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Adsorption of three-domain antifreeze proteins on ice:
a study using LGMMAS theory and Monte Carlo simu-
lations

Juan Ignacio Lopez Ortiza, Paola Torresa,b, Evelina Quirogaa,c, Claudio F. 
Narambuenaa,b, and Antonio J. Ramirez-Pastora,∗

In the present work, the adsorption of three-domain antifreeze proteins on ice is studied by com-
bining a statistical thermodynamics based-theory and Monte Carlo simulations. The three-domain 
protein is modeled by a trimer, and the ice surface is represented by a lattice of adsorption sites. 
The statistical theory, obtained from the exact partition function of non-interacting trimers ad-
sorbed in one dimension and its extension to two dimensions, includes the configuration o f the 
molecule in the adsorbed state, and allows the existence of multiple adsorption states for the pro-
tein. We called this theory “lattice-gas model of molecules with multiple adsorption states" (LGM-
MAS). The main thermodynamics functions (partial and total adsorption isotherms, Helmholtz free 
energy and configurational entropy) are obtained by solving a  non-linear system o f j  equations, 
where j is the total number of possible adsorption states of the protein. The theoretical results are 
contrasted with Monte Carlo simulations, and a modified Langmuir model (MLM) where t he ar-
rangement of the adsorption sites in space is immaterial. The formalism introduced here provides 
exact results in one-dimensional lattices, and offers a very accurate description in two dimensions 
(2D). In addition, the scheme is capable to predict the proportion between coverage degrees cor-
responding to different conformations in the same energetic state. In contrast, the MLM does 
not distinguish between different adsorption states, and shows severe discrepancies with the 2D 
simulation results. This finding indicates that adsorbate structure and lattice geometry play fun-
damental roles in determining the statistics of multistate adsorbed molecules, and consequently, 
must be included in the theory.

1 Introduction

Certain organisms, such as fishes, insects, plants, fungi and bac-
teria, are protected against the stresses that occur during freezing
at subzero temperatures, by the presence of antifreeze proteins
(AFPs) in their body fluids1–6. These proteins have the ability
to bind to ice crystals and prevent the water around from freez-
ing7–9. Such proteins could have various potential applications.
They could be used in medicine for cryopreservation of organs
(freezing at extremely low temperatures), for transplantation or
to improve the quality of sperm, ovules and embryos stored in a
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frozen state10,11. They can also have application to water-based
materials, such as food and waterborne paints12–18.

At present, it is not fully understood how AFPs interact with ice
and prevent the growth of ice crystals. However, different mech-
anisms have been proposed, including the protein acting as an
impurity, remodeling of the ice lattice, decreasing the radius of
curvature of the ice surface, etc19–25. In the last mechanism, the
adsorbed AFPs cause an increase in the micro-curvature of the ice
front, and inhibit their growth19–21. The curved growth increases
the vapor pressure of the ice, thus halting the further growth of
the ice22–24. This protein-ice interaction lowers the freezing point
of the solution. The temperature separation created by this phe-
nomenon is called thermal hysteresis (TH) and can be defined as
the gap between melting and freezing points24. The TH value is
a non-lineal function of protein concentration in bulk (increases
of a non-colligative manner).

The detailed experimental study on how AFPs and water
molecules arrange themselves at the ice surface is a challenging
task. In turn, the adsorption isotherms of AFPs on ice are ex-
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crystal growth from aqueous solution in the presence of impuri-
ties. The authors suggested that the crystal growth mechanism
changes with the size of the impurity.

In Ref.33, a very simple generalization of the MLM was pro-
posed to model the adsorption of three-domain AFPs on ice. In
this scheme, the arrangement of the adsorption sites in space is
immaterial, and consequently, the model does not distinguish be-
tween different adsorption states. Even though interesting results
were obtained on the relationship between protein surface cov-
erage and thermal hysteresis activity, the limitations of the MLM
did not allow to investigate the effect of competitive adsorption
between the different configurational states of the trimers (linear
and angular trimers). These considerations encourage the devel-
opment of more complex analytical solutions, capable of describ-
ing the adsorption of large molecules with multiple adsorption
states.

In this context, the main objective of this paper is to present
a more refined model for the analysis of three-domain AFPs ad-
sorption. For this purpose, and based on the formalism presented
in Ref.31, the main thermodynamic functions (total and partials
adsorption isotherms, free energy and configurational entropy)
characterizing the adsorption of three-domain AFP (with different
adsorption states) on one-dimensional (1D) and two-dimensional
(2D) substrates were obtained. In the case of 2D lattices, special
attention was devoted to the study of the competitive adsorption
between linear and angular trimers. This phenomenon is reported
here for the first time in this type of systems. The validity of the
analytical results was evaluated by comparing with previous re-
sults in the literature33, and extensive Monte Carlo simulations
of the system. The comparison indicates that the proposed the-
oretical framework represents a qualitative advance with respect
to the existing models to describe the adsorption thermodynamics
of structurally diverse proteins.

The paper is organized as follows: the exact solution for the
thermodynamic functions of three-domain proteins adsorbed in a
infinite 1D space is presented in Section 2. The functions are fur-
ther extended to higher dimensions based upon their exact form
in one dimension and a connectivity ansatz (this theoretical is
called as LGMMAS). The description of the MLM developed in
Ref.33 is given in Section 3. The simulation scheme is described
in Section 4. Simulation results and theoretical predictions are
discussed and compared in Section 5. Finally, the conclusions are
drawn in Section 6.

2 Theory: lattice-gas model and thermody-
namic functions

Let us assume that the ice surface is represented by a lattice of
M adsorption sites, with lattice constant a, connectivity c (c = 2
for 1D lattices, and c = 4 for 2D square lattices), and periodic
boundary conditions. Thus, all lattice sites are equivalent, and
these are in contact with a protein solution of concentration CP.

