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Partial regularity for a surface growth model

Wojciech S. Ożański, James C. Robinson

Abstract

We prove two partial regularity results for the scalar equation ut+uxxxx+∂xxu
2
x = 0,

a model of surface growth arising from the physical process of molecular epitaxy. We
show that the set of space-time singularities has (upper) box-counting dimension no
larger than 7/6 and 1-dimensional (parabolic) Hausdorff measure zero. These parallel
the results available for the three-dimensional Navier–Stokes equations. In fact the
mathematical theory of the surface growth model is known to share a number of striking
similarities with the Navier–Stokes equations, and the partial regularity results are
the next step towards understanding this remarkable similarity. As far as we know
the surface growth model is the only lower-dimensional “mini-model” of the Navier–
Stokes equations for which such an analogue of the partial regularity theory has been
proved. In the course of our proof, which is inspired by the rescaling analysis of Lin
(1998) and Ladyzhenskaya & Seregin (1999), we develop certain nonlinear parabolic
Poincaré inequality, which is a concept of independent interest. We believe that similar
inequalities could be applicable in other parabolic equations.

1 Introduction

In this paper we consider the one-dimensional model of surface growth

ut + uxxxx + ∂xxu
2
x = 0 (1.1)

on the one-dimensional torus T, under the assumption that
´
T u = 0; we refer to this in

what follows as the SGM.
As previously observed by Blömker & Romito (2009, 2012), this model shares many

striking similarities with the three-dimensional Navier–Stokes equations. In particular, in
their 2009 paper Blömker & Romito proved local existence in the critical space Ḣ1/2 and
(spatial) smoothness for solutions bounded in L8/(2α−1)((0, T );Hα) for all 1/2 < α < 9/2;
in the 2012 paper they prove local existence in a critical space of a similar type to that
occurring in the paper by Koch & Tataru (2001) for the Navier–Stokes equations.

The aim of this paper is to prove partial regularity results for (1.1) that are analogues
of those proved by Caffarelli, Kohn, & Nirenberg (1982) for the Navier–Stokes equations.
Perhaps surprisingly their inductive method does not seem well adapted to (1.1), and instead
we use the rescaling approach of Lin (1998) and Ladyzhenskaya & Seregin (1999). The main
issue is that the biharmonic heat kernel, given in the one-dimensional case by

K(x, t) = αt−1/4f(|x|t−1/4), where f(x) =

ˆ ∞
0

e−s
4

cos(xs) ds

and α is a normalising constant, takes negative values so cannot be used as the basis of the
construction of a suitable sequence of test functions for use in the local energy inequality.

Our main result is the following.
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Theorem 1.1. Let u be a suitable weak solution of the surface growth model. Then

(i) there exist ε0, R0 > 0 such that if r < R0 and

1

r2

ˆ
Q(z,r)

|ux|3 ≤ ε0

for a cylinder Q(z, r), then u is Hölder continuous in Q(z, r/2);

(ii) there exists ε1 > 0 such that if either

lim sup
r→0

1

r

ˆ
Q(z,r)

u2xx ≤ ε1 or lim sup
r→0

{
sup

t−r4≤s≤t+r4

1

r

ˆ
Br(x)

u(s)2

}
≤ ε1

then u is Hölder continuous in Q(z, ρ) for some ρ > 0.

Here Q(z, r) denotes the parabolic cylinder of radius r centred at z (see Section 1.1
below), and the notion (and existence) of suitable weak solutions is discussed in Section 2.
Using these conditional regularity results we deduce upper bounds on the dimension of the
space-time singular set, which we take here to be

S = {(x, t) ∈ T× (0,∞) : u is not space-time Hölder continuous

in any neighbourhood of (x, t)}.
(1.2)

Namely we show that for every compact K ⊂ T× (0,∞)

dB(S ∩K) ≤ 7/6 and P1(S) = 0,

see Corollary 4.6 and Corollary 5.2, respectively. Here dB denotes the (upper) box-counting
dimension (see (4.17) for the definition) and P1 denotes the 1-dimensional parabolic Haus-
dorff measure appropriate for scaling of the equations (see (5.5) for details). The point of
considering the intersection S ∩K is to separate S from the set {(x, 0) : x ∈ T}. This is a
technical matter related to the definition of the box-counting dimension. Indeed, in order
to deduce the bound from part (i) of the theorem above one first needs to guarantee that
Q(z, r) ⊂ T× (0,∞) for sufficiently small r, uniformly in z ∈ S (see the proof of Corollary
4.6), and we overcome this problem by intersecting S with a compact set. (A similar issue
appears in the case of the Navier–Stokes equations, see Theorem 15.8 in Robinson et al.
(2016).) This issue does not appear in the second estimate, P1(S) = 0, and in the case
when the initial condition of a suitable weak solution is sufficiently regular (say H1/2) as
then a weak-strong uniqueness result (see Theorem 2.11 in Blömker & Romito (2009), for
example) guarantees that u is smooth for small times.

The estimate P1(S) = 0 implies that dH(S), the Hausdorff dimension of S, is no
greater than 1. In the case of the Navier–Stokes equations, the corresponding results are
dB(S ∩ K) ≤ 5/3 for any compact set K and P1

NSE(S) = 0 (see, for example, Chapters
15 and 16 in Robinson et al. (2016)), where P1

NSE is the 1-dimensional parabolic Hausdorff
measure which respects the Navier–Stokes scaling in R3 × R (hence the subscript “NSE”).
In the case of the Navier–Stokes equations the bound on the box-counting dimension has
been improved, the current sharpest bound being dB(S ∩K) ≤ 2400/1903(≈ 1.261), due to
He et al. (2017).

As for the definition (1.2), note that if u is spatially Hölder continuous on T with some
exponent θ then u ∈ Hα(T) for all 0 < α < θ, using the Sobolev–Slobodeckii characterisation
of Hα(T) as the collection of all functions such that

ˆ
T

ˆ
T

|f(x)− f(y)|2

|x− y|1+2α
dxdy <∞
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(see Di Nezza, Palatucci, & Valdinoci, 2012); it follows (using arguments from Blömker &
Romito (2009)) that if u is space-time Hölder continuous on [0, T ] × T then u is spatially
smooth. However, the condition u ∈ L∞t L

∞
x (which is the SGM equivalent of the L∞t L

3
x

regularity for the Navier–Stokes equations, see Escauriaza, Seregin, & Sv̌erák, 2003) is not
yet known to be sufficient for the regularity of the SGM. This is why we do not use local
essential boundedness in our definition of S. Observe also that S is closed (as its complement
is open in T× (0,∞)).

Note that it is not entirely clear whether or not the definition in (1.2) is the correct one
for the SGM, since a local conditional regularity result that guarantees spatial smoothness
under a localised Hölder condition of u is currently unknown. However, a closely related

result has recently been proved by Ożański (2018): if ux ∈ Lq
′

t L
q
x(Q), where Q is a cylinder

and q′, q ∈ (1,∞] are such that 4/q′ + 1/q ≤ 1, then u ∈ C∞(Q). This can be thought of as
an analogue of the local Serrin condition in the Navier–Stokes equation, which guarantees

that a weak solution u satisfying u ∈ Lq
′

t L
q
x(Q) for 2/q′ + 3/q = 1 is smooth in space, see

Section 8.5 in Robinson, Rodrigo, & Sadowski (2016), for example.
The structure of the article is as follows. In the remainder of this section we introduce

some notation, in Section 2 we introduce the notion of suitable weak solutions and we show
global-in-time existence of such solutions for any initial condition u0 ∈ L2 with zero mean.
In Section 3 we introduce a “nonlinear parabolic Poincaré inequality”, which is vital for
both of our partial regularity results and a concept of independent interest. We then prove
two local regularity results for the surface growth model, the first in terms of ux (Section
4) and the second one in terms of uxx (Section 5). As a consequence we can show that the
(upper) box-counting dimension of the space-time singular set is no larger than 7/6, and
that its one-dimensional parabolic Hausdorff measure is zero.

1.1 Notation

With z = (x, t) we define the centred1 parabolic cylinder Q(z, r) to be

Q(z, r) = (x− r, x+ r)× (t− r4, t+ r4).

Note that the ‘cylinder’ here is in fact a rectangle. We often use the notation Qr for a
cylinder Q(z, r) for some z. Set

fz,r :=

 
Q(z,r)

f =
1

|Q(z, r)|

ˆ
Q(z,r)

f. (1.3)

We set L2 = L2(T), Hk = Hk(T), and W k,p = W k,p(T) (k ≥ 0, p ≥ 1), function spaces
consisting of periodic functions: for example W k,p is the completion of the space of smooth
and periodic functions on T in the W k,p norm. The norm on Hk is equivalent to(∑

n∈Z

(
1 + n2k

)
|f̂(n)|2

)1/2

,

where f̂(n) denotes the n-th Fourier coefficient of f . We write ‖ · ‖ to denote the L2 norm
and we write a dot “·” above a function space to denote the closed subspace of functions
with zero integral so that, for example,

Ḣk :=

{
f ∈ Hk :

ˆ
T
f = 0

}
, k ≥ 0.

