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1 Introduction

In a series of recent papers [1, 2] we have started to study the problem of
resolving the fixed points [3, 4, 5] in simple current [6, 7, 8, 9] extensions of
permutation orbifold [10, 11] conformal field theories [12]. The aim of this
paper is to give a general solution to this problem, going much beyond the
specific examples discussed previously.

Simple currents J are special fields: those with simple fusion rules with any
other field in the theory. They are very important ingredients of a CF'T, since
they allow to modify the theory in a well-controlled way by projecting out some
fields and re-organizing the remaining into new ones. In practice, what one
does is: compute the monodromy charge of any field ¢ with respect to (w.r.t.)
J, Qs(i); project out those fields which have non-integer monodromy charge;
organize the surviving fields into orbits under J.

In this paper we will mostly look at order-two simple currents, i.e. those
with J? = 1, for which the J—orbits can have length equal to one or two at
most. The normal (and easy to handle) fields are those with length two: (4, .J-4).
More special are those orbits with length one: J - f = f. A field f satisfying
this property is called a fized point of the current J. Fixed points can arise only
when the current J has integer or half-integer spin, given by its weight h ;. In
the extension, they give rise to more than one field, whose number is equal to
the order of the current. In this paper then every fixed points will split into two
fields in the extended theory.

In any CFT, two of the most important objects are the modular S and T
matrices. T is a diagonal matrix of phases and contains information about the



weights of the fields in the theory; S is symmetric and unitary and allows to
compute the fusion coefficients (conceptually analogous to the Clebsch-Gordan
series) between two representations via the Verlinde formula [13]. Without fixed
points, there is no difficulty in deriving the S matrix of the extended theory,
sometimes denoted by S, from the S matrix of the unextended CFT. On the
contrary, when fixed points are present, not only the extended S matrix is
problematic to derive but also it is affected by an intrinsic ambiguity related to
the freedom that we have in choosing the order of the splitted fields coming from
the same fixed point. This issue has already been addressed in the past [3] and
the outcome was that we can write the matrix S in terms of a set of matrices
57 one for each simple current J, and hence the problem of resolving the fixed
points is re-formulated as the problem of determining those S7 matrices.
Using the formalism developed in [3], we can trade our ignorance about S
with a set of matrices S, one for every simple current .J, according to the
formula
|G|

ga,i bj) —
N I ATATTATEA] ZG

These S ({b’s are non-zero only if both a and b are fixed points. This equation can
be viewed as a Fourier transform and the S7’s as Fourier coefficients of S. The
prefactor is a group theoretical factor acting as a normalization and the ¥,;(.J)’s
are the group characters acting as phases. Unitarity and modular invariance of
S implies unitarity and modular invariance of the S7’s [3]:

W, (J)SS W, (), (1.1)

ST (sNHt =1 (87772 = (5872, (1.2)

In this way, the problem of finding S is equivalent to the problem of finding the
set of matrices S.

The unextended theory that we can consider before the extension can be any
CFT A. It can be also a tensor product of different CFT’s, 4;®---®.4,,, or even
a coset theory of the form G/H. All these cases have already been considered
in the past and their S matrices are known by now. In fact, these matrices
have been found for all WZW models [3, 14], their simple current extensions
[4] and for coset conformal field theories [5]. In this paper we will consider the
permutation orbifold as the unextended CFT, for which the S7 matrices are in
general not known yet. We restrict ourselves to the case of Zy orbifolds [10, 11],
where we mod out by the cyclic permutation that exchanges the two factors:

Aperm = A x A/Z . (1.3)

Larger orbifolds would be possible [15, 16], but they are much more involved
and we will not treat them here.

The matrices S7 are restricted not only by modular invariance and unitarity,
but also by the condition that the full matrix g@@)(@j) acts on a set of characters
with positive integer coefficients, that the Verlinde formula yields non-negative
integer coefficients and that there is a corresponding set of fusing and braiding
matrices that satisfy all hexagon and pentagon identities. In other words, all the
usual conditions of rational conformal field theory should be satisfied. However,
all these additional constraints are very hard to check, and modular invariance
and unitarity are very restrictive already. Experience so far suggests that for
generic formulas (z.e. formulas valid for an entire class, as opposed to special



solutions valid only for a single RCF'T) this is sufficient. We do not know any
general results concerning the uniqueness of the solutions to (1.2), but there is at
least one obvious, and irrelevant ambiguity. If S/ satisfies (1.2), clearly U tsIU
satisfies it for any unitary matrix U that commutes with T". Since we are aiming
for a generic solution, we may assume that T’ is non-degenerate; accidental
degeneracies in specific cases cannot affect a generic formula. This reduces U
to a diagonal matrix of phases. The matrix g(wz)(b’j) must be symmetric, and
this has implications for the symmetry of the matrix S7. In particular, if J is
of order 2 (the case considered here), the matrix S/ must be symmetric itself
[3]. This requirement reduces U to a diagonal matrix of signs. These signs
are irrelevant: they simply correspond to a relabeling of the two components
of each resolved fixed point field. Note that the matrix S itself also satisfies
(1.2), but here there is no such ambiguity: S acts on positive characters, and
any non-trivial sign choice would affect the positivity of Sp;. However, S7 acts
on differences of characters, and hence satisfies no such restrictions.

For WZW models it was possible to obtain an explicit character representa-
tion of S” in terms of so-called “twining characters” [14]. In the present case,
however, we resort to the strategy of obtaining an ansatz for S7 based on its
modular properties, along the lines of [5]. To arrive at this ansaiz we make use
of the following pieces of information:

e The matrix S of the unextended Z, orbifold, derived in [11]. This is the
matrix S7 for the special case J = 0, which fixes all fields in the CFT. We
will denote it by SBHS,

e The matrix S for the anti-symmetric component of the identity [1]. This
matrix could be derived because this simple current undoes the permuta-
tion orbifold and gives back the original tensor product.

e The matrix S for some cases where .J has spin 1 [1]. Here we used the fact
that the simple current extension can be identified with a known WZW
model. This allowed us to determine S” for the vector current of SO(N)
level 1.

¢ Using triality in SO(8) this could be generalized to the spinor currents of
SO(8) level 1, and from there to all spinor currents of SO(2n) level 1 [2],
which have very similar modular properties.

Here we will use these previous works as “stepping stones” towards a general
ansatz, which includes all the aforementioned results as special cases, and has
a far larger range of validity. In particular, the results of our foregoing work
[1, 2], were limited to low levels, such as in the permutation orbifold of B(n)i,
D(n)1 and A(1)y (completely for kK = 2 and k odd, partially for k£ even). By an
educated guess, one could very well suspect that this formula would depend on
a few quantities of the original or mother CFT A, such as its S matrix, its P
matrix, the weight h; of the simple current J, etc. This is the problem that we
address and solve in this paper. The formula which we obtain is valid for any
order two simple current J of any order two permutation orbifold. In particular,
this extends the foregoing results for B(n), D(2n) and A(1) to arbitrary level,
but it also includes permutation orbifolds of many other WZW models such as
C(n), E(7), as well as the permutation orbifolds of many coset CFT’s, such as
the N =0 and N = 1 minimal superconformal models and some of the currents



of the N = 2 minimal superconformal models. Not included are fixed points
of simple currents of orders larger than two, which occur for example in the
permutation orbifolds of A(2) level 3k, or D(2n + 1) for even level.

The plan of this paper is as follows.
In order to make this paper as self-contained as possible and to fix our notation,
we start by reviewing the construction of the permutation orbifold, its SBHS
matrix [11], together with its simple current and fixed point structure [1].
In section 3, we give an ansatz for the simplified case when the mother theory
has no fixed points. This restriction is suggested by the fact that some orbifold
fixed points are not present, hence it is much easier to guess the ansatz. We
prove that the simplified ansatz is unitary and modular invariant.
In section 4, we extend the ansatz to all cases and comment about its unitarity
and modular invariance.
The complete proof that our ansatz is actually unitary and modular invariant
is relegated to the appendix.

2 The permutation orbifold

In this section we review a few facts that will be relevant about permutation
orbifolds. A Z,—permutation orbifold of a given CFT A is defined as:

Aperm = A x A/Z, . (2.1)

Moding out by Zs means that the spectrum must contain fields that are symmet-
ric under the interchange of the two factors. This theory admits an untwisted
and a twisted sector. The untwisted fields are those combinations of the origi-
nal tensor product fields that are invariant under this flipping symmetry. Their
weights are simply given by the sum of the two weights of each single factor.
There are two kinds of untwisted fields:

e diagonal, denoted by (4, x), with y = 0, 1, corresponding to the combina-
tion ¢; @@, +(—1)XP,®¢;, where ¢ denotes the first non-vanishing descen-
dant of the A—field ¢;, (corresponding to symmetric and anti-symmetric
representations), with weight

hiwy = 2hi+ 050 - 0y 1 ; (2.2)

e off-diagonal, denoted by (mn), with m < n, corresponding to the combi-
nation ¢, ® ¢n + ¢n ® ¢y, With weight

h(mn) =l + hy . (2.3)

Twisted fields are required by modular invariance [10]. In general, for any field
¢; in A, there are two twisted fields in the orbifold theory, labelled by x = 0, 1.

—

We denote twisted fields by (4, x). Their weights were derived in [10] and are
given by
hi ¢ (A2=1) x
ho— = g S0 A 2.4
o2t a T 24
where h; = hg, and c is the central charge of A. Here, A = 2.



