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Parametrix for the localization of the Bergman metric on
strictly pseudoconvex domains
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Abstract. We give the parameter version of a localization theorem for
the Bergman metric near the boundary points of strictly pseudoconvex
domains. The approximation theorem for square integrable holomorphic
functions on such domains in the spirit of Graham-Kerzman is proved in
the hereby paper, as well.
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1. Introduction. Let G C C" be a bounded domain. Let L?(G) denote the
Hilbert space of all square integrable holomorphic functions on G equipped
with the norm || - ||z2(¢) arising from the standard scalar product (f,g) :=
fG fgdL?". 1t is well known that the Bergman kernel of G restricted to the
diagonal may be represented as

fa(z) =sup{|f(2)* : f € L3(G) : | fllr2 (o) < 1}

The Levi form of the smooth strictly plurisubharmonic function log K¢,
denoted by Lg,, may be used to define the Bergman metric of G

Bo(zX) :=/La,(%X), z€G,X eCn
This latter function allows the following description
o)~ PG T € RO Wl LI =0} _ Mol X)
Ra(2) Ra(z)
for 2 € G, X = (X1,...,X,) € C", where fy(2) =7, g—jj(z)Xj.

The following localization result for the Bergman metric has been an-
nounced in [6, Theorem 19.3.6]:
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Theorem 1.1. Let G be a strictly pseudoconvex domain with C* boundary, and
let R > 0 be such that for any (o € OG the set GNB((o, R) is connected. Then,
for every e > 0 there exists a § € (0, R) such that

(1) Ma(zX) < Manp(go,r) (2 X) < (1+&)Ma(z; X)

(27 Ra(2) < Ranseo,r) (2) < (1+¢)Ra(2)

(3) (148 "Barscor) (2 X) < Ba(2X) < VI +eBarpco,r) (% X)
for all z € GNB((o,0), X € C". Additionally, R can be chosen so that § does
not depend on the boundary point (.

See also [1, Theorem 1] for another result of this type. We would like to give
a parameter version of this theorem, with uniform size of respective neighbor-
hoods of boundary points. In the beginning, let us settle the following:

Situation 1.2. Let (G¢)ier be a family of bounded strictly pseudoconvex do-
mains with C2-smooth boundaries, where T is a compact metric space with
associated metric d. Suppose we have a domain U CC C™ such that
(i) (JoG, ccu,
teT
(ii) for each t € T there exists a defining function r, € C?(U) for G; such
that its Levi form L£,, is positive on U x (C™ \ {0}),
(iii) for any € > 0 there exists a & > 0 such that for any s,¢ € T with d(s, t) <
there is ||ry — rsllc2y < €.

We will prove the following

Theorem 1.3. Let (Gy)ier be a family of strictly pseudoconver domains as in
Situation 1.2. Then there exists an R > 0 such that for anyt € T and (¢ € 0Gy
the set Gy N B((y, R) is connected, and for any such R, and any & > 0 there
exists a 0 € (0, R) such that for any t € T and {; € OG; we have

(1) Mg, (2 X) < Mg,np(c,,r) (2 X) < (1+¢)Mg, (2 X)

(2 Re,(2) < Rabie,r) (2) < (14 €)Ra, (2)

(3)  (149) 'Ba,npc.r) (2 X) < Bg, (2 X) < VI +Ba,amc,.r) (7 X)

for all z € Gy NB(¢,0), X € C™.

Remark 1. As we have indicated before, all the above estimates are known for
single C2-smooth strictly pseudoconvex domains G. The novelty of our result
is the fact that for the family of strictly pseudoconvex domains as in Situation
1.2, the respective neighbourhoods of boundary points may be chosen to be of
uniform size, independently of t € T and (; € 0Gy.

The main ingredient in the proof of Theorem 1.3 will be the following

Theorem 1.4. Let (Gy)ier be a family of strictly pseudoconver domains as in
Situation 1.2. Then there exists an R > 0 such that the set G, N B((;, R) is
connected for any t € T,(; € 0Gy, and for every such R there exists a p < R
with the property that for any € > 0 there exists an L = L(e, R) > 0 such that
for anyt € T, € 0Gy, fr € L2 (GiNB((t, R)), and any point w € Gy NB((t, p)
there exists an f; € L (Gy) such that
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(A) Df‘ft(w) = D fy(w) for |a] <1,
(B) ||Jit||L2(Gt) < L| felle2(cince, r))»
(C)  Wfe = fillzzamBicop)) < Ellfllzz(a.mBc.,R)-

Remark 2. For a fixed domain G = Gy,, Theorem 1.4 may be viewed as a
variant of Theorem 1 from [1]. In that result, one starts with a square integrable
holomorphic function defined on some small open set touching a fixed boundary
point that sticks out of G, and gets the approximation on some smaller subset
of G by functions from L?(G). Here, we start with L? functions on a small
subset of G touching G, and get the same type of approximation. Note that
our proof of Theorem 1.4 is essentially different than the proof of the mentioned
result (see Section 3 for the details).