The general statistical-mechanics derivation for a lattice-gas
model of molecules with multiple adsorption states (LGMMAS)
was presented in Ref.31. This theory is applied here to calcu-
late the main thermodynamic functions of the system under study.

perimentally inaccessible. Instead, numerous computer simula-
tions have been developed. Among them, Nada and Furukawa26 

used a molecular dynamics simulation to investigate the growth 
kinetics at the ice prismatic plane interface to which an AFP was 
bound. In these surface phenomena, the coverage degree of pro-
teins on the ice surface plays a key role, since this dictates the dis-
tance between adsorbed proteins and the final micro-curvature of 
ice surface.

Xu et al.27 examined, by using all-atom molecular dynam-
ics simulations, the dynamics of water molecules and hydrogen 
bonds at the protein-water interface of an AFP from the spruce 
budworm Choristoneura fumiferana and a mutant that has little 
antifreeze activity. The authors explored the effects of the hetero-
geneity of the protein surface, and how the dynamics is affected 
by mutation. The protein-water dynamics was also studied in 
Ref.28. By a combination of terahertz spectroscopy and molecu-
lar dynamic simulations, Meister et al. showed that long-range 
protein-water interactions play an important role in explaining 
the hyperactive antifreeze activity of insect AFPs. Based on the 
results of Refs.27,28, Pandey and Leitner29 investigated the ther-
modynamic properties of the antifreeze protein DAFP-1 and its 
hydration water by molecular simulations. At each level of hydra-
tion, the specific heats, entropy, and free energy of mixing water 
and protein were calculated.

There are AFPs with two or more binding domains or segments 
links together. In this sense, a modified Langmuir model (MLM) 
has been used for studying the reversible adsorption of two differ-
ent AFPs (a single and two-domain protein) onto an ice crystal30. 
An alternative approach, using the statistical mechanics formal-
ism, was developed31. In Ref.31, a lattice-gas model of molecules 
with multiple adsorption states (LGMMAS) was applied to de-
scribe the adsorption of AFPs onto an ice crystal where the pro-
teins were modeled as chains of n identical units (domains) con-
nected by flexible linkers, which can be adsorbed in n different ad-
sorption states. The adsorption mechanism of two-domain AFPs 
on ice was studied by using Monte Carlo (MC) simulations, MLM 
and LGMMAS32. The ice surface was modeled as a square lat-
tice, and the protein was modeled as a dimer with two possible 
adsorption states: upright and flat c onformations. In the upright 
conformation the protein is adsorbed only by one of the domains, 
and adopts a perpendicular orientation with respect to the ice 
surface. In the flat conformation the protein is adsorbed with the 
two domains occupying two nearest-neighbor adsorption sites on 
the lattice. The total and partial adsorption isotherms, and the 
concentration dependence of the Helmholtz free energy and the 
configurational entropy were obtained. Even though a good qual-
itative agreement was obtained between MLM and MC data, it 
was found that the LGMMAS offers a more accurate description 
of the phenomenon of adsorption of two-domain AFPs.32

In the line of previous work30–32, Can and Holland33 extended 
the study by designing a three-domain type III AFP, which is 
formed by three domains that can independently bind to ice. As 
a result of the increasing size of the protein (increasing number 
of bound domains), the three-domain AFP yielded significantly 
greater activity than the one and two-domain proteins. A sim-
ilar effect was proposed by Kubota and Mullin34 in the case of
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Thus, N protein molecules are adsorbed on the surface with the 
following considerations: (1) each protein molecule is constituted 
by three identical domains, which are linearly (and covalently) 
connected by a peptide segment; (2) a molecule can be adsorbed 
on the lattice in three states S1, S2 and S3, according to the num-
ber of domains linked to the lattice (see Fig. 1). The model mim-
ics the adsorption of a type III AFP as introduced in Ref.33.

Fig. 1 Three-domain antifreeze proteins adsorbed with one, two, and 
three domains bound to the surface. These states are denoted as S1, S2 
and S3, respectively.

A molecule in the S1 state is assumed to be a molecule adsorbed 
perpendicular to the surface, occupying one lattice site. Next, a
molecule in the S2 state is a molecule with two domains adsorbed 
on two nearest neighbor lattice sites, and the third domain un-
bound (non-adsorbed). As shown in Fig. 1, S2 state includes (i) 
molecules with two consecutive domains on the lattice and the 
third domain in contact with the solution, and (ii) molecules with 
the two end domains bound to the surface and the central domain
unbound. Lastly, in the S3 state, the protein is adsorbed occupy-
ing three sites on the lattice; and (3) the only interaction between 
different proteins is hard-core exclusion: no site can be occupied 
by more than one protein.

According to the lattice geometry and protein molecule flexibil-
ity, LGMMAS theory allows several possible molecule configura-
tions in the S3 state. In the particular case of a 1D system (c = 2), 
the only option for the protein in the S3 state is the adsorption of 
the three domains in a collinear form. On the other hand, in the 
case of square lattices (c = 4), two different conformations can 
be observed: (i) a linear form, the three segments are adsorbed 
along one of the two possible directions of the lattice (see panel 
A, Fig. 2), and (ii) an angular form, the three segments form a 
right angle (as shown in panel B, Fig. 2.)

Since the adsorbed proteins do not interact with each other (ex-
cept the excluded volume interaction), all configurations with N1 
molecules in S1 state, N2 molecules in S2 state and N3 molecules 
in S3 state have the same energy:

E(N1,N2,N3) = ε1N1 + ε2N2 + ε3N3, (N = N1 +N2 +N3), (1)

Fig. 2 Possible configurations for a trimer protein adsorbed on a 2D
square lattice in S3 state. Linear and angular forms are shown in panel A
and panel B, respectively.

where εi is the adsorption energy for molecules adsorbed in Si

state (i ≡ 1,2,3). Then, the canonical partition function for this
system can be written as:

Q(N1,N2,N3,M,T ) = Ω(N1,N2,N3,M)exp
[
−E(N1,N2,N3)

kBT

]
, (2)

where Ω(N1,N2,N3,M) is the number of configurations or ways
to arrange N molecules distributed in N1, N2, and N3 adsorbed
proteins on a lattice of M sites. In addition, T is the absolute tem-
perature and kB is the Boltzmann constant. In order to simplify
the calculations, the internal and vibrational contributions to the
partition function are assumed to be a unitary factor in Eq. (2).