The S matrix of Apeym is known from [11]. We will call it SBHS and it is
given by

Stmn)(pg) = SmpSng T Smg Snp (2.5a)

)0 0 (2.5b)
_ 1 27i(p+x)/2

Sepan — 2° Py (2.5¢)

1

Seorgo = 5% 5% (2.5d)
_ 1 27igp/2

Seoen — 3¢ S (2.51)

where the P matrix (introduced in [17]) is defined by P = /T'ST?SV/T.

If there is any integer or half-integer spin simple current in A, it gives rise to
an integer spin simple current in Aperm, which can be used to extend the orbifold
CFT itself. We can denote the extended permutation orbifold by flperm. In the
extension, some fields are projected out while the remaining organize themselves
into orbits of the current. Typically untwisted and twisted fields do not mix
among themselves. As far as the new spectrum is concerned, we do know that
these orbits become the new fields of flPerm? but we do not normally know the
new S matrix, S,

As already mentioned, the problem of finding S is equivalent to the problem
of finding the set of matrices S7, one for each simple current J. As a starting
point, it will be useful to know what are the simple currents arising in the
extended permutation orbifold. From the sufficient and necessary condition
SBHS = gBHS 18] it is straightforward to discover that they correspond to the
symmetric (¢ = 0) and anti-symmetric (¢» = 1) representations (hence diagonal
fields) of the simple currents in the mother theory A [1]. It will then make sense
to denote simple currents of the permutation orbifolds as (J, ), being J the
corresponding simple current in the mother theory. There are no other possible
combinations of 4—fields that become simple currents in the orbifold. Hence,
one simple current in .4 generates two simple currents in Aperm.

Another useful piece of information is the fixed point structure arising in
Aperm. By studying the fusion coefficients one can show that [1]:

e diagonal fields: (i, ¢) is a fixed point of (J, 4) if » = 0 and if ¢ is a fixed
point of J, ie. Ji =14

¢ off-diagonal fields: (mn) is a fixed point of (J, )
— either if m and n are both fixed points of J,i.e. Jm = m and Jn =n,

— or if m and n are in the same J—orbit, i.e. Jm = n;

o twisted fields: @ is a fixed point of (J,¢) if Q;(p) = % +2h; mod Z,
independently of ¢.

For the twisted fixed points, see the proof' in the appendix, formula (A.2).
Observe that for (half-)integer spin simple currents we can drop the additional

'n [1] we considered only (half-)integer hs. In this paper we will have to look at currents
with hy € % Zoaq as well, since they give rise to half-integer spin currents in the orbifold and
those can have fixed points.



2hy from the monodromy charge.

Also note that there exist diagonal fixed points only for the symmetric repre-
sentation of the simple current and that the twisted fixed points are determined
by @(p), the monodromy charge of p w.r.t. J. Moreover, we will often have to
distinguish between the two types of fixed points coming from the off-diagonal
sector: for obvious reasons, we will call them fized-point-like off-diagonal fields
and orbit-like off-diagonal fields respectively in the two cases.

3 Simplified version of the ansatz

In this section we give an ansatz for the S matrix of a (J, 1)) —extended permu-
tation orbifold in the case where the mother theory does not have fixed points
and hence we can forget about orbifold diagonal fields [1]. Since fixed points
arise only for (half-)integer spin simple currents, examples when this happens
are all those mother theories which admit simple currents with h; € %Zodd and
that generate half-integer spin currents in the permutation orbifold.

This is our ansatz for the (.J, ¢)-extended Z,-permutation orbifold when the
mother theory has no fixed points of the current J.

) _
S = 0 (3.1a)
J,
S((mj;@ = A8, (3.1b)

J, 1 i) (m T
5(%%@ = Bog i py, e (3.1¢)

where A and B are phases that will be constrained by modular invariance to be
equal to 4 4
A=Y ™ & B=(-1)¥emhs (3.2)

We will prove this in the next subsection. Actually, the phase A is determined
up to a sign: here we have made the choice of taking the positive sign. These
sign choices are a remnant of the sign ambiguities one has in general in matrices
S7. Most of the relative sign choices are fixed within blocks of the matrix,
because we write it in terms of S and P, but one off-diagonal choice between
two blocks remains.

The notation in the ansatz is as follows. We denote by Q s(m) the combina-
tion of weights Qj(m) = hj+hym—hjm, while Q y(m) is the monodromy charge
of the field m w.r.t. the current J in the mother theory which gives rise to the
current (J, ) in the permutation orbifold (independently of its symmetric or
anti-symmetric representation). These two quantities are obviously related by
Q](m) = Q](m) mod Z.

This ansatz more or less interpolates our previous results [1, 2], up to some
sign related to the ambiguities one has in choosing the order of the splitted
fixed points. The phase in the twisted-twisted sector containing the hatted
monodromy charge is necessary in order to make S7 symmetric? as it should

2In fact one can check that
i@ r(m) Pimp= i@ () P dp = Amp

with
Amp _ ezwh_} \/Tmm Z <627,7\'Q_I(l) Smlj—‘lzlslp> \/Tpp
l



be for order-two currents, since in general S({b = Sé{{l [3]. We need to put a
hat on @ s in order to avoid ambiguities deriving from having the monodromy
charge in the exponent, since it is defined only modulo integers. Similarly to
what happens in the BHS formula [11], the P matrix enters the twisted-twisted
sector.

Observation: in [1] we derived an explicit formula for S((;if)) (i E;;’l)? which was
Jap)=(0,1
SEr Y = S S = S Snp - (3.3)

In the first line of our ansatz (3.1), instead, we have put S(%Z))(pq) = 0. How
can we combine these two apparently different formulas? Actually, this ansatz
does not apply to the identity field “0” since it does have fixed points, namely
all the fields of the mother theory. That might be the reason why the first
line looks exceptional. However, it is very tempting to guess that the ansatz
should be something like S((Z{Z))(pq) = S;;p S;{q — S;{Lq S;{p for the general case
when J has fixed points in the mother theory, sin;:e )it looks very much like
i

mn)(pq)
fixed points. We will see later that this is indeed the case, provided we make a

1—dependent sign change in our guess. Of course that still leaves the diagonal
fields to worry about.

In order to give a flavor to the reader of the genre of calculations we have to
perform to check the correctness of our ansatz, in the next two subsections we
prove unitarity and modular invariance of S(/¥). These calculation are easy in
this simplified case and for this reason we will do it here. They become more
lengthy in the general situation, where a few tricks are necessary, and we will
do it in the appendix.

our first expression and, moreover, it reduces to s¢ = 0 when J has no

3.1 Unitarity of the simplified ansatz

In this subsection we prove that the ansatz (3.1) gives a unitary S(%) matrix.
For this we need to compute three matrix elements. Since the current J has
no fixed points in the mother theory, the off-diagonal fields are only orbit-like.
The calculation is pretty straightforward, up to a few aside results that we will
refer to as Corollary 1 and Corollary 2, proven in the appendix (see (B.6) and
(B.12)). We recall them here:

Corollary 1.

1 1
> Sip Sp; = 5 %45 + (—1)1”4’”5 015 - (3.4)

p—

ps.t. (p,x) f.p. of (J,9)
Corollary 2.
> Ppsa Pl = 0pq (3.5)

a s.t. (a,x) f.p. of (J,9)

(we have in mind the situation when p and ¢ give rise to twisted fields in the
extension of the permutation orbifold, i.e. Q;(q) = % +2hy).

and App is symmetric.



Note that the sums are over a selection of fields and not over all the fields
of the mother theory, hence we can solve it using a suitably defined projector
operator (see (B.3)):

1
1 .
Mp) = 2 3 dimn@s)—-2h), (3.6)

n=0

It is easy to see that

[ 1 i Qu(p) =¥ +2hy (mod Z)
¢ ){ 0 if Qj(p)#%+2hj (mod Z) (3:7)

Now the strategy to show unitarity is to compute the quantity S(/¥). (¥t
and prove that it is equal to the unit matrix.
i) Off-diagonal-Off-diagonal

(§¥) . S(J’¢)T)(mn)(pq) -

S(‘hp (J¢ (Jw (Jlﬁ)T _
;ﬁ: (mn)(ab) (ab (rq) - (z: (mn) (a,{ (0«75)(1"1)
a a,§)

REDSIED SRS
§€=04 (a,&) f.p.of (J4)

1
> Sma Sip =2 {5 Smp + (_1)¢+4h1 > Samp| = O
a,(a,8) f.p.of ()

I
o

We have used the fact that d7,, , = 0, since m < n and p < q. The term within
squared brackets comes from Corollary 1.
i1) Off-diagonal-Twisted

(S(J,w) . S(Jﬂﬁ)T) P

(mn)(p,x)
_ S(sz Ut 5% st
Z (mn)(ab) (ab TR%) + Z (mn)(@,8) " (@,E)(px)
(ab) (@,8)
1 —inQ s(a T
*OJFAB*Z Z Sma§€ QJ()p;am6 (€+x) — ¢

a, {a.8) £.p.of (J4)

The last sum vanishes because of > ¢ emE = 0.



i41) Twisted-Twisted

(7). g(J¥)t
(8 o )(p Oid)

LN U GO N U gUet
Z (P x)(mn) (mn)(q7¢)+; (p.x)(a,8)  (a,£)(q,¢)

(a,8)
Z Spm anq +
(mn
1 . A , 1 N ,
+ Z Z 2 eimQu(a) Py ta i (x+€) 5 e~ imQu(a) P, eim(E+e)
a,(@,8) t.p.of (J)
1 i

= > SpmSp,t 5¢ (cte) > Ppra Py, =

(mn)n=Jm a, (@,8) f.p.of (J4)

1 in 1 1 1 .
~ 5 Z Spm Spg + € Ore) 2 Opq = B} Opq + 5 Ot ) 9pq = Opg Oxg -

Do

In the last lines we have replaced Z(mn) = % > m, e€xploited unitarity of the
original Sy, and used Corollary 2.
Together, i), 4i) and iii) say that S/ is unitary.

