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Finitely forcible graph limits are universal®

Jacob W. Cooper' Daniel Kral’ Taifsa L. Martins®

Abstract

The theory of graph limits represents large graphs by analytic objects called
graphons. Graph limits determined by finitely many graph densities, which are rep-
resented by finitely forcible graphons, arise in various scenarios, particularly within
extremal combinatorics. Lovéasz and Szegedy conjectured that all such graphons
possess a simple structure, e.g., the space of their typical vertices is always finite
dimensional; this was disproved by several ad hoc constructions of complex finitely
forcible graphons. We prove that any graphon is a subgraphon of a finitely forcible
graphon. This dismisses any hope for a result showing that finitely forcible graphons
possess a simple structure, and is surprising when contrasted with the fact that
finitely forcible graphons form a meager set in the space of all graphons. In addition,
since any finitely forcible graphon represents the unique minimizer of some linear
combination of densities of subgraphs, our result also shows that such minimization
problems, which conceptually are among the simplest kind within extremal graph
theory, may in fact have unique optimal solutions with arbitrarily complex structure.

Keywords: graph limits, extremal graph theory

1 Introduction

The theory of graph limits offers analytic tools to represent and analyze large graphs; for an
introduction to this area, we refer the reader to a recent monograph by Lovész [22]. Indeed,
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the theory also generated new tools and perspectives on many problems in mathematics
and computer science. For example, the flag algebra method of Razborov [29], which
bears close connections to convergent sequences of dense graphs, catalyzed progress on
many important problems in extremal combinatorics, e.g. [1-4,17-21,27-31]. In relation
to computer science, the theory of graph limits shed new light on property and parameter
testing algorithms [26].

Central to dense graph convergence is the analytic representation of the limit of a
convergent sequence of dense graphs, known as a graphon [7-9,25]; we formally define
this notion and other related notions in Section 2. We are interested in graphons that are
uniquely determined (up to isomorphism) by finitely many graph densities, which are called
finitely forcible graphons. Such graphons are related to various problems from extremal
graph theory and from graph theory in general. For example, for every finitely forcible
graphon W, there exists a linear combination of graph densities such that the graphon
W is its unique minimizer. Another result that we would like to mention in relation to
finitely forcible graphons is the characterization of quasirandom graphs in terms of graph
densities by Thomason [33,34], which is essentially equivalent to stating that the constant
graphon is finitely forcible by densities of 4-vertex graphs; also see [10,32] for further results
on quasirandom graphs. Lovasz and Sé6s [23] generalized this characterization by showing
that every step graphon, a multipartite graphon with quasirandom edge densities between
its parts, is finitely forcible. Other examples of finitely forcible graphons are given in [24].

Early examples of finitely forcible graphons indicated that all finitely forcible graphons
might possess a simple structure, as formalized by Lovasz and Szegedy, who conjectured
the following [24, Conjectures 9 and 10].

Conjecture 1. The space of typical vertices of every finitely forcible graphon is compact.

Conjecture 2. The space of typical vertices of every finitely forcible graphon has finite
dimension.

Both conjectures were disproved through counterexample constructions [15,16]. A stronger
counterexample to Conjecture 2 was found in [12]: Conjecture 2 would imply that the
number of parts of a weak e-regular partition of a finitely forcible graphon is bounded by
a polynomial of ¢! but the construction given in [12] almost matches the best possible
exponential lower bound from [11].

The purpose of this paper is to show that finitely forcible graphons can have arbitrarily
complex structure. Our main result reads as follows.

Theorem 1. For every graphon Wg, there exists a finitely forcible graphon Wy such that
Wg is a subgraphon of Wy, and the subgraphon is formed by a 1/14 fraction of the vertices
Of WO .

Theorem 1 contrasts with [24, Theorem 7.12], which states that the set of finitely forcible
graphons is meager in the space of all graphons. In addition, since every finitely forcible
graphon is the unique minimizer of some linear combination of densities of subgraphs
(see Proposition 3), Theorem 1 also shows that optimal solutions of problems seeking to
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minimize a linear combination of densities of subgraphs, which are among the simplest
stated problems in extremal graph theory, may have unique optimal solutions with highly
complex structure.

Theorem 1 also immediately implies that both conjectures presented above are false
since we can embed graphons not having the desired properties in a finitely forcible graphon.
By considering a graphon containing appropriately scaled copies of graphons corresponding
to the lower bound construction of Conlon and Fox from [11], which were described in [12],
we also obtain the following.

Corollary 2. For every non-decreasing function f : R — R tending to infinity, there

exist a finitely forcible graphon W and positive reals €; tending to 0 such that every weak
-2

Q =
g;-reqular partition of W has at least 2 (f(fi 1)) parts.

Since every fixed graphon has weak e-regular partitions with 2°¢ *) parts, Corollary 2
gives the best possible dependance on e~ !.

The proof of Theorem 1 builds on the methods introduced in [16], which were further
developed and formalized in [15]. In particular, the proof uses the technique of decorated
constraints, which we present in Subsection 2.1. The main idea of the proof is the following.
The graphon W is determined up to a set of measure zero by its density in squares with
coordinates being the inverse powers of two. The countable sequence of such densities can
be encoded into a single real number between 0 and 1, which will be embedded as the
density of a suitable part of the graphon Wj,. We then set up the structure of W in a way
that this encoding restricts the densities inside another part of W, rendering Wr unique
up to a set of measure zero. While this approach seems uncomplicated upon first glance,
the proof hides a variety of additional ideas and technical details. The reward is a result
enabling the embedding of any graphon in a finitely forcible graphon with no additional
effort.

2 Preliminaries

We devote this section to introducing notation used throughout the paper. Let us start
with some basic general notation. The set of integers from 1 to k& will be denoted by [£],
the set of all positive integers by N and the set of all non-negative integers by Nj. All
measures considered in this paper are the Borel measures on R%, d € N. If a set X C R? is
measurable, then | X| denotes its measure, and if X and Y are two measurable sets, then
we write X C Y if [ X \Y|=0.

The order of a graph G = (V, E), denoted by |G|, is the number of its vertices, and
its size, denoted by ||G||, is the number of edges. Given two graphs H and G, the density
of H in G is the probability that a uniformly chosen |H|-tuple of vertices of G induces a
subgraph isomorphic to H; the density of H in G is denoted by d(H,G). We adopt the
convention that if |H| > |G|, then d(H,G) = 0.

A sequence of graphs (G, )nen is convergent if the sequence d(H,G,) converges for
every graph H. We will require that the orders of graphs in a convergent sequence tend to



infinity. A convergent sequence of graphs can be associated with an analytic limit object,
which is called a graphon. A graphon is a symmetric measurable function W from the
unit square [0, 1]? to the unit interval [0, 1], where symmetric refers to the property that
W(z,y) = W(y,x) for all z,y € [0,1]. In what follows, we will often refer to the points
of [0,1] as vertices. One may view the values of W (z,y) as the density between different
parts of a large graph represented by W. To aid the transparency of our ideas, we often
include a visual representation of graphons that we consider: the domain of a graphon W
is represented as a unit square [0, 1]> with the origin (0,0) in the top left corner, and the
values of W are represented by an appropriate shade of gray (ranging from white to black),
with 0 represented by white and 1 by black.

Given a graphon W, a W-random graph of order n is a graph obtained from W by
sampling n vertices vy, vq,...,v, € [0,1] independently and uniformly at random and
joining vertices v; and v; by an edge with probability W (v;,v;) for all i,5 € [n]. The
density of a graph H in a graphon W, denoted by d(H, W), is the probability that a W-
random graph of order |H| is isomorphic to H. Note that the expected density of H in a
W-random graph of order n > |H| is equal to d(H,W). We say that a convergent sequence
(Gy)nen converges to a graphon W if

7}1_{20 d(H,G,)=d(H,W)
for every graph H. It is not hard to show that if W is a graphon, then the sequence of W-
random graphs with increasing orders is convergent with probability one and the graphon
W is its limit.

We now present graphon analogues of several graph theoretic notions. The degree of a
vertex x € [0,1] is defined as

degy (x) = [ W(z,y)dy.
[0,1]

Note that the degree is well-defined for almost all vertices of W and if z is chosen to be a
vertex of an n-vertex W-random graph, then its expected degree is (n—1)-degy, (). When
it is clear from the context which graphon we are referring to, we will omit the subscript,
i.e., we just write deg(z) instead of degy (z). We define the neighborhood Ny (z) of a
vertex x € [0,1] in a graphon W as the set of vertices y € [0, 1] such that W (x,y) > 0.
In our considerations, we will often analyze a restriction of a graphon to the substructure
induced by a pair of measurable subsets A and B of [0,1]. If W is a graphon and A is
a non-null measurable subset of [0, 1], then the relative degree of a vertex z € [0,1] with
respect to A is

W (x,y) dy
ey () = LD,

i.e., the measure of the neighbors of z in A normalized by the measure of A. Similarly,
Nit(z) = Nw(x) N A is the relative neighborhood of x with respect to A. Note that
degiiy () - |A] < |N#(x)| and the inequality can be strict. Again, we drop the subscripts
when W is clear from the context.



