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Light reflection from the interface of a dielectric film, characterized by a cubic optical nonlinear-
ity, on a bigyrotropic substrate magnetoelectric substrate is investigated theoretically. Relations
are obtained for the reflection coefficient as a function of the incidence angle of the light for the
main magneto-optic configurations: polar, longitudinal, and transverse. The effect of the
magneto-electric and magneto-optical contributions to the electric polarization of such a biaxial
structure on the polarization state of the light reflected at angles close to the Brewster angles is
studied. © 2010 American Institute of Physics. �doi:10.1063/1.3455805�

I. INTRODUCTION

The linear and nonlinear optical properties of magneto-
electric �ME� materials are being intensively studied theo-
retically and experimentally1,2 because of the unique proper-
ties of magnetoelectrics due to the direct interaction of the
electric and magnetic subsystems, which determines the
wide applications of ME structures in modern opto- and
magnetoelectronics. Light reflection from uniform and struc-
tured ME media as well as from interfaces, which are char-
acterized by ME properties, has been investigated in Refs. 1
and 3–9. Nonlinear optical phenomena due to the quadratic
optical nonlinearity, such as second harmonic generation in a
classic ME material Cr2O3, have been investigated
theoretically10 and experimentally;11 see, also, the review

Ref. 12 where data on the nonlinear optics of magnetoelec-
trics are presented. However, the effect of a cubic nonlinear
optical susceptibility �NOS� on the reflective power of the
ME material has still not been studied. It should be expected
that the cubic nonlinear optical interaction in combination
with the linear ME interaction will result in changes in the
refractive index of the nonlinear medium13 as well as in the
reflection of light. These changes can be observed, for ex-
ample, by studying light reflection at Brewster angles from
the structure which is characterized by an ME tensor and a
cubic NOS tensor. One realization of such a structure could
be a dielectric film with large values of the cubic NOS on an
NE substrate �MES�. The case of a transverse magneto-optic
configuration �MOC� with light reflection from such a struc-
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FIG. 1. Schematic diagram of the reflection of light from an NDF on a bigyrotropic MES in the following cases: polar MOC �a�; longitudinal MOC �b�;
transverse MOC �c�. ki, kr, and kt—wave vectors of incident, reflected, and transmitted waves in vacuum, respectively; k1—wave vector of the refracted wave
in the NDF, k2

+ and k2
− determine the wave vectors in the MES.
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ture was first investigated by us in Ref. 14, but we neglected
the effect of the components of the ME tensor on the wave
vectors of the normal electromagnetic waves �EMW� in an
ME medium. In the present work the reflection of EMW
from a dielectric film with cubic NOS on a substrate with
ME interaction is studied theoretically for the main magneto-
optic configurations �MOC�: polar, longitudinal, and
transverse.15,16 Glass doped with the semiconductor CdSe,
which is characterized by large values of the components of
the cubic NOS,13 is taken as the nonlinear dielectric film
�NDF� and cubic yttrium-iron garnet �YIG� Y3Fe5O12 is
taken as the MES. This substance is characterized in the
near-IR by bigyrotropic properties,16 i.e. off-diagonal com-
ponents, which depend strongly on the orientation of the
magnetization vector M in MES, are present in the dielectric
and magnetic susceptibility tensors.

II. PHENOMENOLOGICAL DESCRIPTION OF LIGHT
REFLECTION FROM A BILAYER STRUCTURE

We shall examine the reflection of a plane EMW from a
bilayer structure consisting of a NDF which is characterized
by a cubic optical nonlinearity and a MES with thicknesses
dNL and dME in the XOY plane; the z axis is perpendicular to
the surfaces of the NDF and the MES, as shown in Fig. 1.
The main MOC are studied: polar �M �OZ�, longitudinal
�M �OX�, and transverse �M �OZ�, as shown in Figs. 1a–1c,
respectively.

The permittivity tensor �ij and the magnetic susceptibil-
ity tensor �ij our system �see Fig. 1� can be represented in
the following form:

�ij = �
�ij , z � 0,

�ij
�1�, 0 � z � dNL,

�ij
�2�, dNL � z � dME,

�ij , z � dME.
�

�ij = �
�ij , z � 0,

�ij , 0 � z � dNL,

�ij
�2�, dNL � z � dME,

�ij , z � dME.
� �1�

The superscripts �1� and �2� denote the NDF and MES, re-
spectively; �ij is the Kronecker delta function. The tensor �ij

�1�

has the following structure: �ij
�1�=�ij

�1;0�+�ij
�1;NL�, where �ij

�1;0�

and �ij
�1;NL�=�ijkl

�3� EkEl determine the linear and nonlinear parts
of permittivity tensor and �ijkl

�3� is the third-order NOS tensor.
Here �ij

�1;0�=�ij
�1;0��ij, and the tensors �ij

�2� and �ij
�2� together

with the diagonal tensors are characterized by the off-
diagonal components, linear in M, for each MOC �see the
relations �10�, �14�, and �17��.

