ANNALES
POLONICI MATHEMATICI

Online First version

Existence results for Isaacs equations with local conditions
and related semilinear Cauchy problems

DARIUSZ ZAawiszA (Krakow)

Abstract. Our goal is to prove existence results for classical solutions to some general
nondegenerate Cauchy problems which are natural generalizations of Isaacs equations. For
the latter we are able to extend our results by admitting local conditions for coefficients.
Such equations appear naturally for instance in robust control theory. Using our general
results, we can solve not only Isaacs equations, but also equations for other sophisticated
control problems, for instance models with state dependent constraints on the control set.

1. Introduction. Our main concern here is to prove some general results
regarding classical solutions (u € C>'(RY x [0, 7)) NC(RY x [0,77])) to the
semilinear Cauchy problem of the type

(1.1) us + %Tr(a(m,t)D%u) + H(Dyu,u,x,t) =0, (x,t)€ RN x [0,T),
' u(z, T) = p(x), r € RV,

We use u; to denote the derivative with respect to ¢, D,u to denote the
gradient (ug,, ..., Uy ), and D2u is used to denote the matrix of the second
order derivatives.

Our motivation comes from the fact that equation can be used as
an excellent starting point to solve many control and dynamic game prob-
lems. However, in the existing literature it is usually hard to find sufficiently
general and easily verifiable results for classical solutions which can be di-
rectly applied to the HJB theory. For instance, equation is a natural
generalization of the following Isaacs type equation:
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(1.2)  w + 2 Tr(a(z,t)D2u)
i ) t 6 DJS h 9 t, 5, 9 t) 6; = Y
+ gleaf)c%l;l@(w, ;6,1 Dy + h(z,t,6,mu+ f(x,t,8,1)) =0
(z,t) € RY x [O7T)’

with the terminal condition u(x,T) = 0, where D C R¥ and I' C R! are
fixed compact sets. In stochastic control context, the existence of a classical
solution is often crucial to determine the optimal control/saddle point and
helpful to establish a convergence rate for numerical methods. To explore
this topic more, it is worth to read Dupuis and James [§].

Equation is very popular in stochastic game theory and has gained a
lot of attention recently in robust stochastic optimal control, where it is used
to solve optimization problems with model ambiguity (or model misspecifi-
cation). For financial aspects of model ambiguity see for example Hernandez-
Hernandez and Schied [16], Schied [27], Tevzadze et al. 28], Zawisza [33] and
references therein. For a discussion concerning robust control in environmen-
tal economics see Xepapadeas [30], Jasso-Fuentes and Lopez—Barrientos [19]
or Lopez-Barrientos et al. [18]. In fact they formulate problems in the infinite
time horizon setting, but there is no problem in rewriting it in the fixed time
framework. The last-mentioned work provides general existence results for
classical solutions to the associated elliptic Isaacs equations.

Moreover, equation can also be used as the first step in solving
ergodic control problems: for the risk sensitive optimization see Fleming and
McEneaney [9)], and Zawisza [31] for the consumption-investment problem.

Equation can be used not only to solve Isaacs equations, but also to
other non-standard control problems. In finance, it can be applied to solve
recursive utility problems, for example those considered by Kraft et al. [17].
We focus on stochastic control problems with state dependent bounds for
the control set. At the end of the second section we present some particular
optimal dividend problem linked to this issue.

Apart from stochastic control applications, our paper has some useful
applications in other fields. First of all, for the last few decades, many
researchers have investigated the theory of parabolic equations with un-
bounded coefficients. For recent contributions in this field see Kunze et
al. [21], Angiuli and Lunardi [3] and the survey paper of Lorenzi [24]. Our
Theorem provides some new existence results in this area.

In addition, our work might be helpful in proving the existence results
for forward-backward stochastic systems. The detailed analysis is contained
in Ma and Yong [25, Chapter 4]. The link between backward equations and
quasilinear equations is mutual, i.e. some results concerning existence theo-
rems for partial differential equations can be proved by applying backward
stochastic equations. One of the most general results concerning existence of
solutions to equations and can be deduced from the W?! theo-



Ezistence results for Isaacs equations 3

rem proved by BSDE methods in Delarue and Guatteri [7]. Their results are
strong enough to cover as well our existence results under our Assumption [I]
(Theorem . However, the importance of our proof lies in the fact that
we use the fixed point method with respect to a norm, which ensures that
the solution can be uniformly approximated by solutions to linear equations
and guarantees relatively fast convergence together with the first derivative.

During the peer revision process we have also discovered that the same
set of conditions (Assumption 1) is largely covered by the recent result of
Addona et al. |2 Theorem 3.6 proved by exploiting the fixed point approach.
However, those authors use a slightly different technique which operates on
a solution defined on the small time interval (T — §,7] and they have not
proved global uniform convergence to the fixed point. Moreover, they assume
C'*e regularity in the space variable for the second order coefficient a.

There are of course some other related works. Kruzhkov and Oleinik’s [20]
and Friedman’s [I5] results work for many Isaacs equations but with trivial
second order term (a = I). Rubio [26] considered only stochastic control
formulation which is not directly applicable to the max-min framework and
other semilinear equations mentioned in this paper. In addition, our last re-
sult (Theorem is strong enough to extend Rubio’s [26] results to the case
when the functions f and g satisfy the exponential growth condition and the
function h has linear growth. Ma and Yong’s theorem [25, Chapter 4| holds
under smoothness conditions which are not precisely indicated. In addition,
it is worth mentioning that standard stochastic control books such as Flem-
ing and Rishel [I0] and Fleming and Soner [II] provide general results, but
they are not sufficient for many applications. We should also mention here
the work of Addona [I] where some existence results concerning so called
mild solutions to equation are considered, and Fleming and Sougani-
dis [12] where the value function of a suitable game is proved to be a viscosity
solution to under a global Lipschitz condition for coefficients.