In the canonical ensemble, the Helmholtz free energy
F(N1,N2,N3,M,T ) relates to the partition function through

βF(N1,N2,N3,M,T ) =− lnQ(N1,N2,N3,M,T )

=− lnΩ(N1,N2,N3,M)+β

3

∑
i=1

εiNi (3)

where β = 1/kbT .
The configurational entropy S, can be written as35

S(N1,N2,N3,M,T ) =−
(

∂F
∂T

)
M,N1,N2,N3

. (4)

On the other hand, the chemical potential of the protein ad-
sorbed in the S j state, µ j,ads can be calculated as35

µ j,ads =

(
∂F
∂N j

)
, (5)

where j represents each one of the different adsorbed states of
the protein.

At equilibrium, the chemical potential of the adsorbed and so-
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lution phase are equal. Then,

µ j,ads = µsol , (6)

where µsol represents the chemical potential corresponding to an
ideal solution, at temperature T and concentration CP. Hence,

β µsol = β µ
0 + lnCP, (7)

where µ0 is the standard chemical potential.

In the next sections, the main adsorption thermodynamic func-
tions corresponding to three-domain antifreeze proteins adsorbed
on 1D and 2D lattices will be obtained.

2.1 One-dimensional lattices

In the particular case of a 1D lattice, Ω(N1,N2,N3,M) can be ex-
actly calculated as the total number of permutations of Ne entities
on the surface. This total number of entities takes into account the
number N1, N2 and N3 of indistinguishable adsorbed molecules
and N0 empty sites (N0 = M−∑

3
i=1 iNi). Then, Ne results:

Ne = N1 +N2 +N3 +N0

=
3

∑
i=1

Ni +M−
3

∑
i=1

iNi = M−
3

∑
i=1

(i−1)Ni. (8)

Accordingly,

Ω(N1,N2,N3,M) =
[M−∑

3
i=1(i−1)Ni]!

N1!N2!N3![M−∑
3
i=1 iNi]!

. (9)

From Eqs. (3,4,9), the molar configurational entropy s = S/M can
be expressed as

s(θ1,θ2,θ3,T )
kB

=

(
1− θ2

2
− 2θ3

3

)
ln
(

1− θ2

2
− 2θ3

3

)

−θ1 ln(θ1)−
θ2

2
ln
(

θ2

2

)
− θ3

3
ln
(

θ3

3

)
− (1−θ1−θ2−θ3) ln(1−θ1−θ2−θ3)

(10)

where θi = iNi/M represents the partial coverage of the species Si.
In addition, θT = ∑

3
i=1 θi, being θT the total surface coverage.

On the other hand, the µ j,ads’s can be obtained from Eqs.
(3,5,9),

β µ1,ads = lnθ1− ln(1−θ1−θ2−θ3)+βε1, (11)

β µ2,ads = ln
(

1− 1
2

θ2−
2
3

θ3

)
+ ln

θ2

2
−2ln(1−θ1−θ2−θ3)+βε2,

(12)

β µ3,ads = 2ln
(

1− 1
2

θ2−
2
3

θ3

)
+ ln

θ3

3
−3ln(1−θ1−θ2−θ3)+βε3

(13)

Now, equating Eqs. (11-13) with Eq. (7), it results

K1CP =
θ1

1−θ1−θ2−θ3
, (14)

K2CP =

(
1− θ2

2 −
2θ3
3

)
θ2
2

(1−θ1−θ2−θ3)
2 , (15)

K3CP =

(
1− θ2

2 −
2θ3
3

)2
θ3
3

(1−θ1−θ2−θ3)
3 , (16)

where Ki = exp[β (µ0−εi)] is the equilibrium binding constant be-
tween the protein in the solution and the molecule adsorbed in
the Si state.

Equations (14-16) represent the partial adsorption isotherms
corresponding to three-domain AFPs adsorbed on a 1D lattice.
There is one equation for each adsorption state. Following, these
equations will be generalized to two-dimensional lattices.

2.2 Two-dimensional square lattices

Hereafter, we address the calculation of approximated thermody-
namical functions of complex molecules adsorbed on lattices with
connectivity c higher than 2 (i.e., dimensions higher than one).

In general, the number of states Ω(N,M) for a system of N
molecules on M sites will be a function of the lattice connectivity;
henceforth Ωc(N,M). This quantity can be calculated consider-
ing that the molecules are distributed completely at random on
the lattice, and assuming the arguments given by different au-
thors36–39 to relate the configurational factor Ωc(N,M) for any c,
with the same quantity in one dimension Ωc=2(N,M),

Ωc(N,M)≈ m(c,k)N
Ωc=2(N,M), (17)

where m(c,k) represents the degrees of freedom gained by an
adsorbed molecule as the dimensionality of the space increases.
m(c,k) is, in general, a function of the connectivity and the
size/shape of the adsorbate.

For the case of three-domain molecules (modeled as trimers)
on a lattice with connectivity c, Eq. (9) can be generalized as
follows:

Ωc(M,N1,N2,N3)≈
3

∏
j=1

m j(c, j)N j Ωc=2(M,N1,N2,N3), (18)

where Ωc=2(M,N1,N2,N3) can be obtained from Eq. (9) and
m j(c, j) represents the number of available configurations for a
molecule in the S j state at zero coverage.

