and chute slopes the rate of 

energy dissipation is small at the steps close to the weir crest and then progressively 

increases downward, reaching its peak value at the inception point. Further, it is clear 

that the energy dissipation rate with the horizontal steps is independent of the step 

height, as the relative energy loss at any section along the non-aerated flow region is 

approximately the same for all step heights 0.06m, 0.09m and 0.12m on the identical 

chute slope. Also, it can be observed that the relative energy loss at the inception 

point of air entrainment is increased from about 0.245 to 0.295 when the slope of 

1V:2H is replaced by 1V:3H. This indicates that the flatter the bottom slope of the 

stepped spillway, the higher the energy dissipation rate at the surface self-aeration 

point. Following Meireles and Matos (2009) and Hunt et al. (2010) a linear 

regression is conducted to find out the relationship between the relative energy loss 

AH / H 0 at the outer edge of steps situated in the non-aerated flow region, and the 

normalized distance between the downstream corner of the weir and the step under 

consideration, L / L i , as follows:
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where A is a real number to be determined from the computational results. Figure 

6.14 displays the relationship between the relative energy loss and the normalized 

length along the chute slopes. It should be noted that these data represent the 

numerical results gathered from all the chute slopes, step heights and unit discharges 

examined in the current work using the horizontal steps.

|  at5 '0 0 ^ ^

0 0.2 0.4 0.6 0.8 1 1.2

L /L ;

Figure 6.14. Linear relationship between the relative energy loss and the normalized 

length to the step outer edge of horizontal steps along the non-aerated flow region, 

on moderate slopes.

In the present study the value of A in Equation (6.9) is found to be 0.23, which is in 

close agreement to the values of 0.20 and 0.30 obtained in the experiments on two 

laboratory models conducted respectively by Meireles and Matos (2009) on a chute 

slope of 1V:2H and Hunt et al. (2009) on a bottom slope of 1 V:4H.

In order to investigate the effect of upward inclined steps on the energy dissipation 

on moderate slope stepped spillways, Figures 6.15, 6.16 and 6.17 are plotted, to 

show the amount of the relative energy loss at the outer edge of a number of upward 

inclined steps of three different step inclinations, located in the non-aerated flow 

region, for various unit discharges, on chute slopes of 1:2H, 1V:2.5H and 1V:3H 

respectively. Also, these figures present the relative energy loss on the horizontal 

steps of height 0.09m, to compare their efficiencies with the inclined steps of the 

same step height.
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 Linear (Equation (6.9))
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Figure 6.15. Variation of relative energy loss along the non-aerated flow region of a 

stepped spillway of bottom slope 1V:2H, using inclined steps, for unit discharges of:

a) qw= 0.23m2/s, b) qw= 0.20m2/s and c) qw=0.173m2/s.
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Figure 6.16. Variation of relative energy loss along the non-aerated flow region of a 

stepped spillway of bottom slope 1V:2.5H, using inclined steps, for unit discharges 

of: a) qw= 0.23m2/s, b) qw= 0.20m2/s and c) qw=0.173m2/s.
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Figure 6.17. Variation of relative energy loss along the non-aerated flow region of a 

stepped spillway of bottom slope 1 V:3H, using inclined steps, for unit discharges of:

a) qw= 0.23m2/s, b) qw= 0.20m2/s and c) qw=0.173m2/s.
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As can be seen, the relative energy loss on the horizontal step of height 0.09m is 

increased by about 6.6% when it is replaced by the upward inclined steps with the 

same step height, over the chute slope of 1V:2H. This demonstrates that the upward 

inclined steps are more efficient in dissipating the flow energy than the horizontal 

steps. It should also be mentioned that Chinnarasri and Wongwises (2006), based on 

their experimental data on steeply sloping stepped spillways, stated that the total 

residual energy at the toe of the structure was reduced by 6% when upward inclined 

steps were used instead of horizontal steps. In addition, Barani et al. (2005) analysed 

their experimental results on steep slopes, to compare the efficiency of horizontal 

steps with endsills and upward inclined steps, in terms of the energy dissipation at 

the toe of the spillway. They observed that the upward inclined steps increased the 

total energy dissipation rate by about 8% compared with the horizontal steps, for 

discharge values typical of the skimming flow condition.

Furthermore, as may be observed, the relative energy loss is also improved by the 

inclination angle of the upward inclined steps. Apparently, by changing the step 

inclination from IV:6H to IV:3H the relative energy loss is increased by 3.4% in the 

non-aerated flow region. This agrees reasonably well with what has been 

documented by Barani et al. (2005) and Chinnarasri and Wongwises (2006) in their 

evaluation of energy dissipation at the toe of the structure, based on their 

experimental results from various step inclinations tested with upward inclined steps. 

Finally, the computational results obtained in the present work with the upward 

inclined steps are used to develop an equation for estimating the relative energy loss 

in the non-aerated flow region on moderate slope stepped spillways. For this 

purpose, a linear regression equation is performed on the relative energy loss, 

AH/H0, as a function of the normalized length, Z/L„ and the following equation is 

obtained with r=0.967:

— = 0 .2 4 4 - (6.10)H0 Li

As can be seen from Equation (6.10) the value of A appearing in Equation (6.9) is 

0.244 for the upward inclined steps, which is higher than that obtained on the 

horizontal steps. This is an indication that the energy dissipation rate on the upward 

inclined steps is higher than the horizontal steps. Equation (6.10) is plotted in Figure
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6.18 for various unit discharges and step inclinations examined in this work. It also 

displays Equation (6.10), which is obtained from the linear regression for the 

computational results of this study on upward inclined steps.

0.3

<  0.15

♦ chute slope 1 V:2H

■ chute slope 
1 V:2.5H

chute slope 1 V:3H

Linear (Equation
(6.10))

Figure 6.18. Linear relationship between the relative energy loss and the normalized 

length to the step outer edge of upward inclined steps along the non-aerated flow 

region on moderate slopes.

