E% University of
OPEN (") ACCESS d BRISTOL

This electronic thesis or dissertation has been
downloaded from Explore Bristol Research,
http://research-information.bristol.ac.uk

Author:
Ravotti, Davide

Title:
Mixing via shearing in some parabolic flows

General rights

Access to the thesis is subject to the Creative Commons Attribution - NonCommercial-No Derivatives 4.0 International Public License. A
copy of this may be found at https://creativecommons.org/licenses/by-nc-nd/4.0/legalcode This license sets out your rights and the
restrictions that apply to your access to the thesis so it is important you read this before proceeding.

Take down policy

Some pages of this thesis may have been removed for copyright restrictions prior to having it been deposited in Explore Bristol Research.
However, if you have discovered material within the thesis that you consider to be unlawful e.g. breaches of copyright (either yours or that of
a third party) or any other law, including but not limited to those relating to patent, trademark, confidentiality, data protection, obscenity,
defamation, libel, then please contact collections-metadata@bristol.ac.uk and include the following information in your message:

* Your contact details
« Bibliographic details for the item, including a URL
* An outline nature of the complaint

Your claim will be investigated and, where appropriate, the item in question will be removed from public view as soon as possible.



MIXING VIA SHEARING IN SOME PARABOLIC
FLOWS

DAVIDE RAVOTTI

22nd August 2018

A dissertation submitted to the University of Bristol in accordance with the requirements for

award of the degree of Doctor of Philosophy in the Faculty of Science, School of Mathematics.



Davide Ravotti:
Mixing via shearing in some parabolic flows

© 22nd August 2018



ABSTRACT

Parabolic flows are slowly chaotic flows for which nearby trajectories diverge polyno-
mially in time. Examples of smooth parabolic flows are unipotent flows on semisimple
Lie groups and nilflows on nilmanifolds, which are both well-understood. Beyond the
homogeneous set-up, however, very little is known for generic smooth parabolic flows
and a general theory about their ergodic properties is missing. In this thesis, we study
three classes of smooth, non-homogeneous parabolic flows and we show how a common
geometric shearing mechanism can be exploited to prove mixing.

We first establish a quantitative mixing result in the setting of locally Hamiltonian
flows on compact surfaces. More precisely, given a compact surface with a smooth area
form, we consider an open and dense set of locally Hamiltonian flows which admit
at least one saddle loop homologous to zero and we prove that the restriction to any
minimal component of typical such flows is mixing. We provide an estimate of the
speed of the decay of correlations for a class of smooth observables.

We then focus on perturbations of homogeneous flows. We study time-changes of
quasi-abelian filiform nilflows, which are nilflows on a class of higher dimensional nil-
manifolds. We prove that, within a dense set of time-changes of any uniquely ergodic
quasi-abelian filiform nilflow, mixing occurs for any time-change which is not cohomo-
logous to a constant, and we exhibit a dense set of explicit mixing examples.

Finally, we construct a new class of perturbations of unipotent flows in compact quo-
tients of SL(3,IR) which are not time-changes and we prove that, if they preserve a

measure equivalent to Haar, then they are ergodic and, in fact, mixing.
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INTRODUCTION

In this thesis, we investigate the ergodic properties of some smooth flows that exhibit a

slow form of chaos. These are parabolic flows in the following sense.

In chaotic systems, trajectories of nearby points often diverge. This means that for any
point there exist arbitrarily close initial conditions which eventually evolve into different
states. This causes a high unpredictability of the long-term behaviour of the system itself.
According to the speed of divergence of trajectories, a system is said to be hyperbolic
if the trajectories of initial points diverge exponentially fast, parabolic if they diverge
polynomially, and elliptic if there is no divergence. In contrast with the hyperbolic case,
there is no general theory for parabolic dynamical systems and very little is known in
general about their dynamical, ergodic, and spectral properties. The families of systems
which are well-understood usually carry some additional structure, such as homogeneous
dynamical systems, where one can exploit powerful algebraic tools for their analysis. It
is therefore interesting to investigate the common features of more general parabolic
systems beyond the homogeneous set-up towards a better understanding of the general

geometric mechanisms that produce chaos in parabolic dynamics.

In this thesis, we consider some smooth non-homogeneous measure-preserving flows,
namely R-actions on smooth manifolds by diffeomorphisms which preserve a given
measure on the manifold. We are in particular interested in mixing, a strong chaotic prop-
erty which, in a probabilistic language, can be thought as “asymptotic independence”.
Roughly speaking, mixing means that images of measurable sets become equidistrib-
uted after sufficiently large time (see Definition 2.1.7). A weaker property is ergodicity:
a flow is ergodic if the orbit of almost every point is equidistributed.

The main goal of this thesis is to show how a common geometric shearing mechanism
can be exploited to prove mixing for three classes of smooth parabolic flows. The key
common idea is the following: in order to prove mixing, one proves that, after a large
time, the images of most curves in a direction transverse to the flow are equidistributed

in the phase space. This is achieved by showing that these curves are sheared and ap-
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proximate the orbits of an ergodic flow, and therefore are equidistributed. We call this
mechanism mixing via shearing.

An analogous approach has been used by many authors in different settings: among
others, by Sinai and Khanin [SK92], Kochergin [Kocy5b], Fayad [Fayoz], and Ulcigrai
[Ulcoy] for special flows over rotations and interval exchange transformations, by Avila,
Forni and Ulcigrai [AFU11] for time-changes of Heisenberg nilflows, and by Marcus

[Mary7] and by Forni and Ulcigrai [FU12a] for time-changes of horocycle flows.

1.1 CONTENTS OF THE THESIS

In this thesis, we prove mixing via shearing for three families of parabolic flows. Here
we summarize the contents of the chapters and we briefly outline the settings and the
results we prove, referring the reader to the introductions of the respective chapters for

more detailed discussions on the previous known results in these areas.

CHAPTER 2. PRELIMINARIES.  In this chapter, we present the background material
we will need in the following chapters. We recall some definitions and basic results about
general Ergodic Theory and about smooth flows on differentiable manifolds. Then, we
introduce the notions of special flows and of time-changes of a flow, which will be crucial
to state the results of Chapter 4. In §2.3, we define homogeneous flows on Lie groups
and we recall some fundamental results. We focus our attention on unipotent flows, and
we show that they are indeed parabolic (namely, the infinitesimal rate of divergence of
orbits is polynomial) by analyzing the adjoint representation. The approach presented in
§2.3.1 will be generalised to a non-homogeneous setting in Chapter 5. Finally, in §2.3.2,
we present some further results on the ergodic properties of nilflows, which, again, will

be useful in Chapter 4.

CHAPTER 3. SMOOTH AREA-PRESERVING FLOWS ON COMPACT SURFACES. In
this chapter, given a compact connected smooth surface M with a fixed smooth area
form, we consider the set of smooth area-preserving flows on M, equipped with a
standard topology and a measure class (see §3.2 for precise definitions). A classical res-

ult states that M can be decomposed into finitely many regions filled with periodic
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orbits and minimal components, namely regions where the orbit of each point is dense.

The result we prove is the following, see Theorem 3.1.1.

Theorem (A). There exists an open and dense set of non-minimal flows such that the restriction

of almost every flow in it to any minimal component is mixing.

In this set-up, the shearing effect happens along the flow direction, and is produced
by different deceleration rates close to the fixed points. We are able to prove sharp
bounds on the shearing phenomenon, generalising an earlier work of Ulcigrai [Ulcoy].
The quantitative shearing estimates we prove are combined with bounds on the devi-
ations of ergodic averages by Athreya and Forni [AFo8], thus allowing us to prove a

quantitative version of mixing for a class of smooth observables, see Theorem 3.1.2.

CHAPTER 4. SPECIAL FLOWS OVER SKEW-TRANSLATIONS AND TIME-CHANGES OF
QUASI-ABELIAN FILIFORM NILFLOWS. In this chapter, we consider special flows
over skew-translations on tori. A skew-translation on a torus T¢ = R?/Z is an affine
map T: T¢ — T? such that the linear part is an upper-triangular unipotent matrix.
We fix an ergodic skew-translation 7" on T? and we consider the set of special flows
over T, which are defined in §2.2.1. Informally, a special flow over T is constructed in
the following way. Given a positive continuous function ¥: T¢ — ., called the roof
function, the phase space of the flow is the set {(x,7) : x € T¢ 0 < r < ¥(x)} of points
below the graph of ¥, where we identify (x,¥(x)) with (7x,0) for all x € T¢. The
special flow moves the points vertically with unit speed, see Figure 1 in §2.2.1.

It is easy to see that constant roof functions induce non mixing special flows, see
Remark 2.2.6. In general, any roof function cohomologous to a constant “behaves like a
constant”, and hence induces a non mixing special flow, as we will see in Lemma 2.2.8.
We show that, within a dense subspace of roof functions, not being cohomologous to a

constant is also a sufficient condition for mixing, see Theorem 4.1.1.

Theorem (B). For any ergodic skew-translation T on T, there exists a dense set of continuous
functions such that every positive function f in it induces a mixing special flow over T if and

only if f is not cohomologous to a constant.

Theorem B can be interpreted in the language of nilflows, i.e. homogeneous flows on

nilpotent Lie groups. We consider a class of nilpotent Lie groups F', called quasi-abelian
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filiform nilpotent groups (see §4.1.2 for the relevant definitions), which contains groups
of arbitrarily large dimension and arbitrarily large step of nilpotence. Given an ergodic
homogeneous flow on a compact quotient M = A\F of F', we perturb it by changing the
speed of motion along the trajectories, but leaving the trajectories fixed. More formally,
if we denote by x the vector field generating the homogeneous flow, we consider the
flow induced by ax, where a: M — R. is a positive smooth function. This kind of
perturbations are called time-changes. We show that, although nilflows are never mixing,
there exists a dense set (in the uniform norm) of time-changes ax which generate mixing

flows, see Theorem 4.1.2.

Theorem (C). For any ergodic nilflow {p}}ier generated by a left-invariant vector field x on
a quasi-abelian filiform nilmanifold M = A\F, there exists a dense set of continuous functions
a: M — R.g such that the time-change induced by ax is mixing if and only if « is not
cohomologous to a constant.

Moreover, there exists a dense set of mixing examples which can be explicitly described.

Theorem C generalizes a result by Avila, Forni and Ulcigrai for the classical Heisen-

berg group [AFU11].

CHAPTER 5. PERTURBATIONS OF UNIPOTENT FLOWS IN A COMMUTING DIRECTION.
In the last part of this thesis, Chapter 5, we consider manifolds M which are compact
quotients of the group SL(3,R) by a lattice A. Our aim is to build and study examples
of parabolic perturbations of homogeneous flows that are not time-changes. Let n be the
subalgebra of strictly upper-triangular matrices in the Lie algebra of SL(3,R). Denote
by z = <§ § é) € n the generator of the centre of n. As we will see in §2.3.1, any x € n
induces a parabolic flow. Let {¢}},er be the homogeneous unipotent flow generated by
any such x. We perturb it by adding a small non-constant component in the direction
z. More precisely, let 3: M — R be a “small” (in some sense that we will make precise
in §5.2) smooth function, and let {%t}teR be the smooth flow induced by the perturbed
vector field x + fz.

Theorem (D). If (e} ier preserves a smooth measure equivalent to Haar, then it is parabolic

and mixing.
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To the best of my knowledge, this is the first result about the ergodic properties of
parabolic perturbations of unipotent flows that are not time-changes or skew-product

constructions.






PRELIMINARIES

The aim of this thesis is to study the ergodic properties of certain smooth measure-
preserving flows: in this section, we recall some definitions and classical results for the

reader’s convenience.

2.1 BASIC NOTIONS OF ERGODIC THEORY

Let (X, 4, 1) be a probability space, namely a measurable space (X, #) equipped with
a probability measure p defined on the o-algebra %. A transformation ¢: X — & is

measurable if 71 (B) € £ for all B € %.

Definition 2.1.1. A measurable flow on X is a 1-parameter subgroup {¢:}er of measur-
able transformations on X’; equivalently, it is a measurable map ¢: X x R — X such that

each ¢;: X — X is measurable and for all p € X and for all s,¢ € IR, we have ¢(p,0) = p

and ¢(¢p(p, 1), s) = ¢(p,t + 3).

We will use the notation ¢, (p) instead of ¢(p,t). For any point p € X', we call the set
{¢¢(p) : t € R} the orbit or trajectory of p.

Definition 2.1.2. The measurable flow {¢:}cr is said to be measure-preserving if, for all

measurable subset A € & and for all t € R, we have u(A) = u (i (A)).

2.1.1  Ergodicity and mixing

Let {¢:}ter be a measure-preserving flow on the probability space (X, %, u). A measur-
able function f: X — R is invariant under {¢;}«r if f o oy = f almost everywhere for

all t e R.

Definition 2.1.3. We say that the flow {¢;}scr is ergodic if the only measurable invariant

functions are constant almost everywhere.
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Ergodicity is equivalent to asking that the only measurable subsets invariant under
the flow have either measure zero or one. In this sense, ergodicity is a notion of “in-

decomposability” from the measure-theoretic point of view.

Definition 2.1.4. We say that the flow {¢;}+cr is uniquely ergodic if p is the only invariant

probability measure.

It is well-known that if {¢;}+er is uniquely ergodic, then it is also ergodic with respect
to its invariant measure.

The following is a fundamental result in Ergodic Theory.

Theorem 2.1.5 (Birkhoff). Let {¢;}ier be a measure-preserving flow on the probability space

(X, %, u) and let f € L' (X, 11). Then, for u-almost every p € X, there exists the limit

T
lim 1J fow(p)dt = f*(p).
0

T—oo T

Moreover, f* € L*(M, ) is an invariant function and S fodu =S, fdu
The flow {1 }ier is ergodic if and only if for every f € L*(M, i)

f* = fM fdu.

In other words, in an ergodic flow {¢;}«r, for all observables f € LY(X,p), for p-

almost every point p, the time averages = Sg [ oi(p) dt converge to the space average
S M fdp.

For all t € R, let us define the Koopman operator Uy, : L*(X, u) — L*(X, ) by

U@t(f) = fO(pt.

It is easy to see that, since {¢;}«r is measure-preserving, then U,, is an isometry of
L%(X, u). By definition, the flow is ergodic if and only if the only eigenfunctions of Uy,
corresponding to the eigenvalue 1 are constant functions. If we allow the functions to be

complex-valued, it is natural to ask about the existence of other eigenvalues.

Definition 2.1.6. The measure-preserving flow {¢;}+cr on the probability space (X, %, p)
is said to be weak-mixing if the only eigenfunctions of the Koopman operator U, are

constants, namely if U, (f) = exp(iat) f then a = 0 and f is constant.

In particular, a weak-mixing flow is also ergodic. On the other hand, there exist er-

godic but not weak-mixing flows. For example, let us consider the linear flow {p;}ier
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on the torus T = R/Z given by ¢;(z) = =+t mod 1, where T is equipped with the Le-
besgue measure. The flow {¢;}seR is clearly ergodic. However, every character x,,: T — C
defined by x,(z) = exp(27minz) is a non-constant eigenfunction of U,, with eigenvalue
exp(2mint); indeed Uy, (xn)(z) = xn(pt(x)) = exp(2min(z + t)) = exp(2mint) xn(z).

As the name suggests, a stronger property than weak-mixing is mixing, which intuit-

ively means that all measurable sets become equidistributed when flown via {¢¢}seRr.

Definition 2.1.7. Let {¢:}/cr be a measure-preserving flow on the probability space

(X, B, ). We say that {¢}er is mixing if, for any measurable sets A, B € %, we have

lim 11(p¢(A) 0 B) = p(A)p(B).

t—o0

Remark 2.1.8. Equivalently, {¢;},er is mixing if, for all f,g € L?(X, i), we have

Jim | (7o -7 du= (fodu> (Lgdu) (2.1)

A mixing flow is also weak-mixing: let us assume that f € L?(X, 1) is a non-constant

eigenfunction of U,, with eigenvalue exp(iat). Then,

' [[row7 du\ — lexp(iat)] |1 = I F12.

which does not tend to zero, hence {¢;}ier is not mixing.

2.1.2  Isomorphism of flows

Let (X, 4, 1) and (Y, o, v) be probability spaces, and let {¢; }er and {1+ }er be measure-

preserving flows on X and ) respectively.

Definition 2.1.9. 1. {t1}er is a factor of {p;}er if there are measurable invariant
subsets Xy € X and )y € Y of full measure and a measurable map h: Xy — o
such that v(A) = u(h 1(A)) for all measurable set A = )y and ho p; = ¥ o h for
all t € R, i.e. if the following diagram

XOL-XO

|

t

Yo ——=o

commutes.
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2. {¢iher and {¢;}er are measurably isomorphic if h in the definition above is a bijec-

tion and h~! is measurable.

If two flows are measurably isomorphic, then one should think of them as indistin-
guishable from a measure-theoretic point of view; in particular, they share the same

ergodic properties, such as ergodicity or mixing.

2.2 SMOOTH VOLUME-PRESERVING FLOWS

In this thesis, we will focus on smooth flows on differentiable manifolds, hence we now
specialize some of the notions presented in the previous section to the smooth setting.
Here and henceforth, unless otherwise stated, by the word “smooth” we will mean ¢'*

(or at least ©2).

Let M be an orientable differentiable manifold. A smooth flow on M is a 1-parameter
subgroup {¢:}er < Diff(M) of diffeomorphisms of M. Smooth flows arise, e.g., as
solutions of ODEs. In the language of differential geometry, they are given by integrating
vector fields. Let us recall that a smooth vector field on M is a smooth section of the
tangent bundle T M. Given a smooth flow {¢:},er, we can associate a smooth vector
field X by defining

d

t=

(Xf)(p) :

In other words, X is the derivative along the orbits of {¢;}«cr. The vector field X is
called the infinitesimal generator of {¢:}ier. In this thesis, we will be concerned only with
compact manifolds M. In this case, the converse is also true, namely for every smooth
vector field X there exists a unique smooth flow {¢;};cr with infinitesimal generator X
(this is an easy consequence of the Escape Lemma, see, e.g., [Leeo3, Theorem 12.12]). We

will sometimes write {¢} };cr to stress the dependence on X.

Any volume form w on M determines a measure yu by integration; more precisely, for
any Borel subset A € 4, we let u(A) = §, |w|. We will always assume w is appropriately

normalized, i.e. {,,w = 1, so that (M, %, u) is a probability space.
Lemma 2.2.1. The following are equivalent:

1. {<th }ter is measure-preserving,

10
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2. (pi)(w) = w forall t € R, where (3% )« denotes the push-forward via the smooth map

o M —> M,
3. ZLx(w) = 0, where Lx denotes the Lie derivative with respect to the vector field X,
4. the differential form X , w is closed, where , denotes the contraction operator.

Proof. The equivalence of (1) and (2) follows from the definition of ;z and the change of
variable formula.

We recall that the Lie derivative of w w.r.t. X is defined by

d

Zx(w) =g,

((p—t)sw),

from which we deduce the equivalence of (2) and (3).

Finally, by Cartan’s formula,
Zxw) =X, dw+d(X,w) =d(X, w),

in particular, Zx(w) = 0 if and only if the differential form X, w is closed, which

concludes the proof. O

2.2.1  Special flows

Given a smooth flow on a compact manifold, a useful technique to study its ergodic

properties is to represent it as a special flow.

Definition 2.2.2. Let 7: (X, u) — (X, p) be an invertible probability-preserving trans-

formation, and let f € L'(X, ;1) be a positive integrable function. Let
X =x={(z,y) e XxR:0<y < f(z)} /., (2.2)

where we identify the pairs (z, f(z)) ~ (T(z),0). The special flow {¢; = ¢ }ier Over
(X, u, T) with roof function f is the flow on X given by ¢;(z,y) = (x,y +t) for —y <

t < f(x) —y, and then extended to all times ¢ € R via the identification ~.

Figure 1 represents a segment of an orbit of a special flow.

11
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OT T%(x) T3(x) T(z)

Figure 1: In red, the orbit segment {¢¢(z,y) : 0 <t < T} starting from the point (z,y) € X}.

An explicit formula for the special flow {¢;};cr can be written as follows. For any
function g: X — R and for r € Z, denote by S,(g)(x) the r-th Birkhoff sum of g along
the orbit of x € X, i.e.

-

Z;:& g(T'z) if r > 0,

Sr(9)(x) =14 ifr =0, (2.3)

—>_ 1 g9(T'z) ifr <0;
then, for all t € R,
ol (xa 0) = (TT(x’t)x7 t— Sr(z,t)(f)(x)> ) (2.4)

where 7(z,t) € Z is uniquely determined by

Sr(m,t)(f) (aj) st< S’r(z,t)+l<f>(x>‘ (2.5)

Remark 2.2.3. We notice that |r(z,t)| is the number of iterates of T' (or its inverse, if

r(z,t) < 0) that the point 2 undergoes up to time ¢. In this way, we have 0 < t —

Sy (f) () < F(T7@D2).

One way of representing a smooth flow {(;* };cr on a manifold M as a special flow is
the following. Let us assume that we can find a closed subset N’ ¢ M which intersects
almost every orbit in a non-empty countable set. We say that A is a (global) cross section

for the flow. This is the case, for example, if {(;* }seR is ergodic and +: ' — M is a closed

12



2.2 SMOOTH VOLUME-PRESERVING FLOWS

submanifold of codimension 1 transverse to the flow direction X, where  denotes the
inclusion map.

For almost every point p € N, we can define the first return time f(p) by

f(p) = min{t > 0: ¢:(p) € N},

and the Poincaré map T: N — N by T'(p) = ¢(,)(p). Then, the 1-form (:)*(X, w) on
N is closed by Lemma 2.2.1 and it is possible to prove that is T-invariant. Its absolute
value, up to normalization, induces a Borel measure v on N which is invariant by 7'
Then, the original flow {¢;* };cr is isomorphic to the special flow over (N,v,T) with
roof function f.

In general, the following result holds.

Theorem 2.2.4 (Ambrose-Kakutani). Any measure-preserving flow on a standard probability
space admits a cross section on an invariant set of full measure. Moreover, any such flow is

isomorphic to a special flow.
Let us consider a concrete example.

Example 2.2.5. Let T2 = R2/Z2 be the 2-dimensional torus and consider the linear flow
©X(x,y) = (z +at mod 1,y + bt mod 1),

induced by the constant vector field X = a0, + bd,, for some a,b € R with b > 0.
Clearly, {¢;X}icr preserves the Lebesgue measure dzdy. Let N' = T and ¢: T — T?
be the inclusion ¢(p) = (p,0). Then, ¢(T) is a closed submanifold transverse to the
flow direction; hence a cross section for the linear flow. The first return time function is
defined everywhere and it is constant and equal to 1/b. The Poincaré map 7' is given by
T(z) = z+a/bmod 1; that is, T is the rotation by a/b on T. The probability measure
given by

1., ., 1, ., 1
(X, dedy)| = 2 10)* (ady — bdz)| = 5 |-bda| = d

is indeed T-invariant (here, 1/b is the normalising factor).

Let us define
X = T x [Oabil] /~7

13



2.2 SMOOTH VOLUME-PRESERVING FLOWS

where we identify (z,b7!) ~ (z +a/b,0). Let us equip X with the probability measure
p equivalent to Lebesgue with constant density b, namely dy = bdx dy. Then, it is easy

to check that the map
h: X — T?
(z,y) = (z + ay, by)

is a diffeomorphism which realizes an isomorphism between the special flow ¢;(z,y) =

(x,y +t) on X and the original flow {(;*}icRr.

In Chapter 3 and 4, we will follow a similar strategy and we will construct explicitly
a representation as special flows of (the restriction to minimal components of) smooth

area-preserving flows and of a class of nilflows respectively.

Remark 2.2.6. Representing a flow as a special flow can be useful to analyze its er-
godic properties. For example, in the case of Example 2.2.5, we can easily see that
{pX}ier is not weak-mixing. Recalling Definition 2.1.6, let y,: X — C be given by
Xn(z,y) = exp(2minby). The function x, is well-defined on X and ¢; o x,(z,y) =
exp(2minbt)xy(x,y). Since x, is a non-constant eigenfunction for the Koopman oper-

ator Uy,, the flow {¢;};cr is not weak-mixing, and therefore the same holds for {;* }scr.

Remark 2.2.6 shows that any special flow with constant roof function is not weak-
mixing. More generally, the following notion of being cohomologous to a constant en-
codes the idea of a roof function that “behaves like a constant”, as shown by Lemma

2.2.8 below.
Definition 2.2.7. Let T: (X, u) — (X, ) be a probability-preserving transformation.

1. A function f € LY(X,pu) is a measurable (respectively, smooth) coboundary for T if

there exists a measurable (respectively, smooth) function u: X — R such that

f(z) =uoT(z) —u(x).

2. Two functions f,g € L'(X,u) are measurably (respectively, smoothly) cohomologous

w.r.t. T'if their difference is a measurable (respectively, smooth) coboundary.

Lemma 2.2.8. Let T: (X, u) — (X, u) be an invertible probability-preserving transformation.
If two positive functions f,g € L*(X, ) are measurably cohomologous w.r.t. T, then the special
flows {qb{ her and {¢7}ier over (X, pu, T') with roof functions f and g respectively are measur-

ably isomorphic.

14



2.2 SMOOTH VOLUME-PRESERVING FLOWS

Proof. Let u: X — R be such that f — g = uwoT —w; in particular, this implies that for

all n € Z we have

Su(f = 9)(@) = Su(f) () = Sn(g)(z) = u(T"(2)) — u(=). (2.6)

Define h: X x R - X x Rby h(z,t) = (x,t + u(x)). The map h preserves the measure
p x dt, since it acts as a translation on each fiber {z} x R. We now show that /h descends
to the quotient spaces; namely, if we denote by 7y and by 7, the projections from X x R
to Ay and &) respectively, then the map h = mgoho 71';1: Xy — A, is well-defined.
Indeed, if (z,y + f(z)) = (T(z),y) € Xy, then

~

h(w,y+ f(2)) = mg(z,y + f (@) +u(z)) = mg(z,y + 9(2) +uoT(z))
= (T(x)7y+UOT($)) = ﬁ(T(m),y),
which proves our claim.

Finally, we show that / is an isomorphism between the special flows {qﬁf }er and

{#7 her. Fix 2 € X and t € R; by (2.4) we have
hodf (2,0 =T (T2, = 8, (o) (/)(@))
= g (T 00,8 = 8, 0y () () + (177 502) )
where 7 (z,t) is given by (2.5). By (2.6) we obtain
ho ] (2,0) = my (T 0,1 = 8, (0 ()(@) + (T )
=, <T7"f(m’t)x, t =S, (9)(x) + u(m)) .
On the other hand, we have
¢ o h(@,0) = of (z,u(2)) = (T, 1+ ulw) = Sy, 0110 (9) (@)
where ry(z,t + u(z)) is defined by (2.5) for the flow ¢. Let

R = R(z,t) = rg(xz, t +u(z)) —re(z,t).

Using the cocycle property of Birkhoff sums Sy 41, (9)(2) = Sy(9)(T™x) + Sm(9)(x), we
then get

¢7 o h(z,0) = <TR+’”f(x»t)x, t+u(r) = Spirs (o) (9)(@)
TR @), ¢ +u(z) — Sr(g) (T D2) = S, () (9) (5'3))

Tf
= 7y (T2t + (@) = 8, (0. (9) (1))

/N

from which our claim h o ¢ = ¢ o h follows. O

15



2.2 SMOOTH VOLUME-PRESERVING FLOWS
2.2.2  Time-changes

In Chapter 4, we will study time-changes of some given flow. Roughly speaking, a time-
change of a flow is obtained by keeping its trajectories the same and varying the speed

of motion along the orbits.

Definition 2.2.9. Let {¢X };cr be the smooth flow on M generated by a smooth vector
field X. Let a: M — R be a positive smooth function. The time-change of {0 }ier

induced by « is the smooth flow generated by the vector field aX.

In other words, performing a time-change amounts to rescaling each tangent vector
X, € T, M at the point p € M by the value a(p) > 0.

An equivalent definition can be given in terms of additive cocycles.

Definition 2.2.10. A smooth function 7: M x R — R is said to be a smooth additive

cocycle over {4 }er if for all p e M, and for all ¢, s € R we have

T(pvt + S) = T(p,t) + T(th(p)a S)a and
7(p, —t) = =7(p-4(p),1).
We say that the smooth flow {3;}«r is a time-change of {¢X}.cr if there exists a

smooth additive cocycle 7 over {@;}er such that

7(p,t) =0 if t > 0 (7 preserves the orientation),

7(p,t) >0 ift > 0and p is not a fixed point for {¢;* };cr (7 does not collapse orbits),

and @¢(p) = 7 (p0) (P)-
The two definitions are equivalent: given the time-change {¢§X},cr, the associated ad-

ditive cocycle 7 for which p¢X (p) = gpf_{(p ;) 1s given by

¢

T(p,t) = J ao ™ (p)ds; (27)
0

on the other hand, if the time-change {3 }:cr of {;* }«er is defined by &;(p) = cpi((p »(P),

where 7 is a smooth additive cocycle over {$;}+cr, then we can recover its infinitesimal

generator simply by differentiating

d > _d J _or
T tzowt(p) =4 T:O%(p) S t:OT(p, 1) =% (10X,
thus,
®) = Z(p,0)
WP = G \P P
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2.2 SMOOTH VOLUME-PRESERVING FLOWS

Lemma 2.2.11. Let {p;* }ier be a smooth flow on M preserving the volume form w. Then, the

time-change {0§ }ier preserves the volume form o™ w.

Proof. By Lemma 2.2.1, it is sufficient to show that the Lie derivative of the volume form

o~ 1w with respect to the vector field aX is zero. Indeed, by Cartan’s formula we have

Zux <1w> —d <aXJ 1w> —d(X,w) = Zx (W) = 0.

[0 (6

O]

Remark 2.2.12. It is possible to define measurable time-changes of measure-preserving
flows which are not necessarily smooth, but this involves some technical difficulties. We

refer the reader to [CFS12, §10.3] for a detailed discussion.

Definition 2.2.13. A smooth additive cocycle 7 over {¢:}er is said to be a measurable
(respectively, smooth) coboundary for ¢, if there exists a measurable (respectively, smooth)

function u: M — R such that for all p € M and for all ¢ € R,

7(pt) = wowi(p) —u(p).

Definition 2.2.14. Two smooth additive cocycles over {¢:}+cr are measurably (respectively,
smoothly) cohomologous w.r.t. ¢, if their difference is a measurable (respectively, smooth)

coboundary.

Remark 2.2.15. Let {9 },er be a smooth time-change of {¢;X };cr. Then, the associated
smooth additive cocycle 7 is smoothly cohomologous to t, i.e. there exists some smooth
function v such that t — 7(p, ) = u(¢2* (p)) — u(p), if and only if 1 — o = aXu. Indeed,

by (2.7), we have that
t

t—T(p,t):t—f 000X (p) ds,
0

and the claim follows by differentiating with respect to t.
The following result states that, if a time-change is given by an additive cocycle which
is cohomologous to the constant cocycle 7(p, t) = ¢, then it is isomorphic to the original

flow.