3.2 Modular invariance of the simplified ansatz

In order to check modular invariance, we will use the relation (S(/:¥)T(/¥))3
(SN2 but rewritten as

7)) (I T L (I (I gI) (3.8)

This is a much more convenient expression since involves no sums on the lL.h.s.
and only one sum on the r.h.s. We will have to prove this identity sector by
sector. It will be useful to recall here equation (C.7) for the P matrix with one
J—translated index:

Prpq = ™0 Qud /7 N 2imaiimy g 72 5, VT, (3.9)

where Qj(p) = hs + hp — hyp. We will use the notation 7;; = T; 6;; for the
(diagonal) T' matrix.

i) Off-diagonal-Off-diagonal
lLhs.:

(Tu,w)*lgu,w)T(J,wrl) fTuw)( S5 UL

(mn)(pq) (mn)(pq) (pg) —

r.h.s.:

( SUHIT) Su,w)) _
(mn)(pq)

_ S(Jw T(Jw (70) g pU g
(zb: tmm)(ae) L (o) S (at) (o) +(Z (mn)(a,&) (a,@ (a,9)(pa)
a a7§

0+ Z > A28 VT ™ S,y =0

a,(@.€) t.p.of (1)

10



The last equality comes from Zézo €& = 0. Hence:

<5<J,w>T<J,w>5<J,w>) _ (Tu,w)*lgu,wT(J,wrl) . (3.10)

(mn)(pq) (mn)(pq)

i1) Off-diagonal-Twisted

lL.hs.:
(Tu,w)*lgu,w)T(J,wrl) R 1 O < CA B O et S
(mn)(p,x) (mn) (mn)(p,x) (®x)
=T Ty A Sy VT, e ™.
r.h.s.:
<5<J,w>T<J,w>5<J,w>) -
(mn)(p,x)
_ S(Jw T(Jw () U U gt
Z (mn)(ab)™ (ab) (ab o Z (mn)(a,&) (a,@ (@, ()
(ab (a7§
T 1 7O r(a (%
:OJrZ Z ASma VT, e 5356 Q@) pr, e ™ERD =

§€=0 4 (a,&) f.p.of (J4)
=AB Z Spma VTa €™ VT, Zezm@f(l) Sal le Sip \/Tp ™ —
]

a,(@,€) t.p.of (J)

= AB™I Y > Sma To Su | €727 O T2 ), VT, €™
U \a, (@8 f.p.of (J4)

We used (C.7) in the third line. The sum within round brackets in the last
line can be further simplified by using the projector as in (B.3) and the relation
T—18T—!' = 8TS for the S and T matrices of the original theory: in fact,

Z Sma Ta Sal - Z H(CL) Sma Ta Sal -
a, (a,8) £.p.of (J,1) @

1

IR DI IS SRR

a k=0

1 1
> Zefzmk(§+2h1) ZSka,a T, Sy —

k=0 a

1 1

— 5 Zsma Ta Sal + 5 (_1)¢+4h1 ana Ta Sal -

[(STS)ma + (1) T (STS)] =

(T ST )t + (1) TH(T ST )]

Mlelr—

11



Then, going back to our main expression and recalling that Sy; ; = e2imQ(J) g, i
[8], we have:

<5<J,w>T<J,w>5<J,w>) =
(mn)(p.x)

. 1 . .
= AB ™ 2N Tt S T4 (=) TS T 2T O TR Sy, VT 7Y =
1

) 1 ,
= AB ™ 2N T St T (S 1) TS T T Sip VT €7 =
1

. 1 .

— ABém™h 5 [T (STSVT)np + (=140 T (ST SVT ) ] €7X =
| . T

— ABé™ 5 T Tt S VT, Yyttt VT, Heimx -
. 1 —1

= AB ™ ST (S (<) S, VT, e

— AB(=1)ths imhr p it ST i

We have continuously used the relation T-18T ! = ST'S here. Hence

<5<J,w>T<J,w>5<J,w>) - (Tu,w)*lgu,wT(J,wrl) (311
(mn)(p,x) (mn)(p,x)
provided 4 4

B = (=1)¥1hs emimhs — (L)Y 3imha (3.12)

i41) Twisted-Twisted

Lh.s.:
T(J,wrlgu,w)T(J,wrl) el U pre)
( (. #)(@X) @) V) (.0
1 i —1 —1
=3 B Qi) \/Tp Prpy \/Tq
r.h.s.:
<5<J,w>T<J,w>5<J,w>) L
() (a:)
=S gt pliwigtie) s gt
Z EdEn @ e T (;) 7.9) (@8 (2.8 (2,62
a,§
= ZA2 Spa TaTh Saq +
(ab)
1
1, . , 14 ,
+3 3 B2 5 Q@) p TG /T it 5 e~ Qs(a) p o eimEr0 =

€=04,(a,&) t.p.of (J )
1
_ 5A? ZspaTaTJaSaq+o.

The contribution from the twisted-twisted sector vanishes due to Zézo eme = 0.

Moreover, we can re-express 1, in terms of T, using T;, =T, e2im(hs—Qu(a))

12



Hence:

(SU,w)T(wS(w) ==
(p,#) (a0

2 Z Spa T2 e2im(hy—Qs(a)) Saq =

14
2
1 T 2T a

=A% ’”Z Q) S Ty Sag =
1
T2

2 A2 gimha WQJ(p \/—p Pqu\/—7 (313)

We have also used the freedom to replace —Q s(a) with Q (a) in the phase ex-
ponent appearing in the sum over a, which is allowed since both these quantities
are either integer of half-integer and differ only by integer numbers. In the last
line we have used (C.7) to rewrite the sum over a in terms of the P matrix.
Then, by comparison we get:

<5<J,w>T<J,w>5<J,w>) - (Tu,w)*lgu,w)T(J,wrl) L 314)
(p.9)(a,x) (p.¢)(a,x)
provided 4 4

B = A? 'mhs — A? = (=1)¥ ¥imhy (3.15)

Together, 4), i) and i) say that S(/%) is modular invariant. In addition,
this calculation fully fixes the phase B, while A is fixed up to a sign. For future
convenience, we recall their values here:

A= (1) B & g (1) i (3.16)

4 The general ansatz

Here we extend our ansatz to the most general case, including when the simple
currents of the mother theory admit fixed points, giving rise to the diagonal
sector in the permutation orbifold. The most general ansatz is:

S((iz))(pq) - S;;psr{q (- )¢S7{Lq57{p (4.1a)
o = { A8 T (4
S(%%)@ h BéeiﬂQJ(p)Pjpvqeiﬂ(¢+X) (4.1¢)
S0 = 3595 (4.1d)
Smtrmy = SimSih (4.1¢)
Stwim = O3S (.11

Using modular invariance, we show in the appendix that these phases satisfy
the following relations:

B = (_1)¢ 631‘7th A CQ ( )¢ Zz‘n'hj (42)

?
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hy being the weight of the simple current, which might depend on the central
charge, rank and level of the original CFT. These relations comes from modular
invariance: so, we can see that B is fully fixed, while A and C are fixed up
to a sign. We could also have inserted a phase F also in the matrix element
S((l‘](;p)zmn) Modular invariance would then constrain it to E? = 1, hence F would
have been just a sign. As before in the simplified ansatz, these sign ambiguities
are completely understood in terms of the general sign ambiguities of fixed point
resolution matrices. Within the three blocks (diagonal, off-diagonal, twisted)
they are fixed because we write all matrix elements in terms of 7, S and P,
but this still leaves three relative sighs between the blocks. These signs are fixed
by requiring that the result should recover the BHS matrix. The latter has no
free signs, because it is defined by a character representation. This therefore
defines a convenient canonical choice for the signs. The special case of the BHS
formula corresponds to hy = ¢ = 0 for the identity, hence B = 1, while A and
C' are just signs, that must be taken positive. However, we emphasize that any
other sign choice for A, C or F is equally valid; it is analogous to a gauge choice.
Note that some of the matrices presented in our earlier work [1][2] use different
sign conventions.

A comment about the matrix element S((J’w)/\) is in order. We can actually
mn)(p,x

prove that the quantity S,,, vanishes when J-m = m and ¥ = 1 and use the
second line of the ansatz also in this case. In fact, first of all, in order for a
fixed point of J to exist h; must be (half-)integer and as a consequence we can
drop the 2h; addend from the monodromy of p, Qs(p) = %; secondly, using
Simp = 2™ S, [8], we have:

Spp = Spmp = 2@ g ity g (4.3)

)

implying that the non-identically-to-zero option of S () actually also van-

(mn)(p.x)
ishes when J - m = m and ¢ = 1. So in our ansatz we are claiming that
SY%) _ vanishes also for 1 = 0 when (mn) is fixed-point-like. We also recall

(mmn)(px)
that for orbit-like off-diagonal fields there exists a similar relation between Sy,

and Sy,:
Spp = Simp = 2 W@ g 2imh g (4.4)

but we cannot infer much from here. It is crucial in these manipulations that
the field p gives rise to a twisted field in the extended orbifold.

4.1 Unitarity and modular invariance

Unitarity and modular invariance of the ansatz are referred to the appendix.
The calculation is cumbersome and some machinery needs to be developed.
Nevertheless, we would like to stress a few facts about the calculation.

In order to prove unitarity, we show that

PO IS CA)) (4.5)

The calculation is lengthy, but interesting since we are able to derive a few
non-trivial aside identities that are collected in two corollaries (already stated
before) having to do with projected sums of selected elements of the unitary
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matrices S and P of the original theory. The result is non-trivial but in the end
simple.