Two graphons Wi and Wy are weakly isomorphic if d(H, W) = d(H,W,) for every
graph H. Borgs, Chayes and Lovész [6] have shown that two graphons W; and W are
weakly isomorphic if and only if there exist measure preserving maps ¢1, 9 : [0, 1] — [0, 1]
such that Wi (p1(z), p1(y)) = Wa(pa(z), p2(y)) for almost every (z,y) € [0,1]2. Graphons
that can be uniquely determined up to a weak isomorphism by fixing the densities of a
finite set of graphs are called finitely forcible graphons and are the central object of this
paper. Observe that a graphon W is finitely forcible if and only if there exist graphs
Hy, ..., Hy such that if a graphon W’ satisfies d(H;, W') = d(H;,W) for ¢ € [k], then
d(H,W'") = d(H, W) for every graph H. A less obvious characterization of finitely forcible
graphons is the following.

Proposition 3. A graphon W is finitely forcible if and only if there exist graphs Hy, . .., Hy
and reals o, . .., q such that

k k
Z Oéid(Hi, W) S Z Oéid(Hi, W/)
i=1 =1
for every graphon W' and the equality holds only if W and W' are weakly isomorphic.

2.1 Finite forcibility and decorated constraints

Decorated constraints have been introduced and developed in [15,16] as a method of show-
ing finite forcibility of graphons. This method uses the language of the flag algebra method
of Razborov, which, as we have mentioned earlier, has had many substantial applications
in extremal combinatorics. We now present the notion of decorated constraints, partially
following the lines of [15] in our exposition.

A density expression is iteratively defined as follows: a real number or a graph are
density expressions, and if D; and Dy are density expressions, then so are Dy + Dy and
Dy - Dy. The value of a density expression with respect to a graphon W is the value
obtained by substituting for each graph its density in the graphon W. A constraint is
an equality between two density expressions. A graphon W satisfies a constraint if the
density expressions on the two sides of the constraints have the same value. If C is a finite
set of constraints such that there exists a unique (up to weak isomorphism) graphon W
that satisfies all constraints in C, then the graphon W is finitely forcible [16]; in particular,
W can be forced by specifying the densities of graphs appearing in the constraints in C.

A graphon W is said to be partitioned if there exist k € N, positive reals ay,...,a;
with a; + -+ + ax = 1, and distinct reals dy,...,d; € [0, 1], such that the set of vertices
in W with degree d; has measure a;. The set of all vertices with degree d; will be referred
to as a part; the size of a part is its measure and its degree is the common degree of its
vertices. The following lemma was proved in [15,16].

Lemma 4. Letay, ..., a; be positive real numbers summing to one and let dy, ..., dy € [0, 1]
be distinct reals. There exists a finite set of constraints C such that any graphon satisfying
all constraints in C is a partitioned graphon with parts of sizes aq,...,ar and degrees
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dy,...,dg, and every partitioned graphon with parts of sizes aq, . .., a and degrees dy, . . ., dy
satisfies all constraints in C.

We next introduce a formally stronger version of constraints, called decorated con-
straints. Fix aq,...,a; and dy, ..., d; as in Lemma 4. A decorated graph is a graph G with
m < |G| distinguished vertices labeled from 1 to m, which are called roots, and with each
vertex assigned one of the k parts, which is referred to as the decoration of a vertex. Note
that the number m can be zero in the definition of a decorated graph, i.e., a decorated
graph can have no roots. Two decorated graphs are compatible if the subgraphs induced by
their roots are isomorphic through an isomorphism preserving the labels (the order of the
roots) and the decorations (the assignment of parts). A decorated constraint is an equality
between two density expressions that contain decorated graphs instead of ordinary graphs
and all the decorated graphs appearing in the constraint are compatible.

Consider a partitioned graphon W with parts of sizes aq, ..., a, and degrees dy, . .., dx,
and a decorated constraint C. Let Hy be the (decorated) graph induced by the roots of
the decorated graphs in the constraint, and let vy, ..., v,, be the roots of Hy. We say that
the graphon W satisfies the constraint C' if the following holds for almost every m-tuple
Z1,..., T, € [0,1] such that z; belongs to the part that v; is decorated with, W (z;, z;) > 0
for every edge v;v; and W (x;,x;) < 1 for every non-edge v;v;: if each decorated graph H
in C' is replaced with the probability that a W-random graph is the graph H conditioned
on the event that the roots are chosen as the vertices x1, ..., z,, and they induce the graph
Hy, and that each non-root vertex is randomly chosen from the part of W that is decorated
with, then the left and right hand sides of the constraint C' have the same value.

We now give an example of evaluating a decorated constraint. Consider a partitioned
graphon W, which is depicted in Figure 1, with parts A and B each of size 1/2; the graphon
W is equal to 1/2 on A% to 1/3 on A x B, and to 1 on B?. Let H be the decorated graph
with two adjacent roots both decorated with A and two adjacent non-root vertices v;
and vy both decorated with B such that v; is adjacent to only one of the roots and vy is
adjacent to both roots; the decorated graph H is also depicted in Figure 1. If H appears
in a decorated constraint, then its value is independent of the choice of the roots in the
part A and is always equal to 2/81, which is the probability as defined in the previous
paragraph.

A B

Figure 1: An example of evaluating a decorated constraint. The root vertices are depicted
by squares and the non-root vertices by circles. The graphon is equal to 1/2 on A?, to 1/3
on A x B, and to 1 on B2



Note that the condition on the m-tuple x4, . .., x,, is equivalent to that there is a positive
probability that a W-random graph with the vertices x4, ..., x,, is Hy. Also note that,
unlike in the definition of the density of a graph in a graphon, we do not allow permuting
any vertices. For example, if W is the graphon (with a single part) that is equal to p € [0, 1]
almost everywhere, then the cherry K, with each vertex decorated with the single part
of W would take the value p?(1 — p) in a decorated constraint.

The next lemma, proven in [16], asserts that every decorated constraint is equivalent
to a non-decorated constraint.

Lemma 5. Let k € N, let ay,...,a; be positive real numbers summing to one, and let
dy,...,dg be distinct reals between zero and one. For every decorated constraint C', there
exists a constraint C' such that any partitioned graphon W with parts of sizes ay, ..., a
and degrees dy, . . .,d; satisfies C if and only if it satisfies C'.

In particular, if a graphon W is a unique partitioned graphon up to weak isomorphism
that satisfies a finite collection of decorated constraints, then it is a unique graphon satis-
fying a finite collection of ordinary constraints by Lemmas 4 and 5, and hence W is finitely
forcible.

We will visualize decorated constraints using the convention from [12], which we now
describe and have already used in Figure 1. The root vertices of decorated graphs in a
decorated constraint will be depicted by squares and the non-root vertices by circles; each
vertex will be labeled with its decoration, i.e., the part that it should be contained in. The
roots will be in all the decorated graphs in the constraint in the same mutual position,
so it is easy to see the correspondence of the roots of different decorated graphs in the
same constraint. A solid line between two vertices represents an edge, and a dashed line
represents a non-edge. The absence of a line between two root vertices indicates that the
decorated constraint should hold for both the root graph containing this edge and not
containing it. Finally, the absence of a line between a non-root vertex and another vertex
represents the sum of decorated graphs with this edge present and without this edge. If
there are k such lines absent, the figure represents the sum of 2* possible decorated graphs
with these edges present or absent.

We finish this subsection with two auxiliary lemmas. The first is a lemma stated in [12],
which essentially states that if a graphon W) is finitely forcible in its own right, then it
may be forced on a part of a partitioned graphon without altering the structure of the rest
of the graphon.

Lemma 6. Let k € N, m € [k], let ay, ..., a; be positive real numbers summing to one, and
let dy,...,dy be distinct reals between zero and one. If Wy is a finitely forcible graphon,
then there exists a finite set C of decorated constraints such that any partitioned graphon
W with parts of sizes ay,...,ar and degrees dy,...,dy satisfies C if and only if there
exist measure preserving maps ¢o : [0,1] — [0,1] and ¢, : [0,a,] — A, such that
W (om(Tam), pm(yanm)) = Wolpo(x), 0o(y)) for almost every (z,y) € [0,1]%, where A,
is the m-th part of W.



Note that Lemma 5 implies that the set C of decorated constraints from Lemma 6 can be
turned into a set of ordinary (i.e., non-decorated) constraints.

The second lemma is implicit in [24, proof of Lemma 3.3]; its special case has been
stated explicitly in, e.g., [12, Lemma 8].

Lemma 7. Let X,Z C R be two measurable non-null sets, and let F': X x Z — [0,1] be
a measurable function. If there exists C € R such that

/Z Fla, ) F(2/, 2) d= = C

or almost every (x,2') € X2, then
Y

/F(x,z)2 dz=C
zZ

for almost every x € X.

2.2 Regularity partitions and step functions

A step function W : [0,1]> — [—1,1] is a measurable function such that there exists a
partition of [0, 1] into measurable non-null sets Uy, ..., U that W is constant on U; x U;
for every i,j € [k]. A non-negative symmetric step function is a step graphon. If W is
a step function (in particular, W can be a step graphon) and A and B two measurable
subsets of [0, 1], then the density dw (A, B) between A and B is defined to be

dw(A.B) = [ Wi,y dedy.
AxB

We will omit W in the subscript if W is clear from the context. Note that it always holds
that |d(A, B)| < |A| - |B|. We remark that the definition of dy (A, B) and the definition
of the cut norm given below extend to a wider class of functions from [0,1]? to R, which
are called kernels; since we will use these definition for step functions, we present them
in the setting of step functions only. A step function W’ refines a step function W with
parts Uy, ..., Uy, if each part of W’ is a subset of one of the parts of W and the density
dw (U;, U;) between U; and U; is equal to the weighted average of the densities between the
pairs of those parts of W' that are subsets of U; and U, respectively.