Lemma 2.2.16. Let {$;}ier be a time-change of {pi}ier given by $i(p) = ¢r(py)(p). If 7
is measurably (respectively, smoothly) cohomologous to t w.r.t. $y, then {$i}er is measurably

(respectively, smoothly) isomorphic to {4+ }ieRr.

17



2.2 SMOOTH VOLUME-PRESERVING FLOWS

Proof. Let us first prove that if 7 is smoothly cohomologous to ¢ w.r.t. ¢;, then {®;}er
is smoothly isomorphic to the flow {¢;}«r induced by the vector field X. By Remark
2.2.15, there exists a smooth function u such that 1 — o = aXu, where a = %ﬂt:() is the
infinitesimal generator of the time-change. Let us define h(p) = @i((p) (p). For any vector

field V/, by the chain rule, the differential of h applied to V' equals
Dh(V) = (Vuoh)X + (DpX), (V). (2.8)

In particular, since (D¢~ ),(aX) = (a0 h)X, we deduce that Dh(aX) = ((aXu+a)o
h)X = X. This implies h o $; = ¢t o h.

It remains to show that h*(w) = Zw. Since w is a volume form, we have that 2*(w) =
det(Dh)w. From (2.8), we can write the differential of h as a sum Dh = X - Vul +
(D¢*), of a rank-one matrix and an invertible matrix. By a classical result from linear

algebra, we can express the determinant
det(Dh) = (det(Dyp™)y) (1 + Vu' (Dep™), (X)) .

Let us notice that det(Dy.) = 1 since ¢;* is volume preserving. Thus, we obtain
det(Dh) =1+ Vu'X =1+ Xu = 1, which concludes the proof.

Let us assume now that 7 is measurably cohomologous to ¢ w.r.t. ¢;; we will prove
that {$:}ier and {pt}er are measurably isomorphic. By Ambrose-Kakutani’s Theorem,
we can assume that {¢;}er is a special flow over the cross section (X, p1,T') with roof
function f. Since performing a time-change does not change the orbits, the Poincaré
map on X for {P;}er is the same as for {:}er. Let f be the first return time function

for {¢¢}ier. For any z € X, we have

T(x) = Spf(z)(x) = Gf(x)(x) = @T(ny(x))($)7

~

so that we get f(z) = 7(z, f(z)). If 7 is measurably cohomologous to ¢ w.r.t. &, then

there exists a measurable function v such that

~ ~

f(2) = f(2) = J(@) = (2, () = wo By, () — ula).

Since @ f(w)(x) = T(z) is the Poincaré map, the roof functions f and f are measurably
cohomologous w.r.t. 7. By Lemma 2.2.8, the flows {$;},cr and {¢:}+er are measurably

isomorphic. O
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2.3 HOMOGENEOUS FLOWS ON LIE GROUPS

Remark 2.2.17. In the proof of Lemma 2.2.16, we have seen that the two roof functions
satisfy the equation f(z) = 7(x, f(x)). In terms of the infinitesimal generator, if ¢; = ;¥
and {@}er is induced by the vector field a X, by (2.7) we get

flx) - f(z)
f(z) = j aofi(z)ds, or J(z)= j " op¥ () ds

0 0
2.3 HOMOGENEOUS FLOWS ON LIE GROUPS

In Chapters 4 and 5 we will focus our attention on certain flows which are perturbations
of homogeneous flows on Lie groups. All Lie groups we consider in this thesis are

assumed to be finite-dimensional.

A Lie group G is a group equipped with a structure of differentiable manifold, which is
compatible with the group operations, meaning that the multiplication map (g, k) — gh

and the inversion map g — gt

are smooth. Classical examples of Lie groups are closed
subgroups of GL(n,C), for any n > 1, called matrix Lie groups.

The tangent space TiqG at the identity is called the Lie algebra of G, and is usually
denoted by g (the use of the term algebra is justified below). It is well-known (see, e.g.,
[Leeo3, Theorem 15.17]) that elements of g are in one-to-one correspondence with 1-

parameter subgroups of G: for any x € g, there exists a unique 1-parameter subgroup

{7(t) : t € R} of G such that
d

T t:O’y(t) = x.

The exponential map exp: g — G is defined by exp(x) = 7(1). It is a smooth map which
restricts to a diffeomorphism from a neighbourhood of 0 € g to a neighbourhood of
Id € G. If G is a matrix Lie group, then g is a subspace of the vector space .# (n x n,C)

of n x n complex matrices, and the exponential map is the classical matrix exponential

OOXj X2 X3
() = 3 5 =Tk 4 T
=07 '

For any element g € G, let us denote by L,: h +— gh the left-multiplication by g.
Given a vector x € g, we can define a vector field X on the whole Lie group by left-
translations: the tangent vector X, € T,G at the point g € G is given by (Lg). 1a (x),

where (Lg).1a: g = T,G is the differential of L, at the identity. The vector field X is

left-invariant, i.e. (Ly)«(X) = X for all g € G, and indeed the map x — X is a bijection
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2.3 HOMOGENEOUS FLOWS ON LIE GROUPS

between g and the set of left-invariant vector fields on G [GHLo4, Proposition 1.72]. By
a little abuse of notation, we will identify x with X. The smooth flow induced by x can
be written explicitly as

¥ (g) = g-exp(tx), (2.9)

so that the orbit of g is the lateral g{v(¢) : t € R} of the 1-parameter subgroup {v(¢) : t €
R} with infinitesimal generator x.

For any vector fields X,Y, denote by [X,Y]| = Zx(Y) their Lie brackets. By consider-
ing the associated left-invariant vector fields, the tangent space at the identity g = 714G
is therefore equipped with an antisymmetric bilinear operation [, -] which satisfies the

Jacobi identity
x, [y, 2] + [y [z,x]] + [z, [x,y]] =0, forallx,y,zeg.

Remark 2.3.1. In the case of matrix Lie groups, if g < .#(n x n,C), the Lie brackets have

the familiar form [x,y] = x-y —y - X, where - is matrix multiplication.

Once we fix a basis of g, we can construct a left-invariant volume form on G as we did
for vector fields; therefore, we obtain a Borel measure on G which is invariant for all left

translations.

Definition 2.3.2. A left Haar measure on G is the Borel measure induced by a left-invariant

volume form. It is unique up to scalar.

Let A < G be a discrete subgroup of G. Since G is a Lie group, it is easy to see that A
acts properly discontinuously by left translations on G and hence the quotient A\G is a
Hausdorff space.

A fundamental domain F for the quotient space A\G is a measurable subset of G (with
respect to a left Haar measure) such that for every g € G there exists exactly one element
in F' n Ag. A lattice A < G is a discrete subgroup of G such that a fundamental domain
for A\G has finite left Haar measure. Once we fix a lattice, we will always consider the
normalized left Haar measure p such that u(F) = 1. If there exists a lattice in G, then
it is well-known (see, e.g., [EW11, Proposition 9.20]) that y is also a right Haar measure
(that is, G is unimodular), and it induces a probability measure on A\G, which we will
denote again by .

Any left-invariant vector field x descends to the quotient and induces a flow {¢¥}er

on A\G. By (2.9) and by unimodularity of G, {¢} }+cr preserves the measure y.
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Definition 2.3.3. A homogeneous flow is a flow induced by a left-invariant vector field on
a quotient A\G of a Lie group G by a lattice A.

Classical examples of homogeneous flows are the geodesic and horocycle flows on quo-
tients of SL(2,R). Let G = SL(2,R) be the group of 2 x 2 matrices with real coefficients

and determinant 1; one can see that
g:={xe#(2x2,R):Tr(x)=0}.
Then, g is 3-dimensional vector space; let us fix the basis g = (v, a, uy, where

0 01
v = , a= and u=

10 0 —

DO

0 0

N[

If A is any lattice in G, e.g. A = SL(2,Z), then the associated homogeneous flows on
the quotient A\G are the following;:

et/? 0
vy (Ag) = Ag- , geodesic flow,
0 et/?
1 ¢
e (Ag) = Ag- ; (stable) horocycle flow,
01
10
oy (Ag) = Ag - , (unstable) horocycle flow.
t 1

The stable and unstable horocycle flows are parabolic flows, namely the divergence of

nearby orbits is of order O(#?), as we are going to see in the next section.

2.3.1  Unipotent flows and polynomial divergence

We recall the definition of the Adjoint representation.
Definition 2.3.4. Let G be a Lie group and let g be its Lie algebra.

1. For any g € G, we define the Adjoint Ad,: g — g of g as the differential of the
conjugation by g at the identity, namely Ad, = D(h — ghg™Y) |1a-
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2.3 HOMOGENEOUS FLOWS ON LIE GROUPS

2. For any x € g, we define the adjoint adyx: g — g of x as adx(y) = [x,y]-

If G is a matrix Lie group, we say that a homogeneous flow {7} }icr is unipotent if
X € g is a nilpotent matrix or, equivalently, if the 1-parameter subgroup generated by x

consists of unipotent matrices. More generally, we have the following definition.
Definition 2.3.5. Let G be a Lie group and let g be its Lie algebra.

1. An element g € G is unipotent if its Adjoint Ad, is a unipotent transformation,

namely its only eigenvalue is 1.
2. An element x € g is nilpotent if its adjoint adx is a nilpotent transformation.

3. A homogeneous flow {¢¥}ier is unipotent if x € g is a nilpotent or, equivalently, if

{exp(tx) : t € R} consists of unipotent elements.

The algebraic property of a flow {¢}}:cr of being unipotent translates into the dynam-
ical property of being parabolic; indeed, we can study the divergence of nearby orbits
by looking at the adjoint of the infinitesimal generator x.

Fix p = Ag € M = A\G. Let h = exp(y) be any element of G in a small neigh-
bourhood of the identity, so that ¢ = Agh is an arbitrary point in M close to p. Since
A acts properly discontinuously, up to a sufficiently small time ¢, the distance between
©¥(p) = Agexp(tx) and ¢¥(q) = Aghexp(tx) in M coincide with the distance between
gexp(tx) and ghexp(tx) in G, that is, the distance of

exp(—tx)hexp(tx) = exp(—tx) exp(y) exp(tx) = exp (Adexp(tx)(y))

from the identity. Since exp is a local diffeomorphism, in order to study the divergence,
we can reduce to look at the norm of Ady,(x)(¥) in g. From the commuting relation
Ad o exp = exp oad, we obtain

Ad ey (ix) (¥) = (expoadix) (y) = (2 aog") (¥) (2.10)

=0 7!
If x is nilpotent, the term in brackets is a finite sum and is a polynomial in ¢ of degree
less than the dimension of g. We showed that the divergence is polynomial in time; we
thus say that the flow {¢}}ier is parabolic. We remark that, if adx had some non zero
eigenvalue, then the term in brackets in (2.10) would have some eigenvalue of the form

e«nst? and the flow would be hyperbolic.
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Example 2.3.6. As an example, we can carry out explicit commutations in the case of
SL(2,R). Let {v,a,u} be the basis of its Lie algebra sl3(IR) as in the previous section.

Using Remark 2.3.1, it is easy to compute the Lie brackets

[a,u] =u, [a,v]=—-v and [u,v]=2a.
We obtain
01 0 -1 0 0 0 0 O
Wy =10 0 —2|[-@Wa=|[0 0 0|-u=|2 0 0>
00 O 0 01 0 —1 0
so that, by (2.10),
1t —t? et 0 0 Lo o
Adep) = [0 1 —2¢ |+ Adexpa) = [ 0 1 0 | Adepy = [ 26 1 0
0 0 1 0 0 et —t2 1

Therefore, the horocycle flows are parabolic, while the geodesic flow is hyperbolic.

2.3.2 Nilflows

We now present some further results for homogeneous flows on nilpotent groups, which
will be useful in Chapter 4.
Denote by [+, -]¢ the commutator in G, that is [g,h]¢ = g~ 'h~1gh. For any i > 1, we

define the subgroups G*) of G by
¢ =G and G =[q,GYg,
and the subalgebras g(*) of the Lie algebra g of G by

i+1)

g =g and g™ =1[g,g"].

We notice that G?) = [G,G]¢ is a normal subgroup of G and the quotient G/G(?) is

abelian. The canonical projection ab: G — G /G?) is called the abelianization of G.

Definition 2.3.7. A Lie group G is n-step nilpotent if G"*1) = {Id} and G # {1d}.
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It is a well-known fact (see, e.g., [CGo4, §1]) that g(i) is the Lie algebra of G In
particular, if G is n-step nilpotent, then g(**!) = {0} and g(™ # {0}. We say that g is a
n-step nilpotent Lie algebra. Notice that in a n-step nilpotent algebra the centre is always
nontrivial, more precisely g™ < 3(g).

We recall that, in general, the exponential map is a local diffeomorphism. However, in
the case of nilpotent Lie group, more is true (see, e.g., [CGog, Theorem 1.2.1]): for any
connected, simply connected nilpotent Lie group G the exponential map exp: g — G is

an analytic diffeomorphism and the following Baker-Campbell-Hausdorff formula holds:
1
exp(v) exp(w) = exp (V +w+ §[V, w|+ - > for any v, w € g. (2.11)

Therefore, we can use the exponential map to transfer coordinates from the Lie algebra
g to G, so that we can cover the group with a single chart. In these coordinates, usually
called the exponential coordinates, the multiplication law becomes the Baker-Campbell-

Hausdorff (BCH) product v = w defined by exp(v * w) = exp(v) exp(w).

If A < G is a lattice in G, the quotient M = A\G is said to be a nilmanifold and any
homogeneous flow on M is a nilflow. The study of nilflows is of interest not only in
homogeneous dynamics, but also in number theory. It has applications, for example, to
the distribution of fractional parts of polynomials and to estimates of theta sums (see,

e.g., [Fur61, Fur81, FFo6]).

Let M = A\G be a compact nilmanifold and let {¢}},er be a nilflow. We remark that,
in contrast with, for example, the case of SL(2, R), if the nilmanifold M has finite meas-
ure, then it is automatically compact (see, e.g., [CGo4, §5]). We now show that, although
almost every nilflow is uniquely ergodic, nilflows are never weak-mixing; indeed, each
nilflow has a factor (in the sense of Definition 2.1.9) which is isomorphic to a rotation on
a torus and furthermore unique ergodicity of the latter is equivalent to unique ergodicity

of the former, as we discuss below in Theorem 2.3.9 (see, e.g., [EW11, p. 344]).

Lemma 2.3.8. The abelianization ab: G — G /G?) induces a factor of (M = A\G, {¢¥}1er)

which is isomorphic to a linear flow {@, }«cr on T, where n is the dimension of G /G2,
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2.3 HOMOGENEOUS FLOWS ON LIE GROUPS

A
e

AnG®?

Proof. We have the following diagram

/\k

where the double line denotes a normal subgroup (indeed G?) is characteristic and
AG® is normal since it contains G(?)). The quotient G /G(?) is an abelian group which
is isomorphic to R"; the abelianized lattice A/A n G?) ~ AG®?) /G is isomorphic
to Z2, so that the quotient G/AG®?) is a n-dimensional torus and we obtain an exact
sequence

0— A\AG? 5> M - T" -0,

which expresses M as a bundle over the torus T” with fibers isomorphic to A\AG?).
The differential of the induced projection ab: M — T" on M maps the vector field x to

a constant vector field X € R™ on T", which gives the linear flow %,(p) = p + tx. O

Theorem 2.3.9 (see, e.g., [EW11 p- 344]). Let {¢f }er be a nilflow on M and {p,}+cr be the
induced linear flow on G/ AG®?) ~ T™. The following are equivalent:

(i) {¢F}ier is uniquely ergodic,
(ii) {©5}er is ergodic with respect to the induced Haar measure p on M,
(iii) {P; }er is an irrational linear flow.

In order to assure that the nilflow {7 }:cRr is uniquely ergodic, it is therefore sufficient
to assume that the coordinates of X € IR" are rationally independent, which is a generic
condition with respect to the Lebesgue measure on the Lie algebra g of G.

However, nilflows are never weak-mixing, and, in particular, never mixing. As we
discussed in §2.1.1, any linear flow %,(z) = z + ta on the torus T" has non-constant
eigenfunctions for the Koopman operator, namely for every n € Z", the character

Xn: 2z — exp(2min - z) (where - denotes the dot product) is such that

Xn ©P;(z) = xn(z +ta) = exp(2mitn - a)xn(2).
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2.3 HOMOGENEOUS FLOWS ON LIE GROUPS

Nevertheless, we remark that this toral factor is the only obstruction to mixing: it was
shown that any uniquely ergodic nilflow is mixing on the orthocomplement of the pull-
backs of functions in L?(T"), see [AGH63] and [Gre61]. This obstruction to mixing is
of an algebraic nature and one should think of it as “fragile”. Indeed, we will see in
Chapter 4 how time-changes typically destroy the toral factor and can be shown to be

mixing.
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QUANTITATIVE MIXING FOR LOCALLY HAMILTONIAN FLOWS
WITH SADDLE LOOPS ON COMPACT SURFACES

In this chapter we study smooth area-preserving flows on compact surfaces. We will
obtain quantitative shearing estimates, which in turn will allow us to establish a quantit-
ative mixing result, namely to bound the rate of the decay of correlations for a class of
¢! functions (see (2.1) in Chapter 2).

The material presented here is taken almost verbatim from [Raviyb].

3.1 INTRODUCTION

Let us consider a smooth compact connected orientable surface M, together with a
smooth area form w. Any smooth closed 1-form induces a smooth area-preserving flow
on M, which is given locally by the solution of some Hamiltonian equations (see §3.2 for
definitions); the flow is hence called locally Hamiltonian flow or multi-valued Hamiltonian
flow.

The study of such flows was initiated by Novikov [Nov82], motivated by some prob-
lems in solid-state physics. Orbits of locally Hamiltonian flows can be seen as hyper-
plane sections of periodic manifolds, as pointed out by Arnold [Arng1], who studied
the case when M is the 2-dimensional torus T? in the presence of non degenerate fixed
points. He proved that T? can be decomposed into finitely many regions filled with
periodic trajectories and one component which is typically minimal and ergodic; in the
same paper he asked whether the restriction of the flow to this ergodic component is
mixing.

By choosing an appropriate Poincaré section as outlined in §2.2.1, the flow on this
ergodic component is isomorphic to a special flow over a circle rotation with a roof
function with asymmetric logarithmic singularities. The question posed by Arnold was

answered by Sinai and Khanin [SK92], who proved that, under a full-measure Diophant-
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3.1 INTRODUCTION

ine condition on the rotation angle, the flow is mixing. This condition was weakened by
Kochergin [Koco3, Kocoga, Kocogb, Koco4c].

The presence of singularities in the roof function is necessary for mixing, as well
as the asymmetry condition: in this setting, mixing does not occur for functions of
bounded variation or, assuming a full-measure Diophantine condition on the rotation
angle, for functions with symmetric logarithmic singularities; see the results by Kocher-
gin in [Koc72] and [Kocy6] respectively. Indeed, mixing is produced by shearing of
transversal segments close to singular points, which is a result of different deceleration
rates given by the asymmetry.

Similarly, if the genus g of the surface M is greater than 1, any locally Hamiltonian
flow can be decomposed into periodic components, i.e. regions filled with periodic orbits,
and minimal components, namely regions which are the closure of a nonperiodic orbit,
as it was shown independently by several authors, see Levitt [Lev82], Mayer [May43]
and Zorich [Zorgg]. The first return map of a Poincaré section on any of the min-
imal components is an Interval Exchange Transformation (IET), namely a piecewise
orientation-preserving isometry of the interval I = [0, 1]; in particular, typical (in a
measure-theoretic sense) flows on minimal components are ergodic, since almost every
IET is ergodic, due to a classical result proved by Masur [Mas82] and Veech [Vee82]
independently.

On the other hand, mixing depends on the type of singularities of the first return time
function: Kochergin proved mixing for special flows over IETs with roof functions with
power-like singularities [Kocysb]. However, this case corresponds to degenerate zeros
of the 1-form defining the locally Hamiltonian flow; the complement of the set of these
1-forms is open and dense in the set of 1-forms with isolated zeros. Generic flows have
logarithmic singularities: in this case, if the surface M is the closure of a single orbit,
i.e. if the flow is minimal, Ulcigrai proved that almost every flow is not mixing [Ulc11],
but weak mixing [Ulcog]. Here, almost every is defined with respect to the measure class
sometimes called Katok fundamental class, described in §3.2. An example of an exceptional
minimal mixing flow in this setup has been constructed recently by Chaika and Wright
[CW15], who exhibited a locally Hamiltonian minimal mixing flow with simple saddles
on a surface of genus 5.

In this chapter we address the question of mixing when the 1-form has isolated simple

zeros and the flow is not minimal; typically, minimal components are bounded by saddle
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3.1 INTRODUCTION

loops homologous to zero (see §3.2 for definitions). We prove the following result; a more

precise formulation is given in Theorem 3.3.2.

Theorem 3.1.1. There exists an open and dense subset of the set of smooth closed 1-forms on
M with isolated zeros which admit at least one saddle loop homologous to zero such that almost

every 1-form in it induces a mixing locally Hamiltonian flow on each minimal component.

Moreover, we provide an estimate on the decay of correlations for a dense set of

smooth functions, namely we prove the following theorem.

Theorem 3.1.2. Let {¢;}er be the locally Hamiltonian flow induced by a smooth 1-form 1 as
in Theorem 3.1.1 and let M' = M be a minimal component. Consider the set €1 (M') of €*
functions on M' with compact support in the complement of the singularities of n. Then, there

exists 0 < v < 1 such that for all g, h € €}(M') with §ppr 9w = 0 we have

Cg,h

< — D
’JM,(goﬁpt)hw‘ = (logt),ya

for some constant Cy j, > 0.

To the best of our knowledge, this is the first quantitative mixing result for locally
Hamiltonian flows on higher genus surfaces. The only related result on quantitative
mixing is a Theorem by Fayad [Fayo1], which states that a certain class of special flows
over irrational rotations with roof function with power-like singularities have polyno-
mial speed of mixing. In the genus 1 case, Theorem 3.1.2 provides a quantitative version
of the mixing result by Sinai and Khanin in [SK92]. We believe that the optimal estim-
ate of the speed of decay has indeed this form, namely a power of logt, although this
remains an open question.

The proof of Theorem 3.1.1 consists of two parts: first, we describe the open and
dense set of 1-forms we consider (with a measure class defined on it) and we show
how to represent the restriction of the induced locally Hamiltonian flows to any of its
minimal component as a special flow over an interval exchange transformation with roof
function with asymmetric logarithmic singularities. Secondly, we show that for almost
every IET, every such special flow is mixing by proving a version of Theorem 3.1.2 for
special flows. Ulcigrai [Ulcoy] treated the special case when the roof function has only
one asymmetric logarithmic singularity; here, we show that her techniques can be made
quantitative and applied to this more general setting. The first step of the proof is to

obtain sharp estimates for the Birkhoff sums of the derivative f’ of the roof function f,
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3.1 INTRODUCTION

see Theorem 3.5.5. These estimates are also used by Kanigowski, Kulaga and Ulcigrai
to prove mixing of all orders for such flows [KKPU16]. In order to deduce the result on
the decay of correlations, we apply a bootstrap trick analogous to the one used by Forni
and Ulcigrai in [FU12a] and an estimate on the deviation of ergodic averages for typical

IETs by Athreya and Forni [AFo8].

3.1.1  Contents of the Chapter

In §3.2 we recall the definition of locally Hamiltonian flow induced by a smooth closed
1-form and we focus on the set of closed 1-forms with isolated zeros; we describe some
of its topological properties and we equip it with Katok’s measure class. In §3.3 we show
how to represent the locally Hamiltonian flows we consider as special flows over IETs
and we discuss the relation between Katok’s measure class and the measure on the set
of IETs. In §3.4 we recall some basic facts about the Rauzy-Veech Induction for IETs (a
renormalization algorithm which corresponds to inducing the IET to a neighborhood
of zero) and in doing so we introduce some notation for the proof of Theorem 3.5.5;
moreover, we state a full-measure Diophantine condition for IETs first used by Ulcigrai
in [Ulco7] to bound the growth of the Rauzy-Veech cocycle matrices along a subsequence
of induction times (see Theorem 3.4.3). We remark that, although in general we have
more than one singularity, we do not need to induce at other points by using different
renormalization algorithms, but we are able to show that the Diophantine condition in
[Ulcoy] can be used to treat also the case of several singularities. In §3.5 we state the
results on the Birkhoff sums of the roof function of the special flow and its derivative
(Theorem 3.5.5), and the quantitative estimate on the speed of the decay of correlations
for a dense set of smooth functions in the language of special flows (Theorem 3.5.6); we
also deduce Theorem 3.1.2 and Theorem 3.3.1 from it. Section 3.6 is devoted to the proof
of Theorem 3.5.6, which is carried out in several steps: we first define partitions of the
unit interval analogous to the ones used by Ulcigrai in [Ulcoy], with explicit bounds on
their size, and then we apply a bootstrap trick to reduce the problem to estimate the
deviations of ergodic averages for IETs, for which we apply a result by Athreya and

Forni [AFo8]. In §3.7 we prove Theorem 3.5.5.
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3.2 LOCALLY HAMILTONIAN FLOWS

Let M be a smooth compact connected orientable surface of genus g and fix a smooth
area form w on M. For any point p € M and for any choice of local coordinates suppor-
ted on a neighborhood U of p, we can write w = wy= V (z,y) dz A dy, where V(z,y) is a
¢ function; moreover w,, # 0. Fix a smooth closed 1-form 7 on M; here and henceforth,
we only consider 1-forms 7 with isolated zeros (sometimes called singularities). Then 7
determines a flow {¢:},er in the following way: consider the vector field W defined
by the relation W, w = 7, where , denotes the contraction operator; the point ¢ (p) is
given by following for time ¢ the smooth integral curve passing through p. Explicitly, for
any point p there exists a simply connected neighborhood U of p such that nly= dH
for a smooth function H(xz,y) defined on . Clearly, H is uniquely determined up to a

constant factor. Then the relation defining I translates as
V(z,y) (W dy = Wyda) = 0, H da + 0, H dy,

ie. Wly= ((0yH)0; — (0, H)0y) / V. Notice that, since M is compact, the flow is defined
for any t € R.

The 1-form 7 vanishes along any integral curve, namely denoting by ¢(p): t — ¢i(p)
the integral curve through p, we have that n[,,,)= 0. Indeed, LH(pu(p)) = VH -4 (p) =
0, meaning that H is constant along ¢(p). We say that ¢(p) is a leaf of n and 1 determines
a foliation of the surface M.

The function H is globally defined on M if and only if the 1-form 7 is exact, and, in
this case, H is said to be a (global) Hamiltonian of the system. In general, the relation 7 =
dH holds locally: for this reason {¢;}er is called the locally Hamiltonian flow associated to
7.

Let 7: M — M be the universal cover of M; then the pull-back 7*7 is a closed 1-form
on M, since d(7*n) = m*dn = 0. The fact that M is simply connected implies that
there exists a global Hamiltonian H on M and the values of H at different pre-images
p1,p2 € w1 (p) differ by the periods, i.e. the values of H(py) — H(p;) = ﬁf Ty = SV n,
where v € 71 (M, p) is a loop in M with base point p which lifts to a path connecting
p1 to po. Therefore, there exists a multi-valued function H = Horn ! on M, which is

well-defined as a function

H: MR iy em (M)
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3.2 LOCALLY HAMILTONIAN FLOWS

being a Hamiltonian for 7, since 1, = (7*1)—1(,) o dm, ' = d(H o7~1), = dH,. For this

reason, the flow {p}er is also called the multi-valued Hamiltonian flow associated to 1.

Remark 3.2.1. The flow {¢:}er preserves both the area form w and the 1-form 7. To
see this, it is sufficient to show that the correspondent Lie derivatives Zjyw and £y

w.r.t. W vanish. Indeed, since by definition 7 = W, w and 7 is closed,
Lyw =W, (dw)+d(W, w) =dn =0,

and

Lwn =W, (dn) +d(W,n) =d(W, (W, w)) = dw(W, W) =0,

since w is alternating.

3.2.1 Perturbations of closed 1-forms

Let n, ' be two smooth closed 1-forms. We say that 1’ is an e-perturbation of 7 if for any
p € M and for any coordinates supported on a simply connected neighborhood ¢/ of p,
we have 0= dH and (7' —n) lyy= df, with || f||¢= < €| H||=, where |||« denotes the
¢ *-norm. We want to study the properties of generic 1-forms, namely the properties of
1-forms which persist under small perturbations.

Let p € M be a zero of 7, and write in local coordinates n = dH; we say that p is
a simple zero if det Hes)(H) # 0, where Hes(y o) (H) denotes the Hessian matrix of
H at p = (0,0). We remark that this condition is independent of the choice of local

coordinates. A zero which is not simple is called degenerate.

Notation 3.2.2. We denote by F the set of smooth closed 1-forms on M with isolated

zeros and by A c F the subset of 1-forms with simple zeros.
Let us recall the following result by Morse, see e.g. [Mil63, p. 6].

Theorem 3.2.3. Let p € M be a simple zero of 1. There exist local coordinates supported on a
simply connected neighborhood U of p = (0,0) such that either nly= zdx + ydy, or nly=
—xdx —ydy, or nly=ydx + xdy.

In the first case, p is a local minimum for any local Hamiltonian H and we say that p is
a minimum for 7); for the same reason, in the second case we say that p is a maximum for

n and in the latter case we say that p is a saddle point. With the aid of these coordinates, it
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3.2 LOCALLY HAMILTONIAN FLOWS

is easy to check that the index of the associated vector field at a maximum or minimum
is 1, whence it is —1 at a saddle point. By the Poincaré-Hopf Theorem, if 1 has only
simple zeros, then #minima + #maxima — #saddles = x (M), where x(M) =2 —2g is
the Euler characteristic of M.

If p is a maximum or a minimum for 7, locally the leaves of 1 are closed curves
homologous to zero. Hence, p is the centre of a disk filled with “parallel” leaves; the
maximal disk of this type, which will be called an island for 7, is bounded by a closed
curve g homologous to zero. The closed curve 7y must contain at least one critical
point for 1, which has to be a saddle if  has only simple zeros. If it contains exactly
one critical point ¢, then we say that - is a saddle loop, namely a saddle loop is a leaf
v = ¢(z) such that lim; o ¢(z) = limy, o @i(xz) = g, where ¢ is a saddle point.
If the curve 7y contains several critical points gqi,..., g, then 7y is the concatenation
of ¢ saddle connections p(x1),...,p(zs), namely we have that lim , o ¢i(2z;) = ¢; and
limy 00 01 () = git1 (q1, if ¢ = £), and the support of 7y is the union of the leaves ¢(z;).

We describe some topological properties of the sets A and F.

Lemma 3.2.4. Let A, be the set of 1-forms in A with s saddle points and | minima or maxima.

Then, each A is open and their union A is dense in F.