From Eqs. (3,4,18), the molar configurational entropy sc =

Sc/M results

4 | 1–12Journal Name, [year], [vol.],

Page 4 of 12Physical Chemistry Chemical Physics

P
hy

si
ca

lC
he

m
is

tr
y

C
he

m
ic

al
P

hy
si

cs
A

cc
ep

te
d

M
an

us
cr

ip
t

Pu
bl

is
he

d 
on

 1
0 

N
ov

em
be

r 
20

17
. D

ow
nl

oa
de

d 
by

 F
re

ie
 U

ni
ve

rs
ita

et
 B

er
lin

 o
n 

16
/1

1/
20

17
 1

0:
56

:2
9.

 

View Article Online
DOI: 10.1039/C7CP06618J

http://dx.doi.org/10.1039/c7cp06618j


sc(θ1,θ2,θ3,T )
kB

= θ1 ln [m1(c,1)]

+
θ2

2
ln [m2(c,2)]+

θ3

3
ln [m3(c,3)]

+

(
1− θ2

2
− 2θ3

3

)
ln
(

1− θ2

2
− 2θ3

3

)

−θ1 ln(θ1)−
θ2

2
ln
(

θ2

2

)
− θ3

3
ln
(

θ3

3

)
− (1−θ1−θ2−θ3) ln(1−θ1−θ2−θ3)

(19)

Operating as in Subsec. 2.1 [see Eqs. (11-16)], the partial ad-
sorption isotherms corresponding to trimers adsorbed on a lattice
with connectivity c can obtained are as follows:

m1(c,1)K1CP =
θ1

1−θ1−θ2−θ3
, (20)

m2(c,2)K2CP =

(
1− θ2

2 −
2θ3
3

)
θ2
2

(1−θ1−θ2−θ3)
2 , (21)

m3(c,3)K3CP =

(
1− θ2

2 −
2θ3
3

)2
θ3
3

(1−θ1−θ2−θ3)
3 . (22)

As mentioned in the beginning of this section, we focus on the
case of square lattices (c = 4). In order to rationalize our analy-
sis, three different cases have been considered, according to the
different adsorption states involved in the process:

• Case A: Proteins in S3 state adsorb occupying three con-
secutive sites along one of the two possible directions of
the lattice (see panel A, Fig. 2). Then, m1(c = 4,1) = 1,
m2(c = 4,2) = 2 and m3(c = 4,3) = 2.

• Case B: Proteins in S3 state adsorb in one of the four possible
angular forms, as shown in panel B, Fig. 2. Then, m1(c =

4,1) = 1, m2(c = 4,2) = 2 and m3(c = 4,3) = 4.

• Case C: This case is the combination of Case A and Case B,
where the proteins in S3 state can adsorb in both linear and
angular forms. Then, m1(c = 4,1) = 1, m2(c = 4,2) = 2 and
m3(c = 4,3) = 6.

3 Modified Langmuir Model
A modified Langmuir model (MLM) was developed by Can et. al.
to account for the adsorption process of a three-domain protein
onto an ice crystal.33 The three-domain protein was modeled as
three identical units (or domains) connected by a flexible linker

and three possible adsorption states: with one, two, or three do-
mains bound to the surface. These states are denoted as S∗1, S∗2
and S∗3, respectively.

As is expected for a simple Langmuir-type model, the arrange-
ment of the adsorption sites in space is immaterial and, conse-
quently, the MLM does not allow to distinguish between different
adsorbate structures or different lattice geometries. For this rea-
son, in this section we will use the asterisk symbol (∗) to distin-
guish states without a defined structure S∗j ’s, from real states S j ’s.
In the following, we will reproduce the calculations of Can and
Holland33.

In the MLM, the surface coverage is described at equilibrium
using the rate constants for adsorption and desorption of the in-
dividual domains as was introduced previously in Ref.30. This
modified Langmuir approach assumes monolayer adsorption and
that each adsorbed domain occupies an equivalent surface area
(adsorption site). Under these considerations, the kinetic equa-
tions for S∗1, S∗2 and S∗3 states are

dθ1

dt
= ka1CP(1−θ1−θ2−θ3)− kdθ1

− ka2θ1(1−θ1−θ2−θ3)+ kdθ2

(23)

dθ2

dt
= 2ka2θ1(1−θ1−θ2−θ3)−2kdθ2

−2ka3θ2(1−θ1−θ2−θ3)+2kdθ3

(24)

dθ3

dt
= 3ka3θ2(1−θ1−θ2−θ3)−3kdθ3 (25)

where θ1, θ2, and θ3 are the surface coverage values for S∗1
state, S∗2 state, and S∗3 state, respectively. ka1 is the adsorption
rate constant from solution to S∗1 state; ka2 is the adsorption rate
constant from S∗1 state to S∗2 state; and ka3 is the adsorption rate
constant from S∗2 state to S∗3 state. In addition, it is assumed that
the desorption rate does not depend on the number of domains
bound to the surface. Accordingly, the desorption rate constants
for the domains in each state were taken as kd . Interested readers
are referred to Refs.30,33 for a more complete description of Eqs.
(23-25).

By equating to zero Eqs. (23-25) (equilibrium conditions), θ1,
θ2, and θ3 can be obtained:

θ1 = Ks1CP(1−θ1−θ2−θ3), (26)

θ2 = K12θ1(1−θ1−θ2−θ3), (27)

θ3 = K23θ2(1−θ1−θ2−θ3), (28)

where Ks1 = ka1/kd (K12 = ka2/kd) [K23 = ka3/kd] is the equi-
librium binding constant between solution and S∗1 state (S∗1 state
and S∗2 state) [S∗2 state and S∗3 state]. Finally,

θ1 = Ks1CP(1−A), (29)
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θ2 = Ks1K12CP(1−A)2, (30)

and

θ3 = Ks1K12K23CP(1−A)3, (31)

where

A = 1+
1
a
−

3

√√√√−q+
√

q2 + 4p3

27

2
−

3

√√√√−q−
√

q2 + 4p3

27

2
, (32)

with a, p and q being:

a =
1

K23
; (33)

p =
Ks1CP +1

Ks1K12K23CP
− 1

3K2
23

; (34)

q =
1

27K3
23
− Ks1C+1

81Ks1K12K2
23CP

− 1
Ks1K12K23CP

. (35)

Equations (29-31) were numerically solved through a standard
computing procedure.

