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1. Introduction

Throughout this paper graphs are finite, simple and undirected. For the group- and
graph-theoretic terminology we refer the reader to [13,14]. For a graph X, let V(X),
E(X), A(X), and Aut X denote the vertex set, edge set, arc set, and the full automor-
phism group of X, respectively. For an arc (u,v) € A(X), we denote the corresponding
undirected edge by uv. An s-arc of X is a sequence (vg,v1,...,vs) of s+ 1 vertices such
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that (vi,vi41) € A(Y) and v; # v;49, and X is said to be 2-arc-transitive if Aut X acts
transitively on the set of 2-arcs of X.

Let X be a graph, and let P be a partition of V(X) into independent sets of equal
size m. The quotient graph Y := X/P is the graph with vertex set P and two vertices
P; and P, of Y are adjacent if there is at least one edge between a vertex of P, and a
vertex of P, in X. We say that X is an m-fold cover of Y if the edge set between P; and
P, in X is a matching whenever P, P, € E(Y). In this case Y is called the base graph of
X and the sets P; are called the fibres of X. An automorphism of X which maps a fibre
to a fibre is said to be fibre-preserving. The subgroup K of all those automorphisms of
X which fix each of the fibres setwise is called the covering transformation group. It is
easy to see that if X is connected then the action of K on the fibres of X is necessarily
semiregular; that is, K, = 1 for each v € V(X). In particular, if this action is regular on
each fibre we say that X is a regular cover of Y.

By [20, Theorem 4.1], the class of finite 2-arc-transitive graphs can be divided into
the following two subclasses: (i) the 2-arc-transitive graphs with the property that every
normal subgroup N of a 2-arc-transitive subgroup G of Aut X has at most two orbits on
vertices; (ii) the 2-arc-transitive regular covers of the graphs given in case (i).

A finite connected 2-arc-transitive graph X is bipartite if and only if Aut X has a
normal subgroup IV having two orbits on vertices. If every nontrivial normal subgroup of
Aut X is transitive on vertices, then Aut X is said to be quasiprimitive. In particular, all
primitive groups are quasiprimitive. During the past ten years, a lot of papers regarding
the primitive, quasiprimitive or bipartite 2-arc-transitive graphs have appeared, see [6-8,
15-17,20,21]. However, the known results concerning the 2-arc-transitive covers are very
few. To the best knowledge of the authors, even for complete graphs it is very difficult
to determine all their 2-arc-transitive covers.

In [5], the covers of a complete graph whose fibre-preserving automorphism groups
act 2-arc-transitively and whose covering transformation groups are either a cyclic group
Zq or Zg, p a prime, have been classified, and the classification has been extended in [3]
to the case when the covering transformation group is Z;’), p a prime. Note that these
covering transformation groups are all abelian. In this paper, the same problem as in [5]
is considered, where the covering transformation groups are metacyclic. Though Z4 and
Z127 are metacyclic, most of metacyclic groups are nonabelian. For other papers related
to covers of complete graphs, see [9-11].

Any metacyclic group can be presented by

K:<a,b|ad:1, " =al, ab:ar>

where ™ =1 (mod d), t(r — 1) =0 (mod d). If d is even, m = 2, r = —1 and t = d/2,
then K = (D24, the so-called generalized quaternion group of order 2d; if m =2, r = —1
and t = 0, then K = Dyg4, the dihedral group of order 2d. Note that Q4 = Z4 and
Dy =75 X Zs.
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A purely combinatorial description of a covering can be introduced through a voltage
graph, see the next section. To state the main result, we need to define a couple of covers
of K,,.

First we define two covers of K, with respective covering transformation group K =
(a,b) = Dg and Q12, where V(Ky) = {1,2,3,4}:

(1) ATp(4,6) = K4 x5 Dg, with the voltage assignment f: A(Ky) — Dg defined by
fi2=70, J1,3 = ba, fra=ba"", fa3=ba"", Jo,4 = ba, J3.4=10;
(2) ATg(4,12) = K4 x ¢ Q12, with the voltage assignment f: A(K4) — Q12 defined by
fi2 =0, fi.3 = ba?, fi.4 = ba*, fa3 =0, f2.4 = ba®, faa=0.

Secondly, we define one cover of K5 with the covering transformation group K =
(a,b) = Dg, where V(K5) = {1,2,3,4,5}:

(3) ATp(5,6) = K5 x5 Dg, with the voltage assignment f: A(K5) — D¢ defined by

J1,2 = ab, fi3 =0, J1,4 = ba, fis =10, f2,3 = ba,
fea =0, Ja5 =0, f3,4 = ab, f35 =10, Ja5 =b.
Next, let GF(gq) be the field of order ¢ where ¢ is odd, and let GF(q)* = (0). We
identify the vertex set of the complete graph K4, with the projective line PG(1,¢) =

GF(g) U {oo}. Then we define two families of arc-transitive covers of K4, with the
respective covering transformation groups K = (a,b) = Qo4 and Dag:

(4) ATo(1+ q,2d) = K144 X5 Q24, where d | ¢ — 1 and d f (g — 1);
(5) ATp(1+ q,2d) = K144 Xf D2g, where d | 3(¢—1) and d > 2,

and for both covers, the voltage assignments f: A(Kj4,) — K are given by:
fooi = b; fij =0ba" if j—i=0"fori,j# .
Now we are ready to state the main result of this paper, see Section 3 for its proof.

Theorem 1.1. Let X be a connected reqular cover of the complete graph K, (n > 4) whose
covering transformation group K is nontrivial metacyclic, and whose fibre-preserving
automorphism group acts 2-arc-transitively on X. Then X is isomorphic to one of the
following covers:

(1) The canonical double cover K, ,, — nKo with K = Zs;
(2) n =4, ATp(4,6) with K = Dg;
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)

) n=>5, ATp(5,6) with K = Dg;

5) n=1+¢ >4, ATo(1+ q,2d) with K = Qaq, whered | q—1 andd{%(qfl);
)

For the case when the covering transformation group K is nontrivial cyclic or is
isomorphic to Zi, we have the following corollary, which is in fact the main result of [5].