1Note that in many papers Q(z, r) is used for the ‘non-anticipating’ cylinder which in this case would be
Br(x)× (t− r4, t).
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We will also write

‖f‖Ḣk =

(∑
n∈Z

n2k|f̂(n)|2
)1/2

= c‖∂kxf‖

to denote the Hk seminorm. Note that if u ∈ Ḣk then

‖u‖Ḣs ≤ ‖u‖Ḣk for all s ≤ k

and hence that ‖u‖Hs ≤ ck‖∂kxu‖. We will use the Sobolev interpolation,

‖u‖Hs ≤ ‖u‖θHs1‖u‖1−θHs2 (1.4)

and a similar inequality for the seminorms, where s1 ≤ s ≤ s2 and s = θs1 + (1− θ)s2.
We write

´
:=

´
T and, given T > 0, we denote the space of smooth functions that are

periodic with respect to the spatial variable and compactly supported in a time interval I
by C∞0 (T× I). We denote any universal constant by a C or c.

2 Suitable weak solutions

We first define the notion of a weak solution of the problem (1.1).

Definition 2.1 (Weak solution). We say that u is a (global-in-time) weak solution of the
surface growth initial value problem{

ut = −uxxxx − ∂2x|ux|2,
u(0) = u0 ∈ L̇2,

(2.1)

if for every T > 0
u ∈ L∞((0, T ); L̇2) ∩ L2((0, T ); Ḣ2) (2.2)

and

−
ˆ T

0

ˆ (
uφt − uxxφxx − (ux)2φxx

)
=

ˆ
u0φ(0) (2.3)

for all φ ∈ C∞0 (T× [0, T )).

Note that a simple procedure of cutting off φ in time (and an application of Lebesgue
Differentiation Theorem) gives that (2.3) is equivalent to

ˆ
u(t)φ(t)−

ˆ t

s

ˆ (
uφt − uxxφxx − (ux)2φxx

)
=

ˆ
u(s)φ(s) (2.4)

being satisfied for all φ ∈ C∞0 (T× [0, T )) and almost all s, t with 0 ≤ s < t.
Note also that it follows from the regularity (2.2) enjoyed by any weak solution that

ux ∈ L10/3((0, T );L10/3). (2.5)

Indeed, using Sobolev interpolation (1.4), for any 0 ≤ s ≤ 2 we have

‖u‖Hs ≤ ‖u‖1−s/2L2 ‖u‖s/2H2 ,

and so the 1D embedding Hs ⊂ Lp when s = 1/2− 1/p gives

‖ux‖Lp ≤ ‖u‖(2+p)/4pL2 ‖u‖(3p−2)/4pH2 ,
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and so ux ∈ L8p/(3p−2)((0, T );Lp); in particular ux ∈ L10/3((0, T );L10/3).
We now briefly recall the proof of the existence of global-in-time weak solutions to the

surface growth initial value problem for any initial data u0 ∈ L̇2. We give a sketch of the
proof (due to Stein & Winkler, 2005) since it will be required in showing the local energy
inequality (Theorem 2.4).

Theorem 2.2 (Existence of weak solutions). For each u0 ∈ L̇2 there exists at least one
weak solution of the surface growth initial value problem (2.1).

Proof (sketch). Fix T > 0 and take N ∈ N, let τ := T/N denote the time step, set uτ0 := u0
and, for k = 1, . . . , N , let uτk ∈ Ḣ2 be a solution of the implicit Euler scheme

ˆ
uτk − uτk−1

τ
ψ = −

ˆ
∂xxu

τ
kψxx −

ˆ
(∂xu

τ
k)

2
ψxx (2.6)

for all ψ ∈ Ḣ2. The existence of such uτk can be shown using the Lax–Milgram Lemma and
the Leray–Schauder fixed point theorem.

For t ∈ [(k − 1)τ, kτ), k ∈ {1, . . . , N}, let{
uτ (x, t) := kτ−t

τ uτk−1(x) + t−(k−1)τ
τ uτk(x),

uτ (x, t) := uτk(x).

In other words uτ denotes the linear approximation between the neighbouring uτk’s, and uτ

denotes the next uτk.
Letting φ := uτk in (2.6) and observing the cancellation

ˆ
(∂xu

τ
k)

2
∂xxu

τ
k = 0

we obtain ˆ
(uτk)

2
+ τ

ˆ
(∂xxu

τ
k)

2
=

ˆ (
uτk−1

)2
, k ≥ 1,

from which, by summing in k, we obtain the energy inequality for uτ ,

‖uτ (t)‖2 +

ˆ t

0

‖∂xxuτ (s)‖2ds ≤ ‖u0‖2, t ∈ (0, T ), (2.7)

and similarly for uτ ,

‖uτ (t)‖2 +

ˆ t

0

‖∂xxuτ (s)‖2ds ≤ C‖u0‖2, t ∈ (0, T ). (2.8)

Furthermore, observe that for every ψ ∈ Ḣ2 and every t ∈ [0, T ) we have
ˆ
∂tu

τ (t)ψ =

ˆ
uτk − uτk−1

τ
ψ = −

ˆ (
∂xxu

τ (t) + (∂xu
τ (t))2

)
ψxx,

where k ≥ 1 is such that t ∈ [(k − 1)τ, kτ). Thus, since each uτk, k ≥ 0, has zero mean, the
above equality holds in fact for all φ ∈ H2, that isˆ

∂tu
τ (t)ψ = −

ˆ (
∂xxu

τ (t) + (∂xu
τ (t))2

)
ψxx, ψ ∈ H2, t ∈ [0, T ). (2.9)

Taking ψ := φ(t) for some φ ∈ C∞0 (T× [0, T )) and integrating in time gives

ˆ T

0

ˆ
∂tu

τφ = −
ˆ T

0

ˆ (
∂xxu

τ + (∂xu
τ (t))2

)
φxx, φ ∈ C∞0 (T× [0, T )). (2.10)
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From here one can apply Hölder’s inequality, the Sobolev embedding H1/5 ⊂ L10/3, the
Sobolev interpolation (1.4), (2.7) and a standard density argument to obtain a uniform (in
τ) estimate on ∂tu

τ in L5/3((0, T ); (W 2,5/2)∗). This, the energy inequalities (2.7), (2.8), and
the Aubin–Lions lemma (see Theorem 2.1 in Section 3.2 in Temam, 1977, for example) give
the existence of a sequence τn → 0+ and a u ∈ L2((0, T );W 1,∞) such that

uτn →u in L2((0, T );W 1,∞),

uτn , uτn ⇀u in L2((0, T );H2),

uτn , uτn
∗
⇀u in L∞((0, T );L2)

(2.11)

as τn → 0. Here “⇀” and “
∗
⇀” denote the weak and weak-∗ convergence, respectively. The

fact that both uτn and uτn converge to the same limit function follows from the convergence

‖uτn − uτn‖L2((0,T );W 1,∞) → 0 as τn → 0,

which can be shown using the first convergence from (2.11); see Lemma 2.3 in King et al.
(2003) for details.

The limit function u is a weak solution to the surface growth initial value problem
since the regularity requirement (2.2) follows from the convergence above and (2.3) follows
by taking the limit τn → 0+ in (2.10) after integration by parts in time of the left-hand
side.

As with the partial regularity theory for the Navier–Stokes equations, we make key use
of a local energy inequality. This gives rise to the notion of “suitable weak solutions”, which
we now define.

Definition 2.3 (Suitable weak solution). We say that a weak solution is suitable if the local
energy inequality

1

2

ˆ
u(t)2φ(t) +

ˆ t

0

ˆ
u2xxφ ≤

ˆ t

0

ˆ (
1

2
(φt + φxxxx)u2 + 2u2xφxx −

5

3
u3xφx − u2xuφxx

)
(2.12)

holds for all φ ∈ C∞0 (T× (0, T ); [0,∞)) and all t ≥ 0.

Note that the local energy inequality is a weak form of the inequality

u
(
ut + uxxxx + ∂2x|ux|2

)
≤ 0;

that is (2.12) can be obtained (formally) by multiplying the above inequality by φ and
integrating by parts. By adapting the method outlined above in the proof of the existence
of a weak solution, we now show that this solution also satisfies the local energy inequality
and is therefore ‘suitable’.

Theorem 2.4. The weak solution given by Theorem 2.2 is suitable.

