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Abstract

In this thesis, we aim to study parametric and nonparametric estimation with stochastic
differential equations of mean-reversion type and their applications. we have done two lines
of research works in this thesis. First, we apply mean reversion feature to the problem of
parameter estimation for stochastic differential equation with small noise on discrete obser-
vations. Girsanov Transformation and least squares method are applied to get an estimator
of the drift parameter. Then we begin to study the consistency and the rate of convergence
of the least squares estimator and establish the asymptotic distribution of the least squares
estimator. Moreover, an illustrative example with linear case and an application to a credit
risk modeling is given. After that, we focus our study on nonlinear mean functional param-
eter estimation. With similar method, we give proof on the consistency and the asymptotic
distribution. For the second line of this thesis, we focus on the nonparametric drift esti-
mation for inhomogeneous stochastic differential equation driven by Brownian motion with
sampling data. Kernel density function is applied to get the estimator of the drift parameter.
Meanwhile the consistency and rate of convergence of the drift estimator are proved. Then
the asymptotic distribution of the least squares estimator is established. Finally, we study

an example case.

Keywords: Girsanov transformation; least squares method; discrete observation; mean-
reverting processes; Brownian motion; consistency of least squares estimator; asymptotic
distribution of LSE; nonparametric; inhomogeneous; rating process; zero coupon bond; non-

parametric



Chapter 1

Introduction

This thesis is mainly concerned with parametric and nonparametric estimation for mean
reversion feature stochastic differential equations driven by Brownian motion with sampling

data and their applications.

In the past, for the parametric estimation method, when the driving noise is Brownian
motion, with small white noise based on continuous-time observations, Prakasa Rao [41],
Liptser and Shiryaev [29], Kutoyants [26] use maximum likelihood estimator method based
on the Girsanov density with the continuous observation. Meanwhile, S¢rensen [48] gave
a survey of existing estimation techniques for stationary and ergodic diffusion processes
observed at discrete points in time. For the least squares estimate method, Dorogoveev [6]
and Le Breton [27] proved the convergence in probability and in Kasonga [21], they defined
the least squares estimator and show the strong consistency under some regularity conditions.
Moreover, Prakasa Rao [39] gave a study on the asymptotic distribution. Further, Shimizu
and Yoshida [45] considered a multidimensional diffusion process with jumps whose jump
term is driven by a compound poisson process. They let a(z,8) be the drift part and
b(z,0) be the diffusion coefficient and study estimation of the parameter a(z,0) = (6,0).
Under certain assumptions, the consistency and asymptotic normality of an estimator were
shown. Shimizu [46] considered a similar case and proposed an estimating function under

complicated situation.



The asymptotic theory of parametric estimation for diffusion processes with small white
noise, based on continuous-time observations is well developed (see, e.g., Kutoyants [25], Ku-
toyants [24], Uchida and Yoshida [56], Yoshida [60] and Yoshida [59]). For instance, Yoshida
[56] considered the evaluation problem of statistical models for diffusion processes with small
noise. There were many applications of small noise asymptotic to mathematical finance,(see,
e.g.,Kunitomo and Takahashi [23], Long [31], Takahashi [49], Takahashi and Yoshida [50],
Uchida and Yoshida [55], and Yoshida [58]). For example, Kunitomo and Takahashi [23]
proposed a new methodology for the valuation problem of financial contingent claims when
the underlying asset prices follow a general class of continuous Ito processes. And then they
gave two examples on the valuation problems of average options for interest rates. However,
estimation for diffusion processes with small noise based on discretely observations is used
more frequently, since the actual data may be obtained discretely. So, we begin with our
study on this direction. Long {30] gave a study on the parameter estimation for discretely
observed one dimensional Ornstein-Uhlenbeck processes with small Lévy noises. It assumed
that the drift function b(z, 8) = —0z was linear for both z and §. Meanwhile the driving Lévy
process was L; = aB;+bZ;, where a and b were known constants, {B;,t > 0} was a standard
Brownian motion and Z; was a a—stable Lévy motion independent of {B;,t > 0}. Under
this framework, he established the consistency and asymptotic normality for the proposed
estimators. In Long [31], he investigated the parameter estimation problem for discrete ob-
servations with small Levy noises. In Long [31], he gave a discussion on a case of the drift
function b(z, §) = 6b(z). Under some regularity conditions, he obtained the consistency and
rate of convergence of the least squares estimator when a small dispersion parameter € — 0
and n — oo simultaneously. Meanwhile, they gave the result of asymptotic distribution
which was shown to be the convolution of a stable distribution. In a similar framework, Ma
[33] extended the results of Long [31] to the case where the driving noise was a general Lévy
process. After that, in Hu and Long [16], least squares estimator for Ornstein-Uhlenbeck
processes driven by a-stable motions was studied. The main focus of Hu and Long [16] was
to study the strong consistency and asymptotic distributions of the least squares estima-

tor for generalized O-U processes. After using least squares method to get a least squares



estimator, they gave a proof on the strong consistency and the rate of convergence of the
estimator. Finally they got an asymptotic distribution. In Hu and Long [17], results in [16]
was extended for the case that the drift function b(x,0) = oy — 6pz. When oy = 0, the
mean-reverting a-stable motion becomes O-U process. Under certain conditions, by using

least squares method, they proved the consistency and asymptotic distribution.

On the other side, when the drift function is unknown, nonparametric estimation method
was used. The problem of nonparametric estimation of a density function has received exten-
sive attention since Nadaraya [35] and Watson [57] introduced the Nadaraya-Watson estima-
tor of the regression function. In these papers they extended the methods for estimation of
probability densities to regression functions. After that consistency and rate of convergence
were established by Hardle [14]. A growing body of literature exists on the related problem
of nonparametric estimation of unknown regression functions(see Collomb [5]). Most of the
literature on nonparametric regression function estimation deals with the kernel method and
its variants. When the stochastic process is stationary, Robinson [42], Roussas [44], Tran
[51], Kim and Cox [22], Nze and Rios [36], Liebscher [28] derived the strong convergence and
central limit theorem of the kernel density estimator. For instance, in Roussas [44], they
considered the nonparametric estimation in mixing sequences of random variables. Under
some conditions, they showed the strongly consistent estimates. Moreover, Hall, Peng and
Yao [13] gave the nonparametric regression estimation for time series with heavy tail. To
the extension of the discrete time series with heavy tail, a regression type of estimation for

stochastic processes driven by Lévy motion was discussed by Long and Qian [32].

Meanwhile, in the financial field, stochastic differential equations with mean reversion
type play an important role. The phenomenon of mean reversion is a tendency generally for
a stochastic process to remain near, or return over time to a long-run average. Specifically,
mean reversion in credit risk means that good credits today tend to become somewhat worse
credits over time and bad credits tend to become better credits over time. Hodges and

Carverhill [15] characterized the behavior of the drift function in an equilibrium economy.



They assumed the stock price follows a mean reversion type stochastic differential equation

dX
-X—t = (r+ oa(Xy, t))dt + cdW,
t

where the risk free interest rate r and volatility o are constants, W; is a Brownian motion,
the correction term a(X;,t) with o : R x [0,00) — R is a C*!'—fucntion. They used a
binomial tree argument in the discrete time setting and Taylor expansion to prove that the

the instantaneous reward per unit of risk a follows the Burgers Equation

0 1,0 0
aa(x,t) =50 @a(x,t) — Ua(a:,t)b;a(a:, t).

In addition, Stein and Stein [47] proved a similar result for their stochastically varying

volatility, which was driven by an arithmetic Ornstein-Uhlenbeck process.

Motivated by the above research, we have done two lines of research works in this thesis.
First, we apply mean reversion SDEs to the problem of parameter estimation for stochastic
differential equations with small noise on discrete observations. Then we study the consis-
tency and the rate of convergence of the estimator and establish the asymptotic distribution
of the least squares estimator with nonlinear mean parameter. Second, we focus on the
nonparametric drift estimation for inhomogeneous stochastic differential equations driven
by Brownian motion with sampling data. Kernel density function is applied to get the es-
timator of the drift parameter. Then the consistency and rate of convergence of the drift

estimator are proved. After that the asymptotic distribution of the estimator is established.
The rest of this thesis is organized as follow:

Chapter 2 prepares some preliminaries, which will be used in later derivations and proofs.
First, we give a brief introduction on SDEs, especially on the existence and uniqueness of
the solutions to SDEs. Then we discuss the Girsanov theorem. Finally, we show some useful

estimates, limits and inequalities.

In Chapter 3, we consider the mean-reversion type SDE, for which the drift function is
[r+a(X:,t,€)]b(Xy, t), and diffusion coefficient is eo (X, t), where b(z, t) : Rx[0,1] — R\ {0}
and o(z,t) : R x [0,1] — R are continuous with respect to t; ¢ € (0,1] is a parameter;

a(z,t,e) : R x [0,1] x (0,1] — R is twice differentiable with respect to z and differentiable

4



with respect to t. Due to the complexity of the drift item a (X4, t, ), we utilize the Girsanov
Transformation to get rid of this part, which changes measure P to measure Q.. Then
we provide an explicit least squares estimator from which we can make a proof for the
convergence from least squares estimator to the true value with certain conditions. Moreover,
we also give a proof on the asymptotic of the least squares estimator. Then, the asymptotic
distribution is proved under probability measure ). After that, we give an illustrative
example. Finally, as an application, we apply our mean-reversion approach to a rating

process in the range of zero coupon bond.

In Chapter 4, we extend the mean reversion stochastic differential equation to the situa-
tion where the mean parameter is nonlinear. We change the drift part to [r(6)+a(X, t,€)]X;.
With the similar method, after using Girsanov Transformation, we have a new SDE under
measure (J.. Then we prove the consistency of least square estimator and illustrate the

asymptotic distribution.

In Chapter 5, we extend the situation to nonparametric approach. We give a study on
the problem of nonparametric estimation for inhomogeneous stochastic differential equations

driven by Brownian motion as following
dXt = /.A(Xt, t)dt -+ O'(Xt, t)dBt 0 S t S T

where u(z,t) : R x [0,7] — R is a measurable function which is continuous with respect
to t and o(z,t) : R x [0,7] — Ry is a positive function which is continuous with respect
to t. Then we prove the the consistency and the asymptotic distribution of least squares

estimator. Finally, an example is given for u(X;,t) = [a(X},t) + br(Xy,t)] and o(X,,t) = b.

In summary, in this thesis, we address three topics from mathematical modeling for
finance. At the very beginning of our topics, we will outline some preliminaries in Chapter

2.



Chapter 2

Preliminaries

In this chapter, we introduce some notations and preliminaries. In the whole thesis, we
use notation "—q” to denote ”convergence in probability Q”; notation "—p” to denote
”convergence in probability P” and notation =" to denote ”convergence in distribution”.
Moreover, op(1) denotes a sequence of random variables converging to zero in probability;
Op(1) means a sequence of random variables converging to a finite constant in probability.
All the contents in this chapter is mainly based on the books by Qkesenda [37], Ikeda and
Watanabe [19] and Mao [34].

2.1 Introduction to Stochastic Differential Equations

Let (Q, F, P) be a complete probability space with right-continuous increasing family {F; }+>o
of sub o-fields of F. Let W = (W,)i»o be a one-dimensional complete {F;}-Brownian
motion, i.e., a stochastic process starting at 0 with independent and stationary increments

and normally distributed with mean 0 and variance t.

Let A denote the collection of all B(R x [0, 00))/B(R)-measurable functions a : R x

[0,00) — R. Given a,b € A, we consider a stochastic differential equation(SDE) of the form

dX, = a(X,, t)dt + b(X,, t)dW,, t >0, (2.1)



Here, a(X;,t) is called the drift coefficient and b(X;,t) the diffusion coefficient.

A solution of the equation (2.1) is a continuous stochastic process X = (X;);>0 on the
given probability setting (2, F, P) with a {F;}-Brownian motion W = (W,):>o such that
X = (Xi)i>0 is {Fi}-adapted and, with probability one

t t
X = Xo +/ a(Xs, s)ds +/ b(Xs,8)dW,, t2>0 (2.2)
0 0

where X € R is a given initial data. This solution X = (X});>¢ is called an Ité diffusion. If

the coeflicients a and b are only functions of variable z, that is

t 11
X, =Xo+ / a(X,)ds + / b(X,)dW.,
0 0

we call (X})i>0 a time-homogeneous Ito diffusion process.

The existence and uniqueness of a solution of (2.1) can be verified by the local Lipshcitz
condition and the linear growth condition. Let a : R X [0,00) = R and b: R x [0,00) = R
continue with respect to t. For the local Lipschitz condition, we assume that there exists a

constant D, > 0 and z,y € R with |z| V |y| £ n for every integer n > 1 such that

|a(x,t) - a(y’t)l v Ib(x’t) - b(y’t)l < Dnl.’L' - y| t2>0.

For the linear growth condition, there exists a constant C > 0 such that,

la(z,t)| + |b(z,t)| < C(1+|z|]) z€R, t>0.

One can refer to a solution in a strong sense or in a weak sense. A strong solution means
that the solution is constructed on a given probability space, e.g. (0, F, P) with respect
to a given filtration {F;};>0 and a given Brownian motion W; on it. In contrast, a weak
solution is to say that, given the two functions a(z,t) and b(z,t), we can find a pair (X;, W;)

on (2, F,{F:}i>0, P) which satisfy equation (2.2).

Throughout the thesis, we mean a solution to a SDE in the unique strong sense.



2.2 Girsanov Theorem

Apart from the general theory on existence and uniqueness for SDEs, there is a power-
ful probabilistic tool called the Girsanov Transformation. It solves SDEs by changing the
underlying probability measure. We state the result according to @ksendal [37].

The Girsanov Theorem 1

Let Y(t) € R solve the Ité6 SDE
dY (t) = a(w,t)dt +dB(t); t<T, Y5=0,
where T' < oo is a given constant and B(t) is a one dimensional Brownian motion. Let
t 1 t
M, = exp ( — / a(w, s)dBs — 5/ a*(w, s)ds); 0<t<T.
0 0
Assume that M, is a martingale with respect to F; and P. Define the measure @) on Fr by
dQ(w) = M7(w)dP(w). (2.3)
@ is a probability measure on Fr and (Y (t)):cjo,7] is & Brownian motion w.r.t. Q.

