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ABSTRACT
ESSAYS ON SIMULATION-BASED ESTIMATION

Jean-Jacques Forneron

Complex nonlinear dynamic models with an intractable likelihood or moments are
increasingly common in economics. A popular approach to estimating these models is
to match informative sample moments with simulated moments from a fully parameter-
ized model using SMM or Indirect Inference. This dissertation consists of three chapters
exploring different aspects of such simulation-based estimation methods. The following
chapters are presented in the order in which they were written during my thesis.

Chapter 1} written with Serena Ng, provides an overview of existing frequentist and
Bayesian simulation-based estimators. These estimators are seemingly computationally
similar in the sense that they all make use of simulations from the model in order to
do the estimation. To better understand the relationship between these estimators, this
chapters introduces a Reverse Sampler which expresses the Bayesian posterior moments
as a weighted average of frequentist estimates. As such, it highlights a deeper connection
between the two class of estimators beyond the simulation aspect. This Reverse Sampler
also allows us to compare the higher-order bias properties of these estimators. We find
that while all estimators have an automatic bias correction property (as highlighted in
Gouriéroux & Monfort, (1996) the Bayesian estimator introduces two additional biases.
The first is due to computing a posterior mean rather than the mode. The second is due
to the prior, which penalizes the estimates in a particular direction.

Chapter |2, also written with Serena Ng, proves that the Reverse Sampler described
above targets the desired Approximate Bayesian Computation (ABC) posterior distribu-
tion. The idea relies on a change of variable argument: the frequentist optimization step
implies a non-linear transformation. As a result, the unweighted draws follow a distribu-
tion that depends on the likelihood that comes from the simulations, and a Jacobian term
that arises from the non-linear transformation. Hence, solving the frequentist estimation
problem multiple times, with different numerical seeds, leads to an optimization-based
importance sampler where the weights depend on the prior and the volume of the Jaco-
bian of the non-linear transformation. In models where optimization is relatively fast, this
Reverse Sampler is shown to compare favourably to existing ABC-MCMC or ABC-SMC

sampling methods.



Chapter 3, relaxes the parametric assumptions on the distribution of the shocks in
simulation-based estimation. It extends the existing SMM literature, where even though
the choice of moments is flexible and potentially nonparametric, the model itself is as-
sumed to be fully parametric. The large sample theory in this chapter allows for both
time-series and short-panels which are the two most common data types found in empir-
ical applications. Using a flexible sieve density reduces the sensitivity of estimates and
counterfactuals to an ad hoc choice of distribution such as the Gaussian density. Com-
pared to existing work on sieve estimation, the Sieve-SMM estimator involves dynami-
cally generated data which implies non-standard bias and dependence properties. First,
the dynamics imply an accumulation of the bias resulting in a larger nonparametric ap-
proximation error than in static models. To ensure that it does not accumulate too much,
a set decay conditions on the data generating process are given and the resulting bias is
derived. Second, by construction, the dependence properties of the simulated data vary
with the parameter values so that standard empirical process results, which rely on a
coupling argument, do not apply in this setting. This non-standard dependent empiri-
cal process is handled through an inequality built by adapting results from the existing
literature. The results hold for bounded empirical processes under a geometric ergod-
icity condition. This is illustrated in the paper with Monte-Carlo simulations and two

empirical applications.
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1.1 Introduction

As knowledge accumulates, scientists and social scientists incorporate more and more
features into their models to have a better representation of the data. The increased model
complexity comes at a cost; the conventional approach of estimating a model by writing
down its likelihood function is often not possible. Different disciplines have developed
different ways of handling models with an intractable likelihood. An approach popular
amongst evolutionary biologists, geneticists, ecologists, psychologists and statisticians is
Approximate Bayesian Computation (ABC). This work is largely unknown to economists
who mostly estimate complex models using frequentist methods that we generically re-
fer to as the method of Simulated Minimum Distance (SMD), and which include such
estimators as Simulated Method of Moments, Indirect Inference, or Efficient Methods of
Moments/T]

The ABC and SMD share the same goal of estimating parameters 6 using auxiliary
statistics ¢ that are informative about the data. An SMD estimator minimizes the L,
distance between 1§ and an average of the auxiliary statistics simulated under 6, and this
distance can be made as close to zero as machine precision permits. An ABC estimator
evaluates the distance between ¢ and the auxiliary statistics simulated for each 6 drawn
from a proposal distribution. The posterior mean is then a weighted average of the draws
that satisfy a distance threshold of 6 > 0. There are many ABC algorithms, each differing
according to the choice of the distance metric, the weights, and sampling scheme. But the
algorithms can only approximate the desired posterior distribution because é cannot be
zero, or even too close to zero, in practice.

While both SMD and ABC use simulations to match ¢(6) to 9 (hence likelihood-free),
the relation between them is not well understood beyond the fact that they are asymp-
totically equivalent under some high level conditions. To make progress, we focus on
the MCMC-ABC algorithm due to Marjoram et al.| (2003). The algorithm applies uni-
form weights to those 6 satisfying ||¢ — ¥()|| < J and zero otherwise. Our main insight
is that this 6 can be made very close to zero if we combine optimization with Bayesian
computations. In particular, the desired ABC posterior distribution can be targeted using
a ‘Reverse Sampler” (or RS for short) that applies importance weights to a sequence of
SMD solutions. Hence, seen from the perspective of the RS, the ideal MCMC-ABC es-

timate with 6 = 0 is a weighted average of SMD modes. This offers a useful contrast

I Indirect Inference is due to/Gouriéroux et al. (1993), the Simulated Method of moments is due to|[Duffie
& Singleton| (1993)), and the Efficient Method of Moments is due to Gallant & Tauchen|(1996).



with the SMD estimate, which is the mode of the average deviations between the model
and the data. We then use stochastic expansions to study sources of variations in the two
estimators in the case of exact identification. The differences are illustrated using simple
analytical examples as well as simulations of the dynamic panel model.

Optimization of models with a non-smooth objective function is challenging, even
when the model is not complex. The Quasi-Bayes (LT) approach due to |Chernozhukov
& Hong (2003) use Bayesian computations to approximate the mode of a likelihood-free
objective function. Its validity rests on the Laplace (asymptotic normal) approximation
of the posterior distribution with the goal of valid asymptotic frequentist inference. The
simulation analog of the LT (which we call SLT) further uses simulations to approximate
the intractable relation between the model and the data. We show that both the LT and
SLT can also be represented as a weighted average of modes with appropriately defined
importance weights.

A central theme of our analysis is that the mean computed from many likelihood-
free posterior distributions can be seen as a weighted average of solutions to frequentist
objective functions. Optimization permits us to turn the focus from computational to an-
alytical aspects of the posterior mean, and to provide a bridge between the seemingly
related approaches. Although our optimization-based samplers are not intended to com-
pete with the many ABC algorithms that are available, they can be useful in situations
when numerical optimization of the auxiliary model is fast. This aspect is studied in
our companion paper Forneron & Ng (2016) in which implementation of the RS in the
overidentified case is also considered. The RS is independently proposed in Meeds &
Welling (2015) with emphasis on efficient and parallel implementations. Our focus on the
analytical properties complements their analysis.

The paper proceeds as follows. After laying out the preliminaries in Section 2, Section
3 presents the general idea behind ABC and introduces an optimization view of the ideal
MCMC-ABC. Section 4 considers Quasi-Bayes estimators and interprets them from an
optimization perspective. Section 5 uses stochastic expansions to study the properties
of the estimators. Section 6 uses analytical examples and simulations to illustrate their
differences. Throughout, we focus the discussion on features that distinguish the SMD

from ABC which are lesser known to economists

2 The class of SMD estimators considered are well known in the macro and finance literature and with
apologies, many references are omitted. We also do not consider discrete choice models; though the idea is
conceptually similar, the implementation requires different analytical tools. [Smith|(2008) provides a concise
overview of these methods. The finite sample properties of the estimators are studied in|Michaelides & Ng



1.2 Preliminaries

As a matter of notation, we use L(-) to denote the likelihood, p(-) to denote posterior
densities, g(-) for proposal densities, and 7(-) to denote prior densities. A ‘hat” denotes
estimators that correspond to the mode and a ‘bar’ is used for estimators that correspond
to the posterior mean. We use (s, S) and (b, B) to denote the (specific, total number of)
draws in frequentist and Bayesian type analyses respectively. A superscript s denotes a
specific draw and a subscript S denotes the average over S draws. For a function f(6),
we use fg(6y) to denote % f(0) evaluated at 6, foo, (60) to denote a%j fo(0) evaluated at 6

and fglgj,gk (6g) to denote #;{ fo(0) evaluated at 6.

Throughout, we assume that the datay = (y1,...,yr)’ are strictly stationary and can
be represented by a parametric model with probability measure Py where § € ® C RX.
The true value of 0 is denoted by 6. Unless otherwise stated, we write [E[-] for expec-
tations taken under Py, instead of Ep, [-]. If the likelihood L(0) = L(6|y) is tractable,
maximizing the log-likelihood ¢(6) = log L(0) with respect to 6 gives

Oy = argmax,/(6).

Bayesian estimation combines the likelihood with a prior 77(0) to yield the posterior

density
_ L) - 7(6)

For any prior 71(6), it is known that f;; solves argmax,¢(8) = lim)_,q,

Jo 0 exp(AL(0))7(0)d0
Jo exp(AL(6))7(9)d0 *
That is, the maximum likelihood estimator is a limit of the Bayes estimator using A — oo

replications of the data yE| The parameter A is the cooling temperature in simulated
annealing, a stochastic optimizer due to Kirkpatrick et al.|(1983) for handling problems
with multiple modes.

In the case of conjugate problems, the posterior distribution has a parametric form
which makes it easy to compute the posterior mean and other quantities of interest.
For non-conjugate problems, the method of Monte-Carlo Markov Chain (MCMC) allows
sampling from a Markov Chain whose ergodic distribution is the target posterior distri-
bution p(f|y), and without the need to compute the normalizing constant. We use the

Metropolis-Hastings (MH) algorithm in subsequent discussion. In classical Bayesian es-

(2000). Readers are referred to the original paper concerning the assumptions used.

3See Robert & Casella| (2004} Corollary 5.11), |Jacquier et al.| (2007).



timation with proposal density (), the acceptance ratio is

L(9b+1)n(9b+l>q(9b|9b+1)
L(6%)7(6%)q(00+116") )

PBC (Qb, 9b+1) = min (

When the posterior mode Opc = argmax,p(6|y) is difficult to obtain, the posterior mean

_ 1 B
Osc = 520"~ [ op(oly)ds
BC B 1;1 © p(6ly)
is often the reported estimate, where 6° are draws from the Markov Chain upon conver-

gence. Under quadratic loss, the posterior mean minimizes the posterior risk Q(a) =
Jo 10 —al*p(6]y)de.

Minimum Distance Estimators

The method of generalized method of moments (GMM) is a likelihood-free frequentist
estimator developed in Hansen (1982); Hansen & Singleton (1982). For example, it allows
for the estimation of K parameters in a dynamic model without explicitly solving the full
model. It is based on a vector of L > K moment conditions g;(6) whose expected value
is zero at § = 6y, i.e. E[g:(60)] = 0. Let g(8) = + Y[, g:(0) be the sample analog of

E[g:(0)]. The estimator is

(6)'Wg(0) (1.2)

where W is a L x L positive-definite weighting matrix. Most estimators can be put in

~ _ T
Ocmm = argming](6), J(6) = 5"
the GMM framework with suitable choice of g;. For example, when g; is the score of the

likelihood, the maximum likelihood estimator is obtained.

Let ¢ = ¥(y(6p)) be L auxiliary statistics with the property that
~ d
VT — $(80)) =N (0,%).

It is assumed that the mapping ¢(8) = limr_,, E[¢)(8)] is continuously differentiable in
6 and locally injective at 6y. Gouriéroux et al. (1993) refer to ¢(0) as the binding func-
tion while Jiang & Turnbull| (2004) use the term bridge function. The minimum distance

estimator is a GMM estimator which specifies

g(0) =9 —y(6),
with efficient weighting matrix W = >~1. Classical MD estimation assumes that the

binding function ¢(6) has a closed form expression so that in the exactly identified case,

one can solve for 0 by inverting g(6).



SMD Estimators

Simulation estimation is useful when the asymptotic binding function ¢(6p) is not an-
alytically tractable but can be easily evaluated on simulated data. The first use of this
approach in economics appears to be due to Smith| (1993). The simulated analog of MD,
which we will call SMD, minimizes the weighted difference between the auxiliary statis-

tics evaluated at the observed and simulated data:
Osvip = argmin,Js(0) = argmin,gs(0)Wg4(0).

where g
~ 1 —
8s(0) =9 —¢ Z;IPS(YS(G)),

y°(0) = y°(¢°, ) are data simulated under 6 with errors ¢° drawn from an assumed distri-
bution F., and $*(0) = ¥*(y*(¢°,8)) are the auxiliary statistics computed using y*(6). Of
course, g5(0) is also the average over S deviations between ¢ and ¢*(y*(0)). To simplify
notation, we will write y° and 1°(f) when the context is clear. As in MD estimation, the
auxiliary statistics () should ‘smoothly embed’ the properties of the data in the termi-
nology of |Gallant & Tauchen| (1996). But SMD estimators replace the asymptotic binding
function ¢(6y) = limr_.., E[((6p)] by a finite sample analog using Monte-Carlo simu-
lations. While the SMD is motivated with the estimation of complex models in mind,
Gouriéroux et al.|(1999) show that simulation estimation has an automatic bias reduction
effect when 1 is consistent for 6, which is comparable to bootstrap-based bias correction
methods. Hence in the econometrics literature, SMD estimators are used even when the
likelihood is tractable, as in Gouriéroux et al. (2010).

The steps for implementing the SMD are as follows:

0 Fors=1,...,S,draw ¢’ = (efi, cel, sST)’ from F;. These are innovations to the struc-
tural model that will be held fixed during iterations.

1 Given 0, repeat fors =1,...S:

a Use (&°, 0) and the model to simulate data y° = (v3,...,v%)".

b Compute the auxiliary statistics °(#) using simulated data y°.
2 Compute: g5(0) = 9(y) — + =54 ¢°(6). Minimize J5(0) = g4(0)' Wg4(0).

The SMD estimator is the 6 that makes Js(6) smaller than the tolerance specified for the
numerical optimizer. In the exactly identified case, the tolerance can be made as small

as machine precision permits. When 9 is a vector of unconditional moments, the SMM

6



estimator of Duffie & Singleton| (1993) is obtained. When ¢ are parameters of an auxil-
iary model, we have the ‘indirect inference” estimator of Gouriéroux et al. (1993). These
are Wald-test based SMD estimators in the terminology of Smith (2008). When ¢ is the
score function associated with the likelihood of the auxiliary model, we have the EMM
estimator of (Gallant & Tauchen| (1996), which can also be thought of as an LM-test based
SMD. If ¢ is the likelihood of the auxiliary model, J5(8) can be interpreted as a likeli-
hood ratio and we have a LR-test based SMD. Gouriéroux & Monfort (1996) provide a
framework that unifies these three approaches to SMD estimation. Nonparametric esti-
mation of the auxiliary statistics was considered in (Gallant & Tauchen| (1996), Fermanian
& Salanié (2004), Carrasco et al.[(2007a), among others. [Nickl & Potscher (2011) show that
an SMD based on non-parametrically estimated auxiliary statistics can have asymptotic
variance equal to the Cramer-Rao bound if the tuning parameters are optimally chosenﬂ

The Wald, LM, and LR based SMD estimators minimize a weighted L, distance be-
tween the data and the model as summarized by auxiliary statistics. Creel & Kristensen
(2013) consider a class of estimators that minimize the Kullback-Leibler distance between
the model and the dataE] Within this class, their MIL estimator maximizes an ‘indirect
likelihood’, defined as the likelihood of the auxiliary statistics. Their BIL estimator uses
Bayesian computations to approximate the mode of the indirect likelihood. In practice,
the indirect likelihood is unknown. Estimating it by kernel smoothing of the simulated
statistics, the SBIL estimator combines Bayesian computations with non-parametric es-
timation. Gao & Hong| (2014) show that using local linear regressions instead of kernel
estimation can reduce the variance and the bias. Using non-parametric estimation in ABC
has previously been considered in Beaumont et al.|(2009). Creel et al.| (2016)) show that not
only can such an ABC implementation bypass MCMC altogether, it can provide asymp-
totically valid frequentist inference. Bounds for the number of simulations that achieve

the parametric rate of convergence and asymptotic normality are derived.

1.3 Approximate Bayesian Computation

The ABC literature often credits Donald Rubin to be the first to consider the possibility of
estimating the posterior distribution when the likelihood is intractable. Diggle & Gratton

(1984) propose to approximate the likelihood by simulating the model at each point on

4Similar ideas in statistics include Mitrovic et al. (2016), Park et al.[{(2016), and Bernton et al. (2017).

5 In the sequel, we take the more conventional L, definition of SMD as given above.



a parameter grid and appear to be the first implementation of simulation estimation for
models with intractable likelihoods. Subsequent developments adapted the idea to con-
duct posterior inference, giving the prior an explicit role. The first formal ABC algorithm
was implemented by [Iavare et al. (1997) and |Pritchard et al. (1996)) to study population
genetics. Their Accept/Reject algorithm is as follows: (i) draw 6° from the prior distri-
bution 7t(6), (ii) simulate data using the model under 6° (iii) accept 6" if the auxiliary
statistics computed using the simulated data are close to §. As in the SMD literature, the
auxiliary statistics can be parameters of a regression or unconditional sample moments.
Heggland & Frigessi (2004), Drovandi et al. (2011} [2015) use simulated auxiliary statistics.

Since simulating from a non-informative prior distribution is inefficient, subsequent
work suggests to replace the rejection sampler by one that takes into account the features
of the posterior distribution. The likelihood of the full dataset L(y|6) is intractable, as is
the likelihood of the finite dimensional statistic L(¢|0). However, the latter can be con-
sistently estimated using simulations. The general idea is to set as a target the intractable
posterior density

Piasc(619) o (6)L(§16)

and approximate it using Monte-Carlo methods. Some algorithms are motivated from the
perspective of non-parametric density estimation, while others aim to improve properties
of the Markov Chainﬁ The main idea is, however, using data augmentation to consider
the joint density papc(8, x|) o L(9|x,0)L(x|0)7(8), putting more weight on the draws
with x close to . When x = ¢, L({|, ) is a constant, p4pc (6, ¥|¢) o L(1|0)7(8), and
the target posterior is recovered. If ¢ are sufficient statistics, one recovers the posterior
distribution associated with the intractable likelihood L(6|y), not just an approximation.

To better understand the ABC idea and its implementation, we will write y’ instead
of y(e?,0%) and ¢’ instead of ¥’(y’(e?,8%)) to simplify notation. Let Ks(¢?, %|6) > 0
be a kernel function that weighs deviations between ¢ and * over a window of width
5. Suppose we keep only the draws that satisfy ¢* = @ and hence 6 = 0. Note that
Ko(¢?, 9|0) = 1if ¢ = ¢" for any choice of the kernel function. Once the likelihood of

interest
L(§l6) = [ L(x|o)Ko(x, §10)dx

is available, moments and quantiles can be computed. In particular, for any measurable

6 Recent surveys on ABC can be found in |Marin et al. (2012), Blum et al.| (2013) among others. See
Drovandi et al.| (2015} |2011) for differences amongst ABC estimators.



function ¢ whose expectation exists, we have:

bl _ Jo#( 9” ) (O)L(Pl6°)d0> [ [ p(8%)7r(6%)L(x]0")Ko(x, §|67)dxd6”
[ )ty = 1/;] Jo m(@V)L(pleD)do> [ [ 7 Gb L(x|9b)11<0(x P|0)dxdob

Since ¢’|6° ~ L(-|0"), the expectation can be approximated by averaging over draws
from L(-|6?). More generally, draws can be taken from an importance density g(-). In

particular,

Y8, (6" Ko(§", §10") 25

P o o
oy ='] = i Ko, §160) 7

v
\./,.\

The importance weights are then

(6
q(6%)°

By a law of large numbers, E [¢(0)|¢] — E [¢(8)|¢] as B — .

There is, however, a caveat. When ¢ has continuous support, ' = ¢ is an event of

~—

wg o< Ko (97, 9]6)

measure zero. Replacing Ky with K5 where ¢ is close to zero yields the approximation:

bf¢¢ )L(x|60")K(x, ]6)dxd6”
Jo | ’9}’)11(5(96 |00)dxdo?

Since K(+) is a kernel function, consistency of the non-parametric estimator for the con-

E p(0)§ =¢"| ~

ditional expectation of ¢(6) follows from, for example, Pagan & Ullah| (1999). This is
the approach considered in Beaumont et al.| (2009), Creel & Kristensen (2013) and (Gao &
Hong| (2014). The case of a rectangular kernel K; (¢, *) = Ly G—gv)<s corresponds to the
ABC algorithm proposed in Marjoram et al.| (2003). This is the first ABC algorithm that
exploits MCMC sampling. Hence we refer to it as MCMC-ABC. Our analysis to follow is

based on this algorithm. Accordingly, we now explore it in more detail.

Algorithm MCMC-ABC Let g(-) be the proposal distribution. For b = 1,..., B with §°

given,

1 Generate 07F1 ~ g(8°+1|0Y).

2 Draw e'*! from F. and simulate data y’*1. Compute $*+1,

3 Accept 8"+1 with probability papc(6°,6°+1) and set it equal to 8° with probability
1 — papc(6Y,0°F1) where

b b1y _ (6°T1)q(6% 16" )
panc(@,671) = min (15 g1, @2 (T 1). (1.3)

9



As with all ABC algorithms, the success of the MCMC-ABC lies in augmenting the pos-
terior with simulated data ¢°, i.e. p’pc(0%, °|) o L(1p|60°, ¢*)L(9°|6°)7x(6"). The joint
posterior distribution that the MCMC-ABC would like to target is

Psc (0% 9°1%) o (O LH16") L5051
since integrating out ¢’ would yield p¥-(6|). But it would not be possible to generate

draws such that ||* — ¢|| equals zero exactly. Hence as a compromise, the MCMC-ABC
algorithm allows § > 0 and targets

Phsc (0% 9°1%) o (0" LG 6" 150 gy<s
The adequacy of p% . as an approximation of pY ;- is a function of the tuning parameter
J.

To understand why this algorithm works, we follow the argument in Sisson & Fan
(2011). If the initial draw 6! satisfies ||y — ¢1|| < J, then all subsequent b > 1 draws
are such that Hl\lﬁb*lfll <= 1 by construction. Furthermore, since we draw 6+1 and then
independently simulate data ¢!, the proposal distribution becomes g(8?+1, p?+1|9%) =
g(6°+110Y)L(¢"*16PF1). The two observations together imply that

(0" )q (016" ") _ Ljg—grry<o (67 )q(0°16" ) LHTO"H)  L(y"]6")

I[”lﬁ,lﬁwl\s& 7T(6%)q(6b+1|6Y) - H\Ilﬁ—lﬁ”\léé (6%)q(6b+1]6) L(l])\b |67) L(l];b-i—l |gb+1)
_ Djg—grerpzo m(@ LG 0" q(6°]0" ) L(y"]6")
Ljg-gryzo  mO)L($P(O")  q(Ob*[6P)L (0100 +1)
_ Papc ("L 9" 19) q(0", §"10" )
Pasc (07 9°19)  q(6"+1, ¢ +1j6b)
The last equality shows that the acceptance ratio is in fact the ratio of two ABC posteriors
times the ratio of the proposal distribution. Hence the MCMC-ABC effectively targets the

joint posterior distribution p 5.

The Reverse Sampler

Thus far, we have seen that the SMD estimator is the 6 that makes || — £ ©5_; $°(6) | no
larger than the tolerance of the numerical optimizer. We have also seen that the feasible
MCMC-ABC accepts draws 6 satisfying || — ¢ (8%)|] < & with 6 > 0. To view the
MCMC-ABC from a different perspective, suppose that setting § = 0 was possible. Then

each accepted draw 6% would satisfy:
") = .
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For fixed ¢’ and assuming that the mapping ¢” : 8 — () is continuously differentiable

and one-to-one, the above statement is equivalent to:

0" = argmin, (§°(6) ~ §) (¢°(6) - ).
Hence each accepted 6 is the solution to a SMD problem with S = 1. Next, suppose
that instead of drawing 6° from a proposal distribution, we draw &’ and solve for 6” as
above. Since the mapping ¢’ is invertible by assumption, a change of variable yields the
relation between the distribution of @b and 6°. In particular, the joint density, say h(@b, el ),
is related to the joint density L((6"), ") via the determinant of the Jacobian |¢}(6%)| as
follows:
n(6”, €' |) = (5 (6") | L($"(6°), '),

Multiplying the quantity on the right-hand-side by w?(6?) = 7(6%)|¢95(6")|~! yields
7(0°)L(¢, €b|0) since ¢¥(0°) = ¢ and the mapping from 6 to ¥’ (6") is one-to-one. This
suggests that if we solve the SMD problem B times each with S = 1, re-weighting each
of the B solutions by w”(6%) would give the target the joint posterior p*,-(0]¢) after

integrating out e’

Algorithm RS

1 Forb=1,...,Band agiven ¥,

i Draw ¢’ from F. and simulate data y” using . Compute 9*(8) from y?.
i Let 6% — argming J4(0), J1(6) = (§ — §(6))'W(§ — §"(6)).
iii Compute the Jacobian 5(6") and its determinant |5 (6°)|.
Let ! (6%) = 7(6%)| 74(6%)] .

2 Compute the posterior mean fgs = Y0, @"(6%)6 where @’ (6") = %.
c=1

The RS has the optimization aspect of SMD as well as the sampling aspect of the MCMC-
ABC. We call the RS the reverse sampler for two reasons. First, typical Bayesian esti-
mation starts with an evaluation of the prior probabilities. The RS terminates with the
evaluation of the prior. Furthermore, we use the SMD estimates to reverse engineer the
posterior distribution.

Consistency of each RS solution (i.e. 0%) is built on the fact that the SMD is consistent
even with S = 1. The RS estimate is thus an average of a sequence of SMD modes. In
contrast, the SMD is the mode of an objective function defined from a weighted average

of the simulated auxiliary statistics. Optimization effectively allows ¢ to be as close to
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zero as machine precision permits. This puts the joint posterior distribution as close to
the infeasible target as possible, but has the consequence of shifting the distribution from
(y?, ¥?) to (y?,0%). Hence a change of variable is required. The importance weight de-

pends on the Jacobian matrix, making the RS an optimization based importance sampler.

Lemma 1. Suppose that  : 0 — §°(0) is one-to-one and Y}(6) has full column rank. The poste-

rior distribution produced by the reverse sampler converges to the infeasible posterior distribution

Pipc(0lP) as B — .

The proof is given in Forneron & Ng (2016). By convergence, we mean that for any
measurable function ¢(6) such that the expectation exists, a law of large numbers implies
that Y-8, wb(()b)(p(()b)ﬁﬂEp*(e@((p(@)). In general, @W’(6’) # L. The RS draws and
moments can be interpreted as if they were taken from p} -, the posterior distribution
had the likelihood p(1|0) been available.

That the draws of the MCMC-ABC at § = 0 can be seen from an optimization per-
spective allows us to subsequently use the RS as a conceptual framework to understand
the differences between the ideal MCMC-ABC and SMD. It should be noted that the RS is
not the same as the MCMC-ABC or any ABC estimator implemented with § > 0 as they
necessarily have an acceptance rate strictly less than one. Indeed, a challenge of many
ABC implementations is the low acceptance rate. The RS draws are always accepted and
can be useful in situations when numerical optimization of the auxiliary model is easy.
Properties of the RS are further analyzed in Forneron & Ng| (2016). Meeds & Welling
(2015) independently propose an ABC sampling algorithm similar to the RS. Their focus

is on ways to implement it efficiently using embarrassingly parallel methods.

1.4 Quasi-Bayes Estimators

The GMM objective function J(0) defined in (1.2) is not a proper density. Noting that
exp(—J(0)) is the kernel of the Gaussian density, Jiang & Turnbull (2004) define an indirect
likelihood as )

LIND(9|{P\) = \/Z’[

where ¥ is a consistent estimate of . Note that L inp(0) is distinct from the indirect like-
lihood defined in [Creel & Kristensen| (2013), but analogous to the ‘synthetic likelihood’
defined in Wood| (2010). Associated with the indirect likelihood is the indirect score, indi-

rect Hessian, and a generalized information matrix equality, just like a conventional likeli-

£~ exp(~(8))
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hood. Though the indirect likelihood is not a proper density, its maximizer has properties
analogous to the maximum likelihood estimator provided by E[g:(6y)] = 0.

In Chernozhukov & Hong| (2003), the authors observe that extremum estimators can
be difficult to compute if the objective function is highly non-convex, especially when
the dimension of the parameter space is large. These difficulties can be alleviated by
using Bayesian computational tools, but this is not possible when the objective function
is not a likelihood. |Chernozhukov & Hong (2003) take an exponential of —J (), as in
Jiang & Turnbull (2004), but then combine exp(—J(#)) with a prior density 77(6) to pro-
duce a quasi-posterior density. Chernozhukov and Hong initially termed their estima-
tor ‘Quasi-Bayes’ because exp(—J(0)) is not a standard likelihood. They settled on the
term ‘Laplace-type estimator” (LT), so-called because Laplace suggested to approximate
a smooth probability density with a well defined peak by a normal density, see Tierney
& Kadane (1986). If 77(0) is strictly positive and continuous over a compact parameter

space O, the ‘quasi-posterior’ LT distribution

prr(6ly) = f@e;;;((—_}}((@e)));(:))) =5 < exp(=](0))7(6) (1.4)

is proper. The LT posterior mean is thus well-defined even when the prior may not be

proper. Wood (2010) considers similar idea, but replaces J(0) with Liyp(0). As discussed
in Chernozhukov & Hong| (2003), one can think of the LT under a flat prior as using
simulated annealing to maximize exp(—J(0)) and setting the cooling parameter 7 to 1.
Frequentist inference is asymptotically valid because as the sample size increases, the
prior is dominated by the pseudo likelihood which, by the Laplace approximation, is
asymptotically normalﬂ

In practice, the LT posterior distribution is targeted using MCMC methods. Upon
replacing the likelihood L(0) by exp(—](6)), the MH acceptance probability is

exp(—J (9))7(8)q(6"]8) 1),
exp(—] (67))7(67)4(8]6%)’

The quasi-posterior mean is 071 = % Y5 _, 6% where each 6’ is a draw from pr7(6|y). Cher-

prr(6°, %) = min (

nozhukov and Hong suggest to exploit the fact that the quasi-posterior mean is much
easier to compute than the mode and that, under regularity conditions, the two are first-

order equivalent. In practice, the weighting matrix can be based on some preliminary

7 For loss function d(-), the LT estimator is 6;7(8) = argming [o d(6 —8)prr(6]y)d6. If d(-) is quadratic,
the posterior mean minimizes quasi-posterior risk.
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estimate of 6, or estimated simultaneously with 6. In exactly identified models, it is well
known that the MD estimates do not depend on the choice of W. This continues to be
the case for the LT posterior mode fr7. However, the posterior mean and variance are
affected by the choice of the weighting matrix even in the just-identified caseﬁ

The LT estimator is built on the validity of the asymptotic normal approximation in
the second-order expansion of the objective function. Nekipelov & Kormilitsina (2015)
show that in small samples, this approximation can be poor so that the LT posterior mean
may differ significantly from the extremum estimate that it is meant to approximate. To
see the problem in a different light, we again take an optimization view. Specifically, the
asymptotic distribution v/T((8g) — l[J(Qo))i)N (0,X(6p)) = A(6p) suggests to use

Sy A (60)
P (0) =~ ¢(0) + T

where AL (6)) ~ N (0,£(0)). Given a draw of AL, there will exist a 6° such that (*(6) —

~ ~

)W (9t (8) — ¥) is minimized. In the exactly identified case, this discrepancy can be

driven to zero up to machine precision. Hence we can define
= argmin, n — 9.
6" b6

Arguments analogous to the RS suggest the following will produce draws of 6 from

prr(0ly)-

1 Forb=1,...B:

i Draw A% (6y) and define 9*(8) = () + A%(Te).
ii Solve for 8% such that ¢*(6?) = ¢ (up to machine precision).
iii Compute w’(6%) = [¢5(6%)|~17(67).

— . —b b b —b J— M
2 Compute 7 = Y.w"(67)0", where @” = = s,

Seen from an optimization perspective, the LT is a weighted average of MD modes with
the determinant of the Jacobian matrix as importance weight, similar to the RS. It differs
from the RS in that the Jacobian here is computed from the asymptotic binding function
#(6), and the draws are based on the asymptotic normality of ¢. As such, simulation of

the structural model is not required.

8Kormiltsina & Nekipelov| (2014) suggests to scale the objective function to improve coverage of the
confidence intervals.
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The SLT

When ¢(0) is not analytically tractable, a natural modification is to approximate it by
simulations as in the SMD. This is the approach taken in Lise et al.| (2015). We refer to this

estimator as the Simulated Laplace-type estimator, or SLT. The steps are as follows:

0 Draw structural innovations & = (sfi, e, s§r)’ from F.. These are held fixed across
iterations.
1 Forb=1,...,B, draw ¢ from q(8|6").
i. Fors =1,...5: use (9,¢°) and the model to simulate data y° = (y3,...,y5)".
Compute ¢*°(9) using y°.
ii. Form Js(8) = 5(8)'Wgs(9), where g(8) = §(y) — § 131 9°(9).
iii. Set #**1 = ¢ with probability ps;(6%,9), else reset ¢ to #” with probability
1 — psrr where the acceptance probability is:

exp(—Js(9))m(9)q(6°[9) 1),
exp(—Js(0%)) 7 (6%)q(8]6)’

‘OSLT(Qb, 19) = min <

2 Compute EZLT = % Z,lle 6b.

The SLT algorithm has two loops, one using S simulations for each b to approximate the
asymptotic binding function, and one using B draws to approximate the ‘quasi-posterior’
SLT distribution

sy _ _ew(s(O)n(o)
' Jo exp(—Js(6))7(6)do

The above SLT algorithm has features of SMD, ABC, and LT, it also requires simu-
lations of the full model. As a referee pointed out, though the SLT resembles the ABC

psir(fly, €', ... o exp(—Js(0))7(0) (1.5)

algorithm when used with a Gaussian kernel, exp(—Js(6)) is not a proper density, and
psiT(0]y,€l,...,€%) is not a conventional likelihood-based posterior distribution. While
the SLT targets the pseudo likelihood, ABC algorithms target the proper but intractable
likelihood. Furthermore, the asymptotic distribution of ¢ is known from a frequentist
perspective. In ABC estimation, lack of knowledge of the likelihood of ¢ motivates the
Bayesian computation.

The optimization implementation of SLT presents a clear contrast with the ABC.

1 Givene® = (€5,...,e%) fors =1,...5, repeatforb =1,...B:

~ ~ b
i Draw §%(0) = 1 15, §°(6) + 252,
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ii Solve for 8% such that ¢*(6?) = ¢ (up to machine precision).
iii Compute w’(0°) = [95(6%)|~1r(67).

S ——b/ab\ab —b __ w’(6")
2. Compute 057 = Y w"(0”)0", where W’ = YP L we(69)

While the SLT is a weighted average of SMD modes, the draws of ¢*(6) are taken from
the (frequentist) asymptotic distribution of ¢ instead of solving the model at each b. Gao
& Hong| (2014) use a similar idea to make draws of what we refer to as g(6) in their
extension of the BIL estimator of Creel & Kristensen| (2013) to non-separable models.
The SMD, RS, ABC, and SLT all require specification and simulation of the full model.

At a practical level, the innovations el ..

.,€° used in SMD and SLT are only drawn from
Fe once and held fixed across iterations. Equivalently, the seed of the random number
generator is fixed so that the only difference in successive iterations is due to change in the
parameters to be estimated. In contrast, ABC draws new innovations from F; each time
a 9"*1 is proposed. We need to simulate B sets of innovations of length T, not counting
those used in draws that are rejected, and B is generally much bigger than S. The SLT
takes B draws from an asymptotic distribution of ¢. Hence even though some aspects of

the algorithms considered seem similar, there are subtle differences.

1.5 Properties of the Estimators

This section studies the finite sample properties of the various estimators. Our goal is to
compare the SMD with the RS, and by implication, the infeasible MCMC-ABC. Note that
our RS is different from the original kernel based ABC methods. To do so in a tractable
way, we only consider the expansion up to order % As a point of reference, we first
note that under assumptions in [Rilstone et al. (1996); Bao & Ullah (2007), gML admits a
second-order expansion

Cme(6o) 1

+OP(T)'

Ami(6o)
VT T

where Ay (6p) is a mean-zero asymptotically normal random vector and Cyyr(6p) de-

L = 0o +

pends on the curvature of the likelihood. These terms are defined as

AmL(60) = E[le(60)] " Zs(6o) (1.6a)

_ 1 &
Cmer(60) = IE[—loo(60)]" | Z1(60)Zs(60) _EZ (—Loo0;(00))Zs(60)Zs,j(60) | (1.6b)
j=1
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where the normalized score \/LTEG (60) and centered Hessian \/LT (Loa(80) —E[€ge(6p)]) con-
verge in distribution to the normal vectors Zs and Zp respectively. The order 71 bias is
large when Fisher information is low.

Classical Bayesian estimators are likelihood based. Hence the posterior mode §BC
exhibits a bias similar to that of 8, . However, the prior 71(6) can be thought of as a con-
straint, or penalty since the posterior mode maximizes log p(6|y) = log L(6|y) + log 7z(0).
Furthermore, Kass et al. (1990) show that the posterior mean deviates from the posterior
mode by a term that depends on the second derivatives of the log-likelihood. Accord-
ingly, there are three sources of bias in the posterior mean 53(;: a likelihood component, a
prior component, and a component from approximating the mode by the mean. Hence
Opc = 60 + Ami(bo) | % Cpc(fo) + 77?((;0))

VT

Note that the prior component is under the control of the researcher.

1

Che(60) + CHE(00) | + 0y ().

In what follows, we will show that posterior means based on auxiliary statistics @

generically have the above representation, but the composition of the terms differ.

Properties of é\s MD

Minimum distance estimators depend on auxiliary statistics ¢. Its properties have been
analyzed in Newey & Smith (2004, Section 4.2) within an empirical-likelihood frame-
work. To facilitate subsequent analysis, we follow Gouriéroux & Monfort (1996, Ch.4.4)
and directly expand ¢ around (6p), under the assumption that it admits a second-order
expansion. In particular, since {b\ is /T consistent for P(6o), I]J\ has expansion

§=pt0) + 220 T o). 1.7

It is then straightforward to show that the minimum distance estimator Opp has expan-

Amp(6) = [4’9(90)] 711/\(90) (1.8a)

_ K
Cmp(b0) = [%(90)] 1[6(90)_%ZlPG,Gj(GO)AMD(GO)AMDJ(@O)- (1.8b)
=

The bias in Oyp depends on the curvature of the binding function and the bias in the

auxiliary statistic ¢, C(8p). Then following Gouriéroux et al|(1999), we can analyze the
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SMD as follows. In view of (1.7), we have, for each s:

7o) = per+ 2+ C o).

The estimator 65 MmD satisfies IIJ =3 Z 1 1/) (GSMD) and has expansion 95 Mp = 6o+

Asup(®o) CSMD(GO) + 0p(4). Plugging it in the second-order expansions gives:

VT
A(6)) C(6 13 INQ@ (6. 1
l[)(@o) + \(/%)) + (T ) +Op T = g ; [ QSMD (\/ST]YID) + (;MD) +OP(T) .
Expanding ¢(§5MD) and AS(§5MD) around 6y and equating terms in the expansion of
Osmp,
-1 1 S
Asol) = [w(en)]  (Ae) - g X a%(en)) (1.92)
s=1
-1 1 S 1 S
Comn(60) = [yo(@n)] (€(0) — 5 L €(60) - 5 X 85(600)Asun(@) ) (1.5b)
s=1 s=1
1 1K
) [lP (90)} ]; ¥o,6;(60) Asmp (60) Asmp,j(6o)-

The first-order term can be written as Asyp = Amp + 5 [$e(60)] " Lp_q Ab(6p), the last
term has variance of order 1/B which accounts for simulation noise. Note also that
E (% Yo, (DS(GO)) = [E[C(6p)]. Hence, unlike the MD, E[Cspip(6p)] does not depend on
the bias C(6p) in the auxiliary statistic. In the special case when ¢ is a consistent estimator
of 6o, P(o) is the identity map and the term involving g, (o) drops out. Consequently,
the SMD has no bias of order % when S — oo and (0) = 6. In general, the bias of 55 MD

depends on the curvature of the binding function as
—> -1 K
E[Coun(60)] 57~ [po(@)| Y- von G0E [ Auo (@) Avo0)|. 110
j=1

This is an improvement over 0)1p because as seen from 1 ,

-1 K
) ¥op,(60)E {AMD(QO)AMD,]‘(OO)} :
=1

(1.11)

E[Crmp(60)] = [%(90)] 1C(@o) - % {%(90)}

The bias in 8;p has an additional term in C(6p)-
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Properties of Oy

The convergence properties of the ABC algorithms have been well analyzed but the theo-
retical properties of the estimates are less understood. Dean et al. (2011) establish consis-
tency of the ABC in the case of hidden Markov models. The analysis considers a scheme
so that maximum likelihood estimation based on the ABC algorithm is equivalent to exact
inference under the perturbed hidden Markov scheme. The authors find that the asymp-
totic bias depends on the ABC tolerance §. ABC has also been applied to filter unobserved
latent variables in intractable non-linear non-gaussian state-space models. |Calvet & Czel-
lar| (2015) provide an upper bound for the mean-squared error of their ABC filter and
study how the choice of the bandwidth affects properties of the filter. Under high level
conditions and adopting the empirical likelihood framework of Newey & Smith| (2004),
Creel & Kristensen (2013) show that the infeasible BIL is second-order equivalent to the
MIL after bias adjustments, while MIL is in turn first-order equivalent to the continu-
ously updated GMM. The feasible SBIL (which is also an ABC estimator) has additional
errors compared to the BIL due to simulation noise and kernel smoothing, but these er-
rors vanish as S — oo for an appropriately chosen bandwidth. |Gao & Hong| (2014) show
that local-regressions have better variance properties compared to kernel estimations of
the indirect likelihood. (Creel et al. (2016) show that the number of simulations can af-
fect the parametric convergence rate and asymptotic normality of the estimator, which is
important for frequentist inference.

ABC algorithms are traditionally implemented using kernel smoothing, the first im-
plementation being|Beaumont et al. (2009). The bias due to kernel smoothing is rigorously
studied in Creel et al.|(2016) under the assumption that the draws are taken directly from
the prior. Our RS is an importance sampler that does not use kernel smoothing. Instead
it uses optimization to set § equal to zero. This offers different insight as we look at the
bias in the ideal case where ¢ is exactly zero.

As shown above, Ogs is the weighted average of a sequence of SMD modes. Analy-
sis of the weights w’(6”) requires an expansion of §5(6) around (). From such an

analysis, shown in the Appendix, we find that

—_

Crs(6o)
T

Ors = iwb(eb)eb _ gy + Ars0) | +o0,(=)
=1 VT "T
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where

B -1 B
Ars(y) = %})ZA%( ) = [t/}e(eo)} (A(Qo)—%;Ab(%)) (1.12a)
=1 =1
B
Crs(bo) = %ZC%S(QO)
b=1
. Telb) 1%(# (60) — Ars(60))A%s(60) | +CML(6p). (1.12b)
7'[(90) Bb:l Rs\Y0 Rs\Y0 RS\Y0 Rs\Y0)- .

Proposition 1. Let ((0) be the auxiliary statistic that admits the expansion as in and
suppose that the prior 71(6) is positive and continuously differentiable around 8y when dim () =
dim(0). Then IE[Ags(6p)] = 0 but IE[Crs(60)] # O for an arbitrary choice of prior.

The SMD and RS are first order equivalent, but Ors has an order % bias. The bias,
given by Cgs(6), has three components. The CX5(6)) term (defined in Appendix A) can
be traced directly to the weights, or to the interaction of the weights with the prior, and is
a function of Ags(6p). Some but not all the terms vanish as B — co. The second term will
be zero if a uniform prior is chosen since 71g = 0. A similar result is obtained in Creel &
Kristensen| (2013). The first term is

% 25:1 C?{S(QO) =
1
po(60)| R ((80) ~ € 00) — K v Bo) Al (00 Ak (80) — A 60) Ak B ).

The term C(6) — £ b, C?(6p) is exactly the same as in Cspp(6p). The middle term

involves g, (60) and is zero if 1»(#) = 6. But because the summation is over §” instead of
¢,

5 B

Z (60)ARs(60) "= E[Ag(60) Aks(60)] # O.

Uulr—\

As a consequence E[Crs(6y)] # 0 even when (0) = 6. In contrast, E[Cspyp(6p)] = 0
when (0) = 6 as seen from (1.10). The reason is that the comparable term in Cspip(6o)
is

5
<% )3 A3(90))1‘151\/119(90) " E[A3(60)] Asmp(60) = 0.
s=1

The difference boils down to the fact that the SMD is the mode of the average over sim-
ulated auxiliary statistics, while the RS is a weighted average over the modes. As will be
seen below, this difference is also present in the LT and SLT and comes from averaging

over 6°. The result is based on fixing ¢ at zero and holds for any B. Proposition implies
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that the ideal MCMC-ABC with § = 0 also has a non-negligible second-order bias. Note
that Proposition [1|is stated for the exactly identified case. When dim(9) > dim(9), the
analysis is more complicated. Essentially, when the model is overidentified, weighting is
needed since all moments cannot be made equal to zero simultaneously in general. This
introduces additional biases. A result analogous to Proposition[1]is given in Forneron &
Ng| (2016) for the overidentified case.

In theory, the order % bias can be removed if 77(6) can be found to put the right hand
side of CR5(6y) defined in (1.12b) to zero. Then Ags will be second-order equivalent to
SMD when ¢(0) = 6 and may have a smaller bias than SMD when 1 (0) # 6 since SMD
has a non-removable second-order bias in that case. That the choice of prior will have
bias implications for likelihood-free estimation echoes the findings in the parametric like-
lihood setting. |/Arellano & Bonhomme (2009) show in the context of non-linear panel data
models that the first-order bias in Bayesian estimators can be eliminated with a particular
prior on the individual effects. Bester & Hansen| (2006) also show that in the estimation
of parametric likelihood models, the order 7 bias in the posterior mode and mean can be
removed using objective Bayesian priors. They suggest to replace the population quanti-
ties in a differential equation with sample estimates. Finding the bias-reducing prior for

the RS involves solving the differential equation:

79(00)
7t(6o)

which has the additional dependence on 7 in CX (6, 71(6))) that is not present in Bester

0 = E[Cis(60)] + E[(ARs(60) — Ars(60)) ARs(60)] + E[Cs (8o, 7(60))]

& Hansen| (2006). A closed-form solution is available only for simple examples as we
will see Section 6.1 below. For realistic problems, how to find and implement the bias-
reducing prior is not a trivial problem. A natural starting point is the plug-in procedure
of Bester & Hansen (2006) but little is known about its finite sample properties even in
the likelihood setting for which it was developed.

This section has studied the RS, which is the best that the MCMC-ABC can achieve
in terms of 6. This enables us to make a comparison with the SMD holding the same L,
distance between ¢ and 1(6) at zero by machine precision. However, the MCMC-ABC
algorithm with 6 > 0 will not produce draws with the same distribution as the RS. To see
the problem, suppose that the RS draws are obtained by stopping the optimizer before
| — (6%)|| reaches the tolerance guided by machine precision. This is analogous to
equating (%) to the pseudo estimate ¢ + 6. Inverting the binding function will yield an

estimate of 6 that depends on the random ¢ in an intractable way. The RS estimate will
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thus have an additional bias from § # 0. By implication, the MCMC-ABC with 6 > 0 will

be second-order equivalent to the SMD only after a bias adjustment even when (0) = 6.