Our paper is structured as follows. First, we prove an existence result
under conditions which allow us to apply the approach based on the fun-
damental solution and fixed point arguments. The fixed point approach can
be useful in obtaining numerical solutions to our equation. Further, we ex-
tend it to allow some local conditions by making some approximations and
transforming the equation into a form which enables us to use a stochastic
representation. Such type of approximation was used earlier by Zawisza [32]
to prove an existence result for some infinite horizon control problems. At the
end we focus on an explicit Isaacs equation for a stochastic game formulation.

2. General results. We start by proving an existence theorem under
the conditions listed in Assumption [I} Further, we will apply it to prove a
suitable result under the conditions given in Assumption [2]
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ASSUMPTION 1.

(A1) The matrix a is of the form a = oo?, where the coefficients o; j(z,),
1,7 = 1,...,n, are uniformly bounded, Lipschitz continuous on com-
pact subsets in RY x [0, T], and Lipschitz continuous in  uniformly
with respect to ¢. In addition there exists a constant p > 0 such that
for any & € RV,

N
S ai(@, 068 > ple?,  (x,t) € RY x [0, 7).

,j=1

(A2) The function /3 is bounded and uniformly Lipschitz continuous.

(A3) The function H is Holder continuous on compact subsets of R2V+1 x
[0,T). Moreover, there exists K > 0 such that for all (p,u,z,t) and
(p, @, x,t) in RZN+L [0, 77,

o H(p,u,,0) < K1+ [ul + o)

Let C’; 0 stand for the space of all functions which are continuous, bounded
and have the first derivative with respect to x which is also continuous and
bounded. The space is equipped with the family of norms

(2.2) |lullx == sup e Ty (x, )|
(@,t) ERN x (0,

+ sup e~ T =D Dyu(x, t)).
(x,£)€RN x(0,T)

Note that C’b1 ¥ with each || - ||« is a Banach space. This norm was inspired
by the work of Becherer and Schweizer [4]. They use this definition of norm,
but without the gradient term. In their paper some semilinear equations
are solved, but their setting excludes nonlinearity in the gradient part. The
norm has also been used by Berdjane and Pergamenshchikov [5] to
solve semilinear equations in the consumption investment problem, but the
nonlinearity in their equation involves only the zero order term wu.

We consider first the linear equation

u + 3 Tr(a(z, t)D2u) + f(z,t) =0, (2,t) € RN x[0,7),
u(z,T) = p(x), r € RV,

It is well known (see Friedman [I3] Chapter 1, Theorem 12|) that under
(A1) and (A2), for f bounded and locally Holder continuous in x uniformly
with respect to ¢ on compact subsets of R™ x [0,7T), there exists a unique
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bounded classical solution given by

T
u(a,t) = \ BT (x,t,y, T)dy + | | T'(x,t,y,)f(y,s)dyds,
RN t RN

where I'(z,t,y, s) is the fundamental solution to the problem
I+ 1 Tr(a(z,t)DII) = 0.
Moreover,
(2.3) Sf(x,t,y,s)dyzl, forz e RN, 0<t<s<T,
RN

the functions I, I}, D,I", D2I" are continuous on the set of x,y € RN and
0 <t<s<T, and there exist ¢,C > 0 such that

C y —af?
|F($7t7y78) S(S_t)mexp<_6|s_t| )7
(2.4)

C y — x|
‘Dxp(.%',t,y,S)‘ S HWGXP<—C‘ ‘ >,

(see Friedman [14] Chapter 6, Theorem 4.5]). In fact Theorem 12 in Fried-
man [13] requires that f be Holder continuous in x uniformly with respect to
t € [0,T]. Nonetheless, for uniformity restricted to compact subsets of [0,7")
the result can be proved in the same way, because for ¢ < Ty < T we can
write

T
V| r@ty ) f(y.s)dyds
t RN
To T
=\ | Pty 9)f(y.s)dyds+ | | Ia,t.y,5)f(y.5) dyds.
t RN Ty BN

The first integral on the right hand side can be treated as in Friedman’s
proof. In the second one, there is no singularity and standard theorems about
differentiation under the integral sign can be applied.

We also consider the subspace C;;,? of all functions w such that:

(1) ue Gy’
(2) for any pair of compact sets B C RY and U C (0,7T) there exist L > 0
and 7 € (0,1] such that

|Dyu(z,t) — Dyu(z,t)| < Llz — 27, (z,t),(Z,t) € BxU.

Note that C; ’}? might not be closed in ||-||,; and therefore it is not generally
a Banach space. We can define the mapping
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(2.5) Tu(x,t):= S By (z,t,y,T)dy
- T
—l—S S H(Dyu(y,s),u(y,s),y,s)(z,t,y,s)dyds.
t RN

ProprosITION 2.1. Under Assumption the operator T maps C’;’}? into
C;’,? and there exists k > 0 such that T is a contraction with respect to || -||,.

