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ABSTRACT

Resource Allocation in Wireless Networks:
Theory and Applications

Jelena Marasevié

Limited wireless resources, such as spectrum and maximum power, give rise to various
resource allocation problems that are interesting both from theoretical and application view-
points. While the problems in some of the wireless networking applications are amenable to
general resource allocation methods, others require a more specialized approach suited to
their unique structural characteristics. We study both types of the problems in this thesis.

We start with a general problem of a—fair packing, namely, the problem of maximizing
2, wj fala), where wy > 0, ¥j, and (i) falz;) = In(zy), if @ =1, (i) fale) = G, if
a # 1, > 0, subject to positive linear constraints of the form Az < b, x > 0, where A and b
are non-negative. This problem has broad applications within and outside wireless network-
ing. We present a distributed algorithm for general @ that converges to an e—approximate
solution in time (number of distributed iterations) that has an inverse polynomial depen-
dence on the approximation parameter £ and poly-logarithmic dependence on the problem
size. This is the first distributed algorithm for weighted a— fair packing with poly-logarithmic
convergence in the input size. We also obtain structural results that characterize a—fair
allocations as the value of « is varied. These results deepen our understanding of fairness
guarantees in a—fair packing allocations, and also provide insights into the behavior of
a—fair allocations in the asymptotic cases a — 0, a — 1, and o — oo.

With these general tools on hand, we consider an application in wireless networks where
fairness is of paramount importance: rate allocation and routing in energy-harvesting net-
works. We discuss the importance of fairness in such networks and cases where our results
on a—fair packing apply. We then turn our focus to rate allocation in energy harvesting
networks with highly variable energy sources and that are used for applications such as
monitoring and tracking. In such networks, it is essential to guarantee fairness over both

the network nodes and the time slots and to be as fair as possible — in particular, to re-



quire max-min fairness. We first develop an algorithm that obtains a max-min fair rate
assignment for any routing that is specified at the input. Then, we consider the problem
of determining a “good” routing. We consider various routing types and either provide
polynomial-time algorithms for finding such routings or prove that the problems are NP-
hard. Our results reveal an interesting trade-off between the complexities of computation
and implementation. The results can also be applied to other related fairness problems.

The second part of the thesis is devoted to the study of resource allocation problems
that require a specialized approach. The problems we focus on arise in wireless networks
employing full-duplex communication — the simultaneous transmission and reception on the
same frequency channel. Our primary goal is to understand the benefits and complexities
tied to using this novel wireless technology through the study of resource (power, time, and
channel) allocation problems. Towards that goal, we introduce a new realistic model of a
compact (e.g., smartphone) full-duplex receiver and demonstrate its accuracy via measure-
ments. First, we focus on the resource allocation problems with the objective of maximizing
the sum of uplink and downlink rates, possibly over multiple orthogonal channels. For the
single-channel case, we quantify the rate improvement as a function of the remaining self-
interference and signal-to-noise ratios and provide structural results that characterize the
sum of uplink and downlink rates on a full-duplex channel. Building on these results, we
consider the multi-channel case and develop a polynomial time algorithm which is nearly
optimal in practice under very mild restrictions. To reduce the running time, we develop
an efficient nearly-optimal algorithm under the high SINR approximation.

Then, we study the achievable capacity regions of full-duplex links in the single- and
multi-channel cases. We present analytical results that characterize the uplink and downlink
capacity region and efficient algorithms for computing rate pairs at the region’s boundary.
We also provide near-optimal and heuristic algorithms that “convexify” the capacity region
when it is not convex. The convexified region corresponds to a combination of a few full-
duplex rates (i.e., to time sharing between different operation modes). The analytical results
provide insights into the properties of the full-duplex capacity region and are essential
for future development of fair resource allocation and scheduling algorithms in Wi-Fi and

cellular networks incorporating full-duplex.
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CHAPTER 1. INTRODUCTION 1

Chapter 1

Introduction

Most resources in wireless networks, such as spectrum, transmission power levels, and data
rates, are limited and shared between multiple users. As wireless users often have different
requirements and priorities, and the wireless networks themselves can be of different types
(e.g., commercial networks such as Wi-Fi and LTE, sensor networks, energy harvesting
networks), there is no unique notion of what “the best” way of allocating resources is.
Rather, what type of resource allocation is most desirable is determined by the application.

We start this chapter by highlighting the intuition behind different applications and
preferences leading to different resource allocations. We introduce a general class of fair
resource allocation problems that models many wireless networking scenarios and we also
comment on applications that do not fall into this category but require a specialized ap-
proach. We then summarize the thesis contributions in the context of these two categories,

and outline the contributions to the literature.

1.1 Background and Motivation

For intuition on how different applications can lead to very different preferences with respect
to the resource allocation, consider the following network example illustrated in Fig.
where n routes in a network intersect over n — 1 capacitated links. We will assume here
that each of the routes may contain other links not illustrated in Fig. but that those

links have large capacities and are thus non-restrictive. For simplicity, we will assume that
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r1+r2< 1 T1+r3< 1 .. T1+x,< 1

1 > Route 1
ﬁonte% G)utc% Route n
i) XT3 x

n

Figure 1.1: An example of a network for which different applications and fairness preferences

lead to very different resource allocations.

each link shown in Fig. as the intersection of Route 1 and Routes 2, 3, ..., n has capacity
equal to 1. The resources that need to be allocated are (non-negative) rates x1,xa, ..., T
on Routes 1,2, ...,n, subject to the link capacity constraints: =1 +x9 <1, 1 + 23 < 1,...,

1 + z, < 1. Consider the following three applications.

Application 1: the network illustrated in Fig. is a multi-hop network in which all
the routes connect the same source-destination pair. Then, it is not important to send
data over all the routes, but rather to maximize the total rate between the source and the
destination. Such preferences give rise to a wtilitarian resource allocation:

Definition 1.1. A resource allocation (x1,x2,...,Ty) is called utilitarian, if it maximizes

efficiency — i.e., if it maximizes the sum of allocated resources Z?:l xj.

In the example from Fig.|1.1] a utilitarian resource allocation would assign zero units of
rate to Route 1, and one unit of rate to each of the Routes 2, 3, ...n. The resource allocation
efficiency is therefore equal to n — 1, and while the network resources are fully utilized, the

sharing of the resources is unfair, as Route 1 gets zero rate.

Application 2: the network illustrated in Fig. is a multi-hop sensor network in which
every route carries location-sensitive data. In this case, the utilitarian resource allocation
would be a very poor choice, as no data would be collected from the location corresponding
to Route 1. Instead, it is preferable that the resources (rates) are allocated as equally as
possible, i.e., according to the most-egalitarian — max-min fair — resource allocation [18]:

Definition 1.2. A resource allocation (x1,x2,...,xy) is maz-min fair, if any alternative

resource allocation (y1,y2,...,yn) satisfies: if y; > x; for some j, then there exists k such
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that yp, < xp < x;.

In the max-min fair resource allocation for the problem from Fig. all routes would
be assigned 1/2 units of rate. While clearly such a resource allocation is as fair as it can

be, the price paid for fairness is that the efficiency, now equal to n/2, is nearly halved.

Application 3: the network illustrated in Fig. is a multi-hop communication network
in which each route corresponds to a different source-sink pair. Then, on one hand, all
the routes need to get some non-zero rate, but on the other some routes can be penalized
to allow for better overall network utilization. In particular, we can assign rates to routes
proportionally to the amount of resources they utilize. Such preferences give rise to the
proportionally fair resource allocation, defined as follows.
Definition 1.3. A resource allocation (x1,xa, ..., xy) is proportionally fair, if for any alter-
native resource allocation (yi,y2, ..., Yn) it holds: Z?Zl % <0.

For the example network illustrated in Fig. a proportionally fair resource allocation
would assign % rate units to Route 1 and "T_l rate units to Route 2, Route 3, ..., Route n. We
can observe that at the expense of reducing the rate of Route 1 (compared to Application

1—}—(n—1)2 . . .
—.—, asymptotically approaching the efficiency of the

2), the efficiency increases to

utilitarian resource allocation from Application 1 as the number of routes n increases.
The resource allocations described in Applications 1, 2, and 3 are all special cases of the

general class of (weighted) a—fair resource allocations, defined as follows.

Definition 1.4. [102] A resource allocation (z1,x2, ..., xy) is a—fair, if for any alternative

resource allocation (y1,y2,...,yn) it holds: >77_, y;;if] < 0. Given a wvector of positive

weights (w1, wa, ..., wy), (x1,Ta,...,xy,) is weighted a—fair, if for any alternative resource

allocation (y1,y2, ..., Yn) it holds: Z;‘:l w; =2 < 0.

The special cases illustrated in Applications 1, 2, and 3 are obtained for the following
values of a: (i) for o = 0, we get the “unfair” utilitarian resource allocation illustrated by
Application 1, (ii) for a = 1, we get the proportionally fair resource allocation illustrated
by Application 2, and (iii) when o — oo, we get the most egalitarian — max-min fair —
resource allocation illustrated by Application 3.

The trade-off between efficiency and fairness illustrated by the three applications is not



CHAPTER 1. INTRODUCTION 4

specific to the network example from Fig. this trade off exists in general: the higher
the a, the better the fairness guarantees and the lower the efficiency [8},19,|75].
What makes a—fair resource allocations particularly appealing is that they give rise to
the following concave utility functions, to which we will refer as the a—fair utilities:
In(z;), ifa=1

fa(zj) = I : (1.1)
2 ifa#1

1—a?

In particular, the expression %, w; Yi"%i < 0 from Definition is the first-order opti-

e}
Tj

mality condition for the concave objective of the form:
n
Pa(x) = wjfalz;). (1.2)
j=1

Therefore, if we are only interested in finding an a—fair vector over some fixed convex and
compact feasible region R, then such a vector can be find through convex programming
[24,/104], by solving the problem max{pq(z) : © € R}.

We remark here that that even though a—fair resource allocation vector converges to
the max-min fair one as « tends to infinity, the problem of finding a max-min fair resource
allocation vector over some convex and compact feasible region cannot be erpressed as a
convex program. The reason is that when o — oo, fu(x;) becomes —oo for x; € [0,1] and
zero for x; > 1, and, therefore, p, is not even continuous. However, max-min fair resource
allocation problems often have combinatorial structure and are amenable to polynomial-
time algorithms that do not fall into the category of convex programming algorithms.

Finally, we note that (a—fair or any other) resource allocation problems defined over
non-convex regions are generally hard to tackle with the techniques that are currently
known. In some special cases, it is possible to address these problems with algorithms that
are guaranteed to converge to a stationary point (a saddle point or a local maximum) in
polynomial time, and, moreover, such algorithms perform very well in practice. We will
discuss one such class of problems in the second part of the thesis, by closely examining the

structure of power allocation problems in full-duplex wireless networks.
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1.2 Summary of Contributions

1.2.1 «a—Fair Resource Allocation

The first part of the thesis is devoted to the study of a—fair resource allocations for o > 0.
Chapter [2| describes a generic distributed algorithm for determining a—fair allocations over
the region determined by positive linear constraints of the form Ax < b, x > 0, where A
is a matrix with non-negative elements and b is a vector with strictly positive elements.
The algorithm’s convergence time (number of distributed iterations) is poly-logarithmic in

parameters describing the problem (i.e., poly-logarithmic in the input size), and polynomial

poly—log(input size) )

in e~!, where ¢ is the accuracy parameter, for any o = O( Poly ()

The described algorithm is the first distributed algorithm for a—fair resource allocation
with the convergence time that is poly-logarithmic in the input size. Previous algorithms
such as [16}/103] are pseudo-polynomial and have convergence time that is at least linear
in some of the input parameters, such as number of variables, number of constraints, and
matrix width (the ratio between the largest and the smallest non-zero elements). Moreover,
the algorithm is stateless: it is self-stabilizing, allows asynchronous updates, and allows in-
cremental and local adjustments |10/11]. Statelessness is a desirable property of distributed
algorithms because such algorithms are fault-tolerant and do not require coordination be-
tween the distributed agents. Only few stateless algorithms are known, mainly for different
types of linear programming (LP) problems [9}|11}45].

In Chapter 3] we turn to one prominent application of fair resource allocation in wireless
networks, namely, to energy harvesting networks. An example of an energy harvesting net-
work is illustrated in Fig. Such networks consist of small, ultra-low-powered recharge-
able wireless devices that can harvest energy such as e.g., energy from the indoor or outdoor
light, motion, and temperature gradient. The devices sense data from the environment and
forward them to a central computer. The available energy of the devices is primarily spent
on sensing, sending, and receiving the data. The described networks can be used for mon-
itoring information such as e.g., temperature, air pressure, or radiation levels over large
geographic areas, where it is difficult or impossible to replace sensor devices’ batteries, and

it is highly desirable that the network can operate perpetually.
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(1)

Agp battery
8 sensing rate

A@

Figure 1.2: A simple energy harvesting network: the nodes sense the environment and
forward the data to a sink s. Each node has a battery of capacity B. At time ¢ a node i’s

battery level is b; ;, it harvests e;; units of energy, and senses at data rate A; ;.

We first motivate the fairness in wireless energy harvesting networks and comment
on the cases in which the algorithm described in Chapter [2| can be applied. Then, we
discuss the energy-harvesting network cases with high variability of energy sources, such
as, e.g., networks that harvest energy from outdoor light. In such networks, to ensure that
the sensing information is collected from all parts of the networks and that the nodes do
not run out of energy when there is no energy available for harvesting (e.g., overnight),
guaranteeing fairness over both nodes and time is extremely important. Therefore, we
consider the problem of max-min fair rate allocation and route assignment over sensor
nodes and time. Such a problem generalizes the classical, well-studied, fair network flow
problems, such as, e.g., [67,[100]. We perform a thorough study of max-min fair resource
allocation and routing problems in energy harvesting networks, providing complexity results

for problems that are NP-hard and polynomial-time algorithms for those that are not.

1.2.2 Resource Allocation in Full-Duplex Networks

The second part of the thesis is devoted to the study of resource allocation problems in
full-duplex networks. A full-duplex wireless node is a node that supports full-duplex com-
munication — namely, the simultaneous transmission and reception on the same frequency
channel. While the concept of full-duplex communication sounds quite simple, in practice
such a communication is hindered by numerous challenges. The basic challenge is the fea-
sibility of such a communication: in legacy wireless systems, such as Wi-Fi and LTE, the
transmitted signal is billions of times stronger than the useful signal at the receiver. Since
the transmitted signal cannot be perfectly isolated from the received signal, trying to re-

cover the useful signal at the receiver can be compared to trying to hear a person whispering
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in a different room while at the same time yelling from the top of your lungs.

The challenges related to full-duplex communication that are the main subject here are
those related to the resource allocation. The results we obtain are essential building blocks
for future scheduling and resource allocation algorithms for Wi-Fi and cellular networks that
support full-duplex operation and guarantee fairness between the new full-duplex users and
legacy half-duplex users. The fairness guarantees in these networks particularly play a role
in supporting various classes of traffic and guaranteeing Quality of Service (QoS).

Specifically, since it is extremely challenging to cancel self-interference to the extent that
it can be deemed negligible, the residual self-interference needs to be taken into account
when allocating wireless resources (time, power, and frequency channels) to users. For most
models of residual self-interference that are grounded in realistic full-duplex transceiver
models and implementations [20,[125,/127], the residual self-interference on any frequency
channel comprises a constant fraction of the transmitted signal on that channel, where the
“constant fraction” may be different for each channel. For small form-factor full-duplex
transceiver implementations (such as those that can be used in a smartphone), the residual
self-interference can vary wildly with the frequency. These characteristics of residual self-
interference give rise to several challenging non-convex resource allocation problems with
which we deal in the second part of the thesis.

We start by introducing the models of residual self-interference in Chapter [4] for large
form-factor full-duplex transceivers (such as those that can be used in a base station or an
access point) and small form-factor full-duplex transceivers, based on the work presented
in [127]. Based on these models, we consider resource (frequency, time, and transmission
power) allocation problems, with different objectives.

The basic use cases of full-duplex that we consider are illustrated in Fig. where one
station is designated as the base station (BS), while the remaining stations are designated
as mobile stations (MS). The communication channel from an MS to the BS is referred to
as the uplink (UL), while the communication channel from the BS to an MS is referred to as
the downlink (DL). The use cases are: (i) a single-channel bidirectional link, where the BS
and the MS both communicate in full-duplex over a single frequency channel, (ii) two unidi-

rectional single-channel links, where only the BS operates in full-duplex, while the two MSs
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BS: Base BS

Station
MS: Mobile

Station
wst |- - —=>f us2

(a) (b)

Figure 1.3: Some possible uses of full-duplex: @ simultaneous UL and DL for one MS; @
UL and DL used by two different MSs and caused inter-node interference (red dashed line),
simultaneous UL and DL over OFDM channels.

operate in half-duplex (i.e., the MSs either transmit or receive), with one MS transmitting
and the other receiving on a single frequency channel, and (iii) a multi-channel bidirec-
tional link, where the BS and the MS communicate in full-duplex over multiple orthogonal
frequency channels, as in, e.g., orthogonal frequency division multiplexing (OFDM).

In Chapter [5], we consider the problem of allocating power levels over, possibly multiple,
channels to maximize the sum of the UL and DL rates (i.e., to find a utilitarian allocation
of the rates). Even though the sum rate maximization problems for the three use cases
turn out be non-convex, we provide analytical results for the single-channel use cases ((i)
and (ii)) and address the multi-channel use case (iii) algorithmically. These results allow
us to determine under what settings for the residual self-interference and wireless channel
states the use of full-duplex improves the rates over legacy half-duplex. Our results also
quantify the achievable rate improvements. To illustrate the results, we provide numerical
evaluations throughout Chapter

While the results from Chapter [5] provide quantification of the highest achievable rate
improvements together with the power allocation that leads to these improvements, they
are only valid for one particular pair of UL and DL rates: the one that maximizes the sum
of the rates. In practice, however, it is often the case that one of the two (UL and DL)
rates has higher requirements than the other. In such cases, it is in general not true that
the utilitarian rate allocation satisfies those asymmetric rate requirements.

To address the resource allocation problems under different UL and DL rate requirements

or priorities, in Chapter [6] we consider the problem of maximizing one of the UL and DL
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rates when the other rate is fixed, focusing on use cases (i) and (iii)ﬂ While such resource
allocation problems are generally non-convex, we provide several analytic and algorithmic
results to address those problems by closely examining the problems’ structure.

The results for resource allocation that maximizes one of the rates when the other rate
is fixed allow us to construct the FD capacity region, namely, the region of all achievable
FD UL and DL rate pairs. These capacity regions are not convex in general. However, since
most legacy wireless systems rely on time sharing between the UL and the DL transmissions
to obtain different combinations of the UL and DL rates, it is possible to leverage the time
sharing to obtain different convex combinations of various FD rate pairs. The introduction
of time sharing into the FD systems effectively extends the FD capacity region to its convex
hull. We refer to the systems that combine time sharing with FD as time division full-
duplex (TDFD) systems, and to their capacity regions as TDFD capacity regions. Legacy
(half-duplex) time sharing systems are known as time division duplex (TDD) systems.