The Properties of LT and SLT

The mode of exp(—J(0))7t(8) will inherit the properties of a MD estimator. However, the
quasi-posterior mean has two additional sources of bias, one arising from the prior, and
another one from approximating the mode by the mean. The optimization view of 01
facilitates an understanding of these effects. As shown in Appendix B, each draw 6%, has

expansion terms

Alp(60) = [pe(60)]  (A(60) - AL(60))

-1 1 K
Cir(6o) = [%(90)} (@(90) ~5 Y Po,0,(60) Al (60) A7z ;(60) — //\20,9(90)141&(90)> -
j=1

Even though the LT has the same objective function as MD, simulation noise enters both
A%T(Oo) and C?T(Go). Compared to the extremum estimate 00D, we see that Ajp =
%2521 A%T(Qo) #+ AMD(GO) and CLT(O()) # CMD(Q()). Although CLT(QO) has the same
terms as Crs(6p), they are different because the LT uses the asymptotic binding function,
and hence A% (6p) # Abs(6).

A similar stochastic expansion of each 0%, ;. gives:

_ S
Arr(6) = [%(90)} 1 (//\(90) - % ;//\5(90) —A§(90)>

]

b ! 1¢ 18 b ab
Csrr(fo) = [%(90)} C(6o) — ¢ ) C(60) — 5 2 Yo, (60) AgirAgir
s=1 =1

S

~[wete0)] (% Y (A5(60) + AL, (00) ) A‘;LTwo))

s=1

Following the same argument as in the RS, an optimally chosen prior can reduce bias,
at least in theory, but finding this prior will not be a trivial task. Overall, the SLT has
features of the RS (bias does not depend on C(6y) and the LT (dependence on AL) but
is different from both. Because the SLT uses simulations to approximate the binding
function ¢ (6), E[C(6p) — + £5_; C3(6)] = 0. The improvement over the LT is analogous
to the improvement of SMD over MD. However, the A%, (6p) is affected by estimation

of the binding function (the term with superscript s) and of the quasi-posterior density
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(the terms with superscript b). This results in simulation noise with variance of order 1/S
plus another of order 1/B. Note also that the SLT bias has an additional term

3 Z ( )3 (As (60) + A, (90)> ASyr(o ) e 2 ZA (60) ALr (o).
s=1

The main difference with the RS is that A? is replaced with A%,. For S = oo this term
matches that of the LT.

Overview

We started this section by noting that the Bayesian posterior mean has two components
in its bias, one arising from the prior which acts like a penalty on the objective function,
and another due to approximating the mean with the mode. We are now in a position to
use the results in the foregoing subsections to show that for d=(MD, SMD, RS, LT) and
SLT and D = (RS,LT,SLT) these estimators can be represented as

0 = 60+ A‘j/(?) + Cd(TGO) + ]ldTED 7;"((:0)) CP(80) + CM(60) | + op(%) (1.13)
where with A% (@) = [1%9(60)] (A (6) — A4(60) ),
1 B
Ag(80) = [po(60)] ™" (A(60) - Eb_ZlAZ(eo))
K
Calbo) = [(00)] ™ (©(60) — Talb) — 5 Y- i, (00) Al (B0) AL (60) — AL 445 (60) )
j=1

P 1 b
Ci(60) = Eg (Ad (6o) Ad(90>> A;(60),

The term CZ(6p) is a bias directly due to the prior. The term C}!(6)), defined in the
Appendix, depends on A;(6p), the curvature of the binding function, and their interaction
with the prior. Hence at a general level, the estimators can be distinguished by whether
or not Bayesian computation tools are used, as the indicator function is null only for
the two frequentist estimators (MD and SMD). More fundamentally, the estimators differ
because of A4(6p) and C;(6p), which in turn depend on A% (6)) and C4(6). We compactly

summarize the differences as follows:
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d A% (6o) Ca(6o) var(Aq(6o)) E[C(60) — Ca(60)]
MD 0 0 0 E[C(6))]

LT A% (60) 0 pvar[A%(6o)] E[C(60)]

RS A" (6o) B Lo—1 C(6o) pvar[A®(6))] 0
SMD § Xoo1 A (60) § Xo_1 T (6o) svar[A*(6o)] 0
SLT | Asmp(60) + Abp(60) X5, C%(6) var[Agup(6o)] + var[Arr(6)] 0

The MD is the only estimator that is optimization based and does not involve simu-
lations. Hence it does not depend on b or s and has no simulation noise. The SMD does
not depend on b because the optimization problem is solved only once. The LT simulates
from the asymptotic binding function. Hence its errors are associated with parameters of
the asymptotic distribution.

The MD and LT have a bias due to asymptotic approximation of the binding function.
In such cases, Cabrera & Fernholz (1999) suggest to adjust an initial estimate 6 such that if
the new estimate 6 were the true value of 6, the mean of the original estimator equals the
observed value 6. Their target estimator is the 6 such that Ep, [0] = 6. While the bootstrap
directly estimates the bias, a target estimator corrects for the bias implicitly. Cabrera & Hu
(2001) show that the bootstrap estimator corresponds to the first step of a target estimator.
The latter improves upon the bootstrap estimator by providing more iterations.

An auxiliary statistic based target estimator is the 6 that solves Ep, [(y(0))] = 9 (y(6))).
It replaces the asymptotic binding function limr_,« E[¢(y(69))] by Ep,[#(y(6))] and ap-
proximates the expectation under Py by stochastic expansions. The SMD and SLT can
be seen as target estimators that approximate the expectation by simulations. Thus, they
improve upon the MD estimator even when the binding function is tractable and is espe-
cially appealing when it is not. However, the improvement in the SLT is partially offset

by having to approximate the mode by the mean.

1.6 Two Examples

The preceding section can be summarized as follows. A posterior mean computed through
auxiliary statistics generically has a component due to the prior, and a component due to

the approximation of the mode by the mean. The binding function is better approxi-
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mated by simulations than asymptotic analysis. It is possible for simulation estimation to

perform better than y;p even if () were analytically and computationally tractable.
In this section, we first illustrate the above findings using a simple analytical example.

We then evaluate the properties of the estimators using the dynamic panel model with

fixed effects.

An Analytical Example

We consider the simple DGP y; ~ N(m,c?). The parameters of the model are § = (m, o?)’.

We focus on ¢ since the estimators have more interesting properties.
The MLE of 0 is
o1 o 1§ =12
=)y T =) -y
r'= =

While the posterior distribution is dominated by the likelihood in large samples, the
effect of the prior is not negligible in small samples. We therefore begin with a analysis
of the effect of the prior on the posterior mean and mode in Bayesian analysis. Details of
the calculations are provided in Appendix D.1.

We consider the prior 7t(m,0?) = (02) *I,2-(, & > 0 so that the log posterior distri-

bution is

A —T 1 &
log p(0ly) = log p(f)\m,az) oS - log(ZmTZ) — oclogtf2 ) Z(yt - m)2 L2
t—1

: 2 2 _ T3> _ _To? :
The posterior mode and mean of o* are 0, 1. = T : and 02,,, = T2.—5- respectively.
~ 1 .
Using the fact that E[6?] = (C)] 0%, we can evaluate 02 . , 02, and their expected values

for different x. Two features are of note. For a given prior (here indexed by «), the mean

Table 1.1: Mean §BC vs. Mode §BC

a| Opc Osc | E[0pc] E[f5c]
~ T ~2 2T-1 2T-1
0] 0°7= C't—s 0T
T A2 T 2T-1  2T-1
L0t 0tz | 015 14
DT 2T 2 2T—1
2|01 T+4 o iy i
2 T A2 T 2T-1 2T-1
31077 Ot | TH T T%

does not coincide with the mode. Second, the statistic (be it mean or mode) varies with
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«. The Jeffrey’s prior corresponds to @ = 1, but the bias-reducing prior is & = 2. In the
Appendix, we show that the bias reducing prior for this model is 78 (6) #

Next, we consider estimators based on auxiliary statistics:
~ R
i) = (7 #).
As these are sufficient statistics, we can also consider (exact) likelihood-based Bayesian

inference. For SMD estimation, we let (fiis, 02) = (§ X5_; i, &+ Y5, 02*). The LT quasi-

likelihood using the variance of preliminary estimates of 7 and o2 as weights is:

exp(—J(m, ) = exp (- [P0 EZ PR,

The LT posterior distribution is p(m,o?|ii,7?) « 7(m,c?)exp(—]J(m,c?)). Integrating
out m gives p(c?|i, 7). We consider a flat prior 71Y(6) o T2- and the bias-reducing
prior 718(0) o 1/0*I,25. The RS is the same as the SMD under a bias-reducing prior.
Thus,

02 = o
SMD — 1 S T —
T L1 Yio1(ef — )2
~2
~2R %
RS — 1 B T (b b
BT Lb—1 Yi_i(ef —¢ )2
~2
(%
B —
ey (i (e —2")?/ T2
ke =Ty 1

S —
1 (e =2 2/T

. . . /\2 _ /\2
For completeness, the parametric Bootstrap bias corrected estimator TBootstrap — 20 —

EBootstrap (02) is also considered:

_ »T -1

=2 =2 _ 32
UBootstrap = 20°—0 T o (1 +

1
T
Egootstrap (02) computes the expected value of the estimator replacing the true value ¢?
with 72, the plug-in estimate. In this example the bias can be computed analytically since
E@(1+ 7)) = 21— 1)1+ %) = ¢?(1 - %) While the bootstrap does not involve
inverting the binding function, this computational simplicity comes at the cost of adding
a higher order bias term (in 1/ T?).

A main finding of this paper is that the reverse sampler can replicate draws from
p¥pc(60), which in turn equals the Bayesian posterior distribution if ¢ are sufficient
statistics. The weight for each SMD estimate is the prior times the Jacobian. To illus-

trate the importance of the Jacobian transformation, the top panel of Figure plots
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Figure 1.1: ABC vs. RS Posterior Density
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the Bayesian/ABC posterior distribution and the one obtained from the reverse sampler.
They are indistinguishable. The bottom panel shows an incorrectly constructed reverse
sampler that does not apply the Jacobian transformation. Notably, the two distributions
are not the same.

The properties of the estimators are summarized in Table It should be reminded
that increasing S improves the approximation of the binding function in SMD estimation
while increasing B improves the approximation to the target distribution in Bayesian type
estimation. For fixed T, only the Bayesian estimator with the bias reducing prior is unbi-
ased. The SMD and RS (with bias reducing prior) have the same bias and mean-squared
error in agreement with the analysis in the previous section. These two estimators have
smaller errors than the RS estimator with a uniform prior. The SLT posterior mean differs
from that of the SMD by xg;7 that is not mean-zero. This term, which is a function of
the Mills-ratio, arises as a consequence of the fact that the ¢ in SLT are drawn from the

normal distribution and then truncated to ensure positivity.
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Table 1.2: Properties of the Estimators

Estimator Prior | E [5] Bias Variance

Onmr - = _‘T_TZ 20411

Bic 1| I 22 20t Lo,

e 1/0* | 02 0 204y

élgs 1 o 2T—:é 2%25 2(74%

Osmp - v 2% S(Tz_;'lz)_z 20% £

oir 1 AL (1 +rr) | Pl — % 204 T (1 4 xp7)?
617 1 UZ% + Ksrr S(szl)_zﬂfz THE[ksir] | 20* 745 + Asr
Bpootstrap - 0%(1— 75) = 20411 (1 + 1)2

Notes to Table 2: Let M(x) = 1fg()x) be the Mills ratio.

. _ (S(T-1))2(T—1+5(T—1)-2)
i x(S,T) = (S(T-1)-2)2(S(T—1)-4)

i k= CE%M(—CLT)r C%T = %, ki — 0as T — oo.
iii KsiT — KLT * S-T- Il‘lVXé(Til), A,SLT = 2(74var(1<5LT) + 404%C0V(K5LT, S- TInVXé(Til))).

> 1, k1 tends to one as B, S tend to infinity.

The Dynamic Panel Model with Fixed Effects

The dynamic panel model y;; = «; + pyi;—1 + oej; is known to be severely biased when

T is small because the unobserved heterogeneity «; is imprecisely estimated. Various

approaches have been suggested to improve the precision of the least squares dummy

variable (LSDV) estimator Bﬂ An interesting approach, due to (Gouriéroux et al.| (2010),

is to exploit the bias reduction properties of the indirect inference estimator. Using the

dynamic panel model as auxiliary equation, i.e. 1/(6) = 6, the authors reported estimates

of B that are sharply more accurate than the LSDV, even when an exogenous regressor

and a linear trend is added to the model. Their simulation experiments hold ¢ fixed.

We reconsider their exercise but also estimate . Following their setting, we take a; ~

N(0,1),; % N(0,1) and y;gla; X N (a;/(1—p), (1 — p?)7Y).

9See |Hsiao| (2003) for a detailed account of this incidental parameter problem.
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With 0 = (p, B,0?)’, we simulate data from the model:
Vit = & + pYir—1 + it + 0€iy.

Let A=Ir—1717/TA=A®]Ir, y=A Uec(y),zil = A vec(y_1),x = A vec(x), where

y_1 are the lagged y. For this model, Bayesian inference is possible since the likelihood in

de-meaned data is

1 Y _
L(y,x|6) = N €Xp (—ﬁ Yy, —py, = Bx) QN Yy, —py, | - ﬁa))
i=2

1
V27t|02 QY|

where Q) = Iy — 174 1’T_1 /T. We use the following moment conditions for MD esti-
mation:

v (y—=py_, —px)

(o, p,0%) = x(y—py , —Bx)
(y—py_,—Bx)*—0*(1-1/T)

with g(p, 8,6%) = 0. The simulated quantity g¢(6) for SMD and g’(6) for ABC are de-
fined analogously. The MD estimator in this case is also the LSDV. The auxiliary estimates
for the ABC, RS, SLT and SMD are the LSDV estimates. Recall that while the weighting
matrix W is irrelevant to finding the mode in exactly identified models, W affects com-
putation of the posterior mean. We use W = (ﬁ Y+ 8hgit —§'g) ! for LT, MCMC-ABC,
and SMD. The prior is 77(6) = ;2> pc[-1,1] ger- Since the demeaned data are used in
LSDV estimation, the estimates are invariant to the specification of the fixed effects. Ac-
cordingly, we set them to zero both in the assumed DGP and the auxiliary model. The
innovations &° used to simulate the auxiliary model and to construct ¢° are drawn from

the standard normal distribution once and held fixed.

Table [1.3| reports results from 5,000 replications for T = 6 time periods and N = 100
cross-section units, as in Gouriéroux et al. (2010). Both p and ¢ are significantly biased.
The LT is the same as the MD except that it is computed using Bayesian tools. Hence its
properties are similar to the MD. The simulation estimators have much improved prop-
erties. The properties of Ogg are similar to those of the SMD. Figure illustrates for
one simulated dataset how the posteriors for RS /SLT are shifted towards the true value

compared to the one based on the direct likelihood.
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Figure 1.2: Frequentist, Bayesian, and Approximate Bayesian Inference for p
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Bayesian /
= >/

Posterior Density
[}

PBC (pl@ is the likelihood based Bayesian posterior distribution,
psir(ply) is the Simulated Laplace type quasi-posterior distribution.
prs(p|i) is the approximate posterior distribution based on the RS .

The frequentist distribution of Bspp is estimated by N (Osmp, Var(Bsyp))-

The MCMC-ABC results in Table|1.3|are for 6 = 0.10 which has an acceptance rate of
0.58. These estimates are clearly more precise than MLE but more biased than SMD or
RS. The dependence of MCMC-ABC on 4 is investigated in further detail in Forneron &
Ng (2016). In brief, when we set § = 0.25, we achieve an acceptance ratio of 0.72 but the
estimates are severely biased, as shown in Figure Bias similar to SMD and RS can be
obtained if we set § to 0.025. But the corresponding acceptance rate is 0.28, meaning that
the MCMC-ABC needs at least three times more draws than the RS for a comparable level
of bias. The choice of J is more important for the properties of MCMC-ABC than the RS

which associates ¢ with the tolerance of optimization.
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Table 1.3: Dynamic Panel p = 0.6, = 1,0% =2

Mean over 1000 replications

MCMC

MLE LT SILT SMD MM RS  Boot

Mean 0419 0419 0593 0598 0544 0599 0419

p: SD 0037 0037 0038 0035 0036 0035 0.074
Bias -0.181 -0.181 -0.007 -0.002 -0.056 -0.001 -0.181
Mean 0940 0940 0997 1.000 0974 1.000 0.940

B: SD 0070 0071 0073 0073 0075 0073 0.139
Bias -0.060 -0.060 -0.003 0.000 -0.026 0.000 -0.060
Mean 1869 1.878 1973 1989 1921 2.099 1.869
G2:  SD 0133 0146 0144 0144 0149 0.152 0.267
Bias -0.131 -0.122 -0.027 -0.011 -0.079 0.099 -0.131

S - - 500 500 1 1 -

B - 500 500 - 500 500 500

Note: MLE=MD. The MCMC-ABC uses dapc = 0.10.

Posterior density

Figure 1.3: MCMC-ABC vs. RS Posterior Density
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1.7 Conclusion

Different disciplines have developed different estimators to overcome the limitations
posed by an intractable likelihood. These estimators share many similarities: they rely
on auxiliary statistics and use simulations to approximate quantities that have no closed
form expression. We suggest an optimization framework that helps understand the esti-
mators from the perspective of classical minimum distance estimation. All estimators are
first-order equivalent as S — o0 and T — oo for any choice of 77(6). Nonetheless, up to
order 1/T, the estimators are distinguished by biases due to the prior and approximation
of the mode by the mean, the very two features that distinguish Bayesian and frequentist
estimation.

We have only considered regular problems when 6 is in the interior of ® and the
objective function is differentiable. When these conditions fail, the posterior is no longer
asymptotically normal around the MLE with variance equal to the inverse of the Fisher
Information Matrix. Understanding the properties of these estimators under non-standard

conditions is the subject for future research.
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Chapter 2

A Likelihood-Free Reverse Sample of the

Posterior Distribution
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2.1 Introduction

Maximum likelihood estimation rests on the ability of a researcher to express the joint
density of the data, or the likelihood, as a function of K unknown parameters 6. Infer-
ence can be conducted using classical distributional theory once the mode of the likeli-
hood function is determined by numerical optimization. Bayesian estimation combines
the likelihood with a prior to form the posterior distribution from which the mean and
other quantities of interest can be computed. Though the posterior distribution may not
always be tractable, it can be approximated by Monte Carlo methods provided that the
likelihood is available. When the likelihood is intractable but there exists L > K auxiliary
statistics ¢ with model analog v (8) that is analytically tractable, one can still estimate 6
by minimizing the difference between v and ().

Increasingly, parametric models are so complex that neither the likelihood nor % (0)
is tractable. But if the model is easy to simulate, the mapping v(6) can be approximated
by simulations. Estimators that exploit this idea can broadly be classified into two types.
One is simulated minimum distance estimator (SMD), a frequentist approach that is quite
widely used in economic analysis. The other is the method of Approximate Bayesian
Computation that is popular in other disciplines. This method, ABC for short, approx-
imates the posterior distribution using auxiliary statistics 1 instead of the full dataset
y. It takes draws of 6 from a prior distribution and keeps the draws that, when used to
simulate the model, produces auxiliary statistics that are close to the sample estimates ’17)\ .
Both the ABC and SMD can be regarded as likelihood free estimators in the sense that the
likelihood that corresponds to the structural model of interest is not directly evaluated.

While both the SMD and ABC exploit auxiliary statistics to perform likelihood free
estimation, there are important differences between them. The SMD solves for the 6 that
makes 7 close to the average of v(6) over many simulated paths of the data. In contrast,
the ABC evaluates 1(8) for each draw from the prior and accepts the draw only if 1/(8)
is close to . The ABC estimate is the average over the accepted draws, which is the
posterior mean. In Forneron & Ng| (2018), we focused on the case of exact identification
and used a reverse sampler (RS) to better understand the difference between the two ap-
proaches. The RS approximates the posterior distribution by solving a sequence of SMD
problems, each using only one simulated path of data. Using stochastic expansions as in
Rilstone et al.|(1996) and [Bao & Ullah! (2007), we reported that in the special case when
1 (0) = 6 (i.e the auxiliary model is the assumed model), the SMD has an unambiguous

bias advantage over the ABC. But in more general settings, the ABC can, by clever choice
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of prior, eliminate biases that are inherent in the SMD.

In this paper, we extend the analysis to over-identified models and provide a deeper
understanding of the reverse sampler. The RS is shown to be an optimization-based im-
portance sampler that transforms the density from draws of 1) to draws of 8 so that when
multiplied by the prior and properly weighted, the draws follow the desired posterior
distribution. Section 2 considers the exactly identified case and shows that the importance
ratio is the determinant of the Jacobian matrix. Section 3 considers the over-identified case
when the dimension of 1) (0) exceeds that of 8. Because of the need to transform densities
of different dimensions, the determinant of the Jacobian matrix is replaced by its volume.
Using analytically tractable models, we show that the RS exactly reproduces the desired
posterior distribution.

The RS was initially developed as a framework to better understand the different ap-
proaches to likelihood free estimation. While not intended to compete with existing im-
plementations of ABC, the use of optimization in RS turns out to have a property that is
of independent interest. Creating a long sequence of ABC draws such that the simulated
statistic @b and the data QZ deviate by no more than ¢ can take infinite time if J is set to
exactly zero as theory suggests. This has generated interests within the ABC community
to control for 8. The RS by-passes this problem because SMD estimation makes 9" as
close to ! as machine precision permits. We elaborate on this feature in Section 4. Of
course, the RS is useful only when the SMD objective function is well behaved and easy
to optimize, which may not always be the case. But allowing optimization to play a role
in ABC can be useful, as independent work by Meeds & Welling| (2015) also found.

Preliminaries

In what follows, we use a ‘hat’ to denote estimators that correspond to the mode (or
extremum estimators) and a ‘bar” for estimators that correspond to the posterior mean.
We use (s,S) and (b, B) to denote the (specific, total number of) draws in frequentist
and Bayesian type analyses respectively. A superscript s denotes a specific draw and a
subscript S denotes the average over S draws. These parameters S and B have different
roles. The SMD uses S simulations to approximate the mapping (0), while the ABC
uses B simulations to approximate the posterior distribution of the infeasible likelihood.

We assume that the datay = (y1,...,yr)" have finite fourth moments and can be
represented by a parametric model with probability measure Py where 8 € @ C RK, 6
is the true value. The likelihood L(8|y) is intractable. Estimation of 6 is based on L > K
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auxiliary statistics 4 (y(6p)) which we simply denote by ¢ when the context is clear. The

model implies statistics ¥ (8). The classical minimum distance estimator is
Ocvip = argming] (1, 4(6)) = 5(6)'Wg(6), 2(8) =4 —(6).

Assumption A

i There exists a unique interior point 8y € ©® (compact) that minimizes the population
objective function (¢(6y) — ¥ (0))'W(2(6y) — 1(0)). The mapping 0 — (0) =
lim7_,e0 IE[4)(8)] is continuously differentiable and injective. The L x K Jacobian
matrix 1g(0) = aw( ) has full column rank, and the rank is constant in the neigh-
borhood of 6.

ii There is an estimator ¢ such that v/T(¢) — 1(6y)) N (0,%).

iii Wisa L x L positive definite matrix and W1pg(6p) has rank K.

Assumption A ensures global identification and consistent estimation of 8, see Newey
& McFadden (1994). In Gouriéroux et al.[(1993), the mapping v : @ — () is referred to
as the binding function while in Jiang & Turnbull (2004), ¢ (0) is referred to as a bridge
function. When () is analytically intractable, the simulated minimum distance estima-
tor (SMD) is

Osvp = argmin0]5($,$5(0)):argminegs(ﬁ)'wgs(e). (2.1)

where S > 1 is the number of simulations,

IR

Notably, the term [E[¢)(8)] in CMD estimation is approximated by % Y5 _; 9°(y*(8)). The
SMD was first used in Smith! (1993). Different SMD estimators can be obtained by suitable
choice of the moments g(8), including the indirect inference estimator of Gouriéroux et al.
(1993), the simulated method of moments of Dutffie & Singleton| (1993)), and the efficient
method of moments of Gallant & Tauchen|(1996).

The first ABC algorithm was implemented by Tavare et al.| (1997) and Pritchard et al.

U)Ir—\

(1996) to study population genetics. They draw @ from the prior distribution 7(8), simu-
late the model under 6" to obtain data y?, and accept 8? if the vector of auxiliary statistics
1 (0") deviates from 1) by no more than a tuning parameter J. If v are sufficient statistics

and ¢ = 0, the procedure produces samples from the true posterior distribution if B — oc.
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The Accept-Reject ABC: Forb=1,...,B

i Draw 9 from 71(6) and &’ from an assumed distribution F.
ii Generate y?(e?,9) and " = 9 (y?).
SN PO
iii Accept 8Y = 9if Jb = <¢b - q/;) W (v,bb - 'gb) <.

The accept-reject method (hereafter, AR-ABC) simply keeps those draws from the prior
distribution 77(0) that produce auxiliary statistics which are close to the observed p. Asit
is not easy to choose ¢ a priori, it is common in AR-ABC to fix a desired quantile g, repeat
the steps [B/q] times. Setting 6 to the g-th quantile of the sequence of J? that will produce
exactly B draws is analogous to the idea of keeping k—nearest neighbors considered in
Gao & Hong (2014).

Since simulating from a non-informative prior distribution is inefficient, the accept-
reject sampler can be replaced by one that targets at features of the posterior distribution.
There are many ways to target the posterior distribution. We consider the MCMC imple-
mentation of ABC proposed in Marjoram et al.| (2003) (hereafter, MCMC-ABC).

The MCMC-ABC: Forb = 1,..., B with 8° given and proposal density g(-|6"),

i Generate 9 ~ q(¥9/6")
ii Draw errors e/ from F. and simulate data y?+1(e?*1,49). Compute ¢?+1 = 4 (y?*1).
iii Set 8”1 to 49 with probability p 4pc(0?,49) and to 8! with probability 1 — p apc(6Y,9)

where

(9)q(6°|9
papc(6°,9) = min <H|$’$b+l|§(5w; 1) (2.2)
The AR and MCMC both produce an approximation to the posterior distribution of 6. Itis
common to use the posterior mean of the draws 6 = % Zl]le 0" as the ABC estimate. The
MCMC-ABC uses a proposal distribution to account for features of the data so that it is
less likely to have proposed values with low posterior probability. The tuning parameter
0 affects the bias of the estimates. Too small a 6 may require making many draws which
can be computationally costly.

The ABC samples from the joint distribution of (8,4’ (?,8%)) and then integrates

out €¥. The posterior distribution is thus

pO1) o [ p(6%, (6" ) BN g g0 se”
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The indicator function (also the rectangular kernel) equals one if |1y — %?|| does not ex-
ceed 4. The ABC draws are dependent due to the Markov nature of the MCMC-ABC
sampler.

Both the SMD and ABC assume that simulations provide an accurate approximation
of 1(0) and that auxiliary statistics are chosen to permit identification of 8. Creel &
Kristensen| (2015) suggests a cross-validation method for selecting the auxiliary statistics.
For the same choice of ¢, the SMD finds the 6 that makes the average of the simulated
auxiliary statistics close to 12 The ABC takes the average of 6", drawn from the prior,
with the property that each Pt is close to $ . In an attempt to understand this difference,
Forneron & Ng (2018), takes as starting point that each 8” in the above ABC algorithm
can be reformulated as an SMD problem with S = 1. We consider an algorithm that
solves the SMD problem many times to obtain a distribution for 8%, each time using one
simulated path. The sampler terminates with an evaluation of the prior probability, in
contrast to the ABC which starts with a draw from the prior distribution. Hence we call
our algorithm a reverse sampler (hereafter, RS). The RS produces a sequence of 8" that
are independent optimizers and do not have a Markov structure.

In the next two sections, we explore additional features of the RS. As an overview, the
distribution of draws that emerge from SMD estimation with S = 1 may not be from the
desired posterior distribution. Hence the draws are re-weighted to target the posterior.
In the exactly identified case, 1" can be made exactly equal to % by choosing the SMD es-
timate as °. Thus the RS is simply an optimization based importance sampler using the
determinant of Jacobian matrix as importance ratio. In the over-identified case, the vol-
ume of the (rectangular) Jacobian matrix is used in place of the determinant. Additional

weighting is given to those 6" that yields PP sufficiently close to .

2.2 The Reverse Sampler: Case K = L

The algorithm for the case of exact identification is as follows. Forb =1,...,B

i Generate €’ from F..
ii Find 0° = argmineji’(ﬁb(e, e?), ) and let 9p? = 4?(6?, &b).
iii Set w(@b,sb) = n(@b)@g(eb,eb)\_l.

iv Re-weigh the 6° by ZBLZJZJ()W)'
b=1
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Like the ABC, the draws 8’ provides an estimate of the posterior distribution of 8 from
which an estimate of the posterior mean:

B b

- w(6

ORS — Z 5 ( ) - b
p=1 Lp—1 (6°)

can be used as an estimate of 0. Each 6 is a function of the data 1Z and the draws &’ that
minimizes J?(4(6, "), ). The K first-order conditions are given by

N 8§1(0b, Ebﬂz)/

F (0%, e, ) = =5 Wg,(68%,€%,4) =0 (2.3)

> (@0 = 4],
where W is the L x K matrix of derivatives with respect to 8 evaluated at the

arguments. It is assumed that, for all b, this derivative matrix has full column rank K.

. . 03,(0,eb,4h) ~binb b . . . .
For SMD estimation, 1=z~ = 14(6”,€",4). This Jacobian matrix plays an important

role in the RS.

The importance density denoted 1(6?,&|4)) is obtained by drawing e’ from the as-
sumed distribution F. and finding 6° such that | (4?(6, &b ),WZ) is smaller than a pre-
specified tolerance. When K = L, this tolerance can be made arbitrarily small so that up to
numerical precision, 1 (0?,e?) = 4. This density h(6”, €?|v) is related to Pgb eb (4?(6?,eP)) =
p(?,€’) by a change of variable:

1(6","|9) = p(4°,€" 1) - |4 (6", €").
Now p (8%, 9t |¢p) « p(ep|6Y, %P)p(h?, €b|67) 71 (6") and p(ep|6Y,¢P) is constant since
¥’ = 1. Hence
pO'1F) o [ m(O)p(B D) gy ote
-/ n<eb>|$z< &, )T (6, )T gy e
= /w(@b,sb)h(eb,sb|$)de
where the weights are, assuming invertibility of the determinant:

W(Ob,é‘b) = 71(6") (6", ", )| . (2.4)

Note that in general eb # 2.
In the above, we have used the fact that Ly gv)=o 18 1 with probability one when

K = L. The Jacobian of the transformation appears in the weights because the draws 6”
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are related to the likelihood via a change of variable. Hence a crucial aspect of the RS is
that it re-weighs the draws of 8° from h(8", ¢). Put differently, the unweighted draws will
not, in general, follow the target posterior distribution.

Consider a weighted sample (8°,w(8", ¢)) with w (8", e?) defined in . The follow-
ing proposition shows that as B — oo, RS produces the posterior distribution associated
with the infeasible likelihood, which is also the ABC posterior distribution with § = 0.

Proposmonz Suppose that P : @ — (0, &) is one-to-one and the determinant |—‘9 )| =

158, 1,0)\ is bounded away from zero around 6°. For any measurable function ¢(8) such that
E, g5 (9 = [ ¢ (8) p(8]1h)d8 exists, then

Y, w(6°,")p(6") as.
E
ZE w(6Y, eh)

Convergence to the target distribution follows from a strong law of large numbers.

Fixing the event ¢’ = %) is crucial to this convergence result. To see why, consider first

the numerator:
5 L0, )p0") 1% [[ 9(0)w(0,¢) p(5,10) (6, ,)|de"do
b
ph( o 71 b by | b | o b

~[[o® \v,be 0,6,9)  7(0)p(d","10) [B(0,¢, )| dede
~ [[ 9 ®) x(0)p($",cl0)dede

-/ / 9 (6) 7(0)p (%, €16)dedd

~ [0 (0) m(®)L(I0)d0

Furthermore, the denominator converges to the integrating constant since % Yyw(8b,e) X2

[ (0)L(|6)d8. Proposition@imphes that the weighted average of 8” converges to the
posterior mean. Furthermore, the posterior quantiles produced by the reverse sampler
tends to those of the infeasible posterior distribution p(9|1?)\) as B — oo. As discussed
in |Forneron & Ng| (2018), the ABC can be presented as an importance sampler. Hence
the accept-reject algorithm in Tavare et al.| (1997) and Pritchard et al.| (1996), as well as
the Sequential Monte-Carlo approach to ABC in Sisson et al.|(2007); Toni et al. (2009) and
Beaumont et al.[(2009) are all important samplers. The RS differs in that it is optimization
based. It is also developed independently in Meeds & Welling| (2015).

We now use examples to illustrate how the RS works in the exactly identified case.
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Example 1: Suppose we have one observation y ~ N (6,1) ory = 6 +¢, ¢ ~ N(0,1).
The prior for 6 is § ~ A (0,1). By drawing, 6%,¢” ~ N(0,1), we obtain y* = 6° + ¢ ~
N(0,2). The ABC keeps 6°|y” = y. Since (6%,y") are jointly normal with covariance of
1, we deduce that 6°|y* = y ~ N(y/2,1/2). The exact posterior distribution for 6 is
N(y/2,1/2).

The RS draws €’ ~ N (0,1) and computes 8° = y — & which is V(y, 1) conditional on

y. The Jacobian of the transformation is 1. Re-weighting according to the prior, we have:
L g2
Prs(0]y) o< Pp(0)Pp(6 —y) o< exp (—% (62 + (6 — y)Z)) o exp (—5 (29 - 293/))

o exp <—§ (6 — y/2)2> :

This is the exact posterior distribution as derived above.

Example 2 Suppose y = Q(u,0),e ~ Ujy ;) and Q is a quantile function that is invertible
and differentiable in both arguments For a single draw, y is a sufficient statistic. The
likelihood-based posterior is:

p(Oly) e 7(8)f(y[6).
The RS simulates y*(8) = Q(£?|6) and sets Q(e?|6%) = y. Or, in terms of the CDF:

e = F(y]6")
Consider a small perturbation to y holding u? fixed:
0 = ayV%) %Gb) + agr“EWI) %'lfb) = dyF;(y|6") + d6"Fy, (y|6").
In the above, f = F/(-) is the density of y given 0. The Jacobian is:
do’| _ | BIe)) | fyle’)
dy | [F(yl6®)| | Fy(yl6®) |

To find the distribution of 8 conditional on y, assume F(y, .) is increasing in 6:
P (6 < ly) = P(F(vle") < F 10l )

=P (& < F(ylt)ly)
= F(y|p).

!We thank Neil Shephard for suggesting the example.
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By construction, f(0|y) = F, (y]G)H Putting things togetherﬁ

flo) | _
LS| = m@)1(wlo) < plel).

prs(0]y) o< 7(6)|Fa(y|0)]

Example 3: Normal Mean and Variance We now consider an example in which the
estimators can be derived analytically, and given in Forneron & Ng (2018). We assume

Yy = & ~ N(m,0?). The parameters of the model are § = (m,c?)’. We consider the

auxiliary statistics: ¥ (y) = 7 32) . The parameters are exactly identified.

The MLE of @ is

g 1 L —\2
Yoy =) (ye—9)%
t=1 T

t=1

m =

Sl =

We consider the prior 7t(m,0?) = (¢2) "*I 2., « > 0 so that the log posterior distribution
is
log p(0|ii1, 7°) - log(27)0* — alogo? — 1 i(yt —m)>.
2 202 &
Since 12 (y) are sufficient statistics, the RS coincides with the likelihood-based Bayesian
estimator, denoted B below. This is also the infeasible ABC estimator. We focus discussion

on estimators for ¢ which have more interesting properties. Under a uniform prior, we

obtain
02 = i
MP g Lo Yy (g5 — )2
B T bﬁth 272
5’12{5 _ Z [Zt:1(5t*€i /T]

B ———————————————————————————————
b=1 Zkzl 22:1(515*§k)2/T

In this example, the RS is also the ABC estimator with § = 0. It is straightforward to show
that the bias reducing prior is @« = 1 and coincides with the SMD. Table2.1|shows that the
estimators are asymptotically equivalent but can differ for fixed T.

To highlight the role of the Jacobian matrix in the RS, the top panel of Figure 2.2 plots

the exact posterior distribution and the one obtained from the reverse sampler. They are

21f F(y, -) is decreasing in 8, we have P(” < t|y) = 1 — F(y,t).
3An alternative derivation is to note that t = Pu<tly) = P (u = F(y,6%) < t|y) =
PP (eb <Flyt)= t’ly) . Hence f(6'ly) = i = =y = F2(u,t) as above.
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Table 2.1: Properties of the Estimators

Estimator Prior | E[8) Bias Variance | MSE

O - o2 — # 204% 204 Zngl

03 1 I 20 204% 204%

Ors 1| 2 # 204 ALy | 20t

Oswip } (725(7{{;)172 S(Tsz)fz 201 7o | 2047 + (S(T—4(1T;—2))2
where k1 (S, T) = (ST-NPT-145(T-1)-2) 1, x1 tends to one as S tend to infinity.

(S(T—1)—2)2(5(T—1)—4)

indistinguishable. The bottom panel shows an incorrectly constructed reverse sampler
that does not apply the Jacobian transformation. Notably, the two distributions are not
the same. Re-weighting by the Jacobian matrix is crucial to targeting the desired posterior
distribution.

Figure presents the likelihood based posterior distribution, along with the like-
lihood free ones produced by ABC and the RS-JI (just identified) for one draw of the
data. The ABC results are based on the accept-reject algorithm. The numerical results
corroborate with the analytical ones: all the posterior distributions are very similar. The
RS-JI posterior distribution is very close to the exact posterior distribution. Figure
also presents results for the over-identified case (denoted RS-OI) using two additional
auxiliary statistics: ¥ = (7, 35, fi3/02,1y/ 6;}) where y; = E(y*). The weight matrix is
diag(1,1,1/2,1/2). The posterior distribution is very close to RS-JI obtained for exact
identification. We now explain how the posterior distribution for the over-identified case

is obtained.

2.3 The RS: Case L > K:

The idea behind the RS is the same when we go from the case of exact to overidentifica-

tion. The precise implementation is as follows. Let ]I<(5(’l:[)\, @b ) be a kernel function and ¢

be a tolerance level such that Ko (), 9")
Forb=1,...,B

= L5 gv)=o-

i Generate &’ from F-..
ii Find 0" = argminefi’(vfb,ﬁ) where 9" = (8, eb);
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i Setw(6",e") = r(6)vol (3} (6", <", zZ))_llK(s(]{’(Jb, ) where: vol () =/ |14/}

v Re-weich 6° w(6")
iv Re-weigh 6” by 7 (6t

We now proceed to explain the two changes:- the use of volume in place of determinant
in the importance ratio, and the need for L — K dimensional kernel smoothing.

The usual change of variable formula evaluates the absolute value of the determinant
of the Jacobian matrix when the matrix is square. The determinant then gives the infinites-
imal dilatation of the volume element in passing from one set of variables to another. The
main issue in the case of overidentification is that the determinant of a rectangular Jaco-
bian matrix is not well defined. However, as shown in Ben-Israel (1999), the determinant
can be replaced by the volume when transforming from sets of a higher dimension to
a lower one For a L x K matrix A, its volume, denoted vol(A), is the product of the

(non-zero) singular values of A:

VIA’A] L > K, rank(A)
VIAA'| L <K, rank(A)

Furthermore, if A = BC, vol(A) = vol(B)vol(C).

To verify that our target distribution is unaffected by whether we calculate the volume

K
vol(A) =
L

or the determinant of the Jacobian matrix when K = L, observe that

_aghe", e, P) 0B

b\ b
0 = . 2.
PO (), = 25
The K first order conditions defined by become:
F (6%, 4p) = g (6°, €, )W (qz - Jb(eb,sb)) =0. (2.6)

Since L = K, W can be set to an identity matrix Ix. Furthermore, ¢(9b,€) = 12 since
]{’(Ob ) = 0 under exact identification. As g—% is a square matrix when K = L, we can
directly use the fact that F(8?,e?,45)d0 + Fy (6", €%, 4p)dep = 0 to obtain the required

determinant:

~ ~ 00 ~ ~
|95(6°, ", )| = I - 55 =1 Fo(0°, €)' F (0, € 3p)|. 2.7)

4From [Ben-Israel| (2001), [, f(v)dv = [, f(¢(u))vol (qbu(u))du for a real valued function f integrable

on V. See alsohttp://www.encyclopediaofmath.org/index.php/Jacobian.
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Now to use the volume result, put A = Ig, B = 3_1% and C = %—16/,’. But A is just a K-

)

dimensional identity matrix. Hence vol(Ix) = vol <§—g) vol (3—%) which evaluates to
- ‘ 90

~¢ —1 ~
vol 8_1/) =vol a—g , or a—?’b =|—
06 e 06 oY

which is precisely |45(8,€)| ! as given in (2.7)°, Hence in the exactly identified case,

there is no difference whether one evaluates the determinant or the volume of the Jaco-

bian matrix.
Next, we turn to the role of the kernel function Ks(%, ¢"). The joint density h(8?, ")
is related to p g s (4(0%,e")) = p(ep?, b) through a change a variable now expressed in

terms of volume:
h(6,'1$) = p($",€"b) - vol (%5(6", ", %))

When L > K, the objective function |9 — ?||w = J¥ > 0 measures the extent to which
deviates from )’ when the objective function at its minimum. Consider the thought
experiment that J> = 0 with probability 1, such as enabled by a particular draw of

b

e’. Then the arguments above for K = L would have applied. We would still have

p(8°)9) = [ m(6") p(ﬁb,ebw)n” o gr|—ode’ = [w(8", N (6", eb|4p)de?, except that the
weights are now defined in terms of volume. Proposition 1 would then extend to the case
with L > K.

But in general ]V # 0 almost surely. Nonetheless, we can use only those draws that
yield ]f (6°) that are sufficiently close to zero. The more draws we make, the tighter this
criterion can be. Suppose there is a symmetric kernel K, (-) satisfying conditions in/Pagan
& Ullah|(1999, p.96) for consistent estimation of conditional moments non-parametrically.
Analogous to Proposition 2, the volume vol (@g(@b,sb,ﬁ)) is assumed to be bounded
away from zero. Then as the number of draws B — oo, the bandwidth 6(B) — 0 and
Bé(B) — oo with

—1
Wy ) (67,6)) = n<eb>vol($z<eb,sb,$>) Ky(s) (3", 28)

SUsing the implicit function theorem to compute the gradient gives the same
result. Since " = ¥ we have: Fo = —@g(@b, sb,v,Z)’Wﬁé’)(Hh,eb, P) +
Y ¥, (0% )W (zZ —pb(e°,et, 15)) = P50, et ) Weph(6",€", ). Then vol(F,'Fy) =
Vol(]:gl)vol(f@) = Vol({b\Z(Gb, b, @Z))*l |W|71V01($Z(0b, Eh,{b\))flvol(ﬁg(Ob, el @))71 |[W]| =
VOl(’tZZ(Bb, eb,4p)) 1. Hence the weights are the same when we only consider the draws where P =0
which are the draws we are interested in.
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a result analogous to Proposition 1 can be obtained:

_Zwé @(6) —>//(p Ywo (6, s)vol(’%(@,sb;@))P($,€b|0)d0dsb
-1
_// P(0 L= ovol<'¢e(9 € w)) p(@b,sbw)vol(Jg(a,eb,ﬁ))dedsb
_// ?(6 )15 g)= _op(¥,€"0)d0de"
= [ o(®)r(®)L(0)do.

Similarly, the integrating constant is consistent as + ¥, Ws(B) (6, €%) AN [ (0)L(|6)d8.
Hence, the RS sampler still recovers the posterior distribution with the infeasible likeli-
hood. Note that the kernel function was introduced for developing a result analogous
to Proposition 1, but no kernel smoothing is required in practical implementation. What
is needed for the RS in the over-identified case is B draws with sufficiently small J;(6°).
Hence, we can borrow the idea used in the AR-ABC. Specifically, we fix a quantile g, re-
peat [B/q] times until the desired number of draws is obtained. Discarding some draws
seems necessary in many ABC implementations.

In summary, there are two changes in implementation of the RS in the over-identified
case: the volume and the kernel function. Kernel smoothing has no role in the RS when
K = L. It is interesting to note that while the ABC and RS both rely on the kernel Kj;
to keep draws close to %" in the over-identified case, the non-parametric rate at which
the sum converges to the integral are different. The RS uses the first order conditions
5 (6°, )W <1]J\b(0b,€b) - 1,/5) = 0 to indicate which K combinations of 9" (0?,?) — 4
are set to zero, rendering the dimension of the smoothing problem L — K. To see this,
note first that each draw 6% from the RS is consistent for 8y and asymptotically normal as

shown in |[Forneron & Ng (2018). In consequence, the first order condition (FOC) can be
/ ~ ~
re-written as: (dzg_gO)b:ao + Oﬂ\%)) W (1/)b(0b,sb) - 1/;) =0, or

d(6)

~ ~ 1
= oa W ($7(6%, ") =) = oy

VT

W is full rank, there exists a subspace of dimension K such that PP (0, ) —

)-

Since d0 ‘e 8o
3 is zero asymptotically. Hence the kernel smoothing problem is effectively L — K di-
mensional. The ABC does not use the FOC. Even in the exactly identified case, the kernel
smoothing is a L = K dimensional problem. In general, the convergence rate of the ABC

is L > K, the dimension of 1Z .
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The following two examples illustrate the properties of the ABC and RS posterior
distributions. The first example uses sufficient statistics and the second example does
not. Both the ABC and RS achieve the desired number of draws by setting the quantile,

as discussed in Section 2.

Example 4: Exponential Distribution Lety,...,yr ~ £(0),T = 5,00 = 1/2. Now

¥ = ¥ is a sufficient statistic for y1, ..., yr. For a flat prior 71(8) « 14> we have:
p(6y) < p(Blys, ..., yr) = 67 exp(—0"y) ~ (T +1,Ty)
In the just identified case, we let u? ~ Ujp,1) and y? = —log(1 — u?)/6". This gives:
| 1 & log(1—ub)
b b )
’abzft_zlyt:—?t; o0 .

Since §* = ¥, the Jacobian matrix is:

d log(1 —
By (0%) = lPdé 7 Z;og u)__%.

. . b b .
Hence for a given T, the weights are: w(8,u’) « Hebzo% = 97. We verified that the

numerical results agree with this analytical result.

In the over identified case, we consider two moments:

=b 1 v T b
P = y . T Li=1Yf
Ab2 1 vT by2 1 vT b\2
Oy T o=1(¥0)" = (7 L= v7)
dy} _ log(l-u) _ _ - o
Since - = @ = b If 6 = 0, the Jacobian matrix is
1vT Y 7
~ Tli=17¢ i
Vo 21 LTI 2(0,)
(%
Zr Y (yh)? ﬁlT Yi—1 yt] =

The volume to be computed is vol(}) = 1/ |1$g’ $g|, as stated in the algorithm. Even
if W = I, the volume is the determinant of zzg in the exactly identified case, plus a term
relating to the variance of y¥. We computed zﬁg for draws with | i’ ~ 0 using numerical dif-
ferentiatiorﬁ and verified that the values are very close to the ones computed analytically

for this example.

®In practice, since the mapping 8 — %" (6 ) is not known analytically, the derivatives are approximated
Pt (O+eje) 9" (0—cje) £

2¢

using finite differences: agjz/)b (0) ~ ore ~ 0.
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Figure2.3|depicts a particular draw of the ABC posterior distribution (which coincides
with the likelihood-based posterior since the statistics are sufficient), along with two gen-
erated by the RS sampler. The first one uses the sample mean as auxiliary statistic and
hence is exactly identified. The second uses two auxiliary statistics: the sample mean and
the sample variance. For the AR-ABC, we draw from the prior ten million times and keep
the ten thousand nearest draws. This corresponds to a value of § = 0.0135. For the RS, we
draw one million timesﬂ and keep the ten thousand nearest draws which corresponds to a
0 = 0.0001. As for the weight matrix W, if we put Wj; > 0 and zero elsewhere, we will re-
cover the exactly identified distribution. Here, we intentionally put a positive weight on
the variance (which is not a sufficient statistic) to check the effect on the posterior mean.
With Wy = 1/5and Wy, = 4/5, the RS posterior means are 0.7452 and 0.7456 for the just
and overidentifed cases. The corresponding values are are 0.7456 and .7474 for the exact
posterior and the ABC-AR. They are very similar.