Remark 2.2.1.
(1) The transformation P — @Q given by (2.3) is called the Girsanov transformation of
measures.

(2) The following Novikov condition is sufficient to guarantee that {M,}:<r is a martingale

(w.r.t. F; and P): .
E[exp (%/O az(w,s)ds)] < o0

where E = FEp s the erpectation w.r.t. P.

(8) Since M, is a martingale, we have
MrdP|F, = M,dP. (2.4)
The Girsanov Theorem 2
Let Y (¢) € R be an It process of the form
dY (t) = B(w, t)dt + 6(w,t)dB(t); t<T

8



where B(t) € R, f(w,t) € R and f(w,t) € R. Suppose there exist processes u(w,t) € A and
a(w,t) € A, such that
O(w, t)u(w,t) = Blw,t) — a(w,t).

Let
t 1
M, = exp ( - / u(w, s)dB; — §u2(w,s)ds>; t<T (2.5)
0

and

dQ(w) = Mr(w)dP(w) on Fr. (2.6)

Assume that M, is a martingale (w.r.t. F; and P). Then @ is a probability measure on Fr,

the process

t
Bt) = / ww,s)ds + B(t), t<T 2.7)
0
is a Brownian motion w.r.t. @ and in terms of B(t) the process Y (t) solves the equation
dY (t) = a(w, t)dt + 0dB(t).

Remark 2.2.2.

1. We note that the following Novikov condition is sufficient to guarantee that Mr is a

E[exp (% /OT uz(w,s)ds)] < 0.

2. In most applications, the process a(w,t) is chosen to be 0. Then the process Y (t) becomes

martingale:

dY (t) = 0(w, t)dB(t),

which implies that Y (t) is a local martingale w.r.t. Q. In this case Q) is called an equivalent

local martingale measure.

The Girsanov Theorem 3

Let X(t) € R and Y (t) € R be an Ité diffusion and an Ité process, respectively,
dX(t) =b(X()dt +o(X(t))dB(t); t<T, X(0)==x

dY (t) = [y(w,t) + b(Y (t))|dt + o(Y(£))dB(t); t<T, Y(0)==z



where the functions b: R — R, ¢ : R — R satisfy the lipschiz condition and linear growth

condition and v € A, z € R. Suppose there exists a process u(w,t) € A such that
o(Y () u(w,t) = y(w,t).

Then, define M,, Q and B(t) as in (2.5), (2.6) and (2.7). Assume that M, is a martingale
w.r.t. F; and P. Then @ is a probability measure on Fr and

dY (t) = b(Y (t))dt + o (Y (t))dB(t).

Therefore, the Q-law of Y'(t) is the same as the P-law of X(t).

2.3 Some Useful Estimates, Limits and Inequalities

Lemma 2.3.1. (Burkholder-Davis-Gundy Inequality) Let g € L2(R4;R). Define, for 0 <
t<T,

)= [ a(s)4B0s)
and ,
A® = [ la(ias
Then for every p > 0, there exist universal positive constants c,, Cp(depending only on p),

such that
GE|AR)E < E ( sup MS)I”) < GE|A(t)|?
0<s<t

for all t > 0. In particular, one may take c, = (p/2)?,C, = (32/p)?/?, if 0 < p < 2;
¢ =1,Co=4, ifp=2;c, = (2p)™2,C, = [P /2(p — P2, if p > 2.

Lemma 2.3.2. (Gronwall’s Inequality) Let f(t), g(t) and h(t) be continuous function on
some interval [a,b] and h(t) > 0. If

t

f@) <g@®)+ [ h(s)f(s)ds, for te€a,b],

a

then

10



Lemma 2.3.3. (Markov Inequality) For each constant ¢ > 0, any non-negative integrable
random variable Y satisfies the inequalities
PlY > < E(Z)
c
Lemma 2.3.4. (Cauchy-Schwarz Inequality) Let (a1, as,... a,) and (by, ba,..., by) be two
sequences of real numbers, then
n n n 2
(L) () 2 (Xen)-
=1 i=1 i=1
Lemma 2.3.5. (Lebesgue Dominated Convergence Theorem) Suppose f, : R — [—00, 00] are
measurable functions such that the pointwise limit f(z) = lim f,(z) ezxists. Assume there is
an integrable g : R — [0, 00] with |fn(z)| < g(z) for each z € R. Then f 1is integrable as is

fn for each n, and
lim [ f.du= / lim f,duy = / fdu.
n—oo R Rn—»oo R
Lemma 2.3.6. (Holder’s Inequality) Let a1, aa,..., Gy, b1, bs,...,b, be nonnegative numbers.

Letp > 1, g > 1 be real number with

RN
Q|-

then
n n 1 n 1
Sab < (Da) - (Dow)"
j=1 Jj=1 Jj=1
Lemma 2.3.7. (Slutsky’s Theorem) Suppose that X,, —4 X and Y, —, 0(a constant). Then
(@)X, +Y, =4 X +6.
(B) X, Y, —q 6X.

Lemma 2.3.8. (Taylor’s Expansion) If a function f(z) has continuous derivatives up to
(n + 1)*" order, then this function can be expanded in the following fashion:

J@Eer e

f(@) = f(a) + f'(a)(z — a) + R,

11



where R, is called the remainder after n + 1 terms and R, is given by:

z — ) (n+1) A+l
Rn = / g =t ((fz)ixl)!a) asise

when this expansion converges over a certain range of xz, that is, lim R, = 0, then the
n—oo

expansion is called the Taylor Series of f(x) expanded about a.

Remark 2.3.1. Formally, let {X,} be a sequence of random variables defined on the prob-
ability space (2, F, Q). We say that {X,} is convergent in probability to a random variable
X defined on (Q, F,Q) if and only if

lim Q(| X, — X|>¢e)=0
where € > 0.

Remark 2.3.2. A sequence of random variables, X,, Xs,..., converge in distribution to a
random variable X if

lim Fx, (z) = Fx(z)

at all points x where Fx(z) is continuous.

12



Chapter 3

Drift Parameter Estimates For SDEs

with Discrete Observations

3.1 Introduction

First, we let {Q2, F, P} be a complete probability space with a filtration {F,}:>0 i.e.F; C Fy
for 0 < ¢t < 1. Then the stochastic process X = (X;,0 < ¢ < 1) with a given initial value
Xo =z € R, is determined by the following mean reversion stochastic differential equation
(SDE)

dX; = [r+ a( Xy, t,€)|b( Xy, t)dt + €0(X;,t)dB;, 0<t<1. (3.1)

Where b : R x [0,1] - R\ {0} and ¢ : R x [0,1] — R are continuous with respect to ¢;
e € (0,1] is a parameter; o : R x [0,1] x (0,1] — R is twice differentiable with respect
to = and differentiable with respect to ¢; B, is a one dimensional {F;}—Brownian motion
defined on the probability space {2, F, P, { F:}o<t<1}. We assume that it meets the following
condition:

(1) |b(z,t) —b(y,t)| < L|z — y|, where L > 0 is a constant, z,y € R.

(2) |a(z, t,€)b(z,t) — a(y, t,e)b(y,t)| < L"|x — y|, where L” > 0 is a constant, z,y € R.

(3) |o(z,t) — o(y,t)| < L'|z — y|, where L' > 0 is a constant, z,y € R;

(4) 072(z,t) < K'(1 + |z|™) where K’ > 0,m >0 and z € R.

13



The purpose of this chapter is to investigate the least squares estimator for the true value

of r based on the sampling data (X,)%,.

In this chapter, we consider a general class of stochastic process with a mean reverting
feature satisfying (3.1). The main difficulty in such a case is the stochastic item o(X;,t) on

(3.1). We use Girsanov Transformation to get rid of the item a(Xj,t).

By (3.1), we consider the discrete-time system

n i
th =z + Z[T + a(Xti_l)ti—].) 5)]b(Xt,'_1 , ti_l)Ati + € Z U(Xti_l,ti-l)(Bt,- - Bti_])

i=1 i=1
where At; = t; — t;_;. We want to obtain the true value of r based on the sampling data

(Xi,)™,. We define
a(Xt’ ta E)b(Xt, t)

ue (X, t) := co(%,.) , (3.2)
which satisfies the condition
E {exp 2 |ue(Xs, 8)|°ds )| < o0, t2>0. (3.3)
0
Then, we define
t 1 t
M; = exp (—/ ue(Xs, 8)dB; — 5/ ud (X, s)ds) , t>0 (3.4)
0 0
where M; is an {F;}—martingale. Let Q. be a probability measure on F;, satisfying
dQ. := MidP. (3.5)
Then define
t
Bs :=/ ue(Xs, 8)ds + By (3.6)
0
where Bf is an F;— Brownian motion with respect to ¢.. Then we have
dX, = rb(X;, t)dt + eo(X;, t)dB;. , (37)

Assume that the process X; is observed at regularly spaced time points {t; = %,z’ =

1,2,...,n}. We represent the true value of the parameter r by ro and least square estimator

14



of r by 7. As mentioned before we focus on investigation of the least squares estimator for

the true value 79 based on the sampling data (X;,); determined by

Xti = I+ Z Tb(Xti_lyti—l)At'i + EZO’(Xti_l, ti——l)(Bfi— - Btei_l)'
i=1 i=1

Let us start with the use of the least squares method to get a consistent estimator. First of

all, we discretize (4.1)
Xti — Xti—l = Tb(th._l y ti_l)Ati + 50'(Xt1_1 y ti—l)ABtEi

where At; =t —ti_1 = %; AB&_ = Bfi — Bfl_ _, is the increment of Brownian motion. Then

th. — Xti_1 — 'rb(Xti_lati-l)Ati
€0(Xy,_,,ti1)

= ABf

Since ABZ is a normal distribution with zero mean on {Q, F,Q.} , we obtain the variance
of ABfi and denote it by the following contrast function

n

Pre(r) = Z

i=1

Xti — Xti—l — Tb(Xti—wti—l)Ati 2
EU(Xt¢_1ati—l) '

In order to get the least square estimator 7y ¢, let

OPne(T) _

or 0.

Then we get the solution, denoted by 7, which is given as

Z b(Xti—l ) ti—l)(Xti - Xti—l)a_z(xt;‘_l ’ ti—l)
f'n,e = = n . (38)
nt 303 ( Xy, tic1) o2 (X tien)

i=1

In the following sections, we focus on the asymptotic of the least square estimator #, .
with high frequency n — oo and small dispersion ¢ — 0. In Section 3.2, we aim to prove
that 7, —¢, o in probability. In Section 3.3 we establish the rate of convergence and the
asymptotic distribution, after that we give an illustrative example in Section 3.4. Finally a

further application will be discussed in Section 3.5.
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3.2 Consistency of The Least Squares Estimator

At the beginning of this part, we give two lemmas as follows.

Let X? be the solution of the following ordinary differential equation under the true value
of the drift parameter,

dX} = reb(X2,t)dt, X§ = xo. (3.9)
where rg be the real value of r.

Lemma 3.2.1. Under conditions (1),(2),(8), we have

8
1X, — X°| < eellrolt sup |/ o(Xs, 8)dB;|. (3.10)
defoe] ' Jo
Proof. We have
t
X0 = 20+ 6 / B(X, s)ds. (3.11)
0
From (3.7) we have
t; t; .
X, — Xi,_, = 'ro/ b(Xs, s)ds +e/ o(Xs, s)dBe. (3.12)
ti—1 ti-1

Together with (3.11) and (3.12), we obtain
t t
X, - X2 = ro/ (b(Xs,s) — b(X?,5))ds + s/ o(Xs,s)dBe. (3.13)
0 0

By the condition (1), we get

t t
X, — XO| < Liro| / X, — X0lds + / o(X,, s)dBe|. (3.14)
0 0
By the Gronwall’s Inequality, we get
5
|X; — X?| < eeimlt sup / o(Xs, s)dBt|.
éefotl ' Jo
O
Lemma 3.2.2. Under conditions (1),(2),(8), we have
sup | X, — X?| —q, 0 ase — 0. (3.15)

0<t<1
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Proof. By Lemma 3.2.1, it yields that

5
sup | X, — X?| < ee!lrl sup / o(X,,8)dBE|. (3.16)
tel0,1] sefo,t) ' Jo
Let n > 0, by Lemma 2.3.1, Markov Inequality and condition (4), we have
§ . 6 .
Qulect™ sup | ["o(X,,5)dB5| > 1) < n7tetvlet | sup | [o(Xe, )]
éefot) ' Jo sefo,t] ' Jo (3 17)

< 4V bl By, [( / ’ l0(Xs, 8) |2ds) ]

Since o(z, t) satisfies the Lipshcitz condition and continues with respect to t, so that o(z,t)

meets following linear growth condition.
lo(z,8)]” < K(1+ |z
where K > 0 is a constant. Then we have

5 s 1
Q. (el sup / o(X,,8)dBE| > n) < 4\@7}”@”’%(/ K(1 +E‘Q£|XS|2)ds)2. (3.18)
0 0

5€(0,t]

By Hélder’s Inequality, It6 isometry and Gronwall’s Inequality, we can obtain Eg_|X,|? < C,

where C > 0 is a constant. Then we have

5
Q. (eeX™! sup ’/ o(X,,8)dBe| > 1) < 4v2n7'eHMle[K (1 + C)d)3. (3.19)
éefoi] ' Jo

The above equation implies that

sup |X; — X?| —q. 0 ase — 0.

