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SUMMARY

This thesis is concerned with the massless Dirac equation in (2+2)-dimensional
space-time. We start by presenting background material on spinors and the

Dirac equation. Then we consider the modifications to the current which are

necessary in 2 + 2 dimensions, and spinors which imply zero current density.

Then we consider plane wave solutions and superposition of solutions.

The action of the Lorentz group is considered, and we find solutions which

are invariant to subgroup preserving the world line of a ‘particle’ solution.

Then we find some more general solutions, together with the corresponding

electromagnetic fields.

NOTATION.

In this thesis references are denoted by square brackets [ ] and equations by
round brackets ( ) where (a.b) denotes Equation b in Chapter a.

This thesis has been typeset using LATgX except the lightlike line solution
(See the Appendix) and the graphs have been done using “ Mathematica ”
program version 4.
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Chapter 0

Preliminaries

0.1 Introduction

This thesis is concerned with the Dirac massless equation in (2+2)-dimensional
space-time. The Dirac equation in (3 + 1)-dimensions was introduced by
P.A.M. Dirac in 1928 to fix some problems with the Klein-Gordon equation.
In (n + 1)-dimensional space-time, the first difficulty faced by the Klein-
Gordon equation was the problem of probability density. Dirac succeeded in
producing a positive definite probability density (j° = *y > 0 for a non
zero state 1). The other difficulty faced by the Klein-Gordon equation was,
that of negative energy states. Dirac’s solution to this problem relies on the
fact that electrons have spin—% and therefore obey Pauli’s exclusion principle
(identical particles cannot be in the same quantum state). For a more de-
tailed discussion, see [13] and [21]. Dirac supposed that the negative energy
states are already completely filled, and the exclusion principle prevents any
more electrons being able to enter the ‘sea’ of negative states see [8].

This ‘Dirac sea’ is the vacuum, so in Dirac’s theory, the vacuum is not ‘noth-
ing’, but an infinite sea of negative energy electrons, protons, neutrinos and
all other spin-% particles! Now this ingenious theory makes an important pre-
diction, for suppose there occurs one vacancy in the electron sea a ‘hole’ with
energy |F|. An electron with energy E may fill this hole, emitting energy 2E,
and leaving the vacuum: e~ + hole — energy, so the ‘hole’ effectively has
charge +e and positive energy, and is called positron, the antiparticle of the
electron. This theory of Dirac’s in 1928 predicted the existence of antipar-
ticle for all spin—% particles. We conclude this account of antiparticles by
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noting that, despite the successful resolution of problem of negative energies,
the Dirac equation is no longer a single-particle equation, since it describes
both particles and antiparticles. The only consistent philosophy is to regard
the spinor ¥ as a field, such that | ¢ |? gives a measure of the number of
particles at a particular point. This field is naturally a quantum field. For a
more detailed discussion, see [8], [17], [18] and [19].

In 1994, Edwin J. Beggs considered the possibility of having non-trivial elec-
tromagnetic field with currentless spinors in (4 + 2)-dimensions. His purpose
was to construct some exact solutions to the equations of quantum elec-
trodynamics, treated as a classical field theory. In [2] there are currentless
solutions of the Dirac equation in (44 2)-dimensions which have a non-trivial
electromagnetic field. The field arises from a topological singularity in the
solutions, centered on the supposed ‘world line’ of a particle.

In this thesis, the first question we put to ourselves is whether we can find
more solutions, and try to work towards a general solution by studying a sim-
pler problem in (24 2)-dimensions. Secondly we want to try to find traveling
wave solutions, and solutions with the symmetry of a particle. Fortunately
we did find lots of solutions, some of them having non-trivial electromagnetic
fields with currentless spinors. The results are specific to (2 4+ 2)-dimensions.
However it has been shown in [2] that results in (4 + 2)-dimensions are rel-
evant to problems in (3 + 1)-dimensions. Also there are other examples of
physical theories with more that one time dimension.

Spaces with several time components do appear among the solutions of some
physically interesting systems in higher dimensions, and they have been stud-
ied in the compactification context of Kaluza-Klein and string theories [1].
The idea in Yang-Mills (YM) theory is to minimize the energy of the cur-
vature of the connection, where the potentials A, live in a Lie algebra, for
example the Lie algebra of SU(2). In [10] the authors show that N =1
Supersymmetric self-dual Yang-Mills theory (SDYM) in 2 4 2 dimensions is
an integrable system.

In [1] the authors show that, if we assume that the world is n+ 1 dimensional,
and try to compactify, there are very rigid constraints on the compactifica-
tion. Allowing more than one time dimension in the original world manifold
allows a greater variety of compactifications, including some that they argue
are physically useful.

Since the spionrs considered are currentless, the electromagnetic field is a
solution of the currentless Maxwell equations in 2 4+ 2 dimensions. However
the Dirac equation can still place constraints on the electromagnetic poten-
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tials A,. Also the currentless Maxwell equations only apply on the domain
of solution of the Dirac equation. If there is a singularity in the equation,
then that singularity can behave as thought it had charge, e.g. [2]. We do
not consider boundary conditions at infinity on the electromagnetic field in
this thesis.

0.2 Quantum mechanics and the Schrodinger
equation

The founding of Quantum Mechanics can be placed between the years of
1923 and 1927 [19]. Two equivalent formulations of quantum mechanics had
been proposed almost simultaneously : Matrix Mechanics (due to Heisenberg
and others) and Wave Mechanics (due to Schrodinger and others).

Wave Mechanics started between 1925 and 1926. The choice of a wave equa-
tion is restricted by a certain number of a priori conditions :

(I) The equation must be linear and homogeneous;
(IT) The equation must be a differential equation of the first order with re-
spect to time.

All these considerations will lead us to the Schriodinger equation in a very

natural way.
2

. 0 h

This is the Schrodinger equation for a free particle; it satisfies conditions (I)
and (II). It also satisfies the requirements of the correspondence principle.
Indeed the formal analogy with Classical Mechanics is a actually realized,
equation (0.1) is in a sense the quantum-mechanical translation of the clas-
sical equation which given by
P2

E = oy (0.2)
the energy and momentum being represented in this quantum language by
differential operators acting on the wave-function according to the correspon-

dence rule

L 0 h
E—>zh& ; P—*;V~ (0.3)
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The probability density for the Schrodinger equation is
p =Y, - (0.4)

and the probability current is

. th * *
J ——%W VAR AV SR (0.5)
These obey a continuity equation

dp .
—8—t+v-j—0. (0.6)
For a single particle we would like to have probability one of the particle

being somewhere, i.e.
* 3.
/de)wdm—l. (0.7)

For a more detailed discussion, see [19] and [17].

0.3 Special relativity and Lorentz transfor-
mation

It is often said that special relativity is the theory of 4-dimensional spacetime.
Consider two events in spacetime (z,y, z,t) and (z+dz,y+dy, z+dz,t +dt).
We may generalize the notion of the distance between two points in space
to the‘interval’ between two points in spacetime; call it ds. In order that ds
be the same for all (inertial) observers, it must be invariant under Lorentz
transformations and rotations, and so is given by

ds® = Pdt* — dz? — dy? — d2°. (0.8)

With this definition, events which are separated by a timelike interval have
ds? > 0 ; those separated by a spacelike interval ds? < 0 ; and those separated
by a null or lightlike interval ds? = 0.

Let us introduce some convenient notation. Coordinates on spacetime will
be denoted by letters with Greek superscript indices running from 0 to 3,
with 0 generally denoting the time coordinate. Thus,

0

™ = (z ,331,3:2,:1:3) = (ct, z,9, 2),
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z, = (o, T1,22,23) = (ct, —z,—y, —2) .

Furthermore, for the sake of simplicity we choose units in which ¢ = 1.
Empirically we know that c is the speed of light, 3 x 10® meters per second;
Thus, we are working in units of seconds for time and light seconds for
distance, for example.

It is also convenient to write the spacetime interval in a more compact form.
We therefore introduce a 4 x 4 matrix, the metric, which we write using two
lower indices:

1 0 0 0
o -1 0 o0
9w =10 0 -1 0
00 0 =1

Here rows and columns correspond to the 0, 1, 2 and 3 components. Since
g has a non-zero determinant, its inverse exists, and is called g"”. In fact
it has the same value as g,, in Minkowski space but this equality does not
hold in general. It is clear that g, contains all the information about the
geometry of the space. We then have the nice formula

ds® = g,, dr*dz".

Notice that we use the summation convention. Now we can consider linear
coordinate transformations in spacetime. We would like the length to remain
fixed,

ds* = (dz)" g(dz) = (dz')" g (da’)
= (dz)" ATgA (dz), (0.9)
and therefore
g=ATgA. (0.10)

The matrices A which satisfy (0.10) are known as the Lorentz Transforma-
tions; the set of them forms a group under matrix multiplication, known as
the Lorentz group. There is a close analog between this group and O(3), the
rotation group in three-dimensional space.

Lorentz transformations fall into a number of categories. First there are the
conventional rotations, such as a rotation in the z — y plane:

1 0 0 O
0 cosf sinf O
0 —sinf cosf O
0 0 0 1

A#, =
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The rotation angle 6 is a periodic variable with period 27. There are also
boosts, which may be thought of as ‘rotations between space and time direc-
tions’. An example is given by

cosh¢g —sinh¢y 0 O

U sinh¢ cosh¢ 0 0
v 0 0 10

0 0 01

The boost parameter ¢, unlike the rotation angle, is defined from —oo to oo.
In general Lorentz transformations will not commute, so the Lorentz group
is non-Abelian. For a more detailed discussion, see [4], [16], [17], [18] and
[20].

0.4 The Klein-Gordon equation

We are now in a position to write down a wave equation for a particle with
no spin, a scalar particle. Since it has no spin it has only one component,
which we denote by ¢. Note that (0.2) is the non-relativistic approximation
to

E? = P22 + m?ct. (0.11)

The wave equation is obtained from equation (0.11) by substituting differen-
tial operators for £ and P in the standard fashion in quantum theory given
by (0.3),

2
—h? % = —RPA P+ m3ct ¢,
which may also be written for h =c=1 as
82
56 — 24+ m?¢=0. (0.12)

This is known as the Klein-Gordon equation. It then follows that the Schrodinger
equation should be the non-relativistic approximation of the Klein-Gordon
equation. What are the corresponding expressions for the probability density
and the probability current for the Klein-Gordon equation? To be properly
relativistic, p should not, as in (0.4), transform as a scalar, but the time
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component of 4-vector, whose space component is j, given by (0.5). Then p
is given by

<¢ ¢ ¢ - ),
with "
* = (p,0) == ¢ (8,9,
b
=—¢ g,

where the forward-(ﬁa}nckward arrow here means the derivatives act on both
¢ and ¢* [ie. ¢ ° ¢ = (8pd*) P + ¢*(Gop)]. We have the continuity
equation

02 o2
g (aes — )b~ g — D)) = 0
since ¢* also obeys the Klein-Gordon equation. Then p and j are the proba-
bility density and current we want. But this immediately presents a problem,
because p is not positive definite. Since the Klein-Gordon equation is second
order, ¢ and 0¢/0t can be fixed arbitrarily at a given time, so p may take
on negative values, and its interpretation as a probability density has to be
abandoned. There is another problem with the Klein-Gordon equation and
that is the solution to (0.11), regarded as an equation for E,

E = +4/p?> + m?

so a solution to the Klein-Gordon equation may contain negative energy
terms as well as positive energy ones. For a more detailed discussion, see [8]
and [17].

3#.7'” =

0.5 The Dirac e(juation in 1+ 3 spacetime

Given the problems in the last section, it might have been better to treat
space and time on a more equal footing in the Schrédinger equation. This
what Dirac took as his starting point. In 1928 Dirac (see [7]) replaced the
Klein-Gordon equation by a first-order equation,

0

. 9
i(5 Taigg)¥=0my. (0.13)
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The question Dirac posed himself was to find the simplest choice for a; and
3, such that the square of the Schrodinger equation gives the Klein-Gordon
equation

Py = (pa+pm)® =p*+m?.
Dirac noted that only when we allow o; and 3 to be non-commuting objects
(e.g. matrices), can one satisfy these equations. The above equation is
equivalent to

,32 =1 y (a,-aj + aja,-) = 251']' and aiﬂ + ,Bai =0. (014)

Historically, Dirac first considered m # 0, but the massless case (m = 0) is
somewhat simpler. Here o; are the Pauli matrices, familiar from describing
spin one-half particles

0'1=<§.)(1)) y 0’2=<SBZ> , 0’3=<(1) _01) (015)

For the massive case Dirac first incorrectly thought that the positive energy
states described the electron and the negative energy states the proton. At
that time antiparticles were unknown. Antiparticles were predicted by Dirac
because the only way he could make the theory consistent was to invoke the
Pauli exclusion principle and to fill all the negative energy states. A hole in
this sea of positive energy states, called the Dirac sea, then corresponds to a
state of positive energy. These holes describe the antiparticle with the same
mass as the particle.

For the massive Dirac equation we need to find a matrix 5 that anticommutes
with all a;. For 2 x 2 matrices this is impossible, since the Pauli matrices
form a complete set of anticommuting matrices. The smallest size turns out
to be a 4 x 4 matrix. Dirac found a set of 4 x 4-matrices satisfying the
relations (0.14) which are

_ 0 ag; _ 12 0
(0 8) o= (8 5)
It will be profitable to introduce a ‘four-vector’ v* of 4 x 4 matrices
™= (") = (8, Ba),

such that the Dirac equation becomes

(iv"0, — m)p =0, (0.16)
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where 0, = 0/0z#. The Dirac gamma matrices satisfy anticommuting (Clif-
ford algebra) relations

{777} ="y A = 29",
where g* = diag(+1,—1,—1,—1). We have from the gamma matrices that

YW=4" =4
This means that +! is hermitian and +¢ is anti-hermitian for i = 1,2,3. An
interaction with the electromagnetic field F},, is included via the spacetime
potential (Ao, Ay, Az, A3) of F,,, by employing the replacement §, — 9, —
iqA,. The Dirac equation for the interacting case is given by

i (0, — ig A, )Y = m. (0.17)

0.6 The Clifford algebra and Dirac Spinors:

Take V' to be any vector space with an inner product <,>: To each such
vector space V with inner product <, >, we associate an associative algebra
Cl(V, <, >) called the Clifford algebra in such a way that z? =< ,z >, for
all z € V. If U is any invertible element of the algebra and z’ = UzU™!,
then (2')? =< z,z >. Those elements U such that 2’ = UzU™! is in V for
every z in V form a group, known as the Clifford group (see [3] and [6]).
Those elements U give orthogonal transformations given by z’ = UzU 1.
The center is the subgroup of the Clifford group which commutes with ev-
erything. If U is in the center, then we have

 =UzUY = zUU ! = .

In Physics, elements of the vector space carrying an irreducible representa-
tion of the complexified Clifford algebra are termed Dirac spinors. To see the
relation of spinors in ¢ + s dimensions (where ¢ is the time dimension and s
is the space dimension) to the classical division algebras R, C, H and O see
[11].

Let us take V = R*3 that is V is space-time with its Lorentz metric.
There should be a linear map v : R!*? — CI(R'*3) such that
i) Every element of CI(R!*3) can be written as a sum of products of elements
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of 7(R**3) (and of multiples of the identity I),
ii) v(v)y(v') + v(v')y(v) = 2(v,v')I for every v and v’ in R*3,

Set,
t 0 0 t+z T+
N _ 0 0 T—iy t—z
Sy and 7(v) = t—z -—z-iy O 0 ’
z -4y t+4+z 0 0

y(v)? = (2 — 2 — y* = 221,
The Clifford algebra of R*3 is the complete algebra of these 4 x 4 matrices.
The Clifford algebra is generated by
L% ity (< v), vy (p<v < p),°v' P

The last generator is of particular importance and we define
I, 0
5 _ _ 012,83 _ 2
v ==Yy (0 _12>-

In general spinors are elements of minimal left ideals of Clifford algebras.
A subalgebra S of algebra A is a left ideal if as € S for all a € A and
s € S ( see [6] and [14]). The word minimal in this context is equivalent
to the word irreducible, meaning that there is not a smaller ideal in S. In
four dimensional space-time the Dirac spinors lives in S, and the minimal
left ideal is given by

(!

S = Clf ~ Zi

vy 0 0 0

The set of Dirac spinor is an irreducible representation of the Clifford algebra.
Spin(1,3) is the set of elements in the Clifford group which are even (i.e.
sums of products of even number of gamma matrices) (see [14]). Irreducible
representations of Spin(1,3) are obtained by separating S according to the
eigenvalues of 7°. Since (v°)2 = I, the eigenvalues of v°, called the chirality,
must be 1 (see [15]). Then S is separated into two eigenspaces

S =8"e S,
where y? 9% = 9T for y* € S*.

|91, 2, Y3, %4 € C
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0.7 Abelian gauge theories

At present many physically sensible theories of fundamental interactions are
based on gauge theories. Here we give a brief summary of classical aspects
of abelian theories. Maxwell’s equations are given in terms of the magnetic
field B and the electric field E by

div B =0, (0.18)
0B
57 T curl E=0, (0.19)
div E = j5°, (0.20)
OE .
57 " curl B = —j. (0.21)

The magnetic field B and the electric field E are expressed in terms of the
vector potential A, = (Ag, A) as

B =curl A, (0.22)

E = % — grad Ao, (0.23)

respectively. Maxwell’s equations are invariant under the gauge transforma-
tion

Ay — A, +0,x (0.24)

where x is a scalar function. This invariance is manifest if we define the
electromagnetic field tensor F,, by

0 -E, —-E, E.
E. 0 B. -B,
E, -B. 0 B,
E, B, -B, 0

F, = 8,A,—8,A, = (0.25)
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From the construction, F' is invariant under (0.24). Now Maxwell’s equations
could be expressed in terms of the electromagnetic field tensor F),, as

agF;w + aqug + angu = 0, (026)

8, FH = j* (0.27)

where equation (0.26) includes the equations (0.18) and (0.19), and equation
(0.27) includes the equations (0.20) and (0.21). The raising and lowering of
spacetime indices are carried out with the metric g*¥ = diag(+1,+1, -1, —1).

Let ¢ be a Dirac spinor field with electric charge q. The Dirac field 9 is
invariant under the global gauge transformation

v — Y =Y 5 Y — P = P,

where 6 € R is a constant. We elevate this symmetry to invariance under
the local gauge transformation,

vo— Y =Ty g g = e,
Let us introduce the covariant derivatives,
Vi =0, —igA, ; V. =0, —igA, (0.28)
where A, = A, — 9,6(z), and 7,4 transforms in a nice way as
VY = e g,y

For a more detailed discussion, see [15] and [21].



Chapter 1

The representation of the
gamma matrices in 2 + 2
dimensions and currentless
spinors

1.1 Introduction:

This chapter contains the following: In section 1.2 we give irreducible rep-
resentation of the Dirac gamma matrices in 2 + 2 dimensions. In section
1.3 we write the massless Dirac equation in 2 + 2 dimensions. In section
1.4 we talk about the conserved current by showing first that the current is.
conserved, then we give the form for the conjugation matrix B in terms of
the representation of the Dirac’s ¥ matrices in 2 + 2 dimensions. Finally in
section 1.5 we find the general form of the currentless spinors. We treat the
Dirac equation purely as a classical field theory, and do not try to look for a
particle interpretation.

1.2 Anirreducible representation of the gamma
matrices in 2 + 2 dimensions

Consider four dimensional flat space-time with the signature (2,2), and the
flat metric g* = diag(+1,+1,—1,—1). The representation of the Dirac

15
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gamma matrices with (2 x 2)-dimensional entries is given by

1_( 0 —ioy o [ 0 —ioo
7‘(101 0 ) 7T i, 0 )

3 _ O — O3 4 0 iIQ
7‘(03 0 R S A I (1.1)

where I, is the (2 x 2) identity matrix. These ¢ matrices are the Pauli spin
matrices, and they are given by

(01 (0 —i (1 0
1%\ 1o) > 2T i 0 ) T o 1)

This representation of the Dirac gamma matrices is particularly useful in
that the v® matrix is diagonal. It gives a preferred basis for introducing the
two component notation for spinors in four space-time dimensions [18]. This
representation satisfies the Clifford algebra condition

{7} = 2¢", (1.2)
and in particular

(7“)2 = +1 fOI' n= 1127
()2 = -1 for p=3,4.

~ L 0
Y=y = P ] (1.3)
0 —I

1.3 The massless Dirac equation in 2 4 2 di-
mensions

The massless Dirac equation with the real field (potential) A,, where the
potentials A, live in the Lie algebra of group U(1), is given by

V(0u —igA )Y = 0. (1.4)



The representation of the gamma matrices 17

Here we use summations over u for 4 = 1,...,4. The last equation can be
written as

(v (81 — igA1) + ¥*(82 — igAs) + ¥*(05 — igAs) + v*(0s — igAs)]p = 0.

In general we set ¢ = , where a, b, c and d are complex valued functions

QO o

of the coordinates system (z!,z2,z*, z*). Now by substituting this value for
¢ and by using the representation for gamma matrices given by (1.1) in
equation (1.4), we can write equation (1.4) as two equations which are given
by

i(0 — iqAy) + (03 — igA3) () — igA;) + (02 — igAs) a
(01 —igAy) — (02 —iqA2) —(85 — iqAs) + (04 — igAs) b
=0.

—i(0) —iqA1) + (02 — iqAz) (04 —iqA4) + (05 — iqA3) d

Note that the last two equations show how the Dirac operator act on spinors,
where in the first one it acts on the top two components of the spinor, and
in the second equation it acts on the last two components of the spinor.

1.4 The Conserved Current :

1.4.1 The Conservation Law
Suppose that the current with signature (2, 2) is given by
j* =" By, (1.5)

(¢* is the complex conjugate of 17), where B is a given 4 x 4 constant matrix.
We interpret j* as being the charge current acting as a source in Maxwell’s
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equations. Now we want to show that if the condition B~* = (v#)* B holds
for the matrix B, then j* is a conserved current, i.e.

oj* = 0.
We begin with
Oy (¥*By*p) = (8,9 ) By ¢ + " By*(0,¥) -

By using the condition which related B and v* in the last equation, it be-
comes

By (V" By ) = (0u™ " B9 + 9" By*(8,1) .
Now we are in position to use the Dirac equation (1.4), and then the last
equation becomes

O (" By*) = ip*By* Ap — ip* Ay B,
and we can rewrite the last equation as

O (¥*By*Y) = )" By A — ip"A,By* ¢ =0,

where we remember that A, is real valued function, so A, = A,. This means
that the current is conserved.

1.4.2 The conjugation matrix

The idea now is to find the conjugation matrix B, which in general has this

form
bii b1z b1z by

B = b?l b22 b23 b24
b3l b32 b33 b34
b4 1 b42 b43 b 44

This matrix B should satisfy the following properties:
i) B = By* foru=1,2,

ii) Y B=—B~* for u=3,4.
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From (i) we can write B like this

b1 0 b3 O
0 bo 0 boy

B =

and from (ii) we can write it as

1 0 0 0

0 -1 0 0
B=bul o o 10|

0 0 0 1

where in general b;; is a complex number. It follows from the representation
of the Dirac gamma matrices given by (1.1) that

1 0 0 0
1o =1 0 o
3.4 _
TY =0 0 -1 0
00 0 1

Since b;; is a complex number, we deduce that the matrix B is a multiple of
3.4
AT

Supposing that B = a3+, to find the value for o, let first take the complex
conjugate for the current equation (1.5),

.7_,1 = w*’}/”‘B*w I (]‘6)

by substituting the value for B in equation (1.6), it becomes

d *
.7” = —EZD B’)’uw,

and by using the current equation (1.5) the last equation becomes

- a .
g =—=g".
«

But since j* is real, the last equation shows that « is pure imaginary. This
fixes B upto a real multiple, and we chose to set B = i3 ~%.
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1.5 The currentless spinors

The aim of this section is to find the general form of the currentless spinors
which are given by putting j* = 0 in equation (1.5).
The zero current equation is

P*By*yp =0, for u=1,---,4. (1.7)
For p =1, it becomes
¢*By'p =0.
a
If we set ¥ = I; , where a, b, c and d are complex valueds, and ¥* is just
d
the complex conjugate of ¢, then the last equation gives
ad—bc+chb—da=0. (1.8)
For pu = 2,
W*By* =0,
which gives
ad+bc+cb+da=0. (1.9)
For u = 3,
¥v*By*y =0,
which gives
ac+bd+ca+db=0. (1.10)
For u =4,
$*By'y =0,
which gives
ac—bd—ca+db=0. (1.11)

The equations (1.8), (1.9), (1.10) and (1.11) are called the zero current equa-
tions.
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Now let us simplify the zero current equations. There are two simpler equa-
tions given by (1.10) and (1.11), the first one is given by adding equations
(1.10) and (1.11), and the second by subtracting them, '

ac+db=0, (1.12)

bd+¢a=0, (1.13)

respectively. Similarly there are two simpler equations given by equations
(1.8) and (1.9), the first is given by adding equations (1.8) and (1.9) and the
second by subtracting them,

ad+eb=0, (1.14)

bc+da=0, (1.15)

respectively. This simplification reduces the number of the currentless equa-
tions to two, and they are given by the equations (1.12) and (1.14). If we
take the complex conjugate of equations (1.12) and (1.14), then we will just
get the equations (1.13) and (1.15) respectively.

Proposition(1.1):

There are three possible general solutions for the equations (1.12) and (1.14)
that give zero current, and they are given by the following two cases:

Case (I): When a vanishes, then the general solution for the equations
(1.12) and (1.14) is

I1) b = 0, where ¢ and d are complex valueds.

Case (II): When a is non-vanishing, then the second and the third gen-
eral solutions for the equations (1.12) and (1.14) are

IT1) ¢ = d = 0, where a and b are any complex valueds,

Lis-1)

. . ) ' oy
II12) b = a€* c = tare'? d = Zarelz(s-f't)
) 3 3

where 7 is a non zero real valued, and s and t are real valueds, and a is a
complex valued.
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Case(I): Suppose that a vanishes:

In this case we have from the equations (1.12) and (1.14) these results
db=0 and ¢cb=0.
From this we have to say that b=0ord =c=0.

I1)If b = 0, then we have this solution

0
0
1/" - c ’ (116)
d
where ¢ and d are complex valueds.
I2)If b # 0, then we will have this solution
0
b
v=10 | (1.17)
0

where b is a complex valued.

Case(II): Suppose that a is non-vanishing:
In this case we can write the equations (1.12) and (1.14) as
db cb
cC = — — d —_ = C_ ,
a a

respectively.

Now by using the first equation of the last two in the other one, giving
d =—4d. (1.18)

I11)If d = 0, then from equation (1.12) we need as well ¢ = 0, so the
solution is given by

P = (1.19)

OO o



The currentless spinors 23

where a and b are complex valued. Note that the solution (1.17) is a special
case of the solution (1.19).

112)If d # 0, then equation (1.18) becomes
bb=aa,

since a # 0, this means that b # 0, and this requires as well that ¢ # 0. The
last equation can be written as

(1.20)

and if we set b/a = A, then equation (1.20) becomes
A =1 so A=¢€*,
for some real s. Now by substituting this value for b in the equations (1.12)

and (1.14), they become
ac + dae** =0, (1.21)

ad + cae™ = 0, (1.22)

respectively. Since c and d are non zero, by multiplying equation (1.21) by €
and equation (1.22) by d and then subtracting the results,
d c

C d

for some real ¢. Similarly by substituting this value for d in the equations
(1.21) and (1.22), they become

so d=e'c, (1.23)

ac + cae e =0, (1.24)

ace™ + cae® =0, (1.25)

respectively. Note that the last two equations are just the same, and we can
rewrite them as

c c .
— = — el 1.2
a de ( 6)
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We set ¢/a = re®, where r > 0 and 6 € R, and by substituting this value in
the equation (1.26), it becomes

i0

re = — reils—t=0)

The last equation requires that

-t
0=n7r+i+8 where neN,
2 2
then 6 is, up to a multiple of 27,
T s—t T s—1t
6—§+ 5 or 9-—5 5

Now by allowing 7 to be positive or negative, we can write the solution as

1

Y= < a, (1.27)

ires(s=t)
ires(stt)

where s and ¢ are real valueds, r is a non zero real valued, and a is a complex
valued, as required.



Chapter 2

The plane wave solutions and
superposition of the currentless
spinors

2.1 Introduction

This chapter contains two main sections, and in both these two sections we
work with the currentless spinors from the previous chapter. In section 2.2
we find the plane wave solutions for the massless Dirac equation with poten-
tial A,, and in this section we shall allow generalized plane waves, including
exponentially increasing or decreasing terms. The periodic plane wave solu-
tions for the massless Dirac equation are special cases of our solutions where.
the wave vector is real. Finally in section 2.3 we study superposition for the
currentless spinors.

2.2 The plane wave solutions

The starting point in this part is to write the massless Dirac equation with
potential A,, which is given by

P (8 —iA) ¥ = 0. (2.1)
Let us look for a plane wave solution of the form
w = ¢0 : ei&-g’

25
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where the vector k is called the wave vector, and g is a constant four-vector.
We shall allow generalized plane waves, including exponentially increasing or
decreasing terms, corresponding to k having. complex entries. So wé put

kE=K+ik",
where £’ and k" are real constants.

Now by using the representation for the y matrices given by (1.1) and by
substituting the value for ¢ in equation (2.1), giving

0 0 10y — 03 —i0; — Oy
0 0 O0p—101 03+10, o - ke =
O3+10s Oy +10; 0 0 0 o
i01—0y 104— 03 0 0
0 0 iA4—A3 —iAl‘AQ
; 0 0 Ay, —1A, Az +1A o - iky.xH
As+1Ay A +1A 0 0 o - € ’
1A — Ay 1Ay — Az 0 0
a
In this section we put ¥y equal to g . We chose not to write ¥y as
d
ao
lc)o to avoid too many subscripts. Then the last equation gives the
0
do
following four equations
a(ks+iky) +b(ka+iky) = a(Az+iAy)+b(Ax+iA;), (2.2)
G(Zkl—k2)+b(1k4—k3) = a(zAl—A2)+b(zA4—A3), (23)
C(ik4—k3)—d(ik1+k2) = C(iA4—A3)—d(?:A1+A2), (24)

C(kz—ik1)+d(k3+ik4) = C(Ag —iA1)+d(A3+iA4). (25)
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Next we are going to set 1o to be of the form of the currentless spinors given
in the previous chapter, and then find the plane wave solutions for each one
by solving the last four equations. We additionally assume (if A; is not a
constant) that

Ay = Msin(L - z), (2.6)

where L is a constant vector, and M is a real constant, and that A is a
solution for the zero current field for the electromagnetic field,

o, F** = 0.
If A5 is not determined by A;, we assume that
Ay = Nsin(L-z+ 1), (2.7)

for a real constant NN, and an arbitrary real constant 7.