Proof. The last assertion is classical, see e.g. [Pajo6, Corollary 1.29], but we present a
proof for the sake of completeness. We first show that A is open. By contradiction, sup-
pose that there exists a sequence of 1-forms (7,) converging to n € A such that each
7, admits a degenerate zero p,. Since M is compact, we can assume p,, — p for some
p € M. Let U be a simply connected neighborhood of p and consider a sequence of
local Hamiltonians H,, for 7,, on U which converges in the ¢*-norm to a local Hamilto-

nian H for 7. Therefore, 0 = det Hes,,, (H,) — detHes,(H) # 0, which is the desired

contradiction.
We now show that the sets A, ; are open. Consider n € A, ; with zeros py, ..., ps4;. Any
sufficiently small perturbation 7’ of  has only simple zeros p}, ..., p. ., with p; close to

pi- The type of the zero p, depends on the sign of the trace and of the determinant
of the Hessian matrix of a local Hamiltonian at p}, which are continuous maps in the
% *-topology; hence the type of zero of p; and p! is the same. Thus, each A, is open.
To prove A is dense, we show that for all degenerate zeros p of n € F, there exist
arbitrarily small perturbations 7’ which coincide with 1 outside a neighborhood U of p

and have only simple zeros in U. Let p be a degenerate zero of  and fix an open simply

33
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connected neighborhood U of p. Sard’s Theorem applied to n: M — T*M implies that
there exist regular values 7, € T M, with g arbitrarily close to p. Fix a regular value 7,
and let V be a simply connected neighborhood of p containing ¢ compactly contained in
U. Any choice of local coordinates on U gives a trivialization 7% M ;= U x R?, which
we implicitly use to extend 7, to a constant 1-form on U. Finally, consider a “bump”
function f: M — R whose support is contained in ¢/ and such that f[y= 1; the 1-form

n' = n— fn, satisfies the claim. O

As we just saw in Lemma 3.2.4, the number and type of zeros of a 1-form 7 € A are
invariant under small perturbations; the following lemma ensures that certain closed
leaves are stable as well. Let us recall that a loop is homologous to zero in M if and only

if it disconnects the surface.
Lemma 3.2.5. If a saddle loop y is homologous to zero, then it is stable under small perturbations.

Proof. Let v be a saddle loop homologous to zero passing through a saddle p of n and
let ' be a e-perturbation of 1. We consider the connected component M’ of M not
containing leaves passing through p: leaves close to v are homotopic one to the other,
hence we have a cylinder (or an island, if M’ contains only a maximum or minimum
for n) filled with closed “parallel” leaves, each of which is homologous to zero. On
this cylinder, the integrals of 7 and 7’ along any closed curve are zero; thus they admit
Hamiltonians H and H + f. If ¢ is sufficiently small, the level sets for H + f are again
closed curves, hence the cylinder of closed leaves survives under small perturbations.

O]

In general, saddle connections and saddle loops non-homologous to zero disappear
under arbitrarily small perturbations, as shown by the following Example 3.2.6 and 3.2.7

respectively.

Example 3.2.6. Consider the function H(x,y) = y(2? + 3y?> — 1) and the standard area
form w = dz A dy defined on R?. There are four critical points for dH: the saddles
(£1,0), the minimum (0,+/3/3) and the maximum (0, —+/3/3); moreover there is a
saddle connection supported on the interval (—1,1). Using bump functions, define a
function f equal to (¢/4)(1 — (z + 1) + 4?) if (z,y) is e-close to (—1,0), and 0 if the
distance between (z,y) and (—1,0) is greater than 2e. Then it is possible to see that the

perturbed 1-form d(H + f) admits no saddle connections, see Figures 2 and 3.
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Figure 3: Orbits of the flow given by the perturbed Hamiltonian H + f.

The following example uses the dichotomy for the orbits of a linear flow on the torus.

Example 3.2.7. Consider the torus T? = R?/Z? and construct 7 € A; 1 in the following
way. Fix 0 < 6 < % and let n be defined in the strip (26,1 —26) x (3 — 4,3 +0) as
(z — 3)(z = 42)dz + (y — 3) dy and outside (6,1 — ) x (3 — 25,3 + 26) as dz; using a
symmetric bump function it is possible to do so in such a way that every orbit is periodic.

The 1-form 7 has a minimum in (32, 1) and a saddle in (1, 1), hence a saddle loop not
homologous to zero. Take a bump function ¢ f(z,y) = f(y) depending on y only such
that e f(y) = ¢ for every y € [0, 0] mod Z and equal to 0 outside [—24,2§] mod Z. The
perturbed form 1 + e f(y) dy coincide with 7 in [0,1) x (3 — 26, 4 + 20), in which leaves
enter vertically. Outside that region, the vector field defining the flow is e f(y)d, — 0y,
thus the displacement of any leaf in the z-coordinate after winding once around the

torus is given by (. ef. Hence, for any ¢ such that the previous integral is a rational
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number, the saddle loop is preserved; otherwise, if Ss f is irrational, the saddle loop

vanish.

The previous example shows that neither the set of 1-forms in .4 with saddle loops
non-homologous to zero nor its complement is an open set, and similarly if we consider
saddle connections. However both these cases are exceptional, as we are going to describe

in the next Subsection.

3.2.2  Measure class

We want to define a measure class (namely, a notion of null sets and full measure sets)
on each open set A, ;; later it will be restricted to an open and dense subset. Let X = X.(n)
be the finite set of singular points of a given n € A, ; and fix a basis 71, ..., vy, of the first
relative homology group H; (M, X,R); here m = 2g + 1+ s — 1. If o/’ is a perturbation of
n, we can identify H; (M, X(n),R) with H; (M, X(n'), R) via the Gauss-Manin connection,
i.e. via the identification of the lattices H; (M, X(n),Z) and Hy(M,X(n), Z). Define the

o) = <Lann> e R™.

The map O is well-defined in a neighborhood of 7. Moreover, the next proposition, which

period coordinates of 1 as

is a variation of Moser’s Homotopy Trick [Mos65], shows it is a complete invariant for
isotopy classes (recall that an isotopy between n and 7’ is a family of smooth maps

{te: M — M}jo1) such that ¢ (n') = 7).

Proposition 3.2.8. Let € Ay be fixed. There exists a neighborhood U of n such that for all
n' € U there is an isotopy {1 }se(0,1) between n and ' if and only if ©(n) = O(n').

Proof. If n and 7' are isotopic, then for any element ~; of the basis of H;(M,X(n),Z) we

have

f n= wi‘n'zj ',
V4 V4 P1oy;

hence the claim.
Conversely, let ' be a small perturbation of 7 and suppose that they have the same

period coordinates. Up to an isotopy, we can assume that X(n) = X(7').
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Consider the convex combinations 1, = (1 —t)n 4ty for t € [0,1]. To construct {t;}
such that ¥ (;) = no = 1, we look for a smooth non-autonomous vector field {X;} such
that ¢ is the flow induced by {X}}. It is enough for {X;} to satisfy

d d
0= E%* (m) = Yf <dtnt + iﬂXﬂ?t) . (3.1)

The previous equation holds if %nt + Zx,m: = 0. Notice that %nt = n' —n, which, by
hypothesis, is cohomologous to zero, since the integral over any closed loop on M is
zero. Hence, there exists a global function U over M such that %nt = dU and then we
can rewrite (3.1) as d(U + Xy, n:) = 0. If W, denotes the vector field associated to 7,
i.e. Wy, w = 1, the equation to be solved becomes —U = X;, n; = w(Wy, Xy).

On the set X of critical points, the vector field IW; vanishes; thus a necessary condition
for the existence of a solution is that U(p) = 0 for any p € X. It is possible to choose U
satisfying this condition: U is defined up to a constant and if p, ¢ € X, then U(p) = U(q)

because
P P P
U(p) = Ul(a) :f dU:J n—f n =0
q q q
In a neighborhood of any point ¢ € M\X, we have (W};), # 0 since we assumed X(7) =

Y. (n'); by the nondegeneracy of w, a solution X; exists. This concludes the proof. O

Notice that if + is a leaf for 7, then v o v is a leaf for 7/, since 1/ [y, 0= 7' ((¥1)« (%)) =
(i) (%) = nty= 0. Therefore, 1, realises an orbit equivalence between the locally

Hamiltonian flows induced by n and 7/, which is ¥® away from the critical set.

Notation 3.2.9. We equip A, ; with the measure class ®*(Lebgrm ) given by the pull-back

of the Lebesgue measure Lebr» on R™ via ©.

We want to study the dynamics induced by typical 1-forms with respect to this meas-
ure class. We remark that if 7 has a saddle loop non-homologous to zero or a saddle
connection, then, up to a change of basis of H; (M, %(n),R), one of the coordinates of 7
is zero, in particular the set of such 1-forms is a null set.

Let us remark that if the locally Hamiltonian flow is minimal, then | = 0 and —s =
X(M); in this case, as recalled in the introduction, Ulcigrai in [Ulc11] and [Ulcog] proved

that almost every n induces a non-mixing but weakly mixing flow.
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3.3 SPECIAL FLOWS OVER IETS

In this section, we are going to represent the restriction of a locally Hamiltonian flow
{¢t}er to a minimal component as a special flow over an interval exchange transforma-
tion. We recall all the relevant definitions for the reader’s convenience.

An Interval Exchange Transformation T of d intervals (IET for short) is an orientation-
preserving piecewise isometry of the unit interval I = [0,1]; namely it is the datum
of a permutation 7 of d elements and a vector A = ()\;) in the standard d-simplex Ag:
the interval I is partitioned into the subintervals I; = I ](-0) = [aj_1,a;) of length \;
and the subintervals I ](0) after applying T' are ordered according to the permutation .
Formally, let a; = 3}, _; \v and @} = > ;) Ar—1(x) and define T'(z) = z — aj—1 +a)_,
for z € [aj_1,a;-1+ \i). We refer to [Via] or [Viao6] for a background on IETs.

The set of special flows we are going to consider consists of the ones for which the

roof function f has asymmetric logarithmic singularities, namely it satisfies the following

properties:
(a) f is not defined on the d — 1 points a1, ag,...,aq—1 € (0,1);
®) fee (0. 1\UL {ai});

(c) there exists min f(x) > 0, where the minimum is taken over the domain of defini-

tion of f;

(d) foreach j =1,...,d—1 there exist positive constants C;r, C; and a neighborhood
U; of a; such that
f(x) :Cf\log(w—ajﬂ—ke(fc), for x e Uj, x > aj,
f(z) = Cj [log(a; — x)| + (), for z € U,z < aj;
where e, € are smooth bounded functions on [0, 1]. Moreover, C* # C~, where

Ct:=3,Cf and O~ := 3, C;.

Our main result is the following; it was proved by Ulcigrai [Ulcoy] in the case the roof
function f has one asymmetric logarithmic singularity at the origin. In this chapter, we

generalize her techniques to the case of finitely many singularities.

Theorem 3.3.1. For almost every IET T and for any f with asymmetric logarithmic singularit-

ies, the special flow {¢p; }1er over ([0,1], dx, T') with roof function f is mixing.
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3.3 SPECIAL FLOWS OVER IETS

The asymmetry condition in (d) is the key property to produce mixing. From this
result, we deduce mixing for typical locally Hamiltonian flows with asymmetric saddle

loops, namely the following result.

Theorem 3.3.2. There exists an open and dense set A} ; < As of smooth 1-forms with s saddle
points and | minima or maxima such that for almost every n € A’ , with at least one saddle loop
homologous to zero and for any minimal component M’ < M, the restriction of the induced flow

{©1}er to M is mixing.

The sets A ; are the subsets of A;; for which the asymmetry condition in (d) is sat-
isfied; we are going to construct them explicitly in the next Subsection. Theorem 3.3.2
follows from Theorem 3.3.1 by constructing an appropriate Poincaré section, showing
that the first return map is an IET and, if the locally Hamiltonian flow is induced by a
1-form in A ;, then the first return time function f has asymmetric logarithmic singular-

ities.
3.3.1  Proof of Theorem 3.3.2

Let n € Ay, as we remarked in §3.2.2, 1-forms with saddle connections are a zero
measure set, therefore we can assume 7 has no saddle connections. Let My, ... M, be the
minimal components and let My, ..., M4, the islands, i.e. the periodic components
containing a minimum or a maximum of 7 (in addition there can be cylinders of periodic
orbits, but we do not label them). Each M; is bounded by saddle loops homologous to
zero. Denote by p1 ;, ..., ps,; the singularities of i contained in the closure of M;, which
are saddles, and let {q1,...q}, with ¢; € My;, be the set of maxima or minima of 7,

which is possibly empty if [ = 0.

STEP 1: POINCARE SECTION.  Let us consider one of the minimal components M.
We first show that we can find a Poincaré section I so that the first return map 7': [ — I
is an IET of d; intervals, where
k
<Z di> +l+(k—1)=29+({+s)—1=rank Hi(M,L,Z). (3.2)
i=1
Fix a segment I’ — M; transverse to the flow containing no critical points and whose

endpoints a and b lie on outgoing saddle leaves. Let aj,...,aq4,—1 € I' be the the
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3.3 SPECIAL FLOWS OVER IETS

pull-backs of the saddle points via the flow, namely the points a; € I’ are such that
limy—,o0 t(a;) = pr; for some r = 1,...,s; and ¢¢(a;) ¢ I' for any t > 0, see Figure
4. Up to relabelling, we can suppose that the points are labelled in consecutive order,
namely the segment [a,q;] c I’ with endpoints a and a; is contained in [a, a;41] for
all j = 1,...,d; — 2. Let ag be the closest point to a; contained in [a,a;] which lies in
an outgoing saddle leaf and similarly let a4, be the closest point to a4, contained in
[ad4,—1,b] which lies in an outgoing saddle leaf. We consider the segment I = [ag, aq,],

see Figure 4.

Vi

Figure 4: Example of the construction of the Poincaré section; in blue one of the curves v; and in

green its dual o;.
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3.3 SPECIAL FLOWS OVER IETS

Let T: I — I be the first return map of ¢; to I and f: I — R.g the first return
time function. Clearly, 7" is not defined on {a1, ..., aq,—1}, since the return time of those
points is infinite. Consider the connected component /; of I\{ai,...,a4,_1} bounded by
aj—1 and a;. For any z € I; and for any 0 < t < f(z), by compactness, the point ¢;(z) is
bounded away from the singularities, thus the map ¢; is continuous at z. In particular,
T is continuous at any z € I; and T'(/;) is a connected segment in I. Since I is transverse
to the flow, we have that §,7 # 0; up to reversing the orientation we can assume that
S ;1 > 0. Moreover, since there are no critical points of 7 in the interior of I, the integral
of 7 is an increasing function, i.e. {7' 7 < §7? 7 whenever the segment [ag, 21] is strictly
contained in [ag, 22]. The 1-form 7 defines a measure on I, which it is easy to see it is -
invariant. By considering the coordinates on I given by z Szo n/(§;n), we can identify
I = [0,1] and n; with the Lebesgue measure Leb on I. The map 7'[7; is an isometry for
any j = 1,...,d;; thus T is an IET of d; intervals.

Let us prove (3.2). By construction, d; — 1 is the number of pull-backs of the saddle
points: each saddle with a saddle loop homologous to zero admits one pull-back, whence
the other saddles have two. Each of the former is uniquely paired with a minimum or a
maximum or with another minimal component via a cylinder of periodic orbits, hence
there are exactly [ + 2(k — 1) of them. We deduce "% (d; — 1) +1 + 2k — 2 = 2s; therefore
(> di)+1+(k—1) =2s4+1=29+ (s+1) — 1 = rank H; (M, X, Z) by Poincaré-Hopf

formula.
STEP 2: RETURN TIME FUNCTION. We now investigate the first return time function
f. Clearly, f is smooth in I\{a1,...,aq,—1} and blows to infinity at the points a;. Since

[ # 0 on I by hypothesis, it admits a minimum min f(z) > 0. In order to understand
the type of singularities of f, we have to compute the time spent by an orbit travelling
close to a saddle point p. By Theorem 3.2.3, we can suppose that a local Hamiltonian at
p = (0,0) is H(z,y) = zy and the area form w = V(x,y) dz A dy. Let (z(t),y(t)) be an

orbit of the flow; as we have already remarked, H is constant along it, H(z(¢),y(t)) = c.

The vector field is given by W = V(i m Or — v (g m 0y, so that the time spent for travelling

from a point (z,¢/z) to (¢/z,2) is

T T . c/a
T:J dt:J V(x,c/xz)d dt:J V(x,c/x) .

0 0 T a T
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3.3 SPECIAL FLOWS OVER IETS

Lemma A.1 in [FU12b] yields that T = —V(0,0)logc + e(c,a), where e is a smooth
function of bounded variation. Therefore, when the “energy level” ¢ approaches 0, or
equivalently when the leaf gets close to the saddle leaf, the time spent close to p blows
up as |log c|. Denote by C1, ..., Cs, the constants given by T'(c)/ [logc| as ¢ — 0 for all
the saddle points p1;,...,ps, - Suppose that a; corresponds to a saddle p, ; belonging
to a saddle loop homologous to zero. Since there are no saddle connections, there exists
a small neighborhood ¢/ < I of a; which contains points that do not come close to
any other singularity of 1 before coming back to I. Because of the saddle loop, the
logarithmic singularity of f at a; has different constants: points in / n U/ on different
sides of a; travel either once or twice near p,;. Namely, for some smooth bounded

functions ¢, € we either have
f(z) = —=Cjlog|z —aj| +e(x), forzelnlU,z>a;
f(z) = —2Cjlogla; —z|+€(z), forzelnl,z <aj,
or similar equalities with the conditions x > a; and = < a; reversed. On the other hand,
if the point a; corresponds to a singularity p,; with no saddle loop, then the constants
on different sides of a; are the same. We remark that this phenomenon was discovered

by Arnold [Arng1] in the genus one case and exploited by Sinai and Khanin [SK92] to

prove mixing.

STEP 3: ASYMMETRY.  For property (d) to hold, the sum of the constants on the left

side of the singularities has to be different from the one on the right.

Notation 3.3.3. Let A, be the subset of A; of smooth 1-forms such that no linear

combination of the C; with coefficients in {—1,0, 1} equals zero.

In particular, for all n € A;,l, we have that CT # C~. Let us show that it is an
open and dense set. Let p = p;; be a singularity of 1. For any small perturbation
of 7, there exists a change of coordinates 1) close to the identity such that we can
write the Hamiltonian for the perturbed i-form as H' = z'y’. Thus the return time
is T(c) = —=V(0,0)|det J(¢)p|logc + €, where J(¢), is the Jacobian matrix of ¢ at p
and € is another smooth function of bounded variation. If n ¢ A;’l, fix a saddle p and
for any ¢ > 0 consider the perturbed local Hamiltonian H' = (1 —¢?)xy at p; then

Y(z,y) = ((1 — &)z, (14 €)y) so that |det J(z)),| = 1 — £2. Since the other constants C;

are the same, it is possible to choose arbitrarily small ¢ such that ' € A; ;» which is
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3.3 SPECIAL FLOWS OVER IETS

hence dense. In order to see that A ; is open, let zy + f(z,y) be the perturbed Hamilto-

e < € and let (xlvy,) = w(xay) = (wl(%y)ﬂb(%y))
the associated change of coordinates as above. Then, f(z,y) = 1 (z,y)2(z,y) — 2y =

nian at a singularity, with | f

Po (Id—)(z,y), where P denotes the product P(z,y) = xy. Thus, there exists ¢’ > 0
such that ||Id —1|4#= < &’ on a neighborhood of p; hence |det J(¢),| € [1 —¢',1+¢'].
Since this holds for any singularity p, the set A{; is open.

STEP 4: FULL MEASURE SETS.  Finally, we have to prove that if a property holds for
almost every IET, then it holds for almost every 1 € A{ ; w.r.t. the measure class defined
in Notation 3.2.9. Fix the minimal component M, let ./\7Z be the open neighborhood of
M; obtained by adding all cylinders or islands of periodic orbits adjacent to M;. Let &;
be the set of singularities in M;, or equivalently in the closure of M;.

For each interval I; as above, let 7; be a path starting from a point = € I; different
from a;_1, a;, moving along the orbit of x up to the first return to I and closing it up in 7,
see Figure 4. Set B; = {7, : 1 < j < d;}. Let {{} be the set of the boundary components
of M;. By [Viao6, Lemma 2.17], B; u {{,} is a generating set for H 1(/\71', Z.). Moreover, a
proof analogous to [Viao6, Lemma 2.18] shows that any loop around a singularity is a
linear combination of the v; (if the singularity is not contained in a saddle loop), and of
the ; and &, (if the singularity p, ; is contained in a saddle loop). In particular, B; U {&,}
is a generating set for Hl(/\“/t}\zi, Z).

Lemma 3.3.4. Let B; be as above. There exists a basis B of Hy (M\X, Z) given by the disjoint
union of the B; together with the homology classes of the loops & bounding the M.

Proof. Consider two minimal components M, and M, separated by a cylinder of peri-
odic orbits; the same proof applies if M, is an island containing a maximum or a min-
imum. Notice that M, n M, is a cylinder of periodic orbits containing no singularity. Let
£a € Hl(ﬂa\za, Z)and & € Hl(ﬂb\zb,Z) be the boundary components in M, n M.

We remark that &, and &, are homologous.
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3.3 SPECIAL FLOWS OVER IETS

Let i,j,1,] be the inclusion maps in the following diagram.

Ma () Mb\za U Zb
M(z b

Mo\Za Mp\Zy

A M

The Mayer-Vietoris sequence

c o Hy (M A My, Z) 295 1y (NS, Z) @ Hy (M\5, Z) 22
i*—j*) Hl(ﬂa v va\za |\ Zb,Z) 5_*) Ho(ﬂa M Mb,Z) M) R

is exact. We have that Hl(/\A/l/a N /\A/l/b,Z) = (&), where { = &, = &, and the image

im(ix, j«) is equal to ((&,,&)). By exactness, it follows that
Hy (Mo\2a, Z) ® Hi (My\Ep, Z) /{(a: &) ~ im(ix — ).

Since (ix, jx): Ho(/qa A ﬂb,Z) — Ho(/qa\Za,Z) @Ho(ﬂb\zb, Z) is injective, im(0,) =
{0}, then ker(8,) = H (Mg U Mp\Zq U T, Z) = im(i4 — Ju). We have obtained that

Hy (ﬂa\z‘av Z) @ Hy (Mb\zbv Z)/<(§aa gb)> ~ Hy (Ma (& ﬂb\za o Zba Z)

in particular, the set B, U By, is contained in a generating set for H; (ﬂa U /\71,\2@ Uy, Z)
and the union is disjoint in the image, i.e. they all give distinct elements.
Iterate this process for all components. The generating set we obtain is the disjoint

union of the B; together with the homology classes of the loops ¢ bounding the M;.
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Since the cardinality of 5; is d;, the cardinality of the set obtained is >.* | d; + 1+ (k —1).
By formula (3.2), it equals the rank of H;(M\X,Z), hence it is a basis. O

Corollary 3.3.5. Every full measure set of length vectors A\ € Aq corresponds to a full measure

set of 1-forms n € A .

Proof. 1t is sufficient to show that for any fixed n € A{; we can choose a basis of
H, (M, %, Z) such that the lengths of the subintervals of the induced IETs on all minimal
components appear as some of the coordinates of ©(7).

Let B be the basis of Hi(M\X,Z) given by Lemma 3.3.4. Denote by M the surface
obtained from M by removing a small ball centered at each singularity. By the Excision
Theorem, Hy(M,%,Z) ~ H; (M\, é’/(/l\,Z) and the Poincaré-Lefschetz duality implies
that the latter is isomorphic to H'(M,Z) ~ H'(M\Z,Z). At the homology level, we
then have a perfect pairing given by the intersection form. Consider the basis {¢;}, where
o; € H(M,X,Z) is the dual path to v}, see Figure 4. If 0; € M,, the associated period
coordinates are given by SUJ_ n = (aj—a;_1) §; n, which are the lengths of the subintervals

defining the IET T on I ¢ M; (up to the constant §, 7). O

Theorem 3.3.1 implies that for every permutation 7, for almost every length vector
A € Ay and for every function f with asymmetric logarithmic singularities the special
flow over T' = (m, A) with roof function f is mixing. By Corollary 3.3.5, consider the cor-
respondent full measure set of 1-forms 1 € A ;. By the previous steps, the restriction of
the induced locally Hamiltonian flow to any minimal component can be represented as
a special flow over an IET with roof function with asymmetric logarithmic singularities,

which is mixing by Theorem 3.3.1. This concludes the proof.

3.4 RAUZY-VEECH INDUCTION AND DIOPHANTINE CONDITIONS

The Rauzy-Veech algorithm is an inducing scheme which produces a sequence of IETs
defined on nested subintervals of [0, 1] shrinking towards zero. We assume some famili-
arity with the Rauzy-Veech Induction, referring to [Viao6] for details. We introduce some
notation and terminology that we will use in the proof of Theorem 3.3.1.

We will denote by RT the IET obtained in one step of the algorithm and, for any
n = 0, we let T(™) .= R"T. The map T(™) is defined on a subinterval I(® < I of length
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3.4 RAUZY-VEECH INDUCTION AND DIOPHANTINE CONDITIONS
A Let A e (AM)~1A, be the vector whose components /\én)

subintervals Ij(") c

are the lengths of the

I™ defining T(™); it satisfies the following relation
AP = (A1) with A™ e SLy(Z).

We can write

AP = Ay Ap_y = A(T) - AT ),

where (A(™)~1 is a matrix cocycle (sometimes called the Rauzy-Veech lengths cocycle). For

m < n, define also

so that
A = (Almn)) =1\, 63

(n)

Denote by h;n) the first return time of any x € I; to the induced interval / (") and by

1" the vector whose components are hg»n) ; let h(™) be the maximum hg.") forj=1,...,d.

The following result is well-known.

Lemma 3.4.1. The (i, j)-entry A of A" is equal to the number of visits of any point x € I ](")

to I; up to the first return time hg- ) to 1™, In particular, h Zl 1 A 7]

Let Z ](-n) be the orbit of the interval I ](-n) up to the first return time to (™), namely

(n)
h; -1

-y
r=0

We remark that the above is a disjoint union of intervals by definition of first return time.
For0 <r < hg.n), let I’ ]-(7 )= =T"(1; ik )) The intervals F (n ) form a partition of I, that we
will denote Z(™).

Remark 3.4.2. Because of the definition of the Rauzy-Veech Induction, the partition Z(") =
{F <r< h( ) 1 < j < d} is a refinement of the partition Z(*~1); in particular, for

any n > 0, each point a;, for 0 < k < d belongs to the boundary of some Fj(;i).

We say that any IET for which the result below holds satisfies the mixing Diophant-
ine condition with integrability power 7; it was proved by Ulcigrai in [Ulco7]. We recall
that the Hilbert distance dy on the positive orthant of R? is defined by dy(a,b) =

log(max{a;/b;}/ min{a;/b;}) for any positive vectors a, b € R%
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3.5 THE QUANTITATIVE MIXING ESTIMATES

Theorem 3.4.3 ([Ulcoy, Proposition 3.2] Mixing DC). Let 1 < 7 < 2. For almost every IET
there exist a sequence {n;}eN and constants v,k > 1,0 < D <1, D' > 0 and | € N such that

for every | € IN we have:
@) v <A™ /AN < forall 1< j < d;
(i) k=t < B /B <k forall 1<, j < d;
(iii) A1) > 0 and, if dy denotes the Hilbert distance on the positive orthant in RY,
dyr (APmeda, AnDb) < mingDdy(a,), D'},
for any vectors a, b in the positive orthant of R%;

(iv) limy_,eo [T || A1) || = 0.

Moreover, any IET satisfying these properties is uniquely ergodic.

Corollary 3.4.4 ([Ulcoy, Lemmas 3.1, 3.2 and 3.3]). Consider the sequence {n;}eN given by
Theorem 3.4.3; the following properties hold.

(i) Foreachi,je{1,...,d},

(ii) For any fixed i € IN,

pa) T di
(iii) For any fixed i € N, log|| A(m+)|| = o(log h(™)).
(n) y (1)

Proof. Kac’s Theorem implies that 3 hﬁnl) Aj(-"‘) = 1, from which it follows max; 7, \;
1/d and min; hé-nl))\gm) < 1. These inequalities together with properties (i) and (ii) in The-

orem 3.4.3 yield the first claim (i). The matrix Al has positive integer entries by
()

(iii) in Theorem 3.4.3, so min; hﬁ.n”ﬁ) > d' min; h i from which (ii) follows. Finally, (iii)
is obtained by combining (iv) in Theorem 3.4.3 and log R(m) > |l/1]log d, which is a

consequence of (ii) above. O

3.5 THE QUANTITATIVE MIXING ESTIMATES
In order to prove mixing for the special flow {¢:}«cr, we show that, for a dense set of

smooth functions, the correlations tend to zero and we provide an upper bound for the

speed of decay, see Theorem 3.5.6 below.
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The first step is to estimate the growth of the Birkhoff sums of the derivative f’ of
the roof function f, see Theorem 3.5.5. For this part (see §3.7), we follow the same
strategy used by Ulcigrai in [Ulcoy], namely, using the mixing Diophantine condition
of Theorem 3.4.3, we prove that “most” points in any orbit equidistribute in I and we
bound the error given by the other points. In the second part (see §3.6), we construct a
family of partitions of the unit interval following the strategy used by Ulcigrai in [Ulcoy,
§4] providing explicit bounds on their size; they are used to define a subset of the phase
space of the special flow on which we can estimate the shearing of transversal segments.
We then use a bootstrap trick similar to the one introduced by Forni and Ulcigrai in
[FU12a] to reduce the study of speed of decay of correlations to the deviations of ergodic

averages for IETs and finally we apply the following result by Athreya and Forni [AFo8].

Theorem 3.5.1 ([AFo8, Theorem 1.1]). Let S be a compact surface and let Q) be a connected
component of a stratum of the moduli space of unit-area holomorphic differentials on S. There
exists a @ > 0 such that the following holds. For all w € ), there is a measurable function
K,: S' — Req such that for almost all « € S, for all functions f in the standard Sobolev space

A1(S) and for all nonsingular x € S,

LTfo%,t(@dt—TffdAw

< Ku(@) 1 flpr sy T, (3-4)

where @q ¢ is the directional flow on S in direction o and A,, is the area form on S associated

to w.

Let €7 (ul;) be the space of functions h: I — R such that the restriction of & to the
interior of each I; can be extended to a 4" function on the closure of I;. In [MMY12,
§3], Marmi, Moussa and Yoccoz introduced the boundary operator® B: €°(ul;) — R® to
characterize which functions in ¢!(ul;) are induced by functions on the phase space
X defined as in (2.2) of a special flow over the interval exchange transformation, see
[MMY12, Proposition 8.5]. We recall their result for the reader’s convenience. Given an

IET T = T'(w, ) of d intervals, define the permutation 7 on {1,...,d} x {L, R} by

7(i,R) = (i+1,L) for 1 <i < d—1and 7(d, R) = (7*(d), R),

7(i, L) = (7' (x(i) = 1), R) fori # 7' (1) and (7~ (1), L) = (1, L).

a In their paper, it is denoted by 0.
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3.5 THE QUANTITATIVE MIXING ESTIMATES

The cycles of 7 are canonically associated to the singularities of any Veech’s zippered
rectangles construction over 7'. The boundary operator B is given by

(Bh)e = Y e(v)h(v),

veC
where C'is any cycle in 7, €(v) = —1if v = (i, L) and €(v) = +1 if v = (4, R) and h(v)
is the limit of h at the left (resp., right) endpoint of the i-th interval if v = (i, L) (resp., if
v = (i, R)); see [MMY12, Definition 3.1]. They proved the following result.

