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We present an efficient method for the design of anomalous reflectors for acoustic waves. The approach is
based on the fact that the anomalous reflector is actually a diffraction grating in which the amplitude of all the
modes is negligible except for the one traveling towards the desired direction. A supercell of drilled cavities in an
acoustically rigid surface is proposed as the basic unit cell, and analytical expressions for an inverse diffraction
problem are derived. It is found that the the number of cavities required for the realization of an anomalous
reflector is equal to the number of diffracted modes to cancel, and this number depends on the relationship
between the incident and reflected angles. Then, the “retroreflection” effect is obtained by just one cavity per unit
cell; also, with only two cavities it is possible to change the reflection angle of a normally incident wave, and
five cavities are enough to design a general retroreflector changing the incident and reflected angles at oblique
incidence. Finally, the concept of Snell’s law violation is extended not only to the incident and reflected angles,
but also to the plane in which it happens, and a device based on a single cavity in a square lattice is designed in
such a way that the reflection plane is rotated 7 /4 with respect to the plane of incidence. Numerical simulations
are performed to support the predictions of the analytical expressions, and an excellent agreement is found.
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Anomalous reflectors and refractors can be defined as
structured flat surfaces in which the relationship between the
angles of the incident, reflected, and refracted waves does not
satisfy Snell’s law [1]. These devices, designed mainly in the
framework of the so-called generalized laws of refraction and
reflection [2], have received increasing interest within the last
years [3—11], and a wide variety of applications and effects
have been envisioned for the control of acoustic waves, such as
carpet cloaks [12], acoustic diodes [13], or helical wave-front
generators [14].

Also named “gradient metasurfaces,” these devices require
a continuous variation of the phase of the fields [2], which in
the case of acoustics can be implemented by means of space-
coiled scatterers [4] or membranes [12]. Their efficient design
requires additionally a specific variation of the impedance of
the unit cell [15,16], after a numerical optimization process,
since nonlocal effects have to be taken into account. The overall
result is that efficient gradient metasurfaces require a compli-
cated design process including a large number of elements per
unit cell, which has an obvious practical limitation.

Recently, it has been shown that some functionalities of gra-
dient metasurfaces for electromagnetic or acoustic waves can
be achieved by means of properly designed diffraction gratings
based on bianisotropic [17-19] or bipartite particles [20,21].
From this perspective, the anomalous reflection or refraction
effect consists essentially in canceling all the diffracted modes
except for the one traveling towards the desired “anomalous”
direction, and this results in the mirage that the wave has not
been “diffracted” but “anomalously refracted.” However, cur-
rent approaches based on diffraction mode control have been
applied only to retroreflectors and anomalous reflectors at nor-
mal incidence, which will be shown here to be less demanding
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than a general anomalous reflector. Additionally, these works
still require complex bianisotropic particles to be effective.

In this Rapid Communication, we present a simplified and
more general picture for the design of acoustic anomalous
reflectors. The approach is based on the efficient engineering
of the different diffracted modes by a periodically structured
acoustic surface. The structure consists in a perforated acous-
tically rigid surface, and it is found that the number of cavities
per period can be set equal to the number of diffracted modes
to be canceled, with the interesting result that only one or
two cavities are required for the most typical applications
of anomalous reflectors, while only five are required for
one of the most challenging applications. Finally, an off-axis
anomalous reflector is designed, where the planes of incidence
and reflection are different.

The proposed unit cell is shown in Fig. 1(a). It consists of
an acoustically rigid surface placed in the xy plane at z =0
in which a cluster of N cavities of length L, are drilled and
located at the positions R, for « = 1,2,..., N. The cross
section of the cavities can be arbitrary, but it will be assumed
that only the fundamental mode of the waveguide they define
is excited [22]. The cavities are backed by a rigid wall, so that
no energy is transferred to the other side of the surface. We
assume time harmonic dependence of the fields of the form
e~ If the surface is excited by an incident plane wave of
unitary amplitude and propagating along the z axis with wave
number k = K + g2, a set of diffracted modes with reflection
coefficients R will be excited, so that the pressure and normal
velocity fields will be given by