Proof. Fix φ ∈ C∞0 (T × (0, T )) with φ ≥ 0. Let n be large enough so that φ(t) ≡ 0 for
t ∈ (0, 2τn) ∪ (T − 2τn, T ). For brevity we will write τ in place of τn. Given t ∈ [0, T ) set
ϕ := φ(t) and let k be such that t ∈ [(k − 1)τ, kτ). Let ψ := uτkϕ in (2.9) to obtain

ˆ
uτk − uτk−1

τ
uτkϕ = −

ˆ
∂xxu

τ
k (uτkϕ)xx −

ˆ
(∂xu

τ
k)

2
(uτkϕ)xx . (2.13)
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Since integration by parts gives for any v ∈ H2

ˆ
vxxvxϕx = −1

2

ˆ
v2xϕxx,ˆ

vxxvϕxx = −
ˆ
v2xϕxx −

ˆ
vxvϕxxx = −

ˆ
v2xϕxx +

1

2

ˆ
v2ϕxxxx,ˆ

v2xvxxϕ = −1

3

ˆ
v3xϕx,

the first term on the right-hand side of (2.13) can be written in the form

−
ˆ
∂xxu

τ
k (uτkϕ)xx = −

ˆ
(∂xxu

τ
k)2φ− 2

ˆ
∂xxu

τ
k∂xu

τ
kϕx −

ˆ
∂xxu

τ
k u

τ
kϕxx

= −
ˆ

(∂xxu
τ
k)2φ+ 2

ˆ
(∂xu

τ
k)2ϕxx −

1

2

ˆ
(uτk)2ϕxxxx.

Similarly, the second term in (2.13) can be expanded into

−
ˆ

(∂xu
τ
k)

2
(uτkϕ)xx = −

ˆ
(∂xu

τ
k)

2
∂xxu

τ
kϕ− 2

ˆ
(∂xu

τ
k)

2
∂xu

τ
kϕx

−
ˆ

(∂xu
τ
k)

2
uτkϕxx

= −5

3

ˆ
(∂xu

τ
k)

3
ϕx −

ˆ
(∂xu

τ
k)

2
uτkϕxx.

On the other hand, using the inequality ab ≤ a2/2 + b2/2 we can bound the left-hand side
of (2.13) from below by writing

ˆ
uτk − uτk−1

τ
uτkϕ =

1

τ
‖uτk
√
ϕ‖2 − 1

τ

ˆ
uτk
√
ϕuτk−1

√
ϕ

≥ 1

2τ
‖uτk
√
ϕ‖2 − 1

2τ
‖uτk−1

√
ϕ‖2.

Substituting these calculations into (2.13) gives

1

2τ
‖uτk
√
ϕ‖2 − 1

2τ
‖uτk−1

√
ϕ‖2 +

ˆ
(∂xxu

τ
k)2ϕ

≤
ˆ (

2(∂xu
τ
k)2ϕxx −

1

2
(uτk)2ϕxxxx −

5

3
(∂xu

τ
k)

3
ϕx − (∂xu

τ
k)

2
uτkϕxx

)
.

Integration in time gives

1

2τ

ˆ T

0

‖uτ (t)
√
φ(t)‖2dt− 1

2τ

ˆ T

0

‖uτ (t− τ)
√
φ(t)‖2dt+

ˆ T

0

ˆ
(uτxx)2φ

≤
ˆ T

0

ˆ (
2(uτx)2φxx −

1

2
(uτ )2φxxxx −

5

3
(uτx)

3
φx − (uτx)

2
uτφxx

)
.

(2.14)

Observe that the convergence uτ → u in L2((0, T );W 1,∞) (see (2.11)) gives the convergence
of the right-hand side above to the respective expression with u,

ˆ T

0

ˆ (
2u2xφxx −

1

2
u2φxxxx −

5

3
u3xφx − u2xuφxx

)
.
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Moreover, the weak convergence uτ ⇀ u in L2((0, T );H2) (see (2.11)) gives in particular
the weak convergence

uτxx
√
φ ⇀ uxx

√
φ in L2((0, T );L2) as τ → 0,

and thus, from properties of weak limits,

ˆ T

0

ˆ
u2xxφ ≤ lim inf

τ→0

ˆ T

0

ˆ
(uτxx)

2
φ.

As for the first two terms in (2.14), they can be written in the form

ˆ T

0

‖uτ (t)
√
φ(t)‖2 − ‖uτ (t− τ)

√
φ(t− τ)‖2

2τ
dt

− 1

2

ˆ T

0

(
(uτ (t− τ))2,

φ(t)− φ(t− τ)

τ

)
dt,

(2.15)

where (·, ·) denotes the L2 product. Observe that the first term vanishes due to the change
of variable t′ := t− τ and the fact that φ vanishes on time intervals (0, 2τ) and (T − 2τ, T ).
A similar change of variables in the second term gives that (2.15) equals

−1

2

ˆ T

0

(
(uτ (t))2,

φ(t+ τ)− φ(t)

τ

)
dt.

Thus the convergence uτ → u in L2((0, T );W 1,∞) and the fact that

φ(x, t+ τ)− φ(x, t)

τ
→ φt(x, t) uniformly in (x, t) ∈ T× (0, T )

give that (2.15) converges to

−1

2

ˆ T

0

ˆ
u2φt

as τ → 0+. Hence, altogether, taking lim infτ→0+ (recall we write τ in place of τn) in (2.14)
gives the local energy inequality

−1

2

ˆ T

0

ˆ
u2φt +

ˆ T

0

ˆ
u2xxφ

≤
ˆ T

0

ˆ (
2u2xφxx −

1

2
u2φxxxx −

5

3
u3xφx − u2xuφxx

)
.

Thus, since φ was chosen arbitrarily, u is a suitable weak solution.

3 A ‘nonlinear’ parabolic Poincaré inequality

Here we prove a parabolic version of the Poincaré inequality, which is a key ingredient in
the proof of the partial regularity results that follow.

Theorem 3.1 (Parabolic Poincaré inequality). Let η ∈ [0, 1], r ∈ (0, 1) and let Q(z0, r) be
a cylinder, where z0 = (x0, t0). If a function u satisfies

ˆ
Br(x0)

(u(t)− u(s))φ =

ˆ t

s

ˆ
Br(x0)

uxφxxx − η
ˆ t

s

ˆ
Br(x0)

u2xφxx (3.1)

8



for all φ ∈ C∞0 (Br(x0)) and almost every s, t ∈ (−r4, r4) with s < t, then

1

r5

ˆ
Q(z0,r/2)

|u− uz0,r/2|
3 ≤ cpp

(
Y(z0, r) + ηY(z0, r)

2
)
, (3.2)

where

Y(z0, r) :=
1

r2

ˆ
Q(z0,r)

|ux|3 (3.3)

and cpp > 0 is an absolute constant.

Recall uz0,r/2 denotes the mean of u over Q(z0, r/2) (see (1.3)). Note that no t derivative
appear on the right-hand side of (3.2). Observe that (3.2) is the classical Poincaré inequality
if η = 0 and the left-hand side is replaced by

1

r5

ˆ
Q(z0,r/2)

∣∣∣∣∣u−
 
B(x0,r/2)

u(t)

∣∣∣∣∣ dxdt

(i.e. the mean over the cylinder is replaced by the mean over the ball at each time). Moreover
note that (3.2) does not hold for arbitrary functions since adding a function of time to u
allows one to increase the left-hand side while keeping the right-hand side bounded. This
also verifies the relevance of the assumption (3.1) since it shows that the only function of
time which can be added to u is a constant function. On the other hand, adding constants
to u makes no change to (3.2).

Furthermore, the case η = 0 gives the parabolic Poincaré inequality for weak solutions
to the biharmonic heat equation:

1

r3

ˆ
Qr/2(z0)

|u− uz0,r/2|
3 ≤ cpp

ˆ
Q(z0,r)

|ux|3,

whenever ut = ∂4xu (weakly). In this case it can be shown that the inequality holds in any
dimension (with ∂4x replaced by the bilaplacian ∆2) and for any p ≥ 1.

Due to (2.4) any weak solution of the surface growth equation satisfies (3.1) for all z0, r
as long as Q(z0, r) ⊂ T× (0, T ), and hence we can use inequality (3.2) for the suitable weak
solutions that form our main subject in what follows.

We prove this nonlinear parabolic Poincaré inequality adapting the approach used by
Aramaki (2016) in the context of the heat equation, itself based on previous work by Struwe
(1981).

Proof. Fix r and z0 and set, for brevity

Qρ := Q(z0, ρ), Bρ := B(x0, ρ) ρ > 0, where z0 = (x0, t0),

and let
Y(z0, r) = M.

Step 1. We introduce the notion of σ-means.

Let σ : R→ [0, 1] be the cut-off function in space around x0 such that

σ(x) =

{
1 |x− x0| ≤ r/2,
0 |x− x0| ≥ r,

|∂kxσ(x)| ≤ Cr−k, k ≥ 0.