Chapter Seven concentrates on the pressure distributions on both faces of the 

horizontal and upward inclined steps, for various step geometries, chute slopes and 

unit discharges. Also, it looks at the issue of cavitation formation on moderate slope 

stepped spillways, in an attempt to determine maximum allowable discharges on 

both step configurations, which ensure the safety of steps against the damage caused 

by cavitation.
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CHAPTER SEVEN

RESULTS AND DISCUSSION: 

PRESSURE DISTRIBUTION AND 

PREDICTION OF CAVITATION FORMATION
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Chapter Seven: Results and Discussion: Pressure Distribution 
and Prediction o f Cavitation Formation

7.1. Introduction

Investigating the pressure pattern is important in the design of open channels and 

hydraulic structures, especially when the velocity of the flowing water is high. This 

is because cavitation formation is the major concern for such kinds of flows, as the 

pressure may drop close to, and sometimes below, the vapour water pressure 

(Amador et al. 2006). As discussed earlier, the presence of air close to the spillway 

surface, in amounts of 5% to 8%, significantly reduces the risk of cavitation on 

stepped spillways (Peterka, 1953). In fact, air could enter the flow on stepped 

spillways naturally through the process of self-aeration. This process may take place 

once the boundary layer meets the free surface, at a point known as the inception 

point of air entrainment (Chanson, 2002), where the chute length will be divided into 

the non-aerated and aerated flow regions.

Past studies on steep slopes (e.g. Amador et al. 2009) showed that the non-aerated 

flow region is potentially more prone to cavitation damage than the aerated flow 

region. This may be because, on the one hand the flow velocity attains its peak value 

close to the inception point of air entrainment, and hence the pressure falls to its 

lowest values. On the other hand, air may be either entirely absent or insufficiently 

present in the non-aerated flow region to prevent such damage.

The computational results presented in Chapter 5 relating to the length to the 

inception point of air entrainment showed that the establishment of a surface 

self-aeration mechanism on moderate slope stepped spillways is mainly dependent 

on the discharge, chute slope and step geometry. However, during high flood events 

this mechanism may start at a significant distance from the crest, leaving behind a 

long flow reach without aeration. This increases the potential of cavitation formation 

on the downstream face, which may eventually cause entire failure of the structure 

(Amador et al. 2009). Understanding the pressure variation on both faces of steps 

located in the non-aerated flow region is therefore important to:

1- determine whether they are severe enough to form cavitation;
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2- predict the maximum permissible discharge that can be passed by the 

spillway safely without cavitation;

This chapter presents and explains the main properties of the pressure flow field in 

the non-aerated flow region on horizontal and upward inclined steps, over moderate 

slope stepped spillways, due to various unit discharges typical of skimming flow 

conditions. It also focuses on estimating the safe water discharge that can flow over 

moderate slope stepped spillways without causing cavitation damage to the 

downstream face.

7.2. Pressure distribution

This section aims to provide detailed information on the characteristics of the 

pressure flow field due to the skimming flow conditions on moderate slope stepped 

spillways. It presents and discusses the pressure distribution on both faces of a 

number of horizontal and upward inclined steps situated in the non-aerated flow. In 

addition, it concentrates on the effects of the step geometry and chute slope on the 

pressure behaviour.

7.2.1. Pressure distribution on the horizontal and tilted faces

Figure 7.1 displays the pressure flow field on the horizontal steps of height 0.12m, 

over the three chute slopes examined in the present work, due to unit discharges of 

<7vv=0 .25m2/s. Meanwhile, Figure 7.2 presents the pressure evolution along the chute 

of three different slopes over inclined steps of 0.09m height for unit discharges of 

qw=0.25m2/s. As can be seen in these figures, a smooth pressure flow field is 

obtained along the computational domain in both cases. Also, it is obvious that the 

pressure values downstream of the weir crest, along the chute slope over the 

horizontal and inclined steps, are low compared to the upstream part. This 

demonstrates that although the shape of the step is different, the pressure pattern is 

qualitatively similar.
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Figure 7.1. Pressure flow field along the non-aerated flow region for a unit discharge 

of qw=0.25m7s, over a stepped spillway using horizontal steps with height 0.12m 

and slope: a) 1V:2H, b) lV :2 .5H andc)  1V:3H.
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Figure 7.2. Pressure flow field along the non-aerated flow region for a unit discharge 

of qw = 0 .25m 7s, over a stepped spillway using inclined steps with height 0 .09 m  and 

step inclination 1 V :3 H  on the chute slope: a) 1 V :2 H , b) 1 V :2 .5 H  and c) 1 V :3 H .
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The pressure distribution on the horizontal face of three steps of height 0.09m, 

located at different distances along the chute of bottom slope 1V:2H, is shown in 

Figure 7.3, where the normalized pressure values P/  pghc are plotted against the 

dimensionless term y / l s for three different unit discharges. In this figure, P is the 

pressure, p  is the fluid density, g is the gravitational acceleration, hc is the critical 

flow depth on the weir crest, ls is the step length, ys is the distance measured from 

the step outer edge to the point under the consideration, L is the distance between the 

downstream face of the weir and the outer edge of the step under consideration, and 

Ks is the roughness height.

It is clear from this figure that for all discharges the pressure achieves its peak value 

at about 22% to 25% of the step length from its outer edge. Also, it shows that there 

will be a decrease in the pressure value inside the step cavity, reaching the minimum 

value close to the step corner. The highest pressure value on the horizontal face 

could be due to the impact of the skimming flow on the tread of the step, while the 

minimum pressure can be explained by the formation of eddies inside the step cavity. 

Nearly the same observations were made by Amador et al. (2009) in their 

experimental work, conducted mainly to characterize the pressure flow field on 

steeply sloping stepped spillways.
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Figure 7.3. Pressure distribution along the horizontal face of step height 0.09m on a 

chute slope of 1V:2H for: a) qw=0.25m2/s, b) qw=0.21nr/s and c) qw=0.182m2/s.