Proposition (2.1):

All the plane wave solutions of the massless Dirac equation (2.1), subject to
the preceding restrictions, are given by the following cases :

case(I) :
a
ea
If we set ¢y = irg ei(s—0 where s and ¢ are real constants, r is a non
ira e3(st)

zero real constant, and a is a complex constant, then the plane wave solutions
of (2.1) are given by :

I1) For cos(t) — cos(s) # 0. We have k{ an arbitrary constant, and

(Sin (t) — sin (3)) k!

k2 (cos (t) —cos(s)) *’

k” — sin (t — 3) 1
3 (cos(t) —cos(s))
"o (1 — COS (t — 3)) k"

Y7 (cos(t) —cos(s)) "’
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A, is given by (2.6), where M is an arbitrary constant and L is constrained
by
(sin (t) — sin (s)

)
L (cos (t) — cos (s))

L?a

L} + L3~ L~ 12 = 0.
Then A,, A; and A4 are given by
sin (t) — sin(s)
cos (t) — cos(s)
—sin(t — s)
cos (t) — cos(s)
1 —cos(t—s

Ay = ky — ki — Ay).
! g cos (t) — cos(s) (ky = Ay)

A2 = kIQ— (ki_A1)7

A3 = ké‘l‘ (kl Al)a

There is a non vanishing solution for the electromagnetic field, given by
(2.44).

I2) For cos(t) — cos(s) = 0, we have the following:
I2a) If t = s + 2nm, then there are two possibilities:

I2a(i)) For sin(s) # 0. Then k{ is an arbitrary constant, and

Ccos (S) " 1" 1 " n
by = kY , ki = 0.
sin(s) * ' ® sin (s) 4 0

»\’, —_—
I\/Q -

A; is given by (2.6), where M is an arbitrary constant and L is constrained
by

Ly = L,sin(s) — Ly cos(s),

L3+ Li—-L5—-L1 = 0.
Then A,, Az and Ay are given by ‘

L eos(s)
A2 - k2 + Sin (S) (l"l Al)a
1
A — / _ / _
’ ks sin (s) (k= Ay,
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There is a non vanishing solution for the electromagnetic field, given by
(2.60).
I2a(ii)) For sin(s) = 0. We have ki arbitrary, and

K =0, ki =—-ky , ki = 0.

In this case A; and A4 arbitrary constants, and A, is given by (2.7), where
N and r arbitrary constants and L is constrained by

L3 = _LZ)

Lf+L§—L§—L§=O.
Then A,, As and A4 are given by
Al = ki s A3 = kg-}-(k;—Ag) s A4 = kg

There is a non vanishing solution for the electromagnetic field, given by
(2.73).

I2b) If t = —s + 2nm, then we have kI arbitrary, and
kKl = 0 , ky = —kjcos(s) , ki = —ksin(s).

In this case A; is an arbitrary constant, A, is given by (2.7), where N and r
arbitrary constants, and L is constrained by

L, = £ (L4 cos (s) — L3 sin (s))
Ly = — (L3 cos (s) + Ly sin(s)) ,

L+ L3—L3—-LF = 0.
Then A;, Az and A4 are given by
A = K,
As = k3 + (ky — Aj) cos(s),
Ay = ki + (ki — Ap) sin(s).

There is a non vanishing solution for the electromagnetic field, given by
(2.88).
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case(II) :

If we set ¥y = where ¢ and d are complex constants. We take

QO OO

¢ = Rie® and d = R,e'®, where R, and R; are positive real numbers,
and 6; and 6, are real numbers. Define A = R;/R; and ¢ = 6; — 6. The
plane wave solutions of (2.1) are given by the following:

II1) For 1 — A? # 0, we have

(k3 — As) = (i—f—;\;)kﬁ' (= 2’\/\2) ky sin ¢
- (T3 W eose,
=49 = (750~ (255 cose
(1 ?_A/V) k! sin g,
(ky — Az) = (%—“_L—i—j) k! — (1—3%-2) (k! cos ¢ — k! sin @) ,

(k] — Ay) = _(1+A2> o ( 2 2)(kgsin¢+k{{cos¢).

1— A2 1—-A

The vector potential is constant as shown, this means that the electromag-
netic field is vanishing.

I12) For 1 — A2 = 0, so that when A = 1, k" obeys the relations

N/ A
ky = ki cos¢ — kysing,
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ki = —(kj cos¢+ ki sing).

The potentials A; and A, are given by (2.6) and (2.7), and A3 and A, are
given by

Az = ky + (ky — Ag) cosdp+ (k] — A)) sing,

A4 = kg + (k; - AQ) sinq’)— (k’l —Al) COS¢.
The detailed cases for A; and A, are:

I12a) M, N and r are arbitrary constants, and L is constrained by

Ly = — (Ll sing + Lo cosgb),

Ly = Lycos¢ — Lysing,

P+ L2-L2-12 = 0.

There is a non vanishing solution for the electromagnetic field, given by
(2.118).

II12b(i)) M, N and r are arbitrary constants, and L is constrained by

Ly, = Ljycos¢p — L3 sing,

L, = — (L4 sing + L3 cosd)).

L2+ L2—-L2- 12 = 0.

There is a non vanishing solution for the electromagnetic field, given by
(2.123).

II2b(ii)) M and r are arbitrary constants, and N and L are constrained
by

(Ll + sin¢L3 — COS¢L4)

N = -M
(Ly + cos¢ Lz + sing Ly)’
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24 I2—L2—12 = 0.
There is a non vanishing solution for the electromagnetic field, given by
(2.127).

II2b(iii)) If N = M = 0, then A; and A, vanish, and A; and A4 are
arbitrary constants.

case(III) :

If we set ¥y = where a and b are complex constants, the plane wave

O O o Q

solutions of (2.1) are similar to Case(II).

2.2.1 The plane wave solutions, case (I):

a
esq
iraes(s=
ira e3(stt)
r is a non zero real constant, and a is a complex constant, so the equations

(2.2), (2.3), (2.4) and (2.5) become

(kg +’Lk4) + 6is (.li?f_) +Z}C1) = (Ag + ZA4) + €is (A2 + ZAI) ) (28)

In this case we have g = where s and t are real constants,

e (i ky — ko) + (i ks — hky) = e S(iA1— Ag)+ (i As—A5),  (2.9)
(i ky — k3) — et ('i ki + ]wg) = (’i Ay — Ag) — et (’L A+ AQ) , (210)

e (ky—ik1) + (ks +iky) = e (Ag—iA)+(Az+i4y). (2.11)

respectively. There are two simpler equations we can get from the equations
(2.8) and (2.9), where the first one is given by adding the equations (2.8) and
(2.9), and the second by subtracting them,

ks + k1 cos(s) + ke sin(s) = As + Ajcos(s) +Agsin(s),  (2.12)



The plane wave solutions 33

ks — ki sin(s) + ko cos(s) = Az —A;sin(s) + Ay cos(s),  (2.13)

respectively. Similarly there are two simpler equations we can get from the
equations (2.10) and (2.11), where the first one is given by adding the equa-
tions (2.10) and (2.11), and the second by subtracting them,

ky —ky cos(t) —kgsin(t) = Ay — Aj cos(t) — Ay sin(t), (2.14)

ks — ki sin(t) + ko cos(t) = Az — A; sin(t) + As cos(t), (2.15)

respectively. Now to work with the last four equations we need first to know
that s, t and A, are real for p =1,--- ,4, and that k; are complex numbers
for j =1,---,4. Set k; = kj+ikj, so each equation of the last four equations
provides two equations, where one comes from the real part and the other
comes from the imaginary part. Let us start with equation (2.12), which
gives us the following:

(ky — Ag)+ (k] — Ay) cos(s) + (ki — Ay) sin(s) = 0, (2.16)
ky + ki cos(s) + Kk sin(s) = 0. (2.17)
From equation (2.13),
(ky — As) — (ky — A1) sin(s) + (k5 — Az) cos(s) = 0, (2.18)
ky — kY sin(s) + k5 cos(s) = 0. (2.19)
And from equation (2.14),
(K, = A) = (K, = Ay) cos(t) — (K — Ay)sin(t) = 0,  (2.20)
ky — kY cos(t) —kj sin(t) = 0. (2.21)

Finally from equation (2.15),

(k3 — As)— (ky — A;) sin(t) + (ky — As) cos(t) = 0, (2.22)

ky — kY sin(t) + kg cos(t) = 0. (2.23)
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Now by subtracting equation (2.17) from (2.21), and equation (2.19) from
(2.23), gives

4 ( cos (t) + cos (s) ) + ky ( sin (t) + sin (s) ) = 0, (2.24)

k! ( sin (t) — sin (s)) — ko ( cos (t) — cos (s)) = 0, (2.25)

respectively. Similarly by subtracting equation (2.16) from (2.20), and equa-
tion (2.18) from (2.22), gives

(ky — Al)(cos (t) + cos (s)) + (kg — Ad) (sin (t) + sin (s)) =0, (2.26)

(k1 — Al)(sin (t) — sin (5)) — (ky — Ag) (cos (t) — cos (s)) =0, (227

respectively. To work out the last four equations there are two main cases
we have to consider, which are :

I1) For (cos (t) — cos(s)) # 0,

the equations (2.25) and (2.27) give

s - ety

y _ sin(t) —sin(s)
(A’Q - A?) - coS (t) — COS(S) (}”1 - Al) ) (229)

respectively. These values for kJ and (k) — A,) satisfy the equations (2.24)
and (2.26). By substituting this value for k) in the equations (2.17) and
(2.19), they become

—sin(t — s)
cos (t) — cos(s)

1—cos(t—s) ,

KoK = k! (2.30)

ha = cos (t) — cos(s)

respectively. Similarly by substituting the value for (kf— A,) in the equations
(2.16) and (2.18), they become

v 1 — cos(t — s) .
(ks = Ad) cos (t) — cos(s) (k= A4,
(6= ) = —E=8) g, (231)

cos (t) — cos(s)
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respectively.

Note that the periodic plane wave solution is exactly the same as the so-
lution we have here; the only difference is that k; is real.

The electromagnetic field for (I1)

The electromagnetic field tensor is given by
F,,. = 0,A, — 0, A,. (2.32)

The values for A,, A3 and A4 are given in terms of A; and the k's as in (2.29)
and (2.31). Now by substituting these values in equation (2.32), giving

_ (sin (t) —sin(s)) ,
b = ( (cos (t) — cos (s)) o = &% ) Av,

sin (t — s)
cos (t) — cos (s))

Fi3 = —(( 51+83)A1,

B (1 —cos(t—s))
Fa = ( (cos (t) — cos (s)) O = O ) A,

_ sin (¢ — s) (sin (t) — sin (s))

s = ( (cos (t) — cos (s)) (cos (t) — cos (s)) O ) A,
_ ( (I—cos(t—s)) (sin () — sin (s))

Fa = ( (cos (t) — cos (s)) % = (cos (t) — cos (s)) O ) A,
_ (—cos(t—s) sin (¢ — s)

Fa = ( (cos (t) — cos(s)) % + (cos (t) — cos(s)) O ) A

The idea now is to find out what the zero current equation will give us,
o, F** = 0. (2.33)
For v = 1,

(cos (t) — cos (s)) (87 +02 — 02 — 07) A —
[ (cos (t) — cos (5)) &1 + (sin () — sin (s)) By +
sin(t—8)03 — (1 —cos(t—s))0s ] oA =0. (2.34)
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For v = 2,
(sin () — sin (s)) (82 + 02 — 02 — 02) A, —
{(cos (t) — cos(s)) 01 + (sin(t) —sin(s)) O, +
sin (t —5) 85 — (1—cos(t— )8y |8 A1 =0. (2.35)
For v = 3,
sin(t —s) (67 + 05— 05 —82) A, +
[(cos (t) —cos(s)) 01 + (sin(t) —sin(s)) G +
sin(t— )85 — (1—cos(t—s))0 |84 =0. (2.36)
For v = 4,
(1 —cos(t—s)) (87 + 82— 02 — 85) Ay —
[ (cos () — cos (s)) By + (sin (t) — sin (s)) B +
sin(t—s)ds — (1—cos(t—s))s |85 A1 =0. (2.37)
The last four equations imply another equation, which is given by

[ (cos (t) — cos (s)) &y + (sin(t) — sin (s)) B +

sin(t—s)03 — (1 —cos(t—s)) 0, ]2 A, =0. (2.38)

Under the given assumption for A; (2.6), by substituting this value for A; in
equation (2.38), it becomes

(cos(t) —cos(s)) L1 + (sin(t) —sin(s)) Lo +

sin(t—s)L3 — (1 —cos(t—s))Ly =0. (2.39)
By using the result given by (2.39) in equation (2.34),
L3+ L2-L:-12 = 0. (2.40)

And by using equation (2.39) in equation (2.40),

_ (I1—cos(t—s)) ., )
Ly = :E\JQ ORI (2.41)
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where L, is real. This means that we have to chose the values for Ly and Ls
for L4 to be real.
Finally substituting this value for L, in equation (2.40) gives us

B (sin (t) — sin (s))
i =% (cos (t) — cos (s)) La. (2.42)

Now we are able to write 4; as

(sin (t) — sin (s))
(cos (t) — cos (s))

A = Msin([z?i xl]L2+x3 Ls

(1—cos(t—3s)) ,o ;013
+ 2 con (0 —cos s ))21; £3]* «4). (2.43)

Now by substituting this value for A; in the electromagnetic field, we get
(sin (t) —sin(s))*
(cos (t) — cos (s))?
sin (¢t — s) (sin (¢) — sin (s))
(cos (t) — cos (s))?
— cos (t — 8)) (sin (t) — sin (s))
(cos (t) — cos(s))?

(1—cos(t—s)) ., 0
Jz foost0) —aos (ol 12~ 1) eos(E- 0,

Fi, = M(i l)Lgcos(L-X),

Fig = —M(Lg + Ly ) cos(L - X),

F = :i:M((l L, —

Fo = =M ( (cossé?)(i—coss)(s)) La + ((cS:; 8::;((?))) Ly ) 41,
P = (et - T

J Cis_ CO_S — (Z))))Q L3 ~ I3) cos(L - X),
P = (£ (cosszlz>(i;oi)<s)>J:z(éis_(t;o—sgo;(?)))? Bk

(1 —cos(t — s))
(cos (t) — cos (s))

L; ) cos(L - X). (2.44)
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I2) For (cos(t) — cos(s)) = 0, this means that

cos(t) =cos(s), so t==xs+2nm, wheren € N.

I2a) When t = s 4+ 2nm, this value for ¢ satisfies the equations (2.25) and
(2.27), and the equations (2.24) and (2.26) become

k] cos(s) + kg sin(s) = 0, (2.45)

(ki — Ay) cos(s) + (ky— Ap) sin(s) = 0, (2.46)

respectively.
I12a(i)) For sin (s) # 0, the equations (2.45) and (2.46) give

K = —ij((:)) K (2.47)
(= 40) = =S8 (k- A1), (249

respectively. Now by substituting this value for & in the equations (2.17)
and (2.19), we get
ki =0 ky = 1 k! (2.49)
4 b sin(s) "’ B
respectively. Similarly by substituting this value for (k3 —As) in the equations
(2.16) and (2.18), we get

1

(ky—A) =0 ,  (k3— A3) = s

(k] — Ay), (2.50)

respectively.

Note that the periodic plane wave solution is exactly the same as the so-
lution we have here; the only difference is that k; is real.
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The electromagnetic field for I12a(i)

The electromagnetic field tensor is given by (2.32). The values for A,, A;
and A, are given in terms of A; and the k’s as in (2.48) and (2.50). Now by
substituting these values in equation (2.32), giving

cos (s)
Fp, = _(sin(s) 31+<92)A1,
1
Fi3 = (sin(s) o — 83)141,
Fiy = — 04 A,
_ 1 cos (s)
Fn = ( sin(s) T on (s) % ) Ary
Fu = 254,
sin (s)
-1
Faa = sin () O Ay

The idea now is find out what the zero current equation (2.33) will give us.
Forv = 1,
sin(s) (67 + 02 — 95 — 93) Ay +
(83 + cos (s) O —sin (s) 81) oA =0. (2.51)
For v = 2,
cos(s) (02 +03 — 03 —082) Ay —
(83 + cos (s) 0 — sin(s) 81) A =0. (2.52)
For v = 3,

(65 + 05 — 05 — 8) Ay +

(85 +cos(s) B —sin(s)0))Bs Ay =0. (2.53)
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Forv = 4,

(85 +cos(s) 8, —sin(s) 1) s Ay =0. (2.54)
The last four equations imply another equation, which is given by

(63 + cos(s) 8, — sin (s) 81)2 A =0. (2.55)

Similarly under the given assumption for A4; (2.6), by substituting this value
for A, in equation (2.55),

Ly +cos(s) Ly —sin(s)L; = 0. (2.56)
By using the result given by (2.56) in equation (2.51), it becomes
L3+ L3 —-L2-1F = 0. (2.57)
Now by substituting equation (2.56) in equation (2.57), it gives
Ly = %+ ( cos (s) Ly + sin(s) L2) . (2.58)
Finally we could write A; as

A = M sin( [a:l + z° sin (s) £ z* cos(s)] L, +

[:1:2 — 2% cos(s) £ z* sin (s)] L, ) . (2.59)
Now by substituting this value for A, in the electromagnetic field, ‘
Fo = —M( cos(s) 4 Ly) cos(L - X),
sin (s)
cos (s ,
Fi;3 = M o ((s)) ( cos(s) L1 + sin(s) Lg) cos(L - X),

F, = :FM(cos(s)L1+sin(s)L2) cos(L - X),

EFy = M( cos(s) Ly + sin(s) Lg) cos(L - X),

cos (s)

Fy = M (cos(s)Ll-i-sin(s)Lg) cos(L - X),

sin (s)

Fyy = M

o (cos (s) L1 + sin(s) L2> cos(L - X). (2.60)
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I2a(ii)) For sin (s) = 0, this implies that s = = 7. Now by substituting this
value for s in the equations (2.45) and (2.46), they become

ki cos(s) = 0, so ki =0, (2.61)

(k] — A;) cos(s) = 0, so (kKij—A4;) =0, (2.62)
respectively. By putting ki = 0 in the equations (2.17) and (2.19), we get
K=0 , K =-—k, (2.63)

respectively. Similarly by putting (k] — A;) = 0 in the equations (2.16) and
(2.18), we get

(ky—Ag) =0 (k3= As) = —(ky— Ar), (2.64)

respectively.

Note that the periodic plane wave solution is exactly the same as the so-
lution we have here; the only difference is that k, is real.

The electromagnetic field for I2a(ii)

The electromagnetic field tensor is given by (2.32). Now by substituting the
values for A, A3, A4 and A; we have from (2.62) and (2.64) in equation
(2.32), giving

Fi, = 0,4,

Fi3 = —0,A,,

Fy = 0,

Fz = — (02 +03)As,
Fyy = —04A,,

Fyy = 04A;.

The idea now is find out what the zero current equation (2.33) gives us.

For v = 1,

0, (82 +85) Ay =0. (2.65)
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Forv = 2,
(02 +02 —02-02)A; — 05 (02 +83)A; =0. (2.66)

For v = 3,
(0} 405 —02—03) A1 +83(0, +83) Ay =0. (2.67)

For v = 4,
81 (B2 +85) A, =0. (2.68)

Now by subtracting the equations (2.66) and (2.67), we have
(32 + 03 )2 Ay =0. (269)

Under the given assumption for A, (2.7), by substituting this value for A, in
equation (2.69), it gives

L, + Ly =0. (2.70)
By using this last result equation (2.66) becomes
L:-1? =0 so Ly = +1L,. (2.71)
Finally we could write A, as
Ay = N sin(Ll(z1 + 1) + Lo(z? — 2°) + 7"). (2.72)
Now by substituting this value for A, in the electromagnetic field, we get

F12 = NLl COS(Ll(ﬂ:l + .'1:4) + I/Q(.'L'2 — -TS) + 7‘) )

Fis = —NL; cos(Ll(:E1 + z%) + Lo(a® — 2°) + T)7

Fy = FNL; COS(Ll(:El + 2%) + Lo(2® — 2°) + T>’

F34 = :l:NLl [e{0 ] (Ll(ﬂfl + .’134) + LQ(.'EQ - .'1'3) + 7') . (273)
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I2b) When t = —s + 2nm, for this value of ¢ the equations (2.24) and (2.25)

give
ki cos(s) = 0 , kisin(s) = 0, (2.74)
respectively, so kf = 0. Then the equations (2.17) and (2.19) become
ki = —kysin(s) , ki = —kjcos(s), (2.75)
respectively. Similarly equations (2.26) and (2.27) give us
K, — A = 0. (2.76)
Then by using this last result the equations (2.16) and (2.18) become
(ky — Ay) = — (ki — Ay) sin(s), (2.77)
(k3 — As) = —(ky — Ay) cos(s), (2.78)
respectively.

Note that the periodic plane wave solution is exactly the same as the so-
lution we have here, the only difference is that k, is real.

The electromagnetic field for (I12b)

The electromagnetic field tensor is given by (2.32). Now by substituting the
values for As, Az, A4 and A; we have from (2.77) and (2.78) in equation
(2.32), giving

Fio, = 0 Ag,

Fi3 = — cos(s) 0, As,

Fiy = —sin(s) 0, Ay,

Foy = — (cos(s) Oy + 83) A,
Fy = — (sin (s) 0y + 84) Ay,

F3y = (cos (s) 0y — sin(s) 83) A, .
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The idea now is find out what the zero current equation (2.33) will give us.

Forv = 1,
8y (82 + 85 cos (s) + 8y sin(s)) A =0. (2.79)
For v = 2,
(0} 405 — 05 — 83) Ay —
0a (82 + 03 cos(s) + 0y sin (s)) Ay =0. (2.80)
For v = 3,

cos(s) (93 4+ 03 — 05 — 87) A +

05 (8, + 05 cos(s) + Oy sin(s) ) Ay =0. (2.81)
For v = 4,

sin (s) (0 + 03 — 02 — 07) Aa +

O4 (82 + 03 cos (s) + 04 sin (s)) Ay =0. (2.82)
The last three equations imply another equation, which is given by
(82 + 85 cos(s) + 8y sin(s)) Az = 0. (2.83)

Under the given assumption for A, (2.7), by substituting this value for A, in
equation (2.83), it gives

Ly + Lg cos(s) + Ly sin(s) = 0. (2.84)
By using equation (2.84) in equation (2.80), we get
L2+ L13-L5—-1F =0. (2.85)
Now if we substitute equation (2.84) in equation (2.85), it becomes

Ly = £ <L4 cos(s) — L3 sin (5)) . (2.86)
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Finally we could write A, as

Ay = Nsin([:r F x' sin(s) — 27 cos (s)] L3

+[z* £ z! cos(s) — x? sin(s)] Ly + r) (2.87)
Now by substituting this value for A, in the electromagnetic field, we get

Fp = +N(Lycos(s) — Ly sin(s)) cos(L - X + 1),

Fi3 = FN(Lycos(s) — Ly sin(s) ) cos(s) cos (L - X + 1),

Fiy = FN(Lycos(s) — Ly sin(s) ) sin(s) cos(L - X + 1),

Fy3 = N sin(s)(cos(s) Ly —sin(s) Ls) cos(L - X + 1),

Fy = —N(Lysin(s) + Ly) Ay,

Fyy = N(cos(s)Lq — sin(s)L3) cos(L - X + 7). (2.88)

2.2.2 The plane wave solutions, case (II) :

0
In this case we have 9y = 2 where c and d are complex constants. Then
d
the equations (2.4) and (2.5) become
. d,. . d,.
(Z k4 - kg) - z (Z kl + kg) = (Z A4 — Ag) — —E (Z Al + Ag) y (289)
§(k2—¢k1)+(k3+z’k4) = g(AQ—iA1)+(A3+z’A4), (2.90)

respectively. We know that ¢ and d are any non zero complex numbers. We
set ¢ = R1e"® and d = Rye'®2, where R; and R, are positive real numbers,
and 6; and 6, are real numbers. Define A\ = R;/R, and ¢ = 6; — 6. By




The plane wave solutions 46

substituting these values for ¢ and d in the equations (2.89) and (2.90), they
become

1 1 .
(Z ]\74 - k3) — X 6_1¢ (Z kl + k2) = (ZA4 — Ag) - X 6_l¢ (ZAl + AQ) N (291)

e (ko —iki) + (ks +ike) = Xe®®(Ay—iA;) + (A3 +1As).  (2.92)
Now by multiplying (2.91) by A? and adding the result to (2.92), giving

(1 = A2)(ks — A3) + i(1 4+ AD)(ky — Ag) +
2iAsin p(ky — Ag) — 2idcosp(k; — Ay) = 0. (2.93)

Similarly by multiplying (2.91) by A? and subtracting the result from (2.92),
giving

(1+ M) (ks — As) + (1 — X*) (ks — Ag) +

2Xcos (ko — Az) + 2Asinp(k; — A;) = 0. (2.94)
We know that ¢ and A, arereal for u = 1,--- ,4, and k; are complex numbers
for j=1,---,4. We set k; = k) + ik, so each of the last two equations will

spilt into two equations, where one comes from the real part and the other
comes from the imaginary part. Let us start with equation (2.93), which give
us the following:

(L= A ks + (L+ A (ky — Ag) +
2X (ky — Ay) sing — 2X (k] — A;) cos¢p = 0,  (2.95)
(1 =A%) (ks — A3) — (1 + ADkY — 20K} sing+ 20k} cos¢ = 0. (2.96)
From equation (2.94),

(1+X2) (ky — A3) — (1 =) K] +
2X (ky — Ag) cosgp + 2X (k] — Ay) sing = 0, (2.97)

(1= 2?)(ky— Ag) + (1 + X)k§ + 2XK) cosp+ 2k} sing = 0. (2.98)




The plane wave solutions 47

We can solve the last four equations by considering the following:

I11) For 1 — A2 # 0, so we can write the equations (2.96) and (2.98) as

2
(ks — A3) = (75200 + (5g) K sin
(1 _Q_A/\Q) k! cos ¢, (2.99)
2
(ky — Aq) = —(%i__'%) c3 — ( 2/\/\2) ks cos ¢
(22 ”/\2) K sing. (2.100)

Now by using the equations (2.99) and (2.100) in the equations (2.97) and
(2.95) respectively, they become

(G228 + () i sing - (FEX) kY cose

+ (ky — Ag) cos¢p+ (k; — A1) sing = 0, (2.101)

(2)\

1_/\2)%, (1+/\ 1+ A2

)\2)&'2' ¢+( )\2) ki sin ¢ -
(K, — Ag) sing + (K, — A;) cos¢ = 0. (2.102)

We can simplify the last two equations and that by multiplying (2.101) by
cos ¢ and (2.102) by sin ¢, by subtracting the results

1+)\2)k,,_< 2)

(l"; - A?) = (m m) (ICZ COS¢ — k,g sin ¢) . (2103)

Similarly by multiplying (2.101) by sin ¢ and (2.102) by cos ¢, by adding the
results

(ki —Al) = -

(1+)\2)kﬂ_( 2 )(kZSincbkaf{cosqb). (2.104)

1 - A2 1— A2
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As aresult all the information in this case are given by (2.99), (2.100), (2.103)
and (2.104). The vector potential is constant as shown, this means that the
electromagnetic field is vanishing. ’

Note that the periodic plane wave solution is exactly the same as the so-
lution we have here, the only difference is that the wave vector k is real.

I12) For 1 — A2 = 0, so that A = 1. But we know that R; and R, are
both positive and real numbers. This means that the only valid possibility
here is that A = 1. By substituting this value for X in the equations (2.95),
(2.96), (2.97) and (2.98), they become

(ky — Ay) + (ky — Ap) sing — (k] — Ay) cos¢p = 0, (2.105)
ky + ki sing — ki cos¢ = 0, (2.106)
(k3 — A3) + (ky — Ag) cosp+ (k] — A;) sing = 0, (2.107)
ky + ki cos¢ + k7 sing = 0. (2.108)

Note that the periodic plane wave solution is exactly the same as the solution
we have here; the only difference is that k; and %, are real.

The electromagnetic field for case (I12)

The electromagnetic field tensor is given by (2.32). Now by substituting the
values for A3 and A; we have from (2.105) and (2.107) in equation (2.32),
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giving

Fio = 014 — 02 A,

Fis = —cos¢pd, Ay —sing01 Ay — 03 A,
Fiy = —singd Ay + cosp0; Ay — 04 A,
Fys = —cosgpdy Ay — singp0s Ay — 33 Ay,
Foy = —sin¢OyAy + cospda Ay — 04 Ag,
Fyy = —singd;3A; + cosgpdz Ay cos Oy Az + singp Oy Ay .

The idea now is find out what the zero current equation (2.33) will give us.

Forv = 1,

(07 + 05 — 02 — 8;) A1 — (82 + cos O3 + singy)0; As

'—(61 +sin¢(93 - COS¢64)(91 A1 =0 (2109)
For v = 2,

(02 + 07— 02 — 02) Ay — (05 + cos O3 + sin ¢ 0y)0, Az

— (6 +sing03 — cospdy)dr Ay = 0 (2.110)
For v = 3,

sin qb((@f + 83 — 83? — (942) Al + (81 + sin ¢63 - COS¢84)53A1 +

cos p(82 + 02 — 02 — 02) Ay + (02 +cos ¢ 3 + sinp 9y)34, =0 (2.111)
For v = 4,
sin ¢((8? + 02 — 03 — 02) Ay + (O, + sin ¢ 83 — cos ¢ ;)04 A1 —

COS QS(BIQ + 83 - 8§ - 82) Al + (82 + COS¢83 + sin¢84)84A2 =0 (2112)
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Now by multiplying equation (2.109) by sin ¢ and equation (2.110) by cos ¢,
and then subtracting the results from equation (2.111),

(Oy + cos¢ O3 + sin ¢ Oy)(sin 0y + cosp 0y + 03) Ay +

(01 +singd; — cospO,)(singd; + cospdr +3) A; = 0. (2.113)

Similarly by multiplying equation (2.109) by cos¢ and equation (2.110) by
sin ¢, and then subtracting the results from equation (2.112),

(Oy + cos O3 + sinpdy)(cos d0; — sinp Dy — 04) Ag +

(0 +singd; — cosOy)(cospd) —sing Py —9g) A1 = 0. (2.114)

In this case A, is not determined by A;, so under the assumptions for A;
and A, given by (2.6) and (2.7) respectively, we find by substituting these
values for A; and A, in the equations (2.113) and (2.114), that

[N sin <L~X —f—r)(Lg + cos¢ Lz + sing Ly) + M sin (L-X)(L1 +
sing Lz — cos¢L4)](sin¢L1 +cos¢p Lo+ L) =0, (2.115)

[N sin(L+X +7)(Ly + cos¢ Ly + sing La) + M sin (L- X) (L1 +
sing Ly — cos¢L4)](cos oLy —singp Ly — Ly) =0, (2.116)

respectively. The last two equations include two main cases which are :

I12a) If we have the following :
sin¢pLy +cos¢p Lo+ Lz = 0,

cospLy —singpLo— Ly = 0,
then we can write A; and A, as
A = M sin (:1:1 Li+z%Ly - :1:3[sin ¢L1 + cos @ Lo

+z*[cos L, — sin ¢ L2]> :

A = N sin (a:l Ly + 2% Ly — 2%[sin L1 + cos ¢ Lo
+z*[cos L) — sin ¢ Lo + T) . (2.117)
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The electromagnetic field is given by

Fjy, = Ncos(L-X +7) Ly = M cos (LX) Lo,
Fi; = —cos¢[N cos(L-X +T’>L1—MCOS(L'X)L2],

Fiy = sinqﬁ[N cos (L-X +r> L, — M cos (L-X) L2],

Fy = sin¢[Ncos(L-X +T)L1—MCOS(L-X)L2],
Foy = cosqb[Ncos(L-X +T)L1—MCOS(L'X)L2]a

Fy = Necos(L-X +7)Li—Mcos(L-X) L. (2.118)

II2b) If we have

sin (L . X) [N cos(r)(Ly + cos¢ Lz + sin ¢ L)+
M (L; + sing Lz — cos¢L4)]+
cos (L-X) [N sin(r)(Ly + cos¢ Lz + sin¢L4)} =0.