4 Monte Carlo simulation details
The theoretical predictions for the adsorption of three-domain
AFPs on an ice surface are compared with MC computational sim-
ulations in the grand canonical ensemble. As mentioned in Sec-
tion 2, the ice surface is represented by an L-one-dimensional lat-
tice or an L×L-square lattice of M equivalent adsorption sites and
periodic boundary conditions. The protein is modeled as a trimer
with one, two or three domains adsorbed on the surface, each
domain occupying one lattice site, see Fig. 1. The corresponding
adsorption energies are ε1, ε2, and ε3.

The ice surface is in contact with a protein solution at tem-
perature T and concentration CP. Then, the adsorption process
is simulated, according to the following elementary Monte Carlo
step (MCS):

1. A lattice site i is chosen at random.

2. If the site i is empty, one of the three possible adsorption
states (S1, S2 and S3) is selected with equal probability ρ =

1/3.

2.1. If the selected state (in the incise 2) is S1, then an at-
tempt is made to adsorb a protein in an upright orien-
tation with probability

min
{

1,CP exp
(
− ∆E

kBT

)
1
ρ

}
, (36)

where ∆E is the difference between the energies of the
final (new) and initial (old) states, ∆E = ε1.

2.2. If the selected state (in the incise 2) is S2, a site j is
randomly chosen among the c nearest neighbours of

the site i.

2.2.1. If the site j is empty, then an attempt is made to
adsorb a protein with probability according to Eq.
(36) and ∆E = ε2.

2.2.2. If the site j is occupied, then the attempt is re-
jected.

2.3. If the selected state (in the incise 2) is S3 and c = 2,
then two consecutive sites j and k are randomly cho-
sen. In the case of square lattices, three different situ-
ations can occur according to the studied case: Case A,
then j and k are randomly chosen along one of the two
possible lattice directions (see panel A, Fig. 2); Case
B, then j and k are randomly chosen among one of the
four possible angular forms (see panel B, Fig. 2); and
Case C, then j and k are randomly chosen among one
of the six possible linear and angular forms.

2.3.1. If the sites j and k are empty, then an attempt is
made to adsorb a protein with probability accord-
ing to Eq. (36) and ∆E = ε3.

2.3.2. Otherwise, the attempt is rejected.

3. If the site i is occupied by a protein molecule, we try to des-
orb.

3.1. If the selected molecule (in the incise 3) is in S1 state,
then an attempt to desorb with probability

min
{

1,
1

CP
exp
(
− ∆E

kBT

)
ρ

}
, (37)

where ∆E =−ε1.

3.2. If the adsorbed domain in the site i belongs to a protein
molecule in S2 state, then a site j is randomly chosen
among the c nearest neighbours of the site i.

3.2.1. If the sites i and j are occupied by segments be-
longing to the same protein molecule, then an at-
tempt is made to desorb the molecule with proba-
bility depicted in Eq. (37) and ∆E =−ε2.

3.2.2. Otherwise, the attempt is rejected.

3.3. If the adsorbed domain in the site i belongs to a pro-
tein molecule adsorbed in S3 state and c = 2, then two
consecutive sites j and k are randomly chosen. In the
case of square lattices, three different situations can oc-
cur according to the studied case: Case A, then j and
k are randomly chosen along one of the two possible
lattice directions; Case B, then j and k are randomly
chosen among one of the four possible angular forms;
and Case C, then j and k are randomly chosen among
one of the six possible linear and angular forms.

3.3.1. If the sites i, j and k are occupied by domains be-
longing to the same molecule, then an attempt is
made to desorb with probability according to Eq.
(37) and ∆E =−ε3.

3.3.2. Otherwise, the attempt is rejected.
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4. Repeat from step 1. M times.

For simplicity, the elementary MCS takes into account only the
adsorption or desorption of protein molecules, and does not in-
clude transitions between different adsorption states. The inclu-
sion of transitions between different states of the adsorbed pro-
teins does not affect the equilibrium properties of the system, and
would slow down the simulations. Interested readers are referred
to Ref.32 for a more complete discussion on this topic.

In our MC simulations, the equilibrium state can be well re-
produced after discarding the first m0 = 106 MCS. Then, averages
are taken over m = 106 MCS successive configurations. The initial
configuration of the system is an empty lattice, and the final con-
figuration obtained for a given concentration is used as the initial
configuration for the next (higher) concentration.

Thermodynamic quantities, such as total and partial isotherms
and adsorption energy per site u = E/M, are obtained as simple
averages

θ1 =
〈N1〉
M

, (38)

θ2 =
2〈N2〉

M
, (39)

θ3 =
3〈N3〉

M
, (40)

θT = θ1 +θ2 +θ3 =
〈N1〉+2〈N2〉+3〈N3〉

M
, (41)

and

u =
ε1〈N1〉+ ε2〈N2〉+ ε3〈N3〉

M
, (42)

where 〈. . .〉 means the average over the MC simulation runs.
The Helmholtz free energy per site f = F/M is calculated by

using the well-known thermodynamic integration method40. The
method in the grand canonical ensemble relies upon integra-
tion of the chemical potential µ on coverage along a reversible
path between an arbitrary reference state and the desired state of
the system. This calculation also requires the knowledge of the
Helmholtz free energy per site in the reference state f0. Thus,

f = f0 +
∫ N

0 µdN
M

. (43)

The determination of f0 is trivial [ f0 = F(M,N1 = 0,N2 = 0,N3 =

0,T )/M = 0]. Finally, the entropy per site s is calculated as the
difference between internal and free energy35:

s
kB

=
u

kBT
− f

kBT
. (44)

5 Results and discussion
We will consider first the adsorption on a 1D system, since the
LGMMAS theory give exact results for this geometry, and then
we will address the adsorption problem in the two-dimensional
square lattice. In addition, in this work we consider the case
in which the adsorption energies are accumulative and directly
proportional to the amount of adsorbed domains is considered:
ε2 = 2ε1, and ε3 = 3ε1.