P =3 (Booe®s* + Rge o )eKer (1)
G
iqc i —i iKgr
v, = 8Goe'9¢* — Rge '96%)e' "6 2
"=z ;( GO G ) 2
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(a) K kg (c) i where the term x,g, which defines the multiple scattering
\ //’k0 interaction between the cavities in the unit cell, is defined as
b / kg _ k_h HoH —iG-Ryp 8
— ; Xaﬂ—;qa v Hgc fge . (®)
= Once the B, coefficients are known, the reflection coefficient of
z § . each diffracted mode is obtained directly from Eq. (6), solving
) 2 a in this way the full diffraction problem.
T : =" However, Eq. (6) can be used to set up an inverse problem
m [ ® g ' * as follows: We can impose a set of values for the amplitude
R G | , . 3 of a number g of diffracted modes Rg, design a unit cell with
2 K:, ki };tka N = g cavities, and solve for the B, coefficients from Eq. (6),
! since it defines a system of g equations with N = g unknowns
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Y

FIG. 1. (a) Schematic representation of the diffraction problem
considered in the text. (b) Selection of the grating geometry to generate
a desired diffracted mode from a given incident plane wave with
in-plane wave vectors K, and K, respectively. (c) Number of excited
diffraction orders for each incident (6;) and diffracted (6,) angle
(defined as the angle of the wave with the z axis).
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where the 8¢ is the Kronecker delta function and |[K + G| +
g% = w*/c}, with G being the set of all reciprocal lattice
vectors. The reflectance in energy will be always unitary, but
we will use the grating to engineer the amount of energy that is
transferred to each propagating [Im(gg) = 0] mode. The fields
inside each cavity can be set as [23]

cosky(z — Ly) 3)
sink,Ly,
B sinky(z — L)
Z}, ¢ sin k;,La

P = eiK~Ra

ol KRa

; “

vy, = —

which ensures the boundary condition v, = 0atz = L.

The mode matching method is applied by projecting the
Bloch modes with the v, field and the cavity modes for the P
field [23], resulting in the system of equations

Y Hage'“* (860 + Rg) = BycotkyLo, (5
G
o N
Y —iG-
5Go—RG=—l—Zf5H,SG€ GRo By, (6)
96 g5
where the coupling factor is given by H,g =

QLQ [la, e'Ke:r=R)gQ and the cavity’s filling fraction has

been defined as f, = %, with  and 2, being the areas of the
unit cell and the cavity «, respectively. Solving for Rg from
Eq. (6) and inserting it into (5) leads to a system of equations
for the B, coefficients,

N
D [8up cotkyLa — i xuplBp = 2Hao, )
p=1

with coefficients Agq = f3Hgge "R, Once the shapes and
positions of the cavities are selected, and solved for the B,
coefficients, the length of each cavity is directly obtained from
Eq. (7) as

N
cotkyLy = | 2Hao +i Y xapBp | By . )
=1

Equations (6) and (9) therefore constitute the basis for the
inverse design of diffraction gratings, however, it must to
be pointed out that in order to have a physically acceptable
solution, it is required that the right-hand side of the above
equation be a real number, since the cot x function is real valued
for all the physically acceptable k;, L,, (assuming no loss or gain
elements). Therefore, the additional condition

Im(cotk,Ly) =0 (10)

has to be satisfied for a physically acceptable solution. In the
case of having dissipation in the cavity, the cot x function might
be inverted in Eq. (9) and impose reality on L, instead.

The above procedure considerably simplifies the design
of anomalous reflectors, in which it is desired that a wave
incident with wave number k; be totally reflected with wave
number k,. From a diffraction point of view, this is equivalent
to designing a diffraction grating in which the desired reflected
wave number corresponds to one of the K + G diffracted
modes, and optimizing the grating in such a way that all the
other propagating diffracted modes present zero amplitude.
The design of the geometry of the lattice is illustrated in
Fig. 1(b): We need to impose that the projections of the
incident (K ;) and reflected (K,) wave vectors on the surface
satisfy |[K, — K;| = 27”, to minimize the number of additional
diffracted modes (number of points inside the red circle). This
condition defines both the lattice orientation and constant a.

Figure 1(c) shows the number of diffracted modes for all
the possible incident and reflection angles with the z axis,
6; and 0,, respectively. As can be seen, a higher number of
diffracted modes is excited for reflection angles similar to the
incident angle, while for the “retroreflection” and anomalous
reflection effect at normal incidence, only one or two modes
are excited and, therefore, they are less demanding devices.
This interesting feature of diffraction gratings is that they are
responsible for the fact that “extreme” anomalous reflection
is easier to implement, although the present approach offers a
general method to any configuration.
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After selecting the lattice geometry and obtaining the
number N, of diffracted modes, we set the number of cavities in
the unit cell to N = N, — 1, since we want to impose Rg = 0
for all the N; modes except for G = 27”)2 We will then search
for the size and position of the cavities to satisfy condition
(10), which will give us the length of the cavities from Eq. (9).