0<t<1
O
At the beginning, we set ry be the true value of r, note from (3.7) that
t; ti .
X, — Xt = 1‘0/ b(Xs, 8)ds —+—6/' o(Xs,s)dBs. (3.20)
ti-1 ti—1
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This, together with (3.8), (3.12), yields that

e = Z?:l b(th;l»ti—l)(Xti - Xti_l)o—z(Xt,_nti—l)
' n=1Y il 03Xy, tic1)o 7 2( Xy, tica)
"o Yo b( Xy tic)o T2 (X tie 1)f b(Xs, s)ds
- n~t Y A ( Xy, tic1)o (X, tioa)
€Y iy b( Xty tic1)o 73 (X ti ft o(X,, s)dB,
nt 3 (X ticn)o ™ (Xti_,, tio1)
70 et B(Xeiyy tim1)0 2 (X ticn) [ (0(XG, 8) = b( Xy, tim1)ds
n=1 Y (X s ti1)o A (X i)
sz b( X, tie1)o ™2 (X, tich) [ 0(X,, 8)dBy
n=ly o V(X ti)o A (X, i)
¢2(n,1) | @s3(n,7)
¢1(n,7)  di(n,r)

=’]"0—+-

:7‘0+

Theorem 3.2.1. We have ¥, —¢, 7o, as n — 00 and € — 0 with eni — 0.

Lemma 3.2.3. Let n — 0o and ¢ — 0 with en3 — 0, under conditions (1)-(4), we have
¢1 (TL E) Q. fO Xto,t)bz(X?, )dt
Proof.

\ ¢1 (n7 E) = n_l Z b2(Xti_17 ti—1)0_2(Xti_1 ) ti—l)

=1
—”—1252 i b ~2(X‘ -1)

| n

+TL—1 <b2(Xt; 1’ ) b2( ti- 1’t‘ 1))0-_2(Xti‘1’ti—l)
i i=1

i

‘ +”_lzb2 tioy? ti_1)(o” (th 1o tie 1)_0_2( ti-1? ti-1)
1 i=1

; == ¢1,1 (n, 6) + (]51,2(71, E) + ¢1,3(n, E)'

For ¢1,1(n,€), according to the definition of Riemann Integral, we obtam

$1.1(n,€) =0, fo b3( X0 s)a‘z(XO s)ds as n — oo.
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For ¢, 2(n,€), we have

|¢12(n,€)] < n7! Z 0% (Xe,_y, tica) — b2(Xg,1ati—l)'a—z(Xti-wti—l)

i=1

< n! Z K,(l + |Xti—] |m)|b(Xti—1’ti—1) - b(XtOi_l’ ti—l)Hb(Xti-uti—l) + b(Xto,-_,’ti—l”

=1

< n~! ZK’(l + |Xt,-_1|m) (|b(Xt,'_1,ti—l) _ b(Xg_l)ti—l)lz

i=1

+21b(X)_ )| Ib( Xty s tim1) — b(Xg_lati—l)')

<KDY D IB(Xo,y tion) — b(XG i)

i=1
+2n7 K [B(XD st )| IB(X ey tior) = DX b))
i=1
+ n_lKl Z IXti—l lm’b('Xti-l’ti—l) - b(Xg_l’ti—l)|2
=1
+ Zn—lK’ Z |b(Xﬁ_1 ) t":—l)HXti—l |m|b(Xti—1vti—1) - b(XtO,»_l ) ti—1)|
i=1

= ¢},2(n’ 5) + ¢%,2(n1 E) + ¢?,2(7L,6) + ¢‘11,2(TL, 6).

By condition (1), we have

n

¢},2(n,5) < n_lLZK’Z |'Xti—1 - )<t0,-_,|2
=1
2
< LZK’< sup |X; —Xto|> .
0<t<1

By Lemma 3.2.2, we get ¢],(n,e) —¢g, 0 as e — 0.

#o(n,e) < 27 LK S B(XD, tio)l| Xy — X2

ti—1?
i=1

1
<LK’ sup | X, — X7| / 1B(X2, £)|dt.
0

0<t<1
By Lemma 3.2.2, we have ¢2,(n,e) —¢, 0 asn — oo and € — 0.

For ¢% ,(n,€), since
m 0 m
IXti-ll = (IXti—l - Xg_1| + IXti_1|) (321)
<2™(| X, — X ™+ 1X0 ™)
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where m > 1. By condition (1), we have

|m+2

Ta(ne) <nTIK'LP2M Y X, -

=1

t:l

+n KLY XD M X, -

=1

t1 1|2
By Lemma 3.2.2, we obtain qﬁiz(n, €) —g. 0 asn — oo and € — 0. And by the same way, we
can get ¢7,(n,€) —¢, 0 as n — oo and € — 0. So that, we get ¢12(n,€) —¢. 0 as n — oo.

For ¢13(n,¢€), by condition (1), (4) and (3.21), we have

|p13(n,€)] < n7? Z |07 (Xei_yy tic1) — 0 2(XD_ |, tima)[DP(XD_ tic1)

i=1

<n_120'2(th 1 ti- 1) _Q(Xt(: 1 ti-1 IU (th 1 ti- 1)_0 (Xto 1 ti- 1)|b2(Xt1 1’ )

=1

<nT2K'LK Y (14| Xo ™)Xo, — Xp_ 072 (X0_, tio)OP(XD_ i)

ti-1
z—l

< n 2K’ LKZ|X“ L= XP oA (XD tio)BR (XD i)

=1

+nT2K'LK2™ Y | X, — ™o (XD tio)BA (XD ticn)

t’ll

i=1
+nT2K'LK2™ Y | Xe, — Xp_ XD Mo (X, )P (XE s i)
i=1
< ZK'LK( sup |X, — X7|+2" Sup |X. - X°|m+1) -120-2 (XD, tie)D* (XD, tic)
0<t<1

i=1

+2K'LK2™ sup | X, — X°|n~IZ|X memH(XD Lt )P (XD tica).

0<t<1 i—1

We get ¢13(n,€) =g, 0asn — oo and € — 0. O

Lemma 3.2.4. We have ¢2(n,€) —¢, 0 asn — oo and e — 0.

Proof. From (3.12), we have

t
|Xt - Xt«.‘—l' < |T0|/ (|b(st 5) - b(Xli—l’ti—l)l + |b(Xti—1’ti—1)|)d3 +€
ti-

t
/ o( X, 9)
ti—1

t
/ o(X,, s)dBe|.

ti—1

¢
< |r0|L/ | Xs — X, |ds +n7ro|[b( Xy, tim1)| +€  sup
L1

L1 <t<t;
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By Gronwall’s Inequality, we obtain

|Xt - Xli—ll < eTOL(t—ti—l) [n‘1|r0||b(Xt‘._1,ti_1)| +€ sup

ti-1<t<t;

t
/ o(Xs, s)dBs

ti-y

It yields that

sup | X;— X;,_,| < grokn”! {n'1|r0||b(Xti_1,ti_1)| +€ sup

ti-1<t<ts ti-1<t<t;

t
/ o(Xs, s)dBs

ti-1

|

By conditions (1), (4), we have

82(,8) < Irol 3~ KU+ 1Xa s P )] [ (00Xer8) = DXy )|

ti—1

n t
< KIL|TO| Z(l + |Xti—1lm)|b(th’—1’ ti—1)|/ le - Xti—1|d3
i=1 ti-1

< K’LITOI Z(l + IXli—l|m)|b(Xti—1>ti—1)|n_l sup |Xt - Xti—ll

im1 ti—1<t<t;

n
/ froll m
< K L|7‘0!26—91—n 22(1 + ]Xtt‘—ll )lb(Xti—ﬂti—l)'z
i=1

IrglL i
+ K'Lirle » n'e Y (14 | Xe,, ™)Ib(Xe,_,, tic1)]  sup

ti—1St<t

t
/ o(Xs, s)déj

ti1

i=1
= ¢g1(n,€) + d22(n, ).
(3.22)
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For ¢21(n,€), by condition (1) and (3.21), we have

! IT lL - . m m u m
$2,1(n,€) < K'Lirg|%e = n™2) (1 +2™[X2_ |™ +2™|X,,_, — X2_|™

i=1

(lb( ti-1? 7"'1)|+LIXti 1 Xtol 1|)

lrglL m m
< K'Liro)’e ZZw(Xt,l, DI+ 2 X2 ™)

IrolL
+ K'Llro?e ™" n'22|b ) ot X, - X0

ti— 1|m

(1 + 271X, ™)

+K’L|r0|ze|l91£n‘22|xti - X0
(3.23)

n
{rql L
+ K'L|ro|%e = n? Z | X, — X2

m+2
ti-1 |

< K'Lirg|?e™" n'2Z|b O L)+ 27X ™)

1’

IrglL

+ K'L|rg|?e = sup | X, [™n—? (X, .t
l 0| 05t21| ti-1 T t; 1 ZI t, 1

|rgl L
+ K'L|rg|? e os<l:£1 | X, — Xi,_ x|2 2 Z (1+ Zle ™)

m+2 —1
t, 1|

L
K'L|r0|26tetj_ sup |X;,_, —
0<t<1

By Lemma 3.2.2, it is easy to see that ¢21(n,e) —¢g, 0 asn — oo and € — 0.
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For ¢22(n,€), we have
rqlL n
hon < K’L|T0|6L9t_sn‘1 Z(l +2M XD ™+ 2™ X, — X ™)
=1

(Ib(XE_, timn)l + LIXy, — X5 ]) sup

ti-1<t<t;

1i .
/ o(X,, s)dbs
ti—1

Irgll
< K'Ljrle 8 en 30X )1+ 27X0 ™) sup

ti—1<t<t;

t; .
/ o(Xs, s)dBs
¢

i=1 i—1
t; .
+ K'Lirole™en ‘Z|b O ot X, — X2 ™ sup / o(X,,s)dBe
i—1 ti1<t<t; ' Jt;
el . ;
+ K Llrole ™ en1 Y X, — X3 |(14+27(X2_ ™ sup / o(X,, s)dBe
i=1 tio1<t<t D S
n t;
ImglL i ~
+K’L|r0|e-‘i—gn‘12|Xti_l X2 ™' sup / o(X;s, 8)dBe
ti-1<t<t; ti—1

< K'Llrole™ sn-IZw(Xt I+ 27XS ™) sup

ti—1<t<t;

t; R
/ o(Xs, s)dBs

tim1

173 .
/ o(Xs,s)dBs
ti—1

Irolk
+ K'Lirole = en losup 1 Xe_, — Xp_ 1|mZ|b t_,»ti-1)| sup

i=1 ti—1 <t<t;
roll = ti .
+ K'Ljrole ™ en™! sup (X, — X2, ™S (1+ 27X ™) sup / o (X,, 8)dE
0<t<1 =1 ti—1<t<ti ti—1
IrolL ~ ti .
+ K'L|role = en™! sup |X,,_, — X;_ llm“z sup / o(X,, 8)dBs
0<t<1 ~ tasisu ) Ji

= ¢5,2(n1 6) + ¢g,2(na 6) + (]53’2(71, 6) + ¢g,2(n1 E)‘
(3.24)

For qb;,z(n, e), by Markov Inequality, Holder’s Inequality, Gronwall’s Inequality and Lemma
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2.3.1, for any given y > 0, we have

Qe(|#ha(m.€)] > 7) < Y K Lirgle™" m"lZlb( b tien)| (1271 X0 ™)

]

<7—1K'L|ro|ensn“2|b v tie)| L+ 27XE ™)

wire[( [ ,a(xs,s),zds)z]

< 7 K Lirgle ™ en 1Z|b D ot +2mxR_ ™)

ti R
/ o(Xs,s)dBe

ti—1

Eq, [ sup

ti1<t<t;

t; 1
Bg.lo(X,, 5)ds)’

ti-a

4\/5(

lrglL =
<K' Lirgle ™ en™ Y (XD ton)|(1 4+ 27X0 ™)

i=1

1
K(1+ EQE|X3|2)ds)2

v3( )

ti-1

< A K Lrole’™ en-IZw (X2 tio)|(1+ 2™ XD ™)

i=1

4V2Ki(14C)inz

It implies that ¢},(n,e) —q, 0 as n — oo and € — 0. By the same way, through using

Lemma, 3.2.2, we can get ¢5,(n,€), ¢3,(n,€), #5,5(n,€) =q. 0 as n — oo and € — 0. O

Lemma 3.2.5. Under conditions (1)-(4), We have ¢3(n,e) —¢, 0 asn — oo and € — 0.
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Proof. By condition (1), (4), and (3.21), we have

6a(n,€)] < eZK' (14 X)Xy i) / o(X,, 5)dBs

tia

< EZK'(l + 27X ™+ 27X, — XD ™)

=1
t;
(B(XO_ tam)] + LiXos = X)) / o(Xs 3)
ti—1
t; .
/ o(X,, s)dBe

ti—1

< K'Y (14 27X PIBXE. )|

i=1

+8K,2mZ|Xt1 1 Xto 1|m]b t 1’ )I

ti .
/ o(X,, 5)dB:

ti—1

+EK’LZ(1+2m| ti ,l )X, Xt0¢ 1|

t; R
/ o(X,, s)dBs

ti—1

ti-1

t; R
+6K’2mLZ|Xh—1 X ll’”“‘ / (X, 5)dBs
=1

SeR"> (42X X, el| [ " (X, 9)dBs

i=1 tia

t; R
+eK'2™ sup |X,_, — X 1|’”Z|b(Xtt o tic1)] / o(Xs, s)dBe¢

0<t<1 =1 tic1
+eK'L sup |X,,_, — XO_ I|Z(1+2m| o 1|m)| (X, 8)dBe

0<t<1 tie1

/ o(Xs, s) dBE
ti—

= ¢3,1(n, €) + ¢32(n,€) + ¢33(n, €) + P3.4(n,€).

EK 2mL Sup Ith 1 tl l|m+lz

0<t<1

For ¢31(n,€), Markov Inequality and Lemma 2.3.1, for any given v > 0, we have

n L .
Qulldaa(m2)| > ) <77 K Y1+ 27X MK ton)Bo, [ sup | [ oo

]

i=1 tio1<t<t ti—1
<K S (14 2 XD )B(XE b l)|4\fEQE[(/ oK s)ds) ]
=1 ti—

[ S5

<yTK'e Y (14 2MX]_ [™MIb(XE_,, tisa)| 4V2K3(1+C)in”

i=1

It implies that ¢3:(n,€) —¢g, 0 as n — oo and enz — 0. In the same way, we can obtain
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$32(n,e) —g. 0 as n — oo and ent — 0; ¢3z(n,e) —g. 0 as n — oo and enz: — 0;

¢3,1(T%5) —qg. 0 as n — oo and sn% — 0. O

Proof.  Proof of Theorem 3.2.1, let n — oo and € — 0 with enz — 0. By using Lemma,

3.2.4, Lemma 3.2.5 and Lemma 3.2.6, we have

¢2(n,r) ¢3(n,r)_)
o) T Gr(mr) %O

'Fn,e =Tro+
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3.3 Asymptotic of the Least Squares Estimator

In this section, we assume that a(z,t,¢) = ea(z,t), so that Q. = @ is independent of €.