The last equation can be written as two equations as

N cos(r)(La + cos¢ Ly + sing Ly) +

M (L, + sin¢g Ly — cos¢p Ly) =0, (2.119)

N sin(r)(Ly + cos¢p Lz + singpLy) =0. (2.120)

By multiplying equation (2.119) by sin(r) and equation (2.120) by cos (r),
and then subtracting the results,

M sin(r) (Ly + singp Lz — cos¢pLy) = 0 (2.121)
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There are many possibilities included in the equations (2.120) and (2.121).
Next we will consider the most general possibilities, which include the others
as special cases.

II2b(i)) If we have
Ly = —(cos¢ L3 + singp Ly) and
Ly = cos¢Ly — sing L3,
then we can write A; and A, as
A; = M sin (3:1 (cos¢ Ly — sing L3) — z° (cos ¢ Lz + sin ¢ Ly)
+23 L, +334L4) ,

A; = N sin (xl (cos¢p Ly — sin¢ Ls) — 2% (cos ¢ L3 + sin Ly)
+23 Ly + 24 Ly +r) . (2.122)
The electromagnetic field is given by

Flo = N cos (L-X +7"> (cos¢ Ly — sin¢g L
+M cos (LX) (cos¢ Ls + sin¢ Ly),

Fi; = —cos¢[N cos (L-X +r) (cos¢p Ly — sin¢g L
+M cos (L . X) (cos¢ Lz + Sin¢>L4)] ,

Fy = ——sinqS[N cos (L~X +r) (cosp Ly — sin¢ L
+M cos (L . X) (cos¢p Ly + sin¢L4)] ,

Fys = sinqS[N coS (L-X +r) (cos¢p Ly — sin¢ L
+M cos (L . X) (cos¢ Lz + sin¢L4)] ,
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Fy = —cosd)[N cos (L-X +r) (cos¢p Ly — sin¢ L3
+M cos (L-X) (cos¢ Lz + sin¢L4)],

F34 = N cos (L-X +r) (cos¢p Ly — sing L3
+M cos (L . X) (cos¢p Lz + sing Ly) . (2.123)

I12b(ii)) If sin(r) = 0,
this means that r = nm, and then equation (2.119) becomes
M (Ll + sin¢ Ls — COS¢L4) :EN(LQ + cos¢ L3 + Sin¢L4) = 0.

By allowing N to be positive or negative, we can write the last equation as

(Ly + sing Ly — cos¢ Ly)
N = -M . .
(Ly + cos¢ Ly + sing Ly) (2.124)

Now by substituting this value for N in equation (2.109), it becomes

Ly = £/L3 +L3 — L3. (2.125)
Then we can write A; and A, as
Ay = Msin(z'Li+2° Ly+2° Ly + o* /L + L} - L}),

(L; + sin¢ L3y — cos¢ Ly)
(Ly + cos¢ Ly + sin¢ Ly)

2? Ly +2° Ly + z* /L + L§ — 13). (2.126)

Ay = — M sm(zlL1+
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The electromagnetic field is given by

L, + sing L3 — COS¢L4)]

F, = —MCOS(L'X)[L2+L1(L2+COS¢L3+sin¢L4

Li + sing Ly — cos¢L4)
Ly 4+ cos¢p Lz + sing Ly

Fis = M cos (L-X)[Ll(
— L; sing —Lg],

L, + sin¢ Ly — cos¢L4)
Ly + cos¢pLs + sing Ly

Fiy = M cos (L~X)[L1 sind)(
+ Ly cos¢——L4],

L, +sin¢ Ly~ cos¢p Ly
Fos = M L-X)|L

2 cos (L X )| Lz C"S"ﬁ(L2 ¥ cosdLs + sin¢L4)
Ly + sing L3 — cos¢L4)]
Ly + cos¢p Lz + sing Ly’ 1’

— Ly siné +L3(

L, + sin¢g Lg — cos¢L4)
Ly + cos¢p Lz + sing Ly
L, + sin¢ Lz — cos¢L4)]

Ly + cos¢p Lz + singp Ly’ )’

Foy = M cos (L-X)[L2 sin¢(

+ Ly cos ¢ +L4(

L, +sin¢ L3 — cos¢L4)
Lo + cos¢p Lz + sin¢g Ly
L, 4+ singp L3z — cos¢p Ly
L4COS¢(L2 + cos¢p Ly + sin¢L4)

+L3cos ¢+ Lysin |, (2.127)

3y = ]\/[COS(L-X)[Lgsinqb(

where the vector L satisfies

Ly = £yL? + 13 —L3.

II2b(iii)) M = N = 0,

then A; and A, are vanishing. This means that A3 and A4 are constants,
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given by

Az = ki + kycosg + ki sing,

Ay = ky+ kysing — kf coso. (2.128)

The electromagnetic field is vanishing.

2.3 Superposition of the currentless spinors

If we had a linear equation for v, we could super-impose solutions to get new
solutions. The complication is that the spinors are connected back to the
electromagnetic field by the equation for the current. This means that the
whole system of the spinors and the electromagnetic field is nonlinear. Even
in the zero current case, the zero current spinors do not form a vector space,
so it is not possible to add any two solutions of the Dirac equation and get
another zero current spinor solution. The idea in this section is to try to
see when a limited version of superposition does hold, that is when the sum
of zero current spinors is still zero current. We consider the case of adding
currenless constants spinors, and find the conditions for the sum to be zero
current. For the case of functions, we can do the superposition provided the
values of the two fields at any given point satisfy the conditions. '

In general if ¢ = , then the conditions for 9 to be currentless are

QL O o9

given by

ad+ch = 0 , ac+db = 0. (2.129)

Proposition (2.2):

The cases where the sum of two currentless spinors is another currentless
spinor are given by the following:
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Case I):

Consider the following addition

ay ar
a; e*! Qg e+52

. i(sy— + ) i(sg—
iayreztsi—t) jagroeilsa=ta) o

. 2 . 2
iay T ez®tty) iagTye2(s2tt?)

where s; and ¢; are real constants, r; is a non zero real constant, and a; is
a complex constant for ¢ = 1,2. This spinor will be currentless and satisfy
the conditions (2.129), if and only if

I1) For 9 edlsatta) _ p eilsa=3(1-11) £ (O we have

(rl e%(sl+t1) —_ 7'2 ei(sl_%(s2—t2))
a20; = —02a; (

7‘26%(52""2) - ei(52—%(51—t1)) )

12) For rye3(2+82) — p gils2=3(s1-1) — 0 we set ay = a; Re™, where R > 0
and A € R. There are two possibilities:

I2a) A= 1(s1— s2),
So—81—t1—ty = 2nm, n € N,
Ty = E7r;.
I2b) S = 8 + 2nm, n €N,
to = t; +2mm, meN,
To = '_‘127'1.
Case II):
1
eis

I11) Add any spinor of the form a, where s and t are real

ir e3(s—t)
ir e3(s+t)

constants, 7 is a non zero real constant, and a is a complex constant, to
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any spinor of the form , where ¢ and d are complex constants. Then

QO OO

the resultant spinor will be a currentless spinor and satisfy the conditions
(2.129), if and only if

y

d = ce® |, ¢ = aRe® and 6 = (s — A xm),

N

where R, A and 6 are real constants, and R > 0.

1
is

II2) Add any spinor of the form a, where s and t are real

ir e3(s—%)

ir es(s+t)

constants, r is a non zero real constant, and a is a complex constant, to any
c

spinor of the form , Where c and d are complex numbers. Then the re-

d
0
0
sultant spinor will be a currentless spinor and satisfy the conditions (2.129),

if and only if

a = dRe® , d = cLe? and L = =R,
A+s+80 = nr, n €N,

where R, X\ and @ are real constants, and R > 0.

Case III):
a 0
ITI1) If we add any two spinors of the form 8 , or of the form 2 ,
0 d

then the resultant spinor will be trivially currentless, where a, b, ¢ and d are
any complex constants.
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a
IT12) If we add any spinor of the form 8 to any spinor of the form
0
0
2 , where a, b, ¢ and d are any complex constants, then the resultant
d

spinor will be a currentless spinor and satisfy the conditions (2.129), if and
only if

ITI12a) ¢ = d = 0,
III2b) a = b = 0,
II12¢c) b = ae* , c = airess=Y 4 = qgiresstt)
where t and s are real constants, r is a non zero real constant.

From now until the end of this section we are going to prove the super-
position of the currentless spinors for each case.

2.3.1 Superposition of currentless spinors, case(I)

1
is

Let 1 be of the form a, where s and t are real constants and

ir e3(s=1)
ir e3(s+0)
r is a non zero constant, and a is any complex constant. Then we can add
any two spinors of this form to get

1 1
eisl eiSQ

iry e%(sl—tl) ar + iro e%(sz—lz) az

iry g5 (s1+1) ire e3(s2+t2)
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a; + aq
a1 + goets?
. z i
i(a;ry €217 4 gy 1y @3(527%2))

. X 1
Z(al T 62(31+t1) + Q9 Ty 62(32+t2))

Now by substituting this resultant spinor in the two conditions given by
(2.129), giving

i i(sa—2L(s1—
ar @7 (rp b2t — gy gileamalort)) =

—Ta (7'1 e(s1+t1) _ T ei(sl—%(sz—tz)) . (2.130)

a2a_1 (TQ e%(SZ-t2) -7 ei(82—%(81+t1)) —
— T2 a1 (Tl e%(sl—tl) — 79 ei(sl—%(s2+t2)) , (2131)

respectively. The last two equations contain two possibilities, given by

Il) If T9 e%(32+t2) — rr-l ei(SZ_%(sl—tl) # 0’

Then we could write (2.130) as

. X 1
T e%(sl'l'tl) — 79 61(81_5(82_t2)

) (2.132)

wE = —@a (——; :
2% 2™ o e3(52tt2) _ ) ei(s2—3(s1~t1)

This value for a, a7, also satisfies equation (2.131).

12) If ryez(s2tte) — pgilsa—z(i-t) = q

then we have
ry = 1 edlzmai=tatt) (2.133)

But since r; and 75 are non zero real constants, then
1

3 (89 —81 —ty +t;) = nm, wheren € N. (2.134)
Now by using (2.133) equation (2.131) becomes
a2 (ei(sz—tz—%(sl—h) _ ei(sz—%(51+t1))
a
az

- = (e%($1"tl) _ ei(%(sﬁ-h)—tz)) ) (2135)
ai
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If we set ap/a; = Re", where R > 0 and ) is real, then we can write
equation (2.135) as

e?i/\ (ei(sz—tz—%(sl -t1) _ ei(sz—%(sl-i-t])) — (ei(%(sl-l-tl)—tz) _ e%(sl—tl)) )

By multiplying both sides in the last equation by ei*17 ), it becomes

622')\ (ei(sz—tz) _ ei(sz—tl)) — (ei(81—t2) _ ei(sl—tl)) i
Now by using (2.134) the last equation becomes
e2iA (ei(sl-—tl) _ ei(sz—tl)) — (ei(sl—tz) _ ei(sl-tl)) :

and on multiplying both sides by ei(t1=51),
| (1 - gz} = (it 1)

Again by using (2.134) the last equation becomes

egi’\(l - e“”"”’) = (ei(s‘"sz) - 1). (2.136)

There are two solutions for equation (2.136) which we denote by /2a) and
12b) :

I12a) X = %(sl — S9). (2.137)
Then from equation (2.134),
t1 —ty = 2) + 2n7r, (2138)

where n € N. Finally from equation (2.133),

o = Fr].

(2.139)

Therefore the resultant spinor can be written as, remembering that we al-
lowed r; to be positive or negative :

(1 + Re%<51—sz>>
eisl(l + Re%(SQ—Sl)
irpesi=t) (] 4 Re%(sl—sz)g ay, (2.140)

erl e%(sl"'tl) 1 _.I,_ RE%(SZ—SI)
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where s; and t; are real constants for ¢ = 1,2, R and r; are non zero real
constants, and a; is a complex constant.

I2b) Sg = 8; + 2nm, (2.141)
where n € N. Then from equation (2.134),
ta = t + 2mm. (2.142)
Similarly from equation (2.133),
ry = £71. (2.143)

Therefore the result can be written as, remembering that we allowed r; to
be positive or negative :

1
eis1 .
iy edo1-t) (1 + Re?)ay, (2.144)

ifrl e%(sl +t1)

where s; and t; are real constants, R and r; are non zero real constants, and
a; is a complex constant.

2.3.2 Superposition of currentless spinors, case(II)

In this part we are going to add two different forms of currentless spinors.

1
18

I11) We add any spinor of the form a, where s and ¢ are real

ir e3(s=1)

ir 8%(s+t)

constants, 7 is a non zero constant, and a is any complex constant, to any
0

spinor of the form 2 , where ¢ and d are any complex numbers. Then

d

the resultant spinor will be a currentless spinor, if it satisfies the conditions
given by (2.129). Then

ad = —e*ac, (2.145)
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ic = —e*ad. (2.146)

By multiplying equation (2.145) by d and equation (2.146) by ¢, subtracting
the results

cc = dd. (2.147)

We set d = e*c, where A € R. Then by substituting this value for d in
equation (2.145), it becomes

ace® = —e“ac. (2.148)
Similarly we set ¢ = a Re'®, where R > 0 and # € R. Now by substituting
this value for ¢ in the equation (2.148), it becomes

el = =i gils=)

and we can write this last equation as
610 — ei(s—A+1r—9+2mr) (7'2. € N) (2149)

By comparing both sides in the last equation,

I+s—/\
2 2

6 = (2n+1) (2.150)

Now by allowing R to be positive or negative, we can write the values for ¢
and d as '

¢ = iRae:ls™
d = iRae:"tV, (2.151)
Finally the resultant spinor can be written as
1
ez’s
i(rezs=t 4+ Rez(s—)
,L-(Teg(sﬂ) + Reg(s+,\))

a, (2.152)

where s and t are real constants, R and r are non zero real constants, and a
is a complex constant.
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1
eis
ir ez(s=)
ir e3(s+t)

I12) We add any spinor of the form a, where s and ¢ are

real constants, r is a non zero constant, and a is any complex number, to
c

any spinor of the form , where ¢ and d are complex. Then the resul-

d
0
0
tant spinor will be a currentless spinor, if it satisfies the conditions given by
(2.129). Now by using the resultant spinor in the two conditions given by

(2.129), both of them will give just one equation which is
ad = e“ac. (2.153)
We set
a = dRe® and a = cLe™, (2.154)

where A and h are real constants, and R and L are non zero constants. Now
by substituting these in equation (2.155), it becomes

L = ReGFsth) (2.155)
Since R and L are non zero real constants, we have
A+s+h = nr (n€N), (2.156)
so L = + R. Finally we can write the resultant spinor as |
(Leth + 1)

ei(s+h)(L + eih)
ith+i(s=t) | € (2.157)

i(h+3(s+t))

irLe
irLe

where L, h and s are real constants, r is a non zero real constant, and c is
any complex constant.
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2.3.3 Superposition of currentless spinors, case(III)

0

II11) We add any two spinors of the form or two of the form

0 d
where a, b, ¢ and d are any complex constants. Then the resultant spinor
will be trivially currentless.

o oo

IT12) We add any spinor of the form to any spinor of the form ,

o o e

0
0
c

0 d
where a, b, ¢ and d are any complex constants. In fact the resultant spinor
a

o . b .
here is just a general spinor ¥ = ¢ I and we proved in chapter(1) that

d
this spinor is a currentless spinor and satisfy the conditions (2.129), if and
only if
II12a) ¢ = d = 0,
ITI12b) a = b = 0,

I1I12c) b = ae* ¢ = airest= | d = qires(stt

where t and s are real constants, and r is a non zero constant.




Chapter 3

Lorentz transformations and
world lines

3.1 Introduction

In this chapter we find the solutions of the massless Dirac equation in 2 + 2
dimensions with certain symmetries.

In section 3.2 we consider the action of the Lorentz group on the spinors
in R?*?, and then we identify the Lie algebra of this group. Then we give
the Lie algebra representation described in [9] in the section on relativistic
covariance (p51-52).

In section 3.3 we find those elements of Lie algebra of the group SO(2,2) that
fix the lightlike line (¢,0,¢,0) for ¢ € R, and then we write the correspond-
ing symmetry equations in this case. We are looking for light speed particles
traveling along the line (¢,0,¢,0), so we will postulate that (9, +d3)9 = iK1,
where K is 4 x 4 matrix that takes the spinors to the tangent space of the
spinors. Note that the spinors we are dealing with are the zero current spinors
we got from chapter 1. Next in this section we consider the action of the
Lorentz group on the vector potential, and then we write the corresponding
symmetry equations for the vector potential. At this stage we move to the
electromagnetic field, and find the zero current equations (0, F** = 0). Now
we use all the information we found previously in this section to write the
massless Dirac equation in 2 + 2 dimensions with potential A,. Finally in
this section we find the solution for the lightlike case, and the corresponding
vector potential for the electromagnetic field.

65
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Similarly in section 3.4 we find those elements of Lie algebra of the group
SO(2,2) that fix the timelike line (¢,0,0,0) for t € R, and then we write the
corresponding symmetry equations in this case. Here we look for a slower
than light (massive) particle. Next we consider the action of the Lorentz
group on the vector potential, and then we write the corresponding symme-
try equations for the vector potential. Similarly at this point we want to
study the electromagnetic field, and to find the zero current equations. Now
we use all the information we found previously in this section to write the
massless Dirac equation in 2 + 2 dimensions with potential A,. Finally in
this section we find the solution for the timelike case, and the corresponding
vector potential for the electromagnetic field.

3.2 The action of Lorentz group on spinors
We take the Lorentz group to act on vectors in R?*? by the formula
% — A% 2, (3.1)

where R?*? is just R* with the metric g,, = diag(+1,+1,—1,~1). The
condition that the metric g,; is preserved is given by

9as N A% = gea. (3.2)
If we move to the Lie algebra, we write
A% = g% +huw,

where g%, is the identity matrix, h is a small parameter, and w is an element
of Lie algebra. By using this in the metric preserving condition, we get

Wap = —wba. (33)

Thus, the Lie algebra consists of anti-symmetric matrices.
The double cover of the Lorentz group acts on the Dirac spinors in the
following way

(W) (@) = % was- (1%, 7] %, (3.4)
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where we only give the Lie algebra representation.
The action of the double cover of Lorentz group on spinor valued functions
in R?*? is given by

(A)(X) = A@(ATX)). (3-5)

To show that this is an action, let us take another element A’, and
(A (A¥)X) = N (AT X)
= A APATIATIX))
= AN AY((A'A)TX)

= (AN ¥)(X),

as required. To look for solutions with certain symmetries means specifying
a subgroup of the Lorentz transformations, and looking for spinor valued
functions v which are unchanged or invariant under these Lorentz transfor-
mations, that is

(Ay) (X) = ¥(X).
If we move to the Lie algebra,

A=1+hw,

and
Al'=1-hw.

For A in the subgroup,
A((ATIX)) = ¥(X),
and by differentiating this equation with respect to h,
wP(X) =9 (X;wX) =0,

wp(X) =¥ (X;wX).
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By using equation (3.4) the last equation becomes

1
V(X0 X) = sen b9 0. (36)
To consider solutions which might look like particles, we consider the sub-
groups which preserve a lightlike line (for massless particles) and a timelike
line (for massive particles).

3.3 The lightlike line

The line (t,0,¢,0) for ¢ real is a lightlike line. Now we are in position to look
for the elements of the Lie algebra of the group SO(2,2) that fix this line.
There are two linearly independent elements which fix the lightlike line, and
they are given by (i) and (ii) below :

0 0 0O
i) wep = 8 8 g g , and by acting by the metric g*°, and
0 -6 0 0
0 000
C ca 0 0 O ﬁ
06 00

We can get the Lie group elements that fix the lightlike line from these Lie
algebra elements by using the exponential map

1 0 0 0
0 cosh(8) 0 sinh(f)
0 0 1 0
0 sinh(8) 0 cosh(B)

Exp(w) =

2

We see that this matrix fixes 2! and 22, and that 22 and z* move along a

hyperbola.
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Now w€, acts on a point X like this,

T! 0
. | z? z*
Wol g3 | T OIB
z* z%p
The differential of ¥ in the direction wX is given by
o o
1Y )€ — A4 2
P'(X;w X) = B(z prolukd %),

and by substituting this result in equation (3.6), the first symmetry equation
in this case is given by

oY oY 1
40V | 20V 1 5 4
x8$2+x8x4 57 . (3.7)
0 0 a O
0 0 0 O
) wep = 0 0 0 0 , and
0 0 0 O
0 0 o O
. 000 0
P 1la o000
0 0 0O

The Lie group element here is given by

cosh(a) 0 sinh(a) 0
U R T R
Ezp(wfs) = sinh(a) 0 cosh(a) 0 |’
0 0 0 1
and w¢ acts on X like this,
z! o
2
P o 0
Yol g3 | T 2la
z! 0
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The differential of 4 in the direction wX is given by
oY oY
3 1
T — —).
ox! 8:1:3)
Now by using equation (3.6), the second symmetry equation in this case is
given by

P (X;w% X) = af +z

0 o 1

To look for a ‘particle’ traveling on the line (¢,0,¢,0), we suppose that
we have a particularly simple equation for translation along the line, and
postulate that

oy oY

— + — =iK .

51 "oz ! v, (39)
where K is a 4 x 4 matrix whose entries are functions of z! and z* only.
There are three symmetry equations (3.7), (3.8) and (3.9).

3.3.1 The K matrix and currentless spinors

In this part we want to find the general form for the matrix K which takes
the currentless spinors to the tangent space of the currentless spinors. We
find K so that ¢ + i K ¥ h + O(h?) is a currentless spinor for all currentless
spinors v, i.e.

Y =i K. (3.10)
is in the tangent space to the currentless spinors for all .
1
eis
Let us take one of the zero current spinors, ¥ = C i (e a, where s
irez (51
ires (stt)

and t are real functions, 7 is a non zero real function, and a is a complex
function. We consider a variation in ¢, by introducing a rate of change of
a,r,s and t with respect to a parameter. By using this in (3.10),

1 0 0 0
e’ , 0 , iae* , 0 ,
ires(=0 [T jget-n | T %are% (s=t) | 5 -é—are% (-t | ¢

ires (s+t) i ae’ (5+1) Sares (s+1) %lareé (s+t)
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ki1 + €kio + 1 rez (ks + 4 re? 3+,

ko1 + € ko + irez 2 (5D gy + 4 rez 2 (L, a (3.11)

k31 + 613A32 +1 TCZ Ak t)kgg +1 T62 (s+t)k34 ’ '
)

k'41 +e sk42 +1r7e2 3 (s— t)k43 + lT‘GZ (s+¢ l»44

where the L.H.S of (3.11) is an element of the tangent space to the zero
charge spinors at 9. By comparing the two sides in the last equation we can
write the equations that show the change in a, s, t and r as

a = i(ky + € ko + ires (s=Dk o +iret k1) a, (3.12)
s = kop—ku+ Z'7”(‘3:; (g — €3 (Hk )
(e7%ko1 — €k12) + z'r(e_Tl (o= jpy — e2 7 k5) (3.13)
t = ; [(6225 (s—t)k31 _ 6% (s—t)k42) + (6% (S+t)k32 . e_Ti (s+t)k42)
+7:T'(k33 — k44) + ir(eit k'34 - €_it k43)] s (314)
r —ir k L —is L is k
ro= 7[224' 11+ (€7 Koy + € kia) +

z'r(e—?i (s+t)k23 + 6?% (s+t)k14) + Z.T'(G—Ti (s_t)k24 + 8% (s_t)kl;;)]
1 =i i i —i

+‘2‘ [(6T (S_t)kgl +e2 (S_t)k42) + (6‘§ (s+t)k32 +e? (s+t)k41)

+iT(k33 + k44) + 'i’f‘(@it k3q + 6_“ k43)] . (315) A

The idea now is to find out the general form for the matrix K that satisfies
the equations (3.12)-(3.15) by using the information we have about the other
variables. As we know that r, s and ¢ are real, from equation (3.13),

koo — k11 €R, (3.16)

e_iskgl — eiskm eR VS, (317)

€7 ) (ikyg) — €2 T (jky,) €R Vs, t, (3.18)
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e " (iky,) — 3 (iky3) €R Vs, t.
Let first consider equation (3.17), which gives
ko1 = — k1.
Similarly from (3.18) and (3.19),
kas = ks and  kyg = ks,

respectively. Now from equation (3.14),

kg — k33 € R,
e’“k43 — €itk34 eR Vt,
e'_z—i(s_t)(ikgl) — e%(s")(ik@) €R Vs,t,

e (H9(iky) — €7 D (iky) €R Vs,t.

The last three equations give us the following relations

kiz = —kag , kao = k31 and kg = ksg.

Finally equation(3.15) will provide one more relation which is

kag = Koy + ki1 — ka3

72

(3.19)

(3.20)

(3.21)

(3.22)

~(3.23)

(3.24)

(3.25)
(3.26)

(3.27)

The form for the K matrix can be written by using the relations we had

above as
ki ki ki k14
—kio koo kig ks
K =
k3y k3o ka3 K34

kso k3 —ka (k_zg + k11 — k33)

(3.28)
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3.3.2 The K matrix and symmetry

Now we see what matrices K in (3.9) are consistent with the symmetry
equations (3.7) and (3.8). By acting by (0; + 83) on the first symmetry
equation (3.7), it becomes

1
(81 + 83)(([4 62 + 1152 84)¢ = 5(81 + (93)’}’2"}’4 ¢ s
and we can write the last equation as
1
($4 Oy + z? 84)(81 + 83)1b = 5’)/2’}’4 (81 + (93)1/} .
By using equation (3.9) the last equation becomes
1
(26, +2° ) K ¢ = 5"/2’74 K.
Since the matrix K is independent of z2 and z*, the last equation becomes

Ky vty = vy K. (3.29)

This equation is true for all v, so that K commutes with v2y*, and this fact
gives us

k'22 = kll 3 k33 - k44 y (330)
klzzl_ﬁ; ) k14=E s k32=k—32 > k34=k—34, (3'31)
kg = —E , ks, = —k_sl- (3-32)

From (3.30) and by using (3.27) we have k33 = k11, and from equation (3.31)
it follows that ko, k14, k3o and k4 are real. Finally from (3.32) we deduce .
that ki3 and k3, are pure imaginary.

The form for the matrix K at this stage is given by
kll kl? k13 kl4
—kio  kn o ki ks

K = , (3.33)
k31 ks ki K

kso —ks1 —ks kn
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where kio, k14, k32 and k34 are real, ki3 and k3; are pure imaginary, and k;;
is complex.

Similarly, by acting by (8 + 05) on the second symmetry equation (3.8),
3 1 1 1.3
(31 + 63)(117 81 +z 63)1,[1 = 5(61 + 83)7 Y d}a
and this equation can be written as

1
(2207 + 03+ 21 010+ 0, + 220,105 + 21 O3 ) = 57173(81 + 83),
and by simplifying this equation it becomes

(226, + 2 05) + 1) (81 + Ba) = %7173(61 + 850,

By using (3.9) in the last equation, it becomes

1 re
YK, (3.34)

[(2° 0 +2' 0) +1] (K 9) = 5

and this equation can be written as
1
[(2°0 + ' 9) K]y + K[(2° 6y + 2 05)y)] + Ko = 27K .
Now by using equation (3.8) in the last equation, it becomes

@0+ K] 6= 54K ~ Ky = K .

If we suppose that this equation is true for all ¢, then K satisfies
1
(220, + ' 3)K = 5(7173 K-K+'%) - K. (3.35)
From equation (3.35) we deduce that

(%0, + 2'03)k1 = k., (201 +2'03)k1n = —ku2,

($381 + Z‘lag)k'34 = —k34, (336)
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(1133(91 -+ 1E183)k13 = —k13 + ik14 y (x381 + 131(93)]614 = —’iklg - k14, (337)

(1'381 + 1‘183)k31 = —k’31 + ’ik32 y (1‘381 -+ $163)k32 = —’ik31 - kgg . (338)

Next we change variables by
t'(L,J) = J sinh(L) and 23(L,J)=J cosh(L), (3.39)

where L and J are defined by

1. 2 +a 312 1,2\ 2
L=zln(5——) and J= (@) - ') (3.40)
Also we define
z*(p,q) = ¢ sinh(p) and z*(p,q) = ¢ cosh(p), (3.41)
where p and ¢ are defined by
1.z’ +1! 212 42\ 2
p=5I(——) and ¢= (@) = (z%)?)*. (3.42)

We can consider these new variables as abstract substitutions, which may
take complex values, and return to our reality conditions at the end of this
case (solutions). Alternatively these new variables may be taken to be real
valued on a subset of space-time, with slightly different substitutions with
changed signs used on other subsets.

First take equation (3.7) and change variables,

0 1,4
— ==y . 3.43
oV = Y (3.43)
Now assume % to be one of the zero current spinors (1.16), (1.19) or (1.27).
1
eis
If we set ¢ = ireits-n | @ where s and ¢ are real functions, r is a non

jres (s+1)
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zero real function, and a is a complex function, substituting this zero current

spinor in (3.43) gives

1 1

a eAis B 1 0 4 eis
ap ire% (=t) | AT VT | rests-
ire% (s+t) z're% (s+t)

The last equation gives us the following:

—1

5—; loga = ?6“,
%s = cos (s),
%t = —cos(t),
(%) logr = _—21-(sin(s) + sin (1)) .

Changing variables in (3.8) gives

0 1,3,
b—L@L—a’Y’Y?/J-

1
eis
Similarly by substituting ¢ = irek (st

iret (s+1)

1 1
9] e 1, e
8—L Z'T'G% (s—1) a= 57 Y Z.TG% (s—1)

ires (s+t) i 7"6% (s+t)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

a in equation (3.48), it becomes
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The last equation gives us the following:

0 i

ﬁloga = 56 y (349)

is——cos() (3.50)

oL’ = 5 ’

]

g—it = —cos(t), (3.51)
2 logr = ~(sin(s) — sin () (3.52)
57 logr = 5(sin(s) —sin (t). )

Finally change the variables in (3.9) as
2 =23+2> and 2z = 2% —zt.
Then it becomes

o .
25, %= iKY, (3.53)

By using the chain rule we can write (3.53) in the new variables as

yOL 8 8T 8
821 oL 821 oJ

J = K.