Let

uσr (t) :=

´
Br
u(t)σ dx´
Br
σ dx

, [u]σr :=

´
Qr
uσ dz´

Qr
σ dz

9



denote the σ-mean of u over a ball (at a given time t) and over a cylinder, respectively.
Note that, since σ is a function of x only,

uσr (t)− [u]σr =
1

2r4

ˆ r4

−r4
(uσr (t)− uσr (s)) ds. (3.4)

Furthermore, let us write for brevity

ur/2 := uz0,r/2;

then ˆ
Qr/2

|u− ur/2|3 ≤ 8

ˆ
Qr/2

|u− [u]σr |3. (3.5)

Indeed, by writing

|ur/2 − L|3 =

∣∣∣∣∣ 1

|Qr/2|

ˆ
Qr/2

u− L

∣∣∣∣∣
3

≤ 1

|Qr/2|

ˆ
Qr/2

|u− L|3 ,

where L := [u]σr , we see that the triangle inequality gives(ˆ
Qr/2

|u− ur/2|3
)1/3

≤

(ˆ
Qr/2

|u− L|3
)1/3

+

(ˆ
Qr/2

|ur/2 − L|3
)1/3

≤ 2

(ˆ
Qr/2

|u− L|3
)1/3

,

as required. In what follows we will also use the following classical Poincaré inequality: for
t ∈ (0, T ), q ≥ 1, r ∈ (0, 1),

ˆ
Br

|u(t)− uσr (t)|qσ ≤ C(n, q)rq
ˆ
Br

|ux(t)|qσ, (3.6)

see Lemma 6.12 in Lieberman (2005) for a proof.

Step 2. We show that for almost every s, t ∈ (−r4, r4)

|uσr (t)− uσr (s)|3 ≤ C(M + ηM2). (3.7)

To this end suppose (without loss of generality) that s < t and let

φ(x) := σ(x)(uσr (t)− uσr (s))|uσr (t)− uσr (s)|,

be the test function in (3.1). Then the term on the left-hand side can be bounded from
below,

ˆ
Br

(u(t)− u(s))φ = (uσr (t)− uσr (s))|uσr (t)− uσr (s)|
ˆ
Br

(u(t)− u(s))σ

= |uσr (t)− uσr (s)|3
ˆ
Br

σ ≥ Cr|uσr (t)− uσr (s)|3.
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The first term on the right-hand side can be estimated by writing∣∣∣∣ˆ t

s

ˆ
Br

uxφxxx

∣∣∣∣ ≤ |uσr (t)− uσr (s)|2
ˆ t

s

ˆ
Br

|ux| |σxxx|

≤ C|uσr (t)− uσr (s)|2r−3
ˆ
Qr

|ux|

≤ C|uσr (t)− uσr (s)|2r−3
(ˆ

Qr

|ux|3
)1/3

r10/3

≤ δr|uσr (t)− uσr (s)|3 + Cδr
−1

ˆ
Qr

|ux|3

= δr|uσr (t)− uσr (s)|3 + rMCδ

for any δ > 0, where we used Hölder’s inequality and Young’s inequality in the form

a2r1/3b1/3 ≤ δa3r + Cδbr
−1.

The second term on the right-hand side can be estimated by writing∣∣∣∣ˆ t

s

ˆ
Br

u2xφxx

∣∣∣∣ ≤ |uσr (t)− uσr (s)|2
ˆ t

s

ˆ
Br

|ux|2 |σxx|

≤ Cr−2|uσr (t)− uσr (s)|2
ˆ
Qr

|ux|2

≤ Cr−2|uσr (t)− uσr (s)|2
(ˆ

Qr

|ux|3
)2/3

r5/3

≤ δr|uσr (t)− uσr (s)|3 + Cδr
−3
(ˆ

Qr

|ux|3
)2

= δr|uσr (t)− uσr (s)|3 + CδrM
2, δ > 0,

where we used Hölder’s inequality and Young’s inequality in the form

a2r−1/3b2/3 ≤ δra3 + Cδr
−3b2.

Since η ≤ 1 (see (3.1)) we therefore obtain

Cr|uσr (t)− uσr (s)|3 ≤ 2δr|uσr (t)− uσr (s)|3 + rCδ(M + ηM2),

and fixing δ > 0 sufficiently small gives (3.7).

Step 3. We show (3.2).

From (3.5) and the inequality
´
|f + g|q ≤ 2q

´
|f |q + 2q

´
|g|q we obtain

ˆ
Qr/2

|u− ur/2|3 ≤ 8

ˆ
Qr/2

|u− [u]σr |3dxdt

≤ 64

ˆ
Qr/2

|u− uσr (t)|3dxdt+ 64

ˆ
Qr/2

|uσr (t)− [u]σr |3dx dt.

(3.8)

The first of the resulting integrals can be bounded using (3.6),
ˆ
Qr/2

|u− uσr (t)|3dxdt ≤ Cr3
ˆ
Qr

|ux|3σ ≤ Cr5M.
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The second one can be bounded using (3.4) and Step 2,

|uσr (t)− [u]σr |
3 ≤ 1

2r4

ˆ r4

−r4
|uσr (t)− uσr (s)|3 ds ≤ C(M + ηM2),

which gives ˆ
Qr/2

|uσr (t)− [u]σr |3dxdt ≤ Cr5(M + ηM2)

Applying these bounds in (3.8) gives

ˆ
Qr/2

|u− ur/2|3 ≤ Cr5(M + ηM2),

that is (3.2).

4 The first conditional and partial regularity results

Here we show local regularity of suitable weak solutions to the surface growth equation
based on a condition on ux. Namely, we will show in Theorem 4.5 that there exists ε0 > 0
and R0 > 0 such that if

1

r2

ˆ
Q(z,r)

|ux|3 < ε0

for some r < R0 and z then u is Hölder continuous in Q(z, r/2).
The proof we give of this result is based on that presented for the Navier–Stokes equations

by Ladyzhenskaya & Seregin (1999); we begin with a certain ‘one-step’ decay estimate, which
we then iterate.

4.1 Interior regularity for the biharmonic heat flow

The proof of the decay estimate relies on the following regularity result for the biharmonic
heat equation; while the result is perhaps ‘standard’, we could not find an obvious canonical
reference, and so for the sake of completeness we provide a short proof.

Proposition 4.1 (Interior regularity of the biharmonic heat flow). Suppose that 0 < b < a,
v, vx ∈ L2(Qa) and that v is a distributional solution to the biharmonic heat equation vt =
−vxxxx in Qa, that is ¨

Qa

v φt =

¨
Qa

v φxxxx (4.1)

for every φ ∈ C∞0 (Qa). Then

‖vx‖L∞(Qb) ≤ Ca,b
(
‖v‖L2(Qa) + ‖vx‖L2(Qa)

)
for some Ca,b > 0.

Proof. We assume that a = 1, b = 1/2; the claim for arbitrary a, b follows similarly. First
we show that vxx ∈ L2(Qρ) and

¨
Qρ

v2xx ≤ Cρ
(
‖v‖L2(Q1) + ‖vx‖L2(Q1)

)
(4.2)

for any ρ ∈ (1/2, 1).
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For this let λ ∈ (ρ, 1) and ε ∈ (0, 1 − λ). Then φ(ε) ∈ C∞0 (Q1) for every φ ∈ C∞0 (Qλ),
where φ(ε) denotes the standard mollification (in both space an time) of φ. Using φ(ε) as a
test function in (4.1) and applying the Fubini Theorem we obtain

¨
Qλ

v(ε) φt =

¨
Qλ

v(ε) φxxxx, φ ∈ C∞0 (Qλ),

that is v(ε) is a distributional solution of the biharmonic heat equation in Qλ. Moreover,
from properties of mollification,

‖v(ε)‖L2(Qλ) ≤ ‖v‖L2(Q1) and ‖v(ε)x ‖L2(Qλ) ≤ ‖vx‖L2(Q1) (4.3)

for all ε. Since v(ε) is smooth it satisfies the equation

v
(ε)
t = −v(ε)xxxx

in the classical sense. Multiplying this equation by v(ε)φ (where φ ∈ C∞0 (Qλ)) and integrat-
ing by parts on Qλ gives

¨
Qλ

(v(ε)xx )2φ =

¨
Qλ

(
1

2
(v(ε))2(φt − φxxxx) + 2(v(ε)x )2φxx

)
for every φ ∈ C∞0 (Qλ). Taking φ ≥ 0 such that φ = 1 on Qρ we obtain

‖v(ε)xx ‖L2(Qρ) ≤ Cρ
(
‖v‖L2(Q1) + ‖vx‖L2(Q1)

)
,

where we used (4.3). Thus v
(ε)
xx is a bounded in L2(Qρ) and hence there exists a sequence

εk → 0+ such that v
(ε)
xx ⇀ vxx weakly in L2(Qρ). Note that the limit function is vxx

by definition of weak derivatives since v(ε) → v strongly in L2(Qλ). Thus in particular
vxx ∈ L2(Qρ) and, using a property of weak limits and the last inequality, we obtain

‖vxx‖L2(Qρ) ≤ lim inf
εk→0+

‖v(εk)xx ‖L2(Qρ) ≤ Cρ
(
‖v‖L2(Q1) + ‖vx‖L2(Q1)

)
,

that is (4.2), as required.
Now letting φ := ψx for some ψ ∈ C∞0 (Q7/8) we see from (4.1) that vx is a distributional

solution of the biharmonic heat equation inQ7/8. Moreover, using (4.2), we see that vx, vxx ∈
L2(Q7/8). Thus applying a similar argument as in the case of (4.2) we obtain that vxxx ∈
Q3/4 with

‖vxxx‖L2(Q3/4) ≤ C
(
‖v‖L2(Q1) + ‖vx‖L2(Q1)

)
.