The computational results of the pressure profile on the tilted face of upward 

inclined steps of height 0.09m and step inclination of 1V:4H are shown in Figure

7.4. It should be noted that the chute slope and location of the steps along the chute 

slope shown in this figure are the same as those used with the horizontal steps. As 

may be observed, this figure demonstrates that the pressure pattern on the inclined 

steps is approximately identical to that obtained on the horizontal steps. However, 

the main difference between them is that the maximum pressure on the upward 

inclined steps is obtained at about 25% to 27% of the step length, measured from the 

step’s outer edge. This is because the tilted face of inclined steps is more exposed to 

the impact of the overflowing water than the straight face of the horizontal steps.
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Figure 7.4. Pressure distribution along the tilted face of the upward inclined step 

with height 0.09m and step inclination 1V:4H, on a chute of bottom slope 1V:2H 

for: a) qw=0.25m2/s, b) qw=0.21m2/s and c) qw=0.182m2/s.
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Figures 7.5 to 7.7 show the pressure distribution on the horizontal face of two steps 

having three different heights, due to various unit discharges flowing over the 

bottom chute slopes of 1V:2H, 1V:2.H and 1V:3H, respectively. One of these two 

steps is located at a distance from the weir crest along the non-aerated flow region, 

while the second step is located at the inception point of air entrainment.
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Figure 7.5. Pressure distribution along the horizontal face of horizontal steps over the 

chute slope of 1V:2H for unit discharge: a) qw=0.23m~/s, b) qw=0.20m7s and 

c) qw=0.173nr/s.
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Figure 7.7. Pressure distribution along the horizontal face of horizontal steps over the 

chute slope of 1 V:3H, for unit discharge: a) qw=0.25m2/s, b) qw=0.25m2/s and

c) qw=0.25m2/s.

In the event, no significant differences can be observed among these figures in terms 

of the characteristics of the pressure distribution along the horizontal face with the 

change of the step height and chute slope. However, it can be observed that the step 

height of 0 .12m provides relatively higher pressure values than the other step heights 

tested in this study. Also, for a given discharge and step height it is clear that highest 

pressure values are obtained on the horizontal face of steps fitting the downstream 

face of the stepped spillway of 1V:3H bottom slope. This can be explained by the 

fact the mean flow velocity on both these configurations, as discussed in Section 

6.2., is relatively lower than in the other configurations examined in this study. 

Furthermore, it is obvious that the pressure values acting on the horizontal faces of 

steps located close to the inception point are relatively lower compared to the steps 

located upstream to that point. This is because, as has been shown in Section 6.2., 

the mean flow velocity reaches its highest values at this point. Moreover, as can be 

seen for all unit discharges and step configurations tested in the current work, the 

pressure values acting on the horizontal face are positive, suggesting that cavitation 

is unlikely to form on the horizontal face.

To understand how the pressure distributes on the upward inclined steps, Figures 7.8 

to 7.10 plot the pressure distribution on the tilted face of two upward inclined steps 

along the chute of bottom slopes 1V:2H, 1V:2.5H and 1V:3H respectively, due to 

different values of the discharge per unit width.
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Figure 7.8. Pressure distribution along the tilted face of upward inclined steps of 

height 0.09m over the chute slope 1V:2H, for unit discharge: a) qw=0.25m2/s,

b) qw=0.21 m2/s and c) qw= 0 .183m2/s.
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Figure 7.9. Pressure distribution along the tilted face of upward inclined steps of 

height 0.09m over the chute slope 1V:2.5H, for unit discharge: a) qw=0.25m7s,

b) qw=0.21m2/s and c) qw=0.182m2/s.
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Figure 7.10. Pressure distribution along the tilted face of upward inclined steps of 

height 0.09m over the chute slope 1V:3H, for unit discharge: a) qw=0.25m2/s,

b) qw=0.21 m2/s and c) qw=0 .182m2/s.

These figures show that higher pressure values on the tilted face of upward inclined 

steps are obtained with the steepest step inclination used in this study. This can be
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linked to the reduction of the flow velocity as the adverse slope of the tilted face is 

increased. Finally, for all flow conditions and stepped spillway geometries examined 

in this study with the upward inclined steps, the pressure distribution on the tilted 

face indicates that cavitation may not occur, as all the pressure values are above the 

atmospheric pressure.

7.2.2. Pressure distribution on the vertical face of the horizontal and upward 

inclined steps

The pressure distribution due to different unit discharge values, qw, on the vertical 

face of the horizontal steps with height 0.09m, located at three different distances 

along the non-aerated flow region of the chute slope 1V:2H, is shown in Figure 7.11. 

In this figure the normalized pressure values P / pght are plotted against the values of 

the dimensionless term z /h s for four different values of the unit discharge qw, in 

which P refers to the pressure, p  is the fluid density, g is the gravitational 

acceleration, hs is the step height and zs is the distance measured from the step outer 

edge to the point under scope along the vertical face. It should be noted that in this 

figure, for a given discharge the value of L/KS=15 corresponds to the step which is 

very close to the inception point of air entrainment.
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Figure 7.11. Pressure distribution on the vertical face of horizontal steps of height
9  90.09m and chute slope 1V:2H, for unit discharge: a) qw=0.25mVs, b) qw=0.21m7s 

and c) qw= 0 .182m2/s.

It can be seen that the pressure values acting on the vertical face are all positive, 

even with the maximum unit discharge examined here. In addition, one can observe 

that the pressure is at its minimum at the step outer edge, increasing towards the step 

corner. The minimum pressure value is due to the region where the streamlines of 

the skimming layer separate from the main flow when passing over the vertical face, 

whereas the increase of the pressure toward the corner may be due to the formation 

of the rotating vortices inside the step cavity. Also, it is clear that the increase of the 

discharge decreases the pressure on the step outer edge; the minimum pressures 

correspond to the maximum unit discharge tested in this study. This is because the 

flow velocity increases as the discharge is increased. In addition, for all discharges 

the minimum pressure values are obtained at the outer edge of steps located close to
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the inception point. This can be attributed to the fact that the mean flow velocity 

close to the inception point of air entrainment achieves its peak value.

To investigate the effect of the step height on the pressure distribution of horizontal 

steps, Figures 7.12, 7.13 and 7.14 show the pressure distribution on the vertical face 

of a step close to the inception point of air entrainment, on chute slopes of 1V:2H, 

1V:2.5H and 1V:3H respectively, with various unit discharges. It is obvious that for 

all chute slopes and discharge values the step height of 0.12 provides higher pressure 

values, especially at the step outer edge, which is more prone to cavitation damage, 

in comparison with the other step heights. As has been shown in Section 6.2., the 

step height of 0.12 is more efficient in decelerating the flow velocity compared with 

the step heights 0.06 and 0.09m. This may explain why the pressure on the vertical 

step face of height 0.12m is relatively higher than the step heights 0.09 and 0.06m. 