Theorem 3.3.1. There ezist two independent QQ-random variables Uy and Uy with distribu-

tion N(0,1) such that

D

(Jo 192, ) *[(b(X2, )0 (X2, ) 12ds) " U
fo “2(XQ, 8)b* (XY, s)ds

(B o8, 8)|[0(X8, )0 (X2, ))-Jds)* U
fo o=2(X2, 5)b2(X?, 5)ds

e (Pne = T0) =@

LS

asn — 0o, € — 0, ne — 00, and en? — 0. By theorem 3.2.1, we have

e~ pa(n,€) N e 1gs(n,€)
¢1(n, €) & (n,€)

_ ®y(n,e) | P3(n,e)

B (bl (’I’L,E) d)l (TL,E)'

Lemma 3.3.1. Under condition (1)-(4), we have ®3(n,e) —¢g 0 asn — oo, € — 0 and

€7 (e —10) =

ne — 0o0.

Proof. From Lemma 3.2.5, by (3.22), we have

|@2(n, €)| = €7 |¢2(n, )|
< e 'poi(n,€) + e paa(n,e)
= By 1(n,€) + Py 2(n,€).
By (3.23), it is easy to see that ®21(n,€) —¢ 0 as n — o0, € — 0 and ne — oco. Similarly,

Py2(n,€) —o 0 asn — oo and € — 0. O

Lemma 3.3.2. Under condition(1)-(4), we have
1 2
ane) — [ oKD 10X o (X2, ). Tds )
0

1
1 2
- ([ s sa(x2,e)-Pas) v,
0
asn — oo and e — 0, ens — 0.
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Proof.

t; .
®3(n,€) E o™ (Xt tic))b( X,y tic 1)/ o(Xs, s)dBs
ti1

i=1

t; .
= 20—2 Xto 1 ti- l)b( ti—1? ti- 1)/ U(Xa,s)st

ti—1

ti .
+Z XD tio)b(XO_ tic) / (0(X,,8) — (X9, 5))dB,
ti—1
t; .
+Za-2 (X0 tu ) DXy tior) — (XDt 1)]/ o(X., s)dB,
ti1
t; .
+Z[a-2 Xopytit) = 07 2(X0_ 6 )IB(XO_ b 1>/ o(X,, 5)dB,
tia

+Z[U—2(Xti-1’ti—l)—a_2( ti—1? l—-l)][b(th 1 ti 1) b(Xt, ) z—l)] U(sts) Bs

ti—1

= ®31(n,€) + P32(n,€) + P33(n,e) + P34(n,€) + P35(n,€).

Define a deterministic process V (s) by V (s) Za“z( b tic)D(XP L tio1)o (XD, 8) 1,y 0 (8).
Let V,(s) and V_(s) denote the positive and negatlve part of V(s). By Theorem 4.1 of
Kallenberg [20], there exist two independent @-Brownian motions B', B", which have the

same distribution of B, such that

1 1 1
By 1(n,€) = / V(s)dB, = B o / V2(s)ds — B" o / V2(s)ds.
0 0 0
Note that

= ZIG(Xﬁ_,,ti—1)|‘4(( (Xir 1o ti-1)) (X3, 9))3 Lt 1 (5)

and

=ZIG(Xﬁ_1,ti—1)I'4((b(X2 D ti-1))0 (X3, 8))2 e,y 1 (8)-

Then we have
/v2wﬁ/w( $)I (X2, 5)o (X2, 5))2ds

and

/v2 ds~/|a<x ) B(XC, $)o(X0, )2
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as n — 00. Then,

Bo / Vi(s)ds — B'o / 0(X2, 8)|H{(B(X2, 5)o (X7, 5))- s

and
/ V2(s)ds — B" o / lo(X2, s)|7H[(b(X?, s)a (X2, 5))_]%ds.
So we get
D3.1(n,€) —q (/1 o (XY, S)|_4[(b(X3,3)0’(X3,3))+]2d8>% Ui
— ([ ot a6 ot )-Fas) 0
as n — 0o.

For ®34(n,€), by condition (3), Markov Inequality and Lemma 2.3.1, Lemma 3.2.1, for any
given v > 0, we have

[ 09 - o068,

ti—1

Qi 2s2(n,2)l >7) <7 IEQ[Za* (X0, tim)B(XE, i)

A
]

ti 1
<7 S XD XD, )V ( / 00X 5) = o(X?,5)ds) ]
i-1

i=1

t; 1
<o AVEY a0t eOC tle([1% - xopas)']

i=1 tica

/ (0(Xas) — 0(X2, 5))

ti—1

<7_IZU_2 Xto D ti-1 Ib( ti_1) ti- I)IEQ[

<y L4Vin 220-2( 0 )X, tin) B[ sup 1, - XY]

ti—1<t<t;

< 7‘1L4\/§n_% Z 0"2(X?,-_,,ti-1)lb(Xﬂ_,,ti_l)

[ otxsa8.]

<y L3zl Ee 0 XDt IBOKD b E( / o, 9)ds) ]

i=1

83

Eq [ee"'”"“ sup
t_1<t<t;

(3.25)
which tend to zero as n — oo and € — 0 with enz — 0.
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For ®33(n,€), we have
By5(n,€) =ia‘z(Xg_l,ti_l)[b(Xti_l,t,-_l)-—b(Xg_l,t,-_l)] / It" o(X,, 5)dB,
—Za-%xt )Xy it) — (XD b 11/ o(X2,5)dB,
+ZU_2 b b)) DXy tic1) = B(XD_, tic1))

N )
/ (0(Xs,8) — (X2, 5))dB,
ti-1
= @} 3(n, €) + ®35(n, €).

For @ 5(n, ), by condition (1), we have

t;

@;35(n,€) < |20_2()(10;‘_1’ti—l)[b(xti—l’ti"l) —b(X{_, ti1)] o(X?,s)

i=1 tioy

n ti
< LZa—z(Xg_l,t,-_l)|Xt,._, -X7_| / a(X?,s)
i= 1 ti-1

ti-1
< Lz:a~2 tioy) z—1)€6”’"°"""1|/ o(Xs, 8)
0

ti

0

/ U(Xss
ti—1

By Markov Inequality and Lemma 2.3.1, for any given v > 0 we get

(X0, s)dB,

tim1
Q|®3.2(n,€)] > 7) <77 ]LEZU XP_, tioy)etirol- ‘EQI/ o(X,, s)dB,

tll

ti-1
< 327‘1L520"2(X2,_1,ti_l)e”"’""‘lEQ[( / |a(Xs,s)]2ds)2]
i=1 0

( /t til o2, 5)%ds) '

< 32¢kiroly— 2K(1+C)7'1Lezo (Xo_, b Dt

i=1

= 32eL|r°lsn2K(1+C') 'an‘IZa'z(Xt1 o ti- l)tz%

i=1

) 1
which tends to zero as n — oo and enz — 0.

For ®34(n,¢), by condition (1), Lemma 3.2.2 and the same arguments used in (3.25), we
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find

@ 3(n,¢) <\Za-2 (X0 tim)B(Xeicy i) = BXD i)

/ “1<o<xs, )~ o(X,5)

< LZU'2 (Xp_prtic)| Xeo, — X5 |

[ o9 =06,

ti—

S L sup |Xt X0|0'~2 tz 1 1 1 I/ X.g,s (XE’S))
ti-1

0<tL1

which converges to zero asn — oo € — 0 and en? — 0. So that it is easy to see @3 3(n,e) —¢

1
Oasn—o00,e— 0anden? — 0.

For @3 4(n,¢), by condition (1)-(4), and (3.21), we have

t®3,4(n’5)| SZ|G_2(Xti~11ti—1)_o (Xg 1! ti- 1)||b( ti—1? ti- l)l

t; .
/ (X, s)dB,

ti—1

i=1

< Z0-‘2(Xti—17ti~1)0—2(X?,-_1’ti—l)laz(Xti—wti—l) (Xg 17 )I

i=1
/ti
t:, 1

Ib( ti- 17 )l
< ZKI(1+ |th 1|m) —‘2( tio1? ti— 1)2K|0(Xti—1’ti—1) —G(Xt()i_l’ti—l)|

tllvzlli/
ti—1

< QKK’L20-2(xg_1,t1_1)|b(xg_1,ti_1)||xt,._, -XP_|

i=1

8

8y

/ ti
ti—1

ti
FRRICTZ Y 0™ XK ORI, = XS [ o6, 5108,

i=1 ti-1
t;
/ o(Xs, 8)
ticy

+2KK’L2’”ZU"2 b i) (XD ) 1XE_ ™ Xy — X

i=1

= <I>§,4(n, £) + <I>§,4(n, €) + <I>§,4(n, £).

From the method of the convergence of ®33(n, €), we get ®} 4(n, &) —¢ 0 and &3 ,(n,e) —¢ 0

1
asn —o0e— 0andenz — 0.
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For @3 ,(n,€), we have

@3 ,(n,e) < sup | X, — X7 1|’”2KK'L2’”ZU‘2 o tic1)

0<t<1 im1

t;
/ o(Xs, s)
ti—1

which converges to zero in probability, since m > 1, sup |Xy,_, — Xg__ ,|I™ converges to zero
0<t<1

in probability as € — 0. Hence, ®34(n,e) =g 0asn — co e — 0 and ent — 0.

[b(Xg 1? % I)HXti 1 Xg 1l

For ®35(n, ), to some G > 0 we have

[@35(n, )| < Y o (Xuy timt) = 072 (X0_, timIB(XeiLy timd) = B(XE_, ti0)]

i=1

S Z 0-—2(Xii._1 ) ti—l)a—z(Xg_lu ti—l)l02(th'_11 ti—l) - Uz(XtOi__l’ti—l)|

i=1
t
/ o(Xs,s)
ti—1

< GZG-M b)) (1 X, )X, = X

t; .
/ o(Xs, s)dB;

ti—1

|b(Xt1 1 7' 1)_b( ti— 1’ )l

t;
/ o(Xs,s)
ti—1

< OS<Ltl£1 |X¢~z 1 Xh 1|GZ| _2 tz 1? 1—1)(1+|Xti—1|m)'Xti 1 XB. 1
i=1

t; .
/ o(Xs, s)dB;

ti—1

which converges to zero in probability @), since sup | Xt,., —XP_,| =g 0ase — 0 by Lemma

0<t<
3.2.2, and

i
GZ|0—2 X0 )+ | X ™)Xo -Xg~1||/ o(X,, s)dB,
ti-1

asn — 0o € — 0 and enz — 0 by the same arguments for the convergence of D;34(n,e). O
Proof. Proof of Theorem 3.3.1, by using Lemma 3.2.3, Lemma 3.3.1 and Lemma 3.3.2, we

have
®y(n, ) + ®;(n,€)
¢1(n, ) ¢3(n €)

(s 1o (X2, 8) (X2, 5)o (X2, )4 2ds) * Uy
f o=2(XO, s)b2(  s)ds

(fol lo (X0, 8)|74[(b(X?, s)a (XY, s))- ]2ds)
) fol o3 X?, s)b?(X?, s)ds

€ (Fne —10) =

N

—Q

N
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1
asn — 00, ne — 00, énz — 0 and € — 0.
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3.4 An Illustrative Example
In this section, we are aiming to give a linear example for (3.1). We consider the following
equation with initial value Xj € (0, 1]

dX; = [r +efa(X;, 1)) X dt + X, dB;,, 0<t<1, (3.26)

Where € € (0,1] and k > 0 are constants; a(z,t) : R x [0,1] — R is a C*!—function satisfy-
ing E[exp (% NG s)|2ds)] < 00; By is a one dimensional {F;}—Brownian motion
defined on the probability space {Q, F, P, {F: }o<i<1}-

We assume equation (3.26) satisfies the following condition

(e, t)z — oy, t)y| < Dlz - y| (3.27)

where D > 0 is a constant, z,y € R. By (3.26), we can get the system

Xf'z =+ Z[T‘ + Eka(xt:—l ) ti—l)]X!i—lAti t+e€ thi—l (Bti - Bti—l)

i=1 i=1
where Ati =t —t_1.
Under condition (3.3), (3.4), (3.5) and (3.6), we set

ue(Xe, t) = a( Xy, t)ek™? (3.28)
by (3.1),(3.6), (3.2), under measure @,
dXt = 'I'Xtdt + EXtdéf (329)

Assume that the process X; is observed at regularly spaced time intervals {t; = %,z’ =
1,2,...,n}. We represent the true value of the parameter r by ry and least square estimator
of r by 7. As mentioned before we focus on investigation of the least squares estimator for

the true value ry based on the sampling data (X;,)? , determined by

X, =z+Y rXy Ati+e) X, (B - B;_)

i=1 i=1
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Where At; = t; — t;_;. We start with the use of the least squares method to obtain an

asymptotically consistent estimator. Then we get the following contrast function

n

Pn,s(r) = Z

i=1

Xti - Xti—l - T'Xti_lAti 2
5Xt1-1 '

In order to get the least square estimator 7, , let

Then we have

Theorem 3.4.1. Let n — oo and € — 0 with ent — 0. Then, we have Tr ¢ —¢, To.

(3.30)

Theorem 3.4.2. Let k = 1, so that Q) is independent of €. Then let U be a Q-random

variables with standard normal distribution N(0,1), we have
€7 (Pre —10) = U

asn — oo and e — 0.
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3.5 Application to A Credit Risk Modeling

In this section, we consider the zero coupon bonds as an example to apply our mean-reversion

approach, and discuss a defaultable zero-coupon bond in an rating based model.