We next recall the notion of the cut norm. If W is a step function, then the cut norm
of W, denoted by ||W||g, is

sup W(z,y) dz dy| ,

A,BC[0,1]

AxB

where the supremum is taken over all measurable subsets A and B of [0, 1]. The supremum
in the definition is always attained and the cut norm induces the same topology on the space
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of step functions as the L;-norm; this can be verified following the lines of the analogous
arguments for graphons in [22, Chapter 8]. We emphasize that we do not allow applying
a measure preserving transformation to the domain of graphons unlike in the definition of
the cut distance. It can be shown [22, Lemma 10.23] that if H is a k-vertex graph and W
and W’ are two graphons, then

(1, W) = () < (5 ) 1w = W

Finally, we will say that two graphons W and W' are e-close if ||W — W'||g < e.
A partition of [0, 1] into measurable non-null sets Uy, ..., Uy is said to be e-regular if

d(U;, U;

d(A,B)— ) u|UmA||Ujmza| <e

— |Ui||Uj]

i,j€[k]
for every two measurable subsets A and B of [0, 1]. In other words, the step graphon W’
with parts Uy, ..., U, that is equal to Cfg{ﬁ’g?‘)

illYj

metric. In particular, the step graphon W' determines the densities of k-vertex graphs in
W up to an additive error of (g)e

The Weak Regularity Lemma of Frieze and Kannan [14] extends to graphons as follows

(see [22, Section 9.2] for further details): for every € > 0, there exists K < 20(572), which
depends on € only, such that every graphon has an e-regular partition with at most K parts.
This dependence of K on ¢ is best possible up to a constant factor in the exponent [11]. We
will need a slightly stronger version of this statement, which we formulate as a proposition;
its proof is an easy modification of a proof of the standard version of the statement, e.g.,
the one presented in [22, Section 9.2].

on U; x Uj is e-close to W in the cut norm

Proposition 8. For every ¢ > 0 and k € N, there exists K € N such that for every
graphon W and every partition Uy, ..., Uy of [0,1] into disjoint measurable non-null sets,
there exist an e-regular partition Uy, ..., U, of [0,1] with K' < K such that every part U],
i € [K'], is a subset of one of the parts Uy, ..., Uy.

For a step function W, we define d(I'y, W) to be the following integral:
d(Ty, W) = Wz, y)W (@', )W (z,y )W (2',y) dv dz’ dy dy’ .
[0,1)*

Note that the definition of d(I'y, W) coincides with the standard definition of ¢(Cy, W), see
e.g. [22]. In particular, if W is a graphon, then it holds that

1 1
= —d(Cy, W)+ =d(K; , W) + d(K4,W) ,

r
d(T's, W) 3 3

where K, is the graph obtained from K, by removing one of its edges. In particular,
d(I'y, W) can be understood as the density of non-induced Cy in the graphon W, since
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it is equal to the expected density of non-induced copies of Cy in a W-random graph.
If W is a step function, then d(I'y,W) < 4||W||g. However, the converse also holds:
d(Ty, W) > [|[W]|L; we refer e.g. to [22, Section 8.2], where a proof for symmetric step
functions W is given and this proof readily extends to the general case. Lemma 11, which
we present further, aims at a generalization of this statement to step graphons. Before we
can state this lemma, we need to prove two auxiliary lemmas, which we state for matrices
rather than step functions for simplicity.

Lemma 9. Let M be a K x K real matriz and let i,j € [K]|. Define N to be the following
K x K matriz:

Miy+ My o —
Npy=4 7+ zf:z—z'm“:v—j, and
’ M.,  otherwise.

It holds that Tr MMTMM?T > Tr NNTNNT.

Proof. Set M(x,y), x,y € [K], to be the following quantity:

K
M(ZL’, y) = Z M:c,zMy,z 5

z=1

and define N(z,y), z,y € [K], in the analogous way. Observe that

K
Tr MMTMM" — Tr NNTNNT = Y~ M(z,y)* — N(z,y)* .

z,y=1

We now analyze the difference on the right hand side of the equality by grouping the terms
on the right hand side into disjoint sets such that the sum of the terms in each set is
non-negative.

The terms with z,y € [K]\ {i,j} form singleton sets; note that M (z,y) = N(z,y) for
each such term. Fix z € [K]|\ {i,;j} and consider the two terms corresponding to y = i
and y = j. It follows that

M (z,9)? + M(z,j)* — N(x,i)*> — N(x,5)* =

K

2
z=1

M (x, 1) + M(x,5)* - % (M (2,i) + M(x,5)) =

1 . 1 4 . . 1 . .
§M(Z’,Z)2 + §M(£E,])2 - M(IaZ)M(Ia]) = 5 (M(ZIZ',Z) - M(Iaj))2 :
Hence, the sum of any pair of such terms is non-negative. The analysis of the terms with

y € [K]\{i,j} and 2 =i or x = j is symmetric.
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The remaining four terms that have not been analyzed are the terms corresponding to
the following pairs (z,y): (4,1), (i,7), (j,i) and (j, 7). In this case, we obtain the following:

M (i i)* +2M(i, j)° + M(j, j)* = N(i,i)* = 2N (i, j)* = N(j,j)* =

M(i,i)* +2M (i, §)* + M(j, ) — 4 <M(i’i) * QMEf’j) + M(j’j)) _

1 o - 1 o . 1 . .
1 (M(0) = MG, )+ 5 (M(53) = MG ) + 5 (MG, ) = MG.5))°
Hence, the sum of these four terms is also non-negative, and the lemma follows. O

The next lemma follows by repeatedly applying Lemma 9 to pairs of rows of the matrix
M with indices from the same set A; and to pairs of rows of the matrix M7 with indices
from the same set B;, and considering the limit matrix N.

Lemma 10. Let M be a K x K real matriz. Further, let X1, ..., Xy be a partition of [K]
into k disjoint sets and let Y1, ..., Yy be a partition of [K]| into { disjoint sets. Define the
K x K matriz N as follows. If x € X;, y € Y;, then

1
Npy = My .
b1y 2 !

Z"EXi7y/€Yj
It holds that Tr MMTMM™ = Tr M"MM*™ M > Tr NNTNNT = Tr N'NNTN.

The following auxiliary lemma can be viewed as an extension of [22, Lemma 8.12], which
states that d(T'y, W) > ||W||4 for every graphon W, from the zero graphon to general step
graphons (consider the statement for Wy being the zero graphon). We remark that we have
not tried to obtain the best possible dependence on the parameter ¢ in the statement of
the lemma. The lemma also holds in a more general setting, where the parts of graphons
are not required to be of the same size.

Lemma 11. Let Wy be a step graphon with all parts of the same size, and W a step
graphon refining Wy such that all parts of W have the same size. If ||W —Wy||o > €, then
d(ly, W) > d(I'y, Wy) +£%/8.

Proof. Since ||W — Wyl||g > ¢, there exist two measurable subsets A and B of [0, 1] such
that

AxB

Let U be one of the parts of the graphon W. Depending whether foB W — Wy dz dy is
positive or negative, replacing A with either AUU or A\ U does not decrease the integral
in (1). Hence, we can assume that each part of W is either a subset of A or is disjoint from

A, and the same holds with respect to B (but different parts U of W may be contained in
A and B).
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Let k be the number of parts of Wy and K the number of parts W. Further, let M
be the K x K matrix such that the entry M, ;, ¢,7 € K, is the density of W between its
i-th and the j-th parts, and let P be the K x K matrix such that P, ;, 7,7 € K, is the
density of Wy between the i-th and the j-th parts of W. Let U;, i € [k], be the subset of [K]
containing the indices of the parts of W contained in the i-th part of W,. Observe that both
matrices M and P are symmetric and the matrix P is constant on each submatrix indexed
by pairs from U; x U; for some 4, j € [k]. Since d(I'y, W) = Tr M* and d(T'y, W) = Tr P*,
our goal is to show that Tr M* — Tr P* > &*/8. Finally, let A’ be the indices of parts of
W contained in A, and let B’ be the indices of parts of W contained in B. Observe that
(1) yields that the sum of the entries of the matrix M — P with the indices in A" x B’ is
either at least € or at most —¢.

Let N be the matrix from the statement of Lemma 10 for the matrix M, X; = {i},
i€ [K], and Y; = Uj, j € [k]. Let &1 be the sum of the entries of the matrix M — N with
the indices in A’ x B’, and let €5 be the sum of the entries of the matrix N — P with the
indices in A’ x B’. Note that |e; + &3] > &, which implies that |e1]| + |e2] is at least e. By
Lemma 10, it holds that Tr M* — Tr NNTNNT > 0. Since PT can be obtained from the
matrix N7 by applying Lemma 10 with X; = {i}, ¢ € [K], and Y; = U}, j € [k], it follows
that Tr NTNNTN —Tr P4 =Tr NNTNNT —Tr P* > 0.

We now show that Tr M* — Tr NNTNNT > e}, Let Q = M — N. We now want to
analyze the entries of the matrix (N + aQ)(N + aQ)T for a € [0,1]. Fix z,y € [K] and
observe that the entry in the 2-th row and the y-th column of the matrix (N+aQ)(N+aQ)”
is equal to

Z Z (N + OéQ)x,z(N + aQ)y,z .