Moreover, with respect to the effect of the chute slope on the pressure on the vertical 

face, the results demonstrate that the flatter the chute slope the higher the pressure on 

the vertical step face, and hence the lower the possibility of cavitation formation at 

the step outer edge.
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Figure 7.12. Pressure distribution on the vertical face of a step located at the 

inception point of air entrainment on the chute slope 1V:2H, for unit discharges: 

a) qw= 0.23nWs, b) qw=0.20m2/s and c) qw=0.173m2/s.
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Figure 7.13. Pressure distribution on the vertical face of a step located at the 

inception point of air entrainment on the chute slope 1V;2.5H, for unit discharges: 

a) qw= 0.23nWs, b) qw=0.20m2/s and c) qw=0.173m2/s.
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a) qw= 0.23rrb/s, b) qw=0.20m2/s and c) qw=0.173m2/s.
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The following section concentrates on the pressure distribution along the vertical 

face of the inclined steps. Figures 7.15 illustrates the pressure distribution due to 

various unit discharges typical of the skimming flow region on the vertical face of 

the inclined steps having an upward slope of 1V:4H. These steps are situated at 

different distances from the weir crest along the non-aerated flow region of the chute 

slope 1V:2FI.
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Figure 7.15. Pressure distribution on the vertical face of inclined steps of height 

0.09m, step inclination 1V:4H and chute slope 1V:2H, for unit discharge: 

a) qw=0.25rrr/s, b) qw=0.22m2/s and c) qw=0.183m2/s.
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As may be observed, the characteristics of the pressure distribution on the vertical 

face of upward inclined steps are approximately identical, in terms of the maximum 

and minimum values, to those obtained on the vertical face of the horizontal steps. 

However, for the same unit discharge, upward inclined steps increase the pressure at 

the outer edge of the steps when compared with horizontal steps. This is because 

upward inclined steps are more efficient, as discussed in Section 6.2., in decelerating 

the flow velocity along the chute slope. Also, it can be seen that the pressure 

decreases on the vertical face of the step as its distance, L/Ks from the weir crest is 

increased.

Figures 7.16, 7.17 and 7.18 present the pressure distribution on the vertical face of 

upward inclined steps of different step inclinations due to various unit discharges, 

over the chute slopes 1V:2H, lV :2.5Hand 1V:3H, respectively.
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Figure 7.16. Pressure distribution on the vertical face of upward inclined steps of 

height 0.09m having different step inclinations, and horizontal steps over the chute 

slope 1V:2H, for unit discharge: a) qw=0.25m2/s, b) qw=0.21m2/s and

c) qw=0.183m2/s.
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Figure 7.17. Pressure distribution on the vertical face of upward inclined steps of 

height 0.09m having different step inclinations, and horizontal steps over the chute 

slope 1V:2.5H, for unit discharge: a) qw=0.25m2/s, b) qw=0.21m2/s and

c) qw=0.183m2/s.
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Figure 7.18. Pressure distribution on the vertical face of upward inclined steps of 

height 0.09m having different step inclinations, and horizontal steps over the chute 

slope 1V:3H, for unit discharge: a) qw=0.25m2/s, b) qw=0.21m2/s and

c) qw=0.183m2/s.

In these figures, the pressure values obtained on the vertical face of horizontal steps 

of height 0.09m on the chute slope 1V:3H are also added, for the sake of 

comparison. It should be noted that for a given discharge and chute slope the 

pressure values shown in these figures are obtained on the vertical face of inclined 

steps located at the inception point of self-aeration. From these figures the following 

points can be observed:

1- the pressure values under all discharges and chute slopes are all positive;

2- there will be a decrease in the pressure at the upper half of the vertical step as 

the discharge is increased;

3- the pressures acting on the vertical face due to upward inclined steps are 

higher than those of the horizontal steps. This is because the upward inclined 

steps are more efficient in de-accelerating the velocity of the overflowing 

water, as discussed in Section 6.2.;

4- regarding the effect of the inclination of the upward inclined steps, the 

maximum pressure values close to the step outer edge are due to the steepest 

slope of the inclined steps examined in this work;

5- the flatter chute slope 1 V:3H examined in this study provides higher pressure 

values than chute slopes of 1:2.5H and 1 V:2H.
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7.3. Assessment of cavitation potential

As mentioned earlier, cavitation is the major concern in high velocity channels 

(Chow, 1959; Henderson, 1966; Chanson, 2002 and Chanson, 2004). Following 

Frizzell and Renna (2011), the cavitation index number is used in this study, to see 

whether cavitation could occur on moderate slope stepped spillways. For this 

purpose the cavitation index equation used by Falvey (1990) is used, as follows:

_ _ 2 { P 0-PV)
O = ------5— (7.1)

pVo '

where o is the cavitation index, Pa and Pv are respectively the boundary pressure and 

the vapour pressure of water at a given temperature, p is the density of water and VQ 

is the mean flow velocity. Equation (7.1) indicates that the lower the value of the 

cavitation index number, the greater the possibility of cavitation formation. Also, 

according to Equation (7.1) the cavitation index number is low where the pressure is 

low and flow velocity is high.

The cavitation index number of 0.6 is considered in the present work as the 

minimum cavitation index number below which cavitation could occur. This is 

justified on the grounds that Frizzell and Renna (2011), in their experimental work 

on moderate slope stepped spillways observed that cavitated bubbles were developed 

when the cavitation index number was between 0.6 and 0.7.

The computational results of the current work in terms of the flow velocity (see 

Section 6.2.) and pressure on the vertical face, demonstrate that the velocity and 

pressure reach their respective highest and lowest values close to the inception point 

of air entrainment.