Corollary 1.2. Suppose that X is a connected regular cover of the complete graph K,
(n > 4) whose covering transformation group K is either nontrivial cyclic or Zz, and
whose fibre-preserving automorphism group acts 2-arc-transitively on X. Then X is
isomorphic to one of K, — nKy with K = Zy; ATo(1 + q,4) with K = Z4 and
q = 3 (mod 4); or ATp(1 + ¢q,4) with K = 7Z2 and ¢ = 1 (mod 4). Moreover, by
[19, Theorem 5.3], Aut(AT;(1+ q,4))/K = PI'L(2,q), where i € {Q,D}.

Remark 1.3. The smallest graph in the family ATg(1 + ¢,2d) is AT (4,4) of order 16;
and the smallest graph in the family ATp (1 + ¢, 2d) is ATp(6,4) of order 24.

2. Preliminaries

In this section we introduce some preliminary results needed in proving Theorem 1.1.

First we introduce some notation. The elementary abelian p-group of order p™ and
the complete graph of order n will be denoted, respectively, by Z; and by K. Let ¢ be a
prime power. Then the finite field of order ¢ and its corresponding multiplicative group
will be denoted, respectively, by GF(q) and by GF(¢)*. An n-dimensional vector space
over GF(g) will be denoted by V(n,q). Let G be a group and H a subgroup of G. Then
we use G/, Cq(H) and Ng(H) to denote the derived subgroup of G, the centralizer and
the normalizer of H in G, respectively. Let M and N be two groups. Then we use M x N
to denote a semidirect product of M and NN, in which M is a normal subgroup.

A purely combinatorial description of a covering was introduced through a voltage
graph by Gross and Tucker [12,13]. Let Y be a graph and K a finite group. A voltage
assignment (or, K-voltage assignment) on the graph Y is a function f : A(Y) — K with
the property that f(u,v) = f(v,u)”" for each (u,v) € A(Y). For convenience, we denote
f(u,v) by fu.. The values of f are called voltages, and K is the wvoltage group. The
derived graph Y x ; K from a voltage assignment f has as its vertex set V(Y') x K and as
its edge set E(Y') x K, so that an edge (e, g) of Y x ¢ K joins a vertex (u, g) to (v, fu.v9)
for (u,v) € A(Y) and g € K, where e = uv. Clearly, the graph Y x; K is a covering
of the graph Y with the first coordinate projection p : ¥ x; K — Y, which is called
the natural projection. For each u € V(Y), {(u,g) | g € K} is a fibre of u. Moreover, by
defining (u,¢")? := (u,g’g) for any g € K and (u,¢’) € V(Y x; K), K can be identified
with a subgroup of Aut(Y x; K) fixing each fibre setwise and acting regularly on each
fibre. Therefore, p can be viewed as a K-covering. Conversely, each connected regular
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cover X of Y with the covering transformation group K can be described by a derived
graph Y x ; K from some voltage assignment f. Given a spanning tree 1" of the graph Y,
a voltage assignment f is said to be T-reduced if the voltages on the tree arcs are the
identity. Gross and Tucker [12] showed that every regular cover X of a graph Y can
be derived from a T-reduced voltage assignment f with respect to an arbitrary fixed
spanning tree 1" of Y. Moreover, the voltage assignment f naturally extends to walks
in Y. For any walk W of Y, let fyy denote the voltage of W. Finally, we say that an
automorphism « of Y lifts to an automorphism @ of X if ap = pa, where p is the covering
projection from X to Y.

The following two propositions show an information of a lifting of an automorphism
of the base graph with respect to a voltage assignment.

Proposition 2.1. (See [18].) Let X =Y x; K be a regular cover of a graph'Y derived from
a voltage assignment f with covering transformation group K. Then an automorphism «
of Y lifts to an automorphism of X if and only if, for each closed walk W inY, fyy =1
implies fyyo = 1.

Proposition 2.2. (See [3].) Let K be a finite group, and let X =Y x; K be a connected
regular cover of a graph'Y derived from a voltage assignment f with the voltage group K.
If a € AutY is an automorphism one of whose lifting & centralizes K, considered as
the covering transformation group, then for any closed walk W in'Y | there exists k € K
such that fywe = kfwk™'. In particular, if K is abelian, fyy« = fw for any closed walk
W of Y.

The next proposition deals with a basic group-theoretic result.

Proposition 2.3. (See [1/, Satz 4.5].) Let H be a subgroup of a group G. Then Cq(H)
is a normal subgroup of Ng(H), and the quotient Ng(H)/Cq(H) is isomorphic with a
subgroup of Aut H.

The following result may be deduced from the classification of doubly transitive groups
(see [1] and [2, Corollary 8.3]).

Proposition 2.4. Let G be a 3-transitive permutation group of degree n > 4. Then one of
the following cases occurs.

(1) The symmetric group G = Sy, with n = 4;

(2) The affine group G = Z3* x GL(m,2) with m > 3 and n = 2™, or G = Z3 x Ay with
n = 16;

(3) G is an almost simple group, and the socle of G is either 3-transitive, or PSL(2, q)
acting 2-transitively on the projective line, of degree n = ¢ + 1, where ¢ > 5 is an
odd prime power.
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Finally, we quote a property of PSL(2, q) acting on the projective line PG(1, q).

Proposition 2.5. (See [5].) Let ¢ = r° be an odd prime power, and let PG(1,q) be the
projective line over GF(q). Then, for any three distinct points x,y,z in PG(1,q) there

exists an element of PSL(2, q) which maps an ordered triple (x,y, z) to an ordered triple
(z,2,y) if and only if ¢ =1 (mod 4).

3. Proof of Theorem 1.1

Now we prove Theorem 1.1. Let n > 4 and let p : X — K,, be a connected regular
covering projection with a cover X = K, xy K of K, and a nontrivial metacyclic
covering transformation group K. We assume that the fibre-preserving automorphism
group A acts 2-arc-transitively on X. Let F be the set of fibres. Then A is the largest
subgroup of Aut X having F as an imprimitive block system, and K is the kernel of
the action of A on F. Hereafter, let A = A/K. Since A acts 2-arc-transitively on X,
A acts 2-arc-transitively on K,,. This forces A to be a 3-transitive permutation group on
V(K,), and so it is one of the groups listed in Proposition 2.4. Choose a vertex p(F’) in
K, for a fixed fibre F € F and take a star having the base vertex p(F') as a spanning
tree T in K,. We assume that the voltage assignment f is T-reduced.