Jj=1 zeUj
The definition of the matrix N implies that

Z Qw,z = Z Qy,z =0

ZGUj ZEU]‘

for every j € [k]. It also holds that N, , = N, ., and N, , = N, . for any z and 2’ from the
same set U;, j € [k], which implies that the entry of the matrix (N + aQ)(N + aQ)” in
the x-th row and the y-th column is

K
Z Nx,zNy,z + a2Q:c,zQy,z .
z=1

Hence, we conclude that (N + aQ)(N + aQ)T = NNT + a?QQT. Tt follows that

Tr (N + aQ)(N 4 aQ)" (N + aQ)(N + aQ)" =
Tr NNTNNT 4+ 2a°Tr NNTQQT + o*Tr QQTQQT . (2)

By Lemma 10 applied with M = N + o) and the same sets X; and Y; as earlier,
Tr (N + aQ)(N + aQ)" (N + aQ)(N + a@Q)' — Tr NNTNNT >0
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for every o > 0, which implies that Tr NNTQQT > 0. In particular, we obtain from (2)
for a = 1 that

Tr M* — Tr NNTNNT =
Tr (N + aQ)(N + aQ)T(N + aQ)(N + a@Q)T — Tr NNTNNT >
Tr QQTQQT . (3)

Since the cut-norm of the step graphon corresponding to () is at least e, it follows that
Tr QRTQQ" > &}
Applying the symmetric argument to the matrices P7 and N7 = N, we obtain that

Tr NN'NNT —Tr P* > Tr (N — P)(N — P)"(N — P)(N — P)' > &3 . (4)

Since Tr M* — Tr NNTNNT >0 and Tr N'NNTN — Tr P* > 0, we obtain from (3) and
(4) using |e1| + |ea] > € that Tr M* — Tr P* > e} + 3 > /8, as desired. O

3 General setting of the proof of Theorem 1

In this section, we provide a general overview of the structure of the graphon Wy from
Theorem 1 and the proof of Theorem 1. The visualization of the structure of the graphon
Wy can be found in Figure 2. The proof of Theorem 1 is spread through Sections 3-6, with
this section containing its initial steps.

Fix a graphon Wg. The graphon W) is a partitioned graphon with 10 parts denoted
by capital letters from A to R. Each part except for @) has size 1/14, and the size of @
is5/14. If X, Y € {A,...,G, P,Q, R} are two parts, the restriction of the graphon W} to
X x Y will be referred to as the tile X x Y. The graphon Wy will be contained in the
tile G x G of the graphon Wj. The degrees of the parts (i.e., the degrees of the vertices
forming the parts) are given in Table 1; the degree of @) is at least 5/14 4 8/252, i.e., larger
than the degree of any other part, and will be fixed later in the proof.

Pat | A|B|C|D|E|F|G|P| Q |R]

90 91 92 93 94 95 96 97 98 77
Degree | 555 | 955 | 255 | 255 | 553 | 255 | 253 | 255 | = 253 | 359

Table 1: The degrees of the vertices in the parts of the graphon W, from the proof of
Theorem 1.

Rather than giving a complex definition of the graphon W, at once, we decided to
present the particular details of the structure of Wy together with the decorated constraints
fixing the structure of Wy in Sections 3-6. Table 2 gives references to subsections where
the individual tiles of the graphon W, are considered and the corresponding decorated
constraints are given.

We now start the proof of the finite forcibility of the graphon Wj. Let W be a graphon
that satisfies the constraints from Lemma 4 with respect to the sizes and degrees of the
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Figure 2: The sketch of the graphon W, from Theorem 1.
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A B C D E F G P Q R
3.2 32 32 32 32 32 32 31 6.1 6.2
32 33 33 33 33 41 6 31 6.1 6.2
33 33 33 33 33 53 6 31 6.1 6.2
3.2 33 33 33 43 4.2 3.1 6.1 6.2
32 33 33 43 51 51 52 31 6.1 6.2
3.2 41 53 42 51 51 52 31 6.1 6.2
3.2 6 6 6 52 52 54 31 6.1 6.2
31 31 31 31 31 31 31 31 6.1 6.2
6.1 6.1 6.1 6.1 61 6.1 61 6.1 6 6.2
6.2 6.2 6.2 62 62 62 62 6.2 6.2 6.2

(=)

TOTLOHEHOOQm»>

Table 2: Subsections where the structure of the tiles are presented and the related decorated
constraints then given.

parts of Wy and that satisfies all the decorated constraints given in Sections 3-6. It will
be obvious that the graphon Wy also satisfies these constraints. So, if we show that W is
weakly isomorphic to Wy, then we will have established that W, is finitely forcible. We
will achieve this goal by constructing a measure preserving map g : [0, 1] — [0, 1] such that
W (z,y) = Wo(g(z), g(y)) for almost every (x,y) € [0,1]%,

Let A,...,G,P,Q, R be the parts of the graphon W. To make a clear distinction
between the parts of W and Wy, we will use Ay, ...,Gq, Py, Qo, Ro C [0, 1] to denote the
subintervals forming the parts of Wj. The Monotone Reordering Theorem [22, Proposition
A.19] implies that, for every X € {4,...,G,P,Q, R}, there exist a measure preserving
map ¢y : X — [0,]X]) and a non-decreasing function fx : [0,|X|) — R such that

. po 1
Feli(a)) = deely (o) = o5 / Wz, y) dy

for almost every € X. The function g maps the vertex z € X, X € {A,...,G, P,Q, R},
of W to the vertex nx(¢x(x)/|X|) where nx is the bijective linear map from [0, 1) to the
part Xy of the graphon Wy of the form nx(z) = |Xo| - ¢ + ¢x for some cx € [0,1] (we
intentionally define nx in this way, instead of defining nx as a linear measure preserving
map from [0, | Xy|) to X, since this definition simplifies our exposition later). In addition,
we define a function fx : X — [0,1] as fx(z) = fx(¢x(z)) for every € X. Clearly,
g is a measure preserving map from [0, 1] to [0, 1]; hence, we “only” need to show that
W(z,y) = Wos(g(z),g(y)) for almost every (z,y) € [0, 1]>.

3.1 Coordinate system

In this subsection, we analyze the tile P x P and the tiles P x X (and the symmetric tiles
X x P) where X € {A,...,G}. The half-graphon W is the graphon such that Wa(x,y) is
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equal to 1 if z4+y > 1 and equal to 0 otherwise; the half-graphon is finitely forcible as shown

n [13,24]. Consider the decorated constraints from Lemma 6 forcing the tile P x P to
be weakly isomorphic to the half-graphon. This implies that fr(z) = wp(x)/|P| for every
x € [0,|P]), where pp and fp are the functions from the Monotone Reordering Theorem
used to define the function g Lemma 6 and the finite forcibility of the half-graphon yield
that W(z,y) = ) for almost every (z,y) € P2

b4

Figure 3: Decorated constraints forcing the tiles X x P where X € {A,...,G}, Y €
{E,F,G} and Z € {A,B,C,D}.

Next consider the decorated constraints depicted in Figure 3 and fix X € {A4,...,G}.
The first constraint in Figure 3 implies that W (z,y) € {0, 1} for almost every (z,y) € PxX
and that Ni\(z) E Ny (2') or Nip(2') C Niy(z) for almost every pair (z,2') € P2 In
addition, the choice of the function ¢y implies that almost every pair y,y’ € X satisfies
the following: if px(y) < px(v'), then degh (y) < degl.(y'). Hence, the first constraint
and the choice of ¢y yield that for almost every x € P, there exists ¢t € [0, |X|] such that
the set Ni¥(z) and ¢'([0,t)) differ on a null set. We conclude that there exists a function
hx : P — [0,1] such that it holds for almost every (z,y) € P x X that W (z,y) = 1 if and
only if ox(y)/|X| =1 — hx(x).

If X € {E F,G}, then the second constraint in Figure 3 implies that deg™(z) =
INX(z)| = deg”(x) for almost every x € P, ie., hx(x) = fp(z). Since it holds that
Wix,y) =1 1f and only if ox(y)/|X| > 1 — hX(x) for almost every (z,y) € P x X, we
obtain that fx(y) = ox(y)/|X| for y € [0,|X]), W(z,y) = 1 for almost every (z,y) €
P x X with fp(z) + fx(y) > 1 and W(z,y) = 0 for almost every (z,y) € P x X with
fe(x)+fx(y) < 1. It follows that W (x,y) = Wy(g(z), g(y)) for almost every (z,y) € Px X,
where X € {E, F,G}. The analogous argument using the third constraint in Figure 3
implies that deg”™ (z) = [N¥X(z)| = |X| — deg”(x) for almost every z € P, which yields
that W (z,y) = Wy(g(z), g(y)) for almost every (z,y) € P x X, where X € {A, B,C, D}.

We conclude this subsection by observing that degi (z) = fx(x) for almost every
x € X, where X € {A,...,G}U{P}. In particular, we may interpret the relative degree
of a vertex with respect to P as its coordinate. Also observe that N () E N (') for
almost every pair (z,2') € X x X such that fx(z) < fx(2').