Proof. Suppose that the function f is continuous, bounded and locally
Holder continuous in x uniformly with respect to t € U, for any compact set

U C (0,T). Set

T
U1 (112', t) = S B(y)F(x, LY, T) dy, UZ({B’ t) = S S F(x? LY, S)f(yv S) dyds.
RN t RN
Both functions are bounded and continuous. By the Feynman—Kac formula,
T
vi(2,t) = EpyB(X7),  va(a,t) = Eqy | f(X,,5) ds,
t
where dX; = o(X;)dW;, oo’ = a and E,: stands for the expected value
when the system starts at (z,t). Standard estimates for diffusion processes
(see Friedman [I4, Chapter 5, Lemma 3.3]) ensure that vi(x,t) is globally
Lipschitz continuous in z uniformly with respect to t. For vy we have
T
Dyvy(z,t) =\ | Dul'(x,t,y,5)f(y,s)dyds,
t RN
(see Friedman [13, Chapter 1, Theorem 3|). From (2.4) and

c M2 |z —y[? N
2. - —c——— |dy=1 t R
(2.6) S |:47T(S—t):| exp( R — > Y , s>t, zeRY,
RN

we get
T
C |z —y|?
(2.7) |va2(mat)’§8 S (S_t)WeXP<—C g f(y,s)|dyds
t RN
an N2 A Am | N/?
<C|— ds =2C | — T —t,
e e Y

where || f|| stands for the sup norm of f. For u € Cg’}? we can set f(x,t) =
H(Dyu(z,t),u(z,t), x,t). We already know that w := Tu is a classical solu-
tion to

wt—l—% Tr(a(x, t)D?Cw)—{—H(Dxu(w, t),u(x,t),xz,t) =0, (z,t)€ RY x (0,7,
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with the terminal condition w(z,T) = f(x). In particular Dyu is Lipschitz
continuous on compact subsets of RY x (0, 7). This fact together with in-
equality . ensures that the operator 7 maps C’ b i0tO Cb 5~ Lhe next
two estimates will show that T i 1s a contractlon for sufﬁ(nently large & > 0.

Using inequality -, property (2.3) and

HT) | T=5) g _ L gmnT -0 onlT-1) :
eI I ds = S IO — ) < 2
t " "
we get
e F =0\ Tz, 1) — To(z, t)|
T
< e_’i(T_t)KS S (|u(y, 3) — ’U(y’ $)| + |Dxu(y, 5) - Dzv(y, S)D
t RN

x I'(z,t,y,s)dyds

T

K

< e TR u— vl § § Doty 9)e Ty ds < = flu— vl
t RN "

In addition,

e T D (Tu(x, t) — To(z,t))]

T
<e " TR\ | [HDuly, s),uly, s),y,s) — HDzv(y, s),v(y, 5),y, 5)|
t RN

X |DyI(x,t,y,s)| dyds

T
< e TR | (luly, ) = v(y, 5)| + [Druly, s) = Dyv(y, s)))

RN
C ly —af
X(S_t)(]\f-‘rl)/QeXp<_c s _1¢ dyds
Once again, (2.6) implies that there exists M > 0 such that

T
¢ T Dy(Tu(e, t) — To(x,t)| < Me™||u— vl |
t

e*I{S

ds

s—t
_ T 2/3 , T 1/3
< Me"u—v|o(| (s —t)7¥*d e ds)
e u v (§ S 8) (§€ S)
We have

T 1/3
1/3 1 1
Kt —3ks _ Kt —3kt —3rT
e <§e ds) =e <%[e —e ]) < Ve

Therefore, there exists a constant L > 0, depending only on the time hori-
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zon T', such that

L
—k(T—t) D o — _
sup e o(Tu(z,t) — To(z,t))| < lu—v]x. =
(2,t)€RN x[0,T) | | VE
THEOREM 2.2. Under Assumption there exists a solution u€C*! (RN x
(0,7)) NC(RYN x (0,T)) to (1.1) which in addition is bounded together with
D, u.

Proof. As in the proof of the Banach Theorem, we can take any u; € C’; ’,?
and define u,11 = Tuy,, n € N. Because the operator 7 is a contraction in
norm, there exists § € (0,1) such that

[tn1 — unllx < 0"[Jug —wifls, neN.

Hence,
m
[tm — tnllx < Z‘;kHUQ_WHm m > mn,
k=n
which implies that u,, is a Cauchy sequence and consequently it is convergent
tou € C; Yin || ||« The norm convergence implies that the sequence Dy,

converges uniformly to some v € C(RY x [0,T)). In particular, v = D,u.
Moreover, u is a fixed point of 7.

To complete the reasoning it is sufficient to prove that u also belongs
to C’l}”}?. First note that w, is convergent in || - ||, (for x large enough).
Therefore, u,, and D,u, are bounded uniformly with respect to n. We can
now combine (E8), (E9) from Fleming and Rishel [10, Appendix E] to prove
a uniform bound on compact subsets for the Holder norm of D u,, i.e. for
all k € N there exist Ly > 0 and 7 € (0, 1] such that for all n € N,

|Dyun(z,t) — Dyun(z,t)| < Lile — z|7%,  (2,t),(Z,t) € Bk X [0k, tk],
where By = {z € RY | |z| < k} and {0} }reny and {t;}ren are sequences
converging to 0 and T respectively. Letting n — oo proves that D,u € C’b P

Now we describe the second set of conditions.

ASSUMPTION 2.

(B1) The matrix a;;(x,t) is Lipschitz continuous on compact subsets in
RN x [0, 7). In addition, there exists a constant p > 0 such that for
any £ € RV,

N
Z (z,0)6:&5 > plef?,  (x,t) € RY x [0,T].

(B2) The function H is Holder continuous on compact subsets of RZVF1 x

[0,T]. Moreover, there exist K > 0 and a set {K,,, > 0:m,n € N}
such that for all z,z,p,p € RV, u,u € R, and ¢ € [0, T],
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(2.8) |H(0,0,z,t)] < K,
(2.9) H(0,u,z,t) — H(0,u,x,t) < K(u —u) if u > a,
(2.10)  |H(p,u,z,t) — H(p,u,z,t)| < Kpplu —al if |ul, |a] <m, |z| <mn,
(2.11)  |H(0,u,z,t)| < Kpp if Ju| <m, |z| < n,
(2.12)  |H(p,u,z,t) — H(p,u,z,t)| < Kpplp — p| if |u| <m, |z| < n.
(B3) The function § is bounded and Lipschitz continuous on compact sub-
sets of RV,

THEOREM 2.3. Under Assumption[2], there exists a bounded solution u €

CH(RN x [0,7)) NC(RY x [0,T1]) to (LI).