A zero coupon bond is a special type bond of which can be bought at a price lower than
its face value, with the face value repaid at the time of maturity T. A credit rating estimates
the credit worthiness of an individual, corporation, or even a country. It is an evaluation
made by credit bureaus of a borrower’s overall credit history. Although credit rating is not
to be a measure of a firm’s default probability over some time horizon, but, to some extent,
a measure of relative credit quality among firms. Usually, the credit rating is assigned by
credit rating agencies such as A.M. Best, Dun & Bredstreet, Standard & Poor’s, Moody’s or
Fitch Ratings and have letter designations such as A, B, C. The standard & Poor’s rating
scale is as follows, from excellent to poor: AAA, AA+, AA, AA-, A+, A, A-, BBB+, BBB,
BBB-, BB+, BB, BB-, B+, B, B-, CCC+, CCC, CCC-, CC, C, D. Anything lower than a

BBB- rating is considered a speculative or junk bond.

If we put the rating provided by agencies into a rating process, together with unexpected
changes of the credit quality, it is useful to give each issuer a continuous rating that follows
a diffusion process[see Douady and Jeanblanc [7]]. In Douady and Jeanblanc [7], they assign
each issuer with a continuous rating process R = (R;);>0. Then a given agency rating
corresponds to some sub-interval(n;, n;41) C [0, 1]. Rating migrations correspond to crossing
one threshold n; € (0,1). After that they let the continuous rating process R = (R;)o<t<1 €
[0, 1] determined by the following SDE

th = htdt + U(Rt,t)th, R{] S [0, 1], 0 S t S 1

where W, is a Brownian motion, h; is an integrable function of t and o (R;, t) is a deterministic
function of R, and t. With h; and o(R;,t), it can ensure that for each Ry and all 0 <t <1,
we have R; < 1; if Ry = 1, it implies R; = 1 for 0 < ¢t < 1, and it is a nondefaultable bond;

if R; =0, then default happens a.s..

In this part, we would like to investigate a rating process with a mean-reversion approach.

36



Let {Q2,F,P} be a complete probability space with a filtration {F;}o<i<1 i.€.F; C JF; for
0 <t < 1.First we define
n=imf{0<t<1; X;=1}, (3.31)

Then we define a killed diffusion process X = (Xt)OStSI by
X, = Xinr, VOt <1 (3.32)
where X = (X,) is the solution of (3.26).Then, we define
R :=1-X,. (3.33)
where R, is the rating process with initial value Ry =y € [0, 1] satisfies the following SDE:
dR; = —[r + *a(1 — R;,t)](1 — R))dt —e(1 — R)dB;, 0 <t < 1. (3.34)

Where e € (0,1]; r € R; k > 0; a(X,t) is the mean correction with the function a(1— Ry, t) :
R x [0, 1] — R being twice differentiable with respect to z and differentiable with respect to
t; By is a one dimensional F;—Brownian motion on {2, F, P, {F; }o<i<1}-

When 71 <t and Ry # 1, we have
X,=1-R =X, =1

and R; = 0 which implies default’s happen case.

When ¢t < 71 and Ry # 1, we have
X;=1-R =X,
then by (3.33) and (3.34), for 0 < ¢ < 1 we obtain
dX; = [r + e*a(X;, t)] X;dt + e X,dB,. (3.35)

We find that it is the same as our stochastic differential equation (3.26). According to our
main results in Section 3.4, if we set 79 and 7, . be the true value and least square estimator
of 7. Let n — 0o and € — 0 with en? — 0, we have 7, . —¢, ro. Moreover, when we replace

e®a by ea, the asymptotic distribution is
e fpe —10) =g U.
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Asn — oo and € — 0, where U is a random variables with standard normal distribution
N(0,1). In Hodges and Carverhill [15], Hodges and Carverhill suggested a link of Burgers
Equation for the mean-reversion type stochastic differential equation. By the proof, we can

give the Burgers Equation of (3.35):

1,8 o}
éza(a}, t) = —5¢ Wa(x,t) — a(x,t)a—xa(x,t).

The mathematical justification with multi-dimensional extension can be found in Truman,

Wang, Wu and Yang [53].
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Chapter 4

Least Squares Estimators For SDEs
With Nonlinear Mean Functional

Parameter

4.1 Introduction

Let {Q,F,P} be a complete probability space with a filtration {F;}o<:<1. The stochastic
process X = (X;,0 <t < 1) with a given initial value Xq = z € R, is determined by the

following mean reversion stochastic differential equation (SDE)
dXt = [7’(9) + Ol(Xt, t,&)]Xtdt + EXtdBt, 0<t<L1. (41)

Where € € (0,1] is a parameter; o : R x [0,1] x (0, 1] — R is twice differentiable with respect
to = and differentiable with respect to t; B, is a one dimensional {;}—Brownian motion
defined on the probability space {Q,F, P, {Fi}o<i<1}; 7(8) is a C*-function of parameter 6
with 7/(8) # 0, r"(6) # 0 and ggélr’(ﬂ)_l > 0 for all # € © = Gy(the closure of ©p) with
© being an open bounded subset of R. We assume equation (4.1) satisfies the following
condition:

(1) a(z,t,e)x — a(y,t,e)y < H|z — y|, where H > 0 is a constant, z,y € R.
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It is well-known that the condition is enough to ensure the existence and uniqueness of
solutions to (4.1).
So the only unknown quantity in (4.1) is 8. The purpose of this paper is to investigate the

least squares estimator for the true value of § based on the sampling data (X, ).

By (4.1), we can get the system

Xt —$+Z[T +a th 1 7/ 1’6)]th lAt +€th: I(Btt Btz 1)

i=1

where At; = t; — t;-1. We want to obtain the true value of # based on the sampling data

(X4,)™,. Since (1) implies that o is bounded, we have

Xi,t
(X, 1) = Eub) (42)
Let u satisfy
t
E [exp (%/ |ue(X3,s)|2ds>] <oo, t=>0. (4.3)
0

Then, we define
M; =exp <— /ot ue (X5, 8)dBs — %/Ot u;o‘(Xs,s)ds> , t>0 (4.4)
where Mf is an {F;}—martingale. Let Q. be a probability measure on F;, satisfying
dQ. := M;dP. (4.5)
Then, we say Q). is absolutely continuous with respect to F; and P. Moreover, we have
Bt = /0 t ue (X, 8)ds + By (4.6)
where Bf is an J;— Brownian motion with respect to Q.. So, X; solves the equation
dX, = r(0)X,dt + eX,dBe. (4.7)

Assume that the process X; is observed at regularly spaced time intervals {¢; = %,i =
1,2,..,n}. We represent the true value of the parameter (6) by r(fp) and least square
estimator of 7(8) by r(d). We focus on investigation of the least squares estimator for the

true value () based on the sampling data (X;,), determined by

X, =z+7(0 ZthlAtz-FﬁZXt,lBe Bt )
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where At; = t;—t;_;. Let us start with the use of the least squares method to get a consistent

estimator. First of all, we consider the following contrast function

n lXii —th_ —T(H)Xti_ Ati|2
pre(®) =3 oxz AL

i=1 ti-1

Then the least square estimator 6, . is defined as

~

On e = argmin p, .(6).

Let 6y denote the true value of the parameter §. The purpose of this chapter is to study
the least squares estimator for the true value 6, based on the sampling data (X,)7, with
small dispersion ¢ and large sample size n. This chapter is organized as follows. In Section
4.2 we aim to establish the consistency of the LSE én,e. In Section 4.3 the rate of convergence

and the asymptotic distribution are established.
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4.2 Consistency of The Least Squares Estimator

Since minimizing p, ((6) is equivalent to minimizing
(»bn,e(e) = EZ(Pn,e(f)) - pn,s(go))-

We have

$ne(0) = 52(Pn,sr(9) - Pn,E(QO))
_ i IXti - Xti-l - Xti—lr(g)At'l 1!2 |th' - Xti—l - Xti—lr(eo)Ati":l'z

— X?_ At
_ z"’: | X:, — Xi, o |2 — 2Xe,_ v (0) Aty (X, — Xi,_,) + | Xy, m(0) D1 )2

— X2 At
3 i | Xt — X, |2 = 2X0,_,m(60) Aty (Xy, — Xiy) + | X, m(00) A1 |2

— X2 At

2(Xy, — X)) Xty Btia(r(00) — r(0)) + X7 _, A7, (Ir(0)[* — |7(60)1%)
Z X7 A
Xt, Xh .

= 2(r(6,) — r(@))z + (r%(6) — r%(6)).

Theorem 4.2.1. Let n — oo and € — 0 with ens — 0, we have én,g —q. to.

Proof. Let
Xt, Xt,
ne(6) = Z A
Since
t; o .
X, — Xt = T(@o)-[ Xsds+6[ XsdBe.
We have 1 1
(6o )ft‘ de+sft‘ X,dBe
= Z: X,
m r(6o) [t (Xe— Xi,_)ds +7(60) [ Xi_,ds+e [ X.dBs
"% X

e T(HO) j;ti 1 (Xs - Xti 1)d$ i 5ftti Xsdég

=r(6p) + Z = X, - + Z i}‘(ti 1

i=1

:=1(0) + ®1(n,€) + Pa(n, €).
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Proposition 4.2.1. Let n — oo and € — 0 with enz — 0, we have &, ((8) —q, 7(60).

Proof. This result follows from the following lemmas.

Lemma 4.2.1. We have ®,(n,€) —¢g, 0 asn — oo and € — 0.

Proof. From (4.11), we get

t t
X~ Xo,| < / (80| X.|ds + ¢ / X.dB|
ti—1

ti—1

t t
<@l | X=X+ X fds+ e [ XoaBl
ti-1 ti-1
By Gronwall’s Inequality

| X, — X, | < e[’(g“)'(““"‘)( “r(00)| Xs,_, | +8 sup |/ X dB€
i1<t<ts Ji;_
It yields
t
sup 1X, = Xo,| < & O (n @)X e sup | [ X.dB])
ti—1<t<t; tic1<i<ti Jit;

On the other side, from ®,(n,¢), it is seen that

t,
z -1 IXS - Xti—llds
®,(n,e)| < |r(6o) it
|®1(n, )| < |r(fo lz; X ]
. n7losup | X — Xi |
t;—1<t<t;
< |r(8
> I’I"( 0)} Z IXti—ll

i=1

From (4.12), note that

r(6p)
n e (07 @) Xl e sup i  X,dB3))

ti—1<t<
¢1(n, )| < [r(6o)l
| (’ ; |Xt1'.—l|
_1 Ir(6g) t A
N R (A (] le=="e sup |ft__1XsdB§|
_|r(6o)|e = +Z tia<tst; O
n i=1 |Xti—1|
We set |
(1) Ir(80)]2e ~R2
®,(n,e) = = ;
(6 .
2 N |r(90)|n—1e%°’—'et‘_f‘g<t.|ft‘1,_1x,,ng|
@ (n,€) :=i=2l K]
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It is clear that ®{"(n,€) — 0, asn — co. Then we consider ®?)(n, €), by Holder’s Inequality,

Markov Inequality and Lemma 2.3.1, for ¢ > 0, we have

(2)
Qe(l@gz)(n,f)l > (5) < EQEI(DI (na5)|

5
Ir(89)! A
) n |T(B)|n"te = € sup_ {ftti_ledBﬂ
<—'E i—13030
-4 ng |Xti—1|
1< _1 lr(eQ) t .
= >3 E,, ”(|r(90)|n e sup | xsst|)
5@ boasist Ji
1 n . t . 24 4
< 53 (Ea X2 ) [Eo (i@t e sup | [ X.aBgl) ]’
6 = - i1 <t<ts St
n t 241
1 - 12_T(_90_ Ae
JZUEQEXL )4 [Ir(00) P2 e Bq, ( sup | [ X.dBi) |’
ti1<t<t; Jt;_,
t R 2.1
Xgte's e [|r(gy) Pr~2e v 2 g, ( su x,d5:) |’
52 ; r(60)] (w1 XeaBi)

= A.
We set Eg,( sup |ft X, dBe?) =9

ti—1<t<t;

It yields
t
9 < 4EQ€( / |X3|2ds)
ti-1
ti
< 4/ Eq,|X,|%ds (4.13)
ti—1
= 4n"' XZexp(e?s + 2r(6)s).

So that, we have

n 2 - 1
A< % ; X; ' exp (g—;—ti_l — T‘(@)ti_l) |r0|n‘lel_n°'le2n'%X0 exp (5523 + r(0)s)

= !T(f)o)l%exp(?);tz 1= r(0)ti- 1+| ( l + e s+r(9) ) ~3

which imply A —¢g, 0 as n — oo and € — 0. Then we have ¢§2)(n, €) —g. 0 asn — oo and

€ — 0. Finally, we get ®;(n,e) »¢g, 0asn — oo and € — 0. a

44



E
:

Lemma 4.2.2. Let n — 0o and € — 0 with en? — 0, we have ®y(n,e) —q, 0.
n el X,dB:
Proof. Since ®2(n,e) =3, %lt_

i—1

=1

Together with Holder’s Inequality, Markov Inequality and Lemma 2.3.1, we obtain, for §

Eq.|(®a(n,¢))|
4]

1 b .
= SZEQEX;jﬂ/t X,dB¢|
i=1 i-1
t 1

1 L 1- A .
< '5 Z (EQeXt:_21> 2 [EQE (E sup | XsdB;:)lz] 2
i=1

t;—1<t<t; ti-1

Qe(|P2(n,€)] > 6) <

< % 2:; X()_lexp<§§ti_1 — r(@)ti_l)an'%Xgexp(%ezs + r(@)s)

2 3e? 1 1
= 5 exp (Tti’l —r(@)ti-1 + 5628 + r(@)s)sn%
which implies that ®,(n,€) —g, 0 as n — 00, € — 0 and enz — 0. O

Then by using Lemma 4.2.2 and 4.2.3, we have
q)(na 6) = T(OO) + ¢1 (Tl, 5) + ¢2(na 6) Q- T(QO)

as n — oo and £ — 0 with en? — 0. Od

Proof of Theorem 4.2.1.