In the same way we observe that any spatial derivative of v is a distributional solution of
the biharmonic heat equation, and ∂kxv ∈ L2(Q1/2) for all k ≤ 9 with

‖∂kxv‖L2(Q1/2) ≤ C
(
‖v‖L2(Q1) + ‖vx‖L2(Q1)

)
, k ≤ 9.

Now since (4.1) gives in particular that vt = −vxxxx in the sense of weak derivatives,
we obtain from the above that each of vx, vxx, vxt, vxxx, vxxt, vxtt is bounded in L2(Q1/2)

by C
(
‖v‖L2(Q1) + ‖vx‖L2(Q1)

)
. Therefore the claim of the lemma follows from the two-

dimensional embedding H2 ⊂ L∞.
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4.2 The ‘one-step’ estimate

We now state and prove the ‘one-step’ estimate.

Lemma 4.2. Given θ ∈ (0, 1/4) there exist ε∗ = ε∗(θ) and R = R(θ) such that if r < R
and

Y(z, r) :=
1

r2

ˆ
Q(z,r)

|ux|3 < ε∗

then
Y(z, θr) ≤ c∗θ3Y(z, r), (4.4)

where c∗ is a universal constant.

Proof. We will show the claim for

c∗ := 8C3
1/2,1/4

(
1 + c1/3pp

)3
,

where C1/2,1/4 is the constant from Proposition 4.1 and cpp is from the parabolic Poincaré
inequality (Theorem 3.1). Suppose that the claim is not true. Then there exist rk → 0,
εk → 0, and zk = (xk, tk) such that

Y(zk, rk) =
1

r2k

ˆ
Q(zk,rk)

|ux|3 = εk,

but
1

(θrk)2

ˆ
Q(zk,θrk)

|ux|3 ≥ c∗θ3εk.

Step 1. We take a limit of rescaled solutions.

Let

uk(x, t) :=
u
(
xk + x rk, tk + t r4k

)
− uzk,rk/2

ε
1/3
k

be a family of rescalings of u. Then {uk} is a family of functions such that
´
Q1/2

uk = 0

(which will be used shortly when we apply the parabolic Poincaré inequality on Q1/2),

ˆ
Q1

|∂xuk|3 = 1, (4.5)

ˆ
Qθ

|∂xuk|3 ≥ c∗θ5, (4.6)

and uk satisfies the local energy inequality

ˆ
B1

|uk(t)|2φ(t) +

ˆ t

−1

ˆ
B1

(∂xxuk)2φ ≤
ˆ t

−1

ˆ
B1

(
1

2
(φt + φxxxx)(uk)2

+2(∂xuk)2φxx −
5ε

1/3
k

3
(∂xuk)3φx − ε1/3k (∂xuk)2ukφxx

) (4.7)

for all nonnegative φ ∈ C∞0 (Q1) and almost all t ∈ (−1, 1) (recall (2.12)). Moreover uk
satisfies the equation ∂tuk = −∂4xuk− ε

1/3
k ∂2x|∂xuk|2 in Q1 in the sense of distributions, that

is ¨
Q1

uk φt =

¨
Q1

uk φxxxx + ε
1/3
k

¨
Q1

(∂xuk)
2
φxx, φ ∈ C∞0 (Q1). (4.8)
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It follows from the parabolic Poincaré inequality (Theorem 3.1) and (4.5) that

ˆ
Q1/2

|uk|3 ≤ cpp(1 + ε
1/3
k ). (4.9)

Thus both uk and ∂xuk are bounded in L3(Q1/2) and hence there exists v ∈ L3(Q1/2) such

that ‖v‖L3(Q1/2) ≤ c
1/3
pp , ‖vx‖L3(Q1/2) ≤ 1 and

ukn ⇀ v, ∂xukn ⇀ vx in L3(Q1/2) as n→∞

for some sequence kn →∞. Taking the limit in (4.8) we obtain

¨
Q1/2

v φt =

¨
Q1/2

v φxxxx, φ ∈ C∞0 (Q1/2),

that is the limit function v is a distributional solution of the biharmonic heat equation
vt = −vxxxx on Q1/2. In particular, using Proposition 4.1, we obtain

‖vx‖L∞(Q1/4) ≤ C1/2,1/4

(
‖v‖L2(Q1/2) + ‖vx‖L2(Q1/2)

)
≤ C1/2,1/4(1 + c1/3pp ) = (c∗/8)1/3.

(4.10)

Step 2. We show strong convergence ∂xukn → vx in L3(Q1/4) on a subsequence kn (rela-
belled).

We will write k := kn for brevity. Letting φ ∈ C∞0 (Q1/2) be nonnegative and such that
φ = 1 on Q1/4 the local energy inequality (4.7) gives

‖uk(t)‖2L2(B1/4)
+

ˆ t

−4−4

‖∂xxuk(s)‖2L2(B1/4)
ds ≤ C

for almost every t ∈ (−4−4, 4−4) =: I1/4, where we also used (4.9), (4.5) and the fact that
εk < 1, and thus

‖uk‖L∞(I1/4;L2(B1/4)) + ‖∂xxuk‖L2(Q1/4) ≤ C. (4.11)

Using 1D Sobolev interpolation ‖v‖H4/3 ≤ ‖v‖1/3L2 ‖v‖2/3H2 (recall (1.4)) this in particular gives

‖uk‖L3(I1/4;H4/3(B1/4))
≤ C. (4.12)

Moreover, from (4.8) we obtain∣∣∣∣∣
¨
Q1/4

∂tuk φ

∣∣∣∣∣ =

∣∣∣∣∣−
¨
Q1/4

∂xxuk φxx + ε
1/3
k

¨
Q1/4

(∂xuk)
2
φxx

∣∣∣∣∣
≤ ‖φ‖L3(I1/4;W 2,3(B1/4))

(
‖∂xxuk‖L3/2(Q1/4)

+ ‖∂xuk‖2L3(Q1/4)

)
≤ C‖φ‖L3(I1/4;W 2,3(B1/4))

for all φ ∈ C∞0 (Q1/4), where the last inequality follows from Hölder’s inequality, the bound
(4.11) above and (4.5). By the density of C∞0 (Q1/4) in L3(I1/4;W 2,3(B1/4)) the above in-

equality gives boundedness of ∂tuk in L3/2(I1/4; (W 2,3(B1/4))∗). This and (4.12) let us use
the Aubin–Lions compactness lemma (see, for example, Section 3.2.2 in Temam, 2001) to
extract a subsequence of (uk) (which we relabel) that converges in L3(I1/4;H7/6(B1/4)).
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Using the 1D Sobolev embedding H1/6 ⊂ L3 this in particular means that ∂xuk converges
in L3(Q1/4), as required.

Step 3. We use (4.6) to obtain a contradiction.

Since θ ∈ (0, 1/4) the last step gives in particular ∂xukn → vx in L3(Qθ). Thus taking
the limit kn →∞ in (4.6) and using the L∞ bound on vx from (4.10) we obtain

1 ≤ 1

c∗θ5

ˆ
Qθ

|vx|3 ≤
1

8θ5
|Qθ| =

1

2
,

a contradiction.

4.3 Conditional regularity in terms of ux

We now iterate this estimate.

Lemma 4.3. Given α ∈ (0, 3) there exist ε∗ > 0 and R ∈ (0, 1) such that if r < R and

1

r2

ˆ
Q(z,r)

|ux|3 < ε∗ (4.13)

then
1

%2

ˆ
Q(z,%)

|ux|3 ≤ Cε∗
(%
r

)α
for all % ≤ r. (4.14)

Proof. Similarly as before we will use the notation Y(z, r) = 1
r2

´
Q(z,r)

|ux|3. Fix θ ∈ (0, 1/4)

sufficiently small such that
c∗θ

3 < θα.

Lemma 4.2 then guarantees that if Y(z, r) < ε∗ for some r < R then

Y(z, θr) ≤ θα Y(z, r).

Iterating this result we obtain

Y(z, θkr) ≤ θαkY(z, r), k ≥ 0.