Modular invariance is the statement that (S(/%))? = (§(2¥).7(J¥N3 where
T({%) is the T matrix of the permutation orbifold restricted to the fixed points
of (J,4). Using this relation to prove modular invariance would be computa-
tionally heavy, due to the double sum arising in the cube. Instead we re-write
the constraint as

T~ U P ! _ ()P g(I) (4.6)

which is simpler since it involves only one sum on the r.h.s. and no sums at
all on the l.h.s. Surprisingly enough, we find that the phases in the ansatz do
not depend explicitly on the central charge ¢ of the mother CFT (the central
charge of the permutation orbifold is ¢ = 2¢). The reason for this is that the T'
matrices of the orbifold theory re-arrange themselves into suitable functions of
T matrices of the original theory. Explicitly (recall T" is diagonal: T;; = T} 6;5):

T((iff)) =T Tn, T(({i}:?) =17, T(%p)) =™ VT,. (4.7)

hence the central charge gets always re-absorbed in T'. The phases A, B and
C will be constrained by this calculation to be equal to the expressions given
earlier.

4.2 Checks

Although we have an explicit proof that our results satisfy the conditions of
modular invariance, we do not have a general proof that all other RCFT condi-
tions are satisfied, although the simplicity and generality of the answer suggests
that this is indeed the right answer. The next issue one could check is the fusion
rules of the extended CFT. Currents of order two that have fixed points must
have integer or half-integer spin. In the latter case there is no extension, but one
may consider instead the tensor product with an Ising model, extended with an
integer spin product of currents. Indeed, also for integer spin currents one can
consider arbitrarily complicated tensor products and any integer spin product
current. All of these should give sensible fusion rules. We have built (4.1) into
the program kac [19], which computes fusion rules for simple current extended
WZW models and coset CFT’s, and this gives us access to a huge number of
explicit examples. We have checked many simple extensions, and also combi-
nations of permutation orbifolds. For example, denote by X the permutation
orbifold of C(3)y. It has 85 primaries and four simple currents, the identity,
the anti-symmetric component of the latter (which has spin 1) and two spin 3
currents K and L originating from symmetric and anti-symmetric product of
the simple current of C(3)y. We can now tensor X with itself, and extend the
result with (K, K) or (K, L) or (L,L). This gives three distinct CFT’s with
2578, 2284 and 2102 primaries respectively. Checking all their fusion rules is
very time-consuming, so we have just checked a large sample. The fusion rules
we have checked in these cases, and many others, are indeed correct. Note that
our formalism allows us to consider also the permutation orbifold of X x X, and
the simple current extensions thereof. For all these CFT’s the fusion rules are
now explicitly available. Furthermore, for all these cases we can compute the
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boundary and crosscap coefficients as well as the annulus, Moebius and Klein
bottle amplitudes using the formalism of [20] (generalizing earlier works, such
as [21, 22, 23|, and references cited in this paper).

A general proof of fusion rule integrality is beyond the scope of this paper,
but may be doable. The essential ingredient should be the observation at the
basis of BHS, relating permutation orbifolds to orientifolds. Indeed, this is evi-
dent from the appearance of the P matrix in the twisted field matrix elements.
The proof of integrality is therefore presumably similar to the proof of (annu-
lus+Moebius) integrality in the case of orientifolds, as was argued in [11] for the
identity current. In [24] such a proof was given for the orientifold formalism of
[20] for all possible simple current extensions. It is very likely that this proof
can be adapted to cover the case of extensions of permutation orbifolds.

5 Conclusion

In this paper we have addressed the problem of fixed point resolution in (exten-
sions of ) permutation orbifolds or equivalently the problem of finding the S”
matrices for those classes of theories.

The S/ matrices appear in many places both in conformal field theory and
string theory. They are important in their own right as a tool in conformal field
theory, in connection with the problem of resolving the fixed points in simple
currents extensions of a given CFT. Via formula (1.1), they provide us with the
S matrix of the extended theory, which in turn gives the fusion coefficients of
the product of two representations via the Verlinde formula.

In string theory (and in boundary CFT), they also appear in several con-
texts. An example is the connection between the S7 matrices with branes and
boundary coefficients [20]. The most important application in string theory is
probably when projections are involved (e.g. GSO or SUSY constraints): in
fact, al sorts of projections are powerfully realized by simple current extensions
of a given theory, hence the knowledge of the S7 matrices becomes relevant.

This particular kind of orbifold that we are considering here might be inter-
esting for phenomenological applications, especially in view of Gepner models.
Gepner models [25, 26] are built out of (extensions of ) tensor products of N = 2
minimal models. A minimal model is a product of parafermionic theories [27]
SU(2),/U(1) and a SO(2) factor. In case (at least) two of the factor groups
are the same, we can then consider the permutation orbifold arising from this
Zo symmetry that switches the factors around and extensions thereof.

The results of this paper allow us to make extensions of permutation orb-
ifolds. We propose an ansatz for the SY matrices valid in the general case of
simple currents of order 2. We have also shown how to get back the BHS formula
when we extend the permutation orbifold by the identity current (.J; /) = (0, 0).
This ansatz is unitary and modular invariant. Moreover, unlike our previous
results [1] and [2], it does not depend on any explicit details of the particular
CFT used in the mother theory, other than its modular properties. It depends
only on the weight h; of the current used in the extension (via phases) and on
the matrices S and P (or, equivalently, T') of the mother theory. This implies
that it can be used freely in any sequence of extensions and Zs permutations of
CFT’s, thus leading to a huge set of possible applications.

There are still further generalizations possible: the extension of this result
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to higher order permutations and the extension to higher order currents, and
the combination of both.
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A Twisted fixed points

—

In [1] we showed that twisted fixed points (p, &) of the current (.J; ¢/) have mon-
odromy charge Q ;(p) = % (mod Z) when the simple current .J has (half-)integer
spin hy. In this appendix we will show that for simple currents with spin
hy = %Zodd twisted fixed points have monodromy charge Q;(p) = % (mod
Z).

The starting point is the constraint (3.29) of [1], which reads:

= S P P,
€ ¥ ; Tp = (5}7}7/ . (Al)

On the Lh.s. we can use Sy, = e2imQs(n) g, (which applies also to the case
[ =0, i.e. the identity) and expand the P matrix using P = VT ST?SVT. So
we can write:

Lhs. = ™ 37 200 VT 8 T2 S VT VT, 8 T o S VT =
n,l,m
= N VT ST Sg1m - T2, Sty VT =
l,m

= N VT, Sy TE T, S5y VT, =
1

P

) ) 2
= Z \/Tp St {ezm(hl*h”)} S§l7p/ VT , =
/

. . 2
— 6W¢ Z \/Tp Spl |:€27m(h]7@1(l)):| S}LP/ \/T*/ —
l

P
iy [ezm‘hj]Z Z \/Tp Spt S5 \/T;/ -

!
— ei‘n'lﬂ [627Tih]] ? Z 6727TiQ](p/)\/Tp Spl SZ;)/ \/T;/ —

1

. . 2 . ’
_ 6z7r¢ [6271'1 h]] 67271'1Q1(p )ﬁp . 6pp/ . ﬁ;/ _
iy [6271'th]2 e—2miQs(p) Sy
Here we have removed the phase involving @ ;(p) within squared brackets, since
it is always (half-)integer for order-2 simple currents, so its square is one, but
we have retained hj since it gives a non-trivial phase when h; € %Zodd7 while
it is negligible when h; is (half-)integer. Hence our constraint (A.1) becomes:

S e Qi) = Y 2ny (mod D). (A2)

2mQu(p) 5

This is equivalent to say that

Qsp) =

2
12

Y forhy€Zorhy €L+ 1
58 for hy € 1 Zoad
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B  Unitarity

In this section we prove unitarity of the ansatz via the relation S(/%).§(/¥)t — 1.
Before doing this we will need a few preliminary results that will be useful in
the proof.

B.1 Useful corollaries

At some point we will need to compute

> Sip S35 - (B.1)

p—

p st (px) £.p. of (J,4)

We will mostly consider (half-)integer spin simple currents .J, for which @ is
a fixed point of (J,4) when Q(p) = % The generalization to the case where
hye %Zodd is achieved by the shift

Y —pt+dhy e (=1)Y = (1)t

but the current J has no fixed points in this situation.

Lemma.

We restrict ourselves to order-two simple currents, for which the monodromy
charge of every field is either integer or half-integer. Define the projector:

1

1 )
) =5 3 2 (Qur(p)— % —2h1) (B.2)

n=0

It is easy to see that

H(p) =

{ L if Qs(p) =5 +2hy (mod Z) (B.3)

0 if Qs(p) # % +2hy (mod Z)

Since there are only two possibilities for the monodromy charge of order-two
simple currents, we have either Q ;(p) = % +2hy (mod Z) or Qs(p) =1— % -
2hy (mod Z).

In order to simplify the notation, we will consider (half-)integer spin simple
currents, which is equivalent to say that we will drop the additional contribution
2 hy in our calculations, restoring it when necessary.

Corollary 1.

We assume now that either ¢ or j (not necessarily both) is a fixed point. For
definiteness we take ¢ to be a fixed point of J. This would give rise to the
diagonal field (4, ¢) in the permutation orbifold as fixed point of the current
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(J,% = 0). Compute:

Z SlPS;J - ZH( SlPSztji
P

p s.t. @ f.p. of (J,4)

1

1 .
E 5 E 62171'71(@](1’)*%)5”9 S;j _
P n=0

1 o s

—2imn % *

—= € 2 Sjn.i7 S5*. =

zp: 2 7;) P ~'pj

=Sip
1 : 727,71’77, S S* _ 1 llﬂ 5
QZ Z”’m 5 L (=1)%) dij -
=3 (1 (-1)¥) =34
So we have found
1
> SipSpy = 51+ (=1)¥) 65, (B.4)

p s.t. @ f.p. of (J,4)

when either i or j is fixed point of J.