From (3.40) and by using equation (3.48) the last equation becomes

% ¥ = (ie"K — 513 Y% . (3.54)
!
Similarly by substituting ¢ = ; T;;is-o a in equation (3.54), it becomes
ires (1)
1 1
% ”eeg (-t | a= (1e"K - 515 77°) Z-Tez (s=t) | G-

ires (stt) ires (s+1)
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The last equation gives :

0 - §
— loga = ier (ku + k10€*® +ire2 (sTt)klg

oJ .
i i
+irez (s+t)kl4) — 37 e’
9 1 " 1
575 = o8 (s) — 2e (km cos (s) — kg sin (—2- (s +1))
, 1
+irk;3 cos (5 (s — t))) ,
0 2i oL 1 1
é_jt = (zkggsm(2 (s+t))+k31cos(—2-(s—t))
1
+irks4 cos (t)) + 5 cos (t),
2 r = —ireP(ky — k) +ir’elkizsin (l (s —1))
EW] 11— kn 13 5

+r2elky, cos (l (s+1)) — 7:](sm( — sin (t))

2 2 s)
+e%ksy cos (% (s + 1)) — ielks sin (% (s —1))
+rkipel sin (s) — relksgsin (t).

Now for s. integrating the equations (3.45) and (3.50) give

log (sec (s) +tan(s)) = p+logEy(L,J,q),

log (sec (s) +tan(s)) = —L+logFEs(p,J,q),
respectively. The last two equations can be written as

log (sec (s) +tan(s)) = p— L+ log E(J,q),

78

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

where E(J,q) is a function in J and ¢. The last equation gives us the values

for sin (s) and cos (s) as

E?(J,q)e2P~1) —1
E?(J,q)e*r=1) +1°

sin (s)

2E(J,q) P "
E?(J,q)e2p=L) 417

cos(s) =

(3.60)
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Similarly for ¢, integrating the equations (3.46) and (3.51) give

log (sec(t) +tan(t)) = —p+logDi(L,J,q),

log (sec (s) +tan(s)) = —L +log Dy(p,J,q),
respectively. The last two equations can be written as
log (sec (t) + tan (t)) = —p— L +1log D(J,q), (3.61)

where D(J, q) is a function in J and g. The last equation gives us the values
for sin (t) and cos (t) as

DQ(J, q) e~2+Ll) _ 1
DP(J,q) 2D 4 1
2D(J,q) e~®+L1)

cos(t) = D e T D 11" (3.62)

sin(t) =

3.3.3 The action of the Lorentz group on the vector
potential

In this part we see how the Lorentz group acts on the connection field A.
The action of the Lie algebra of the Lorentz group on the covector A, is given
by Ag — gac W g*% Ag4, so the symmetry equation is given by

A (X;0%X) = gacw® g™ Aqg, (3.63)

where w,;, are the same elements of the Lie algebra of SO(2,2) which fixes
the lightlike line (¢,0,¢,0), and g, = (g%°)~!. We know that there are two
linearly independent elements which fix the lightlike line. Next we want to
find the symmetry equations on the connection field A which are given by
(3.63) for each element.

0 0 0 0 000 0
. o o0 0sp . |ooosp
O wa=|¢g o oo them w%=|4y 900 |

0 -8 0 0 0300
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then by substituting this value for w ¢ , equation (3.63) becomes

x! 0000 z! 0 0 0 O
2 2
, z¢ | {000 B z 10 0 0 -
A(:E3’OOOO z? )_OOOOA’
x! 0 8 00 z! 0 - 0 0
which gives the first symmetry equation
0 0 0 O
0 0 0 0 0 -1
4 9 2_ 9 y4_
(z 8:1:2+$ 8x4)A 00 0 0 A. (3.64)
0 -1 0 0
Now we can write equation (3.64) in the new variables as
0 0 0 O
a 0 0 0 -1
8_pA_ 00 0 0 A, (3.65)
0 -1 0 0
where p is given by (3.42).
0 0 o O 0 0 a0
. 0 0 0O c _|100O0O
(i) wa=1 _, o g | them «5=| ) 000"
0 0 0 O 0 00O

then by substituting this value for w ¢ equation (3.63) becomes

x! 0 0 a0 ! 0 0 ao0
2 2
p z 00 0O T 1 06000
Al 2 [’ a 000 3 )= a 0 0 0 4,
xt 0 0 0O z 0 00O
which gives the second symmetry equation
0 0 -1 0
0 0 0 0 0 O
3 9 1. 9 4
v A+z 503 A 10 0 0 A. (3.66)
0 0 0 O
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Finally we can write equation (3.66) in the new variables as

0

0
-1

0

-1

8
ST A= A, (3.67)

OO OO
(e B en B @)
OO OO

where L is given by (3.40).

Next we want to find out what values the vector potential takes by substi-

Ay
tuting A = ﬁg in the equations (3.65) and (3.67). Let us first consider
3
Ay
equation (3.65), which gives :
0 '
a. Al =0 SO Al =f1 (L7JaQ)3 (368)
9p
0 '
-— A3 =0 SO A3 = f3 (L, J, Q) y (369)
dp
o
'a—p A2 = —A4, (370)
0
— Ay = -A 3.71
ap 4 2, ( )

where fll(L, J,q) and fgl(L, J,q) are any real valued functions. From the
equations (3.70) and (3.71), we have

32
5;2_ A? = A2 50 A2 = fQ(Lv J) q) ef + g?(L7 J7 q) e ? ’ (372)

52
pr Ay=Ay so Ays=fu(L,J,q)e? +g4(L,J,q)e”?, (3.73)




Lorentz transformations and world lines 82

where fo(L, J,q), 92(L,J,q), fa(L,J,q) and g4(L, J,q) are any real valued
functions, and L, J, p and q are given by (3.40) and (3.42) respectively.

Equation (3.67) gives
o}

5L A, =0  sothat A,=f,'(J,q,p), (3.74)
d ,
3L As=0 so that Ay = fa (J,q,p), (3.75)
]
57 A1 = —4s, (3.76)
o

where f, (J,¢,p) and f4'(J,q,p) are any real valued functions. From the
equations (3.76) and (3.77),

82

_8? Air=A; so A= f.l(J’ q,P)eL + gl(J,q,p)e_L ’ (3-78)
82
3L Ay =A; so As= f3(J,q,p)e" + gs(J, g, p)e” ", (3.79)

where fi1(L,J,q), ¢1(L,J,q), f3(L,J,q) and g¢3(L, J,q) are any real valued
functions. Now by comparing the values for A; and As, and by substituting
them in (3.76) and (3.77),

Al = fl(JJI) eL+ gl(‘]’Q) e—La (380)

AB = ‘fl(‘]’Q) eL + gl(‘]a q) e_Lz (381)

respectively, where fi(J,q) and g;(J,q) are any real valued functions. Sim-
ilarly by comparing the values for A, and A4 and by substituting them in
(3.70) and (3.71),

Ay = f2(']a Q) e’ + 92(‘]’ (]) e—p’ (382)

As = —fo(J,q) € + ga(J,q)e? (3.83)

respectively, where fo(J, q) and go(J, q) are any real valued functions.
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3.3.4 The electromagnetic field

In this part more about the vector potential, which is a solution for the
electromagnetic field, where the electromagnetic field tensor F),, is given by

F,,=08,A, —8,A,. (3.84)

Now using the chain rule, the derivatives in the new variables become:

% = —sinh(L) % + %COSh(L) 8% .
% = cosh(p) aﬂq - ésinh(p) (% )
5-(2—3 = cosh(L) -687 - %Sinh(L) %
% = —sinh(p) 6£q + %cosh(p) ;—p,

where L, J, p and g are given by (3.40) and (3.42) respectively. The electro-
magnetic field components (3.84) are then

Fio = —sinh(L) 2= (fal0,0)e" + ga(J,q)e™)
~ cosh (p) 5= (A 0)e + a(J0)e™),
Fis = ~(24 2 (5 + a0,
Fy = —sinh(L)%(—fg(J,q)ep-i— 6a(J, q)e~")
sinh (5) 5-(h (L )6+ (4007,
Fa = coh(p) 5o (=filda) b + gi(09)e™)
~cosh (L) 2 (a1, )6 + 0o 0)e ™),
Fu = (5 +2) (R0 - slda),
Fu = cosh(L) 5(~(1,0)e + gaJ0)e?)
+sinh (p) - (~fu(q)eb + gi(dq)eh).  (3.85)
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Next let us substitute the electromagnetic field components in the currentless

equation
O, F"" = 0.

Forv =1,

) (f2(J q) + 92(J,9))

sinh (L)(% +
9

P +

S A
QJ‘Q) Q’|Q>

— cosh (L)( ) (f1(J q) + g1(J,9))

<

+(5= + 3)2’%(161(']» ge’+ a(J,g)e™)

+ cosh (L) 31—2 (f1(4;9) + 91(J,9))
For v = 2,

) (f?(J,Q) - gQ(JaQ))

QJIQJ

sinh (p)(

|Q3
NSNS

e »QI»—*

_COSh( )( ) (fl(JaQ)_ gl(J’Q))

+

(5}
<

9 .

(o Do (Fol0) ¢+ ga(0) )

~ |

_ sinh (p) qi (foldoq) — g2(J,q)
For v = 3,

(f?(’] q) + 92(J,9))
(fl(J q)+ 91(J,q))
>§q( ATa) e+ ai(dg)e ™)

+ sinh (L) % (ilJ, )+ a1(J,q))

(3.86)
=0. . (387
= 0. (3.8-8)'
- 0. (3.89)
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For v = 4,
cosh (p )(a% +%)58—(f2(J ) = g2(J,9))
—sinh (9) 5 + 5) 5= ((40) — 9(4.0)
Hs + D)2~ o)+ g2l @) e)

— cosh (p) qi (fo(d.9) — g2(J,q)) = 0. (3.90)

To solve the last four equations. We multiply equation (3.87) by sinh (L)
and equation (3.89) by cosh (L), and subtract, giving

(e + D00+ sal.0) +
o 1,0
(8_q +-) q(fl(']a 7) —a1(J,q)) = 0. (3.91)

By multiplying equation (3.87) by cosh (L) and equation (3.89) by sinh (L),

and subtract, giving

(ot

S D0 + 0 (0) + 35 () +0:(0)

8

—(57 J) 5 J(
Similarly by multiplying equation (3.88) by cosh (p) and equation (3.90) by
sinh (p), and subtract, giving

fl(']1Q)+gl(']7q)) = 0. (392)

(55 + 7)3a (A0 — ai(da) +
(55 + 33 (1) + 02(10)) = 0. (3.93)
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Finally by multiplying equation (3.88) by sinh (p) and equation (3.90) by
cosh (p), and subtract, giving

(55 + P (a00) = a(30) + % ((1.0) - 920 0)
(e + T3 (a(00) ~ () = 0. (3.94)

From the equations (3.91) and (3.93),

(B0 + 00 + 5= (00 - 9Fa) =007, (395)

where b is a constant.
We solve (3.92) by the method of separation of variables. If we set f(J, q) +
91(J,q) = C(J)D(q), equation (3.92) becomes

B 1a 1
94 )an(Q) 72

0 1, 0
—D(Q)(ﬁ t5)57

We can write the last equation as
1 o0 1.0 1 1 0 1, 0
— (= 1+ Y2D (4
IO TR LT (Q)Jr:]? cn'art 737

—-H H

C(J)( C(J)D(q)

C(J)=0.

We see that this equation splits into two parts, the first being a function of
g only, and the second a function of J only. This means that

> 1d
<Ez_q5 +ogat H)D(q) =0, (3.97)
@2 14 1
(ﬁ + 5o (H - ﬁ))C(J) =0, (3.98)

where H is an arbitrary constant.
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Note that the equations (3.97) and (3.98) are of the form of Bessel’s equa-
tion, which is given by
( d2 + 1d n ( 1 TL2
dz?  zdz
This is called Bessel’s equation of order n, where n is a constant. The
general solution of Bessel’s equation is given by

))R(z) =0. (3.99)

2

R(z) = udp(z) + vYn(x) (3.100)

where u and v are constants. The function J,(z) is called Bessel’s function
of the first kind of order n, and is given by
= _ (1) oz

The function Y, (z) is called Bessel’s function of the second kind of order
n, and is given by

Yo(z) = %{(m 5 + ’y)Jn(:r) — .;_n:o (n _;)'— 1)!(§)QP—n
1 (_1)p+1 T optn P 1 P nl

To solve the equations (3.97) and (3.98), first let us take equation (3:97),
which is just Bessel's equation of order zero. The solution for this equation
is given in terms of Bessel functions of the first and the second kind of order

Z€ero as
D(q) = diJo(¢VH) + doYo(qVH),

where d, and d, are arbitrary constants, and it can be written as

oo (_1)p+1 q\/ﬁ - 1 1
> o () u+§+m+50] (3.103)
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Similarly for equation (3.98), which is just Bessel’s equation of the order one,
where the solution for this equation will given in terms of Bessel function of
the first and the second kind of order one as

C(J) = e i(JVH) + Yy (JVH),
where ¢; and ¢ are arbitrary constants. It can be written as

— (—l)m J\/H 2m+1
e = cl[mZ=0 m'(m—i—l)!( 2 ) ]+

o[ 2 (0 (T55) + AV +
1 = 1 mH J\/_ 2m+1 - 1 s
§th(m)+1 (ZZ+§ ))} (3.104)

m=0 k=1

where v denotes Euler’s constant, defined by

1 1 1
= lm (l+zdot-d——1 = 0,5772--- .
Y nggo(+2+3+ + - ogn) = 0,5

0.5
>}
A&
-0.5
-1
-1.5

Figure 3.1: This figure shows Jy(z) and Yy(z), where Yy(z) has a
singularity at x = 0.
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1
0.5 _
e N
2\W 8 10
-0.5 '
-1
-1.5

Figure 3.2: This figure shows J;(z) and Yi(z), where Yi(z) has a
singularity at £ = 0.

Now we can write fi(J,q) + ¢g1(J, q) from (3.92) as
A +a(lg) = adio(gVH)J(JVH)
cadoYo(¢VH)Yi(JVH)
Cle.]o(Q\/E)K(J\/ﬁ)
c1dsYo(gVH) L (JVH), (3.105)

where ¢; and d; are constants for ¢ = 1, 2.

_+_
+
+

Similarly if we set fo(J, g o(J,q) = U(J)V(q). then equation (3.94) be-

)—g
comes

0 +

o J

—

V(Q)(g‘

We can write the last equation as
1 0 1.0 1 1,0 1
— +—-)—=UJ)+ =5 — —(=—+ -
o057 T e e vl Te
—h h
We see that this equation splits into two parts, the first being a function of
J only, and the second a function of ¢ only. This means that

)—V(g)=0. (3.106)

dQ
(ﬁ t5ot h)U(J) =0, (3.107)




Lorentz transformations and world lines 90

a2 1d 1
(fzt ozt —@)V@ =0, (3.108)

where h is an arbitrary constant.

The equations (3.105) and (3.107) are just of the form of Bessel’s equation
of order zero and order one respectively. Their solutions are given by

o) = wfS ((; ,1)); (%ﬁ)‘@] N

p=0

ug[%<(ln(J\/—)+'y)Jo(J\/_)+

e ( )p+1 J\/_ ' )
= (pl)? (= )2 (1+2+ +p))], (3.109)

+

—1 i q\/E)Qm+1

=, m! m+1) ( 2

- w2
[%( In (— +7 )1 (gV'h) +
%i 1)"‘+1 qx/_ 2m+1(§: 'Zv:llm (3.110)

ml( m+1)

U1

respectively, where wu,, us, v; and v, are arbitrary constants. Now we can
write fo(J,q) — go(J, q) from (3.94) as

fo(J.q) = g2(Jq) = wuido(JVR)Ji(gVR) +

J(gV'h), (3.111)

where u; and v; are constants for i = 1, 2.

We now consider the case where H = h = 0. because the formulas (3.105)
and (3.111) are quite difficult to deal with. Then by substituting H = 0 in
equations (3.97) and (3.98), they become

(dQ 1d
dg® ' qdg

—)D(g) =0, (3.112)
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a2 1d 1
(

TRt :]_Q)C(J) =0, (3.113)

respectively. The solutions of the equations (3.112) and (3.113) are

D(q) = dy Ing+ do, (3.114)

CJ) = J 4 coJ, (3115)

respectively, where ¢, ¢o, d; and d, are arbitrary constants.
Now we are able to write fi(J,q) + g1(J,q) from (3.92) as

(1) +91(J,q) =di (eI + o) In(q) + do(cr T+ 2 J). (3.116)

Similarly by substituting A = 0 in the equations (3.107) and (3.108), they
become
( d? 1d

ﬁJriﬁ)U(‘]) =0, (3.117)

d? 1d 1
(a—q-z—f‘ad—(}—?)‘/(q)—(), (3.118)

respectively. The solutions for the equations (3.112) and (3.113) are given
by

UJ) = u InJ + us, (3.119)

Vig) = vig 4+ vagq, (3.120)

respectively, where u;, uo, v; and vy are arbitrary constants.
Now we are able to write fo(J, q) — g2(J, q) from (3.94) as

fo(J1,q) = 92(J,q) = w1 (v1g7" + v2q)In(J) + ua(vi g™ + v2q).  (3.121)
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Summary of 3.3.4:

In this subsection we have obtained the following equations

(3.95) = & (fo(J:9) + 92(J,9) + Z(f1(d:9) — 91 (J,9)) = b(J9)™",
(3.116) = fi(J,q@) +g1(J,q) =dr(c1 I+ o J)In(q) + da(cy J71 + ¢ J),
(3.121) = fo(J,q) — 92(J,q) =i (vig™ ' + vaq) In(J) + ug(v1 g7 + v29) ,

where b, ¢;, d;, u; and v; are arbitrary constants and f; and g; are arbitrary
functions for all 7 = 1, 2. The last two equations are found on the assumption
that H = h =0 in (3.96) and (3.106).

The electromagnetic field is given in terms of these equations by (3.85). The
J and ¢ coordinates are defined by (3.40) and (3.42) respectively.

3.3.5 The solution of the lightlike line case

In this part of the section we first write the massless Dirac equation in 2 + 2
dimensions in the new variables p, ¢, J and L. Next we use the symmetry
equations. By doing that we will be left just with one derivative in the
massless Dirac equation. The massless Dirac equation with potential A, is
given by

(0, —1A,) =0

Now we are in position to write the massless Dirac equation in 2 4+ 2 dimen-
sions in the new variables as

o 1 e,
1 — g - _ — Y
v' (—sinh(L )dJ+Jcosh(L) L)L +
o 1 0
2 (cosh(p) =— — —sinh(p) =) v +
A Ceoshlp) g~ snhlp) 1
a 1 0
3 _ /
7> (cosh(L )aJ Jsmh(L) aL)w +

o 1 0
4 (g — 4= - —iAh A
v* (- sinh(p) 3 + . cosh(p) =—) ¢ iy A,
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At this point we substitute the symmetry equationé (3.43), (3.48) and (3.54)
in the last equation, and it becomes

1
v ( —sinh(L) (ie! K — — ') + 1 cosh(L) ,Yl,ya) b+

2J 2J
3 L L oaay 1o 1.3 .,
¥ (cosh(L)(zeK 2J’Y’Y) 2Jsmh(L)'y'y)'¢ +
a 1
2 _ L 2, 4
7" (cosh(p) 3 zqsmh(p)v'y)w -

g 1
4 o i i 2. 4 — Ak .
v ( sinh(p) 3q + 5 cosh(p) v*y )z/) iA, Y.

We could simplify the last equation like this

1 1
(— sinh(L) v (ie"K) + 27 sinh(L)v° + 57 cosh(L)~y )1/1 +

(cosh(L) 3 (ie! K) — % cosh(L)y' — % sinh(L) 71) v o+

8 , 1 )
(cosh(p) Bqu % sinh(p) v )w +
, o , . 1 ) -

(—smh(p) og) +§Ecosh(p)7 )¢=27“Au-¢-

Let us now arrange the last equation as
1
iet((cosh(L) 5* — sinh(L) 7' ) K+ 5et(r° =" )y

0 1
2 4 iy
(cosh(p) ~* — sinh(p) v ) (aqw + 2q) Y=1iy"A, Y.

Finally the massless Dirac equation has become

5 (€50° = 7) + e3P )i K) 0+ 5 by — 1) gt
L = e (Lt Dy =it Ay (3122)
5 (€(y v 5t 2 VA .

Now we substitute the values for the matrix K and the vector potential
that given by (3.33) and (3.80)-(3.83) respectively in equation (3.122), where
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1
eis
Y = ireits-n | @ is a zero current spinor. Next by using Mathematica
ires s+t

[See the Appendix], equation (3.122) gives

S_t)sinh(L—p)] —

7:) cosh (L — p) + sin (

—s = —2iTk13€L[COS ('S

[\]

s+t
2

2z'kneL[cosh (L — p) sin(s) + sinh (L )]

2k12€L[COSh (L — p) +sin(s) sinh (L —p ] +

2if1(J, q)e" (1 +sin (s)) — 2ig1(J, ¢)(sin (s) — 1) ~

2icos ()(fo(J,9) — 92(J, @) + % el™P(1 +sin (s)), (3.123)

—

2rk 4e [sin (S _ t) cosh (L — p) + cos ( sinh (L — p)] +

21
—t = —7/»136 [cos(

S+t)cosh(L + p) —Sin(s_t)Sinh(L“Lp)} +

%kggeL[COS (S ; t) sinh (L + p) — sin (s _ t)cosh (L +p)] -
2kzsel [COSh (L+p)+sin(t) sinh (L +p ]

2ik; " [cosh (L + p) sin (t) + sinh (L + p)]

2if1(J, q)e" P(1 + sin (¢)) — 2ig1 (J, ¢)(sin (£) — 1) +

20cos (1) (fol,0) — 92(.0)) + S P ksin(),  (3.124)
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8—8—1“ = r2k14eL[sin(S + t) sinh (L — p) — cos (S _ t) cosh (L — p)] +
q
iTlegeL[Sin(S + t) cosh (L — p) — cos(s _ t) sinh (L — P ]
ik3leL[sin (S + t) cosh (L + p) — cos (S — t) sinh (L +p)] +
ngGL[Sin (S * t) sinh (L + p) — cos (s _ t) cosh (L -I—p)] +
irky1e” cos (s) cosh (L — p) — rkysel cos (s) sinh (L — p) —
irkire” cos (t) cosh (L 4 p) + rksse” cos (t) sinh (L + p) —
ire f1(J, q)(cos (t)eP — cos (s)e™P) —
re~Lgi(J, q)(cos (s)eP — cos (t)e"’) +
ir(sin (s) + sin (t)) (f2(, 9) — 92(J,0)) +
T _
57 ¢ [cos (s)eP —cos(t) e”] , (3.125)
9 loga = lkue‘p [e”(l +ie*) — (1 — z’e“)] +
dq 2

%klg[e”(l +ie') + €2L—p(1 _ ieiS)] 4

Thiet TP (1 i) — (1 ie®)] +
T i

‘5k14€5 =0 [eQL(l +1e') + e”P(1 — z'eis)] +

eF (1 —ie”) f1(J,q) + e Fgi(J, @) (1 +ie™) +
i(1 4 ie*) fo(J,q) +i(1 — ie™®) go(J, @) —

% e p[e”J + iget (1 — ieis)] : (3.126)
Since we know that s, t and r are real, the equations (3.123), (3.124) and
(3.125) will split into two parts, where the first parts equal the change of s,
t and r and the second parts vanish. We know from (3.30)-(3.32) that ko,
ky4, k3o and ks4 are real, ki3 and k3; are pure imaginary, and k;; is complex.
Define

k13 = 211"43 y k31 = Zkél

kll = kllll + Zklll
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where ki, k3, kY, and ki, are real. From equation (3.123),

0 , s -t .
8_qs = 2rki, [cos( )smh(L—p)]—

s+t

+t)cosh(L —p) +sin(8

2rk14eL[sin (S t)cosh (L — p) + cos ( )sinh (L — p)] -
2k'11eL[cosh (L —p) sin(s) + sinh (L — ]
2k126L

5 eP(1 +sin (s)), (3.127)

cosh (L — p) +sin (s) sinh (L —p ]

—_—

2f1(J, q)e" (1 + sin (s)) — 2g1(J, q)(sin (s) = 1)
—2cos (s)(f2(J 9) — 92(J,9)) +
2k'1’leL[cosh (L — p) sin (s) + sinh (L — p)] =0. (3.128)

From equation (3.124),

t)cosh (L+p)— sin(s t)sinh (L+p)] +

o |

—2 +
—t = Tki3eL[cos(s

2

s—t
Zkaoel
—kaze [COS(

2
2k34eL[cosh (L + p) + sin (¢) sinh (L + p)] +
)

2k'ueL[cosh (L +p) sin(t) +sinh (L +p } +

+t)sinh(L+p)—sin( )cosh(L—}-p)] -

1 el *P(1 4 sin (1)), (3.129)

2f1(J,9)e" P(1 +sin (t)) — 2¢1(J, q)(sin (¢) — 1)
+2 Cos (t) (fQ(‘]v Q) - g?(‘]v Q))+
’)ki'leL[cosh (L + p) sin(t) + sinh (L + p)] =0. (3.130)
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Finally from equation (3.125),

5%7” = 7~2k14eL[sin(STH)sinh(L—p)—cos(s )cosh (L — p]
eriseL[sin(s+t)cosh(L—p) —cos(S )sinh (L — p]
kgleL[sin(S_'_t)cosh(L—i—p) —cos(s 5 t)s1nh(L+p)} +
k3oe® | sin ( S+t)sinh(L+p)——cos(S;t)cosh(L-g-p)] -

rk},e" cos (s) cosh (L — p) — rkjsel cos (s) sinh (L — p) —
Tk} el cos (t) cosh (L + p) + rkase” cos (t) sinh (L + p) +
T

27 el [cos (s)e™® — cos (t) e”] , (3.131)

re f1(J,q)(cos (t)eP — cos (s)e™P) +re~Lg (J, q)(cos( )eP—

cos (t)e"’) — r(sin( ) + sin (t)) (f2(J, q) — 92(J, Q))—
rky,e" cos (s) cosh (L — p) + rk, cos (t) cosh (L + p) = 0.(3.132)

At this stage we will assume that k3 = k3; = 0. This implies by the equa-
tions (3.37) and (3.38) that k14 = k3 = 0 as well, and then the matrix K
becomes

kin ki O 0

—klg kll 0 0
K = o . (3.133)
0 0 kll k'34

0 0 —kss ku
where k1o and k34 are real, and k; is complex. From equation (3.36),

ki = e MNP (J) + NG (), ki = e PNp(J),

k34 = €—LN34(J) s (3134)
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where N{|, Ni;, N3, and N34 are real functions of J only. In this case we
can write the equations (3.127), (3.129), (3.131) and (3.126) as

5%8 = —Nj;(J) [cosh (L — p) sin(s) + sinh (L — p)]

—2N12(J)[cosh (L — p) +sin(s) sinh (L — p)]

+% eP(1 +sin (s)), (3.135)
%t = 2N{1(J)[cosh (L +p) sin(t) +sinh (L + p)] -

2N34(J) | cosh (L + p) +sin (t) sinh (L +p)| +

U penr

5 efP(1 4+ sin (1)), (3.136)
%r = —rNj;(J)cos (s)cosh (L — p) — rNyao(J) cos (s) sinh (L — p)

—rN1;(J) cos (t) cosh (L + p) + 7N34(J) cos (t) sinh (L + p)

+2_rj er [COS (s)e™P — cos (t) e”] . (3.137)

% loga = %NH(J)e‘(L“’) [ezL(l +ie) — (1 — ieis)] +

S+ s s8]
" (1 i) fi(J,q) + € o (J,q)(1 + i€") +
i(1+ie™) fo(J,q) +i(1 — i) ga(J, q) —

1 - L i 18
Ee P[e”J+zqe (1—ide )], (3.138)

respectively. There are as well the equations (3.56), (3.57), (3.58) and (3.55),
which can be written in this case as

% s = % CcOS (S) — 2N12(J) COS (S) , (3139)
%t ~ cos (t)(% — Ny (), (3.140)




Lorentz transformations and world lines 99

9 logr = Nj;(J)+ Nio(J)sin(s) — Nas(J)sin (t)

oJ X

—5(sin (s) —sin (¢)), (3.141)
0 ; " 1 18
57 loga = Z[NII(J) + (NIQ(J) — 5})6 ] : (3.142)

There are two equations for s, (3.135) and (3.139), which we need to solve.
Now we use the symmetry of double derivatives,

0 0 0 0

_—— = —— —

qoJ Jqs

The last equation gives

1 , 1 8 /1
()} - 2man) o 5 -0
(cosh(L—-p)+sm( )sinh (L — p)) +
1 0 /
[(7—2N12(J)) +ﬁ(_ 2N}, ()]
)

(smh(L p) + sin(s) cosh (L — p) =0.

By substituting the value for sin (s) from (3.60), the last equation becomes

(G =220 (5 - 285a00) #5755~ 28))

+((% — 2]\712(J))2 + %(l — 2N}, (J) )JEQ(J, q) +

J

() G2+ & )

_<(% - 21\712(J))2 + %(% - 2N{1(J)))

If E(J,q) varies as a function of g, then the first term varies with ¢ whereas
the second is a constant when ¢ varies. We deduce that the two square
brackets vanish. Define

1 1

Ri(J) = (7 —2N{,(J)) and Ry(J) = (—J- —2Npp(J)).  (3.144)

S—

= 0. (3.143)
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Hence
Ri(J)Ba(J) + %Rgu) 0, - (3.145)
and
RY(J) + %RI(J) ~ 0. (3.146)

From the equations (3.145) and (3.146),

'a—c—ij (R*(J) — RY(J)) =0 sothat R2(J)- RiJ) = G?, (3.147)

where G is an arbitrary constant. We rewrite equation (3.146) as

d
SRi()) = G- Ri().

By integrating the last equation, for G # 0 it becomes

RI(J) -G — e—QGJ+2c
Ri(J)+G ’

where ¢ an arbitrary constant. From the last equation we find

cosh (GJ — ¢)

Ri(7) = sinh (GJ — ¢)

G, (3.148)

where G # 0 and c are arbitrary constants. Now by substituting this value
for R1(J) in equation (3.145), it becomes

iRQ(J) _ _(cosh(GJ—

c)
- G) Ra(J).

sinh (GJ — ¢)

By integrating the last equation,
o

Ra(J) = sinh (GJ —¢)’

(3.149)

where o is constant. Now substitute the values for R;(J) and R(J) which
given by (3.148) and (3.149) in equation (3.146), to find the relation between
G and a. which is a®? = G?, so that a = +G.
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From (3.144), Ni,(J) and Ny2(J) are given by

, 1r1 osh (GJ — ¢)
M) = 5[5 - Gmer—a 6 (3.150)
171
NalD) = 5[5~ G o) (3151)

where a = +G.