Xt.— Xt

Recall that ¢, (0) = 2(r(6) — r(6)) Zn: %
=1

=1 4 (r2() — r2(8y)), by Proposition 4.2.1,

i—1

, 1
asn — 00, € — 0and enz — 0, we have

¢ne(8) —q. (r(8) — r(60))”. (4.14)

Recall that our contrast function is

. IXii B th'— - T(G)Xti— Ati'z
prel®) = 521Xt2 Y E—
i=1 ) -1

In order to obtain the least square estimator r(én,e), we let

Opne(r(0)) o
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Since r'(6) # 0, we get
Opne(r(6)) _
ar(6)

Xi, — Xy, Y
E —_= 4.15
X,,, . (4.15)

1‘_

So that

- From Proposition 4.2.1, we know ®,.(0) —¢. 7(6p), as n — o0, ¢ — 0 and ent — 0.

~ Together with (4.15) and (4.10) we get 7(f,.) —q, 7(60) as n — 0o, € — 0 and enz — 0.
- Since r(6) is a C*-function of 6 with 7/(6) # 0, we have

i 5 n
(e = o> 1) < {r ) > it

for n > 0. This implies én,e —q, Bpasn — o0, e — 0 and ens — 0. a
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4.3 Asymptotic of The Least Squares Estimator

In this section we assume that a(z,t,e) = ea(z,t) such that @ = @, is independent of .

Theorem 4.3.1. Let n — 0o and € — 0 with ent — 0, we have

e (B — B0) —g (r’(ﬂo))_lU

where U is a Q-random variable with standard normal distribution N(0,1).

Proof. Before we give a proof, we introduce

10)= (r'(6))

and
D(9) = —(r’(@))z. (4.16)
Since .
nel6) = 2(r(60) = (6)) 3 T 1 (12(6) — 17(60).
We have - "
Bre(0) = —2ZX‘*XtX“ Lr'(8) + 2r(6)r' (6).
Set h
fre(0 Z X“XHX‘* L17(6) = r(8)(0)
and "

Let B(bo;p) = {6 :

Dn,€(9)= l (9)

_ Z thXt )(t1 Lt ) _ (1"[(9))2 — r(g)'f'”(e)-

|6 — 6y < p} for p > 0. Then, by the consistency of én,e, there exists

a sequence 7, — 0 as n — oo and € — 0 such that B(fy;7ne) C ©o, and Pgo[én_5 €
B(60;Mne)] — 1. When én_;.: € B(6y; M), we have ' ' ' '

8_1 {fn,e(én,e) - fn,e(GO)}

1
=¢‘:‘1(9“n,e — 6o) / Dy, (00 + u(0n e — 60))du.
0
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But

1
| / Dy (B0 + (B — 80))d = Dae(60)| L, pioumy
i ceBlosim,

< sup  |Dnpe(0) — Dpe(60)]
0€B(80;mn.e)

< sup |Dne(0)—D@)|+ sup |D(@)—D(6)|+ sup |Dne(6o) — D(60)]
963(60;")11,5) 963(90;7}11.5) 963(90’.7711,5)

=A; + Ay + As.
Since
th th 1M / 2 "
Dre(6) = Z X O - (10) -~ @)
According to Proposition 4.2.1 and (4.16), let n — oo and ¢ — 0 with en? — 0, then, we

obtain
D, (8) —¢ D(0).
Consequently, we have A; — 0, A, — 0 and A3 — 0 as n — oo and € — 0 with en: — 0.

So that, we get 1
/ Dn,e(BO + u(én,e - 00))du —Q D(OO)
0
It is easy to see
5—lfn,e(én,e) =

as

nX thll

e fre(One) =€ 7' (bne) — € 27(0ne)r (Bne)

k=1 Xti——l

B (Bne) = €711 (0n )7 ()

Il
o

by (4.15).

‘ Proposition 4.3.1. We have

]

k

€7 fre(60) —q ' (60)U
asn — oo and € — 0.
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Proof. Note that from (4.10)
X X
-1 —1 tg — ey / _ '
e foe(60) = (Z T 00) = (o) (4)
r(0o) [ (Xs = Xy, )ds  oe [t X,dB

e O e R St KBy

i=1

We set

nor(6) [F(Xe— X, ,)ds e [ Xsdés)

C(n,e) = 6‘1(2 ot Xt:, —+) t}t, 1

i=1

g T(00) Jir, (X = X )ds &, XudB,

i=1 V= i=1

= Ci(n,€) + Ca(n,¢).

Lemma 4.3.1. We have Ci(n,e) =g 0 asn — oo and € — 0.

Proof. From Cj(n,¢), we have

tv
- -‘_1 |XS - Xti—1|ds
Cr(n€)] < JeIr(6o)] S = o
i=1 i1

e n—l t Sg?<t |Xt - Xti_ll
<l Hir(Bo)l Y — o
i=1 i-1

From (4.12), we have

nle N r (@) Xu s e sup | [y, XdBi))
ti1<t<t;
Culm, )] < e (B0)] S E
i= |Xti—1|
—1 Ir60)l -
-1 5 Ir(8g)l n~le = sup |j:__1X3st|
n ° lXti—l|

= Cl(n,€) + Ci(n,e).

It is easy to see that C}(n,e) —¢ 0, as n — 0.
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Then we consider C2(n, €), by Holder’s Inequality, Markov Inequality, Lemma, 2.3.1, we have

E 2
QC3n,o)| > 5) < Tl el
) -1 sup lft X,dB,|
ti_i<t<t; 7t

=|r(6o)| E,
5' (O)I QZ |Xt1v 1|
1 Ir(8g)|
=|r(6o) Eo X! n X,dB,
= 001 2 FaXi 7 :;25;,*/, )
1 r(om

< 200 S (B X (o™ sup | / X,dB,|))

i1 ti1<t<t Ji

1 2T(9Q)
~|r (6 (EqX; “2e Eo( su XdB,
— 5l m; X2 ol sup || XeaBi)?:
1 3; 2r(69)|
Zro)] S Xy le ot 2 B B gy / X,dB,|)?z
(5 0 Z [n ol tie 1<£)<t, . ) ]

I
=

We recall that Eg( sup | fti_l X,dB,[?) =

ti—1<t<t;

By equation (4.13), we have

T 1
r(60) |§_:x0 exp(3—2—t11 r(@)ti)n~le " on~ §Xo exp(5e%s +r(60)s)
=1

d (90)’exp(37€2ti~1 — (O}t + T

Oﬂll\D 01|'—‘

+ %ezs +7(0)s)n"2

Il

which implies ¢ —¢ 0 as n — oco. Then we have C?(n,e) —¢g 0 asn — oo and € — 0.

Finally, we get Cy(n,e) =g 0 asn — oo and € — 0. O

Let X? be the solution of the underlying ordinary differential equation under the true

value of the drift parameter:
dX? =r(0)X0dt, X§ = zo. (4.18)

Lemma 4.3.2. We have Cy(n,e) =g U asn — oo and € — 0, where U is a Q-random

variable with standard normal distribution N(0,1).
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Proof. Since

n % X,dB,

§ tz 1
th 1

= Z X1 XsdBS

1'_

i .
X2 ) / X%8, +Z (X2_)" /1t (X, — X)dB,
-1

ti— 1

i

Z tl 1 t, 1)—1) XSdBS

ti-1

= Ca(n,€) + Ci(n,e) + C3(n,€).

Define a deterministic process V(s) by V(s) = Z(Xt, )7 X0, 4(s). Let Vi(s) and
V_(s) denote the positive and negative part of V(s) By Theorem 4.1 of Kallenberg [20],

there exist two independent Q-Brownian motions B’, B”, which have the same distribution

of B, such that

1 1 1
Ca(n,e) = / V(s)dB, = B’ o/ V2(s)ds — B" o/ V2(s)ds
0 0 0

Note that

and

Then we have

and

as n — oo. Then,

and

V_E =Z( ti l) 2(X0) ﬂ(t;_l.ti](s)
i=1

VE:Z( bi- 1) 2(X0)2 :ﬂ'(tz lt]( )
i=1

1 1
/ V2(s)ds — / (X0)2(X%)2 ds
0 0
1 1
/ V2(s)ds — / (X0)"2(X0)2 ds
0 0
. o D
Bo / Vi(s)ds — B'o / (X2 (XJ)3ds
0 0

1 1
B"o / V2(s)ds — B" o / (X9)~(XJ)2ds.

0 0
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We get
1 % 1 1
Cim) =0 Ui [ (XDXDds)” - a( [ (X9 2(x0)2ds)°
0 0
where U; and U, are two random variables with standard normal distribution N(0,1) as

n — 00. Since

X£+ = ma‘x(ng O)

and
XO _ 0
. = max(—X/,0).
Uy, X?ZO
C2l(n:5) —Q {U;, X9<0
as n — 0O0.

So it can be summarized by

C2l(n$€) —Q U
as n — 0Q.

Now, let us consider C%(n,¢). By using Holder’s Inequality, Markov Inequality, Lemma

2.3.1, we get
QUC3r) > 6) < 7By (680 sup | [ 06— XaB)
i=1 1—1 i i—1
1 ¢ o1
< 3 Ealx ) Ee( sup | [ (X~ xDaB:
ti_1<t<t; .

.
1
-

IA
| =
-

t;
(Bol(X0_) )} [Eq / X, — XO2ds)]}
i—1

s
I
-

<

| -
]

I
-

(EQl(X2_) %2 [2t2 Eq sup_ |X — X?|ds]

. ti1<t<

which tends to zero as n — oo and € — 0. For C3(n,¢), we have

Ci(n,e) = Z(Xt” X0, 1)/ X,dB,

= th 1 t 1
e —————-—'— X dB
Z( X0 X >

1 ti—

1
t 812)« Koo - Xg_l i

<) (———= X,dB,.

-— ;( Xg_IXti_l )L_l S 8
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By Lemma 3.2.2, we have C3(n,e) —¢g 0 as n — oo.
Proof of Proposition 4.3.1, Combining Lemma 4.3.1 and Lemma 4.3.2, we have
C(n,e) = Ci(n,e) + Ca(n,¢)

asn — oo and € — 0.
By (4.17),
€7 fre(Bo) =g 7' (60)U

asn — oo and € — 0.

Proof of Theorem 4.3.1. With previous proof, we have

O = 0) = ~( || Daelto +ulbne = 0)a8) "< o0
—q (M) U

. 1
asn — oo and € — 0 with enz — 0.
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Chapter 5

Nonparametric Drift Estimation For
Inhomogeneous Stochastic Differential

Equations

5.1 Introduction

Let {Q, F,P} be a complete probability space with a filtration {F;},50. The stochastic
process X = (X;,0 <t < T) with a given initial value Xy = = € R, is determined by the
following Ité stochastic differential equation (SDE)

where ¢ @ R x [0,7] — R is a measurable function which is continuous with respect
tot; o : Rx[0,7] — Ry is a positive function which is continuous with respect to t;
Bi(0 £t < T) is a one dimensional F;-Brownian motion defined on the probability space
{Q, F,P,{Fi}o<t<r}. We assume the following conditions V¢ € [0, TY:

(1*) |p(z1,t) — p(z2, t)| + |o(z1,t) — o(z2,t)| < L|z1 — 22|, V 21,20 € R, where L > 0 is a
constant.

(2*) There exist positive constants o¢ and o; such that 0 < oy < o(z,t) < 0.
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(3*) Dissipative condition: &I—W <G,V 11,72 € R, where G < 0 is a constant.

Remark 5.1.1. Condition (1*) guarantees that the equation (5.1) has an unique solution
and the solution does not explode; condition (2*) means that o(t,z) is uniformly elliptic,

under condition (3%), the solution of (5.1) is stationary.

We assume that the process X; is observed at discrete time intervals {t; = iA,i =
0,1,2,...,n}, where A is the time frequency for observation and n is the sample size. By

(5.1), we can get the system

n—1 n—1
Xti =+ Z/J(Xt,-, tq,)Atz + Z O'(Xiu ti)(Bti-H - Bti)’
i=0 i=0

where At; = t;41—t;. We represent the estimator of u,(z,t) by f,(z,t). To get the expression

of fin(z,t), first we minimize an object function given below with certain weights:

n-1

> Waale, t:)(Y; — A)*

i=0
where Y; := Xy,,, — X, and A ==t —t;,1=0,1,2,...,n — 1. The weight function is given
by

n—

1
. Kh(Xti - IL')

Wn,i(a:,t) = ::1
;)Kh(xti —.’L‘)

where K}, (.) = K(./h)/h, K is a kernel density function with mean zero and finite variance,

,0=0,1,2,..,n-1

and h is the bandwidth for the kernel. Then, we get the expression of ji,(z,t) by

n—1
¥ YiKu( X, — z)
fin(z, ;) = =2 . (5.2)

n—1
A ZO Kh(Xti - CL')

In this chapter, we focus on the asymptotic of the estimator /i, (z, t) with high frequency
n — o0o. In Section 5.2, we aim to prove that ,(z,t) —p u(z,t) in probability as n — 0.
And Section 5.3 we establish the rate of convergence and the asymptotic distribution, after

that we give an example in Section 5.4.
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5.2 Consistency of The Nonparametric Drift Estima-

tor
Before this section, we give two propositions. From Theorem 5.3 of Ikeda and Watanabe,
[19], we have the following propositions:

Proposition 5.2.1. Let F: Q@ x [0,00) — R be such that

t
Eexp {a/ |F3|2ds} < 00 (5.3)
0
for every @ > 0 and ¢ > 0. Let B, be a Brownian motion. Then for every A € R
t t
Ze(t) = exp {1 / FydB, + A / |F,7ds)
0 0

is a complex-valued {F;}-martingale.