Now for % ∈ (0, r) choose k such that

θk+1r < % ≤ θkr;

then

Y(z, %) =
1

%2

ˆ
Q(z,%)

|ux|3

≤ 1

(θ(k+1)r)2

ˆ
Q(z,θkr)

|ux|3 = θ−2Y(z, θkr)

≤ θαk−2Y(z, r)

≤ θ−α−2 %
r

Y(z, r),

which yields (4.14).

Combining this decay estimate with the nonlinear parabolic Poincaré inequality (Theo-
rem 3.1) yields the following.
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Corollary 4.4. Given α ∈ (0, 3) there exist ε∗ > 0 and R ∈ (0, 1) such that if r < R and

1

r2

ˆ
Q(z,r)

|ux|3 < ε∗

then
1

%5

ˆ
Q(z,%)

|u− uz,%|3 ≤ Cε∗
(%
r

)α
for all % ≤ r.

We can now apply the parabolic Campanato Lemma (Lemma A.2) to yield our first
conditional regularity result.

Theorem 4.5 (Conditional regularity in terms of ux). Given β ∈ (0, 1) there exist ε0 > 0
and R0 ∈ (0, 1) such that if r < R0 and

1

r2

ˆ
Q(z,r)

|ux|3 < ε0 (4.15)

then u is β-Hölder continuous in Q(z, r/2), with

|u(x1, t1)− u(x2, t2)| ≤ C

r

(
|x1 − x2|+ |t1 − t2|1/4

)β
. (4.16)

Proof. Let ε0 := ε∗/4, R0 := min{1, R} and r < R0, where ε∗, R are from Corollary 4.4
applied with α = 3β. Then Q(y, r/2) ⊂ Q(z, r) for every y ∈ Q(z, r/2) and

1

(r/2)2

ˆ
Q(y,r/2)

|ux|3 ≤
4

r2

ˆ
Q(z,r)

|ux|3 < 4ε0 = ε∗.

Thus Corollary 4.4 gives

1

%5

ˆ
Q(y,%)

|u− uy,%|3 dz ≤ Cε∗
(%
r

)3β
for every y ∈ Q(z, r/2) and every 0 < % ≤ r/2. Hölder continuity of u within Q(z, r/2) now
follows immediately from the Campanato Lemma (see Lemma A.2).

4.4 Partial regularity I: box-counting dimension

Blömker & Romito (2009) showed that if

T := {t ≥ 0 : ‖u‖H1 is not essentially bounded in a neighbourhood of t}

then dB(T ) ≤ 1/4, where dB denotes the box-counting dimension (see their Remark 4.7 –
the proof is not actually given in their paper, but it follows easily from the estimates they
obtain, using the argument from Robinson & Sadowski (2007)). Since H1(T) ⊂ L∞(T), it
follows in particular that if

T∞ := {t ≥ 0 : ‖u‖L∞ is not essentially bounded in a neighbourhood of t}

then T∞ ⊆ T , and so trivially dB(T∞) ≤ 1/4. Since our singular set S (recall (1.2)) is a
subset of T∞×T, it follows from properties of the box-counting dimension that dB(S) ≤ 5/4.

We now use the conditional regularity of the previous section to improve on this bound.
We use the ‘Minkowski definition’ of the box-counting dimension in our argument, namely

dB(K) := n− lim inf
δ→0+

log |Kδ|
log δ

, K ⊂ Rn, (4.17)

where Kδ := {y : dist(y,K) < δ} denotes the δ-neighbourhood of K. This formulation is
one of a number of equivalent definitions of the box-counting dimension, see Proposition 2.4
in Falconer (2014).

17



Corollary 4.6 (Partial regularity I). The space-time singular set S (recall (1.2)) satisfies
dB(S ∩K) ≤ 7/6 for any compact set K ⊂ T× (0,∞).

The reason for considering the intersection S ∩K (instead of S) is technical, recall the
comments following (1.2). In fact, it suffices to take S ∩ (T × [a, b]) (instead of S ∩K) for
0 < a < b.

Proof. Let η := inf{t1/4 : (x, t) ∈ K for some x}. Given r ∈ (0, η) let

Mr := maximal number of pairwise disjoint r-cylinders with centres in S ∩K,
Nr := minimal number of r-cylinders with centres in S ∩K required to cover S ∩K.

Step 1. We show that Mr ≤ cr−5/3 for sufficiently small r.

Let Q(z1, r), . . . , Q(zMr , r) be a family of pairwise disjoint cylinders with centres zi ∈
S ∩K (i = 1, . . . ,Mr). Note that the choice of sufficiently small r above guarantees that
these cylinders are contained within T×(0,∞). The conditional regularity result of Theorem
4.5 guarantees that for sufficiently small r

1

r2

ˆ
Q(zi,r)

|ux|3 ≥ ε0, i = 1, . . . ,Mr.

Thus, since Hölder’s inequality gives

ˆ
Q(zi,r)

|ux|3 ≤ c

(ˆ
Q(zi,r)

|ux|10/3
)9/10

r1/2,

we obtain, using (2.5),

c >

ˆ T

0

ˆ
|ux|10/3 ≥

Mr∑
i=1

ˆ
Q(zi,r)

|ux|10/3

≥ c
Mr∑
i=1

(
r−1/2

ˆ
Q(zi,r)

|ux|3
)10/9

≥ c
Mr∑
i=1

r5/3ε
10/9
0

= cMrr
5/3.

At this point it is interesting to note that since

dB(S ∩K) ≤ lim sup
r→0

logMr

− log r

this bound on Mr implies that dB(S ∩ K) ≤ 5/3 (as in the context of the Navier–Stokes
equations, see Robinson & Sadowski (2009)), but this does not improve on the bound 5/4
mentioned above. However, unlike in the case of the Navier–Stokes equations, the use of
the Minkowski definition (4.17) gives a sharper bound (which is, in essence, a consequence
of a dimensional analysis of the SGM; that is, roughly speaking, the dimension of time, 4,
is larger than the space dimension, 1), which we show in the following steps.

Step 2. We show that N2r ≤Mr for all r ∈ (0, η/2).
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Let {Q(zi, r)}Mr
i=1 be a family of pairwise disjoint cylinders with centres zi = (xi, ti) ∈

S∩K. We will show that the family {Q(zi, 2r)}Mr
i=1 covers S∩K, which proves the inequality

above. Indeed, suppose that this is not true, so that there exists z0 = (x0, t0) ∈ S ∩K such
that

z0 6∈
Mr⋃
i=1

Q(zi, 2r)

Then for each i
|x0 − xi| ≥ 2r or |t0 − ti| ≥ (2r)4 > 2r4,

which shows that
Q(z0, r) and Q(zi, r) are disjoint.

Thus {Q(zi, r)}Mr
i=0 is a family of pairwise disjoint cylinders with centres in S ∩ K, which

contradicts the definition of Mr.

Step 3. We deduce that dB(S ∩K) ≤ 7/6.

For r < min{1, R0, η/2} let {Q(zi, r)}Nri=1 be a family of pairwise disjoint r-cylinders
which cover S ∩K with centres zi = (xi, ti) ∈ S ∩K. Note that

(S ∩K)r4 ⊂
Nr⋃
i=1

Q(zi, 2r). (4.18)

Indeed, given z = (x, t) ∈ (S ∩K)r4 let z0 ∈ S ∩K be such that |z − z0| < r4 and suppose
that z0 = (x0, t0) ∈ Q(zi, r) for some i ∈ {1, . . . , Nr}. Then

|x− xi| ≤ |x− x0|+ |x0 − xi| < r4 + r < 2r,

|t− ti| ≤ |t− t0|+ |t0 − ti| < 2r4 < (2r)4,

that is z ∈ Q(zi, 2r), which shows (4.18). Therefore, using steps 1 and 2, we obtain

|(S ∩K)r4 | ≤ Nr27r5 ≤Mr/227r5 ≤ c r10/3.

Letting δ := r4 we obtain
|(S ∩K)δ| ≤ c δ5/6

for all sufficiently small δ > 0. Thus

log |(S ∩K)δ|
log δ

≥
log c+ 5

6 log δ

log δ
→ 5

6
as δ → 0+,

and so (4.17) gives dB(S ∩K) ≤ 7/6.

Note that the above corollary gives in particular a similar bound on the Hausdorff di-
mension, dH(S ∩ K) ≤ 7/6 (since dH(K) ≤ dB(K) for any compact K, by a property
of the Hausdorff dimension, see, for example, Proposition 3.4 in Falconer (2014)), and so
|S ∩K| = 0 for any compact set K, which implies that |S| = 0.
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5 The second conditional and partial regularity results

Here we show that there exists ε1 > 0 such that any suitable weak solution u is regular at
z whenever

lim sup
r→0

1

r

ˆ
Q(z,r)

u2xx ≤ ε1.