Figure 3a) shows the total and partial adsorption isotherms for
a 1D lattice with ε1/kBT = −2, ε2/kBT = −4 and ε3/kBT = −6.

Fig. 3 a) Total and partial adsorption isotherms Antifreeze trimer ad-
sorbed on a 1D lattice with ε1/kBT =−2 , ε2/kBT =−4 and ε3/kBT =−6.
Symbols, solid lines and dashed lines represent Monte Carlo simulation,
LGMMAS [Eqs. (14-16)] and MLM [Eqs. (29-31)] data, respectively. b)
Adsorption energy per site (in kBT units), configurational entropy per site
(in kB units) and Helmholtz free energy per site (in kBT ) for the case stud-
ied in Fig. 3a).

Symbols represent simulation data for L-lattices with L = 1200
and periodic boundary conditions. Solid and dashed lines corre-
spond to theoretical results from LGMMAS [Eqs. (14-16)] and
MLM [Eqs. (29-31)], respectively.

The adsorption process starts at very low bulk protein con-
centration (lnCP ≈ −12). Under these conditions, the protein is
adsorbed at the most energetically stable state (S3 state). The
increase in the bulk protein concentration is followed by an in-
crease in the amount of protein adsorbed in S3 state, reaching a
maximum coverage of 0.62 at (lnCP ≈ −4.5). Then, S3 coverage
decreases following a symmetric profile. The S2 and S1 partial
densities start to increase at lnCP ≈ −9 and lnCP = −6, respec-
tively. The population in S2 state reaches a maximum of 0.35
at lnCP ≈ −0.5 and then decays. On the contrary, the amount
of protein in S1 state increases monotonically until the surface is
completely covered at high bulk protein concentrations. The dis-
placement of molecules in S2 and S3 states by the molecules in S1
state is called adsorption preference reversal (APR) phenomenon,
and it has been previously observed41,42. The behavior of the to-
tal surface coverage can be understood from the sum of the indi-
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vidual behaviors for S1, S2 and S3.
In Fig. 3b), the adsorption energy per site u, configurational

entropy per site s, and Helmholtz free energy per site f were cal-
culated as a function of the protein concentration CP. The energy
parameters are the same as in Fig. 3a). Symbols and solid lines
represent MC simulation and LGMMAS data, respectively. The
calculations with MLM theory were limited to the total and par-
tial adsorption isotherms.33 Consequently, MLM curves are not
included in the thermodynamic analysis shown in Fig. 3b). The
total adsorption energy per site decreases monotonically as CP

increases, tending asymptotically to u/kBT = ε1/kBT for higher
concentrations. In this limit, the lattice is completely filled by
proteins in the S1 state.

Regarding the configurational entropy per site, the overall be-
havior can be explained as follows. For low protein concentra-
tions (lnCP <−15), the surface is empty and the entropy is zero.
For concentrations higher than lnCP ≈−15, proteins in S1, S2 and
S3 states begin to adsorb, and the configurational entropy per
site is an increasing function of CP. This process continues until
θ1 ≈ θ2 ≈ θ3 ≈ 1/3 [see Fig. 3a)], the mixture effect is maximum,
and the entropy shows a peak around lnCP ≈ 0. Then, s/kB de-
creases monotonically to zero for high values of CP, where the
whole surface is covered by proteins in the S1 state. This limit
value of entropy is zero because there is only one available con-
figuration at high concentrations. The behavior of the Helmholtz
free energy per site can be understood from the analysis of the
curves of u and s.

The LGMMAS and MLM results can be quantitatively evaluated
with respect to MC results using the percentage relative discrep-
ancy, Dθ j , defined as:

Dθ j (%)= 100

∫ ∣∣∣θ MC
j (lnCP)−θ th

j (lnCP)
∣∣∣ d lnCP∫

θ MC
j (lnCP)d lnCP

{ j = 1,2,3,T}

(45)
where θ MC

j and θ th
j represent the coverage obtained by using MC

simulation and theoretical approximations (LGMMAS or MLM
theories) respectively. Each pair of values (θ MC

j , θ th
j ) is obtained

at fixed lnCP.

Table 1 Percentage relative discrepancy [Eq. (45)] for the theoretical
curves in Fig. 3a).

Dθ j (%) 1D
Coverage LGMMAS MLM

θ1 0.4 9.1
θ2 0.2 19.0
θ3 0.1 42.3
θT 0.01 9.2

The values of Dθ j (%) for the 1D case [Fig. 3a)] are compiled
in Table 1. The results obtained with LGMMAS theory are ex-
act, then the small discrepancy values reported in Table 1 (less
than 0.5%) correspond to MC simulation errors. However, sig-
nificant discrepancy are observed for MLM results, especially for
the partial coverage corresponding to S2 state [Dθ2(%) ≈ 19%]
and S3 state [Dθ3(%) ≈ 42%]. This finding indicates that MLM

has serious limitations for studying the adsorption of n-domains
molecules with n > 2. As discussed below, these limitations are
even more evident in 2D systems.