To apply Equation (7.1) to prototype structures it is necessary to consider the 

following points:

1- Froude similitude is applied in this study, as both the gravity and inertia 

forces are dominant factors governing the free surface flow;

2- Following the hypothesis of Boes and Hager (2002) regarding the scale ratios 

of stepped spillways, the stepped spillways examined in this section are 

modelled using the scale ratio of 1:12, to avoid scale effects. Therefore, the
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cavitation index number determined in this study is applicable to stepped 

spillways of step height 0.90m and chute slope of 1V:2H;

3- Vapour water pressure is assumed to be 2.00 KN/m2, based on the water 

temperature of 17°C.

Having established the velocity and minimum pressure value on the vertical face of 

the step of height 0.06m, close to the inception point of air entrainment due to the 

maximum unit discharge of qw= 0.23m2/s over the chute slope of IV:2H, the

minimum cavitation index number would be 1.83. This is an indication that

cavitation is unlikely to occur with the aforementioned flow condition. It should be 

noted that the critical flow depth associated with the abovementioned discharge, 

which ensures the occurrence of the critical flow condition above the weir crest of 

length 0.5m, is 0.19m. Therefore, in order to predict the maximum permissible 

discharge above which cavitation can develop on moderate slope stepped spillways, 

a broad crested weir with relatively bigger dimensions needs to be examined.

In the present work eight numerical models are set up with the following properties:

1- the total height of the stepped spillway is fixed to 1.2m.

2- the crest length is set to 1.2m.

3- two chute slopes of 1V:2H and 1V:3H are considered.

4- Two step heights of 0.05 and 0.075m are used to represent the prototype 

stepped spillways of step heights 0.6 and 0.9m respectively, with scale ratio 

of 1:12.

5- Two step inclinations, 1V:2H and 1V:6H, are tested with the upward inclined 

step.

Figures 7.19 and 7.20 present the velocity flow field over the horizontal and upward 

inclined steps respectively, with two step heights 0.05 and 0.075m. In both step 

configurations various unit discharges typical of the skimming flow condition are 

examined over two chute slopes, 1V:2H and 1V:3H. It is worth mentioning that the 

inclination angle of the upward inclined steps is kept here the same as the chute 

slope. These figures demonstrate that the flow velocity over steps located at the 

downstream steps varies from about 4.9 for horizontal steps over the steep slopes, to 

nearly 6.0m/s for inclined steps.
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d) qw=0.853m /s over the chute slope 1 V:3H 
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Figure 7.19. Velocity flow field along the chute slope over horizontal steps of height 

0.05m (a and b) and 0.075m (c and d).
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Figure 7.20. Velocity flow field along the chute slope over upward inclined steps of 

height 0.05m (a and b) and 0.075m (c and d).

Further, the pressure flow field over the horizontal and upward inclined steps 

predicted in the present work are illustrated in Figures 7.21 and 7.22 respectively. It 

should be noted here that the step geometry, chute slope and flow condition 

examined to obtain the pressure flow field are identical to those mentioned above in 

the velocity flow field.
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Figure 7.21. Pressure flow field along the chute slope over horizontal steps of height 

0.05m (a and b) and 0.075m (c and d).

500 H300 1500 2000 2500

209



250 750 1250 1750 2250

1850 2350 2850 3350 3850

500 1000 1500 2000 2500 3000

Figure 7.22. Pressure flow field along the chute slope over upward inclined steps of 

height 0.05m (a and b) and 0.075m (c and d).
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These figures show that the pressure carried by fluid particles close to the outer edge 

of steps is relatively low, especially on those located at the downstream reach, and 

drops below the atmospheric pressure value, in particular with the steepest slope 

1V:2H, and smallest step height 0.05m, examined here. This may be due to the 

separation of the overlying flow from the step tip. Both the velocity and pressure 

flow fields discussed above affirm that the upper half of the vertical face of steps 

located at the downstream part of the chutes is potentially prone to cavitation 

formation. This is consistent with the experimental observations made by Amador et 

al. (2009) regarding pressure variation on the vertical face of steps located far from 

the ogee type weir over steeply sloping stepped spillways.

The following section sheds light on the velocity and pressure distributions on steps 

located at a distance far from the weir crest along the chute slopes. In fact, these 

profiles can be used to deduce the mean flow velocity and low pressure values that 

should be considered in assessing the potential of cavitation formation based on the 

cavitation index number. Figures 7.23 and 7.24 show the velocity profile on the 

horizontal and upward inclined steps respectively, at various unit discharges.
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Figure 7.23. Velocity profiles along the water flow depth over the outer edge of 

horizontal steps of height 0.05m (a and b) and 0.075m (c and d).
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Figure 7.24. Velocity profiles along the water flow depth over the outer edge of 

upward inclined steps of height 0.05m (a and b) and 0.075m (c and d).

As can be seen for all discharges and step geometries, the velocity profile indicates 

that the boundary layer has not been fully developed, as the velocity varies only
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along a certain height of the flow depth until reaching maximum value above which 

the velocity keeps constant. This is possibly because in this part of the study high 

discharge values are used to attain high flow velocities, and low pressure values to 

predict the discharge above which cavitation may occur. Also, it can be observed 

that the velocity profiles are quantitatively different, which can be explained by the 

differences in the discharge values, chute slopes, step heights and step configurations 

tested in this study. However, the value of the mean velocity obtained in each of the 

above velocity profiles is used in Equation (7.1) as a reference velocity to predict the 

cavitation index number.

Figures 7.25 and 7.26 represent the pressure distribution acting on the vertical face 

of two steps located in the non-aerated flow region of the horizontal and upward 

inclined steps respectively. The computational results of the present investigation 

shown in both of these figures are obtained using the same discharge values and step 

geometries mentioned above in the velocity profile.
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Figure 7.25. Pressure distribution on the vertical face of horizontal steps of height 

0.05m (a and b) and 0.075m (c and d).
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Figure 7.26. Pressure distribution on the vertical face of upward inclined steps of 

height 0.05m (a and b) and 0.075m (c and d).

The computational results of the pressure distribution on the vertical face of the steps 

examined in this study, shown in the two figures above, demonstrate that there is a 

drop in the pressure at the outer edge, to either below atmospheric pressure value or 

close to the water vapour pressure values, which in turn may cause cavitation to 

develop especially when the mean flow velocity in the tested section is relatively 

high. However, the minimum pressure value obtained on the vertical face is used in 

this study to determine the cavitation index number.