Example 5: ARMA(1,1): Fort=1,...,T =200and 6y = («g, 6y, 00) = (0.5,0.5,1.0), the

data are generated as
Ve =ayp_1 + &+ 0g_q, er ~ N(0,02).
Least squares estimation of the auxiliary model

Yt = G1Yi—1 + $2Yr—2 + P3Yyt-3 + syt 4 + Uy

yields L = 5 > K = 3 auxiliary parameters
b = (91, §2 P35, $1,02)-

We let 7t(a,0,0) = I, gc[-1,1),0>0 and W = I5 which is inefficient. In this example, % are
not sufficient statistics since y; has an infinite order autoregressive representation.

We draw ¢ from a uniform distribution on [0, 3] since U/ «, is not a proper density.
The weights of the RS are obtained by numerical differentiation. The likelihood based
posterior is computed by MCMC using the Kalman Filter with initial condition eg = 0. As
mentioned above, the desired number of draws is obtained by setting the quantile instead

of setting the tolerance 6. For the RS, we keep the 1/10=10% closest draws corresponding

This means that we solve the optimization problem one million times. Given that the optimization
problem is one dimensional, the one dimensional R optimization routine optimize is used. It performs a
combination of the golden section with parabolic interpolations. The optimum is found, up to a given
tolerance level (the default is 10~%), over the interval [0, 10].
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toa d = 0.0007. The Sequential Monte-Carlo implementation of ABC (SMC-ABC) is more
efficient at targeting the posterior than the ABC-AR. Hence we also compare the RS with
SMC-ABC as implemented in the Easy-ABC package of [Lenormand et al. (2013)E| The

requirement for 10,000 posterior draws are as follows:

AR-ABC SMC-ABC RS Likelihood

Computation Time (hours) 63 25 5 0.1

Effective number of draws | 100,000,000 36,805,000 10,153,108

0 0.0132 0.0283 0.0007

The difference, both in terms of computation time and number of model simulations, is
notable. As shown in figure the quality of the approximation is also different, es-
pecially for &« and ¢. The difference can be traced to . The § used for the SMC-ABC
is effectively much larger than for the RS. A better approximation requires a smaller &
which implies longer computational time. Alternatively stated, the acceptance rate at a
low value of § is very low. The caveat is that the speed gain is possible only if the op-
timization problem can be solved in a few iterations and reasonably fast. In practice,
there will be a trade-off between the number of draws and the number of iterations in the

optimization step as we further explore below.

2.4 Acceptance Rate

The RS was initially developed in Forneron & Ngj (2018) as a framework to help under-
stand frequentist (SMD) and the Bayesian (ABC) way of likelihood-free estimation. But
it turns out that the RS has one computation advantage that is worth highlighting. The
issue pertains to the low acceptance rate of the ABC.

As noted above, the ABC exactly recovers the posterior distribution associated with
the infeasible likelihood if 1$ are sufficient statistics and 6 = 0 as noted in [Blum| (2010). Of
course, 6 = 0 is an event of measure zero, and the ABC has an approximation bias that
depends on J. In theory, a small J is desired. The ABC needs a large number of draws to

accurately approximate the posterior and can be computationally costly.

8We implemented the SMC-ABC in two ways. First, we use the procedure inVo et al[(2015) using code
generously provided by Christopher Drovandi. We also use the Easy-ABC package in R of |Lenormand
et al.| (2013). We thank an anonymous referee for this suggestion.
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To illustrate this point, consider estimating the mean m in Example 3 with 02 = 1 as-
sumed to be known, and 7t(m) o 1. All computations are based on the software package

b a random walk step gives m* = mb + e, ~ N(0,1). For

R. From a previous draw m
small §, we can assume m* | ~ N (17i,1/T). From a simulated sample of T observations,
we get an estimated mean m* ~ N (m*,1/T). As is typical of MCMC chains, these draws
are serially correlated. To see that the algorithm can be stuck for a long time if m* is far

from 71, observe that the event m* € [ — §, i + 8] occurs with probability

(" € [ -5, +0]) = & (VT(+8—m")) = (VI(i -6 —m")) ~ 2 Top (VT (i -

The acceptance probability [ . IP(m* € [t — §, il + 6])dm* is thus approximately linear
in 4. To keep the number of accepted draws constant, we need to increase the number of
draws as we decrease é.

This result that the acceptance rate is linear in J also applies in the general case. As-
sume that ¥*(6%) ~ N (4(6*),Z/T). We keep the draw if ||¢p — ¢*(0*)| < 6. The
probability of this event can be bounded above by Zle P (|$J — 1;]*(49*” < (5) ie

o ( (B+6- w](e*))> (?(@—a—qu(ew))dmz"”(f@,

j=1 ] 7j

The acceptance probability is still at best linear in J. In general we need to increase the
number of draws at least as much as é declines to keep the number of accepted draws
fixed.

Table 2.2: Acceptance Probability as a function of §

5 10 1 0.1 0.01 0.001
P(|| — P||w < 6) 0.72171 0.16876 0.00182 0.00002 <0.00001

Table 2.2 shows the acceptance rate for Example 3 for 8y = (mg,03) = (0,2), T =
20, and welghtmg matrix W = diag(0?,26%)/T, m(m,0?) « T,25¢. The results confirm
that for small values of J, the acceptance rate is approximately linear in §. Even though
in theory, the targeted ABC posterior should be closer to the true posterior when ¢ is
small, this may not be true in practice because of the poor properties of the MCMC chain.
At least for this example, the MCMC chain with moderate value of § provides a better
approximation to the true posterior density.

To overcome the low acceptance rate issue, [Beaumont et al. (2009) suggests to use

local regression techniques to approximate § = 0 without setting it equal to zero. The
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convergence rate is then non-parametric. Gao & Hong| (2014) analyzes the estimator of
Creel & Kristensen| (2013) and finds that to compensate for the large variance associated
with the kernel smoothing, the number of simulations need to be larger than TX/? to
achieve /T convergence, where K is the number of regressors. Other methods that aim
to increase the acceptance rate include the ABC-SMC algorithm of Sisson et al. (2007);
Sisson & Fan (2011), as well as the adaptive weighting variant due to Bonassi & West
(2015), referred to below as SMC-AW. These methods build a sequence of proposals to
more efficiently target the posterior. The acceptance rate still declines rapidly with J,
however.

The RS circumvents this problem because each 6" is accepted by virtue of being the so-
lution of an optimization problem, and hence 9 — %" (8") is the smallest possible. In fact,
in the exactly identified case, § = J? = 0. Furthermore, the sequence of optimizers are
independent, and the sampler cannot be stuck. We use two more examples to highlight

this feature.

Example 6: Mixture Distribution Consider the example in Sisson et al. (2007), also con-
sidered in Bonassi & West (2015). Let 77(0) o 1gc(_10,10) and

x|6 ~ 1/2N(6,1) +1/2N(6,1/100)

Suppose we observe one draw x = 0. Then the true posterior is 6|x ~ 1/2N(0,1) +
1/2N(0,1/100) truncated to [—10,10]. As in Sisson et al| (2007) and [Bonassi & West
(2015), we choose three tolerance levels: (2,0.5,0.025) for AR-ABC. Figure [2.5/shows that
the ABC posterior distributions computed using accept-reject sampling with § = 0.025
are similar to the ones using SMC with and without adaptive weighting. The RS posterior
distribution is close to both ABC-SMC and ABC-SMC-AW, and all similar to Figure 3
reported in Bonassi & West| (2015). However, they are quite different from the AR-ABC
with § = 2 and 0.5 are 2, showing that the choice of § is important in ABC.

While the SMC, RS, and ABC-AR sampling schemes can produce similar posterior
distributions, Table [2.3|shows that their computational time differ dramatically. The two
SMC algorithms need to sample from a multinomial distribution which are evidently
more time consuming. When ¢ = 0.25, the AR-ABC posterior distribution is close to the
ones produced by the SMC samplers and the RS, but the computational cost is still high.
The AR-ABC is computationally efficient when ¢ is large, but as seen from Figure 2.5 the
posterior distribution is quite poorly approximated. The RS takes 0.0017 seconds to solve,

which is amazingly fast because for this example, the solution is available analytically.
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No optimization is involved, and there is no need to evaluate the Jacobian because the
model is linear. Of course, in cases when the SMD problem is numerically challenging,
numerical optimization can be time consuming as well. Our results nonetheless suggest
a role for optimization in Bayesian computation; they need not be mutually exclusive.

Combining the ideas is an interesting topic for future research.

Table 2.3: Computation Time (in seconds)

RS ABC-AR ABC-SMC
0=2 0=5 6=.025 | Sisson et-al Bonassi-West
.0017 | 0.4973 1.6353 33.8136 190.1510 199.1510

Example 7: Precautionary Savings The foregoing examples are simple and are serve
illustrative purposes. We now consider an example that indeed has an infeasible like-
lihood. In Deaton| (1991), agents maximize expected utility Eq (72 p'u(ct)) subject to
the constraint that assets a;11 = (1 + r)(a: + y+ — ¢¢) are bounded below by zero, where
r is interest rate, y is income and c consumption. The desire for precautionary saving
interacts with borrowing constraints to generate a policy function that is not everywhere
concave, but is a piecewise linear when cash-on-hand is below an endogenous threshold.
The policy function can only be solved numerically at assumed parameter values. SMD
estimation thus consists of solving the model and simulating S auxiliary statistics at each
guess 0. Michaelides & Ngj (2000) evaluate the finite sample properties of several SMD
estimators using a model with similar features. Since the likelihood for this model is not
available analytically, Bayesian estimation of this model has not been implemented. Here,
we use the RS to approximate the posterior distribution.

We generate T = 400 observations assuming that U(c) = Cl:;l, yr ~ iid N (p, 0?)
withr = 0.05, = 10/11, u = 100, 0 = 10,y = 2 as true values. We estimate 6 = (1, u, 0)

and assume (B, r) are known. We use 10 auxiliary statistics:

/
Y= (y Tyy(0) Taa(0) Tec(0) Tee(l) Taa(1) Tee(2) Taa(2) Tey(0) fay(()))

where T, (j) = + YL (a; — a)(b;_;j — b). We generate B = 13,423 draws and keep the
3,356 (25%) nearest draws to . After weighting using the volume of the Jacobian matrix

we have an effective sample size of 1,421 drawsﬂ We use an identity weighting matrix

9The effective sample size is computed as 1/ Y2, w? where the weights satisfy YE o wh=1
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so Jrs(0) = 3(0)'3(0). The Jacobian is computed using finite differences for the RS. As
benchmark, we also compute an SMD with S = 100, Js = 35(0)'34(0). In this exercise,
the SMD only needs to solve for the policy function once at each step of the optimization.
Hence the binding function can be approximated using simulated data at a low cost. For
this example, the programs are coded in PYTHON. The Nelder-Mead method is used for

optimization.
Table 2.4: Deaton Model: RS, SMD with W =1

Posterior Mean/Estimate | Posterior SD/SE

Y K o Y H o
RS | 1.86 99.92 10.48 0.19 0.84 0.37
SMD | 1.76  99.38 10.31 0.12 0.60 0.34

Figure2.6/shows the posterior distribution of the RS (blue) along with the SMD distri-
bution (purple) as approximated by N (@smp, Vsmp/T) according to asymptotic theory.
Table [2.4/shows that the two sets of point estimates are similar. As explained in Forneron
& Ng| (2018), the SMD uses simulations to approximate the binding function while the
RS (and by implication the ABC) uses simulations to approximate the infeasible posterior
distribution. In this example, the difference in bias is quite small. We should note that
the RS took well over a day to solve while the SMD took less than three hours to com-
pute. Whether we use our own code for the ABC-MCMC or from available packages, the

acceptance rate is too low for the exercise to be feasible.

2.5 Conclusion

This paper studies properties of the reverse sampler considered in |[Forneron & Ng/ (2018)
for likelihood-free estimation. The sampler produce draws from the infeasible posterior
distribution by solving a sequence of frequentist SMD problems. We showed that the
reverse sampler uses the Jacobian matrix as importance ratio. In the over-identified case,
the importance ratio can be computed using the volume of the Jacobian matrix. The
reverse sampler does not suffer from the problem of low acceptance rate that makes the

ABC computationally demanding.
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Figure 2.1: Normally Distributed data
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Figure 2.3: Exponential Distribution
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Figure 2.5: Mixture Distribution
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Chapter 3

A Sieve-SMM Estimator for Dynamic
Models
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3.1 Introduction

Complex nonlinear dynamic models with an intractable likelihood or moments are in-
creasingly common in economics. A popular approach to estimating these models is to
match informative sample moments with simulated moments from a fully parameterized
model using SMM. However, economic models are rarely fully parametric since theory
usually provides little guidance on the distribution of the shocks. The Gaussian distri-
bution is often used in applications but in practice, different choices of distribution may
have different economic implications; this is illustrated below. Yet to address this issue,
results on semiparametric simulation-based estimation are few.

This paper proposes a Sieve Simulated Method of Moments (Sieve-SMM) estimator
for both the structural parameters and the distribution of the shocks and explains how to

implement it. The dynamic models considered here have the form:

Yt = obs (Yt—1,Xt, 0, f, ut) 3.1)
ur = Qlatent(Ur-1,6, f,e1), e~ f (3.2)

The observed outcome variable is y;, x; are exogenous regressors and u; is an unob-
served latent process. The unknown parameters include 6, a finite dimensional vector,
and the distribution f of the shocks e;. The functions gops, §1atent are known, or can be
computed numerically, up to 8 and f. The Sieve-SMM estimator extends the existing
Sieve-GMM literature to more general dynamics with latent variables and the literature
on sieve simulation-based estimation of some static models.

The estimator in this paper has two main building blocks: the first one is a sample mo-
ment function, such as the empirical characteristic function (CF) or the empirical CDF;
infinite dimensional moments are needed to identify the infinite dimensional parame-
ters. As in the finite dimensional case, the estimator simply matches the sample moment
function with the simulated moment function. To handle this continuum of moment con-
ditions, this paper adopts the objective function of Carrasco & Florens (2000); Carrasco
et al.|(2007a) in a semi-nonparametric setting.

The second building block is to nonparametrically approximate the distribution of the
shocks using the method of sieves, as numerical optimization over an infinite dimen-
sion space is generally not feasible. Typical sieve bases include polynomials and splines
which approximate smooth regression functions. Mixtures are particularly attractive to
approximate densities for three reasons: they are computationally cheap to simulate from,

they are known to have good approximation properties for smooth densities, and draws

58



from the mixture sieve are shown to satisfy the L2-smoothness regularity conditions of
the moments required for the asymptotic results. Restrictions on the number of mixture
components, the tails and the smoothness of the true density ensure that the bias is small
relative to the variance so that valid inferences can be made in large samples. To handle
potentially fat tails, this paper introduces a Gaussian and tails mixture. The tail densities
in the mixture are constructed to be easy to simulate from and also satisfy L>-smoothness

properties. The algorithm below summarizes the steps required to compute the estimator.

ALGORITHM: Computing the Sieve-SMM Estimator

Set a sieve dimension k(n) > 1 and a number of lags L > 1.
Compute zzn, the Characteristic Function (CF) of (v, ..., Yt—r1,Xt, ..., X¢—L).
fors=1,...,Sdo

Simulate the shocks e; from f, ,: a k(n) component Gaussian and tails mixture
distribution with parameters (w, u, 7).

Simulate artificial samples (v3,...,y;) at (0, fw,uc) using ej.

Compute QZZ(O, fw,uo), the CF of the simulated data (v;,...,y5_;, Xt ..., X—1).

Compute the average simulated Characteristic Function P30, foue) =
=1 "pn( f w, 1,0 )

. N 2
Compute the objective function Q3 (0, fuuc) = [ ‘1/),1 R ACHT)

nt(T)dr.

Find the parameters (On, Wn, Wn, 0y) that minimize Qn

To illustrate the class of models considered and the usefulness of the mixture sieve for
economic analysis, consider the first empirical application in section[3.6l where the growth

rate of consumption Ac; = log(C;/C;_1) is assumed to follow the following process:

Acy = pe + pcAcy—1 +orery, e~ f (3.3)
‘th = Mo+ Pafftz_1 + Koltp, €2~ X%- (3.4)

Compared to the general model (3.1)-(3.2), the Ac; corresponds to the outcome y;, the
latent variable u; is (O’tz, et1) and the parameters are 6 = (Uc, P, Ho, o, ko). This very
simple model, with a flexible distribution f for the shocks e; 1, can explain the low level of
the risk-free rate with a simple power utility and recent monthly data. In comparison, the
Long-Run Risks models relies on more complex dynamics and recursive utilities (Bansal
& Yaron, 2004) and the Rare Disasters literature involves hard to quantify very large, low
frequency shocks (Rietz, 1988; Barro, 2006b). Empirically, the Sieve-SMM estimates of
distribution of f in the model (3.3)-(3.4) implies both a 25% larger higher welfare cost

of business cycle fluctuations and an annualized risk-free rate that is up to 4 percentage
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points lower than predicted by Gaussian shocks. Also, in this example the risk-free rate

is tractable, up to a quadrature over 0;1, when using Gaussian mixtures:

. k 2
™ = —1og(6) + e + vpcher — log (Z wjlE, [e‘wf+1“f+7z”?+l [Uf—”} ) .
j=1

In comparison, for a general distribution the risk-free rate depends on all moments but
does not necessarily have closed form. The mixture thus combines flexible econometric
estimation with convenient economic modelling

As in the usual sieve literature, this paper provides a consistency result and derives
the rate of convergence of the structural and infinite dimensional parameters, as well
as asymptotic normality results for finite dimensional functionals of these parameters.
While the results apply to both static and dynamic models alike, two important differ-
ences arise in dynamic models compared to the existing literature on sieve estimation:
proving uniform convergence of the objective function and controlling the dynamic ac-
cumulation of the nonparametric approximation bias.

The first challenge is to establish the rate of convergence of the objective function for
dynamic models. To allow for the general dynamics (3.1)-(3.2) with latent variables, this
paper adapts results from Andrews & Pollard| (1994) and Ben Hariz (2005) to construct
an inequality for uniformly bounded empirical processes which may be of independent
interest. It allows the simulated data to be non-stationary when the initial (yo, o) is not
taken from the ergodic distribution. It requires a geometric ergodicity condition as in
Dutffie & Singleton! (1993). The boundedness condition is satisfied by the CF and the CDF
for instance. Also, the inequality implies a larger variance than typically found in the
literature 2]

The second challenge is that in the model (3.1)-(3.2) the nonparametric bias accumu-
lates dynamically. At each time period the bias appears because draws are taken from a
mixture approximation instead of the true fy, this bias is also transmitted from one pe-
riod to the next since (y§, u;) depends on (y;_;,u; ;). To ensure that this bias does not
accumulate too much, a decay condition is imposed on the DGP. For the consumption
process (3.3)-(3.4), this condition holds if both |p.| and |p,| are strictly less than 1. The

!Gaussian mixtures are also convenient in more complicated settings where the model needs to be
solved numerically. For instance, all the moments of a Gaussian mixture are tractable and quadrature is
easy so that it can be applied to both the perturbation method and the projection method (see e.g. Judd,
1996, for a review of these methods) instead of the more commonly applied Gaussian distribution.

2See (Chenl (2007, 2011) for a summary of existing results with iid and dependent data.
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resulting bias is generally larger than in static models and usual sieve estimation prob-
lems. Together, the increased variance and bias imply a slower rate of convergence for
the Sieve-SMM estimates. Hence, in order to achieve the rate of convergence required for
asymptotic normality, the Sieve-SMM requires additional smoothness of the true density
fo-

Monte-Carlo simulations illustrate the properties of the estimator and the effect of
dynamics on the bias and the variance of the estimator. Two empirical applications high-
light the importance of estimating the distribution of the shocks. The first is the example
discussed above, and the second estimates a different stochastic volatility model on a
long daily series of exchange rate data. The Sieve-SMM estimator suggests significant
asymmetry and fat tails in the shocks, even after controlling for the time-varying volatil-
ity. As a result, commonly used parametric estimates for the persistence are significantly
downward biased which has implications for forecasting; this effect is confirmed by the

Monte-Carlo simulations.

Related Literature

The Sieve-SMM estimator presented in this paper combines two literatures: sieves and
the Simulated Method of Moments (SMM). This section reviews the existing methods
and results in each literature to introduce the new challenges arising from the combined
Sieve-SMM setting.

A key aspect to simulation-based estimation is the choice of moments ,,. The Simu-
lated Method of Moments (SMM) estimator of McFadden| (1989) relies on unconditional
moments, the Indirect Inference (IND) estimator of Gouriéroux et al. (1993) uses auxliary
parameters from a simpler, tractable model and the Efficient Method of Moments (EMM)
of Gallant & Tauchen! (1996) uses the score of the auxiliary model. Simulation-based es-
timation has been applied to a wide array of economic settings: early empirical appli-
cations of these methods include the estimation of discrete choice models (Pakes, |1986;
Rust, [1987), DSGE models (Smithj 1993) and models with occasionally binding constraints
(Deaton & Laroque, 1992). More recent empirical applications include the estimation of
earning dynamics (Altonji et al., 2013), of labor supply (Blundell et al.,, 2016) and the
distribution of firm sizes (Gourio & Roys, 2014). Simulation-based estimation can also
applied to models that are not fully specified as in Berry et al. (1995), these models are
not considered in the Sieve-SMM estimation.

To achieve parametric efficiency a number of papers consider using nonparametric
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moments but they assumed the distribution f is knownﬂ To avoid dealing with the
nonparametric rate of convergence of the moments Carrasco et al. (2007a) use the con-
tinuum of moments implied by the CE This paper uses a similar approach in a semi-
nonparametric setting. Bernton et al.|(2017) use the Wasserstein, or Kantorovich distance,
between the empirical and simulated distributions. This distance relies on unbounded
moments and is thus excluded from the analysis in this paper.

General asymptotic results are given by Pakes & Pollard, (1989) for SMM with iid data
and Lee & Ingram|(1991); Duttie & Singleton (1993)) for time-series. Gouriéroux & Monfort
(1996) provide an overview of existing results for a large number of simulation-based
estimation methods.

While most of the literature discussed so far deals with fully parametric SMM models,
there are a few papers concerned with sieve simulation-based estimation. Bierens & Song
(2012) provide a consistency result for Sieve-SMM estimation of a static first-price auction
modelﬁ Newey|(2001) uses a sieve simulated IV estimator for a measurement error model
and proves consistency as both 7 and S go to infinity. These papers only consider specific
static models and only provide limited asymptotic results. Furthermore, they consider
sampling methods for the simulations that are very computationally costly (see section
for a discussion). Additionally, an incomplete working paper by Blasques| (2011) uses
the high-level conditions in Chen (2007) for a “Semi-NonParametric Indirect Inference”
estimator. These conditions are very difficult to verify in practice and additional results
are needed to handle the dynamicsﬁ

An alternative to using sieves in SMM estimation involves using more general para-
metric families to model the first 3 or 4 moments flexibly. Ruge-Murcia| (2012} 2017)
considers the skew Normal and the Generalized Extreme Value distributions to model
the first 3 moments of productivity and inflation shocks. Gospodinov & Ngj (2015);
Gospodinov et al.| (2017) use the Generalized Lambda famility to flexibly model the first

4 moments of the shocks in a non-invertible moving avergage and a measurement error

3Gee e.g. |Gallant & Tauchen| (1996); Fermanian & Salanié| (2004); Kristensen & Shin (2012); |Gach &
Potscher| (2010); [Nickl & Potscher| (2011).

“In order to do inference on f, they propose to invert a simulated version of [Bierens| (1990)’s ICM test
statistic. A recent working paper by Bierens & Song|(2017) introduces covariates in the same auction model
and gives an asymptotic normality result for the coefficients 8,, on the covariates.

> Also, to avoid using sieves and SMM in moment conditions models that are tractable up to a latent
variable,|Schennach/(2014) proposes an Entropic Latent Variable Integration via Simulation (ELVIS) method
to build estimating equations that only involve the observed variables. Dridi & Renault| (2000) propose a
Semi-Parametric Indirect Inference based on a partial encompassing principle.
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model. However, in applications where the moments depend on the full distribution of
the shocks, which is the case if the data y; is non-separable in the shocks e;, then the esti-
mates 6, will be sensitive to the choice of parametric family. Also, quantities of interest
such as welfare estimates and asset prices that depend on the full distribution will also
be sensitive to the choice of parametric family.

Another related literature is the sieve estimation of models defined by moment con-
ditions. These models can be estimated using either Sieve-GMM, Sieve Empirical Like-
lihood or Sieve Minimum Distance (see Chen) 2007, for a review). Applications include
nonparametric estimation of mean instrumental variables regressionﬂ of quantile instru-
mental variables regressionsﬂ and the semi-nonparametric estimation of asset pricing
modelsﬁ for instance. Existing results cover the consistency and the rate of convergence
of the estimator as well as asymptotic normality of functional of the parameters for both
iid and dependent data. Recent general asymptotic results include Chen & Pouzo (2012,
2015) for iid data and Chen & Liao|(2015) for dependent data.

In the empirical Sieve-GMM literature, an application closely related to the dynam-
ics encountered in this paper appears in Chen et al. (2013). The authors show how to
estimate an Euler equation with recursive preferences when the value function is ap-
proximated using sieves. Recursive preferences require a filtering step to recover the
latent variable. This implies that the moments depend on the whole history of the data
(Yt,.-.,y1). However, general results based on coupling results (see e.g. Doukhan et al.,
1995; Chen & Shen, (1998) do not apply to this class of moments. The authors use a Boot-

strap for inference without formal asymptotic results.

Notation

The following notation and assumptions will be used throughout the paper: the param-
eter of interestis B = (6, f) € ® x F = B. The finite dimensional parameter space ®
is compact and the infinite dimensional set of densities F is possibly non-compact. The
sets of mixtures satisfty By C By,1 C B, k is the data dependent dimension of the sieve
set By. The dimension k increases with the sample size: k(n) — oo as n — oo. Using the

notation of Chen|(2007), Iy, f is the mixture approximation of the density f. The vector

6Gee e.g. [Hall & Horowitz| (2005); (Carrasco et al.| (2007b)); Blundell et al. (2007); [Darolles et al. (2011);
Horowitz| (2011).

"See e.g. |Chernozhukov & Hansen|(2005); (Chernozhukov et al.| (2007); Horowitz & Lee| (2007).
8See e.g. Hansen & Richard| (1987);|Chen & Ludvigson| (2009); Chen et al.|(2013); (Christensen, (2017).
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of shocks e has dimension d. > 1 and density f. The total variation distance between
two densities is || f1 — f2|lrv = 1/2 [ |f1(e) — f2(e)|de and the supremum (or sup) norm is
| fi = f2llc0 = sup,cge|fi(e) — f2(e)|. For simplification, the following convention will be
used |[B1 — B2l[tv = (|61 — 02| + || 1 — follrv and [[B1 — B2lleo = (|01 — 62| + [[ f1 = f2lleo,
where ||0|| and ||¢|| correspond the Euclidian norm of 8 and e respectively. ||B1|x is a
norm on the mixture components: B1|m = ||0]] + ||(w, u,0)|| where || - || is the Euclid-
ian norm and (w, p, o) are the mixture parameters. For a functional ¢, its pathwise, or
Gateau, derivative at B; in the direction B, is %gl)[ﬁz] = w L it will be as-
sumed to be continuous in $; and linear in 8. For two sequences a,, and b, the relation

a, < by implies that there exists 0 < ¢; < ¢ < oo such that cia, < by, < cpa, foralln > 1.

Structure of the Paper

The paper is organized as follows: Section [3.2 introduces the Sieve-SMM estimator, ex-
plains how to implement it in practice and provides important properties of the mixture
sieve. Section [3.3|gives the main asymptotic results: under regularity conditions, the esti-
mator is consistent. Its rate of convergence is derived, and under further conditions, finite
dimensional functionals of the estimates are asymptotically normal. Section 3.4 provides
two extensions, one to include auxiliary variables in the CF and another to allow for dy-
namic panels with small T. Section [3.5| provides Monte-Carlo simulations to illustrate
the theoretical results. Section [3.6| gives empirical examples for the estimator. Section
concludes. Appendix 3.7/ gives some information about the CF and details on how to
compute the estimator in practice. Appendix 3.7| provides the proofs to the main results.
Appendix 3.7 provides results for more general moment functions and sieve bases and
Appendix|3.7lwhich provides the proofs for these results.

3.2 The Sieve-SMM Estimator

This section introduces the notation used in the remainder of the paper. It describes the
class of DGPs considered in the paper and describes the DGP of the leading example in
more details. It discusses the choice of mixture sieve, moments and objective function
as well as some important properties of the mixture sieve. The running example used

throughout the analysis is based on the empirical applications of section 3.6}
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Example 1 (Stochastic Volatility Models). In both empirical applications, y; follows an AR(1)

process with log-normal stochastic volatility

Yt = My + pyYt—1 + 0ret 1.

The first empirical application estimates a linear volatility process:

2 2
0y = Ho + Pe0;_1 + Koet

where e;p ~ x3. The second empirical application estimates a log-normal stochastic volatility

process:
log(ot) = po + polog(oi—1) + Kkpey .

where e; (SN (0,1). In both applications e iid f with the restrictions E(e;1) = 0 and

lE(ef/l) = 1. The first application approximates f with a mixture of Gaussian distributions, the

second adds two tail components to model potential fat tails.

Stochastic volatility (SV) models in Example (1| are intractable because of the latent
volatility. With log-normal volatility, the model becomes tractable after taking the trans-
formation log([y: — pty — pyy:—1)?) (see e.g. Kim et al.,[1998) and the problem can be cast as
a deconvolution problem (Comte, 2004). However, the transformation removes all the in-
formation about asymmetries in f, which turn out to empirically significant (see section
B.6). In the parametric case, alternatives to using the transformation involve Bayesian
simulation-based estimators such as the Particle Filter and Gibbs sampling or EMM for

frequentist estimation.

Sieve Basis - Gaussian and Tails Mixture

The following definition introduces the Gaussian and tails mixture sieve that will be used
in the paper. It combines a simple Gaussian mixture with two tails densities which model
asymmetric fat tails parametrically. Drawing from this mixture is computationally sim-
ple: draw uniforms and gaussian random variables, switch between the Gaussians and
the tails depending on the uniform and the mixture weights w. The tail draws are a

simple function of uniform random variables.

Definition 1 (Gaussian and Tails Mixture). A random variable e follows a k component Gaus-
sian and Tails mixture if its density has the form:

k

w; e—Ui  w e— w €~ Hk+2
j j k+1 Hi+1 k+2 Hi+2
fomae) = G Gt (I ) i (12




where ¢ is the standard Gaussian density and its left and right tail components are

e o el+ex

fule6) = @+ e g omap fres0 frledr) = (2+8r)7

Tremap Jrez0

with fr(e, &) = 0fore > 0and fr(e, &) = 0fore < 0. To simulate from the Gaussian and tails

mixture, draw 71, ..., Z iid N(0,1), v,vr, VR iid Ujo) and compute Zyq = — (% — 1> oL

1
and Zy o = (i - 1) "R Then, for wy = O:

VR

k+2
e = ]; ﬂve[Z{;é W, YI_y wi] (y]- + (7].2],)

follows the Gaussian and tails mixture f -

For application where fat tails are deemed unlikely, as in the first empirical applica-
tion, the weights wy 1, Wi, can be set to zero to use a Gaussian mixture. If C;:—:ll # 0 and
Wk2 . . s afure
s # 0 then the left and right tails satisfy:

file) TR (el PE, fr(e) TRT ek,

If ¢1,Cr > 0 then draws from the tail components have finite expectation, they also have
finite variance if ¢;,lgr > 1. More generally, for the j-th moment to be finite, j > 1,
¢r,Gr > ] is necessary. (Gallant & Nychka| (1987) also add a parametric component to
model fat tails by using a mixture of a Hermite polynomial with a Student density. How-
ever, neither the Hermite polynomial nor the Student t-distribution have closed-form
quantiles, which is not practical for simulation. Here, the densities f1, fr are constructed
to be easy to simulated from.

The indicator function ﬂvfe[):{;é oL ¥yl
w. Standard derivative-free optimization routines such as the Nelder-Mead algorithm
(Nelder & Mead, (1965) as implemented in the NLopt library of Johnson! (2014) can handle

this estimation problem as illustrated in section 3.5

introduces discontinuities in the parameter

In the finite mixture literature, mixture components are known to be difficult to iden-
tify because of possible label switching and the likelihood is globally unboundedm Using

the characteristic function rather than the likelihood resolves the unbounded likelihood

9The NLopt library is available for C++, Fortran, Julia, Matlab, Python and R among others.

19See e.g. McLachlan & Peel (2000) for a review of estimation, identification and applications of finite
mixtures. See also/Chen et al.| (2014b) for some recent results.
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problem as discussed in Yu| (1998). More importantly, the object of interest in this paper is
the mixture density f, ;¢ itself rather than the mixture components. As a result, permu-
tations of the mixture components are not a concern, since they do not affect the resulting

mixture density fu, 0.

Moments - Empirical Characteristic Function and Objective Function

As in the parametric case, the moments need to be informative enough to identify the
parameters. In Sieve-SMM estimation, the parameter § = (9, f) is infinite dimensional
so that no finite dimensional vector of moments could possibly identify B. As a result,
this paper relies on moment functions which are themselves infinite dimensional.

The leading choice of moment function in this paper is the empirical characteristic

function for the joint vector of lagged observations (y¢, Xt) = (¢, .-, Yi—L, Xt, -+, Xt—L):

~ 1 & v
’%Z)n("[') — E 2 elT (ytlxt)’ \V/T c Rd‘[
t=1
where i is the imaginary number such that i* = —1@ The CF is one-to-one with the

joint distribution of (y;,X;), so that the model is identified by 4, (-) if and only if the dis-
tribution of (y:, x;) identifies the true By. Using lagged variables allows to identify the
dynamics in the data. Knight & Yu (2002) show how the characteristic function can iden-
tify parametric dynamic models. Some useful properties of the CF are given in Appendix
B2

Besides the CF, another choice of bounded moment function is the CDF. While the
CF is a smooth transformation of the data, the empirical CDF has discontinuities at each
point of support of the data (y;, x;) which could make numerical optimization more chal-
lenging. Also, the CF around 7 = 0 summarizes the information about the tails of the
distribution (see Ushakov, 1999, page 30). This information is thus easier to extract from
the CF than the CDFE. The main results of this paper can be extended to any bounded
moment function satisfying a Lipschitz condition@

Since the moments are infinite dimensional, this paper adopts the objective function

of Carrasco & Florens (2000); Carrasco et al. (2007a) to handle the continuum of moment

. . . . it
1The moments can also be expressed in terms of sines and cosines since '™ V%) = cos(t/(y:, xt)) +
e
isin(T’ (y, x¢t))-

12 Appendix [3.7|allows for more general non-Lipschitz moment functions and other sieve bases. How-
ever, the conditions required for these results are more difficult to check.
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conditions

/\@bn — 3z, ﬁ)‘ (T)dr. (3.5)

The objective function is a weighted average of the square norm between the empirical
1@1 and the simulated 7,3,5 moment functions. As discussed in Carrasco & Florens (2000)
and Carrasco et al.| (2007a)), using the continuum of moments avoids the problem of con-
structing an increasing vector of moments. The weighting density 7t is chosen to be the
multivariate normal density for the main results. Other choices for 7t are possible as long
as it has full support and is such that [ V/71(T)dT < c0. As an example, the exponen-
tial distribution satisfies these two conditions, while the Cauchy distribution does not
satisfy the second. In practice, choosing 7t to be the Gaussian density with same mean
and variance as (yt, X¢) gave satisfying results in sections 3.5/and In the appendix,
the results allow for a bounded linear operator B which plays the role of the weight ma-
trix W in SMM and GMM as in Carrasco & Florens| (2000). Carrasco & Florens| (2000);
Carrasco et al. (2007a)) provide theoretical results for choosing and approximating the op-
timal operator B in the parametric setting. Similar work is left to future research in this
semi-nonparametric setting.

Given the sieve basis, the moments and the objective function, the estimator Bn =

(01, fu) is defined as an approximate minimizer of Q;:

Qn(Bn) < diagge,  Qn(B) + Op(im) (3.6)

where 1, > 0 and 17, = o(1) corresponds to numerical optimization and integration
errors. Indeed, since the integral in needs to be evaluated numerically, some form
of numerical integration is required. Quadrature and sparse quadrature were found to
give satisfying results when dim(7) is not too large (less than 4). For larger dimensions,
quasi-Monte-Carlo integration using either the Halton or Sobol sequence gave satisfying
results All Monte-Carlo simulations and empirical results in this paper are based on
quasi-Monte-Carlo integration. Additional details on the computation of the objective

function are given in Appendix

13Carrasco & Florens (2000) provide a general theory for GMM estimation with a continuum of moment
conditions. They show how to efficiently weight the continuum of moments and propose a Tikhonov
(ridge) regularization approach to invert the singular variance-covariance operator. Earlier results, without
optimal weighting, include Koul| (1986) for minimum distance estimation with a continuum of moments.

4Monte-Carlo experiments not reported in this paper showed similar results when using the exponen-
tial density for 7t instead of the Gaussian density.

15See e.g. Heiss & Winschel (2008); Holtz (2011) for an introduction to sparse quadrature in economics
and finance, and (Owen|(2003) for quasi-Monte-Carlo sampling.
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Approximation and L?>-Smoothness Properties of the Mixture Sieve

This subsection provides more details on the approximation and L”-smoothness proper-
ties of the mixture sieve. It also provides the necessary restrictions on the true density fy
to be estimated. Gaussian mixtures can approximate any smooth univariate density but
the rate of this approximation depends on both the smoothness and the tails of the density
(see e.g. Kruijer et al., 2010). The tail densities parametrically model asymmetric fat tails
in the density. This is useful in the second empirical example since a thin tail assumption
may not hold for exchange rate data. The following lemma extends the approximation
results of Kruijer et al.|(2010) to a multivariate density with independent components and

potentially fat tails.

Lemma 2 (Approximation Properties of the Gaussian and Tails Mixture). Suppose that the
shocks e = (et1,...,e;4,) are independent with density f = f1 x --- X f;.. Suppose that each
marginal f; can be decomposed into a smooth density f; s and the two tails f1, fr of Definition

fi=(1—-wj1 —wjp)fjs + wjrfL + wja fr.
Let each f; s satisfy the assumptions of Kruijer et al. (2010):

i. Smoothness: f;s is r-times continuously differentiable with bounded r-th derivative.

i1. Tails: f]-,s has exponential tails, i.e. there exists e, M 7,4, b > 0 such that:
fis(e) < Mg’ vje| > 2.

iii. Monotonicity in the Tails: f;s is strictly positive and there exists e < e such that f;s is

weakly decreasing on (—oo, e| and weakly increasing on [e, o0).

and || fillo < f for all j. Then there exists a Gaussian and tails mixture ITif = ITify X - - X
L1 fa, satisfying the restrictions of Kruijer et al. (2010):

iv. Bandwidth: 0; > o} = O(M).

v. Location Parameter Bounds: y; € [~ 7] with i, = O (log[k]/?)

such that as k — oo:
log(k 2r/b
W—nuw:o<i%%—>

where || - |7 = [| - lrv or || - [leo-

69



The space of true densities satisfying the assumptions will be denoted as F and F is
the corresponding space of Gaussian and tails mixtures ITj f.

Note that additional restrictions on f may be required for identification, such as mean
zero, unit variance or symmetry. The assumption that the shocks are independent is not
too strong for structural models where this, or a parametric factor structure is typically
assumed. Note that under this assumption, there is no curse of dimensionality because
the components f; can be approximated separately. Also, the restriction || fj|eo < f is only
required for the approximation in supremum norm || - ||c.

An important difficulty which arises in simulating from a nonparametric density is
that draws are a very nonlinear transformation of the nonparametric density f. As a
result, standard regularity conditions such as Holder and L?-smoothness are difficult to
verify and may only hold under restrictive conditions. The following discusses these
regularity conditions for the methods used in the previous literature and provides a LF-
smoothness result the mixture sieve (Lemma 3|below).

Bierens & Song| (2012) use Inversion Sampling: they compute the CDF F; from the
nonparametric density and draw F,~ L), v Y Up,1- Computing the CDF and its inverse
to simulate is very computationally demanding. Also, while the CDF is linear in the
density, its inverse is a highly non-linear transformation of the density. Hence, Holder
and LP-smoothness results for the draws are much more challenging to prove without
further restrictions.

Newey| (2001) uses Importance Sampling for which Holder conditions are easily ver-
ified but requires S — oo for consistency alone. Furthermore, the choice of importance
distribution is very important for the finite sample properties (the effective sample size)
of the simulated moments. In practice, the importance distribution should give suffi-
cient weight to regions for which the nonparametric density has more weight. Since the
nonparametric density is unknown ex-ante, this is hard to achieve in practice.

Gallant & Tauchen (1993) use Accept/Reject (outside of an estimation setting): how-
ever, it is not practical for simulation-based estimation. Indeed, the required number
of draws to generate an accepted draw depends on both the instrumental density and
the target density f. ;,s. The latter varies with the parameters during the optimization.
This also makes the LP-smoothnes properties challenging to establish. In comparison, the
following lemma shows that the required L?>-smoothness condition is satisfied by draws

from a mixture sieve.
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Lemma 3 (L2-Smoothness of Simulated Mixture Sieves). Suppose that

k(n) k(n)
S __ i . . .78 > i . 7. ~.78
' ]; I (U Z) . &= ]; e (U 723;)

with |pj| and [p;] < Hie(n)r |oj| and |g| < T. If]E(|Zf] 2) < CZ < oo then there exists a finite
constant C which only depends on Cz such that:

.=\ 7 = 1/2
:[E Sup”fwmufgffg),ﬁ,;ng(s‘et - et‘ S C (1 + ‘uk(n) + (o + k(ﬂ)) 5 .

Lemma 3]is key in proving the L2-smoothness conditions of the moments 55, required
to establish the convergence rate of the objective function and stochastic equicontinu-
ity results. Here, the LP-smoothness constant depends on both the bound 7, and the
number of mixture components k(n)m Kruijer et al.| (2010) showed that both the total
variation and supremum norms are bounded above by the pseudo-norm || - ||, on the
mixture parameters (w, p,¢) up to a factor which depends on the bandwidth gy,,). As a
result, the pseudo-norm || - || controls the distance between densities and the simulated
draws as well. Furthermore, draws from the tail components are shown in the appendix
to be L2-smooth in their tail parameters ¢, ¢r. Hence, draws from the Gaussian and tails

mixture are L?-smooth in both (w, #, ) and &.

3.3 Asymptotic Properties of the Estimator

This section provides conditions under which the Sieve-SMM estimator in (3.6)) is consis-
tent. Its rate of convergence is derived and an asymptotic normality result for functionals

of B, is given.

Consistency

Consistency results are given under low-level conditions on the DGP using the Gaussian

and tails mixture sieve with the CFB First, the population objective Qj, is:

Qi(B) = [ [E () ~ (2, B)) | (o) 67)

16Gee e.g.|Andrews) (1994); Chen et al. (2003) for examples of LP-smooth functions.

7Consistency results allowing for non-mixture sieves and other moments are given in Appendix
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The objective depends on n because (y;, x;) are not covariance stationary: the moments

can depend on t. Under geometric ergodicity, it has a well-defined limit

Qu(B) "= 0B = [ | im E (da(0) - #5(.8) | n(r)a.

In the definition of the objective Q, and its limit Q, the expectation is taken over both the

data (yt, x¢) and the simulated samples (y;, x;). The following assumption, provide a set
of sufficient conditions on the true density f, the sieve space and a first set of conditions

on the model (identification and time-series properties) to prove consistency.
Assumption 1 (Sieve, Identification, Dependence). Suppose the following conditions hold:

i. (Sieve Space) the true density fo and the mixture sieve space fk(n) satisfy the assumptions
of Lemma 2] with k(n)*log[k(n)]*/n — 0as k(n) and n — co. @ is compact and 1 <
¢LCr < ¢ < 0.

ii. (Identification) lim,_ e [E <1Zn(r) - @Z(T,,B)) =0,mas. < ||B— Bollg = 0 where 7
is the Gaussian density. For any n,k > 1and for alle > 0, diaggcp |5 pg,|5>eQn(B) i
strictly positive and weakly decreasing in both n and k.

iii. (Dependence) (yt, x¢) is strictly stationary and a-mixing with exponential decay, the simu-

lated (y3(B), xt) are geometrically ergodic, uniformly in B € B.

Condition i. is stronger than the usual condition k(n)/n — 0 in the sieve literature
(see e.g Chen, 2007). The additional log[k(n)] term is due to the mixture being a non-
linear sieve basis and the fourth power is due to the dependence. Indeed, the inequal-
ity in Lemma |.0.4 n implies that the variance is of order k(n)?loglk(n)]?/+/n instead of
Vk(n)loglk(n)]/n for iid data.

Condition ii. is the usual identification condition. It is assumed that the informa-

tion from the joint distribution of (y¢, x;) = (y¢,...,Yt—L, Xt, - .., X¢—1) uniquely identifies
B = (0, f). Proving general global identification results is quite challenging in this setting
and is left to future research. Local identification in the sense of Chen et al. (2014a)) is also
challenging to prove here because the dynamics imply that the distribution of (v}, x¢, u3)
is a convolution of f with the distribution of (y;_;, x;, uj ;). Since the stationary distribu-
tions of (v;, x, uj) and (yj_,, x:, uj_,) are the same, the resulting distribution is the fixed
point of its convolution with f. This makes derivatives with respect to f difficult to com-

pute in many dynamic models. Note that the identification assumption does not exclude

18Since the CF is bounded, the dominated convergence theorem can be used to prove the existence of
the limit.
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ill—posedness@ The space F is assumed to include the necessary restrictions (if any) for
identification such as mean zero and unit variance. Global identification results for the
stochastic volatility model in Example[I|are given in Appendix

Condition 7ii. is common in SMM estimation with dependent data (see e.g. Duffie &
Singleton, [1993). In this setting, it implies two important features: the simulated (v, x)

are a-mixing (Liebscher, 2005), and the initial condition bias is negligible: Q,(Bo) =

O(1/n*)

Assumption 2 (Data Generating Process). y; is simulated according to the dynamic model
(B.1)-(3.2) where gops and giapent satisfy the following Holder conditions for some «y € (0, 1]:

Y(i). || Qobs (1, %, B, 1) — Gobs (Y2, %, B, ) || < Ci(x, u)|lyr — y2l| with B (Cy(xy, u5)?|y5_;) <

El <1

y(ii). || Qobs (v, %, B1, 1) — obs (v, X, B2, u) || < Ca(y, x,u)||B1 — Bal|§ with E (C(y5, x¢, uf)?) <
EQ < 0.

y(iii). || Qobs (Y, %, B, 1) — Zobs (v, X, B, u2) || < Caly, x)|lur — ua||7 with E (C3(y5, x¢)|uf) <
63 < oo,

u(i). ||S1atent (41, B, €) — Slatent (U2, B, €) || < Cyle)||ur — uz|| with E (C4(€?)2) < E4 <L
u(ii). ”glatent(ur ﬁlr e) - glatent(ur ,[32/3)“ < CS(u/e)”,Bl - ﬁ2Hg’ with B (CS(u?,pe?)z) <
65 < 0.
u(iii). ”glatent(u/ ,B/ 61) - glatent(u/ ,B/ eZ)H < C6(u) ||61 - €2|| with B (C6(u?_1)2) < E6 < oo.

for any (B1, B2) € B, (y1,y2) € RU™WY), (u1,up) € R¥™W) and (e, ey) € R¥*™ME), The norm

|| - || g is either the total variation or supremum norm.