3.2 Checker tiles

We now consider the tiles A x X where X € {A,...G}. The argument follows the lines
of the analogous argument presented in [12, 15, 16], however, we include the details for
completeness. The checker graphon W is obtained as follows: let I, = [1—27F 1—27(k+1)
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for k € Ny and set We(z,y) equal to 1 if (z,y) € U IZ, ie., both z and y belong to the

same [, and equal to 0 otherwise. The checker graphon We is depicted in Figure 4. We
remark that we present an iterated version of this definition in Subsection 3.3. We set
Wo(na(x), nx(y)) = We(z,y) for ,y € [0,1)* where X € {4,...G}.

Figure 4: The checker graphon We.

Consider the decorated constraints in Figure 5, which we claim to force the structure
of the tile A x A. The argument follows the lines of the analogous argument given in [16,
Section 5], so we sketch the main steps here and refer the reader for full details to [16]. The
first constraint in Figure 5 implies that there exists a collection [J4 of disjoint measurable
non-null subsets of A such that the following holds for almost every (z,y) € A x A:
W(z,y) = 1 if and only if  and y belong to the same set J € J4, and W(z,y) = 0
otherwise.

W

Figure 5: The decorated constraints forcing the structure of the tile A x A.

The second constraint in Figure 5 implies that almost every triple (z,2/,2") € A3
satisfies that if x and 2” belong to the same set J € Ja and fa(x) < fa(z') < fa(z"),
then 2’ also belongs to the set J (since z and 2’ cannot be non-adjacent). This implies
that for every J € Jy, there exists an open interval J’ such that J and f;'(J') differ on
a null set. Let J} be the collection of these open intervals for different sets J € Jy; since
fa is a measure preserving map and the sets in J4 are disjoint, the intervals in J} must
be disjoint.

The third constraint in Figure 5 implies that almost every pair (z,z') € A? satisfies that
if z and 2’ belong to the same set J € Ja and fa(z) < fa(z'), then |Nj (2) NN (2')] = | J]|
is the measure of the set Y of the points y € A such that y ¢ J and fa(y) > fp(z”) for
almost every z” € P with fa(x) < fp(z”) < fa(z’). Observe that if J is fixed and
J = fi1(J) for J' € J4, then the set Y differs from f;'([supJ’,1)) on a null set. It
follows that the measure |J| = |J| is equal to 1 — sup J'. Hence, each interval in J) is of
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the form (1 —2v,1—7) for some v € (0,1/2]; let I" be the set of all the values of v for that
there is a corresponding interval in J}. Note that if v € T, then I' N (v/2,~) = 0, which
implies in particular that the set I' is countable. Let v; be the k-th largest value in the set
[' and in case that I is finite, set v, = 0 for k£ > |I'|. It follows that

1 /
W / W(x,y) de dy = Z (sup J' — inf J Z Ve -

AxA J’GJA keN

The last constraint in Figure 5 implies that the integral on the left hand side of the above
equality is equal to 1 / 3 which is possible only if v, = 27 for every k € N. It follows that
= ) for almost every (z,y) € A%

A

Figure 6: The decorated constraints forcing the structure of the tiles A x X where X €
{B,...,G}.

We now consider the decorated constraints from Figure 6. Fix X € {B,...,G}. The
first constraint in Figure 6 implies that for every J € J4, there exists a measurable set
Z(J) C X such that the following holds for almost every pair (z,y) € Ax X: W(x,y) =1
if v € Jand y € Z(J), and W(z,y) = 0 otherwise. Note that the sets Z(J) need
not be disjoint. The second constraint in Figure 6 yields that degii (z) = degpy(z) for
almost every x € A, which implies that the sets J and Z(J) have the same measure. The
third constraint implies that the following holds for almost every triple (y,y',y”) € X3:
if fp(y) < fr(y') < fry"), y € Z(J) and " € Z(J), then y € Z(J). Consequently,
for every Z(J), there exists an open interval Z’(J) such that Z(J) differs from the set

% (Z'(J)) on a null set. Finally, the last constraint in Figure 6 yields that the following
holds for almost every x € J: the measure of Nij;(z) = Z(J), which is |Z(J)| = |Z'(J),
is equal to the measure of the set containing all y ¢ Z(J) with fx(y) > sup Z’(J). It
follows that the interval Z’(.J) is equal to (1 — 27,~) for some v € (0,|X|/2]. Since the
measures of J and Z'(J) are the same, it must hold that Z'(J) = J' where J' € J) is
the interval corresponding to J. It follows that W (x,y) = Wy(g(x), g(y)) for almost every
(r,y) € Ax X.

3.3 Iterated checker tiles

The checker graphon W represents a large graph formed by disjoint complete graphs on
the 1/2,1/4,1/8, ... fractions of its vertices. We now present a family of iterated checker
graphons. Informally speaking, we start with the checker graphon W and at each iteration,
we paste a scaled copy of W on each clique of the current graphon. The formal definition
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Figure 7: The iterated checker graphons Wg, W} and W2.

is as follows. Fix k € Ny. If £ = 0, define I, jo € Ny, to be the interval

I, = [1 _ 2—3’0’ 1— 2—3’0—1) )

Jo

If k > 0, we define I, for (jo,...,jr) € NE as

.....

) o ) ) _ 9= Jk|T. . ) ) _ 9—Jk—1|7. )
JOseees Jk_[supljo ----- Jk—1 2 |IJ0 ----- Jk71|vsupljo ----- Jk—1 2 |IJ0 ----- Jk71|)‘

The k-iterated checker graphon WE is then defined as follows: Wk(z,y) is equal to 1 if
there exists a (k + 1)-tuple (jo, . . ., jr) € NE such that both x and y belong to the interval
L, ., and it is equal to 0 otherwise. The iterated checker graphons W2, W} and W2 are
depicted in Figure 7. Note that W = W¢ and the definition of I, coincides with that
given in Subsection 3.2. We will also refer to an interval I, _; as to a k-iterated binary

interval.
For X € {B,C}and Y € {X,...,E}, we set

.....

Wh(z, it X = B, and
Wo(nx (z),ny (y)) = { nga: ??jg f X =C

for all z,y € [0,1)% We also set the tile D x D to be such that

Wo(np(x),mp(y)) = We(z, y)

for all z,y € [0,1)% This also defines the values of Wy in the symmetric tiles, i.e., the
values for the tile X x Y determine the values for the tile Y x X.

Consider the decorated constraints depicted in Figures 8 and 9. We first analyze the
structure of the tile B x B, then all the tiles Bx Y, Y € {B,..., E}, then the tile C' x C,
then all the tiles C x Y, Y € {C,..., E}, before finishing with the tile D x D. Fix (X,Y)
to be one of the pairs (A, B), (B, C) or (C, D). We assume that W (z,y) = Wy(g(z), 9(y))
for almost every (x,y) € X x X and almost every (z,y) € X x Y, and our goal is to show
that W(x,y) = Woy(g(x), g(y)) for almost every (z,y) € Y x Y.

The first two constraints on the first line in Figure 8 imply that there exists a collection
Jy of disjoint open intervals such that the following holds for almost every (z,y) € Y?:
W (z,y) is equal to 1 if and only if fy(z) and fy(y) belong to the same interval J' € Jy.,
and it is equal to 0 otherwise. The third constraint on the first line in Figure 8 yields that
each interval in Jy- is a subinterval of an interval in J%.
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Figure 8: The decorated constraints forcing the structure of the tiles B2, C2, and D?,
where (X,Y) € {(4, B), (B, (), (C,D)}.

@>—® QB .0 @ ®©
=0 >R =0 =
®-® & © ®

Figure 9: The decorated constraints forcing the structure of the iterated checker graphons
on the non-diagonal tiles, where (X,Y) € {(A,B),(B,C)} and Z € {C,D,E, F}if X = A
and Z € {D,E, F}if X = B.
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The first constraint on the second line in Figure 8 yields that the following holds for
almost every triple (z,y,y") € X X Y X Y such that fy(y) and fy(y’) are from the same
interval J;, € Jy- and fx(z) is from the interval J5 € Jx that is a superinterval of J.:
the measure of Ji, (which is equal to the left hand side of the equality) is the same as the
measure of the set of all y” such that fy(y”) € Js and fy(y”) > sup Ji, (which is equal to
the right hand side). It follows that

Jy = (sup Jy — 2v,sup Jx —7)
for some v € (0, |J%|/2]. The very last constraint in Figure 8 yields for every Jy € Jx

that .
>, IR =gE
Ty €Ty Jy STk

However, this is only possible if the set Jy contains all intervals of the form (sup J% —
2v,sup Jyx — 7) for every Jx € J% and every v = |J%|-27% i € N. It follows that
W(x,y) = Wos(g(z),g(y)) for almost every (x,y) € Y x Y.

We continue to fix a pair (X,Y) € {(A,B),(B,C)}, but in addition we now fix
Z e {Y,....,E} \ {Y} where Y € {B,C}. Our next goal is to show that W(y,z) =
Wo(g(y), g(2)) for almost every (y, z) € Y x Z, which is achieved using the decorated con-
strains given in Figure 9. The first constraint in Figure 9 implies that it holds for almost
every y € Y that fz(NZ(y)) C Js where J% is the unique interval of J% containing
fr(y). The second constraint in Figure 9 yields that for almost every y € Y, there exists
an interval .J, such that NZ(y) and f;'(J,) differ on a null set, W(y, z) = 1 for almost
every z € f;'(J,), and W (y, z) = 0 for almost every z € Z\ f,'(J,). The third constraint
yields that degy, (y) = degfy(y) for almost every y € Y, i.e., the measure of .J, is the same
as the measure of the interval in Jy containing fy (y).