Figure 7.27 plots the cavitation index number obtained in this study versus the unit 

discharge for different step heights, step inclination angles and chute slopes. The 

critical cavitation index number of 0.6, which was found experimentally by Frizzell 

and Renna (2011), is also drawn. It is worth mentioning that the computational
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results obtained in this study in terms of the cavitation index number and unit 

discharge are applied on prototype stepped spillways using the scale ratio of 1:12.
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Figure 7.27. Cavitation index number versus unit discharges for various step 

configurations and geometries over moderate slope stepped spillways.

Figure 7.27 demonstrates that at the critical cavitation index number of 0.6:

1- the unit discharge increases with the increase of the step height for a certain 

chute slope;

2- the unit discharge increases with the decrease of the chute slope for a certain 

step height;

3- the unit discharge provided by upward inclined steps is approximately 9% 

more than that provided by the horizontal steps for the same step height and 

chute slope;

4- For all conditions, the unit discharge that may cause cavitation to form on 

moderate slope stepped spillways of step heights 0.60m and 0.90m is 

between 25 and 42rrf/s.

Table 7.1 presents the maximum allowable discharge above which cavitation can 

commence, for different step geometries and chute slopes typical of embankment
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dams. This table has direct implications for the design of moderate slope stepped 

spillways, as it presents the maximum discharge that can flow over the downstream 

face without the damage of cavitation. It is worth mentioning here that the stepped 

spillway needs to be equipped with one or more aerators when the design requires 

the passing of unit discharges higher than those presented in Table 7.1.

step shape
step height 

(m)
chute
slope

unit discharge 
(m 2/s)

horizontal 0.60 1 V:2H 25.00

horizontal 0.60 1V:3H 29.50

horizontal 0.90 1V:2H 31.00

horizontal 0.90 1V:3H 35.50

inclined 1V:2H 0.60 1V:2H 29.90

inclined 1V:3H 0.60 1V:3H 35.50

inclined 1V:2H 0.90 1 V:2H 36.00

inclined 1V:3H 0.90 1V:3H 39.00

Table 7.1. The maximum allowable unit discharge to avoid cavitation formation on 

moderate slope stepped spillways, for various step configurations and geometries.
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Chapter Eight: Conclusions and Recommendations for  
Future Work

8.1. Introduction

This study was carried out to numerically characterize skimming flow conditions 

over moderate slope stepped spillways. The focus was on the properties of the 

skimming flow over a reach of the structure known as the non-aerated flow region. 

Aside from the techniques of the conventional numerical grid-based method, such 

as finite difference, finite element and finite volume, the technique of smoothed 

particle hydrodynamics, as one of the most efficient techniques for the numerical 

particle-based method has been used in this study to examine its efficiency and 

accuracy in predicting the flow field variables of free surface flow over stepped 

spillways. For this purpose, the numerical 2D SPHysics model, as an implementation 

of the computational smoothed particle hydrodynamics method, was applied. The 

study set out to explore the effects of step height and chute slope on the 

characteristics of the skimming flow regime. It has also sought to study the 

behaviour of the skimming flow regime over upward inclined steps. Further, the 

project investigated the potential for cavitation formation on moderate slope stepped 

spillways. Understanding the characteristics of the skimming flow regime in the non

aerated flow region is important for improving the design of moderate slope stepped 

spillways, and the downstream slope of small embankment dams.

This study sought to answer the following key research questions:

1- Is the weakly compressible smoothed particle hydrodynamics method 

capable of simulating free surface flow over stepped spillways? If yes, which 

numerical particle-based method technique should be applied to accurately 

simulate and predict flow properties over this kind of hydraulic structure?

2- What effects do the step height, chute slope and step shape have on a number 

of key elements of the design of this type of hydraulic structure? These 

elements include the length of the non-aerated flow region, growth of the 

boundary layer, the energy dissipation rate and pressure on both step faces.
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3- How does the skimming flow condition behave in the non-aerated flow 

region when conventional horizontal steps are replaced by upward inclined 

steps?

4- Is it possible for cavitation to occur on moderate slope stepped spillways? If 

yes, what is the maximum discharge that can be passed safely without 

damage being caused by cavitation.

This chapter initially synthesizes the main findings obtained in this study, then 

highlights the main implications and limitations of the current study. Finally, it 

makes some suggestions for directions and areas of future works.

8.2. Synthesis of research findings

This section will synthesize the main findings obtained, to answer the research 

questions raised in this study. The first research question was about the efficiency 

and accuracy of the particle-based method in simulating and predicting flow 

properties over stepped spillways. For this purpose, the numerical 2D SPHysics 

code, as an implementation of the computational smoothed particle hydrodynamics 

particle-based method, was applied. The numerical code was calibrated against the 

experimental data gathered from experiments conducted previously on two 

laboratory models, namely the flow over broad crested weirs and skimming flow 

over moderate slope stepped spillways. The differences between the computational 

and experimental results, in terms of the unit discharge on the weir crest for various 

values of the total upstream head, were high when the Navier-Stokes governing 

equations were solved on the basis of classical formulations of the smoothed particle 

hydrodynamics method. This affirms that the numerical model may not produce 

accurate results unless the recently developed numerical particle-based techniques 

are applied.

This motivated us to apply all the numerical techniques provided by the 2D 

SPHysics model, through a sensitivity analysis, to determine the most efficient ones 

in order to optimize the accuracy of the numerical results and computational time.
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The computational results of the sensitivity analysis showed that:

1- as well as the technique of corrected kernel function for handling the 

numerical instabilities associated with the truncation of kernel function near 

the domain boundaries, the Riemann solver density filter technique is also 

needed, in order to remove the fluctuations appearing in the density and 

pressure flow fields. This is because the numerical code applied in this study 

uses an equation of state to determine the pressure acting on the particles, as 

the partial differential equations governing the fluid flow are solved 

considering the fluid as weakly compressible;

2- the accuracy of the computational results can be increased with the use of the 

repulsive boundary condition technique, instead of the dynamic boundary 

condition method. This could be due to the behaviour of a number of fluid 

particles, which were observed penetrating the boundary walls of the 

computational domain generated by the latter method.