Theorem 5.1 (Conditional regularity in terms of uxx). Given β ∈ (0, 1) there exists a
ε1 > 0 such that if

lim sup
r→0

1

r

ˆ
Q(z,r)

u2xx < ε1 (5.1)

then u is β-Hölder continuous (as in (4.16)) in Q(z, ρ) for some ρ > 0. Similarly there
exists a ε2 > 0 such that if

lim sup
r→0

{
sup

t−r4≤s≤t+r4

1

r

ˆ
Br(x)

u(s)2

}
< ε2 (5.2)

then u is β-Hölder continuous in Q(z, ρ) for some ρ > 0.

Proof. The proof is inspired by Lin (1998) and Kukavica (2009). We set

A(r) = sup
t−r4≤s≤t+r4

1

r

ˆ
Br(x)

u(s)2 dx,

E(r) =
1

r

ˆ
Q(z,r)

u2xx dz,

W (r) =
1

r5

ˆ
Q(z,r)

|u|3 dz,

Y(r) =
1

r2

ˆ
Q(z,r)

|ux|3 dz.

We will show that either assumption (5.1) or (5.2) implies that

Y(r) ≤ ε0 for some r ∈ (0, R0), (5.3)

which, in the light of Theorem 4.5, proves the theorem.

Step 1. We show the estimates{
W (r) ≤ cA(r)11/8E(r)1/8 + cA(r)3/2,

Y(r) ≤ cA(r)5/8E(r)7/8.

Without loss of generality we may assume that z = 0. We prove both inequalities in the
case r = 1, and then use the fact that all the quantities involved are invariant under the
rescaling u(x, t) 7→ u(λx, λ4t).

For the first of these write u(t) :=
´ 1

−1 u(x, t) dx and apply the decomposition

u(x, t) = (u(x, t)− u(t)) + u(t) =: v(x, t) + u(t)

Applying the 1D embedding H1/6 ⊂ L3 and using the fact that v(t) has zero mean we can
write (for each t)

‖v‖3L3(B1)
≤ c‖v‖3H1/6(B1)

≤ c‖v‖3
Ḣ1/6(B1)

,
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and so, by Sobolev interpolation,

‖v‖3L3(B1)
≤ c‖v‖11/4L2(B1)

‖∂xxv‖1/4L2(B1)
≤ c‖u‖11/4L2(B1)

‖∂xxu‖1/4L2(B1)
,

where we also used the fact that ‖v‖L2(B1) ≤ 2‖u‖L2(B1). Thus

ˆ 1

−1
‖v(t)‖3L3dt ≤ c

(
sup

t∈(−1,1)
‖v(t)‖L2

)11/4(ˆ 1

−1
‖∂xxu(t)‖1/4L2 dt

)
≤ cA(1)11/8E(1)1/8.

We also have
ˆ 1

−1
‖u(t)‖3L3dt = c

ˆ 1

−1

∣∣∣∣ˆ 1

−1
u(x, t) dx

∣∣∣∣3 dt ≤ c
ˆ 1

−1

(ˆ 1

−1
u(x, t)2dx

)3/2

dt

≤ cA(1)3/2.

The last two inequalities show the required estimate on W (1). As for the estimate on Y(1),
we can write (for each t)

‖ux‖2L3(B1)
≤ c‖ux‖2H1/6(B1)

≤ c
∑
k∈Z

(
1 + |k|1/3

)
|ûx(k)|2

= c
∑
k 6=0

(
k2 + |k|2+1/3

)
|û(k)|2 ≤ c

∑
k 6=0

|k|2+1/3 |û(k)|2

≤ c‖u‖2
Ḣ7/6(B1)

,

where f̂(k) denotes the k-th Fourier mode in the Fourier expansion of f on (−1, 1). Applying
Sobolev interpolation we obtain

‖ux‖3L3(B1)
≤ c‖u‖3

Ḣ7/6(B1)
≤ c‖u‖5/4L2(B1)

‖∂xxu‖7/4L2(B1)
,

and thus

Y(1) =

ˆ 1

−1
‖ux(t)‖3L3dt ≤ c

(
sup

t∈(−1,1)
‖u(t)‖L2

)5/4 ˆ 1

−1
‖u(t)‖7/4H2 dt

≤ cA(1)5/8E(1)7/8.

In what follows we assume (5.1).

Step 2. We show the estimate

A(r/2) + E(r/2) ≤ 1

2
A(r) + c

(
E(r) + E(r)7/3 + E(r)5 + E(r)7

)
.

For brevity we will write A := A(r), E := E(r), W := W (r), Y := Y(r) and Qr := Q(z, r).
Let φ ∈ C∞0 (Q(z, 3r/4); [0, 1]) be such that φ = 1 on Q(z, r/2) and φt ≤ c r−4 and ∂kxφ ≤
c r−k. The local energy inequality (2.12) then gives

A(r/2) + E(r/2) =
2

r
sup

t−r4/24≤s≤t+r4/24

ˆ
B(x,r/2)

u(s)2 +
2

r

ˆ
Q(z,r/2)

u2xx

≤ c

r

ˆ
Qr

u2 (φt + φxxxx) + c

ˆ
Qr

(
1

r3
u2x +

1

r2
|ux|3 +

1

r3
u2x|u|

)
≤ c

r

ˆ
Qr

u2 (φt + φxxxx) + c
(

Y2/3 + Y + Y2/3W 1/3
)
.
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We now show thatˆ
Qr

u2φt +

ˆ
Qr

u2φxxxx ≤ c r
[
Y2/3 + Y4/3 +A1/2

(
E1/2 + Y2/3

)]
. (5.4)

The first of these integrals can be bounded by adding and subtracting the mean [u] := uz,3r/4
of u over Q(z, 3r/4) “under the square”,

ˆ
Qr

u2φt =

ˆ
Qr

(u− [u])2φt + 2[u]

ˆ
Qr

(u− [u])φt + [u]2
ˆ
Qr

φt

=

ˆ
Qr

(u− [u])2φt + 2[u]

(ˆ
Qr

uxxφxx +

ˆ
Qr

u2xφxx

)
,

where we used (2.3) in the second step along with the fact that φ has compact support in
Qr.

Now the first of the resulting terms can be bounded using the parabolic Poincaré in-
equality (applied between Q3r/4 and Qr, rather than between Qr/2 and Qr as in Theorem
3.1),

ˆ
Qr

(u− [u])2φt ≤
c

r4

(ˆ
Q(z,3r/4)

|u− [u]|3
)2/3

r5/3 ≤ c r
(
Y + Y2

)2/3
≤ c r

(
Y2/3 + Y4/3

)
,

and the second term can be bounded by writing

[u] =
c

r5

ˆ
Q3r/4

u ≤ c

r5/2

(ˆ
Qr

u2
)1/2

≤ cA1/2

and
ˆ
Qr

uxxφxx +

ˆ
Qr

u2xφxx ≤
c

r2

(ˆ
Qr

|uxx|+
ˆ
Qr

u2x

)
≤ c r1/2

(ˆ
Qr

|uxx|2
)1/2

+
c

r1/3

(ˆ
Qr

|ux|3
)2/3

= c r
(
E1/2 + Y2/3

)
.

Thus ˆ
Qr

u2φt ≤ c r
[
Y2/3 + Y4/3 +A1/2

(
E1/2 + Y2/3

)]
.

The second integral in (5.4) can be integrated by parts twice to obtain

ˆ
Qr

u2φxxxx = −2

ˆ
Qr

uuxφxxx = 2

ˆ
Qr

u2xφxx + 2

ˆ
Qr

uuxxφxx

≤ c

r2

ˆ
Qr

u2x +
C

r2

(ˆ
Qr

u2
)1/2(ˆ

Qr

u2xx

)1/2

≤ c r
(

Y2/3 +A1/2E1/2
)
.
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Thus we obtained (5.4), which we now apply in the above bound on A(r/2) + E(r/2),

A(r/2) + E(r/2) ≤ c
(
A1/2

(
E1/2 + Y2/3

)
+ Y2/3 + Y4/3 + Y2/3W 1/3

)
≤ c

(
A1/2E1/2 +A11/12E7/12 +A5/12E7/12

+A5/6E7/6 +A7/8E5/8
)

≤ 1

2
A+ c

(
E + E5 + E7

)
,

where we also used Step 1 and Young’s inequality ab ≤ εap + Cεb
q (with exponents (p, q)

equal (2, 2), (12/11, 12), (12/5, 12/7), (6/5, 6), (8/7, 8) respectively and with sufficiently
small ε).

Step 3. We show (5.3).

Let ε1 > 0 be small enough that

c
(
ε1 + ε51 + ε71

)
≤ 1

4
ε
2/3
0 .

By assumption there exists r0 such that E(r) < ε1 for r ∈ (0, r0]. From Step 2

A(r/2) + E(r/2) ≤ 1

2
A(r) +

1

4
ε
2/3
0 , r ∈ (0, r0],

and iterating this inequality k times we obtain

A(2−kr0) + E(2−kr0) ≤ 2−kA(r0) +
1

4
ε
2/3
0

k−1∑
j=0

2−j ≤ 2−kA(r0) +
1

2
ε
2/3
0 .