We divide the proof into the following three subsections: some preliminary lemmas in
Section 3.1; the two cases when K is abelian or nonabelian are considered separately in
Sections 3.2 and 3.3.

3.1. Some lemmas

First we introduce two pure group-theoretical lemmas.

Lemma 3.1. For any positive integers t; and to, Aut(Z:, X Zi,) does not contain a
nonabelian simple subgroup.

Proof. G = (a) x (b), where |a| = t; and |b| = t2. Clearly, the conclusion is true provided
one of 1 and ty is 1. Now we assume t1,ts > 2.

First, assume that ¢; = p’* and to = p®, where p is a prime, and ¢1,¢, > 1. Let
Gy = (a?,bP). Then G, is a characteristic subgroup of G and so Aut G induces an au-
tomorphism action on G/G1 = Z2. Let L be the kernel of this action. Then (Aut G)/L
can be viewed as a subgroup of Aut(G/G1) = GL(2,p) and so it does not contain a non-
abelian simple subgroup by [5, Lemma 2.7]. Moreover, L consists of all automorphisms
o of G of the form: a® = a' TP and b” = a"*Pb' 7P for integers 1 < i,i; < p~! and
1 <451 <p®~' Hence |L| = p?(i+2=2) and so L is a p-group which is solvable. Suppose
that Aut G contains a nonabelian simple group H. Then H cannot be contained in L.
Since HN L is normal in H and since H is simple, we have HNL = 1. Since HL/L = H,
we obtain a nonabelian simple subgroup HL/L of (Aut G)/L, a contradiction.
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Now for any positive integers t; and to, write G = P; X Py X --- X Pj, as a prod-
uct of Sylow p;-subgroups P; of G, where h > 2. Then for each i, Aut P; does not
contain any nonabelian simple subgroup by the above arguments. Moreover, Aut G =
Aut P; x Aut Py x --- x Aut P,. Suppose that Aut G contains a nonabelian simple sub-
group, say M, whose component on Aut P; is nontrivial for some j. Let ¢ be the natural
homomorphism from Aut G to Aut P;. Then ¢(M) is a nonabelian simple subgroup of
Aut P;, a contradiction. O

A section of a group G is a quotient group of a subgroup of G.

Lemma 3.2. For any nonabelian metacyclic group G,

(1) if Aut(G/G’) is solvable, then Aut G is solvable;
(2) if G/G' is cyclic, then no section of Aut G can be isomorphic to Sy.

Proof. It is well known that every nonabelian metacyclic group G can be presented as
follows:

G = <a,b } al=1, " =al, b lab= ar>,

where t(r —1) =0 (mod d), 7™ =1 (mod d) and r #Z 1 (mod d). Note that G’ = (a"~!).

(1) Since G’ is a nontrivial characteristic subgroup of G, Aut G induces an automor-
phism action on G/G’ with the kernel, say N. Since N fixes (a) setwise, it induces an
automorphism action on (a) with the kernel, say L. For any integer ¢, define a map oy
on G by (a't?)?¢ = a*(ba*""1)J for any 0 < i < d—1and 0 < j < m — 1. Tt is easy
to see that 01 € L and as a map we have oy = (o) for any integer £. Since L consists
of maps oy for any integer ¢, L = (01), a cyclic group. Since N/L is isomorphic to a
subgroup of Aut(a), it is abelian, and so N is solvable. Suppose Aut(G/G’) is solvable.
Since (Aut G)/N is isomorphic to a subgroup of Aut(G/G’), it is also solvable, which
forces that Aut G is solvable.

(2) Suppose that G/G’ is cyclic. Because both (AutG)/N and N/L are abelian,
(AutG) < N and N’ < L. Hence, (AutG)” < N’ < L and so (Aut G)” is cyclic. Take
any section H/J of Aut G. Since (H/J)" = H"J/J = H"/(H"NJ) is cyclic and S} = Z3,
we have H/J 2 S,. O

Under the assumption and notation of Theorem 1.1, we have the following lemma.

Lemma 3.3. Let A and K be as defined in the beginning of Section 3, with the covering
projection p : X — K,,. Then the group Ca(K) cannot be contained in K under one of
any following conditions:

(1) K is isomorphic to Zy, X Zy, for some positive integers t1 and ta, and n > 5.
(2) K is nonabelian, K/K' is cyclic, and n = 4.
(3) K is nonabelian, K/K' is either cyclic or isomorphic to Z%, and n > 5.
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Proof. First note that A/K is one of 3-transitive groups listed in Proposition 2.4. In
particular, A/K is Sy if n = 4, and it contains a nonabelian simple subgroup if n > 5.
By way of contradiction, suppose that C4(K) < K.

As the first case, let K be isomorphic to Z, X Z, for some positive integers ¢; and to,
and let n > 5. Since K is abelian, C4(K) = K. Therefore, A/C4(K) is a 3-transitive
group, and so it contains a nonabelian simple subgroup. This forces that Aut K contains
a nonabelian simple subgroup, which contradicts Lemma 3.1.

Next, let K be nonabelian and K/K’ is as in case (2) or in case (3). By Lemma 3.2,
Aut K is solvable, and it does not contain any section isomorphic to Sy in case (2). Since
A/C4(K) is isomorphic to a subgroup of Aut K, the same holds for A/C4(K), that is,
A/C4(K) is also solvable and it does not contain any section isomorphic to Sy in case (2).
Now, the relation A/K = (A/C4(K))/(K/C4(K)) implies that A/K is solvable, which
forces that case (3) cannot occur; and it does not contain any section isomorphic to Sy
in case (2), which forces that case (2) cannot occur, too. O

3.2. K is abelian

Throughout this subsection, we assume that K is abelian. The following lemma claims
that K must be a 2-group.