Proposition 3.5.2 ([MMY12, Proposition 8.5]). Let S be a suspension over I' via Veech's
zippered rectangles and let € (S) be the space of €™ functions over S with compact support in

the complement of the singularities. For f € € (S), define

7(x)
Tf(z) = f fogi(x) dt,

0

where T(x) is the first return time of x to the interval I and p,(x) is the vertical flow on S.
Then, T maps €, (S) continuously into €¢"(ul;) and its image is the subspace of functions h
satisfying Bh = B(0yh) = -+ = B(dLh) = 0.

Corollary 3.5.3. For every permutation m of d elements there exists 0 < 6 < 1 such that for
almost every IET T = T(m, \), for every h € €*(ul;) satisfying Bh = B(d,h) = 0, there
exists C, > 0 for which

0
<Ch7'7

S, (h) () —r f h(z) da

0

uniformly on z € I.

Proof. Since almost every translation surface S has a Veech’s zippered rectangle present-
ation (see [Via, Proposition 3.30]), Theorem 3.5.1 implies that for almost every IET T'
there exists a suspension S over T' via zippered rectangles such that an estimate like
(3.4) holds for the vertical flow {¢:}. Let h be as in the statement of the corollary. By
Proposition 3.5.2, there exists a function f € €1(S) such that Zf = h. The conclusion

follows from (3.4). O

Notation 3.5.4. We define .# to be the set of IETs which satisfy the mixing Diophantine
Condition of Theorem 3.4.3 and 2 to be the set of IETs for which the conclusion of
Corollary 3.5.3 holds. We remark that .# n 2 has full measure.

Consider the auxiliary functions uy, vy, U, 0k : I — R obtained by restricting to

the 1-periodic functions defined by

1
ug(z) =1 —log(x —ar), Uk(z) = —ul(z) = T for z € (ag, ar + 1],
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and

1
vp(z) =1 —log(ar —x), (x)=v(x)= p— for z € [ar, — 1,ax),

for k = 1,...,d — 1. It will be convenient to identify functions over I with 1-periodic
functions over RR.
Fix 7/ such that 7/2 < 7/ < 1, where 1 < 7 < 2 is the integrability power of T" of

Theorem 3.4.3, and define the sequence

 (1og| At |\
o= logh("l)

The set of points for which we are able to obtain good bounds for the Birkhoff sums of
f/ and f" contains those points whose T-orbit up to time |o;h(™+1)] stay o;\(™)-away

from all the singularities, namely the complement of the set

_ loyh(P+1)]
%= [JZu(k), where Zy(k) = | ) T7Hzel:|a—af<ar™}. (3.5)
=0

We will show in Proposition 3.6.4 that Leb(X;) — 0 as [ goes to infinity. The estimates
we need are the following; the proof is given in §3.7. Ulcigrai proved an analogous
statement for the case of one singularity at zero, see [Ulcoy, Corollaries 3.4, 3.5]; the
proof in §3.7 follows her strategy, which is adapted to obtain also uniform bounds on

the Birkhoff sums of f.

Theorem 3.5.5. Consider T' € .# and let f be a roof function with asymmetric logarithmic

singularities; let C = —C* + C~ = =3, C}" + 3, C. Define
7 ._ % _ > (i
Ulra):=, oy guox We(T'e). - Vire) = oy, oo ('),

For any > 0 there exists 7 > 0 such that for r > 7 if h™) < r < h(me1), 2 ¢ ¥ and x is not

a singularity of S, (f), then

Sr(f)(z) <2r +const max max ‘IOg}T Z0 _akH

| <k<d10<ir
Se(f")(x) <(C+e)rlogr+(C™ +1)(|x] +2)V (r,x)
Sy (f)(=) | +2)0(r,2)
1S:(f")(2)] <(2max{U(r,z), V(r,z)} + 1)(CT + C™ +¢)x
)

x (rlogr+ (|x] +2)(U U(r,z) + V(r, z))),

>(C —e)rlogr — (Ct+1)(|x

where we recall k is given in Theorem 3.4.3.
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3.5 THE QUANTITATIVE MIXING ESTIMATES

The previous estimates are interesting in their own right, since they are used by
Kanigowski, Kulaga and Ulcigrai in [KKPU16] to strengthen mixing to mixing of all
orders for a full-measure set of flows. In the proof of Theorem 3.5.6 below, we will
exploit them only for a fixed 0 < e < |C].

We recall from (2.2) that X is the phase space of the special flow {¢;}. Let ®: X — M’
be the measurable isomorphism between {¢;} and the locally Hamiltonian flow {¢:} on
the minimal component M’. We prove a bound on the speed of the decay of correlations

for the pull-backs of functions in €} (M').

Theorem 3.5.6. Let {¢;}ier be a special flow over an IET T € .# ~ 2 with roof function
with asymmetric logarithmic singularities. Then, there exists 0 < v < 1 such that for all g, h €
O* (€ (M) with §,, gdLeb = 0 we have

Cg,h

‘JX(g o (bt)hdLeb < (logt)‘*’

for some constant Cy p, > 0.
Theorem 3.1.2 is an immediate consequence of Theorem 3.5.6.

Proof of Theorem 3.3.1. We show that Theorem 3.5.6 implies Theorem 3.3.1. It is sufficient
to prove that ®*(€1(M’)) is dense in L?(X). We claim that ®*(¢(M')) contains the
dense subspace ¢} (X) of ¢! functions with compact support on X. Indeed, we show
that for any compact set £ < M’\X in the complement of the singularities, ® is a
diffeomorphism between ®~1(K) and ®(®~1(K)) < K.

For any p € ®(®1(K)), choose local coordinates around p such that the vector field
generating flow {¢;} is d,; then, if w = V(z,y) dz A dy, we have that n = -V (z,y) dz.
On &, the 1-form 7 equals dz; in these coordinates, ® is the solution to the well-defined
system of ODEs 0,® = —1/(V o ®) and 6,® = 0. By compactness, the €*“-norm of V/

is uniformly bounded, and so is the €*-norm of ®; thus ® is a diffeomorphism. O

Remark 3.5.7. The argument above shows that any g € ®*(%¢}(M’)) is a ¢! function on

X. Moreover, define the operator Z as in Proposition 3.5.2, namely
f(z)
(Zg)(x) = J 9(x,y) dy. (3.6)

0

The same proof as [MMY12, Proposition 8.5] shows that Zg € ¢ (ul;) and B(Zg) =
B(0:(Zg)) = 0, in particular Zg satisfies the hypotheses of Corollary 3.5.3.
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3.6 PROOF OF THEOREM 3.5.6

The first part of the proof consists of defining a subset X(¢) < X on which we can
estimate the shearing of segments transverse to the flow in the flow direction. The con-
struction of X (t) follows the lines of [Ulcoy, §4], although here we need to make all
estimates explicit. In the second part of the proof, we reduce correlations to integrals
along long pieces of orbits by a bootstrap trick analogous to [FU12a] and we conclude
by applying the result by Athreya and Forni on the deviations of ergodic averages in the
form of Corollary 3.5.3.

Within this Section, we will always assume that f has asymmetric logarithmic singu-

laritiesand T € 4 n 2.

3.6.1  Preliminary partitions

Let R(t) := |t/m| + 2, where m = min{l, min f}. A partial partition P is a collection of

pairwise disjoint subintervals J = [a, b) of the unit interval I = [0, 1].

Proposition 3.6.1. Let 0 < a < 1. For each M > 1 there exists to > 0 and partial partitions

Pp(t) for t = to such that 1 — Leb(Py(t)) = O ((logt)~*) and for each J € Py(t) we have
(i) T is continuous on J for each 0 < j < R(t);
(ll) logt a NS Leb(J) ﬁ
(iii) dist(T7J,ay,) > Tioe D) aforO < j < R(t);

(iv) f(TVz) < Cylogt for each 0 < j < R(t) and for all x € J, where Cy > 0 is a fixed

constant.

Proof. Let Py(t) be the partition of I into continuity intervals for T#(*). Consider the set

UU{er |z =T ay| < logt }

=0 5=0
and let P; (¢) be obtained from Py(t) by removing all partition elements fully contained

in U;. Then

AM
t(logt)™

1 —Leb(P1(t)) < Leb(Up) < (d+1) <; + 3> =0 ((logt) *).
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3.6 PROOF OF THEOREM 3.5.6

Any J € P;(t) contains at least one point outside Uj, therefore, since the endpoints of .J

are centres of the balls in U, we have Leb(J) > 4M / (¢t(logt)®). Let

@ M
- drelilo—al < ot
r=Uur {ee bl < o)

and let Py(t) = P1(t)\U2. As before we have that
Leb(P;(t)) — Leb(P2(t)) < Leb(Usz) = O ((logt) ).

By construction, property (iii) is satisfied. Moreover, any interval J € Py(¢) is either an
interval in P; (t) or is obtained from one of them by cutting an interval of length at most
M/ (t(logt)™) on one or both sides, hence Leb(.J) = 2M /(t(logt)®). Cut each interval
J € Pa(t) in such a way that (ii) is satisfied and call P,(t) the resulting partition. Finally,
there exists a constant C such that, by (iii), for all x € P,(¢) and all 0 < j < R(t) we
have f(T7z) < C’log(t(logt)®) < (C% +1)logt, up to increasing to. Thus (iv) holds
with Cy = C} + 1. O

ROUGH LOWER BOUND ON 7(z,t).  We want to bound the number r(z,t) of itera-
tions of T" up to time ¢ (see (2.4)). From the definition, r(z,¢) < R(t). By property (iv) in
Proposition 3.6.1,

t < Sp(zp)+1(f)(x) < Cp(r(x,t) +1)logt,
which, up to enlarging ¢ if necessary, implies

t

t) > ——
r(@1) 2C; logt’

(3.7)

uniformly for = € Pp(t).

3.6.2  Stretching partitions

We refine the partitions P, (¢) in order for Theorem 3.5.5 to hold. Let I(t) € IN be such
that h(m0) < R(t) < himw+),

Lemma 3.6.2. If W < r(z,t) < R(t), then hMw-10) < r(z,t) < BP0+ for all

x € Pp(t), where L(t) = O(loglogt).

Proof. By Corollary 3.4.4-(ii), for each L € IN we have
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3.6 PROOF OF THEOREM 3.5.6

It is sufficient to choose L minimal such that 2xt/(mdl) < t/(2Cylogt); this case is
achieved with an L(t) = LI = O(loglogt). O

1

Lemma 3.6.3. We have that [(t) = O(logt) and, for any ¢ > 0,1(t)~' = O ((log t)*m)

Proof. By Corollary 3.4.4-(ii) we have

O/ < pue) < gR(t) < 250
m

so that I(t) = O(logt). For the other inequality, we use the Diophantine condition (iv) in
Theorem 3.4.3 to get

log Rlum+) < log(HA(nOvnl(t)Jrl) ) < ]Og(||A(nl(t)7nl(t)+1) |- HA(no,m) I

1) i)
= Y log([[Amm|) = O | 3 log(i7)
] i=1

=0

L(t)+1
=0 <J logxdx) =O0(I(t)logl(t)) = O(1(t)'T*).

1

The conclusion follows from log A™®+1) > log R(t) = logt. O
We now assume C* > C~; the proof in the other case is analogous.

Proposition 3.6.4. Suppose C* > C~. There exist t, > to, constants C',C",C" > 0 and a
family of refined partitions Py(t) < Pp,(t) for all t = ty, with 1 — Leb(Py(t)) = O((logt)~")

for some 0 < o < 1, such that for all x € Py(t)
(i) Sr(:(:,t) (f)(x) < 3t

(ii) Sr(:p,t) (fl)(x) < -C't logt,

(iii)

Sr(a:,t) (fl) (.Z') ‘ < CN”t logt,

(i) Sz (f") (@) < G7t*(logt) .

Proof. Recall the definition of ¥; in (3.5) and that 7(z,t) is the number of iterations
of T applied to = up to time t. Theorem 3.5.5 provides bounds for the Birkhoff sums
Sp(w) (f)(x) and Sy, ) (f') () for all z ¢ X, where [ is such that h) < p(z,t) < b)),

By Lemma 3.6.2 we know that pw-rw) < p(z,t) < KMo for all z € Pp(t), hence
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3.6 PROOF OF THEOREM 3.5.6

to make sure we can apply Theorem 3.5.5, it is sufficient to remove all sets ¥;, with

I(t) — L(t) <1 < I(t). Thus, we define

Let P,(t) be obtained from P,(t) by removing all intervals which intersect 5(t). We
estimate the total measure of P,(t). If J € P,(t) intersects 5.(t), then either J < £(t) or
TY.J contains some point of the form aj, + o A(™) for some 0 < j < R(t) and I(t) — L(t) <

I <I(t). Therefore, by Lemma 3.6.2,

Leb(Py(1)) — Leb(Py(t)) < Leb(£(1)) + ; 2 (R(t) + 1)2d(L(t) + 1)

(logt)™
loglogt
(logt)™

— Leb(E(1)) 4 0 < ) — Leb(£(1)) + O ((logt) ™),

for some o < a. From Corollary 3.4.4 we get

. 2 (i) y(mrge 1) , o)
Leb(Z(t))zO(L(t)al(t))\ 10) pPatey+ ) = O\ LWy =y

= O (Lit)oftylATermem) = 0 (L(t)(llo(i;g‘):> = (i)

for some a > 0, since 27 > .

From Lemma 3.6.3, we deduce that

& loglogt _
Leb(2(t)) =0 | ——=5 | = O ((logt)™**),
&) ((logW) ((1o51) )

for some a3 > 0, so that

1= Leb(Py()) < (1 - Leb(Py(1))) + (Leb(Py (1)) — Leb(P (1)) = O ((logt) ')

for some 0 < o/ < min{aq, as}.
Fix 0 <e < —C = C" —C7.By (3.7), we have r(z,t) = t/(2Clogt) = t1/(2Cylogty);
let us choose t; such that the latter is greater than 7 in Theorem 3.5.5. By construction,

the estimates on the Birkhoff sums of f and f’ hold for all = € P4(t).

Lemma 3.6.5. For all x € Ps(t) we have that t/3 < r(x,t) < R(t) < 2t/m.

Proof. We only have to prove the lower bound. By definition and by the uniform estim-

ates on the Birkhoff sums of f in Theorem 3.5.5 we have

t < Spwy1(F)(@) <2(r(x,t) +1) +const max f(T'x).

0<i<r(z,t)
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3.6 PROOF OF THEOREM 3.5.6
Since f(T'z) < Cylogt for all z € Ps(t) by Proposition 3.6.1-(iv), the conclusion follows
up to increasing . O
Let us show (ii). From the fact that |z — a| ™' < t(logt)®/ M, we have that

St () (@) < (C+ (. £) log (. ) <1 +0 <T : t(log?) )) .

z,t)logr(z,t)

By Lemma 3.6.5,

0( tlog t)* )> =0 ((logt)*™);

r(z,t)logr(z,t
therefore we deduce (ii) with —C” = (C' +¢)/4 < 0. Proceeding in an analogous way,

one gets (i), (iii) and (iv). O

3.6.3 Final partition and mixing set

Proposition 3.6.6. There exist o/’ > 0 and ty > t; such that for all t > to there exists a family
of refined partitions Ps(t) = Ps(t) with 1 — Leb(Py(t)) = O((logt)~*") such that for all
z e J=a,b) e Ps(t) we have

1
in T2 — ag| > , 8
122211' v = axl (logt)? (5:8)
20,
forall r(a,t) <r <r(a,t)+ =L logt.
Proof. Let K(t) = [% logt| + 1 and define
-1 K() 1
U3:U T’{xe[:|m—ak|<2}.
Al (logt)

Since T+5(") is an IET of at most d(K (t) + 1) intervals, the set Uz consists of at most
O (K(t)?) intervals. Let

2
e I:di < ——
Uy {{L‘ € dlSt(ZL‘,Ug) t(logt)a

} , and Us=T;'U,,
where T;(z) = T"(**)z. The measure of Uy is bounded by the measure of Us plus the
number of intervals in Us times 4/ (t(logt)®), namely
2 2—a
K(t) ) < d(2K(t) +1) ) <(logt) >

(logt)e (logt)? t

Leb(U,) < Leb(Us) + O <t

=0 ((logt)™").

We apply the following lemma by Kochergin.
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3.6 PROOF OF THEOREM 3.5.6

Lemma 3.6.7 ([Kocy5a, Lemma 1.3]). For any measurable set U < I,

Leb(T,'U) < L <f7(nx) + 1) da.

The previous result and the Cauchy-Schwarz inequality give us

Leb(Us) < L4 (f(x) + 1) dz < (1 - ”J;L'?) Leb(Uy)'? = O ((logt)_1/2> ,

m
since f € L?(I).
Let P (t) be obtained from P, (t) by removing all intervals .J € Ps(t) such that J < Us.
Then 1 — Leb(Pf(t)) < 1—Leb(Ps(t)) + O((logt)~'/?) = O((logt) ") for some o’ > 0.
We show that the conclusion holds for all J = [a,b) € P(t). By construction, there
exists y € J such that T (y:t) y ¢ Uy, therefore, using Proposition 3.6.1-(ii), Tz ¢ Us for
all z € J. In particular, for all z € J, the inequality (3.8) is satisfied for all »(y,¢) — K (t) <

r < r(y,t) + K(t). To conclude, we notice that, arguing as in [Ulcoy, Corollary 4.2], we
have
Sr(z t) (fl) (Z)
r(a,t) <r(y,t) <r(a,t) +sup —~————
(0.0) < rl0.0) < rlat) +sup
<r(a,t) + 0 ((logt)' ™) < r(a,t) + K(t),
for t = ty, for some to > t1. Hence r(y,t) — K(t) < r(a,t) and r(a,t) + K(t) < r(y,t) +

K(t). O

We now define the subset X (¢) of X on which we can estimate the correlations. It
consists of full vertical translates of intervals .J € P¢(t), namely we consider
U {@y):zet,0<y<inf f(z)}.
JEP (t) vel
We can bound the measure of X (¢) by
Leb(X(t)) = 1—J r)de— ) J —inf f) da.
I \Pf( ) Je'P

Since f € L*(I), Cauchy-Schwarz inequality yields

L\P " f(x)dz < ||f]l2 Leb(I\P;(t))2 = O ((logt)_a”/2> '

On the other hand, by the Mean-Value Theorem and Proposition 3.6.1-(ii),

> J —inf f)d Z Leb(J)(f(xs) — inf f)

JePy( JePy(t

2
t(logt)e Z

JE'Pf (t)

. 2
flzy) = 1§ff’ < t(log )™ -Var(flp,)):
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3.6 PROOF OF THEOREM 3.5.6

where Var(f|p,(;)) denotes the variation of f restricted to P¢(t). Since f has logarithmic
singularities at the points a; and dist(Ps(t),ar) > 1/ (t(logt)*), the variation is of order
Var(f|p,()) = O (log(t(logt)*)). Hence,

1= Leb(X (1) = O ((logt) ™) |

for some 0 < 3 < o/'.

3.6.4 Decay of correlations

In this proof of mixing, shearing is the key phenomenon. We show that the speed of
decay of correlations can be reduced to the speed of equidistribution of the flow by an
argument in the spirit of Marcus [Maryy], using a bootstrap trick inspired by [FU12a].
The geometric mechanism is the following: each horizontal segment {(x,y) : x € J €
Pr(t)} in X (t) gets sheared along the flow direction and approximates a long segment
of an orbit of the flow ¢;, see Figure 5.

Consider an interval J = [a,b) € Ps(t) and let £;(s) = (s,0) for a < s < b. On J the
function r(-,¢) is non-decreasing (non-increasing, if C~ > C7). To see this, let z < y;
then, since S,(, ) (f’) < 0, the function S, (f) is decreasing, hence S, ;) (f)(y) <
Sp(wp) (f)(z) < t. By definition of r(-,t), it follows that r(y,t) > r(x,t). Moreover, (-, )
assumes finitely many different values r(a,t),r(a,t) +1,...,r(a,t) + N(J); more pre-
cisely there exist up = a < uy < - <wup(y) < uy(j)41 = bsuch that r(z,t) = r(a,t) +1

for all z € [u;,u;41). Denote § = & . For a < u < b, define also §,,) = &J[q,u)

Uiuit1)
and let N(u) be the maximum ¢ such that u; < u.

For all a < u < b the curve ¢; o, splits into N (u) distinct curves ¢; o & on which
the value of r(z,t) is constant. The tangent vector is given by

d

d
&th © g[a,u)(s) = &(TT(S¢)<S>’ t— Sr(s,t)<f>(8)) = (17 _Sr(s,t)<f,)<s))' (39)

In particular, for any (z,y) € X (¢) we have

[(¢t)*(ax)] r(x,y): Ox r(x,y) _Sr(x,t+y)<f,)<x)ay r(z,y) : (3'10)

The total “vertical stretch” Af(u) of ¢ o0& [a,u) 18 the sum of all the vertical stretches of

the curves ¢, o &; by definition, it equals

M= =
¢toé[a,u) a

Sr(s,t) (fl) (S) ds,
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3.6 PROOF OF THEOREM 3.5.6

and, by Proposition 3.6.4-(iii),

Af(u) < (u—a) sup

ass<u

Sr(s,t)(f’)(S)’ < C'(tlogt)(u—a) < 2C"(logt)' ™% (3.11)

in particular we get

N(u) < [Af(u)J +2< 4mcl(10gt)1“- (3.12)

m

Let also At(u) = S, (f) (@) = Sy (f)(u) be the delay accumulated by the endpoints
a and u. In Figure 5, Af(u) is the sum of the vertical lengths of the curves ¢; o §;, whence
At(u) equals the length of the orbit segment . By the Mean-Value Theorem, there exists
z € [a,u] such that At(u) = =S, (, 4 (f')(2)(u—a). Theorem 3.5.5 and Lemma 3.6.5 yield
2
At(u) = logt)————) = O ((logt)'™®). .
t(u) =0 ((t1080) 25 ) = O (o) =) .13

We estimate the decay of correlations
{go ¢y, hy = fx(g o ¢y)h d Leb,
for g, h as in the statement of the theorem. We have that
<

Ux@wt)hdLeb + Leb(ANX (2)) |9l oo Il o

J (go¢)hdLeb
X(t)

(3.14)

L{(t) (go ¢r)hdLeb| + O <(logt)75> .

By Fubini’s Theorem
ys (b
| ooonarer= ¥ [7 [(geoumy oD hos, o6 sty (a3
X(t) JePs (1) Y0 Yo
where J = [a,b) and y; = inf f.
Fix any 0 < 7 < ys and let § = g o ¢y and h = h o ¢5. Integration by parts gives

Jb(go ¢ro&s(s))(ho&s(s))ds| =

a

:’(

< [|Alloo

Jbgo@ogJ(S) ds) (b ) _Jb (Jugo¢to§J(s)ds> (0T 0 €5 (1)) du

a a a

b
J o drots(s)ds

a

+ ||0zh||o Leb(J) sup

a<u<b

f o drots(s)ds

a

We have that ||h||s = |||« By Proposition 3.6.1-(iv), we have 3 +y = O(log t); therefore,
by (3.10) and Proposition 3.6.4(iii), it follows

|0:h|lo € max
(z,y)eX (t)

Sregin) () @)] Il
(3.16)

=0 ( max (74 y)log(y + y)) = O(logtloglogt).
(zy)eX(t)
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3.6 PROOF OF THEOREM 3.5.6

Since Leb(J) < 2/(t(logt)®), we obtain

< (|2]jeo + 1) sup

a<<u<b

[(Goacessn@oessas

a

f o dyots(s)ds|.

a

The following is our bootstrap trick.

Lemma 3.6.8. There exists C' > 0 such that

sup
a<u<b

Jugo@osj(s)ds < sup

a = tlogt a<u<b

J gdy
¢tog[u,u)

Proof. Fixe > 0and leta < ¢ <b,

¢ ¢ Sr(s) () (s)
f gO gbt Ogj(S) dS :J (go th Ogj(S))<— m) dS
‘ Se(s) (/) (5)
_ r(s,t)
+ JO (9061 05"(8»(1 o —l—e)tlogt) ds
By (5.13), the first summand equals
¢ Sr(s,) (') () 1
_ _ Pr(st) _ _
L (godrots(s)) ( (C'+e)t logt) ds (C'+e)tlogt J¢>tO£[a,4) 9dy.
Integration by parts of the second summand gives

¢ Ssn(f)(s
L(go@o@(s))(HM)ds

_ Seiey (F)) N (¢
N <1 + (C"+ E)tlogt) L gogiots(s)ds

_Le(fs(uW)(fgo@o@(u)du)ds

(C"+e)tlogt/ \ ),

a Spiery () N (2
= (].—f—m) Ja gOQStOfJ(S)dS

¢ Sr s,t (fll)(s) Sf
-] (@ e ([ 7o arman)as
Thus

4
1
5 < -
L godroty(s)ds) < (C"+e)tlogt

Spen (f)(0)
(C"+e)tlogt

+ | max Sr(u,t)(fll)(u) .
asu<t (Cl + e)tlogt

J gdy
$98[a,0)

A
f Godrots(s)ds

a

+{1+

(£—a)

sup
au</t

f Fodrots(s)ds

a

By Proposition 3.6.4-(ii),(iv) and £ —a < b—a < 2/(t(logt)®), we get

74 1 J‘
F0 o s dS g A T N2, go¢ dy
L gopio&y(s) (C"+e)tlogt ) ’
' c” ‘7
+<1_C'+5 (C’—I—s)M)aSglizeLgo¢tO£J(8)dS |
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3.6 PROOF OF THEOREM 3.5.6

Since this is true for any a < ¢ < b, we can consider the supremum on both sides and,

after rearranging the terms,

"

o' — —) sup J gdy
( M 7 a<usb $t9€ (4. u)

The conclusion follows by choosing M > 1 so that C~! = ' —C" /M > 0. O

J gocbtofJ(s)ds‘ <

a

su
t IOg t aéuzb

We now compare the integral of g along the curve ¢: o §|,,,) with the integral of g

along the orbit segment starting from ¢;(a,0) of length At(u).

Vi Pto&;
¢t+At(u) ((1’7 0)¢t (b7 O)
Y1
Pro&
th(a, 0) A/N('u,)

¢t o §N(u)

T,,(w)ﬂaTr(a,t)Jriui

Figure 5: The curve ¢y o ¢ [a,u) splits into N (u) curves ¢; o &;. In red, the orbit segment .

Lemma 3.6.9. Let v(s) = ¢45(a,0), 0 < s < At(u), be the orbit segment of length At(u)
starting from ¢;(a,0). We have

J gdy
(bfzog[a,u)

Proof. For all 1 < i < N(u), we compare the integral of g along the curve ¢; o §; with

<

J gdy‘ + O ((log t)71). (3.17)
v

the integral of g along an appropriate orbit segment. If ¢ # 1, N(u), consider v;(s) =
ps(TT (01 Fig, 0), for 0 < s < f(T"(@N+ig); define also v1(s) = ¢yys(a,0), for 0 < s <
Sr(a,t)+1(f) ((I) —t and 'YN(u)(s) = ¢S(Tr(a7t)+N(u)a>O)/ for0 < s <t-— Sr(u,t)(f)(u) Fix

0 < i < N(u) and join the starting points of ¢; o &; and ~; by an horizontal segment and
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3.6 PROOF OF THEOREM 3.5.6

the end points by the curve ¢;(s) = (T"(@)F s f(TT@D4is)), 0 < s < uip, if i # N(u)
and by another horizontal segment, if i = N(u). See Figure 5.

We remark that the integral over any horizontal segment of gdy is zero. By Green’s

U gdy — f
prof; ol

Since r(a,t) +i < 7(b,t) < R(t), by Proposition 3.6.1-(i), T"(“)** is an isometry, hence

Theorem,

Tr(a,t)+iui+1
gdy] < ‘ L gdy] + 170 [ f@)de.  (318)

i Tr(a,t)+ia

Tr(a,t)+iui+l ' ‘
f f(z) da < || fll2 Leb ([T g, Tried iy, 4])1/2

Tr(at)+ig
2[|.f[]2
= (t(logt))1/2

Reasoning as in (3.16), ||0;7]l« = O(logtloglogt), thus the second term in (3.18) is

O ((logt)?=/2/t1/2). Moreover, by (3.12) we can apply Proposition 3.6.6 to deduce
(T +g) = O ((logt)?), so that

Uj+1
U gdy‘ <lgllo [
G a

f/(Tr(a,t)—i-ix)‘ dr = O ( (logt)z > .

t(logt)™
Summing over all i = 0,..., N(u) we conclude using (3.12)
N(u) T'r(a,t)+iui+1
| aw-|sa< y (U gan| +loagle [ s dx>
t98[q,u) v i=0 Gi Tr(@t)+ig

oo 1)2 oo £)2-0/2 ,
= N(u)O (t((lloggtt))a + a gttl)/Z > =0 ((logt)™").

O

By definition, the integral of g along the orbit segment v equals the integral of g along
¢y o 7. The latter can be expressed as a Birkhoff sum of Zg = Sg(z) g(z,y) dy (see (3.6))
plus an error term arising from the initial and final point of the orbit segment ¢y o 7,
namely, recalling the definition T} (z) = 7"z,

Jro] =

< Sr(Ty4y(a),at(w) (Z9) (Trag(a))

f gdy
¢yO’Y
+ gl (f (Traga) + fF(Tigsarw)@))-

We recall from Remark 3.5.7 that Zg satisfies the hypotheses of Corollary 3.5.3. We claim
that
@0 ) 4 p(Tr(@HTEAW) ) = O(log log ). (3.19)
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3.7 ESTIMATES OF BIRKHOFF SUMS

Indeed, by the cocycle relation for Birkhoff sums we have

Sr(at)+(F+at()) /ml+2(F) (@)
= Srann(A@) + Sl(?+At(U))/mJ+1(f)(TT(a’t)Ha)
> t+ ([(T+ At(w)) /m] + 1)m > t + 7+ At(u);

hence,

r(a,t) <r(a,t+7) <r(a,t+7+ At(u)) <r(a,t) + | (7 + At(w))/m] + 2.

By Proposition 3.6.1-(iv), ¥ < Cylogt; hence, by (3.13), the latter summand above is
bounded by r(a,t) + Wf log t, up to enlarging t5. Proposition 3.6.6 yields the claim (3.19).
Therefore, by (3.19), Corollary 3.5.3 and (3.11),

f gdy' STy (a) at(w) (Z9) (Ti4g(a)) + O(loglogt)
.,

=0 ((T(Tt+y(a),At(u)))9 + log log t) -0 <(At(u))9 +loglog t) (3.20)
=0 ((log )70 4 1og logt> =0 ((log t)'g(lfo‘)) )

From Lemma 3.6.8, (3.17) and (3.20), we obtain

sup
a<u<b

su
t log t aéuib

f gopro&s(s) dS‘ < J gdy
a ¢t05[a,u)

C _ ) (logt)?(1=)
<tlogt ( 7gdy’—l—O((logt) )) _O<tlogt .