The possibility of maximizing one of the (UL and DL) rates while the other is fixed
provides a black-box representation of one of the rates as a function of the other, at the
boundary of the capacity region. As discussed above, in TDFD systems, such a function is
necessarily concave, since TDFD systems are always convex. The black-box representation
of one of the rates as the function of the other enables formulating resource allocation
problems with various objectives of the UL and DL rates as convex optimization problems.
As an example, using such a black-box representation makes it possible to find an a—fair

allocation of the UL and the DL rates through convex programming, for any a € [0, 00).

1.3 Contributions to Literature

The work on a—fairness described in Chapter 2] was published in the proceedings of EATCS
ICALP’16 [90], while the full version of the paper is available on arXiv [91].
The results described in Chapter [3| were published in the proceedings of ACM Mobi-

Hoc’14 [85] and are to appear in Algorithmica [87]. The full version of the paper is available

'As we will see in Chapter the UL and DL rates as functions of the transmission power levels are

equivalent in cases (i) and (ii), so any results for use case (i) also apply to use case (ii).
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on arXiv [86].

Modeling of the residual self-interference based on a flat-phase-and-amplitude compact
FD receiver implementation from [125|127] described in Chapter {4 and the results from
Chapter [5| were presented at IEEE Power Amplifier Symposium [129] and published in
the proceedings of ACM SIGMETRICS’15 [92], while the journal version is to appear in
IEEE/ACM Transactions on Networking [93]. The full version of the paper [9293] is
available on arXiv [94].

The results described in Chapter@appeared in the proceedings of ACM MobiHoc’16 [95].
An extended version of the conference paper was recently submitted for journal publication
[96], while the full version of the paper is available on arXiv [97].

The work on full-duplex described in the thesis was performed as a part of FlexICoN
project at Columbia University. The overview of the results spanning the entire project
(including the work presented here) was submitted to IEEE Communications Magazine
[130], Asilomar’16 [72], and ACM HotWireless’16 88| as invited papers. The joint work on
testbed development appeared as a demo in the proceedings of ACM MobiHoc’16 [31].

In addition to the thesis work, the author has also contributed to education through
the development of the first cellular networking teaching lab, the work that won the best
educational paper award and appeared in the proceedings of The Second GENI Research
and Educational Experiment Workshop (GREE2013) [89].
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Chapter 2

Stateless and Distributed a—Fair

Packing

Over the past two decades, fair resource allocation problems have received considerable at-
tention in many application areas, including Internet congestion control [80], rate control in
software defined networks 98], scheduling in wireless networks |121], multi-resource alloca-
tion and scheduling in datacenters [23,47,56,60], and a variety of applications in operations
research, economics, and game theory [19,58]. In most of these applications, positive linear
(packing) constraints arise as a natural model of the allowable allocations.

We focus on the problem of finding an a-fair vector on the set determined by packing
constraints Az < 1,z > 0 where all 4;; > OEI We refer to this problem as a—fair packing.

Distributed algorithms for a—fair packing are of particular interest, as many applica-
tions are inherently distributed (such as, e.g., network congestion control), while in others
parallelization is highly desirable due to the large problem size (as in, e.g., resource alloca-
tion in datacenters). We adopt the model of distributed computation commonly used in the
design of packing linear programming (LP) algorithms [6,11}/14},73.|81},108] and which gen-

eralizes the model from network congestion control [63]. In this model, an agent j controls

! Although in the network congestion control literature the constraint matrix A is commonly assumed
to be a 0-1 matrix [62}/63}80,/102,[107}|121], important applications (such as, e.g., multi-resource allocation
in datacenters) are modeled by a more general constraint matrix A with arbitrary non-negative elements

[231[47][56,/60]
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the variable x; and has information about: (i) the 4% column of the m x n constraint matrix
A, (ii) the weight wj, (iii) upper bounds on the global problem parameters m,n, wWmax, and
Ammax, where wmax = max; wj, and Apmax = max;; A;j, and (iv) in each round, the relative
slack of each constraint ¢ in which x; takes part.

Distributed algorithms for a—fair resource allocations have been most widely studied
in the network congestion control literature, using a control-theoretic approach [62}63,80,
102,|107,/121]. Such an approach yields continuous-time algorithms that converge after
“finite” time; however, the convergence time of these algorithms as a function of the input
size is poorly understood. Some other distributed pseudo-polynomial-time approximation
algorithms that can address a-fair packing are described in Table These algorithms all
have convergence times that are at least linear in the parameters describing the problem.

No previous work has given truly fast (poly-log iterations) distributed algorithms for
the general case of a-fair packing. Only for the unfair o = 0 case (packing LPs), are such

algorithms known [6}11},/14}73,81}/122].

Our Results

We provide the first efficient, distributed, and stateless algorithm for weighted a-fair packing,
namely, for the problem

max{pq(z) : Az <1,z > 0},

where distributed agents update the values of x;’s asynchronously and react only to the
current state of the constraints. We assume that all non-zero entries A;; of matrix A satisfy
A;; > 1. Considering such a normalized form of the problem is without loss of generality
(see Appendix .

The approximation provided by the algorithm, to which we refer as the e-approximation,
is (i) (1 + &)-multiplicative for a # 1, and (ii) Ws—additivﬁ for a =1, where W =3, w;.
The main results are summarized in the following theorem, where, to unify the statement

of the results, we treat a as a constant that is either equal to 1 or bounded away from 0

2Note that W cannot be avoided here, as additive approximation is not invariant to the scaling of the

objective.
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and 1, and we also loosen the bound in terms of ¢!, n,m, R, = max; , wj/wg, and Amax.
For a more detailed statement, see Theorems [2.2] - [2.4]

Theorem 2.1. (Main Result) For a given weighted a-fair packing problem
Palx) = maX{ijfa(a:j) tAx <1,z > 0},
J

where fo(x;) is given by (1.1), there exists a stateless and distributed algorithm (a-FAIRP-

SOLVER) that computes an e-approzimate solution in O(e~° In*(RynmAmaxe ™)) rounds.

To the best of our knowledge, for any constant approximation parameter €, our algorithm
18 the first distributed algorithm for weighted a-fair packing problems with a poly-logarithmic
convergence time.

The algorithm is stateless according to the definition given by Awerbuch and Khan-
dekar [10,/11]: it starts from any initial state, the agents update the variables x; in a
cooperative but uncoordinated manner, reacting only to the current state of the constraints
that they observe, and without access to a global clock. Statelessness implies various desir-
able properties of a distributed algorithm, such as: asynchronous updates, self-stabilization,
and incremental and local adjustments [10,/11]. Such properties are essential for the appli-
cations where the distributed network changes dynamically and lacks coordination, such as,
e.g., Internet congestion control and wireless sensor and energy harvesting networks.

We also obtain the following structural results that characterize a—fair packing alloca-

tions as a function of the value of a:

e We derive a lower bound on the minimum coordinate of the a—fair packing allocation
as a function of a and the problem parameters (Lemma [2.30). This bound deepens our

understanding of how the fairness (a minimum allocated value) changes with .

€/4 L a—fair packing can be O(g)—approximated by any

e We prove that for a < In(nAmax/c)

e—approximation packing LP solver (Lemma [2.31]). This result allows us to focus on the

e/4
a > 7ln(nAmax/e) cases.

e We show that for |a—1| = O(¢?/ In?(e "' RymnAmay)), a—fair allocation is e—approximated

by a 1—fair allocation returned by our algorithm (Lemmas and [2.33)).

e We show that for o > In(Ry,nAmax)/€, the a—fair packing allocation z* and the max-min
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fair allocation z* are e-close to each other: (1 —e)z* < z* < (1+¢)z* element-wise. This
result is especially interesting as (i) max-min fair packing is not a convex problem, but
rather a multi-objective problem (see, e.g., [68,110]) and (ii) the result leads to the first

convex relaxation of max-min fair allocation problems with a 1+ ¢ gap.

We now overview some of the main technical details of a-FAIRPSOLVER. In doing so,
we point out connections to the two main bodies of previous work, from packing LPs [11]
and network congestion control [62]. We also outline the new algorithmic ideas and proofs

that were needed to obtain the results.

The algorithm and KKT conditions

The algorithm maintains primal and dual feasible solutions and updates each primal vari-
able z; whenever a Karush-Kuhn-Tucker (KKT) condition x;%) . y;4;; = wj is not ap-
proximately satisfied. In previous work, relevant update rules include: [62] (for a@ = 1),
where the update of each variable z; is proportional to the difference w; — ;4% y; Aij,
and [11] (for o = 0), where each z; is updated by a multiplicative factor 1 + /3, whenever
x;* Y, yiAij = w; is not approximately satisfied. For our techniques (addressing a general
«) such rules do not suffice and we introduce the following modifications: (i) in the o < 1
case we use multiplicative updates by factors (1 + 1) and (1 — [32), where 51 # B2 and (ii)
we use additional threshold values d; to make sure that x;’s do not become too small. These
thresholds guarantee that we maintain a feasible solution, but they significantly complicate

(compared to the linear case) the argument that each step makes a significant progress.

Dual Variables

In a-FAIRPSOLVER, a dual variable g; is an exponential function of the " constraint’s
relative slack: y;(z) = C - (25457~ where C and k are functions of global input
parameters o, Wmax, N, M, and Apay. Packing LP algorithms [6}[11}/14,|43}|44)71,/109] use
similar dual variables with C' = 1. Our work requires choosing C' to be a function of

Q, Wmax, M, M, Amax rather than a constant.
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Paper Number of Distributed Iterations’| | Statelessness Notes
133] Qe 'nAmax) Semi-stateless?| | Only for a =1
[16] Q(E_lmnAmaXQ) Not stateless
[103] poly(e™1, m,n, Anax) Semi-stateless

[this work] 0(5’51114(]%“, mnAmax/€)) Stateless

Table 2.1: Comparison among distributed algorithms for a—fair packing.

Convergence Argument

The convergence analysis of a-FAIRPSOLVER relies on the appropriately chosen concave
potential function that is bounded below and above for z; € [4;,1], Vj, and that increases
with every primal update. The algorithm can also be interpreted as a gradient ascent
on a regularized objective function (the potential function), using a generalized entropy
regularizer (see [4,6]). A similar potential function was used in many works on packing
and covering linear programs, such as, e.g., in [11] and (implicitly) in [122]. The Lyapunov
function from [62] is also equivalent to this potential function when y;(z) = e Au2i=1),
Vi. As in these works, the main idea in the analysis is to show that whenever a solution z is
not “close” to the optimal one, the potential function increases substantially. However, our
work requires several new ideas in the convergence proofs, the most notable being stationary
rounds. A stationary round is roughly a time when the variables z; do not change much and
are close to the optimum. Poly-logarithmic convergence time is then obtained by showing
that: (i) there is at most a poly-logarithmic number of non-stationary rounds where the
potential function increases additively and the increase is “large enough”, and (ii) in all the

remaining non-stationary rounds, the potential function increases multiplicatively.

3The convergence times in [164[33,/103] are not stated only in terms of the input parameters, but also
in terms of intermediary parameters that depend on the problem structure. Stated here are our lowest
estimates of the worst-case convergence times.

1A distributed algorithm is semi-stateless, if all the updates depend only on the current state of the
constraints, the updates are performed in a cooperative but non-coordinated manner, and the updates need

to be synchronous [6].
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2.1 Related Work

Very little progress has been made in the design of efficient distributed algorithms for the
general class of a-fair objectives. Classical work on distributed rate control algorithms in the
networking literature uses a control-theoretic approach to optimize a-fair objectives. While
such an approach has been extensively studied and applied to various network settings
[62,63,80.,/102[107,121], it has never been proven to have polynomial convergence time (and
it is unclear whether such a result can be established).

Since a-fair objectives are concave, their optimization over a region determined by linear
constraints is solvable in polynomial time in a centralized setting through convex program-
ming (see, e.g., [24,/104]). Distributed gradient methods for network utility maximization
problems, such as e.g., [16/103] summarized in Table can be employed to address the
problem of a-fair packing. However, the convergence times of these algorithms depend on
the dual gradient’s Lipschitz constant to produce good approximations. While [16,/103]
provide a better dependence on the accuracy € than our work, the dependence on the dual
gradient’s Lipschitz constant, in general, leads to at least linear convergence time as a
function of n, m, and Apax.

As mentioned before, some special cases have been addressed, particularly for max-
min fairness (« — oo) and for packing LPs (o = 0). Relevant work on max-min fairness
includes [17,27,571/68l,74,[85/100], but none of these works have poly-logarithmic convergence
time. There is a long history of interesting work on packing LPs in both centralized and
distributed settings, e.g., [4,6,|11,14)44}45,|71,(73,/81,/109,/122]. Only a few of these works
are stateless, including the packing LP algorithm of Awerbuch and Khandekar [11], flow
control algorithm of Garg and Young [45], and the algorithm of Awerbuch, Azar, and
Khandekar [9] for the special case of load balancing in bipartite graphs. Additionally, the
packing LP algorithm of Allen-Zhu and Orecchia [6] is “semi-stateless”; the lacking property
to make it stateless is that it requires synchronous updates.

The o = 1 case of a-fair packing problems is equivalent to the problem of finding an
equilibrium allocation in Eisenberg-Gale markets with Leontief utilities (see [33]). Similar
to the aforementioned algorithms, the algorithm from [33] converges in time linear in =1

but also (at least) linear in the input size (see Table 1).
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In terms of the techniques, closest to our work is the work by Awerbuch and Khandekar
[11] and we now highlight the differences compared to this work. Some preliminaries of
the convergence proof follow closely those from [11]: mainly, Lemmas and
use similar arguments as corresponding lemmas in [11]. Some parts of the lemmas lower-
bounding the potential increase in @ < 1, a = 1, and a > 1 cases (Lemmas and
use similar arguments as [11], however, even those parts require additional results due
to the existence of lower thresholds d;.

The similarity ends here, as the main convergence arguments are different than those
used in [11]. In particular, the convergence argument from [11] relying on stationary in-
tervals cannot be applied in the setting of a—fair objectives. More details about why this
argument cannot be applied and where it fails are provided in Section As already men-
tioned, we rely on the appropriately chosen definition of a stationary round. To show that
in a stationary round a solution x is e—approximate, we use Lagrangian duality and bound
the duality gap through an intricate case analysis. We remark that such an argument could
not have been used in [11], since in the packing LP case there is no guarantee that the

solution y is dual-feasible.

2.2 Preliminaries

Weighted a-Fair Packing

Consider the following optimization problem with positive linear (packing) constraints:
(Qa) = max{pa(z) = >0 wjfa(r;) : Ax < b,z > 0}, where fq(;) is given by ,
x = (x1, ..., ) is the vector of variables, A is an m x n matrix with non-negative elements,
and b = (by,...,by) is a vector with strictly positiveﬂ elements. We refer to (Q,) as the
weighted a-fair packing.

As discussed in Introduction, the optimal solution to (@) is indeed the weighted a—fair
factor for weights (w1, ws, ..., wy,) and the feasible region determine by the constraints from
(Qa) (see Definition [1.4). In the rest of the thesis, we will use the terms weighted a-fair

and a-fair interchangeably.

°Tf, for some 4, b; = 0, then trivially ; = 0, for all j such that A;; # 0.
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Notice in (Q,) that since b; > 0, Vi, and the partial derivative of the objective with
respect to any of the variables z; goes to co as x; — 0, the optimal solution must lie
in the positive orthant. Moreover, since the objective is strictly concave and maximized
over a convex region, the optimal solution is unique and (Q,) satisfies strong duality (see,
e.g., |24]). The same observations are true for the scaled version of the problem denoted by

(P,) and introduced in the following subsection.

Normalized Form

We consider the weighted a-fair packing problem in the normalized form:
(Po) = max{pa(z) : Az < 1,2 > 0},

where po(z) = Z?Zl wjfa(z;), fo is defined by , w = (wy,...,wy) is a vector of
positive weights, z = (z1,...,2z,) is the vector of variables, A is an m x n matrix with
non-negative entries, and 1 is a size-m vector of 1’'s. We let Ap.x denote the maximum
element of the constraint matrix A, and assume that every entry A;; of A is non-negative,
and moreover, that A;; > 1 whenever A;; # 0. The maximum weight is denoted by wmax
and the minimum weight is denoted by wmiy,. The sum of the weights is denoted by W

and the ratio ¥=2x by R,. We remark that considering problem (Q,) in the normalized

min

form (P,) is without loss of generality: any problem (Q,) can be scaled to this form by (i)
dividing both sides of each inequality ¢ by b; and (ii) working with scaled variables c - x;,
where ¢ = min{1, Ming j: 4,0} Ab—ij}. Moreover, such scaling preserves the approximation
(see Appendix [A.1)).

KKT Conditions and Duality Gap

We will denote the Lagrange multipliers for (P,) as y = (y1, ..., Ym) and refer to them as
“dual variables”. The KKT conditions for (P,) are (see Appendix [A.2]):

> Az <1, Vie{l,...,m}; x; >0, Vje{l,..,n} (primal feasibility) (K1)
j=1

y; >0, Vie{l,...m} (dual feasibility) (K2)



CHAPTER 2. STATELESS AND DISTRIBUTED a—FAIR PACKING 20

m
Yi - ( > Az — 1) =0, Vie{l,..,m} (complementary slackness)
j=1

(K3)
x;* ;yiAzj =wj;, Vje{l,..,m} (gradient conditions) (K4)

The duality gap for a # 1 is (see Appendix |A.2)):

Ty a—1 m n _ a—1
Ga(z,y) = > w; 1]_ & o D)+ yi— Y wz & o, (2.1)
j=1 « =1 j=1
where §; = m;;]ly“él”, while for a = 1:
n 2S5 A m
Gi(z,y) =— > wjln (M> + >y —W. (2.2)
j=1 wj i=1

Model of Distributed Computation

We adopt the same model of distributed computation as [6,[11}|14}73,81,108], described as
follows. We assume that for each j € {1,...,n}, an agent controls the variable z;. Agent j is
assumed to have information about the following problem parameters: (i) the j** column of
A, (ii) the weight w;, and (iii) (an upper bound on) m,n, Wmax, and Apax. In each round,
agent j collects the relative slackﬂ 1-— Z?Zl A;jx; of all constraints 4 for which A;; # 0.
This model of distributed computation is a generalization of the model considered in
network congestion control problems [63] where a variable x; corresponds to the rate of node
J, A is a 0-1 routing matrix, such that A;; = 1 if and only if a node j sends flow over link
i, and b is the vector of link capacities. Under this model, the knowledge about the relative
slack of each constraint corresponds to each node collecting (a function of) congestion on
each link that it utilizes. Such a model was used in network utility maximization problems

with a-fair objectives [62] and general strongly-concave objectives [16].