Proof. Note that for € > 0 we can define a and H also for t € [—¢,T] by
the formula

a(z,t) = a(z,0),
H(p,u,z,t) := H(p,u,z,0), te[-¢,0), (p,u,z) e R¥N*L
Notice that H(pn,pN-1,---,D1,Uu,2,t) can be written as
(2.13)
H(pn,PN-1,---,P1,u, 2, 1) = Hi(pir s 2,t) = Hiil(pi_l’u’w’t)pi
—1 Di
H(0,u,z,t) — H(0,0,z,t)

+ " u+ H(0,0,z,t),

=

where H'(p;,u,x,t) := H(0,...,0,p;,...,p2,p1,u,,t). Consider now a new
Hamiltonian of the form

Hyo g (pu, @, 1) = &(2)60, (WE () H (p,u, 2,t),  kym,LEN,

where

1 if 2] < &,

& (z) :{Zw/k: if £ < |x| < 2k,
0 if |x| > 2k,
1 if |u| < m,

2 (u) = { 2 —|ul/m if m <|u| < 2m,
0 if |u| > 2m,
1 if [p| <1,

§p):=q 2=/l fl<|p| <2
0 if |u] > 21.

Notice that for a fixed compact set B C R2VF! x [—¢ T] there exists a
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collection of sufficiently large indices such that
Hk,m,l(puuax7t) :H(p,u,x,t), (paual"t) € B.

Moreover, for fixed k,m,l € N there exists L(k,m,l) > 0 such that for all
(p,u, z,t), (p,a,x,t) € R2NTL % [0, 7] we have

| Hy (9, 0,2, 8)] < L(k, L,m)(1+ [p| + [ul),

|Hk,m,l(pa U, LE, t) - Hk‘,m,l(ﬁa ﬂa Z, t)| S L(k7 la m)(|u - ﬂ| + |p - p|)
Therefore, Theorem can be applied for the Hamiltonian Hy, ,, ;. Suppose
that o is the unique positive definite square root of a. By Friedman [14]

Chapter 6, Lemma 1.1|, o is Lipschitz continuous on compact subsets of
RN x [0, T)]. Define
o(x,t) if |z| <k, T 1
or(x,t) == ay ‘= 00y, xT) = z)B(x).
k(2,t) {a(lm/]m\,t) il >k, T ROk Br(z) = & (z)B(z)
This implies that there exists a bounded solution uy,,,,; € C*1(RY x (—¢,T))
N CRY x (—¢&,T)) to
up + %Tr(ak(:v,t)Dgu) + Hy i (Dyu,u, z,t) =0, (x,t) € RN x (—¢,T),
u(, T) = Bi(x), zERY,
Our reasoning here is based on Arzela—Ascoli’s Lemma, so we need to prove
some bounds for derivatives of wy ;. Taking advantage of (2.13) we can

find Borel measurable functions by 1, hi,m, and fi g such that ug ,; is a
solution to

U + % Tr(ak(‘rv t)Danu) + bk,m,l(m7 t)Dmu + hk,m,l(xa t)’LL + fk,m,l(xa t) =0
with the terminal condition u(x,T) = B;(z). Namely, let
fk:,m,l(xa t) = Hk,mJ(Oa 07 €, t)a

. [H,@ (U (2, 1), u(x, t), z,t) — H,i_n}b J(ug, (2, 1), u(z, t), z,t)]
}cml(xvt) = — —
M Uy, (T, 1)
(if ug, (z,t) # 0 and 0 otherwise), and
[Hk m l(o’u(mvt)’zvt)fHk m l(O’O:x»t)}
i i t)#£0
M, (,t) 1= en 2,8 20,
0, u(z,t) =0

Conditions (2.8) and ([2.9) imply
himi(r,t) <K, |fema(z, )| < K,

for all k,m,l € N and (z,t) € RY x (—¢,T]. We can now use the standard
Feynman—Kac type theorem to obtain a stochastic representation of the form

T
uk,m,l (fL‘, t) — Em,t |:S es;ﬁs hk,m,l(Xlzl) dlfk7m7l (XS’ 5) dS + exf hk,m,l(Xlzl) dlﬁk(XT):| ,
t
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where dX; = by (X, t)dt + o (X, t)dWs, O'kO']Z; = ay,. The existence of a
strong solution to this stochastic differential equation was proved by Vereten-
nikov [29)]. Since the functions § and f, ,; are bounded, and hy, , ; is bounded
above, there exists m* > 0 independent of k and m such that

|k m (2, 1)) < m”.

This indicates that wy (z,t) := wg m= (2, t) is a solution to

ug + %Tr(ak(x,t)Dgu) + Hy (Dyu,u,z,t) =0, (x,t) € RN x (—e,T),
u(x7T) = B(JZ‘), T € RNa

where Hy (p, u,x,t) := £L(2)& (p) H (p, u, , ). Repeating the procedure de-
scribed above, we can find Borel measurable functions by, hy; and f;; such
that uy; is a solution to

w + 3 Tr(ag(z, t)D2u) + by (2, t) Dy + hyy (2, t)u + fry(z,t) =0
with the terminal condition u(x,T") = B (z). We have
hig(x,t) < K, |fe(z,t)| < K
and
(i (2, 0)] < Kpe i, (2,8) € Bp x [0, T].