We also need to solve two equations for ¢, (3.136) and (3.140). Using the
symmetry of double derivatives,

The last equation gives us

[(% - 2N34(J)) (% + 2N{1(J)) + aBJ( — 2Nyo(J )
)
)

)]
(cosh(L+P)+sm(t smh(L+p) +

(5 - 2Ma(n)" + aaj( +2N},(J)]

(cosh(L+p)sm()+smh(L+p) =0.

By substituting the value for sin (¢) from (3.62), the last equation. becomes
1 1 , 8 /1
K(j - 2N34(J)) (7 + 2N11(J)) + %(— - 2N12(J))>

+<(§ —2Ny() + 88J(} +2N] (J)))}DQ(J,q)+

K(—} - 2N34(J))<7 + 2N{1(J)) + %(— - 2N12(J))>

_((§_2N34(J)) aaj(1+2N{1(J)))] = 0. (3.152)

If D(J,q) varies as a function of g, then the first term varies with ¢ whereas
the second is a constant when ¢ varies. Then we deduce that the two square
brackets vanish. Define

Ti(J) = (%+2N{1(J)) and Ty(J) = (% —2Ny(J)).  (3.153)
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Thus the result is given by the following two equations

Ty(J)Ta(J) + %TZ(J) =0, (3.154)
) d
T3(J) + —5Ta(J) = 0. (3.155)

From (3.150) the value for Ny,(J), and by substituting it in 73(J), it becomes

To(J) = (2 cosh (GJ — ¢) G’).

J  sinh(GJ —¢)
Now by substituting this value for T7(J) in equation (3.154), it becomes

d cosh (GJ — ¢)

2
ETQ(J) B _TQ(J)(:T- ~ sinh (GJ —¢) G) '
Integrating the last equation gives
Ty(J) = §J7% sinh (GJ —¢), (3.156)

where 6 is an arbitrary constant. Substituting the value for T7(J) in equation

(3.155) gives
d /2 cosh(GJ—c) 9
dJ (7 ~ sinh (GJ —¢) G) = L),

which becomes

. (3.157)

(MBS

2 G?
)

L) = i<ﬁ ~ sinh? (GJ —¢)

Note that we have two different values, (3.156) and (3.157), for T5(J), and
there is no possibility of chose of constants to make them equal. The fact
is that the equations (3.145), (3.146), (3.154) and (3.155) are all true if and
only if G = 0. We conclude that G # 0 is not a valid possibility, and continue
with G = 0.

Now substitute G = 0 in equation (3.147), giving

RI(J)— Ry(J) =0, so Ri(J) = Ry(J).
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By using this result in equation (3.146), it becomes

d 2
= Ri(J) = —R3(J).
Now integrating the last equation,
1 1
Ri(J) = 7o so Ry(J) = iJ-i—c’ (3.158)

where c is an arbitrary constant. The values for Nj,(J) and Ni9(J) are given
by

111 171 (£1)
27~ T @ Mel) =3l5 -5
We have from (3.159) the value for Nj,(J), and by substituting it in 7(J)

which given by (3.153), we find

Ni(J) = (3.159)

2 1
T = (2 _ . .
() = (5-5) (3.160)
Now by substituting this value for T;(J) in equation (3.154), it becomes
d 2 1
—T: = T - — .
() = ~T()(5 - 5)
Integrating the last equation,
To(J) = 6J7*(J+¢), (3.161)

where § is an arbitrary constant. Substituting the value for T7(J) given by
(3.160) in equation (3.155), it becomes

LE-) = -,

dJ\J J+c 2
and we have
2 1
T2 == = —]}. .
5(J) (J:, (J+c)2) (3.162)

Now by comparing the two values for T5(J),

o _ 2 T
C (J+e)? (4ot
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but to make the last equation true for all J we have to put ¢ = 0, and we
deduce that 6 = +1.

Putting ¢ = 0 and § = =+1 in the equations (3.159), (3.161) and (3.153),
then they become

N, (J) =0, (3.163)

ng(J) =0 or N12(J) = (3164)

<~

N34(J) =0 or N34(J) = (3165)

<=

Therefore there are four cases. We are not going to do them all because they
are much like each other. We will consider the following two cases: -

Case (I)’ For ]\Tlll(J) = ng(J) = N34(J) =0

Let us start with s, by substituting the value for Ny5(J) in equation (3.139),

587 s = % cos (8). (3.166)
We can write the last equation as
ds _ dJ
cos (s) J
By integrating this last equation,
log (sec (s) + tan (s)) =p—L+logJ+logE(q), (3.167)

where F(q) is any function of ¢, and we can rewrite the last equation as
sec(s) +tan(s) = JE(q) e’ F.
Then we can write sin (s) and cos (s) as
J2E?(g)e?P—1) — 1
— J2E2(g)e2r-L) 41
_ 2JE(q)er*
J2E?(q)e2r—L) + 1~

sin (s)

(3.168)

cos (s)
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Now by differentiating (3.167) with respect to ¢, it becomes

0 1, 0s d .
%log(sec (s) + tan (s)) = wos(s) 9 dqlogE(q).

By substituting the values for ds/dq given by (3.135) and cos (s) in the last
equation, it becomes

J2E? 20-L) 1 1 .1 J2E? 2(-L) _q d
W7 4111 oep(y 4 LE M) )] = L10gE(a),
2JE(q)er—L J J2E?(q)e?lr-L) + 1 dq
and by simplifying the last equation,
d
7 F@ = Ea).
Now by integrating the last equation,
-1
E(g) = m ) (3.169)
where o is an arbitrary constant.
Finally we can write sin (s) and cos (s) as
J2 2p-L) _
e 1
sin (S) — ((‘H‘?)z) ,
() 1
—2(—L-)er-L
((Q+O)) (3170)

cos(s) = .
(e )2t +1

Similarly for ¢, by substituting the value for N34(J) in equation (3.140), it

becomes

0 1
B_Jt = 7cos(t), (3.171)

and we can write the last equation as

dt dJ

cos (t) J
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By integrating this last equation,
log (sec (t) + tan (t)) = —p— L+logJ +1log D(q), (3.172)
where D(q) is any function of ¢, and we can rewrite the last equation as
sec (t) + tan (t) = J D(q) e~ L),
Then we can write sin (¢) and cos (t) as
) = ST

_ 2JD(g)e”?tD)
cos (t) = J2D?(q)e-2p+L) 4 1°

Now by differentiating (3.172) with respect to g, it becomes

0 1 Jt d
—1 t)+tan(t)) = — = —log D(q).
5108 (sec(t) +tan () = =5 5o = 7= log D(g)
By substituting the values for 0t/dq given by (3.136) and cos (¢) in the last
equation, it becomes

212 —2(p+L) 22 -2(p+L) _
IO e 7 41l pen(y , LA ] = L10gDa),
2JD(q)e~(p+L) J J2(q)e2p+L) 41 dq
and by simplifying the last equation,
d
_ = D?
P (9) (9)
Now by integrating the last equation,
—1
D = — 3.173
@) = = (3.173)

where (3 is an arbitrary constant. Finally we can write sin (t) and cos (t) as

(ol )e 20 - 1

. (g+8)?
sin(t) = )
J? —
(p o0 41
—2(—L_)e—(p+L)
cos(t) = (6t (3.174)

(i )e 20 +1.
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Now if we substitute the values for Ni;(J), Ni2(J) and N34(J) in equation
(3.137), then it becomes

—8— logr =

54 [cos (s)e™P — cos(t) e”] . (3.175)

N
2J ©
By substituting the values for cos(s) and cos (t) in (3.175), it becomes

(¢ +5) 3 (g +0)
(q + ﬁ)? + J26‘2(p+L) (q + a)2 + J2e2(p"L) :

— logr =

dq

Now by integrating both sides with respect to g gives

_ ( (g + B)* 4 J2e~20+0) )

(g + ) + J2e2v-D) (3.176)

where o and ( are arbitrary constants.

Next substitute the values cos (s), sin (s), cos (t) and sin (¢) in the equations
(3.128), (3.130) and (3.132). Let us first start with the equations (3.128) and
(3.130)

J? J
2Kyt 2 _{_a)(fz(‘J,Q)—gz(J’Q))
+20,(0.q) + NI, J)((qi—a)Q—l)z(), (3.177)
J? J
2f1(JvQ)m - 2m(f2(JvQ)—92(J’Q))
20 (g) + N{’l(J)((q—i—ﬁ—)E—l):Q. (3.178)
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From equation (3.132),

J3

(g +a)(g+5)
" J

(201(J,0) = M1()) m] -

J3
@ta)r@+o)

(20:(/,9) = N5 ()

e~ 2(p+l) [(Qfl(J, Q) + N{/I(J)) . +

e?r-1) [(2f1(J, q) + N{,I(J))

e—4L [(Zgl(J, q) — N{II('])) (q+ a)2(q + B) B

" J3
(291(‘15 q) — Nll('])) (g +a)(g+B5)? -
J4
(¢ + )?*(¢+ B)?
" J J
[<2f1(J, q)+ Nu(*]))((q +a) B (¢ + ﬁ))

+2(f2(J,9) — 92(J,9))] = 0.

This equation must be true for all values of L and p, so we deduce that the
following equations are true:

~—

Q(fQ(J,Q) —'92("7’ q)) ]+

J?
(g+a)(g+8

(2£1(7,9) + N{1() 7t (20:1(J,9) = N{y(J)) =0, (3.179)

(291(7.9) = N1 (D)) (B — @) = 2(fo(J,0) = 92(J,9)) T =0, (3.180)

J(B—a)

(2£1(J,9) + Ni()))

By rearranging the equation (3.181) and adding it to equation (3.180),

J(B—a)
J2—(g+a)(g+h)

f2(1,9) = g2(Jrq) = (A(1a)+ai(19)) . (3.182)
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Next we substitute the values for fo(J,q) — g2(J,q) and fi(J,q) + a1(J, q)
that we had from (3.121) and (3.116) respectively in equation (3.182), and
it becomes

J(B - a)
J?—(g+a)(g+0B)
=ui (V17 + v20) In(J) + up(v1 g™ + vag)

[dl (adJ '+ ed)In(g) + do(cr I + J)]

where the only variables in the last equation are J and g, and the rest are all
arbitrary constants. To compare both sides in the last equation, first start
with the terms that have logarithms in them, and we find these two terms
vanish. This leaves

[ J(B—a)
J2=(g+a)(g+0)

By comparing coeflicients

fQ(J’Q)—QQ(J7Q) = 0
and either  f1(J,q) +gq1(J,q) = 0 or B = «a. (3.183)

]dg(cl J '+ e J) = up(viqg™t + ngq).

In fact we found that if we started with assuming 8 = « at some stage we
will get f1(J,q) + ¢1(J,q) = 0. This means one case is a special case of
the other. Next we are going to consider the general possibility which is

hHlg) + g1(J,q) = 0.
Suppose that fi1(J.q) + ¢g1(J,q) = 0, and we have

fa(J,q) — g92(J,q) = 0.

Now by substituting the last result in the equations (3.181) and (3.180), we
get the values for fi(J, q) and g¢;(J, ¢) which are

-1 1

TN{,I(J) and g1(J,q) = §N{/](J)' (3.184)
Note that from these values for fi(J,¢) and g,(J,q), it seem that f; and ¢,
are functions of J only. Now by using all these results in equation (3.95), it
becomes

fildg) =

9 fg) = 2o (3.185)

oJ

N o~
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By integrating equation (3.185) with respect to J,

f(Jq) = gq_thJf+ C(q) " (3.186)

where C(q) is a function of ¢ and b is an arbitrary constant.

Now to work out the equations (3.138) and (3.142), by differentiating (3.138)
with respect to J and (3.142) with respect to ¢, and then by substituting the
results in the following equation

0
9q (m loga),

it gives

2i cosh (L — p) cos (s) (i N (J) — 1 sin (s) N{’I(J)) + L

57 7 7
—2 cosh (L — p) <sin (s) 587 N (J) + ?1]- cos? (s) N{'I(J)) =0. (3.187)

Now by taking the real and imaginary parts of this equation, we will find
that

N (J)=0 and b=0, (3.188)

so that
fi=g =0 , fo=g=C(q).

Finally by substituting these values for fi, g; and f5 in equation (3.138), it
becomes

9 ‘ ) JeP L
% loga - 27 C(Q) -1 J262(p—L) + (q + a)?
1 (g +a)

5 ¥ FEEO T TaR’ (3.189)

and by integrating the last equation with respect to gq,

1 —itan~1( latel L- i
© = % V(J2e20-D) 4 (g +a)2) e (5 ,,)+2 ‘9 (3.190)
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A, and Aj are vanishing, and A, and A4 are given by

Ay = 2C(q) cosh(p),

Ay = —2C(q) sinh(p),

where C(q) is any function of q. The electromagnetic field in this case is
vanishing.

Summary of case (I):

The solution for the Dirac equation is given by

1

eis
ires (s=t)
ires (s+1)

a where,

P =

1 itan—1[ ate) L ,
a = ﬁ\/(‘]gez(p_[{)_*_(q_{_a)?)e itan ( e P)+22C(q)’

( (q+ﬁ)2+J2e—2(p+L) )%

" T\ (gt a2t e D
J? 2(p—-L) _ _ J p—L
= )e 1 2{ ——)e
sin(s) = ((qﬁg)z) P— , cos(s) = Jz((q+z()) R
((q+a)2)e el ((q+a)2)e P+
J2 —2(p+L) _ _ J —(p+L)
e 1 2 e
sin (t) = ((qﬁfV) 2oL , cos(t) = Jz((qwiz( D ,
(@e)e 2t +1 (@ie)e 2o+ +1

where o and (3 are arbitrary constants.

A; and Aj are vanishing, and A, and Ay are given by

Ay = 2C(q) cosh(p),

Ay = —2C(q) sinh(p),
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where C(q) is any function of g. The electromagnetic field in this case is
vanishing.

The variables L, J, p and ¢ are written in the original variables as

[

1‘+$

L = 1( —zl) and J = ((mz)z—($1)2> )

1
2

1
2

po= 2mGED) md g = (@6

For more details about these variables see p76.

Note that there could be problems with imaginary values for s and ¢ for
general o and 3. However if we put a = 0 = 0, we get

(;2:::)2 ~1 —2(22:;4)

in(s) = , (5) = ,

sin (s (i::;l) cos (s (;2::}1) o

sin(t) — <i:’;i4) —1 , COS(t) — _;z_grz_"'fi)_'
3_ 3_

(32)" + (552 +1

The value for a and r become

a = ((12)2 _ (334)2)_3/4 \/(:;_:2)2 41 e_”a"_ (fg'—’r)HzC(q) ’.

Note that since C(q) is an arbitrary function of ¢, then we can choose it to
cancel the multiple ¢~%/2? in the value of a.



v VA ! O.A\\S

VAP WAN
vArh*
0, X
AtV $2 0-
/\A6A€N ./\V '/\ \,S-ﬁV
2 & 570, 4 fd o T

cv«ie 0~ S ,etu UcYy
> %k A% i_ ko1 k '> 'k

U “ox



Lorentz transformations and world lines 114

Figure 3.4: Shows the graphs of botli Arg(ci) and Arg(ra). the graph of
Arg(o) is plotted against 721 and m 1} and the graph of Arg(ra) is plotted
against n4 and ra2, where rii = r3 - x 1, rn, = x2- x4, and m2= x1+ x4.

The world line of the particle is given by n1 — 0.
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-10

nl

10 2

Figure 3.5: Shows the graphs of both § and

plotted against ! and mi and the graph oft

7711 and m 2, where #il = X3 —x1, mi
is given by ril = 0.

The world line of the particle

Case (II): For NU{J) = Ai2(J) = 0 and NMJ) = 1/J

In this case if we substitute the value for 7V12(J) in equation

for §$ we will have the same as in the first case.

for A34(J) in equation (3.140), it becomes

Tjjt = -j- cos(t),

t. the graph of § is

is plotted against

115

m 1, m2

= x2—Xx4,and m2= x2-Fx4.

(3.139), then

But if we substitute the value

(3.191)
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and we can write the last equation as

dt _daJ

cos (t) J

By integrating the last equation,
log (sec (t) + tan (t)) = —p—L—logJ +1logD(q), (3.192)
where D(q) is any function of ¢, and we rewrite the last equation as
sec (t) + tan (t) = % D(q) e~ D)

Then we write sin (t) and cos (t) as

D;gq) e—2(+L) _ q

sin (t) = ,
W B

D(q) ,—(p+L
2=2e (p+L)

cos(t) = .
Dj(zq)e_g(pu;) +1

Now by differentiating (3.192) with respect to g,

0 1 at d
8—élog(sec (t) + tan (t)) = e 9 d—qlogD(q).

Substituting the values for 0t/dq given by (3.136) and cos (t) the last equation
becomes

Dj(QQ)e—Q(p+L) +1 -1 DZ(Q)e—Q(p-l—L) _1

d
—e—lp+L)( _J? _ _4d
2@6—@4—[4 [Je (%6“2@"'” +1 1)] dq lOg D(Q) )

and by simplifying the last equation,

d

d—qD(Q) = -1.

Now by integrating both sides,

D(q) = -1(¢+5), (3.193)
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where [ is an arbitrary constant.
Finally we can write sin (t) and cos (t) as

(ﬁ%g)z) e—2+L) _ 1

in (¢ -
Sln( ) (%23)6_2(p+L) + 1
_2((q+ﬂ))e-(p+L)
cos(t) = d (3.194)

Now substitute the values for Ni;(J), Ni2(J) and N34(J) in equation (3.137),
it becomes

0 1
34 logr = 57 [cos (5) e’ — cos (t) e_(L“’)] . (3.195)
By substituting the values for cos (s) and cos (t) equation (3.195) becomes
4 ogr = (¢ +6) B (¢+a)
dg (g + B)? + J2e2rtl) (g + a)? + J2e2(p-L)°

Now by integrating both sides with respect to g,

( (g+B)° + J2e2P+D) )
T = ,

(q + a)? + J2e2(p-L) (3.196)

where « and [ are arbitrary constants.

Next substitute the values for cos(s), sin (s), cos(¢) and sin (¢) in the equa-
tions (3.128), (3.130) and (3.132). Let us first start with the equations (3.128)
and (3.130), they become

J? J
216U ay + gy (e —9:9)
+2g:1(J.q) + N{’I(J)((—ﬂ%)—?—l) =0, (3.197)
2f1(J, )(q ;Qﬂ) - 2‘(2;—6)(112@]’ q) — 92(J, Q))
+2g1(J,q) + N{’l(J)((q jf S 1) =0. (3.198)
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From equation (3.132),

e 20+ [ (2£1(J,q) + N}y (V) }q(: fl)
(201(7,0) - Ny () D]
200 [ (2£,(J,0) + NA(W)) J((j: 5))2 -
(20:(2.0) = VL) - i 51+
e [ (201(J,9) = Nu(V)) '(];T;)ﬁ) -
(20:(0) - M) AL
2(f2(J.9) - 92(J,9)) EZ i Qz J+
[ AU+ NG (3 - )

+2(fo(J,9) ~ 92(J,9)) | = 0.

This equation must be true for all L and p. We deduce that the following
equations are true:

(¢+B)
(g+a)

(2£1(J.q) + Ny (V) + (20:(J.9) = Njy(1)) =0,  (3.199) |

(20:(J,9) — N{1()) (J2 —(g+8)(g+ a))

(g+a)
- 2(fo(.0) = g2(Ji0)) J = 0, (3.200)
" JQ_‘( +ﬂ)( +O()
(zfl(J,Q)"‘Nu(J)) ( ((]q+a)q )

+ 2(faJ,0) ~ 92(J,q)) = 0. (3.201)
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Now by rearranging the equation (3.201) and by adding it to equation (3.200),

(J2 — (g +J/J’)(Q+a)) (A(4,0) + 01(4,))

= (fa(J.9) = 92(,9)) (B—0). (3.202)

Next we substitute the values for fo(J, ) — g2(J, q) and f1(J, ¢)+g1(J, ¢) that
we had from (3.121) and (3.116) respectively in equation (3.182),

(JQ — (g +J-B)(Q+a))[d1 (1 J™ 4+ 2 J)In(g) + da(er I + o J)]

= [w@e +vgln())+ wu@g + w8 -a),

where the only variables in the last equation are J and ¢, and the rest are all
arbitrary constants. To compare both sides in the last equation, first start
with the terms that have logarithms. We find these two terms vanish. This
leaves

J*—(¢+06)(g +a)
( 7

By comparing coefficients,

fild.g) +a(J.q) = 0
and either  fo(J,q) —g2(J,q) = 0 or B = a. (3.203)

)d2(01 J '+ cd) = ug(vi1qg7 4+ vag) (B—a).

In fact we found that if we started with assuming 8 = o at some stage
we will get fo(J,q) — ¢2(J,q) = 0, but if we start with the possibility
f2(J,q)—g2(J, q) = 0. This means one case is a special case of the other. Next
we are going to consider the general possibility which is fa(J,q) — g2(J,q) =
0.

Suppose that fo(J,q) — g2(J,¢) = 0, and we have

fild,q) + g1(J,q) = 0.

In fact in this case we will have the same results as in case(I). We are not
going to repeat this, but we will write the results as

N(J)=0 and b =0,
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so that
h=a=0 , fo=g=C(q).

Finally in this case we will have the same value for a, which is given by

X - (g+a) [ — .
a = ;17\/(J262<p—m Tarap o (e,
q

A; and Aj are vanishing, and A, and A4 are given by

Ay = 2C(q) cosh(p),

Ay = —2C(g)sinh(p),

where C(q) is any function of q. The electromagnetic field in this case is
vanishing.

Summary of case (II):

The Dirac spinor for the solution in this case is given by

1
eis
Y= iretls—t) | @ where
7r€2(s+t)
2(p-L) 2 1t“"—1((q—t°)€L'p :
a = —\/(J e2r-L) 4 (g + a)2) e +2iC(g),
(q+ﬁ) J2e2 D)
T < (q+ a)? + J2e2r—1L) ) ’
L (P=L) _ 1 —2( =L )er-L
sin (s) ( 4;21 ) . cos(s) = ﬂ((q+a)> )
( (gt+o )€2p P+l ((q+a) )62(1)— ' +1
. ( q+B)% )6—2(p+L) 1 _2( qﬂjﬁ))e—(pﬂJ)
sin(t) = , cos(t) =

72
(( g+8)> )6—2(p+L) +1 (wﬁ_gV)e—merL) +1’
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where o and (3 are arbitrary constants.

A; and Aj; are vanishing, and A, and A4 are given by

Ay = 2C(q) cosh(p),

Ay = —2C(q) sinh (p),

where C(q) is any function of q. The electromagnetic field in this case is
vanishing.

The variables L, J, p and g are written in the original variables as

L = 1n(:” +z1) and J = (@) - (2")7)7,

1
2

1, 7?42 2\2 42\ 2
p = 5111(3:2—:54) and ¢ = ((z:) —(:1:)) .

Note that there could be problems with imaginary values for s and ¢ for
general a and 3. However if we put a = § = 0, we get

(22:21)2 -1 -2(57%)

sin(s) = (;?ii) , cos(s) = m ,
_ _ 4
sin(t) = Ez?i; , cos(t) = (_22(‘%—3—;'—;1) :
13:-1 +1 ﬁ +1
The value for a and r become
a = ((1132)2 _ <$4)2) -3/4 \/(373 - I1>2 +1 e—itaﬂ_ (511')4-‘210(‘])
72 — 74 J
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3.4 The timelike line

Consider a timelike line (¢, 0,0, 0) for ¢ a real number. As in the lightlike case
we want to find the elements of the Lie algebra of the group SO(2,2) that
fix this line. In the process of solving this case we find (3.221) and (3.241),
which means that the spinor field must be zero outside the cone

($2)2 — (.’E3)2 + (1,4)2 .
This is an unusual circumstance, but we shall continue to solve the equations,
as the solutions restricted to the cone seem to be well behaved.
There are three linearly independent elements that fix the given timelike
line, given by
0

1) wep = , and

o O O
OO O O
o O O
OO OO

cooco
cooo
SNl
|
SISRS

The Lie group element is given by

0 0 0

1 0 0

0 cos(6) —sin(8) |’
0 sin(6) cos(6)

Exp(w) =

o O O

and w¢, acts on X like this

)

1 0
2 0
3| T —x46
4 z36

8 8 8 8

The differential of ¥ in the direction wX is given by
o

/ € _ 3
P( X509 X) =(z ek %)-
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Now by substituting this in equation (3.6), the first symmetry equation in
this case is given by

300 40 1

3.4
— - = . .204
T T =Y (3.204)
0 0 0 O
. |0 0 0p
i) wep = 0 0 00 , and
0 - 00
0 00O
0 00 QB
“P=100 0 0
0 800
The Lie algebra element is given by
1 0 0 0
ey _ | 0 cosh(B) 0 sinh(B)
E.’L'p(u) b) - 0 0 1 0 )
0 sinh(8) 0 cosh(3)
and W acts on X like this
xt 0
I A B
O = R )
x4 223
The differential of ¢ in the direction wX is given by
oY oY
/'y ., .C _ 4 2
d}(k,w bX)—ﬁ(l‘ 5;4—13 %)

Now by substituting this in equation (3.6), the second symmetry equation in
this case is given by

19

z
ox?

oy 1
2 _ 124
+z 524 =57 7 . (3.205)
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0 0 00
0 0 o O
i) wep = 0 —a 0 0 , and
0 0 00
0 0 00
. 0 0 a0
“PTloa 00
0 0 00O
The Lie algebra element is given by
1 0 0
ey_ | 0 cosh(a) sinh(a) O
Ezp(w) = 0 sinh(a) cosh(a) 0 |’
0 0 0 1
and w®, acts on X like this
r! 0
P 2a
wol g3 | T 22
z* 0
The differential of ¥ in the direction wX is given by
oy o
’ s, c N 3 2
d)()&,wb/\)—a(x 5;"}- E‘—g)

Now by substituting this in equation (3.6), the third symmetry equation in
this case is given by :
3O L0 1

: 290 _Lasy, 3.206
T T s T Y (320)

We find a total of three symmetry equations in this case, which are equations
(3.204), (3.205) and (3.206).

By multiplying equation (3.204) by z?, it becomes
2,300 _ 2.40¥ 1

2, 3.4
e e A e 2x77¢, (3.207)
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and by multiplying equation (3.205) by z3, it becomes

o 0 1 .
z? x35% + 23 :v4a—;p§ = 3:1?372’)’47/) . (3.208)

Finally by multiplying equation (3.206) by z*, it becomes

oY oYy 1
4.3 2,4 _ 1 423
Now by adding equations (3.207) and (3.209), and then by subtracting the
result from equation (3.208),

x

(Vv + 289y — 22y Y = 0. (3.210)
By multiplying equation (3.210) by y2v3+4, it becomes

(23 + 2ty —224?)y = 0. (3.211)

3.4.1 The symmetry equations and currentless spinors

In this part we examine the currentless spinors, first by applying condition
(3.211), and secondly by applying the symmetry equations we had in the
previous part. Let us now consider these currentless spinors:

1
eis
I) Whenv = ire(s=t) | @ by substituting this spinor in equation (3.211),
i 're% (s+1)
it gives
2 = (2% —iz*) e™, (3.212)
2 = (2% +iz) e, (3.213)
2 = (2 +iz?) e, (3.214)
2?2 = (2% —iz') e, (3.215)
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From the last four equations, there is a relation between s and ¢ which given
by

t = —s+2nm7. (3.216)

Then this currentless spinor becomes

1

» = e | g (3.217)

ire®
T

Now if we subtract (3.214) from (3.215),

4

1= i;:((z)) z3 so that s = tan‘l(%) (for cos (s) #0). (3.218)
By adding (3.214) to (3.215),
2?2 = 2% sin(s) + z® cos(s). (3.219)

Now by substituting the value for z* given by (3.218) equation (3.219) be-
comes

2> = z?cos(s) and z*' = z° sin(s). (3.220)
This means well,
(*)? = (2*)? + (=) (3.221)

Now we are in position to start to apply the symmetry equations on this
currentless spinor, but before that we change the variables as

z'(p,q) = ¢ sinh(p) and z*(p,q) = ¢ cosh(p), (3.222)
where p and ¢ are defined by

L, (1:2+a:4
= — In(———
P=g My

Nl=

) and g¢= ((z2)2 - (I4)2) (3.223)

Now the symmetry equation given by (3.205) becomes

0 I NP
5V = 37T (3.224)
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By substituting the value for ¢ given by (3.217) in equation (3.224), it gives

aip loga = :2—2 e, (3.225)
9 s = cos(s) (3.226)

op°~ ’ )

o
—7r = 0. 3.227
= (3.221)
Now the symmetry equation which given by (3.206) will become
s (—sinh(p) O 9 91, _ L a3

[:1: ( . ap—!—cosh(p) aq) + ¢ cosh (p) 8m3]w =57 V.

(3.228)

Note from the equations (3.221) and (3.223),
(z3)? = ¢* sothat 2% = +q. (3.229)

This means that there are two possibilities. Next we will consider the possi-
bility where 7% = ¢, and the other will be similar. For 3 = ¢, we know from
(3.218) that

4

tan (s) = T so tan(s) = sinh(p). (3.230)

T3

This means that s is a function of p only, and we write it as

s = tan' ( sinh(p) ). (3.231)
Now by using (3.229) in equation (3.228), it becomes
0 1

(2{] cosh (p) Erie sinh (p) Bip ) P = 5 Y23 (3.232)

By substituting the value for the 9 given by (3.217) in equation (3.232), it
gives

0 e, 1,
2 h(p) =— — sinh(p) — = —e, 2
( q cosh (p) q sinh (p) 8p) loga 5¢ (3.233)
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0 0
2 h — — sinh —)r = 0. 3.234
(2q cos (#) 5, — sin @)ap) (3.234)

From equation (3.227) we know that r is independent of p, and by using this
in equation (3.234), we find that r is independent of ¢ as well. This means
that 7 is a function only of z!. Now by using equation (3.225) in equation
(3.233), it becomes

1 .
2q cosh(p)éa—q loga = 5(1—i sinh(p)) e,

and the last equation can be written as

1 _sinh (p)
cosh (p) o osh (p) ] '

2q cosh(p)aﬂq loga = é—(l—isinh(p)) [

Finally this equation becomes
0 1
— 1 = —. 3.235
5o loga = o (3.235)

By integrating equation (3.235) with respect to g,
1
loga = 1 logq + f(p,z"). (3.236)

Now we can write equation (3.225) as

—1i 1 _sinh (p)
— loca = — . 3.237) -
Jp s a 2 (cosh (p) + "cosh (p) ) ( )
By integrating equation (3.237) with respect to p,
1 1. .
loga = 1 logq + 5 log (cosh (p)) — i tan™' (e?) + f(z').  (3.238)

Summary of (I):

We found that 7 is a function of z! only, and for 2° = g, the values for s and
log a are given by

s = tan'l( sinh (p) ),
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—itan~! (eP)+ f(z!)

a = gi(cosh(p)ie
where p and ¢ are given by (3.223).