2.3 Algorithm

The pseudocode for the a-FAIRPSOLVER algorithm that is run at each node j is provided

in Fig 1. The basic intuition is that the algorithm keeps KKT conditions (K1) and (K2)

5The slack is “relative” because in a non-scaled version of the problem where one could have b; # 1,

. . . bi—> 01 Ajjxj
agent j would need to have information about #.
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satisfied and works towards (approximately) satisfying the remaining two KKT conditions
and to minimize the duality gap. The algorithm can run in the distributed setting
described in Section In each round, an agent j updates the value of z; based on the
relative slack of all the constraints in which j takes part, as long as the KK'T condition
is not approximately satisfied for j. The updates need not be synchronous: we will require

that all agents make updates at the same speed, but without access to a global clock.

a-FAIRPSOLVER(¢)

(Parameters ¢;,C, K,7, f1, and (2 are set as described in the text below the algorithm.)
In each round of the algorithm:

1: z; + max{z;,0;}, z; = min{z;, 1}

2: Update the dual variables: y; = C - " (=1 Auwi=1) v ¢ {1,...,m}

if %azg:;]ly”q” < (1—+) then

T (—13-(14—[31)
else

. o yi A
if x’zw% > (1+~) then

7: xj < max{x; - (1 — B2),d;}

Figure 2.1: Pseudocode of a-FAIRPSOLVER algorithm.

To allow for self-stabilization and dynamic changes, the algorithm runs forever at all the
agents, which is a standard requirement for self-stabilizing algorithms (see, e.g., [39]). The
convergence of the algorithm is measured as the number of rounds between the round in
which the algorithm starts from some initial solution and the round in which it reaches an
e—approximate solution, assuming that there are no hard reset events or node/constraint
insertions/deletions in between.

Without loss of generality, we assume that the input parameter £ that determines the
approximation quality satisfies & < min{%, %} for any «, and ¢ < 1770‘ for « < 1. The
parameters d;,C, K, v, (1, and P are set as follows. For technical reasons (mainly due to
reinforcing dominant multiplicative updates of the variables z;), we set the values of the

lower thresholds ; below the actual lower bound of the optimal solution that we derive in
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Lemma 2.30t
) l/a

5; = (1 s )Ua (e e
I 2 Wmax 1

e, fa>1

, if0<a<l

m-n2 Amax

We denote dpax = max; 6, Omin = min; 6;. The constant C' that multiplies the exponent

in the dual variables y; is chosen as C' = % Because ¢, only depends on w; and on
global parameters, we also have C = ;j_—&, Vj. The parameter x that appears in the exponent
of the y;’s is chosen as kK = %ln (%) The “absolute error” of «y is set to /4. For

a > 1, we set f1 = [ = B, where the choice of § is described below. For a < 1, we set

Br =B, o= B*(In(52-))"".

Similar to |11], we choose the value of § so that if we set 51 = 2 = 3, in any round the

z;% 3 yilx)
wj

value of each Aij changes by a multiplicative factor of at most (1++/4). Since
the maximum increase over any x; in each iteration is by a factor 1 + 3, and x is feasible
in each round (see Lemma , we have that Z?Zl A;jzj <1, and therefore, the maximum
increase in each y; is by a factor of €. A similar argument holds for the maximum decrease.

Hence, we choose 5 so that:
1+8)%? <1+9/4 and (1-8)% " >1-7/4,

and it suffices to set:

8= 5(/@11)’ ifagl.
5(5104)’ ifa>1

Remark: In the a < 1 cases, since B2 = B2(In(1/0min)) !, the maximum decrease in

% is by a factor (1 — (v/4) - B(In(1/0min)) 1), Vj.

2.4 Convergence Analysis

In this section, we analyze the convergence time of a-FAIRPSOLVER. We first state our
main theorems and provide some general results that hold for all & > 0. We show that
starting from an arbitrary solution, the algorithm reaches a feasible solution within poly-
logarithmic (in the input size) number of rounds, and maintains a feasible solution forever

after. Similar to [11,62,122], we use a concave potential function that, for feasible z, is
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bounded below and above and increases with any algorithm update. Then, we analyze the
convergence time separately for three cases: a < 1, « = 1, and « > 1. With an appropriate
definition of a stationary round for each of the three cases, we show that in every stationary
round, z approximates “well” the optimal solution by bounding the duality gap. On the
other hand, for any non-stationary round, we show that the potential increases substantially.
This large increase in the potential then leads to the conclusion that there cannot be too
many non-stationary rounds, thus bounding the overall convergence time.

We make a few remarks here. First, we require that a be bounded away from zero. This

requirement is without loss of generality because we show that when a < ln(nj/ 4 any

max/E) ’

e—approximation LP provides a 3e—approximate solution to (P,) (Lemma [2.31). Thus,

when a < m we can switch to the algorithm of [11], and when a > # the

max/€)’
convergence time remains poly-logarithmic in the input size and polynomial in e~*. Second,
the assumption that € < 1?70‘ in the a < 1 case is also without loss of generality, because we
show that when « is close to 1 (roughly, 1 —O(g2/In?(RymnAmax/€))), We can approximate
(P,) by switching to the & = 1 case of the algorithm (Lemma. Finally, when a > 1, the
algorithm achieves an e—approximation in time O(ae™* In?(RynmAmpaxe ). We believe
that a polynomial dependence on « is difficult to avoid in this setting, because by increasing
«a, the gradient of the a-fair utilities f, blows up on the interval (0,1): as « increases, fq(x)
quickly starts approaching a step function that is equal to —oo on the interval (0, 1] and
equal to 0 on the interval (1,00]. To characterize the behavior of a—fair allocations as
a becomes large, we show that when a > e 'In(RynAmax), all the coordinates of the
a—fair vector are within a 1 + ¢ multiplicative factor of the corresponding coordinates of
the max-min fair vector (Lemma .

Finally, we note that the main convergence argument from [11] that uses an appropri-
ate definition of stationary intervals does not extend to our setting. The proof from [11]
“breaks” in the part that shows that the solution is e—approximate throughout any station-
ary interval, stated as Lemma 3.7 in [11]. The proof of Lemma 3.7 in [11] is by contradiction:
assuming that the solution is not e—approximate, the proof proceeds by showing that at
least one of the variables would increase in each round of the stationary interval, thus even-

tually making the solution infeasible and contradicting one of the preliminary lemmas. For
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a > 1, unlike the linear objective in [11], a-fair objectives are negative, and the assumption
that the solution is not e—approximate does not lead to any conclusive information. For
a < 1, adapting the proof of Lemma 3.7 from [11] leads to the conclusion that for at least
one j, in each round ¢ of the stationary interval W <1 — 7, where z* is the
optimal solution, and ! is the solution at round ¢. In [11], where o = 0, this implies that
x; increases in each round of the stationary interval, while in our setting (o > 0) it is not

possible to draw such a conclusion.

Main Results. Our main results are summarized in the following three theorems. The
objective is denoted by p(z), ' denotes the solution at the beginning of round ¢, and x*
denotes the optimal solution.

Theorem 2.2. (Convergence for o < 1) a-FAIRPSOLVER solves (P,) approzimately for

In(nmAmax)

oc . In particular, after at most

a < 1 in time that is polynomial in
O (0472575 In? (RymnAmax) In? (aflmenAmax)) (2.3)

rounds, there exists at least one round t such that pa(z*) — pa(x!) < epa(zt). Moreover, the

total number of rounds s in which pa(z*) — pa(x®) > epa(z*) is also bounded by (2.3).

Theorem 2.3. (Convergence for a = 1) a-FAIRPSOLVER solves (P)) approximately in

time that is polynomial in e~ In(RynmAmax). In particular, after at most
0 (8_5 In? (RynmAmax) In? (e_lanmAmaX)) (2.4)

rounds, there exists at least one round t such that p(z*) — p(at) < eW. Moreover, the total

number of rounds s in which p(z*) — p(xz®) > eW s also bounded by .

Theorem 2.4. (Convergence for a > 1) a-FAIRPSOLVER solves (P,) approximately for

a > 1 in time that is polynomial in e~ In(nmAmax). In particular, after at most:
O (a46_4 In (RynmApax) In (e_lanmAmaX)) (2.5)

rounds, there exists at least one round t such that p,(z*) — pa(x!) < e(—pa(zt)). Moreover,

the total number of rounds s in which po(x*) — po(x®) > e(—pa(z®)) is also bounded by

9.
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Feasibility and Approximate Complementary Slackness. The following three lem-
mas are preliminaries for the convergence time analysis. Lemma shows that starting
from a feasible solution, the algorithm always maintains a feasible solution. Lemma [2.6
shows that any violated constraint becomes feasible within poly-logarithmic number of
rounds, and remains feasible forever after. Combined with Lemma Lemma allows
us to focus only on the rounds with feasible solutions z. Lemma shows that after a
poly-logarithmic number of rounds, approximate complementary slackness (KKT condition
) holds in an aggregate sense: .1, y;()( > iy Aijy — 1) ~ 0.

Lemma 2.5. If the algorithm starts from a feasible solution, then the algorithm maintains

a feasible solution x: x; > 0, Vj and Z?:l Aijjx; <1, Vi, in each round.

Proof. By the statement of the lemma, the solution is feasible initially. From the way that
the algorithm makes updates to the variables x;, it is always true that z; > 0, Vj.
Now assume that x becomes infeasible in some round, and let 20 denote the (feasible)

solution before that round, ! denote the (infeasible) solution after the round. We have:
n n
ZAM:L‘E <1, Vie{l,..,m}, and ZAMQU} > 1, for some k € {1,...,m}.
=1 =1

For this to be true, x must have increased over at least one coordinate j such that Ay; # 0.

For such a change to be triggered by the algorithm, it must also be true that:
m
@Y S pi(a) Ay < w; (1—7).
i=1

Since, by the choice of $; = f, this term can increase by a factor of at most 1 + /4, it

follows that:

m

(1) S yi(a) Ay < wy(1 - ) (1 + %) < wj.
=1

This further implies:
() (") Apy < wj,

and since whenever Ay; # 0 we also have Ay; > 1, we get:

(le)ayk(azl) < wj. (2.6)
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On the other hand, since 33]1 > 0j, 6;% = %, and Z?:l Aij} > 1:

(2]) Y (') > % L C - BT A=) wj,
which contradicts (2.6)). 0

Lemma 2.6. If for any i: 7%, Ajxz; > 1, then after at most 1 = O(éln(nAmaX))

rounds, it s always true that Z?:1 Ajjx; < 1.

Proof. Suppose that 2?21 Ajjx; > 1 for some i. Then y; > C, and for every z; with
Aij 75 0:

m
2% (@) Ay > 3%i(2) Ay > 6,°C = wy > wy(1— 1),
=1

and therefore, none of the variables that appear in 7 increases.

Since 2?21 Ajjx; > 1, there exists at least one x; with A;; # 0 such that z; >

i1 ATy 1
Ajn > NnAma

. For each such xj, since C' > 2wWmaxnAmax:
X

m

2 Y yi(@)Ay; > C
=1

1

> 2Wmax > wk(l + ’7)7

N Amax

and therefore, x, decreases (by a factor (1 —2)). As xx < 1, after at most O(% In(nAmax))
rounds in which » %, Aj;z; > 1, we must have zj, < ﬁ, and therefore, 7| Ajjz; < 1.
Using the same arguments as in the proof of Lemma the constraint ¢ never gets

violated again. O

Lemma 2.7. If the algorithm starts from a feasible solution, then after at most 19 =

%ln (ﬁ) rounds, it is always true that:

1. There exists at least one approximately tight constraint: max; { Z?:l Az-jxj} >1-
(1+1/K)e,

2. 350y < (143e) Y0y @5 3070 vidij, and

8 (1=3e) >t ui < 2?21 iy yiAy <D i

Proof. Suppose that max; 2?21 Ajjx; <1 —e. Then for each y; we have:

EWmin _ €Wmin

y <C-e " =C

' CmAmax B mAmax.
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Due to Lemma we have that z is feasible in every round, which implies that xz; <1 Vj.

This further gives:

m
;" Z%’Aij <wje <wj(l—7),
i=1
and, therefore, all variables z; increase by a factor 1 + 8. From Lemma since the

solution always remains feasible, none of the variables can increase to a value larger than
1. Therefore, after at most 7o = logy g (ﬁ) < %ln (ﬁ) rounds, there must exist at
least one 7 such that 3 7 | Ajjz; > 1 —e. If in any round max; ) 7_; A;;z; decreases, it
can decrease by at most [ Z?:l Ajjz; < 52?:1 Ajjz; < B < g-. Therefore, in every
subsequent round

n
1
m?X;Aijxj >1-— (1 + a)s

For the second part of the lemma, let S = {7 : Z?Zl Ajjry < MaXpeq1,. m) 27;21 Apjxj—

“5—;15} be the set of constraints that are at least “”5—_/{15—looser” than the tightest constraint.
Then for i € S we have
wS e e < T e <12 e
This further gives: .
Zyi = Zyi + Zyk < (14 1.25)Zy,~.
i=1 €S k¢S i¢s

Moreover, for each i ¢ S we have y; >, Ajjz; > (1 — 1.2¢)y;, since for i ¢ S

n

1 1 k-1
N Ajz; > max Ay - —e>1- (14 —+ "~ )e=1-12.
= ke{l,...,m} oK K K

Therefore:

m n
Sucttizs S

i¢gs  j=1

< (1 + 36) Zyi ZAZ'j:Bj (from e < 1/6)
i¢s  j=1

m n
S (1 + 36) Zyz ZAijl'j-
i=1 =1

Interchanging the order of summation in the last line, we reach the desired inequality.
The proof of the last part of the lemma follows from feasibility: Zj Ajjx; < 1, Vi
(Lemma, and from Hlﬁ >1-—3e. O
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Lemmas analogous to and also appear in [11]. However, the proofs of Lemmas
and require new ideas compared to the proofs of the corresponding lemmas in [11].
We need to be much more careful in our choice of lower thresholds d; and constant C' in
the dual variables, particularly by choosing C' as a function of several variables, rather than
as a constant. The choice of §;’s is also sensitive as smaller §;’s would make the potential
function range too large, while larger J;’s would cause more frequent decrease of “small”

variables. In either case, the convergence time would increase.

Decrease of Small Variables. The following lemma is also needed for the convergence
analysis. It shows that if some variable x; decreases by less than a multiplicative factor
(1—-p52),1e., zj < % and z; decreases, then z; must be part of at least one approximately
tight constraint. This lemma will be used later to show that in any round the increase in the
potential due to the decrease of “small” variables is dominated by the decrease of “large”
variables (i.e., the variables that decrease by a multiplicative factor (1 — f2)).

Lemma 2.8. Consider the rounds that happen after the initial 71 = O(éln(nAmax))
rounds. If in some round there is a variable x; < % that decreases, then in the same

round for some i with Az # 0 it holds that: y;(x) > Liz Auu@) g Yohey Az > 1 -5,

M Amax

Proof. Suppose that some x; < % triggers a decrease over the j™ coordinate. The first
part of the Lemma is easy to show, simply by using the argument that at least one term of
a summation must be higher than the average, i.e., there exists at least one 7 with A;; # 0

such that:

yi(x)Ai; = iz () = oy > 2l Ayy(@)

m M Amax

For the second part, as z; < %, we have that:

;% e Ayy(@)
mAmax

(1= B2)* ;Yo%) Ayui()
(Sja mAmaX

= yi(z) >

z;%yi(z) >

Since x; decreases, we have that z;* > )", y;(z)A;; > wj(1 + ), and therefore y;(x) >

%M. Moreover, as y;(x) = C - " Zk=14kox=1) and C' = <%, it follows that:
J

5 MmAmax

M Amax
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Observe that for o < 1:

(T4+9)(1=B2)* > (14+7)(1 = B2) > (1 + Z) (1 — 20(;+1)> > 1>/, (2.8)

while for o > 1, since ea < 7

o‘m

A+ =B)* = 1 +)(L—afy) = 1 +9) (1= ) 21>vE (29)

where we have used the generalized Bernoulli’s inequality for (1 — £2)® > (1 — af2) [101],
1 CmAmax -

and then 3y = 3 = m < %. Recalling that x = —In (ma>’ and combining (2.7))
5 EWmin

with (2.8) and (2.9):

-3 k1 AikTk
( EWmin > E NG

> .
CmAmax MAmax

2
Finally, as C' > 2wmaxnm Amax, it follows that omrs— < £Wmin < ( mﬁﬂ){) <1,

max meaxnm2Anxax2

which gives:

1‘22:114%331@ 1 & 3
B <2©;Aikxk>l—2.

Potential. We use the following potential function to analyze the convergence time:

B(r) = pale) ~ =Y wila)
=1

where p,(z) = Z;”:l wj fo(x;) and fq is defined by (1.1)). The potential function is strictly

concave and its partial derivative with respect to any variable x; is:

- Zyz = 2 (12 HEEBEA) )
.7

Ox;j wj

The following fact (given in a similar form in |11]), which follows directly from the Taylor
series representation of concave functions, will be useful for the potential increase analysis:
Fact 2.9. For a differentiable concave function f : R™ — R and any two points 2°, z' € R™:

Of () 0
; dx; (mJ )>f( >Z 855] a;j—xj)

Using Fact and (2.10), we show the following lemma:
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Lemma 2.10. Starting with a feasible solution and throughout the course of the algorithm,

the potential function ®(x) never decreases. Letting x° and z' denote the values of x before

and after a round update, respectively, the potential function increase is lower-bounded as:
2l

B - 2 > 3, @ S|y - S )
j=1

wj

Proof. Since ® is concave, using Fact and (2.10) it follows that:

L@ —ay <1 (@)X yi(wl)Aij>

(2.11)
w;

If x; = x?, then the term in the summation l) corresponding to the change in z; is

equal to zero, and x; has no contribution to the sum in (2.11J).

. . ‘,EO « m 7 Az
If x}—x? > 0, then, as x; increases over the observed round, it must be (z;) Z’wl_y )4 <
J

(z))* Xy wi(z") Ay < (1+ %) (@?)a Zﬁlyz‘(ro)Am‘),

wy wj

1 — ~. By the choice of the parameters,

and therefore

(3731)a >t yi(xl)Aij ¥ 3 72 3
— < - - - - - — Y. .
< (1 n 4) -y =1-7-1-<1-37 (2.12)

(z)* 37 yi(a) Ay

It follows that 1 — > %7 > 0, and therefore

()" St i) Ay |

Wy

xl— a9 (1 @heen, yi(xl)Aij> Y |z} — 29| .
-

()"

Wy

( 0)a Zzn 1 yz(x )A

wj

Y>> 14 ~. By the choice of the

Finally, if l‘jl — 1‘9 < 0, then it must be

o m (1 . 0y 4 .
parameters, ({E]) Zizljyz(x )Az] Z (1 o %) ((x]) le)ljyz( )Az]>7 lmp]ylng
(l"jl')a it izt Ay v 3 72 1
= > 1—f>1 1+ 0y =L s 142 2.13
w; _( 1) At =1+77— - >1+57 (2.13)
Iy m (Al ..
We get that 1 — (z;) Z"z}jyl(x Ay — 27 < 0, and therefore
w@“} -z - () 3y yi(z) A\ " |z} — 2] L () 2ot vi(xh) Ay
SCHE wj T () wj 7

completing the proof. O
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2.4.1 Proof of Theorem [2.2]

The outline of the proof is as follows. We first derive a lower bound on the potential
increase (Lemma , which will motivate the definition of a stationary round. Then, for
the appropriate definition of a stationary round we will first show that in any stationary
round, solution is O(e)—approximate. Then, to complete the proof, we will show in any
non-stationary round there is a sufficiently large increase in the potential function, which,
combined with the bounds on the potential value will yield the result.