Lemma 3.4. Suppose that the covering transformation group K is abelian metacyclic.
Then K is isomorphic to Zo, Ly, or ZLeoe X Zoe, where £ > 1 and s € {1,2,4}. In
particular, K is a 2-group.

Proof. Suppose that K is cyclic. Then K = Zy or Z4 by Corollary 1.2. In what follows,
suppose that K is an abelian group of rank 2, and set K = (a,b) where |b| | |a].

Let r be any prime divisor of |K|, and set K7 = (a”,b"). Then K is a characteristic
subgroup of K, and either K/K; = Z, for r { |b|; or K/K; = Z2 for r | |b|. Now by the
group K7, the projection X — K, is factorized as X — Y — K,,, where Y — K, is
a cover with the covering transformation group either Z, or Z2. By Corollary 1.2, we
know that the cover Y is isomorphic to K, , — nK, with the covering transformation
group Zgy or ATp(1+ g,4) with the covering transformation group Z3. Therefore, r = 2.
In other words, K should be a 2-group.

Now, set |a| = 2 and |b] = 22, where ¢; > ¢ > 1. Suppose that £; # f5. Let
Ky = (a2el_z2 ,b) 2 Zgey X Zge,. Then Ko is a characteristic subgroup of K, and K/Ks =
Zger o5 . Now by the group Ko, the projection X — K, is factorized as X — Z — K,
where Z is a cyclic cover of K,,. By Corollary 1.2, we know that K/Ky = Zs or Z4. Thus
we prove the lemma by setting s € {1,2,4}, fo = and 24 =5-2¢ > 1. O

Lemma 3.5. If C4(K)/K is 3-transitive on V(K,,), then K = Zs.

Proof. First note that every automorphism in C'4(K)/K has a lifting which is contained
in C4(K). Now, suppose that C4(K)/K is 3-transitive on V(K,,). Then all the triangles
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in K, have the same voltage by Proposition 2.2. Moreover, the voltage assignment f is

assumed to be T-reduced. Hence all the cotree arcs have the same voltage, say w. In

—1
v,

particular, w = f,, = = w! for any cotree edge uv. Since X is assumed to be

connected, w generates K. Hence K = Z,. O

The following lemma shows that if the covering transformation group K is any abelian
metacyclic group, then the 2-arc-transitive covers exist if and only if K & Zy, Zy, or Z3.

Lemma 3.6. Suppose that the covering transformation group K is abelian metacyclic.
Then the covering graph X is isomorphic to one of K, ,—nKs with K = Zy, AT (14q,4)
with K = Zy, or ATp(1 + q,4) with K = 73, defined in Section 1.

Proof. Suppose that the covering transformation group K is isomorphic to Z,4 or Zg, then
by Corollary 1.2, we already know that the cover X is isomorphic to one of K, ,, — nK>y
with K & Zo, ATg(1 + q,4) with K = Z4, or ATp(1 + ¢,4) with K = Z2. Therefore, in
what follows let K be any abelian group of rank 2 but K 2 Zf,. Moreover, by Lemma 3.4
we may set K = (a) x (b), where |a| = s2¢, |b| = 2 and s € {1,2,4}, and if £/ = 1 then
s # 1.

Let K; = (a?,b?). Then K; is a characteristic subgroup of K, and K/K; = Z3. As
before, by the group K; the projection X — K, is factorized as X — Y — K,,, where
Y is a cover of K,, with the covering transformation group Z3.

Now, we prove the lemma following the three possibilities for A = A/K, as one of the
3-transitive permutation groups listed in Proposition 2.4.

(1) Assume A = S; with the degree n = 4. By Corollary 1.2, we know that if K/K; =
ZoxZs, then Y 2 ATp(14q,4) and n = g+1, where ¢ = 1 (mod 4). This contradicts
n = 4. Hence this case is impossible: A cannot be S.

(2) As the second possible case, let A = ZJ* x GL(m,2) with m > 3 or A = Z3 x As.
By Lemmas 3.3 and 3.5, we know that C4(K) # K, and C4(K)/K cannot be
3-transitive on V(K,). Since A has the unique nontrivial normal subgroup Z3*,
we have C4(K)/K = Z3'. Hence, A/(Ca(K)/K) is isomorphic to GL(m,2) or
to A7, which are both simple. On the other hand, A/(Ca(K)/K) = A/Ca(K), and
A/C4(K) is isomorphic to a subgroup of Aut K. This forces that Aut K contains a
nonabelian simple subgroup, which is also impossible by Lemma 3.1.

(3) Finally suppose that A is an almost simple group. Then C4(K)/K contains the socle
of A. By Lemmas 3.3 and 3.5 again, we know that C4(K) # K, and C4(K)/K cannot
be 3-transitive on V (K, ). Hence, the only possibility is that soc A = PSL(2, ¢) acting
on the projective line PG(1,q) = {00,0,1,...,¢— 1} and PSL(2,q) < C4(K)/K <
PI'L(2, q). Hence every element of PSL(2, ¢) has a lifting in C'4 (K). Now, let n = 14¢
and identify V(Ki4,) with PG(1, ¢). Choose a star having the base vertex co as a
spanning tree T of K44, and assume fo, , = 1 for any € GF(qg), as a T-reduced
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voltage assignment. Now, we discuss the two subcases related to the congruence class

of ¢ modulo 4 separately.

(3.1) Assume ¢ = 3 (mod 4). In this case, PSL(2,¢) has two orbits acting on the
ordered triples of V(K144). By Proposition 2.5, for any three distinct vertices
x,y,z in V(Ki144), two ordered triples (x,y, z) and (z, z,y) belong to distinct
orbits of PSL(2,¢q). Hence PSL(2,q) is transitive on the unordered triples of
V(K144¢). By considering all the triangles W of the form (00,4, j,00), one can
see from Proposition 2.2 that fyr = f;j = w or w™! for any cotree arc (i, j)
and a fixed w € K. This forces that K is cyclic, contradicting our hypothesis.