From (3.15), we deduce
0(1—a) Y g
=0 (UOgt? : ) D J ieg(i) d
08 Jepy )0 ° (/)
_ [ (ogt)’t ) J
=0 ( flog (t(logt)” Z Leb(J

JePy(
1
=0
<(]0gt)( 0)(1— O‘)) ’

which, combined with (3.14), concludes the proof.

f (go ¢:)hdLeb
X ()

3.7 ESTIMATES OF BIRKHOFF SUMS

In this Section we will prove the bounds on the Birkhoff sums of the roof function f and
of its derivatives f’ and f” in Theorem 3.5.5. The proof is a generalization to the case of
finitely many singularities of a result by Ulcigrai [Ulcoy, Corollaries 3.4, 3.5].

We first consider the auxiliary functions ug, v, U, Uk introduced in §3.5.
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3.7 ESTIMATES OF BIRKHOFF SUMS

3.7.1  Special Birkhoff sums

Fix ¢/ > 0 and w and @ to be either uj, or vy and either 1y, or v respectively for fixed k.
Let [, D, D’ be given by Theorem 3.4.3; for ¢ > 0 (which will be determined later) choose
L1, Ly € N such that D1 D" < ¢ and v(d —1)""2 < . Assume Iy > (1 + L; + Lo) and

introduce the past steps

l_1:=1y— LJ, l_o=1y— (L1 -+ Lgﬂ.

Consider a point zg € I "

at xg along Z g”o)

cl (”lo); we want to estimate the Birkhoff sums of w and @

, namely the sums

Sro (W) (o) = OZ_: w(T'zg), and S, (@0)(zg) = OZ_: W (T x),
i=0 =0

)

where 7 1= hgglo . Sums of this type will be called special Birkhoff sums. We will prove

that
1
Sy (w)(z0) < (14 ) f w(z) dz + max w(Tizo). (3.21)
0 0<i<rg
and
(1 —&")rolog h™o) < 8, (@) (x0) < (1+¢)rolog h™o) + [ax W(Tx), (3.22)
1<<ro

)

where, we recall, h(™0) = max{hj(-mo 1<j5<d}.

By Remark 3.4.2, at each step n the singularity a; of w and of w belongs to the bound-
ary of two adjacent elements of the partition Z(") defined in §3.4. Denote by s(mz; the
element of Z(™) which has ay, as left endpoint if w = uy, or as right endpoint if w = vy,
and similarly when we consider w instead of w. Outside F; (") the value of w is bounded
by 1 —log A" and the value of @ is bounded by 1/ Al where A" s the length of

sing smg’ sing
F{") Remark that, by construction, M = plm

Fing: sing © Fiing for n > m; decompose the initial inter-

val I = I%) into the three pairwise disjoint sets 1(?) = A L B 1 C, with

A=plm) g g\ plie) o pon plre),

sing sing sing sing

Using the partition above, we can write

Sr(w)(mo) = >, w(Tixo)+ >, w(Tlm)+ Y, w(Tixp), (3.23)

Ti’xoeA TixoeB TizoeC
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3.7 ESTIMATES OF BIRKHOFF SUMS

and similarly for w. Notice that the first summand is not zero if and only if there exists

r < ro such that 7"z € plmo) (nag) (nig)

sing - € if and only if F; " < Z;
w(T"xp).

; in this case it equals
We refer to the summands in (3.23) as singular term, gap error and main contribution

respectively.

GAP ERROR.  We first consider . Let b = #{T"x( € B}; we will approximate the gap
error with the sum of @ over an arithmetic progression of length b. For any Tz € B we
have @(T zg) < 1/ )\smlg) and, since Tz and T’z belong to different elements of Z (na0)
when i # j, for i,j < 7 also }T’:Uo — T]l'o‘ > )\golo) > (drvry)~t by Corollary 3.4.4-(i).
Up to rearranging the sequence {T%z¢ € B : 0 < i < r¢} in increasing order of T"z¢ — ay
if w = @y, (decreasing, if W = v)) and calling it x;, we have

(nl()) i
SN drurg

By monotonicity of w it follows that

o 1 b . . -1
R TR S f (U iy

TizoeB TizoeB i o

Using the trivial fact that for any continuous and decreasing function h, Z?:o h(i) <
( lo)

sing

) + So z)dz and drvroA, 0" = 1 by Corollary 3.4.4-(i), we get

1 b -
~ (i (nig) T
0 B s [ () e

Tizo€EB sing

b
< dkvrg + devrg log <1 + ()) < dkvrg(1+log(b+1)).
d/{l/ro)\smg

Since B < Fs(mg 2) | we have that b < #{T'xg € Z}:lo) N F smg } Let a € {1,...,d} be
such that FS(mg 2) Zc(ynl”) ; the number of T%z¢ € Z J(:l o) contained in FS(mg 2) equals the
number of those contained in Iénl‘Q). Thus, by Lemma 3.4.1,
7 n (n, ) (n _ooh ) n n
b< #{Tiwge 200 A 1)y = AT =20) < At (3-24)
From the asymptotic behavior (iii) in Corollary 3.4.4, we obtain
Siriagen D(T'20) _ drwro(1 +log(J A== +1))

rologh"o) rolog hl)
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3.7 ESTIMATES OF BIRKHOFF SUMS

so, for [y large enough, we conclude

0< Z (T xo) < e(rolog h™)). (3.25)
TixQEB
We can carry out analogous computations for w. In this case,
0 < Z w(T'xo) = 2 (1—1logT'zg) < b(1 —log /\iﬁfg)) = O(blogro).
TixoeB TiiﬁoeB
Corollary 3.4.4-(ii) implies that Iy = O(logro); hence by (3.24), the Diophantine condition

in Theorem 3.4.3-(iv) and the definition of I_ we obtain
b < HA(nl*Z’nlO)H < l(()Ll—FLQ)ZT _ O ((log TO)(L1+L2)ZT> .

In particular, for [y large enough we conclude

0< Z w(T'zg) < erp. (3.26)
TixoeB
MAIN CONTRIBUTION.  Consider the partition Z (1) restricted to the set C. We will

exploit the fact that the partition elements are nicely distributed in Z(mg) to approximate
the special Birkhoff sum of w and @ by the respective integrals over C, and then bound
the latters.

For any F, € 2y A C,F,c Z](-:l’l)

with j, € {1,...,d}, choose points Z,,Z, € Fy

given by the Mean-Value Theorem, namely such that

1 1
W) = o [ wlde @) = [ o,
Agrllfl) F, )\&nlfl) F,
with Afj”*l) = Leb(F,). We now show that for any T'xz € F,,
T (T
1—5<M<1+5, 1—5<M<1+5. (3.27)
w(Za) @(Za)
Since w > 1 and for all x € F,, ¢ C we have |z — a| > /\iinrf;), again by the Mean-Value

Theorem we have

(nl_l)

7w(T7xo) —1| < |maxw’ )\g”_l) < Aa .
w(Tq) c (ni_y)
)‘sing

Considering @, up to replacing F,, with F, + 1 or F, — 1, we can suppose that @(z) =
1/ |x — ay| for x € F,,. Then,

(ni_y) (ni_y)

(T To — su rT—a

wN(N:Uo): Ta — g \.p:pEF&‘ k|:1+. a <14l

W(ZTq) Tixo — ag infep, |x — agl infep, |z — ak )\(”1_2)
sing
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3.7 ESTIMATES OF BIRKHOFF SUMS

and similarly
(ni_y)

(ni_y)

W(T o) | To —ap infeer, |v—ar| Aer Aev
~ 7~ — - = = = .
W(Tq) Tixg—ak |~ SUPger, |2 — agl SUPep, | — ag )\(fll_z)
Slng

12)

sng < €- The length vectors are related by

Thus, it is sufficient to prove that )\ iy /A
the cocycle property (3.3), namely, by the definition of [_5,

La—1
)\(77/[72) — A(nl,27nl,1)A(nl 1 ﬁ Anl 2+]l7nl o+ (G+1)1 )A(nl 1)

7=0
and each of those d x d matrices is strictly positive with integer coefficients by (iii) in

Theorem 3.4.3. Therefore
(nl 1) (nl 1)

ZdLQmjn)\- - ,
i 7 v

(n‘l,Q )
sing

A

which implies /\ r-n) /A (mi_y) < vd~12 < ¢ by the choice of Ly. Hence the claim (3.27) is
P y

sing

now proved.

Rewriting

2 w(T'zy) = 2 Z

TixgeC ZacC Tixg€eF,,
we get from (3.27)

(1—¢) 2 H{T'zy € Fyw(T,) < Z w(T xo)

FocC Tixoec

< (14¢) Z H{T'xy € Folw(Za).

FocC
Exactly as in the previous paragraph, #{T"x¢ € F,} = #{T'x¢ € I ;:l‘l)} = A;Zf;ol o).
We apply the following lemma by Ulcigrai.
Lemma 3.7.1 ([Ulcoy, Lemma 3.4]). Foreach 1 <i,j <d,
(7’”71 7nl0)
efQDLlD’Agnl—l) < i < €2DL1D’)\£”1—1)'
h(»nlO)
J
By the initial choice of L, this implies that e~2¢ )\](Zl’l)ro < A;Zf;ol ’nlo) e )\(m 1)
We get
Y wiTizg) < (1+2) 3 Al " (@)
Ti$()EC FQCC
<e®(1+e¢) Z )\ llrowxa)—e 1+5r02 J dzx (3.28)
FocC F,cC
= e (1+ &) J w(z) dz.
c
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3.7 ESTIMATES OF BIRKHOFF SUMS

The same computations can be carried out for w, obtaining

8—26(1—5)r0f Bz)dr < S @(Tizo) < (1+5)rof () da. (3.29)
¢ TizoeC ¢

0
Recalling C' = 1(O\Z smg -2) , we have to estimate the integral

1
Ly W(z)dr = log —— TR
o

Since )\img 2 > Aiﬁfg) > 1/ (drvh(™0)) by Corollary 3.1.4-(i), we have the upper bound

log(dkv)

lo
& log B (1)

< log(dmzjh(”’o)) = (1 + ) log h(™0) < (14¢)log h™0) | (3.30)

1
(ni_y)
)‘sing ’

for ly sufficiently large. On the other hand, adding and subtracting log h("lo), we obtain

the lower bound

(ni_y)
log(h(Mo) )\ ~2
log —— L =+ log png) — log Bg) [ 1 = g sing )
M) log h(™0o)
sing
= log R(me) (1 — 10g(ﬁyh(mo)/h(nz,2)) (3.31)
log h(m1)
> log h(Mo) [ 1 — IOg(KV‘|A(nl,27nl0)H> |
log h(™o)
where we used the cocycle relation plmg) = (A(nl_wnlo))Th(nl_Q) to obtain h(Mo) <

|AM—2m0) || p(M-2) The term in brackets goes to 1 as Iy goes to infinity because of Co-
rollary 3.4.4-(iii), thus for [y sufficiently large we have obtained log1/ Asmg 2) > (1-
£) log h(™o).

Combining the bounds (3.29) with the estimates (3.30) and (3.31), we deduce

e (1 —¢)%rglog hi™o) < 2 W(Tzo) < €¥(1+¢)%rglog h{™o). (3.32)
TimoeC
FINAL ESTIMATES.  Choose ¢ > 0 such that e**(1+¢)? +¢ < 1+¢ and e 2(1 —

€)% > 1—¢. As we have already remarked, the singular terms are nonzero if and only
if Fs(mg) c Z;:lo), in which case it equals maxg<j<r, w(T?zo) and maxoci<r, @(T To)
respectively. Together with the estimates of the gap error (3.26) and (3.25) and of the
main contribution (3.28) and (3.32), this proves the estimates (3.21) and (3.22) for the

special Birkhoff sums.
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3.7 ESTIMATES OF BIRKHOFF SUMS
3.7.2  General case
Fix ¢’ > 0, r € IN and take [ such that h("™) < r < h(u+1)_ In this Section we want to

estimate Birkhoff sums S, (w)(z¢) and S, (@) (zo) for any orbit length r; namely we will
prove that for any r sufficiently large and for any = ¢ X;(k),

1
5.(w)a) < (1+)r | w(@)de+ (1 +2) pax o(T'o0). G:39)
and
(1—=&Mrlogr < S (W) (z0) < (1+")rlogr + (|&] +2) Orillzgﬂw(T '20). (3-34)

The idea is to decompose S, (w) and S,(w) into special Birkhoff sums of previous steps
ny,. To have control of the sum, however, we have to throw away the set ¥;(k) of points
which go too close to the singularity, whose measure is small, see Proposition 3.6.4.

Notation 3.7.2. Let O,(z) = {T%x : 0 < i < r}. We introduce the following notation: if

el ](”), denote by x§n) and %gm

the points in O, () (x)nZ ](-") at which the functions w
i

and @ attain their respective maxima, and by z, and Z, the points such that w(z,) =

maxg<i<, w(T x) and @(¥,) = maxo<;<r (T o).

(n) (n)

Suppose zg € Z; . By definition of the sets Z;, there exist

11 1Q+1’

0<Q= Q) <r/minh® and 3 e 1%y e 1V, 40 e 1)
J

such that the orbit O, (xg) can be decomposed as the disjoint union

I_IO ) e On(zo) < | | Ohgm(y&")). (3-35)
a=0 o

This expression shows that we can approximate the Birkhoff sum along O, (zo) with the
sum of special Birkhoff sums. We will need three levels of approximation n;_;, < n; <
ni41. Fix L € N such that 2kd /! < ¢ and let y&nl 1) ¢ I(nl ) for 0 < <Q(m_rp)+1,
( Y for 0 < B<Q(n)+1and I(n’“) for 0 < v < Q(ny+1) + 1 be defined as above.
By the positivity of w and (3.35), it follows

Q(ni—r) Q(ny—p)+1

Z S ”l L) (nl L)) < Sr(w)($0) < Z Sh(_”sz)(w)(yénl_L)),
a=0 to

and similarly for @. Let ¢’ > 0 (to be determined later); each term is a special Birkhoff
sum, so, by applying the estimates (3.21) and (3.22), we get

Q(ny—p)+1 Q(ni—r)

Sy (w)(zo) < (1 +5’)(L w(z) dm) > h(m o) Z w(:vg:l*L)), (3.36)

a=0
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3.7 ESTIMATES OF BIRKHOFF SUMS

and
nl L
Sp (@) (x0) 2 (1-¢') Z B log hlr-r), (3-37)
Q(nl—L)'H Q(r—r)+1
S (@) (x0) < (1+) 3 A Hloghts) 4 S @(En-r)), (3.38)
a=0 a=0
where x( =) and x( =) are the points defined in Notation 3.7.2 at which the corres-

ponding special Birkhoff sums of w and @ attain their respective maxima. We refer to
the first terms in the right-hand side of (3.36), (3.37) and (3.38) as the ergodic terms and
to the second terms in the right-hand side of (3.36) and (3.38) as the resonant terms.

ERGODIC TERMS.  The estimates of the ergodic terms for @ are identical to [Ulcoy,
pp- 1016-1017] and the estimate for w can be deduced from the same proof. Explicitly,
the ergodic term for w is bounded above by (1 + &’)?r { w, whence the ergodic terms for

@ are bounded below and above by (1 —&’)2rlogr and by (1 + ¢’)%r log r respectively.

RESONANT TERMS.  We want to estimate the resonant terms >, w(x(:l 2 Jand Y, @(Z; (- L)).

)

First, we reduce to consider the maxima over sets Z of step n; instead of step n;_;, by
comparing the sum with an arithmetic progression, as we did in the estimates for the
gap error in §3.7.1.

Let ¢ > 0. Again, we first consider w. Group the summands according to the decom-

position as in (3.35) of step n;, so that

Q(ni—r)+1 ( ) Q(ny)+1 ( |
Z (xzzl . ) - Z Z (xzzl . )
a=0 B=0

For any fixed 8 = 0,...,Q(n;) + 1, each of the points a?( e i) (y( - L)) appear-
ing in the second sum in the right-hand side above belongs to a different interval of Z J(;”) ,
hence the distance between any two of them is at least )\g.;”) > (d/whg-gl))_l. Moreover,

the number of the points x( -%) contained in Z ](-;”) is bounded by || AL,
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Fix 0 < 8 < Q(n;) + 1; we separate the point %§.L”)

)

win Z:"
g

corresponding to the maximum of

from the others,

+ D @@ "),
(ny) (nlfL);é:%(nl)

(n—r) ~
Yo =L eoh(nl)(y[—} )’ wia ig
B

Ifz (nl £) 4 x( ™) then x( =2) does not belong to the interval of Z(") containing ay, as left

endpomt if W = y, or right endpoint if @ = 7. Since @ has only a one-side singularity

~(nu L))

and is monotone, the value @(%;_ is bounded by the inverse of the distance between

ay, and the second closest return to the right of a, if w = 1y, or to the left if w = ¥; in both

1) 50| 5 ()

cases we have that @(; F{m-r) ) <1/ A§Zl). Moreover,

thus we can bound the second sum above with an arithmetic progression of length

|| A(m-rm0) || Reasoning as in §3.7.1 we obtain

Az . !
Y, @ seaph s 3
JB

n n i= d/{Vh
ayé 1-1) Oh(nl)(yfﬁi z)) 1
ig
< (™) + divlog b (1 + log (|| AM=2m) | 4 1)).
Therefore
Q(nl_L)+1 TLl +1
>, o 2 drvhy) (14 log (A=) +1))
= (3:39)
Q(nl>+1 . 3-39
+ 0y, @@)
B8=0

The first term on the right-hand side in (3.39) has the desired asymptotic behavior.
Indeed, from (3.35) we obtain

Q) +1 Q)
Z B <r< Y I <N RS on) <o 42nt)
5=0 5=1

so that (ZB is )/r 14 2h(™) /1 < 3. Moreover log(||A™-2m)| 4+ 1)/logr — 0, by

Corollary 3.4.4-(iii); for [ sufficiently big we then have

nl +1
( Z h"’ ) (14 log(||AM=2m)| +1)) < erlogr. (3-40)
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Therefore, (3.39) becomes

Qni—r)+1 Q(ny)+1
Z @(%EZZ_L)) <erlogr+ Z ’@(.%5-;”)). (3.41)
a=0 £=0

The analogous approach for w yields

Q(m—r)+1 Q(ny)+1 Q(n)+1
Y w@ < Y wl 4 Y Al (1-10g(A]))
a=0 B=0 B=0
Q(ny)+1
< w(xggz)) _i_QHA(nH,m)H(Q(nl) +92) logh("l).
£=0

Recalling that Q(n;) is the number of special Birkhoff sums of level n; needed to ap-
proximate the original Birkhoff sum along O, (z¢) as in (3.35), it follows that Q(n;) <
7/ min; h§"’) < kr/h™). By Corollary 3.4.4-(ii), |AM-2m)|| < 157 = O ((log h("z))LT>;

hence we conclude

Q(?’Ll,L)-‘rl ( ) r Q(nl)+1 ( )
S el =0 (i) osn ) ) Y, i)
a=0 B=0
Q)41 (3-42)
<er+ Z w(ac;;”))
5=0

Thus, it remains to bound the second summands in (3.41) and (3.42). To do that, we
proceed in two different ways depending on 7 being closer to h(m1) or to h(m), Recalling
the definitions of o; and of ¥;(k) introduced in §3.5, we distinguish two cases.

Case 1. Suppose that o;h("+1) < r < h("+1), We compare the second summand in (3.41)
with an arithmetic progression and the second summand in (3.42) in the same way as

above, considering n; and n;; instead of n;_;, and n;: we obtain

Q) +1 (m0) Qni41)+1 Q(ni+1)+1 (mian)
Y, w(a) <2Ared 3T doghlt) 4 N w(zg) ), (343)
£=0 v=0 v=0
and
Qny)+1 Q1) +1
Sooa@Ey < Y diend ) (14 log(| A | 41))
=0 v=0
Q1) +1 (5-44)
+ Y @@,
v=0

Since r < h{"+1) < kmin; hg-nl“), as before we have that Q(n;+1) < r/ min; h;”‘“) < |&[;

therefore the second terms on the right-hand side of (3.43) and (3.44) are bounded by
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(|5] +2)w(z,) and (|x| + 2)W(Z,) respectively. We now bound the first summand in the
right-hand side of (3.43). We have that || A"+ <17 = O ((log h("l))T) =0 ((logr)7)

as in the proof of Lemma 3.6.3. Moreover, we use the estimate h("+1) /1 < 1/0; to get

Qnyg1)+1
| Almenea) | 2 log h™+1) = O ((log r)'*™ —logrlogay) < er,
v=0

since |log ;] = O(loglog h(™)) = o(logr), which is easy to check from the definition of
;. On the other hand, as regards the first summand in the right-hand side of (3.44), we

have

drv (2 i ) (1 + log(Jl A" "2)]| 4 1))

r log r

(L&] +2) (1 + log(||Ammer)]|| + 1))
o] log (th(nl+1))

< dkv ,

which can be made arbitrary small by enlarging I. Therefore,

Q(ny)+1 )
>, wlal)) <er+ (sl +2)w(x) (3.45)
B=0
and
Q(ny)+1
Z ﬁ(%g;”)) <erlogr+ (|k] + 2)w(Z,). (3.46)
B=0

Case 2. Now suppose h(™) < r < g;h("+1), If the initial point zo ¢ X;(k), for any 0 <

i < |ogh("+1)| we know that ‘Tlazo —ak‘ > o\ > g, /B since 1 = P (ne) (nl)

N

) 52\ ) N () articular, we have that w(z,) < 1+ log h(") and @(7,) <
j p

h(nl) /Ul'

Obviously,
Qm)+1 Q)+l
Y ) < @) +2u), Y @@ < Q) +2)(,)
5=0 =0

and we recall Q(n;) < r/ min; hg-nl) < kr/h{"™)_ Therefore,

Q(ny)+1 - K
Z w(f‘f’jgl ) < (h(nl) +2> (1+logh™) < er (3-47)
B8=0
and (m0)
Q(ny)+1 (ny) ()
) KT h _ Kr+2h
Z w<xjﬁ ) < <h(nz) +2> oy - oy .
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3.7 ESTIMATES OF BIRKHOFF SUMS

Since h(™) < r and logr/ log h(") > 1 we can write

Q(ny)+1
~r~(T K+ 2
2 w(f’fj('ﬁl)) < <()> rlogr, (3.48)
5=0

and the term in brackets can be made smaller than ¢ by choosing [ big enough [Ulcoy,

Lemma 3.9].

FINAL ESTIMATES. For any r as in Case 1, for any xg, by combining (3.42) with
(3-45) and (3.41) with (3.46),

Q(ny—r)+1
N w(@") < 2er 4 ([8] + 2)w(ay),
a=0
Q(ny—_p)+1
Z @(%Z(.ZZ’L)) < 2erlogr + (|k] 4+ 2)w(2,);
a=0

whence, for any r as in Case 2 and for all = ¢ X;(k), by combining (3.42) with (3.47) and
(3-41) with (3.46),

Q(nl_[,)-‘rl Q(nl_L)-‘rl
2 w(a:l(:l_L)) < 2er, 2 @(%EZZ_L)) < 2erlogr.
a=0 a=0

These estimates together with those for the ergodic terms prove (3.33) and (3.34), choos-
ing €,¢’ > 0 appropriately.

3.7.3 Proof of Theorem 3.5.5

By the hypothesis on the roof function f we can write

d—1
fa) = ) (Clun(x) + Cpup(x)) + e(x),
k

Il
—_

(3-49)

T
L

(@) = (—Clig(z) + Cy v (x)) + € (z),

T

for a smooth function e. Fix ¢ < ¢/(C™ + C~) and choose 7 > 1 such thatif r > 7
the estimates (3.33) and (3.34) hold with respect to e. By unique ergodicity of 7', up to
enlarging 7, we have that S, (e)(z) < (1+¢€)r{e.
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3.7 ESTIMATES OF BIRKHOFF SUMS

The estimates (3.33) imply

(x)
dz

Sr(f)(xg) < (1+e)r:§ <C,j Ll ug(z) dz + Cy; Ll vk () dz)
Jle(a:)

+(1+e)r

< (1—|-6)T’J0 f(z)dx

+2(d—1)(|s] +2) max max |log|T"zo — ax|

1<k<d—10<i<r

< 27 + const I]I€1<ac}l{ ) OIEza<X7" |Iog ‘T Ty — akH

Considering the derivative f’, from the estimates (3.34) we get
S (f)(z0) < —CT (1 —€)rlogr +C~ (14 €)rlogr +C~(|x] +2)V (r,z)
< (=CT4+C™ +e)rlogr+C (|k] +2)V (r, z),
and similarly
S.(f)(z0) = —CH (14 €e)rlogr —CT (6] +2)U (r,z) + C (1 —€)rlogr
< (=CT+C —e)rlogr — CH(|k|+2)U(r, z).

Let us estimate the Birkhoff sum of the second derivative f”. By deriving (3.49), if

is not a singularity of S, (f), we have

C+S (W) (20) + C Sy () (wo)) 4 rmax [’ (2)] .

zel

HM&

Since S, (T3 )(wg) < (maXQ<i<r Uy (T'z0)) Sy (Uy) (z0) and similarly for ¥, we get

where we recall

— 1V — (T
Ulros) = ooy quex WelTa). - Vi) o= oo o ("),

Up to increasing 7, we have that max,es |¢”/ ()| < logr; thus one can proceed as before

to get the desired estimate.

75






MIXING FOR SPECIAL FLOWS OVER SKEW-TRANSLATIONS AND
TIME-CHANGES OF QUASI-ABELIAN FILIFORM NILFLOWS

4.1 INTRODUCTION

In this chapter, building on a previous work by Avila, Forni and Ulcigrai [AFU11], we
investigate the ergodic properties of generic time-changes of a class of nilflows on nil-

manifolds. The material presented in this chapter is taken from [Rav18].

Let us recall (see §2.3) that homogeneous flows on quotients of Lie groups by some
lattice preserve the normalized Haar measure. As we have seen in §2.2.2, any smooth
time-change preserves an equivalent measure and does not change the orbit structure.
In particular, if a homogeneous flow is ergodic, then any smooth time-change is ergodic
as well. On the other hand, mixing is more delicate. The case of time-changes of the
horocycle flow and of unipotent flows on semisimple Lie groups have been studied by
many authors, including Marcus [Mary7], Forni and Ulcigrai [FU12a], Tiedra de Aldecoa
[TdA12], and Simonelli [Sim18].

In this chapter, we consider the case of nilflows. The simplest non-abelian nilpotent
group is the Heisenberg group H consisting of 3 x 3 upper triangular unipotent matrices,
which is 3-dimensional and 2-step nilpotent. Let {¢;},er be a uniquely ergodic nilflow
on a nilmanifold M = A\H. There exists a cross-section ¥ < M isomorphic to the 2-
dimensional torus T? such that the Poincaré map 7: T? — T? is a uniquely ergodic
skew-translation of the form T'(z,y) = (z + «,z +y + ), for some «, 3 € R, and {p; }er
is isomorphic to the special flow over (T?,7) with a constant roof function.

As we have seen in Lemma 2.2.8, any roof function cohomologous to a constant in-
duces a non-mixing flow. Avila, Forni and Ulcigrai in [AFU11] proved that there exists
a set Z of smooth functions which is dense in ¢’(T?) such that for all positive ¥ € %,
the special flow over (T?,7T) with roof function ¥ is mixing if and only if ¥ is not co-
homologous to a constant. Moreover, they showed that this condition can be checked

explicitly. They also prove an analogous result for smooth time-changes of the original
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4.1 INTRODUCTION

Heisenberg nilflow. Here, we generalize these results to higher dimensions, see Theorem

4.1.1 and 4.1.2.

4.1.1  Special flows over skew-translations

Let us consider a d-dimensional torus T? for some d > 2. We denote points in T¢ by
row vectors x = (z1,...,24). Let Leb; be the d-dimensional Lebesgue measure. Let
T: T4 > T be a skew-translation of the form Tx = xA + b, where A = (@ij)1<i,j<d is

a d x d upper-triangular unipotent matrix with integer coefficients such that A # Id and

b = (by,...,bg) € T namely, for x = (z1,...,74) € T?, define
1 a2 -+ aig
1 . :
T, . 20) = (21, ., 20) Fn b))
o ag—14
1

We suppose that the skew-translation 7: T¢ — T¢ is ergodic (equivalently, uniquely
ergodic [Fur61]).

We consider the set of special flows over a uniquely ergodic skew-translation 7. As
we have already remarked, any roof function ¥ cohomologous to a constant induces
a non-mixing flow. Our main result, Theorem 4.1.1 below, shows that, within a dense
subspace Z, the condition of not being cohomologous to a constant is also sufficient for
mixing of the special flow.

Determining whether a function is a measurable coboundary is not, in general, effect-
ively possible. An exception is the case of a 2-dimensional skew-translation treated in
[AFU11], where measurable coboundaries are explicitly characterized in terms of invari-
ant distributions for the Heisenberg nilflow. At present, this result appears not to be
generalizable to higher dimensions, since it relies on sharp estimates on Weyl sums (see
[FFo6] and references therein), which are available only for degree two. However, exploit-
ing the 2-dimensional case, we construct a dense and explicitly described set of mixing
examples for a large class of higher dimensional skew-translations, which includes the

ones arising from filiform nilflows, see §4.1.2.

78



4.1 INTRODUCTION

Theorem 4.1.1.  (a) There exists a subspace % of smooth functions, which is dense in € (T%)
w.r.t. ||| 0, Such that for all positive ¥ € Z the special flow over (T%, T') with roof function

Y is mixing if and only if Y is not cohomologous to a constant.

(b) If the entries above the diagonal are non-zero, namely if a; ;41 # 0fori=1,...,d—1in
(4.1), then there exists a dense set .4 of mixing examples which is explicitly described in

terms of their Fourier coefficients.

4.1.2  Time-changes of quasi-abelian filiform nilflows

From Theorem 4.1.1 we deduce an analogous statement for time-changes of quasi-abelian
filiform nilflows, which are nilflows on the so-called quasi-abelian filiform groups Fj.
The groups F, are introduced through their Lie algebras: the quasi-abelian filiform
algebra f; of Fy is the (d + 1)-dimensional nilpotent Lie algebra spanned by F; =
{fo,...,f4} such that the only nontrivial brackets are [fo,f;] = fi;; for 1 < i < d—1.

Then, §4 is d-step nilpotent and we can represent it as a matrix algebra as

0 x Yd
0
d
xf0+2yifi'_> .oz Y
=1
0 wn
0

We remark that F; ~ R? and F; is the Heisenberg group H.