Conditions y(ii), u(ii) correspond to the usual Holder conditions in GMM and M-
estimation but placed on the DGP itself rather than the moments. Since the cosine and
sine functions are Lipschitz, it implies that the moments are Holder continuous as well@

The decay conditions y(i), u(i) together with condition y(iii) ensure that the differences
due to ||f1 — B2||s do not accumulate too much with the dynamics. As a result, keeping

the shocks fixed, the Holder condition applies to (y;, u;) as a whole. It also implies that

19See e.g. Carrasco et al|(2007b) and Horowitz (2014) for a review of ill-posedness in economics.
Ngee Proposition in the supplemental material for the second result.

2 For any choice of moments that preserve identification and are Lipschitz, the main results will hold
assuming ||7||eoy/71(7) and [ \/7t(7)dT are bounded. For both the Gaussian and the exponential density,
these quantities turn out to be bounded. In general Lispchitz transformations preserve LP-smoothness
properties (see e.g. |[Andrews| [1994; van der Vaart & Wellner) [1996), here additional conditions on 7t are
required to handle the continuum of moments with unbounded support.

73



the nonparametric approximation bias [|3o — ITi(,)Bol|5 does not accumulate too much.
These conditions are similar to the L?-Unit Circle condition which Duffie & Singleton
(1993) suggest as an stronger alternative to geometric ergodicity in a uniform LLN and
a CLT. The decay conditions play a more important role here since they are needed to
control the nonparametric bias of the estimator.

Condition u(iii) ensures that the DGP preserves the L2-smoothness properties derived
for mixture draws in Lemma [3| This condition does not appear in the usual sieve lit-
erature which does not simulate from a nonparametric density. In the SMM literature,
a Lipschitz or Holder condition is usually given on the moments directly. Note that a
condition analogous to u(iii) would also be required for parametric SMM estimation of a
parametric distribution.

Assumption 2| does not impose that the DGP be smooth. This allows for kinks in g
Or Qlatent s in the sample selection model or the models of Deaton| (1991) and Deaton
& Laroque] (1992). Assumption 2| in Appendix [3.7] extends Assumption [2| to allow for
possible discontinuities in g,ps, iatent- The following shows how to verify the conditions
of Assumptionin Examplewith x3 volatility shocks@

Example 1| (Continued) (Stochastic Volatility). If |o,| < 1 then assumption y(i) is satisfied.
Also:

iy + oyayi—1 — py2 — ey2yi—1| < ([py1 — my2l + oy — oy2)) (1 + [yi-1])

and thus condition y(ii) is satisfied assuming E(y?_,) is bounded. Since f has mean zero and unit

variance, E(y? ;) is bounded if |uys| < i, < oo, |ps| < p, < 1and x, < ¥ < oo for some

9,0y K. For condition y(iii), take uy = (02, ;1) and tiy = (02, € 1):

o7 — 77|

< e

|orer1 — Oter , |overs —ovep1| < orlers — el

The first inequality is due to the Holder continuity of the square-root function.@ oy and é; 1 are
independent, E(0?) is bounded above under the previous parameter bounds and lE(efll) =1
and so condition y(iii) holds term by term. If the volatility o7 is bounded below by a strictly
positive constant for all paramater values then the Holder continuity y(iii) can be strengthened to
a Lipschitz continuity result. Given that o? follows an AR(1) process, assumptions u(i), u(ii) and

u(iii) are satisfied.

22Some additional examples are given in Appendix They are not tied to the use of mixtures, and as
a result, impose stronger restrictions on the density f such as bounded support.

BFor any two x,y > 0, [v/x — /| < /[x2 — 2.

74



The Holder coefficient in conditions y(ii), y(iii) and u(ii) is assumed to be the same
to simplify notation. If they were denoted 71,72 and <3, in order of appearance, then
the rate of convergence would depend on min(v1,y273) instead of 7?. This could lead
to sharper rates of convergence in section [3.3| and weaker condition for the stochastic
equicontinuity result in section3.3] As shown above, in Example[I|the Holder coefficients

are y; = y3 = 1, 72 = 1/2 when 0; does not have a strictly positive lower bound.

Lemma 4 (Assumption / implies L?>-Smoothness of the Moments). Under either As-
sumption 2| or 2} if the assumptions of Lemma [3| hold and 7t is the Gaussian density, then there
exists C > 0 such that for all 6 > 0, uniformly in t > 1, (B1, B2) € By and T € R%;

1S X il (S X 2 / — (5’)/2 _ — 2
E (Sup|'81_ﬁ2|m§5‘el'( (Yt(ﬁl)/ t) _ elT (Yt(,32)/ t) 7T(T)> S Cmax 2_’)/2’ [k(n) —+ ‘uk(n) + 0—]'}’57 /2

i (n)

where ||B|lm = ||0|| + || (w, u, 0)|| is the pseudo-norm on 0 and the mixture parameters (w, u, o)
from Lemma|3| Also, since 7t is the Gaussian density the integral [ \/7t(T)dT is finite.

Lemma @ gives the first implication of Assumption 2 It shows that the moments 1}
are L?-smooth, uniformly in ¢ > 1. The L?-smoothness factor depends on the bounds
of the sieve components. In the SMM and sieve literatures, the L”-smoothness constant
depends on neither k nor n by assumption. Here, drawing from the mixture distribution
implies that the constant will increase with the sample size n. The rate at which it in-
creases is implied by the assumptions of Lemma Furthermore, because the index T
has unbounded support, the L2-smoothness result involves the weights via /77. Without

7, the L?-smoothness result may not hold uniformly in T € R%".

Lemma 5 (Nonparametric Approximation Bias). Suppose Assumptions [I|and 2| (or 2]) hold.
Furthermore suppose that IE (||y;[|*) and E (||uf]|?) are bounded for B = o and p = Ty, Bo
forallk(n) > 1,t > 1 then:

_ loglk(n)| /> Toglk(m)*7* 1Y _  (Toglk(w]*/*+?

where Iy, Bo is the mixture sieve approximation of Bo, y the Holder coefficient in Assumption

b and r are the exponential tail index and the smoothness of the density fs in Lemma

24 Under the assumption of Lemma gki(iﬂ)yz =0 (k(n)272/ log[(n)}hz/b) and [k(n) + fi,y +0)7 =

O (k(n)7). As a result, the maximum term is bounded above by max (k(n)zVZ,k(nW) 57°/2 (up to a con-
stant).
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Lemma 5 gives the second implication of Assumption[2} it computes the value of the
objective function Qy at ITy(,)Bo, which is directly related to the bias of the estimator
ﬁn. Two terms are particularly important for the rate of convergence: the smoothness of
the true density r and the roughness of the DGP as measured by the Holder coefficient
v € (0,1]. If r and vy are larger then the bias will be smaller. The rate in this lemma is
different from the usual rate found in the sieve literature. Chen & Pouzo| (2012) assume
for instance that Qy (ITy,)B0) = [|Bo — Hk(n)ﬁoﬂ%g- In comparison, the rate derived here

is:
Qnmk(n)ﬁo)xmax(nﬁo—nk JBoll310g (1180 — iy Bolls) 1B — T ol 1/n2)

with [[Bo — Ik folls = O(loglk(n )2/t /k(n)") as given in Lemma 2l The 1/#% term
corresponds to the bias due to the nonstationarity, its order is implied by the geometric er-
godicity condition and the boundedness of the moments. The log-bias term log (H,Bo — i) Bol B)
is due to the dynamics: y; depends on the full history (e, ..., ef) which are iid Iy, fo, so

that the bias accumulates. The decay conditions y(i), y(iii), u(i) ensure that the resulting

bias accumulation only inflates bias by a log term. The term [|8o — ITj(,,)Bo || B " is due to

the Holder smoothness of the DGP. If the DGP is Lipschitz, i.e. ¥ = 1, and the model is

static then the rate becomes Qy(Ilx(,)Bo0) = [|Bo — k() Bo |%, which is the rate assumed

in (Chen & Pouzo (2012).

Theorem 1 (Consistency). Suppose Assumptions|l|and[2](orf) hold. Suppose that B — Q,(B)
is continuous on (By(y,), || - ||5) and the numerical optimization and integration errors are such
that n, = o(1/n). Iffor all € > 0 the following holds:

loolk 4r/0+2 k()4 loelk 4 q ‘
max( Og[k((:))z]ﬂr ’ (n) O:*l;[ (n)] ’ﬁ) =0 (dlagﬁel?k(n),\lﬁ—ﬁoHBEEQ”(’8)> (3.8)

where r is the assumed smoothness of the smooth component fs and b its exponential tail index.

Then the Sieve-SMM estimator is consistent:

1Bn = Bolls = 0p(1).

Theorem|I]is a consequence of the general consistency lemma in|Chen & Pouzo|(2012)
reproduced as Lemma in the appendix. They provide high level conditions which
Assumption 2] together with Lemmas [4 and [5| verify for simulation-based estimation of

static and dynamic models. Condition in Theorem [I| allows for ill-posedness but
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requires the minimum to be well separated on the sieve space relative to the bias and the
variance.

The variance term k(n)*log[k(n)]*/n is derived using the inequality in Lemma [.0.4 -
which is adapted from existing results of Andrews & Pollard| (1994); Ben Hariz (2005).
It is based on the moment inequalities for a-mixing sequences of Rio| (2000) rather than
coupling results (see e.g.Doukhan et al.,[1995; Chen & Shen, 1998; Dedecker & Louhichi,
2002). This implies that the moments can be nonstationary, because of the initial con-
dition, and depend on arbitrarily many lags as in Example (1| where ; is a function of
e5,...,ef. It also allows for filtering procedures as in the first extension of the main re-
sults. The two main drawbacks of this inequality is that it requires uniformly bounded
moments and implies a larger variance than, for instance, in the iid case. The bounded-
ness restricts the class of moments used in Sieve-SMM and the larger variance implies a

slower rate of convergence.

Rate of Convergence

Once the consistency of the estimator is established, the next step is to derive its rate
of convergence. It is particularly important to derive rates that are as sharp as possible
since a rate of a least n~1/4 under the weak norm of |Ai & Chenl (2003) is required for the
asymptotic normality results. This weak norm is introduced below for the continuum of
complex valued moments. It is related to the objective function Q,, and as such allows
to derive the rate of convergence of Bn Ultimately, the norm of interest in the strong
norm || - || 3 which is generally not equivalent to the weak norm since the space is infinite
dimensional. The two are related by the local measure of ill-posedness of Blundell et al.
(2007) which allows to derive the rate of convergence in the strong norm, that is in either

the total variation or the supremum norm.
Assumption 3 (Weak Norm and Local Properties). Let Bosn = By(yy N {[|B — Bolls < €}
for e > 0 small and for (B1, B2) € Bosn:

1/2

/ ‘ 1/);1 T, /50)> By — ﬁz])zn(r)dr 59

H;Bl - :BZ||weak =

2For a discussion see |Ai & Chen! (2003) and (Chen (2007).
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is the weak norm of B1 — Ba. Suppose that there exists C,, > 0 such that for all B € Bosn:

Cllp— ol < [ B (85 o)~ #5(x.p) | m()ar (3.10)

Assumption (3| adapts the weak norm of |Ai & Chen! (2003) to an objective with a con-
tinuum of complex-valued moments. Note that [ |E (1@%(1’, Bo) — 93 (T, B)) Pr(t)dt =
Qu(Bo) + Op(1/n?) under geometric ergodicity. As a result, Assumption 3|implies that
the weak norm is Lipschitz continuous with respect to v/Q,. Additional assumptions
on the norm and the objective are usually required such as: Q,(B) =< ||B — Boll%,ut
Qn(B) < CglIB— Bolls (see e.g. Chen & Pouzo, 2015, Assumption 3.4). Instead of these

assumptions, the results in this paper rely on Lemma 5|to derive the bias of the estimator.

and

The resulting bias is larger than in the usual sieve literature.

Theorem 2 (Rate of Convergence). Suppose that the assumptions for Theorem 1| hold and As-

sumption [3|also holds.The convergence rate in weak norm is:

a loglk(n)]"/**1 k(n)* log[k(n)?
H,Bn - ﬁ(JHweak = Op (max ( k(n)’er , n . (3.11)
The convergence rate in either the total variation or supremum norm || - || g is:

B o) n)r/b
[1Bn — BollB = Op (%

loglk(n)]"/"+1 k(n>21og[k<nn2>>
k(n)vr 7 Vn

where g ,, is the local measure of ill-posedness of Blundell et al.| (2007):

T = Sup 1B — () Boll
M BEBosn, H[%_Hk(n)[%OHweak?éO Hﬁ — Hk(n)ﬁO”weak ’

+ Tp,, max (

As usual in the (semi)-nonparametric estimation literature, the rate of convergence
involves a bias/variance trade-off. As discussed before, the bias is larger than usual be-
cause of the dynamics and involves the Holder smoothness y of the DGP.

The variance term is of order k(n)?log[k(n)]?/+/n instead of \/k(n)/ /7 in the iid case
or strictly stationary case with fixed number of lags in the moments. This is because the
inequality in Lemma is more conservative than the inequalities found in Theorem
2.14.2 of van der Vaart & Wellner| (1996) for iid observations or the inequalities based on
a coupling argument in Doukhan et al.[(1995); Chen & Shen| (1998) for strictly stationary
dependent data. However, in this simulation-based setting the dependence properties
of y; varies on @ over the parameter space ® so that a coupling approach may not ap-
ply unless it only depends on finitely many lags of e; and x;. Determining whether this

inequality can be sharpened in subject to future research.
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The increased bias and variance imply a slower rate of convergence than usual. The

optimal rate of convergence equates the bias and variance terms in equation (3.11). This
1

is achieved (up to a log term) by picking k(n) = O(n22+"). To illustrate, for a Lipschitz
DGP 7 = 1 and fy twice continuously differentiable r = 2 and k(n) < n!/8, the rate of

Convergence becomes:
Hgn . ,BO”weak _ Op(n—l/él 10g(n)max(2/b+l’2)).

In comparison, if (yj, x;) were iid, keeping v = 1 and r = 2, the variance term would be

Vk(n)log[k(n)]/n and the optimal k(n) < n'/. The rate of convergence becomes:

B~ Bollueak = Op (/" log(m)mx/0+12))

To achieve a rate faster than n—1/4

, as required for asymptotic normality, the smooth-
ness of the true density fy must satisfy r > 3/7? where < is the Holder coefficient in
Assumption 2} In the Lipschitz case, v = 1, at 3 derivatives are needed compared to 12
derivatives when y = 1/2. In comparison, in the iid case 2 and 8 derivatives are needed
for y = 1and v = 1/2 respectively.

The following corollary shows that the number of simulated samples S can signifi-
cantly reduce the sieve variance. This changes the bias-variance trade-off and improves

the rate of convergence in the weak norm.

Corollary 1 (Number of Simulated Samples S and the Rate of Convergence). If a long

sample (y3, ...,V s) can be simulated then the variance term becomes:
2 2
min (k(n) log|[n] , 1 ) .
VxS /n

As a result, for S(n) < k(n)*log[k(n)]* the rate of convergence in weak norm is:

~ o r/b+1
”:B” - ﬁOHweak = Op <maX (1 g[]f((:))lzr ’ ,%)) .

And the rate of convergence in either the total variation or the supremum norm is:

log[k(n)]"/"+1 L))
k(n)rr " \/n

loglk(n)]"""

||En — Bollz = Oy (W + 73, max (

where g ,, is the local measure of ill-posedness in Theorem
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The assumption that a long sample can be simulated is called the ECA assumption in
Kristensen & Salanié| (2017); it is more commonly found in dynamic models than cross-
sectional or panel data models. In the parametric SMM and Indirect Inference literature,
S has an effect on the asymptotic variance whereas in the Sieve-SMM setting, Corollary
shows that increasing S with the sample size n can also improve the rate of convergence
in the weak norm. Assuming undersmoothing so that the rate in weak norm is of order
1/+/n, the rate of convergence in the stronger norm || - || g becomes O, (k(n) "+ 13, //n),
up to a log term. This is faster than the rates of convergence found in the literature.

In practice, the number of simulated sample S(n) required to achieve the rate in Corol-
lary (1| can be very large. For n = 1,000, v = 1 and r = 2, the optimal k(1) ~ 5 and
S(n) = k(n)* ~ 625. The total number of simulated y$ required is n x S(n) = 625,000.
For iid data, the required number of simulations is n x S(n) = 5,000. As a result, im-
proving the rate of convergence of the estimator can be computationally costly since it
involves increasing both the number of samples to simulate and the number of parame-

ters to be estimate.

Remark 1 (An Ilustration of the Local Measure of Ill-Posedness). The sieve measure of ill-
posedness is generally difficult to compute. To illustrate a source of ill-posedness and its order of

magnitude, consider the following basic static model:

yi=ei ™
The only parameter to be estimated is the density f which can also be approximated with kernel
density estimates. For this model the characteristic function is linear in f and as a consequence
the weak norm for f1 — f7 is the weighted difference of the CFs vy, , vy, for f1, fo:
1/2

1= Folloss = | [ 5 (5) = (0 P

The weak norm is bounded above by 2 for any two densities f1, fo. However, the total variation
and supremum distances are not bounded above: as a result the ratio between the weak norm and
these stronger norms is unbounded. To illustrate, simplify the problem further and assume there

is only one mixture component:

Furtn (€) = Gy ( e ) , fakm (@) = i@ <m> :

Tk(n) Tk(n)

As the bandwidth oy,) — 0, the two densities approach Dirac masses. Unless i,y — 0,

the total variation and supremum distances between the two densities go to infinity while the
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distance in weak norm is bounded. The distance between f1 and f, in weak, total-variation and
supremum norm are given in Appent:lix For a well chosen sequence py ), the total variation
and supremum distances are bounded above and below while the weak norm goes to zero. The ratio

provides the local measures of ill-posedness:

k(n) k(n)?
=0|——%57 ), Ton=0|—F—"77 |-
v =0 (i)« ™o = (Tgletmr
Hence, this simple example suggests that Characteristic Function based Sieve-SMM estimation

problems are at best mildly ill-posed.

Asymptotic Normality

This section derives asymptotic normality results for plug-in estimates ¢( Bn) where ¢ are
smooth functionals of the parameters. As in /Chen & Pouzo| (2015), the main result finds

a normalizing sequence r, — oo such that:

rox (¢ (Bu) = ¢ (Bo)) N (0,1)

where r, = \/n/ 0}, for some sequence of standard errors (0, ) ,>1 which can go to infinity.
If 0}y — oo, the plug-in estimates will converge at a slower than \/n-rate. In addition,
sufficient conditions for (9\” to be root-n asymptotically normal, that is lim,, e 0, < 0,
are given in Appendix 3.7|for the stochastic volatility model of Example

To establish asymptotic normality results, stochastic equicontinuity results are re-
quired. However, the L2-smoothness result only holds in the space of mixtures By (n)
with the pseudo-norm || - ||;; on the mixture parameters. This introduces two difficulties
in deriving the results: a rate of convergence for the norm on the mixture components is
required, and since By ¢ By, in general, the rate and the stochastic equicontinuity re-
sults need to be derived around a sequence of mixtures that are close enough to By so that
they extend to Bg. The following lemma provides the rate of convergence in the mixture

norm.

Lemma 6 (Convergence Rate in Mixture Pseudo-Norm). Let 6, = (k(n)log[k(n)])?/+/n
and M,, = loglog(n + 1). Suppose the following undersmoothing assumptions hold:

i. (Rate of Convergence) ||Bn — Bollweak = Op(dn)
ii. (Negligible Bias) |[I1x(,;)Bo — Bollweak = 0(n)-

Furthermore, suppose that the population CF is smooth in [ and satisfies:
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iii. (Approximation Rate 1) Uniformly over B € {B € Bosn, ||B — Bollweak < Mndn}:

/‘dlE Ea(tho) g g dlE(@(ZEMmﬁo))

iv. (Approximation Rate 2) The approximating mixture ITy ) Bo satisfies:

2
B~ Bol| (x)dT = O(53).

/ ’ dE (95 (T, () Bo))
dp

Let A,, be the smallest eigenvalue of the matrix

Mo — fol| m(x)dT = O(62).

/ﬂwwﬂk%ﬂﬂ%ﬁﬂkm)mﬁ
d(0,w, p, o) d(0,w, p,o) '

Suppose that A, > 0 and 6,A,,}/* = 0(1) then the convergence rate in the mixture pseudo-norm
is:
1B = Mgy Bollm = Op (60A772)

where ||B|lm = ||(0,w, u,0)|| is the pseudo-norm on 6 and the mixture parameters (w, u, o).
The rate of convergence in mixture norm || - ||,, corresponds to the rate of conver-
gence in the weak norm | - ||,, times a measure of ill-posedness A, /2. Relations be-

tween the mixture norm and the strong norm || - || 5 imply that the local measure of ill-
posedness in Theorem I can be computed using A, /2. Indeed, results in van der Vaart
& Ghosal (2001); Krul]er et al (2010) imply that || — T BollTv < gy, ||,B () Bolm
and ||B — I Bolleo < H B — i) Bollm- These inequalities imply upper-bounds for
ill-posedness in total varlatlon and supremum norms:

TTV,n S/\ 1/2 k(n) and Too,n S/\ 1/2 k—(Z)

The quantity A, 1/? can be approximated numerically using sample estimates and Tk(n) 18
the bandwidth in Lemma 2l As a result, even though the local measure of ill-posedness
from Theorem[2is generally not tractable, an upper bound can be computed using Lemma
@ Chen & Christensen! (2017) shows how to achieve the optimal rate of convergence using
plug-in estimates of the measure of ill-posedness in nonparametric instrumental variable
regression, a similar approach should be applicable here using these bounds. This is left

to future research.
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Lemma 7 (Stochastic Equicontinuity Results). Let 8, = 6,A, Y2

tions ofLemma@hold and (Mnémn)ﬂé max(log[k(n)]?, | log[M,6un]|*)k(n)? = 0(1), then a

first stochastic equicontinuity result holds:

Suppose that the assump-

S“PmHk(n)/sonmgMn(sm”/’[QZE(T“B)—@ZS(T/Hk(n).BO)] — B[4 (T, B) — 93 (T, () Bo)] 7T(T) T
=o0p(1/n).

N ~ 2
Also, suppose that p — [ IE‘zpf(T, Bo) — ;i (T, B)| mt(t)dT is continuous with respect to || - ||

at B = Bo, uniformly in t > 1, then a second stochastic equicontinuity result holds:

D511 ol | | BT B) — B, Bo)] ~ E[5 (1, ) — 5 (x, fo)l| ()T = 0p(1/).

Lemma|7|uses the rate of convergence in mixture norm to establish stochastic equicon-
tinuity results. With these results, the moments %% (7, B) — 95 (T, Bo) can be substituted

with a smoothed version under the integral of the objective function.

Remark 2 (Required Rate of Convergence). To achieve the rate of convergence required in
Lemma |7, k(n) must grow at a power of the sample size n, hence: log(n) = loglk(n)] =<
| 10g(Omn)|. As a result, the condition on the rate of convergence in mixture norm

72

(Mybmn) = max(logk(n )]2 | log[MySyn]| )k(”)z =o(1)

in Lemma [7|can be simplified to:

M@ZOQWM%MW%

The following definition adapts the tools used in the sieve literature to establish asymp-
totic normality of smooth functionals (see e.g.Wong & Severini, (1991} |Ai & Chen, 2003;

Chen & Pouzo, 2015; Chen & Liao, 2015) to a continuum of complex valued moments.

Definition 2 (Sieve Representer, Sieve Score, Sieve Variance). Let By, be such that ||Bg , —

Bollweak = dinggep,, 1B — Bollwear let Vi(n) be the closed span of Bosy — {Bou}. The inner
product (-,-) of (v1,v2) € Viy is defined as:

(01, 05) = % [ [6(z, 00855, 22) + Bt 00(1,22) | (o).

i. The Sieve Representer is the unique vector v}, € Vk(n) such that Vv € Vk(n)-' (vy,0) =
d‘l’d(go) [0].
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ii. The Sieve Score S}, is:

5= 5 [ [#6(0. 00 (T, Bo) — Ba (D] + BT, 03) (52, o) — u(0)]] ()
— [ Real (16(x, 01) [ (7, Bo) — (7] m(T)dr.

iti. The Sieve Long Run Variance o, is:

02 = nE (Sf) =nkE ({/ Real <’l,b/3(T, 0 [93 (T, Bo) — @n(r)]> ”(T)dr} 2) :

iv. The Scale Sieve Representer u;, is: u;, = vy /0.

Assumption 4 (Equivalence Condition). There exists a > 0 such that for alln > 1: a||v};|| weak <

;. Furthermore, suppose that o;; does not increase too fast: o;; = o(\/n).

In Sieve-MD literature, Assumption {4 is implied by an eigenvalue condition on the
conditional variance of the moments?% Because the moments are bounded and the data is
geometrically ergodic, the long-run variance of the moments is bounded above uniformly
in T@ However, since T has unbounded support, the eigenvalues of the variance may
not have a strictly positive lower bound. Assumption [ plays the role of the lower bound

on the eigenvalues@

Assumption 5 (Convergence Rate, Smoothness, Bias). By, is a convex neighborhood of By

where

i. (Rate of Convergence) M8, = o(n~/*) and M6, = o <«/ o/ (k(n)log(n ))4/’72>_
ii. (Smoothness) A linear expansion of ¢ is locally uniformly valid:

Vi d¢(Bo)

Oy ap

A linear expansion of the moments is locally uniformly valid:

¢(B) = ¢(Bo) —

SUP||B—Bol| < Mudn

1B~ Bol| = o(1).

-~ R g T 1/2
S ol <M ( [ B )~ B, o) - 5 g fm)df)
~0 ((Mnén)2> .

26See e.g. assumption 3.1(iv) in Chen & Pouzo) (2015).

?/This is shown in Appendix[3.7
28 A discussion of this assumption is given in Appendix
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The second derivative is bounded:

PEa(T, o))« o
SUP|18Bollveak <M ( / ‘ dpdp w2 (i )

iii. (Bias) The approximation bias is negligible:

LRI gy, o] = o(1).

Note that if Bys, is a convex neighborhood of By then 6y is in the interior of ®. As-
sumption 5]is standard in the literature. The first rate condition ensure the nonparametric
component converges fast enough so that the central limit theorem dominates the asymp-
totic distribution (Newey, |[1994; Chen et al., 2003), the second rate condition is required in
Lemma(7] The smoothness and bias conditions can also be found in[Ai & Chen|/(2003) and
Chen & Pouzo| (2015). The bias condition implies undersmoothing so that the variance

term dominates asymptotically.

Theorem 3 (Asymptotic Normality). Suppose the assumptions of Theorems [1, 2| and lemmas
[6] [7]hold as well as Assumptions [dand 5| then as n goes to infinity:

o x (¢(Ba) = ¢(Bo)) > N (0,1)

where 1y, = \f — 0.
n

Theorem |3 shows that under the previous assumptions, inferences on ¢(Bp) can be
conducted using the confidence interval [¢(B,) £ 1.96 x ¢ /+/n]. The standard errors
oy > 0 adjust automatically so that r, = \/n/0; gives the correct rate of convergence. If
limy, 00 05 < 00, then ¢( Bn) is \/n—convergent. A result for 8, is given in Proposition
in the Appendix for a smaller class of models that include the stochastic volatility model
in Example

As in |Chen & Pouzo (2015) and Chen & Liao| (2015), the sieve variance has a closed-
form expression analogous to the parametric Delta-method formula. The notation is
taken from [Chen & Pouzo (2015), with sieve parameters (y, jin, 0n) the sieve variance

can be estimated using:

~ ~ ~ ~ / ~ ~ ~ ~
52% _ d¢(9nrwnz Un, O'n) T d(,b(enrwnz Plnlan)
n d(0,w,u,o) 46, w,u,0)
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where

~ ~ — — -1
o d,(ps (T/ Bi’l/ @1’11 ﬁn/ b\'ﬂ) d¢?§ (T/ 01/11 (/D?’l/ ﬁn/ b\'n)
D,=1[R L
' (”l (/ 4(6,w,p,0) W60 o) T

~

671:/én(Tl)/Zn<leTZ)én(TZ)n(Tl)n(TZ)dTlde'

Gy, stacks the real and imaginary components of the gradient:

oA
Real (dq/:n (7,0, 0, 1in,0n) )
() = 1)

d{b\;sz (Trén/@n/ﬁn/a’n)
Im ( d(0,w,u,0)

Let Z5 (1, B) = ¥n(T) — %5 (7, B) The covariance operator %, approximates the popula-
tion long-run covariance operator X;:
Real (Z5(11, Bo)) Real (Z5(12,Bo)) Real (Z5 (11, Bo)) Im (Z5(12, Bo))

Im (Z;(1, Bo)) Im (Z5(12, o)) Im (Z5 (1, Bo)) Real (Z3(12, Bo))

Zn<T1, Tz) =nkE

Carrasco et al| (2007a) gives results for the Newey-West estimator of X,. In practice,

applying the block Bootstrap to the quantity

o
Real (d‘p”“' S LG @)))

d(0,w,u,o)

is more convenient than computing the large matrices G,, . Bn is held fixed across
Bootstrap iterations so that the model is only estimated once. The Gaussian and uniform

draws Z?, and v are re-drawn at each Bootstrap iteration.

3.4 Extensions

This section considers two extensions to the main results: the first covers auxiliary vari-

ables in the CF and the seconds allows for panel datasets with small T.

Using Auxiliary Variables

The first extension involves adding transformations of the data, such as using simple

functions of y; or a filtered volatility from an auxiliary GARCH model, to the CF ;. This
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approach can be useful in cases where (y;, u¢) is Markovian but y; alone is not, in which
case functions of the full history (y;,...,y;) provide additional information about the
unobserved u;. It is used to estimate stochastic volatility models in sections |3.5{and
Other potential applications include filtering latent variables from an auxiliary linearized
DSGE model to estimate a more complex, intractable non-linear DSGE model.

The auxiliary model consists of an auxiliary variable z{** (the filtered GARCH volatil-
ity) and auxiliary parameters 773" (the estimated GARCH parameters). The estimates
24* are computed from the full sample (y1,...,Yn, X1, ..., x,) and the auxiliary variables

zu%, 7™ are computed using the full and simulated samples{”|

aux ’\QHX) S aux
7

Saux
gtaux(]/t/---,]/lzxt/-- xl/ﬂn )

S
_gtﬁlux(ytl"'/ylle/" xl/r]n

The moment function 1, is now the joint CF of the lagged data (y;, ;) and the auxiliary
z{"

n

n
'l,/b\n(T, ;/,l\zux) — Z elT (Yt,xt,zfux)/ (T Wnux ﬁ _ Z eiT/(yf/thzi,aux).
t=1 -

The following assumption provides sufficient conditions on the estimates #72** and the fil-
tering process gy aux for the asymptotic properties in section[3.3]to also hold with auxiliary

variables.

Assumption 6 (Auxiliary Variables). The estimates i~ are such that:

i. Compactness: with probability 1 73"~ € E finite dimensional, convex and compact.

ii. Convergence: there exists a n*** € E such that:

“~NIUX aux d aux
Vi (I — ™) = N(0, V).

aux

iii. Lipschitz Continuity: for any two n{"*, n5"* and for both y; and y;:

Hgt,aux(]/t/ e /]/1/ xi’/ .- xl/ ”ilux) - Zt aux(yt/ e /yll xi‘/ . xl/ ngx) H

SC“”x(yt,---/yLth xp) X [l =™

with B(C™ (yy,...,y1, X4, ..., x1)%) < "™ < oo and E(C™ (i, ..., y5, xt, ..., x1)?) <
—au

C™" < co. The average of the Lipschitz constants 2% = Ly C X Yy, Y1, Xty e, 1)
is uniformly stochastically bounded, it is O, (1), for both the data and the simulated data.

2Note that using the same estimates 774 for filtering the data and the simulated samples avoids the
complication of proving uniform convergence of the auxiliary parameters over the sieve space.
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iv. Dependence: for all n™** € E, (ys, xt, z§"*) is uniformly geometric ergodic.
v. Moments: for all n™** € E, p = Bo and B = Ty, Po, the moments E(||z{**||) and
E(||z;"*(|?) exist and are bounded.

vi. Summability: for any (yt, ..., y1), (Yt, ..., Y1), any n®™* € Eand forall t > 1:

t
_Zt,aux(]?t/ v /j/vl/xtl e X1y naux) || S ZP]H]/] _fy\/]“
j=1

aux)

||gt,aux(yt/ e Y Xt e, X1,

with p; > 0 forall j > 1and Y221 pj < 0.

vii. Central Limit Theorem for the Sieve Score:

inkeal ([ e,y (9 (5,79 = (77 o)) ()T ) - A0, 1)

The summability condition iv. is key in preserving the Holder continuity and bias
accumulation results of section[3.3l when using auxiliary variables in the CF. For auxiliary
variables generated using the Kalman Filter or a GARCH model, this corresponds to a
stability condition in the Kalman Filter or the GARCH volatility equations.

X is well behaved and does not affect the rate of

Conditions 7i. and iii. ensure that 77},
convergence. Condition iv implies that the inequality for the supremum of the empirical
process still applies. Condition vii. assumes a CLT applies to the leading term in the
expansion of ¢(Bn) — ¢(Bo). It could be shown by assuming an expansion of the form

o = Ly @i (4, x¢) + 0, (1/+/n) and expanding 1y, 4% around the probability limit
17‘””. The following illustrates the Lipschitz and summability conditions for the SV with

GARCH filtered volatility.

Example (1| (Continued) (Stochastic Volatility and GARCH(1,1) Filtered Volatility). For

simplicity, assume there are only volatility dynamics:
Yy = 0Otér 1
For simplicity, consider the absolute value GARCH(1,1) auxiliary model.@

_ aux aux _ aux aux aux aux
yr=of ey, o =+ |y + 3o,

30The process is also known as the AVGARCH or TS-GARCH (see e.g. Bollerslev, 2010) and is a special
case of the family GARCH model (see e.g.Hentschel, 1995). The method of proof is slightly more involved
for a standard GARCH model, requiring for instance a lower bound on the volatility o/** together with
finite and bounded fourth moments for y;, y; to prove the Lipschitz condition.
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The focus here is on the Lipschitz and summability conditions in the GARCH auxiliary model.

First, to prove the Lipschitz condition, consider a sequence (y;) and two sets of parameters n***, j***,
by recursion:
o™ =™ = 1™ =™+ 0™ =) |yel + (3™ = i3") 23 + 715" (2] — 7))
N 1 %_ aux 1
< [ly™ =" ] (W 7" yel -+ @37) "y l])

77 are upper-bounds on the parameters. If E(|y;|?)) and E(|y3|?)) are finite and bounded and
0 < 5" < 1 then the Lispchitz condition holds with:

—aux 1+ ﬁaux

where E(|y¢|?) and E(|y5|*) < My, forall t > 1and B € B. Next, the proof for the summability
is very similar, consider two time-series y, Y and a set of auxiliary parameters y™*:

| aux

— 0| < olye — el + 715" o7y — o .

By a recursive arqument, the inequality above becomes:

’ aux NHMX| <

Tolye — el + 15T i1 — Gea| + -+ - + (T T, yn — | + (F5) 7 og™ — a5™).

aux aux

Suppose that o§** only depends on n™* or is fixed, for instance equal to 0. Then the summability

condition holds, if the upper-bound 175"* < 1, with:

—ﬂux

p; = T (&), Zp] ﬁgux < o0

The Lipschitz and summability conditions thus hold for the auxiliary GARCH model.

The following corollary shows that the results of section [3.3|also hold when addition
auxiliary variables to the CF.

Corollary 2 (Asymptotic Properties using Auxiliary Variables). Suppose the assumptions
for Theorems|[I} [2|and 3| hold as well as Assumption|[6] then the results of Theorems I} [2]and 3 hold

with auxiliary variables. The rate of convergence is unchanged.

The proof of Corollary [2|is very similar to the proofs of the main results. Rather than
repeating the full proofs, Appendix[3.7shows where the differences with and without the
auxiliary variables are and explains why the main results are unchanged.

To compute standard errors, a block Bootstrap is applied to compute the variance term
for the difference v, (-, 72*) — 45 (-, Bo, 7%¥) in the sandwich formula for the standard

errors. The unknown p is replaced by ,Bn in practice.
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Using Short Panels

The main theorems and ]3| allow for either iid data or time-series. However, SMM
estimation is also common in panel data settings where the time dimension T is small
relative to the cross-sectional dimension n. The following provides a simple application

of these results.

Example 2 (Dynamic Tobit Model). y; follows a dynamic Tobit model:

— / .
Yit = (xj,tgl + u],t)]lx;,ﬁl—&-uj,tzo

Ujp = PUj -1+ €jt
where [p| <1, ej, Y f,E(ej:) = 0. The parameters to be estimated are @ = (01,p) and f.

An overview of the dynamic Tobit model is given in |Arellano & Honoré| (2001). Ap-
plications of the dynamic Tobit model include labor participation studies such as [Li &
Zheng) (2008); Chang| (2011). [Li & Zheng) (2008) find that estimates of p can be biased
downwards under misspecification. This estimate matters for evaluating the probability
of (re)-entering the labor market in the next period for instance.

Quantities of interest in the dynamic Tobit model includes the probability or re-entering
the labor market P(y¢11 > O|x¢41,...,Xt, ¥t = 0,¥¢—1,...,y1) which depends on both the
parameters 6 and the distribution f. Marginal effects such as dy,, , IP(y¢+1 > O|x¢q1,..., X, Yt =
0,Y¢-1,...,y1) also depend on the true distribution f. As a result these quantities are sen-
sitive to a particular choice of distribution f, this motivates a semi-nonparametric estima-
tion approach for this model.

Other applications of simulation-based estimation in panel data settings include Gour-
inchas & Parker| (2010) and Guvenen & Smith! (2014) who consider the problem of con-
sumption choices with income uncertainty. For the simulation-based estimates, shocks
to the income process are typically assumed to be Gaussian. Guvenen et al. (2015) use a
very large and confidential panel data set from the U.S. Social Security Administration
covering 1978 to 2013 to find that individual income shocks are display large negative
skewness and excess kurtosis: the data strongly rejects Gaussian shocks@ They find that

non-Gaussian income shocks help explain transitions between low and higher earnings

31 Also, Geweke & Keane| (2000) estimate the distribution of individual income shocks using Bayesian
estimates of a finite Gaussian mixture. They also find evidence of non-Gaussianity in the shocks. |Arel-
lano et al.| (2017) use non-linear panel data methods to study the relation between incomes shocks and
consumption. They provide evidence of persitence in earnings and conditional skewness.
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states. Hence, a Sieve-SMM approach should also be of interest in the estimation of pre-
cautionary savings behavior under income uncertainty.

Because of the fixed T dimension, the initial condition (v, #p) cannot be systemati-
cally handled using a large time dimension and geometric ergodicity argument as in the
time-series case. Some additional restrictions on the DGP are given in the assumption

below.

Assumption 7 (Data Generating Process for Panel Data). The data (yj;, x;;) with j =
1,...,n,t=1,...,T is generated by a DGP with only one source of dynamics either:

]/j,t = Sobs (xj,t/ ,B/ uj,t)

(3.12)
Ujt = glatent(uj,t—ll B ejrf)

or
Yit = 8obs(Yji—1, X1, B, €jt) (3.13)

iid . . . . . . o
where ej ; ~ f in both models. The observations are iid over the cross-sectional dimension j.

In situations where the DGPs in Assumption [7] are too restrictive, an alternative ap-
proach would be to estimate the distribution of u;; conditional on (y; 1, x;,1). The method-
ology of Norets| (2010) would apply to this particular estimation problem, the dimension
of (yj1,%;1) should not be too large to avoid a curse of dimensionality. This is left to
future research.

For the DGP in equation , geometric ergodicity applies to u;’t when simulating a
longer history u;?,f e ”?,0' e, ”?,1/' .., u?/T and letting the history increase with n, the
cross-sectional dimension: m/n — ¢ > 0 as n — oo. For the DGP in equation (3.13), fixing
3/15',1 = yj,1 ensures that (3/?,1'- . .,y]S-,T, Xj1,-- .,xj,T) and (y]-ll, YT X .,xj,T) have the
same distribution when g = By (the DGP is assumed to be correctly specified).

The moments %, 12,51 are the empirical CF of (y:, x¢) and (y;, x;) respectively where
yt = (Yt,..., 1) for 1 < L < T —1; yi, X, y] are defined similarly. The identification
Assumption [1]is assumed to hold for the choice of L.

The following lemma derives the initial condition bias for dynamic panel models with
tixed T.

Lemma 8 (Impact of the Initial Condition). Suppose that Assumption[7|holds. If the DGP is
given by and (y5, u ;) with a long history for the latent variable (ujr, ..., Ujo, . .., Uj,—m)
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where m/n — ¢ > 0as n — co. Suppose that 3, is geometrically ergodic in t and the integrals

[ ] £ xiale 2 (5 ey sy, [ [ £330 2 (4 )y e,

are finite and bounded when B = Bo. Then, there exists a constant p,, € (0,1) such that:

Qu(Bo) = [ [E ($0(0) ~ $5(x,B0)) [ m(x)ar =0 a7

The effect of the initial condition is exponentially decreasing in m for DGP . If the DGP is
given by and the data is simulated with Vi1 = Yja fixed then there is no initial condition

effect: )
Qu(Bo) = [ [E (%u(r) iz, p0)) | m(x)ar = 0

Simulating a long history u?,T, o U

Uy implies that the impact of the initial condition

uim = u_y; on the full simulated sample yil, e, ]/?,T delines exponentially fast in m. If m
does not grow faster than n, that is m/n — ¢ > 0, than the dynamic bias accumulation is
the same as in the time-series setting. In terms of bias, these m simulations play a similar

role as the burn-in draws in MCMC estimation.

Corollary 3 (Asymptotic Properties for Short Panels). Suppose that Assumption[/jand Lemma
hold. For the DGP in Assumption [/ assume that m is such that log[n]/m — 0 as
n — oo. Suppose the assumptions for Theorems |1} [2|and 3| hold, then the resuls of Theorems

and 3| hold. The rate of convergence in weak norm is the same as for iid data:

—~ o n r/b+1 ) 1o ”
1B — follusst = O (max (1 gl \/k( ) logk( >1)> |

k(n)“YZ’ n

The rate of convergence in total variance and supremum distance are:

~ r/b r/b+1 n
I1Bs — Bolls = Oy (—108,[5(51")1] . oK) logli(r) )) .

+ T3, max (

Remark 3. For the DGP , the simulated history is finite and fixed so that the approximation
bias is not inflated by the dynamics:

—~ o r/b o
1B — Bolleest — O, (max <1 g];([k(n)]r ,\/k(n)l 8[k(n)])> .

n

As a result, the rate of convergence is the same as for static models.
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The assumption thatlog[n|/m — 0 can be weakened to m — oo and lim,,—, log[n]/m <
—log[p,]. Heuristically, the requirement is m >> log[n], for instance when n = 1,000 this
implies m > 7: a short burn-in sample for u;; is sufficient to reduce the impact of the
initial condition. The following verifies some of the conditions in Assumption [2| for the

Dynamic Tobit model.

Example 2| (Continued) (Dynamic Tobit). Since the function x — x1y>o is Lipschitz the
conditions y(i),y(ii) and y(iii) are satisfied as long as ||61|| is bounded, E(||x;||3) is finite and
IE(u?) is finite and bounded. The last variance is bounded if |p| < p < 1 and E(e?) is bounded
above. The last condition is a restriction on the density f. Since |p| < p < 1, condition u(i) is
automatically satisfied. Together, IE(u?) bounded and linearity in p imply u(ii). Finally, linearity

in ey implies u(iii).

3.5 Monte-Carlo Illustrations

This section illustrates the finite sample properties of the Sieve-SMM estimator. First,
two very simple examples illustrate the estimator in the static and dynamic case against
tractable estimators. Then, Monte-Carlo simulations are conducted for the stochastic
volatility model Exampleljand Dynamic Tobit Example 2| for panel data.

For all Monte-Carlo simulations, the initial value for the mixture is a Gaussian density
in the optimization routine. In most examples the Nelder & Mead| (1965) algorithm in
the NLopt package of Johnson! (2014) was sufficient for optimization. In more difficult
problems, such as the SV model with tail mixture components, the DIRECT global search
algorithm of ]Jones et al.|(1993) was applied to initialize the Nelder-Mead algorithm. The
Monte-Carlo simulations were conducted using Rﬁ for all examples except for the AR(1)
for which Matlab was used.

The Generalized Extreme Value (GEV) distribution is used in all Monte-Carlo exam-
ples. For the chosen parametrization, it displays negative skewness (—0.9) and excess
kurtosis (3.9). It was also chosen because the approximation bias is larger for both ker-
nel and mixture sieve estimates, and is thus more visible than alternative designs with
smoother densities not reported here. This is useful when illustrating the increased bias

due to the dynamics.

32Some routines such as the computation of the CF and the simulation of mixtures were written in C++
and imported into R using Rcpp - see e.g. [Eddelbuettel & Fran|(2011a)b) for an introduction to Repp - and
ReppArmadillo (Eddelbuettel & Sanderson, 2016) for linear algebra routines.
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The Student t-distribution is also considered in the stochastic volatility design to illus-
trate the Sieve-SMM estimates with tail components. The density is smooth compared to

the GEV. As a result, the bias is smaller and less visible.

Basic Examples

The following basic tractable examples are used as benchmarks to understand the basic
properties of the Sieve-SMM estimator in terms of bias and dynamic bias accumulation
as well as the impact of dependence on the variance. As a benchmark, the estimates are

compared to feasible kernel density and OLS estimates.

A Static Model

To illustrate Remark the first example uses the static DGP: y; = ¢; S f, the only pa-
rameter to be estimated is f and kernel density estimation is feasible. The true distribu-
tion f is the Generalized Extreme Value (GEV) distribution. It is a 3 parameter distribu-
tion which allows for asymmetry and displays excess kurtosis@ In a recent application,
Ruge-Murcia (2017) uses the GEV distribution to model the third moment in inflation
and productivity shocks in a small asset pricing model. The Sieve-SMM estimates j?n are

compared to the feasible kernel density estimates ﬁl,kde-

3The GEV distribution was first introduced by McFadden| (1978) to unify the Gumbel, Fréchet and
Weibull families.
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Figure 3.1: Static Model: Sieve-SMM vs. Kernel Density Estimates

k=2 - n=200 k=3 - n=200 Kernel Density - n=200
60 - 60 - 60 -
40 -
20-
O- 1 1 1 : 1
-1.0 0.5 0.0 0.5
Kernel Density - n=1,000
60 -
40 -
20-
1 1 1 L 1 1 1 1 = 1 O- 1 1 1 : 1
-1.0 0.5 0.0 0.5 -1.0 0.5 0.0 0.5 -1.0 0.5 0.0 0.5

Note: dotted line: true density, solid line: average estimate, bands: 95% pointwise interquantile
range. Top panel n = 200 observation, bottom panel: n = 1,000 obervations. Left and middle:
Sieve-SMM with k = 2,3 Gaussian mixture components respectively and S = 1. Right: kernel
density estimates.

Figure[3.1|plots the density estimates for k = 2,3 with sample sizes n = 200 and 1, 000.
The comparison between k = 2 and k = 3 illustrates the bias-variance trade-off: the bias is
smaller for k = 3 but the variance of the estimates is larger compared to k = 2. Theorem
implies that when the sample size n increases, the number of mixture components k
should increase as well to balance bias and variance. Here k = 2 appears to balance the

bias and variance for n = 200 while k > 3 would be required for n = 1, 000.

Autoregressive Dynamics

The second basic example considers an AR(1) model with an unknown distribution for
the shocks:

.
Ye = pye1 +er e~ (0,1).
The shocks are drawn from a GEV density as in the previous example. The empirical CFs

are computed using one lagged observation:

7 _ IS Wi () — Ly i)
"pn(T)_ Ze ’ "/)n(T)_nZe S
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Knight & Yu (2002) note that additional lags do not improve the asymptotic properties of
the estimator since y; is Markovian of order 1.