Four examples of the application of the previous approach
will be developed. In the first three the anomalous reflec-
tion effect will take place in plane, for which a geometry
invariant along the y axis will be selected. In this case, the
cavities are grooves in the plate of width d,, and we have
that HS;"" = sin(|K + Gldy/2)/(|IK + G|dy/2), while for
the fourth example a cylindrical cavity of radius a, will be
employed, and now Hfg”y =2J1(|K + Glay)/(|K + Glay).

Figure 1(c) shows that the retroreflection effect can be
achieved by just two diffracted modes as long as the incident
angle 6; = —6, is higher than approximately 20° (dark blue
region), therefore we will need only one cavity per unit cell to
design such a device. The condition Ry = 0 in Eq. (6) implies
By = fol;ilgkb’ and inserting this into Eq. (9) and setting the
imaginary part of cot k, L equal to zero, we get the condition
for energy conservation,

d0, 1l _ (11
qoH{,
which gives us
cot ky Lo = Im(x00)- (12)

Given that in condition (11) the functions Hg and g¢ are com-
puted at K; (G =0) and K, (G = —2m/ax), this condition
is trivially satisfied when K, = —K;, therefore the design
method consists in selecting the width dy of the groove and
obtaining Ly from Eq. (12). In our first example we select
6; = /3, so that the retroreflection diffraction condition is
satisfied at a/A = 2sin6; = 1.73, and selecting dy = 0.23a
defines Ly = 0.23a.

Figure 2(a) shows the diffraction energy I = qg/qolRg|*
as a function of a/A for the designed retroreflector. We see
how the energy reflected by the fundamental mode (black line)
becomes zero and all the energy goes to the first diffraction
order (red dashed line) at the desired a /X point. Figure 2(b)
shows the numerical simulations performed with the commer-
cial finite-element software COMSOL MULTIPHYSICS, verifying
that the incident (left) and reflected (right) waves have the same
propagation direction.

The second example analyzed is the anomalous reflector at
normal incidence, in which a wave impinges normally to the
surface and it is reflected an angle 6,. In this case, for desired
reflection angles higher than 7 /6 we have only three diffracted
modes, the fundamental one and the lateral ones at 6, , and the
objective is to cancel the fundamental and one of the diffracted
orders, so that we need only two grooves per unit cell. We
will propose a unit cell in which the two grooves, labeled «
and B, are identical and symmetrically placed in the unit cell,

Xg = —Xq, and we will set up this distance by imposing that
Eq. (10) be satisfied. The condition Ry = Rg = 0 now gives
B, = ﬁl_eﬁ, where Xqp = Xg — X = —2Xq.

Figure 3(a) shows the diffracted energy /g in this example,
where we have selected 6, = w /4, which sets A/a = 0.7071.

@ ! ' ' '
0.8
o 0.6
0.4
0.2
° 0.5 0.6 0I7 0‘8 019 1
(b) - : ~ : :
Incident field e Reflected field

AOSOSOSUONSOSL

’ 0.8 y 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0
0.2 0.2
-0.4 0.4
4 0.6 -0.6
0.8 0.8

-1 -1

FIG. 2. (a) Diffracted energy as a function of a/A for the funda-
mental (black line) and diffracted (red dashed line) modes for a single-
groove “retroreflector.” (b) Numerical simulation of the incident (left)
and reflected (right) fields, showing the perfect retroreflection effect.

It is clear how the energy of the fundamental (red line) and
one diffracted (green dotted-dashed line) modes cancel at
the desired wavelength. The width of the grooves is set as
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FIG. 3. (a) Diffracted energy as a function of a/\ for each
propagating mode for a two-groove anomalous reflector at normal
incidence. (b) Plot of Im(cotk,L,) as a function of the groove’s
semidistance x.g/a, showing the points that satisfy the energy balance
condition at x,s = 0.32a. (c) Numerical simulation of the incident
(left) and reflected (right) fields.
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FIG. 4. (a) Diffracted energy as a function of a/A for each
propagating mode for a five-groove anomalous reflector. (b) Plot
of Im(cotk,L,) as a function of the groove’s semidistance x,p/a,
showing the points that satisfy the energy balance condition at x,p =
0.17a. (c) Numerical simulation of the incident (left) and reflected
(right) fields.

dy = 0.2a, and the distance between them is obtained from
condition (10), which is plotted in Fig. 3(b) as a function of
Xqp/a. Finally, the incident and reflected fields computed with
CoMSOL are depicted in Fig. 3(c).