(3.2) Assume that ¢ = 1 (mod 4). As in (3.1), PSL(2, ¢) has two orbits acting on
the ordered triples of V' (K144). But by Proposition 2.5, for any three distinct
vertices x,y, z in V(K144), the triples (z, y, z) and (z, 2, y) are in the same orbit
of PSL(2, ¢). This forces that every voltage on cotree arcs is an involution and
so K & Zy or 73, contradicting our hypothesis, too. O

3.8. K s nonabelian

In this subsection, we assume that K is a nonabelian metacyclic group with a presen-
tation

K= <a,b } al=1, 0" =dal, b lab= ar>,

where t(r — 1) =0 (mod d), r™ = 1 (mod d) and r Z 1 (mod d). Since K is nonabelian,
we have d > 3.

Under the notation given in the beginning of Section 3, the next two lemmas state
some properties of the covering transformation group K.

Lemma 3.7. Let the covering graph X be ATg(1+q,4) or ATp(1+q,4) with the respective
covering transformation group K = Z4 or 73 respectively. Then K contains at least one
central involution of Aut(X).

Proof. Recall that the base graph Ky, of the covering graph X has the vertex set
which is identified with the projective line PG(1, q), and Aut(X)/K = PI'L(2,q) is the
automorphism group of PG(1, ¢), see Corollary 1.2. First, consider X = ATo(1 + ¢,4)
with the cyclic group K & Zg4, say K = (a). Then a? is a (unique) involution in K, and
one can see that a? belongs to the center of Aut(X) by noting K <1 Aut(X).

Next, let X = ATp(1 + q,4) with K = Z3. Set A; = Aut(X). Take a subgroup
T of Ay such that K < T < A; and T/K = PSL(2,q). By Proposition 2.3, we get
(A1/K)/(Ca,(K)/K) = A1/C4,(K) S Aut(K) = Ss. Since the symmetric group Ss is
solvable, one may get T/K < Cyu,(K)/K, that is, T < Cy,(K). Let 7 be the automor-
phism of PSL(2, ¢) induced by the field automorphism j +— j? of order £ in Aut(GF(q)),
where ¢ = p’, and let z € PGL(2, q¢) \ PSL(2, ¢) be any element. Then, by using the facts
PI'L(2,q) = PGL(2,q) x (1) and PGL(2,q)/ PSL(2, q) = Z2, one can see that



64 W. Xu et al. / Journal of Combinatorial Theory, Series B 111 (2015) 5474

AT = (A/K)/(T/K) = PI'L(2,q)/ PSL(2,q) = (2 PSL(2, ), 7 PSL(2,q)) = Z5 x Zi.

Considering the conjugacy action of A; on the set of three involutions of K = Z2, one can
see that A1 /Ca, (K) < Ss. On the other hand, A;1/Cy, (K) = (A1/T)/(Ca,(K)/T) is a
quotient of an abelian group Zs x Zg, and hence A;/C4, (K) is isomorphic to 1, Zs or Zs
with 3 | £. By Lemma 3.5, we know that C4, (K)/K cannot be 3-transitive on V(Ki44).
Since (T'/K, z) = PGL(2, q) is 3-transitive on V (K4), every lift 2’ of the automorphism
z cannot be contained in Cy, (K), which implies that Zo = (2'Ca, (K)) < A1/Ca, (K),
and thus A;/Ca, (K) = Zs. Therefore, A; should fix an involution, which is then a
central involution of 4; = Aut(ATp(1+¢,4)). O

Lemma 3.8. If K is nonabelian, then one of the following two cases occurs:

(1) K contains a cyclic subgroup N of index 2 such that N < A;
(2) K ={a,b|a?=0b*=1, a® = a"), where d is odd, r* =1 (mod d), r> Z 1 (mod d)
and (d,r —1) =1.

Proof. Note that K’ = (a"~!) is a nontrivial characteristic subgroup of K and so it is
normal in A. Define a quotient graph Z of X induced by K’ such that V(Z) is the set
of K'-orbits on V(X), and two K’-orbits are adjacent if there exist some edges between
these two K’-orbits in X. Then Z is a connected cover of the complete graph K,,, whose
covering transformation group is an abelian metacyclic group K/K’, and one of whose
fibre-preserving automorphism subgroup A/K’ acts 2-arc-transitively. By Lemma 3.6,
we know that K /K’ is isomorphic to one of Zy, Z4 or Z3. If K/K' = Z,, then we get
case (1) of the lemma by taking N = K’. Hence, in what follows, we deal with other two
cases.

Case i: K/K' =2 7y X Zs.

Suppose K/K' & Zy x Zy. Then K’ = (a"~!) = (a?), which implies that (d,r —1) = 2
and m = 2. Since 72 = 1 (mod d) and t(r — 1) = 0 (mod d), one may get r + 1 =
0 (mod d/2), and ¢t is either 0 or d/2, which forces that |b| = 2 or 4. In what follows, we
divide our proof into two subcases according to whether d > 4 or d = 4.

(a) d > 4: Let a’b’ be an arbitrary element in K \ (a), where 0 <i < d—1and j € {1,3}.
Since (r41) | (r7 +1), we have d | 2(r7 + 1) and then (a’b/)* = 2" +Di = 1, which
means |a’d’| < 4. Therefore, (a) is the unique cyclic subgroup of order d, noting
d > 4, which should be characteristic in K and so normal in A. Hence we get
case (1) of the lemma.

(b) d = 4: Noting that in this case, 7+ 1 = 0 (mod 2), and K is nonabelian, we get that
r = —1, from which either K = Dg, a dihedral group, or QJg, the quaternion group.
The conclusion is clearly true for K = Dg.
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Now suppose that K = @)g. Then let us consider the quotient graph Z induced by
K’ defined above. Then Z is a connected cover of K,,, with the covering transformation
group K/K' = Zs X Zs, and one of whose fibre-preserving automorphism subgroup A/ K’
acts 2-arc-transitively. Therefore, by Corollary 1.2, Z = ATp(1 + ¢,4). By Lemma 3.7,
K /K’ contains a central involution of A/K’, in other words, K contains a cyclic subgroup
N of order 4 such that N < A, that is case (1) of the lemma.

Case ii: K/K' = Zy.
In this case, we have that either K’ = (a?) or K’ = (a).
(a) K’ = (a?): It is easy to get that
(d,r—1)=2, t=d/2 or 0.