0
II) When ¢ = (c) , by substituting this currentless spinor in equation
d _
(3.211), there are two possibilities:
3 _ ;4
r’d = (2°—iz"')c sothat d = (a:_2zx_) c, (3.239)
x
and
z? ,
r?’c = (2*+ix*)d sothat d = D) c. - (3.240)

From these two values for d, there is a condition which is
(z?)? = (2*)? + (z%)? (3.241)

Then the currentless spinor becomes

W = 1 c, (3.242)
(1‘3-—1'14)% :

1
(x3+iz?)2

Now we are in position to change the variables as in (3.222). Similarly in
this case we will consider the possibility where z* = ¢ and the other will be
similar. By substituting the value for ) given by (3.242) in equation (3.224),
it gives

0 i ,1—isinh(p)y\3
3pc B 2(1+isinh(p)) c (3:243)

By integrating the last equation with respect to p,

loge = % log (1 +isinh (p)) + g(g,z"). (3.244)
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By substituting the value for the v given by (3.242) in equation (3.232) and
by using equation (3.243), it becomes

8 1 ‘
— 1 = —. 3.245
3¢ 8¢ = 1, (3.245)
By integrating equation (3.245) with respect to g,
1 1
loge = 3 log (1 + isinh (p)) + 1 logg + g(z'). (3.246)

Summary of (II):

In this case we found

1 1
loge = 5 log (1 +isinh (p)) + 1 logq + g(z!),

where p and g are given by (3.223).

3.4.2 The action of Lorentz group on vector potential

In this part to see how the Lorentz group acts on the connection field A. We
will just give the Lie algebra representation which is given by

Al (X w X)) = gaewShg®@Aq. (3.247)

The idea now is to get the svmmetry equations for the connection field A
given by equation (3.247). We know that there are three linearly indepen-
dent elements of the Lie algebra of the group SO(2,2) that fix the timelike
line, and they are:

00 0 0 000 0

= | © 0 0 0 . 000 0
=10 0 &6 Y"Tloo00 =6
00 =6 0 006 0

By substituting this value for w¢ in equation (3.247), the first symmetry
equation is given by

000 O
0 0 000 O
3.9 4 0\,
(x 51 % 81:3)A 000 —1 A. (3.248)
001 0
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By substituting this value for w® in equation (3.247), the second symme-
try equation is given by

0 0 0 O
0 0 0 0 -1
— 2 —
@55+ 5D4= 0 o0 o o |4 (3.249)
0 -1 0 O
0 0 00 0000
i) w, y = 0 0 a O e 00 ao0
“=l0 -—a00] “*P[0ao00
0 0 0O 00 00O
By using this value for w®, in (3.247),
0 0 0 O
0 a 0 0 -1 0
3.9 02 9\
(x 322 +2z 813) A 0 -1 0 0 A. (3.250)
0 0 0 O
Now by multiplying equation (3.248) by z2, it becomes
000 O
0 0 000 O
2,3 9 4 O \,_ 2
x*(z oy 8$3)A 100 0 -1 A, (3.251)
001 O
and by multiplying equation (3.249) by z3, it becomes
0 0 0 O
0 0 0 0 0 -1
3,8 9 2 9\, 3
z°(z 522 +z 8x4)A o 0 0 o0 A. (3.252)
0 -1 0 O
Similarly if we multiply equation (3.250) by z*, it becomes
0 0 0 O
0 0 0 0 -1 0
403 9 2 9\, 4
z*(z 57 +z 8z3)A o P A. (3.253)
0 0 0 O
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Now add equations (3.251) and (3.253), and subtracting the result from equa-
tion (3.252),

000 O 0O 0 0 o0 0 0 0 O
s 000 O 400—10_3000—1 .
@ o 00 -1 (™ o-10 0[]0 oo o [P4=0
001 0 0 0 0 O 0 -1 0 O
A,
. Ay | .
By putting A = 4 in the last equation,
3
Ay
0
—$4A3+.’II3A4 —0
—1'4A2—$2A4 I
13 Ay + 22 Az
From this last equation,
3 _
Ag = ?Ag 5 A4 = ?AQ (3254)

0 0 0 O
o 0 0 0 -1
%A_ 000 o |4
0 -1 0 0

We considered that 3 = ¢. by using (3.254), the last equation gives

0 _ 0 _ sinh(p)
8})A1 =0 |, apAg = osh(p) As. (3.255)

Similarly for equation (3.250), by changing variables

(2q cosh (p) % — sinh (p) 58-1—) ) A=

o O O O
o
l
—t
OO OO
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This last equation gives

0
5™

From the equations (3.255) and (3.256) we deduce that A; is a function of

z! only, and for A,

As

=0 |,

o 1
Z A, =
0q 2 2q

= g% cosh(p) h(z!),

where h is an arbitrary function

3.4.3 The electromagnetic field :

From the previous part we found that A, is a function of z! only, and A,

Az and A4 are given by
Ay
A3
Ay

= g7 cosh (p) h(z'),
= _q% h(xl)a
= —g? sinh (p) h(z?).

The electromagnetic field tensor is given by

Fu.

= 0,A, — 8,4,

The electromagnetic fields are given by

Fia
Fis

Fiy

F23
Foy
F34

Z sinh (p) h(z').

Now the zero current equation is given by

8, F*" = 0.
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Forv =1,

0 1

and this means that h(z!) is a constant.
For v = 2,
h(z') = 0, (3.259)

and this means that A; = 0 for i = 2,3,4. Therefore the electromagnetic
field vanishes.

3.4.4 The solution of the timelike line case

The Dirac equation with zero mass is given by

o, o d o}
1 2 3 4 =iv"A )
4 o Ve TV aE Y 8z4)¢ ALY
Now by using equations (3.204), (3.205) and (3.206),

1 , 4,4 220 3 0 1

1 / 2 o 32" 0 1 3.4
v (2 gl " x48x4)w+7 (x48:r4 21:47 Y

" 5
0 :

which simplifies to

1 0 .
7811/’ 47 V4 (@ + 2%y -2 ) o = i A

Now by differentiating equation (3.211) with respect to z?,

0
v+ (2t + 2%y - 3727’2)-8; =0.

By using this result in the Dirac equation, it becomes

f}/ 8 lw_zﬂy”A'u'd} (3260)
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Now we use the value for the vector potential we had in the previous subsec-
tion in equation (3.260), it becomes

8 L
71%¢=171A1¢-

Now by multiplying both sides by 7!, the last equation becomes
0

Now by substituting the value for ¢ given by (3.217) in equation (3.261),
9 loga = iA4; and 9 logr = 0 (3.262)
o 8% T gzt 2T T ‘

The last two equations tell us first that r is a constant, and that a is given
by

(cosh (p))z e~ tan™" (M) [ Ar et (3.263)

Al

a = q

Summary of (I):
The solution for the Dirac equation is given by

1
eis
iret
T

where 7 is constant, and for 2° = g the values for s and a are given by

s = tan‘l( sinh (p) ) ,

PN

(COSh (p))% e—i tan~1 (eP)+i fAl dr! ‘

Note that the spinor field is vanishing out sides the cone

(.’1?2)2 — (1!)3)2 + (iL‘4)2.

a = q

The variables p and ¢ are given by

2 4

N

p=pi() and g= (@) - (@)

2 — 14
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A, is a function of z! only, and Ay, A3 and A, are vanishing, which means
that the electromagnetic field vanishes as well.

Similarly by substituting the value for ¢ given by (3.242) in equation (3.261),

0
Now by integrating the last equation, we can write ¢ finally as
1, [ Ayde?
¢ = g+ (1+isinh(p))*” . (3.265)

Sun.mary of (II):

The solution for the Dirac equation is given by

0
0
¥ = 1 c,
(.1?3—1'14)’]2

(z3+ix4)
where for 23 = ¢ the value for c is given by

) 1
i | Ay d
% € f 1

¢ = gqi (1+isinh(p))

Note that the spinor field is vanishing out sides the cone

The variables p and g are given by

z? + rt
R —

N

p=s i) and g= (@2 (@)

A; is a function of z! only, and A,, A; and A4 are vanishing as well as the
electromagnetic field.



Chapter 4

Solutions for the massless Dirac
equation in 2 + 2 dimensions

4.1 Introduction

The aim of this chapter is to find more general solutions for the massless
Dirac equation with potential A, in 2 4+ 2 dimensions. These solutions are
not constrained by the sort of symmetries we described in the last chapter.
In this chapter we want to consider one of the currentless spinors,

1

e'l.S

'l_,"r = Qa y

iret (st
ires (s+t)

where s and t are real functions, 7 is a non zero real function, and a is a

, we have found plane wave

0
. . 0
complex function. For spinors of the form .

d
solutions already in chapter 2. As the sum of any spinors of this form is also

currentless, we can write quite general solutions as the sums (or integrals) of
a

b
0
0

such plane waves. Similarly we can consider spinors of the form

137
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In section 4.2 we write the Dirac massless equation with potential A, in 2+2
dimensions. Then write the corresponding four equations for the currentless
spinor, and find that we have two cases to study. In section 4.3 we want to
show that some of the equations are equivalent to equations written in terms
of differential forms. In section 4.4 we study the first case. For convenience
we make an assumption that the vector potential components satisfy two
relations to simplify the equations, then we study the electromagnetic field.
Similarly in the last section we study the second case.

4.2 The massless Dirac equation in 2 + 2 di-
mensions

The massless Dirac equation with potential A, in 2 + 2 dimensions is given
by

(0, —iAL)Y =0, (4.1)

where A, is a real valued function. Now we substitute the representation for
the gamma matrices given by (1.1) in equation (4.1), to give

0 0 i0y — 03 —id) — Oy
0 0 =i +8 Bs+0s |
104+ O3 10, + 0o 0 0 -
i0) — 0y 104 — O3 0 0
0 0 1Ay — A3 —iA;— Ay
; 0 0 —iA;+ Ay 1A+ A; "
1A — Ay 1Ag— Az 0 0
a
The last equation, by putting 1 in general equal to ﬁ , provides the
d

following four equations

a(ks+iky)+b(ke+ik) = a(Az+iAy) +b(Ar+1iA), (4.2)

(Z('ikl —k2)+b(?:k4—k3) = a(iAl—A2)+b(z’A4—A3), (43)
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C(ik4—k3)—d(ik1+k2) = C(iA4—A3)—d(iA1+A2), (44)

C(kQ - 'Lkl) + d(k:; +Zk4) = C(A2 — 7,A1) +d(A3 +iA4) . (45)
Next we set 9 to be the currentless spinor we chose earlier, and then write

the corresponding four equations for the equations (4.2)-(4.5).

Set .

i . i (g . i
b = ae® |, ¢ =dare:tt 4 = jarettty

where s and t are real functions, r is a non zero real function, and a is a
complex function. The corresponding four equations for the equations (4.2)-
(4.5) are given by
(03 + Oy )loga + €° (0, + i0, )loga + ie* (0 + i) )s
= i[(As + i44) + (A2 + iA1)€e®], - (4.6)

(83 + 0;)loga + € (8, + 10, )loga + ie* 0y + i8))s
= i[(1A1 = Ay) + (iAs — A3)e”], (4.7)
ez 570 (i, — 83 )log (ra) — €2t (8, + i8; )log (ra) +

L s (s-0) (idy — 03)s — %e%(s_t) (i0s — B3)t —

o~

5 €200 (8 + 0y )s — %e%(s’”) (8, + i0, )t =
i[(1As — A3) e — (Ay +iA;)er ] (4.8)
e300 (8, — 8, )log (ra) — e? ) (85 + 8, )log (ra) +

1

Ee%(s‘t) (O —i01)s — %e%(s_t) (0 — 401 )t +

%e%(s”) (85 + i0y,)s + %e%(s“) (85 + @0, )t =

i[(Ay — iA;)er 0 4 (A + 14y )ez 0], (4.9)
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We can simplify the last two equations giving by multiplying equation (4.8)
by ez (=9 to give

(i0s — 03 )log(ra) — €' (D, -i—.’i i0; ) log (ra) +

(284 - 83)3 —%(284 — ag)t -

DN =

€t (B +idy)s — s € (8 + i)t =

i[(iAg — A3) — (Ag + i4;)e']. (4.10)
Similarly by multiplying equation (4.9) by eZ (5+9),
e (0y — 0, )log(ra) — (0; + i0s,)log(ra) +

%e—“(a2 — id))s —%e-“(a2 — 0t +

%(ag + i8y,)s +%(33 + 00y, )t =

i[(Ay — iA;) e + (As + iAq)]. (4.11)

The system of equations we have from the Dirac equation which we want to
solve are given by (4.6). (4.7). (4.10) and (4.11). Next we want to show that
each equation of the system provides two new equations, one from the real
part and the other from the imaginary part. Note that r, s and ¢ are real,
and we can use a gauge transformation to make a positive, so that loga is
real as well. Let us start with equation (4.6), giving

O3 loga + (cos(s)dy — sin(s) 0, )loga — (sin(s)dy + cos(s) 0y )s
= —[As + sin(s) Ay + cos(s) A1 ], (4.12)
04 loga + (cos(s)0; + sin(s)0y)loga — (sin(s)d; — cos(s) 0y )s

= Az — sin(s) A; + cos(s) As. (4.13)
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From equation (4.7),
— 03 loga + (sin(s) 0, — cos(s) Dy )loga — 08

—[Aq + sin(s) Ay + cos(s) A;],
04 loga + (cos(s)01 + sin(s) 0y )loga — 055
= —[As — sin(s) A; + cos(s) A2 ].

From equation (4.10),
— 03 log(ra) + (sin(t) 0, — cos(t) 02 )log (ra) —

(sin(t)d2 + cos(t)dy)(s + t)

N —

1
584(8 - t)+
—A4 + sin (t) A2 + cos (t) Al,

Oy log (ra) — (sin(t) 9 + cos(t) 0y )log (ra) —

1 1 .
583(3 —t)+ §(sm(t)81 —cos(t)dy) (s + t)

— Az + sin(t) A; — cos(t) As.

Finally from equation (4.11),
3 log (ra) + (cos(t) 9, — sin(t) d; )log(ra) —

1 1, .
584(8 +t)+ §(Sm(t)82 + cos(t)0,)(s — t)

— Ay + sin(t) Ay + cos(t) 4,

— 04 log (ra) + (sin(t) 32 + cos(t) 0y )log (ra) —

%83(3 +t)+ %(sin(t)@l — cos(t)0y) (s — t)

— A3 + sin (t) A1 — COS (t) A2 .

141

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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Now we can simplify the last eight equations by adding and subtracting one
from the other. This gives another eight equations, given by the following :

The first two equations are given by subtracting (4.12) from (4.14) and by
adding them,

2(83 + cos(s) 0y — sin(s)@l) loga =
(cos(s) &y + sin(s) 8 — 04 ) s, (4.20)

(84 + cos(s) 0y + sin(s)c?z)s =
2 (A4 + A cos(s) + Aj sin (5)), (4.21)

respectively. The second two equations are given by adding (4.13) to (4.15)
and by subtracting them,

2 (84 + cos(s)0; + sin(s)d, ) loga =
(83 — cos(s)0r + sin (3)61>s, (4.22)

(63+cos(s)89—-sin(s)81)s = _
2 (Ag + Ay cos(s) — A sin (s)), (4.23)

respectively. The third two equations are given by subtracting (4.16) from
(4.18) and by adding them.

2 (83 + cos(t) G, — sin (t) 81) log (ra) =
(01 + cos(t)0y + sin(t) By )t,  (4.24)

(84 — cos(t) 0y — sin(t)82>s =
2 (A4 — Aj cos(t) — Aj sin (t)) ) (4.25)
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respectively. The last two equations are given by subtracting (4.17) from
(4.19) and by adding them,

2 (84 — cos(t)0; — sin(t) 82) log (ra) =
— (85 — cos(t)@y + sin(t)0y )t,  (4.26)

(85 + cos(t) @y — sin ()6 ) s =
2 (A3 + Ay cos(t) — A; sin (t)) , (4.27)

respectively. The general solution for the Dirac massless equation is given
by solving the last eight equations.

We can replace the equations (4.21), (4.23), (4.25) and (4.27) by simpler
four equations

By subtracting (4.21) from (4.25),

(cos(t) + cos(s)) (Ors — 24;) +
(‘sin(t) + sin(s)) (Grs — 242) = 0. (4.28)
And by subtracting (4.23) from (4.27),
(sin(t) — sin(s)) (05 — 24;) — |
(‘cos(t) — cos(s)) (Brs — 242) = 0. (4.29)
And by adding (4.23) from (4.27),
2(8ys — 243) — (sin(t) +sin(s)) (Ars — 24;) +
(cos(t) + cos(s)) (Gas — 24z) = 0. (4.30)
Finally by adding (4.21) from (4.25),
2(04s — 2A4) — ((cos(t) — cos(s)) (Oys — 24;) -
(sin(t) — sin(s)) (25 — 24,) = 0. (4.31)
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4.3 Using differential forms

There are two equations that involve derivatives of ¢ which are (4.24) and
(4.26). Now we want to look at these two equations to get more information
about t. Let us consider this equation for log (ra) :

[H, G} log(ra) = H (G log (ra)) -G (H log (ra)), (4.32)
where H and G are given by
H = 2(84—sin(t)82—cos(t)81),

G = 2(8 —sin(t)d + cos(t)dz).
Then by using the equations (4.24) and (4.26) in equation (4.32),we find
(82 + 8% — 3% — 2)t = 2[(6i8)dy + |

(02t) O — (O3t) 05 — (Oat) Os] log (ra).  (4.33)
The last equation can be written as

(ra)? (04> + 85> — 3,2 — 8,°)t = [(&it)0 +

(32 t) (92 — (83 t) 63 - (64 t) 84] ('ra)Q.

Let set p = (ra)?, then we can write the last equation in a compact form
as

0s (pOst) + 05 (pdst) — o (pdut) — 8y (pdit) = 0. (4.34)

If we can solve equation (4.34) for ¢t and p, this might help to solve the
other equations. Note that an equation like (4.34) could be solved by using
differential forms, where the second order partial differential equation (4.34)
is equivalent to this equation in differential forms

d( =Wy dz' Adz? Adz® + W dz? Ada® Ada? +

Wy dx' Adz® Adz* — Wy de* Adz® Adz') = 0, (4.35)
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where W; = pditfori = 1,---,4. The 3-form

o = —Wydz* Adz? Adz® + Wy dz! Ad2® Adz? +

W, dz Adz® A dx* — Wy dz? A dz® Ada?,

is called a closed 3-form, since do = 0. Note that every closed form on R*
is exact, which means that there is a 2-form U which satisfies

o = dU.

The problem now is for a given W; satisfying (4.35), can we find p and ¢? If
the answer is yes, then we can use this to try to solve the equations (4.24)
and (4.26) for p and t. Now the equations we want start with are given by
this formula

W, — oW, = %Wi - %’)—p w;, (4.36)

for 1 < i < j < 4. This means that we have six equations,

(92 ”,1 - C?] I'/“VQ = an I’Vl - @ VVQ,
p p

b 8
Wy — O Ws = 2By - 2Py
P p

op

oW, — Wy = %—p W, — 22y,
o P
B Wy — Wy = %p Wy — 221,
0y — B Wy = 2Py, — PPy
p p
o )
Wy — Wy = 2Ly, - EPyy,.
P P

which we would like to solve for ¢; logp, i = 1,2, 3,4.
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Treating these as six linear equations in four variables (the W;) we find

b4W1—b2W2+b1W3 = 0,
bsWi — bsWo + 0 Wy = 0,
be Wy — bsW3 + bWy = 0,

b Wo — bs W3 + Wy = 0,

where by, for Kk = 1,--- ,6 are given by the left hand sides of (4.36) respec-
tively, so for example b; = d, W; — 0, W,. From these equations we derive

b3b4 - b2b5 + b1b5 = 0.
We can write the last equation in terms of Ws as

€M (9, W) (8, W,) = 0, (4.37)
where €!2** = +1. This tensor € is anti-symmetric, that is every time we
swap two indices the sign will change.

We see that (4.37) is an additional relation to impose on W to find the value
of pand ¢t. So far I have not been able to solve this, or to find any additional
conditions.

4.4 Case (I), For cos(t) — cos(s) # 0

We begin with just the assumption cos (t) — cos(s) # 0, but it will be
convenient later to make further assumptions, namely (4.41) and that ¢ is
constant. In this case we have from the equations (4.28)-(4.31) the following
relations :

sin () — sin(s)

(Gas — 243) = ( ) (s —24;), (4.38)

cos (t) — cos(s)

— sin (t — s)
cos (t) — cos(s)

(Bss — 243) = ( ) (B1s — 24;), (4.39)
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1 — cos(t—s)
cos (t) — cos(s)

(8as —24:1) = ( ) (815 — 24;1). (4.40)
At this stage we need to simplify our equations, because they are quite dif-
ficult to deal with without simplifying them, so we assume that the fol-
lowing two equations are true

Ay = —(A;cos(s) + Apsin(s)),
(4.41)
A3 = A;sin(s) — Ay cos(s).
Then the equations (4.21) and (4.23) will become
(84 + cos (s) 01 + sin(s) 82) s = 0, (4.42)
(83 + cos(s) 0y — sin(s) ) s = 0, (4.43)

respectively. Consider a point X in space-time. Equations (4.42) and (4.43)
show that s is constant on the plane through X spanned by the vectors
(cos(s),sin(s).0,1) and (—sin (s),cos(s),1,0), where s = s(X). If we take
another point X', we also find that the function s is constant on the plane
through X' spanned by the vectors (cos (s'), sin (s'),0, 1) and (— sin (s'), cos (s'), 1, 0),
where ' = s(X'). '

If these planes intersect, we then have s(X) = s(X').

The planes must intersect if the four vectors (cos (s), sin (s), 0, 1), (- sin (s), cos (s), 1, 0),
(cos(s'),sin (s'),0,1) and (- sin (s'), cos (s), 1,0) form a basis for R?+2

If they do not give a basis, then

cos (s(X')) sin(s(X')) 0 1
—sin (s(X')) cos(s(X')) 1 0] _ 0
cos(s(X)) sin(s(X)) 0 1|
—sin(s(X)) cos(s(X)) 1 0

The condition we have from the last equation is

cos (8(X)) cos (s(X')) + sin(s(X)) sin(s(X") = 1,
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and we could write this condition as
cos(s(X) — s(X')) = L (4.44)

This means that s(X) — s(X’') = 2nm, wheren € N, and as s is a contin-
uous function, then we deduce that s is a constant.

Now by considering s as a constant in the equations (4.20) and (4.22), we
get

(85 + cos(s)y — sin(s)d )a = 0, (4.45)

(84 + cos(s) 0 + sin(s) 62) a = d, (4.46)

respectively. By changing the variables in the equations (4.45) and (4.46),
we can solve them and write a as

a = h(:r4 — z! cos (s) — x? sin(s), z° + z' sin (s) — 2? cos (s)) . (4.47)

where £ is an arbitrary function of two variables.
We can write the relations (4.38), (4.39) and (4.40) as

¢ sin(t) — sin(s)
Az = (cos (t) — cos (s)) Ars (4.48)

_ — sin (t — s) :
As (cos (t) — cos(s) ) Avs (4.49)
Ay = ( L — cos(t—s) ) Ar. (4.50)

cos (t) — cos (s)

4.4.1 The electromagnetic field

We know that the electromagnetic field tensor is given by

Fo, = 0,4, — 8,4,. (4.51)
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By using the values for A, Az and A4 given by (4.48), (4.49) and (4.50) in
terms of A, in (4.51),

Fip

Fos

(sin (t) — sin (s))
(cos (t) — cos (s))
(1 — cos(t—s))
<cos (t) — cos (s))

Ay

2 (51 t)’

— sin (t — s)
(cos (t) — cos (s))
4 cos(s)(l - cos(t—s))

1 (cos (t) — cos (s))2

(1 - cos(t—s))
(cos (t) — cos(s))

cos (s) sin (t — s)

(cos (t) — cos (s))2

(01 A1) —

A

(611),

— sin (t — s)

(cos (t) — cos (s))
(1 - cos(t—s))
( cos (t) — cos (s))

(02 Ay) —

— A,

(1 - cos(t—s))

Oy A1) —
(cos (t) — cos (s)) ( )

A ! ; ((1-

(cos (t) — cos (s))

+ cos(s) sin(t — s) &ﬂ),

(01 A1) — 0: A1 —

(01 A1) — 03 A +

(611),

04 A) —

(‘sin(t) — sin(s))

(cos (t) — cos (s))

5 (a3t + cos(s)agt),

(sin (t) — sin (s))

(cos (t) — cos(s))

cos (t — 3))64t

(93 A1)

(01 A1) —
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By = (1 ——cos(t—s)) (6 A) +
(cos (t) — cos (s))

cos (s)
2
( cos (t) — cos (s))
The next thing we want to do is to find out what the currentless equation

gives us in terms of the electromagnetic field components. The currentless
equation is given by

sin (t — s)
(co§ (t) — cos (s))
((1 — cos(t—s))84t - sin(t——s)agt).

(01 A1) +

A

8, F** = 0. (4.52)

When v = 1.

1
( cos (t) — cos(s))
sin (t — )03 — ( sin (t) — sin(s) )62] 01A; —

(8‘22 - a32 - 842)A1 +

[(1 - cos(t—s))84 —

( " ill y ))2[(1 — cos(t—5))0y + cos(s) (1 — cos(t —s))0;

01 A,
(cos (t) — cos (s))2
cos(s) (1 — cos(t —s))ds + cos(s) sin (t — 3)84] t —
ot
(cos (t) — cos (s))

+ cos (s) sin (t — s)&lJ A+

+ cos (s) sin (t — 5)84] ot — [(1 — cos(t —s) )0y +

2[(1 — cos(t —s) )0 +cos(s)(1 — cos(t—s))ds

Ay (O t)

= 1(sin (t)cos (t —s) +
(cos (t) — cos (s)) [(

sin (s) (1 — cos(t—s)))(ag + cos(s)d3)t + (Sin(t) sin (t — s) +

cos(s) (1 — cos(t—s))) 84t] = 0. (4.53)
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When v = 2,

(sin (t) — sin(s) )(812 — 82 — B2 A + 2 [(alAl)(alt) _

cos(t) — cos(s)

Eu)t) = (k)00 oo T g +

1
(cos(t) — cos(s))

[(1 — cos(t—s))0y — sin(t— )03 — (cos(t)

— cos (s L gosle = )
()01 ] Oads + As =S
(8 A1) cos (s)

~ (cos(t) — cos (s))? [(1 — cos(t —s))0; +sin (t - 3)84] t+
(1 — cos(t—s))(sin(t) — sin(s))
(cos(t) — cos(s))?
A; cos(s)

- (cos (t) — cos (s))? [(1 — cos (t — ) )03 +Sin(t—s)84]62t_

- (8 — 852 — 8,

A

((@rt)? = (Bst)* — (Aut)?)

sin(t — s) (sin(t) — sin(s)) — (cos (t) — cos(s))
(cos(t) — cos(s))3
cos (s) (1 — cos(t—s))(sin(t) — sin(s))
(cos(t) — cos(s))3

A, [ cos (s) (Ost) +

(851)] (B2t) = 0. (4.54)
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When v = 3,

sin (t — s)

(cos (t) — cos(s)

) (37 +8:° = 0:%) AL + 2[(B1A))(0t) +

cos(s) (1 — cos(t—s))

(0:4)(2:) = (uA)Ot) | =7 T e

1
(cos(t) — cos(s))

[(cos(t) —cos(s))d) — (1 — cos(t—s))0s +

cos(s)(1 — cos(t—s))

(cos(t) — cos(s))? (812 + 092 — 842)1‘,

(sin(t) — sin(s)) 8y | 8341 + A
(95 A1)
+ (cos(t) — cos(s))?

cos(s)(1 — cos(t —s))(sin(t) — sin(s))
(cos (t) — cos(s))?

[(1 — cos(t —s))02 + cos(s) sin(t—s)&;]t-&-

A, ((@1t) + (3t)* — (aut)?)

A
* (cos (t) — cos(s))?

[(1 — cos (t — 8) )32 + cos (s) sin(t—s)84]83t+

A, [sin (t—s)(sin(t) — sin(s)) — (cos(t) — cos(s))

(cos(t) — cos(s))3 cos (s) (9ut) +

(1 — cos(t—s))(sin(t) — sin(s)) -
(cos(t) — cos(s))3 (82t)](83t) = 0.. (4.55)
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When v = 4,
( 1 — cos(t —s)
cos (t) — cos(s)

) (85 — 8 — &%) Ay + 2[(B1A1)(it) +

(82A1)(Bat) — (B341)(B3t) ] (cos ES) sin (¢ — s)

cos (t) — cos(s))?
1
(cos(t) — cos

(s)) [(cos (t) — cos(s))O +
(sin () — sin(s)) 8, + sin (t — 5) 8 | Badi+

cos () sin (t — s)
" (cos (t) — cos(s))2
(04 A1)
(cos(t) — cos(s))?

(0% + 0. — 83 t+

[(1 = cos(t—s))d+
cos(s) (1 — cos(t—s))ag]t-{—

sin (t — s)(sin(t) — sin(s)) — (cos (t) — cos(s))
(cos(t) — cos(s))?3

Aj cos (s)
(1 — cos(t—s))
(cos (t) — cos(s))?

1 —cos(t — s))(sin (t) — sin(s))
(cos (t) — cos(s))3

((0rt)? + (0at)* — (351)?) + A

[82+

cos(s)83]84t+ Al(

[(Bat) +cos (s) (Bst) | (Bat) =0.  (4.56)

Now as we see all these equations are still quite difficult to work with. The
next idea is to simplify them by making an assumption.