Next, we show an example of an anomalous reflector, in
which the reflection angle of the wave is changed but keeps
the same sign. We select 6; = 7/3 and 6, = 7 /6, which
correspond to N; = 6 in Fig. 1(c), therefore this interesting
effect can be obtained with only N = 5 grooves. We set the
size of the cavity as dy = 0.02a and the B, coefficients are
directly obtained from the solution of the system of equations
defined by Eq. (6). The result of the design can be found in the
plot of the diffracted energy in Fig. 4(a), where the distance
between grooves xqg = 0.17a that minimizes the imaginary
part of cot k;, L, has been obtained from the plot of Fig. 4(b)
as in the previous example, and the required lengths of the
grooves are L, = 0.0613a, 0.0715a, 0.0776a, 0.0835a, and
0.2775a. Figure 4(c) shows the incident Py and reflected Ps
waves as simulated with COMSOL, illustrating the nearly perfect
performance of the device. It has to be pointed out that the
optimal distance between grooves is not x,g = a/N, so that
actually the cluster of grooves does not form a sublattice of the
main lattice, as it happens in devices based on phase gradients.
In other words, in this approach there is no continuous variation
of the phase of the fields or the impedance of the surface along
the unit cell, but rather it is a diffraction grating engineering
that does not take care of the near field and focuses on the
amplitude of the propagating fields which is truly responsible
for the anomalous reflection effect.

(b)

0.8

., 0.6

~

0.4

0.2

0 1
05 0.55 0.6 0.65 0.7

YZPlane P, XZ Plane P, YZPlane P, XZ Plane P,

4136

1
0.8
0.6
/ /
\ 0.2

/, /I
/At
0.4
7 8N 1 |
-0.8

/ N { N

v-133

XY Plane P, XY Plane P,

FIG. 5. (a) Geometry of the off-axis reflection problem. (b)
Diffracted energy as a function of a/A for each propagating mode
for a reflector made of a single circular cavity in a square unit cell. (c)
Projections of the incident and reflected fields at the different planes
of the unit cell.

Finally, the presented theory is applied to the design of a
four-channel off-axis reflector. This device reflects the incident
wave backwards but is rotated a given angle in the xy plane,
as illustrated in Fig. 5(a), therefore the plane of incidence and
reflection are different, in contradiction with Snell’s law which
asserts that these planes have to be the same. We select the
incident and reflected angles with the z axisof 6; = —6, = 7 /3
and the rotation angle 6, = m /4, where only one cavity per
unit cell is required, and selecting circular cavities in a square
lattice ensures a four-channel functionality, due to the fourfold
symmetry of this lattice. The design method is identical to
the retroreflector of Fig. 2, since Eq. (11) is trivially satisfied
(the projection of the wave number remains unchanged) and
the length of the cylindrical cavity is obtained from Eq. (12).
Figure 5(b) shows the diffracted energy and Fig. 5(c) shows
the numerical simulations performed with COMSOL of the
incident and reflected fields projected at the different sides
of the three-dimensional unit cell, showing the retroreflection
effect is responsible for the rotation of the reflection plane.
The simplicity of this device is remarkable as compared to the
equivalent gradient phase metasurface that would be required
for this functionality.

In summary, we have shown that anomalous reflection
from acoustic surfaces can be properly and efficiently ob-
tained by means of engineered diffraction gratings, in which
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subwavelength cavities are drilled in an acoustically rigid
surface. The number of cavities required is in general one less
than the number of diffracted modes, so that all these modes
are canceled except for one, which is the carrier of the wave
at the desired reflection angle. It has been shown that unitary
efficiency can be achieved for one and two cavities per unit
cell, and nearly unitary in the case of five cavities, showing
also the great potential that this method has for the design of
more efficient anomalous reflectors. This approach presents
several advantages in comparison with previous approaches
based on gradient index metasurfaces, since no continuous
variation of the index or the surface’s is required, but just a
discrete number of properly selected cavities. The presented

theory therefore opens the door to a different set of devices
efficiently designed for the full control of the propagation
direction of acoustic waves. Finally, this approach could be
applied as well to anomalous refractors and to other domains
of physics, such as elasticity or electromagnetism, since the
principles on which it is based are general for all type of
waves.
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