Qualitative and quantitative comparisons between the computational and 

experimental results were also made, to verify the efficiency and accuracy of the 

numerical model applied in this study. Agreement between the computed results and 

measured data for both test cases was fairly good. This demonstrates that the 

numerical SPH model, which solves the weakly compressible Navier-Stokes 

equations, could be a useful tool for simulating free surface flow over stepped 

spillways, attaining fairly good accuracy when the corrected kernel function and 

Riemann solver density filter are applied.

The validated code was then applied to twenty-six numerical stepped spillway cases, 

designed to achieve the main objectives set out in the present work. These cases 

were divided into two groups; the first was represented by eighteen cases, to study 

the effects of step geometry aspects, such as step height, step shape and chute slope, 

on the characteristics of the skimming flow conditions. The rest of the cases were 

categorized under the second group, which were designed with larger dimensions 

and examined under higher unit discharges than the cases of the first group, to assess 

the potential for cavitation formation on moderate slope stepped spillways.

The second research question addressed in this study was about the effects of step 

geometry on the characteristics of the skimming flow conditions in the non-aerated
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flow region over moderate slope stepped spillways. The length of the non-aerated 

flow region was the first parameter investigated. This was determined according to 

the definition which states that it corresponds to the distance between the weir crest 

and the section along the chute slope at which the boundary layer is fully developed. 

Based on the computational results of free surface and velocity profiles at different 

sections along the non-aerated flow region, obtained for different step heights, chute 

slopes and unit discharges typical of skimming flow conditions, an equation was 

developed to estimate the location of the inception point for horizontal steps. This 

equation affirms that the unit discharge is not the only factor that may affect the 

location of the inception point of air entrainment on moderate slope stepped 

spillways; the step height and chute slope are two important factors that must also be 

considered in determining the longitudinal distance between the weir crest and the 

inception point of air entrainment.

The accuracy of this equation was examined by comparing the computed results with 

the measurement data of a number of experimental works previously conducted on 

moderate slope stepped spillways. Some discrepancies were observed between the 

computational results obtained in this study and those recorded in past experimental 

works for the same flow and geometry conditions. This can be explained by the fact 

that the experimental data of these studies were gathered considering either the step 

height or the chute slope as the main factor affecting the location of the inception 

point, whereas the computational results obtained in this investigation are due to 

various step heights and chute slopes.

This investigation has also shed light on the effects of the step geometry and chute 

slope on the growth of the boundary layer. The numerical results obtained in this 

study showed that greater boundary layer growth is associated with larger step 

height. The computational results further demonstrated that the growth of the 

boundary layer is accelerated when the chute slope is increased. The findings 

obtained in this study, in terms of the effects of the flow and geometry conditions on 

the growth of the boundary layer, were consistent with what has been observed by 

other researchers in experimental work on stepped spillways. However, as claimed 

by most of the researchers, there is no a definite equation to estimate the growth of 

the boundary layer on stepped spillways.

Based on the computational results obtained in this study from various step heights, 

chute slopes and discharges, an equation was proposed to determine the thickness of
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the turbulent boundary layer along the non-aerated flow region, for horizontal steps 

on moderate slope stepped spillways. The main difference between this equation and 

those proposed by other investigators is that along with the roughness height it takes 

into account the effects of the discharge and chute slope as well.

The effects of the discharge and step geometry on the energy dissipation rate in the 

non-aerated flow region over moderate slope stepped spillways was another research 

point investigated in the present work. The computational results gathered from 

various step heights, chute slopes and unit discharges showed that the energy 

dissipation rate in this region is slightly influenced by the unit discharge and step 

height, and highly affected by the chute slope. This agrees well with the 

experimental observations made by other researchers who conducted their 

experiments on moderate slope stepped spillways. The computational results 

obtained in this study were used to obtain an equation for estimating the energy 

dissipation rate at any section along the non-aerated flow region.

The effect of step geometry on features of the velocity distribution for various unit 

discharges was addressed in this research. For this purpose, the velocity profiles for 

various unit discharges at the outer edge of a number of steps, located along the non- 

aerated flow region at different distances from the weir crest, were computed. The 

velocity profiles obtained in this study followed the power law, agreeing well with 

past research. The computational results showed that for the same chute slope the use 

of large step height can result in a significant decrease in the mean flow velocity, 

especially close to the point of free surface aeration. It was also observed that for the 

same step height the minimum mean flow velocity near the inception point of self

aeration is associated with the flatter chute slope.

Moreover, in the present work the influence of step geometry and unit discharge on 

the pressure flow field in the non-aerated flow region was studied. For this purpose, 

the pressure acting on the vertical and horizontal faces of a number of steps was 

considered. These steps were located at different distances from the downstream face 

of the weir crest. This allowed us to see whether the pressure carried by fluid 

particles close to these faces is severe enough to cause cavitation to develop on the 

steps. From the pressure distributions obtained with various step heights and chute 

slopes it was observed that:

1- For a given chute slope and unit discharge the pressure values along both step 

faces increase as the step height is increased.
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2- For a given step height and unit discharge the pressure values acting on both 

step faces increase as the chute slope is decreased.

These demonstrate that if cavitation can occur on stepped spillways, then small step 

heights and steep chute slopes are potentially more subject to such damage than 

larger step heights and flatter chute slopes. However, it was observed that the 

pressure values acting on both step faces at all sections examined in this study were 

positive. This affirms that cavitation is unlikely to occur for the range of unit 

discharges tested in the present work, with the numerical stepped spillway cases of 

the first group.

The third research question addressed how upward inclined steps affect the 

behaviour of skimming flow conditions in the non-aerated flow region over stepped 

spillways having slopes typical of embankment dams. Upward inclined steps have 

been proven to be one of the most efficient step configurations in terms of the energy 

dissipation rate. However, no detailed information is available regarding the 

hydraulics of skimming flow conditions over this kind of step configuration in the 

non-aerated flow regime. This is because past experimental studies with such step 

types were, on the one hand conducted on steep slopes, and on the other hand 

focused on two major points:

1- their performance in dissipating the flow energy;

2- their influence on the occurrence of flow regimes over stepped spillways.