What happens when neither ¢ nor j is a fixed point of J? Using a similar
reasoning we have:

Z SlPS;J - ZH( SlPSz*Ui
P

p s.t. (;\X) f.p. of (J,4)

1
1 imn —
_ Z 5 Z 2t (Qs (p) Q)Slpggj —
n=0

r
1
- 52[511’5;3 (= )SJ%PSPJ]:
r
1 1
= 5<5ij+(—1)¢§<sﬁ7j«. (B.5)

The generalized formula, valid also when hy € iZOdd is

> Sip Sy = [% + (=1t g 0. (B6)
p s.t. (;\X) f.p. of (J,4)

Observe that in case either i or 7 is a fixed point® of J, formula (B.6) reduces
o (B.4). Diagonal fixed points in the extended permutation orbifold arise from
fixed points of the original theory when ¢ = 0: in this case this formula gives a
Dirac delta

> SipSp; =0,  (Ji=i&p=0).
p s.t. (p,/;) f.p. of (J,4)

3In order for 4 to be a fixed point of J, hy must be (half-)integer.
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On the contrary, when ¢ = 1, Zp ot D) Ep. of (J) Sip Sy = 0. Actually, even

more strongly, one can prove that each term in the sum vanishes separately:
Sip =0 if Ji=i&yp=1. (B.7)
The proof is in the following identity:
Sip = Syip = 2™ Qu(p) Sip = 62@% Sip (B.8)

hence, for ¢ = 1, S, = 0.
As consequence of this result, we have another relation that will also be
useful:

Corollary 2.
We want to compute:

> PpiaPla,- (B.9)

—

a s.t. (a,x) f.p. of (J,4)

It will be useful in particular to consider the case when p and/or ¢ give rise to
twisted fields in the extended orbifold. For (half-)integer spin simple currents
this is the same as computing

> Poa P, (B.10)

——

a s.t. (a,x) f.p. of (J,9)

since if m is a fixed point, then also (m) is such, due to the monodromy
charge conservation @Q;(Ja) = Qs(J) + Qs(a). Now, expand P in terms of S
and 7' (the sum over repeated indices is understood):

Posa = VTppSpm T2, S sa VT 14 a (B.11a)
Ploy = (VTiasaSian T2, SngVTeq)* . (B.11b)
Then
Z Fp.1a P;mq -

p—

a s.t. (a,x) f.p. of (J,9)

- Zzﬁm&spmﬂim Z Sm,Ja SFamn Ton quﬁ;q -

p—

a s.t. (a,x) f.p. of (J,9)
1 1 —*
- Z Z \/TPP Spm ngm <§5mn + (_1)¢§5Jm,n> T,%Z szq qu :

In going from the second line to the third line we have used the freedom to

re-shuffle the fields in the sum Za ot o) Ep. of (J) Sm.,7a 8%, ,» Which is then
equal to the sum s Sm.a S5, for (half-)integer spin cur-

Ja s.t. (Ja,x) f.p. of (J,)
rents. After a few simplifications, the first term gives a half Dirac delta, while

the second term contains a factor 3 Spm 5%, , = e 2 Qg . The latter
delta allows us to make some extra simplifications. Moreover, if ¢ gives rise to
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the twisted field @ in the (J, ¢)—extended permutation orbifold, the power
e 2mR2s(0) cancels the phase (—1)¥. In this latter case, we have

1 1
> PogaPlag =50+ 50 Do T35 = 0y, (B.12)

a s.t. (a,x) f.p. of (J,4)

with T2 T3 = [e2m(m=him))2 — [2im(Qs0m)=hs)12 — 1 coming from the fact
that h; is (half-)integer and @ s(m) is also (half-)integer for order-two simple
currents.

For simple currents with Ay € %Zodd this reasoning is not valid anymore,

since it is no longer true that if (a, x) is a fixed point of (.J, ) then also (Ja, x) is
such. In this situation we need to do the calculation again, but the final answer
will be still the same. In fact, in general we have

E : *
vaja SJa,n -

——

a s.t. (a,x) f.p. of (J,9)

Z Sma S5, | 2R g —ImiQu(n)

a s.t. (a,x) f.p. of (J,9)

Il
N

o 0 Jm.n
o + (_1)¢+4h11674‘n’ih]5

I
N N e

where we have used Sy, 7, = e2miQr(m) Sima; moreover, the phase come from the
fact that Qs (Jm) = Qs(J) + Qs(m) and Q;(J) = 2h;. Hence:

* —
2 : vajaPJa,q*

p—

a s.t. (a,x) f.p. of (J,9)

—

a s.t. (a,x) f.p. of (J,9)

- ZZ\/TPSPWT% Z Sm7ja S;a,n Trg* S;qﬁ; -

1 1
50 SV, Sy T2 (i + (=107 30 ) T2 52, VT, -

B i(qu + o (—1)eti e (@ dpg = Opq>

1 1 *
- 5617‘1 + 5(_1)¢ Z \/TP Spm T%Tgfn S§m,q \/Tq -
1 1 —4mi —27e
= S0pg + 5 (=) e TS e MYV, 5 87, VT, =
1 1
2

where we have used the fact that Q;(¢) = % +2hy and (T3, T3, )2 = e 4mths,
Both these corollaries will be useful in checking unitarity and this we will do
now.
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B.2 Proof

The strategy here to prove unitarity of the ansatz (4.1) is to look at each sector
separately and show that (/%) . §(J#)t — 1,

Diagonal-diagonal

First of all, we have to recall that diagonal fields exists only for the symmetric
representation of the current, namely (.J, ¢ = 0) and they come from fixed points
¢+ in the mother theory, J -i = 1.

Now compute:

(S ST G oy =

(J) (J¢ () (Jw (Jw (J¢) _
- ZS #)(a,8) (a,E Jx) + ZS ¢)(mn) (mn (3.x) Jrz &P (pE)(jX)

(a.8) (mn) .
_ Z Z SJ*)
¢=0a, Ja=a

+ Z SJ SJ SJ* SJ*

in Pjm P jn
(mn),m<n

1
1 i 7171'
N T
Ezop,@fpof(hm
LS st Y Y shatsisi e,
a,Ja=a m,Jm=mmn,Jn=nn>m

In the last equality we have used the fact that S7, is non-zero only when both
a and b are fixed points of J. The Kronecker delta comes from the third piece
after using our previous Corollary 1 in the form of eq. (B.4). We have stressed
the fact that in the off-diagonal fields (m,n) m < n. This is important since
the first and second piece can add up to give %(5¢j. In fact, consider

1
5 (5ij =

N =

7%25‘] SJ*SJSJ*:

im~mg~in~ng

2 SimSins

= % (Z +> + Z) S S S S =

m<n m=n m>n

- T ) st -

m<n

_ Z SJ SJ*SJ SJ* %ZSJ SJ*SJ SJ*

im~mji~innj e~ aj ~ia™~aj
m<n

which is exactly the term appearing in the first two contributions above. Hence

L imon) g,

1
J, J, .
(S 8PN gy = 50 + 5

ij 5%3 5¢X )

as it should be in order for S*%) to be unitary.
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Diagonal-off-diagonal

Again we consider here 1) = 0 in order for diagonal fields to exist.
Compute:

(8¥) . S(JW)T)@, ) (mm) =

(J4) (J¢ (J) (Jlﬂ (Jlﬁ (Jw) _
*ZS #)(5,€) (JE(mn +ZS #)(ab) (ab (mn) JrZ ) (pE)(mn)

(5.€) (ab) .6
Tx ol
*Z Z SJ;LSJ;
§=04, Jj= J
ZSJ Sity (Sid S+ St Si)” +
(ab
1 . 0 if Jm=m
Zg, ime
+Z 2 C3owe {A*S;m if Jm =n

£=0p (1,8) f.pof (J,39)

Now we have to distinguish two situations:
i) (mn) orbit-like, with n = Jm;
i1) (mn) fixed-point-like, with m and n fixed points of .J.
We will see that in both cases the answer is zero, as it should be by unitarity.
i) The first two lines give zero, since S’ vanishes with one index equal to m
or n; from the third line we get
(S(J,w) . S(Jﬂﬁ)T) ,

(&,¢)(mn)

= C A* ™ Z Sip Spp =0,
p, (.8 f.p.of (J3)

=d;m by Corollary 1

since the field ¢ = Ji can never be equal to the field m #£ Jm.
i4) The third line is now zero by the ansatz, while the other two give:

(8¥) . S(Jﬂﬂ)T)

(6,¢)(mn) —
S CAT T ERD A A AR
4, Jj=74 (ab),a<b
Y (st st Y sk st i -
4, Ji=4 atb

Now consider the following equalities:

SimOin = ZZSJSJ*S Z+Z S S Sy S
i 1

j=t  j#!
— Zsj SJ* SJ SJ* Zsj SJ* S
J#!
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Hence we can rewrite:

J, J, _
(5( ¥) . gl ¢)T)(i7¢)(mn) —

J#l
since m #£ n.
Diagonal-twisted
Compute:
(T . gt =
(< S )(i #)(px)
(19) gl (Jw
725 #)(7,8) (jg(pXJrZ #)(mn)
(4.6)
I
§=07, Jj= J
0 if Jm=m
I o
(Z Sim Sin - { ArSr if Jm=n

