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Physico-mathematical model for determining the direction in space to point sources of gam-
ma radiation using a spherical absorber was developed. CdTe detectors of appropriate sizes are
placed in the regular pyramid tops under absorber. The physico-mathematical model allowed,
taking into account the exponential attenuation of gamma radiation by the absorber, to find the
distance from the location of any CdTe sensor to the surface of sphere in any direction in space.
Calculated information and signal received from the detectors, correlate to each other. The ratios
found depend on the angle to the source of gamma radiation and represent the ratio of trans-
mittance coefficients for four sensors. A methodology for locating the developed device in space,
which allowed to obtain dependence of the calculated ratios from the angle in space for 6 = 90°
and ¢ from 0 to 360° in increments of 15° was proposed. Each direction in space corresponds to
a set of six respective ratios.

Keywords: physico-mathematical model, determining the direction, detector under absorb-
er, source of gamma radiation, spherical absorber.

Paspaborana dusuko-MmaTeMaTrueckas MOJENb OMpPeIesIeHUs HAPABJIEHUS HA TOYEUHBIN
VWCTOYHUK raMMa-U3JIyYeHUs B IPOCTPAHCTBE C UCIOJIb30BAHUEM IIAPO0OPA3HOTO TOTJIOTUTEJIS.
Jlerexropsr u3 CdTe HeobxomuMoro pasmepa pasMeranT B BePIINHAX TPABUJILHON IIMPAMUIEI
mox  morsiotuTeseM. (DOU3UKO-MaTeMaTHYecKas MOJEeJb II03BOJIMJIA C HUCIOJIb30BAHUEM
9KCITOHEHITUAIBHOTO 3aKOHA OCJIA0JIeHUs raMMa-U3JIyUeHUs MOTJIOTUTEeeM HANUTH PACCTOSHUS
or pacmonoenus Joboro CdTe matumka [0 mOBepxXHOCTM ImIapa B JIOO0OM HAIIPaBICHUHU
mpocTpaHcTBa. PaccunTanHyo MHGOPMAIUIO-CUTHAJ, MOJIYYEHHYI OT JETEKTOPOB, COOTHOCAT
omHy K apyroii. HaiiieHHBIE COOTHOIIEHUS 3aBHUCAT OT yIjla HA MCTOYHUK raMMa-U3JIydeHUs
¥ TIPEJCTABJIAIT COOOM OTHOIIEHUS KO03(MUITMEHTOB IPOITYCKAHUSA JJIA YeTBIPEX IATIYUKOB.
IIpenmosxena meTogmka pasMenieHus pa3paboTaHHOTO CPEICTBA B IIPOCTPAHCTBE, IIO3BOJISIOIIAS
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OJIYYHUTEH 3aBUCUMOCTH PACCUYUTAHHBIX COOTHOIIEHHWHN OT yrja B mpocTpaHcTse st 6 = 90 ° u @
Big 0 ° mo 360 ° ¢ marom 15 °. KaskmoMmy HalpaBIeHHIO B IIPOCTPAHCTBE COOTBETCTBYET HAOOD M3
IIeCTHU COOTBETCTBYIOIITUX COOTHOIIIEHUH.

®dizuko-maTeMaTUYHA MOJ€JIb BH3HAYEHHS HANPSIMKY Yy MHOPOCTOpPi Ha TOYKOBi
JsKepesia TraMMa-BUNPOMIHIOBAHHS 3 BHUKOPHUCTAHHAM KyJIbOBOTO IIOTJIMHAYA.
O.M.I'pueop’es, 3.B.Binuk, I.B.Ilemepcon, IO.B.Jlumsurnos, M.€.Ilonancvruii, O.B.Cakyn,
B.B.Mapywenro, 1IO.Yepusscorxuti, €.@.Bopouxin, O.0.Cocruuyvrka, C.FO.Ilempyxin,
C.M.Inouxos, B.€.Iaticabyra