We still need a bound which is independent of k,1. To apply Arzela—Ascoli’s
Lemma it is sufficient to prove such a bound for each set B, X [0y, ty],
where B, = {x € RY | |z| < n} and §,, and ¢, are sequences converging to
e and T respectively. To get the estimates, we first consider any function ¢
which satisfies the uniform Lipschitz condition with constant L > 0:

p(2) ()| < LIz~ 2, zzeR".
The Lipschitz condition implies linear growth:
lp(2)] < LIzl +1(0)], 2 € RY.

Next, we need to estimate [£}(2)p(2) — & ()¢ ( )| for 2,z € RNV, We can
assume that |z] < 2l or |z| < 2. Otherw1s 1E3(2)p(2) — & (2)p(2)| = 0.
Without loss of generality we can assume that |z]| < 2[. We have

16 (2)0(2) = & (2)0(2)] <16 (2)] lo(2) — ()] + ()] €7 (2) — € (2)]
< Llz = 2+ QUL + [p(0))|&} () — & (2)]

L+ l(2lL+|c,0( Wz -2, zzeRY.
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Therefore, using additionally (2.11]) and (2.12)), we get
‘H};’l (le (x,t),u(z,t),z, t) — H,ijl (uxi_l(x, t),u(z,t),x, t)‘

1
< |:l(2le*7n + |H(Oa u,l‘,t)D + Km*,n:| |U;pl(l',t)|

< E(QZK’"*’” b Koo n) + Kmn] e, (2,0, (@,8) € By x 0,7, k > n.
This implies that the coefficient by is uniformly bounded on B,, X [—d,, t,]
for sufficiently large [.

So far we have obtained uniform bounds for by, ;, hy 1, fr; on By X[—0p, ty].
To find bounds for uy, (uk)e, Dytky, D2uk,; and their Holder norms uni-
formly on every set By, x [0,t,], we make the following reasoning:

(1) We use Lieberman [13, Ths. 7.20, 7.22] to get uniform bounds for
LP(By, X [=6n,t,]) norms of ugy, (ug;)t, Dytgs, D2uy;. For a more
general and more readable result, see Crandall et al. [6, Theorem 9.1].

(2) We use Fleming and Rishel [10, Appendix E, E9| to get uniform bounds
for ug;, Dyuy, and their Hélder norms on By, X [—0y, ty].

(3) We use bounds for uy; and Dyu,; to ensure that for fixed n € N and
for sufficiently large k,[ we have

Hk,l (DxUkJ(l',t),’LLkJ(iU,t),.T,t) = H(D:Euk,l('xat)a Uk,l(x,t),l',t)

for (z,t) € By X [—dp, tn].

(4) We can use this fact to obtain a uniform bound on the Hélder norm on
By, X [=0p, ty] for the family Hy ;(Dyug (2, t), ug (2, t), z,t).

(5) We already know that uy; is a classical solution to the problem

ut—l—% Tr(ak(ac,t)D?Cu)—l—Hk’l(Dxuk,l,ukyl,:r,t) =0, (x,t) € BpX[—0n, tn).

(6) Now, it is sufficient to apply Fleming and Rishel [10, Appendix E, E10]
(which is in fact due to Ladyzhenskaya et al. [22] Chapter IV, Theorem
10.1]) to get uniform bounds for the remaining derivatives and their
Holder norms.

The bounds for the derivatives ensure that wug;, (ug;)e, Daugy, Dguk,l are
uniformly bounded, while the bounds for the Hélder norms ensure equicon-
tinuity of ug, (ugg)t Dytgg, D2ug; on By x [0,t,]. Thus, we can use the
Arzela—Ascoli Lemma on each set B,, X [0, t,,] to deduce that for each given se-
quence (kn,ln,n € N) there exists a subsequence (ky,,, ln,, pt € N) such that
the sequences (ug,  1,..# € N), ((tk,, 1., )t 0 € N), (Dauk,, 1,1 € N),
(D%uknwlnu, p € N) are uniformly convergent on By, x [0,t,]. By the stan-
dard diagonal argument, there exists a sequence (kp,,,ln,, € N) such that
(ug, 1. ,p € N) converges locally uniformly together with suitable deriva-

nyostng,

tives to a function u € C*H(RY x [0,7)).
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Now, we need only prove that u is continuous on the boundary R x {T'}.
Let us apply the Ito rule to the function uy; and the stochastic system
dX(k) = ok (X (k), t)dWs, and write

k.l
Em:tuk,l(XT/\Tk(x,t) (k)a T AT (.%', t)) - uk,l(xa t)
TAT(z,t)
FEML | [hia(Xa k), s)ua(Xa(k), 5) — fra(Xs(K), 5)] ds,
¢

where 7 (z,t) = inf{s > t | Xs(k)(x,t) ¢ B} for a sufficiently large closed
ball B. The symbol E];lt is used to denote the expected value under the
measure given by the Girsanov transform

dQ""! gkl TR (X (k) ,s) W= L 5RO o g 1 (X ()9 2 ds
dP z,t, T *

Note that the definition of 7 does not depend on k because there exists kg € N
such that for all £ > ky we have B C By, and consequently if k,1 > kg then
by Friedman [I4, Theorem 2.1, Section 5| we get P(7g(z,t) = 7(z,t)) =1
and P(SuP;<s<r, (z.0) | Xs(k) — Xs(1)| = 0) = 1. Therefore, we will further
omit the variable k£ in the notation for the process X and the stopping time
7(z,t). Until random time 7(x,t) the process X takes its values in B, and
the coefficients by, hi i, fr; are uniformly bounded on B x [0, T]. Take any
(z,t) € B x [0,T], and suppose that z € Int B and (z,t) € Int B x [0,T].
Then