The propagation of an EMW in a NDF is described by
the wave equation13

� div E − �E − k0
2�̂E = 4�PNL�3�, �2�

where the cubic nonlinear polarization PNL�3� at the incident-
light frequency 	 is determined in the well-known manner:13

Pi
NL�3� = �ijkl

�3� EjEk
*El. �3�

In a medium with cubic symmetry PNL�3� in the simplest case
has the form

PNL�3� = 3k0
2�2�1122 + �1221�E�E�2. �4�

Here �1122 and �1221 are the nonlinear components of the
cubic NOS tensor.13

In the first, with respect to the components PNL�3�, ap-
proximation the solution of Eq. �2� can be represented in the
form

Ei�z� = Ei
�0� + 4�k0

2	
0

dNL

dz�Gim
�1��z − z��Pm

NL�3��z�� , �5�

where Ei
�0� is the solution of the homogeneous wave equa-

tion. In the expression �5� the Green’s functions Gim
�1��z−z��

are determined by the following equations:

L̂im��z�Gml
�1��z − z�� = �il��z − z�� , �6�

where

L̂ik = 
− k0
2�0

�1� − �z
2 0 ikx�x

0 kx
2 − k0

2�0
�1� − �z

2 0

ikx�x 0 kx
2 − k0

2�0
�1� � , �7�

and �x�� /�x, �z
2��2 /�z2.

In the MES the coupling of the electric field vector E
and electric induction vector D as well as the coupling of the
magnetic field vector H and the magnetic induction vector B
give the material relations of the medium1

Di = �ij
�2�Ej + 
ijHj, Bi = �ij

�2�Hj + 
 jiEj , �8�

where �̂�2� and �̂�2� are the permittivity and magnetic suscep-
tibility tensors, respectively, and 
̂ is the ME tensor which is
diagonal in a cubic crystal17


ij = 
�ij . �9�

In the case of polar MOC the tensors �ij
�2� and �ij

�2� of the
MES have the following form:

�ij
�2� = 
 ��2� i�� 0

− i�� ��2� 0

0 0 ��2� �, �ij
�2� = 
 ��2� i�� 0

− i�� ��2� 0

0 0 ��2� � ,

�10�

where �� and �� are off-diagonal components, linear in the
magnetization, of the permittivity and magnetic susceptibil-
ity tensors, respectively. In the explicit form of the tensors
�ij

�2� and �ij
�2� for each MOS we do not take account of the

difference arising in the diagonal components of these ten-
sors as a result of the quadratic magneto-optic interaction,
which is important when studying magnetic birefringence.16

We shall take account of only the effect of the linear MO and
ME interactions on light reflection, i.e. we assume that the
corresponding diagonal components of the material tensors
in Eqs. �10�, �14�, and �17� are equal.

We seek the solution of Maxwell’s equations in the form
of plane EMW: E=E0 exp�i�k ·r−	t�� and H=H0

exp�i�k ·r−	t��, where E0 and H0 are the amplitudes of the
electric and magnetic fields of the EMW, respectively, k is
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the wave vector and 	 is the frequency of the EMW. The
system of Maxwell’s equations in the MES can be written as
follows:



− 
 − sz 0 − ��2� − i�� 0

sz − 
 − sx i�� − ��2� 0

0 sx − 
 0 0 − ��2�

��2� i�� 0 
 − sz 0

− i�� ��2� 0 sz 
 − sx

0 0 ��2� 0 sx 


�

Ex

Ey

Ez

Hx

Hy

Hz

� = 0,

�11�

where sx and sz are the components of the dimensionless
wave vector s=k /k0, k0=	 /c, and c is the speed of light in
vacuum.