As K/K' = (aK',bK') & Z4, it should be that ¥>K’ = aK’, which forces that
m = 2, t is odd, and then t = d/2 is odd, while d > 4. From 72 = 1 (mod d) and
(d,7 —1) = 2, we get that 7 = —1, that is, a® = a~'. It is easy to see that the order
of any element in K \ (a) is 4. Hence, (a) is the unique cyclic subgroup of order d,
which is normal in A, again.

(b) K’ = (a): Tt is easy to get that K’ = (a), and

m =4, (d,r —1) = (d,7) =1, t=0, dl(r+1)(r*+1).
Hence, K = (a,b| a® =b* =1, a® = a"), where |K| = 4d and d is odd.
If r2 = 1 (mod d), then {(ab?) is the unique subgroup of order 2d, which is normal in
A again.

Suppose that 2 # 1 (mod d). Then (d,7?+1) # 1. Now for j = 1,3 and 0 < i < d—1,
we have

(aibj)4 _ air;fj—'jjll — 1’ (aibz)Q _ ai(lJﬂ,g)'

Then |a’b/| < 4 for j = 1,3, and |a’b?| < 2d, in other words, there exists no cyclic
subgroup N of K of index 2. Now we are exactly in case (2) of the lemma. 0O

By Lemma 3.8, we divide the proof into two subsections.

3.83.1. Case (1) of Lemma 3.8

Lemma 3.9. Suppose that there exists a cyclic subgroup N of K of index 2 such that
N<A. Then X is the cyclic reqular cover of Ky, , —nKs with the covering transformation
group N, whose fibre (N-orbits) preserving automorphism group acts 2-arc-transitively.
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Proof. Suppose that there exists a cyclic subgroup N of K of index 2 such that N < A.
Then Z; = K/N < A/N, and the quotient graph induced by N is a regular cover
of K,, with the covering transformation group K/N = Z,. By Corollary 1.2, we get
X =2 K, , —nKy, and X is a regular cover of K, , — nKs, with the cyclic covering
transformation group N. Clearly, as a cover of K, , —nKo, the fibre (N-orbits) preserving
automorphism group of X acts 2-arc-transitively. 0O

In [22], all cyclic regular covers of K, , — nKjy have been classified when the fibre-
preserving automorphism groups act 2-arc-transitively. The main result of [22] is the
following:

Proposition 3.10. Let X be a connected regular cover of K, , — nKy (n > 4) with a
nontrivial cyclic covering transformation group Zq whose fibre-preserving automorphism
group acts 2-arc-transitively. Then one of the following holds:

(1) n =4 and X is isomorphic to the unique Zq-cover, where d = 2,3, 6;
(2) n=15 and X is isomorphic to the unique Zs-cover;
(3) n=q+1>5and X = K7{,, defined just below.

Definition 3.11. Graphs K%iq: For ¢ = p’ where p is an odd prime, let GF(q)* = (). Let
Y = K14¢1+¢ — (1+¢) K2, whose vertex set is two copies of the projective line PG(1, ¢),
where the missing matching consists of all pairs [¢,4'], ¢ € PG(1,q). For any d | ¢ — 1 and
d > 2, define a voltage graph K¢, =Y x; N, where N = (a) = Zq and

foori = foojr =1 fori,j # oo; fijo=a" ifj—i=0"fori,j# .

Actually, the graph K fiq was first defined in [4], which gave a classification of 2-arc-
transitive Cayley graphs on dihedral groups.

In what follows, we continue our proof according to n = 4, n = 5 and n > 5. We
already know the voltage assignment of X as a cover of K, , — nKp, and now all we
should do is to find the voltage assignment of X as a cover of K,,. Suppose that n =4
and d = 2. Then K is an abelian group of order 4 and thus X = AT (4,4), as discussed
in the abelian Section 3.2. Hence, here we just let d = 3 or 6 when n = 4, and d = 3
when n = 5.

Lemma 3.12. Suppose that n =4. Then X is isomorphic to ATp(4,6) or ATo(4,12).

Proof. By Lemma 3.9, X is a regular cover of K, , — nK,, with the covering trans-
formation group N = Zg4, and the fibre preserving automorphism group A acts 2-arc-
transitively. Suppose that n = 4. Then by Proposition 3.10, the regular cyclic cover
of K44 — 4K, is isomorphic to the unique Zg4-cover, where d = 2,3,6. As mentioned
above, we only need to consider d = 3 and d = 6, separately. Equivalently, |K| = 6 and
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|| = 12. Since there exists a unique Zg4-cover of K44 — 4K> satisfying our condition
with d = 3 or 6, it suffices to define a 2d-fold cover of K, directly, which also satisfies
our condition and is a Zg4-cover of Ky 4 — 4K>.

Case 1: |[K| = 6.
Let N = (a) 2 Z3 and K = (a,b) = Dg. Let A = K x Sy, where
[A4, K] =1, [S4,0] =1, a*=a"!
for any s € Sy \ A4. Moreover, in Sy set
dy = (12)(34), dy = (14)(23), ds = (13)(24).

Set H = ((123)a, (12)) = S5 and D = Hd;bH. We shall prove that the coset graph
X' := X(A; H,D) is a connected regular cover of K, with the covering transformation
group K, whose fibre preserving automorphism group A acts 2-arc-transitively. With
this conclusion, X’ is clearly a connected regular cover of K, 4 — 4K, with the cover-
ing transformation group N = Zj3, whose fibre preserving automorphism group A acts
2-arc-transitively.

In fact, as (d1b)? = 1, we get D~! = D, that is, X’ is undirected. Since (Hdb)t =
Hdb, it follows that the length of the orbit of H containing the vertex Hdb is 3, which
means that X’ is of valency 3. To show that X’ is connected, we need to prove A = (D).

Now (D) = (H,dib) = ((123)a, (12),db). From (d1b)(1?») = dyba~' € (D) and
(daba=1)(123)a = daba € (D), we get (dib)(d2ba™') = dza™' € (D), which implies that
(dza=1')(dzba) = ab € (D), and then (d1b)(ab) = dia~t € (D). From ((123)a)h® =
(142)a=! € (D) and ((123)a)1® " = (142)a € (D), we get (142)a~1(142)a = (124)
(
(

m

D), which in turn implies a € (D), and then (123) € (D). Now, we have S, =
(124),(123),(12)) < (D), and then b € (D). Finally, we get A = (D), as desired.