Jrz Z C%Siqei”sB*%e

£=04,(0.8) f.p.of (J¢h)
=04+0+0=0,

as it should be for unitarity. The first and third lines vanish because Zézo e

Zsj SJ SJ* Sl;jyj _

a#b
Gt (Jw gt
(mn (px + Z (qE (‘1 5)@
(@)
+
77;71—Qj(m) PJq,p 6i7T(§+X) —

il

0. In the second line, the sum over all off-diagonal fields must be replaced by
the sum over those diagonal fields with m and n fixed points, since otherwise

57 vanishes; hence from the ansatz st

Off-diagonal-off diagonal

Compute:
J, J, _
(5( ¥) . gl ¢)T)(mn)(pq) —
(J,9) (J¢ (J,9)
=D Stnitie) St + 2 Sommyan)
(2.8) (ab)
NS shshspsg
£=04, Ji=i
+ > (Siha ity + (=1)Y S 3l ) (S Sy +
(ab

+z > { s

a, (@.8) t.p.of (J1)

25

(mn)(p,x)

st
(ab (rq)

if Jm=m
if Jm=mn

=0.

g
(mn)(a,€)

gl
Senwa

s

(@)

(=1)¥S, Sip)™ +

0 if Jp=p
) A* S
ap

if Jp=gq



We have to consider three cases:

i) (mn) and (pq) are orbit-like;

i1) (mn) is orbit-like, (pq) fixed-point-like;
i4i) (mn) and (pq) are fixed-point-like.

i

)

(89 . gty

(mn)(pq)

1 1
—0+0+42 > Sma Shp = 2 <§5mp + (—1)w+4h1_5jm7p> =

——

a,(a,§) f.p.of (1)
- (5mp P
consistently with unitarity. The first two contributions vanish, since S7 van-
ishes, in the third term we have used Corollary 1. The —dependent piece
within brackets does not contribute since 7., , = 0, being m < n and p < gq.
(s 'S(J’¢)T)(mn)(pq)
=04+04+0=0.

This is in agreement with unitarity. The first two zeroes come from the S7 = 0
for non-fixed points, the third from the ansatz.
i41)

J, J,
(S( ¥) . gl ¢)T)(mn)(pq)

I ol odx gJ
- 26¢70 Z sz Snz Sip* Siq* +
i, Ji=i
*
tY o (S Sl (F1)YS0 S]) (S, Siy + (=1)S,53,)" +0.
(ab),a<b
Recall that the first contribution is actually present only for ¢» = 0. The last

contribution vanishes by the ansatz. The rest organizes in such a way to produce
a delta:

(5¥) . gllwity

(mn)(pq)
=20p0 > S S S S+

i,Ji=i

D S ST S Sy (1Y S, Sy Sl S
a#b a#b

In fact, consider the following equalities:
_ I odx o oJ
OmpOng = E E SoniSip SniSis =
i g

_ J olx gl oJ J oJx oJ o
= Z S Sip* Spi Siq* + Z St Sip* Snj qu* ’
i i#g
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We can insert this into our expression and get

(89 . gty

(mn)(pq)

= 2850 | Omp Ong — Z ST S S ST |+
i#j
£ S Sl S S (—1)Y > S, Slx ST, S
a#b a#b

It is useful to consider the two cases v» = 0 and ¢ = 1 separately. Let’s start
with ¢ = 0. Then

(§W¥) . gty

(mn)(pq)
= 20p Ong + D (Sna Stk Sily St — Sima Silx Sty S
a#b

Here we can rewrite the sum as }-, , = >-,;, — >, the first contribution is
a product of two Dirac deltas while the second cancels out in the difference of
the summands. Hence we have
(S S ) pa) = 2 0mp ng + Smg Snp = Omp Ong = Smp Ing
since the other delta product vanishes, being m < n and p < g. This agrees
with unitarity.
Let’s do the same calculation for ¢ = 1.

J, J,
(5( ). g( ¢)T)(mn)(pq)

I gdx oJ of I gdx oJ of
- Z (Sma Sa; Snb qu* - Sma Sa(; Snb pr*) :
a#b
We can again replace Za# by >, ., since the sum over a = b cancels out in the

difference, obtaining a product of Dirac deltas. Moreover, we recall that m < n
and p < ¢, so we can drop terms like 6,,, and d,,. Hence we have

(890 S(J’¢)T)(mn)(pq) = Opmp Ong — Omg Onp = Omp Ong -

This is in agreement with unitarity.
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Off-diagonal-twisted

Compute:
(T . gt JE—

(< S )(mn)(px)

— 3 s (Jw gUw) gt g Ut
=2 Stmnie &) +Z () (at) ) +Z (mn)(@.6) " (@6
(@:) (ab (0.9

Y Y shshebs ey
£=04,Ji=i

0 if Ja=a
J Yol ol .
(zb:‘g aS 1) SmbSna) {A*S;p if Ja="» +
0 if Jm=m 1 . 5 )
—iTQ im(§+x)
*Z > ASpg ifdm—n B3¢ T Py e =

§=0 4, (0,8 f.pof (J3)
—0+0+4+0=0,

as it should be by unitarity. The first and third lines vanish because Zézo e =

0. The second line vanishes when (mn) has orbit-like form, because of S/ = 0,
but also if m and n are fixed points of J by the ansatz.

Twisted-twisted

Compute:
(J) gty
(s S )(p #)(a,x)
(Jlﬁ (J )t (%) (L)t (%) (L)t
= o+ ST S e+ S Sl =
Z (P, #)(0,) (%5)(617)() (Z) (p,9)(mn)  (mn)(g,x) ;\) (p,9)(a,8) (a.8)(q,x)
mn a7§
_ Z Z Sp’L eI S* —imé +
£=014,Ji=1
Z if Jm=m 0 if Jm=m
*( Aspm it Jm=n | A*S5, if Jm—n
1 .~ . 1 oA )
+ Z Z 5 emRu(a) Prayp i (P+8) 5 e—imQr(a) Pja,q i)

a, {a.8) £.p.of (J4)

:5 > SpiSh+

i,Ji=i

+ D SpmSpt

(mn)n=Jm

1 .
+§ e Z Prap ijq ’
a,(a@,6) f.p.of (J,¢))

Here we have retained the second line of the off-diagonal-twisted ansatz, since
only the off-diagonal fields with orbit-like form (m,n = Jm) contribute. We
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can rewrite the sum in the second line as

1 1
Z Spm Sjnq - 5 Z(Spm anq + Sme S§m,q) - 5 Z Spm Sjnq ’

(mn)n=Jm m Ym,Jm#£m

since S, g, = 2798, and St = e Q@G  with p and q having
the same monodromy charge and hence dropping out in the product. This
combines then with the first line, while we can use our Corollary 2 in the third
line. Hence:

(W) gty —

(p,#)(a:x)
1 1 (s
=5 D SuSht D SpmShg T5e @0 > Prap Plaq =
bI m,Jmzm a,(@,8) f.p.of (J)
:(S'S*)pq:‘;pq

1 1 i
) Opg + B ™) Opg = Opq Oy »

as needed for unitarity.
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C Modular invariance
In this section we prove unitarity of the ansatz via the relation
T U T _ g ) g9 (C.1)

that must be checked sector by sector. Before doing this let us collect a few facts
about Zo permutation orbifolds that we will need in the calculation. The cen-
tral charge ¢ and the weights {h(mn), P ), h@} are related to the analogous

quantities of the mother CFT as

¢ = 2¢ (C.2)

hiigy = 2hit0i0dg.1 (C4)
hi C f

h— = — 4 — 42, C.5

sy 2 "6 12 (€:5)

Moreover, in the mother theory the SY matrix is unitary and modular in-
variant. Explicitly, the constraint (T—1S7T~1);,, = (S/TS7 )i, is

Z S’L{L 62i7r(hn7ﬁ) Sr{m _ 672i7r(hifﬁ) Szjm 672i7r(hj72c—4) (CG)
n, Jn=n

where of course ¢ and j are fixed points of J.
Another quantity that it will be useful to spell out is Py 4:

Prpg = ctm(hs—Qu(p)) \/Tp Z e2im Q. (m) Spm T2 Smg \/Tq7 (c.7)

where Qj(m) = hj+ hym — hym. This comes from re-expressing 7'y, in terms of
T, as
Trp =T, - e2im(hs—Qs(p)) (C.8)

Now we are ready to check modular invariance. We will use the ansatz as
given in (4.1), keeping only A, B and C as undetermined phases and having
fixed the others to one.