The homogeneous system of algebraic equations �11�
possesses a nontrivial solution if its determinant is zero. Sat-
isfying this condition, we obtain a quartic algebraic equation
for the components of the dimensionless wave vector sx and
sz. Assuming sx to be an independence variable and solving
this equation for sz we obtain

�sz
��p��2 =

− B�p� � D�p�

2A
, D�p� = �B�p��2 − 4AC�p�, �12�

where

A = ��2���2� − 
2,

B�p� = 2Asx
2 + 2
2�b + ��� − ����2
4,

C�p� = Asz
4 + sx

2�− 2
4 + 2
2�b + ��� − 2��b� + ������

− 
2����� + 2��b� + 
4�2b + ��� − 
6,

b = ��2���2� + ����, f = ���2��2�� + ���2��2�� ,

�� = ���2��2 − ����2, �� = ���2��2 − ����2. �13�

For longitudinal MOC the tensors �ij
�2� and �ij

�2� for the
MES have the form

�ij
�2� = 
��2� 0 0

0 ��2� i��

0 − i�� ��2� �, �ij
�2� = 
��2� 0 0

0 ��2� i��

0 − i�� ��2� � .

�14�

Calculations similar to those presented above for a polar
MOC make it possible to find the dimensionless wave vector
sz

�l�, which has the form

�sz
��l��2 =

− B�l� � D�l�

2A
, D�l� = �B�l��2 − 4AC�l�, �15�

where

B�l� = 2Asx
2 − 2��b + 2
2�b + ��� − 2
4,

C�l� = Asz
4 + sx

2�− 2
4 + 2
2�b + ��� − f�

+ ������ − 
2����� − 2��b� + 
4�2b + ���

+ ������ − 
6. �16�

For a transverse MOC the tensors �ij
�2� and �ij

�2� for MES
have the form

�ij
�2� = 
 ��2� 0 i��

0 ��2� 0

− i�� 0 ��2� �, �ij
�2� = 
 ��2� 0 i��

0 ��2� 0

− i�� 0 ��2� � .

�17�

Performing calculations similar to those just described
we obtain the wave vectors sz

�l� in the MES:

�sz
��t��2 =

− B�t� � D�t�

2A
, D�t� = �B�t��2 − 4AC�t�, �18�

where

B�t� = 2A�t�sx
2 − f + 2b
2 − 2
4,

C�t� = A�t�sx
4 + sx

2�− f + 2b
2 − 2
4� + ��2���2�����

− 
2�2��2���2�b + ����� + 
4�2b + ��2���2�� − 
6.

�19�

The amplitudes of the reflected-light fields E�r� can be
expressed in terms of the amplitudes of the incident-light

fields E�i� by means of the matrix R̂ of reflection coefficients:

�Es
�r�

Ep
�r� � = R̂�Ex

�i�

Ep
�i� � , �20�

where the subscripts p and s denote the p and s polarized
EMW, respectively.

The matrix R̂ of the reflection coefficients for the present
system can be represented in the following form:

R̂ = �Rss Rps

Rsp Rpp
�, Rij = Rij

�0� + Rij
�1�. �21�

Here Rij
�0� �i , j=s , p� are the components of the reflection ma-

trix in the zeroth approximation, i.e. neglecting the nonlinear
polarization �2�, Rij

�1� corresponds to the first-approximation

corrections to R̂. We note that the off-diagonal components
of Rsp and Rps of the reflection matrix �21� appear because of
bigyrotropy and the ME interaction in the substrate.

III. RESULTS AND ANALYSIS

As mentioned in the introduction, we shall examine a
bilayer structure consisting of a silicon dioxide film, doped
with cadmium selenide, and a YIG substrate in which the
linear ME effect is observed near crystal defects18 and at low
temperatures after the sample is cooled in simultaneously
applied electric and magnetic fields.19 It is noted in Ref. 3
that the values of the ME constants in epitaxial YIG films
can reach the maximum value 
�10−2 at room temperature.

The following values of the material parameters were
used in the calculations: ��1;0�=4, ��3��10−9 esu, ��2�

=4.5796, ��2�=1, �� =8.76 ·10−5, ��=−2.47 ·10−4, 
=10−3

for wavelength �=1.15 �m. The amplitude of the electric
field of the incident EMW is E�108 V /m, and the MES
thickness is dNL=� ,3� ,5�. We note that the assumption
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made above that the diagonal components of the permittivity
and permeability tensors are equal is applicable to a YIG
film.

Figure 2 displays plots of the moduli of the amplitudes
of the reflection coefficients neglecting the optical nonlinear-
ity of the film �Rii

�0��, corrections to the first Born approxima-
tion �Rii

�1��, and the resulting reflection coefficients �Rii
�0�

+Rii
�1��= �Rii

tot� �i=s , p� versus the sine of the reflection angle
sin  �dashed, dotted, and solid lines, respectively� in the
case of polar MOC. It is evident in Fig. 2 that the contribu-
tion of the cubic nonlinearity to the reflection coefficient
reaches 5%.