Finally, the last constraint in Figure 9 implies that almost every quadruple z € X,
y €Y,z 2 € Zsuchthat fz(2) < fz(%'), fz(2) and fz(%") belong to the interval .J,, which
is a subinterval of J% € J% with fx(z) € J%, satisfies that the measure of NZ (y) (note that
NE (y) is a subset of f;'(J%)) and the measure of all 2’ € f,*(J5) \ NZ (y) with f(z') >
sup J, are equal. In particular, the interval J, is of the form (sup Jy — 2v,sup Jx — 7)
for almost every y € Y, where J% is the unique interval of J5 containing fy (y). Hence,
the interval J, is equal to the interval in Jj. containing fy (y) for almost every y € Y. It
follows that W (y, z) = Wy(g(y), g(2)) for almost every (y,z) € Y x Z.

4 Encoding the target graphon

In this section, we describe how the densities in dyadic squares of the graphon Wy are
wired in a single binary sequence, which will be encoded in the tile B x F'. To achieve this,
we need to fix a mapping ¢ from Nj to Ny. Let us define this mapping as follows. The 4-
tuples (a, b, ¢, d) with the same sum s = a+ b+ c+d of their entries are injectively mapped
to the numbers between (323) and (514) — 1 in the lexicographic order. For example,
©(0,0,0,1) =1 and ¢(0,1,0,0) = 3.
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4.1 Encoding dyadic square densities

The tile B x F encodes the edge densities on all dyadic squares of Wr. Let I¢(s) be the
interval [2%, ‘*;—dl), and define for d, s,t € Ny the value 6(d, s,t) as

5(d787t) :22d'/ WF(ZE,y) dz dy
I9(s)x I%(t)
if 0 < s,t <2¥—1, and §(d,s,t) = 0, otherwise. If Wy is the one graphon, i.e., W is
equal to 1 almost everywhere, we fix r = 1. Otherwise, we fix r € [0,1) to be the unique
real satisfying that

o(d, s, t) = Z 27Pr g5t p)+1 » and (5)
p=0

that for all d, s,t € Ny, the value of 1y ¢ )41 is equal to zero for infinitely many p € No,
where 7y is the k-th bit in the standard binary representation of r (with the first bit
following immediately the decimal point). The standard binary representation is the unique
representation with infinitely many digits equal to zero If W is the one graphon, we set
ry = 1 for every k € N. Observe that r is not a multiple of an inverse power of two unless

W is the zero graphon or the one graphon (r € {0,1} in these two cases)

O—®
\\ _0 _0
B -6

Figure 10: The decorated constraints forcing the structure of the tile B x F.

We now define Wy(np(x),nr(y)) = rk4+1 for x € [0,1] and y € I, k € Ny, and force the
corresponding structure of the tile B x F'. Consider the decorated constraints depicted in
Figure 10. The first constraint implies that degp;,(z) € {0,1} for almost every x € F. In
particular, W is {0, 1}-valued almost everywhere on B x F'. The second constraint implies
that for every k € Ny and for almost every z, 2’ € fz'(Ix), deghi (z) = degiy (2'). Let 7}, be
the common degree degf) () of the vertices # € fn'(Ix_1), k € N. The last constraint in

the figure implies that
DERC S
keN keN

Since r is not a non-zero multiple of an inverse power of two unless r € {0,1}, it follows
that r, = 7}, for all k € N. If r € {0, 1}, it follows that r, = 7}, = r trivially. We conclude
that W(x,y) = Wy(g(x), g(y)) for almost every (z,y) € B x F.

4.2 Matching tile

In this subsection, we introduce and analyze the tile D x F. This tile is supposed to link
the 4-fold indexing to linear indexing. Formally, we define Wy(np(z), nr(y)) to be equal to
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lifx € Iypeq and y € Lpp,e,a) for some (a,b,c,d) € N} and to be equal to 0, otherwise.

o Ld S

® _ i 9—a—b—c—d—4 2—@(a,b,c,d)—1

®) a,b,c,d=0

(D) — i 2—a—b—c—d—4 . 2—a—b—c—3 . 2—g0(a,b,c,d)—1

© @ a,b,c,d=0

D i b—c—d—4 b—2 (a,b,c,d)—1
— 2_0’_ —C—a—x | 2_0’_ e 2_30 a,0,c,a)—

B) @ a,b,c,d=0

(D) _ i 2—a—b—c—d—4 .9—a—1 2—<p(a,b,c,d)—1

@A) E a,b,c,d=0

Figure 11: The decorated constraints forcing the structure of the tile D x F.

Consider the decorated constraints in Figure 11. The first constraint implies that W is
{0, 1}-valued almost everywhere in D x F' and that for almost every = € D, it holds that
NE(x) = Uper, f7' (Ix) up to a null set for some K, C Ny. The second constraint implies
that for almost every vertex of D, the set K, has cardinality 0 or 1. The third constraint
yields that for every (a,b,c,d) € Nj, the set K, is the same for almost all x € D with
fp(z) € I,pcq. Finally, the last constraint in the first line implies that the sets K, and K,
are disjoint for almost all =,y € D with fp(x) and fp(y) from different 3-iterated binary
intervals.

Let 7(a,b,c,d) be the common degree degyy, () of vertices € f5'(Inpea). If K, is
empty for almost all x € f5,' (Iopeq), then 7(a, b, c,d) = 0; otherwise, T(CL b,c,d) is 27F71,
where k is the unique integer contained in K, for almost all = € fD (Iapea)- Note that
the non-zero values of 7(a, b, ¢, d) are distinct for distinct (a, b, ¢, d) € N§. Observe that the
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edge density in the tile D x F' is the following:

W(z,y)dedy= Y |apedlr(a,be,d) =Y 27 N 7(a,b,c,d).

(a,b,c,d)EN] s€Np (a,b,c,d)EN]
a+b+ctd=s

DxF

The constraint in the second line in Figure 11 yields the following:

Z 2—(s+4) Z T(CL, b, ¢, d) _ Z 2—(S+4) Z 2—30(a,b,c,d)—1 ]

s€Np (a,b,c,d)ENG s€Np (a,b,c,d)ENG
a+b+ct+d=s a+b+c+d=s

Since the non-zero values of 7(a, b, ¢, d) are mutually distinct, this equality can hold only
if
{r(a,bc,d)st. a+b+ct+d=s}={27¢@beD gt g4 btctd=s)

for every s € Np.
The constraint in the third line in Figure 11 implies that

§ 2—a—b—c—d—4 . 2—a—b—c—3 . T(CI,, b, ¢, d) _ E 2—a—b—c—d—4 i 2—a—b—c—3 i 2—30(a,b,c,d)—1 )
(a,b,c,d)GNé (a,b,c,d)ENé

Since it holds for every s € Ny that
{r(a,b,c,d) st. a+b+c+d=s}={27¢@bed st g4btc4+d=s},
we get that the following holds for all d € Ny and s € Ng:
{r(a,b,c,d) st. a+b+c=s}={279@bed" gt g1 bhtc=s}.
Similarly, the constraint in the fourth line implies that

§ 2—a—b—c—d—4 i 2—a—b—2 i T(CI,, b, ¢, d) — § 2—a—b—c—d—4 i 2—a—b—2 i 2—30(a,b,c,d)—1
(a,b,c,d)ENG (a,b,c,d)ENG

Y

which yields that it holds for all ¢, d, s € Ny that
{r(a,bc,d) st. a+b=s}={27°@bed"Lst q4b=s}.
Finally, the constraint in the fifth line implies that

Z 2—a—b—c—d—4 . 2—a—1 . T(CL, b, ¢, d) _ Z 2—a—b—c—d—4 . 2—a—1 . 2—4p(a,b,c,d)—1

(a,b,c,d)ENG (a,b,c,d)ENG

)

which implies that 7(a, b, ¢, d) = 27%@bed)=1 for all a, b, ¢, d € Ny. It follows that W (z,y) =
Wo(g(x), g(y)) for almost every (x,y) € D X F.
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5(0,0,0)

6(0,1,0)

E=

D 7 » 5(1,0,0)

%

Figure 12: An example of the D x E tile.

4.3 Collating dyadic square densities

The tile D x E' is designed to group the values of d(d, s,t). We set Wy(np(x),ne(y)) =
To(dstp)y+1 for all @ € Igeip, y € I, and (d, s,t,p) € Ng, and we set Wy(np(z),ne(y)) to
be zero elsewhere. An example of a tile with this structure is depicted in Figure 12. Note
that the density of the square np(lyst) X Ne(lss.) is equal to d(d, s, ).

Consider the decorated constraints depicted in the Figure 13. The first constraint
implies that W (x,y) = 0 for almost every (x,y) such that z € f5'(Iyss), v € f5 (Lo s)
and (d, s, t) # (d',s',t'). The second constraint yields that for almost every x € D such
that = € fgl(ldst) degfi () is either 0 or 279=*~*=3, In particular, W (z,y) € {0,1} for
almost every (z,y) € D x E.

o0 B ad " b

Figure 13: The decorated constraints forcing the structure of the tile D x E.