Since the normal subgroup K of A has four orbits on V(X'), that is, {Hzk | k € K},
where z € {1,d;y,ds,ds} and the quotient graph is K4, the graph X’ is a cover of Kj.
Since A/K = S,, A acts 2-arc-transitively on X’. In what follows, we show that X’ =
AT (4, 6).

Since the neighbor of H corresponds to the double coset D = Hd1bH, we know that
H is adjacent to the following three points

{Hdlb, Hdlb(123)a, Hdlb(132)a_l} = {Hdlb, Hdgb(l_l, Hdgba}.
Hence, Hd; is adjacent to
{HdlbdhHdgbailthdgbadl} = {Hb, Hdgbail, Hdgba},

Hds is adjacent to
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{Hd bdy, Hdsba™"dy, Hdsbads } = { Hdsb, Hba™ ', Hdyba};
Hds is adjacent to

{Hd bd3, Hdsba™"d3, Hdsbads } = { Hdob, Hdyba™', Hba}.
Define 7: V(X') — V(ATp(4,6)) by the rule

T(HE) = (1, k), T(Hd1k) = (2,k),
T(Hdzk) = (4,k), T(Hdsk) = (3,k),

for k € K. It follows from the definition of the two graphs that 7 is an isomorphism from
the graph X’ to ATp(4,6).

Case 2: |K| = 12.

Let N = (a) 2 Zg and K = (a,b) = Q12. In GL(2,3), set

/11 /01 /10
=lo 1) Y7\ 21 0) “TNo 1) €

Let A = K GL(2,3) = K(SL(2,3) x (c}), where

Il
7N
|
O»—A
|
o
N——

KNGL(2,3) =e, [SL(2,3), K| =1, & = ce, a®=a"l.

Set H = (xa%,¢) = S3 and D = HybH. In what follows, we shall prove that the
coset graph X’ := X(A; H,D) is a connected regular cover of K, with the covering
transformation group K, whose fibre preserving group A acts 2-arc-transitively.

As (yb)? =1, we get D=1 = D, and then X’ is undirected. Since

Hybe = Hyc’b = Hyceb = Hcyfleyb = Hcyb = Hyb,

it follows that the length of the orbit of H containing the vertex Hyb is 3, which means
that X' is of valency 3. To show that X' is connected, we need to prove A = (D).
As (D) = (H,yb) = (xa?, c,yb), by computation we have

(waz)yb(xa2)2(xa2)yb = ze € (D), za*(ze)~! =a! € (D).

Thus, a,r,e € (D), and then z¥* = 2¥ € (D). Now SL(2,3) = (z,2Y) < (D), which
implies b € (D). Hence A = (D), as desired.

Similarly as in Case 1, the graph X’ is a cover of Ky and A acts 2-arc-transitively
on X'. In what follows, we show that X' = AT (4,12).



W. Xu et al. / Journal of Combinatorial Theory, Series B 111 (2015) 5474 69

Since the neighbor of H corresponds to the double coset D = HybH , we have that H
is adjacent to

{Hyb7 Hyzxba?, ny26a4}.
Hence, the neighbors of Hy, Hyx and Hyz? are respectively
{Hbe, Hyz*ba®, Hyzb}, {Hba™", Hyba®, Hyzb}, {Hba, Hyzba®, Hyb}.
Define n: V(X') — V(AT (4,12)) by the rule

U(Hk) = (lvk)7 U(Hyk) = (Q,k'),
n(Hyzk) = (3,k),  n(Hyz’k) = (4,k),

for k € K. It follows from the definition of the two graphs that 7 is an isomorphism from
the graph X’ to AT(4,12). O

Lemma 3.13. Suppose that n = 5. Then X is isomorphic to ATp(5,6).

Proof. Similarly as in Lemma 3.12; we define a 6-fold cover of K5 directly, which satisfies
our condition and is a Zg-cover of K55 — 5Ks.

Let K = {(a,b) = Dg, where a® =b> =1, a® = a7 . Let A = K x As. Moreover, in As
set

di = (12)(34),  do = (13)(24),  ds=(15)(24),  ds = (234).

Suppose that H = (dy,ds) % (dsa) and D = HdsbH. Next, we shall prove that the
coset graph X’ := X(A; H,D) is a connected regular cover of K5 with the covering
transformation group K, whose fibre preserving group A acts 2-arc-transitively.

Since (d3b)? = 1, we get D~! = D, which means that X’ is undirected. Furthermore,
we have

Hdsbdsa = Hdsbdga(dsb)~"dsb = Hbabd®dsb = Ha™'d; *dsb = Hdsb,

that is, the length of the orbit containing the vertex Hdsb is 4. Thus, X’ is of valency 4.
Now, we show that X' is connected, which is equivalent to show A = (D).

As (D) = (H,d3b) = (dy,ds,dya,dsb), by computation, we have the following equa-
tions:

dsb(dsa)® = (15324)ba, ((15324)ba)” = (13452),  (dsb)*%52) = (15)(23)b,
dsb(15)(23)b = (243),  (243)dya=a,  d¥* = (23)(45).
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Since As = ((23)(45), (12)(34), (234)), it follows that A5 < (D), and thus K < (D).
Hence A = (D), as desired.

Since the normal subgroup K of A has five orbits on V(X’), that is, {Hzk | k € K},
where x € {1,ds,dsdy,dsds, dsd1ds}, and the quotient graph is K5, the graph X' is a
cover of K. Since A/K = A5, A acts 2-arc-transitively on X’. In what follows, we show
that X' = ATp(5,6).