Remark 3. In [10] we proved an analogous result for bounded holomorphic
functions, instead of square integrable holomorphic ones (sece also [4]). The
proof of the said assertion is based on stating and solving a certain family of
subtle @ problems on some deformations of the domains G, with estimates that
do not depend on t € T and (; € 0G;. The idea of the proof of Theorem 1.4
is similar, although here some estimations must be carried out more carefully.
The details are given in Section 3. The issue of the domain dependence for the
0 equation has been recently investigated in [3].

We think that our results might be useful in treating the issue of the sta-
bility of the boundary behaviour of derivatives of the Bergman kernel under
deformations of strictly pseudoconvex domains (in virtue of the papers [1] and
[2)).

In Section 2 we collect some preliminary facts about strictly pseudoconvex
domains. The proofs of Theorems 1.3 and 1.4 are given in Section 3.

2. Strictly pseudoconvex domains. A bounded domain G C C" is called strictly
pseudoconvez if there exist a neighborhood U of G and a defining function
r € C?(U,R) such that

(I) GNU ={z€ U :r(z) <0},

(I) (C"\G)NU ={z €U :r(z) > 0},

(ITI) Vr(z) # 0 for z € G, where Vr(z) := (%(2)7 e 38;; (z))7

and with the property that
L.(2;,X) > 0 for z € G and nonzero X € TS (0G),

where £, denotes the Levi form of r and T¢(9G) is the complex tangent space
to 0G at z.
It is known that U and r can be chosen to satisfy (I)—(III) and, additionally:

(IV) L,(%,X) > 0 for z € U and all nonzero X € C,
cf. [8]. It is well known that every boundary point of such G is a peak point with

respect to O(G)—the family of all functions holomorphic in a neighbourhood
of the closure of G, i.e., for any ¢ € OG there exists a function f € O(G) such
that f({) =1 and |f(z)| < 1 for z € G\ {¢C}. Actually, much more is known:

for example, in [9] we have proved the following
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Theorem 2.1. Let (Gy)ier be a family of strictly pseudoconvex domains as in
Situation 1.2. Then there exists an € > 0 such that for any m < € there exist
an 1o > 0 and positive constants dyi,ds such that for any t € T there exist a
domain Gy, containing Gy, and functions he(;¢) € O(@),C € 90G: fulfilling
the following conditions:

(a) he(¢;0) = 1,|he(55¢)] < 1 on Gy \ {¢} (in particular, hy(+;¢) is a peak

function for Gy at (),
(b) [1—=he(z0)| < dillz = €I, 2 € Ge NB(C, 72),
(¢) |he(z:Q) S d2 < 1,2 € Gy 2=l = m.

Remark 4. We would like to draw the reader’s attention to the fact that all
the constants &,79,d;,ds in Theorem 2.1 may be chosen independently of ¢,
which is of great importance in the proofs of Theorems 1.3 and 1.4.

3. The proofs. We begin with the proof of Theorem 1.4 on approximation of
L3 functions.

Proof of Theorem 1.4. The proof of Theorem 1.4 is similar to the proof of
Theorem 1.5 from [10]. Therefore, we here focus mainly on the part of it that
is new. e

Set ne < m1,dy,ds < 1,Gy, and hy(+;¢) for t € T, ¢ € G, according to Theorem
2.1, where n; is small enough to assure that the set G; NB((, R) is connected
for every t € T' and ¢ € 0Gy, where R := 27;. Replacing h; with % we may
assume that |hy(2;¢)| > 1,2 € Gy, ( € 0G,.