The following lemma lower-bounds the increase in the potential function in any round
of the algorithm.
Lemma 2.11. If a < 1 and ®(2°), 2°, y(2°) and ®(z), 2, y(x!) denote the values of ®,
z, and y before and after a round, respectively, and S~ = {j : x; decreases}, then if 2° is
feasible:

(@)

1. ®(z') — ®(2%) > QB*y/In(1/0min)) X jes- Wi——a—;

2 (at) = @) = B) (1 -7) iy wi@))'~ = S0 (o) Ky Aya)

2

5. ®(ah) = 9(2°) = Qg ) (S0 w(e®) )y Aigal = (1+7) Sy i ()12

Proof.
Proof of 1. Observe that for j € 57, ZL‘Jl = max{d;, (1 — BQ)ZL‘?}. From the proof of Lemma

we have that:

o(z') - 2(2”) = ) w

JjeES™

29— ) (@:})a S vl Ay 1)
: .

J
(xj)a wy
The proof that

I )

W,
jes— J

_ @< Z wj(x?)lfa (@jl)a Dty yilxh) Ay _ 1) >
wj

. 8
{]ES*:rgzﬁ}

is implied by the proof of part 3 of this lemma (see below). For each j € S™, we have that:

(W})a 2ty yile) Ay 1> >(1+7)(1—7/4) —1>/2,

Wj
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Therefore:

20
P(zt) — @(2°) > Q) Z wj(l_ﬁ;m
J

JeS™

:Q<J?%)§:W@$1?

JjeES™

Proof of 2. Let ST denote the set of j’s such that z; increases in the current round. Then,
)* 2oty yi(a®)A

w

) @) T (a9 Ay

0 ..
recalling that for j € ST i “ <1 -+ and that from the choice of parameters

()" B2 DA 4 g
w; = w;
n zl — 20 (Do Sy (2 Ay
(I)(g;l) _ CID(LL’O) > ij]faj (1 o\ i=1 7
j=1 (.’L’j) Wj
3w (1 R
jes+ () wj
zl — 20 (wo)a Z:’; yi(QUO)AZ"
> 3w (1 A
jes+ J j
xt — 20 (3;0)& Z;?; yi(aso)Ai~
ZijW<(1_7)_ J wl i)
jeST J i

Since j € ST, ZL‘Jl =(1+ ﬂ)m?, it follows that

B W (D> 3o vi(2?) Ay

wj

(20)° T, yi(a®)
wj

Ay
Observing that for any z; ¢ ST we have that (1 —~v) — 2 <0, we get:

B Z o (95?)& S yi(@0) Ay
O(z') — o(a°) > a+p)° 2 w;(z)! ((1 —7) = wlj )
=QB) | (1= D wi(a)' =" al > @) Ay
=1 =1 =1

Proof of 3. Let S~ denote the set of j’s such that x; decreases in the current round.
In this case not all the z;’s with j € S~ decrease by a multiplicative factor (1 — 32),
since for j € S7: le = max{(l — ﬂg)x?,dj}. We will first lower-bound the potential
increase over x;’s that decrease multiplicatively: {j : j € ST A m?-(l — B2) > 4}, so that
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(29)° Y lym )A (@))* Y7, yilah) Ay

:cjl Q(l—ﬁg). Recall that for j € S™: 2> 1+7 and o

0)‘* Zm 1 yz( )Ai

>

20 m (20 ..
(1 ’}’/41n 1/5mm))( ) le,ljyl( Ji > (1 7/4) . It follows that:
p o (@) i) Ay
(') — o(2Y) > a *25 = Z w;(9)* J wl |
2 jesnal(1-8)>4,) .

> 8, > wj(ad)' ((1 —/4)

{j:€5~ Aal(1-B2) 26;)

:L'O « m 4 l‘o 37
— Q(,BQ) Z ’wj(fb'?)l_a <( j) Zz:lly( )AJ - (1 +7)> '

{5:7€5= A9 (1-B2)>65}

(2.14)

Next, we prove that the potential increase due to decrease of z; such that {j : j € S */\x?(l—

B2) < 0} is dominated by the potential increase due to zj’s that decrease multiplicatively
by the factor (1 — 52).

Choose any zj such that {j : j € S*/\xg(l—ﬁg) < §;}, and let &;(2°

) = (D> 30 Arjyi(2°)

wj

From Lemma there exists at least one ¢ with A;; # 0, such that:

wi(2))® S (@) Ay 1 wi(1—py)" 1— 5 w;
= 5 ' —L&;(2), (215
= w](‘rg)a mAmax > mAmaX 5ja 53 (:E ) - mArnax 5ja§7 (:U ) ( )
> At > 1= 3. (2.16)
From ([2.16f), there exists at least one p such that A;, # 0 and
1—¢
0 2
Aipty > — = (2.17)
Since z9 € (0,1] and a € (0,1), using (2.17), we have that Ag(29)* > Agpad > ?

Recalling ([2.15)):

ZAlpyz ) > (29)* Aipyi(2°)

> 1—% 1—52 wy
~ n MAmax 0;%

& (2°).

wj o __

Recalling that 5 = C > 2Wmaxn?MAmax, it further follows that:

Z Apyi(x (1 - 5) (1—B2) -1 Wnax - gj(wo)- (2.18)
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Because ¢ < % and B < B = 5(511) = 20(:+1) < 55, it follows that 2 (1 — %) (1—737) > 1.
Therefore:
() 20y At (2°) _ (a)* 2% Apyi(a”) on @) 30 Ayyi(a®)
> >n-Ei(z)=n- .
wy Wax wj
(2.19)

.« ) Wwj i p— imi
As o < 1, we have that §;* > ¢;, and R C. Similar to 1} we can

lower-bound y; as:

L= wy G545 1-F w255 u(@)Ay (2.20)

; >
yl(w) ~ mAmax (Sj wj mAmax 5ja wj

£

Then, recalling Aipxg > 1_75, and using ([2.20]), it is simple to show that:

xSZyl(mO)Alp >n- m?ZAljyl(xO). (2.21)
1 =1

As &(2%) > (1+7) and 2 > lfpﬁ27 it immediately follows from (2.19) that z, decreases by

a factor (1 — f32).
In the rest of the proof we show that (2.19)) and (2.21) imply that the increase in the

potential due to the decrease of variable x, dominates the increase in the potential due to
the decrease of variable x; by at least a factor n. This result then further implies that the
increase in the potential due to the decrease of variable x, dominates the increase in the
potential due to the decrease of all small xj’s that appear in the constraint i (z’s are such

0\«
that Ay # 0, o < ;2% and G 2@k 5 g 4 oy

Consider the following two cases: wp(mg)l_o‘ > (wjm?)l_o‘ and wp(xg)l_o‘ < (wjm?)l_o‘.

Case 1: wy(a9)'* > (wﬂ?)l_o‘. Then, using (2.19):

wp(xg)l—a ((xg)a Zln;l Alpyl('xo) . (1 +’}’)>
> (wj$?)1_a ((552)& Z;r:;pAlpyl(xo) . (1 +’7)>
> (wj$?)1_a (n . (x?)a Z%}Aljyl(xo) _ (1 +’7)>
J

> - (wj2d) = ((w?)a Yy Ay (@) 1+ 7)> ' (2.22)

wj
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Case 2: wy(x))' ™ < (w;zh)'~*. Then, using (2.21):
0\ N\ 0
o [ @) 2L Apyi(a
wp(xg)l a (( p) l=1-"p ( )_(1+,Y)>

=) Z A (2°) — (1 + y)wp(x9) =

> 29> Apu(a?) — (1 + 7))~
=1

m
>n-af Yy Ayy(a®) = (1+y)w;(af) =
=1

> - (wal) 0 ((g;g)a Xita Ayyn(e?) 1+ 7)> . (2.23)

Wj

Combining (2.22)) and ( with (| -, it follows that:
29> yi(xY) Ay
B(eh) - B(a) 2 ) I wylad)' (( B +v)> .

W
jes- J

20) m ixO i
Finally, since for j ¢ S~: (( DTz ) Ay (1 —i—’y)) < 0:

wj

Wj

n .’L’O @ m i CCO ij
<I>(:1:1) _ (I)(x()) > 9(52) ij(gcg)l—a <( ]) Zzzl Y ( )A _ (1 —}-fy))
j=1

Q(ln 1/5mm) Z Zy w—(1+7);wj(w?)1‘“ ,

completing the proof. O

Parts 2 and 3 of Lemma [11] appear in a somewhat similar form in [11]. However, part
3 requires significant additional results for bounding the potential change due to decrease
of small z;’s (i.e., z;’s that are smaller than ; ) that were not needed in [11]. The rest of
the results in this thesis are new.

Consider the following definition of a stationary round:
Definition 2.12. (Stationary round.) Let S~ = {j : x; decreases}. A round is stationary
if it happens after the initial o + 71 rounds, where Ty = %ln(ﬁ) and T = 61—2 In(nAmax),

and both of the following two conditions hold:

1— n 1-
103 jes-wimy <y Yl wizy , and
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2. 30 a3 i) Ay < (1+57/4) S0y wya .

In the rest of the proof, we first show that in any stationary round, we have an
O(e)—approximate solution, while in any non-stationary round, the potential function in-
creases substantially.

We first prove the following lemma, which we will then be used in bounding the duality
gap.

Lemma 2.13. After the initial 1o+711 rounds, where 7o = %ln(g L

E) and T = /Bizln(nAmaX),

in each round of the algorithm: &;(x) = % >1-— %, V.

Proof. Suppose without loss of generality that the algorithm starts with a feasible solution.
This assumption is w.l.o.g. because, from Lemma [2.6] after at most 7 rounds the algorithm
reaches a feasible solution, and from Lemma once the algorithm reaches a feasible
solution, it always maintains a feasible solution.

Choose any j. Using the same argument as in the proof of Lemma after at most
%111(5%) < 719 rounds, there exists at least one round in which §;(z) > 1 — + (otherwise
xj > 1, which is a contradiction).

Observe that in any round for which &;(z) < 1—7, z; increases by a factor 1+3; = 144.
Therefore, the maximum number of consecutive rounds in which §;(z) < 1 — v is at most
%ln(d%) < 79, otherwise z; would increase to a value larger than 1, making z infeasible,

which is a contradiction due to Lemma The maximum amount by which &;(z) can

1

decrease in any round is bounded by a factor 1 — 7 - m =1-7- P

. Therefore, using

the generalized Bernoulli’s inequality, it follows that in any round:

G@z-7)-(1-7 )" 20-9-(1-)>1- 7.

A simple corollary of Lemma [2.13]is that:

Corollary 2.14. After the initial To+71 Tounds, where 19 = %ln(i) and T = 5% In(nAmax

6min

in each round of the algorithm: > . x; >, yi(x)Aij > (1- ‘%) > wjz; e

Proof. From Lemma/|2.13| after the initial 7947 rounds, it always holds §;(z) = 0

1- %, Vj. Multiplying both sides of the inequality by wja:jlfa, V7 and summing over j,

x> yi(w) Ayj >
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the result follows. O

Recall that pa(x) = >, w;fa(z;) denotes the primal objective. The following lemma
states that any stationary round holds an (1 + 6¢)-approximate solution.
Lemma 2.15. In any stationary round: p(z*) < (1 + 6¢)p(x), where z* is the optimal
solution to (Py).

Proof. Since, by definition, a stationary round can only happen after the initial 79 + 7|
rounds, we have that x in that round is feasible, and also from Lemma Yoy <
(1+3¢) X252 32 yi(w)Ayj. Therefore, recalling Eq. for the duality gap and denoting
&i(z) = 2% 2 yi(@) Aij Zii(x)Aij, we have that:

l—«

p(z") —p(r) < Gz, y(z)) = ij?j_ o <§j1°‘ - 1) + Zyz ijlefac‘;%”‘
' J
fz ]1—04 <a ‘1aa—1>—|—Zyi(g;)
< ij 1j_ - <a£j1aa — 1) +(1 +35)Z%Zyi($)z‘1@
7 J i

(2.24)

From Lemma [2.13] {; > 1 — 2!, V5. Partition the indices of all the variables as follows:

. 5’y oY . 5y
S1={J:€j€< 41-1-4)}7 522{31§j>1+4}'

Then, using :
p(x*) —p(z) < Gi(z) + Ga(z),

where:
‘,L,l—Oé _l-a
=Yg (o6 1) £ 0439 3o Suw
JES1 JES1
and
xlfa 1—a
o) = 3wy (067 ~1) 41439 Ty S ue
JES2 JES2

The rest of the proof follows by upper-bounding G1(x) and Ga(x).
Bounding G (z). Observing that Vj: z; Y, 4i(2) Aij = wjz;17%¢;, we can write G1(z) as:

ZC e 1—a
Gi(x) = Z Wi <a§ * + (143e)(1 — )& — 1> (2.25)

JjESL
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_l-a

Denote r(§;) = af; © + (14 3¢)(1 —a)§; — 1. It is simple to verify that r(;) is a

convex function. Since &; € (1 - %, 1+ %’), Vj € Sy, it follows that r(£;) < max{r(l —

5v/4),7(1+ 5v/4)}. Now:

(1 — 5vy/4) = a<1 - ?)1“& +(1 —a)(1+35)<1 - %) 1

< a<1 - %)77 F(1—a)(l+3) - 1.

If =2 < 1 then as (1 — 5v/4)~! < (1 + 2v), it follows that (1 — 5v/4) o <142y

Therefore:

r(l1=5y/4) <a(l+2y)+(1—-a)(1+3¢) -1

:2fya+3~(1—a)6:ag+3-(l—a)a
)
= 3¢ (1—6a>. (2.26)

If 1?70‘ > 1, then (using generalized Bernoulli’s inequality and ¢ < $%-):

r(1 — 5y/4) <QW+(1—Q)(1+35) 1
gaM+(1—a)(1+35)—1
§a<1+%7- 1;0‘)+(1—a)(1+3s)—1
< (1—04)(%—#36)
< 4e(1—a). (2.27)

On the other hand:

r(1+5’y):a(1+51)_1aa+(1—a)(1+3£)<1+51) 1
<a+t(1—a)l+4e)—1

= 4c(1 - ). (2.28)

Combining (2.26)—(2.28)) with (2.25):

—Q

1
T
Gi(z) < 4e - Z wj 1]_
JjEST

(2.29)

o .
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Bounding G>(z). Because the round is stationary and Sa C S, we have that: ZjESQ w;x;t

72?:1 w;z;'~%. Using the second part of the stationary round definition and that (from
Lemma [2.13) djesy Tj 2y Yi(@)Aij > (L= 57/4) 3 cs, w;z; 7, we have:

m m

dwd wi(@) Ay =) ar > yi@)Ag — Y x Zyl ) A

JES2 =1 k=1 =1 1¢S5 =1

< (L+57/4) > wpry ™ — (1= 57/4) > wiay' ™

k=1 1¢S5

)
< (1+5v/4) Z wijz;' T + g Z wyz

j€S2 lgéSQ

(1 +5v/4) Zwkl’kl O‘+*Zwk$k e

k=1

< 4'yzwkxk1_a = €Zwk$kl_°‘. (2.30)
k=1 k=1

Above, first inequality follows from > 3tk iy yi(2) A < (1 4 57/4) > jprq wpzr ™
(part 2 of the stationary round definition) and Corollary . Second inequality follows by
breaking the left summation into two summations: those with j € Sy and those with [ ¢ Ss.
The third inequality follows from Ss C S and part 1 of the stationary round definition.

11—«

Observe that as { > 1 + 5y/4 > 1, we have that 5;7 < 1. Using ([2.30)), it follows

that:

11—« 1—a
Gg(x)zzwj‘?_a <a5; ° > (1+32) D> ;> wil)

jESQ ]652 7
(a—1) ijl (1+3¢) Zx]Zyz
JESs ]652
<(a—1) Z wj @
JES2 k 1
< — 1 -« wW;
- Z J 1
JES2

3 n —
< 55(1 —a) Zwkalck_
k=1
n 1-«
Ty
2
< 8;11% -

(2.31)

—a <
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Finally, combining (2.29) and (2.31)):

11—«
L

p(z*) — p(x) < (46 + 28) Z wj

JES1

11—«
= Gep(x).
]

Proof of Theorem [2.2} From Lemma[2.15| in any stationary round: p(z*) < p(x)(1+46¢).

Therefore, to prove the theorem, it suffices to show that there are at most
1 A
O ——1n? (RymnAmax) In? wa
a?ed 5

non-stationary rounds in total, where R, = Wpax/Wmin, because we can always run the
algorithm for ¢’ = ¢/6 to get an e—approximation, and this would only affect the constant
in the convergence time.

To bound the number of non-stationary rounds, we will show that the potential increases
by a “large enough” multiplicative value in all the non-stationary rounds in which the
potential is not too “small”. For the non-stationary rounds in which the value of the
potential is “small”, we show that the potential increases by a large enough value so that
there can be only few such rounds.

In the rest of the proof, we assume that the initial 7y + 7 rounds have passed, so that x
is feasible, and the statement of Lemma holds. This does not affect the overall bound

on the convergence time, as

0+ T1 = lln ( L ) + i In(nAmaz) = O (;QIH(”Amax) ln( 1 ))

Omin 65 Omin

1 9 mnAmax

=0 ? IH(NAmaX) In Rwi In (menAmaX) ' (232)
(87

To bound the minimum and the maximum values of the potential ®, we will bound
-« 11—«
> wj “— and 1 37, yi(z). Recall that ®(z) = > wyH— — L3 yi().
1 1

Since §; = <#)a > (%> “, x is always feasible, and z; < 1, Vj,

27~Umaxn2m~4max 2wmaxn2mAmax

we have that:

1—

W Wi Ta x,l—a w
. min < . ] < 2
< ) < ;wj oS (2:33)

1—a \2wpnaxn?mAmax Y
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and

0< %Zyi(:c) < cm. (2.34)

Thus, we have:

1
>——-m-C
K
> —O(m2n2Amaxwmax), (2.35)
and
- 1 W
(Pmax < j = . 2.
jz; Wi l—«o 11—« (2.36)

Recall from Lemma that the potential never decreases. We consider the following
three cases for the value of the potential:

Case 1: &5, < & < —@(M). Since in this case ® < 0, we have that ), yi(z) >
K wj x{;a From Lemma > T2 Yi(w) Ay > (1= 3e) 35 w;%— thus implying:

Z,Z]Zyz(qj)Aw > 1 ;36 Zw]l’]__
2 J

as Kk > % and ¢ < %. Combining Part 3 of Lemma and 1} the potential increases

(2.37)

by at least:

QQMMM>Z%Z% i = QMMM>Z% @Jim”y@m>

=Q </~s1r1(¥/26mm)> (—®(x)).