This example illustrates Corollary (1| so the Monte-Carlo considers several choices of
S = 1,5,25. Increasing S from 1 to 5 makes a notable difference on the variance of fn
Further increasing S has a much smaller effect on the variance of the estimates. Table
compares the Sieve-SMM with OLS estimates for p = 0.95 for n = 200 and n = 1,000,

S =1,5,25. In all cases, k = 2 mixture components are used.

Table 3.1: Autoregressive Dynamics: Sieve-SMM vs. OLS Estimates

Sieve-SMM
Parameter: p OLS True
S=1 §=5 §=25
Mean Estimate | 0.942 0934 0.933 0927 0.95
V/nx Std. Deviation | (0.54) (0.45) (0.44) (0.46) -
Mean Estimate | 0.949 0947 0947 0946 0.95

V7% Std. Deviation | (047) (0.38) (0.37) (0.34) -

n = 200

n =1,000

Figure 3.2: Autoregressive Dynamics: Sieve-SMM vs. Kernel Density Estimates

n=200 - S=1 n=200 - S=5 n=200 - Kernel Density
80 - 80 - 80 -
60 -
40-
20-
9 0- . : . —
-1.0 0.5 0.0 0.5 -1.0 0.5 0.0 0.5
n=1,000 - S=1 n=1,000 - Kernel Density
80 -
60 - 60 -
40 - 40 -
20 - 20 -
0- : . N . . CS— 0- : . . —
-1.0 0.5 0.0 0.5 -1.0 0.5 0.0 0.5 -1.0 0.5 0.0 0.5

Note: dotted line: true density, solid line: average estimate, bands: 95% pointwise interquantile
range. Top panel: n = 200, bottom panel: n = 1,000. Left and middle: Sieve-SMM with S = 1,5
repsectively and k = 2. Right: infeasible kernel density estimates.
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Figure[3.2Jcompares the Sieve-SMM estimates with kernel density assuming the shocks
e; are observed - this is an infeasible estimator. The top panel shows results for n = 200
and the bottom panel illustrates the larger sample size n = 1, 000.

There are several features to note. First, as discussed in section the bias is more
pronounced under AR(1) dynamics than in the static case. The variance is larger with
AR(1) dynamics compared to the static model. Second, as shown in Corollary I the num-

ber of simulated samples S shifts the bias/variance trade-off so that k(1) can be larger.

Example[1: Stochastic Volatility

The stochastic volatility model of Example [1} illustrates the properties of the Sieve-SMM
estimator for an intractable, non-linear state-space model. As a simplification, there are

no mean dynamics:
yr = orer1, 10g(0r) = po + polog(or-1) + Koy

iid iid . . . . .
where ;o ~ N (0,1) and ¢;; ~ f with mean zero and unit variance. Using an extension

of the main results, a GARCH(1,1) auxiliary model is introduced:

aux __ __aux aux aux\2 __ ,,aux auxr,auxi2 aux [ ~aux\2
yi't = of"ref™,  (of")" = p™ + a"™ [ef"]]" + a5" (0}1)
Using the data y, the parameters 77;"* = (puj"*, af’¥, a3',¥) are estimated. The same 77"~ is

used to compute both filtered volatilities 07*,0;""*. The empirical CFs uses both y and
gaux B4

Bulr) = LY T G TIosG) g (7, p) = 1 Y7 o i o (@)

’ ni3 R =1 .

The use of a GARCH model as an auxiliary model was suggested for indirect inference by
Gouriéroux et al.| (1993). |Andersen et al. (1999) compare the EMM using ARCH, GARCH
with the QML and GMM estimator using Monte-Carlo simulations. They find that EMM
with GARCH(1,1) auxiliary model is more precise than GMM and QMLE in finite sam-
ples.

The parametrization is taken from Andersen et al. (1999): pu, = —0.736, p = 0.90,
ks = 0.363. Since Bayesian estimation is popular for SV models, the estimates are com-
pared to a Gibbs sampling procedure, which assumes Gaussian shocks, using the R pack-
age stochvol of Kastner (2016). For Sieve-SMM estimation, the auxiliary GARCH filtered
volatility estimates are computed using the R package rugarch of Ghalanos| (2017).

34The simulation results are similar whether ¢*** or log(¢""*) is used in the CF.
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The Monte-Carlo consists of 1,000 replications using n = 1,000 and S = 2. The
distributions considered are the GEV and the Student t-distribution with 5 degrees of
freedom. For the GEV density, k = 4 Gaussian mixture components are used and for the

Student density, 4 Gaussian and 2 tail components are used.

Table 3.2: Stochastic Volatility: Sieve-SMM vs. Parametric Bayesian Estimates

Parameter True GEV Student
Sieve-SMM Bayesian Sieve-SMM Bayesian

4, Mean Estimate | -7.36 -7.28 -7.37 -7.29 -7.63
P Std. Deviation | - (0.16) (0.13) (0.15) (0.13)
Mean Estimate | 0.90 0.90 0.88 0.92 0.71

b Std. Deviation - (0.03) (0.04) (0.08) (0.10)
Mean Estimate | 0.36 0.40 0.40 0.29 0.74

e Std. Deviation - (0.05) (0.06) (0.06) (0.12)

The standard deviations are comparable to the EMM with GARCH(1,1) generator
found in /Andersen et al. (1999). Results based only on the CF of y; = (vt,...,y:—2) (not
reported here) were more comparable to the GMM estimates reported in Andersen et al.
(1999) - both for SMM and Sieve-SMM. Applying some transformations such as log(y?)
provided somewhat better results but information about potential asymmetries in f is
lost. This motivated the first extension of the main result in section [3.4] to allow for aux-
iliary variables. Also not reported here, the bias and standard deviations of parametric
estimates with fy are comparable to the GEV results.

Table (3.2 shows that the parametric Bayesian estimates and the SMM estimator are
well behaved when the true density is Gaussian. For the GEV distribution, both the Sieve-
SMM and the misspecified parametric Bayesian estimates are well behaved. However,
under heavier tails, the Student t-distribution implies a significant amount of bias for
the misspecified Bayesian estimates. The Sieve-SMM estimates are only slightly biased
compared with the Bayesian estimates.

Figure 3.3/ compares the density estimates with the infeasible kernel density estimates
based on e; 1 directly. The top panel shows the results for the GEV density and the bottom
panel for the Student t-distribution. The Sieve-SMM is less precise than the infeasible
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Figure 3.3: Stochastic Volatility: Sieve-SMM vs. Kernel Density Estimates

GEV: Sieve-SMM GEV: Kernel Density
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Note: dotted line: true density, solid line: average estimate, bands: 95% pointwise interquantile
range. Top panel: estimates of a GEV density, bottom panel: estimates of a Student t-distribution
with 5 degrees of freedom.

estimator, as one would expect. As a comparison, the density is less precisely estimated
than in the AR(1) case in figure The two figures also illustrate bias reduction: the bias
is larger for the AR(1) example which only uses k = 2 mixture components whereas the
SV example uses k = 4.

The Monte-Carlo simulations for the stochastic volatility model highlight the lack of
robustness of the parametric Bayesian estimates to the tail behavior of the shocks. This
is particularly important for the second empirical application where Sieve-SMM and
Bayesian estimates differ a lot and there is evidence of fat tails and asymmetry in the
shocks.

Example 2: Dynamic Tobit Model

The dynamic Tobit model in Example [2 illustrates the properties of the estimator in a

non-linear dynamic panel data setting:

/
Yit = (01 + xj,t92 + ”j,t)leﬁx},tozwj,tzo

Ujp = PUjr-1+ejs
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withj=1,...,nand t = 1,...,T. The Monte-Carlo simulations consider a sample with
n = 200, T = 5 for a total of 1,000 observations. The burn-in sample for the latent
variable u;;, described in section is m = 10 which is about twice the log of n. The
regressors x; follow an AR(1) with Gaussian shocks. The AR process is calibrated so that
x has mean 2, autocorrelation 0.3 and variance 2. The other parameters are chosen to be:
(p,01,6,) = (0.8,—1.25,1) and f is the GEV distribution as in the other examples. As a
result, about 40% of the sample is censored. The numbers of simulated samples are S = 1
and S = 5. The moments used in the simulations are:

i i i T Weyi—1xx 1) TZS (1) = i i i o U (Vi1 xx-1)

nT = = rn nT '

=2 j=1 t=2j=1

’ZH(T) =

Table 3.3: Dynamic Tobit: SMM vs. Sieve-SMM Estimates

S=1 S=5
Parameter
SMM Sieve-SMM SMM Sieve-SMM True
Mean | 0.796 0.801 0.796 0.796 0.80
Std. Deviation | (0.042) (0.039) (0.031) (0.031) -
0 Mean | -1.259 -1.230 -1.250 -1.233 -1.25
1
Std. Deviation | (0.234) (0.200) (0.178) (0.169) -
g Mean | 1.002 1.002 1.000 0.997 1.00
b3

Std. Deviation | (0.059)  (0.052)  (0.045)  (0.043) -

Table 3.3| compares the parametric SMM and the Sieve-SMM estimates. The numbers
are comparable except for 8; which has a small bias for the Sieve-SMM estimates. Ad-
ditional results for misspecified SMM estimates with simulated samples use Gaussian
shocks instead of the true GEV distribution also show bias for 81, the average estimate is
higher than —1.1. The other estimates were found to have negligible biasﬂ

Figure [3.4| shows the Sieve-SMM estimates of the distribution of the shocks and the
infeasible kernel density estimates of the unobserved e;. Because of the censoring in the

sample, note that the effective sample size for the Sieve-SMM estimates is smaller than

3Li & Zheng|(2008) consider an alternative design where p displays more significant bias.

100



Figure 3.4: Dynamic Tobit: Sieve-SMM vs. Kernel Density Estimates

k=3 - S=1 k=3 - S=5 Kernel Density
60 - 60 - 60 -
40 -
20-
1 1 1 L 1 1 1 1 ! 1 O- 1 1 1 1
-1.0 -0.5 0.0 0.5 -1.0 -0.5 0.0 0.5 -1.0 -0.5 0.0 0.5

Note: dotted line: true density, solid line: average estimate, bands: 95% pointwise interquantile
range.

for the kernel density estimates in this model. The left and middle plots show the sieve
estimates when S = 1, 5; the right plot corresponds to the kernel density estimates.
Figure 3.5|illustrates the differences between SMM and Sieve-SMM for a counterfac-
tual that involves the full density f. It shows the estimates of the probability of re-entering
the market IP(y;5 > Olyj4 = 0,x5 = - - - = x1 = X) using the true value (6o, fo), the SMM
estimates #5MM with Gaussian shocks and the Sieve-SMM estimates (é\n,]?n) The true
distribution is the GEV density which differs from the Gaussian density in the tails which
implies a larger difference in the counterfactual when ¥ is large, as shown in figure
For this particular counterfactual, the Sieve-SMM estimates are much closer to the true

value for larger values of x.

Figure 3.5: Dynamic Tobit: SMM vs. Sieve-SMM Estimates of the Counterfactual

2 3 4 5 6 7
X

Note: Estimated counterfactual: P(y;s > Olyja = 0,x5 = --- = x1 = X) - solid line: true
probability, dashed line: Sieve-SMM estimate, dotted line: SMM estimate with Gaussian shocks,
1 Monte-Carlo estimate for SMM, Sieve-SMM, probabilities computed using 10° Simulated Sam-
ples.

The Monte-Carlo simulations show the good finite sample behavior of the Sieve-SMM

estimator with a non-smooth DGP. Indeed, the indicator function implies that the DGP
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is Lipschitz but not continuously differentiable. It also illustrates the extension to short
panels in section

3.6 Empirical Applications

This section considers two empirical examples of the Sieve-SMM estimator. The first ex-
ample illustrates the importance of non-Gaussian shocks for welfare analysis and asset
pricing using US monthly output data. The shocks are found to display both asymmetry
and tails after controlling for time-varying volatility. As a result, the Sieve-SMM esti-
mates imply welfare costs that are 25% greater than with the Gaussian SMM estimates.
Furthermore, the effect of uncertainty on risk-free is nearly 3 times as large for the Sieve-
SMM estimates compared to the Gaussian SMM estimates. The second one uses daily
GBP/USD exchange rate data and highlights the bias and sensitivity implications of fat

tails on parametric SV volatility estimates.

Welfare and Asset Pricing Implications of Non-Gaussian Shocks

The first example considers a simplified form of the DGP for output in the Long-Run
Risks (LRR) model of Bansal & Yaron| (2004). The data consists of monthly growth rate of
US industrial production (IP), as a proxy for monthly consumption, from January 1960 to
March 2017 for a total of 690 observations, from the FREDP?| database and downloaded
via the R package Quandl@ IP is modeled using a stochastic volatility model with AR(1)

mean dynamics:

Act = pe + pcAcr—1 + zrep 1

‘th = Mo + PU‘Tt271 + Kolerp — 1]

where e; > Y x5 and e; 9 f to be estimated assuming mean zero and unit variance. The
stochastic volatility literature has mainly focused on the distribution of the shocks to the
mean ¢; 1 rather than the Volatilitylﬂ hence the volatility shocks are modelled parametri-

cally in this application. Using the chi-squared distribution ensures that the volatility is

3https://fred.stlouisfed.org/.
3https://www.quandl.com/tools/r

38Gee [Fridman & Harris| (1998); Mahieu & Schotman| (1998); Liesenfeld & Jung| (2000); Jacquier et al.
(2004); Comte| (2004); Jensen & Maheu! (2010); Chiu et al.| (2017) for instance.
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non-negative. This DGP is a simplification of the one considered in|Bansal & Yaron! (2004).
They assume that consumption is the sum of an AR(1) process and iid shocks with a com-
mon SV component. The DGP above only estimates the AR(1) component for simplicity
given that the focus is of this example is on the shocks and the volatility rather than the
mean dynamics. The volatility shocks are also assumed to be x7 rather than Gaussian to

ensure non-negativity.

Empirical Estimates

The model is estimated using a Gaussian mixture and is compared with parametric SMM
estimates. S = 10 simulated samples are used to perform the estimation. As in the
Monte-Carlo an auxiliary GARCH(1,1) model is used. The empirical CF uses 2 lagged

observations:

' (Act,Ac;1,Act 2 log(d7") log(d7"7))

:I»d ::IH

- L
f ((AGAG 1A 5 og (67" ) log(6:4)).

Table 3.4/ shows the point estimates and the 95% confidence intervals for the parametric
SMM, assuming Gaussian shocks, and the Sieve-SMM estimates using k = 3 mixture
components. For reference, the OLS point estimate for p. is 0.34 and the 95% confidence
interval using HAC standard errors is [0.23, 0.46] which is very similar to the SMM and
Sieve-SMM estimates

Table 3.4: Industrial Production: Parametric and Sieve-SMM Estimates

POc Ho Po Ko
Estimate 0.33 0.39 0.65 0.15
SMM
95% CI | [0.22,0.43] [0.34,0.45] [0.22,0.86] [0.08,0.26]
) Estimate 0.32 0.43 0.75 0.13
Sieve-SMM
95% CI | [0.20,0.42] [0.34,0.55] [0.35,0.92] [0.06,0.29]

Figure compares the densities estimated using the parametric SMM and Sieve-

SMM. The log-density reveals a larger left tail for the sieve estimates and potential asym-

3YHAC standard errors are computed using the R package sandwich (Zeileis| 2004).
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metry: conditional on the volatility regime, large negative shocks are more likely than the
Gaussian SV estimates suggest. For instance, the log-difference at ¢ = —4 is about 5 so
that the ratio of densities is nearly 150 and the log-difference for e = —5 is roughly 10 so
the density ratio is more than 20, 000.

Figure 3.6: Industrial Production: Sieve-SMM Density Estimate vs. Normal Density

Density log-Density

-6 -4 -2 0 2 -6 -4 -2 0 2

Note: dotted line: Sieve-SMM density estimate, solid line: standard Normal density.

Table 3.5/ shows that sieve estimated shocks have significant skewness and large kur-
tosis. It also shows the first four moments of the data compared to those implied by the
estimates. Both sets of estimates match the first two moments similarly. The Sieve-SMM

estimates provide a better fit for the skewness and kurtosis.

Table 3.5: Industrial Production: Moments of Ac, Ac; and ¢}

Mean Std Dev Skewness Kurtosis
Data y; | 0.21 0.75 -0.92 7.56
SMM y; | 0.25 0.66 0.06 4.39
Sieve-SMM y; | 0.24 0.67 -0.35 6.65
SMM ¢; | 0.00 1.00 0.00 3.00
Sieve-SMM ¢ | 0.00 1.00 -0.75 7.74

Altogether, these results suggest significant non-Gaussian features in the shocks with
both negative skewness and excess kurtosis. The welfare implications and the impact on

the risk-free rate are now discussed.
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Welfare Implications

The first implication considered here is the welfare effect of the fluctuations implied by
each set of estimates. The approach considered here is based on the simple calculation
approach of Lucas| (1991, 2003) The main advantage of this approach is that it does not
require a full economic model: only a statistical model for output and a utility function
are needed. To set the framework, a brief overview of his setting is now given. Lucas
(1991) considers a setting where consumption is iid log-normal with constant growth rate
C; = M+ where ¢; %S A'(0,1) and has a certainty equivalent C = e+7°/2,

For a given level of risk-aversion v > 0 and time preference e~? € (0, 1), he defines the
welfare cost of business cycle fluctuations as the proportion A by which the C;s increase

to achieve the same lifetime utility as under C;. This implies the following equation:

T+ e ™E, (Cll i_ 1) = Ze”tﬁ.
£>0 i >0 L—v

The estimates for the cost of business cycle fluctuations depends only on 7y and ¢ in the
Gaussian case: log(1+ A) = ’y%. Lucas estimates this cost to be very small in the US.

Combining the SMM and Sieve-SMM with Monte-Carlo simulationslﬂ the welfare
cost of business cycle fluctuations is now computed under Gaussian and mixture SV dy-
namics. Table3.6|compares the two welfare costs for different levels of risk aversion with
the baseline iid Gaussian case of Lucas@ For the full range of risk aversion considered
here the welfare cost is estimated to be above 1% of monthly consumption. As a com-
parison Lucas| (1991) estimates the welfare cost to be very small, a fraction of a percent,
while Krusell et al| (2009) estimates it to be around 1% Both SV models imply much
larger costs for business cycle fluctuations compared to the iid results: for v = 4 and an
annual income of $55,000 the estimated welfare cost is $990, $800 and $7 for Sieve-SMM,

SMM and Gaussian iid estimates respectively. The Sieve-SMM estimates imply a welfare

#0A number of alternative methods to estimate the welfare effect of business cycle fluctuations exist
in the literature using, to cite only a few, models with heterogeneous agents (Krusell & Smith, Jr) [1999;
Krusell et al., 2009), asset pricing models (Alvarez & Jermann) 2004; [Barro| 2006a) and RBC models (Cho
et al.,2015).

4 Expectations are taken over 1,000 Monte-Carlo samples for an horizon of 5,000 months or about 420
years.

“The iid case is calibrated to match the mean and standard deviation of monthly IP growth. The
monthly time preference parameter is chosen to match a quarterly rate of 0.99.

43 Additional calculations and results under an AR(1) process and using linearized DSGE models are
also given in |Reis (2009).
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Table 3.6: Welfare Cost of Business Cycle Fluctuations A (%)

Risk Aversion y | 2 4 6 10
Gaussianiid | 0.01 0.01 0.02 0.03
SMM | 1.32 146 1.53 1.65
Sieve-SMM | 1.54 1.80 193 2.12

cost that is nearly $200, or 25%, higher than the parametric SMM welfare estimates. This

difference is quite large highlighting the non-negligible role of asymmetry in welfare.

Implications for the risk-free rate

The second implication considers the effect of uncertainty on the risk-free rate. As dis-
cussed in the introduction, the Euler equation implies that the risk-free rate r; satisfies:
et = e ((Ct+1 / Ct)_7> where e”“ and <y are the time preference and risk aversion
parameters. To explain the low-level of the risk-free rate observed in the data (Weil, 1989)
a number of resolutions have been proposed including the long-run risks model of Bansal
& Yaron| (2004), which involves stochastic volatility and a recursive utility, and the rare
disasters literature which involves very low frequency, high impact shocks and a power
utility (Rietz, 1988} Barro| 2006b). This empirical application considers a simple power
utility together with the higher frequency of shocks (monthly) over a recent period (since
1960) to achieve a similar result.

Given the AR(1) mean dynamics and volatility process postulated for IP growth, the

risk-free rate can be written as:

re=a+ ypc+ypcAcy —log (/ e~ 1o \/Vﬁpﬂfﬂa[et“’z_”]r(et+1,1)f;@(et+1,2)det+1,1d€t+1,2)
e 1

Predictable Component

J/

Effect of uncertainty

where f,5 is the density of a X3 distribution.
Other than time preference a, there are two components in the risk-free rate: a pre-
dictable component 7y, + yp.Act and another factor which only depends on the distribu-

tion of the shocks, it is the effect of uncertainty. In the second term, the integral over e;1 ;

is the moment generating function of e;; 1 evaluated at —'y\/ o + 0007 + Koler110 — 1]
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and has closed-form when the distribution is either a Gaussian or a Gaussian mixture:

/e')’et-H,l \/VUJFPUU}Z+KU[eH—l,Z*l]f(et_i_l,l)fx% (et+1’2)det+1’1d€t+1’2

_ i wj / e’Yﬂj\/ﬂaJrPaUterKa[@tH,z1]+722‘7]'2(H0+Pa‘73+7<a[3t+1,21])fx% (er12)de i1 2.

j=1
The integral over e 1 7 is computed using Gaussian quadrature. Using this formula, table
computes the effect of uncertainty on the risk-free rate over a range of values for risk
aversion 7y for a Gaussian AR(1) model as well as the parametric SMM and Sieve-SMM
SV estimates. The effect of uncertainty is estimated to be nearly 3 times as large under the

Sieve-SMM estimates compared to the Gaussian SMM estimates. Given that the risk free-

Table 3.7: Effect of uncertainty on the risk-free rate (% annualized)

Risk aversion y | 2 4 6 10
Gaussian AR(1) | -0.12 -0.24 -0.35 -0.59
SMM | -0.09 -0.37 -0.84 -2.34
Sieve-SMM | -0.25 -1.02 -2.32 -6.59

rate is predicted to be much lower with the Sieve-SMM estimates, the results suggest that
the non-Gaussian features in the shocks matter for precautionary savings. Altogether, the
results suggest that the choice of distribution f matters in computing both welfare effects

and the risk-free rate.

GBP/USD Exchange Rate Data

The second example highlights the effect of fat tails and outliers on SV estimates for
GBP/USD exchange rate data. The results highlight the presence of heavy tails even after
controlling for time-varying volatility. Similar findings were also documented with para-
metric methods (see e.g. Fridman & Harris, 1998; Liesenfeld & Jung, 2000). This paper
also finds significant asymmetry in the distribution of the shocks. Furthermore, com-
paring the estimates with common Bayesian estimates shows that parametric estimates
severely underestimate the persistence of the volatility. Mahieu & Schotman| (1998) also
consider a mixture approximation for the distribution of the shocks in a SV model, us-

ing quasi-MLE for weekly exchange rate data. However, they do not provide asymptotic
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theory for their estimator and quasi-MLE does not estimate asymmetries in the density
which turns out to be significant in this setting.

The data consists of a long series of daily exchange rate data between the British
Pound and the US Dollar (GBP/USD) downloaded using the R package Quandl. The
data begins in January 2000 and ends in December 2016 for a total of 5,447 observa-
tions. The exchange rate is modeled using a log-normal stochastic volatility model with

no mean dynamics:
yi = py +orer1, log(or) = polog(or—1) + xeerp

where ¢; > MN (0,1) and e;4 w f to be estimated assuming mean zero and unrestricted
variance. This allows to model extreme events associated with volatility clustering, when
oy is large, as well as more isolated extreme events, represented by the tails of f. For this
empirical application, i is set to 0 and f is only constrained to have unit variance. This
illustrates the type of flexibility allowed when using mixtures for estimation. The data y;
consists of the daily log-growth rate of the GBP/USD exchange rate:
GBP/USD; )
GBP/USD;_1 )

Sieve-SMM estimates are compared to a common Gibbs sampling Bayesian estimate us-

yr = 100 x log(

ing the R package stochvol (Kastner, 2016). Two sets of Sieve-SMM estimates are com-
puted: the first uses a Gaussian mixture with k = 5 components and the second a Gaus-
sian and tails mixture with k = 5 components: 3 Gaussians and 2 tails. The two Sieve-
SMM estimators have the same number of parameters to be estimated.

Table (3.8 shows the posterior mean and 95% credible interval for the Bayesian esti-
mates as well as the point estimates and te 95% confidence interval for two Sieve-SMM
estimators. The Bayesian estimate for the persistence of volatility p, is much smaller than
the SMM and Sieve-SMM estimates: it is outside their 95% confidence intervals. This re-
flects the bias issues discussed in the Monte-Carlo when f has large tails. As a robustness
check, the estimates for the Sieve-SMM are similar when removing observations after the
United Kingdom European Union membership referendum, that is between June 23rd
and December 31st 2016: (py,, 0z) = (0.96,0.23) for the Gaussian mixture and (0.97,0.20)
for the Gaussian and tails mixture. The Bayesian estimates are also of the same order
of magniture (0.26,1.27). The density estimates f are also very similar when removing
these observations.

Figure 3.7 compares the density j?n of e;1 for the Bayesian and Sieve-SMM estimates.
The log-density log[fn] is also computed as it higlights the differences in the tails. The
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Table 3.8: Exchange Rate: Bayesian and Sieve-SMM Estimates

Oz 0z
) Estimate 0.24 1.31
Bayesian

95% CI | [0.16,0.34] [1.21,1.41]

Estimate 0.96 0.22

Sieve-SMM

95% CI | [0.59,0.99] [0.06,0.83]

Estimate 0.97 0.19

Sieve-SMM Tails

95% CI | [0.62,0.99] [0.05,0.79]

Note: Cl is the credible interval for the Bayesian and the confidence interval for the frequentist
estimates.

Figure 3.7: Exchange Rate: Density and log-Density Estimates

Density log-Density
1.25-
1.00 - 4
0.75-
0.50 -
0.25-
Y, \
OOO- 1 1 J 1 1 1 1 1 1 1 1
-5.0 2.5 0.0 25 5.0 -5.0 2.5 0.0 25 5.0

Note: solid line: Gaussian density, dotted line: Gaussian mixture, dashed: Gaussian and tails
mixture.

Bayesian assumes Gaussian shocks, so the log-density is quadratic, the density declines
faster in the tails compared to the other two estimates. For the mixture with tail compo-
nents, the density decays much slower than for both the Bayesian and Gaussian mixture
estimates.

Table 3.9 compares the first four moments in the data to those implied by the esti-
mates@ The Bayesian estimates fit the fourth moment of the full dataset best. Note that
for time series data, estimates of kurtosis can be very unprecise (Bai & Ng, 2005). Hence

a robustness check can be important: when removing the observation corresponding to

#The moments for the Bayesian and Sieve-SMM estimates are computed using numerical simulations.
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United Kingdom European Union membership referendum on June 23rd 2016 which is
the largest variation in the sample the kurtosis drops to about 10. Furthermore, when
removing all observations between June 23rd and December 31st 2016, the kurtosis de-
clines further to about 9. As discussed above, the point estimates remain similar when
removing these observations. The Sieve-SMM estimates match the fourth moment of the
restricted sample more closely but the Gaussian mixture fits the third moment poorly.
The Gaussian and tails mixture fits all four moments of the restricted sample best. It also
has the lowest value for the sample objective function. The Gaussian and tails mixture is

thus the preferred specifications for this dataset.

Table 3.9: Exchange Rate: Moments of y;, y; and e}

Mean Std Dev Skewness Kurtosis

Data y; | 0.00 0.49 -1.15 21.05

Data* y; | 0.00 0.47 -0.32 8.92
Bayesian y; | 0.00 0.52 0.00 18.47
Sieve-SMM y; | 0.00 0.85 0.10 5.88
Sieve-SMM tails y; | 0.00 0.45 -0.28 7.74
Bayesian ¢; | 0.00 1.00 0.00 3.00
Sieve-SMM ¢} | 0.00 1.00 -0.06 3.68
Sieve-SMM tails ¢; | 0.00 1.00 -0.17 4.83

Note: Data corresponds to the full sample: January 1st 2000-December 31st 2016. Data* is
a restricted sample: January 1st 2000-June 22nd 2016. Sieve-SMM: Gaussian mixture, Sieve-
SMM tails: mixture with tail components.

In terms of forecasting, there are three main implications. First, the Bayesian estimates
severely underestimate the persistence of the volatility: as a result, forecasts would un-
derestimate the persistence of a high volatility episode. Second, j?n displays a significant
amount of tails: a non-negligible amount of large shocks are isolated rather than asso-
ciated with high volatility regimes. Third, there is evidence of asymmetry in j?n: large
depreciations in the GBP relative to the USD are historically more likely than large appre-

ciations.

1t is associated with a depreciation of the the GBP of more than 8 log percentage points. This is much
larger than typical daily fluctuations.
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3.7 Conclusion

Simulation-based estimation is a powerful approach to estimate intractable models. This
paper extends the existing parametric literature to a semi-nonparametric setting using
a Sieve-SMM estimator. General asymptotic results are given using the mixture sieve
for the distribution of the shocks and the empirical characteristic function as a moment
function. On the theoretical side, this paper provides new and more general results for
static models and allows for a new class of dynamics in the Sieve-GMM literature. Monte-
Carlo simulations illustrate the range of applications of the method and its finite sample
properties. Extensions to a larger class of moments and short panels are given.

Two empirical applications highlight the importance of the density in the shocks in
practice. The first one shows asymmetry and tail behavior in output shocks. Welfare
estimates suggest that the cost of business cycle fluctuations are larger under these non-
Gaussian shocks. The risk-free rate is also significantly lower, reflecting the greater down-
side risks in the estimated distribution and the additional precautionary savings it im-
plies.

The second empirical example highlights the effect of misspecification on volatility es-
timates. Sieve-SMM estimation applied to daily GBP/USD exchange rate data reveals sig-
nificant tail behavior and asymmetry, even after controlling for the time-varying volatil-
ity. The parametric Bayesian estimates are not robust to misspecification and large rare
events.

Going forward, a number of extensions to this paper’s results should be of interest.
On the theoretical side, extending the inequality in this paper to unbounded moments
would allow for more general Sieve-GMM settings as in Chen et al.| (2013). The results
could also be extended to a generalization of Indirect Inference with both infinite dimen-
sional moments and parameters. The mixture sieve can be extended to accommodate
heteroskedasticiy as in Norets| (2010) or multivariate densities without the independence
assumption as in De Jonge & Van Zanten (2010). On the empirical side, the results in
this paper suggest that the distribution of the shocks is important in estimating welfare
effects in DSGE models or risk-premia in asset pricing models. Also, using the results
in this paper, the Sieve-SMM can be applied to estimate cross-sectional heterogeneity in

short panels where fixed effects cannot be differenced out.
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Appendix to Chapter

The terms A () and C(8) in 8p are derived for the just identified case as follows. Recall
that 1) has a second-order expansion:

> A(6o) | C(6o) 1
Y = (0p) + /T + =+ op()- (.0.1)
Now 8 = 6, + % + %‘90) + 0p(+). Thus expanding () around 8 = 6y:
~ A6 Cc(e 1
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Equating with v (6y) + % + %00) + 0p(%) and solving for A, C we get:
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For estimator specific A} and 4, define 4} = trace([wg(Oo)]_l[Z]Iil ’l,[)g,gj(e())AZ/j(e()) +
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Where a; = %2521 aZ, Ay is defined analogously. Note that a(6y) — 0 as B — oo if
1 (0) = 0 and the first two terms drop out.

Proof of Proposition (1, RS

To prove Proposition |1} we need an expansion for PP (6%) and the weights using




i. Expansion of ¢"(6) and 'I:b\gb(go)
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To obtain the determinant of 1}(6%), let a®(6y) = trace(.A?(8y)), a5(6o) = trace(A?(6p)?),
c?(0y) = trace(C?(0y)), where
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Now for any matrix X with all eigenvalues smaller than 1 we have: log(Ix + X) = X —
3X2% + 0(X). Furthermore, for any matrix M the determinant |M| = exp(trace(log M))).
Together, these imply that for arbitrary Xj, X»:
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Hence the required determinant is

A’(69) , C'(6o) 1
-~ a®(6y) 1

= ‘1#0(90)‘ <1+ T T 7 Top(g) |-

ii. Expansion of w?(6") = |4g(0°)| 1 7(6"):

55(6")| = [a(80)| |1+

_ _ e b c -1
(6| x(e") = o (e0)| 1<1+ B, 2 b(;’“)w(;)) R )
_ ab b b
~ [dto0)| (1 -2 %B0) _ ) 4,2
b K 60)Ab(69) AL (6
5 (n(00)+7r9(0 )A\}g)Jrn (0 )Ch(Too) % 79,6,(60) T( 0) A7 (6o) 0, :1F)>
j=1

S b 2 b
~ |Bote0)|” (00)<1_ ) , 7o) ) _ 00 _ (00

b b b b , br
73((0?; (O)A ) 7?(20)) C'(B) | 1 A" G0) o B0) A" () w(%)).

Now A(8g) = £ YF_; A%(8p). Similarly define C(6p) = +C?(8p). Also, denote the term

2
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The normalized weight for draw b is:

—~ -1 ab 0, Vid Ab 0 eb 0
) - @] e 1( 1 ) | T A ) 1) )
= 1 - c(0, 0, c(, (0,
ZE 1 3(96) (QC) 1+ % Zchl —a\(/fo) + 7;9((900)) A\(ﬁ‘)) + ¢ (TO) —i—op(%)

b b b
- §

T))
1 _ (60) + 0(89) A(6p) + ¢(6o) —O—Op(%)

VT A6y vt T
b b b — - _

;<1 _ a\(/(;o) + ﬂe((:()())) A\;;o) n (;’o) +Op(%)) « (1+ ﬂff%) _ 729((090(3) A\(/BTO) B e(?o) +0P(%)
- a’(60) —a(60) , 7o (60) A”(60) — A(8y) , ¢"(8p) —#(8y) _ a"(60)a(60) _ Ta(8) A®(80)a(60)
" B T 7(6o) VT T T 7(0p) T
_ 79(60) A(6o)a’(60) [W(eo)ﬂowo)’} A" (60)"A(6)) Yo (1))

7(0p) T 7(6p)2 T Pl

The posterior mean is Ogs = 2521 w’ (0Y)6°. Using 6 defined in 1} A and C defined
in (.0.2) and (.0.3):

Ab(Gg) | 1 & CP(Bo) | 7e(60) 1 ¢ (A"(80) — A(60))A"(60) | ~m 1
ORS = 00+ 2 \/T + Ebgl T + 7_[(00) Ebzl T +C (00) +Op<f)'
Proof of Results for LT
From
Ab(6y)  Cb(lp) 1
b 0 0 1
we have, given that v, is drawn from the asymptotic distribution of v
b b by, AL(6Y)
Y7(67) = (6) T
b b
Cufo . ANB)  Choy) 1\ ARG TR SR o(}))
—w(o+ T T +o,,(T))+ Vi
A6 8)) A"(60) Al,0(00) A (B0) 1 K v,6,(60)A%(60)A] (o) 1
— (0) + \/(TO)JFW)( % (60) Boop f; 0 +§ _ +opl(2)
which is equal to 1,2 for all b. Hence
-1
A'60) = [we(80)|  (A(80) - AL(60)) (0)
_ K
C’(60) = [we(eo)} 1 ( (60) — % Y %o,0,(60) A" (80) A} (60) — Ago,ewo)f\b(@o)) (02)
j=1
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Note that the bias term C"ormalsize depends on the bias term C. For the weights, we
need to consider

Ab(6 cb(o
¥p(0°) = e |6 +Ab(00) +Cb(90) ‘o (l) +AZO,9 (90+%+¥+op(%))
’ A VT T PiT =
3 ¢9,9j(90)A;?(00) Ap(B0) , & wefef(e(’)qj(go) M

K
B . e D T

L1 K lbe,oj,ak(eo)A?(@o)AZ(eo)+ (1)
2]4,;:1 T it

Let

_ K
A (60) = [1#9(90)} 1 (Azo,e(‘%) + Ziba,ej(eo)A]b(@o))

j=1

N =
M=

_ K
C’(8) = {1#9(90)} 1 (Z 1/Je,ej(@o ' (60) + Z/Aooee (90)A )+
j=1

j=1 j

K

Y_ ¥6,0,6,(60)A (GO)Ai(Go))
k=
a’(6g) = trace(A%(6y)), a5(6) = trace(A%(6;)?), cP(8y) = trace(CP(8y)).

1

1

The determinant is

- _ b b -
’1%(90)’ = Yo (o) 1‘I+ A\/(;O) = (TOO) +Op(%)) 1
-1
— |vol60)| (1 + ab(fTO) + ag(fO) + Cb(ﬁO) + op(%))
- b b b
— |o(00)| (1 - a%o) - ”2(7?0) . (fO) +op(%)) .
The prior is
n(o") = (00 T Al}%’) + <) +op(;_ir)>
b b b Ab!
_ 7[(00) +7T9(90)A\§;0) + 7T0(00)C r(TGO) + %A (00)7-[?1:914 (90) +0P(%)-
Let: e’ (89) = —c®(0y) — a5(6p) + ’;9(5;,95) C(8o) + A(80) "2 (89) A (6y). After some sim-
plification, the product is
R _ - b b b
]1#2(00)] 1”(9b) = ’1#0(90)’ 1”(90)<1 - a\(/e%l) + 7::((;;0)) A\;;O) + £ (]?O) +op(%)).
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Hence, the normalized weight for draw b is

1— 20O | To00) A&) 4 O o (1)

Ab -1 b
‘”’9 ‘90‘ 7(6°) VT T a@) vt T T

— 1 T
) = "B _ 10y, 7(0)AG) | e0) (1
=1 00)‘ n(oe) T =gt Teg vt o Toelr)
b e’ a 0 A e
;( m:Oo)> Aﬁou <ﬁo>+op(;)> <1+ <¢e%> B :(gaoo)> A&o%» . <§o>+op(;>)
(1 PO —T00) | o) A%(00) @) , &00) 0] _ o@nion) _ T A" g ALO)
B VT 7(6o) VT T T T
0 (60) a* (60)A(60) , 70 (00) T(B0)A"(60) , 1
719(000) Tt 7?(000) T +0”(T)>'

Hence the posterior mean is Oy = Yb_, w’(0")8” and 6 = (00 + Ai%)) +£ (TOO) + 0;,(%)).

After simplification, we have

O = 6 + A\%O) + E(gO) - éb_zl (a"(60) ”:(r 0)A(6o) _ | 7&(9?)0))“;(00”290
- ;7:((090%) in:l (A*(6o) *ZT(Oo))Ab(Go)
OF0 T IO 1
—op+ A0 Clo) olf) ;é (A00) = AODA ) | g, 1,1,

where all terms are based on A’(6y) defined in (.0.1) and C?(8y) in (.0.2).

Results for SLT:
From
UEES NN
s=1
(0 = w0+ =2+ T o)
6" = 6y + AZ;O) + Cb(THO) + op(%),
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AL (80 + 200 1 S 4 o,(4)

S _ 1 > s 1 VT
°(0%) gsgzp (00+ T t—F —i—op(T)) + T 7
_ 1.8 A%(6y) | AL (60) Ab(By) 1 & Ay(00)A%(8y) AL 4(60)A(60)
—¢(00)+§s§ T + JT + 19 (60) T +§s; T
S s K Ab(9,) AL (6 b
+ ;s; = ;90) + ;]Z%d’e,e](ao ( O)T j (%) + 1 (60) (THO) +Op(%)~
Thus,
_ S
A(6y) = [1#9(90)} 1<A(90)—;ZAS(9O)—AEO(90)> (.0.1)
s=1
-1 1 S 1 K
Cl(6y) = [1/;9(00)} (@(00) -3 Y ©(60) — > Z¢9,9j(90)Ab(60)A?(90)>
s=1 j=1
-111 S i
_[%(90)} ggﬂ*es(eo)%iﬂ(ew AY(6y). (0.2)

Note that we have A%, ~ A while A 4 N To compute the weight for draw b, consider

A (00 4+ A080)  S(60) +op(%)>

~ Ab(8 ct(e 1 1 VT
3007 = 00+ S0+ S o)) + 5 1 -
Ago(eo_'_Al:};o)_i_Cb(Teo)_i_op(%)) ) 5 ®S<00+A3§0)+Cbg~60)+op(%)> .
+ 7 +§s; T +0p(3)
K A2(60) 1 S8 A500) AlgB) 18 (6 & Cl(6o)
_ ] 9\Y0 0,0 4 0 I
—¢e(90)+];¢901(90) T +§S); JT T T +Ss:21 T +];¢09]-(90) T
1 S K Ay, (00)AY(60) k AL ., (60)AY(6y) | K K AL(6,)AL(6y) 1
L ey DY Y 0,00 0y,
s=1j=1 j=1 j=1k=1
Let:
-1{1 K
A(80) = [ve(60)] (S Y- Ay(60) + Al p(60) + ZQ/’B,ejA?(ao))
s=1 j=
b 11 & X b 1& s b b b
C’(6) = [1#0(90)} 3 Y C(60)+ ). {1#0,0]-(90)@ (60) + 3 ZAo,oj(eo)Aj(ao) +Aoo,9,0]-(00)Aj(00):|
s=1 j=1 s=1
-1 (1 K
+ [@be(@o)} (2 ) @bo,ej,ek(90)A1€(90)A?(90)>
k=1

a’(6y) = trace(A%(6y)), a5(0) = trace(A%(6;)?), cP(8y) = trace(CP(8y)).

The determinant is

_ _ ab
W(eb)\ - \zbe(eo)\ : <1— “b\(/‘;’) - 2(;)0) - Cb(f()) +op(%)>.
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Hence

40" (0" = [wo(00)| (00) (1_“b(90>_“3("°> (60) 1)

JT T 1 o)
770(80) A(8)) e (80) C(8y) 1 &K 7a,60,(60) A’(60)A%(6p) 1
. (H ~(00) ﬁo ) T +§]; 7(60) T ol

_ ab b eb
= |wo(60)] "7(60) (1— \(/?)ﬂ:f(g")m%ou (ﬁ°)+op(,})>

79.0.(00)
where ¥ (8)) = —a®(8)) %) A¥(8)) — ab(80) — c*(8) + T GH C(B0) + 3 Ty iy AY(80) AL (60).
The normalized weights are

e on)| (o)

@ (0% = — —
Yoy |de(6e)| m(69)
1 a’(8)  71e(60) AP(6y)  eb(8p) 1 a(00) me(60) A(6)) 2(6g)
B<1_ ﬁo + 7:’(000) \/TO + = +op(T)> <1+ \/% - :(000) ﬁo - +op(T)>

The posterior mean gt = Y b, W’ (0%)6" with 67 = 6, + Ai}"%)) + Cb(TGO) + op(%). After
some simplification,

Osir = 6O+

n C(6o) n ”0(90);L§1 (Ab(60) —ZT(OO))AZ’(GO) B Ilsbi (a"(69) _E:(FOO))Ah(OO)

T TOT@N D FO _ @) 5,10% o]
- e AR ERL T AT oy o

where terms in A and C are defined from (.0.1) and (.0.2).
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Results For The Example in Section 6.1

The data generating process is y; = mg + opet, er ~ iid N'(0,1). As a matter of nota-
tion, a hat is used to denote the mode, a bar denotes the mean, superscript s denotes

a specific draw and a subscript S to denote average over S draws. For example, &5 =

S —_—
STZ 1Zt 16f = st:les

MLE: Define e = 1 Y[, e;. Then the mean estimator is /il = mq + 0pe ~ N(0,02/T).
For the variance estimator, ¢ = y — i = op(e —¢) = opMe, M = It — 1(1'1)"!1 is an

idempotent matrix with T — 1 degrees of freedom. Hence 63, = ¢¢/T ~ 0Zx% ;.
BC: Expressed in terms of sufficient statistics (#i,52), the joint density of y is

1 Yy (m—m)? -T2
. 2\ T/2 L=
ply;m,o7) = (271(72) exp ( 202 o0 )

The flat prior is 7t(m,c?) « 1. The marginal posterior distribution for o2 is p(c?|y) =
I p(ylm,0?)dm. Using the result that [ exp(—55; L (m — m)?)dm = V2702, we have

. T -3 To?
p(c?ly) o (2r0?) TV 2exp(~T5%/20%) ~ invD <T3 Ta)
The mean of an invI'(«, ) is ﬁ . Hence the BC posterior is 75 = E(02|y) = 82%,

SMD: The estimator equates the auxiliary statistics computed from the sample with
the average of the statistics over simulations. Given ¢, the mean estimator #ig solves
M = ig + o+ s Z _, €. Since we use sufficient statistics, 77 is the ML estimator. Thus,
g ~ N (m, % + ST) Since y; — J = o(ef — ¢°), the variance estimator 73 is the ¢ that

solves 02 = o2 (STZ YL (e5 —2°)?) Hence

~2 2
~2 % » X11/T 2
05 = — =0 = 0 Fr_1,5(7-1)-
Fo L@ -2 xiry)/(ST) =

T-1
(@mp) = Uzﬁ'

The mean of a F;, 4, random variable is d
LT: The LT is defined as

T (0% — (72)2>

pLT((72|<?2)  Ly250exp (_E 5
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which implies
2152 _, 20%
7|07~ N (07, - truncated to [0, +oo|.

ﬂ
For X ~ N (y,0?) we have E(X|X > a) = u + 1?;(‘;;)}1)0 (Mills-Ratio). Hence:

P(-5Z5) 2 o(—/T/2)
i (02152) — 52 VTR srms? 52 (1 \/i ¢ .
() =0t o(-LL) M= YT ey

Let k17 = \/% % ”T/T\/ZT)Z) We have Ept(c?|0?) = 02 (1 + xr7) . The expectation of the

estimator is
T—-1

E (Eur(0%0)) = o? = (1 -+ )

from which we deduce the bias of the estimator

IE(IELT(<72|?72)) 22 (T—l 1).

T MITT

The variance of the estimator is 204% (1+ KLT)2 and the Mean-Squared Error (MSE)

T-1 T-1 1\2
0'4<2 T2 (1+KLT)2—|—< T KLT_T))

which is the squared bias of MLE plus terms that involve the Mills-Ratio (due to the

truncation).

SLT: The SLT is defined as

2 2
52— 0_2X§(T71) 2 6.2/X§(T—1) _ 2
21 ~2 T ST T[ ng;l) ]2 ST
psir(0°[07) o Ly2>qexp ) 25l = l2>pexp > 55

where

. 1&1 ¢ _ Xs(T—1
o3 =0"2 Y =Y (¢ —¢) =07 f@T ).