Figures 3–5 show the moduli of the amplitude coeffi-
cients of reflection of the main components Rss and Rpp and
the cross-polarized components Rsp and Rps of the EMW as
functions of sin  for different thicknesses of the NDF dNL

=� �solid lines�, dNL=3� �dashed lines�, and dNL=5� �dotted
lines�.

Figures 3a and 3b show the diagonal components of the
reflection matrix as functions of sin . For the main MOC the
diagonal reflection coefficients Rpp and Rss depend on the
ME interaction constant 
 very weakly. The difference be-
tween �Rii�
→0 and �Rii�
=10−2 �i=s , p�, does not exceed a
hundredth of a percent. Moreover, Rpp and Rss for the MOC
considered are equal to one another with within thousandths
of a percent.

Figures 4a and 5a show plots of the off-diagonal com-
ponents �Rps� and �Rsp� of the reflection matrix versus sin 
with an infinitesimal ME interaction in the MES �
→0� for
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different thicknesses of the NDF dNL in the case where the
magnetization vector lies in the incidence plane, i.e. for polar
and longitudinal MOC. For transverse MOC, as 
→0 nor-
mal EMW in the medium transform into independence TE
and TM modes, and the reflection matrix becomes diagonal.
When the ME interactions is taken into account, instead of
the linearly polarized TE and TM modes the normal EMW in
the medium will be waves with elliptical �right- and left-
hand� polarizations. Therefore, when the magnetization vec-
tor is perpendicular to the incidence plane, the ME interac-
tion will lead to the appearance of cross-polarized
components Rps and Rsp in the reflection matrix. Figures 4b
and 5b illustrate the analogous dependences �Rps� and �Rsp�
with 
=10−2 for the main MOC. It is evident in Figs. 3 and
4 that the off-diagonal components of the reflection matrix
are three or four orders of magnitude smaller in magnitude
than the diagonal components. Comparing Figs. 4a and 4b
and Figs. 5a and 5b shows that the off-diagonal components
depend strongly on the ME interaction, which results in
higher values of the off-diagonal coefficients of reflection at
angles of incidence far from glancing incidence.

It is evident in Figs. 3–5 that the plots of the diagonal
and off-diagonal reflection coefficients have several minima,
which do not reach zero. Therefore, when light is reflected
from the two-layer system under study it is impossible to
obtain completely polarized, reflected light. In this case the
minima of the reflection coefficients correspond to reflection
at so-called pseudo-Brewster angles �PBA�.

Figures 6a and 6b show two-dimensional plots of the
evolution of the diagonal coefficients of reflection �Rpp� and
�Rss� as a function of the NDF thickness, whence one can see
that the minima of the reflection coefficients tend to shift in

the direction of smaller angles of incidence  with increasing
thickness dNL of the nonlinear film for both s- and
p-polarized reflected waves. This results in a similar shift of
the PBA.

Figure 7 shows a two-dimensional plot of the evolution
of the off-diagonal reflection coefficient �Rps� with increasing
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thickness of the nonlinear film in the case 
=10−2 for polar
MOC. The off-diagonal components of the reflection matrix
for the main MOC have the same form, shown in Fig. 7.

IV. CONCLUSION

The reflection coefficients of a bilayer medium consist-
ing of a nonlinear optical film with a cubic optical nonlin-
earity on a magneto-electric bigyrotropic substrate were ob-
tained. The contribution of the cubic optical nonlinearity to
the polarization state of the reflected light was investigated
theoretically. The effect of the ME properties of the substrate
and the cubic optical nonlinearity of the film on the diagonal
and off-diagonal components of the reflection matrix was
investigated for media with cubic symmetry �YIG and glass
doped with the semiconductor CdSe�, forming a bilayer
structure. The calculations showed that even when the ME
tensor is characterized by a single nonzero component the
effect of the ME interaction on the reflection of polarized
light will be substantial. It was shown that the bigyrotropic
and ME properties of the substrate make it impossible to
obtain completely polarized reflected light, so that reflection
under Brewster’s angle is impossible. However, reflection
occurs at so-called pseudo-Brewster angles, where the diag-
onal components of the reflection matrix reach minimal �but
nonzero� values. We also note that for transverse MOC, off-
diagonal components appear in the reflection matrix because
of the ME interaction. As the thickness of the nonlinear film
increases, the PBA shifts appear and the minimal values of
the reflection coefficients increase.
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