Since the potential never decreases, there can be at most

0 </€1H(1/25min) In < —®nin >) -0 <11 In2 (RynmAmax) In (me>>
v a e’

Wmin /Amax €

Case 1 rounds.

l—«
Case 2: —O(%) <P < O(% . (%)T> From Lemma there exists

2Wmaxn?MAmax

at least one ¢ such that Zj Ajjz; > 1 —(141/k)e. Since A;j < Amax Vi, j, it is also true

that Zj xj > %, and as lefo‘ > z; and kK > %, it follows that Z]- wjmjlfo‘ >

max
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l—a
min 1 @ w min Ta
(1—¢e(1+¢)) (w—a) From (2.33]), we also have Z w;H— = 2 12a " (mnmiilm) :
Therefore:
Wi max — . . )
- M—a ~ 1l—a Apax 1—a \2Wmaxn?mAmax
(2.38)

1-a
Ifq)g&)-max{(l—s(1+5))11a.zmin’ ﬂ( Wipin ) « },then

2WmaxN?MAmax
E yi(z) > /‘0 5:%%

1—a
9 1 min w min KR
Zﬁ-max{(1—5(1+5)) w , < v > }

10 l—aApax 1 —a \ 2Wmaxn?mAmax

From Lemma [2.7]
Zyz ZA@jx] 1 - 35 Zyz
7

l—a
9 1 min w min S
2(1—35)10/@-max{(1—5(1+5)) Y ,1_a-< e ) }

1—a Apnax 2wmaxn2mAmax

From the third part of Lemma the potential increases additively by at least

0 ﬁ2"€ max 1 Wmin w Wmin 1?76!
In(1/6min) 1l—a Apax 1 —a \2Wmaxn?mAmax ’

j e
and, therefore, ® = ) (% . (mm:;{“%)T) after at most
In(1/0min 11 Amax
o) (W) —0 <3ln (RunmAmax) In <anma)>
~y ae €
rounds.
1—a
Case 3: Q(%-(mﬂaﬁ;ﬂ%)a)<®< . In this case, ® = O(ijla> If

the round is stationary, then from Lemma [2.15] p(z*) < (1 + 6¢)p(x). If the round is not
stationary, then from Definition either:

1— n 1—
LY e Wiy ¢ > 723‘:1 wjx; ¢, or

5 —
2. Sy S i) Ay > (14 ) S wyayt e
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If the former is true, then using the first part of Lemma the potential increases by at
least 2 (m) Z 'LU]SU] =0 (m) (1 — Oé)(b If the latter is true from the

—Q

third part of Lemma [2.11] the potential increases by at least 2 ( 1/5 ) Z w]wj =

Q (%) - (1 — a)®. It follows that there are at most

ln(l/(smin
w
1 111(1/5min) 1—a
) . 5 In —
1 — ,8 'y W . ( Wmin )T
1—a 2WmaxN2MAmax

=0 <151 In? (Ry - mnAmax) In? <Rw . mn?““))

non-stationary Case 3 rounds.
Combining the three cases with the bound on 79+ 71 (2.32)), the total convergence time

is at most:

0 (1 In2 (RymnApmay) In2 (Rw : m”Am"))

a?ed €

rounds, as claimed. ]

2.4.2 Proof of Theorem [2.3

The proof outline for the convergence of a-FAIRPSOLVER in the a = 1 case is as follows.
First, we show that in any round it cannot be the case that only “small” z;’s (i.e., z;’s

that are smaller than

15_jﬁ) decrease. In fact, we show that the increase in the potential due
to updates of “small” variables is dominated by the increase in the potential due to those
variables that decrease multiplicatively by a factor (1 — 82) = (1 — ) (Lemmas and
. We then define a stationary round and show that: (i) in any non-stationary round
the potential increases significantly, and (ii) in any stationary round, the solution z at the
beginning of the round provides an additive 5We—approximation.

Lemma 2.16. Starting with a feasible solution, in any round of the algorithm:

1. Z{kES_ixkz%} T 221 y’L(I)A’Lk Z % Z]ES* CC] ZZZ1 yZ(x)Al]

oE ity Y@ A S 1 D xj > e yi(x) Ay
Wi = 2 j :

JES— wj

2. Z{kES—:mkzli—kﬁ}
Proof. Fix any round, and let 2%, y(2°) and z',y(2!) denote the values of x,y at the begin-

ning and at the end of the round, respectively. If for all j € S™ :co > 13, there is nothing
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to prove. Suppose that there exists some :c? < la_jﬁ that decreases. Then from Lemma [2.8

there exists at least one i € {1,...,m} such that A;; # 0, and:

° > Aikxg >1-5,and

m 0YAy; o1 X ) Ay
o yilw) > HEEEIA > (1 g o SR

mAmax

15

Since Y ;4 Aikmg > 1 — §, there exists at least one p such that Aipwg >

that C' = 1:;—; > 2Wmax M Amax:

€ 0§ m 0
O\ A. 4 (0 (1=8) 1=5 2 m yi(”) Ay
($p)A1pyl(l‘ )>C A o w,

(1-8) 1-35 2950 uE)Ay

n

2
> 2WmaxM M Amax -
MAmax n w

) 55(3) Zﬁ1 yl(xo)Alj
w;

> 2nWmax(1 — B) <1 - %)

2 >0 yi(a®) Ay
U)j ’

Z NWmax

A .
Y > 1+ ~. Using (2.39):

) 3% yi(a®)
w;

Since x; decreases, it must be

> 147,

zp i Y@ A () Aipyi(a®) na:? SOy yi(a0) Ay

Wy - Wmax - W

and, therefore, x,, decreases as well. Moreover, since (2.39) implies

m m
w
B3 ueaz Y A e,
=1 =1

. ]
{jGS_:xj<ﬁ/\Ai]’7ﬁ0}

m

> > 29y (=) Ay,

. 9j =1
{jes— Zaﬁj<ﬁ/\Ai]'7£0}

the proof of the first part of the lemma follows.
The second part follows from (2.39)) as well, since:
332 > yl(xO)Alp > ($2)Aipyi(x0)
Wp o Wmax

0xm 0

iy xV) Ay

> ]Zl_lyl( ) lJ7
wj

Recalling

(2.39)
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which, given that x; was chosen arbitrarily, implies:

1’2 PRy yl(xO)Alp Z 332 PRy yl(fo)Alj
wp = Wy, '
(S~ wp< 125 3 N A #0}
O
Lemma 2.17. Let 2%, y(2°) and 2!, y(z') denote the values of x,y at the beginning and at
the end of any fized round, respectively. If z° is feasible, then the potential increase in the

round is at least:
1. ®(zh) — B(20) > Q(BY) Y eq wjs
2. ®(a) = 0(x%) = Q) (1= DW = Sy 20 X i) Ay )
5. ®(a!) — B(a") > Q(B) (Do 20 Sy (2 Ay — (1+7)W).

Proof.
Proof of [It Recall that:

L xr Y (et A,
B(2) — P(20) > J J( R J)
@) -2 2 Y w »
7=1 J
rh— a2 STy (a) Ay
> Z wj—— J(l J =izl J)
jes+ J Wi

i 0 m .0 B

Let &(a!) = 22 o g0y - B EL DA,
If j € ST, then :L"j =(1 +ﬁ):vj and &;(2°) < 1—~. Since from the choice of parameters ¢;
increases by at most a factor of 1++/4, it follows that: &(z1) < (1—7)(1+~/4) <1— 24,

which gives 1 — &;(z1) > %’y. Therefore:

Ba!) ~ () 2 4o

v j{: Wy

jest

Hk\oo

Proof of |2t The proof is equivalent to the proof of the second part of Lemma and is

omitted.
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05 ™ 4 (20) Ay
Proof of Using that for j € S~ we have that 7y Rz vil@ ) Ay > 1+~ and :v]l =

wj

max{(1 — ﬁ)x?, d;}, we can lower bound the increase in the potential as:

S

CORLCEN Z wﬁ"l’?(l_w}Z?llyxwl)Aij)

wj

wj(”cal' ity v Ay 1)

wj

|
—
I |
™
M -

. 5
{]ES—:x?Zﬁ}

0
Zl_ﬁﬁ > § wj<(1—7/4) R 15;( s —1>
{jes—uaf>25}
x(] 7 Azj
21_560—7/4) > wj( = 111?2( ) - (1 +7)>- (2.40)

{jesS—: z0> 5}

Now consider k € S~ such that :cg < 16_—’“6. From the proof of Lemma for each such xy,

there exists a constraint 7 and a variable z, > f_—p With pEST such that Ai # 0, Ajpo,
0

Wk

then

[L‘O SUO €T €T
w,,( p 2 yi(z”) A _(1+7)) Zwk(n' QZZ?JZ( O)Akp —(l—i—’y))

Wyp Wi

203 ui(2) Ay
wy

ZTL'wk;(

-1+ 7))-
On the other hand, if wy > w,, then:

Wy <$U2 Zl yl(xo)

Wp

(1+7) OZyz )Aip — (1 +7)wp)

>n- kayl Akp 1+’y)wk

xk Yoyl )Akp
Wi

ZWU%(

7(1+7)).

It follows from ([2.40|) that:

- 293" i 20 Ajj
(I)(xl) —@(xo) > 1_551 2’}’/4 Z wj( J Zz_lu?j‘( ) J (14_7)).
jES— J
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Finally, since for j ¢ S~ we have that A <1+

1'(]) Z:il yi(zo) i j
wj

Oz — d(2%) >

J

n a0 g (20) Ay
B 1—7/4Zw(JZZ_1y( )A]_(l_{_/y))

—1-p 2 = wj
= Q(ﬁ)(Zaz?Zyi(xo)Aij —(1+7) ij>.
j=1 =1 j=1

Consider the following definition of a stationary round:
Definition 2.18. A round is stationary if it happens after the initial 79 + 7 rounds, where

T = %ln(l/émin), T = %ln(nAmax) and if both of the following conditions hold:
° Ejes+ w; < W/To;
o (1—2y)W <370 2 200 y@) Ay < (1+27)W.

We first show that in any non-stationary round there is a sufficient progress towards the
e—approximate solution.

Lemma 2.19. In any non-stationary round the potential function increases by at least

Q(By - W/).

Proof. A round is non-stationary if either of the two conditions from Definition does
not hold. If the first condition does not hold, then from the first part of Lemma the
potential increases by Q(8v-W/y). If the second condition does not hold, then from either
the second or the third part of Lemma the potential increases by at least Q(SyW) >
Q(By - W/). u

Before proving that in every non-stationary round, the solution is O(g)—approximate,

we will need the following intermediary lemma.

5mln

Lemma 2.20. Starting with a feasible solution and after at most 19 = %ln( L ) rounds,

in any round of the algorithm:

min ¥ >oimy yilx) Ay >

1 —~)m.
! w0, (1-7)
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Proof. First, we claim that after the algorithm reaches a feasible solution it takes at most

T 3 1?J/z(95)Am > 1_7

Suppose not, and pick any agent k for which in each of the 7y + 1 rounds following the first

70 + 1 additional rounds for each agent j to reach a round in which

round that holds a feasible solution: x’“zzilw <1

— . Then xj increases in each of
the rounds and after + 1n( ) < 190 rounds we have xp, > 1. Therefore, after at most 79 + 1

rounds the solution becomes infeasible, which is a contradiction (due to Lemma [2.5)).
T 2in yi(@)Aij

Now choose any z; and observe §; = w; over the rounds that happen after
the first 79 + 1 rounds. The maximum number of consecutive rounds for which §; <1 —
is 7 = %ln(%) < 79, otherwise we would have z; > 1, a contradiction. Since in any
round, due to the choice of the algorithm parameters, §; decreases by at most a factor of
1 — v/4, the minimum value that &; can take is at least (1 —~)(1 —~/4)%/2 > (1 — )™,

thus completing the proof. ]

Now we are ready to prove that a solution in a stationary round is O(g)—approximate.
Lemma 2.21. In any stationary round: pi(x*) — p1(z) < 5eW, where x* is the optimal

solution.

Proof. Since, due to Definition 2.18] a stationary round can only happen after the initial
7o + 71 rounds, we have that in any stationary round the solution is feasible (Lemmas
and [2.6)) and approximate complementary slackness (Lemma [2.7]) holds.

Recall the expression for the duality gap:
n m m
- g w; In (x] 2:1' Yi U) + g Yi —
j=1 wj i=1

From the second part of Lemma [2.7}

n m

Zyl = 1 + 35 Z:E] ZyZAZ_]
j=1 i=1

Therefore:

,LA,L n m
G(acy ijlII(:E]ZZQIJI?J])+(1+3€)Z$jzylz4w—
j=1 J j=1 =1

Since the round is stationary, we have that 2?21 z; Yy yidi; < (14 2y)W, which gives:

Gi(z,y) Zw] In (W> + 4eW. (2.41)

w
Jj=1 J
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Let & = 3%2%7;%‘4” The remaining part of the proof is to bound — 2?21 w;In(g;) <
_ijjd w;In(&;). For & € (1 —,1), we have that —w;In(§;) < yw;. To bound the
remaining terms, we will use Lemma [2.20] and the bound of the sum of the weights w; for

which &; € ST (that is, £ <1 —~). It follows that:

N wimE) < - Y wpln(&) — Y win(g)
j=1

k:&re(1—,1) lest

<75 Z wg — In ((1 — 'y)TO> . Z w;  (from Lemma 2.20))

ki€pe(1—v,1) les+

w
S’)’W‘FTO”Y‘?O

=27W

- %W (2.42)

Combining (2.41) and (2.42), and recalling that p;(z*) — pi(z) < Gi(z,y(z)), the result
follows. H

Proof of Theorem [2.3l Consider the values of the potential in the rounds following the
initial 79 + 71 rounds, where 75 = %ln(l /Omin), T1 = %ln(nAmaX) (so that the solution z is

feasible in each round and the approximate complementary slackness holds). Observe that

In2 (nmAmax Ry ) In2 ( % Ry ) )
€5 :

To+ 71 = 0(
We start by bounding the minimum and the maximum values that the potential can
take. Recall (from Lemma that the potential never decreases.
Due to Lemma xj € [05,1], Vj, and therefore we can bound the two summations in

the potential as:

Wmin

Z w; In(z;) > Z w; In(d;) = —O(W ‘In (wmax nmAmaX>), (2.43)

> wiln(a;) <Y w;ln(1) <0, (2.44)

1
Tk Z.%(:L’) > _mTC’ > —mC = —O(wmaxn2m2Amax), (2.45)
and
1 mC
L N T er <. 2.4
2V () < e < 0 (2.46)

%
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From (2.43)) and ({2.45):

DPrin > _O(wmaanmZAmax)- (247)

On the other hand, from (2.44) and (2.46):

Pax < 0. (2.48)

Consider the following two cases:
Case 1: %ZZ yi(z) > W -1In (e . %nmzﬁlma}(). Then %Zl yi(x) < =®(x) < %ZZ yi(x)
and £ 3~ y;(z) > W. From the third part of Lemma we have that >, 2; 3, vi(2) Aij >
(1 =3¢)>,yi(x) > 2W. Thus using the Part |2 of Lemma we get that the potential

increases by

) - 3wy > ui@) Ay =@ (5 - Zyi<x>> = Q(Br) - (~0()).

J

Finally, since Sx = ©(7), there can be at most O (% In (M%%)) Case 1 rounds.
Case 2: %Zl yi(r) < W -1In (e . ﬁnm/lmax). Then —2W - In (e . %nmAmaQ <

w

¢(z) < 0. From Lemma if a round is stationary, then p(z*) — p(z) < 5eW. If a
round is non-stationary, from Lemma the potential increases (additively) by at least

Q(Bv - W/ty). Therefore, the maximum number of non-stationary rounds is at most:

w 1n(77/'77114maxwmax/'LUmin) > < 1 2 >
0] =0 | —5— - In* (RynmAmax
( ByYW /1o B2 ( )

_0 (ln2 (RynmAmax) In? (anngmax)>
gd )

Combining the results for the Case 1 and Case 2, the theorem follows by invoking a-

FAIRPSOLVER for the approximation parameter ¢’ = ¢/5. O

2.4.3 Proof of Theorem [2.4]

The outline of the proof of Theorem is as follows. First, we show that in any round of
the algorithm the variables that decrease by a multiplicative factor (1 — 82) dominate the
potential increase due to all the variables that decrease (Lemma [2.22)). This result is then

used in Lemma to show the appropriate lower bound on the potential increase. Observe
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that for o > 1 the objective function p,(x), and, consequently, the potential function ®(x)
is negative for any feasible . To yield a poly-logarithmic convergence time in R,,, m,n, and
Amax, the idea is to show that the negative potential —®(z) decreases by some multiplicative
factor whenever z is not a “good” approximation to x* — the optimal solution to (P,). This
idea, combined with the fact that the potential never decreases (and therefore —®(z) never
increases) and with upper and lower bounds on the potential then leads to the desired
convergence time.

Lemma 2.22. In any round of the algorithm in which the solution z° at the beginning of

the round is feasible:
Z Ozyz z 252 Ozyz ’L]a
{j:jES‘/\x?zléjﬁ} =1
and

5 }( 43 0y~ 04t >)

e G— A0 J
{].]ES /\Ij21_5

>0 ( Jzyz — (14 (e >)

Proof If :L‘O- 2 1{—15, Vj, there is nothing to prove, so assume that there exists at least one j

. The proof proceeds as follows. First, we show that for each j for which x;
decreases by a factor less than (1 — /) there exists at least one xz,, that appears in at least
one constraint ¢ in which x; appears and decreases by a factor (1 — ). We then proceed to

show that x, is in fact such that

20> y(a®) Ay = Qn)al Y wi(a®) Ay
=1 1=1
and
29>y Ay — (1+ Ywy(a) '~ = Q(n) (96? D w(a®) Ay — (1 + v)wj@c?)”) :
=1 =1

This will then imply that the terms 2 Y7 41(2°) Ay and 29 > 4y(2°) Ajp— (147y) wy (29)
dominate the sum of all the terms corresponding to x;’s with A;; # 0 and z; < f_—jﬁ, thus

completing the proof.
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From Lemma for each j € S~ with z; < l(s_—jﬂ there exists at least one constraint ¢
such that:

* >, zk$k>1 5, and

o yi(z ) > S yi(a9) Ay = yi(z ) > (1- B)~ 1 wf&(z?)azﬁ1yi(zo)/‘li_

M Amax mAmax (SJ wj

Therefore, there exists at least one z, with A;, # 0 such that Aipxg > 1_75, which further

gives Az-p(a:g)a > (1 ) - Aip l=a > (72)(1 Apax' ™%, where the last inequality follows from
1 < Ay < Anax and a > 1. Combining the inequality for Aip(mg)o‘ with the inequality for
yi(2) above:

Zyz VA > (29)* Aipyi(2°)

(1-3)° 1- 1wy (z ) Sty () Ay
> 2 A1 )
el nOé a; ( /8) mAmax (5 a 'LU]
(-3 (xg))a Doty yi(2%) Ay
R SRS a— - «@ ¢ _ Wy
namAmaXa( B) w; (from C = 5a)
o 0)a @ 0 A
> 2nwmax(1 _ ﬁ)a <1 . %) ($]) lel.yl(x ) lj’
J

as C' > 2Wmaxn® T mApa 2@ !