This yields the slightly more complicated formula
2
. o Xs(r-1) 26* ST
0.2|0.2, (es)s:l,...,S ~ N (0,2/ S(T 1)’ ]2>
)

[
ST T X%(T—l
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and the posterior mean becomes

_ OST/Xsr
204 ST 2
ST ! (X§<T 1) ST
]ESLT(0'2|6'2) = 6'2 5 + Vv2/T 5 6'2
Xs(r-1) ~ Xs(r-1)
G2ST/ X%
1—-P | - 250D
Xs(T-1)

o ST ¢ (—VT/2) ST
=0 + 2/ T———0"°.
X%(Tq) 1-@(-VT/2) X%(Tfl)

Let kg1 1 = _PCVT/2) vm)\/z /T—T— = ki1—>L— (random). We can compute

1-®(—VT/2) X%(Tfl) Xs(T-1)
~ S(T-1) r-1
2142V) 2 2
E (ESLT(U o )) =0 S(T—1)-2 LY E(ksir)
and the bias

2 T-—1

2152\ _ 2 2 2- -
E <]ESLT(‘7 o )> =0 S(T—1)-2 T E(xsur)

which is the bias of SMD and the Mills-Ratio term that comes from taking the mean of the

truncated normal rather than the mode. The variance is similar to the LT and the SMD

T—-1 S
T2 Cov(xsrT, 5 )-
S(T-1)

20K, + 20V (kgr 1) + 40

T—-1

The extra term is due to kgt being random. We could simplify further noting that kgt =

ST ST 2 S212 S
K ,E(x =K , V(x =K and Cov(xg T, =
LTX%(T,l) ( SLT) LTsT—1—2 ( SLT) LT (S(T—1)—2)2(S(T—1)—4) ( SLT X%}(Tfl))

2
KLTSZTW(UX%(T—U) = KLT(S(T71)725)2(TS(T71)74)'

The MSE is

T2

2 T-1 2
+ ]E(KSLT)] + 20K,

4 S
U{ﬂT—U—Z T

1
COV(KSLT, 5 )
S(T-1)

2 1 T—1)2 a0t T-1
:204[[S(T_1)_2]2+K1T_1}—}—( Tz)]E(K%LT+S(T_1)_2 T ]E(KSLT)

MSE of SMD

T_1+Z#VWwﬂ+4ﬁ

T—1 S
TZ COV(KSLT, 2—)
Xs(T-1)

+20’4W(KSLT) + 4o
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RS: The auxiliary statistic for each draw of simulated data is matched to the sample

auxiliary statistic. Thus, /i = m® 4+ o%¢’. Thus conditional on 77 and 0>, m® = 711 — ote® ~

N (0,03 /T). For the variance, 2% = ¢2? ¥, (el — 2%)2/T. Hence
A

o2h o2 _ o Xile—2)/T Ninvr<T_1 T_&Z)
Yy(ef —¢")2/T Yi(eh —2")2/T 2 72

Note that ppc(c?|?) ~ invI’(%, TT‘?Z) under a flat prior, the Jacobian adjusts to the
posterior to match the true posterior. To compute the posterior mean we need to compute

the Jacobian of the transformation: [ . . 2s[*l Since o2b = g1
oI~ DICETA e = 53

Under the prior p(¢%*) « 1, the posterior mean without the ]acoblan transformatlon
is
2 _ 2L B Yiler—2)?*/T Bow oy T
B = Siler —e")/T r=3

The posterior mean after adjusting for the Jacobian transformation is

B 2b. T 2
2, = L1 L —2)? Lo Yiler— eb)z) _ 752B b\ )" g Lo(2")?
25 = —
Yiq 1/0%P L= 12;&( p—e2/T 5 Lyt
where 1/20 = Y, (¢? —")2. As B — oo, 1 ¥ (/)25 E[(27)2) and 1 ¥, 285 E[20]. Now
z¥ ~ invy% , with mean +1; and variance (T—3)3ﬂ giving E[(z/)?] = m
Hence as B — 0, Ugg g = 02755 = Upc-

Derivation of the Bias Reducing Prior The bias of the MLE estimator has E(7) = ¢? —
102 and variance V(0?%) = 20*(F — %) Since the auxiliary parameters coincide with
the parameters of interest, Vg, 9) and Vgg1p(0) = 0. For Z ~ N(0,1), A(v;0?) =
V20?(1 — +)Z, Thus 0,,A(v;02) = V2(1 — 1)Z,a° = V202(1 — 1)(Z — Z°). The terms

in the asymptotic expansion are therefore

Y2782 - 729 = B, A0 00)a) = —o22(1 — X

02 A(V5;0%)a° = 2(72(1—T

V(a®) = 40*(1- %)2
cov(a®,a®) = 2(1 %)2(74
B , _ 2
(1— %)V(as) + 2 —cov(a®,a”) = oH(1- %)2@(1 - %) +2° 5 ) - 3(;7—51)

46This holds because 727 (0>?) = 62 so that |d>? /do?? |71 = |do>? /d5?|.
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Noting that |9;202?| o ¢??, it is analytically simpler in this example to solve for the
weights directly, i.e. w(c?) = 7(0?)|9520%"| rather than the bias reducing prior 7 itself.

Thus the bias reducing prior satisfies

—202
0,2w(0?) = 2(7 (

1—1)? 1 2
A1 -$)2(40- 4

J+2551)  CtA(l-g) 425
Taking the integral on both sides we get:
log(w(0?)) o« —log(c?) = w(0?) 1 = 71(0?) o L
o2 ot

which is the Jeffreys prior if there is no re-weighting and the square of the Jeffreys prior
when we use the Jacobian to re-weight. Since the estimator for the mean was unbiased,
rt(m) o 1 is the prior for m.

The posterior mean under the Bias Reducing Prior 71(0>*) = 1/0** is the same as the
posterior without weights but using the Jeffreys prior 7t(0>%) = 1/0%*:

=2 Yo 0> (1/0*) 5 > Yia(ee—2)?/T _ 52

RS — = =0 - = 0UsmpD-
255:1 1/g2s 255:1 1/02s 255:1 2?:1(‘3? —2°)%/(ST)
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Further Results for Dynamic Panel Model with Fixed

Effects
Table .0.1: Dynamic Panel p = 0.9, = 1,02 =2
Mean over 1000 replications
MLE LT SLT SMD ABC RS Bootstrap
Mean 0.751 0.751 0.895 0.898 0.889 0.899 0.751
p: SD 0.030 0.030 0.026 0.025 0.025 0.025 0.059
Bias -0.149 -0.149 -0.005 -0.002 -0.011 -0.001 -0.149
Mean 0934 0934 0998 1.000 0996 1.000 0.935
E : Ssb 0.070 0.071 0.074 0.073 0.073 0.073 0.139
Bias -0.066 -0.066 -0.002 0.000 -0.004 0.000 -0.065
Mean 1.857 1.865 1.972 1989 2.054 2.097 1.858
o2 SD 0.135 0.141 0.145 0.145 0.151 0.153 0.269
Bias -0.143 -0.135 -0.028 -0.011 0.054 0.097 -0.142
- - 500 500 1 1 500
B - 500 500 - 500 500 -

See note to Table 3.
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Appendix to Chapter

Background Material

The Characteristic Function and Some of its Properties

The joint characteristic function (CF) of (y;, x;) is defined as
p:7T—E (eif'(yff"f)> = E (cos(7'(yt, x)) + isin( (yt, xt))) -

An important result for the CF is that the mapping between distribution and CF is bijec-
tive: two CFs are equal if, and only if they come from the same distribution f1 = f, <

Y5, = ¥, The characteristic function has several other attractive features:

i. Existence: The CF is well defined for any probability distribution: it can be com-
puted even if no moment of (y;, x¢) exist.
ii. Boundedness: The CF is bounded |¢(7)| < 1 for any distribution. As a result, the
objective function QS is always well defined assuming the density 7t is integrable.
iii. Continuity in f: The CF is continuous in the distribution f, — fo implies ¢, — 1y,

iv. Continuity in 7: The CF is continuous in 7.

The continuity properties are very useful when the data y; does not have a continuous
density, e.g. discrete, but the density of the shocks f is continuous as in Example 2l For

instance, the data generated by:
Y = Lygie,>0

is discrete but its conditional characteristic function is continuous in both f and 6:
E (equxt) = 1— F(x10) + E(x/0)e',
where F is the CDF of ¢; ~ f. As a result, the joint CF is also continuous:
E (e0)) = (9(1 - F(x(0) + F(x/0)e™] ) .

The empirical CDF however is not continuous. As a result, a population objective Q

based on the CF is continuous but the one based on a CDF is not.
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Computing the Sample Objective Function Qs

This section discusses the numerical implementation of the Sieve-SMM estimator. First,
several transformations are used to normalize the weights w and impose restrictions such
as mean zero ) ; wjp; = 0 and unit variance }; wj( pt]Z + (7]-2) = 1 without requiring con-
strained optimization. For the weights, take k — 1 unconstrained parameters w and apply

the transformation:
1 e¥i1
CUlZT&, (U]:Tforj_z k
143, eve T+, et
The resulting w;, ..., wy are positive and sum to one. To impose a mean zero restriction

take o, ..., jx unconstrained and compute:

Z] =2 Wilj

1:
H wr

The mixture has mean zero by construction. In practice, it is assumed that 0; > ¢. Take

unconstrained o7, . . ., 0x and compute:
0j = 0 + €.

The resulting o; are greater or equal than the lower bound ¢ > 0. To impose unit vari-

ance, restrict o; = 0 and then divide y, o by \/ ¥ wj( ptjz + (7].2): standardized this way, the
mixture has unit variance.

Once the parameters w, ji, o are appropriately transformed and normalized, the mix-
ture draws ¢} can be simulated, and then y; itself is simulated. Numerical integration is
used to approximate the sample objective function QS. For an integration grid 7y, ..., Tn

with weights 7y, .. ., 71, compute the vectors:
bn = (Pu(n), - u(T)), = (), P ()
and the objective:
Q5(B) = (v —by) diag (i, ..., 7o) (o — 3.

In practice, the objective function is computed the same as for a parametric SMM estima-
tor. If a linear operator B is used to weight the moments, then the finite matrix approxima-
tion By, is computed on 1y, . . ., T, and the objective becomes (@n — zz,f)’B’diag(ﬂl, o) TTm) (ﬁn —
¥3)'; a detailed overview on computing the objective function with a linear operator B,

using quadrature, is given in the appendix of Carrasco & Kotchoni (2016).
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Local Measure of I11-Posedness

The following provides the derivations for Remark (1, Recall that the simple model con-

sists of:

e 1

frim(e) = k(1)¢(—)/ foxm)(€) = Ty 0(

€ — Hi(n) )
Tk(n) '

Tk(n)

The only difference between the two densities is the location parameter piy(,) in fox(»

The total variance, weak and supremum distances between f; ;(,,) and fl,k (n) are glven

below:

i.

ii.

Distance in the Weak Norm

The distance between f; and f, in the weak norm is:
_ g2 2
11 = falldear = 2 [ %0 sin(rpy (),

When py () — 0, sin(T]/tk(n))z — 0 as well. By the dominated convergence theorem
this implies that || f1 k() — fok(n)llweak — 0 as py(,y — 0 regardless of the sequence
Tk(n) > 0. The rate at which the distance in weak norm goes to zero when pi(,,) — 0

can be approximated using the power series for the sine function || f1 — f2||eak =

| Hk(n \\/2 [e ™ 257 (T)dT + o([pti(n)|)- For gy — 0, the distance in weak norm
declines linearly in yi(,,). For a specific choice of sequence (3 (,)) the total variation
and supremum distances can be shown to be bounded below. As a result, the ratio
with the distance in weak norm is proportional to ||~ T oo

Total Variation Distance

The total variation distance between f; x(,) and f, x(,) is bounded below and above
b

1/2
”k( ) ”i<n>

1—e ¥ < ||fi — follry < V2 | 1—e 0

For any € > 0, one can pick () = F0k(u)\/ —8log(1l —€?) so that || fj k()
foxmllTv € [€2/2,€]. However, for the same choice of Hi(n), the paragraph above

47The bounds make use of the relationship between the Hellinger distance H(f1, f2): H(f1, f2)> < ||f1 —
follrv < V2H( fi1, f2). The Hellinger distance between two univariate Gaussian densities is available in

1 (}’f*}‘g)z

2 Ti 2
closed-form: H(f,g)2 =1— [ 5L8%e = 1%

Uf—l-lfg
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implies that || f1 x(u) — fo,k(n) lweak — 0 @s gy(,) — 0. The ratio goes to infinity when
gk(n) — 0:

| f1k(n) = fohem v 2 1
1 fren) = Fok(mllweak — ¥ \/2e/=8log(1 — €2)

iii. Distance in the Supremum Norm

Using the intermediate value theorem the supremum distance can be computed as:

e B € — Hk(n)
elan) o)

e |.”k |
¢’ <—> ‘ R oo
Qk(n) gk( )

For any € > 0, pick yy = :|:€0’k /||¢’ |l then the distance is supremum norm is

0 — ) |leo = sup,
||f1,k( ) fz,k( )|| P elek(n)

. ‘,uk(n)’
= SUPseR >
=k (n)

fixed, [| f1k(n) = fok(n)lleo = €, for any strictly positive sequence g,y — 0. However,
the distance in weak norm goes to zero, again the ratio goes to infinity when oy (,,) —
0:
| f1k(n) — o) lloo
Hfl,k(n) - fZ,k(n) ||weak
The degree of ill-posedness depends on the bandwidth gy ,,) in both cases. In order to
achieve the approximation rate in Lemma the bandwidth gy ,,) must be O(log[k(n 278 /k(n)).

As a result the local measures of ill-posedness for the total variation and supremum dis-

> Ol dlleo

tances are:

_of Km _ M)
v = (i)™ =© (gl
Identification in the Stochastic Volatility Model

This section provides an identification result for the SV model in the first empirical appli-

cation:

id
Yt = Uy +oyYr—1 + 01, €11 Y f

2 2
0y = Ho + Pe0;_q + Kolt

with the restriction ;1 ~ (0,1), |oy],|os| < 1 and e follows a known distribution

standardized to have mean zero and unit Variance Suppose the CF 4, includes y;

#8This assumption makes the derivations easier in terms of notation.
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and two lagged observations (y;_1,1¢—2) and that the moment generating functions of
(Yt,Yt—1,Yi—2) and e; 1 are analytic so that all the moments are finite and characterise the
density. Suppose that for two sets of parameters 1, 82 we have: Q(B1) = Q(B2) = 0.

This implies that 7r almost surely:

E($(t, 1) = E($;(7,B2), VT e R’ (.0.1)

Using the notation T = (7, T, 73) this implies that for any integers ¢1, {5, {3 > 0:

b1+ +4 s
. 0 0 A TRTBE 'lp T, 01
l€1+€2+€3]Eﬁ (ytlytz 1yt 2) _ : (£2 (5313 )) B
dTl dt,’dt, =0
d€1+fz+63E 170 T, B ) .
_ 1 (ézn(%ﬁ )) = l£1+€2+€3]Eﬁ (ytlytz 1% 2)
dTl dt,’dT, =0

In particular for £; = 1,4, = 0,43 = 0, it implies y,,1 = > so that the mean is identified.
Then, taking ¢1 = 2,¢, = 0, {3 = 0 implies that Eg (07)/(1 — pyl) Eg,(07)/(1— Pyz)
For {1 = {, = 1,43 = 0 it implies p, 1 Eg, (07)/(1 — Pyl) = py2Ep, (07)/(1— Pyz) which,
given the result above implies p, 1 = py 2 and then Eg, (¢7) = Eg, (¢7). The latter implies
Ho1/(1—ps1) = ton/(1 —pg2). Taking b1 = 2,0, =2,3 =0and {1 = 2,0, = 0,03 =0
implies two additional moment conditions (after de-meaning) pallx(%’l /(1— p(ZT,l) =
Pokgy/ (1= pgo) and 7 w21 /(1= p%1) = p3oKG,/ (1= p52)- 1 poi, pop # O this imples
Po1 = Po2 and K, 1, K2 and also py 1 = He,.

Overall if p; # 0, then condition implies 8; = 6,, the parametric component is
identified. Since 0 is identified, all the moments of o; are known. After recentering, this

implies that for all /1 > 3 if ]Ee (') 7é0:

]Efl (ef,ll) ]Ef1 (etz) (.0.2)

If 0} is non-negative, which is implied by e.g. e;» ~ x7 and parameter constraints, then all
moments are stictly positive so that holds. Since the moment generating function is
analytic and the first two moments are fixed, implies f; = fo. Altogether, if p, # 0
and o; > 0 then the joint CF of (y¢, y;—1,y¢—2) identifies B.

Additional Results on Asymptotic Normality

The following provides two additional results on the root-n asymptotic normality of 0,.

A positive result is given in Proposition[0.1jand a negative result is given in Remark

#Since iy, py are identified, it is possible to compute E([y: — py — pyyi—1)*[yi—1 — #y — pyyi—2)?) =
E(c?0? ;) from the information given by the CF.
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The results apply to DGPs of the formm

Yt = &obs (]/tflz 0, ut)

Ut = Siatent (1,0, ¢;)

where Qops, Qiatent are smooth in 0. In this class of models, the data depends on f only
through e;. Examples 1] and [2] satisfy this restriction but dynamic programming models
typically don’t. The smoothness restriction holds in Example [[[but not Example

Proposition .0.1 (Sufficient Conditions for Asymptotic Normality of ;). If Eg, £(y;) and
Vo, £(y}) do not depend on f then 6, is root-n asymptotically normal if:

d S
Egy,f, (d—f;i {( 1 yy )@ Idy} )
has rank greater or equal than dg when t — oo.

Proposition provides some sufficient conditions for models where the mean and
the variance of y; do not vary with f, this holds for Example [I|but not Example 2l This
condition requires that y; varies sufficiently with @ on average to affect the draws. The

proof of the proposition is given at the end of this subsection.

Example (1) (Continued) (Stochastic Volatility). Recall the DGP for th stochastic volatility
model:

t o,
Yr = ZP]yUt—jet—j,l (th = ZPZT(;MU + thet—j,2)-
j=0 j=0

It is assumed that the initial condition is yo = oo = 0 in the following. To reduce the number
of derivatives to compute, suppose Ug, kg are known and e;_;» is normalized so that it has mean
zero and unit variance. During the estimation e; is also restricted to have mean zero, unit
variance which implies that the mean of y; and its variance do not depent on f. First, compute the

derivatives of y; with respect to py, ¢:

dy; -1
T = 2Py Or—jet—j1
doy ]; y jet=j
2 2 t—
U W i _ Ny
— =05 ——e;_;j1/01_; where = 14 + Kgpepn).
do, ];)Py dps t—j1/ Vt—j dpo 4_21 pr (o +Koep2)

0The regressors x; are omitted here to simplify notation in the proposition and the proof, results with
x¢ can be derived in a similar way as in this section.
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Both derivatives have mean zero, the derivatives of the lags are zero as well. Hence, E ( dB’Yt>
must have rank greater than 2 for Proposition [0.1] to apply. Now, compute a first set of expecta-

tions:

dyt ) Z]PZJ UE( (02.))

dPy
dy; v

]E(d_pyyi_l) Z(]"‘l)Py (07— —j— 1)
dyi s = . 2j+1 2

E(="tyi2) = ) (i +2)py  E(07;5)
Py j:O
dyy_,

E( oy E(or——1)
d,Oy Z }/ —j—

IE( jo T (0y_j o).
dPy Z 1/ ]

The remaining expectation for p,, can be deduced from the expectations above. Since IE( %y? ) >
0, these expectations are not all equal to zero as long as B (c?) > 0. If py was known then the rank
condition would hold. For the second set of expectations:

2 ¢

dl/t ) j 21,
dpa Zpy dpg j:O y Z Ep

d]/t Z J+1 Z j+1 ZE 20— 1
dpayt 1 p dp(T = p p
d]/t Z J+2 Z j+1 ZE 20— 1
dpayt 2 p dp(T = p Qs

The remaining derivatives can be computed similarly. The calculations above imply that the matrix
is full rank only if p # 0 and u, # 0 since all the expectations above are zero when either p, = 0

or gy = 0.

Remark .0.1 (8, is generally not an adaptive estimator of 6y). For the estimator 8, to be

adaptiv@ an orthogonality condition is required, namely:

%[Jf—fo] =0, forall f € Fosn.

511f the estimator is adaptive then 8, is root-n asymptotically normal and its asymptotic variance does
not depend on fy, i.e. it has the same asymptotic variance as the CF based parametric SMM estimator with
fo known.
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For the CF, this amounts to:

dE (3 (7, Bo)) dE (45 (1, o)) _
Real( L 0 i7 0 [f—fo]n(r)dr>_0.

lim

n—oo
Given the restrictions on the DGP and using the notation in the proof of Proposition it
implies:

lim Real< % i [gt(eo’el)_gt(eo’ezﬂfo(61)Af(ez)N(T)drdqdez) =0.
— 00

After some simplification, the orthogonality condition can be re-written as:
. ,dgt(0o, e1) . / _
}g]élo TS sin (T'[gt(B0,e1) — 8:(0,€2)]) foler1)Af (e2)m(T)dTderde = 0.

This function is even in T so that it does not average out over T in general when 7t is chosen to be
the Gaussian or the exponential density with mean-zero. Hence, the orthogonality condition holds
if the integral of gt % el)sm ('[9t (60,e1) — (0, e2)]) foler)Af(ex) over ey and e; is zero. This
is the case if g6, el) is separable in ey and fo, f are symmetric densities which is quite restrictive.

Proof of Proposition Chen & Pouzo|(2015), pages 1031-1033 and their Remark A.1, im-
plies that 8, is root-n asymptotically normal if:

lim dia

n—s00 gUEV,Ug#O 1

- 2
”%sz dE( 1/:%#0)) 9+dm<¢a](;,,so)>[vﬂ ()0,

By definition of V the vector v = (v, ;) has the form vy, and vp = Litoajlfj — fo] for
a sequence (a1,4az,...) in Rand (fi, f2,...) such that (8;, f;) € Bosy for some 6;. To prove

the result, we can proceed by contradiction suppose that for some non-zero vg and a vy:

/‘dIE Bt b)), d]E('ZIZ(fT’ﬁO))[Uf]‘zn(T)dT 0. (03)

This implies that dIE@Z(OT”B 0) g + IE(i fT o) [vf] = 0 for all T (7 almost surely). This
implies that the following holds:

dIE (45 (0, dIE (45 (0,
("7[’1;(0 Bo)) g + (wd; Bo)) [Uf] -0 (.0.4)
&I (45 (T, Bo)) &’E (¢5(7, Bo)) _
d6dt e—0"? dfdt oy}, =0 =
A% (¢ (T, Bo)) PE(5 (T, Bo)) _
d0dtdt, lv—0 ® dfdtdt,  lr=0 o7 =0 (00
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forall ¢ =1,...,dy. To simplify notation the following will be used: f(e) = f(e1) x - -+ x
f(er) and Afj(e) = [fi(er) — fo(er)]fole2) x -+ % fo(er) + foler)[fj(e2) — fole2)]fo(es) x
- x foler) + -+ foler) .. .fo(et,l)[fj(et) — fo(er)] and y§ = (0, ¢}, ..., ¢j) (the depen-

dence on x is removed for simplicity). The first order derivatives can be written as:

dE (93 (7, o) _ [ iw?8:O0) /981(80,€) sy (000) , (o) e

do e
dIE 5 , > it g1 (60,0 .
(IPZZ(fT [30))[vf] :Jgaj/e 8100 A (e)de

For T = 0 this yields Mi# = 0 and %ﬁfo’ﬁ(ﬂ)[v]z] = 0, so equality (.0.4) holds

automatically. Taking derivatives and setting T = 0 again implies:

PE@(T )| . [ dgi(8€)
dodr : —0 Z/%fo(e)de
A% (43 (7, o
E(Zlbffii Ao =0 l,g % / 2¢(80, €)Af;(e)de

If E(y;) does not depend on f then [ g;(6y,e)Afj(e)de = 0 for all j and W [0f]

0 holds automatically. This implies that condition (.0.5) becomes:
dy;
E (-1 0.7
( 10 > V9—0 (.0.7)

If E < > has rank greater or equal than dg then condition (.0.7) holds only if vg.o; this

is a contradiction. If the rank is less than dg, then taking derivatives with respect to

315 ()5S
T again yields %‘T:O[vﬂ = — Y204 [ §1(0,e)8:(8,¢)' Afj(e)de = 0 assuming

E(yjy}) does not depend on f. Computing the other derivatives imply that condition
.0.6) becomes —vy dd(e/ 2(60p, ) fole)deie.

v/ (‘jlzijm) —Oforall £ =1,...,dy. (.0.8)

Then, stacking conditions (0.7)-(.0.8) together implies:

dy;
Ugl]E w ( 1 y?/ ) ® Idy =0. (09)
If the matrix has rank greater or equal to dg then it implies vg—y which is a contradiction.
Hence (.0.3) holds only if vg—y which proves the result. O
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Proofs for the Main Results

The proofs for the main results allow for a bounded linear operator B, as in Carrasco &
Florens| (2000), to weight the moments. In the appendices, the operator is assumed to be
tixed:

~ N ~ 2
Q3(B) = [ |Bou(r) — BES(x, p)| m(v)dr.
Since B is bounded linear there exists a Mp > 0 such that for any two CFs:

[ [Bon() - B ) w2y < M3 [ [du() ~ () m()ar

As a result, the rate of convergence for the objective function with the weighting B is the

same as the rate of convergence withoutﬂ

Properties of the Mixture Sieve
Lemma .0.1 (Kruijer et al.| (2010)). Suppose that f is a continuous univariate density satisfying:

i. Smoothness: f is r-times continuously differentiable with bounded r-th derivative.

ii. Tails: f has exponential tails, i.e. there exists e, M £, b > 0 such that:
fi(e) < Mpe™ ', Vel > 2.

iii. Monotonicity in the Tails: f is strictly positive and there exists e < e such that fg is weakly

decreasing on (—oo, | and weakly increasing on [e, o).
Let F be the sieve space consisting of Gaussian mixtures with the following restrictions:

iv. Bandwidth: 0; > ¢} = O(M).
v. Location Parameter Bounds: pj € [~y ).
vi. Growth Rate of Bounds: 11, = O (log[k]'/?).

Then there exists 11 f € Fy, a mixture sieve approximation of f, such that as k — oo:

B o
If nkfnf—o( o )

where || - |7 = || - llrv or || - [[eo-

2For results on estimating the optimal B see Carrasco & Florens (2000); (Carrasco et al. (2007a). Using

their method would lead to Mz — oo as n — oo resulting in a slower rate of convergence for Bn. Further
investigation of this effect and the resulting rate of convergence are left to future research.
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Proof of Lemma[3] :

The difference between ¢ and ¢} can be split into two terms:

k(n)
X _ . . . .75 .
]; (1 [Z[ le Zl:O wl] ]11/?6[25;(1) 61/25:0 &l]> <]/l] + O}Zt’]> (01)
. . 37, .. S
].Z; ﬂVfE[Zé;(l) @Yo @il <]/l] Mt [U] (T]]Zt']) ’ (.0-2)

To bound the term in expectation, combine the fact that |p;| < iy, [oj| < 7 and v}
and ZS are 1ndepen ent so that:

1/2

k(n) 2
. . _ . . S
<Supl(ww) (@,f,7) H2<(5‘ Z ( VEE[TIZ) w, )y wil lufe[g})@,,z;oal]> (VPL“Z ) ‘ )

k(n) 2\ 71/2 172
)} (Hk(n)+‘7]E (\Zf/]«|2> )

< Z { (Sup| (w0)— (@) <o |1

el el T el T, @l
The last term is bounded above by 71 + ¢Cz. Next, note that

1 " : —1 1 i -1,0,1
Vel o _gw]  viE[TI_y @Yo @) €1 }

so that:

2
E (S“P|<w,u,a>—<cv,ﬁﬁ>|z§5 Lo anyd o) ~ Tuer Loy, cm’ )

- ]E (sup”(wz%ﬁ)_(@/ﬁﬁﬂ2§5 ]]_V?G[Z;;(l) wl/Z{:() (Ul] - 11/?6[25;(1) (TJZ,Z{ZO (le] ‘) :

5 v i Gy T 2\'/?
Also, for any j: |Z[ oW1 — 21:0 wy| < leo @) — 21:0 wy| < (Zzzo @) — wy ) <
|| — wl|2 < . Following a similar approach to Chen et al.| (2003):
)

. _ _ 1 1 . ~
Vi 6[ Zl Owl (21:0 wl)+5] er[Z{:(l) wl/ZLO wl]

- j -1 j j—1 12
= <[(Z @) +0] = [(Y @) =] = [(} @) — () &z)])
|\ =0 1=0 I=0

{IE (sup | (w,p0) (@57 [2<6 | 1

- , —1 i
Vts € [Z;ZO C‘f’l/z;:() wl} V? € [Z;:() WI/E;:() wl}

I

< |E (sup”(w,y,a)(&,ﬂﬁ)lzﬁ‘s

= V/26.

Overall the term (.0.1) is bounded above by v/2(1 + Cz) (ﬁk(n) +0+ k(n)) /3. The term
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.0.2) can be bounded above by using the simple fact that 0 < 1 | <1and:

i—1 ~ i ~
S [Zézo wl/Z{=o @]

k(n) 1/2

2
E (supll(w%a)—(@,ﬁﬁ)lz<5‘ ; Ly oy (1= i oy = 31Z55) | )]

k(n) B N 5 1/2
= L {E (SUP|<w,u,a>—<a,ﬁ,a>||z<a‘(Vf — ij) + loj = 1123, )}

]:

k(n) B N
=<, 1 SUP | (co,.0)—(@,7i5) <6 (1 — Hjl + 10} — 551Cz)

]:

k(n) 172
< (1+ C2)SUP| (0, 4,0)~(@,17) |a<s (Z [ = il + oy — '(77\2> < (1+Cz)é.
j=1

Without loss of generality assume that § < 1 so that:

N 11/2
{]E (S“P|<w,u,a>—<cv,ﬁ,a>||z<a‘€? =i )} < 2V2(1+ ) (1+ Py + T+ k() ) 6172,

which concludes the proof. O

Lemma .0.2 (Properties of the Tails Distributions). Let & > ¢1,& > ¢ > 0. Let vy and v{,

be uniform U 1) draws and:

The densities of e}, ¢; , satisfy fos (e) ~ > ¢l ase — —oo, fis () ~ e > 2 ase — oo,
There exists a finite C bounding the second moments | <|ef1|2> < C < ocoand E (|e§2|2) <
C < oo. Furthermore, the draws y$ | and 3, are L>-smooth in &1 and &, respectively:

[E (S”P\cl—snss\eh(él) — e?,l(éi)!z)r/z < Cs

[]E (Sup\é’z—legé‘e?,z(éz) — ef,z(é)!z)r/z <Cé

Where the constant C only depends on ¢ and c.
Proof of Lemma :

To reduce notation, the t and s subscripts will be dropped in the following. The proof is
similar for both e; and e, so the proof is only given for e;.

First, the densities of ¢; and e are derived, the first two results follow. Noting that the
draws are defined using quantile functions, inverting the formula yields: v; =

_ 1
2+§1 °
1—e¢;
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This is a proper CDF on (—oo0,0] since e; — 2 —77; is increasing and has limits 0 at —

€y
l+f§1

and 1 at 0. Its derivative is the density function: (2 + ¢1) (12—+¢1)2 which is continuous on
1-¢

1+§1
(—o0,0] and has an asymptote at —oco: (2 + Cl)z—+51) X e‘;’+é‘1 (24 &) as e; — —oo.
Since & € [§,¢] with 0 < ¢ then Ele;|* < C < oo for some finite C > 0. Similar results
1+§2

hold for e; which has density (2 + g’,‘z)z—+,§2)2 on [0, +00).
)

Second, & — e1(&1) is shown to be L?-smooth. Let |&; — (",71| < 4, using the mean value

theorem, for each v there exists an intermediate value 51 € &, 51] such that:

1 1
1 2441 1 248, 1 1 ( 1 ) 2+é‘1 =~
- (| - log(— —1) (= —1 .
(Vl ) <v1 ) =z lesl -1 (5 (@ - &)

The first part is bounded above by 1/(2 + ¢), the second part is bounded above by:

-
[Eat

log( ! +1) (1/11 +1)

and the last term is bounded above, in absolute value, by é.

Finally, in order to conclude the proof, the following integral needs to be finite:

2+C
/log +1) ( —|—1) dvy.

By a change of variables, it can be re-written as:

) 2 5
/ log(v)v**t “dv.
2

Since ﬁ — 2 < —1, the integral is finite and thus:

B (supy, g ycoleta(@) — e @P)] " < 50/ [ logton
OJ

Proof of Lemma[2} The proof proceeds by recursion. Denote 7y, f; € BBy, the mixture
approximation of f; from Lemma For d, = 1, Lemma [0.T|implies

o r/b o /b
I = T illry = ORI, 7y - 11 = 0 EF L)
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Suppose the result holds for f1 x --- x f; . Let f = f1 x - X fg X fg,41; let:

dep1 = fi X X fy, X faoo1 — oo fr X X gy fa, X Mgy fa, 11
dy = f1 < - X fg, = iy fr X0 X g fa,-

The difference can be re-written as a recursion:

dit1 = difg, 1+ iy fr X - X W fa, (fde+1 - Hk(n)fde—i—l) :

Since [ fy41 = [ Ty f1 X -+ X Ty fa, = 1, the total variation distance is:

log[k(n)]/?
Mty < ldellzy + 1ot — g foallry = O (%) .

And the supremum distance is:

[dis1lleo < Nldtllool a1 lloo + Ty f1 X -+ X Tl fat, ool fto+1 — Ty fitet1 llo

o r/b
< sl (il + 1 % = % ol 1 = T g aln) = (%)

]
Definition .0.1 (Pseudo-Norm || - || on By,). Let By, B2 € B,y where By = (64, f1),1 =
1,2 with fj = f1; X ... fa,; each f; ; as in deﬁnition The pseudo-norm || - || is the £> norm
on (0,w,u,o,§), the associated distance is:
181 = Ballm = [|(61, w1, p1,01,81) — (02, w2, pia, 02, 2) |2

using the vector notation wi = (w11, ..., W1 (n) 427+ 1 Wi 1r -+ - wde,k(n)+2)f07’ 0,w,u,0,d.

Remark .0.1. Using lemma 6 in Kruijer et al.[(2010), for any two mixtures f1, fo in By,):

Ifr = falleo < C°°Hf1;—fznmr If1— folltv < Crv Ilfr = fallm
Tk(n) Tk(n)

for some constants Coo, CTy > 0. The result extends to d, > 1, for instance when d, = 2:
Afi-hE=AA -+ -L)f
In total variation distance the difference becomes:

17— Al <=Iff = Blov+ 14— fllrv
< Cpy 12— f3llm+ 17— f2llm < Cry Hfl f2||m

Tk(n) Tk(n)

A recursive arqument yields the result for arbitrary d, > 1. In supremum distance a similar result

holds assuming || f]||co, || fé || oo, with j = 1,2, are bounded above by a constant.
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Consistency

Assumption 2/ (Data Generating Process - L2-Smoothness). y; is simulated according to the

dynamic model — where gops and Qiarent satisfy the following L2-smoothness conditions
for some vy € (0,1] and any 5 € (0,1):

y(i)!. Forsome(0 < Cy < 1:

[ (5P, 80bs (7 (B1), 1, B 43 (B1)) = 8ot (V3 (B2), %1, B 3 (B1) 12

1/2
vi(B1),vi(2) )|
< CullyiBy) - viha)|
y(ii)'. For some 0 < Cp < oo
[ (stupys, gy 63 (B1), 0, B, 5 (B1) — s (63 (B1), 0, P, (1)) | < Cao”
y(iii)’. Forsome 0 < C3 < oo:
[ (spyp, 180 67 (B) 3t B (B1)) — ons (3 (B), e, B (B 2 (B), i B2)) ]

< Glu; (B1) — ui(B2) "

u(i)’. Forsome0 < Cy < 1

1/2
[ (sup 5, ool iatent (1651 (B1), B €1 (B1)) = Suatens (51 (B2). B, €5 (B |
< Cyllui_y(Br) — i1 (B2)]

u(ii)’. For some 0 < Cs < oo

E (5up5, gy <ol $tatent (451 (1), B, €3 (B1)) = Ruatens (451 (B1), B, €5 (B1))I?) < Csd”
u(iii)’. Forsome 0 < C5 < oo:

E (SupﬂﬁlfﬁzuggéHglatent(u?—l(,ﬁl)/,Blrei(.gl)) — Satent (U3_1(B1), B1, ¢} (B2))|I?
< Csller — ez

&i(B1), € (B2))

for ||B1 — B2lls = 1161 — 62| + || fi — falleo O |61 — O2]| + || 1 — f2| TV

Proof of Lemma |4} First note that the cosine and sine functions are uniformly Lispchitz on

the real line with Lipschitz coefficient 1. This implies for any two (y1,y2,Xx) and any
T € R

[cos (7' (y1,%)) — cos(T'(y2,x))| < [T (y1 = y2,0)| < [[T]leollyr — y2
[sin(t'(y1,x)) = sin('(y2, %)) < [7'(y1 = y2,0)] < [ITlleollyr — y2.
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As a result, the moment function is also Lipschitz in y, x:
€01 — ™2 | 7(7) 5 < 2|7l eo7t(7) 3l — Yl .

Since 7t is chosen to be the Gaussian density, it satisfies SupTHTHoogb(T)% < Cx < o0 and

cp(r)% « ¢(7/+/2) which has finite integral.

The Lispschitz properties of the moments combined with the conditions properties
of 7 imply that the L?-smoothness of the moments is implied by the L2-smoothness
of the simulated data itself. As a result, the remainder of the proof establishes the L2-
smoothness of yj.

First note that since y; = (y¢,...,¥:—1):

L
ly:(B1) — ye(B2) || < 21 lye—i(B1) — yi—j(B2)I]-
=

To bound the term in y above, it suffices to bound the expression for each term y; with
arbitrary + > 1. Assumptions[2 2f|imply that, for some y € (0,1]:
1/2 57

[ (supyp, g I31(80) = w1(B2) )] < T [ (supyp, g Iia(B0) —yia (B)IF)] 7+ Ca
T(n)

+C5 [ (supys, gy, lue(Br) —w(B2)2)] "

The term 0‘25—1 comes from the fact that ||f1 — B2]je < a;ﬁz”rn and ||f1 — Bz2llty <
Sk(n) “k(n)

[B1=B2llm oy By (n)- Without loss of generality, suppose that gy (,) < 1 Applying this

Uk(
mequahty recursively, and using the fact that y3, ) are the same regardless of f, yields:

[ (Supl\ﬁl ﬁz\lm”yt(ﬁ1) yt(ﬁz)HZ)r/z

C, &7 7/2
= +cszc1[ (5P, g e 1(B1) = -1 (82) %)

Using Lemmas [Bland [0.2]and the same approach as above:

[IE (sup||51,52”m||ut(/31) _ ”t(ﬁz)||2)r/2
1/2 57

< Cy [E <sup|\,317,82\|mHutfl(ﬁl) - ut71(52)||2>] + CS_iE, 3

<

+CoC (K(n) + Fiy(y +7) 6772

Recall that by assumption Tk(n) = O(%) goes to zero.
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Again, applying this inequality recursively yields:

[E (supys, gy l(Br) — B2 )]

1/2

C5 o7 C6 — 2
< + C (k(n) + +7) 672
S G ( (1) + Finy >

Putting everything together:

[]E (SUPH,Bl—ﬁsz Hyt(ﬁl) — yf(ﬁz) Hz)} 1/2

Ez 5’)/ 63 65 57 C6 /2
= — — + Clk(n)+u +0 (57
T 1-Ci o 1-C (1C4(727 (() F(n
C:

Zk(n) Ty 1~ Cs

Without loss of generality, suppose that 6 < 1. Then, for some positive constant

/2 _ 57 B .
[IE (supnﬁl—ﬁzum lye(B1) — ye(B2) ||2)} < Cmax ((727 k(1) + Toy ) + 0767 2) :
Tk(n)

]

Lemma .0.3 (Covering Numbers). Under the L?-smoothness of the DGP (as in Lemma , the
bracketing number satisfies for x € (0,1) and some C:

Ny (o, iy (T 1] - 112)
3[k(n)+2]+dg.

2/y
_2/,)/2 (k( ) + nuk( ) ) +gﬁ(ﬂ)

< (3[k(n) +2] + do) | 2max(fiy, )C T 1

For T € R, let ¥y, (T) be the set of functions ¥y, (T) = {ﬁ — T VX T (T)12, B € By }
The bracketing entropy of each set ¥y, (T) satisfies for some C:
log (N (x, ¥i() (1) || - Il 2) < Ck(n) loglk(m)])|log4].

Using the above, for some Cy < oo

[ tog? (N (e ¥ulm) |1 12 e < Cok(n)?hoglk(m)]?

Proof of Lemma Since By, is contained in a ball of radius max (7 ), 7, |0/ ) in IR3IK()+2]+do
under || - [|;n, the covering number for By, can be computed under the || - || norm us-

ing a result from Kolmogorov & Tikhomirov (1959) As a result, the covering number

SGee also [Fenton & Gallant (1996) for an application of this result for the sieve estimation of a density
and |Coppejans (2001) for a CDFE.
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N(x, Bi(n), || - [Im) satisfies:

2 max (i, 7) 3[k(1)+2]+d.
N(x, Biy, || - [Im) <2 (3[k(n) + 2] + dg) " +1
The rest follows from Lemma [4 and Appendix O

Proof of Theorem |1} If the assumptions of Corollary hold then the result of Theorem
holds as well. The following relates the previous lemmas and assumptions to the required
assumption for the corollary.

Assumption [I| implies Assumptions [0.1| and [0.2] Furthermore, by Lemmas [4] and
.0.3] Assumptions with (or[2f) imply Assumption|0.4/with /C,/n = O(M\/w)
using the norm || - [|;,. The order of Qy(ITi(,)Bo) is given in Lemma 5 This implies that
all the assumptions for Corollary so that the estimator is consistent if v/C,, /n = o(1)

which concludes the proof. O

Rate of Convergence

Proof of Lemmal[5} First, using the assumption that B is a bounded linear operator:
~ . 2
Qe[ ) < M} [ |E ((7) = (5, T o) ) [ m(x)de
-~ ~ 2 . 2
<3M} < [ [E (#u(0) = i, B0)) | )+ [ [E (wi(x, o) = $i(x Tegn0)) | n<r>dr)

Each term can be bounded above individually. Re-write the first term in terms of distri-

bution:
E ($u(0) - B5(0.60)) | = | t:zl [ 70 (i x0) = filyaxo)dysdx

where f; is the distribution of (y:(Bo), x¢) and f; the stationary distribution of (y;(Bo), Xt)-
Using the geometric ergodicity assumption, for all 7:
1 - i (yexe) [ £ _ < 1 - * _
~). | Lt (yeoxe) = filye xoldysdxe| < =3 [ | fi (ye,x) = fi(ys xo) |dydx,
t=1 t=1
2 & 2C, & 2C
= 2N Al < TR Y <
w1 w5 S T
for some p € (0,1) and C, > 0. This yields a first bound:
-~ - 2 4C; 1 1
_ &S < ° - _ -
[ [ (30 = B3, o)) [ (e < =2 =0 (13 ).

nz
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The mixture norm || - || is not needed here to bound the second term since it involves
population CFs. Some changes to the proof of Lemma {4{ allows to find bounds in terms
of || - ||gand || - || rv for which Lemma 2] gives the approximation rates.

To bound the second term, re-write the simulated data as:

Vi = Qobst(Xt, ..., x1,B,€i,...,€1), Ui = Qiatentt(B, €}, ..., €])

with = (0, f) and ef ~ f. Under Assumptionor using the same sequence of shocks

(ef):

E(

This is similar to the proof of Lemma {4} first re-write the difference as:

atst (X1, 01, B0, €5+, €3) = ot (X1, -, 11, Ty o - )| ) < Ty fo — foll

E(]

- gobs (gobs,t—l(xtflz e X1y Hk(n)ﬁ()/ e?—l/ e /ei)/ Xt, 1—-[k 50/ glﬂtent (glutentt l(Hk ,BOI et 177 ei)/ Hk(n),BOI ef

gobs (gobs,tfl(xtflf e X1y ﬁOI ei_lr ey ei)/ Xt, ,BOI glutent (glutent,tfl(,BO/ 8?_1, e /ei)/ ,BOI €§))

).

Using Assumptions 212} there is a recursive relationship:

E(]

- gObS (gobs,tfl(xtflr cees X1, Hk(n)ﬁO/ 6?71/ N ) Xt, Hk ,BOI glutent(glatentt l(Hk ‘BO, et 17+ /ei)/ Hk(n),BOI e? H)
< [E(]

2\11/2
_gobs(gobs,tfl(xtflz . xllnk ﬁO/et 17 ..,0 ) xtlnk ,BO/glatent(glatentt 1(Hk ﬁo;et 1/'”16?)/1—[]((11),80/6?“ >i|

<Gl D

+ Callfo = Iyl + C3[ (Hgl“te”t/t(ﬁo'ei"“rei) _glatent,t(nk(n)ﬁo,ef,...,ei)H >]7/2'

R

_ 21V
<Gy [JE(ngatem,t_mﬁo,ei1,..., ) = Satent 1 (M) Bos el 61| )} +Csl1Bo — Ty ol

gohs (gobs,tfl(xtflr cees X1, ,BOI ei_]/ e /ei)/ Xt, ,BOI glatent (glutent,tfl(,BOI e?—ll v ,651;), ,BOI e?))

gObS (gobs,t—l(xt—lr cees X1, ,BOI 6?7]/ sy esl’)/ Xt, ‘BO, glatent(glatent,t—l (ﬁOI eifll e /ei)/ ,BOI e?))

gobs,t—l (xi’—ll cees X1, 50/ eifll e /esi) - gobs,t—] (xt—ll cer X1, Hk ,BO/ et 17+~ /esi)

The last term also has a recursive structure:

|:]E(Hglutent,t(,80/e?;---/ ) glatentt<nk ,30,€t,--- esi)

Together these inequalities imply:

E(]

_gobs(gobs,t—l(xt—lr-- xl/Hk 50/319 17 --/ei)/xtznk ,BO/glatent(glatentt 1(Hk ,BO/et 17 ..,€i),nk(n),30,€?

1

< — [ C —1II +C
1 % ( 2||Bo kmBolls + Cs

gObS (gobs,t—l (xt—ll MRS x]/ ,BOI 6?71/ crcy ei)/ xt, ,30/ glatent(glutent,t—l (’BO, eifll ccy esl,)/ ,BO/ e?))

)

*’Y

(1- C)

1Bo — iy ﬁ0HB>
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Recall that ||T||eo+/77(T) is bounded above and 77(7)!/# is integrable so that:

/‘]E (eiT’(Yr(ﬁOIxt ~~~~~ x1)) _ eiT/(yf(nk(n)ﬁOIxh'"lxl))) ‘zn(r)d‘f

1 ;’ 1/4
<1z (cznﬁo—nk Bl + Gy oy B0 = Ty ﬁorm)supT Itlloy/ ()] [ () .

To conclude the proof, the difference due to ej needs to be bounded. In order to do so,

it suffice to bound the following integral:

/eiT'(yt(yo,uo,xt,...,x1,,30,€f,~~~,€§)/Xt) (fo(ef) X X fo(ei) — Hk(n)fo(ei) X X Hk(n)fO(ei)) fx(Xf)d€§ . deidxt.

A direct bound on this integral yields a term of order of t| fo — I, follrv which in-
creases too fast with ¢ to generate useful rates. Rather than using a direct bound, consider
Assumptions The time-series y; can be approximated by another time-series term
which only depends on a fixed and finite (¢f,...,ef_, ) for a given integer m > 1. Mak-
ing m grow with n at an appropriate rate allows to balance the bias m|| fo — Il(,) follTv
(computed from a direct bound) and the approximation due to m < t.