Assume that ¢ is a constant, then as we showed that s was a constant
(4.44), equations (4.24) and (4.26) become

(85 + cos ()8, — sin ()8, ) (ra) = 0, (4.57)

(01 = cos(t)dy — sin(t), ) (ra) = 0, (4.58)
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respectively. By changing the variables in the equations (4.57) and (4.58),
we can solve them and we can write (ra) as

ra = g<m4 + 2! cos (t) + 22 sin(t), 2° + 2! sin (t) — 2° cos (t)) . (4.59)

where ¢ is an arbitrary function of two variables.
Now we can write the equations (4.53), (4.54), (4.55) and (4.56) as the fol-
lowing

(cos(t) — cos(s) ) (8> + 8;° — 85> — 8:”) A1+
[(1 - cos(t—s)) Oy — sin(t —s) 03 — (sin(t)—
sin (s)) Oy — (cos (t) — cos (s)) 81] 01 Ax

0, (4.60)

(‘sin(t) — sin(s) )(81° + 8° — 85> — 84>) Ay +
[(1 - cos(t—s)) Oy — sin(t —s)03 — (sin(t)—
sin (s)) Oy — (cos (t) — cos (s)) 81] A = 0, (4.61)

sin(t—s) (812+ 822 — 832 - 842)A1—
[(1 — cos(t — s)) Oy — sin(t—s)d3 — (sin(t)—
sin(s)) Oy — (cos (t) — cos (s)) 81] 034A; = 0, (4.62)

(1= cos(t—s))(07+ 0" — 85° — 85*) A+
[(1 - cos(t—s)) Oy — sin(t—s)0; — (sin(t)—
sin(s)) 0> — (cos (t) — cos (s)) 51] 04A; = 0, (4.63)

respectively. There are another four interesting equations which are derived
from the last four equations, and which we will solve first. To get the first
equation let us multiply (4.60) by (cos (t) — cos (s)), (4.61) by (sin (t) —

sin(s)(?, (4.62) by (— sin (t — s)) and finally (4.63) by (cos (t—s) — 1),
and add all the results together, giving

[(1 — cos(t—s)) Oy — sin(t—s)03 — (sin(t)—

sin (s)) Oy — (cos (t) — cos(s)) 81]2A1 = 0. (4.64)
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The second equation is given by multiplying (4.60) by ( sin (t) — sin (s))
and (4.61) by (cos (t) — cos (s)), then subtracting the results, giving

[(sin (t) — sin (s)) 0 — (cos (t) — cos (s)) 62}
[(1 - cos(t—-s))84 — sin(t —s) 03 —

(sin (t) — sin (s)) 0y — (cos (t) — cos (s)) (91] A = 0. (4.65)

The third equation is given by multiplying (4.60) by sin (¢ — s) and (4.62) by
(cos (t) — cos (s)), then adding the results, giving

[sin (t—s)0 — (cos (t) — cos (s)) 83]
{(1 - cos(t—s))84 — sin(t — s) 05 —

(sin (t) — sin (s)) Oy — (cos (t) - cos(s)) 81] A = 0. (4.66)

Finally the last equation is given by multiplying (4.60) by ( cos(t—s) — 1 )
and (4.63) by (COS (t) — cos (s)), and subtracting the results, giving

[(cos(t—s) - 1)6‘1 - (cos(t) — cos(s))&i]
[(1 — cos(t—s))&, — sin(t —s) 05—

(sin(t) — sin(s)) @, — (cos(t) — cos(s)) A ] A1 = 0.  (4.67).
To solve the last four equations we set

fi = [(1 — COS(t—S))a4 — sin(i‘,_‘g)a3 _

(sin (t) — sin (3)) Oy — (cos (t) — cos (s)) 81] Ay, (4.68)
Now we can write the equations (4.64)-(4.67) as the following
[(1 — cos(t — s)) Oy — sin(t—s)d; — (sin(t)—

sin(s)) 8 — (cos(t) — cos(s))d1| fi =0,  (4.69)
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[(sin (t) — sin (s)) o — (cos (t) — cos (s)) 82} fi =0, (4.70)
[sin (t—s)0 — (cos (t) — cos (s)) 83] fi =0, (4.71)

[(1 - cos(t-—s))al - (cos(t) - cos(s)) 84]f1 =0, (4.72)

respectively. The last four equations are linearly dependent, implying that
f1 is a function of one variable,

. sin () — sin(s) , sin (¢ — 5) r?
h (a1 T o cos (t) + cos(s) T M s (t) + cos(s)
1 —cos(t—s) ,
O o ) ), (473)

where a; is an arbitrary constant. By substituting this value for f; in equa-
tion (4.68), it becomes

[(1 - cos(t—s)) Oy — sin(t—s)03 — (sin(t) — sin (s)) 0y —

sin (t) — sin(s) 22
cos (t) + cos(s)

(cos (t) — cos(s)) 81] A = fi (al 2t + a

sin (t — s) : 1 — cos(t—s)
—a) T+ a;
cos (t) + cos(s) cos (t) + cos (s)

o). (4.74)
To work out the last equation we need to change the variables first:

For z! and 22,

o sin (t) — sin(s)
b= (cos (t) — cos (s)> z*
q = (cos (t) + cos (5)) ot + (sin (t) + sin (s)) T, (4.75)

And for 23 and ¢,

1l —cos(t—s)\ 4 sin (t — s)
L= <cos (t) — cos(s) ) v (cos (t) — cos(s) )
J (1 + cos (t — s)) ! + sin(t — s) 2. (4.76)

z°,

i
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Now we can write equation (4.74) in the new variables as

2 cos(t—s) s, s, B
cos (t) — cos(s) (3_p - 8—Z)A1 = filai(p + L)). (4.77)

Again here we need to change the variables as
R =p-1L and K =p+ L. (4.78)
Then equation (4.77) becomes

0 _cos(t) — cos(s)
ﬁAl ~ 2cos(t—s) fila K).

By integrating the last equation with respect to R, we can write A; as

cos (t) — cos(s)
2 cos (t — s)

Al fl(alK)+gl(K3Q$J)v

or
cos (t) — cos(s)

A= 2 cos (t — s) (p — L) filai(p + L)) + g1(p + L, q, J),
(4.79)

where L, J, p and ¢ are as given in (4.65) and (4.66), and ¢; is an arbitrary
function of three variables.. :

The idea now is to substitute this value for 4, in the equations (4.60)-(4.63).
In fact by doing this we will have the same result from all of them, ’

1 —cos(t—s)y , ,
201( cos(t—3) )f1 + a1 fy

+(812 + 822 - 832 - 842)91 = 0. (480)
Since g; is a function of p + L, ¢ and J only, we have

(312+ d9% — a32 - 342)91 =
82 H?

2(1+cos(t—5))(a—q2 - ﬁ)gl.

(4.81)
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Now by using equation (4.81) in equation (4.80), it becomes

(ﬁ_ﬁ_) _ cos(t—s) — 2
d¢>  9J? n= 2cos(t —s)(1 +cos(t—s))

afilwk).  (482)

To solve the last equation we need first to change the variables as
h1=q+J y h2=q—J. (483)
Now we can write equation (4.82) as

0 0 _ cos(t—s) — 2 ,
48_h18—hggl ~ 2cos(t —s)(1 +cos(t—s)) a fi(a:K).

Since g; is a function of p+ L, h; and hs only, and f; is function of K, where
K is p+ L, now we are able to write g; as

_ cos(t—s) — 2 /
9 = 8cos (t — s)(1 + cos (t — s)) arhy hy fi(a1 K) +
92(h17h27K), (484)

where g, is any solution of

0 0

55;5)7292 = 0,

where hy and hy are given by (4.83).

Finally we can write A; as

Rl 72 (5 - L) ety + L) +

cos(t—s) — 2
8cos (t — s)(1 +cos(t — s))

Ay

arhy hy fi(ai(p + L))

+g?(h’1ah’2»p+L)- (485)
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There are non vanishing solutions for the electromagnetic field, given by

2sin (t—s) 0 0

Fo = SO —cose ol TR % T
T R R
e 2+ hcos )+ os(9) -
(s = a))anf; = S = 1,

Pt = e (20000 g + 20050 570 ) 00 -
) e (25000 5 + 20080 57 e ¢
4cos (t —s)(1 fc)iit(;—s)s);(ios (t) — cos (s)) ((eos (t) -
cos (s) cos (t — ))hy + (cos (s) — cos () cos (t — 5))ha)ar f{ +
L,

o = - cossii:; (t—_cji G (2sn® a% + 2sin () 57 ) 92

3 sin (t — s)(cos (t — s) — 2)

4cos (t — s)(1 + cos(t — s))(cos (t) — cos (s))
sin (t — s) (sin (t) — sin (s))
cos (t — s) (cos (t) — cos(s))

(sin (t)hy +

sin (s)h1)a1f] —

fr,
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F24 =

Fiy =

cos (t) — cos(s)

S (a0 e 20n0 )
cos (t —s) — 2 ((Sm ®) =

4cos(t — s)(1 + cos(t — s))(cos (t) — cos(s))

sin (s) cos (t — s))hy + (sin (s) — sin (¢) cos (t — s))hg)alf{ +

(1 — cos(t — s)) (sin (t) — sin(s))
cos (t — s) (cos (t) — cos(s))

fr

sin (t — s)(cos (t — s) — 2)
4 cos (t — s)(1 + cos(t — s))(cos(t) — cos(s))
sin (t — s) 0 0
cos (t) — cos(s) ‘ Ohy ahg)gz'

ai(hy — ho) fi

(4.86)

4.4.2 Summary of Case (I)

In this case we have that

cos(t) — cos(s) # O.

The solution for the Dirac massless equation is given by

1

eis
ires (st
ir 8% (s+t)

Y = a,

where s and ¢ are real constants, and

a =

ra =

h(a:4 —z' cos(s) —z? sin(s), z* + z' sin(s) — 2 cos (s)) ,

g(x4 +z' cos(t) +2? sin(t), 2° + 2' sin(t) — 22 cos (t)) :

where h and ¢ are arbitrary functions.
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The vector potential is given by

sin (t) — sin(s)

A = (cos()—cos(s)>A1’
_ — sin (t — s)

A = (cos()—cos(s))A

A4 _ (l—COS(t—S))A

cos (t) — cos(s)

where A, is given by

003(28@ (.:?Ss)(S) (p = L) filaa(p + L)) +

cos(t—s) — 2
8cos(t— s)(1+cos(t—s))

Ay

arhahs fi(ax(p + L))

+92(h1,h2,P+ L)a

where f; is an arbitrary function of p + L, a; is an arbitrary constant, and
g2 is any solution of

0 4
Ohy Oy 2
where h; and hy are given by

= 0,

hh =qg+J , hy =9q-1J.
There are non vanishing solutions for the electromagnetic field, given by
(4.86).
The variables p, L, ¢ and J are given by
24 (sin(t) — sin (s))xg’

cos (t) — cos(s)
q = (cos (t) + cos(s)) '+ (sin (t) + sin (s)) z2.

p:

_ 1 —cos(t—s) \ 4 sin (t — s) 3
L= (cos(t)—cos(s)) _(cos(t)—cos(s))m’

J = (1 + cos(t—s))x4 + sin (t — s) 2.
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4.5 Case (II), For cos(t) — cos(s) = 0

We begin with just the assumption cos (t) — cos (s) = 0. It will be convenient
now to make further assumptions, namely (4.91) and that ¢ is constant. In
this case we have

cos (t) = cos(s) so that t = +£s+ 2nm, n € N. (4.87)

Next we are going to do one of these possibilities. The other will be similar.
The one we want to do now is when t = s + 2n7:

Then we have from the equations (4.28), (4.29), (4.30) and (4.31) for sin (s) #
0 the following relations :

__cos(s) .
(Oas —2Ay) = Sn () (0 24;), (4.88)
(D38 — 2A;3) = S0 (5) (O1s — 2A4;1), (4.89)
(855 — 24,) = 0. (4.90)

At this stage we need to simplify our equations (4.21)-(4.27), because it is
quite difficult to deal with them without simplifying them, so now we want
to assume that the following are true

Ay = — (A cos(s) + Ay sin(s)),
(4.91)
As = Ajsin(s) — Ay cos(s).
Then the equations (4.21) and (4.23) become
((94 + cos(s) 0y + sin(s) 82)5 = 0, (4.92)
(83 + cos(s) 0y — sin(s)@l) s = 0, (4.93)

respectively. Similarly from the last two equations we can deduce that s is
constant, then from the equations (4.20) and (4.22) we will have the same
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value for a as in (4.47), and from the equations (4.24) and (4.26) the value
for (ra) as in (4.59) after replacing each ¢ by s + 2nm, so that

ra = g(:z:4 +z! cos(s) + 2 sin(s), 23 + z' sin(s) — z? cos(s)) ,
(4.94)

where g is an arbitrary function of two variables.
Now we can write the relations (4.88), (4.89) and (4.90) as

cos (s) 1

—m s A3 = S (8) s A4 = 0. (495)

Ay =

4.5.1 The electromagnetic field

We know that the electromagnetic field tensor is given by (4.51). Now by
using the values for Ay, A3 and A, given by (4.95) in (4.51), we have following

cos (s)
F, = —(sin(s) o1 + 32)141,
1
Fo = (G = %)An
Fiy = =044,
1
Fyy = ) (82 + cos (s) 83) A,
B = 2854,
sin ()
1
Foo = = sin () O Ay

The next thing we want to do is to find what the currentless equation (4.52)
will give us by using the electromagnetic field components.

When v = 1,
sin () (61” + 3 — 85" — 8s°) Ay + ( cos () B
~sin(s)8y + 05 )0 Ay = 0. (4.96)
When v = 2,
cos (s) (0124 0p2 — 05° — 0,2 ) Ay —
(cos(s) 0 — sin(s) 0y + 83) 0 Ay = 0.  (4.97)



Solutions for the massless Dirac equation in 2 + 2 dimensions 164

When v = 3,

(024 09 — 85 — 0,) A + 7
(COS (8) 82 — sin (8) 81 + 83) 83 Al = 0. (498)

When v = 4,
(cos(s)By — sin(s)By + 05 ) A1 = 0.  (4.99)

There are another three interesting equations which are derived from the last
four equations, and which we will solve first. To get the first equation, let
us multiply (4.96) by sin(s) and (4.97) by cos(s), and add the results to
equation (4.98), giving

(cos(s)&z ~ sin(s)0, + 63)2A1 = 0. (4.100)

The second equation is given by multiplying (4.96) by cos(s) and (4.97) by
sin (s), and by subtracting the results,

<cos(s)81 + sin (s) (9-2) ( cos(s) Oy — sin(s) 0 + 83) A = 0. (4.101)

The last equation is given by multiplying (4.98) by sin (s) then by subtracting
the result from (4.96).

(81 + sin (s) 83) ( cos (s) 0y — sin(s)d; + 83) A = 0. (4.102)
Now before solving these equations let us first set
fi = <cos (s)0y — sin(s) 0, + 83) A (4.103)
Then using this we write the equations (4.99)-(4.102) as

osfi =0, (4.104)
(cos (s) 0y — sin(s) 0 + 83) fi =0, (4.105)

<cos (s) 01 + sin(s) 82) fi =0, (4.106)
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(& +sin(s)d5) i = 0, (4.107)

respectively. The last four equations are linearly dependent equations, im-
plying that f; is a function of one variable,

cos(s) 1
in(s) t s (5) ™ :ES) ' (4.108)

fi(arzt -
By substituting this value for f; in equation (4.103), it becomes
(cos(s) 0y — sin(s) 0 + 6‘3) A =

f(a - 20

1
sin (s) “F T (s)

To work out the last equation we need to change the variables first as the
following

a, 1’ ) .(4.109)

g s
sin (s)
q = ' sin(s) + z° cos(s). (4.110)
Now we can write equation (4.109) in the new variables as
-1 o 1
g 9 VA, = — a;z2%).
sin(s)(c')p sin (s) 3) ! fl(a1p+ sin () e )

Again we change the variables for the last equation as

R:p— xr,

K = 3 4.111
: P sin () ’ ( )

By using this change of variables, we write the last equation as

0 . -
2ﬁAl = —sin(s) fi(a; K').

Now by integrating both sides in the last equation with respect to R,

-1
A = & sin(s) il K)R + gi( K, g, ).
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or
-1 1 1
Al = TSIH(S)fl(al(p-l—Sin(s)m))(p_Sin(s)z)
+gl(p + -Tga Q7$4)v (4112)

sin (s)

where p and ¢ are given by (4.110), and g; is an arbitrary function of three
variables.

The idea now is to substitute this value for A; in the equations (4.96)-(4.99).
In fact by doing this we will have the same result coming from all of them,
giving

(824 8° — 8 — * )i (K, g, z*) = 0. (4.113)
Next we want to know what g¢; is independent of. Starting with

cos (s) c
sin (s) * sin (s)

(a@l +b(92 +C@3)A, =a—0b = 0,

e,

sin (s)

q
sin (s) )

we find values of a. b and ¢ so that

(aal + bag + Cag)(

((L@] + b0y, + c83)g1 = 0,
If we set b = — sin(s). then
(cos(s)0; — sin(s)dy — sin(2s)03)g; = 0. (4.114)

Now unless sin (2s) = + 1. this equation is a derivative in a spacelike direc-
tion. We can do a Lorentz transformation to new coordinates (i, y2,¥s, Y1 )
for R?*2 with signature (+,+, —, —), in which (4.114) becomes

0
G g1 (v1,92,y3,01) = 0,

i.e. g; is a function of (y9,y3,¥s ) and

(0 — 85 — 0:%) g1 (w,93,04) = 0.
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This equation has lots of solutions, one way to solve an equation like this is
by separation of variables.

If sin(2s) = %1, similarly we can get new coordinates in which (4.114)
becomes

(01 — 03)91(y1,92,¥3,94) = 0.
Now by changing the variables to

P=v+ys , ¢ =u—us,
the last equation says that

(822 — 642)91(?;1 - ¥3,Y2,%1) = 0.

There are non vanishing solutions for the electromagnetic field, given by

Fio, = —'Zcos(s)aiqgl,

Fi3 = —sin(s) fi Sinl(s)((.%—ggzg)gl-i'%gu

Fiu = —5%91,

- S8 G S L 2O L
-

Fa = si;(z)%gl' (4.115)°

4.5.2 Summary of Case (II)

In this case
cos(t) — cos(s) = 0.

The solution for the Dirac massless equation is given by

1
eis
V=1 ipetn |
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where s and t are real constants, and

2 2

a = h(x4—3:1 cos(s) — % sin(s), 2° + z' sin(s) —z cos(s)),

ra = g(a:4 + 2! cos(s) + 22 sin(s), 23 + 2! sin(s) — z? cos(s)),
where h and g are arbitrary functions.

The vector potential is given by

dy = =S o L a4, — o,
sin (s)

where A, is given by

A = :21 sin(s)fl(al (p +

: ) (p -

sin (s)

+a(p+ Sinl(s) 2, q,2%),

where f; is an arbitrary function of (p + z3/sin(s)), a; is an arbitrary
constant, and g, is any solution of

(012 + 022 — 932 — 9%)g1 = O,

where g; is a function of (p + 2%/sin (s)), ¢ and z?. There are non vanishing
solutions for the electromagnetic field, given by (4.115). |

The variables p and ¢ are given by

p o= ol - cos(s)IQ’

sin (s)

q = z'sin(s) + 2% cos(s).
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APPENDIX

The lightlike line solution (light speed particle)

In this case we are looking for light speed particle, in other word we are looking for particles traveling along the
line (1,0,t,0). The representation of the Dirac gamma matrices are given by

71 = {{ol OI 0, -I}l {ol 0o, -I, o}l {ol I, 0, O}l {Il 0: 0' 0}}

{{O, 0, 0, “i}, {0, Or _i: 0}; {Ol il 01 O}I {il Ol OI 0}}

¥2={{0, 0, 0, -1}, {0, O, 1, O}, {0, 2, O, O}, {-1, O, O, 0}}

{{O, O, 0, —l}, {0, O, 1' O}r {OI 11 Or o}r {_11 OI O, 0}}

73 = {{0, 0, -1, o}l {0: o, 0, 1}: {1, o, 0, 0}, {0, -1, 0, O}}

{{6, 0, -1, 0}, {0, 0, 0, 1}, {1, 0, O, O}, {O, -1, O, O}}

74= {{0, ol II o}l {0, 0l ol I}I {II OI 0' o}' {ol I, 0, 0}}

{{o, o, i, 0}, {0, 0, 0, i}, {i, 0, 0, O}, {0, 1, 0, 0}}

The currentless spinor we want to consider in this case is given by

w= {{a}' {aels }’ {Irael((s-t)/Z)}’ {Irael((l+t)/2)}}

{{a}, {aeis}, {iae%its-:) r}, {iaeéi(sm) r}}

There are two linearly independent elements of the Lie algebra of the group SO(2,2) which preserve a lightlike
line (for massless particles), and they will provide two symmetry equations by substituting them in the Lie
algebra representation (3.4). The symmetry equations we have here are given by

e R/ oy 1

X4Ox2 +x2—————ax4 = 272)/4.11/,
oy sy 1

XBOxl +X16x3 = 2)/1)/3.1,0.

To look for particles travelling on the line (t,0,t,0), we suppose that we have a particularly simple equation for
translation along the line,we guess that
oy oy
+

3 x1 ax3 - KV




where K is a 4x4 matrix, and its entries are all functions of x1 and x3 only. The matrix K takes the currentless
spinor to the tangent space of the currentless spinor. By working out the last equation together with the symme-

try equations we find the form for the matrix K which is

K = {{k1l1, k12, k13, k14}, {-k12, k11, k14, -k13},

{k31, k32, Conjugate{kil], k34},
{k32, -k31, -k34, Conjugate[kll]}}

{{k11, k12, k13, k14}, {-k12, k11, k14, -k13},

{k31, k32, Conjugate[k1l1l], k34},
{k32, -k31, -k34, Conjugate([kll]}}

The massless Dirac equation is given by
YW (o, -iAa, ) ¥ =0.

By using the symmetry equations and by changing the variables we write could the Dirac equation in 2+2

dimensions as
(1/2) (" (¥y3-y1l)+e™ (y3+vyl)) (i e K)yy + (1/(2J3)) e* (y3-v1) ¢+

p _ -p o4 ., 1 = i yH

(1/2) (€8 (y2-y4) +e® (y2+v4)) (Oq A A R L

where p. q,J and L are given by (3.40) and (3.42). To work out the last equation we need first to find the values

for the following operators:

Opratorl =I (Al yl+A2vy2+A3Yy3+Ady4d)

{{0, 0, i (-A3+iAd), i (-iAl-A2)},
{0, 0, i (-iA1+A2), i (A3+1iAd)},
(i (A3 +iAd), i (iAl+A2), 0, 0},
(1 (1A1-A2), i (-A3+iA4), 0, 0}}

Oprator2 = (1/2) (e* (¥3-vy1) +e™™ (¥y3 +yl))

1

(-e’¥ - ey, - (-1 et+iel)},

{{o, 0,

1
2
% (-iet+1eb), % (e'L+eL)},

{%— (el +el), % (el -1ieY), 0, O},

{—;— (iel-1iel), —;— (-et-e), 0, 0}}




Oprator3 = I (Oprator2.K)

{{i (izl_ (-t -e¥) k31 + % (-iet+1iel) k32),

i (_% (-ie*+iel) k31+% (-el -e) k32),

i (-% (-ieT+iel) k34+% (-el -e) COnjugate[klll),

i (% (el -el) k34 + %— (-ieT+iel) Conjugate[kll])},
{i (% (-ie v +iel) k31 + % (e +e") k32),

i(-3 (eT+ef) K314 o (-ietviet) k32),

i (—%- (et +e) k34 + % (-ie*+1iel) Conjugate[kll]),

i (% (-ieT+ie") k34 + % (e +e") Conjugate[kll])},
(i (3 (et+er)xi1- = (et -iet) ka2,

i (% (iel-ie") k1l + % (el +em) k12),

i (% (el +el) k13+%— (iet-iel) k14),

i (—% (iel-iel) kl3+% (e™ +e") k14)},

{3 (% (ie™-ie") kll- % (-e" -e") k12)'

i (% (e’ - e¥) k11 + % (ie™-ie") ki2),

i (% (ie™-1ie) k13 + % (-el - eb) k14) .

i (_% (-et - et) k13+% (ie’-ieb) k14)}}

Opratord = (1/ (2J)) e* (¥3 - y1)

el ie® ie
o055 zz b {00 55 551
e’ ie" ie" e’
lzg 35 2% 55 35 0. 0}}




Tearml = ( e* Oprator3) .y

[{iaewis (-% (-iel+iel) k31+-;— (- - e*) k32) +

iael (-l— (-e"-el) k31 + % (-ieT+iel) k32) -

2
1 1 i
aeltzi(s-t) o (——2— (-ie*+iel)k34+
—;'- (-el-el) Conjugate[kll]) —aeltT s o
(% (-e* - el) k34 + -2;— (-ie” +iel) Conjugate[kll])},
{iaeis (-% (e™ +ev) k31 + % (-ie+iel) ksz) +
. L 1 . _-L . L 1 -L L
iLae (? (-1e " +ie )k31+7 (e™ +e") k32) -

a el iist) ¢ (—-;— (e’ +el) k34 +

% (-ie’ +ie) Conjugate(kil]) -ae

(% (-ie™+1e") k34 + % (e + e") Conjugate [k11] ) },

{iae” (% (e¥ +e¥) k11 - % (iel-ie") klz) +

L+é— i (s+t) r

iaeltis (% (iet-1ie") kll+% (et +e) k12) -
a el*T i (s-t) (% (e +el) k13 + % (ie®-1iel) kl4) r-
L+3 i (s+t) R RN AR _l -L L

ae ( > (Le :lLe)k13+2 (e +e)k14)r},

{iaeI‘ (i (1el-1ie™) k1l - S (-e ¥ -e) klZ) +
2 2
iaebis (% (-e¥ - e") k11 + % (1el-1e") klz) -~
a eltT i (s-0) (% (Lel-1el) k13 + % (-et -e") k14) r-

a el T i (s+t) (—% (-e¥ —e) k13 +% (ie’-ieb) k14) r}}

Tearm2 = Opratord . ¥

{{ iaeltsils-t) o a el+T i(s+t) o
2J 23 !
a eL+-§- i (s-t) r ia eL+% i (s+t) r }
- +
2J 2J !
L L+i s L+d s

ae 1Lae
2J 2J

{_iaeL _ae
! 2J 2J




Tearm3 = Opratorl .y

{{-—a (-A3 + 1 A4) eTils-t) y _4 (-i Al - A2) e 1 (s+t) r},
[-a (-iAL+A2) eT#5%) r_a (A3 +iAd) eT 1540 r},

{ia (A3 +1A4) +ia (1Al +A2) e*®},
{ia (1A1-A2) +ia (-A3+iAd) e'®}}




Tearmd4 = Tearm3 - Tearm2 - Tearml
. L+is . -L : L 1 -L L

{{-—1ae (——(—1e +1e)k31+—2—(—e —e)k32)—

. L 1 -L L 1 . -L . L

iae (7 (e -€") K31+ = (-ieTrie )k32) -

a(-A3+1iAd) eTi () r_g (LiAl-A2) eTi(s4t) py

. L+d i (s-t) L+ & (S+t) .
1ae r ae T o aelttils-t 4

2J 2J
1 . R 1 .
(—7 (-iet+ie¥) k34 + > (-eTt -e") Conjugate[kll]) +a

eL+71- 1 {s+t) r

1
(— (-eb-ef) k34 + % (-iel+iel) Conjugate[kll])},

2
. L+is 1 -L L 1 . -L . L
{—lae (—?(e +e)k3l+?(-1e +1e)k32)—
iae" (% (-1et+ie") k31+% (e +e") k32) -

a (-iAl+A2) eTi(5°%) r _ 3 (A3 +iAd) eT (5+T) r

. L+3 i (s+4t) 1.
1ae r Led i (s-t) o

aelts il(s-t) o
- +
23 23 ae
1 -L L 1 . -L .+ L :
(—? (e +e”) k34 + 5 (-Le" +1e”) Con]ugate[kll]) +a

eL-r-}i(sH:) r
1 o L . L 1 _L L 0
(? (-ie™ +1ie”) k34 + 5 (e " +e )Conjugate[kll])},
aer iael*is
+
2J

{ia (A3 +ind) +ia (iAl+A2)e'" - >3
. L(l L L 1 . & . L
lae — (e +e”) kll - = (ie —1e)k12)—
2 2
1 . . . L 1 L L
(ie —1e)kll+3(e +e)k12)+

iaeL+Ls (__

2
a eltT i(s-t) (% (e™ +e") k13 + % (ie’-ie) k14) r+
L+ 1 {S+t) 1 . -L : L 1 ~-L L
ae"? (——(ne —1e)k13+?(e +e)k14)r},

. i L L+is
{ia (1AL1-22) +ia (-A3+iag) ei®+ 22 4 25
2J 23

iaer (% (iel-1ie") kll—% (el - ev) klz) -
iaebis (% (e~ e") k11 + % (iel-iel) k12) +

. 1 . .
aeltti(s-0) (_5_ (1e*-1e") k13 + _;‘. (-e¥ -e") k14) r+

aeL+é—i(s+t) (_% (_e-L_eL) k13+% (1 e-L_ieL) k14) r}}




Oprator6 = Inverse [Oprator5]

(fo- 0 5= -2 -5 - 5}
P eP ie?® 1eP
0. 00 S+ 5 )
i1eP ieP e’P eP
{ - + 0, 0}
2 2 2 2 " !
eP eP ie® ieP 0.0
i S e S

Oprator?7 = FullSimplify[Opratoré6]

{{0, 0, -isinh[p], -Cosh[p]}, {0, 0, Cosh[p], -iSinh[p]},
{-1iSinh[p]}, Cosh[p], 0, 0}, {-Cosh[p], -iSinh([p], 0, 0}}

Tearm6 = Oprator7 . Tearmd

A iaeL aeL+is
-l i Al - A2 1 -A3 +1A4) e*® -
{{ (1a(1A y+1ia ( +1 e " + 57 + oW

iael (%— (iel-iel) kll—-;— (-e T -eb) k12) -

iaebtis (% (-e’t - el) k11+—;'— (iel-1ieb) klz) +
L+t i (s-t) (l . L s L 1 -L L

a el S (iet-iet) k13 + S (-e —e)kl4)r+

a it i s+t (—% (-e -e") k13 + %— (ie*-iel) k14)

r| Coshp] -

aer . iael*is
2J 2J

i [ia (A3 +1A4) +ia (iAl+A2) e's -
iaet (% (e’" +e") kll—% (ie?-1e") k12) -

iaeltts (% (e’ -1e") kil + % (e +e") k12) +

L+d i (s-t) (i

2

a el T i (s+t) (_i (iel-1iel) k13 +_;_ (el +eb) kl4)

ae (e'L+eL)k13+% (ie‘L—ieL)kl4)r+

r) Sinh[p]},

. L i L+is
{(ia(A3+iA4)+ia(iAl+A2)e‘5_‘23 +132eJ _
3 L 1 -L L 1 . -L . L
iae (—2 (e +e)k11—3(1e —1e)kl2)-

iaeltis (% (iel-1iel) kil + % (e’ +eb) k12) +

aeltTi(s-t) (% (e’ +e") k13 + %— (1el-1e) k14) T+




a el*T i (s+t) (-% (ie?®-ieb) k13 +% (el +el) k14) r)

Cosh[p] - i (ia (1Al -A2) +ia (-A3+1iAad) el +

iaeL .\ aeL+is
23 23J

iael (% (iel-ieb) kll—-Jé'— (-e® - &) k12) -

. i 1
laeL-l-l.s (_

> (- -e") k11 + % (ie*-ie") klz) +

a eltT i (s-t) (% (ie’-ie¥) k13 + % (-e* -el) kl4) r+
L+ i (s+t) 1 -L L I iel_jet

a el (-—2—(—e -e') k13 + > (ieT -ie) k14

r) Sinh[p]}.