Since the neighbor of H corresponds to the double coset D = Hd3bH, we know that
H is adjacent to the following four points

{Hdsb, Hd3d1b, Hd3dob, Hdsdd2b}.
Hence, Hds is adjacent to
{Hb, Hd3dyab, Hdsdab, Hdzdyd2ba};
Hdsd; is adjacent to
{Hb, Hdsab, Hdzdaba, Hdsd;db};
Hdsds is adjacent to
{Hb, Hd3b, Hdsd ba, Hd3d dzab};
Hdsdids is adjacent to
{Hb, Hdsba, Hd3d1b, Hd3zd2ab}.
Define ¢: V(X') — V(ATp(5,6)) by the rule

T(HEk) = (5,k), T(Hdsk) = (1, k),
T(Hdgdlk) = (2, ), T(Hdgdgk) = (3,]’;),
T(Hd3d1d2]€) = (4, k),

for k € K. It follows from the definition of the two graphs that ¢ is an isomorphism from
the graph X’ to ATp(5,6). O

Lemma 3.14. Suppose that n > 5. Then X is isomorphic to ATo(1+ ¢,2d) or ATp(1+
q,2d), where d > 3.

Proof. By Lemma 3.9, X is a regular cover of K, ,,, — nK> with the covering transfor-
mation group N = Zg4, and X = K 125qu7 defined in Definition 3.11. It has been proved
in [22, Theorem 2.9] that for this cover, PI'L(2,q) x (o) lifts, where o is an involution
exchanging 7 and i’ for any ¢ € PG(1,q). It is shown in [22] that all the covers such
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that one of the minimal 3-transitive subgroups of PI'L(2, q) x (o) lifts is all isomorphic
to Kﬁq. Therefore, we may pick up a fibre-preserving subgroup A which is a lift of
PGL(2,q) x (o).

Let L be a lift of PSL(2, ¢). According to the proof in [22, Subsection 3.2], we need to
deal with the following two cases:

LﬂN:Z%whered\q—landdT%;and

LNN =1, where d | 45+ and d > 2.

(i) LNN =Zs, whered | q—1 anddj(%:

In this case, L = SL(2, ¢) and we shall identify L with SL(2,¢). In GL(2, q), set
(-1 0 (L (00
Lo -1)0 "“\o 1) “T\o 1)
(0 0 (01
o et) YT -1 0)

where ¢ = 7! and i € GF(q). Let Q = (t; | i € GF(q)) ¥ Z! < L. Let N = (a) = Z,.
Define the group

A= ((LN)(2))(b),
with defining relations:

la| = d, [t,a] =1, 2% = ca, 7 =1*, a® = a,

for any t € L. Set K = (a,b). Then Qo = K < A. Set H = @Q x (z) and D = HybH.
Then we get that the coset graph X := X(A; H,D) & Kﬁq has the vertex set

{Hk | k€ K}YU{Hyt;k |ic GF(q), ke K}
and the edge-set

{{Hk,Hyt;bk} | k € K, i € GF(q)}
U{{Hyt;k, Hyt;ba"k} | i,j € GF(q), j —i=0", ke K}.

Define a map n: V(X) — V(AT (1 + ¢,2d)) by the rule
Hk — (00, k), Hyt:k — (i,k),

for any k € K. Then n gives an isomorphism from X to ATg(1 + g, 2d).
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ii) LONN =1, where d | =t and d > 2:
2

In this case, we shall identify L with PSL(2,¢q). In PGL(2, q), set

(1 70 9 70 1
i=o 1) 7\ 21 0) YT\1 0)

where i € GF(q).

Let Q = (t; | i € Fy) @ Z! and Q < T be the lift of Q. Acting on PG(1,q), we have
PGL(2,q)s = Q % (yz), and the other points i € PG(1,q)\ {00} correspond to the coset
PGL(2, q)ooyti- Let N = (a) = Z4. Then define the group

A= (L x N){zb) = (PSL(2,q) x (2))(b),
with defining relations:

la| = d, [a,t] =1, 22 =aq, 7 =t", b =1,
th = t, a®=a"t! 2b =271
for any t € L. Set K = (a,b). Then Doy = K << A. Set H = Q x (yz~1) and D =

HybH. Then with exactly the same arguments as in (i), we get that the coset graph
X = X(A; H, D) is isomorphic to ATp(1 + ¢,2d). O

Remark 3.15. Note that for the case n = 4 we have K = Z4, and X = AT (4, 4) belongs
to case (i) of Lemma 3.14, that is, d = 2.

3.8.2. Case (2) of Lemma 3.8
Lemma 3.16. Case (2) of Lemma 3.8 cannot occur.
Proof. Suppose that
K:<a,b|ad:b4:1, ab:ar>,
where d is odd, r* = 1 (mod d), > # 1 (mod d) and (d,r — 1) = 1. Then it is easy to
check that Z(K) = 1.

Let T be a lift of PSL(2, ¢q), that is, T/K = PSL(2, q). By Proposition 2.3, T/Cr(K)
is isomorphic to a subgroup of Aut(K), which is solvable by Lemma 3.2. Tt follows
that Cp(K) # 1. Since Z(K) = 1, we have Cp(K) N K = 1. Then 1 # Cp(K) &
Cr(K)K/K < T/K, a nonabelian simple group, that is, T'= Cr(K) x K. Therefore,

T/K' = (Cr(K)K'/K') x (K/K') = PSL(2,q) X Z4. (1)
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As in Lemma 3.8, let Z be the quotient graph of X induced by K’. Then Z is the
regular Zg4-cover of K,,, with the covering transformation group K/K’ = Z4 such that
A/K' lifts. In particular, (T/K')/(K/K') = PSL(2, q) lifts. All such covers have been
determined: these are ATg(14¢,4), where ¢ = 3 (mod 4). From the proof of Lemma 3.14
and Remark 3.15 (for the case n = 4) we know that PGL(2, q) is lifted to

(SL(2,9)(2))(b), where K/K' = (b),

with the following defining relations

la] = d, [t,a] =1, 2% = ca, 7 =1t", a® = a, T2 =e,
tb =1, ab:afl, 2P =271t
In particular, PSL(2, ¢) is lifted to SL(2, ¢)(b), that is,

The contradiction between Eq. (1) and Eq. (2) shows that case (ii) of Lemma 3.8 is
impossible. 0O

Combining Lemmas 3.6, 3.12, 3.13, 3.14 and 3.16, we complete a proof of Theorem 1.1.
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