Proposition 5.2.2. Let F :  x [0,00) — R\ {0} be such that 7(u) = [}’ |F}|*dt — oo as
u — 00. Let

77t) =inf{u:T7(v) >t} and Ay =Frq,
Then the time-changed stochastic integral
. )
B(t) = / F,dB,
0

is an {A;}-Brownian motion. Consequently, for eacht >0

/ t FydB, = B(7(t)).
0

Lemma 5.2.1. we assume that there is a mon-negative adapted process p(t) satisfying

f0T|<p|2dt < 00 for T < oo. For any given§ > 0 and p > 0, there is some constant

t
b > 0 such that P( sup /(,0( _+p / lo(t) |2dt>p
0

0<t<T
P( sup /cp( >§) —+P / lo(t)] 2dt>,o)
o<t<T 0
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Proof. Let S; = fot lo(s)|*ds. Then by Proposition 5.2.2, there exists a Brownian motion
B’ with the same distribution as B such that fot @(s)dBs = B'(S;). By the classical maximal
inequality(see Proposition 10.2 of Fristedt [11]), we find that

t t
P( sup / o(s)dB,| > 5) < P( sup / o(s)dB,| > €, Sp < p) + P(Sr > p)
0<t<T ' Jo o<t<T ' Jo
< P( sup |B'(S)| > €, Sr < p) + P(St > p)
0<tLT

< P( sup |B'(s)| > 5) + P(St > p)

0<s<p
bp T 9
<& +P(/0 ole)Pdt > p).
O

Lemma 5.2.2. Suppose that there is a deterministic and nonnegative function x. And we
assume that there is a adapted process ¢(t) satisfying fOT’ lp|?dt < oo for T' < oo and
o(T") = x"Y(T") on the interval (T",T' +1]. If
o
)(2(T')/0 lp(t)?dt -p1 as T — oo.
Then, we have -
X(T') /0 o(t)dB, = N(0,1) (5.4)

where B, is a one dimensional Brownian Motion.

Proof. We define
E t
z Re= () [ loto)fds
 and

T = mf{t 2 O,Rt > 1}

~ Then we have 7v € [0,7" + 1]. Then by proposition 5.2.2, there is a Brownian motion B’
with the same distribution as B such that x(T") [; |¢(s)|dBs = Bj,. We have

X(T) / " o(t)dB, = B} ~ N(0,1),

Then by using Lemma 5.2.1 and following the same arguments as in the proof of Theorem

1.19 in [26], we can see that the characteristic function of x(T”) fOT/ (t)dB; converges to

o7




the characteristic function of x(T”) f[{™ ¢(t)dB; as T' — co. By the continuity theorem (see

Theorem 26.3 of Billingsley [3]), we have

-
X(T") /0 o(t)dB, = N(0,1).

O

Under Condition (1*), (2*) and (3*), there exists a unique invariant distribution v of the

solution X;. Let f(z,t) be the density function of ). Then we define the kernel estimator
falz,t) of fz,t) by

n—1
falz,t) == Ku(X, —z), 0<t<T (5.5)
=0
and gn(z,t;) by
n—1
gn(z,t) = 7 YiKp(Xi, —z), 0<t<T (5.6)
=0
From (5.2), we obtain
izt = 2EY oo (5.7)
falz,t)

Define the strong mixing coeflicient of X by
ax(t)=sup sup EAa(X)As(Xstt)] — EQa(X))EAB(Xs4e))y, 0<t<T (5.8)
s€R+ A,BeB(R)

where A, B are measurable sets in the o-algebras.
We need specify some new conditions as follows:
(4*) The kernel function K(.) satisfies

/ w?K (u)du < 0o

—00

and

/ K?*(u)du < oo.
(5*) Asn — 0o, h — 0, A — 0 and nAh — o0. ‘
(6*) The solution X; admits a unique invariant distribution 9 and is geometrically strong
mixing(GSM), i.e. there exist co > 0 and p € (0,1) such that ax(t) < cop?, t > 0.

(7*) The density function f(z) of the stationary distribution % is continuous.

o8



Theorem 5.2.1. Assume that condition (1%)-(8*) hold, and f(z,t) > 0, then f,(z,t) —p

p(z,t) as n — oo.
Lemma 5.2.3. Under conditions (1*)-(8*%), we have

fulz,t) =p f(z,t) as n— . (5.9)

Proof. Recall that f,(z,t) —p f(z,t) as n — oo means that Vv > 0, nh—wnolo P(|fulz,t) —
flz,t)] >v) =0.
And note that
fn('r:t) - f(x7t) = fn(x) t) - E[fn(x’t)] + E[fn(x)t)] - f(l’,t).
For E[f,(z,t)] — f(x,t), by the stationarity of the process X;, we have
E(fu(2,1)] = E[Kn(Xo — )]
=/_ Kn(y — z)f (y, t)dy

= /oo K(u)f(z + uh,t)du

which converges to f(z,t) for each z as n — oo by Lebesgue Dominated Convergence
Theorem.

For fu(z,t) — E[f.(z,t)], we have

oz, t) = Elfa(z, )] = % S Kn(X,, —2) - % S E[Ka(X,, - 1)
=0 1=0

_ % Z_:[Kh(Xti — 1) - E[Ky(X,, — 2)]).

Let (2, t) = Kn(Xy,_, —7) = EKn(Xi,_, —2), 1=1,2,...,n. Note that sup |yss(z,t)| < Dh™!

1<i<n
for some positive constant D < co. By applying Theorem 1.3 of Bosq [4], we have for each

integer ¢ € [1,%] and any 6 > 0

P(;) ,.‘;Wﬂl >8) < dexp( - 5522_3«7)) (5.10)

-1

+ 22(1 + 4D§‘ )Eqax([p]At,-),
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where
2 Dh-1§
vi(q) = J;)33(61) A

s(q) = max  E[([jp] +1 = jP)vnlin+1(2,8) + Tnfipl+2(2,1)

+ oo+ Y0 (@, 8) + (G + Dp = [ + DPD V415141 (2, E))%

We set v, ni1(z,t) = 0 for the s(q). By using Cauchy-Schwarz Inequality and stationarity of
Yni(z,t), it is easy to find that s(g) = O(p?h~!). Then let ¢ = [%] and p= 3 = O(%),

we have
&g 2 2 SoAE
By the GSM property of X; and some basic calculations, we find
4Dh7'\3%
22(1+ ) gax([plA) < C(6)exp(—O(Vnih)). (5.12)

This, together with (5.10), and(5.11), we have
1|« 2
P(ﬂ;%,i(x,t),) < C(8)exp(—O(6°VnAh)). (5.13)
By the above proof, we have
lim P(|fu(z,t) ~ f(z,t)| 2 v) = 0.
Therefore f,(z,t) —p f(z,t) asn — oo. O

Lemma 5.2.4.

gn(z,t) —p flz,t)u(z,t) as n — oo. (5.14)

Proof. Since

tiy1 tit1
=X, — X, = / w(X,, s)ds + / o(X,, s)dB;
ti

ti

tit1 tit1
= u(Xe t)A + / (W(Xo, s) = u(X, t))ds + / o(X,, 5)dB,.
t; t;
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This together with (5.6), we have

1nl
gn(z,t) = nZu Xt t) Kn( Xy, — )

1=0
1 Z ) [ X ) = 0o t)
— Xgl i / XS,S Xtiati ds
nA —0 (5.15)
-1 tita
LA Z Ku(X, — Cv)/ o(Xs,8)dBs
=0
i=g(z,t) + 9P(, 1) + g9 (=, 1).
For gﬁf)(w,t), we have
1 n—1 1 n—1
9 (@, t) = u(z, )= > Kn(Xy, — ) + = D (X, ts) — pl(@, ) Kn( X, — )
n < n = (5.16)

=1 g (1)(z,t) + g (2) (x, 1).

For g{"(1)(z, ), by Lemma 5.2.3, it is clear that g\ (1)(z,¢) —p f(z,t)u(z,t) as n — oo.
For gn )(2)( t), by condition (1*), we have

n—1

mmmw:meﬂmm—w

1=0

<= ”Z: L(| X, — z|Kn(Xy, — ) — E[| Xy, — x| Kn (X, — 2))) (5.17)

z-O

+ LE[| Xy — z|Kn(Xo — )]

By the proof of Lemma 5.2.3, we can prove that

n—1
= Z L(| Xy, — 2| Kn(Xy, — 2) — E[| Xy, — 2| Kn(Xy, —2)]) »p 0 as n—oo. (5.18)
1-0
]
By the continuity of f(z,t) and Lebesgue Dominated Convergence Theorem, we get
. El|Xo—z|Kp(Xo—x)] . 1 [%
lim : =lm g [ - alKuty - 2) )y
= lim / lulK (w)f (z + uh)du (5.19)

- @) [ " JulK () du.
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By (5.17), (5.18) and (5.19), we gain gﬁL)(Z)(x,t) —p 0 asn — 0. Then we obtain
g (z,t) —p f(z,t)u(z,t), as n — 0.

For g(z)( t), by condition (1*), we obtain
1 n-1 tit1
9@ ) € — D Kn(Xe—2) | |u(X,,8) — p(Xi, t)lds
A i=0 ti
1 n—1 tit1
< xS LKX, =) [ X - X, lds (5.20)
=0 ti
1 n—1
< = Kn(Xi, —x) sup |X:— Xy
n= 8 <t<tit
Since

t t
X, - X, = / w(X,, 8)ds + / (X,, 5)dB,.
t; ti

By condition (1*), we get
t
/ o(Xs, s)
ti

t t
< [ 00609) = X0 8] + Ko, t0)ds + | [ o(Xer5)aB,
t ti

' t
/aaﬁ)
L

t
/ (X, s)st)eL(t_t").
ti

t
/ o(Xs, s)dBs
t;

t
/ o (X, s)dB,
ti

t
X=Xl = [ 1a(X,,5)lds +
t;

< l,u'(thtz)lA-i_ sup

£ <t<ti}1

t
L | |Xs— Xy|ds
ti
According to Gronwall’s Inequality, we have

X = Xu| < (I, 0)1A + sup

ti<t<tiy1

Then we get

sup |X, = Xy < e (Ju(Xo, t)|A +  sup

ti<t<tiy1 t; <t<ti4+1

By (5.20) and (5.21), we obtain

n—1

922, )] <~ S LEL(X, - 2)eb (1n(Xe 0)]A + sup

1_0 £ <t<tit1

). (5.21)

1 —
< AeLA— LKh(Xti - x)liu(thti)l
”; ' ' ‘ (5.22)

Lta(Xs,s)

LAl ZLKh (Xy, —x) sup

t; <t<tiq1
= 9P (1)(z,1) + 92 (2)(=, 1).
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For gn )(1)(50 t), it is clear that

n—1

~ZKh(Xt — z)|p( Xy, )| —p |z, D) f(z,8)  as  n— o0
=0

This implies that ¢{? (1)(z,t) —p 0 as n — oo.
For 9122)(2)(:1:, t), by Markov Inequality and Lemma 2.3.1, we have

1 t
P(=N " LKy(X,, - 5 8)dB;| >
(nZ:; n(Xt, w)tisstlégm La( C)
1 n—1 t
< S LE[ sup / Kn(X,, ~ 2)0(X,, 5)dB,||
nC i lusistin Iy (5.23)
<%nzi /K (X, —z)o%(X s)ds'] |
= nC yar: h ti B)
n-—1
g%@ LE[K(X,, — z)oyA}]
1=0

So it is clear that g{(2)(z,t) —p 0 as n — co. And we get gf)(:v,t) —p0asn— oo.

Now for gn )(1‘ t), we define an adapted process ¢,(z,t) by

n—1
1 Xy —x
on(,1) =ZE%—K< o )o(Xt,t)ll(t,.,tm](t), (5.24)
=0

Then we have

1 tn
G)(z,t) = / z,t)dB,.
9y (z,t) it s ¢n(z,t)dB;

By Markov Inequality and Lemma 2.3.1, we get

VLT, ‘/tn ©n(z,t)dB;
< L] [t
< nZ{C(E[E/t” ;Kz(Xt. 26— 2) ot (X, t)dt] )

h
V2 L= T\]\?
v e))

which goes to zero under condition (5%).

P(|g¥(z,t)] > ¢) <

(5.25)

(M
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5.3 Asymptotic of The Nonparametric Drift Estimator

We will impose some new conditions for this section:

(8*) u(.,.) is C*!-function with bounded first and second order derivatives.

(9*) The density function f(z,t) of the stationary distribution 1 is continuously differen-
tiable.

Since the set of new conditions is stronger than the set of condition in Section 5.2, all the

results in Section 5.2 are valid under new conditions.

Theorem 5.3.1. Let .
flz,t)z

o(z,t) ( I K2(u)du> :

M(z,t) =

and

~ ool (@) 1, *
Zu(z,t) = [,u (x,t)m + FH (x,t)] /_oo u?K (u)du.

Assume that f(z,t) > 0, under conditions (1*)-(6*) and (8%)-(9%), we have
(1) If (nAR)2R? = 0(1) and (nAR)z A% = O(1) for some k > 2, then

(nAR)2TI(z, t) (fn(z, t) — p(z,t)) = N(0,1). (5.26)
(2) If (nAR):h? = O(1) and (nAh)1Ax = O(1) for some k > 2, then

(RARYI(z, t) (fin(z, t) — p(z,t) — h2E,(z, 1) = N(0,1). (5.27)

Before we give a proof of Theorem 5.3.1, we should consider some conditions on the
bandwidth h and the time frequency A. First, we consider the (1) of Theorem 5.3.1, when
0 < 8 < 4, with the condition (5*), to ensure satisfying (nAh)2h? = o(1) and condition
(5%), we should have h = (nAlog(nA))~s or h = (nA)'l—)scé for any 0 < § < 4. After the
calculation, we find if A = O((log n)ﬁn"fjﬁ), where

K

ﬂ=4n+1o

or A = O(n~") with
_ 40k — 106k
"~ 40k + 100 — 100’

5
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then the condition (nAR)2A~ = O(1) is satisfied. If § = 0, we get the condition of h and A
for (2) of Theorem of 5.3.1.