‘uk,l(xat) _/B(j)’ S |E33 tZ tTukl(XT/\T(x t)s T/\T(H? t)) B(EN

TAT(z,t)

+EeiZr | [ha(X(k), )ura(Xs, 5) + fra(Xs, )| ds.
t

Furthermore,
’Ez tZ tTUkl(XT/\T(J: t)aT/\T(x t)) /B(i'”
<Eth tT|ukl(XT/\T(z t)> T/\T( t)) _/B(‘%”

< \/ Em,t[ZiC:LTP \/]E:D,t‘uk,l(XT/\T(x,t)> T A 7'($, t)) - 6(3_7”2

2

The random variable [Zf i r]° can be rewritten as a product of the Girsanov
exponent and a umformly bounded random variable. In addition,

Em,t|uk,l(XT/\T(a:,t)a T A T(x7 t)) - 6(5)‘2
=K

(XT/\T(CE,t)) - B(j)‘zx{suPtgngm—(m,t) | Xs|<Rp}
+ Eutlun (Xrar(ee), T A T(2,1)) — /3(55)|2X{suptgsgw(w,t) IX.|>Rg}
=: I + I,
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where Rp denotes the radius of B. The expression I; is independent of k,1
for k,1 > ko and by the standard diffusion estimates it converges to 0 as
(z,t) — (2,T). The same holds for I, because |uy(z,t)] < m* and by
martingale inequalities we have

P s (X2 Re) <P s |fo(X,)aw,

t<s<TAT(z,t) t<s<TAT(x,t) '}

> R — o]

TAT(z,t)
S o(Xy,r)dW,
t

1
<—F
= RB — ‘$| z,t

Additionally, by the It6 isometry and the Cauchy—Schwarz inequality,

TAT(z,t)
Emt‘ S o(X,,r)dW,

)
t

TAT(z,t) 1/2
< {Ext‘ S Tr(o(Xy,r)o(Xy, 7)) drH -0 ast—T.
t
As a consequence, |uy (x,t) —3(Z)| admits an estimate which is independent

of k,l and converges to 0 as (x,t) — (z,T). Therefore, the same holds for
|u(z,t) — B(z)|. This implies the continuity of u. m

As mentioned in the Introduction, our result can be applied to models
with state dependent bounds for the control set. Let us consider the follow-
ing example describing a variant of the optimal dividend payment problem,
which is one of the most important actuarial control problems. Let us define
the insurer surplus process:

dXt = [,LL - dt}dt + O'th,

where p,0 € R, 0 # 0 and W is a one-dimensional Brownian motion. The
progressively measurable process d; is the dividend payment intensity. We
assume that d; cannot exceed some fraction of the surplus process, and there
is no payment at all when the surplus is negative. So, we should always
have 0 < d; < ,%XQL . The problem of the insurer is to maximize the overall
discounted utility of dividend payments, i.e.

T
Ve =D ¢ (dy) dk,
t

Emt

)

where the function f can be considered as a utility function and w as a
discount rate. In the formulation of the problem we can also use some penalty
function to penalize the objective for allowing the surplus to be negative, but
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that is not crucial to our analysis. The HJB equation for this problem is

u + 30°D2u+ max [(u—d)Dyu+ f(d)] —wu=0, u(z,T)=0.
0<d<kzt

In this case

2.14 H(p,u,x,t) = —d d) — .

(2.14) (P, 2,1) = max [(n—d)p+f(d) —wu]

More generally, we assume that

2.15 H(p,u,x,t) = h(p,u,z,t,d).

(2.15) (p,u, @,1) oo nax (p;u, @, t,d)

PROPOSITION 2.4. Let the function h be Lipschitz continuous on com-
pact subsets of R3 x [0, T] x R, satisfy conditions [2.8) and [2.9)) uniformly
with respect to d € R and conditions (2.10)—(2.12)) uniformly with respect to
d € U for all compacts U C R, and let the function m be Lipschitz contin-
uous on compact subsets of R x [0,T]. Then the function H given by ({2.15))
satisfies (B2).

Proof. Almost all conditions in (B2) concerning the variables p and u
are trivial or very easy to prove by just using the inequality
max h(p,u,z,t,d) — max h(p,u,z,t,d)
0<d<m(z,t) 0<d<m(z,t)
< max |h(p,u,x,t,d) — h(p,u,x,t,d)|.
_— Ogdsm($7t) | (p’ y ) ) (p Y 9y )|

Local Lipschitz continuity in (x,t) is much harder to prove. For fixed
(p,u) € RVN*! we have

max h(p,u,z,t,d) — max h(p,u,z,t d
oo nax (P, ,d) s A (p, @, z,t,d)

g‘ max h(p,u,z,t,d) — max h(p,ﬁ,i:,,d)‘
0<d<m(z,t) 0<d<m(z,t)

h777)77t_7d - h 77777 ,d‘
+ ‘dilgsf((m’t) (p U, T ) OSdnﬁlgl}Eiz,t_) (p U, T )

The first term on the right hand side can be estimated by using the assumed
local Lipschitz continuity: for a given compact set B C R3 x [0,T] there
exists Lg > 0 such that for all (p,u,z,t), (p,u,z,t) € B,

216 ’ h 7,7, ,t,d - h 777)77 7d ‘

( ) osjggm}((m,t) (.. ) Oﬁdrggw}(cw,t) P52 )
< h(p,u,z,t,d) — h(p,u, z,t,d| <L - t—t]).
_0§£%§x7t)l (D, w,z,t,d) — h(p,u,,t,d)| < Lp(|lx — | + |t — t])

To estimate the second term we will consider three cases.