Let F' = F,; be a quasi-abelian filiform group and let A < F be a lattice; the quotient
M = A\F is said to be a quasi-abelian filiform nilmanifold and every flow {¢}"}ier as
above is called quasi-abelian filiform nilflow. As we have seen in §2.3.2, almost every quasi-
abelian filiform nilflow is uniquely ergodic but not weak mixing. From Theorem 4.1.1

we deduce the following result.

Theorem 4.1.2. Let M = A\Fy be a quasi-abelian filiform nilmanifold for some d > 2 and
consider a uniquely ergodic quasi-abelian filiform nilflow on M. There exists a set of smooth
time-changes, which is dense in the set of continuous time-changes, such that every element is
mixing if and only if it is not cohomologous to a constant.

Moreover, the set of mixing time-changes is dense in the set of continuous time-changes.
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4.2 PROOF OF THEOREM 4.1.1-PART A

4.1.3 Contents of the Chapter

Section 4.2 is devoted to explain the general strategy of the proof of Theorem 4.1.1-(a).
First, we present a general mechanism that will allow us to reduce to consider a factor
of the special flow for which the divergence of nearby points is of strictly higher order
in the z4-direction (we remark that 7" acts as a translation in this latter coordinate). This
is obtained by applying inductively Proposition 4.2.1, whose proof is contained in §4.4.
Then, we prove mixing for the new special flow by showing that there is stretch of
Birkhoff sums of the roof function ¥ (see Theorem 4.2.4 in §4.5) and then using this
stretch to show that segments in the x4-direction get sheared along the flow direction, as
we explain in §4.7. In our case, shearing comes from the fact that the roof function is not
cohomologous to a constant and a decoupling argument, which generalizes the one used
by Avila, Forni and Ulcigrai in [AFU11] (although, in our higher dimensional setting, an
additional geometric localization argument is needed). In §4.3, we use Proposition 4.2.1
to construct a dense set of mixing examples on any dimension, starting from the 2-
dimensional ones, hence proving Theorem 4.1.1-(b). These roof functions are explicitly
characterized in terms of their Fourier coefficients (see Lemma 4.3.3, which generalizes
a result by Katok [Kato3, Theorem 11.25]). Finally, in Section 4.6, we prove Theorem
4.1.2 by constructing a cross-section for the quasi-abelian filiform nilflow such that, in
appropriate coordinates, the Poincaré map is a skew-translation on T¢, hence reducing
the problem of time-changes of quasi-abelian filiform nilflows to the setting of Theorem

4.1.1.

4.2 PROOF OF THEOREM 4.1.1-PART A

In this section, we present the general structure of the proof of Theorem 4.1.1-(a), stating
some intermediate results, which are proved in later sections.
Let T' be a uniquely ergodic skew-translation as in (4.1). If we denote by E; the image

of the linear map (A —Id)’, we have a filtration of R? into rational subspaces
RY=FEy> E; > --- > Ep > Epyq = {0},

Up to a linear isomorphism, we can assume that the basis {ey, ..., es} of Z¢ is adapted to

the filtration above, in particular {eg4,+1, ..., es} is a basis of Ej, where d — dy = dim Ej.
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4.2 PROOF OF THEOREM 4.1.1-PART A

Since T is not a rotation, ¥ > 1 and 1 < dy < d — 1. We remark that w € E; for j > 1 if
and only if there exists v € Ej_; such that v(A —Id) = w, i.e. vA = v + w. In particular,
for the basis elements ey, +; € E, n Z%, fori = 1,...,d — dy, there exists v € Ej,_; n Z%
such that vA = v + aeq, 4, for some a # 0.

We want to reduce to the case dy = d — 1, that is dim Fy = 1. In §4.2.1 we describe a
general mechanism that allows us to deduce mixing from the assumption that a system
with one less dimension is mixing. This motivates also the definition of the set %, which
is explained in §4.2.2. In §4.2.3 we prove Z is dense in ¢ (T¢). Finally, in §4.2.4 and
§4.2.5 we apply inductively the result of §4.2.1 to reduce to the case dy = d — 1 and then

we conclude the proof of Theorem 4.1.1-(a).

4.2.1  The wrapping mechanism

Let 7: T¢ — T9~! be the projection given by suppressing the d-th coordinate. Then
gives a factor of (T% T); more precisely, let A= (@ij)1<ij<d—1 be the (d—1) x (d—1)
matrix obtained by removing the last row and the last column from A and let b= n(b) €

T L. Then, the skew-translation 7': T%! — T?! defined by Ty = yA + b makes the

diagram
T¢ L .4
']['d—l T ']['d—l
commute.

Let us denote also by 7: T¢ x R — T x R the projection 7(x,r) = (7(x),r). Let
Y T4 1 — R-( be a smooth function over T¢ ! and consider the roof function v o 7
over (T, T) which is constant in the d-th coordinate. Then, 7 is a factor map of the

special flow {Ttww}tem, namely
(o TP"™)(x,r) = (T} o) (x,7). (4-2)

As we discussed at the beginning of the section, there exists v € Z% such that vA =
v + aeq for some a # 0. This means that the images of segments parallel to v under 7'
get sheared in direction e; and wrap around the circles parallel to e;. Exploiting this
shearing effect along the fibers of the projection r, it is possible to “lift” mixing from the

quotient to the original special flow, namely the following result.
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4.2 PROOF OF THEOREM 4.1.1-PART A

Proposition 4.2.1. Let 7 be the projection onto the first d — 1 coordinates and let T: T -
T be the corresponding factor. Let 1: T4~! — R~ be a positive smooth function. If there
exists v € Z such that vA = v + aeq for some a # 0, then the special flow {T\°" },er over

(T4, T) is mixing if and only if the special flow {T}' }er over (T**, T)) is mixing.

The proof of Proposition 4.2.1 is presented in §4.4.

4.2.2  Definition of #

Generalizing the notation of §4.2.1, for each i = 1,...,d — 1, denote by m;: T¢ — T the
projection onto the first i coordinates and by T;: T? — T* the corresponding factor map
m;0T = T;om;. Let #(d) be the space of trigonometric polynomials over T?. For any
Y e #(d), we can write

¥ = g1 0ma1 + ¥,
where
1
Ya-1(ma-1(x)) = L Y(x)dzg and ¥i(x) = ¥(x) = ta1(ma-1(x)).

The function 41 o m4_; does not depend on the z4-coordinate, thus we can see v¢4_; as

a trigonometric polynomial over T 1. Inductively, we write
Y = g, 0 74, +‘PdLO+1O7Td0+1+"'+‘Y$a (4-3)
where
' 1
Yiom = J Yiyromiprde;r and Yj om = ¢ip10mipr — Yo
0

The integral of ¥;" in dz; is equal to zero, hence we have the decomposition
P(d) = P(dy) ® él—) 2(i), where 2(i) = {‘If e 2(i): Jol‘lfdxi = 0} . (4-9)
i=do+1
Explicitly, let e(z) = exp(27iz) and consider a trigonometric polynomial of degree m,
¥(x) = > ae(l-x) e 2(d).
le[—m,m|¢nZ4

Then, denoting x; = 7;(x), we have

wdo (XdO) = Z C(ll,...,ldo,0,...,0)€(ld0 ' XdO) and
14, €[—m,m]0~Z%
Tf("z) = 2 C(zl,...,li,o,...,o)e(li “Xi),

L,e[—m,m]*nZ?, 1;%0
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4.2 PROOF OF THEOREM 4.1.1-PART A

where the last sum is taken over all integer vectors 1; = 7;(1) € [-m, m]’ n Z* such that

the last component /; # 0.

Definition 4.2.2. For each ¥ € #(d) consider the decomposition (4.3). We define the set
X =X%(T) c P(d) associated to the skew-translation 7' by

Y e % iff ¥ is a measurable coboundary for 7; for all i = dp + 2,...,d

and 14, is smoothly cohomologous to a constant w.r.t. T}, .

4.2.3 Density

We now prove that % is dense in € (T?%) w.rt. ||-]o. By (4.4), we have to show that
the set of trigonometric polynomials which are smoothly cohomologous to a constant
w.rt. Ty, is dense in #(dy) and that the set of measurable coboundaries for 7; in 2(i)
is dense in 2(i) for all i = dp +2,...,d. All factors Ty, ..., T;—1 are uniquely ergodic
skew-translations of the same form as 7', hence it suffices to prove the following lemma;

the proof follows the same ideas as a result by Katok [Kato3, Proposition 10.13].
Lemma 4.2.3. We have the following.

(i) The set of trigonometric polynomials which are smoothly cohomologous to a constant

w.r.t. T is dense in P (d).
(ii) The set of smooth coboundaries for T in 2(d) is dense in 2(d).

Proof. We show (ii); the proof of (i) is analogous. Define P: 2(d) — 2(d) by PY; =
YioT —¥y7; it is sufficient to show that 2(d) < Im P, where the closure is w.r.t. |||«
in 2(d).

Suppose, by contradiction, that there exists ® € 2(d) and ® ¢ Im P. By Hahn-Banach
Theorem, there exists v: 2(d) — R linear and continuous such that v(®) = 1 and
V|imp = 0. We extend v to a functional ¥ on all #(d) = #(d—1) @ 2(d) by defining

D(tpa_10ma1 +¥7) = _ Ya1dLebg +v(¥7).
-
It is easy to check that 7 is again linear and continuous, hence it uniquely defines a

measure on T¢. For every Y1 € 2(d) we have

0=v(PY¥])=v(¥5oT)—v(¥y),
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4.2 PROOF OF THEOREM 4.1.1-PART A

i.e., v is T-invariant over 2(d). Therefore, for any ¥ = ¢4_1 o mg—1 + ‘I’j € Z(d),
D(¥oT) = er_l Yg_10Ty_1 dLebg_j +v(¥5oT) = e ¥g_1 dLebg_; +v(¥7) = D(¥).
By unique ergodicity of 7', we deduce that 7 = Leb,. We conclude

v(®) = 5 ®dLeby =0,

in contradiction with v(®) = 1. O

4.2.4 Proof of Theorem 4.1.1-(a): step 1

Using Proposition 4.2.1, we explain how to reduce the problem to the case of dim Ej, = 1,
where, we recall, E} is the image of (A —1Id)* and (A —Id)**! = 0. Let ¥ € %, and
assume that it is not cohomologous to a constant w.r.t. T". If dy < d — 2, then, by definition
of #, the function ‘I’dL is a measurable coboundary for T, i.e. Y+ = woT — u for some
measurable function u: T? — R. We claim that 14_; is not cohomologous to a constant
w.r.t. the factor map 7;_;. By contradiction, suppose that 14_; — Swd_l =voTy 1—w
for some v: T ! - R. Then,
Y — » YdLebg =g 10mg_1 + ¥y — erl ¥g—1 dLeby_q

=voTy 10mg1—vormg1+uol —u= (vomg 1+u)oT —(vomyg 1+u),

in contradiction with the assumption on Y.

By Lemma 2.2.8 and by Proposition 4.2.1, mixing of {T}! };cr is equivalent to mix-
ing of {(Td_l)zp 1 Yer, where 41 € #(T;_1). lterating this process for all ¥; for
i =dyp+2,...,d, we reduce to prove mixing for the special flow {(TdOJrl)f"lo+1 }er Over
(T+1 Ty 1) with roof function g, 11 € % (Ty,+1)- By construction, the map Ty, 1 is

of the desired form.

4.2.5 Proof of Theorem 4.1.1-(a): step 2
We can now assume that the matrix A in the definition (4.1) of 7" satisfies dy = d — 1,

ie. dimE; = 1. Consider ¥ € #(T), and assume that it is not cohomologous to a

constant. Then, by definition of %, we can write ¥ = 41 o1 + ‘I’j, where ¢4 1 is
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4.3 PROOF OF THEOREM 4.1.1-PART B

smoothly cohomologous to a constant w.r.t. T;;_;. Thus, there exists a smooth function
u: T4! — R such that ¢¥g_1 — §¥4—1 = uoTy_1 —u.

We notice that ¥ is not a measurable coboundary for T. Indeed, if this were not the
case and ‘YdL = voT — v for some measurable function v: T? — R, we would have

Y- » ¥YdLeby =¥ — JW g1 0mg—1 dLeby = hg_q 0 Tg_1 — Ldl Y4_1 dLeby_1 +¥7

=wuoTy 10mmg 1 —uomg 1+vol —v=(uomg 1+v)oT —(uomg 1+v),

which is a contradiction since we are assuming that ¥ is not measurably cohomologous
to a constant. The first step is to prove that the Birkhoff sums of ¥ grow in measure,

namely the following result.

Theorem 4.2.4. For any function Y+ € 2(d), which is not a measurable coboundary for T, and
any C > 1 we have

lim Lebg (|8,(¥4)] < C) =0.

From Theorem 4.2.4, using the fact that ¢4 is smoothly cohomologous to a constant,
we deduce mixing. This final part follows more closely the ideas in [AFU11], the proof

is presented in 4.7.

Theorem 4.2.5. Assume that dy = d — 1. Assume also that ¥ € 2(d) is not a measurable
coboundary for T' and that the function 14—, defined by (4.3) is smoothly cohomologous to a

constant. Then, the special flow {T,} },er is mixing.

4.3 PROOF OF THEOREM 4.1.1-PART B

In this section we prove Theorem 4.1.1-(b) by constructing the set .# = .#(d), dense
in #(d) wr.t. |||, which consists of roof functions inducing a mixing special flow.
We characterize smooth coboundaries for skew-translations in terms of their Fourier
coefficients and we apply Proposition 4.2.1 inductively to produce mixing special flows
in higher dimension, starting from the ones in dimension 2, see [AFU11, §5].

If we denote again by m;: T¢ — T’ the projection onto the first i coordinates and by

mi(x) = x;, we have a sequence of factors
(TdaT) = (Td_laTd—1> = > (T2a TQ)’ (45)

where Tz‘Xi = XiAi + bi and Az = (alym)lgl,m@-.
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Definition 4.3.1. Let ¥ € Z(d) be written as
Y =tnom+¥yoms+ -+ ¥i, with ¢ e 2(2), and ¥; € 2(i), fori=3,...,d.

We say that ¥ € . (d) if ¢, induces a mixing special flow for the 2-dimensional skew-

translation (T2, 7,) and ‘I’ZL is a smooth coboundary for 7; for alli = 3,...,d.

Every function in .# (d) induces a mixing special flow by Lemma 2.2.8 and Proposition
4.2.1 applied inductively in (4.5) up to the last factor. Moreover, the set of mixing roofs
s is dense in #(2) by [AFU11] and, by Lemma 4.2.3, the set of smooth coboundaries
Y for T; is dense in 2(i). Therefore, .# (d) is dense in #?(d), and hence in ¢'(T?).

We now characterize the set .#(d) so that it is possible to effectively check if a tri-
gonometric polynomial ¥ belongs to .Z (d). The case of 12 has already been treated in
[AFU11, §5]; let us analyze when ‘I’f € 2(i) is a smooth coboundary for T;.

The following lemma is easy to be verified.

Lemma 4.3.2. Let O; be the set of orbits of the action of the transpose AT of A; on Z and for
any w e O; let

lew

The space L*(T?) admits an orthogonal splitting
LN(T') = @
wEOi

and all the components are T;-invariant.

Therefore, it is enough to investigate the existence of solutions u for the cohomological
equation ¥;> = uo7; — u in each component .7,. The following result is a generalisation

in higher dimension of a theorem by Katok [Kato3, Theorem 11.25].

Lemma 4.3.3. Let w € O;; consider 11°) € w and denote the elements of the orbit w by 1%) =
10 (ATYE for k € Z. The function
Yi(x;) = Z ae(l-x;) € 2(i) n A,
le[—m,m|*nw, 1;%0
is a smooth coboundary for T; if and only if

N

k—1 N-1 k
2 Cy(k) € <_ Z 19) 'bi> + o) + Z Ci(—k) € <2 17) 'bi> =0, (4.6)
=0

k=1 k=1 j=1

where N € N is such that ¢y = 0 foralln > N.
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Proof. There exists a smooth solution u to the cohomological equation ¥Y; = u o T; — u if
and only if for every 1 € [-m, m]’ nw, I; # 0 we have
2 ae(l-x;) Zule (x;4; +by)) — Zule(l-xi),
le[-m,m|inw, 1;#0 lew lew

where v are the Fourier coefficients of u. Equating coefficients, we get
a = uyyry-e(I(AD) 1 bi) —u
which implies, considering 10) ¢ ),

Uy(0) = ul(,l)e(l(_l) : bz) — Cy(0) and Uy(0) = (U1(1) + 61(1))€<—1(0) : bl)

Recursively, for all V > 1 we obtain

Uy(o) (2
Ao ET |
ul(o) < Z ) + Z Cl(k)e (— l(]) . b2> .

By assumption, a;;11 # 0 and l; # 0; hence, for [N| — oo, we have |1V, >
|li-1 — a;i+1N1l;| — oo. Therefore, if a solution u exists, we have ;) — 0. We obtain
two expressions for )

— k k—1
Uyo) = ]\}linoo —cy0) 2 ¢y (Z 1=9) .bi> 0 = J\}linoo Z Cy(k) (— 2 1(9) .bi> ,
— : =0

which, equated, gives (4.6). We remark that the expressions above are finite sums, since
there are only finitely many k such that ¢;) # 0.
On the other hand, if (4.6) holds, defining v; as above gives us the Fourier coefficients

of the solution u to the cohomological equation. O
Example 4.3.4. Consider, for example, a uniquely ergodic skew shift over T? of the form

1 1 2
T(z,y,2) = (x,y,2) A+ (bz,by,b.), with A= |y 1 9

0 01

First, consider the quotient system T5(z,y) = (x,y) A2 + (bg, by), where Ay = (}1). Any
function

Yoz, y) = co+ Z e(kx +vy)

O<\k|<m
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4.4 PROOF OF PROPOSITION 4.2.1

which satisfies

k— k2
> c(k,l)e< 5 b —k:by) # 0,

0<|k|<m
iduces a mixing special flow over the quotient system (T?,7), as shown in [AFU11,
§2.4].

Straightforward computations give us

1 0 O k 0 0
k—1 ' k—1
A =X 5 1 o=k ko
j=0 j=0 ,
2+ 2 1 Bk 2k ok
and
i 1 0 O k 0 0
AN7=X1 = 1 o|=[-E2 kol
j=1 J=1 3
. . . k3—k
g -5 =25 1 —i5= —k2—k k

for all k > 1. Fix 10 = (0,0,1), then 1*) = (k% + k, 2k, 1). By Lemma 4.3.3, any function

Y3 (z,y,2) = . cpzppanne((B +k)z + 2ky + 2)

0<|kl<m

satisfying

k3 —k
Z C(k2+k,2k,1)€ <_ < 3 by + (k2 —k)by + kb2>> =0 (4-7)

0<lk|<m

is a smooth coboundary for 7. Proposition 4.2.1 implies that ¥ = v + Y3 € .#(3)

induces a mixing special flow over (T3, T).

4.4 PROOF OF PROPOSITION 4.2.1

We show that, under the assumption of Proposition 4.2.1, if the quotient special flow

{ftw her is mixing, then {Ttwow}te]R is mixing.

4.4.1 Preliminaries

Let us denote ¥ := 1 o7, which we remark is constant along the x4-coordinate, and

assume S‘I’ = 1. Let ¢ and C be its minimum and maximum respectively. Consider
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4.4 PROOF OF PROPOSITION 4.2.1

Q = H;-l:ﬂwj,w}] X [q1,¢q2] and R = H;l:l[vj,v;-] x [r1,72] two cubes in {(x,7) : x €
T and 0 < r < Y(x)}; it is sufficient to prove mixing for sets of this form. Denote by
Q = 7(Q),R = 7(R) the corresponding cubes in the quotient system, namely @ =
14 [wj, w] x [q1, g2] and R= ]_[] TR vi] x [r1,72]. For any & > 0, define

ij—i—s,w}—e] x| +e,q—ccQ,
7j=1

d—1
R_.= H[vj +e,v;—e] x [r1+era—¢] R.
i=1

Let v € Z¢ be such that vA = v + aey, with a # 0. Up to changing v with v — (v -e;)eq
and up to rescaling, we can assume that v -e; = 0 and the coordinates of v are coprime.
Denote by 0y the directional derivative along v, namely, if f € €*(T¢), let oy f = Vf v,
where V f is the gradient of f. Fix ¢ > 0 and choose 0 < ¢y < 1 such that 3(dC' +1)gg < .
Recalling (2.3), let Sn(0v'Y) be the Birkhoff sum up to n of the derivative of ¥ along v.
By Birkhoff Ergodic Theorem, since 7" is uniquely ergodic and 0, Y has zero average,

there exists N > 1 such that for all n > N we have

Ls(009)(x) <

" < %50, (4.8)

for all x € T<.

For every x,x’ € T?, from the definition (2.5) of n;(x) it follows immediately that
() < S, 0 ()(X) <1< S0y 11 (B)(K) < (o) + 1) < 2m(x)C.
for all ¢ > C. Then, we have n:(x)/n:(x’) < 2C/c. Choose t > 0 such that for all ¢t > ¢

i) t>(N+1)C sothat ni(x)>t/C—1=N;

vlle vl [v]lC
< h. < €p; .
(ii) ( e gg so that e (x)a < (=0 €0 (4-9)

(ii) |Leb (T (R-c0) 0 Q-2 ) = Leb (R, Leb (@ <)

§ €0-

The third condition above is guaranteed by mixing of the special flow {ﬁw}teR on the

quotient Td-1,

4.4.2  Wrapping segments

We now consider segments of length less than ¢y parallel to v contained in R and we

study their evolution after sufficiently large time ¢. Recalling (4.2), fix t > ¢ and consider
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4.4 PROOF OF PROPOSITION 4.2.1

a point r = (x,7) € R such that r + (n.(r)a)~!'v € R. Let 1 (s) = r+sv, with 0 < s <
5 = (ni(r)a)?, be the segment parallel to v starting from r of length 5. Condition (4.9)-
(ii) ensures that the length of +; is less than ¢ so that, by hypothesis, it is all contained
in R, see Figure 6. We will prove that, if there exists a point of 7o T,¥(v,) which is
contained in @_50, then all the curve is contained in @

Let us denote by T'r(s) = T,¥ (v+(s)) the image of v,(s) under T,¥ and let us compute
its tangent vector d,I'y(s) at a generic point. For almost every s, the value n;(y:(s)) is

locally constant; from the definition (2.4), we get

5srr(8) = 04 (Tm('Yr(S))ryr(S), t— Snt(%(s))(qf) (’YF(S)))

(e (s)) =1
_ ni(ye(s)) J -vAI
<VA , ]Z;) VY o T7(1r(s)) - VA ) (4.10)
ni(re(s))—1 .
= <v + ni (1 (s))aeq, — Z (OvY) o T’ (’Yr<5>)> ,
=0

where we used the fact that the partial derivative of ¥ = 1 o 7 in the d-th variable is
zero, since ¥ is constant along the z4-coordinate.

We first show that the function s — n(7x(s)) is constant. In order to do this, we
estimate the maximal distance in the ¢-coordinate between two points in the curve I'y(s).

By definition and (4.10), it equals

5 [t (e (s))—1

mas_ (o) ~Te(s) e < [ |2 ()0 ((s))| ds.

0<s/,8""<5 ;
Jj=0

From the choice of N, (4.8) and (4.9)-(i), it follows

s |(Te(s) = To(s") - eaial < | [ (@) ()| s

0<s’,s""<5
ac s ¢ maxgn(ve(s))
< — ds € —gpg—————= < &o.
20°° 0 ni(e(s)) ds 200 n¢(r) <0

In a similar way, using (4.9)-(ii), the maximal distance in any other coordinate x; for

1 <i < d—1 between two points in I'x(s) can be bounded by

vl

max ‘(Fr(s') —T(s")) -ei‘ < vl J ds = < gp.
0

0<s/,s""<5 nt(r)a

In particular, if 7(y:(s)) € T%(Q «,) for some 0 < s < 5, then moT(s) c Q and

therefore we deduce that n; is constant along ~,(s) and equal to n.(r), see Figure 6.
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4.4 PROOF OF PROPOSITION 4.2.1

|
=

Figure 6: Quotient system (T%~1,7): if some point of the curve 7(T'+(s)) is contained in Q .,

then the whole curve is contained in @

Since n¢(1r(s)) = ni(r), by (4.10) the speed in the z4-coordinate is constant and equal
to n¢(r)a. Moreover, the distance in the z4-coordinate of the endpoints of I'y(s) is equal

to

= [sni(r)a| = 1.

_ ant(r)ads

0

| "nu(e(s))ads

0

4.4.3 Final estimates

In order to estimate the measure of R n T',((QQ), we want to apply Fubini’s Theorem and
integrate along each circle parallel to v. Indeed, the torus T< is a circle bundle over a
closed submanifold W isomorphic to a (d — 1)-dimensional torus with fibers parallel to
v € Z4. Let us consider the corresponding decomposition of the Lebesgue measure as
product measure, namely d Leby; = dv A w, where w is a volume form over W.
Let
S={reRin(r)e R nT%(Q)}.

We want to consider all segments 7, (s) that contain at least one point in S. For any point
w € W, let us partition the fiber w + [0,1)v into segments of length §; more precisely

define

ro(w) =w, ri(w) =rg+ (nt(ro)a)flva o (W) =1+ (nt(ri)a)il",
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4.4 PROOF OF PROPOSITION 4.2.1

up to the largest i such that Y, (n,(r;)a)™' < 1, and let R_(¢) be the union for w € W
of all segments 7, (w)(s) which contain at least one point in S. Notice that Lebg(S) <

Leby(R_(t)); moreover, recalling the definition of R, by Fubini’s Theorem,

Leby(S) = Lebg 1 (f{_ao N fﬁf(@_go)) lvg — val ,

(4.11)
Leby(R_(t)) = f I hdvaw= f < Z (nt(ri)a)_1>w(w).
T wo\
'L"Yri(w)CR* (t)
By definition of R_(t) and S, we have R_(t) c R, thus
Lebg(TF (R) n Q) = J (IgoTY,) - 1gdLeby > J Ig (1) (1goT;') dLebg
Td Td
(4.12)

:M

For each curve 7,,(w) © R-(t), by definition of R_(t), there exists a point v,,(w)(s)

> JO 1 0 T} © Yy, (w) (5) dS>W(W)~
(w)<R-(?)

Yy, (w) SR

contained in S, so that 7(T'y,(w)(s)) € Q. Hence, the point Iy, (w)(s) € Q if and only if its
zg-coordinate T, () (s) - €q is in [wy, wy]. Since the speed of Iy, (v, in this latter direction

is constant and equal to 5! = n;(r;(w))a, we get

L ]IQOTt‘YO’yri(W)(S) ds :§|w&—wd‘ . (4.13)
Combining (4.13) with (4.12) and (4.11), we obtain

Leba (T (R) n Q) = Leby(R_(t)) |wly — wa| = Leba(S) |wl — wql

= Lebg_4 (é,so N fﬂ(@,m» vl — va |w — wal -

The area of a face of () is less than C' = max ¥ > 1, thus we can bound Leby_ (@_go) P

~

Lebg1(Q) — (3d)Ce¢.Using (4.9)-(iii), we get

Leba(T}¥ (R) A Q) = (Lebg 1(R_c,) Lebg 1(Q—<,) — c0) [vy — val [w) — wa|
> ((Lebd,l(]?i) — SdCeo)(Lebd,l(@) —3dCeg) — 50) ‘v& — vd‘ ‘wél — wd}
> Lebg(R) Leby(Q) — 3dC(Lebg(R) + Leba(Q))eo — €0 = Leby(R) Lebg(Q) — ¢,
by the choice of €. The other inequality can be derived in a similar way: one considers
R, (t) instead of R_(t), where R, (t) is defined analogously to R_(t) as the union of the

segments ~,(s) which contain at least one point that belongs to S’ = R~ 7! (T%(Q));

then, one notices that

R+(t) c Rien 7! <j;1bt(@+e)> )
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4.5 PROOF OF THEOREM 4.2.4

where
d—1

Qs = H[wj—ﬁaw}+5] X [q1 —¢,q2 + €] > Q,
j=1

and similarly for R... Finally, it is sufficient to estimate Leby (R n T%,(Q)) = Lebg (5" n
T*(Q)) < Lebg (R4+(t) n T¥,(Q+.)) by applying Fubini’s Theorem as above. The proof

is therefore complete.

4.5 PROOF OF THEOREM 4.2.4

We now suppose that Ej, = Im(A —1d)* = (e,) and Im(A —Id)**! = {0}. Let ¥+ € 2(d)
and, denoting e(z) = exp(2mix), write

Yi(x) = Z ae(l-x). (4.14)

le[—m,m]|dnZ4

Let us assume that ¥1 € 2(d) is not a measurable coboundary for T; we prove that
Birkhoff sums S, (Y1) of ¥1 grow in measure. In order to do this, we first apply a
classical Gottschalk-Hedlund argument to prove that they grow in average (Lemma
4.5.2) and then a decoupling result (Lemma 4.5.3), which generalizes [AFU11, Lemma 5]
to higher dimension. The key observation is that, due to the form of the skew-translation
T, for large N > 1 the divergence of nearby points happens mostly in the z4-direction,
namely it is of higher order than in the other coordinates.

Denote by X := 7(x) € T? ! the projection of x € T? onto the first d — 1 coordinates;
the projection 7 gives a factor (T4, T) of (T, T).
Remark 4.5.1. For any N > 1, we can express the N-th iterate of 1" as TNx = xAN + b(N),
where b(N) = (bi(N),...,bg(N)) = SN'bA" and AV = (a;;(N));; is an upper
triangular unipotent matrix. For any N > k + 1, we can write A" = (Id +(A —1d))"Y =
S5 o (M)(A—1d)". It follows that each nonzero entry a; ;(N) is a polynomial in N of
degree < k. Moreover, since Ey, = {(ey), the only terms a; j(N) of order O(N*) are in the

last column, namely for j = d. With this notation, we have
TVx = TN()/E, {L‘d) = (fN)/E, Tq+ .’Edfladflyd(N) + -+ xlalyd(N) + bd(N))

Lemma 4.5.2 ([AFU11, Corollary 1]). For any C' > 1 we have
N-1

. 1
dim ngo Leby (|S,(¥4)| < C) =o0. (4.15)
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4.5 PROOF OF THEOREM 4.2.4

In particular, for any ¢ > 0 there exist arbitrarily long arithmetic progressions {im}._, such that

Lebd(‘Sm(‘I’i)‘ < C) < E.

Proof. The proof of the first statement is the same as in [AFU11, Corollary 1]; we present

a sketch for the reader’s convenience. We can rewrite

N-1

1 Z Lebg (|Sn(¥1)] < €) Z U _0,0)°Sn (TL)dLebd>

1 N—-1
= v 1
_ er ( N nZ_]O .0y 0 Su(F )) d Leby,

therefore, by the Dominated Convergence Theorem, it is sufficient to show that the
function - SN I_c,cy 0 Sn (Y1) converges pointwise to zero.