Using the generalized Bernoulli’s inequality: (1 - 7) >1-% and (1-53)* > (1 - Ba)

101], and recalling that ea < %, 3 < X = e < 155, we further get:
10 5 — 20

Y $0 « Wi .',UO A .
Z 2%)Alp > 2ntpmax (1 - ) A (@5)" 2021 yi(a”) Ay
=1 10-120 20 w;

(@) 220 w(2®) Ay

wj

> NWmax

which further implies:

(29)* >y vi(20) Ay _— (@) 3 wi(a) Ay

(2.49)

U)p wj

0\ m 0 A
(=) le}.yz(w JA1; > 1+, and therefore x,, decreases as
J

as wp < Wmax. Since x; decreases,
well.
S 1-£ .
Using similar arguments, as Aipz:g > —2 and recalling that y; (2°) > —— g w— Sy Ay (%) >

1 1=5 40 0y.
mAmax Tﬂ ’ CU] Z?il Al]yl($ )
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20> (@) Ay > ap Aipyi(a”) > —2 5 29> Ay ()
=1 =1

> na) » Ayu(a°), (2.50)
=1

85 0; < srab—— and 21/%(1 = §)(1 — §) > 29°(1 — 5)(1 — 5) > 1 (since £ € (0, 1/6)).
From , it follows that
m
7 Z w(@’) Ay > > 7 2 w(@®) Au,
{(keS—up< I aag 0y 1=
which further implies the first part of the lemma.

For the second part, consider the following two cases:

Case 1: wp(xg)l_a > wj(x?)l_o‘. Then (using ):

0o §m 29
pzyl Alp 1 +,y)wp($2)1—a _ wp(mg)l—a (( p) Zl:l yl( )Alp . (1 +'Y)>

Wp

> wy(at)i (@g)a ZE e, +7>>
= Wy

Wp

> wj(a))' (” R (1+ 7)>

wj

> nw; ()~ (W)a ey (1+ 7)>

wj

=n (ffg ; (@) Ay — (1+ W)Wj(x(})l_a) !

implying the second part of the lemma.

Case 2: wy(z)) ™ < wj(x?)l_a. Then:
20 Zyl VA, — (1+ ’y)wp 0 I—a 5 20 Z yi(zx Alp (1+ v)wj(x?)lfo‘
> n:UO Zyl YA — (1 + 'y)wj(:n?)l_o‘ (from (2.50))
>n (950 Zyz YA — (1+ ’Y)wj(x?)la> ;

thus implying the second part of the lemma and completing the proof. ]
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The following lemma lower-bounds the increase in the potential, in each round.
Lemma 2.23. Let 2° and z' denote the values of x before and after any fized round,
respectively, and let ST = {j : a:jl > w?}, S—={j: x; < x?} The potential increase in the

round s lower bounded as:

1. ®(z') — ®(2%) > Q(By )Zje{s+u5‘*} 37? Sy yi(x0) Ay
— 0(2%) = @ (5w ) (X529 o7 (@) — (L4+7) Sy wy (@) =)
3. 0~ 8(a%) > @ () (09 Ty wy @)1= — S, a9 5, wi(a)).

Proof.
Proof of 1. From Lemma [2.10)

ey - fL‘0| () 2o yila!) Ay
P(zt ) > ij @ - lw' .
i) j
Lyas™m 1A .
Let &(zt) = (z;) Zﬁ;jy )4 From the proof of Lemma [2.10} if 2 — 29 > 0, then 1 —

gi(a) > 3y > 34¢(at), as 0 < &(at) < 1-24. Ifx}—a:? < 0, then 1—¢;(z') < —%, which
implies 1< &(x1)(1+ )1, and thus 1 & (at) < &(@")((1+7/2) " — 1) = & (a? nﬁﬁz <

1y m .
_€J($1)g7/§ _ _%53(551) Therefore: ‘1 _€J($1)| 2 %&-](xl) p=4 ‘1_ (517]) Ziz]ljyz( )Al] Z
:1:1 o m ; xl i . .
%( i) leljy (z)A 2 which further gives:
Iﬂ«“ —wol (@) T i) Aij 4 &
<I>( >Z x ) 23;@“ —x Zyz w

If j € ST, then a: =(1+ ﬁ)x and therefore

) Sweran= (1= 5) ez (-3) gt S

05

? > 2L, then 2} = (1 — B)xj, and therefore ]a:jl — x?| .
1

Tj

= 1B
YityieAy = (1= 7) 2529 S wi(a®) Ay Using

Similarly, if j € S~ and =z

St vilat)Ay = (ﬁ )
part 1 of Lemma

o) -0 2 1 Y Y w04y

je{stus-} =1
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( D yi(ah) Ay

Proof of 2: Consider j € 5™ such that =(1- ﬁ) L o >
(1+7), and using Lemma [2.10}
jz; — ] ()" 2 i(ah) A
1 0 J J 7 1= J
®(z') — ®(2°) > > w; @y 1— w

{jes—: z0>1 3}

>t z( DAy
> ) (1_ < Y —1)

6
{jes—uaf> 25}

B _ ) i yi(20) Ay B
S (1 R 1)

{jes—: ac0>1 5}

> (17/4)(1_%[1 > ( OZyz — (14 7)wj(=z O)H“)-

{jes—a)>? B}

Using the second part of Lemma [2.22 and the fact that for k ¢ S~ () 32 y(2%) A <

W

(1+7), we get the desired result:

d(zh) — o(20) > ;(1—7/4)(1_65)06 Zx?Zyl(x (14+7) Z
j=1 =1 j=1

Proof of 3: The proof is equivalent to the proof of Lemma part 2, and is omitted for
brevity. O

Consider the following definition of a stationary round:

Definition 2.24. (Stationary round.) A round is stationary, if both:
1—
1Y ierstus—y @5 iy Yi@) Ay <y 350 wy(a)) ™, and

2 (1= 29) Sy wy(a) ™ < Sy o) S () Ay

U SR | 0 S ¥ | 0 - :
hold, where S* = {j : x; > a3}, ST = {j : x; < aj}. Otherwise, the round is non-

stationary.

The following two technical propositions are used in Lemma for bounding the
duality gap in stationary rounds.
Proposition 2.25. After the initial the initial 79 + 71 rounds where 0 = B In(1/0min),
=3 LIn(nAmax), it is always true that Go(z,y(x)) < > i1 wj ) <1+(1+3€)( —-1)§ —

a—1 [e] A
o z§ 37 yi(w) Aij
L— _J 2
a§j " ), where §; = Y .
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Proof. Recall from ([2.1)) that the duality gap for x,y in (P,) is given as:

n I’l_a Wi I?Ta
J J
T,y) =) wj < ) -1
j; ]1 — Jjja g ?;1 ylAl]

a—1

m n e ”}_ A w a
S S (5
i=1 j=1 Wi
From Lemma after at most initial 79 4+ 7 rounds:
m n m
Z yi < (1+3¢) ij ZyiAij
i=1 j=1 =1
o <ij‘ 2im1 yz‘Az‘j)

Wj

(1+ 3¢) Zw]xj
7=1

z; 37

and letting §; = ﬂ we get:

a(z,y) <Zw31 ( o —1+(1+35)(1—a)§j—(1_(1)5;(11)

n xl—a ae1
= ;wjlj_a <oz£j o+ (143e)(1 - ) — 1>
n - 1
= ij% (1 + (14 3e)(a—1)& — afj“) :
j=1

O]

Proposition 2.26. Letr,(&;) = <1 + (14 3e)(a—1)¢ — afj‘") , where §; = @Un;]ly“éx”
Ifa>1and & € (1 —v,1+7) Vjie{l, .. ,n}, then ro(&5) < e(3a — 2).

Proof. Observe the first and the second derivative of r,(;):

dra(f') _ 1/a
dQTa(g') _ 1 —1/a-1
7d§j2j = a(a — 1){7 .

As & > 0, (&) is convex for o > 1, and therefore: r(¢;) < max{r(1 —~),r(1+~)}. We
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have (using that (1 +¢/4)Y* > 14 ¢/(4a)):

r(l—’y)—r(l—e/4)—1—< 1— a)(1+3¢) + a(l — e/4)~1/)

)«
(1—%) (1—a+32(1—a) + a(l +/4)/)

<1- (1—2) (1+e/4+32(1—a))

S(1+e/d—3e(a—1))

:1—1—Z+3a(a—1)+4(

2

%—1—35((1—1) (1—%)

<e(3a—2).
On the other hand:

r(l+q)=r(l+e/4)=1— (1
<1
(1+i) <1+1€—3€a>
(1—1—5—3&&)

e(3a —2),

(1 —a)(1+3¢) + a(l +e/4)~ V)

N—

+
+-) (1 —a+3—3ea+a(l —e/4)V/)

B ] o
N———

completing the proof. O

The following lemma states that in any stationary round current solution is an (1 +
e(4a — 1))-approximate solution.
Lemma 2.27. In any stationary round that happens after the initial the initial 79 + 71
rounds, where 79 = %ln(l/&mm) 1 1n(nAmax), we have that po(z*) — po(r) < e(da —
1)(—pa(x)), where x* is the optimal solution to (Py) and x is the solution at the beginning

of the round.

Proof. Observe that for any k ¢ {ST U S~} (by the definition of S* and S™) we have that
I% 27;1 Yi (I)Azk

1-v< o < 1+ ~, which is equivalent to:

(I—7) wkxk Y <z Zyz A < (14 ’y)wkxk © Vk¢{STusST}. (2.51)
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Using stationarity and (2.51)):
n n n
L=2) ) wja* <) @i ) yil@)Ay
j=1 j=1 =1

le{stus—-} =1 kg{Stus—-} =1
n
< Z wjx}fa +(1+7) Z wyz, . (2.52)
j=1 kg{StUS-}

- 1- 1- 1- . )
Since Zle{SﬂJS*} wixr, = Z?:l w;T; > — Ekg{SJrUS,} wx, *, using l}

(1—2) Z wry

le{S+US—}
n
< ”yZ wjle-_a +(1+7) Z wpzy ® — (1 —27) Z wyy,
j=1 k¢ {S+US—} k¢{STUS—}
n
=7 Z wjle-_a + 3y Z wkx}c_a
=1 ke {STuS-}
n
<Ay Y wire
j=1
and therefore:
4’y n n
1- 1— 1—
Z wiz, " < =2, ija:j * < BWijxj e, (2.53)
le{STus—} j=1 j=1
asvziandegé.

As pa(z*) — palz) < G(z,y(z)), from Proposition [2.25}

11—«

Pa(r”) = palz) < ;wj jj_ : <1 +(1+3e)(a—1)¢ — 015;;1)
l-a w1
- ¥ wl (e D - ag” )
k¢{STuS—1} B

11—« a—1
4 Z wljl—l <1—|—(1—|—35)(a—1)€l—a5la> )

le{S+uUS—}
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From Proposition [2.26

xlfa a1 xlfa
Z wkak—l <1+(1+35)(a—1)§k—a§k°‘ ) <e(Ba—2) Z wkak—l
kg {S+US—} kg {S+US—}
n xl—a
e(3a — 2) ija
J=1
=e(3a —2)(—pal(x)). (2.54)

1 1

Observe 3 ¢ rg+ 15— }wl - <1 +(1+3e)(a—-1)§ — a§l > Since a > 1, each w; L s

0, and therefore:

xl—a a—1
Z wy l1<1+(1+3€)(a—1)§l—a§l“ >
le{S+tus—} @
xl—a
< D w43 (a— D& +1)
le{STus—}
, P i i) A
D T <(1+35)(a— ) 2 2z Yi@) A 1>
a—1 wy
le{S+tus—}
m 11—«
=(1+3) > my wl@Au+ Y wz%-
le{S+tus-} =1 lefstus-y &

Now, from stationarity 3 cqg+ug—1 21 2oimy ¥i(®) Au <2274 wjz;” and using () we
get:

11—« -«
Z wljl_l <1—|-(1—|-35)(0<—1)§ —a£ o ) Zw] v(1 4 3¢)(a—1) + 57)
le{STUS—}
< —pa(T) (Zga + 5) : (2.55)
Finally, combining (2.54) and (2.55)): pa(z*) — pa(x) < e(dar — 1)(—pa(x)). O

The following two lemmas are used for lower-bounding the potential increase in non-
stationary rounds.
Lemma 2.28. Consider any non-stationary round that happens after the initial 79 + 11
rounds, where T = %ln(l/(;min), T = %ln(nAmaX). Let 20 and z' denote the values of
before and after the round update. If 13", ya®) > — > wj%, then ®(x!) — ®(20) >
Q) (=2(2?)).
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20 jEyet
Proof. Observe that as 2 )", ya®) > — > w]( 1)

l—-a

m

1 0 2(1 - 3¢) 0 0
—®(zg) <2 EZZJ(ZL‘ ) < B lej Zlyz($ )Aij,
1 1= 1=

where the last inequality follows from Lemma

Since the round is not stationary, we have that either:
1. ZjeS*uer x? ZZ yl( )A” > 'YZ 1w3( 2)1—a’ or
2. (1—29) 30wy (a0)1=0 > S a0 S i(a0) Ay

Case 1: ) ;g g+ :cgziyl( )Aij > 305 wi( ])l_a. If:

n

D> wia®) < (1429) ) wy(af)' ™,
j=1

j=1 =1

then

m

Z x? Zyi(w)Aij > ﬁ Zx? Zyi(xO)Aij =Q(v) Zx? Zyi(xo
j=1 =l j=1 i=1

jESTUST i

and, from the first part of Lemma [2.23] the potential increase is lower bounded as:

On the other hand, if:
S ) > (1429) Yy )
then, from the second part of Lemma [2.23
o(z') — ®(2%) > Q(By) D 29 ui(a") Ay
j=1  i=1

= Q(Byr)(~ ("))

= Q(7)(~2(a?)).

)Aij,

60
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Case 2: (1 —27)> 7 wj(z )1 >3 J ™ vi(2°)A;;. Then, using the third part
of Lemma [2.23]

m

(I>(x1) — <I>(a:0) >0 ((1—&-55)0“7> Zx? Zyi(aﬁo)AU
j=1  i=1
= l‘? Zyz 13

7=1 =1
= Q(Byr)(~@(2"))
= () (=2(2")),

where in the second line we have used that ﬁ

generalized Bernoulli’s inequality and ea < % as follows:

= O(f). This can be shown using the

1 0 - .
Tapp 21297 21-2a8=1-—— 5 >1- 15 =6(1).

O]

Lemma 2.29. Consider any non-stationary round that happens after the initial 79 + 11

rounds, where T = %ln(l/&min), T = %ln(nAmaX). Let z° and z' denote the values of
330 -«

before and after the round update. If 13", ya®) < — > wj%, then ®(x!) — ®(2) >

Q(87%) (@ = 1) (=2 ("))

0)1 e

Proof. Observe that as %Zly ) < — > wj

—a !

(@ 2 -
—®(w0) < =2 jwj—— = —— > w;(1])

J J
From the definition of a stationary round, we have either of the following two cases:
Case 1t > icigris-y 5 2img Yil@)Aij > v 307wy, =@ From the first part of Lemma
the increase in the potential is: ®(z') — ®(2%) > Q (8v%) Y7, wjx}_a. As —®(zY) <

2 > wj (x?)l_a, the increase in the potential is at least:
O(a!) — (2°) 2 Q(Br?) (o — 1)(—2(2")).

Case 2: (1-27)>°" lw]ajl “ > wy it yi(x) Ay Using part 3 of Lemma the

increase in the potential is then ®(z!) — ®(20) > Q ((HB) fy) > i wjmjl_a. Therefore,
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using that (H/Bﬁ) = ©(p) as in the proof of Lemma [2.28}

o(ah) — @(2%) > Q(B7)(a — 1) (~2(2")).

O

Proof of Theorem [2.4. We will bound the total number of non-stationary rounds that
happen after the initial 79 + 71 rounds, where 75 = %ln(l /Omin), T1 = %ln(nAmaX). The
total convergence time is then at most the sum of 79 + 7 rounds and the number of non-
stationary rounds that happen after the initial 79 + 71 rounds, since, from Lemma [2.27] in
any stationary round: p(z*) — p(z) < e(4da — 1)(—p(x)).

Consider the non-stationary rounds that happen after the initial 79 + 7 rounds. As

€ [65,1], V4, it is simple to show that:

Z wj W . 2R, & n2eDpely 201 (2.56)

a—l_ o —
and

0<— Zy < Cgsmc. (2.57)

Recall that ®(z) = — >, wj% — 13" yi(z) and that the potential ®(z) never de-
creases.

There can be two cases of non-stationary rounds: those in which j wjmél%: dominates
in the absolute value of the potential, and those in which X}, y;(x) dominates in the
absolute value of the potential. We bound the total number of the non-stationary rounds

in such cases as follows.

Case 1: %ZZ yi(x) > Z w] 2—. From ([2.56) and (2.57)), in any such round, the negative

potential is bounded as:

Q( W1> < —®(z) < O (emC).

o —
Moreover, from Lemma in each round, the potential increases by at least Q(73)(—®(z)).

It immediately follows that there can be at most:

1 emC 1
¢ (w“l (W)) =0 (st (le— eRunm A

=0 <513 In (anmAmaX)> (2.58)
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Case 1 non-stationary rounds, as (o — 1)e < ae < 1%.

11—«
Case 2: =) y;(z) < > w;“—-. From (2.56) and (2.57), in any such round, the negative

potential is bounded as:

Q< w ) < —(I)(:E) < O( w ‘RanQ(a—l)ma—lAmax2a—1> ]
a—1 a—1

Moreover, from Lemma [2.22] in each such non-stationary round the potential increases by

at least Q (8+?) (o — 1)(—®(2")). Therefore, there can be at most:

1 % . Rw%lnz(a—l)ma—lAmaxzafl 1 T
(0] 5770 = 1) In B =0 52 In(Ry e nmAmax)

a—1

1 Amax
=0 (54 In(RyynmAmpax) In (Rw . nmg)) (2.59)

Case 2 non-stationary rounds.

