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Abstract. Beamforming in multi-user MIMO (MU-MIMO) systems is 

a vital part of modern wireless communication systems. Researchers 

looking for best operational performance normally optimize the prob-

lem and then solve for best weight solutions. The weight optimization 

problem contains variables in numerator and dominator: this leads to 

so-called variable coupling, making the problem hard to solve. Formu-

lating the optimization in terms of the signal to leakage and noise ratio 

(SLNR) helps in decoupling the problem variables. In this paper we 

study the performance of the SLNR with variable numbers of users and 

handset antennas. The results show that there is an optimum and the ca-

pacity curve is a concave over these two parameters. The performances 

of two further variations of this method are also considered. 

Keywords: Beamforming, Generalized Eigenvalue decomposition, 

MU-MIMO, Optimal point, SLNR. 

1 Introduction 

There are steadily increasing demands for higher data rates and channel capacity, 

with MIMO systems a strong possible solution for higher capacity without increased 

power transmission. MIMO includes SISO, MISO and SIMO configurations, with 

variations such as point-to-point [1], multi-user (MU-MIMO) [2] and network or  

multi-cell MIMO [3].  

Though MU-MIMO resembles point-to-point transmission in depending on the 

state of the channel to transmit signals, it differs in the decoding procedure, with users 

usually assumed to be non-cooperating. MU-MIMO also depends on the diversity 

between users to achieve multiplexing between transmissions to users sharing the 

same time-frequency resource. This is achieved by precoding, also called beamform-

ing.  

The simplest beamforming strategy is the zero forcing (ZF) or channel inversion 

method [4]. This basic method suffers from poor performance at high noise figures, 
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and can be enhanced using regularized ZF [5], sometimes called MMSE [6]; however, 

some dimensional constraints need to be satisfied, such that the total number of re-

ceiving antennas should be less than or equal to the number of antennas at the base 

station. This condition limits the system geometry. Another approach is to optimize 

the weights of the beamformer to improve performance. The optimization is either to 

reduce the total transmitted power [7], the power per antenna [8] or to increase the 

capacity [9], while keeping other parameters constant. This is done by framing the 

solving optimization problem in terms of the signal to interference and noise ratio 

(SINR). This approach has the drawback of coupled variables between different users: 

an increase in signal power level for one user will increase the leakage (interference) 

for other users. Another promising optimization technique proposed in [10] and later 

developed in [11] and [12] uses the signal to leakage and noise ratio (SLNR).  

This paper examines the performance of the SLNR ratio under variation of SNR, 

the relation between base station antenna, number of users and antenna per user, de-

veloping previous work [13, 14]. Results show that there are some limitations to be 

considered during the design of a system. The performance of the system is not neces-

sarily monotonic; it can exhibit a peak depending on the number of base station an-

tennas, number of users and number of antennas per user. 

2 System Mathematical Model 

Consider a cell that contains a single base station with M antennas, transmitting 

signals to K users each with N antennas as shown in Figure 1. 

 

 
Figure 1: The system model for MU-MIMO. 

 

 The base station uses the same time-frequency resource to send data to these users. 

The channel from the base station to user i is given by: 
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The elements of 
iH  are assumed to be single tap channel (i.e. no inter-symbol in-

terference exists) and they contain two Gaussian parts, real and imaginary. The total 

channel is then: 
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and the leakage channel is given by:  

1 1 1
ˆ

T
T T T T

i i KH H H H H 
     (3) 

The transmitted vector from the base station X is the sum of the transmitted vector 

for all of the users: 

1

K

i i

i

X w s


  (4) 

where wi ∈ C
N×M

  is the beamforming vector for user i and 
is  is the data symbol for 

that user. The received signal for user i  is:  

i i iy H X n   (5) 

where 
in  is the noise vector at user i  with variance equal to 2 . 

The system capacity is given by the equation (in units of / /b s Hz ):  

2log (1 )C SINR   (6) 
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The signal power received by the user is i iH w , with interfering signal 
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 , so 

that equation  (7) can be written: 
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3 SLNR Optimization 

The aim is to find a precoder which maximizes the signal to leakage and noise ratio 

(SLNR): in other words which increases the power through the channel to the intend-

ed user while simultaneously minimizing the interference to other users. 

 

As stated in section 1 above, the SINR leads to a coupled optimization problem 

which is solved by extending the SLNR as in [10-12]. The SLNR is given by: 

0
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where the leakage term is: 
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The problem may be formulated in two ways. The first ignores the noise term and 

maximizes the signal to leakage ratio: 
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This equation can be rewritten thus:  

ˆ ˆ

H H

i i i i

H H

i i i i

S w H H w

L w H H w
  (12) 

with solution [9]:  

 max
ˆ ˆ,

ˆ ˆ

H H
H Hi i i i
i i i iH H

i i i i

w H H w
H H H H

w H H w
  (13) 

where 
max  is the largest eigenvalue. The optimal beamformer is:  

 ˆ ˆmax. ,o H H

i i i i iw GEV H H H H  (14) 

and if ˆ H

iH  is invertible then (14) will be:  

  
1

ˆ ˆmax.o H H

i i i i iw EV H H H H


  (15) 

The method is extended to include the effect of noise [11], so (11) becomes: 
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(16) 

The corresponding equations for (14) and (15) are: 