The m-approximation rate of y; is now derived. Let B = (0, f) € B, ¢j,...,e] ~ f and
7 such that §_,, = 0,#_,, = 0 and then 7% = gupo(F_ 1,2, B, 82), 7 = Gatert (5, B, )
fort —m+1 < j < t. Each observation ¢t is approximated by 1ts own time-series. For

Hile
u?_mHz) } 1/2

observation t — m, by construction:
E ([Jvin —1-n]) =2
£ (a5l =5 (o) <[5
Then,foranytZ?Zt—m
B o\ 11/2
k(o) <€ e (-7l
e (i) <csct [ (o —ma )]+ e (-7 )]

The previous two results and a recursion arguments leads to the following inequality:

]E( —utH> <cr []E( uimHz)]m (.0.3)
]E( yi—g;H) < C,al” []E( uimuz)r/ rcr []E( B HZ)] " (.0.4)

157

)= [




~ Vi
Cmax(Cy,Cq)" with 0 < max(Cy,C4) < 1 and some C > 0. For the first observations
t < m the data is unchanged, y; = 3, so that the bound still holds. The integral can be

For f = Bo, Lx(,)Bo since the expectations are finite and bounded by assumption, E (

) <

split and bounded:
| [ €m0 (foe5) - fole}) = i folef) x -+« x Ty foled) ) fulxi)des ... e
< [E (165 (7, Bo) = %5 (7, Ty o)) — [ (7, Bo) — 37, kaﬁon) ]
[ (Folles) x+++ x foleiprra) = Tl foe) x -+ X Tl foleiysn) ) fl)def .. ey e
< 4Cmax(Cy, Cq)"™ + 2m ||y fo — foll v
The last inequality is due to the cosine, and sine function being uniformly Lipschitz con-

tinuous and equations (.0.3)-(.0.4). Recall that |[IT.,fo — follry = O(%). To

balance the two terms, choose:
r

= — ———loglk >0
" vlogmax(Cq,Cq) oglk(n)]

so that max(Cy, C4)" = k(n)~" and

o r/b
Cmax(Cy, C)"™ + 2m|| Ty fo — follrv = (1 g[klg?r)l]; H)'

Combining all the bounds above yields:

Qn (I () Bo) = O (max llog[k(ﬂ)]‘“/ ’”2’ loglk(m)]**"/® 1 ])

k(n)Zr k(ﬂ)Z'er s nZ

log[k(n)]**r/

where || - [|[g = || - [l or || - [TV s0 that || — TTx(,)Bo| Zg =0O( K ). The term due
4r/b+2 4921 /b
to the non-stationarity is of order 1/n? = o <max [bg[kk(nn))} . , IOng(( ))2]7; } ) so it can

be ignored. This concludes the proof.

Proof of Theorem[2} The theorem is a corollary of Theorem[0.2with a mixture sieve. Lemma

gives an explicit derivation of | /Qy(ITi(,)Bo) in this setting. O

Asymptotic Normality

/ 7S
Remark .0.2. Note that for each T the matrix B w’(“éTwHk( o))’ B (011 o))
#e0) d(6,c,p1,0)

the requirement is that the average, over T, of this matrix is invertible. Lemma @ states that By,

is singular -

and the approximation 1Ty, Bo have a representation that are at a distance onA,; Y2 of each other
in|| - || norm.
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Proof of Lemma[6} Using the simple inequality 1/2[a|? < |a — b|> + |b|? for any a,b € R:

0< 1/2/ ‘BdE(T’Z’g(zgk(”)ﬁO)) B — i) Bo] “r()dr
[,
+/ﬁ¥E¢"T%)m ~pol B W“ZEWﬁ”W%—HMﬁM%vMT
/‘BdlE ¥, (T, Bo)) B — ﬁo‘ (z dT+/‘Bd1E w(rd;;k ﬁO))[Hk(H)ﬁo—ﬁo]\zn(r)dr
+;/\Bdm'¢“1'ﬁ°)U% pol - PEEED )Py

By assumption the term on the left is O, (62), by assumption ii. the middle term is Op(53)
and assumption i. implies that the term on the right is also O, (7). It follows that:

/ ‘ dE (45 (T, () Bo))
B
ap
Now note that both ﬁn and IT;,,)fo belong to the finite dimensional space By, parame-
ter1zed by (0, w, i, o). To save space, ,Bn will be represented by ¢, = (Bn,wn, fin, 0n) and
(1) B0 BY Pi(n) = (Ok(n)s Wk(n), Hi(n), k(n))- Using this notation, equation (.0.5) becomes:

/‘ dIE("pn(Td‘[l;[k ﬁO))[ﬁ I, ﬁo‘ (r dT—/‘ dE( ¢%Twl‘:i )50))

_ ;[ AES (T, T Bo))  dE(S (T, T _
= frace ([‘P” = Pk / B d(e,Tw uk, )ﬁO)) B (d(e(Tw Vk, )ﬁw) m(T)dr(en — G”k(n)])

B~ Thynfol| e(x)dT = 0,(52). (0.5)

2
nt(t)dt

[QD q)k(n)]

> Al @0 = Py P = AullBr = TheguyBoll
It follows that 0 < A,,|| B, — () Bo 12, < O,(62%) so that the rate of convergence in mixture

norm is:

1B = Wi Bollm = Op (8nA772)
O

Lemma .0.4 (Stochastic Equicontinuity). Let M, = loglog(n + 1) and éyn = 6n/ /Ay
Suppose that the assumptions of Lemmalpland Assumption[.0.4hold then for any y > 0, uniformly
over B € Bk(n)"

R N 2 1/2
F5(6,6) — B3 g )] ~ ELF5(5,6) — B3, gl ()7 )|

[IE <5”P|5—Hk<n>ﬁg|m<Mn5nm

2
Mbun)> 1 % ”
< c(”\/’”ﬁ”)/o (x 19/2\/IOgN([an5mn]72/Bk(n)/H [lm) +1og® N([xMuyn] * , By, || - Hm)) dx
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For the mixture sieve the integral is a O(k(n) loglk(n)] + k(n)|log(Mpdmn)|) so that:

|:1E </ Sup”ﬁ_nk(n)ﬁongMn(smn

, 2
~0 ((Mn(smn)'rz ax(log[k(n)}?, | 1og[Muyn| )kii/q% )

Now suppose that (M) T max(log[k(n)]2, | 10g[Mydun][2)k(n)2 = o(1). The first stochas-
tic equicontinuity result is:

[]E ( / sMP||5fnk(n>50ngM,,l(smn

=o0(1/+/n).

7S 7S 7S 2 12
[F3(5,8) = B35 T o)l — B3 (7, ) — (. Ty o) () )|

1/2
(B3, B) ~ Bi(r T o)) ~ BB, B) — B (r, Ty ]| w(r)ae)

N N 2
Also, suppose that p — [ IE‘Q/)?(T, Bo) — Q/Jf(r,ﬁ)‘ 7t(T)dT is continuous at B = By under the
norm || - || g, uniformly in t > 1. Then, the second stochastic equicontinuity result is:

|:1E </ Sup”,B_Hk(n)ﬁOHm <Myubun
— o1/ V).

Proof of Lemma This proof relies on the results in Lemma {4 together with Lemma
First, Lemma 4| implies that, after simplifying the bounds, for some C > 0:

7S S 7S 7S 2 12
B35 8) ~ F(c, o)) - ELFE (. ) B (.ol (e )|

755 735 2\1? 7'[(’1’)
|::[E <Sup||,51,52m<5r|,5jHk(n),BOm<M"(5’"/”’j:1’2‘¢t (T/ 181) - djt (T/ ﬁZ)‘ ):| (Mnfsm,n)’yz/z

2
(8 N\
< Ck(m <Mn5mn> ‘

Next, apply the inequality of Lemma to generate the bound:

7S 7S 7S 2 12
(B35, 8) = B0 T o)l — L3 (2, 8) ~ Bi(r ol )| /(0

[IE <Sup,3—nk(n)ﬁo|m§Mn‘5mm

al Mnfsmn ’)/2/2 1 — XMn(Smn anémn ;
<&$2lewmeMVJWkW-MH@MhUMT ol |

for some C > 0,9 € (0,1). Since [ \/7t(7)dT < oo, the term on the left-hand side ca be
squared and multiplied by /7t(7). Then, taking the integral:

[E ( / SUP | 5—T1g(y)Bo <M

2 2
— (Mn(smn)’yz/Z /1 —9/2 [anémn]z |:an(5,¢1”:|72
< Cotilmn) log N 1 B | 1) | d
— \/ﬁ 0 X Og ( k(n)272 || || )+ 0 ( k(n)272 k() H || ) x

7S 7S 7S 7S 2 1z
WAnm—wAnnwmm—EWAnm—¢Annmwmymaw)
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where C = C [ /7t(7)dt. The integral on the right-hand side is a
O(k(n)? max(log[k(n)]?, log[My6m,n]?)).

To prove the final statement, notation will be shortened using A{b\? (7,B) = {b\ﬁ (7, Bo) —
¥$(1, B). Note that, by applying Davydov] (1968)’s inequality:
TﬂE‘A@f(T/ Ty Bo) — E[A; (T, T Bo)] ’2
< % ;E‘Aﬁf(ﬂ Ty Bo) — E[AP; (T, Tl Bo)] ‘2
+ % i (n —m)a(m)'/3

m=1

~ R 6\ 2/3
max (]E‘A’l,b?(T,Hk(n),BO) _IE[Alb?(TfHk(n).BO)]‘ )

1<t<n

~ ~ 6N 2/3
< (1 +24 ) oc(m)l/3> max (]E’Az/;f(’(, Iy (n)Bo) — E[A¢(T, Hk(n),BO)]‘ )

m>1 1<t<n
2/3

8/3 1/3 s _ 7,8 2
<4 1+24 ) a(m) max E‘A¢t(Ter(n)ﬁ0) E[Ay; (7, Hk(n)ﬁo)]‘

m>1 1<t<n

The last inequality is due to |[A%¢(T, B)| < 2. By the continuity assumption the last term
isao(1) when [|Bo — Iy, [|g — 0. As a result:

/IE)A@(T/ I, Bo) — E[A%; (T, T, Bo)] 27T(T)077T =0(1/n).

To conclude the proof, apply a triangular inequality and the results above:

|:IE </ SupH.Bfnk(n),BUHmSMnémn
< [IE ( / SUP || 8—TTy ) Bo llm <My

R R ) 1/2
+ ([ B0 1y o) ~ B ol ()i ) = o1/ v

S S S S 2 12
B35, B) = B(x, o)) ~ BB, )~ (. po)l| ()i )|

7S S S S 2 12
(B3, B) = B3 (r Ty )]~ ELFS (7, B) — B3, Ty o) () ) |

]

Remark .0.3. Note that 6, = W = 0(1) by assumption so that 1og[6,]*> = O(log(n)?).
Furthermore, it is assumed that 6, = o (\/A,,) and Su,n = 0(1), so that max(log[k(n))?, log[Mumu]*))
is dominated by a O(log(n)). The condition k(n)? max(log[k(n)]?,log[Mdy,]?) can thus be

re-written as:

N

(Mudun) T [k(n) log(n)]? = o(1)
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which is equivalent to:

5,10( \/A—” )
M, k() log(m)] *)

k(1) log[k(n)]?

Furthermore, since 6, = — this condition can be re-written in terms of k(n):
1
N/ G .
k(n) =0 ——”4 n22+4/92)
M, log(n)"7*

Proof of Theorem [3} Theorem [3jmostly follows from Theorem[0.3|with two differences: the
rate of convergence and the stochastic equicontinuity results in mixture norm. Lemmas|6|

and provide these results for the mixture sieve. Hence, given these results, Theorem
is a corollary of Theorem O

Extension 1: Using Auxiliary Variables

Proof of Corollary[2} Since the proof of Corollary [2]is very similar to the main proofs, only
the differences in the steps are highlighted.

i. Consistency: The objective function with auxiliary variables is:

B = [ B ($ulea) ~ dile, g p) | m(oyar

To derive its rate of convergence consider:
~ - 2
[t 77— () [ <9

+9/
+9/)1E (T, 75) = (T, 7") ) \2 (7)d.

The first term is O, (1/n). By the Lipschitz condition, the second term satisfies:

[ [Bute ) = date)|

Bale, ™) = ($u(r, ) [ (o)

/ﬂux

’¢n T My - (T'ﬂ

aux) 2

nt(t)dt

r(T)dt < i7" —77””"||2|CZ”X|2/||T||oo7T(T)dT
= 0p(1/n)0p(1).

Cit* is an average of the Lipschitz constants in the assumptions. The third term can

be bounded using the Lipschitz assumption and the Cauchy-Schwarz inequality:

/ "‘:b\n('f/ M) — ":b\n(Tr n™) i

mt(T)d < | — “”"HZIE\CZ”"Iz/||T||oo7T(T)dT

= 0,(1/m)0,(1).
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ii.

Altogether, these inequalities imply:

[ |t ) — E (Gue a5 ‘Zn(r)dr — 0,(1/n?).

The L2-smoothness result still holds given the summability condition:

1/2
[ (5P, el o (W (B, o Y (B1), Xty X151) = e ( (B2), - YA (B2), 1, i) )

t 1/2
<).0 {IE (Supu,slf,szugg(s,neg||3/}Cf(ﬁ1) - yi(ﬁz)Hz)}
=1

1/2

< (2 p]-> sup [ (Sup) s, g, csneellvi (Br) — i (B2)|2) |
j=1
(= 57 B YA
=1 Tk(n)

The last inequality is a consequence of Lemma 4]

/

~

B, 1) — B (B 75)) [e(opar <9 [ e )~ ($3(w ) [ r(ojar
+9 [ [ 75 = e[ a(x)ar

+9 [ B (S i)~ gier) | w(oie

The first term is a Op(52) given the L?-smoothness above and the main results. The
last two terms are Op(1/n?) as in the calculations above.

Together, these results imply that the rate of convergence for the objective function
is Op (62) as before. As a result, given that the other assumptions hold, the estimator
is consistent.

Rate of Convergence: The variance term is still O, () as discussed above. The only
term remaining to discuss if the bias accumulation term.

Recall that the first part of the bias term involves changing f in g.ps, Siatens While
keeping the shocks ef unchanged. Using the same method of proof as for the L?-
smoothness it can be shown that the first bias term is only inflated by 2]911 pj < oo
a finite factor.

The second part involves changing the shocks keeping g,ps, S1atent Unaffected. An
alternative simulated sequence y; where part of the history is changed y; i = u;_ i =
0 for j > m. For a well chosen sequence m, the difference between y; and y; declines

exponentially in m. Here z§ only depends on a finite number of shocks since y;_,, =
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= 3/1 = 0. The difference between zj and z; becomes:

t

(I -7l < E(ly;i-#l) < (m) Cmax(Cy, Cy)™
j=1

where the last inequality comes from Lemma 5, To apply this lemma, the bounded
moment condition v. is required.

Overall, the bias term is unchanged. As a result, the rate of convergence is the same
as in the main proofs.

iii. Asymptotic Normality: The L?-smoothness result was shown above to be unchanged.
As a result, stochastic equicontinuity can be proved the same way as before. The
Lipschitz condition also implies stochastic equicontinuity in #*** using the same
approach as for the rate of convergence of the objective. The asymptotic expansion
can be proved the same way as in the main results where 1, (7) and %% (1, Bo) are

aux

replaced with 4, (T, 7%%) and 95, (T, 7%, Bg). Eventually, the expansion implies:
Ji

0—*

( (,Bn) —¢(B )) V/nReal </ Ye(T, “n/ﬂﬂux)(i,bn(’f panx) — ’l,bn(T faux, ﬁo))ﬂ(T)dT) +0,(1)

where the term on the right is asymptotically normal by assumption.

Extension 2: Using Short Panels

Proof of Lemma|8} The second part of the lemma is implied by using 3/;,1 =y;1 forallj.

For the first part of Lemma [§) using the notation for the proof of Proposition
f is the distribution for the simulated yi’t and u]s:/t and f* is the stationary distribution.
Note that f(y;’t,xj,t]u;’t) = f*(y;'t,x]-,t|u;’t) for B = Bo and || fu — fillTv < Cupl for some
Cu,>0andp, € (0,1).

VQu(6o) < M ([ [E (B0(1) = Bi(r, ) [ m(ohete

1/2
1 & i (yS, %t * 2
= Mg (/ - Z/ef (¥ X)) (f(Y?,t/XJ)f) —f (yit,x]-,t)) dyjltdxj,t’ n(r)dr)
j=1

1/2

1/2
1 & i (VS x: " " 2
v ( / 1 21 /en i) £ (3 ) (F(5) = £(155,) ) dy b dus | n(r)dr)
]:

< M [ £l |Flui) = £ (5| dyj g dus
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Applying the Cauchy-Schwarz inequality implies:
[ £ Gaxialus) |Flus) = £ (50| dys et dus,

1/2
< (5l 2 £ [yt ) ([ [ = r )] s, )

1/2

By assumption the first term is finite and bounded while the second term is a O(ﬁ:’f/ 2).

Taking squares on both sides on the inequality concludes the proof. O

Proof of Corollary[3} As discussed in section [3.4) asymptotic are conducted over the cross-

sectional dimension # for the moments:

(1) = 1 i T WitXin) s (1) = L i AT i)
: r= S r=
which are iid under the stated assumptions. The bias can accumulate dynamically for
DGP , as in the time-series case, but it accumulates with m instead of sample size.
Assumption [2| or [2[| ensure that the bias does not accumulate too much when m — oo.
Lemma [§shows how the assumed DGPs handle the initial condition problem in the panel

setting. Note that:

np" = glogln]+mloglp,| _ ,m(logln]/m+loglp,]) _

as m,n — o0 if limy, 00 log[n]/m < —loglp,] > 0. Given, this result and the dynamic
bias accumulation the results for the iid case apply with an inflation bias term for DGP
(3.12). ]

Additional Asymptotic Results

This appendix provides general results for Sieve-SMM estimates for other sieve bases
and bounded moment functions. It adapts existing results from the sieve literature to
a continuum of bounded complex-valued moments and extends them to a more general
class of dynamic models. The following definition gives the two measures of dependence

used in the results.

Definition .0.1 (x-Mixing and Uniform a-Mixing). For the sample observations (y:);>1, the
a-mixing coefficients are defined as:

a(m) = 2supqsup,, gy [P (Yt = Y1, Yeem 2 y2) =P (ye 2 y1) P (Yr4m = y2) ]
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(Yt)1>1 is a-mixing if «(m) — 0 when m — oco.
For the simulated samples (y(B)})>1 indexed by p € B the uniform a-mixing coefficients are
defined as:

ot (m) = 25upysy pepsupy, v eris [P Wi(B) 2 Y1, Yiem(B) = y2) =P (yi(B) = y1) P (y(B)irm = y2) \

(y3(B))t>1 is uniformly a-mixing if a*(m) — 0 when m — oo.

Consistency

Recall that the Sieve-SMM estimator En satisfies:

Qn(Bn) < diagge,  Qn(B) +Op(in)

where 17, = 0(1). The sample objective function is:

Q3B = [ [Boa(0) — B )| m()ar

As in the main results, there is a sequence of population objective functions:

Qu(6) = [ [E (Bdu(1) - B (x.p))[ n(x)a.

Qn may depend on n when y; is non-stationary. The following three assumptions are
adapted from the sufficient high-level conditions in Chen (2007, 2011) and (Chen & Pouzo

(2012) to a continuum of of moments (Carrasco & Florens, 2000; Carrasco et al., 2007a)).

Assumption .0.1 (Sieves). { B, k > 1} is a sequence of non-empty compact subsets of B such
that By C Byy1 C B, Vk > 1. There exists an approximating sequence I1; By € By such that

||Hk(n),30 — Bollg =0(1) as k(n) — oo.

Assumption .0.2 (Identification). i) lim,_, E (ﬁﬁ(r,ﬁ) - zzn(r)> =0 mas. < ||p—
Bolls = 0. The null space of B is the singleton {0}. ii) Qu (I, Po) = o(1) as n — oco. iii)
There exists a function g such that for alle > 0: g(k(n),n,e) = di”gﬁeBk<,,>, 1B—polls=Qn(B) &
is decreasing in the first and last arqument and g(k(n),n,e) > 0 for all k(n),n,e > 0.

Assumption .0.3 (Convergence Rate over Sieves). There exists two constants C1, Co > 0 such

that, uniformly over h € By, Q5(B) < C1Qu(B) + 0,(62), Qu(B) < C20.(B) + O, (62)
and 52 = o(1).
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Theorem .0.1 (Consistency). Suppose Assumptions[0.1{.0.3 hold. Furthermore, suppose that
h — Qu(B) is continuous on (Bk s ) If k(n) =53 co and for all € > 0 the following
holds:

max (112, Qu (i) o), 3 ) = 0 (g (K(n), €)).

Then the estimator By, is consistent: ||, — Bollg = 0p(1).

Theorem is a direct consequence of the general consistency lemma in Chen &
Pouzo| (2012) reproduced as Lemma in the next appendix. Assumption is stan-
dard and satisfied by the mixture sieve, the Hermite polynomial basis of (Gallant & Ny-
chka|(1987) or the cosine basis as in Bierens & Song| (2012). See e.g. |(Chen! (2007) for further
examples of sieve bases and their approximation properties. The choice of moments b,
and the restrictions on the parameter space B are assumed to ensure identification in As-
sumption[.0.2} Verifying Assumption[0.3)is more challenging in this setting because of the
dynamics and the continuum of moments. Furthermore, the rate for Qy (Il(,)Bo) needs
to be derived. The following proposition derives the rate for iid data under an additional

restriction@

Proposition .0.1. If y; is iid and depends on f only through ej, i.e. yi = Qops(Xt,0,€;) with
e; ~ f, then for Q, based on the CF:

Qu(Me(myBo) < 2ME|[ Ty fo — follFv
where TV is the total variation norm: || Ty, fo — folltv = [ [Tk fo(e) — fo(e)|de.

Remark .0.1. Proposition [0.1| can be restated in terms of Hellinger distance by the inequality
[Tk fo — folltv < 2dp(Tki fo, fo). Pinsker’s inequality gives a similar relationship for the
Kullback-Leibler divergence: ||T1(,) fo — follrv < \/ZKL(Hk(n)f0|f0).

Assumption .0.4 (Smoothness, Dependence, Complexity). Suppose that:

i. (Smoothness) For P > 2, B — 4{(t,B) is LP-smooth. That is, there exists C > 0,5 > 0
and v € (0,1] such that for all T € R? and all § > 0:

py 11/P
SUPp~y [IE (S”Pﬁl,ﬁzes,||ﬁ1—ﬁz|s<é [¥i (T, B1) _‘/’?(T'@)]”(T)U(ZM)’ )] s o

and [ 7t( )= =2/ dt < oo.

% A more general rate for Qy, (ITg(n)Bo) will be given in Proposition .
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ii. (Dependence) (y3,x¢) and (yt, x¢) are either iid or uniformly a—mixing with a*(m) <
Cexp(—am) forall m > 1 with C,a > 0.

iii. (Complexity) The moment function is uniformly bounded: |$§(T, B)| < M forall T, 5 and
some M > 0. One of the following holds:

a. if (ye, x¢) is iid, the integral

V= [ 110N (/7 By | Is)dx

is such that C,,/n — 0.
b. if (y;, xt) is dependent, the integral

1
V= [ (212 log N (x1/7, B, |1 1s) +108* N (5177, By, | )

is such that C,,/n — 0.

Where the covering number N(x, By, || - || 5) is the minimal number of balls of radius x

in || - || g norm needed to cover the space By ).

Assumption provides conditions on the moments %, the weights 7, the depen-
dence and the sieve space to ensure Assumption[0.3/holds. Condition i. assumes that the
moments are LP-smooth. Note that the condition involves 7r, the moments themselves
need not be uniformly LP-smooth. An additional requirement is given for 7t to handle
the continuum of moments. Giving the condition on the moments rather than the DGP
itself as in the main results in more common (Duffie & Singleton, 1993, see e.g.) in the

literature. The two are actually related, as shown in the following remark.

Remark .0.2 (LP-Smoothness of the Moments and the DGP). For the empirical CF, smooth-
ness of the moment function directly relates to smoothness of the data generating process: i.e.
LP-smoothness of B — y;(B) implies Assumption i. It is a direct implication of the sine and

cosine functions being uniformly Lipschitz on the real line:

i (7, Br) — (7, B2) | (1) 1) < 2017 (33 (B1), xe) — 7 (v (B2). x| () /24
< 28upcpare (1Tt (0) @) < [lyi (B1) = ¥i(Ba) .

This is the basis for the main results presented in section

Examples of DGPs and moments satisfying condition i. are given in Appendix
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Assumption condition ii. is satisfied under the geometric ergodicity condition of
Dulffie & Singleton| (1993) as shown in [Liebscher| (2005)’s propositions 2 and 4. Note that
Liebscher’s result holds whether (v, x;) is stationary or not.

Assumption condition iii. hold for linear sieves with k(n)/n — 0 in the iid
case and k(n)*/n — 0 in the dependent case. For non-linear sieves such as mixtures
and neural networks the condition becomes k(n)loglk(n)]/n — 0 in the iid case and
(k(n) log[k(n)])*/n — 0 in the dependent case. The following Proposition [0.2]relates the
low-level conditions in Assumption [0.4/to Assumption[0.3]

Proposition .0.2. Suppose that Assumption holds, then Assumption holds with 62 =
C,/n.

Given this proposition, Corollary |.0.1|is a direct consequence of Theorem

Corollary .0.1. Suppose Assumptions |.0.14.0.2|and 0.4 hold. Furthermore, suppose that p —
Qn(B) is continuous on <Bk s ) Ifk(n) "= oo and for all & > 0 the following holds:

max (1, Qu([Tx(u) o). 67 ) = 0 (5 (k(n), )

then the estimator En is consistent:

||,/3\n — Bolls = Op(l)-

Proposition .0.3. Suppose that the LP-smoothness in Assumption i. is satisfied, then there
exists K > 0 which only depends on C and 1, defined in Assumption[0.4)i., Mp and 7 such that:

Qu(TTynyBo) < K (IITTx(nyBo — Boll3 +Qu(Bo))

The rate in Proposition[0.3]is different from the main results because the LP-smoothness
assumption is given on the moments rather than the DGP itself. Also, in Assumption
the LP-smoothness constant does not increase with k(1) so that the decay condition is not
required to derive the rate.

For iid and stationary (y}):>1, Qu(Bo) = 0 should generally hold so the rate at which
Qn(IT(n)Bo) goes to zero only depends on the smoothness -y and the approximation rate
of Bo. When the L”-smoothness coefficient is y = 1, the rate is similar to Proposition -
while for v € (0,1) the rate is slower. In the non-stationary case Q,(Bo) will depend on

the rate at which f,s ,, convergences to the stationary distribution.
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Rate of Convergence

This section establishes the rate of convergence of the estimator in the weak norm of
Ai & Chen| (2003) and the strong norm || - ||3. As in Chen & Pouzo (2012), assuming
consistency holds, the parameter space can be restricted to a local neighborhood Bys =
{Be€B,|B—pBollp <e} with e > 0 small such that P (Bn ¢ B€> < e. Similarly, let
Bosn = Bos N By (n)-

Assumption .0.5 (Differentiability). Suppose that for all B1, B2 € Bys, the pathwise derivative:

i (im0 ep o)~ i) (o = [ 5 (#3(x.$1)

) o fal| (e

exists and is finite.
Following Ai & Chen|(2003), the weak norm measure uses the norm of the pathwise derivative

of the moments at By:

181~ Bl = ( [ [P (g, ) Paeae)

Suppose that there exists a C > 0 such that for all B € B,s and all n > 1:

H:B IBOHweak < CQn(:B)

Assumption [0.5/implies that || - || yea is Lipschitz continuous with respect to the pop-
ulation criterion Q, as in Chen & Pouzo (2012)’s assumption 4.1. Under Assumption
the rate of convergence is easier to derive in || - ||yesx than in the stronger norm
|| - || However, a sufficiently fast rate of convergence in the stronger norm will be re-
quired for the stochastic equicontinuity results, since the strong norm || - ||z appears in
LP-smoothness Assumption[0.4] The two convergence rates are related by the local mea-
sure of ill-posedness of Blundell et al. (2007).

Definition .0.2 (Local Measure of I1l-Posedness of Blundell et al.|(2007)). The local measure

of ill-posedness T, is:

1B = (m)Polls
Tt = SUPBEBoon: 1B~y Boll 20 [ g — [T oll

The following theorem adapts the results of Chen & Pouzo|(2012) to the continuum of

moments with simulated data.
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Theorem .0.2 (Rate of Convergence). Suppose that Assumptions 0.1} [0.2] [0.4 and [.0.5| are
satisfied and suppose that 17, = 0(62). Let Bo, i) Bo € Bos, then we have the rate of conver-

gence in weak and strong norm:
1B Bollou = Oy (max (8, [Ty~ Polly /a(Bo) ) ) and
1B Bolls = O (11T o — Polls + T max (1, 1Tk B0 — Bolly /Qu(Bo) ) )

The rate ¢, is derived in Proposition for linear sieves with iid data §,, = \/k(n)/n
and 6, = k(n)?/+/n in the dependent case. The rate [Ty Bo — Boll} depends on the
approximation rate ||Bo — I, Bol| 5 and the LP —smoothness of the objective function. In

the iid and stationary case, Q,(Bo) = 0 is not a concern for the rate of convergence.

Proposition .0.4. Suppose that (y;,x:)>1 is geometrically ergodic for p = Bo and the moments
are bounded |5 (T, Bo)| < M for all T then Q,(Bo) = O(1/12).

Proposition shows that Q,(Bo) is negligible under the geometric ergodicity con-
dition of Duffie & Singleton (1993): since 6, is typically larger than a O(1/+/n) term,

Qu(Bo) = 0(47).

Corollary .0.2. Suppose that the assumptions of Theorem [0.2and the (y5, x;) are iid, stationary

or geometrically ergodic then the rate of convergence is:

1Br — Bolls =0 <||Hk /50—/30||B+Tnmax(n/|mk /50—50H3>>

The rate of convergence can be further improved for static models with iid data under

the assumptions of Proposition[0.1} as shown in the corollary below.

Corollary .0.3. Suppose that the assumptions of Theorem and Proposition are satisfied
then:

1B = Bolls = Op (ITTegBo = Bolls + T max (u, | Tl fo = foll v ) ) -

Asymptotic Normality

As in/Chen & Pouzo (2015), this section gives asymptotic normality results for functionals
¢ of the estimates Bn In order to conduct inferences, standard errors o,, are derived such
that:

Y (p(B) - 9(B0)) S N (0,1). (01)

*
Un
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As in the main results, to reduce notation the following will be used:

d]E(’lZJE (T, 50)) [U]
dp

Zi(t) = gu(t) =

Pp(T,0) =

s
;@f(ﬁﬁo)
Z5(7) = ¥u(T) — 95 (1, Bo)

|-

where v is a vector in V or V,, defined as in the main results. The sieve representer v}, is

also defined as in the main results.

Definition .0.3 (Sieve Score, Sieve Variance, Scaled Sieve Representer). The Sieve Score S},
is defined as:

5t = % [ [Bes(r,0)BZE () + Bhpr,03)B25 (1)) m(x)ar.

Uy

The sieve variance is ;> = nlE (|S;|?) . The scaled sieve representer is u}; = &
n
As in the main results, the equivalence condition below is required.

Assumption .0.6 (Equivalence Condition). There exists a > 0 such that Vn > 1:
QHUZ”weak < ‘T;-
Furthermore assume that o;; = o(y/n).

An discussion of this condition is given in Appendix The last part imposes that

k(n) does not increase too fast with n to control the variance of the sieve score.

Remark .0.3 (On the equivalence condition). Since v is bounded, the data is a-mixing and
the simulations are geometrically ergodic there also exists a @ > 0 such that o;; < al|v} || weak-
Hence under Assumption the following holds ;i < ||v};||weak- T0 prove this statement, note
that the Cauchy-Schwarz inequality implies:

E ([/ (B%(r,v;';)

<2 [/ [Byss(r,0}) Zn(r)drr/z [FE (Un\BzZﬁ(Tfﬁo) - B«Zn(ﬁo)(zﬂ(f)df} ﬂ

o, < V2n

~ ~ o\ 71/2
« [BES e o) ~ BB ()i )]

1/2
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The first term in the product is ||v};||yeak- The second term is bounded by noting that for all
T € R

nE B (T, o) — E (B5 (7, Bo)) \2 <1424 Y a(m)? < co.

m>1

for any p > 1 by Lemma 0.2} picking p = 1/2 implies:

E </n‘B1$ﬁ(T,ﬁo) — B&n(ﬁo)(zn(r)dr) < (1 +24 )" \/oc(m)>

m>1

which yields a = \/4 +96) 51 Va(m).

Assumption .0.7 (Undersmoothing, Convergence Rate). Let 85, = ||Bn — Bol|5 the conver-

gence rate in strong norm.

i. Undersmoothing: ||Bn — Bo|lweak = Op(n) and bsn = [Ty B — Boll B + Tndn-
ii. Sufficient Rate: 6, = o(n~1/4).

iii. The convergence rate in weak norm 6, and in strong norm Jsy, are such that:
(Mnésn)’y V Csn = 0(1) (-0-2)

VnMyt757\/Cey max (ansn, ) =0(1) (.0.3)

4

where

1
V Con = /0 <x_19/2\/logN([an‘Ssn]erBk(n)/ | -1l8) + 1082 N([XMnésn]lmr By (n), | - HB)> dx
and M,, = loglog(n + 1) forall all n > 1.

Assumptions i., il. are common in the (semi)-nonparametric literature. Assump-
tion iii. ensures that a stochastic equicontinuity holds. It is needed several time
throughout the proofs (see Lemma [0.6), in most cases the less demanding condition
is sufficient. Condition is similar to |(Chen & Pouzo| (2015)’s assumption A.5
(iii), it ensures that when 3 (T, B) — %5 (T, By) is substituted under the integral with its

smoothed version, the difference is negligible for \/n-asymptotics.

Assumption .0.8 (Local Linear Expansion of ¢). ¢ is continuously differentiable and %EO) ]

is a non-zero linear functional such that as n — co:

i. A linear expansion is locally uniformly valid

Sup|ﬁ—ﬁo|weuk<Mn5n\0/—_; 9(B) — #(Po) — dq);g()) [B — Bol| — 0.
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ii. The approximation bias is negligible

V1 dg(Bo)

U'; d‘B [ﬁoﬂ/l :BO] — 0.

Remark .0.4 (Sufficient Conditions for Assumption i.). If ¢ is twice continuously dif-
ferentiable then for some v € V and h € [-1,1], B = Bo + hMd,0. Using a Mean Value

Expansion:

(Bo+ hM,,6,0) — p(Bo) — dq’(ﬁO)[th w0]] = 1d2 ¢(Bo +hMyb,0) [hMado, hM 3,0

dpdp
.
= 12 (M| 4)(50;[2524”5”0) [o,2]|

Hence Assumption i. holds under the following two conditions:

i. The second derivative is locally uniformly bounded:

SUP 0]l wear=1,hE(~1,1) | 5 dpdp

[v,v]| = O(1).
ii. The rate of convergence satisfies:

VI 602 = 0(1).

0—*

This condition holds if 6, = o(M;;'n=1/*) which is slightly stronger than Assumption

ii.

Remark .0.5 (Sufficient Conditions for Assumption [0.8|ii.). By definition of B, Assump-
tions [0.5]and under geometric ergodicity:

”,30,71 - ﬁOHweak < HHk (n) ;BO - ﬁOHweak

< €/ Qn(ITi() o)

< CHHk 1Bo — Boll -

The approximation rate is typically ||T1x(,)Bo — Bollp = O(k(n)~") where r is the smoothness of
the density fo to be estimated. Rewriting B, = Bo + huk(n) v, with |0y ||lweak = 1, |n| < 1

bounded, the expression can be bounded using:

Vi 1de(Bo) de(Bo)
or | dp dp

Hence Assumption ii. is satisfied under the following two conditions:

N

o [0n] |-

k(n)™"

[ﬁO,n - ,BO] < E
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i. The first derivative is uniformly bounded on the unit circle:

1d¢(Bo)

Su P”v”weuk 1 2 d‘B [ ]‘ < 0.

ii. The approximation rate satisfies:

VI )1 = o(1).

*
0.1’1

With the undersmoothing assumption the k(n) must satisfy k(n) 7" = 0(6,) = o(n=1/%).

aA sufficient condition on the bias/variance relation is k(n) =" = o(8207).

The last condition is strong and can be weakened if for instance 62 < 1/+/n, replacing 52 with
1/+/n. Sharper bounds on the bias can also be found in the iid case (see Corollary or under

assumptions on the DGP itself as in the main results (see Lemma D).

Assumption .0.9 (Local Behaviour of E(¢(t, 8))). The mapping p — E(93(t, B) is twice

continuously differentiable for all T and satisfies:

i. A linear expansion is locally uniformly valid

~ N 3 1/2
(Summ—ﬁomgMnsn [ [ ) ~ B, o) - (5 g, \Zn(f)dr>
=0 ((Mu6,)?)

ii. The second derivative in direction u;, is locally uniformly bounded

SuPH‘B ﬁ0|weak<Mn5n/‘ d,Bd,B N(T)dT — O(l)

Remark .0.6 (Sufficient Conditions for Assumption. Assumptioni. holds if E (43 (7, -))
is twice continuously differentiable around Bo with locally uniformly bounded second derivative
since for some ||0||geax = 1 and h € [—1,1]: B = Bo + hM,b,v. A Mean Value Expansion

yields:
R R ~g 1/2
( [ [ ) ~ @S o) - E R 6 gy ]andr)
= h>M?252 (/ ‘d2]E ¢”(Tf;d; hM0,2)) [0, v]zn(r)dr>1/2
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Since h € (—1,1), the expression above is O ((Mnén)2> if:

dpdp

Hence Assumptions i. and ii. could be nested under the following condition:

2 1/2
SUP l[0]lweak =11 B—Bo lveak < M6 < / !d E(ws(r,p ))[v v]( 7T('r)d"f> = O(1).

2 1/2
SUP |10 wear=1, hE(—1,1) </ ‘d E( w”(T ﬁ0+hM”5 0)) [v,v])zn(r)d1> =0(1).

dBdp

The following theorem establishes the asymptotic normality of ¢(B,) — ¢(Bo) under
the assumptions given above. Note that when ¢;; — co the estimates converge at a slower
than /n-rate.

Theorem .0.3 (Asymptotic Normality). Suppose Assumptions hold then:

g,f (¢(Bn) — 9(Bo)) = f (¢(Ba) — ¢(B0) ) S5 +0p(1).

Furthermore, if the data (y, x¢) is stationary a-mixing, the simulated data is geometrically er-
godic, the moments are bounded |45 (t, )| < 1and B is bounded linear then S};/c;: satisfies a

Central Limit Theorem so that:

(¢(Ba) — 9(Bo)) > N (0,1).

Oy
Examples of L”-smooth models

The following provides examples of DGP and moment combinations which satisfy As-

sumption 0.4 condition i.

1. iid data without covariates: y; = uj, uj ~ F. The moment function is the empirical
CDF:

1 n
- Z Ly, <.
=1

Using the supremum distance, ||f1 — B2|s = sup,|F(y) — E(y)|, the following

holds:
2 1/2 172
{E (SUP|F1P2|OOS6 ‘%i(a)g BRAGIES )] <2077

Assumption[.0.4, condition i. is satisfied with 7 equal to the normal density function

for any 1 > 0.
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. Single Index Model: y; = 1,19, 5<0, 4; ~ F. The moment function is the empirical
CF:

Pu(T) = % éexp (1T (ye, x1)) -

The metric is the supremum distance between CDFs |81 — B2|[z = sup,|Fi(y) —
E(y)|and B = {B = (0,F),||F'|lo < C1 < o0, ||8]| < Cy < o0}, a space with CDFs

having continuous and bounded densities. Also, suppose that E||x;|| < oo, then:

o\ 1172
)] < 2/1+ CLE||xt[|6"2] ] -

Condition i. is satisfied with 7 equal to the normal density function for any 7 > 0.

{]E (SUP|/31_52||00§5 Lyspr)<e = Lys(pr)<c

. MA(1) model: y; = uj + Qui_,, u; ~ F. The moment function is the empirical CF:

~

Yu(T) = % éeXP (it (e, yi-1)) -

The metric is the supremum distance between quantile functions:
IFF' =B s = suP0§V§1|Ff1(v) — K 1(v)|. The parameter space B = {f =
(0,F),||F 'l < C1 < 0,|0] < Cy < 0} is the space of distributions with bounded

quantile functions. The following holds:

[E (sups, g, s [oxp (17 (v3(B1), ¥4 (B1)) —exp (i7" (vi(B2) vi 1 (B2))[) | -
< 2(1+C1 + C2)d]|7]|oo-

Condition i. is satisfied with 7 equal to the normal density function for any 7 > 0.
. AR(1) model: y; = 0y;_; + uj, uj ~ F. The moment function is the empirical CF:

~

1 .
Pu(T) = ZleXP (7' (v ye1)) -
=
The metric is the supremum distance between quantile functions:
IF'—F g = SuPogv§1|F_1(V) —F ().

The parameter space B = {B = (6,F),||F o < C; < 00,]8] < Cy < 1} is the
space f distributions with bounded quantile functions. The following holds:

1/2

[E (supys, o120 lexp (7 (5(B1), 1 (B1))) — exp (i (v (B, i+ (B2))) )]

2 C1
< 1 6| Tl| oo-
<25 (14155 ) dlel

Condition i. is satisfied with 7 equal to the normal density function for any 7 > 0.
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5. Non-linear autoregressive model: v; = gos(v;_1,0) + uj, uj ~ F. The moment
function is the empirical CF:

n
~

Pu(T) = % Y exp (it (Y, yi1)) -

t=1

The metric is the supremum distance between quantile functions:
-1_ 7 - -1
IF™" = F 5 = supgc,<y [F'(v) = F' ()],

The parameter space B = {B = (0,F),||[F ! < C; < 0,|0] < C; < oo} is the

space f distributions with bounded quantile functions. Furthermore, suppose that

18obs (¥, 0) — Sobs(¥,0)| < C3ly —y| < |y —y| for all @ and |gups (v, 0) — Sobs (v, 0)| <
Cy4|0 — 6, then:

[E (sup s, gy <o [exp (i (vi(B1),vi1(B1))) — exp (iT’ (i(B2),vi1(B2))) )] h
1+ Cy
1-G

<2 )| T]| oo-

Condition i. is satisfied with 7t equal to the normal density function for any 1 > 0.
The derivations for these examples are given below.

1. iid data without covariates: y; = u}, uj ~ F. The moment function is the empirical
CDF:

—~ 12
Y (T) = — 2 Ly, <z
ni=3

The metric is the supremum distance between CDFs: ||, — F||g = sup,[Fi(y) —

B (y)l-
If sup, ||F1(y) — F2(y)lls < d then Fi(y) — 0 < Rx(y) < Fi(y) + 6. Hence for 7 € R:

2
Lys<r — 1??§T| <2Lys<r - ]19?§7|
<2 (J]‘VfSFl(T)-HS - ﬂvfﬁl—](r)—é)

Taking expectations with respect to v ~ U] ), forall T € R:

2
E <Supsupya<y>—a<y><5“1y?<f ~ Ly ) < 4.
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2. Single Index Model: yi = L9 ys<o, #f ~ F. The moment function is the empirical

CF: ~ |
(1) =, Loexe (i (v 1))

The metric is the supremum distance between CDFs: ||f1 — p2|[z = sup,|Fi(y) —
F,(y)| and the parameter spaceis B = {f = (0,F),||F'|lo < C1 < oo, ||| < C; <
oo}, a space with CDFs with continuous and bounded densities. Also assume that
E||x¢]] < oo.
Proceeding similarly to example i.:

|Lysgy<r — Lysgay<el” < 20080 <r — Lys(an) <+l
=2|1ys<p (r-xi01) — Lis<by(r—x6,)|
< 2[Lys<r (r-x6,) — Lis<p(r—x6y)l
+2|Lys<py(r—x01) — Lis<Br(t—x/6,)]
<2 (ﬂufga(r—xgel)w - ﬂvggpz(r—xgel)—(s)

+ 2|1 (r-x0) — Lus<h(c—x16,)|

Without loss of generality, assume that x; > 0 so that:

2
[Lyspy<e = Lys(po<el” = 20Lysipn)<r — Lys(pn) <+l
<2 <ﬂvf§Fl(T—xl{01)+(5 - lvngz(T—xgel)—(5>
+ 2|15 <y (v—x/0:-6)) — Lus<B(r—x![0140]) |-

Taking expectations with respect to v ~ U] 1), forall T € R:

2
E (SuPﬁ=<o,F>, 11— Ball<s| Ly (g < — Lys(Ba)<r] \’”)
<2 ([Fi(t —x101) + 6] — [Fi(T — x101) — 6]) + 2 (B2 (T — 3601 — 8]) — Bo(T — x3[61 +0]))
< 46 +4Cq || x¢ |9

And then, taking expectations with respect to x;:

2
E (S“Pﬁ:wf),\|ﬁ1—ﬁz||sa|1yi<ﬁ1>sr — Ly <l ) < 4(1+GiE[x]) 6.

3. MA(1) model: yi = uj + Ou;_,, uj ~ F. The moment function is the empirical CF:
N 1 & w
¥n(T) = - ) exp (iT' (v ye1))

t=1
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The metric is the supremum distance on quantiles: ||[F~! — F 1|z = supo<, < |F 1 (v) —
F~'(v)|. The parameter spaceis B = { = (8,F),||F !l < C1 < 09,|0] < C, <
co}, a space with bounded quantile functions.

As discussed in section 3.7] because the sine and cosine functions are Lipschitz con-

tinuous, the following holds for all T = (17, &) € R%:

[exp (it (i (B1), i1 (B1)) — exp (i (3(B2), vi-1(B2))) |
< Itlleo (lyi(B1) = wi (B2)| + lyi-1(B1) — yi-1(B2)]) -
Consider the case of |y;(B1) — y;(B2)|:
(B — i(B2)| = |[F7(05) + 0uF ()] — [E(08) + 6B ()|

< |ETH ) = B )]+ [0 [FTH (v) = B (i) | + 161 — 62/ |Fy ' (vLy))|
< (14 G+ Cy)o.

The same bound applies for |y;_;(B1) — y;_1(B2)|- Together with the previous in-
equalities it implies:
2
‘GXP (i7" (vi(B1) yi-1(B1))) — exp (it (vi (B2), ¥i-1(B2))) )
< 2(1+ C2 + C1)d | 7lleo]

. AR(1) model: y; = 0y;_, + uj, uj ~ F. The moment function is the empirical CF:

-~

1& .
Yn(7) = - ) exp (iT (vt yi1) -
t=1
The metric is the supremum distance on quantile functions:

IF7! = B Y| = supge, < [F ' (v) = R (v)].

The parameter space is B = {8 = (0, F), ||F || < C; < 0,|0| < C, < 1}, a space
with bounded quantile functions.
Similarly to the MA(1), only |y$(8) — y5(B)| needs to be bounded:

Wi (B1) = yi(B2)| = |161y;_1 (B1) + F ' (v])] — (02971 (B2) + B, ' (v])]
< |FHW) = B )]+ 161]1yi-1(B1) — yioa(B2)| + 161 — 62l [y;_1(B2)]

<o (1 15 ) HICalvi (B - i (B
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The last inequality comes from the fact that |6;| < C, < 1and |F; | < C, combined
with the fact that y (B) = ¥i_ *F 1 (v§) + 6'yo. The initial condition y is fixed, so
by iterating the previous inequality:

i)~ (B <6 (14 1o ) o

Applying this inequality and the Lipschitz continuity of the sine and cosine func-

tions:
[exp (17 (yi(B1), i1 (B1)) — exp (17 (47(B2), i1 (B2)) |

C1 1 2
<211 O] T||oo)”
<i2(1+ 15 ) ol

. Non-linear autoregressive model: y; = guus(v;_1,0) + u;, u; ~ F. The moment
function is the empirical CF:

Pu(T) = % i exp (iT' (Y, y1-1)) -

t=1

The metric is the supremum distance on quantile functions:
— - -1 -1
HF1 '-F 1HBZSUPO§V§1|F1 (v) —E " (v)].

The parameter space is B = {8 = (0, F),||F o < C; < 00,]0] < C; < 0}, a space
with bounded quantile functions. Furthermore, assume |g,ps(y, 0) — Sops(Y, 0)| <
Caly — 3| < |y — ¥l for all @ and [g,ps (Y, 6) — gobs (v, 0)| < Ca[6 — 8.