We now analyze the last decorated constraint depicted in the Figure 13. This constraint
implies that the following holds for almost every choice of a D-root x and an F-root y such

that fp(z) € Igsip and fr(y) € Losp):

27T sy = degiy (2)

It follows that W (x,y) = Woy(g(x), g(y)) for almost every (z,y) € D x E.

5 Forcing the target graphon

In this section, we force the densities in each dyadic square of the tile G X G to be as in the
graphon Wr and we argue that the graphon inside the tile is the graphon Wg. To achieve
this, we first need to set up some auxiliary structures.
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5.1 Dyadic square indices

We start with the tiles ' x E, E x F and F' x F, which represent splitting the O-iterated
binary interval I, into 2¥ and 22* equal length parts. Formally, Wy (ng(z), ne(y)) is equal
to 1 for z,y € [0,1) if  and y belong to the same O-iterated binary interval I} and

Lx—min]k 2kJ B {y—min[k 2kJ
|1k | |1k | ’

and it is equal to 0 otherwise. Similarly, Wy(nr(z),nr(y)) is equal to 1 for z,y € [0,1) if
x and y belong to the same 0-iterated binary interval [} and

r—minly o y—minly o
T TRk | L TR 9%k
| x| | x|

and it is equal to 0 otherwise. An illustration can be found in Figure 14. Finally, we set
WO(UE('I)?nF(y)) = WO(UE<$)7 UE(Z/)) for all T,y € [07 1)

Figure 14: Representation of the tiles £ x E and F' x F'.

Figure 15: The decorated constraints forcing the tiles F'x E and F' x F', where X € {E, F'}.

Fix X € {E, F'} and consider the decorated constraints given in Figure 15. The three
constraints on the first line in Figure 15 imply that W (x,y) € {0, 1} for almost every pair
(z,y) € X x X and that there exists a collection of disjoint open intervals Jy, which are
subintervals of O-iterated binary intervals Iy, such that W(z,y) = 1 if and only if fx(x)
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and fx(y) belong to the same interval J € Jx (except for a subset of X x X of measure
zZero).

If X = E, then the first constraint on the second line in Figure 15 implies that
degli (z) = 27271 for almost every z € f5'(Ji), ie., if J € Jg and J C I, then
|J| = 27%|I};|. Hence, the set Jg is formed precisely by the intervals

. (-1 : 14
(mm]k + 2—k|Ik|,m1nIk + ﬁ|[k|)

for k € Ny and ¢ € [2*]. Hence, W (z,y) = Wy(g(z), g(y)) for almost every (z,y) € E x E.
The analogous argument using the last constraint on the second line in Figure 15 gives
that Jr is formed precisely by the intervals

. (-1 ) l
(mm[k + W|Ik\,m1nfk + ﬁ|[k|)

for k € Ny and ¢ € [2?¥], which leads to the conclusion that W (z,y) = Wy(g(x), g(y)) for
almost every (x,y) € F X F.

S_——--

Figure 16: The decorated constraints forcing the structure of the tile £ x F.

It remains to analyze the tile £ x F. Consider the decorated constraints given in
Figure 16. The first two constraints in Figure 16 imply that for every J € Jg, there exists
an open interval K (J) such that the following holds for almost every (z,y) € E x F:
Wi(x,y) =1if fg(z) € J and fr(y) € K(J) for some J € Jg, and W (z,y) = 0 otherwise.
The third constraint implies that the intervals K (J) and K(J') are disjoint for J # .J',
and the fourth constraint yields that the measure of K (J) is equal to |J|. Finally, the last
constraint implies that if an interval J; € Jg precedes an interval J, € Jg, then K(J;)
precedes the interval K (Jy). We conclude that K(J) = J for every J € Jg. Consequently,
Wi(x,y) = Wo(g(x), g(y)) for almost every (z,y) € E x F.

5.2 Referencing dyadic squares

We now describe the tiles £ x G and F' x G, which allow referencing particular dyadic
squares by the intervals from Jg and Jp. Formally, Wy(ng(z),ne(y)) = 1 for z,y € [0, 1)

if and only if z € I}, and
{w.ﬂ — -2
| L]
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and it is equal to 0 otherwise. Similarly, Wy(ng(z),ne(y)) = 1 for z,y € [0, 1) if and only

if v € I, and
{x — min I},

| 1|

and it is equal to 0 otherwise. The tiles are depicted in Figure 17.

-2%J = |y-2"| ( mod2"),

]
—

Figure 17: The tiles £ x G and F x G.

S_———-

Figure 18: The decorated constraints forcing the structure of the tiles £ x G and F' x G,
where (X,Y) € {(E, A), (F,E)}.

Fix X € {E,F}andset Y = Aif X = F, and Y = E if X = F. Consider the
decorated constraints given in Figure 18. The first two constraints in Figure 18 imply that
for every J € Jx, there exists an open interval K~ (J) such that the following holds for
almost every (z,y) € X x G: W(x,y) = 1if fp(x) € J and fr(y) € K*(J) for some
J € Jx, and W (z,y) = 0 otherwise.

If X = E, the third constraint on the first line in Figure 18 implies that if J, J' € Jg
and J and J' are subintervals of the same O-iterated binary interval, then K¥(J) and
KE(J') are disjoint; the second constraint on the second line implies that if J precedes
J' inside the same O-iterated binary interval, then K¥(J) precedes K¥(J'). Likewise, if
X = F, the third constraint on the first line gives that if J J' € Jr and J and J' are
subintervals of the same interval contained in Jg, then K¥(J) and K¥'(J') are disjoint,

and the second constraint on the second line gives that if J precedes J' inside the same
interval of Jg, then K (J) precedes K (.J').
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Finally, the first constraint on the second line implies that deg$ (z) = 2degiy (z) for
almost every x € X. This implies that if J is a subinterval of a 0-iterated binary interval
Jy, then |[KX(J)| = 27%. We conclude that W (xz,y) = Wy(g(x), g(y)) for almost every
(z,y) € X xG.

5.3 Indexing dyadic squares

We now describe the tile C' x F', which allows referencing particular dyadic squares by 2-
iterated binary intervals; the tile is depicted in Figure 19. Formally, Wy(nc(z), nr(y)) = 1
for z,y € [0,1) if and only if & € Iy, y € Iy, s <24, t < 29, and

{7y |;m|n d ~22dJ =2l 54t
d

and it is equal to 0 otherwise.

—129-1

22 (3d+1) Z Z o—(d+i+j+3)

=0 35=0

Figure 20: The decorated constraints forcing the structure of the tile C' x F.
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Consider the constrains given in Figure 20. The four constraints in the first line in
Figure 20 imply the following: there exists a function h : N3 — Ny U {oc} such that
h(d,s,t) € {0,...,222 — 1} U {oo} and the following holds for almost every (z,y) € C x F:
W(x,y) =11if and only if fo(z) € I, and

VF(?J) —minly y
| 14]

| =50,

W (z,y) = 0 otherwise. In particular, if h(d, s,t) = oo, then W (z,y) = 0 for almost every
x € fi'(lyss) and y € F.

The first constraint in the second line in Figure 20 implies that if (d, s, t) # (d, s',t'),
then h(d,s,t) # h(d,s’,t') unless h(d,s,t) = h(d,s’,t') = oo. The second constraint in
the second line then implies that if h(d, s,t) and h(d,s',t') are both different from oo and
h(d,s,t) < h(d,s',t"), then either s = ' and t < ¢’ or s < §’. The third constraint yields
that if A(d, s,t) and h(d, s, t') are both different from oo and s # s" (the two C-roots deter-
mine the values of the triples (d, s,t) and (d, s, t') and their adjacencies to the B-root imply
that s # '), then |h(d, s,t)/2%] # |h(d,s',#)/2?]. Similarly, the last constraint yields that
if h(d,s,t) and h(d,s,t') are both different from oo, then |h(d, s,t)/2¢| = |h(d,s,t')/2%].
Consequently, for any d, there are at most 2 values of s such that h(d, s, t) # oo for some
t € Ny, and for any d and s, there are at most 2¢ values of ¢ such that h(d, s, t) # oo.

The density of the tile C' x F'is equal to the following:

i 2—(3d+1) Z 2—d—s—t—3 (6)
d=0

s,teNg
h(d,s,t)#oc0

Since for any d, there are at most 2¢ values of s such that h(d, s,t) # oo for some t € N,
and for any d and s, there are at most 2¢ values of ¢ such that h(d, s,t) # oo, the inner

sum in (6) is at most
241

Z 2—d—s—t—3 .

s,t=0
The constraint on the third line in Figure 20 now yields that h(d, s, t) # oo if and only if
s < 2% and t < 2%, Since it holds that if h(d, s,t) # oo, h(d,s’,t') # oo and h(d, s, t) <
h(d,s',t'), then either s = s’ and t < ' or s < &, it follows that h(d,s,t) = 2¢- s+t
for all d, s < 2¢ and ¢ < 2% It follows that W (z,y) = Wy(g(x), g(y)) for almost every
(z,y) € C x F.

5.4 Forcing densities

We now focus on the tile G x G, which contains the graphon Wr itself; we define the value
Wo(na(z),na(y)) to be equal to Wr(z,y) for every (z,y) € [0,1)2.
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T =d(rs, W)

Figure 21: The decorated constraint forcing the G x G tile.