Pospobiteno disuko-maremaTrdHy MoIeb BU3HAYEHHS HAIPAMKY Ha TOYKOBL IsKepesia
ramMMa-BUIIPOMIHIOBAHHS y IIPOCTOP1 3 BHUKOPUCTAHHSM KyJIBOBOTO morsmHava. Jlerexropu 3
CdTe HeoOXIZHOTO PO3MIPY POSMINIYIOTH ¥ BEPIIMHAX MPABUJIHHOI MIpaMIIH ITiJ ITOTJIMHAYEM.
®Dizuro-MaTeMaTUYHA MOJEJIh JO3BOJIMIIA 3 3PAXyBAHHIM eKCIOHEHITIIHOTO 0c/Ia0JIeHH raMma-
BI/IHpOMiHIOBaHHH ITOTJIMHAYEM 3HAXOIUTH BIJICTAHb BiJl podTanryBauHsa 0yab-sxoro CdTe matunka
10 nosepxm KyJi y 6ym> -AKOMY HampsaMi y mpocropi. PospaxoBany 1Hd)opMaLmo -CUTHAJI, 110
OTPHMAHO BIJ[ IETEKTOPIB, CIIIBBIIHOCATE OJIMH JI0 OJHOI0. 3HANIEH] CIIIBBIIHONIEHHS 3aJIeKaTh
BiJ KyTa HA [3Kepesio TaMMa-BUIIPOMIHIOBAHHS TA SBJISIOTH CO00I0 BITHOIIEHHS KoedillieHTiB
POIYCKAHHSA [IJI YOTUPBOX JATUNKIB. 3aIPOIIOHOBAHO METOAUKY PO3TAIIYBAHHS PO3POOIEHOTO
3aco0y y IIpoCTOopi, IO JO3BOJIMJIA OTPUMATH 3aJIEKHICTD PO3PAXOBAHUX CITIBBIIHOIIIEHD BIJl KyTa

B 1pocropi mist 6 = 90 °

Ta ¢ Big 0 ° mo 360 °

3 xkporom 15 °. KoskHOoMy HAmpsMKy y IIpocTopi

BimoBigae HAGIp 3 MIICTHOX BIAMOBIIHUX CITIBBIIHOIIEHbD.

1. Introduction

Nuclear technologies and usage of nuclear
energy cause the environmental pollution by
radioactive substances. In addition, there is a
worldwide problem of illicit trafficking of nucle-
ar radioactive materials and sources of nuclear
smugghng, which have come out of regulated
supervision and can be used for malicious pur-
poses. This requires the creation of perfect ra-
diation monitoring systems [1].

In known methods and equipment of accel-
erated search of local sources of gamma radia-
tion, in which the angle distribution, as well as
direction to the local sources of gamma radia-
tion are determined, it is used multi-modular
detecting devices (MDD) of two types - four
and six-modular, which represent an absorber
with partially recessed scintillation detectors
or gas-discharge counter in it. The developed
equipment, based on respond received from the
modules, makes it possible to determine the
angle to the gamma source. The disadvantage
of these devices is the determination of the di-
rection in only one plane. The author [2] devel-
oped and created the MDD models of different
configurations to determine the direction to the
point sources of gamma radiaion in the plane
and methods of their accelerated search with
a minimum error of determination of direction
+ 2 °. At the same time, for localization of the
gamma source, according to the results of one
measurement, at least two MDDs must be lo-
cated at distance of 150 cm from each other,
and the position of the gamma source must be
known up to a half-space.

Analysis shows that the most effective and
prospective method for determining the direc-
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tion to sources of gamma radiaion in space is
the use of detection units based on a spherical
absorber. There is a well-known device with a
spherical viewing area used for searching for
photonic sources [3]. It can be used for radiation
monitoring to find and determine the direction
to the photon source in the solid angle 4rn ste-
radian. Detectors are located along the edges
of a regular polyhedron, which is formed by an
electronic transducer, inside of which there is
a protective screen, and this allows to achieve
the maximum sensitivity. Disadvantages of
the device are the dependence of the received
data on energy and dependence of the resolu-
tion on the number of detectors and electronic
transducers. There is no mathematical model
and practical implementation of this device for
determining the direction to gamma source.
There is the application of a spherical ab-
sorber using five CdZnTe detectors for measur-
ing the angular distribution of gamma radiation
intensity. It needs to simplify the procedure for
transferring the information to a computer to
increase the processing speed of incoming in-
formation, because of each channel has its own
memory. Also, there is no mathematical model
and practical implementation of this device for
determining the direction to gamma source.
The problem of determining the direction of
arrival of gamma quanta using the spherical
absorber was solved by the author [4] by the
method of counting the difference in gamma-
quantum fluxes in detectors, which is result of
the fact that gamma quanta have passed dif-
ferent paths in matter before registration by
detectors. Comparison of the calculated and
experimental coefficients for two detectors was
made, which is the ratio of the total number
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of signals registered by one detector to the to-
tal number of signals registered by the other
one, and also proposed to use three detectors
to determine the direction to the point sources
of gamma radiaion. The applied problem of the
practical determination of the direction to the
point sources of gamma radiaion by three de-
tectors is not solved, there is no mathematical
model that allows to determine the distance to
the surface of the sphere for any point where
the detector is located.