Thus for sufficiently large k

A(2−kr0) + E(2−kr0) ≤ ε2/30 ,

and so Step 1 gives

Y(2−kr0) ≤ A(2−kr0)5/8E(2−kr0)7/8 ≤ ε5/120 ε
7/12
0 = ε0,

as required.

If one assumes (5.2) (instead of (5.1)) then the proof proceeds similarly except for the
bound on

´
Qr
u2φt in (5.4), which can be bounded using A(r) only (rather than applying

the parabolic Poincaré inequality). This way one ensures that all powers of E in the bound
on A(r/2)+E(r/2) (in step 2) are less than 1, and the rest of the proof follows as above.

Given the above theorem we can obtain improved bounds on the dimension of the singular
set in terms of the (parabolic) Hausdorff measure. For a set X ⊂ R× R and k ≥ 0 let

P k(X) := lim
δ→0+

P kδ (X) (5.5)

denote the k-dimensional parabolic Hausdorff measure, where

P kδ (X) := inf

{ ∞∑
i=1

rki : X ⊂
⋃
i

Qri : ri < δ

}
,

and Qri = Qri(x, t) is a ri-cylinder, i ≥ 1. Observe that P 1(X) = 0 if and only if for every
δ > 0 the set X can be covered by a collection {Qri} such that

∑
i ri < δ.
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Corollary 5.2 (Partial regularity II). The singular set S of a suitable weak solution of
(1.1) satisfies P1(S) = 0.

Note that this in particular gives dH(S) ≤ 1 (since H1(S) ≤ cP1(S), where H1 denotes
the 1-dimensional Hausdorff measure).

We will need the Vitali Covering Lemma in the following form: given a family of parabolic
cylinders Qr(x, t), there exists a countable (or finite) disjoint subfamily {Qri(xi, ti)} such
that for any cylinder Qr(x, t) in the original family there exists an i such that Qr(x, t) ⊂
Q5ri(xi, ti). (For a proof see Caffarelli, Kohn & Nirenberg (1982).)

Proof. Fix δ > 0 and let V be an open set containing S such that

5

ε1

ˆ
V

u2xx ≤ δ.

Such V exists since uxx ∈ L2(T× (0, T )) (recall (2.2)) and since |S| = 0 (see the comments
preceding this section). For each (x, t) ∈ S, choose r ∈ (0, δ) such that Qr/5(x, t) ⊂ V and

5

r

ˆ
Qr/5(x,t)

u2xx > ε1.

Such a choice is possible, for otherwise the point (x, t) would be regular due to Theorem
5.1. We now use the Vitali Covering Lemma to extract a countable (or finite) disjoint
subcollection of these cylinders {Qri/5(xi, ti)} such that the singular set S is still covered
by {Qri(xi, ti)}. Then∑

i

ri ≤
5

ε1

∑
i

ˆ
Qri/5(x,t)

u2xx ≤
5

ε1

ˆ
V

u2xx ≤ δ,

as required.

6 Conclusion and further discussion

We have proved two conditional regularity results, and as a consequence two bounds on
singular space-time set for the SGM:

dB(S ∩K) ≤ 7/6 and P 1(S) = 0,

for any compact K ⊂ T × (0,∞). As with the Navier–Stokes equations, there is a gap
here between the box-counting and Hausdorff dimensions; as with the NSE, it is an open
question whether these dimension estimates can be equalised.

In this context, it would be interesting to adapt the constructions due to Scheffer (1985 &
1987, see also Ożański, 2017) of solutions of the weak form of the ‘Navier–Stokes inequality’
that have a space-time singular set of Hausdorff dimension γ for any γ ∈ (0, 1) to the SGM.
This seems difficult, since the constructions make use of (i) the three-dimensional nature
of the fluid flow and (ii) the pressure function plays a fundamental role in amplifying the
magnitude of the velocity.

There are some outstanding conditional regularity problems for the SGM: one is to prove
a local version of the L8/(2α−1)(0, T ;Hα) regularity condition (this result is only known in a
global form, see introduction); and the other to prove the same for u ∈ L∞t L∞x , both globally
and locally. In particular the first would imply that the complement of our ‘singular set’ S
really does consist of points in a neighbourhood of which u is regular in space.
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A A general (parabolic) Campanato Lemma

Let x ∈ Rn1 , y ∈ Rn2 , and write z = (x, y). Let Qr(z) denote the set Br(x)× Brα(y) with
volume V rn, where n = n1 + αn2, α ∈ N.

For any f ∈ L1(Qr(z)), define

fz,r =

 
Qr(z)

f(y) dy =
1

rnV

ˆ
Qr(z)

f(y) dy.

Lemma A.1 (Comparison of averages). If f ∈ L1(Qr(z)) then

|fz,θr − fz,r| ≤ θ−n
( 

Qr(z)

|f(y)− fz,r|p dy

)1/p

. (A.1)

Proof. We have

|fz,θr − fz,r|p =

∣∣∣∣∣ 1

(θr)nV

ˆ
Qθr(z)

f(y)− fz,r dy

∣∣∣∣∣
p

≤ 1

(θr)pnV p

(ˆ
Qθr(z)

|f(y)− fz,r|dy

)p

≤ 1

(θr)pnV p

(ˆ
Qr(z)

|f(y)− fz,r|dy

)p

≤ 1

(θr)pnV p

(ˆ
Qr(z)

|f(y)− fz,r|p dy

)1/p(ˆ
Qr(z)

dy

)(p−1)/p
p

=
1

(θr)pnV p

(ˆ
Qr(z)

|f(y)− fz,r|p dy

)
(rnV )p−1

=
1

θpnrnV

(ˆ
Qr(z)

|f(y)− fz,r|p dy

)

= θ−pn
 
Qr(z)

|f(y)− fz,r|p dy,

which yields (A.1).

Lemma A.2 (Campanato). Let R ∈ (0, 1), f ∈ L1(QR(0)) and suppose that there exist
positive constants β ∈ (0, 1], M > 0, such that( 

Qr(z)

|f(y)− fz,r|p dy

)1/p

≤Mrβ (A.2)
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for any z ∈ QR/2(0) and any r ∈ (0, R/2). Then f is Hölder continuous in QR/2(0): for
any z, w ∈ QR/2(0), z = (x, t), w = (y, s),

|f(x, t)− f(y, s)| ≤ cM(|x− y|+ |t− s|1/α)β . (A.3)

Proof. Choose z ∈ QR/2(0) and r < R/2. Using Lemma A.1 we can compare fz,r/2 with
fz,r:

|fz,r/2 − fz,r| ≤ 4n

( 
Qr(z)

|f(y)− fz,r|p dt

)1/p

≤ 4nMrβ .

Now consider fz,2−k − fz,r. Since

fz,r2−k − fz,r =

k∑
j=1

fz,r2−k − fz,r2−(k−1) ,

it follows that ∣∣fz,r2−k − fz,r∣∣ ≤ k∑
j=1

cMrβ2−(j−1)β ≤
∞∑
j=0

cMrβ2−jβ = cMrβ . (A.4)

This shows that fz,r2−k forms a Cauchy sequence, and hence the averages converge for every
z ∈ Qr/2(0). By the Lebesgue Differentiation Theorem, these averages converge to f(z) for
almost every z, and so if we let k → ∞ in (A.4) we obtain an estimate for the difference
between f(z) and its average,

|f(z)− fz,r| ≤ c1Mrβ .

Now take another point ζ ∈ QR/2(0); we compare fz,r with fζ,2r:

|fz,r − fζ,2r|p =

∣∣∣∣∣ 1

rnV

ˆ
Qr(z)

f(y)− fζ,2r dy

∣∣∣∣∣
p

≤ 1

rnV

ˆ
Qr(z)

|f(y)− fζ,2r|p dy,

arguing as before. Now if z = (x, t) and ζ = (ξ, s), choose

r = |x− ξ|+ |t− s|1/α;

then Qr(x, t) ⊂ Q2r(ξ, s), and so we can enlarge the domain of integration to obtain

|fz,r − fζ,2r|p ≤
2n

(2r)nV

ˆ
Q2r(ζ)

|f(y)− fζ,2r|p dy

= 2n
 
Q2r(ζ)

|f(y)− fζ,2r|p dy

≤ 2nMp(2r)pβ ,

i.e.
|fz,r − fζ,2r| ≤ 2p+(n/p)Mrβ .

So now (still with r chosen as above)

|f(z)− f(ζ)| ≤ |f(z)− fz,r|+ |fz,r − fζ,2r|+ |fζ,2r − f(ζ)|
≤ c1Mrβ + c2Mrβ + c1M(2r)β

= cM(|x− y|+ |t− s|1/α)β ,

which is (A.3).
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