Let d3 € (da,1) and choose 0 < 1 < 2 such that for any t € T we have

B(¢;2n) C G, for all ¢ € 0G, as well as |he(z;C)| > ds whenever ¢ € 0G,; and
|z — |l < n (this is possible because of the uniform choice of d; in Theorem

2.1). Define p := min{Z, -

As in [10], we show that for any s € T we may choose points (7,...,(}. €
OG such that G, C U B((j, p), and with the property that for any j €
{1,..., N5} we can find strlctly pseudoconvex C? deformation G; of G near

¢ such that

Gy C G5 CGyNGY (G standing for the 7-hull of G),  (3.1)
G ﬁIB%( ,2p) CC G and dist(Gy ﬂIB%( ,2p),0G3) > >0, (3.2)
and
G5\ B((;,4p) = GF\ B(¢}, 4p), (33)
where the constant 3 does not depend on s. Moreover, by Hérmander’s 9 the-
ory, things may be settled so that there is a positive constant C' with the
property that for any s € T and any j € {1,..., Ns} the following estimate
holds: for any d-closed (0,1)-form « € L%OJ)(G‘;-) N C*(G3) there exists a
function
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vE LQ(GS) N C>=(G5) with Ov = a and such that ||v||L2(G sy < Olla| 2
cf. [5].

Fix now t =ty € T and (y € 0G;. Let f € L?(G: NB((, R)) and take a
point w € G¢ N B({o, p).

There exists a jo € {1,... Ny} such that ¢y € B((},,p). To simplify the
notation, let us assume without loss of generality that j, = 1.
Choosge ay € C>(C",0,1]) such that x =1 on B(¢o, 6%) and y = 0 outside
B(Co, =#*) and define a;y := (dx)f on G; N B((o, R) = G¢ N B(Co,2m1) and
ap := 0 on Gy \ B((o,2m). Note that in view of the fact that oy = 0 on
(G N B(Co, 2 S1)) U (G \ B(Co, 9ﬂ)), after trivial extension by zero, it can be
treated as a 8 closed (0, 1)-form of class C**NL? on GY. Similarly, for k € N the
form a; = azp, == he(+;Co)Fay is of class C*° N L? on GY. Let us now consider
the equation

{0.1) Gv)a

ol = ay. (3.4)
There exists a solution v}, € C>(GY) N L?(GY) of the problem (3.4) such
that

H%HL2 aty < Cllai] gz

(, 1)G17

with, as mentioned above, C' independent of ¢ € T" and of the choice of (y.
Further, we have

vkllz264) < Cllatlce

{01 (CG1)

=c / e PR Y| e

G (B(Co, 2 )\B(Co, 211 ))

< Cd5||fllr2(GurBco, R))»

where the constant C depends only on 7; (in particular, it does not depend
on t).

Define the function fr := xf — he(+; (0) vk and observe it is holomorphic
on Gy. Consequently, the function hy(+; (o) ~¥v}, is holomorphic on G NB((o, 7).
Furthermore

dy
e (5 o) ~* 0kl L2 (at mBcomy) < C <d3> 1 fllz2(GnB(co,R))-

As in [10], observe that Gy N B(Co,p) CC GY N B(¢o,n) and, by (3.2), the
distance of the former set to the boundary of the latter one is bounded from
below by some positive constant, independent of ¢ and of the choice of (.

INote that if in Situation 1.2 we assumed all the domains are of class C* and vary in C*-
topology on domains, the existence of such C' would follow also from [7, Theorem 1.2.1] and
remarks following it, together with the compactness of T'. Eventually, if things were of class
C3, one could use [11, Theorem VII. 5.6 and Corollary VIIL.5.9].
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We therefore have

i = Fllz2GimBicomy) < Ihe(5¢0) 0l L2 et rmico.n))

~ (dy\"
<C (d) 1l 22(GomB(co,R))-
3

Also,

e = Fllaimsico.p) < Clihe(::¢0) il L2 (Gtrmico.n)

o~ (dy\F
<CC (di,) I fllL2 (G, nB(co.R)) 5

where the positive constant C does not depend on t and (p, in virtue of the
Bergman inequality and the choice of 3.

Similarly, if we take £ > 0 so small that (G; NB(¢p, p))")—the s-hull of G; N
B(¢o, p)—stays compactly in GY NB((y,n) with the distance to the boundary
independent of ¢ and (p, using the Cauchy inequality, we get the estimate

0

ofi _ 0f 9
aZj

8zj 8,2]'

(he(+5¢o) " op)

GNB(Co,p) ‘ G¢NB(Co,p)

< O'1he(560) ™okl Gummgoonr < C” e 60) ™ okl 2 Gt m(com)
k
~ (d
<c'C (dz) £l 22(Gnmico.m)

where the positive constants C”, Q’ " 'may be chosen independently of ¢ and (.
Fix € > 0. Define f;, € O(Gy) by fix(2) := fx(2) + p(2), where

) = ) = )+ 3 (G0 - G )] 5 - )

It can be easily checked that fi,(w) = f(w), as well as g—’:’;(w) = g—i(w).