Hereafter, we present the analysis of the adsorption of proteins
on 2D substrates and Cases A, B and C. For this purpose, square
lattices of M = 120× 120 sites and periodic boundary conditions
were simulated. With this lattice size we verified that finite size
effects are negligible. As in Fig. 3, we set ε1/kBT =−2, ε2/kBT =

−4 and ε3/kBT =−6.
Figure 4 shows the total and partial adsorption isotherms for a

2D-square lattice for Cases A, B and C, as indicated. The results
are qualitatively similar to those reported for the one-dimensional
system [Fig. 3a)]. However, some details may be pointed out.
When the protein is adsorbed in the S3 state occupying three con-
secutive sites along one of the two possible directions of the lat-
tice [Case A, Fig. 2a)] the maximum coverage reaches a value of
θ3 ≈ 0.65 [Fig. 4a)]. If the protein is adsorbed in angular form
[Case B, Fig. 2b)], the coverage reaches a maximum of θ3 ≈ 0.75
see Fig. 4b). Finally, when the protein is adsorbed in both lin-
ear and angular form (Case C), a maximum coverage value of
θ3 ≈ 0.8 is reached [Fig. 4c)]. This tendency reflects the num-
ber of conformations in which the protein may be adsorbed in the
S3 state; in Case A, B and C there are two (Panel A, Fig 2), four
(Panel B, ref) and six (Panel A and B, ref) possible configurations
respectively for the AFP. It is important to note that the maxi-
mum values mentioned above were obtained at a similar protein
concentration (lnCP ≈−4) for the studied cases.

Analyzing now the partial coverage of the protein in the S2

state, the maximum values obtained for θ2 are θ2 ≈ 0.43, θ2 ≈ 0.35
and θ2 ≈ 0.31 (at lnCP ≈ 0) for Cases A, B and C, respectively. An
opposite tendency is shown by these values with respect to the
maximum values in the S3 state. This behavior is due to the com-
petition between the proteins to adsorb in the S2 and S3 states.
In fact, since the number of forms to adsorb the molecules in the
S2 state is the same for Cases A, B and C, then, the increasing of
the number of possible configurations for the molecules in the S3

state gives rise to a decrease in θ2.
Finally, when the protein is adsorbed in the S1 state, the cover-

age profile is similar in all cases; specifically, it prefers to adsorb
in the S1 state starting from lnCP ≈−5, increasing monotonically
with CP, and fully covering the lattice, displacing the S2 and S3

states of the protein.
The evaluation of the performance of LGMMAS and MLM is

carried out using the discrepancy criteria [Eq. 45]. The results
are shown in Table 2.

Table 2 Percentage relative discrepancy [Eq. (45)] for the theoretical
curves in Fig. 4.

Case A Case B Case C
Coverage LGMMAS MLM LGMMAS MLM LGMMAS MLM

θ1 1.3 15.5 2.3 13.8 2.4 16.3
θ2 0.9 39.9 2.3 25.2 3.4 13.9
θ3 9.5 42.8 12.2 54.0 11.5 59.4
θT 1.8 11.4 2.6 14.5 2.7 15.7

Significant differences between the values of Dθ j (%) for LGM-
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Fig. 4 Total and partial adsorption isotherms (coverage vs lnCP) for
three-domain AFPs adsorbed on square lattices with ε1/kBT = −2,
ε2/kBT = −4 and ε3/kBT = −6. Symbols, solid lines and dashed lines
represent simulation, LGMMAS [Eqs. (20-22)] and MLM [Eqs. (29-
31)] data, respectively. a) Case A: m1(c = 4,1) = 1, m2(c = 4,2) = 2
and m3(c = 4,3) = 2. b) Case B: m1(c = 4,1) = 1, m2(c = 4,2) = 2
and m3(c = 4,3) = 4. c) Case C: m1(c = 4,1) = 1, m2(c = 4,2) = 2 and
m3(c = 4,3) = 6.

MAS and MLM are observed. Regarding to LGMMAS theory,
Dθ j (%) varies between ≈ 1% and ≈ 12%. These values are of
the order or smaller than the expected experimental errors. In
addition, from a simple inspection of Table 2, it is observed that
the values of Dθ j (%) for LGMMAS and Case A are smaller than
those corresponding to Cases B and C. This better performance
for Case A is due to the proteins have two possible lineal confor-
mations in the S3 state, which is closest to the exact 1D solution∗.
Cases B and C have four and six possible conformations for S3

state, respectively.
Very different is the situation in the case of MLM, where Dθ j (%)

ranges between ≈ 10% and ≈ 60%. MLM does not distinguish be-
tween different adsorption states and, consequently, the accuracy
of the model diminishes as the number of possible conformations
of the adsorbed proteins increases. Such discrepancies had not
been observed in previous studies30, where two-domains AFPs
were modeled as simple dimers with S1 = 1 and S2 = 2. This find-
ing reinforces the concept that MLM has serious limitations for
studying the adsorption of n-domains molecules with n > 2.

Fig. 5 Relative proportion of each type of protein conformation (linear
or angular) in the S3 state for the case studied in Fig. 4c). Solid (open)
symbols correspond to θ3A (2θ3L).

Concerning the adsorption of molecules with m3(c = 4,3) = 6
(Case C), simple statistical arguments can be used to obtain the
relative proportion of each type of protein conformation (linear
or angular) in the S3 state. In fact, linear proteins have two pos-
sible adsorption states on a square lattice (panel A, Fig. 2), while
angular proteins have four possible adsorption states (panel B,
Fig. 2). Accordingly, and given that all the conformations have
the same probability, it is expected that the population of pro-
teins adsorbed in an angular conformation is twice the amount of
adsorbed proteins in a linear conformation,

θ3A ≈ 2θ3L. (46)

In addition, θ3 = θ3L + θ3A, where θ3L (θ3A) denotes the partial
coverage corresponding to molecules adsorbed in the S3 state and

∗ If the adsorption of molecules in S2 and S3 states is restricted to only one lattice
direction, the problem reduces to one dimension and the solution is exact.
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linear (angular) conformation.
In order to verify the proposed relationship between θ3L and

θ3A, these quantities were calculated by MC simulations for the
case in Fig. 4c). The results are shown in Fig. 5. As it can be
observed, the curve corresponding to θ3A (solid symbols) shows
an excellent agreement with the one corresponding to 2θ3L (open
symbols), validating the expression in Eq. (46).