The purpose of this article is to develop a
physico-mathematical model for determining
the direction to point sources of gamma radia-
tion using a spherical absorber.

2. Model development

Physical part of the model for determin-
ing the direction in space to point sources of
gamma radiaion, including pulsed ones, con-
sists in the specific placement of detectors in
the spherical absorber and using of ratios for
information [5] received from the detectors that
are proportional to thickness of the absorber in
the path of gamma radiation. Detection units
with the absorber were located fixed, which
made it possible to measure the direction to
the pulsed sources of gamma radiaion. Sizes of
the detection units are 20 mm in length and
10mmindiameter, whichis duetothe placement
4X4x2 mm telurid-cadmium sensors in them
together with a preamplifier of 8xX8%X1,5 mm
dimensions under a layer of steel with sickness
d=10 mm. The sizes of the sensors with CdTe
can be reduced, which makes it possible to de-
termine the direction to the sources of gamma
radiaion at a shorter distance, because for the
point sources of gamma radiaion this distance
should be approximately 10 times exceed the
dimensions of the sources of gamma radiaion
and the sensor [6]. For example, the authors of
this article created CdTe sensors with the size
of 1x1x1 mm?, which allows to reduce the size
of the detector in the spherical absorber.

Accuracy of measuring the direction to the
sources of gamma radiaion depends on accu-
racy of measuring the signal levels and gradi-
ent of the thickness variation of the absorber
depending on the angle between the source and
specified coordinate, which is from 10 mm to
86 mm for physical-mathematical model of the
spherical absorber. The diameter of the select-
ed sphere was 100 mm, which is explained by
the sufficient sensitivity of the detection units
for the constant point sources of gamma radi-
aion and provides the possibility of determin-
ing the impulse point sources of gamma radi-
aion. The sensors were placed in the absorber
at a distance of one centimeter from its surface
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Fig. 1. General view of location of detectors in a
spherical absorber and thickness of absorber h
in front of the detectors in the direction to the
source of gamma radiation.

at the vertices of regular pyramid, which en-
sures their maximum distance from each other
(Fig. 1).

To determine the information coming from
the detector, the law of exponential attenuation
of gamma radiation in materials [7] is applied:

I, =1I,xe"" (1)

where I —intensity of gamma radiation that
reaches the i detector through the absorber A,
u — is the linear absorber attenuation coeffi-
cient, cm.

The ratio of information [5] received from
one detector to another will be similar to the
ratio of gamma-ray transmittance ratios,
which are the ratio of I/1, from formula (1).
In development of the mathematical model for
determining the direction in space to the point
sources of gamma radiaion, including pulsed
sources, the main task was to obtain formulas
for finding the distance from an arbitrary point
of the regular pyramid to an arbitrary point of
the surface of the sphere. The solution of this
problem is carried out as follows.

Vector 0 = [ux, v, U, determines the di-
rection in space (Fig.2a). Suppose that the
length of this vector is equal to one, that is
vl + uj +v? = 1. The coordinates of this vector
can be written in spherical coordinates [8]:

L= [cos¢><sin0, sin¢ x sin 0, cos@] , (2

where @ — is angle from 0° to 360° in xy plane,
0 —1is angle from 0° to 180° along z axis.