Furthermore,

Ifk = Fllezimson) < 1k = Fllza@nsico.) + VL) f(w) — fr(w)]

) B)
+\/£2"(U)diamU; a,;fj(w) - GZ(M)‘

- . do\ *
< C(+/L2(U)(C + diamUC")) (di) Il fllz2(c.nB(co,R))

< el fllz2(imB(co,R))»
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provided that k = ko is large enough (observe it depends only on ¢ and 7).
Define f := fi,. We estimate:

1112 < Wfrollzza + \/»’52" (@IS (w) = fiy (w)]

_ Ofk
2n 0
£ 8,2] 0%z (w)
< | fllz2einmico,r)) + ||ht(-‘Co) M vkollz2 ) + VLU f (w) = fro(w)]
_ Ofk
2n 0
+vL dlamUZ 8z] oz (w)’

< (14 C(2d2)* + €)|\f||L2(GmIBa(co,R)) =: L|| fll 2(c,nB(co, R))»

which concludes the proof of Theorem 1.4. O

Let us pass to the proof of the localization result for the Bergman metric.
Tt is based on a similar idea as the proof of Satz 11 from [1]. We are able to get,
however, more information about the respective neighbourhoods of boundary
points for the localization, and the independence of their size of the parameter
t.

Proof of Theorem 1.3. Let R as in Theorem 1.4. Observe that the first in-
equalities in (1) and (2) are obvious. Also, (3) is an easy consequence of (1)
and (2). We shall first prove the second inequality in (2). Set € > 0 and &’ >0
such that (14 2¢')?2 <1+ 5. Fix ¢t and {, € 0G. Let f € L} (G, NB({o, R))
be such that || f||z2(q,nB(co,r)) < 1 and let z € Gy N B((o, p). From Theorem
1.4 it follows that there exists an f € L2(G,) such that f(z) = f(z) as well
as ||f||L2(Gt) < Land ||f — Fllz2(cinB(co.p)) < €', and the constant L depends
only on ¢’ and R.

Fix a 8" < p and let hy(;¢p) be a function given by Theorem 2.1 with

= ¢’ and unrestricted other parameters. Take 1 > v > 0 such that vL < &’
and small enough to ensure the inequality 1+ 2 < (1—+)2. Also, because of the
choice of #’ and in virtue of Theorem 2.1, there exists a k € N, independent of
t, Co, and hy(+; (o), such that |he(+;Co)*| < v on Gy \B(Co, #'). Finally, by (b) in
Theorem 2.1, we may choose a 6 < 8’ independent of ¢, {y, and h¢(-; (p), such
that |he(+; ¢ ) | > 1=~ on Gy NB(Go, b).
Consider the function f := he(+;Co)* f. We have

1F1lz2 (@) = IRe (5 60)* Fllzccy < he(€0)* Fllzzanmicnon)
1R (560)* Fll 2 (Gummco.0)
<~L+ Hf“Lz(Gtﬁ]B(Coﬁ')) <yL+¢e +1<1+42¢.

Furthermore, if from the beginning we have had z € G; N B((p, ), then

(@) = 1he(z: Q) (1£(2)] = [ha(z5 )1 £ (2)] = (1= I f(2)].
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This implies that for z € Gy N B({p, ) the following estimates hold
f)F A=)
R > >
a(2) 2 1+2e)2 = (1+20)2
and consequently, because of the arbitrariness of f,
1+ 2¢')?
> T2 6 (2) 2 S ()

This establishes (2). For the proof of (1) we only need to notice that if
f in the proof of (2) were chosen so that f(z) = 0, then f(z) = 0, for z €
G NB(Co,0). Then for such z and any X € C", we have

@) 150" Ny (] (e 60)* ) (2)]

(1+¢e)Re.(2)

Me, (%, X) >

T 1+2 1+ 2¢ 1+ 2¢
o =G
- 142 7
which yields
142

(1+¢e)Mg, (2 X) >

Mg, (2, X) > Mg,np(co,r) (2 X),

and this concludes the proof of Theorem 1.3. g
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