Consider the first decorated constraint given in Figure 21. Almost every choice of the
roots of the constraint satisfies the following: if z € F' is the F-root, fr(z) € I, d € Ny,

and .
\\fp(flf) — min Iy g2
| 14|
where s,t € {0,...,2¢9 — 1}, then the left E-root y € E satisfies that fz(y) € I; and

fe(y) — min I, B
{ |14l .2dJ -

J:sx2d+t,

Moreover, the C-root ¢ € C' and the right E-root y"” € E satisty that fo(y') € 1454, and
fe(y”) € 1454 The left hand side of the density constraint is then equal to

gt / W(z,y) dz dy
fat(14(s)) x f5* (14t))

and the right hand side of the density constraint is equal to
2—2d . degg/(y”) _ 2—2d X 2—d—s—t—3 X 5(d, s, t) ]

It follows that

22d/ W(z,y) dx dy = d(d, s,t) . (7)
fat(14()) x f5* (1))

Fix a measurable bijection v : [0, 1] — G such that [¢p~}(X)| = | X|/|G| for every mea-
surable X C G, and define a graphon W¢ as We(z,y) = W (¢ (z),4(y)) and a graphon W,
as Wr(z,y) = Wr(fo(d(x)), fa(d(y))). Observe that Wir(z,y) = Wol(g(¥(2)), 9(¢(y))) for
almost every (x,y) € G x . Note that the second constraint in Figure 21 implies that
d(I'y, Wg) = d(T'y, Wr), which is equal to d(I'y, W}). We now show that Wg and Wy, are
equal almost everywhere.

Suppose that ||Wg — Wi||o = € > 0; note that ¢ < 1. For d € Ny, define a graphon
W to be a step graphon with parts ¢—" (fG_l (Id(k;))), k=0,...,27 — 1, such that

Wz, y) = 0(d, s, t) for z € 7' (f5' (I%s))) and y € v~ (f5" (I%(1))) -
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The sequence (W9) ey, forms a martingale on [0, 12, and Doob’s Martingale Convergence
Theorem implies that W9 converges uniformly to W,. Hence, there exists d € Ny such
that ||W}. — W9||g < £*/1800. Apply Proposition 8 to the graphon Wg and the partition
v (f5t (I4K))), k € {0,...,2¢ — 1}, to obtain a step graphon W{, that refines W< and
is £ /1800-close to Wg. Consequently, we get ||[W, — Wi|g > e — /900 > /2, which
implies that

d(Ty, W) — d(Ty, W?) > £*/128 (8)

by Lemma 11. On the other hand, the choice of W/ and W implies that
(T, We) — d(Ty, Wi)| < /300 and |d(Ty, Wj) — d(T'y, W?)| < £*/300 . (9)

The inequalities (8) and (9) now yield that d(I'y, W) > d(I'y, Ws). However, this is
impossible since d(I'y, W) = d(I'y, W¢). Hence, the graphons Wy and W} are equal
almost everywhere, which implies that W (z,y) and Wy(g(z),g(y)) are equal for almost
every (z,y) € G x G.

6 Cleaning up

We are close to finishing the description and the argument that the graphon W is finitely
forcible. Let us start with the remaining tiles between the parts A,...,G. Fix (X,Y)
to be one of the pairs (B, G), (C,G), or (D,G) and define Wy(nx(z),ny(y)) = 0 for all
(z,y) € [0,1)% Clearly, the first decorated constraint in Figure 22 forces W to be equal to
zero for almost every (z,y) € X xY. Hence, we can conclude that W (z,y) = Wy(g(z), 9(y))
for almost every pair (z,y) € (AU---UG U P)2

Similarly, we define Wy(ng(z),no(y)) = 1 for all (z,y) € [0, 1)%; this is easy to force by
the second constraint in Figure 22. Hence, W (z,y) = Wy(g(x), g(y)) for almost every pair

(z,y) € Q x Q.
!
=0 =1
©

Figure 22: The decorated constraint forcing the tiles X x Y, where (X,Y) is one of the
pairs (B, G), (C,G) and (D, G), and the decorated constraint forcing the tile @ x Q.

6.1 Degree balancing
We use the tiles Q x X, where X € {A,...,G} U{P}, to guarantee that

AgU---UGogUPyUQq 5

degWg (z) = 13
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for every vertex x € AgU---UGoU Fy. It may seem counterintuitive to force the degrees of
the vertices in the parts A, ..., G, P to be equal; however, it is simpler to begin by enforcing
the parts to be degree-regular (with the same degree) and then enforce the different degrees
of the parts.

First, note that deg{?[}:)u"'UGOUP o(x) < % for every x € AgU- - -UGyU Fy; this follows from
that |N£/?)U'"UG°UP° (z)| < 5/14 for every such z. Let £(z) = 1—2- degAOU UGOUP@( ) for every
such z; note that (x) € [0,1]. We define Wy(z,y) = () for every 2 € AgU---UGyU By
and y € Qg. Further, we define Wy(z,y) = 1 for all (z,y) € Q2.

R = J @) da 2 +5
o Q Xo Ye{A,. G}U{P}

Figure 23: The decorated constraints forcing the tiles @ x X where X € {A,...,G}U{P}.

Fix X € {A,...,G} U{P} and consider the decorated constraints given in Figure 23.
The first constraint implies that almost every z and 2’ from @ satisfy that

/ W(z,2)W (2, z) de = / £(z)? dz

Lemma 7 implies that almost every z from () satisfies that

/W(z,x)2 dz = /f(:)s)2 dz

In particular, when z is fixed and W (z,x) is viewed as a function of z, the Ls-norm of
the function W (z,z) for almost every z € @ is the same, and the inner product of the
functions W (z,z) and W (2', z) for almost every pair z, 2’ € @) is also the same and equal
to the Lo-norm. Hence, the Cauchy-Schwarz Inequality yields that there exists a function
h: X — [0,1] such that W(z,z) = h(x) for almost every x € X and almost every z € Q.
It follows that W (x, z) = h(x) for almost every pair (z,2) € X x Q.

Since degiiy VY (z) = degf,‘[,%u"'UGOUPO (g(z)) for almost every x € X, the second con-
straint in Figure 23 implies that h(z) = £(g(x)) for almost every x € X. It follows that
W(zx,y) = Wy(g(x),g(y)) for almost every pair (z,y) € X x . We now conclude that

Wz, y) = Wos(g(z),g(y)) for almost every pair (z,y) € (AU---UGUPUQ)>.

6.2 Degree distinguishing

It remains to define and analyze the tiles X x R, X € {A,...,G,P,Q, R}. Fix (X, k) to
be one of the pairs (A4,0),...,(G,6),(P,7),(Q,8)(R,9). We define Wy(z,y) = k/18 for all
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x € Xg and y € Ry. It is easy to check that each vertex of X has the same degree in Wy,
and this degree is equal to the one given in Table 1. Also note that the common degree of
the vertices of Q) is at least 5/14 + 8/252.

®

&
— 18

Figure 24: The decorated constraints used to force the structure of the tiles X x R where

(X, k) € {(A,0),....(G,6),(P,7),(Q.8), (R,9)}.

Consider the two constraints given in Figure 24. The first constraint implies that it
holds for almost every z € X that

1 k
— W dy = —
R

and the second constraint in Figure 24 implies that it holds for almost every pair (z,x’) €

X2 that )
i/m W, y) dy = (=
R

We conclude using Lemma 7 that it holds that

ﬁ}%/W(:c,y)2 dy = (1—2)2

for almost every z € X. The Cauchy-Schwarz Inequality now yields that W (z,y) = k/18
for almost every pair (z,y) € X x R. We can now conclude that W (z,y) = Wy(g(x), 9(y))
for almost every (x,y) € X x R.

We have shown that if a graphon W satisfies the presented decorated constraints,
then W(z,y) = Wy(g(z),g(y)) for almost every (z,y) € [0,1]2. Since all the presented
decorated constraints are satisfied by W, and they can be turned into ordinary constraints
by Lemma 5, the proof of Theorem 1 is now finished.

7 Conclusion

The only constraints used to force the structure of the graphon W, that depend on the
graphon Wr are the last constraint in Figure 10, the last constraint in Figure 21 and
the first constraint in Figure 23. In each of the three constraints, the structure of the
graphon Wr influences the numerical value of the right side of the constraint only. Hence,
Theorem 1 holds in the following stronger form.
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Theorem 12. There exist graphs Hi, ..., H,, with the following property. For every
graphon Wg, there exist a graphon Wy and reals 01,...,0, € [0,1] such that Wg is a
subgraphon of Wy that is formed by a 1/14 fraction of the vertices of Wy and the graphon
Wy is the only graphon W, up to a weak isomorphism, such that d(H;, W) = 0; for all
i € [ml.

The construction presented in the proof of Theorem 1 can be viewed as a map from the
space of all graphons to the space of finitely forcible graphons. The particular map implied
by the proof of Theorem 1 is not continuous with respect to the cut norm topology (and
we have not attempted to achieve this property). However, the following weaker statement
can be of possible use. The statement easily follows from the proof of Theorem 1 since
the L;-distance between the functions defining the graphons Wy and W is at most ¢ for a
suitable value of k.

Proposition 13. For every e > 0, there exists k € N such that the following holds. If W
and W, are two graphons such that the densities of their dyadic squares of sizes at least
27F agree up to the first k bits after the decimal point in the standard binary representation,
then the cut distance between the finitely forcible graphons Wy and W{ containing Wr and
W, respectively, that are constructed in the proof of Theorem 1, is at most €.
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