The computational results obtained in this study with the upward inclined steps 

showed that in comparison with conventional horizontal steps, this kind of steps not 

only improves the energy dissipation rates, but also:

1- accelerates the growth of the boundary layer, which may cause the 

inception point, where the self-aeration process begins, to move further 

upstream toward the weir crest. Hence, the length of the non-aerated flow 

region over stepped spillways, which may be prone to cavitation damage, 

will be reduced;

2- lowers the mean flow velocity and increases the pressure acting on the 

vertical and tilted faces. Hence, the maximum safe discharge in terms of 

cavitation damage can be increased.

These findings make it possible to state that this kind of steps can present more 

efficient designs for stepped spillways than the conventional horizontal steps.
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The last research question addressed in the present investigation was about whether 

cavitation is able to occur on moderate slope stepped spillways, and what the 

maximum discharge that can be passed by this kind of hydraulic structure safely is. 

This is because up to now the potential for cavitation formation on moderate slope 

stepped spillways has received little attention, and the maximum discharge above 

which such damage can occur has not yet been established. For this purpose, the

critical cavitation index number determined from experiments previously conducted

on moderate slope stepped spillways is used in this study, to evaluate this issue. To 

do so, the mean flow velocity and minimum pressure at different sections along the 

non-aerated flow region for different step heights, step configurations, and chute 

slopes were considered in estimating the maximum safe discharge. The 

computational results of this study showed that at the critical cavitation index 

number, the maximum safe discharge can be increased when:

1- the step height is increased for the same chute slope;

2- the chute slope is decreased for the same step height;

3- Upward inclined steps are used instead of horizontal steps for the same step 

height and chute slope;

4- the adverse slope of the upward inclined steps is increased for the same step 

height and chute slope.

The computational results further demonstrated that for all conditions, the unit 

discharge that may cause cavitation to form on moderate slope stepped spillways of 

step heights 0.60m and 0.90m is between 25 and 42m2/s.

8.3. Implications and limitations of this study

The present work provides more insight into the properties of the skimming flow 

regime over moderate slope stepped spillways. It contributes in extending current 

knowledge of the non-aerated flow region, by developing a number of equations 

which may be of significant use in establishing key design parameters for the 

downstream slope of embankment dams subject to overtopping during times of peak 

flow.
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These parameters include:

1- the length to the inception point of air entrainment. This parameter is 

important in the design, as it indicates whether the self-aeration mechanism 

will take place on the structure or not. Two separate equations were 

developed in the current work to predict the location of the self-aeration 

mechanism for horizontal and upward inclined steps, respectively, over 

moderate slope stepped spillways, as a function of the discharge and step 

geometry. These equations can be used for stepped spillways having slopes 

not steeper than 1V:2H and not flatter than 1V:3H. The equation proposed 

for horizontal steps is valid only with step heights between 0.30m and 0.90m, 

while the other equation can be applied to upward inclined steps of heights 

between 0.30m and 1.2m, with step inclinations ranging between 1V:3H and 

1 V:6H. For all conditions, the application of these equations is only valuable 

for roughness Froude numbers not greater than 10.

2- energy dissipation rate. This parameter has direct implications for the design 

of the stilling basin located at the end of the structure, where the residual 

energy of the flow will be dissipated, especially when the downstream length 

of the moderate slope stepped spillway and embankment dam is relatively 

small, so that the self-aeration mechanism may not take place.

3- safe design discharge, which assures the safety of the steps against cavitation 

damage. This parameter provides the designer with information about the 

maximum amount of unit discharge that can be passed by a stepped spillway 

safely, without the need for aerators, to prevent the formation of cavitation. 

The present study presents the maximum design unit discharge for various 

step heights and chute slopes typical of embankment dams, for both 

horizontal and upward inclined steps. However, the structure needs to be 

equipped with one or more aerators in case it is required to pass unit 

discharges higher than those presented in this project.

4- step configuration. Upward inclined steps can be considered as an optimal 

alternative step configuration that could lead to more efficient designs of 

stepped spillways.
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8.4. Suggestions for future research

This section presents a number of additional investigations which need to be carried 

out to understand more fully the properties of the flow over stepped spillways, and to 

find how the computational SPH particle based method performs in simulating more 

complex aspects of the free surface flow over said structures:

1- In this study a single phase flow, water, is implemented to characterize the 

skimming flow regime over a reach of stepped spillways, known as the non- 

aerated flow region, where air content is assumed to be entirely absent. 

Detailed information regarding the skimming flow properties over the aerated 

flow region is still lacking, especially for structures with upward inclined 

steps. Therefore, it would be of interest to apply a two phase flow, water and 

air, to estimate the global energy dissipation rate. This also can be used to 

investigate the performance of the computation SPH particle-based method, 

in simulating air-water flow over stepped spillways.

2- The present work provides new insights into the skimming flow condition 

over moderate slope stepped, using horizontal and upward inclined steps. The 

behaviour of the upward inclined steps with the nappe and transition flow 

regimes has not yet been investigated. It would therefore be interesting to 

conduct further research in order to provide more definitions for the 

hydraulics of flow over upward inclined steps.

3- The current work shows that the upward inclined steps perform better than 

the conventional steps, in terms of decelerating the flow velocity, dissipating 

the energy of the overflowing water and increasing the maximum unit 

discharge that can be passed safely by moderate slope stepped spillways 

without cavitation damage. Additional work needs to be performed with 

pooled steps, in order to compare their performance with upward inclined 

steps, since both can be used in the design of fish ladder structures. To do so, 

3D SPHysics code needs to be applied, and run with high performance 

computers.

4- The current research indicates that the length to the inception point of air 

entrainment depends on the unit discharge, step height, chute slope and step 

shape. However, in this study, with the upward inclined steps, only one step 

height is used, with three different step inclinations and chute slopes to



determine the location of the inception point of self-aeration. Hence, further 

study is needed to address this issue, by using different step heights to obtain 

a relationship to define the location of this point in a more accurate manner.
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