The proof is similar to the AR(1) example, first y; needs to be bounded:

Y3 (B1) — ¥ (B2)| = [8obs (v 1 (B1), 0) + Fy ' (v])] = [8obs (¥ -1(B2), 02) + By (%))
< [FH07) = B ()] + [8obs (451 (B1), 01) — Sobs (V7 -1(B2), 61))]
+ 18obs (V-1 (B1), 02) — Sobs (i1 (B2), 62)]
< (1+Ca)d + Galyi—1(h) = i1 (B2) .
Iterating this inequality up to t = 0 where the initial condition is fixed implies:

VB~ vi(Ba)| < Tt

Similarly to the MA(1) and AR(1) models:

‘exp (i7" (yi(B1), yi1(B1))) —exp (iT' (vi(B2), yi_1(B2))) )2

1+Cy 2
< 0 .
@1_QMHH)
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Interpretation of the Equivalence Conditions

To prove the existence of an a2 > 0 in Assumption[0.6}[Chen & Pouzo (2015) use an eigen-
value condition on the variance of the moments. Since they have a bounded support the
smallest eigenvalue can be bounded below. Here, the variance operator is infinite dimen-
sional (see Carrasco & Florens, 2000, for a discussion) so that the eigenvalues may not be
bounded below. However, an interpretation in terms of the eigenvalues and eigenvectors

of the variance opertator is still possible. First, note that o7}, ||v; || yeqx can be written as:

[0 = [ [Real (Bug(x,00))° + I (Bapy(z,07))?] m(x)de

o [ / Real (Byy(t,0%)) Real (BZS( )) + Im (Bapp(t,03)) Im (BZf;(r)) n(r)drr
The sieve variance can be expanded into three terms:
o2 = /Reul (Baps(ty, 03)) Real (Baps(a, 0)) E [Real (Bz,f(rl)) Real (Bz,f(rz))} (0 7 (w)dnde
+/Im Bypy(t1,05)) Im (Bapp(ta, 0%)) E [Im (Bz,f(rl)) Im (BZS(Tz)ﬂ () 7 (n)dndo
+2/Real Bypy(t1,05)) Im (Bapp (1, 0)) E [Real (Bz,f(rl)) Im (BZ;E(TZ))} (0 7 (0)dnde.

This expansion can be re-written more compactly in matrix form:
/

o2 _/ Real (B’l/)ﬁ(l’l, vk)) Real (Bwﬁ(rz,v,ﬁ))

Y(t, ) (n)m(w)dndn
(B’l/)‘g(Tl, )) Im (B¢5(T2,UZ))

where

Real (BZ;(71)) Real (BZ3(12)) Real (BZ5(11)) Im (BZ3(12))
Yu(n, ) =nE

Im (BZS(1)) Im (BZ3(1y))  Im (BZS(m)) Im (BZ3(1))

Before comparing this expression with ||v};||yeqr further simplifications are possible. Let

K, be the operator satisfying:

KuBg(T, vy (1)d

Real (B'I,ZJ‘B(T2,U;<Z))
/Zn T,T2)
Im (Byg(12,0;))

Then the sieve variance can be expressed in terms of the operator Kj:

Real (B , U
O':ZZ/B’(bﬁ(T,UZ)Kn eal (B3 (7, v1)) nt(t)dt

m (B’I,bﬁ(’[', v3))
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The term ||}, || yeax can also be re-written in a similar notation:

/

|| H / Real (B!,Zﬁ(l,l:;)) eal( ,3( 7 ;fl))
nllweak — R Byg(T,0
(B’lp,B([/Zjl)) Im (Brlpﬁ(_(,v;z))

Now note that these integrals are associated with an inner product in the Hilbert space
(Lz(n), (-, ->L2(n)) with for all complex valued @1, ¢, € L?(77):

nt(t)dt

/

Real Real
(91, 92)12(7) = / (1) () n(t)dr.

m(¢1(7)) Im(g1(7))

As a result, Assumption can be re-written in terms of the covariance operator K;:

alp (-, 03), Yp (- v0)) 12y < (WP (, 00), Knp (-, 03)) 120

Since o;; > 0 by construction, K, has positive eigenvalues. Let (¢1,, @2, ...) be the
eigenvector associated with K, and (A1, Az, . .. ) the associated eigenvalues (in decreas-
ing modulus). Then By (-, ;) = Yi>14jn@jn and
<":b/3( ) ﬂ"pﬁ( L2(7r) = Za]z,nAj,n
j=1
(p( o), g 032y = Y @
j=1

To go further, there are two cases:

i. ||}l weak — oo (slower than \/n convergence rate): assume that there exists a pair
(ajn,)\jn) such that A;, > A; > 0 and 4;, — oo at the same rate as [0}, ||weat:
> a; > 0. In this case:

”vnHweak — =
(45 05), Kontbp (- 05)) 12y = s > i (b (- 05), b (- 25)
n - el 'lvn ’ '/Un 2(
B B L2(r) Z jn <¢ﬁ('102)/¢/&(v02)>L2(n) B p L2(7)

= Z]<¢,B(/ Ujl)/ wﬁ('lvfz»Lz(n)'

Take for instance a = aj > 0.
ii. [|v};|lweak 7 o0 (v/n convergence rate): it suffice that there exist a pair (a;,, A;,) such
that A, > A]- >0anda;, > a;>0.In this case:

* * 2 ZJZA] * *
<¢,B('r Un)/Kn¢ﬁ('r Z7n)>L2(7r) 2 ﬂjAj 2 <17b/5(" Un)r"»bﬁ( /U;’kl)>L2(7'[) <¢ﬁ('/ vn)/ 17/)5('/ Z)n)>L2(7r)'
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EJZAJ'
1#5(',02),¢5(',UZ)>L2(7T)

Leta = diag,-, < > 0 by assumption.

To satisfy the equivalence condition, the moments 1y must project on the covariance

operator in directions where the variance increases at least as fast as the weak norm.

Proofs for the Additional Asymptotic Results

Consistency

The following lemma, taken from Chen & Pouzo| (2012) (the notation is adapted for this

paper’s setting), gives sufficient conditions for consistency.

Lemma .0.1. Let .Bn be such that Qn(ﬁn) < diagﬁeBk(n) + Op+ (11n), where (11,)n>1 is a positive
real-valued sequence such that 1, = o(1). Let Q,, : B — [0, +00) be a sequence of non-random

measurable functions and let the following conditions hold:
a. )0 < Q,(Bo) = 0(1); ii) there is a positive function go(n,k, €) such that:

diagy,ps,. \|[3—ﬁ0\|6>€§”(‘8) > go(n,k,€) > 0 foreachn, k > 1
and limdiag, . ..go(n,k(n),e) > 0 forall e > 0.

b. i) B is an infinite dimensional, possibly non-compact subset of a Banach space (B, ||||5);
i) By C By C Bforall k > 1, and there is a sequence {I1y(,)o € By(n)} such that
Qu(Ig(n)Bo) = o(1).

c. Qu(B) is jointly measurable in the data (yi, x;)¢>1 and the parameter h € By (n)-

d. i) Qn(Hk 1Bo) < KoQ,,(Iy(yBo) + Op+(con) for some co, = o(1) and a finite constant
Ko > 0; i) Qu(B) > KQ,(B) — Op+ (cn) uniformly over h € By for some ¢, = o(1)
and a finite constant K > 0; iii) max(co,u, cn, Qu (Ig(n) Bo), 11n) = o(go(n k(n),e)) for
alle > 0.

Then for all e > 0:
P* <H[§n — Bolls > s) — 0asn — oo.

Remark .0.1. Condition a. is an identification conditions. Condition b. requires the sieve ap-
proximation to be valid for the objective function. Condition d. gives an asymptotic equivalence
between Q, and Q,, up to a Op+(max(cy, o)) term; if one is close to zero, the other must be
as well. It also requires that the sieve approximation rate, the rate at which Q,, and Q,, become
equivalent and the approximation error goes to zero faster than the ill-posedness of the problem as

measured by go.
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Proof of Proposition 0.1} :
In the iid case, if yi depends on f only via the shocks ¢}, i.e. yi = Qops(xt,0,¢;), then

E(5 (7, B)) = [ E (exp (it (gops(x1,8,€), x1)) f (€)de) for each 7. First note that ITy(,)Bo =
(OO/Hk fo) and:

E[; (7, Ty Bo) — $1(7)]| = [ (7, Ty Bo) — $i(7, Bo))|
= ’/]E (exp(iT' (Sobs (xt, 00, 1), X¢))) [y folut) — fo(u)]du
< [ Wit fo(a) = fo(ow) = |y fo = follv-

Taking squares on both sides and integrating:

/’E (97 (T, ey Bo) — (T ‘ (T)dt < [y fo — follFv-
To conclude the proof, use the assumption that B is bounded linear so that:
Qu(Thyy0) < M}, [ [BIG (2, Ty o) — u(e))]| 7(0)dT < M Ty fo — ol
O

Proof of Proposition :
To prove the proposition, proceed in four steps:

1. First, Assumption implies:

[ 18a(7) — E(u(0) Pr(z)dT = 05(1/n)

2. It also implies that, uniformly over f € By ,:

[ 195, ) — E(5(x, B)Pr(x)dT = O, (Cu /)

3. By the triangular inequality, the previous two results imply that, uniformly over
13 € Bk(n)

[ |85 8) = a()] ~ E[B5 (7, B) — (7)) (0)dr = 0, (max(1,C,)/n).
And, because B is a bounded linear operator:
[ |BS(x.B) — Bapu (1)) — EIBFS (7, ) — Bu(o)] (e
< M} [ |15, 8) — ha(2)] ~ B[ (5, ) — G (0] ()T = Op(max(1, Cy) /).
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4. Using the inequality |a — b|*> > 1/2]a|?> + |b|? and the previous result, uniformly
over B € By

172 [ 1B (x, ) — B, (1) Pre(v)dt < [ [E(BBS(x, B) — By (v)) P(x)dT + Op (max(1,Cy) /)
and
172 [ [E(B3 (%, ) — Bha (r) Pre(v)dt < [ |BH (T, B) — Bpa (v) Pe(w)dr + Oy (max(1,C,) /).

The last step concludes the proof of the proposition with 62 = max(1,C,)/n = o(1) if
Cy/n— 0asn — oo.

First, consider steps 1. and 2:

Step 1.: For M > 0, a convergence rate 1, and Markov’s inequality:

P (| 160(7) ~ B (0) (e = My ) < 1 ([ 9a(0) B (1) P
= 2 [ E(190(0) ~ B@(0)P) m(0)dr
- Mzrn1+242m;0a(m)1/p /n(r)dr
< C“’p.
- Mryn

The last two inequalities come from Lemma If the data is iid then the mixing coeffi-
cients a(m) = 0 for all m > 1. C,p is a constant that only depends on the mixing rate «,
p and the bound on |¢);(7) — E(¢:(7))| < 2. For r, = 1/n and M — co the probability
goes to zero. As a result: [ 19 (T) — E(thy (7)) 2(T)dT = Op(1/n).

Step 2.: The proof is similar to the proof of lemma C.1 in |Chen & Pouzo (2012). It also

begins similarly to Step 1, for M > 0, a convergence rate r, and Markov’s inequality:
P (suppes,, [ 195(B) ~ B (x,p)Pr(e)ae = M,
< 1B (suppes,,, [ 153(5,6) ~ BB (r,p) Pre(o)ie )
< i B (supges,, 1952, 8) — E@5(2)P) m(r)dr

< i | E (suppes, [93(n.B) ~ BH()P) r(0)de
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Suppose that there is an upper bound C, such that for all 7:

E (supgeg,,, |[$4 (T, B) — E(&i(z, Bl (r)/ GV R) < Cu/n

If the following also holds [ 7r(7)1=2/(*"dt = C, < oo then:

. R N C,Cy
Mry, /]E <Suph65k(n)|¢fl(T"B) _E(¢Z(T’ﬁ))|2> r(T)dT < M”rn '

Take r, = C,/n = 0(1), then for M — oo the probability goes to zero. As a result:
SUppes, | 1B (T B) — (@S (T, B)P(e)dT = Oy(Ca/n).

The bounds C,, are now computed, first in the iid case. By theorem 2.14.5 of van der
Vaart & Wellner| (1996):

E (suppes,,, [VAlBi (v, B) ~ B(i(c,p))x(r)/ ) )
< (14 (suppes,, [Val#i(r,6) — B (r p)l(m) C)])) .

Also, by theorem 2.14.2 of van der Vaart & Wellner|(1996) there exists a universal constant
K > 0 such that for each T € R%:

—~ —~ 1
E (suppes,, [Vl (r.8) — E( (r. p)I(0) /| ) <K [ \/1-+1og Ny (3, gy | - e

with ¥y = {% : Bepy = CB — P (1, B) (7)1 2], N is the covering number

with bracketmg. Because of the LP-smoothness, it is bounded above by:

X/
N (x, Fi), 1) < N,

< H(ngk(mr 1) < SNy (7, By, I - 1)

Let vC, = \/1 +1og Njj(x1/7, By, || - 1)dx, together with the previous inequality, it

implies:

lE(Supﬁeskw‘\/ﬁ[@i(%ﬁ)—E(@Z(ﬂﬁ))]ﬂ(f)”(z*’”)2> (1+KVG) <404 K2)C,.

To conclude, divide by n on both sides to get the bound:
s s 1/(2+7) 2 2
E (supges,, |13 (T, B) = E(@i (. B)Im(r)/ | ") <41+ K)Cu/n.

For the dependent case, Lemma implies that if {b\f (7, B) is a-mixing at an exponen-

tial rate, the moments are bounded and the sieve spaces are compact:
~ 2
E (suppes,, [VAlFi(r B) - E(i(r )l 20| ) < (14&VE) < ke,
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with, for any ¥ € (0, 1) such that the integral exists:

Cn:/o ( 9/2— 1\/1ogN xl/fr Bk - HB)+10g NH( Y1/ Bk( - HB))

Step 3.: follows from the triangular inequality and the assumption that B is a bounded

linear operator.

Step 4.: The following two inequalities can be derived from the inequality |a — b|*> >
1/2|al? + |b|?, which is symmetric in a and b:
185 (v, 8) — Bibu(1)] — E[BGS(x, ) — Bau(1)]|
> 1/2[BF5 (1, B) — B (7 \ + [E[BS (x, B) — Bebu(r )]\2
and
B (x,B) — Boba(1)] — EIB; (1, ) — B (0]
> (B3 (1, ) — Ba(0)|| +1/2[ BB (v, B) — Bib(x)]|
Taking integrals on both sides and given that [ ’[B«,Ef;(r, B) — By (1)] — E[BS (T, B) —

N 2
B, (T)] ‘ 7t(7)dT is Op(Cy/n) uniformly in h € By ,), the desired result follows:

1/2Q\1§(IB) < Qu(B) + Op(cn/”)

1/2Qu(B) < Qu(B) + Op(Ca/n).
With this, it follows that Assumption [.0.3]is satisfied. O

Lemma .0.2. Let (Y;);>1 mean zero, a-mixing with rate a(m) such that ¥_,,~1 a(m)1/P < o for
some p > 1,and |Y;| <1 forall t > 1. Then we have:

E <n|l7n|2) <1424 Y a(m)/?

m>1

Proof of Lemma The proof follows from Davydov| (1968)’s inequality: let p,q,r >
0,1/p+1/q+1/r =1, for any random variables X, Y:

[cov(X, V)| < 12a(e(X), o (Y))VPE(IX|)VIE(Y[)
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where a(0(X),o(Y)) is the mixing coefficient between X and Y. As a result:

_ 10
E (n]YnF) — Et; (1Xa]?) + = - t;lcov Y, Yy)

1
<1+4+2x =Y cov(Ys,Yy)

n t>t’

<1+24x —Z“ Lo (Y)Y PEY )Y I(E| Yy ")
t>t’

" n—m

1/p
()

]

The following lemma gives a Rosenthal type inequality for possibly non-stationary
a-mixing random variables. As shown invan der Vaart & Wellner (1996) and Dedecker &
Louhichi (2002) these inequalities are very important to bound the expected value of the

supremum of an empirical process.

Lemma .0.3. Let (X;)¢~0 be a sequence of real-valued, centered random variables and () m>0
be the sequence of strong mixing coefficients. Suppose that X; is uniformly bounded and there
exists A,C > 0 such that a(m) < Aexp(—Cm) then there exists K > 0 that depends only on
the mixing coefficients such that for any p > 2:

1/2
1 n
1/ -
E (|VnX,|P)'" <K [\/ﬁ </0 min( o ) + P22 supy o Xilleo

t:1
where Qy is the quantile function of Xy, min(a~t(u),n) = Y1, Ty<e,.

Proof of Lemma Theorem 6.3 Rio| (2000) implies the following inequality:
n 1
E (Y. X ) <apsh+ nbp/ min(a (), n)P1QP (u)du
=1 0
where ap = pa’* i p+1)P/2 and b, = %4”“(;9 +1)P71, Q = sup,.(Q and 55 =
7’1 t/ 1 |COV(Xt, Xt/)|
Smce X; is uniformly bounded, using the results from appendix C of Rio (2000):

n—1

[ min(a (), mP QP () < 2 [2<k+ 1>Plzxk] Isup-o X o

k=0
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Because the strong-mixing coefficients are exponentially decreasing, it implies:

n—1
L k1) < Aexp(C) T exp(=CH) < Aexp(C)p — 1" expz_c))pl

And corollary 1.1 of |Rio (2000) yields:

52 < 4/01 min(a~ (1), 1) Y Qf(u)du.

Altogether:

, . " Q2 (u) 1/2
E (|vnXa|P) " < Ki(p+1)"2 (/0 min(a~" (u),n) ) =t )

t= h

1
+ Ko /P12 (p = 1)PD/P (p - 1) 07D P sup o X oo

1 n QZ(u) 1/2
<K ﬁ(/o min(a (1), n) ) = ) + 1P 12psup, XKoo | -

t=1

with Ky > 21/7p1/Pari/p, Ky > (p/[p — 1))V/PAP /P2 A exp(C) s

Note that since p > 2, 2L/p < \/E, pl/P < 1,4("’+1)/P < 16, etc. The constants Ky, K> do
not depend on p. K only depends on the constants A and C. O

Lemma .0.4. Suppose that (X;(B))s>o is a real valued, mean zero random process for any p €
B. Suppose that it is a-mixing with exponential decay: a(m) < Aexp(—Cm) for A,C >
0 and bounded |X;(B)] < 1. Let X = {X : B — C,B — X(B)} and suppose that
Jo log? Njj(x, X, || [)dx < oo then: [y x”/271, log Nyj(x, &, | - [}) +log® Njj (x, X, || ) <
co forall ¥ € (0,1) and:

E (suppes|vild? (8) — B (B)]?)

1
<K </ xﬁ/z_l\/logNH(x,X, -1 +10g2NH(x,X,|| : ||)dx> .
0

Proof of Lemma[.0.4 The method of proof is adapted from the proof of theorem 3 of Ben
Hariz (2005); he only considers the stationary case, the non-stationary case is permitted
here. Let Z,(B) = \/Lﬁ Y+ 1 X:(B), by Lemmal|.0.3

1Z(B)lly = E (1Z4(B)1)” < K (ﬁ% L IX(B)I* + Pzn_l/z+1/p|!SUPt>oXt(ﬁ)Hoo) .
t=
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The term 1 Y, | X¢(B)||® comes from Hélder’s inequality, for any 9 € (0,1):

S(/Olmin(cx‘l(u) Ulﬁ) </ \*ZQ 21/‘9)129

1/2

1 n
/ mll’l 2
0

The last inequality follows from assuming |Q;| < 1. To simplify notation, use 1 Y1 ; ||Q[|?
rather than 1 Y7, ||Q;||?/2. Also since «(j) has exponential decay, i (1 +])1/(1 Da(j) <
o0 so the first term is a constant which only depends on («(j)); and 9. To derive the in-
equality, construct bracketing pairs ( ‘Bf, A?)lgjg N(k) need to be constructed with N (k) =
Np (275, &, - ||2) the minimal number of brackets needed to cover X. By definition of
N (k) there exists brackets (Alf’j) j=1,..,N(k) such that:

1/2
1. E (|A’t<,]. 2) <2 kforallt,j,k.
2. Forall B € Band k > 1, there exists an index j such that | X;(B) — Xt(ﬁ;‘) < Alt"j.

Remark .0.2. Because of the dynamics, the dependence of X; can vary with B, which is not the
case in|Ben Hariz (2005) or Andrews (1993). This remark, details the construction of the brackets
(Ak ) in the current setting. Suppose that B — X;(B) is LP-smooth as in Assumption 0.4 Let

,Bk be such that By, < U; (1) [5/C]W(ﬁ§) then for j < N (k) and some Q > 2:

[]E (S”was;fws[(s/qwle(ﬁ) - Xt(ﬁ§)|9)] e <.

1/2 1/Q ,
Let A]t‘/j = sup||ﬁ_ﬁ]k|‘8§[5/c]7|Xt(,B) —Xt(ﬁ§)| then []E (Af’]‘ﬂ < [IE (A?]kﬂ by Holder’s

inequality which is smaller than 6 by construction. []E(|Ak , 2)} V2 < & = 275 by construction.
However, there is no guarantee that (A ])t>1 as constructed above is a-mixing. Another
construction for the bracket which preserves the mixing property is now suggested. Let B C B
a non-empty compact set in B. Note that since the (,B;‘) cover B, they also cover B. Let th{,j be
such that |1y, Zfﬂ = SUpgep, Hﬁ—ﬁfllé[é/C]V'% Y Xe(B) — Xt([:%;‘)| Because B is compact,
the supremum is attained at some Blj‘ € B. Forallt =1,...,n, take th‘,]. = Xt(gf) - Xt(ﬁ]]‘)

For each (j, k) the sequence (Elt‘ j)tzo is a-mixing by construction. Furthermore, by construction:
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~ ~ 1/Q
|AY = |AY i and thus [1]3(|A’tc Il Q)] < 27, These brackets, built in B rather than 1B, preserve
the mixing properties. The rest of the proof applied to B implies:

E (suppep v [97 (B) ~ E(H (B)))
<K (/01 1?7271, log Ny (x1/7, B, || - ) + log? Ny (xV/7, B, || - ||)dx)

1
<K (/ xﬂ/z_l\/logNH(xl/“Y,B, -1 +log2 NH(xl/'V,B, Il - ||)dx) i
0

For an increasing sequence of compact sets By C By,1 C B dense in B, there is an increasing and

bounded sequence:
E (suppep,|Vil$F (B) — B (B))])
< E (supgep,,, [Val%F (B) — E(55 (8))]2)

1
<K (/ xﬂ/z_l\/logNH(xl/V,B, |- 1) + log? NH(xl/”Y, B, - ||)dx> X
0

This sequence is thus convergent with limit less or equal than the upper-bound. Hence, it must be

that the supremum over B is also bounded. It can thus be assumed that (A¥ j)tzl are x-mixing.

Assume that, without loss of generality, |A§‘| < 1 for all j, k. Let (7tx(B), Ax(B)) be a
bracketing pair for B € B. Let g, k, g be positive integers such that g0 < k < g and let
Ti(B) = 7 0 Ty yq © - - - 0 1y (B). Using the following identity:

B (suppeaiza®)?)]

q 1/2
E (Supﬁeglzn(ﬁ) —Zn(Ty(B)) + Y [Zn(T(B)) — Zu(Tia(B))] + Zn(qu(ﬁ))!2>]

kZC]0+1

and the triangular inequality, decompose the identity into three groups:
1/2

& (suppesl Zu(F) | < [E (suppesl 24(8) ~ Zu(Ty()F) |
+ i []E (SupheB|Zn(Tk(ﬁ)) - Z”(Tk—l(ﬁ)”zﬂ

k=qo+1
+ [ (suppeslZu(T 8 P)]

q
<Ejm+ Z E + Eg.
k:qo-‘rl

1/2

1/2
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The following inequality is due to Pisier|(1983), for any Xj, ..., Xy random variable:

1/p
[IE (max |Xt|p)] < NYP max [IE(|Xt|P)]1/P.
1<t<N 1<t<N
Now that {Tx(B), B € B} has at most N (k) elements by construction. Some terms can be
1/2
simplified Ex = E (maxgeTk(B) |Zn(g) — Zn(Tk_l(g))|2> forgo+1<k<gq.Forp>2

using both Holder’s and Pisier’s inequalities:

Ex < [lE (supﬁeTk(B)|Zn(,B) - Zn(Tkl(,B))|p>]1/p

1/ maXx n — L — 1/p'
< N(k) PgeTk(B) [E (12n(8) — Zn(Tk-1(8))[")]

By the definition of A;‘ :

B< N max [E(185()17)] "

This is also valid for E; 1. Using Rio’s inequality for a-mixing dependent processes:

Ek < KN(k)l/P (\/ﬁ max ||Ak(g)||’i9/2 + pZn—l/Z—i—l/p max ||Ak(g)||oo>
$€T(B) SET,(B)
< KN(k)l/]ﬂ (\/ﬁzfﬂ/Zk_i_panl/ZnLl/P)
< KN(k)l/pZ_k (ﬁzk_ﬁ/Zk + pZ[n—l/sz]l—Z/p22k/p> .
For p > 2 and 27//n > 1, the inequality becomes:
By < KN(k)V/r27* ((/p2i=?/2 4 p2[n=1/220]024/7)
Choosing p = k + log N (k) implies:
N(k)VP < exp(1)
VP < Vk+ /log N(k)
p? < 4[k* +1og? N(k)]
2%/ < 4,

Applying these bounds to the previous inequality:

Ep < 16Kexp(1)27F ([\/EJr \/log N (k)]2F=9/2F 4 [k + 1og(N(k))2]j—;>

< \2/_;16Kexp(1)2k <[\/%+ log N (k)]2° /% 4+ k> + IOg(N(k))2> '
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Note that Y1 (Vk +k2)27% < 2.1 k?27F = 12. Hence:

q+1 q+

1 1
S Ee< 2 tskep(n) (12 [ 16072 flog N (x, .11 ) + og? N G . - D).
kZC]0+1

Pick g to be the small integer such that g > log(n)/(2log2) — 1so that4y/n > 21> \/n/2
and 27/+/n € [1/2,4]. Only E,, remains to be bounded, using Rio’s inequality again:

1/2 _
[E (supges|Zu(Tow (B)1?) | < KN(q0)"/” (ﬁ | Xy(B)||7 P 1/2“/”|X1(ﬁ)|oo> _
90

For any e > 0 pick p = max (2+¢,q9 +log N(qo)) then:

N(q0)"? < exp(1)
p V24 < =1/241/(24e) < q,

Then conclude that:

[E (supe sl Zu(Tys (B))1)

1/2
<4exp(1)K <\/q_o+ log N(q0) + 45 + log N(qo)z)

< K'log N(go)?
<K' [ 1og? Nyj(x, X, |- |)dx
Hence, there exists a constant K > 0 which only depends on (a(m)),,~0 such that:
B (suppeplzn(8)P)]"* < K [ 19721 flog Ny (e, 2, I 1) -+ log? Niy(x, %, | - ).

1 —
Let /Ty = K fy[x?/21, flog Ny (x, &, | - ) +1og” Nyy(x, &, || - )], then E (suppe|Zu(B)I?) <
C, foralln > 1. O

Rate of Convergence

Proof of Proposition : By Holder’s inequality and the LP-smoothness assumption:

—~ —~ 2
E (3, i) o) = $a(T,Bo) ) | ()M 072 < C2| Ty, B0 — Boll -

Using the fact that |a + b|? < 3[|a|?> + |b|?]:
Qu(Ii(Bo) <3 [Qu(Bo) + / |BE (@5@ I ()Bo) — @5@%0)) !ZN(T)dT]
<3| Qu(fo) + M} | B (3. g o) — B3(c, o)) Py

<3| Qupo) + (€M} [ 7~ (e ) o — ol |
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The last inequality comes from taking integrals on both sides of the first inequality. The

integral on the right-hand side is finite by assumption. To conclude the proof, take K =
2

3[1+C2M32 [ 7'~ 7% (1)d]. 0

Proof of Theorem[0.2} Let € > 0 and r, = max(8n, /T, [T Bo — Boll s v/Qn(Bo)). To
prove the result, it will be shown that there exists some M > 0 and N > 0 such that for
alln > N:

P (HB” — Bollweak > MTn) <e. (.0.1)

The approach to prove existence is similar to the proof of lemma B.1 in Chen & Pouzo

(2012). First, under the stated assumptions, the following inequalities hold:

1. Q5(B) < 2Qu(B) +0p(2)
2. Qu(B) < K(|IB— Boll* + Qu(Bo))
3. 1B = Boll2ear < CQn(B)

Applying them in the same order, equation can be bounded above:
P ([1Bs = Bollwcat = Mra) < P (diagpess,, 5 pofusriry O (B) < diages,, Q5(B) + Oy (1) )
B) < diagge g, Qn(B) + Op(max(s;, 1)) )
< P (diaggep,., 5oty Qr(B) < QulTTyguo) + Op(max (85, 1))
< P (diagues, , 5ol tary Qu(B) < Op(max([ Ty Bo — Bolly, Qu(Bo), &5 1)) )
<P (Mzr% < Op(max (|| Ty, Bo — ,BOHB , Qn(ﬁ())l(snlﬂn)))

For r, defined above, this probability becomes:

(
S P (diag‘gegosnfH:Bf.BOHZUMkZMrn Q}’Z(
(
(

P (MZ < op(l)) 5 0as M — oo,
This concludes the first part of the proof. Finally:
1B — Bolls

= ||B\ _nkn:BOH ak
< || Ty Bo — Bolls + 1B — Ty Bol |~ a0

H,/B\n - Hk(n),B()Hweak
< ||Hk ﬁO_IB0||B+T”Hﬁ” H ,B(Jmek
< [ ligyBo = Bollzs + o (1B — Bolluea + 180 = [k Bollweat )

< [Tk Bo — Bolls + T <Hﬁn Bollweak + CQun (T, /30)>
< 1Ty~ Bl 7 (O (max(bs, v T B0 = Polly o/ Qn o), T — ol Qu() ) )
(0 (max(su, v [Tl o — Follh y/Qu(6))) ).

= [[Tk(m)Bo — Bollz + T [ Op
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This concludes the proof. O

Proof of Proposition Since (y}, x;) is geometrically ergodic, the joint density converges
to the stationary distribution at a geometric rate: || f:(y,x) — f(y,x)||rv < Cpl, p < 1.
Because B is bounded linear and the moments %),,, 45, are bounded above by M, uniformly

in T

Qu(po) < M3 [ [ (83 p0)) — lim E ($0(0) | 7(0)ae
2

< M [ '1 L [t~ fi (g 2l | ()

2
SMzM%( Z / iy, %) — fi(y, x )Idde>

< CM2M23< i >

tf
CM2M% 1
X2

gy e =00

Asymptotic Normality

Lemma .0.5 (Stochastic Equicontinuity). Let M, = loglog(n + 1) as defined in Assumption

Also, ||Bn — Bollg = Op(dsn). Suppose Assumption holds then for any ¥ € (0,1),
there exists a C > 0 such that:

™ ) e e 2 2\1"7?
[B3(7,B) B (r, o)) — B[, ) — B3, pol [ m(r) 7 )

|:IE <Sup|13_130|3§Mn‘55n

Mi’lésﬂ v 1 —
% |7 (272 flog N7, By, - ) + g2 N7, By |- ) d

_ (Mj/(s%n)y @

Now suppose that \/Csy(Mpdsn)? = 0(1) as in Assumption For linear sieves, v/Cs, is
proportional to:

<C

(log[ M dsn]k(n))? .
Hence, for linear sieves \/Cg (Mdsn)" = 0(1) is implied by (M, 0s,)" log(Mydsy)? = 0(1/k(n)?).

Together with the previous inequality, this assumption implies a stochastic equicontinuity result:
I R I R 2 1/2
( [ | Ba) = i (x Bo)] — E[B5 (T, Ba) — 5 (7, Bo)]| n(r)dr) = 0p(1//n).
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Proof of Lemma Let AYS(T, B) = ¥i(T, B) — 5 (T, Bo). Under Assumption

L 1/2
l (Sup|:B .BO||B<MH‘55n Awt T ‘B ‘ 7-( 2 ):| S C(Mnésn)')/

and
> (A \| Y
~ ~ m(T) >
B <sup||ﬁ1/32|3<5,/31,l32€BMn55n(l30) Api (T, pr) — Di (T, ‘32)’ (Mn(ssn)z’Y)] =¢ <Mn5sn> .
~ 7
Applying Lemma |.0.4] to the empirical process Ay (T, B) (7;\5[255”)’77 yields:
2wy |7
g ~g mT(T)>*
E (Supw—/songsmnfsm A3 (1)~ E (A5 (1.P)) | W)]
c 1
< ﬁ/o (37772 1og N([xMusa] /7, By, | - 1) +log” N([xMuden] /", By, |- 1) ) dx

for some constant C > 0 and any ¥ € (0,1) such that the integral is finite. For finite
dimensional linear sieves the integral is proportional to k(1)? log(M;ds,)? and the bound

becomes, after multiplying by (M,,ds,)” on both sides:

(s v 530 ) () [0 |
C

< ﬁuwnasm[1og(Mnésn>k<n>J2-

Note that P <||En — Bollg < Mn55n> — 1 by construction of M, and definition of ds,. The
following inequalities can be used:

2

P ([ B30 Ba) — e, o))~ BLGS B — 55 0] ()i > £

<P (supw_,wgm [ |5 B) = B, o)) ~ EIB5(x, ) - i, po)l| n(0)Fi ()i > )
+P (/18— Bolls > Mudn)

< 2 ( [ |30 — B5(r, B0l ~ BIE (. ) ~ Bt pol| o)) e

+P (/| Bolls > Mudin)

= /Z]E (!A@Eﬁ(tﬁ) E[Ad; (T, B) \ (T 22) (1) FidT + P (|8 — Bolls > Muden)

< Csn(Mn(Ssn)Z'Y/rc(T) “dr + P (|| — Bolls > Mabon) = o(1).
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These inequalitites hold regardless of € > 0 given the assumptions above and the defini-

tion of M;,d;,. To conclude, the stochastic equicontinuity result holds:

~ ~ —~ ~ - . 2 2 ’ 1/2
( / M«bﬁ (T, Bn) — 3 (T, Bo)] — E[4h;; (T, Bn) — b3 (T, o)) n(r)mm)luw)
= 0,(1/+/n).

O]
Lemma .0.6. Suppose that ||,B\n — Bollweak = Op(6y). Under Assumptions and
L0.9
a)
U ~ bS .
[ st ) (BE( 3 B) — Bl o)) — PO m) w(x)dr = o(1/ ).
b)

/wﬂ(tu?ﬁ) (BE(@ZE(T/BU —5(T, Bo)) — B3 (1, Bu) —@3(%50)]) n(T)dt = o(1/+/n).
c)

[ [ws(ru) (Bldu(o) = b5 (v, Bl ) + s 3) (BI&a(r) = 5, Bu)] )| m()de = o1/ v/m).
Proof of Lemma 0.6}

a) Since B bounded linear, the Cauchy-Schwarz inequality implies:

7S ~
s EECRD G, ) o]

—~ 1/2
< ot [ oyt Prtoree) ( f [RGB 5t po) - TEOEC BN p, )Py

| [l (BIE 5 (v, Bu) — B (T, o) —

dp
By definition of M, and the inequality above:

(! [ s, (BIE 3500, B) — B3, o)) — BIEWn (TP —,&ﬂ) e(e)de] > )

1p Vi
s ([ Wyt i) P

— R g 1/2
X U5y M, (_/ B, p) — B5(x, po)) - TPl g g \2n<r>dr) > £

ap

+ 1P (|1 — ollis > Mo )
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The term IP (”.B\n — Bolls > Mndn) — 0 regardless of e. Furthermore, Assumption
i. implies that

~ N 7S 1/2
SUP||8—Bolweak <M ( / !E(t/)ﬁ(tﬁ) — (1, o)) — d]E(”b’;l(ﬁT’ Fo)) (8 Bol \Zn(r)wf)
=0 ((Mnén)z) .

Furthermore Assumption|.0.7|iii., condition (.0.3) implies that (M,d,)'+7 = o(—=—).
Since v € (0,1] it implies (M,4,)? = 0(1/+/n) and thus:

=o0(1)

regardless of € > 0. Finally:

~ AS ~
JR (BIE B Ba) — Bl o) - B P g, —ﬁo]) r(2)dr
= 0,(1/+/n).

b) By the stochastic equicontinuity result of Lemma and the Cauchy-Schwarz in-
equality:

| [ p(m,u) (BEG (7. B) — $i(x. Bo)) — BIbS (¥, B) — 05 (7. po)] ) m(x)ae|
< ([ sty Pame) ([ BB ~ Bi(r o) — B e B (e ol ()

1/2

< Mty ([ gy aipPrcoie) (| [BSGB) ~ B o) W0 Ba) — e o)) (o))

1/2 , 1/2
< Mp (/ g (T, u;;)|27'[(r)d’[) (/ 7'[(1-)1—2+11d1'> 0p(1/+/n)
=0,(1/v/n).
_ | VP . e o
c) Lete, = i\/ﬁ—M = O(TE)' For h € (0,1) define B(h) = Bn + heyu;,. Since B, =

B(0). Recall that B, is the approximate minimizer of Q, so that:

0 < Qu(Bn) < diaggep,  Qu(B) + Op(in).
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Hence the following holds:

<5 (@3B - G5B >>) +0p (1) (02)
1[/ B( Gi(rp(0)) B ( — iz, B(1) ) w(D)dT (0.3
+/ (1) — (1, B0)) ) B (5 (7, B(0) — $5(x. B ) m(0)dr (0.4
+/’B ¥ (T, B(0)) — (T, (1 )))‘ (T )d’f} + Oy (1) (.0.5)

To prove Lemma | 0.6]c), (.0.3)-(.0.4) are expanded and shown to be 0,(1/+/n) and
(.0.5) is bounded, shown to be negligible under the assumptions.
The first step deals with (.0.5):

1/2

(/|7 (56 p0) ~ Bice ) [cerae)

§M3</

(/‘ $5(1, B(0)) — %3 (7, B1))] — E[S(x, B(0)) — %5 (7, B(1 ‘ o dT)l/z

-~ ~ ~ R 2 1/2
F2(r,B0) —w;?(r,ﬁ(l))\ () )

+(/ \E[&S(n B (e B e

By the triangular inequality and the stochastic equicontinuity results from Lemma
0.5

7S ) 7S ) 7S ) 7S ) 2 12
(/f]95c B) ~ Bt Bu)] ~ Bl (. B0) ~ 3 (x, B[ ()t

o, (St

Also, note that (1) = B(0) + e,u?, so that the Mean Value Theorem applies to last

term:
5 A 25 o 2 1z dE[¢; T,B 2 v
(/BB ) - Bt B[ (e ( /] e, <r>dr>

for some intermediate value 1 € (0,1). Also, by assumption:

(Ndwnrﬁ "
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1/2
n(r)dr) = 0,(1).




Together these two elements imply:

(/B3 By - B3t B =0 dr)1/2=o<sn>.

This yields the bound for (.0.5):

[ |B (5. B0) ~ 5. B1) [ w(x)ar < 0y(2) + 0y W)

The remaining terms, (.0.3)-(.0.4), are conjugates of each other. A bound for (.0.3) is
also valid for (.0.4). Expanding (.0.3) yields:

B («znm — $3(,B(0))) B (%5 (7, B(0) — i(t, B(1)) ) n(v)de (03)

= [ B (du(r) ~ 3, B0)) |B (955,50 ~ Bi(r,B(1) - BE (9i(x,B0)) ~ $i(x, (1)) | m(rir
(.0.6)

+ [ B (wa(r) ~ $5(x,B(0))) BE (5(x, B0)) - $5(x, B(1)) ) n(x)dr. (0.7)

Applying the Cauchy-Schwarz inequality to implies:

| [ B ()~ i, B(0) [B(«z,%<r,ﬁ<o>)—@smﬁa)))—BIE(@s<r,ﬁ<o>>—$2<nﬁ<1>>)]n(r)dr\

(-0.6)
< Mp ( / \B@(r) ~ BPS(t, E(O))’zn(r)dr> v (0.8)
( | (#xB0) = $i(x, B1)) ~ E (5 (. B0) - $5(x, B(1))) ]andr)m (09)

The term can be bounded above using the triangular inequality:
1/2
(/‘B@Z;n — B3 (1, B0 ‘ 7( )dr)

§M3</

An application of Lemma and the geometric ergodicity of (y}, x;) yields:

(/

121\,1(“[) —15,5(1’,[30)‘ n(T)dT)l/z </‘B1,bn T,Bo) — B1/)n(r ﬁ ‘ (T )dT)l/Z.

R R 2 1/2
Bule) = B o) 7(DT) = 0,(1/ Vi)
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Expanding the term in P yields:

(/ )BQZ’SZ(T’[SO) — By (1, 3(0))‘271(7)%)1/2

(/)Blﬁwn o) — B (1, BO))][ (v) dT)”Z
1/2
+MB(/ 45, Bo) — 5 (x, Bl0))] — B[S (v, o) — 5 (. B(0)]| (x dT>
(/)Blﬁ W5 (7, o) — by (7, B0 ] (T dr>1/2+op((Mnésf/)ﬁ\/C_m)

1/2
('%Z’n (7, o)) [Bo — B(())] ’Zn(r)d’r>

ap

1/2
(/ ]B””E ¥i(T, Bo)) 0)]‘27T(T)d'r> +op((M”5Sf/);\/C_”).

< ot/ [E163(c, ) - B BO) -

Note that:

R R R ~g - R 1/2
( | [BiB o)~ Bt o) - L g, — Bo) \znmdr) — 0,(My,)

by assumption and

1/2
(/ ’Bd]E ¢n - ﬁo 0)]‘27T(T)d1'> = ”Bﬂ _,BOHW(zak

by definition. Furthermore, the rate is || B — Bo||weak = Oy (d,) by assumption.
Overall, the following bound holds for (.0.7):

2 1 (M64)"V/Can
(/‘szn — BGS (1, B0 ‘ (T dr) < Opl) + Opln) + Op (- ),
Re-arranging (.0.9) to apply the stochastic equicontinuity result again yields:
R I A ’ 1/2
( | (# o T, B(1))) — E (%5 (x, B0) — 5(7, (1)) | n(r)dr)

< (/] (#es —w,f(r,E(l))) B (B )~ B B i)
1/2

(| (e 0) — B, BO)) ~ E (350, o)~ B, B0)) [ ()t
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Using the bounds for (.0.7) and yields the bound for (.0.6):

[ B (ule) = B35, B0))) B (B, B0) — Bi(r, A1) — BE ($3(r,Bl0) — Bi(r, B(1) | w(r)ar]

To bound (.0.7), apply the Mean Value theorem up to the second order:
B («znm — $i(r, B(0)) BE (%5(x, B(0) — $5 (v, B(1) ) m(x)d
pE@EBO) o, 1B B,

= [ B(%:(0) - $i(,B(0))

snu,*;,snu;;]] n(t)dt

dp 2 dp
L («%(r) - B3 Bl0)) B P e gy ey 4 0, (63)
b [ B (B0 - Bl o) [T ”)[enu:s]—Bdwig'ﬁ“)[enum] r(0)dr.

Where the O,(e2) term comes from the Cauchy-Schwarz inequality and the as-
sumptions:

[ B () - B30, o) JpEEE (B )”[enuz,enuzm(r)dr]

dpdp
<( b S+ B V2 e PEP(TEDH)) o v
< /\B(%(r)—wn(nﬁ(o») i) 2(/\3 el ) n(r)dr) .
It was shown above that:
/
( [[B (#n(0) ~ G5 B0)) [ = (T)d’t)l o, (max (Mncsn, % W“‘*%“C_S”)).

Also, by Assumption[.0.9]ii.:

2
(/(Bd E( ‘i’;ﬁ;ﬁﬁ D it Pn

Finally, applying the Cauchy-Schwarz inequality to the last term of the expansion
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Ofyields:
. L —
[ B ($u(0) i, B(0) Bdlﬁ(%;;/ﬁ(om

s(/]B«Zn( —45(7, B(0) ]ﬂ dr)m

dE (43 (T, Bo))
dp

[enuy] — B

[r—:nu;g]‘ nt(t)dt

(/ )Bd]E P35 (1, ﬁ [ q_ BdIE(w,z‘(BT,ﬁO))[um zﬂ(T)dT) 1/2
1 (Mpdsn)"v/Con
o <€n - (5”’ NN )5n>> .

Using inequality (.0.2) together with the bounds above and the expansions of (.0.3)
and (.0.4) yields:
~ - dE (3 (7,
0 <~ ey [ B(Bu(r) ~ B0 0))) BV e (e)ae

— 7S
~ e [ B (9n(0) ~ 93, Bl0))) BT P (e

+0, (63) + 0y (M2 max(0,n, -, M)
) +0

1 Msncsn M2,
wns
\/— \/— n

dividing by €, both keeps and flips the inequality so that:

+ Oy (enéwn max (0

Since g;;, = £——

-
Ik (zzn(r) B, B,n) BT g (o)
+ / PulT) = 5(7, Bu) ) B d]E(w”d(ﬁT B (41 (1)
oo (B

1 (Mydsn)?V/C (My65,)?7C
+ Op (max (M?Zén/ \/ﬁ’ & S:/l/ﬁ Si’l) (Sn) + Op (TS?’Z .

By construction, €, = 0,(1/+/n) and the assumptions imply that

1 (Mnésn)v\/c_sn o
S ) — o1/ i)

=o(1/v/n).

M711+7c557n Cs; max (Mnén,

29+1 2
Mnly 557?(:511

NG

and
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To conclude the proof, note that:

/B (’Q/b\n(T) _ ( ﬁn)) d]E("vbn (T :BO)) [u*]?‘((T)dT

ap

B (o) 050 BB e

= [1ap(z ) (B[w,bn(r) — $n (. B)]) + p(t, u3) (Blwha(7) — 65 (7, Bu)] )
=0,(1/+/n).

]

Proof of Theorem[0.3; Using Assumption the difference between ¢ at En and at the
true value By can be linearized:

L2 (9(n) ~ otpu)) = L LEVE, ol 4 0p(0)

= \(:fd(l);g()) [Bn — Bon) + Op(l)

n

= \/EW;LEH — Bon) +0p(1)
= Vn{u;, By — Po) +0p(1)

g < [ [Bobp(r ) B (B — Bo) + B (T, 03 Bty (. B — ﬁ())]) (o).

Using Lemma |.0.5(a) and b), replace the term Bg(T, Bn — Bo) under the integral with
B3 (T, Bn) — B (T, Bo) so that:

VI (9B~ p(4)) = 2( | [t B ) B o

+ Bups(T, 3 (B (7, Bu) — B3 (7, o)l | ) m(x)dT + 0, (1).

Now Lemma |0.5|c) implies that Bt3 (7, B,,) can be replaced with Bej,, () up to a 0p(1/+/n)

so that the above becomes:

L (p(Ba) — 9(p0)) = ([ [Beplr ) BZE0) + By (e BZ3(0)] ) () + 0, 1),

To conclude, apply a Central Limit Theorem to the scalar and real-valued random vari-

able variable:

3 [ Bass (1) BZ5 (1) + Bty (w3 B2 ()| ().
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Because of 1}, and the geometric ergodicity of the simulated data, a CLT for non-stationary
mixing triangular arrays is required: results in Wooldridge & White (1988); de Jong (1997)
can be applied. For any § > 0:

(‘/z/)ﬁ T,105) Z5 (1) + g (T, 1) Z5 (v )]n(r)dr‘m)
< 240 [113 ( / ‘mzf(r)]n(r)dr)rM
< 2o (/ ‘Bv,bﬁ(r,u:;) 271(1)011)2;5 {]E (/ ‘BZf(T)rn(T)dT)] 2%0.

By definition of u}, and || - || weax:

(/ )szﬁ(r,u;i) 27(

Because B is bounded linear and |Z7 (7)| < 2:

1/2
<r>dr) — 110} lweat/ 7 € [1/2,1/a).

[nz ( / ‘BZ?(T)‘ZN(T)dTﬂ v M2+,

Eventually, it implies:

E (| [1wp(r ) ZF (@) + Bl ZE (Ol (ae] ) < BMsPT

a

Given the mixing condition and the definition of ¢;;:

V0 [ B, [BZE(7) — BEZS ()] + By, ) [BZ5 (v) — BE(ZE (0) (e 4 A(0,1),

By geometric ergodicity and because the characteristic function is bounded /n|E(Z (1))| <
Co/+/n = 0(1), hence:

4 /[Bw,bﬁ(r,uj;)BZtS(T) + B’I,D‘B(T,ufl)BZf(T)]ﬂ?(T)dT A, N(0,1).

This concludes the proof. O
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