For all x € T¢, denote by uy x the probability measure on T¢ x R with atoms of
equal mass along (T"x, S,(¥+)(x)) for 0 < — 1. We show that for all x € T¢,
the sequence py x converges weakly to 0. Suppose on the contrary that there exist X €
T and a strictly increasing sequence N, — oo such that puy, x converges weakly to a
measure ;4 with non-zero total mass. It is easy to check that p is F-invariant, where
F(x,s) = (Tx,s+ Y1 (x)). Let /i be an ergodic component of z1. By unique ergodicity of
T, we have that .1 = Leby, where w: T x R — T¢ is the projection onto the torus. In
particular, for almost every x € T¢ there exists a point (x, s) € T? x R which is generic
for fi. Assume that there exists a fiber {x} x R over T¢ with more than one generic point,
that is, assume that the points (x,s) and (x,s + r) are both generic for fi. Since the
vertical translation on the fibers 7., commutes with F, then [i is also 7,-invariant. As /i is
a finite measure, we must have r = 0, namely for almost every x € T there exists only
one point (x,u(x)) € T¢ x R which is generic for fi. The function u: x > u(x) implicitly
defined above is measurable, since its graph is a measurable set. Uniqueness implies
that

F(x,u(x)) = (Tx,u(x) + ¥*(x)) = (ITx,u(Tx)),

from which we deduce u(7x) — u(x) = ¥+(x), in contradiction with the assumption
that ¥+ is not a measurable coboundary.

We now prove the second part. Fix € > 0 and let
B = {neN:Leby (|S,(¥")| <C) >} = N.

By (4.15), B: has zero density, see, e.g., [CN14, Theorem 2.8.1].
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4.5 PROOF OF THEOREM 4.2.4

Let us consider £ > 1,0 < § < 2/(f>+ /) and Ny > 1 such that for all N > Ny
we have #{n € B, : n < N} < 0N. Fix N > Ny; we want to find » < N such that
m,2m, ..., fn € IN\B.. Equivalently, if we denote by B./j := {b/j : b€ B.} < Q, we look

for 1 <m < N such that
_ B )
n¢{l,...,N}n— forallj=1,... ¢
J
We estimate the cardinality

¢ B d B
#({1,...,N}\U{1,...7N}m jf) >N—Z#<{1,...,N}mj€>
j=1

Jj=1

¢
>N—Z#<{1,...,jN}mBE) >N<1—€(£;1)5> > 0,
j=1

by the choice of . In particular, the set {1 <7 < N : jn ¢ B, forj = 1,...,¢} is not

empty and the claim follows. ]

4.5.1  Decoupling

The following is our decoupling result.

Lemma 4.5.3. Let C > 1 and ¢ > 0. There exist C' > 1 and &' > 0 such that for all n > 1
satisfying Lebq (]S (¥+)| < C") < &' there exists No = 1 such that for all N = Ny we have
Lebg (|Sn(¥4) o T — Sy (¥4)] < 20) <. (4.16)
Proof. First of all, by the cocycle relation for Birkhoff sums, we notice that Sy (‘I’L) o
T" — Sy (Y1) = Snin(¥h) — Su(F1) — Sy (Yh) = Sp(¥) o TN — S, (Y). We want to
compare | S, (¥+) o TV — 5, (¥+)| with |5, (¥+)

, which, by hypothesis, is larger than
C’ up to a set of measure at most £/, the latter constants still to be determined.

We denote by a;(N) the transpose of the j-th column of A" and the translation vector
by b(N) = (bi(N),...,bqs(N)). Let a4(N) = w(aq(N)) = (a1,4(N),...,aq-1,4(N)) be
the vector obtained from a,; (V) by suppressing the last coordinate aq q(N) = 1.

From (4.14), write
‘FL(X) = Z cl(ﬁ)e(l:vd).
o<|l|<m

Using Remark 4.5.1, we can express the Birkhoff sum of ¥+ as

S, (Y1) (x) = go 0 ; a(TR)e(l(xg + % -Aa(r) + ba(r))) = 0 % cn(X)e(lzy),

(4.17)
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4.5 PROOF OF THEOREM 4.2.4

where we have denoted

n—1

an(X) = Z a(T'x)e(l(x-aq(r) + ba(r))).

r=0
Therefore, we can write
(Sn(F) TV =S, (¥ N x) = > ann(®)e(lzg),
o<|l|l<m
where

LN (R) = cn(TVR)e(U(R - Aa(N) + ba(N))) — 10 (R). (4.18)

We will now estimate the measure of the set where the modulus of the coefficients ¢; ,,
is comparable to ¢; ,,. The idea is the following: we first partition T¢ ! into sets on which
the coefficients ¢;,, and ¢, o TN are almost constant. We then show that on a large set
there are no cancellations for ¢;,, y by using the fact that the factor e(I(x-a4(N))) is of

higher order, namely O(N*).

Let n > 1 be fixed. The functions ¢;,, are uniformly continuous, hence let 6 > 0 be

such that if [|X —X'|| < 6 then |¢;,(X) — 0 (X')] < 1/4. By Remark 4.5.1,
ITVR TV oo < IR = R [0 | AN ||oo = [|& = X[ ocO(NF71).

Let Ny > 1 be such that for all N > Ny, if [|X — X||c < (N¥~!log N)~! then the term

above is less than §, so that
‘cl,n(f%) — e (TVR)] < 1/4. (4.19)

Partition T¢ ! into cubes with edges of length L = (N*"!log Nv/d—1)"! and one
face F orthogonal to a4(N). If X and X’ are in one of such cubes, which we will denote
by Q, then || X — X'||so < +/d — 1L and so (4.19) holds. Fix Q and let X be one of its vertices.
Let ¢c; = ¢ n(X) and 2 = ¢ (TNX)e(Ibg(N)); then for any X € Q, by (4.18) and (4.19),

et ()] = |0 (TYR)e (R - Ba(V) + ba(N))) = et (X))

~ [eun(TV%) = 0 (TVR)| - [e(UR - 8a(N) +ba(N))) | = letn (%) = €0 ()]

> lese(1%-8a(N)) — 1] — 3.

Call 61,0, the argument of ci,cy € C respectively; fix § € (0,%). If r € R is such that
Oy + 27r ¢ [61 — 0,01 + 0] + 20Z, then |cze(r) — 1| > |c1|sin 6, see Figure 7.

Thus, in our case, |c2e(IX - 84(N)) — c1]| < |ei1]sin @ implies 02 + (271)x - a4(N) € [61 —

0,01 + 0] + 27Z; in particular, IX - a4(N) belongs to an interval mod Z of size 6/7. The
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d = coe(r)

\‘\\cl\ sin 6
\

\

0 “

Figure 7: Any point ¢ € C outside the cone of 1/2-angle 6 about the line Re; has distance from

c1 larger than the distance of ¢; from the boundary of the cone.

£

)
s

(UEa(N) )™ = (1|Ea(N)l2) ! ay(N)

Figure 8: In color, the set of x such that 6 + 27X -ay € [01 — 0,01 + 0] + 27 Z.

level sets of the linear functional X — (27/)X -a,(N) are affine (d — 2)-dimensional sets

orthogonal to a4(N) and hence parallel to a face F' of Q, see Figure 8.

Therefore,

. - 0 1
Leb (x €Q: 0o+ (2r1)%-84(N) € [61 — 0, 61 + 0] +2wz) < Leb(F) <L + WW) .

By Remark 4.5.1, |a4(N)|l2 = O(N*); since L = O(1/(N*1log N)), we get

~ ~ o~ 0 1
Leb : Ix - N)) — < inf) < — Leb 1+
eb (X € Q :|cee(Ix-a4(N)) —c1| < |ei|sinf) - eb(Q) ( + l||ad(N)||2L>

- gLeb(Q) (1 +0 <1°]gVN>> .
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On the complement of this set,

~ ~ o~ 1 . 1 . 3
(X)] = |e2e(Ix-ag(N)) — 1] — 3> |c1]sinf — 3 = |1 (X)]sin 6 — T

hence

~ ~ log N
lim sup Leb <|CMN(X)] < Jepn(X)]sind — 3) < limsup Z (1 +0 < °8 )> ¢ Leb(Q)
= ’ 1 = N ))=

N—w N—o0

= limsupg (1 + 0 (logN)) = g
N—ow T N ™

We have obtained an estimate of the measure of the set where the coefficients ¢; , ;- are

small compared to ¢;,; outside this set we can estimate | S, (¥) o T — 5, (¥)| thanks

to the hypothesis on | S, (¥+)| as follows.

Let us add all these estimates as 0 < |I| < m, where we recall m is the degree of the tri-
gonometric polynomial ¥-. Choose C’ > 9m?; pick 6 € (0, 3) such that 1/4/C’ < sinf <
V2/C". Clearly, 6/7 < sin(0/2) = 4/(1 —cosf)/2 < (sinf)/+/2 < 1/+/C". Outside a set

of measure at most 2m(0/m) < 2m/+/C", we have

6m 1

2 i, N (X)] = Z |cl7n(A)|sm9—T2 Z cin(X)e(lza)

0<|l|l<m 0<|ll<m 0<|l|l<m

13

3
[\

We apply the following result.

Lemma 4.5.4 ((AFU11, Lemma 4]). For each m > 1 and for any norm |-||,, on C*>™, there
exists constants Dy, and dp, > 0 such that, if ¢ = (c_p,...,C—1,C1,. .., Cm) € C*™ has unit

norm ||c||, = 1, then for every § > 0,

Leb( Z ce(lx) <5) < Dy,

0<|i|<m
Hence, in our case, there exist constants D,,, d,,, > 0 such that for every § > 0 and for
fixed X € T4~ the measure of the set of 74 € T where | (S, (¥4) o TV — S, (Y1) (X, z4)| <
8 Yo<fij<m |€tn, N (X)] is less than D,,6%. By Fubini’s Theorem, choosing § = 4C /A C",
outside a subset of T% of measure less than D,,,§%" the following estimate holds:
i N 4
|(Sn(F4) o TN — S, (¥ \/\ﬁkémqu

Thus, on a set of measure at least 1 — 2m/+/C" — D,,(4C /+/C")%, we have

3

‘(SH(TL)OTN_STL(‘PL))(X)‘Zj%( Z cn(X)e(lza) ! _\/267>

o<|l|l<m

4 (1Y) Ve
o\ vo 2 )
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4.5 PROOF OF THEOREM 4.2.4

Let us enlarge C’ if necessary and choose ¢’ > 0 such that

dm,
\2/%+Dm (j%) + 2 <e.

Let n > 1 such that | S, (¥+)| = C’ up to a set of measure ¢/, by Corollary 4.5.2. Outside

a set of measure less than s, we conclude

[(Sn(FH) o TN = S, (¥1)) (x)| = 2C.

4.5.2  Conclusion of the proof of Theorem 4.2.4

Lemma 4.5.2 implies that lim inf,, . Lebg(|Sn(¥+)| < C) = 0; let L be the limsup and

assume by contradiction that it is different from o. Choose ¢ > 0 and ¢ > 1 such that

1 (+1 L
Tty

and consider C’ > 1 and ¢ > 0 given by Lemma 4.5.3. By Lemma 4.5.2, there exists
an arithmetic progression {in}{_; of length ¢ such that Leby(|Six(¥4)| < C’) < ¢'. By
Lemma 4.5.3, let Ny(i) = 1 be such that the conclusion (4.16) is satisfied with n =
in; let Ny be the maximum of all Ny(i) for i = 1,...,¢. Choose N > Ny such that

Lebg(|Sn (¥4)| < C) = %. Since T is measure-preserving, for 1 < j < i < ¢ we get

Lebg(T™™{|Sn(¥5)| < C} n T7{|Sn (¥H)| < C})
< Lebg (|Sn(¥+) o T7 — Sy (¥+) 0 T77| < 2C)

— Leby (‘SN(\PL) o (=) _ SN(TL)( < 20) ,

which is less than € by Lemma 4.5.3. Thus by the inclusion-exclusion principle,

Leby <UTm{|S (¥4)] <C}> Ze: Lebg (T~ {|S,(¥+)| < C}) —

=1

0(0+1)
2

B Z Leby (T—uv {\Sn(‘{’i)\ < C’} A T—jﬁ{‘gN(‘{fi)‘ < C}) > K% — €.

1<j<i<t
This implies L/2 < 1/¢+ (¢ + 1)/2, in contradiction with the initial choice of ¢ and .
Thus L = 0, which settles the proof.
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4.6 PROOF OF THEOREM 4.1.2
4.6 PROOF OF THEOREM 4.1.2

In this section, we prove Theorem 4.1.2 by reducing the problem to the setting of special
flows over skew-translations as in Theorem 4.1.1 by choosing a cross section X for the
nilflow {:}«r such that, in appropriate coordinates, ¥ ~ T¢ and the Poincaré map is a
skew-translation as in Theorem 4.1.1. Moreover, the first return time is constant for all
points in X; see Lemma 4.6.3 below.

Recalling the definitions and notation of §4.1.2, let F' := F,; be a quasi-abelian fili-
form group, M = A\F a quasi-abelian filiform nilmanifold and {¢}" };cr a quasi-abelian

filiform nilflow, where w = wofy + - - - + wgfy; € f = f4.

4.6.1  Exponential coordinates and lattices

Let us recall from §2.3.2 that, using the exponential map, we can safely identify F' ~
(R4, %), where = is the Baker-Campbell-Hausdorff product. It is possible to charac-
terize lattices in quasi-abelian filiform groups using exponential coordinates. It is well-
known that, for any co-compact lattice A, one can choose coordinates so that A ~ Z+1
(see, e.g., [CGoyg, Theorem 5.1.6]). However, for completeness and for the reader’s con-
venience, we present a proof that provides new coordinates via a Lie algebra automorph-
ism, hence preserving the Lie brackets.

Let us first state an auxiliary lemma. Denote by Ad: F' — GL(f) the adjoint represent-
ation and by ad: § — gl(f) its differential.

Lemma 4.6.1. For any v, w € | we have that

d—1

(—w)xvsw= (Z

J=0

ad(w)?
!

)V:v—i—[w,v] —l—%[w, [w,v]]+---

In particular, if v and w commute with [v, w], we have that exp([v,w]) = [exp(v), exp(w)]F.

Proof. We compute (Adoexp(w))(v) = exp(—w)vexp(w). By the commutation rule

Ad o exp = exp oad, it equals

(expoad(w))(v) = v + [w,v] + %[W, W]+ -
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46 PROOF OF THEOREM 4.1.2

We remark that, since F is d-step nilpotent, ad(w)/ = 0 if j > d. Applying exp to both

sides, we conclude

d—1 j
exp(—w) exp(v) exp(w) = exp [( 2 a0 (w) )V] .

P

If v and w commute with [v, w], we have explicitly
exp(—w) exp(v) exp(w) = exp(v + [w, v]) = exp(v) exp([w, v]),
from which we get exp([v, w]) = [exp(v), exp(w)]F. O
If the integer E; divides Ey we write E; | Es.

Lemma 4.6.2. Let A < F be a co-compact lattice in the d 4 1-dimensional quasi-abelian filiform
group F' = Fy equipped with the exponential coordinates. Then, thereexist1 = Ey | Ea | --- | Eq €
IN, with i! | E;, such that, up to an automorphism of F,

d
A = {.’L’fo—l—Z‘%fl[E,yzEZ}
i=1""

Proof. Let ; be the canonical projection of F' = F; onto F'/ F@ The image m(A) <
F/F®) is a lattice in R?, hence there exist v, vi € A such that m2(vo), m2(v1) generate
m2(A). We can suppose that the first component of v in the basis Fy = {fo,...,f;} is
different from zero.

We first show that for every 1 < i < d there exists v; € A n F()\F(+1), By induction,

suppose there exists v; 1 € A n FIi"\F() for i > 2. Then, by Lemma 4.6.1,
[mir1(vo), mir1(vio1)] = mig1([vo, vio1]) € (A F@) /R,

since it belongs to the centre of F// F(t1), It is also different from zero, as v;_; ¢ F.
Thus, there exists v; € A n FO\F0+D) such that m;41(vs) = mi1([vo, vi_1]), hence the
claim.

If d = 1, the group F} is abelian and isomorphic to R? and the conclusion follows.
Suppose d > 2 and let vo,v; € A as above. Consider v4_; € A n Fld=1). by Lemma
4.6.1, we have [vo,v4_1],[v1,va_1] € A n F@. The latter is isomorphic to a discrete
subgroup of R, thus the two vectors are rationally dependent. This implies that the first
coordinate of vy and v; are rationally dependent. Up to replace v; with a vector of the
form (—vq) -« * (—vp) * vy *-- - vy € A, we can suppose that the first coordinate of v;

is zero.
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4.6 PROOF OF THEOREM 4.1.2

Define ¢: F' — F as the unique group automorphism such that ¢(v¢) = fy and ¢(v;) =
f;. Then, fy and f; generate the projected lattice /(A)/ F©2) and moreover, by Lemma

4.6.1, £(A) contains

d d
1 1
(—fl) ® (—fo) xf] x fy = —f7 * (fl —+ E Z'fz> = E ;f,
=2 i=2

Inductively, by replacing f; above with },_,(i!) 'f; and so on, it is easy to see that £(A)

contains the lattice generated by %fz-, hence

1 1
A =Zx —Zx - x —Z
(A) ST S

for some integers E; = 1, Es, ..., E; such that i! | E;. Moreover, for all 1 < i <d,

<_ Efz> * (—fo) » <Efz) #fo = Ef‘+1 + terms in FUt2),

hence F; | Eiy. O
We consider the new basis F, = {fj,...,f}}, where f; = f; and ] = (1/E;)f; for

i = 1,...,d. In this way, we have A = (Z4+1, %) < F and the only nontrivial brackets

are [fé,f{] = (EZ‘+1/Ei)fi/+1.

4.6.2  Reduction to special flows

Let w = (wo,...,wq) € f be a vector inducing a uniquely ergodic nilflow on M = A\F;

equivalently, by Theorem 2.3.9, such that wy/w; ¢ Q. Define the smooth submanifold
E={A0,21,...,2q) 2, € R, 1 <i<d}.

Since the ideal generated by fi, ..., f; is abelian, the submanifold X is isomorphic to a
torus T¢ via the map
¢: RY /74 — X
x = (21,...,2q) = A0, 21,...,24q).
Lemma 4.6.3. The first return time to ¥ is constant for any point of ¥; the Poincaré map
P: % — X is given by
Pog(x) =¢(xA+Db)
for some b € T¢ and an upper triangular d x d matrix A = (a; ;), with a; ; = E;/(E;- (j —i)!)

for1l<i<j<d
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4.7 PROOF OF THEOREM 4.2.5

Proof. Let ¢(x) = A(0,x) € X. By definition, we have

w1 Wy
01wy (A0,%)) = A0, 21, ..., 74) # (1, e uT0>‘

Since A = A(-1,0,...,0), by Lemma 4.6.1 we get

w1 Wq
cpl/wO(A(O,x)):A(—l,O,...,O)*(O,xl,...,xd)*(l,w—o,...,w—())
d .
ad(1,0,...,0) wy wyq
SN ) Y S A EERE L) —1,0,...,0) % (1,41 . ey,
(g;) 7! (’X>>*( o ’>*(’w0 wo>
Therefore, defining (0,b1,...,b4) = (—=1,0,...,0) = (1,w; /wy, . .., wq/wp), we obtain
=1 E
_ = .
017w, (A(0,x)) = A O,ml,...,g(:)(j_i)!Eixz,..., % (0,b1,...,bq)
j—1
1 E;
N P TR S S S W
<7$1+ 1, 7;}(]—1)'E1x+ J )

The set of return times to X is a subset of the set of the return times of the projected
linear flow on the abelianization F/F(?) ~ T2, which is (1/wg)Z. The equation above
shows that 1/wyq is indeed a return time, hence it is the first return time to %, and the

Poincaré map is of the requested form. O

We showed that any uniquely ergodic nilflow {¢;}Rr is isomorphic to a special flow
over a skew-translation (T¢,T) with constant roof function ¥ = 1. As discussed in
Remark 2.2.17, given the infinitesimal generator « of a time-change {¢f}:.cr, the new
roof function Y is given by

¥ (x) — f (0 o) (x) dt.

0

The map R: € (M) — €*(T?) given by R(a) = Xé(a o @) (x) dt is linear, surjective
and continuous w.r.t. |||, thus R™!(Z) is a dense set. Therefore, {a € € (M) : a >
Oand o=t € R™Y(#)} is a dense set of infinitesimal generators. Theorem 4.1.2 now

follows from Theorem 4.1.1.

4.7 PROOF OF THEOREM 4.2.5
The proof of this result follows closely the argument by Avila, Forni and Ulcigrai in

[AFU11]: we outline the main ideas, referring the reader to the cited article for the

details. We use the same notation as in §4.5.
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4.7 PROOF OF THEOREM 4.2.5
4.7.1  Shearing

We briefly explain the shearing phenomenon that produces mixing; a similar mechanism
was used by many authors in different contexts, see [Maryy, SK92, Fayo2, Ulcoy, Raviyb].

We want to apply the following criterion, see [Fayo2] and [Ulcoy, §1.3.2] for details.

Lemma 4.7.1 (Mixing Criterion). The special flow {T}! };er is mixing if for any cube Q =
[T [wi, w!] x [0,h], with 0 < h < min'¥, any & > 0 and § > 0 there exists to > 0 such that
for all t > to there exists a measurable set X (t) < T and for each X = w(x) € X (t) there

exists a partition Py, (t,X) into intervals J  {X} x T such that
Lebg (T4 ug, 2 Pm(t,%)) <9, (4.20)
and for all X € X (t) and all J = {RX} x [a,b] € Pp(t,%),
Leby (J nTH(Q)) = (1 —¢)(b—a) Leby(Q). (4.21)

In order to apply Lemma 4.7.1, we will construct a partition of intervals J in the z4-
direction most of which becomes sheared for sufficiently large ¢. More precisely, for any
J = {X} x [a, b], we define the stretch of S, (¥) over J as

AS,(Y)(J) = max S, (¥)(x) — min S, () (x).

xeJ xeJ

We will prove that, for a set of intervals J whose measure is large in T¢, the stretch
AS,(Y)(J) is large for all n of the form n = n;(x) for some x € J and large ¢. This
would imply that the image of J after time ¢ can be written as the union of curves
v = T;Y(J,-), for subintervals J; < J, which project over intervals in the x4-direction
and on which the derivative 0,5, (%) of S,,(‘¥) w.r.t. z, is large. The base points of these
curves, i.e. the intersections v; n T% x {0}, shadow with good approximation an orbit
under 7, hence, by unique ergodicity, are uniformely distributed in T¢; this leads to the

mixing estimate.

4.7.2  Stretch of Birkhoff sums for continuous time

Recall that for x = (X, z4) € T? we denote n;(x) = max{n : S,,(¥)(x) < t}; let

n,(X) = min{n; (X, z4) : x4 € T}.
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4.7 PROOF OF THEOREM 4.2.5

The following lemma ensures that the Birkhoff sums S,,(¥1) grow in measure not only
as n tends to infinity (see Theorem 4.2.4), but also when ¢ tends to infinity. The proof

uses the assumption that 1 is smoothly cohomologous to a constant.

Lemma 4.7.2. Forall C > 1, let

X(t,C) = {)Ac e T4 : there exists x4 € T s.t.

Snt(ﬁ)(‘fL)(ﬁ,wd)‘ > C}.
Then

: d—1\ ¥ _

Jim Leb (T8 (2.C) ) =0.

Proof. Let us assume by contradiction that there exist C' > 1, 6 > 0 and an increasing

sequence {t;}en, with t; — oo, such that Leb (Tdil\)A((tj,C)) > ¢ for all j € IN. If

X ¢ )A((tj, C), for all zg € T we have |S,, (z) (Y1)(%,24)| < C; thus, by Fubini’s Theorem,
-

Leb {x eT?:

Sy, 0 (FH)(R, xd)’ < c} > Leb (Td*I\X(tj, c)) > 4.

J

As we want to get a contradiction with Theorem 4.2.4, we look for a sequence {n; (X)}jen
not depending on the point X. Since ¢ is smoothly cohomologous to the constant §¥,
there exists a smooth function u: ¥ — R such that ¢y — {¥ = woT — u. Let y be the

point in T for which n, (X) = n4,(y). We have

S, ®()(y) = Sn, (T (¥) + S, & W) (y)

J J

= S, (T ) +a(T%y) —uly) +n, (%) | ¥dLeby.

J T

Let w and ¥ be the maximum of |u| and of ¥ over T¢. Since, by definition, t; — ¥ <

Sﬂtj () (y) = Sni, (y) (¥)(y) < tj, from the previous equation it follows that for all
R¢X(1,0),

ti—¥Y—-C—-2u<n, (X) | ¥dLebs <t;+C+2u.
Td

In particular, there exists a constant K such that for all ¢; there are at most K possible val-

ues of n; (X). Therefore, there exists a sequence n; = n, (x;) such that Leb(| Sy, (Y1) (R, zq)| <
C) = 6/K, so that limsup,, ., Leb(|S,(¥Y*)| < C) = 6/K > 0, in contradiction with

Theorem 4.2.4. O

Remark 4.7.3. Straightforward computations show that d4(S,,(¥)) = S,,(04%) = Sn(04¥4)
and 0%(S,(¥)) = S,(02Y) = S,(02Y+) for all n > 1. Indeed, 6, = 0,¥+, since
¢ = (¥ dzy does not depend on z4 moreover, as a map in the z4-coordinate, T is

a translation for all i > 1, hence d4(¥ 0 T%) = 9,% o T".
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4.7 PROOF OF THEOREM 4.2.5
4.7.3 The Mixing Criterion

Let Q = [ %, [wi, w)] x [0,h] be a given cube. Choose & € (0,1) such that (1 — dp)(1 —
D'5¢ —mdy) = 1— 3, where D', d’ are given by Lemma 4.5.4 w.r.t. |||-]||, with H‘lelém aje(jz) H‘ =
max; |oy|. Let €9, No, Cy be chosen appropriately as in [AFU11, §4.5]; let x be a continu-

ous function such that

L if x e T fwi, wf] x [wa + eo(w) — wa), w) — eo(w) — wa),
x(x) = (4.22)

0 if x ¢ [T [wi, w!] x [wg +e0/2(wl) — wq), w —eo/2(w) —wq)].
Finally, let ¢, > 0 be such that for all ¢ > t; we have Leb(T¢\X(t,Cy)) < d. Set
X(t,Co) = X(¢).
We recall (4.17),
Su(¥H)(X,za) = ), an(X)e(lza),

o<|l|l<m

and denote ¢, (X) = 2milc; ,(X) so that we can write

Sn(0a¥) (R, wa) = Sn (0¥ ) (R, 2a) = ) ) (R)e(lzg). (4.23)

0<|l|<m

Let

Po(t, %) = {(;c, z) € (X} x T

Sy (5 (24%) (R, 24 ‘ 3o

o)}

which is a union of intervals in the x4-coordinate, since, for fixed n, S,(¥+)(X,-) is
a polynomial in z4 of degree m. Let P;(¢,X) be the partial partition obtained by dis-
carding form Py(¢,X) all intervals of length less than dp. By Lemma 4.5.4, we have
Leb(Py(t,%)) = 1 — D'6¢. Again, since Sh, (%) (0aY) (X, 24) is a trigonometric polynomial
of degree m, there are at most 2m points in each level set; therefore P; (¢, %) is obtained
from Py(t,X) by removing at most m intervals of length smaller than dy. The size of the

partial partition P (¢,X) satisfies
Leb(Py(t,%)) = 1 — D'6¢ —mdo,

thus, by Fubini’s Theorem,

Lebd_l ( U 7?1 t X ) = (1 - 50)(1 —D/(S(C)l/ —m50) >1 —5, (424)

zxeX (1)
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4.7 PROOF OF THEOREM 4.2.5

by the choice of dy.
The following lemma ensures that on each element of the partition the stretch is large
enough. For all I € P, (t, %), denote by n,(I) = min,, ni(X, z4), Tt (I) = max,, i (X, zq),

and Any(I) = 7, (1) — n, (1) + 1.

Lemma 4.7.4. Forall I € P;(t,X) we have that

. 5 N
S, (%) (0aF) (X, xd)‘ =z %Co, forall (X, z4) € I (4.25)
. 5 . C e
S, 30 () (Rowa)| = 5% |8, (Ca®) Roaly) |, forall (R, wa), (Roal) €I (4:26)

Proof. From (4.23), for all (X,z4) € T? and n > 1 we have that

|Sn(04F) (%, 2a)| < (2m) max e, (X)|;

o<|ll<m

hence, from the definition of P; (¢,X) < Py(t,X),

min | S, (04Y) (X, z4)| = 25—0 max | Sy, (04Y) (X, z4)| -

zq€T m xqeT

This proves (4.26). Moreover, by definition of X (t), there exists x = (X,xz4) for which
|Sﬂz(§<) (adT) (X)| > (9. Thus, maxo<|i|<m |Cl,n(§()| = Co/(Qm), so that maxo<|i|<m |C;,n ()’E)| =

21 maxg< jij<m |c1,n (X)| = mCo/m. We conclude (4.25) from the definition of Po(t,%). [

From the previous estimates, it is possible to deduce the following properties; for the

proof we refer to [AFU11, Lemmas 11,12].

Lemma 4.7.5 ([AFU11, Lemmas 11,12]). For all I € P;(t,X) and for all n,(I) < n <m(I),

we have

[\CR V]

1 ~ ~
> |5, 3) (0a¥) (X, 24) | < |Sn(0a¥) (X, za)| <

5 n Sﬂt(;()(ﬁdlff) (3\(, xd) f01’ Llll ()’E, xd) el.

Moreover, the function x4 — ni(X, x4) is monotone and Any(I) = 763Co/ (2m min '¥).

Let us subdivide each interval I € P;(t,X) into An,(I) subintervals on which z4 —
nt(X, z4) is locally constant and let us group them into N;(I) + 1 groups, the first N;(I)
of which made by N;(I) consecutive intervals, where N;(I) = |/An;(I)|. Denote by
P (t,X) the partition into intervals .J obtained in this way. The estimate on the total
measure (4.24) still holds. Moreover, each J € P, (t,X) satisfies the following properties,
which can be proved using the estimates on the stretch and on the size of the intervals,

see [AFU11, Lemma 13].
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4.7 PROOF OF THEOREM 4.2.5

Lemma 4.7.6 ([AFU11, Lemma 13]). For each J € Py, (t,X), for all (X,zq), (X,2}) € J and

all n,(J) < n <my(J) we have

Any(J
ASTLZE)&) B (4.27)
1 e (J) d
Any(J) 2. XoT"(%xa) = (1—e0)” | J(w)—wi); (4.28)
! n=n,(J) i=1
, pa—
Lebl(J) s wgo; (4.29)
()
‘2,) B (430)

Moreover, denoting JI' = {(X,x4) € J : t —h < S, (Y) (X, 74) < t}, we have

s |,

It remains to prove (4.21) of the Mixing Criterion. By definition, J! is the set of points

in J that after time ¢ undergo exactly n iterations of 7" (recall that » < min¥) and are

mapped inside T? x [0, h]. In particular, for different values of n, they are all disjoint. If,

for J = {X} x (2!, 2)) € Pm(t,X), we have that x(T"(X,z/,)) > 0, by the estimate (4.29)

on the size of J and the definition of x (4.22), it follows that 7" (X, z4) € [ [;[wi, w!] for
all (%,z4) € J" and thus T}} (%, 24) € Q. We deduce that

ﬁt(J)
Lebi(J nTY(Q)) = ] xoT™R, ) Lebi(J)).
n=n,(J)

Using (4.27), (4.28), (4.30) and (4.31), we conclude

ne(J)
M XoT"(%,a%) Lebi ()
n=n,(J)
ﬁt(J) h
_ 1 n(g Ane(J)  ASu,(5) () AS,(J) Lebi ()
~ A n_nZ(J)XOT (x’xd)ASn (D) BS.(J)  Lebi(J)h hlebi ()

> (1 —¢€0)°hLeb(J Hw —w; = (1 —¢€0)° Leb(J) Leb(Q).
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CENTRAL PERTURBATIONS OF UNIPOTENT FLOWS IN
COMPACT QUOTIENTS OF SL(3,R)

5.1 INTRODUCTION

In this chapter, we show another instance of mixing via shearing for a family of smooth
flows which are perturbations of homogeneous ones. The perturbations are constructed
in such a way that the resulting flow is parabolic, namely nearby orbits diverge polyno-
mially in time (see Definition 5.2.1).