Let us find the coordinates of the tetrahe-
dron vertices. To this end, we note first of all
that all its vertices lie on a sphere of radius
r =4 cm, specified by us for the maximum dis-
tance, with the center at the origin, that is the
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Fig. 2. a — general view of vector that determines the direction in spherical coordinates; b — general view

of specified points on sphere with radius r = 4 cm.

coordinates of these points must satisfy the
sphere equation x*+y*+z?=4? [9]. Binding of the
detector’s location points to the coordinate sys-
tem is set as follows. We start with a point that
is on z axis. Let’s call this point A (0,0,4). Then
the point that is under x axis, D (d ,0,d). Let’s
call two remaining points B (b b b ) c (c,c

c) (Fig. 2b).

We note that d,=b, =c, <0. In addi-
tion, due to the symmetry, because of y-co-
ordinate of the point D is equal to 0, b =c,
and b =-—c¢, . To simplify the calculations
we de51gnate the edge of the tetrahedron as
AB=AC=AD=BC=CD=BD=a, and
radius of the circle, on which the Vertices of the
tetrahedron are located, r = 4 (Fig. 2b). Trian-
gle ABCD is equilateral, that is, all sides of it
are equal, and all angles are equal to 60°. Point
H is the intersection of medians and bisectors,
that is, angle /HCB = /HCD = /HDC = 30°
.Triangle AHCD 1is isosceles (HC=HD), angle
/CHD =120°. Using the cosine theorem, we
find:

CD? = HC® + HD?
a® = 2HC?

—2HC x HD x cos120°,
—2HC? x c0s120° =

’

= 2HC? [1 — (- %)] = 3HC®

2

then HC? = &

In this way, HC = HD = HB = 4
J3

consider AAHC. Thehypotenuseis AC = a ,there-
1

2 V3

coso = 3 Triangle AAOC is isosceles, there-

Let’s

fore angle ZHAC = « 1is such, thatsina =
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fore /OAC = ZOCA = . This implies that
ZAOC =180° — 2a . From the cosine theorem
for triangle AAOC we obtain that:

a® =
r? 4+r? 2r><r><cos(180° ) ,
2r® (1+ cos20) = (1+cos a —sin a)

2
then a* :2r2[1+g—1]= 8r )

3 3

In this way, a = % (a known value, since

the radius r = 4 is known). We know also seg-

ments OC and HC, therefore, it is easy to find
OH = —d, = —b, = —c,. Indeed, according to

the Pythagorean theorem,

OH? = 0C* — HC? =
e @, 87
3 9 9
then OH:L

Since pointD|d_, 0, — —| is on the sphere

with the center at the origin and has radius r,

the coordinates of this point must satisfy the

2
sphere equation, that is d> +[§] =r?. This

8
means, that d, = % In this way, the point

r\/_O_L 4\/_0 4
3 3 3 3
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Triangle ABCD lies in a plane parallel to
xy plane, it is equilateral, and vertex D is lo-
cated under the x axis. This means that ver-
tices B, C must be located symmetrically
about x axis. That is b, = —¢,, b, =c,. Since

:&,then b =—c :B—Czﬂ.

\/g y y 2 \/g

We use once again the fact, that points B

BC=a

and C are on the sphere and we find b, =c,

2rr 2 2r?

b2=r’-b-b'=r"-———="—_ And
Y \27, 9 9
rv2
therefore, bx = cx = ——— . In general:

A(0, 0, 1)=(0, 0, 4);

plor2 2 r) | 42 42 4)
37 3’ 3/ | 3’ J3’ 3/
ol o2 _rz ) (42 42 4]

r\/§ r\/E r _
3 3’ 3|
D[M r

3’ J3 3
82 4

0, —— —)’ 0, ——|.
3 3 3 3

That is, when the coordinates of the vertices
are known, we can find the distance from the
vertex to any point in the sphere which has ra-
dius R. We derive a general formula for the dis-
tance, which can be applied to any of the points.
The line that passes through point P ( P.» P, pz)
in the direction of vector U =|v_, v, v, |; 1s

X . a2 Pyr Tz

specified by the following parametric equations
[11]:

x(t) = p, +1tv,,
y(t) = Py + th’ (3)