The total number of initial 79 + 7 rounds can be bounded as:

1 1
0o+ T = B In(1/0min) + B In(nAmax)
=0 (512 In (RynmAmax) In <Rw : ”mfmx» . (2.60)

Combining (2.58]), (2.59)), and (2.60|), the total convergence time is at most:

O (14 In (R - nmAmax) In (Rw . nmAW{)) .
€ €

Finally, running a-FAIRPSOLVER for the approximation parameter &’ = ¢/(4da — 1), we
get that in any stationary round p(z*) — pa(x) < —epa(x), while the total number of

non-stationary rounds is at most:

4
O (Oilln(Rw'nmAmax)ln <Rw.nm‘4m<>>'
£ £

2.4.4 Structural Properties of a—Fair Allocations

Lower Bound on the Minimum Allocated Value. Recall (from Section that
the optimal solution z* to (P,) must lie in the positive orthant. We show in Lemma m
that not only does z* lie in the positive orthant, but the minimum element of x* can be
bounded below as a function of the problem parameters. This lemma motivates the choice

of parameters §; in a-FAIRPSOLVER (Section [2.3)).



CHAPTER 2. STATELESS AND DISTRIBUTED a—FAIR PACKING 64

Lemma 2.30. Let x* = (z7,...,x}) be the optimal solution to (P,). Then ¥j € {1,...,n}:

J — \Wmax

j : 1 1/a .
. ZL‘*>( wJMmlni:Aij#OniAij) / Jif0<a<l,

1— w; 1/a . 1 .
° (I,';k > Amax( a)/a(ijM) mlni:Aij;éO m, ZfO[ > 1,

Wmax
where n; = >+, 1 is the number of non-zero elements in the i* row of the con-
i j=1 "{Aq;#0}

straint matriz A, and M = min{m,n}.

Proof. Fix «a. Let:

) 1/
—i min; —— ifa<l1
Wmax M 1: A ;70 ni A > >

pjla) = iy :
_ w; . .
141’[13,)((1 )/ (wmaiM> mMIN;: A; 40 ni1141'j’ ifa>1

For the purpose of contradiction, suppose that * = (z7,...,x}) is the optimal solution

to (Pu), and 2} < pj(a) for some fixed j € {1,...,n}.
To establish the desired result, we will need to introduce additional notation. We first
break the set of (the indices of) constraints of the form Az < 1 in which variable z; appears

with a non-zero coefficient into two sets, U and T"

e Let U denote the set of the constraints from (F,) that are not tight at the given
optimal solution x*, and are such that A, ; # 0 for u € U. Let s, =1 =Y ;| Ayrxy

denote the slack of the constraint v € U.

e Let T' denote the set of tight constraints from (P,) that are such that A;; # 0 for

t € T. Observe that since z* is assumed to be optimal, T # ().

Let ¢; = min {,uj(a) — o}, minyey su/Auj}. Notice that by increasing x; to 2 +¢; none
of the constraints from U can be violated (although all the constraints in 7" will; we deal

with these violations in what follows).

In each constraint ¢ € 7', there must exist at least one variable x;, such that xj > 10
Nt Atk
1
ntAtj .

because ) ;" | Ayz; =1, as each t € T is tight, and ri < pj (@) < ming. 4,20 ﬁ <

Select one such zj in each constraint ¢t € T, and denote by K the set of indices of selected

"With the abuse of notation, 1.y is the indicator function of the expression e, i.e., 1 if e holds, and 0

otherwise.



CHAPTER 2. STATELESS AND DISTRIBUTED a—FAIR PACKING 65

variables. Observe that |K| < |T'| (< M), since an xj; can appear in more than one
constraint.
For each k € K, let T}, denote the constraints in which x; is selected, and let

Agjej

Ek = ma, .
t€T): A #0 Atk

(2.61)

If we increase x; by ¢; and decrease xj, by €}, Vk € K, each of the constraints ¢ € T will be
satisfied since, from and from the fact that only one x gets selected per constraint
teT,ejAy — Y ek kA < 0. Therefore, to construct an alternative feasible solution a,
we set o = o} + ¢, ¥}, =z} — ¢, for k € K, and x) = x} for all the remaining coordinates
le{l,...,n\(KU{j}).

Since j is the only coordinate over which = gets increased in z’, all the constraints
Az’ <1 are satisfied. For 2’ to be feasible, we must have in addition that =} > 0 for k € K.

We show that z} = z} — e > 0 as follows:

15 13 max 7Atj
k = LY
! teTiAp#0 Ay

Ay

<pjla)- max L
teTy: A #0 Atk’

. 1 Ay

< min - max —-

lA”;éO nlAZ] tETkZAtk750 Atk

1 Ay
<  max —_
t€T: Au#0 Ny Agj Agg,
1
<  max
teTy: A #0 Ny A

< xzy,

where the second line follows from &; < yij(a) — 2} < pj(), and the last line follows from
the choice of xy.

The last part of the proof is to show that Y ;" ; wlziliiﬁ > 0, which contradicts the initial
assumption that z* is optimal, by the definition of a-fairness from Section We have

that:

Z €y IZT;( Ej Ek
W ——— = Wj — E Wi
LU*Q ]a:aofa I*a

=1 ! J keK k

E w 76]' w 7816
Jx;«fa’ K| xza

keK



CHAPTER 2. STATELESS AND DISTRIBUTED a—FAIR PACKING 66

= wjejey” — wiera | K| (2.62)
orri K| ' '
keK J

Consider one term from the summation (2.62). From the choice of €’s, we know that for

£ Ay

A

each e, there exist t € T such that ¢, = , and at the same time (by the choice of x)

1
we have x; > ——, so that
ny A

EkAtk 1 @ WEWiEk Atk 1 o
wig;xy® > w; ( > > SRR ) 2.63
IR Ay \ A Wmax  Agj \ Awne (2.63)

«
Case 1. Suppose first that o < 1. Then z;* > (z‘him) > Atim’ as Ay, # 0= Ay, > 1.
Plugging into (2.63), we have:

WEWiEk 1
* QU J
WjiE Ty,

. 2.64
Wmax ntAtj ( )

) 1/
By the initial assumption, 7 < pi(a) = (wﬁﬁ min;: 4, 40 nl—}‘l”) , and therefore

X

wrwicr | K . 1 WEW;E 1
k;k|!mm < Wrwje

2.65
Wmax M i:A;;70 n’LA’L] T Wmax TLtAtj, ( )

wrepr; | K| <

since it must be |K| < M (= min{m,n}). From (2.64) and (2.65), we get that every term

in the summation (2.62) is strictly positive, which implies:

3 x) — 2]
wy o > 0,
Ty
=1

and therefore x* is not optimal.

Case 2. Now suppose that o > 1. Then

1/
wy .
min
’Ll)maxM) i: A5 70 TLZA”

. 1/e 1
< Amax(l_a)/a wy
- M

* . = Ay 7/ .
i <M (a) Wmax ntAtj

Therefore:

w; B 1 @
wkﬁkﬁ;ﬂK’ < wkgkzw J]\4A’4max1 ¢ <ntAt‘> |K’
max J

w; 1 Y A”
< J A 1_a€ t
< Wk Wi max k Atknt Atja
_ o i e ‘ (Agr/Asj)o1 1 “

b Wmax Atj Amaxa_ 1 Atknt

wi EepAu 1 )O‘
< wp—2 , 2.66
- kwmax Atj (Atknt ( )



CHAPTER 2. STATELESS AND DISTRIBUTED a—FAIR PACKING 67

as |[K| < M, and ‘g—i’; < Apax (since for any 4, j: 1 < Aj; < Apax).

Finally, from ([2.63]) and (2.66)) we get that every term in the summation (2.62]) is positive,

which yields a contradiction. O

Asymptotics of a—Fair Allocations The following lemma states that for sufficiently
small (but not too small) «, the values of the linear and the a—fair objectives at their
respective optimal solutions are approximately the same. This statement will then lead to
a conclusion that to e—approximately solve an a—fair packing problem for a very small «,
one can always use an e—approximation packing LP algorithm.

Lemma 2.31. Let (P,) be an a—fair packing problem with optimal solution x*, and (Py) be
the LP with the same constraints and the same weights w as (Py) and an optimal solution

x* 11—«
z*. Then if a < m, we have that }; w;z; > (1—3¢) >, %, where € € (0,1/6].

Proof. The proof outline is as follows. First, we show that the a—fair objective p,(z*) can
. .. axtme
be upper-bounded by a linear objective as po(z*) = >, wiH— < (1 + 0(¢)) 32, wi].
Then, to complete the proof, we use the optimality of z* for the LP: Zj wjzi > Zj w;T;
*1l—a
(= (1-0()) >, wjm{j from the first part of the proof).

7l (1+¢€)z;. Consider the case when g(x;) < 0. Solving g(x;) < 0 for

l—«

Let g(z;) =
xj, we get that it should be

xj2< ! )l/a-< ! )Ua. (2.67)

l—o 1+e¢
Choose a so that a +£1)1 e < (nfi{jax)’ which is equivalent to o < %. Then to

l—a

have g(z;) < 0, it suffices to have x; > .—£— because (i) ( L )l/a € [e, 4] for a € [0,1/2],

where e is the base of the natural logarithm, and (ii) a +;)1 e < (mi{j ax) by the choice of a.
Now, as a < %, summing over j such that 27 > - Afnax we have:
()" . .
Z Wi (1+¢) Z w;T; = Z wjg(x;) <0 (2.68)
Jx;kz ’ﬂAlenax ].’17; 2 nArEnax jﬂf;z nAfnax

£
nAmax

Now we bound the rest of the terms in p,(z*), i.e., we consider j : z; < . Observe

that since z; = Wim for j = {1,...,n} is a feasible solution to (P,) and z* is the optimal
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¥ jyet
) , which gives:

solution to (Pyu), we have that MJM <> wj

Y ey wj(l/nAmaxﬂ*a

Wj—— —
1l—«a ] 11—«
] Z; <77«Amax ]:x;<’"«ArEnax
n *\1—a
e (l‘])
<e ij
st l—«
n x%)l—a
< 2azwj
o 1—a
Therefore:
() ")t
| > w T >(1—25)ij1_a. (2.69)
JixE>—=— j=1

J = nAmax

Combining (2.68) and -, we now get:

«

) 1+e
Z J 1 <1 a9 Z w;T;. (2.70)

Jirt>—=

J = nAmax

Finally, since z* optimally solves (Pp) (which has the same constraints and weights as (Py)),

we have that x* is feasible for (FPp), and using (2.70) and optimality of z*, it follows that:
n n
> sy > Y
j=1 j=1

1— 2 & :
> N

—Q

)=
>(1-3
= 5 Zw] 1—0[ >
as claimed. 0

(e

11—«

Observing that for any « € (0,1),

> 27 (since, due to the scaling, 2} € [0,1]),
a simple corollary of Lemma is that an e—approximation z to (Py) (3o, wjz; >
(1 —¢) > wjz;) is also an O(g)—approximation to (Fy), for a < m. Thus, to
find an e—approximate solution for a < m, the packing LP algorithm of [11]
can be run, which means that there is a stateless distributed algorithm that converges
in poly(In(e "' RymnAmax)/e) time for a arbitrarily close to zero.

The following two lemmas show that when « is sufficiently close to 1, (P,) can be

e—approximated by e—approximately solving (P;) with the same constraints and weights.
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Lemma 2.32. Let x be an e—approzimate solution to a 1-fair packing problem (Py) returned
by a-FAIRPSOLVER. Then, for any o € [1 —1/79,1), where 19 = %ln(%), x is also a
2e—approximate solution to (P,), where the only difference between (P1) and (Py) is in the

value of o in the objective.

Proof. Suppose that x is a solution in some stationary round, provided by a-FAIRPSOLVER
run for o = 1. Fix that round. It is clear that if z is feasible in (P), it is also feasible in
(P,), since all the constraints in (P;) and (P,) are the same by the initial assumption. All
that is required for a dual solution y to be feasible is that y; > 0, for all ¢, and therefore y(x)
is a feasible dual solution for (P,). The rest of the proof follows by bounding the duality
gap Go(z,y(x)). Recall from that:

1 o
S piA 1
ijl_a W -
J

Ret m oA a—1
P3ym Y wgat-e - (LI A5 (2.71)
i=1 j=1

wj

Since z is a solution from a stationary round, from the second part of the definition of

a stationary round (Definition [2.18]), we have that:

Z Lj Z yz Azy < 1+ 2’7)

j=1 i=1 k=1
Further, from Lemma
m n n n
Zyz(a:) < (1+3€)ij2yi(x)Aij < (1+3€)(1 +2"}/) Wi . (2.72)
; j=1 =1 k=1
Next, we show that:
T > 1y, Vi (2.73)

Rearranging the terms and taking logarithms of both sides in ([2.73)), we obtain the equivalent

inequality 1—a < W Recall from a-FAIRPSOLVER that in every (except for, maybe,
J

the first) round z; > §; > Omin. As In(1/(1 —+)) > ~, it therefore suffices to show that

1l—a < But from the statement of the lemma, 1 — o < 1/79 < W

mm)

[
In(1/0min) *
completing the proof of -
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Combining (2.72)) and (2.73), we get that:

- 1+3e)(1427) « .
Zyz(x) < (1+ 18)_( 7+ ) ijlefa < (1 + b5¢) ijle—a7 (2.74)
i=1 j=1 j=1

where the second inequality follows from ¢ < 1/6, v = ¢/4.

Using ([2.74), we can bound the duality gap (Eq. (2.71)) as:

Golz,y(z)) < Zn:wj fji_; <a(xja 2izt y"A"j)a“l 1+ (1—a)1+ 5g)> . (2.75)
j=1

w;
To complete the proof, recall from Lemma that in any round of the algorithm, for all
J: %ﬂ% > (1 =)™ As a < 1and z; €[0,1], Vj, it holds that z;* > z;, Vj, and

therefore:

z;” 221 yi(r)A
wy

Finally, recalling that 1 — a < 1/79, and combining (2.76)) with (2.75)), we get:

L>(1-y)7, Vi (2.76)

Golz,y(z)) < jz:wj?i_; <a(1 i 7)1/0“ 14 (1—a)(1+ 5@)

n x,lfa N
< ;wj 1J_ ~((1+ 29)/% — 14+ (1 — a)(1 + 5¢))

n 11—«
< lej?_a(us— 1+ (1—a)(1 +5¢))
j:

—

n ZL"l
< 252111]' 1]—05’
j=1

where the third inequality follows from o« > 1 —1/79 > 1 — % >1 - %’ and the fourth

inequality follows from 1 — a < ¢/2 and € < 1/6. O

Lemma 2.33. Let x be an e—approzimate solution to a 1-fair packing problem (Py) returned
by a-FAIRPSOLVER. Then, for any a € (1,14 1/719], where 19 = %ln(%), x s also a
2e—approzimate solution to (P,), where the only difference between (Py) and (P,) is in the

value of o in the objective.

Proof. Similar to the proof of Lemmal[2.32] we will fix an  from some stationary round of a-

FAIRPSOLVER run on (P;), and argue that the same = 2e—approximates (P,) by bounding
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the duality gap G (z,y(x)), although we will need to use a different set of inequalities since
now o > 1. Similar to the proof of Lemma as x is (primal-)feasible for (P;),  and
y(x) are primal- and dual-feasible for (P,).

By the same token as in the proof of Lemma [2.32

m

Y yilr) < (L43e)(1+27) > wj,
j=1

i=1
As a > 1 and z; € (0,1], Vj, we have that z;'~% > 1, V4, and therefore:
Z yi(xz) < (14 3e)(1+27) Z wiz; T < (1 + 4e) Z wiz T (2.77)
i=1 j=1 j=1

Therefore, we can write for the duality gap:

wj

Galz,y(z)) < zn:wj fji_z <a<$ja Lizi yiA"j)a”‘l 1+ (1—a)(1+ 45)> (2.78)
j=1

_ _zn:w z (—a(m)a“ +1+(a—1)1 +4€)> . (2.79)

11—« w;j

J=1

11—«
Notice that, as o > 1, the objective for (P,), Z;LZI wj%, is now negative.

Using the same arguments as in the proof of Lemma [2.32] it is straightforward to show

that 2;*7! > 1 — 4, V4. From Lemma [2.20, we have that % > (1 —~)™, V4, and

therefore:

z;* Z:i1 yi(x)Aij i le—a * T Zzi1 yz’(x)Aij
wy wy

> (1— ), (2.80)

Recalling that @« —1 < 1/71p (by the statement of the lemma) and using (2.80)), we have:

e m AL ezl
(M;lyflﬁ) T > (1 — )/ ((141/m))
wy

=(1-7). (2.81)
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Finally, plugging (2.81)) into (2.79)), we have:

— (~a(l=7) + 1+ (a— 1)(1+49))

n l1-a
Zj 1
=— jEl W 1]_ - <a Ve +4e(a— 1)>

n x,l—a
<oy (2.82)
j=1

n 1

2

<_§ Nt
Go(z,y(z)) < jzlel—

1—a’

where the equality follows from v = §, and the last inequality follows from a —1 < % <

55 O
Finally, we consider the asymptotics of a—fair allocations, as a becomes large. This
result complements the result from [102] that states that a—fair allocations approach the
max-min fair one as o — oo by showing how fast the max-min fair allocation is reached
as a function of a, Ry, n, and Apax. First, for completeness, we provide the definition of
max-min fairness.
Definition 2.34. (Max-min fairness [17].) Let R C R’} be a compact and convex set. A
vector x € R is maz-min fair on R if for any vector z € R it holds that: if for some
JjeA{l,...,n} zj > x;, then there exists k € {1,...,n} such that z;, < x, and xj, < x;.

On a compact and convex set R C R", the max-min fair vector is unique (see, e.g.,
[110,/116]). The following lemma shows that for a > e~ ! In(RynAmax), the a—fair vector
and the max-min fair vector are e—close to each other. Notice that because of a very
large gradient of p,(x) as a becomes large, the max-min fair solution provides only an
O(ea)—approximation to (Fy).

Lemma 2.35. Let x* be the optimal solution to (P,) = max{ps(x) : Az < 1,z > 0}, z*
be the maxz-min fair solution for the convexr and compact set determined by the constraints

from (Py). Then if a > e~ In (RynAmax), we have that:

1. pa(x*) < (1 —e(a — 1))pa(z¥), i.e., 2 is an (o — 1)—approzimate solution to (Py),

and

2. (1—¢e)z; <aj <(1+¢)zj, forall j € {1,....,n}.
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Proof. Suppose that, starting with z*, we want to construct a solution z that is feasible in
(P,) and is such that p,(z) > pa(z*). Then we need to increase at least one coordinate j
of z*. Suppose that we increase a coordinate j by a factor 1 + ¢, so that z; = (1 + E)z;-‘
Since z* is the max-min fair vector, to keep z feasible, the increase over the j*' coordinate
must be at the expense of decreasing some other coordinates k that satisfy zj < z7. We will
assume that whenever we decrease the coordinates to keep the solution feasible, we keep the
solution Pareto optimal (i.e., we decrease the selected coordinates by a minimum amount).