Diagonal-diagonal

This matrix element exists only when ¢ = 0 and ¢ and j are fixed points of J.
Compare the two expressions. On one side:

T<Jv¢>’1s<Jv¢>T<Jv¢>’1) )t g pa Tt
( (,0)(5.X) (6:0)° (1,)(3,x) (G.x)

; ay 1 ) B
— 6*21ﬂ(h(z’,¢)*ﬂ) 5 Szé Sié 672171'(}1(]"}()7@) _

1 —2 gd od 2
= 5T S SGT;
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On the other side:

() (T) glI) () p(T9) o(T9)
(S s ) S *ZS )06 (@) Haeo T

SW T(Jw S(Jw s pUwigle)
Z ¢)(mn) ™ (mn) = (mn)({,x) +Z #) (@& (a,@ (@8

(mn) (@,
1
J oJ 27,71' 2ha—5 J J

*Z Z LS4 e )iSajSaij

§=0a, Ja=a

+ )87, S X tinT5) g7 s 4

(mn

1 ; i ( Ba ey 1 4

+Z Z CQ 5 Sia 6171'(;5 621#(%+§*E) 5 Saj X

§=0 4, (@,8) f.p.of (J,9)

Now the last line vanishes, due to Zé 0 €™ = 0. In the second line, Z(mn)
is restricted to m < n with m and n fixed points of .J and can be replaced
by Z(mn =3 Zm nmons While the first line completes the sum over m = n,

0 — Yom_n- Hence the first two lines combine to give:

<5<J,w>T<J,w>5<J,w>) =
(6,6)(5:x)

_ % ZZSJ 89,57 57, Himthm thn =) _
l I:Tfl SJ T71]2
9 e g
after using (C.6). Hence:

<5<J,w>T<J,w>5<J,w>) _ (Tu,w)*lgu,wT(J,w)*l) . (C9)

(4,9)(F0 (4,)(d:x)

Diagonal-off-diagonal

This matrix elements only exists for ¢» = 0. Moreover, it would be clear from the
calculation that we need to consider only the case when (mn) is fixed-point-like,
i.e. when m and n are fixed points of J. In the remaining case when (mn) is
orbit-like, modular invariance is trivially satisfied as 0 = 0, since in that case
S vanishes.

Consider first:

— (Tu,w)*lgu,wT(J,wrl)
(i,)(mn)
_ 72i7r(2h7—)SJ S e —2i7 (Rt hn—13)

=T7%8] S) T t1 .

wm m

I R e e
= T Sy T )
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Then, consider

() (T) gI) (T9)  p(d9) o(T9)
(S s ) #)(mn) *ZS )@ (@8 ag)mn) T

(J4)  p(Tw) g(Jw) SUN)__pUng)
+ S Tty S +Z o CISAU.

(ab) (ab)lmm) = Tead Stadiomn)
*Z > —5"5” Hnha—13) g7 STy

¢=0a, Ja=a

ZSJ Sihe 2im(hat+ho—15 )(SJ S+ (=1)vs! Sbm)

(ab)
+§a§aC%S¢aeiﬂ¢62iw(’?+§&) { ASOmp i izz?

Now, the last line vanishes by the ansatz if Jm = m and because of ZE e =0
if Jm = n. The sum over (ab) is restricted to the fixed points of .J and to a < b.
recalling that « = 0, the two terms in that sum allows us to rewrite it as a sum
over all a and b with a #£ b, i.e.:

> S S Ta Ty (Sihn St + S Stm) = > S5t SioTa Ty Sl S -
(ab) a,b, a£b

Hence we can combine the first two lines and then use the constraint (C.6) to
get:

<5<J,w>T<J,w>5<J,w>) =
(i,¢)(mn)

_ ZZ 2iw(ha+he— 15 )SJ SJ SJ Sbn _

=T, SJT Ttsl -1,

mm m K3 wm n

Hence:

<5<J,w>T<J,w>5<J,w>) _ (Tu,w)*lgu,wT(J,wrl) . (C.10)

(¢,9)(mn) (&,¢)(mn)

Off-diagonal-off-diagonal

This matrix elements is always present in any extension of permutation orbifolds.
In order to check modular invariance we need to consider only fixed-point-like
off-diagonal fields. In fact, since S7 matrices of the original theory are involved,
the constraint (C.6) is trivially satisfied, in the form 0 = 0, when at least one
off-diagonal field is orbit-like. However, in the sum over all fields of the extended
permutation orbifolds, the diagonal fields appear only for ¢ = 0.

Compute:
(T "L g(I) (J,wrl) _ a7 () (J)
(T S T (mn)(pq) T ( )S(m’n)(pq)T (pq)
=l ) (5], 50, 4 (1) 5, ) e ) -
_ _ J J J J 1
=T, T (S, Sty + (=1)Y 87, S ) T Tt
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The analogous quantity is:

<5<J,w>T<J,w>5<J,w>) MZSW T(sz)S(J,w) n

(mn)(a,8)~ (a,&) ~(a,£)(pq)
(a,€)

SW ) gl U ) gl
+Z (ran)(an) T(at) Sab)(pa) +Z (mn)(a,&) (a,@ (a.8)(pa)

(ab) (&)
e Y Y S SRSl s
§=0a,Ja=a

FST (50 80 1 (1) 80, 5%,) 70wt h ) (87 504 (1)1, 5)
(ab

+ Z >
§=0 4, (0,6) f.p.of (J1)

0 if Jm=m 2§ — ) 0 if Jp=gq
AS,. ifJm=n AS., ifJp=yq

(mn)(pq)

The last line always vanishes, either when Jm = m by the ansatz or when
Jm = n because of Zé:o €€ = 0. The second line can be splitted in two
pieces and rewritten as

> (Siha Sy + (—1)Y 8, S, ) e hathemm) (80 S+ (—1)YS) Si) =
(ab)

=S, S, S, S ittt (1) ST 5, ) 5] g it

a#b a#b

where now we can replace >, — >, >3, — >, This leave us with two
sums over a and b plus three equal sums over a, one with a factor 24, o in front,
one with a factor —1 and one with —(—1)¥, whose combination vanishes:

(280 — 1= (=1)¥) - S8, 87, 57, 5 e ha ) — g
=0 @

We can use (C.6) in the two remaining contributions and get:

(SU,w)T(wS(w) =
(mn)(pq)

= Zs;im T.S], - ZS,{b T, S, + (=1)¥ ZS,{a T. S, - ZS;;bTb Spy =

=rts) rolorolss ol (0T SJTlT SJTl

mp ~p ng - q mq=q
=T, T, (S, S0, + (=1)¥87,80.) T, ' Tt
Hence:
<5<J,w>T<J,w>5<J,w>) _ (Tu,w)*lgu,wT(J,wrl) . (€11
(mn)(pq) (mn)(pq)
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Twisted-twisted

Compute:
(Tu,wrlgu,wT(J,w)*l) [ £ O e MG B O =
& @n) )" (.6)(.x) (2.x)

hp c 1 . 4 : c
o 2im(SF +2-£9 B 5 i@ (P) PJp,q (X)) ¢ —2im( R 2 t3—18) —

1 im0 —1 —1
L g T, Py VT
On the other hand we have

ST (TY) Swm)AA iy Uy p) g(Iw)
( T 00 2 s Twd Se e

SUB) gl GU) ) gl
28 Gaan) @) (ab)(q,x>+; P)@d (@8 (@20

’

(ab) (@.8)
1 ; ; oy 1 ,
_ 5¢,O Z Z 025 Spa ez‘n'{ 62171'(2 ha—1%) 5 Saq ez‘n'{ ¥+
§=0a,Ja=a
Ja=a i (hathp—S) 0 Ja=a
n Z 3 B2 % (@) p | cin(ote) dim(p o § ) % 7 Qs(e) p
€=04, (0,8 t.p.of (J,9)
Now the last line vanishes because Zé:o e = 0. So we have
(SU,w)T(J,wS(w)AA i (C.12)
(P,#)(a:x)

1
=5 |%wo > S Ti Sagt+ Y, A SpaTaTraSag
a, Ja=a a, Jata

The two contributions combine nicely, provided we take A% = C?. We will
actually prove in a moment that this must be indeed the case (at least when
1 = 0). Since for a fixed point a, Qs(a) = hy, we can always either write or

cancel a factor e27(hs=Q5(@) in the sum over the fixed points. Moreover, in the
second term we can replace the sum over non-fixed-points with the sum over all
the fields minus the sum over the fixed points:

AT =AY AT Y

a, JaFta a a,Ja=a

From the case ¢ = 0, the prefactor A? will be set equal to C?, while for » = 1
all the unwanted contributions will cancel out.

34

Ja,q €



So we have

<5<J,w>T<J,w>5<J,w>) ==
(P,#)(4:x)

1
=3 4.0 Z C? Spu T2 Syt

a, Ja=a

+ 3 A2 Sy T2 Qa5 N A S, T2 S| =

Va a,Ja=a

(6p0C2 =A%) 3 8paT2Saq + Y A2 Spa T2 Himhs-Qulad g

a, Ja=a a

1
2

In the second contribution we can use (C.7), replacing —Qs(a) by Q(a) in

the exponent, since they differ only by integers and Q(a) is either 0 or %

This will give agreement with (T(J7¢)715(J7¢)T(J7¢)71) ICEoR Hence the first
) (a,x
contribution must vanish and indeed it does so, by requiring that C? — A2 =0

for o = 0, while for ¢» = 1 it vanishes automatically, since Spq = Sqq = 0 for
(half-)integer spin simple currents*, due to (B.7). In the end we are left with

<5<J,w>T<J,w>5<J,w>) ==
(p,#) (a9
LA ST ) 5, T2,
1oy o s _ ~
_ §A2 6z7rhj 6z7rQJ(p) \/Tp 1PJp7q \/Tq 1 .
Hence:
<5<J,w>T<J,w>5<J,w>)AA _ (Tu,w)*lgu,w)T(J,wrl)AA ,(Ca13)
(P, #) (a0 (p,#) (a0
provided
|B= A%e™  and  ? = A7) (C.14)

Here an observation is in order. Strictly speaking, the equality C? = A? holds
true only when « = 0. When instead ¢ = 1, C? can in principle be different
from A?, since in this case we do not find any constraint on it. On the other side,
however, when ¢ = 1 the value of C' is irrelevant, since C enters the definition

of the matrix element S (f]’lp)/\ but there are no diagonal fixed points (i, ¢) in

(4,9)(p.x
this case. Also note that we could have obtained this same result if we had

replaced
Y =y~ Y
a, Ja=a a a, Ja#ta

in the intermediate eq. (C.12).