 2ˆ ˆmax. ,o H H

i i i i i iw GEV H H H H N I   (17) 
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   (18) 

 

4 Performance of Eigenvalue Decomposition and Generalized Eigenvalue 

Decomposition: EVD and GEVD 

The SLR and SLNR approach has been proposed previously [10-12], but a new 

viewpoint is obtained here by applying the method over a wider range and analyzing 

the effects on the behavior of the EVD and GEVD, permitting one to understand the 

overall benefits for the total system resulting from SLNR maximization. The GEVD 

for two matrices A  and B  is given by 

Av B v  (19) 

If B  is not singular (i.e. 1B  exists) then we can say  
1B Av v   (20) 

which is the same as Dv v  for 1D B A  . In general if we have a matrix 𝑐 ∈  ℂ𝑁×𝑀 

where 
1 2N N N  , we can say it is composed from two matrices a  and b : 

T
T Tc a b     (21) 

The GEVD for the two matrices HA a a   and HB b b  gives two matrices   
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and v . The columns of matrix v  contain candidates to be in the null space of matrix 

b , i.e.  give zeros when multiplied by the matrix b . If a  is the user channel, b is the 

leakage channel and c  is the aggregated channel, then v  is expected to have at least 

one vector that gives a zero and a non-zero result when multiplied by b  and a respec-

tively. However, that can be misleading as this assumption depends on the dimension 

of c . Table I compares the GEVD for different cases of M , N  , 
1N  and

2N .  

Table I 

PERFORMANCE OF GEVD PRECODER 

Case Sub Case 
Solution(s) 

exist? 

Number 

of solutions 

N M

 
 yes 1N  

N M

 
1 2N N  yes 1N  

N M

 
2N M  no  

 2N M  yes 2( )M N  

 

 Note that the solution vector is associated with the largest eigenvalue for this case. 

If the equation is flipped to be ( , )GEVD B A  then the eigenvector associated with the 

lowest absolute value should be selected. 

5 Results 

In this section a set of carefully selected representative results is presented to give a 

clear understanding of the behavior of the system in terms of the SLNR criterion.  

Figure 2 below shows performance versus increasing SNR for different numbers of 

users. As can be seen, the increase in number of users per system increases the capaci-

ty due to the increment in total data transferred through the wireless channel.  
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Figure 2: System performance in terms of capacity versus SNR for  

different numbers of single antenna users. 

 

The monotonicity of the curve does not hold in all cases; as seen in Figure 3 the 

number of antennas per user affects the performance. For low numbers of users, the 

curves retain the same behavior, but with increasing numbers of users the curves take 

another shape. Although the shapes are different and there are two sets of curves, the 

behavior at each SNR is the same. The capacity starts at a certain level and increases 

to a maximum after which it decreases. At 5 dB SNR the peak is for 60 users while 

for 10 dB the peak falls to 50 users. At higher SNR the higher capacity relation still 

holds. 

 
Figure 3: System performance in terms of capacity versus SNR for  

different numbers of two antenna users 
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As can be seen from the figures above, the capacity due to the increment in number of 

users served by the system can be affected by the number of antennas per user. To 

give more clarification, Figure 4 illustrates the effect of varying numbers of user an-

tennas per scenario.  There are two types of curves. The first set, for fewer user anten-

nas, resembles the performance shown in Figure 3, also showing increasing capacity 

with increasing antenna numbers. The second set has a different shape, tending to 

saturate at lower SNR values. Below 5 dB SNR the peak is at 4 antennas per user 

while after 10 dB SNR the peak moves to 3 antennas per user for 30 users served by a 

100 antenna base station. 

 
Figure 4: System performance in terms of capacity versus SNR for 

different numbers of antennas per users. 

 

Another perspective can be got by combining two criteria (the number of users and 

the number of antennas at the base station) as in Figure 5. This figure shows that the 

curves have peaks, at different positions and different values. The position of the peak 

(in terms of number of users) tends to move down with increase of the ratio M/K as 

we increase the number of antennas per user.  
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Figure 5: System performance in terms of capacity versus base  

station antennas to users ratio. 

 

Another perspective to the problem can be seen in Figure 6. Here we see  a peak al-

so in terms of antenna users: at 2 antennas per user for higher number of users (60 and 

more), with the peak at higher numbers of antennas as the number of users decreases. 

The capacity has a concave shape over number of users and it occurs at 60 users when 

the number of base station antennas is 100 and the SNR is 0 dB. 

 
Figure 6: System performance in terms of capacity versus antenna per user  

for different numbers of users per cell. 



9 

 
Figure 7: Capacity versus number of users, comparing three methods.  

 

Finally, Figure 7 shows a comparison three approaches. The first variation uses the 

eigenvalue decomposition (in blue) instead of the generalized eigenvalue decomposi-

tion (orange line), i.e. using equation (15) instead of (14). The third variation (yellow 

line), shows results where the effect of noise was included using equation (18) to 

evaluate the weights of the beamformer. 

6 Conclusion 

The performance of SLR based on beamforming with MU-MIMO is presented. The 

resulting system is not monotonic in all of the four dimensions of interest, namely 

numbers of base station antenna, SNR, numbers of user antennas and the number of 

users served by the base station. It is shown that there are peak in performance, and 

that the capacity variation follows concave curves with variation of number of users 

and number of handset antennas.       
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