In order to write these equations in vec-
tor form, let’s denote Z):[px,py,pz] and

r(t) =[x(t), y(t), 2(1)], then r(t)=p+tv.
We substitute into the formula the coor-
dinates of the point, which is located on the
sphere of radius r=4, therefore we will as-
sume that the distance from the origin to the

point p =,/p? + p. + p? = r = 4. Coordinates

(x, y, 2) of the intersections of the straight line

(3) with the sphere x* + y® + 2> = R® must sat-
isfy both equations. We substitute the expres-
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sions for x(%), y(t), 2(¢) in the sphere equation
and find the value of the parameter #:

(. +t0,) +(p, +tv,) +(p, +t0.) = B2,

t* +2t(po)— (R’ —r*)=0.
The last equation is a quadratic equation

with respect to t. Using the formula for roots of
the quadratic equation, we find two solutions:

t, = —(B0) £ J(B0)’ + B* —1°)

In last formula (pv)=p,v, + p,v, + p,v,
is a scalar product of two vectors in three-di-
mensional space. The coordinates of the inter-
section points (there are always two of them)

are obtained by substituting the values of the
parameter ¢ , into the straight line equation

x(t1,2) =p, + tl,ZUx
y(tl,z) = py + tl,zuy (4)
Z(tl,z) =p, t1,0,

Let’s call these two intersection points
Q, (x(tm), y(t;,), z(tl‘2)>. Note that equation
(3) is a parametric equation that specifies a
straight line, while equation (4) specifies three
scalar values -the coordinates of a point in the
three-dimensional space. Distance from point
P to point @, is calculated as the length of
the corresponding vectors between the points
Pand @, [9]:

PQ,, = \/(t1,zux)2 + (0, )+ (t1,2U2)2 = |t1,2| :

From two points in which the line intersects
the sphere, we choose the one we “meet first”
when moving from the vertices of the tetra-
hedron in the specified vector direction. To do
this, we choose the larger value of the param-
eter ¢, that 1s:

PG| = —(30) + J(B0)’ + B =) . (B)

_ In this way, if there is a known direction
L= Lux, v, UZJ“’ then substituting the coor-
dinates of the vertices of the tetrahedron
p(p,, p,> p.), the spheres radii R=5, r=4 into
the formula (5), we calculate the distance from
the vertices to the sphere. Using formula (5),
a physico-mathematical model of the spherical
absorber with four detectors was developed,
three of which were located at the vertices of
the equilateral triangle on 1.3 cm offset from
diametrical plane of the sphere, and their
plane was orthogonal to the force of gravity
vector and axis vector z, and one vertex D was
under x axis. This location of the detectors de-
termined the origin and allowed the binding
of the developed device in space, which allows
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Fig. 3. Theoretically calculated dependences of
decimal logarithms coefficients of proportional-
ity C, on angle ¢=0"-360° (6 = 90°) for direction
to sources of gamma radiation.

comparison of the theoretically calculated and
practical data. At the calculations, angle 6=90°
is not changed, and angle ¢ varied from 0° to
360° in increments of 15°. Based on the distanc-
es found, the coefficients of proportionality C,
were calculated according to the formula:

C, =e ", (6)

where h_— absorber thickness in front of detec-
tor x in a spherical absorber , cm;

hy — absorber thickness in front of other de-
tector y in a spherical absorber, cm.

By the values of the coefficients of propor-
tionality calculated by formula (6), their deci-
mal logarithms were determined and their de-
pendence on angle ¢ (Fig. 3) was constructed,
indicating the correspondence to each direction
in the space of a certain set of six C,.

In this way, the physico-mathematical mod-
el with angle 6 = 90° and ¢=0°-360° was devel-
oped and worked out to determine the direc-
tion to the point sources of gamma radiation in
space with the use of spherical absorber.

P
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3. Conclusions

1. Thus, we propose the model of a device for
determining the direction to a gamma source
using a spherical absorber with sensors which
are located at the vertices of a regular pyramid
to provide the greatest gradient of the absorber
thickness, under the absorber layer thickness
of lem.

2. Depending on angle to the source of gam-
ma radiation in space, thickness of the spheri-
cal absorber in the direction to gamma radia-
tion from the surface of the sphere to the sensor
and proportionality coefficients representing
the ratio of transmittance coefficients of one
sensor to the other are determined on the basis
of the proposed physico-mathematical model.
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