4Strictly speaking, this is not true when hy € %Zodd7 since we would then naively have

Spa = (—1)w+4h1 Spa, but in that case J has no fixed points, hence there is no such a sum
in the calculation.
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Diagonal-twisted

This matrix element exists again only if ¢» = 0, otherwise there would survive
no diagonal fields in the extension. Moreover, hy can be only (half-)integer,
since for hy € %Zodd there are no fixed points in the mother theory.

Compute:

(Tu,w)*lgu,w)T(J,wrl) Tt g pw
(i.6) () R R R Y

7217r(2h —15) C S TP ¢ *2“"( > +3—45) —

1 7,71'
=5 C T Sip \/— (o)

On the other hand we have

ST P(9) g(1.4) ) S TS
( Z 0o @ 2o
S(w T(Jw (W) s pUe)gle)
Z ¢)(ab)™ (ab) (ab o Z ¢)(a,6) (a,@ (@.8(P.x)
(ab) (@.6)
72 Z SJ SJ 2t (2 ha—15 )C S z7r§+
¢§=0a, Ja=a
J gJ 2imlhathe—15) 0 Ja=a
+2_ Sia S N { ASsy Ja=b T
(ab P
1 . . o o 1 .~ .
+ Z Z C 3 S;, €™ 2in(B+5-%) 3 mRu(a) Prayp i (E+X)

a,(@.8) t.p.of (J1)

Now the first line vanishes because Zézo €™ = 0. The second line vanishes as

well, either because of the ansatz if Ja = a or because S = 0 if Ja = b. Only
the third line survives. There we can use (C.7) and write

<5<J,w>T<J,w>5<J,w>) I
(6,6)(p0)

1 T T T m
=5BCe (#+x) > Sia VTa €™ /T, Y "m0 g T2 8,0, VT, =

a, (@,8) f.p.of (J,%)

1 )
_ - i (p+x) ) z‘n’h 2171'@ (m) 2
=g BCe vy > Sia To Sam 7 g2 g T,

™ \a, (a,8) f.p.of (Jh)

Consider the quantity within squared brackets. We can remove the projection
over twisted fields only and extend the sum over all a by introducing the pro-
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jector (B.3) as done in the calculation for unitarity:

Z Sia Ta Sam - Z H(CL) Sia Ta Sam -
a,(a,8) f.p.of (J:1) ¢
1

n=0

_ Z 7217rn2 ZSzaT Samf 1+ ZSWT Sami

= Zsm Ty Sam = (ST'S)im = (T*lsT* Yim »

where we have used the fact that 7 is a fixed point of J, Ji = ¢, and that ¢) = 0.
The last equality follows from modular invariance of the S matrix of the original

theory. Going back to our main expression we have then

<5<J,w>T<J,w>S<J,w>) ==
(@2)(pY)

1 T T T m
=5 BCe (X imhs N (ST iy 27T T2 S, VT, =

m

1 T T — — T m
=5BCe G s N T LST i, 7RI T2 S, VT =

1 i i — — [ m

:58(1@ (b+x) gimhs ZTi LS T L 2 Q) 72 g /T
1 i i — _

=5 BCe @) s N TS i Tt T S VT =
1 i i — _

=5 BCe G I TN (S T Ty Sp) VI p =

1 ) )
=3B C ™) gimho = (pleg =y, VT, =

1 im i — —1
=5BCe () eimhs 772 S, VT,

Hence:
<5<J,w>T<J,w>5<J,w>) o (Tu,w)*lgu,wT(J,wrl) .
(4,9)(.x) (4,9)(p.x)
provided 4 4
B = ¢ mhy — g3imhs (C.16)

(C.15)

Recall that we have used here v = 0 and h; (half-)integer. Actually we will

show in the next subsection that the correct expression for B is
B— (_l)w 63i7rhj

?

valid for any value of ¢ and also when h; € %Zodd.
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Off-diagonal-twisted

In the following calculation we will consider the off-diagonal field (mn) to be
orbit-like, i.e. Jm = n. In the other case, i.e. when m and n are fixed points of
J, the constraint reduces to the trivial identity 0 = 0.

In fact, if (mn) is fixed-point-like, on one side we have

(Tu,w)*lgu,w)T(J,wr ) N CEDNRN-\CLOBI  CLO P —
(mn)(BX) ) () (%) ()

since S(( ))(/\) = 0 by the ansatz. On the other side we have

<5<J,w>T<J,w>5<J,w>) —bp0 Y S(Jw TT) g(T%)

(mn)(@&) L (0.8 0 653
= (.80

S TG0 GU) _ plw) gw)
+<zb: (@) L (a8) Sy +Z @D ad e
a @)

. c 1 .
Che Y Y sl o by, o
§=0a,Ja=a

(mn){p,x)

J ol bal ol Yim (haths—15) 0 Ja=a
Z; (S S+ (=175 55) € B {Asap Ja=b T

+0 =0,

because each term vanishes individually, being Zézo €™ = 0 in the first con-
tribution, either S;7 = 0 (if (ab) is orbit-like) or S((Jg()/\) = 0 (if (ab) is
ab)(p,x

fixed-point-like) in the second, and S((J¢;( 5= = 0 by the ansatz in the third.

Hence, from now on we can restrict ourselves to orbit-like off-diagonal fields
(mn). Compute:

U a2

(Tu,w)*lgu,wT(J,w)*l) X e —
() () (p ) (px)

mn
(mn)(p.x)
) - ) . h .
_ 672z7r(hm+hn7ﬁ) ASmp X 672z7r(7p+>2<7ﬁ) _

—1
= AT, T, Spp VT, €™

Here we could trade T,, with T},, at the cost of introducing phases depending on
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hy and Q s(m), but it will not be necessary. On the other side:

b0 S SU IO S

ST UH) Su,w)) A
( (a6 (08 0 650

(mn) (p )

(a.6)
S0 TN SN U U gUw)
+(zb: (mn)(ab) (ab (ab (PX +(z: (mn) (‘175 (ai) @m0
a a7§
, o 1 )
5 Y S shasheermols, o0
¢=0a,Ja=a
13 (St S+ (=157, 7, e2imChathn=5) { 0 Ja=a |
(ab AS,, Ja=b
in(ha &< 1 inO (a in
+Z > AS,,. 2t 48>B§6 Q@) py, mER)

£=0 4, (a,8) f.p.of (J9)

Now the first line vanishes because of Zézo €™ = 0. The second line also
vanishes since S7 = 0 for orbit fields. In the third line we can use (C.7). So we
get

<5<J,w>T<J,w>5<J,w>) I
(mn)(p.x)

=AB 6i7rx Z Sma \/Ta eiﬂ—QJ(a) PJa,p -
a, (@,&) f.p.of (J)

= AB&m™ ™y N > SmaTa Sar | 27O T2 S, VT, .
U \a, (@8 f.p.of (J4)

Let us look more in detail at the quantity within brackets. In order to extend
the sum over all fields we need to use the projector (B.3):

Z Sma Ta Sal - Z H(CL) Sma Ta Sal -
a, (@,8) £.p.of (J) a

1
_ Z % Z 621‘71'16(@](@)*%72}”)571“1 Ta Sal -
k=0

a
1

_ ! —2mk(£+2h ) _
- kz 5 2 7 ZSka,a Ty Sar =

—_

= — Z Sma T Sal + ¢+4h1 ZsmaT Sal

| = Do

(STS)ml + (= 1)¢+4’U 5 (STS)

Going back to our main expression, we can interchange STS = T 15T and
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get

<5<J,w>T<J,w>5<J,w>) =
(mn)(p.x)

. . 1 .
= AB ™ 2N (ST + (1) (STS)) 2730 TE 5, VT =
1

. . 1 3
= AB ™ 2N T S T (1) TS T 2T O TR S VT =

l

. . 1
= AB ™ 2N T S T ()Y TS gy T TP Sy VT =

I

L (STSVT)p 1 (<1940 Tt (STSVT )] =

_ ABeiﬂ'x 6i7rhj 5

R - _
— AB X imhy 5 [T T Snp VT, Yy (gt poiptg VT, =

. . 1 —
= ABE™X M ST S, =) S, VT =

~—~
(=¥ Sy

_ ABeiﬂ'x (_1)¢+4h1 ei‘n'hj Tél Trjl Smp ﬁ;l

Hence
<5<J,w>T<J,w>S<J,w>) A:(Tu,w)*lgu,w)T(J,wrl) . (Ca8)
(mn)(p,x) (mn)(p,x)
provided

B = (=1)¢Ths gmimhs — ()9 g3imhs | (C.19)

C.1 Summary of phase relations

Before ending this appendix we think it is useful to summarize the phase rela-
tions that we have found in the calculation for modular invariance.

Combining the results from the twisted-twisted, diagonal-twisted and off-
diagonal-twisted sectors, one can see that

B = (_1)¢ 63i7rh]
A2 _ CQ _ Be*iﬂ'h] _ (_1)¢ 62i7rh]

There is no phase information coming from the off-diagonal-off-diagonal sector.
As far as the remaining phases are concerned, it is straightforward to show (even

if we have not reported it explicitly in this appendix) that the phase of S ()

(mn)(pq)
and S((;I(;p)zj \) are constrained to be equal to one, so that there is no additional

phase in these matrix elements, while the square of the phase of S((;qup))(mn)

be one as well, so that one cannot fix the sign of this matrix entry by using
modular invariance.

Let us remark a subtle point. From the expressions above we can see that
B is fixed while A and C are fixed up to a sign (we could in principle choose
both signs for the square root). We have already remarked that the phase C is

relevant only for ¢ = 0, since for ) = 1 there are no diagonal fixed points and
s
(G,¢)(px)

must

hence no matrix element
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