CASE I: The maximum of h(p,u,Z,t,d) over [0,m(Z,t)] is attained at
some point d* # m(Z,t). Then by local Lipschitz continuity of m and h we
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can find a sufficiently small neighbourhood of (Z,?) such that the maximum
of h(p,u,z,t,d) over 0 < d < m(x,t) is still attained at d*. In that case
max h(p,u,z,t,d) — max _h(p,u,z,t d)| =0.
USdﬁm)((fE:t) ® ) OSdSm)Ef,t_) (p )
Casg II: The maximum of h(p,u,Z,t,d) is attained at d* = m(z,¥)
and m(z,t) < m(z,t). Then there still exists a neighbourhood such that
maXo<d<m(z,t) h(ﬁa u,,t, d) = h(l_)a u,,t, d*)

Casg III: The maximum of h(p,w,,t,d) is attained at d* = m(z,?)
and m(z,t) > m(Z,t). Then the maximum over [0,m(z,t)] is attained at
d € [m(z,t), m(x,t)]. In that case

max h(p,u,z,t,d)— max h(p,u,z,t.d
Ogdgm(fyf) (p’ ) 7’) Osdgm(xﬂ‘;) (p’ b 7’)

= ’h(ﬁv ’aa 'fz'v Ev d*) - h(ﬁ7 ﬂ, -fa 7?7 d)‘
The function h is Lipschitz continuous on compact subsets of R? x [0, T] x R,

so for every compact set B C R? x [0, T] there exists L > 0 such that for all
(p,u,,t) € B,

|h(ﬁ7 u,x, fv d*) - h(ﬁa u,, E, dA)| < L|d* - CZ| < L|m(i‘a i) - m(a:, t)|
It remains to apply the assumed local Lipschitz continuity of m.

Collecting all inequalities together, we find that for any compact set
B C R3x [0, T] there exists a constant L > 0 such that for any (p, @, z,t) € B
there is a small neighbourhood U 3z 7 such that

2.1 _ _ _ _ 7
(2.17) Ogclrélgﬁgm)h(p,u,x,t,d) ogcg?n)((@,{)h(p’u’x’t’@

< L|(p,u,x,t) - (ﬁ,ﬂ,i‘,fﬂ

for all (p,u,z,t,d) € Ugpgz,5- The fact that the constant L > 0 depends
only on the compact set B and not on the particular choice of (p,a,,t)
implies local Lipschitz continuity of H. Namely, let B C R3 x [0,7] be
a compact and convex set of the form {z € R? | |[z| < R} x [0,7T]. Fix
z = (p,u,x,t),Z = (p,u,T,t) € B and consider the compact set (the line
connecting z and 2)

O[Z,g] ={z+a(z—2)|ac|0,1]} C B.

For each point z € B there exists U, (we may assume it is an open ball)
on which holds. Compactness of Oy, ;1 implies that there exist finitely
many points z = 21, 22,...,2n = 2 € O[ 5 (we can order them according to
the increasing euclidean distance from z) such that for every ordered pair
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Ziy Zi+1 We have z;, zj411 € UZZ. Or 24, Zi+1 € UZ. . In that case

|H(2) \<Z|sz Zzl|<LZ|Zz_Z7, i|=Llz—%|. =

=2

3. Isaacs equation. Now, our primary concern is to solve the semilinear
equation
(31)  w + i Tr(a(, t) D)
. D _
+ maxmin (i(, 8, 6,m) Dot + h(x, 1,6, n)u + f(2,8,6,m) =0,
(z,t) e RY x [0,7),
with the terminal condition u(z,T") = S(z).
ASSUMPTION 3.

(C1) The matrix [a; (x,t)],4,j =1,..., N, is symmetric, and its coefficients
are Lipschitz continuous on compact subsets in R x [0, T']. In addition
there exists a constant ;> 0 such that for any ¢ € RV,

N

Z (17,,](1:,1;)525] > /JJ|€’27 (I‘,t) € RN X [OuT]
i,j=1
(C2) The functions f, h, i are continuous, and there exists a strictly positive
sequence {Ly,}nen such that for all ( = f,h,iand all 6 € D, n € I,
(z,t) € B, x [0,T],
|C($,t, 57 77) - C(jf,t_, (57 77)‘ < Ln(’x - j| + |t - ﬂ)

(C3) The function ( is uniformly bounded and Lipschitz continuous on
compact subsets of RV,
(C4) The function f is uniformly bounded and h is bounded above.

We can now present an immediate consequence of Theorem

COROLLARY 3.1. Under Assumption [3|, there exists a bounded classical
solution u € C*Y (RN x [0,T)) NC(RYN x [0,7]) to (3.1).
Proof. For the proof it is sufficient to define

H(p,u,z,t) := maxmin I1(p, u, z,t,0,n),
6eD nel’

where
(p,u,x,t,6,n) =i(z,t,6,n)p+ h(z,t,6,nu+ f(z,t,6,n),
and use the inequality

[H (p,u,.6) = H (., 2,0)| < max max |1 (p, u, 2, £,8,0) 11 (5, 0,2, ,8,1). »
o€ ne
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In some cases it is possible to extend the above result to the case when
f and g may be unbounded. We first need the following lemma:

LEMMA 3.2. Assume that X (n) is a strong solution to
dX; = bp( Xy, t,w)dt + op(Xy, t, w) dWy,
where b, and o, are sequences of continuous functions such that
by :RY < [0,T] x 2 5 RY, o, :RY x [0,T] x 2 — LRY,RY)
and there exist K, M > 0 such that for allz € RN, n € N and w € 12,
|bp(z,t,w)| < K(1+|z]), |on(z,t,w)|] < M.