{(-iaeb+is (-% (e +e") k31 + % (-ie™+1ie") k32) -

2
a (-iAl+A2) €T r_a (A3 +iAd) eT (548 py

iael (i (-iel+ie") k31+ % (et +eb) k32) -

aelttils-t) ¢ ia el+s i(s+t)
2J - 2J
1 -L L 1 . -L . L .
(—7 (e +e”) k34 + > (-1e " +1e”) Conjugate[kll]) +

Lz i (s-t) o

+ae

1.
a eL+T 1 (s+t) r (

N

(-iel+iel) k34 +

> (el +el) Conjugate[kll]) Cosh[p] -
i {-iaeL""s (-% (-ie+ie") k31+ % (-e¥ -e") k32) -
iae % (-e* -e") k31 + % (-ieT+1ie") k32) -
a (-A3 +1Ad) et 1578 r_ a5 (-3 Al-A2) et i(set) o
iaelﬁ%i(s-t) r aeLd--}_—ilSd-t) r
+ +
23J 2J

L+3 i (s-t) 1 . -L . _L 1 -L L

ae™7 r(—?(—1e +1e)k34+?(—e -e”)
- 1
Conjugate[kll]) +aetT s o (? (-e¥ - e") k34 +
% (-1 el +ie") Conjugate[kll])} Sinh[p]},

_ 1 L+l s _i _ 3 -L . L 1 _e Ll _ b _
{(lae (2(1e +1e)k31+2(e e)k32)

iaet (% (-eL - et) k31+% (-ie®+1ieb) k32) -

a (-A3+1A4) eT 578 y_ a5 (LiA1-A2) eT 1SV py

iaeL+§-i(s-t) r aeLfé—i(S#-t) r
23 * 23

+
aeL,,%-,‘s-t) r (_% (-iet+ie") k34 +

Conjugate [k11] ) raelttilsen) o




K34 + % (-ie™ +ie*) conjugate[kil])| Coshlp] -

i —iae“”‘(—%— (el + &) k31+% (-iel+1iel) k32) -

iael (% (-iel+ie") k3l+ %- (e +el) k32) -

a (-1iAl+A2) eT 25t r_a (A3 4+iA4) eT 1540 gy

a eb+z i(s-t) , iaelbtriisse) o
- +ae
2J 2J

{——;— (e +ev) k34 + % (-ieT +ie") Conjugate[kll]) +

L+z i (s-t)

a el iiset) ¢ (—%— (-ie™ +1iel) k34 +

= (e® + e') Conjugate[k11] )) Sinh[p] }}

Equal = (1/(2q)) ¥

is iaerils-t) o4 iaeTils+t) o
({ ) {22y, (fees —ory (laeritiry

3% 3k 3k 3k 5k ok 3k 3K ok 3k 3k 3k 3k ok sk ok sk sk ok ok ok sk ok sk ok ok sk ok K ok 3k 3k 3k 3k ok ok ok ok %k %k k

sk ok o ok ok ok oK K o ok ok oK ok ok ok ok ok o ok ok ok ok o o ok ok Kok o o ok ok sk ok o o ok ok ok o oK

a—11/= Equa?
d4q




Equa2 = FullSimplify[Tearmé - Equal]

({552

(ae ™ (e T10250 (3 (~iAl-A2+iA3+AL+e?P (iAl+
A2 +1A3 +A4-1k1l1l-Kk12)) +
e’ (-1+e"J (-ikll+kl12))) g+e®*¥ Jg
r (e?P (-1ik13 +k14) +e?Y (ik13 +kl4) -
2 e*P*it (k13 Cosh|L -p] - i k14 Sinh[L-p])) +
e (-ielPqg+e?lPJ (k11 +ik12) g+
J(-1+(2A1+1 (2A2+1k11+k12)) gCosh[p] +
(2A3+2iA4-k11+ik12) gSinh(pl))))},

1 _ic _pedt L L .
{2Jq (ae™™ (e®T (' (-1+e"J (-ikll+k12)) +

J (-1A1+A2+1A3-24-
e?P (-1iA1+A2-1A3+A4+ikll1+k12))) g+
e P Jgr (e?® (-i+e't) (ikl3+kld) +
e?P (k13 +1 kl4) (1-1iCos[t] +Sin[t])) +
eT1(25+t) (eP (_ePT+ielg-e?tJ (k11 +1ikl12) q) +
Jg ((-2A1+21A2+k1ll-1ikl2) Coship] +
(-2A3 +21iA4 +k11-1ik12) sinh[p]))))},

1 5 1i(s+2¢t) . L+ L
{2Jq (ae”™ (e? qr (ie"? (-1+e"Jk34) -

J (2A3+1 (2A4+k34)) Cosh[p] +
2 e® J Conjugate [k1l] Cosh[L +p] +
J (2A1-21iA2+1k34) Sinh[p]) +

2 e Jqg (i (€*° k31 -k32) Cosh[L+p] +
(k31 + e*S k32) Sinh[L +p]) -

e r (e'P (-1+e"JTk34) q+J (i+ (-2 1Al +2A2+k34)

gCosh[p] + (21 A3 +2A4-k34) gSinh[p]) -
2 1e¥ JqgConjugate[kll] Sinh[L +p] )))}
{ﬁ (a e T (e'i’s‘ ar (ie"? (-1+e"JTk34) +

J (-2 A3 +2iAd-ik34) Cosh[p] +
2 e® J Conjugate [k1l1l] Cosh[L +p] +
J (2Al +1i (2A2+k34)) Sinh[p]) +

2e" T Jq (-1 (k31 + €S k32) Cosh|L +p] +
(e*® k31 - k32) Sinh[L +p]) +eTilse2t) o

(P (-1+e*JTk34) gq+J (-21A1-2A2+k34) q

Cosh[p] -J (i+ (-2 1A3 +2 A4 +k34) gSinh[p]) -
2 i e JqgConjugate[k11l] Sinh[L+p])))}}

sk ok o sk ok ok ok ok sk ok ok sk ok s ok ok ke sk ok sk ok sk sk sk ok sk o sk oK K sk ok ok sk ok ok sk ok ok sk ok ok ok sk ok ok

0

a—qazal




al =

> (ae"‘z—: (e"*;‘”“*" (T (-iA1-A2+iA3+Ad+e?® (iAl+
Jq

A2+3iA3+Ad-ikll-k12)) +
€' (-1+e*J (-ikl1l+k12))) q+eP T Jq
r (e®® (-ik13 +k14) + " (ik13 +k14) -
2 e*P*** (k13 Cosh[L-p] - i kld Sinh[L-p])) +
eT (-ie'P qg+e?P T (k11 +ikl12) g+
J(-1+(2A1+1 (2A2+1kll+kl2)) gqCosh{p] +
(223 +2iA4-k11+ik12) gSinh(p]))))

79q (ae'%t'

(e'p*‘}i‘zs’t’ (J (-1A1-A2+1iA3+A4+e?P (1 A1 +A2+1A3+
A4 -ikll-k12)) +e® (-1 +e*J (-ik1ll +k12)))
g+ e P Jqr (e?P (-ik13 +k14) + €2 (ikl13 +k14) -
2 e'P*1t (k13 Cosh[L -p] - i k14 Sinh[L-p])) +
e” (-ie"Pq+e?’P J (k11 +1ik12) q+
J(-1+(2A1+1 (2A2+1kl1+k1l2)) gCosh[p] +
(2A3+23iA4-k11+1ik12) gSinh[p]))))

ok ok ok ok ok o ok ok ok o ok ok o ok Kok ok ok ok ok ok o sk ok o o ok ok Kok o o sk ok ok ok ok sk ok ok K

o

EES:Sl




sl= ((-I)/a)e &%

1 _At - +“ L i3 .
23 (ae = (e’T (" (-1+e"J (-1k11 +k12)) +
q

J (-iAl+A2+iA3-Ad-e??
(-iA1+A2-1A3+A4+1ikl1+Kk1l2)))qg+
e Jqr (2% (-i+elt) (ik13 +k14) + 2P
(k13 + i k14) (1 - Cos[t] +Sin[t])) +eT & (25+%)
(e® (-e?T+ie" gq-e** T (k11+ak12)q) +JQq
((-2A1+23A2+k1l - i k12) Cosh[p] + (-2 A3 + 2

i A4 + k11 - i k12) S:i.n.h[p]))))) +(I/a)al

1
2Jdqg
(e (e (-1+e"J (-ik1l+k12)) +J (-i Al +A2+iA3 -
Ad-€?P? (-iAl+A2-1A3+A4+1ikll+kl12))) g+
e P Jgr (el (-i+e't) (ik13 +kld) +
e2P (k13 +ik14) (1-1iCos[t] +Sin[t])) +
eT1(25+t) (P (_eP T4 jel g-e?lJ (k11 +1kl12) q) +
Jqg((-2A1+21A2+k1l1-1k12) Cosh[p] +
(-2A3+2iA4 +k11-1ik12) Sinh[p])))) +

. -1 ‘it
(1e 18-

1

F (e®rTi2e0) (J(LiAl-A2+iA3+AL+
2Jq

(ie‘«

e?P (1Al +A2+iA3+A4-1kll-k12)) +
el (-1 +eP T (-ik11+k12))) g+
eP* T Jqr (e?P (-ik13 +k14) +e?’ (i k13 +kl4d) -
2 e'*P*t (k13 Cosh[L-p] - 1 k14 Sinh[L -p])) +
e (-ie*Pg+e?l® T (k1l+ik12) g+
J(-1+ (2A1+i (2A2+1ik11+k12)) gCosh[p] +
(223 +21A4-k11+1ik12) gSinh([p]))))

3% 3k >k >k >k ok ok sk 3k 3k o sk ok ok s sk 3k ok 3k 3k 3k 3k 3k Sk sk ok ok ok Sk ok ok sk ok Kook koK ok sk ok sk ok kR ok

(1/ (ra)) ef*(t®

(ua'*zi (e“:"“"z':) qr (ie™? (-1+e"JTk34) -J (2A3 +

Equa3 =
( 1
2Jq

i (2A4 +k34)) Coship] +2 e" J Conjugate[kll]
Cosh[L+p] +J (2A1-21A2+1k34) Sinh[p]) +
2e™ ¥ Jq (i (e*® k31 - k32) Cosh[L+p] +
(k31 +e*® k32) Sinh[L+p]) -7 r
(e"*® (-1+e“JTk34) q+J (A + (-21A1+2A2+k34)
qCosh[p] + (2 A3 +2 Ad - k34) gSinh[p]) -
2ie” JgConjugate[kll] Sinh[

L+p])))) + ((-I)/a)al+ (1/2) sl




2JQqgr

1
2Jqg

(1 e (e’P*%“““’ (J (-1A1-A2+1iA3+A4 +e?P (1Al +A2+
iA3+24-1ik1l1l-k12)) +
e’ (-1+eXJ (-ik1l+kl12))) g+e®F Jqg
r (e?? (-ik13 +k14) +e?® (i k13 +k14) -
2 el*P*it (k13 Cosh[L-p] -1kl4 Sinh[L-p])) +
e (-ie"P g+ e? P J (k11 +ik12) g+
J(-1+(2A1+1i (2A2+1ik11+k12)) gCosh[p] +
(223 +2iad-k11+1ik12) gSinh[p])))) +

% (- 2;q (ieds % (e (e (-1+eJ (-ikll+k12)) +
J(-1A1+A2+1A3-24-
e?P (-iAl+A2-1A3+A4+ikll+k12))) g+
e P 7T Jgr (e’ (-i+e't) (1k13 +k14) +
e?P (k13 +ik14) (1 -1Cos[t] +Sin[t])) +

eFT1(2540) (eP (_ePJ+iel g-e?’ T (k11 +1ik12) q) +
Jqg ((-2A1+21A2+k11-1ik12) Cosh[p] +
(-2A3 +21A4+k11-1ik12) Sinh([p])))) +
1 it

737q (ie'T (e

-p+d i (2 s4t) (F (-1A1 -A2+1iA3 +Ad+

e?P (iAl +A2+1A3+A4-1ikll-k12)) +
el (-1+e*J (-ik1ll+kl12))) g+
e P Jgr (e?P (-1ik13 +k14) +e?® (i k13 +kl14) -
2 e'*P*t (k13 Cosh|[L -p] - i k14 Sinh[L-p])) +
eT (-ie'Pg+e’lPJ (kll+1kl2) g+
J(-1+ (2A1l+1 (2A2+1kll+kl2)) gCoship] +

<2A3+21A4-k11+ik12)qs_inh[p]))))) +
1

(e-gﬂ.;i(-sw) (e-,i(s»,zc) gr (ie"P (-1+e*Jk34) -
J (2A3+1 (2A4 +k34)) Cosh[p] +
2 el J Conjugate [kll] Cosh[L +p] +
J (2A1-21A2+1k34) Sinh[p]) +
2 e Jqg (1 (e*S k31 -k32) Cosh[L +p] +
(k31 + €*® k32) Sinh[L +p]) -
e” r (e"P (-1+e*Tk34) g+J (1+ (-2 1Al +2A2+k34)
gCosh[p] + (21 A3 +2 24 -k34) gSinh[p]) -
2 1 e J gConjugate [k11] Sinh[L+p])))




Equad = (1/ (ra)) et (-t-®)

1 it ie . L+ L .
( (ae'—r (e"f' qr (ie’? (-1+e*Tk34) +JT (-2A3+2i
2Jqg

Ad - 1 k34) Cosh[p] + 2 e T Conjugate [k11]
Cosh[L+p] +J (2Al+4i (2A2+k34)) Sinh[p]) +
2e™ T Jq (-i (k31+e**k32) Cosh[L+p] +
(e*® k31 - k32) Sinh[L +p]) + e7 * (8428) »
(e"® (-1+e* Tk34) q+JT (-2 A1-2A2+k34) q
Cosh[p] -J (i + (-24A3 +2A4 +k34) gSinh[p]) -
2 ie” JgConjugate[kll]

sinh[L+p])))] +((-I)/a)al+ (1/2) sl




1
—2Jq
(e (ePTi@%0) (3 (LiA1-A2+iA3+Ad+e?P (iAl+A2+
iA3+A4-ik1l-k12)) +
€' (-1+e"J (-ik1l+k12))) g+e®F Jg
r (e?P (-ik13 +k14) +e?" (i k13 +k14) -
2 e**P*it (k13 Cosh[L-p] - 1 k14 Sinh[L-p])) +
e T (-ie"P g+ et P (k11 +ik12) g+
J(-1+ (2A1+1 (2A2+ik1ll+k12)) gCosh[p] +
(2A3+2iA4-k11+ik12) gSinh([p])))) +

1 1 . _-is-it ~p+ Lt L L .
= (-2Jq (e 5% (e (e* (-1+e*J (-ikll+k12)) +

J(-1iAl+A2+1A3-24-
e’? (miAl+A2-iA3+A4+ikll+k12))) g+
eP*Y Jgr (€% (-i+e't) (1k13+kl14d) +
e?P (k13 +ik14) (1 -1iCos[t] +Sin[t])) +
eT (254 (oP (_eP J4+iel q- e’ J (k11 +ikl2) q) +
Jg((-2A1+2iA2+kl1ll-1kl2) Cosh[p] +
(-2A3+21A4+k11-1ik12) Sinh(p])))) +

l ‘ -_2._[ --0-71‘ 2 t T — 3 - 2 1 3+A +
( e : ( ° (s+)( ( 1A A2+ A 4

e’? (1Al +A2+iA3 +A4-1ik1ll-k12)) +
e’ (-1+e"J (-ikll+kl12))) g+
eP 7T Jgr (2P (-ik13 +k14) +e?® (i k13 +k14) -
2 e"*P*** (k13 Cosh(L -p) - i k14 Sinh[L-p])) +
e‘1-t- (-1 eL‘pq+e2L'pJ (kll+ik12) g+
J(-1+(2Al1+1i (2A2+1kll+k12)) gCosh[p] +
(223 +2 iA4—k11+ik12)qSinh[p]))))) +

ﬁr— (71 (=50 (e qr (ie™P (-1+e’ Tk34) +
J (-2 A3 +21Ad-ik34) cosh[p] +
2 e* J Conjugate [kll] Cosh|[L +p] +
J (2A1+1 (2A2 +k34)) Sinh[p]) +
2 el T Jq (-i (k31 +e*S k32) Cosh[L +p) +
(e*® k31 -k32) Sinh[L+p]) +
eT (5428 ¢ (el*P (1 4+ el Tk34) g+
J (-2 1A1-2A2+k34) gCosh[p] -
J (i+ (-2 iA3+22ad+k34) gSinh[p]) -
21 e JgConjugate[k11] Sinh[L+p])))

stk ok o ok ok oK ok ok ok oK ok oK K ok ok o ok oK ok o ok ok ok oK ok ok ok ok ok ok ok oK kK oK oK ok ok ok ok ok R oK KoK K

o]

—t = tl
o4q

tl = Equa3 - Equad

kg e (et

(e¥ (-1 +e¥J (-1 k11 +k12)) +J (-1 A1 +A2 + 1 A3 -




A4 - €%P (-iAl+A2-1A3+A4+1k1l+k12)))
g+re ™ T IJqr (e?V (-i+e't) (ik13 +kl4) +
%P (k13 +ikl4) (1-1iCos[t] +Sin[t])) +
eTH(254%) (eP (_ePJT+iel g-e?l T (k11+1ik12) q) +
Jqg ((-221+21iA2+kl1l-1k12) Cosh[p] +
(-2A3+2iad4+k11-1ik12) Sinh[p])))) -

—— (4 e (e FI@SY (7 (LiAl-A2+iA3+AL+
a
e*P (1Al +A2 +1A3+2A4-1ikll-k12)) +
el (-1+e" T (-1k1ll+Kk12))) g+
e Jgr (e?P (-ik13 +k14) + e’ (ik13 +kld) -
2 e*P*it (k13 Cosh{L -p] -1 k14 Sinh[L-p]l)) +
eT (-iel'Pg+e’tPJ (kll+ikl2) g+
J (-1+ (2Al+i (2A2+ik11+k12)) gCosh[p] +
(2A3+21A4-k11+ik12)qSinh[p])))))+

% (- 23q (1e-*s-%‘- (e"”’l‘;‘ (" (-1+€e*J (-ik1l +k12)) +
J (-1Al+2A2+1iA3-24-
e?P (-iAl1+A2-1iA3+A4+ikll+k12))) g+
e P Jqr (e (-i+e't) (ik13 +kld) +
e?? (k13 +1ikl4) (1 -iCos[t] +8Sin[t])) +
eT1(254t) (P (_eP J4j e’ q-e*l T (k11 +ikl2) q) +
Jq ((-2A1+21A2+k11l-1k12) Cosh[p] +

(-2A3+21A4+k11-ik12) Sinh{p])))) +
1

55 (ie™ (e®F42s4®) (3 (LiA1-A2+iA3+AL+

e?? (1Al +A2 +1A3 +A4-1ik1ll-k12)) +
el (-1+e"J (-1k11l+k12))) g+
e®F Tqr (e?P (-ik13+k14) +e’’ (ik13 +kld) -
2 el*P*it (k13 Cosh[L -p] - i k14 Sinh[L-pl)) +
e T (-ie"Pg+e?tPJ (kll+1ikl2) g+
J(-1+ (2A1+1i (2A2+1k11l+kl12)) gCosh{p] +
(2A3+21A4-Kk11+ik12) gSinh(p]))))) +
1 i 1

RTT (6-5&71(-5*:1 (e-}i¢s+2t> gr (1e"*® (-1 +e"JTk34) -

J (2A3+1i (224 +k34)) Cosh[p] +
2 e J Conjugate[kll] Cosh[L +p] +
J (2A1-21A2+1k34) Sinh{p]) +

2 e Jq (1 (e*S k31 - k32) Cosh[L +p] +
(k31 + €*® k32) Sinh[L +p]) -

e r (e"P (~1+e " JTk34) g+ J (i+ (-2 1Al +2A2+k34)
gCosh{p] + (21 A3 +2 A4 -k34) gSinh[p]) -

2 i e’ JgConjugate[kll] Sinh[L +p]) ) ) -
1

P RTE (e%i (-s-t)- 4 (e'l?s' ar (ie"® (-1+el JTk34) +
J (-2A3+21A4-1k34) Cosh[p] +
2 e* J Conjugate[kll] Cosh{L +p] +
J (2Al+1 (2A2+k34)) sinh[p]) +
2e"* T Jqg (-1 (k31 +e*° k32) Cosh[L+p] +
(e*® k31 -k32) Sinh[L+p]) +




eT 1 (5428) p (elep (_1 4 el Tk34) g+
J (-21Al-2A2+k34) gCosh[p] -
J (i+ (-2 iA3+2Ad+Xk34) gSinh(p]) -
21 e" JgConjugate[kll] Sinh[L+p])))

ok s ok ok ok ok ok ok ok ok ok ok ok Kok ok o ok oK Kok o o sk ok Sk ok ok ok ok ok ok KoK ok ok ok ok ok ok ok ok 3 ok sk ok oK
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rl=((-Ir)/2) (EQua3 + Equad)

F (e (eb (-1+e" T (-ik11l+k12)) +J
(-iAl +A2+1iA3-24-¢€?P
(-1A1+A2-12A3+A4+1k11+Kk12)))qg+
e P Tqr (€% (-i+eif) (ik13 +k14) +
e’? (k13 +ik14) (1-iCos[t] +Sin[t])) +
eT1(254t) (eP (_eP T.je"qg-e’" T (k1l+1ik12) q) +
Jq ((-2A1+21iA2+k11-1k12) Cosh[p] +

(-2A3+21A4+k11-1ik12) Sinh[p])))) -
= (e (eP*3(2540) (3 (L1A1-A2+1iA3+Ad+
2Jdqg

e?P (1A1+A2+1iA3+A4-1kll-k12)) +
e’ (-1+e' T (-1k1l1+k12))) g+
e F Jgr (e?P (-ik13 +k14) + €2l (ik13 +k14) -
2 el*P*it (¥13 cosh|{L -p] - 1 k14 Sinh[L-p])) +
e” (-ie'P g+e?lPJ (k11 +1ik12) g+
J(-1+ (2A1+1i (2A2+1kl1+%k12)) gqCosh[p] +

(2A3+2iA4-k11+1ik12) gSinh[p))))) +
1

RET: ( SAt L1 (-set) (e,’-i(suc) qr (ieL+p (_1+eLJk34) _
J (2A3 +1i (224 +k34)) Cosh[p] +
2 e® J Conjugate[kll] Cosh[L +p] +
J (2A1 -2 1iA2+1k34) Sinh[p]) +
2 €™ Jq (i (e'° k31 -k32) Cosh[L+p] +
(k31 + €% k32) Sinh[L +p]) -e* r
(e'P (-1 +eV Tk34) g+J (i+ (-2 iAl+2A2+k34)
gCoship] + (2 1A3 +2 A4 -%k34) gSinhip]) -
2 ie* JqgConjugate[kll] Sinh[L+p}))) +

(e'i'“'s't"i*f‘ (e qr (ie™® (-1+e"Jk34) +

1
2JQqr

J (-2A3+212A4-1k34) Cosh[p] +

2 e" J Conjugate[kll] Cosh[L +p] +

J (221 +1 (2A2+k34)) Sinh[p]) +

2e" 7T Jq (-1 (k31 +e*°k32) Cosh[L+p] +
(€*® k31 -k32) Sinh[L+p]) +e7 1 (520 ¢
(e"P (-1 +e“ Jk34) g+J (-21A1-2A2+k34) g
Cosh([p] -J (i+ (-2 1A3 +224 +k34) gSinh[p]) -
21ie" JgConjugate[kll] Sinh[L+p])) ))

ko ok ok ok ok ok 3 3K oK oK oK ok ok 3 ok ok ok ok K ok ok ok K K o 3K ok ok ok oK ok o 3k ok KoK K o 3k ok ok oK K
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Now we want to give the values for the vector potential A, as the following



Al=-e" fl+elgl

el fl+elgl

A2 =eP £2 +eP g2

e’ f2 + eP g2

A3 =-e" fl+elgl

~e' fl+etgl

Ad = -e’ £2 +eP g2

-eP £f2 + eP g2

where f; and g; areall real functionsof gandJonly, fori =1, 2.

o}
(—3—q—a = a[l]

a[l] = FullSimplify [Factor[al]]

1
2Jqg

(a e-Lp-i- (e% i(2s+t)

(-2eYP (f2-g2) J+1€?PJ (29l -e€¥ (k11-1kl2)) +
et (~1-2if1TJ+e" T (-1k11+k12))) g+
e™ (e?PJ (2gl-e€¥ (k11-1kl12)) g+
e*t (-i+2f1JTJ+€* T (k11 +1kl2)) g+
ie*J (i+2 (f2+9g2)q)) +
e T J (-e®l (-i+e'%) (k13 -1ikl14) -
e’P (i+e'®) (k13 +1ikld)) qr))

ok o ok o ok o ok ok ok 3 ok ok ok ook sk sk ok ok

o)

ﬁs = S[l]



s[1] = FullSimplify[Factor[sl]]

1

— (e-L-P-%““m (-2ieF (1+e?t®) (£2-92) T+

e’ (e (i+e'®)’ (-i+2f1T+€"J (k11+ik12)) -

e (1+e'5) J (k13 -ikld) r+
e+ T (420 3 (k13 _ i k14) r (1-iCos[s] +Sin[s])) +

e2P (-i+ei®) J (-2 e (-i+ei®) gl+
(L+1) e* ((kll—iklz) (cOs[-“;i] —Sin[%]) +

(k13 + i k14) 1 (Cos[ =] +sin[=]))

(—iCos[s;t]+Sin[S;t]))))

We know that s is real, so now we want to find the following coefficients to enable us to get the right formula
for s[1]

FullSimplify[Coefficient[s[1], £1, 1]]

i , i 2
eL-p-ls (1+exs)

Fullsimplify[Coefficient[s[1], g1, 1]]

-21eP (-1+8in[s])

Fullsimplify[Coefficient[s[1], £2, 1]]

-2 1 Cos|[s]

FullSimplify[Coefficient([s[1l], g2, 1]]

2 1 Cos[s]

Fullsimplify[Coefficient{s([1], k11, 1]]

21ie" (Cosh{L-p] Sin[s] + Sinh[L -p])




FullSimplify[Coefficient[s[1], k12, 1]]

-2 e" (Cosh[L-p] + Sin[s] Sinh[L - p])

FullSimplify[Coefficient[s[1], k13, 1]]

s+t
2

-t

] Cosh{L - p] +Sin[ 82

2ielr (COS[ ] sinh[L - p]

Fullsimplify[Coefficient[s[1], k14, 1]]

-2 e" r (Cosh[L - p] Sin[ s

]+Cos[

s;t ;’t]Sinh[L-p])

0 tearmsl = Pullsimplify[

s[1] - £1 (e""‘i' (i+e“)2) -gl (-2ie™P (-14+8in[s])) -
£2 (-21Cos[s]) -g2 (24 Cos[s8]) -

k11 (2 i e" (Cosh[L-p] Sin[g] + Sinh[L-p])) -

k12 (-2 e" (Cosh[L-p] + Sin[s8] Sinh[L -p])) -

s+t
k13 (-zie"r (Cos[ >

] Cosh[L-p] +

sin| s-t ] Sinh[L-p])) - k14 (-2 e’ r
(Cosh[L-p] Sin| s-t ] +cos| s+t ] Sinh[L-p]))]
el (1 +Sin[s])
J
AR,
O ¢ - 1

—t
0q




t[1] = Fullsimplify[Factor({t1]]

1
2Jr
(21" (L+e?*t) (£2-02) Tr+J (€MTH28) (145 etF)

—L—p—vl- i(s+2¢t)

(e

(k31 +1k32) - el (—i+elt) (k31+1ik32) -e™
(—i+e‘t)2 r(2gl+ie (k34+iConjugate[kll]))) +
€2 P (j+eit) (eMF J (k31-1ik32) +

eL+-}i(25+t) J (1k31 +k32) +ei1“ (i+eit) r
(-i+2f1J+e"J (ik34+Conjugate[kll])))))

Similarly we know that t is real, so

FullSimplify[Coefficient[t[1], £1, 1]]

-i . i 2
eL+p it (1+e1t)

FullSimplify[Coefficient [t[1], g1, 1]]

21 (-1+8Sin[t]) (-Cosh[L +p] +Sinh[L +p])

FullSimplify[Coefficient [t[1], £2, 1]]

2 1iCos(t]

FullSimplify[Coefficient[t[1], g2, 1]]

-2 1Cos|[t]

FullSimplify[Coefficient[t[1], k11, 1]]

Fullsimplify[Coefficient[t[1], k12, 1]]




FullSimplify[Coefficient[t[1], k13, 1]]

FullSimplify[Coefficient[t[1], k14, 1]]

Fullsimplify[Coefficient[t[1], k31, 1]]

2ie" (Cos[2~] Cosh[L+p] -Sin[=*] Sinh[L +p])
r

FullSimplify[Coefficient[t[1], k32, 1]]

2 e" (-Cosh[L +p) Sin[2%] +Cos[24~] Sinh[L +p])

r

FullSimplify[Coefficient [t[1], k34, 1]]

-2 el (Cosh[L+p] +Sin[t] Sinh[L +p])

FullsSimplify[Coefficient[t[1], Conjugate[k1ll], 1]]

2ie” (Cosh[L+p] Sin[t] +Sinh[L +p])




0 tearmtl = FullSimplify[t[1] - £1 (e¥'*4t (isedt)”) -
gl (2i (-1+8inft]) (-Cosh[L+p] +Sinh[L+p])) -
£2 (24 Cos[t]) ~g2 (-21iCos[t]) -

k31 (%(Zie“ (COs[ B;t

] coshL +p] -

Sin[ s_t

] sin.h[:.+p]))) -ik32 (%(2 e”

(~cosht +p] sia[ 2= ] + cos[ 227 ] sm[mm))) _

k34 (-2 e" (Cosh[L +p] + Sin[t] Sinh[L+p])) -
Conjugate [k11l] (2ie” (Cosh[L +p] Sin[t] + Sinh[L+p])) ]

el*? (1 +8inf{t])
J
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s}
-é'ar— r[l]

r{1l] = Fullsimplify[Factor[rl]]

L

-L-p-1 {s+t)
€
a7 |

(e'lt (1+e2i5) (€Y (1+1iJ (2 £1+e€* (k11 +1k12))) +

e?PJ (-21gl+e (1k11+k12))) r+el® (1+e2it)
(2iglJ-e"Jk34+e> P (-1-21iflJTJ+e"Tk34)) -
4 e2™P J (Cos[s+t] +18Sin[s+t])

(k32 Cos [ S

; t ] Cosh[L +p] +1r Conjugate([kll]

Cos[t] Cosh[L+p] - ik31Cosh[L+p] sin[ =]+
s-t : . 1S+t
5—] -iki3sin[=5 ])+
i (£2 -g2) r (Sin[s] +Sin(t]) (-Cosh[L] +Sinh[L]) +
. 2 s-t
1kl3r Cos[ 5
S+t
2

(ix31cos[ 2] -x32sin[222]) sinn[r+p])))

r? Ccosh[L - p] (k14 Cos

] sinh([L-p] -
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