Proof. Proof of Theorem 5.3.1-(1). Since

(nAR)HI(z, 8)[3a(2, &) = (2, 8) fa(z, 1)

fa(@,t) (5.28)

(nAR)EI(z, t)(fn(z, 1) — plz,t) =

By (5.15), we get
Tu(z,t) = (nAR)TI(z, )¢ (x, t) — p(, t) fu(z, 1))
+ (nAh)il'I(:c, t)g,(f)(a:, t)
+ (nAR)2TI(z, t) g (z, t)
= Tg)(w, t) + Tg)(x, t) + TS?) (z,1).

(5.29)

For T(z, ¢)

n—l

T (z,t) = (nAR) T(z, t)~ ZN(th i) — u(z, 1)) Kn( X, — ).

1—0

By Taylor’s Expansion, we have
1
/‘(Xtuti) - ,LL(:L', t) = u’(:r,t)(th. - :E) + ’2':“'”('1: + 01'(Xti - x)’t)(Xti - $)2)

where 6; is some random variable satisfying 6; € [0, 1]. So that, we have

n~-1

TW(z,t) = (nAR)?1(z, t) ~ (z,1) Y (X, — z)Kn(Xy, — z)
i=0

+ (nAR)HTI(z, ) L iz t)z . — 2)2Kn(X,, — @)
n—1

+ (RAR)I(z, t)— ZW T+ 0:;(Xy, — ), ) — p' (2, 1)) (Xs, — )2 K (X, — )

= TO(1)(z,8) + TD(©2) (2, t) + TO(3)(z, 1).
| | | (5.30)

For Tgl)(l)(z,t), fori=1,2,...,n, we set
£ni(@,t) = (NAR)E ((Xe,, — 2)Kn(Xoy — 2) = El(Xop_y — 2) Kn(Xerey — 2))-
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By the stationary of X;, we have

TO(1)(2,8) = e, O (2,0 3 €, )

+ (z, )u(z, t) (RAR) T E[(Xo — ) Ki(Xo — )]
= Al (z,t) + A%(z,t).

For Al(z,t), note that
sup |€ni(z,t)| < Mo(nAR)? a.s.

1<i<n
where My < oo is some positive constant. Then we apply Theorem 1.3 of Bosq [4], for each

integer q € [1, 3] and § > 0, we have

1 n—1 52(]
hl . < S
(L] eutnn] ) 2 sot-got
AMo(nAt;h)z\
+22(1+ —0@—-——)3)2qax([p]A),
5
where .
2 Mo(nAh)36
1(g) = Zslg) + USRS

with p = 3 and

S(Q) = 055%%31(—1 E[([Jp] +1- jp)gn,[jp]+1(xa t) + 5n,[jp]+2(xa t)
+ ot EnGrna (@, 8) + (G + Dp — [ + 1)p)én 41541 (, B))%.

By Billingsley’s Inequality (see Corollary 1.1 of Bosq [4]) and stationary of &, ;(z,t), we find
that

s(q) = O(pnh).

Under the GSM condition on X;, we have

[p]
Y ax(kd) = 0(At),
k=0

Then, we get
8%q 8%n

8v2(q)  O(nh) + O(6p(nAh)?)
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which goes to 0o by choosing ¢ = [‘/—\/”_Eé] andp= 7 = O(%), By GSM property of X;, we

have

22(1+ M)qax([p]A) -0

Then we get

%Zgn,,-(m,t) — o,(1).

For A%(z,t), since

Bl - o)KaXo - o) = [ 2K (Y5) flw, o)y

—00
o0

- / wK () f(z + uh, s)duh
= hf(z,t) /oo uK (u)du + h* /oo K(w)ulf'(z + Quh, s)du
= f'(z,t) /oo u? K (u)duh®(1 + o(1)).

Then we have
A2(z,1) = T(z, )i (z, ) f (1) / " 2K (w)du(nAR)R2(1 + o(1)).
By the proof of Al(z,t) and A2(z,t), we get i
YO (1)(z, 1) = 0p(1) + N(z, t) (2, t) (2, 1) / : w?K (u)du(nAh)ih%(1 + o(1)).
Then, for T (2)(z, 1), we set
Cuit1(2,8) = (RAR)F (X, — 2)*Kn(X, — 7) = E|(Xy, = 2)*Ka(X,, — 2)]),

where ¢ = 0,...,n — 1. By the stationary of X;, we have

n—1
TO@)(z,1) = 3T, O (z, t)% N ER)
=0

1 )
+ 511z, )i (2, £)(nAR)? E{(Xo — 2)*Kn(Xo - 2)]
= Al (z,t) + Ab(z,t).
Note that

sup [Cui(z,t)] < Mi(nAR)Zh
1<i<n
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for some positive constant M; < co. Then we apply Theorem 1.3 of Bosq [4], for each integer
g€(l,3]and 6 >0
52

p(Y Tilcn,i(r,t)! >8) < dep(—grs)

LI
+ 22(1 + 4M1(n?tzh)2h) “qax([plAt),

where X
Mi(nAh)26h

~2 _ 2 ~
o°(q) = 25—8(61) + 5

with p = 2-’; and

3(9) =, max_ E[([jp] + 1 = jp)Cupip+1(2,1) + Culipl4a(2, 1)

+ oo+ GagG+nn (@ 1) + (G + Dp = [(G + D)) njg+1)m+1 (2 1))

By Billingsley’s Inequality and stationary of &, ;(z,t), we find that

3(g) = O(pnh®).

Then, we get
&q 8’n
8v%(q)  O(nh3) + O(6p(nAh)zh)
which goes to oo by choosing g = [‘/’T&] andp=2 = O(E) By GSM property of X;, we

have .
22(1 n ————4Ml(ndAh)2h)qax([p]A) 0.

Therefore, we obtain A3(z,t) = op(1).
For A4(z,t), we have

E[(Xo — 2)*Kn(Xo — )] = f(¢ :c)/ u)du - K%(1 + o(1)).
Then, we have
Al(z,t) = %H(x,t),u’(x, t)f(z,t) /jo WK (u)du - (nAR)2R3(1 + o(1)).

So that we obtain
T (2)(2,t) = op(1) + %H(x,t),u”(:v,t) f(@,1) /_ " 2K (u)du - (rAR)ERE( + o(1).
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For T{(3)(z,), by the uniform continuity of " () and the bounded support of the kernel
function K(-), we assume that K(z) = 0 if |z| > M for some finite positive number M.

Then we have

1 , N 1 n—1
TOE)(2,8)] < ST(z,t) sup |u'(2,t) — w'(y, )|(AR)T =D (X, — 2)Kin(Xy, — @)
n—1
— o(1) - (nAR)}R2E =D Kn(X, — 1)
=0

= op(1) - (NAR)ZR?
since }lni__:; Kin(X:, — z) — f(z) in probability. Then we get
TM(3)(z,t) = 0p(1) - O((RAR)ZR?).
So by (5.30), we get
TO(z,t) = 0p(1) + 0p(1) - O((nAR)7h?)

+nu¢mmaaf@¢y+§/u¢ﬁu¢n/fu%qwmromﬁﬁﬁa+ou»

(5.31)
For 'I‘g)(z,t), we have
T (z,t) = (nAR):1(z, t)g (z, 1)

< (nh)TI(z, ) [LAeH - ZKh = D)X 1)
z-—O

n—1 t
+ KeKoAx . ! ZKh(Xt,-—.SC) sup /O'(Xs,ts
t.

1
A s ti<t<ti

)

We use the same method in the proof of Tfll)(x, t), under the given conditions, we get

LS KX, - )X, )] —p (e, )£ (2,1,

n 1=0

By the proof of g )(:c t) and Lemma 2.3.1, we can get

/ (X s)
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Then we obtain that
Y@ (z,t) = Op(1) - (nAR)ZA + 0p(1) - (RAR)ZAX, (5.32)

For TS)(:B,t), we define

1
2

Xew = (ta0?(2, )7, ) /_ : K2 (u)d)

and recall that

1 Xy —7
en(z,t) = _K( - )O'(tht)]l(ti»tiﬂl(t)‘

Then we have
2 [ o 2 i 1 2( Xty =T\ o
th/ (pn(.’lf,t)dt = Xin * -K (—'—'_)0- (Xiat)ﬂ(lz'.tiﬂ](t)dt
0 0o = h h
Xti —x tit1 )
- )/t o2(X,, t)dt

(
— an Z %K2(Xt,- - m)GZ(Xti,ti)A (5.33)
1

h

1 Xy, — 1\ [hH
2, YR (FE) [ 00 - e )
X t;

Then we have

n—1
,_E :_KZ B
o*(z,6)f(2,t) [T K*(w)du n iz h -

B= )az(Xti,ti) —p 1. (5.34)

For D, by condition (1*), (5.21) and inequality ||u + v|? — |[v}?| < |u|? for u,v € R and
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q € (0,1], we have

. .
1 th ti+1 ) 9
; Lyee(Xe %) /t (0%(X, t) — 0*(Xyy, 1))t
- th tig1 ) 9
<X, Z RE(F) [ 0060 - e
X, —x\ [B0
L3 () [ et — ot P

_xth K2(Xt' ) LA sup |X; — X |?

|D| th

‘ £ <t<tit1
| [2e2LsA A3 1 n—1 1 X, -z
: o0 © = K2 c X Lt 2
| o2(z, 8) f(z,t) [, K2(u)du n < h ( )Iu( o b))
L2A82L’A 1 n—1 1 Xt. g : ,
P— __K2 1 Xs’ st
o}, )] (2,) [ KE(u)du = h ( h >tisst‘élz+l /n 71 Xer)
= D] + D2
(5.35)
For Dl, since
2 Xt, »

by the method of proof Lemma 5.2.3, it is clear D; —p 0.
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For D,, by Lemma 2.3.1, Markov Inequality and condition (3*), we have

2>C)

2

n—

e <1 (X2

n i= h h ti<t<tit1

el (5

t;<t<tiy1

¢
/ o(Xs, s)dBs
t;

t
/ o(Xs, s)dB;

i

/t t K(%)a(Xs, s)dB,

)]

4 [ (X — T (5.37)
< ZE/t K( )U(Xs,s)ds]

<— E( sup

n C i=0 ti<t<tiyy

h

¢ Jow h
which goes to zero as A — 0. Then by (5.33), (5.34), (5.35), (5.36) and (5.37), we have
tn
Xz, / 0% (z,t)dt —p 1. (5.38)
0
Since

T®(z,t) = (nAR)(x, t)g$ (2, t)

o=

A 1 n-1 tit1 X B
=(’I’L h) H(x’t);—A—;Kh(Xti—w)‘/tl U( 3,3) s

tn
= f(x,t)-xtﬂ/ on(z,t)dB;.
0
By (5.38) and Lemma 5.2.2, we have
TO(z,t) = f(z,t)N(0,1). (5.39)

By (5.29), we get

this, together with (5.28), Lemma 5.2.3 and Slutsky’s Theorem, we obtain
(nAR)TI(z, 1) (fin(e, t) — u(z, 1)) = N(0,1)
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where we complete the proof of Theorem 5.3.1-(1).

Proof. Proof of Theorem 5.3.1-(2). If (nAR)2h% = O(1), with (5.31), we have
TO(z,t) = (nAR)TRTI(z, 1), (2, t) f(z, t) + 0p(1).
By (5.32) and (5.39), we also get
TO(z,1) = op(1)

and

T (z,t) = f(z,t)N(0,1).

Then by (5.29), we have
To(z,t) — (nAR)ZRAI(z, 1)E,(x, ) f (2, 1) = f(z,t)N(0,1).

By Lemma 5.2.3 and Slutsky’s Theorem we have

(nAR)2I(z, t) (un(z, t) — p(x,t) — h?Ey(x, 1))

=-§n_((§-g — (AR R2I(z, £)Z, (z, ¢)

_Ta(z,t) = (nAR): RN (z, )52, 8)f (3,1) ; = f(z,1)

— APX) + (nAR) RTI(z, 1), (x, t)( o 1)
=N(0,1).

Where we complete the proof of Theorem 5.3.1-(2).
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5.4 Example

In this section, we are aiming to give a mean-reversion type example for (5.1). Let u(X¢,t) =

[a(X:, t) + br(X;,t)] and 0(X;,t) = bin (5.1). Consider the following equation:
where 7(z,t) : R x [0,7] — R and a(z,t) : R x [0,7] — R are C>!— function, and b is a

positive constant. Then we make some consumptions: for 0 <t < T, let
(1)
la(z,t) — a(y,t)| < Lijz — y|
and
r(z,8) = r(y,t)| < La|z — 9|
for Ly >0and Ly, >0, z,y € R.

(2)
a(:z:, t) - a’(y’ t) < o
-y -

and
T'(.IJ, t) N T'(y,t)
r—y

<a2

where a; € R, ay € R.

Now we will prove that the equation (5.40) satisfies Lipschitz condition. We have
(a(a,t) + br(z, 1] - la(y, &) + br(y, 8
=|la(z, 1) - a(y, ) + Br(z,8) - rw, )]

<|a(z,t) - aly,8)| + [bl|r(z,8) = (v, )

<Li(t)le -yl + bl L2(8) |z — 9]

=(L1(t) + [b| L2(2)) |z — v
which satisfies Lipschitz condition. Then, we will verify the dissipative condition. We get
la(z,t) + br(z, t)] — [a(y, t) + br(y, t)]
-y
a(e,t) —a(y,t)] | Hr(z,t) = r(v.)
T—y T—y
<o (t) + baa(t).
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Since [ (t) + baa(t)] < 0, it satisfies the dissipative condition. So that the equation (5.40)
meets the overall conditions mentioned in previous parts and obeys our main results in
Section 5.2 and Section 5.3. That is, if we let 7,(z, t) express the estimator of r(z,t), under
the conditions and notations in previous sections in this chapter, we formulate 7,(z,t) —p
r(z,t) as n — 0 and

(1) If (nAR)2R2 = o(1) and (nAh)2Ax = O(1) for some & > 2, then
(nAR)211(z, t)(Fn(z, t) — 7(z,1)) = N(0,1).
(2) If (nAR)2R2 = O(1) and (nAR)2A= = O(1) for some & > 2, then

(RARYTI(x, 8) (Pn(z, t) — (2, t) — h2Z,(z, 1)) = N(0,1).
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