The material presented here is taken from [Raviya].

Let us briefly recall the case of time-changes. In Chapter 4, we proved mixing for gen-
eric time-changes of quasi-abelian filiform nilflows, generalising a result by Avila, Forni
and Ulcigrai [AFU11] for the Heisenberg group. In the case of the horocycle flow, mix-
ing and mixing of all orders for all time-changes which satisfy a mild differentiability
condition were proved by Marcus in [Maryy, Mar78]. More recently, Tiedra de Alde-
coa [TdA12] and Forni and Ulcigrai [FU12a] independently showed that generic time-
changes have absolutely continuous spectrum (in the latter paper, the authors show in
addition that the spectrum is equivalent to Lebesgue; see also the result by Simonelli
[Sim18], which applies also to some skew-product constructions).

Here, we investigate the ergodic properties of a class of parabolic perturbations of
unipotent flows on compact quotients of SL(3,R) which are not time-changes or skew-
product constructions; to the best of our knowledge, this is the first such example.
We consider a unipotent vector field U on a compact homogeneous manifold M =
I'\ SL(3,R) and we add a non-constant component in a transverse direction Z commut-
ing with U. More precisely, given a smooth function 3: M — R, we consider the flow
{%t}te]R induced by the vector field U=U-+ BZ, see §5.2. We prove that, if {%t}te]R pre-
serves a measure equivalent to Haar, then it is ergodic and, in fact, mixing. The key
observation is that there exists a vector field W such that the Lie derivative £ (W)

is parallel to Z. Roughly speaking, this means that short segments in direction W get
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5.2 PRELIMINARIES

sheared along the direction Z when flown via {h}1er. Since the flow in direction Z is
ergodic, such segments become equidistributed.

In our proof, we exploit the geometrical information given by computing the Lie
brackets [ﬁ , W] (see §5.4) and we employ smooth analogues of well-known homogen-
eous arguments. The main difficulty in this setting is to prove that {Et}te]R is ergodic.
We remark that this is not an issue in the case of time-changes, since they preserve the
orbit structure and they admit an invariant measure equivalent to Haar; hence they are
ergodic. The proof of ergodicity for the perturbed flow {hi}ter can be seen as a non-
homogeneous version of Mautner Phenomenon and we believe it is interesting in its
own right, see §5.5. In order to help the reader in following the arguments, we postpone

the proof of an auxiliary proposition to §5.6. The proof of mixing is presented in §5.5.

5.2 PRELIMINARIES

Let M = I'\SL(3,R) be a compact connected homogeneous manifold and let w be the
differential form on M inducing the normalised Haar measure. The Lie algebra s((3,R)
of SL(3,R) consists of 3 x 3 matrices X with zero trace; we identify it with the set of
left-invariant vector fields on M (see, e.g., [GHLo4, Proposition 1.72]).

Denote by E; ; the 3 x 3 matrix with 1 in position (7, j) and o elsewhere. We decompose
sl(3,R) = n"@®adn,

where
1 1
a = span §(E1,1 — Es9), §(E2,2 — E33)

is a maximal abelian subalgebra and
n = span{E 2, Ex3, E13} and n" =span{Es1, E21, E32}

are nilpotent subalgebras. We remark that the centre 3(n) of n is 1-dimensional and is

generated by Z := Fj 3. Let
1 1
B = {E3,1, Es1,E32, §(E1,1 — Es»), 5(32,2 — E3,3),E1,2,E2,37E1,3} (5.1)

be the basis of s[(3, R) associated to the decomposition above: it is a frame on M, namely

a set of vector fields which gives a basis of the tangent space 7}, M at every point p € M.
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For any vector field X (not necessary left-invariant) on M, we denote by {¢;* };cr the
induced flow. If X € s[(3,R), we have an explicit formula for {¢;*};cr, namely for all
p=TgeM,

¢ (Tg) = Tgexp(tX).

In other words, the flow {;* };cr is given by the right-action on M of the one-parameter
subgroup {exp(tX) : t € R}. By the Howe-Moore Ergodicity Theorem, every noncom-
pact subgroup as above acts ergodically on M.

If X € n, then {exp(tX) : t € R} consists of unipotent matrices, hence {¢} };cr is said
to be a unipotent flow and X a unipotent vector field. Unipotent flows are mixing of
all orders and have countable Lebesgue spectrum, see [Mo0z92] and [BM81]. Moreover,
a great amount of work has been carried out in investigating their ergodic invariant
measures, from the results by Furstenberg [Fur72] and Dani [Dan81] for the classical
horocycle flow, by Dani and Margulis [DMgo] for generic unipotent flows in SL(3,R),
to the celebrated theorems of Ratner [Ratgoa, Ratgob, Ratg1]; see also the generalizations
to p-adic groups by Ratner [Ratg5] and by Margulis and Tomanov [MT94].

To prove these measure rigidity results, one crucially uses that nearby orbits diverge

polynomially in time. One version of this property is encoded in the following definition.

Definition 5.2.1. We will say that the smooth flow {¢:}er is parabolic if there exists
n € IN such that
1Dl = O(JE"),

where Dy is the differential of ;.

Fix a non-zero unipotent vector field
U=ci12FE1 2+ c23E3+ c13E1 3 € n\{0},

and consider a sufficiently small ¢’'-function 3: M — R (how small will be determined
later, see (5.2) below). We investigate the properties of the flow {hs}ier induced by the
non-constant perturbation U=U+ BZ of U.It U is parallel to Z, then the flow {iwzt}te]R is
a time-change of {¢7 };cr. This case has been investigated by many authors and is well-
understood, as discussed in the previous section; we remark that ergodicity is preserved
by all time-changes. In this paper, we will assume that U ¢ 3(n) = RZ; i.e., we will
consider perturbations which do not preserve orbits. In particular, we have to prove that

they are ergodic, which constitutes the main difficulty in this set-up.
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Since U € n\3(n), we have that C%,Q + 0373 > 0; hence we can choose a unipotent
W € % such that [U,W| = —cZ for some ¢ # 0 (e.g., if c12 # 0, take W = Ej 3 so that
[U,W] = c¢12Z). We assume that

W Bl < el - (5-2)
The result we prove is the following.

Theorem 5.2.2. Suppose that the flow {%t}te]R preserves a measure W = \w equivalent to Haar,
with a smooth density A € €*(M). Then, {h}swer is parabolic, namely |Dhy|lo = O(|t[*),

ergodic and mixing.

In the following section, we explain and comment on the assumption of Theorem
5.2.2 and we point out the implications to our context of the failure of cocycle rigidity of

parabolic action in SL(3,R), proved by Wang in [Wan15].

5.3 TRIVIAL PERTURBATIONS AND COCYCLE RIGIDITY

We assume that there exists a %l—density function A\: M — Ry such that the flow
{%t}te]R preserves the measure Aw equivalent to Haar. While this was obvious in the case

of time-changes [FU12a, §2], in our case it translates in the following condition
0=Z(w) =d(U, \w) = d\U, w+ BAZ, w) = (UX + Z(BN))w,

where .Z (\w) denotes the Lie derivative of Aw with respect to U and , is the contraction
operator. Therefore, there exists a smooth equivalent invariant measure \w if and only

if A is a solution to the following equation
UM+ Z(BA) = UN+AZB =0, with A> 0. (5.3)

Remark 5.3.1. The assumption of Theorem 5.2.2 is equivalent to the fact that there exists
a time-change of the flow {7} ier in direction Z which commutes with %t. Indeed, if we

set Z = (1/A\)Z, we have

S [~ 1] a1 Z8. 1~
Lo(Z) = [U,AZ} = U(X)Z— 552 = —5(0x+228)2,

which equals 0 if and only if (5.3) holds. If this is the case, for every s,t € R, we have

hiopl = @l ohy.
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Let us consider the equation

Uf+Zg=0, Withj fw:J gw =0. (5.4)
M M

For any smooth solution (f, g) of (5.4), we can find a suitable rescaling factor x > 0 such

that the pair
kg
14+ kf

is a smooth solution of (5.3), with § mAw = 1. Since U and Z commute, for any w €

A=1+xf>0, and (=

€?(M), the pair (Zw, —Uw) is a solution of (5.4). We call these pairs the trivial solutions.

Analogously to the case of time-changes, we say that a perturbation U is trivial if there
exists a diffeomorphism F: M — M of the form F(p) = ¢Z ) (p), for some function w,
which conjugates the perturbation {%t}te]R to the homogeneous flow {0V }ier, namely if
F acts along the orbits parallel to Z and the push-forward (F), maps U to U. We recall
that, in the case of time-changes, the homogeneous flow {05 }er is trivially conjugated
to its time-change {gof‘X }er if and only if 1/« is cohomologous to a constant w.r.t. X,

namely if 1/a —1 = Xw for some function w.

Lemma 5.3.2. Trivial solutions of (5.4) are in one-to-one correspondence with trivial perturba-

tions U.

Proof. We compute the push-forward (F).(U) of U for a diffeomorphism F of the form
F(p) = ¢Z () (P)- For any smooth function f and any point p € M, by the chain rule, we

have

[(F)(D)]() ()

(f o F)(p) = 2
— (2f o F)0w)() + [(#Z)a (D)) (F) (0).

Since [U, Z] = [Z, Z] = 0, we deduce that

(%Zu(p))*(ﬁ) = (@i(p))*(UJrﬁZ) = Uowi(p) +5'(Zowi(p))~

Therefore,

(F)«(D)](f) = (Zf o F)Tw+UfoF+B-(ZfoF).

Hence, (F),(U) = U if and only if Uw = —4.
If the perturbation is trivial, i.e. if (F),(U) = U, then —8 = Uw = Uw + Zw; in

particular

—Uw
= =7 1 .
B Tt 1’ and )\ w—+ 1, (5.5)
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is a solution to (5.3) and (Zw, —Uw) is a trivial solution of (5.4). On the other hand,
given a trivial solution (Zw, -Uw) of (5.4), we get a solution of (5.3) as in (5.5). This

implies Uw = —f, thus the proof is complete. O

In view of Lemma 5.3.2, in order to ensure the existence of non-trivial perturbations U ,
we need to address the cohomological problem of establishing whether all the solutions
to (5.4) are trivial or not. We say that the action of the commuting vector fields U and Z

is cocycle rigid if the following holds

if (f,g) is a solution to (5.4), then there exists w such that f = Zw and g = —Uw.

(CR)
The question of cocycle rigidity (and related problems) on homogenous spaces has been
investigated by several authors in different settings, including, among others, Dam-
janovic and Katok [DKos], Katok and Spatzier [KSog4] for partially hyperbolic actions,
and by Flaminio and Forni [FFo3], Mieczkowski [Mieoy], Ramirez [Ramog], and Wang
[Wan15] for parabolic actions. It turns out that, in general, cocycle rigidity for SL(3,R)
fails: Wang showed that, for example, for U = E; > and some lattice I' < G, there exist
smooth functions f, g such that (5.4) is satisfied, but the equations f = Zw and g = —Uw
have no common solution, see Theorems 2.5, 2.6 and Remark 2.7 in [Wan15]. In partic-
ular, in our case, there are examples of perturbations U that satisfy the assumption of
Theorem 5.2.2, and hence are parabolic and mixing, but are not trivially conjugated to

the unperturbed homogeneous flow.

Remark 5.3.3. The problem of establishing whether there exists a measurable isomorph-
ism conjugating {hi}ier with {©V}ier remains open, but appears to be a difficult ques-
tion. Indeed, we remark that, in the simpler case of time-changes, the existence of time-
changes of the classical horocycle flow which are not measurably conjugated to the
horocycle flow itself follows from deep results on the classification of invariant distri-
butions and on the deviations from the ergodic averages proved by Flaminio and Forni

[FFo3], see, e.g., [FU12a, 81].
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5.4 COMPUTATION OF THE PUSH-FORWARDS
In this section, we compute the push-forward (h;).(W') of a left-invariant vector field

W e sl(3,R) via T We recall that the Lie derivative of the vector field W with respect
to the vector field V' is defined by

d v . (‘PL)*W@X(;}) - Wy
(XV(W))p T tZO(SO—t)*WSDy(p) = }E)T(l) ; ) (5.6)

and coincides with the Lie brackets [V, W],,.

In general, let us write
(he)«(W) = > av(t)V
Ve

for some functions ay (t): M — R, where £ is the frame chosen in (5.1). We remark

that
%(av(t) ohy) = d“(‘;t(t) o he + Uay (t) o hy. (5.7)
On one hand
W)= 3 Gav(o. 9)

but also

~

(%t-i-s)*(w) = Z (aV(t) Oh—s)(ﬁs)*(v)’

Ve
so that, differentiating w.r.t. s at s = 0 and by (5.6), we get

d ~ ~ d ~
G000 = 3 (<@ +avo ] Ga))
ves . (5-9)
= > (~Wav @)V —av (O[T, V]).
Ve#
Equating the two expressions (5.8) and (5.9), and using (5.7), we obtain
D %(av(t) TV ol = S —(av(t) o h) [T, V] o, (5.10)
Ve# Ve#

which is a system of ODEs.

Proposition 5.4.1. Under the assumption of Theorem 5.2.2, we have that | Dhylle = O(|t]4);

hence the flow {(he}ier is parabolic (in the sense of Definition 5.2.1).

Proof. By definition, we have that [, V] = [U, V] + 8[Z, V] — (V) Z for all V € 4. Since
U, Z € n, the operators ady = [U, -] and adz = [Z, -] are nilpotent and in triangular form

w.r.t. the basis #. The system (5.10) is therefore in triangular form and can be solved
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by substitutions. In particular, for all V' € #\{Z}, one can check that the solutions ay ()
exhibit a polynomial growth in ¢ of order at most O(|¢|?). The only linear equation is in

the Z-component

%(az(t) o) = (ZBoh)az(t) o+ alt) o T,

for some explicit function a(t) = O([t|*). The solution is

az(t) ohs = exp (ft ZBoh, dT) <Jt(a(7) o hr) exp ( — JT Zf o hy ds) dr + COHst) .
0 0

0

Equation (5.3) can be rewritten as Z5 = U log \; therefore the exponential factor above

becomes

exp (Jot Zﬁoﬁ7d7> = exp (Jotﬁlog()\_l) oh, dT) = )\:\%t,

which implies that ay(t) is of order at most O([t|*). O

Recall that there exists W € n n £ such that [U, W] = —cZ for some ¢ # 0. We are

interested in its push-forward. We have that
[0, W] = [U,W]+B[Z,W] = (WB)Z =—(c+Wp)Z, and [U,Z]=—(28)Z.

Thus, the system of equations (5.10) with the only non zero initial condition ay (0) # 0

reduces to a single equation

S az(t) o) = (ZB o R)as(t) oF + (c+ WB) o,

whose solution is
~ 1 t ~
az(t)ohy = — J()\-(c—f—Wﬁ))Othf.
)\Oht 0

Therefore,

(he)«(W) = W + (% fot(A- (c+Wp))oh: dT)Z. (5.11)

Finally, for the push-forward of Z, we get

(he)«(Z) = Z. (5.12)

5.5 ERGODICITY AND MIXING

In this section, under the assumption of Theorem 5.2.2, we prove that the flow {}Nlt}telR

is ergodic and, from this, we will deduce it is mixing. Ergodicity is established using a
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smooth version of Mautner Phenomenon for homogeneous flows. The proof of mixing
follows the same ideas as in [FU12a] by Forni and Ulcigrai for the case of time-changes;
however, their bootstrap argument appears not to be generalizable to our setting, and
for this reason the nature of the spectrum of the flow {t}ter remains an open question.

Fix 0 > 0 and consider the family

~ 1w
T = {6} o) = 1}, where @7 (p) = (ow!” ohy)(p).

(t)

The curves ¢;’(p) for s € [0,0] start at p and are obtained by pushing segments in

direction W of length o /t, for t > 1, via %t.
(t)

By the chain rule and equation (5.11), the vector field inducing ¢’ is given by

| et B = D[, ((3w) o)) = (e (3w) ) = jw+ 107,
(5.13)
where
1 (9 -
l(p) = 7 Jt()\ (c+Wp))oh.(p)dr. (5.14)

By Birkhoff Theorem, there exists £ € L'(M) such that ¢;(p) — ¢(p) for almost every
pe M.

Proposition 5.5.1. The function ¢ is constant almost everywhere and the family . has a unique
limit point {p'? Y sef0,0]-

The proof of the Proposition 5.5.1 is postponed to §5.6.
Proposition 5.5.2. The flow {Tlt}te]R is ergodic.

Proof. Fix s € R. We first notice that, if f € L?(M,&), then fo cpgt) € L?(M,) for all

t = 1, more precisely, by the invariance of & w.r.t. ha,

~ 1 1y
roet? = lroeont” b - nrig| = [ #2oRo et - [ 122
1 ~ ~ A g -
U F2oly)- Awtzv)w—f(f%ht)m‘sf fQOht’. °¥=s Aw
M M A
AotV
< |25 —0, fort oo
e}
(5.15)

Let g € L2(M, ) be a hy-invariant function. We have that

~ lyw ~ >
o =Tt ol — 7,
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pointwise a.e. and, since / is constant almost everywhere, the latter preserves the meas-
ure & = Aw. Therefore, by the density of continuous functions in L?*(M,&) and the
estimate (5.15) above, it follows that Hg o (p@ —go (P?Hz — 0.

By the Cauchy-Schwarz inequality, we conclude

. W . ~ W > . ~ lw ~
lgll = lim{gowi ™, g) = lim{gohyopl™ ,gohy = lim{gohio i oh_t,g)

. t A 7
= Jim(go &l 9> = (g0 0%, ) < |[go | ligll, = 3.

Since the equality holds, g and g o @ﬁz are linearly dependent and so we must have
g =£&(s)(go (pgé), where £(s) = +1. We claim that {(s) = 1. As s was arbitrary, we
deduce that g is invariant under the flow gpﬁZ , which is a positive time-change of 7,
and hence is ergodic. This implies that g is constant.

It remains to prove the last claim. We notice that £(0) = 1, thus it suffices to show that
s — &(s) is continuous. Assume, by contradiction, that there exists a sequence {s;}nen
converging to s € R such that {(s;,) = £(sp,) and £(5) = —¢{(sp,) foralln,m e N.If g # 0,
there exists ¢ > 0 and P c M of positive measure m > 0 on which g > ¢. Let £ ¢ M
be a compact set of measure greater than 1 —m/2 such that the restriction of g to £ is
uniformly continuous. Consider § > 0 such that if the distance d(p, ¢) between any two
points p and ¢ in £ is less than ¢, then |g(p) — g(q)| < e.

The flow gpﬁz is continuous, hence there exists N > 0 such that for all n > N, we have
d(cpgnz(p), goéz(p)) < 6. Fixn > N; let p be a point in P n @Z_an(é') N goéz(é’), which is not

empty since it has positive measure. By uniform continuity,
‘go 2 (p) — g o ot (p)‘ <&
on the other hand,
)9 o0 (p)—go @éz(p)’ =2[¢(3)| 9(p) > 2e,
which is the desired contradiction. O
We now show that ergodicity of {he}eer implies it is mixing.
Proposition 5.5.3. The flow {(h}ier is mixing.
Proof. By ergodicity, we have that for W-a.e. pe M,

t ~
wlp) = j (A~ (c+ WB)) o Tor(p) dr — > 0. (5.16)
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Let f,g € €' (M) be smooth functions with §,, f& = 0; we have to show that
Jin(folig) = Jim | (fohigXe =0,

Fix o > 0. We consider again the flow {¢!" }.cr generated by W. The Haar measure w is
invariant under ", hence
(o2

JM(folet)g Aw = iJO JM(foszthV)(Agosogv)wdS-

Integration by parts gives

1 g ~ 1 o ~
f J (fohtogogv)(/\goapgv)wdS:J (J fohtoapgvds>()\go<pgv)w
g Jo JMm M NJo

—iLUfM (Lsfoﬁtocpydr)(W(Ag)w?’) wds.

Therefore

w.

UMUOE)Q A‘*" s ((1, 1Agllo + \W(Ag)”oo) JM sup

s€[0,0]

f fO?LtOQO,,WdT
0

By Lebesgue Theorem, it is enough to show that the last term goes to zero pointwise
almost everywhere for ¢t — co.

Fix 0 < s < 0. For any point p and for all ¢ > 1, let

y(r) =35, (r) == heo ol (p), forre [0, s];

by (5.11), the tangent vectors at this curve are

d ~ 1 t ~
30 = (F)(W) (3(r) =W + (w» |0 terwa o (o <p>>d7>z.

(5.17)
Let \Z be the smooth 1-form dual to the vector field Z = A~1Z. Since
1 5 17 7 w ‘ YW
S| 1aZ =2 oo (| (- (c+WB)) ohe (el (b)) dr) dr
t y t Jo 0
= | (roho et yulel () ar.
0
we have
s -~ N S ~ w
ffohtogo,Wdr:1ffAZ+J(fohtogo,W)<1—l“*(%(p)>>dr. (5.18)
0 l-t), 0 !

By ergodicity of ¢Z, and hence of goZ , we can assume that f is a smooth coboundary for

ng ,namely f = Zu for some u € € (M). For all V € 2, denote by V the smooth 1-form
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dual to V. Notice that, when integrating du = »,;,c, Vu 1% along +, the only non zero
terms are those corresponding to the components parallel to W and Z. Thus, by (5.17),

we have

Jdu:qué—FJWuII/I\/:Jf/\E—i—JWuW,
g g g v g
which yields the estimate

JfAé’SJdu—f—
Y Y

Thus, the first integral in the right-hand side of (5.18) is uniformly bounded. Moreover,

f W W' <2, + [Wul, o
Y

as we saw in (5.16), for almost every p € M for almost every r € [0,s] we have

v (W (p)) — L. Therefore

2 full, + Wl :
2 Iy, [

dr — 0 a.e,,

v(r (p)) ’
14

again by Lebesgue theorem. O

Theorem 5.2.2 follows from Propositions 5.4.1, 5.5.2 and 5.5.3.

5.6 PROOF OF PROPOSITION 5.5.1

In this section, we prove Proposition 5.5.1 by showing that ¢ is constant almost every-
(t)

where and s’ — @SZ almost everywhere.

Let us start by some preliminary lemmas.

Lemma 5.6.1. If a sequence {gogn’“)}keN c .F converges at a point p to a curve 1s(p), i.e. if

(pg (p) — vs(p) uniformly in s € [0, o], then {<p§”k>}keN converges at all points in the oZ-

orbit of p. More precisely, for all r € R we have gpg"’“) o gp? (p) — @7? o s(p).

Thus, if gpg (p) — ¥s(p), then for all ¢ = go? (p) we have that gpgn’“) (q¢) = ¥s(q), where
Ys(q) = %« o 1)s(p). In particular, ¢ and ngZN commute.

Proof of Lemma 5.6.1. Fix any R > 0. We show that the tangent vectors of wgt) o go? (p)
converge uniformly in r € [-R, R] to 1/ (Ao o? (p))Z for t — co. Since, by hypothesis,
for r = 0 we have <p£ (p) = ¥s(p), we can conclude that the limit of gogt) o @? (p) exists
and is the curve starting at ¢;(p) with tangent vector 1/(\o o? (p))Z, namely the curve

ngZ o 1)s(p). The situation is represented in Figure 9.
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h—t(p) wZ oh_¢(p) = h_yo9Z(p)
Figure 9: The flows {p(} ¢[00 and {7 }rex.

~

We first compute the push-forward (cpgt))*(g ). By Remark 5.3.1, (%t)*(z )= (Z). In

1 ~
order to compute the push-forward (¢! W)*(Z ), we have to solve a system analogous
to (5.10). Also in this case, the system is in triangular form, hence the only nontrivial

equation is

d 1 ~ 1 1 1 1 1
G200t ) Zopl" = —(az(s)owt") [tW’)\Z] e
lw 1WA~ 1w
We get
1 ~ 1 wx 1 ~
(90§W)*(Z) = exp (tf ~ SO-ﬁW d7—>Z
From this, we deduce
~ 1 ~ 1 ~
(A),(2) = (), ("), () (2) = (), (") ,(2)

—S

For any s € [0, 0] and any initial point ¢ € M,

1" wx 1w o~
‘tj Togoiwoh_t(q)dT < — 0, fort— oo.

o
t

wa
A o0

(t)

Therefore, for any fixed s € [0, o], the tangent vectors of the curves @5’ o <p§ (p) converge
uniformly in r, that is

1 1

d 0
aw(GA)W = 5 20

(#3709l (p) = Dy

Since at the initial point p, i.e. for » = 0, by hypothesis we have gogn’“) (p) — ¥s(p), the

sequence ¢§”k> o cp? (p) converges to gorz 0 1s(p) uniformly in r € [—-R, R]. O
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Consider a typical point p € M and let
Fp= (¢ (0) 15 € [0,0]} <« €([0.0]. M).

The family .%), is clearly pointwise relatively bounded. For ¢t > 1, we have

4y (P)
A(p)

therefore, .%, is also equi-Lipschitz. Hence, by Ascoli-Arzela Theorem, it is relatively

ZH <14 mz‘xx)\
o min \

d @
ds??

1
W) < s+ ct+IWel). (19
compact in €([0,0], M). Consider a converging subsequence wgn’“)(p) — 1s(p). The
limit 4 (p) is Lipschitz and, in particular, it is differentiable for almost every s € [0, o].
Since the W-component of the tangent vectors of gognk) (p) converges uniformly to zero

by (5.13), the limit curve ¢(p) is parallel to Z. Moreover, by Lemma 5.6.1, 15 is defined
for all points in the Z-orbit of p.

Lemma 5.6.2. Let ¢ € M be such that wgn’“)(q) — 1)s(q) for all s € [0, 0]. Then, if the tangent
vector of 1) at q exists, it equals (£/\)(q)Z.

In order to prove Lemma 5.6.2, we need the following estimates.

Lemma 5.6.3. There exist constants Cz > 0 and Cy > 0 such that for all t > 1 we have

|Z£t| < Cy and |W€t| < Cwt.

Proof. Define C1 = ||A- (c+ Wp)|, so that for all ¢ > 1 and for all p € M we have
[6:(p)] < C1, and define also Cy = [[Z(A-(c+Wp))|,- A direct computation using
(5.12) yields

1 (° ~ 1[0~ ~
124, = ’tf Z((A- (c+ W8)) ohr) dr| = ‘J (i)u(Z) N (c+ WB)) ohrdr
—t —t
1% A ~ max A
== - . < _
'tJt)\o%TZ(/\ (c+WB))ohrdr| < TR
Similarly, by (5.11),
1 (0~ ~
Wil =[5 [ G (e wa)oar
—t
1 T, ~ Ch t
(7 TE2) 0 e wa) ehede] < WO e+ WL + 2o Cal,
which concludes the proof. O

Proof of Lemma 5.6.2. We denote by (™) (q) and 4(q) the curves s — ¢§”k)(q) and s —
Vs(q) for s € [0, o] respectively. Notice that, as we have already remarked, the curve (q)

is parallel to Z.
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5.6 PROOF OF PROPOSITION 5.5.1

By Stokes Theorem, since gol()nk) (q) — vo(q) and ™) (q) — 1, (q), we have

J 7 - f Z. (5.20)
@("k)(q) ¥(q)

7 7 (k) 7 Ly, JU Uy, (ng) Ly,
- s = N Vs - °¥s — —— 01, ds.
L(nk)(q)z X7 (a)ds A ots(q) ds + 0 ( N 0¥ (9) b\ ot (Q)) s

0 0

On the other hand, by (5.13),

By the Mean-Value Theorem, see Figure 10,

%wgn’“)(q) —gz’“O%(Q)‘ < ' <£)\ )

S

nk'

st (a) ) + | (22)

Figure 10: Application of the Mean-Value Theorem.

By Lemma 5.6.3, there exists a constant C' such that

éﬂowgnk)( ) — 2 54 (q)| < (d1st( (q), ¥s(q)) + s),
A

o715
(™) (q) 0o A

We remark that (¢;/)\)(p) is uniformly bounded in ¢ and p as shown in (5.19). Hence,

therefore

of (dist(o{™ (g), ¥s(q)) + 5) ds.

taking the limit for k¥ — oo, using (5.20) and Lebesgue Theorem,

- oy 0_2
Z—J —os(q)ds| < C—.
L(Q) 0 A 2
Finally, dividing by ¢ and taking the limit o — 0,
d 1 ~ 1 (¢ I4
—_ = 1i — = 1i — — N d = — .
Gl Vs(e) = lim — » Z=lim =] yovsla)ds =3(0)
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5.6 PROOF OF PROPOSITION 5.5.1

We are now in the position to conclude the proof of Proposition 5.5.1.

Proof of Proposition 5.5.1. Consider p € M and let ¢5(p) be a limit point of .%, as above.
By Lemma 5.6.1, we have ), o (p? (p) = go? o 9s(p); hence, by Lemma 5.6.2, for almost

every pe M,
!/ 1 1

0= [/\Z, iZ] (p) = —m(ZE)(p)<WZ)-

This implies that Z¢ = 0 almost everywhere. The family {¢; o ¢Z(p) : t € R} is uniformly
bounded and, by Lemma 5.6.3, it is equi-Lipschitz. By Ascoli-Arzela Theorem, it is re-
latively compact and every limit point is a Lipschitz function. Therefore, since ¢; — ¢
almost everywhere, the function ¢ o ¢Z(p) is Lipschitz for almost every p. In particular,
since Z¢ = 0, ¢ is constant along almost every p?-orbit. From the ergodicity of {7 }seR,
we deduce that / is constant almost everywhere.

We obtained that the tangent vector of v, at p is ¢Z so that v, (p) = gpf;Z (p). Since
this holds for every limit point 1(p), <p§2 (p) is the only limit point for .%,. Since p is
arbitrarily chosen in a full-measure set, the whole family .# must converge to {gpﬁz }sefo,0]

almost everywhere. O
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