Continuing with the analysis of the 2D case, the energy per
site, configurational entropy per site and Helmholtz free energy
per site were calculated as a function of the bulk protein concen-
tration for the same cases in Fig. 4. The results are shown in Fig.
6: a) Case A; b) Case B and c) Case C.

The energy per site is very similar to that in 1D [Fig. 3b)]
because the adsorption energy is the same, and there are not lat-
eral interactions between particles. The entropy is the amount
in which one can observe appreciable differences between 1D
and 2D. In 2D the entropy is higher than in 1D due to the
number of available states increases when the connectivity in-
creases. The entropy increases also with the number of possi-
ble adsorption states, and small differences are observed between
the curves corresponding to Cases A, B and C. Finally, both c = 2
and c = 4 have the same limit in the configurational entropy per
site, because at high bulk protein concentration there are just
molecules in S1 state (monomers) on the lattice. The degeneracy
of this structure is equal to one at full coverage, and consequently,
s(θT → 1)/kB→ 0.

Finally, operating with Eqs. (20-22), the following relationship
between the partial densities θ1, θ2 and θ3 can be obtained:

m(c,3)K3θ2
2 =

4θ1θ3(K2)
2[m(c,2)]2

3K1m(c,1)
. (47)

In this paper, we restrict the treatment to the additive case,
where ε2=2ε1 and ε3= 3ε1. Then, K1 = exp[β (µ0 − ε1)], K2 =

exp[β (µ0−2ε1)], K3 = exp[β (µ0−3ε1)], and Eq. (47) reduces to

m(c,3)θ2
2 =

4θ1θ3[m(c,2)]2

3m(c,1)
. (48)

Now, considering the values of m(c, i) for Cases A, B and C, the
following expressions can be obtained:

θ3 =
3
8

θ2
2

θ1
Case A, (49)

θ3 =
3
4

θ2
2

θ1
Case B, (50)

and

θ3 =
9
8

θ2
2

θ1
Case C. (51)

Equations (49-51) account for the main features of the process of
adsorption of three-domain molecules.

Figure 7 shows the profiles for θ3 (solid symbols) obtained from
MC simulation for the Cases A, B, and C, which are equivalent to
the ones in Fig. 4a), 4b), and 4c), respectively. In the figure
are also shown the values of θ3 (open symbols) calculated using
Eqs. (49-51) (where θ1 and θ2 correspond to the values in Fig.
4). These results validate the Eqs. (49-51), which demonstrate

Fig. 6 Adsorption energy per site (in kBT units), configurational entropy
per site (in kB units) and Helmholtz free energy per site (in kBT ) for a)
Case A, b) Case B, and c) Case C.
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Fig. 7 Coverage degree θ3 (solid symbols) as a function of CP obtained
from MC simulation for the cases A, B, and C. θ3 (open symbols) obtained
using θ1 and θ2 from MC simulation and Eqs. (49-51)

the consistency and robustness of the expressions derived from
LGMMAS.

The study presented in this section indicates that the LGMMAS
is, to the best of our knowledge, the most accurate approxima-
tion to the problem of adsorption of three-domain antifreeze pro-
teins. The theory allows to identify different conformations of the
molecules in the adsorbed state, and provides extremely accurate
relationships between the densities of each adsorption state.

6 Conclusions
In the present work, a new theoretical approach to the adsorption
of three-domain antifreeze proteins on ice has been presented on
the basis of a generalization of the lattice-gas model of molecules
with multiple adsorption states31. The statistical theory, obtained
from the exact partition function of non-interacting trimers ad-
sorbed in one dimension and its extension to two dimensions,
takes into account not just the protein topology, but also how it
adsorbs on the lattice.

The three-domain protein was modeled as three identical units
(or domains) connected by a flexible linker and three possible ad-
sorption states: S1, S2 and S3, with one, two, or three domains
bound to the surface, respectively. In addition, four different
cases were considered, according to the different configurations
of the proteins in the S3 state: (i) the molecules adsorb occupying
three consecutive sites on a 1D lattice; (ii) the molecules adsorb
occupying three consecutive sites along one of the two possible
directions of a 2D square lattice; (iii) the molecules adsorb in one
of the four possible angular forms on a 2D square lattice; and (iv)
the molecules adsorb in both linear and angular forms.

The results of the theory were contrasted with MC simula-
tions, and a modified Langmuir model developed by Can and Hol-
land33, where the arrangement of the adsorption sites in space
is immaterial. While the new scheme provides exact results in
one-dimensional lattices and offers a very accurate description in
two dimensions, the MLM does not distinguish between different
adsorption states, and shows severe discrepancies with the two-
dimensional simulation results. Such discrepancies had not been

observed in previous studies with simpler molecules (monomers 
and dimers)30. In other words, MLM has serious limitations for 
studying the adsorption of n-domains molecules with n > 2.

Summarizing, the theory presented here (1) represents a sig-
nificant q ualitative a dvance i n o ur u nderstanding o f multistate 
adsorbed molecules, (2) shows that adsorbate structure and lat-
tice geometry play fundamental roles in determining the statistics 
of this class of systems, and (3) is the most accurate and com-
plete approximation to this complex problem, and (4) could be 
very useful in interpreting experimental data. In this line, fu-
ture efforts will be devoted to (i) extend the calculations to larger 
molecules and non-additive adsorption energies, and (ii) analyse 
the applicability of the model to study protein activity in some 
well-known systems27–29.
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