Then for all A > 0 there exists a continuous function R such that for all

n €N and (z,t) € RN x [0,7],

E,: sup A%< R(z).
t<s<T

Proof. We start by proving some pathwise inequalities which hold almost
surely in (2. If b,, has linear growth, then there exists K > 0 such that for
all k € [t, T,

k k
[ Xe(n)| < |2| + KT + K | |X,(n)|ds + sup ) [ on(Xa(n), s,w) dWs|.
t 0<k<T ¢
Therefore,
k
[ Xi(n)] < Ar + K || X,(n)|ds, t<k<T,
t
where

k
Ap = <\x] + KT + sup ’ So'n(XS(n))va) dWs
t<k<T '}

Using the Gronwall inequality we have

k
| X% (n)| < (\x!—i—KT—i— sup Han(Xs(n),s,w)dWs
t<k<T !

ok,

Therefore, it is sufficient to find a uniform bound for

ck
Em,t sup eAHt an(XS(n),s,w)dWSL

t<k<T
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Note that el4!l < eZ + e Z and

ok
]E:p,t sup eASt o(Xs(n),s,w) dWs
t<k<T

A Sf on(Xs(n),s,w) dWs —%A2 Sf Tr(0n (Xs(n),s,w)oL (Xs(n),s,w) ds

=E;; sup e
t<k<T
« el/24? iy Tr(on(Xs(n),s,w)ol (Xs(n),s,w)) ds

Since oy, is uniformly bounded, the process

o1/2A2 [ Tr(on(Xs(n),s,w)0 Tk (Xs(n),s.w)) ds

is bounded as well. Now, we can use the martingale inequality to deduce the
existence of a uniform constant C7 > 0 such that

Eyi sup My < Cry/Eq [M7)?,
t<k<T
where

Mtn — eA ‘f on(Xs(n),s,w) dI/stéA2 ‘f Tr(an(XS(n),s,w)a;f(Xs(n),s,w))ds.

The conclusion follows from the fact that [M7]? can be rewritten in the form
[M7)* = G7NT,

where the random variable G7. is used to change the measure, and the family
N7 is uniformly bounded. =

ASSUMPTION 4.

(D1) The matrix a is symmetric, a = oo, and the coefficients o; j(z,1),

i,j=1,...,N, are Lipschitz continuous on compact subsets of RY x
[0,7]. In addition there exists a constant p > 0 such that for any
£ eRY,
N
Z ai,j(x7t)§i§j > /1"5’27 (wvt) = RN x [O,T}.
ij=1

(D2) The functions f, h, i are continuous and there exists a strictly positive
sequence { Ly, }nen such that for all ( = f,h,iand forallé € D,n € I,
(x,t) € B, x [0,T],

(D3) The function 3 is Lipschitz continuous on compact subsets of RY.

(D4) There exist A, B > 0 such that either for all 6 € D, n € N, (z,t) €
RN x [0, T,

|f(2.t.0,m)| + |B(@)| < Be'¥, |o(z,1)| < B,
|h(@,t,6,n)| + |i(z,t,0,m)] < B(1+ |z])
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or for all § € D, n e N, (z,t) € RN x (0,77,

|f(z,t,8,m)] +|B8(x)] < Be ™, |o(z,t)| < B,
li(z,t,8,m)] < B(1+ |z]), h(z,t,6,m) < B.

THEOREM 3.3. Under Assumption[d], there exists a classical solution u €
CZH RN x [0,7)) NC(RN x [0,T)) to (3.1).

Proof. Define
on(x,t) := {U(x7t) if o] <m, O 1= anaf, Bn(z) = Cu(z)B(2),

o(nx/|z|,t) if |x| > n,

in(x7t757 77) = Cn(x)l(x’ t, 5’ 77)’ fn(x7t7 5’77) = Cn(ﬂf)f(ﬁ,t, 5777)7
hn(z,t,0,m) = Guo(x)h(z,t,0,m)

or
hn(z,t,0,m) := h(x,t,d8,n) (if h(x,t,6,n) < B),
where
1 if |z] <,
G(z) =4¢2—]z|/n ifn<|z| < 2n,
0 if |z| > 2n.

The functions ay,, fn, in, hn, By are bounded (or bounded above in the case
of hy) and we still have

(3.2)  |hn(x,t,0,m)| + |in(z,t,6,m)| < B(1+ |z]) or hy(x,t,d,n) < B,
(3.3)  |fa(z,t,0,0)| + |Ba(z)| < Bel®!,
(34)  |on(z,t)| < B.

Let u, denote any classical solution to the equation
(35)  w + 3 Tr(an(z, t)D2u)
-+ﬁgﬁgﬁdxu&mﬂw+hM%L&WU+h®JﬁmDZ&
(z,t) e RN x [0,7),

with the terminal condition w(z,T) = B,(z,T). Applying measurable se-
lection theorems to min and max in (3.5), we can find Borel measurable

coeflicients 4}, f», hy such that w, is a solution to

(3.6) w + 1 Tr(an(z, t)D2uy,) + (i (z,t) Dy + hip (@, t)up + fr(z,t)) = 0.
For u,, we have the following stochastic representation:
T

up(z,t) = Ex,t< S el M (Xnk)dk g (X o) ds + et hi‘l(Xk,k)dkﬁn(XT))
t
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Since we have (3.2))—(3.4), we can use Lemma to see that there exists a
continuous function R(x) such that for all (z,t) € RY x [0, T7,

T
sup B § elt MR £ 0, )| ds + el P00 5, (X)) < R(a),
" t

and consequently sup,, |un(z,t)| < R(z). Now we can use the reasoning from

the proof of Theorem [2.3] =
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