Using Fact we have:

— ¥

n *
* Al A “j J R\ 1—a
Pa(z) = palz”) SZWZW<MJ'W—E'M](ZJ‘) : (2.83)
Now, suppose that we want to further increase the 5 coordinate by some small §. Call
that new solution z!. Then, the total amount by which other coordinates must decrease to
keep the solution feasible is at least m, since the feasible region is determined by packing

constraints and it must be Az < 1, where 1 < A;; < Apax, Vi,5. Moreover, since z* is

max-min fair, each coordinate k£ that gets decreased must satisfy z;; < z;. It follows that:

p(z! <Z _Zl

_ Zk_zk
B (1+€ Z Wk (z)®

. i 5 A
> max(1+€)a(z )a min (Z;)a
- 5(wmax - (1 + Z‘:)Oéwmin/14max)

(1 +e)* (=)~

<0. (2.84)

The last inequality can be verified by solving the inequality wmax — (1 + €)*Wiin/Amax < 0
for a, and verifying that it is implied by the initial assumption that o > ¢! In(RynAmax).

Therefore, the maximum amount by which any coordinate of z* can be increased to
improve the value of the objective p,(.) is by a multiplicative factor of at most (1 + €).
Since we can construct x*, the optimal solution to (P,), starting with z* and by choosing
a set of coordinates j that we want to increase and by only decreasing coordinates k£ such

that 23 < 27 whenever coordinate j is increased, it follows that 3 < (1 +¢€)27, Vj.
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Moreover, from (2.83) and ([2.84)):

Pa(z') = pa(z*) = p(z") — p(2) + p(z) — p(z*) < & - w;(z))' ™

)

and we can conclude that:
Pa(*) = pa(z") <D e wi(2) " = (1 — ) - pa(2"),
j=1

which means that z* is an €(a — 1)—approximate solution to (P,).

Now consider the coordinates we need to decrease when we construct a solution z from
z*, such that p,(z) > pa(2*). Suppose that to increase some other coordinates, a coordinate
k is decreased by a factor (1 —¢): 2z, = (1 — €)z;. As z* is max-min fair, only coordinates
larger than z; can increase at the expense of decreasing z;. Suppose now that we decrease
the k™ coordinate further by some small §. Call that solution z'. Then the maximum
number of other coordinates j that can further increase is min{n — 1,m} < n. Moreover,

each coordinate j that gets increased satisfies zj* > zj, and can be increased by at most

Amaxd. Using Fact it follows that:

Zi T &4
= —wg + wj ]
1 _ (0% *\ o *\
(- (=) jw% )
o max0
< —Wnmin77 o ona + nwmax%a
(1 —e)*(z}) (2;)

5(nwmaxAmax(1 - 5)a - wmin)
(1 —e)*(zp)™

: (2.85)

<0

where the last inequality follows from (1 — €)® < (RynAmax) !, which is implied by the
initial assumption that o > aflln(anAmaX).

Therefore, using , the k"' coordinate can decrease by at most a multiplicative
factor (1 — ¢). Using similar arguments as for increasing the coordinates, it follows that

x> (1—¢)zj, Vj. O
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Chapter 3

Max-Min Fair Resource Allocation
and Applications in Energy

Harvesting Networks

In this chapter, we focus on an application where fair resource allocation plays a crucial
role: energy harvesting networks. Recent advances in the development of ultra-low-power
transceivers and energy harvesting devices (e.g., solar cells) will enable self-sustainable
wireless networks [38,/49,50]. In contrast to legacy wireless sensor networks, where the
available energy only decreases as the nodes sense and forward data, in energy harvesting
networks the available energy can also increase through a replenishment process. This
added energy replenishment results in significantly more complex variations of the available
energy, which poses challenges in the design of resource allocation and routing algorithms.

The problems of resource allocation, scheduling, and routing in energy harvesting net-
works have received considerable attention [12,22}29,|46| 48,51} /54,55.|78},79,{106}/115,|118§].
Most existing work considers simple networks consisting of a single node or a link [12,
22.148,|51,/106}, [118]. Moreover, fair rate assignment has not been thoroughly studied,
and most of the work either focuses on maximizing the total (or average) throughput
[12,122,]29, |46, 55| 78,184,106} [115,/118], or considers fairness either only over nodes [79] or

only over time [48,51]. An exception is [54], which requires fairness over both the nodes
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and the time, but is limited to two nodes.

We study the maz-min fair rate assignment and routing problems for general network
topologies, requiring fairness over both nodes and time slots, and with the goal of design-
ing optimal and efficient algorithms. Following [29,48,51}54}/78,79], we assume that the
harvested energy is known for each node over a finite time horizon T'. Such a setting cor-
responds to a highly-predictable energy profile, and can also be used as a benchmark for
evaluating algorithms designed for unpredictable energy profiles. We consider an energy
harvesting sensor network with a single sink node, and network connectivity modeled by
a directed graph (Fig. [L.2]). Each node senses some data from its surrounding (e.g., air
pressure, temperature, radiation level), and sends it to the sink. The nodes spend their

energy on sensing, sending, and receiving data.

Fairness Motivation

Two natural conditions that a network should satisfy are:
(i) balanced data acquisition across the entire network, and

(ii) persistent operation (i.e., even when the environmental energy is not available for

harvesting).

Condition |(i)|is commonly maintained by requir-
ing fairness of the sensing rates over the nodes in by =1 {% byzz{%

each time slot. We note that in the considered net-

! A
work model, due to different energy costs for send- x Y

ing, sensing, and receiving data, throughput maxi- Figure 3.1: An example of a network

mization can be inherently unfair even in the case in which throughput maximization

. . . . can result in a very unfair rate al-
of single-slot time horizon. For example, consider a y

simple network with two energy harvesting nodes x location among the nodes.
and y and a sink s as illustrated in Fig. Assume that x has one unit of energy available,
and y has two units of energy. Let ¢y denote the joint cost of sensing and sending a unit
flow, and let ¢t denote the joint cost for receiving and sending a unit flow. Let A, and

Ay denote the sensing rates assigned to the nodes x and y, respectively. Suppose that the

objective is to maximize A\; +\y. If ¢t = 1, ¢;y = 2, then in the optimal solution A; = 1 and
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Ay = 0. Conversely, if ¢t = 2, ¢;y = 1, then in the optimal solution A, = 0 and A\, = 1. This
example easily extends to more general degenerate cases in which maximum-throughput so-
lution assigns non-zero sensing rates only to one part of the network, whereas the remaining
nodes do not send any data to the sink.

One approach to achieving is by assigning constant sensing rates to the nodes.
However, this approach can result in underutilization of the available energy. As a simple
example, consider a node that harvests outdoor light energy over a 24-hour time horizon. If
the battery capacity is small, then the sensing rate must be low to prevent battery depletion
during the nighttime. However, during the daytime, when the harvesting rates are high, a
low sensing rate prevents full utilization of the energy that can be harvested. Therefore,
it is advantageous to vary the sensing rates over time. However, fairness must be required
over time slots to prevent the rate assignment algorithm from assigning high rates during
periods of high energy availability, and zero rates when no energy is available for harvesting.

To guarantee (i) and (ii), we seek a lexicographically maximum rate assignment A =
{Xi+}, where i € {1,...,n} indexes nodes, while ¢ € {1, ..., T} indexes time slots. Informally,
a rate assignment A = {\;;} is lexicographically maximum if it is feasible, and for any
alternative rate assignment A’ = {\},}, by traversing the elements of A and A’ in non-
decreasing order either all the elements from A and A’ are equal, or in the first pair of
non-equal elements the greater element is from A. Such lexicographically maximum rate
assignment is equivalent to the most egalitarian rate assignment — namely, the max-min
fair rate assignment — whenever a max-min fair rate assignment exists. Formal definitions

of max-min fairness and lexicographical ordering of vectors are provided in Section [3.2.1

Routing Types

We consider three different routing types that can be used in any fixed time slot: (i) a
routing tree, (ii) unsplittable (single-path) routing, and (iii) fractional (multi-path routing),
illustrated in Fig. 3.2l During one time slot, the routing and the assigned rates are fixed.
A routing tree is the simplest routing: every node i (except for the sink) has a single
parent node to which it sends all the flow that ¢ either generates through sensing or receives

from other nodes. Unsplittable (or single-path) routing is a generalization of the routing
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(a) Routing tree. (b) Unsplittable routing. (c) Fractional routing.

Figure 3.2: Routing types: @ a routing tree, @ unsplittable routing: each node sends its
data over one path, fractional routing: nodes can send their data over multiple paths.

Paths are represented by dashed lines.

tree, where every node has a single path to the sink over which it sends all the flow it
generates. Finally, fractional (or multi-path) routing is the most general form of routing in
which every node can split the generated flow over arbitrarily many paths to the sink.

The routing tree is a special case of the unsplittable routing, and the unsplittable routing
is a special case of the fractional routing. Therefore, it is clear that (under any reasonable
comparison criteria) on any input graph out of the three routing types the routing trees
support the “lowest” rates, while the fractional routings support the “highest” rates. We
illustrate the effect of the routing type on the minimum rate assigned in a max-min fair
rate assignment in Fig. [3.3] and Fig. 3.4

We will refer to a routing as time-invariable, if in every time slot each node i uses the
same set of paths to send its flow to the sink, and, moreover, for each path used by 7 the
fraction of flow sent by ¢ does not change over time slotsE Otherwise, the routing is time-
variable. For example, we will say that a routing is a time-variable routing tree, if the most
complex routing used in any time slot is a routing tree. As any time-invariable routing
is a special case of the corresponding time-variable routing, the time-variable routings in
general provide higher rates. We illustrate the effect of the time variance of a routing on
the minimum rate assigned to any node in a max-min fair rate assignment in Fig. [3.5

It is natural to ask why should any simpler routing type be preferred over time-variable

fractional routing — the most general one. The answer lies in the practical implementation of

!Note that node i’s sensing rate (generated flow) can change over time, even though the routing does not

change.
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Figure 3.3: A network example in which unsplittable routing provides minimum sensing
rate that is Q(n) times higher than for any routing tree. Assume ¢t = ¢,y = 1 and T' = 1.
Available energy levels at all the nodes z;, i € {1, ..., k} are equal to 1, as shown in the box
next to the nodes. Other nodes have energy levels that are high enough so that they are
not constraining. In any routing tree, y has some x; as its parent, so A\, = Ay =\, = ... =
Az, = 1/(k+1) and Az, = 1 for j # i. In an unsplittable routing with paths p,, = {z;, s},
P2 = {2, y, i, s}, and p, = {y,zk, s}, all the rates are equal to 1/2. As k = ©(n), the
minimum rate improves by Q((k + 1)/2) = Q(n).

a routing: in general, more complex routing types are more difficult to maintain and require
more control information that consumes energy thus effectively lowering the achievable

sensing rates [50].

General a—Fair Rate Allocation and Routing

For some examples of energy-harvesting networks, such as those with a less variable en-
ergy source (e.g., indoor light) and short distances between the sensor nodes and the sink,
different trade-offs between fairness and efficiency may be preferred, and we can consider
more general values of « (as opposed to focusing on max-min fairness — i.e., « — o). In
such cases, the results from Chapter [2] apply whenever the routing is specified at the input.
The reason is that when the routing is specified, all the constraints can be expressed as
the packing constraints (see Section . When the routing is not specified, this is not
true anymore due to the flow conservation constraints which cannot be expressed as packing
constraints. We note, however, that as with a—fair objectives for o € [0,00) the problem

of a—fair rate allocation and fractional routing is convexEL it can be addressed with convex

Zsee Section [3.2.3| for a detailed description of the considered problems.
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=

Figure 3.4: A network example in which a fractional routing provides minimum sensing rate

that is ~ 2 times higher than in any unsplittable routing. Assume ¢ = ¢y = 1

2
T+1/(n—1)

and T = 1. Available energy levels at all the nodes are equal to 1, as shown in the box next
to the nodes. In any unsplittable routing, y sends all its flow through one x;, so Az, = Ay = %

and Ay, = 1 for j # 4. In a fractional routing, y can split its flow over all z;’s, so that

Ay
n—1

1
+1/(n—1)"

+ Ay, = by, for all i. To maximize minimum assigned rate, A\, = Az, =

Therefore, the minimum assigned rate improves by a factor of m

exl,Zt—l = exz,zt =k+1

€x12t = Cxp26m1 =

Figure 3.5: A network example in which a time-variable routing solution provides minimum
sensing rate that is 2(n) times higher than in any time-invariable routing. The batteries of
1 and xo are initially empty, and the battery capacity at all the nodes is B = 1. Harvested
energy values over time slots for nodes 1 and x5 are shown in the box next to them. Other
nodes are assumed not to be energy constraining. In any time-invariable routing, at least
one of x1, x9 has Q(k) = Q(n) descendants, forcing its rate to the value of 1/Q(n) in the slots
in which the harvested energy value is equal to 1. In a routing in which y sends the data

only through z; in odd slots and only through x2 in even slots: Ay = A,, =...=X;, | =1
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Table 3.1: Our results for determining a max-min fair routing.

Routing Computational Complexity

Routing tree NP-hard to approximate within O(log(n)) even for T' = 1.

Unsplittable routing | NP-hard to determine even for T' = 1.

Can be determined with an O(nT (T2 2 - (nT + MCF(n,m) +
LP(mT,nT)))-time algorithm, where MCF(n,m) is the run-
Time-variable frac- | ning time of an algorithm that solves the min-cost flow problem
tional routing on a graph with n nodes and m edges and LP(mT,nT) is the
running time of an algorithm that solves a linear program with

mT" variables and nT constraints.

Can be determined with an O(n(T + M F(n,m)))-time algo-
Time-invariable frac-
rithm, where M F(n,m) is the running time of an algorithm
tional routing with
that solves the maximum flow problem on a graph with n nodes
time-invariable rates

and m edges.

programming (see, e.g., [24}/104]).

For the max-min fair rate allocation in energy-harvesting, which is the focus of this
chapter, the algorithm from Chapter [2| cannot be applied in general, even for a specified
routing. Due to Lemma from Chapter [2, max-min fair vector can be e—approximated
by an a—fair vector if « is sufficiently large (scaling quadratically with the logarithm of
the input and e~1), but the a— fair vector needs to be determined optimally (recall that the
algorithm from Chapter [2|is e—approximate). Therefore, some of the problems considered
in this chapter — namely, the rate allocation problem in a specified routing and max-min
fair fractional routing — can be determined up to e—accuracy through centralized convex
programming. Such an approach would generally lead to high polynomial dependence on
the input parameters. Here, we will instead rely on the structure of the considered problems

to devise efficient algorithms that do not rely on general convex programming.
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Summary of Contributions

For a routing that is provided at the input, we design a combinatorial algorithm that solves
the max-min fair rate assignment problem. The algorithm runs in 6(an 2) tim where
n is the number of energy-harvesting nodes, m is the number of edges in the routing graph,
and T is the time horizon.

We then turn to the problem of finding a “good” routing of the specified type, where
a routing is “good” if it provides a lexicographically maximum rate assignment out of all
feasible routings of the same type. We sometimes refer to such a routing as the max-min
fair routingﬁ (See Section for a formal statement of the problems.) Our results for
determining a max-min fair routing of a specified type are summarized in Table

We show that a max-min fair routing tree is NP-hard to approximate within Q(log(n))
and that a max-min fair unsplittable routing is NP-hard to find, regardless of whether
the routing is time variable or not. Relaxing the requirement of the lexicographically max-
imum rates, we design a polynomial-time algorithm that determines a time-invariable
unsplittable routing that maximizes the minimum rate assigned to any node in any
time slot.

For the max-min fair time-variable fractional routing, we demonstrate that ver-
ifying whether a given rate assignment is feasible is at least as hard as solving a feasible
2-commodity flow. This result implies that, to our current knowledge, it is unlikely that
we can determine a max-min fair fractional routing without the use of linear programming
(LP). To combat the high running time induced by the LP, we develop a fully polynomial
time approximation scheme (FPTAS). We also show that in the special case when the frac-
tional routing is restricted to be time-invariable with rates that are constant over
time, the max-min fair routing can be determined in polynomial time with a combinatorial
algorithm that we provide in Section

Our algorithms rely on the well-known water-filling framework, described in Section
It is important to note that water-filling is a framework-not an algorithm—-and there-

fore it does not specify how to solve the maximization nor fixing of the rates steps (see

30(.)-notation hides poly-log terms.

4The notions of max-min fairness and lexicographical ordering of vectors are defined in Section [3.2.1
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Section . Even though a general LP framework for implementing water-filling such as
e.g., [28./79,[110] can be adapted to solve some of the problems considered in this chapter,
their implementation in general requires solving O(N?) LPs for any problem with N vari-
ables. For instance, to determine a max-min fair time-variable fractional routing this water
filling framework would in general need to solve O(n*T?) LPs with O(mT) variables and
O(nT) constraints, thus resulting in an unacceptably high running time. Our algorithms
are devised relying on the problem structure, and in most cases do not use LP. The only
exception is the algorithm for determining a max-min fair time-variable fractional routing
(Section [3.4), which solves O(nT') LPs, and thus provides at least O(nT')-fold improvement
as compared to an adaptation of [28,/79,110].

The considered problems generalize classical max-min fair routing problems that have
been studied outside the area of energy harvesting networks, such as: max-min fair fractional
routing |100], max-min fair unsplittable routing [68], and bottleneck routing [18]. In contrast
to the problems studied in [18}/68,100], our model allows different costs for flow generation
and forwarding, and has time-variable node capacities determined by the available energies
at the nodes. We remark that studying networks with node capacities is as general as
studying networks with capacitated edges, as there are standard methods for transforming
one of these two problems into the other (see, e.g., [3]). Therefore, we believe that the

results will find applications in other related areas.

3.1 Related Work

We briefly survey the related work on classical fairness problems and problems arising in
sensor and energy-harvesting networking applications.

Energy-harvesting Networks. Rate assignment in energy harvesting networks in the
case of a single node or a link was studied in [12}22,29,48,511|106,118]. Resource allocation
and scheduling for network-wide scenarios using the Lyapunov optimization technique was
studied in [46}[55(84,|115]. While the work in [46}|55,84,/115] can support unpredictable
energy profiles, it focuses on the (sum-utility of) time-average rates, which is, in general,

time-unfair. Online algorithms for resource allocation and routing were considered in [301{78].
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Max-min time-fair rate assignment for a single node or a link was considered in [48}/51],
while max-min fair energy allocation for single-hop and two-hop scenarios was studied
in [54]. Similar to our work, [54] requires fairness over both the nodes and the time slots, but
considers only two energy harvesting nodes. The work on max-min fairness in network-wide
scenarios [79] is explained in more detail below.

Sensor Networks. A special case of max-min fair rate assignment and routing in energy
harvesting networks is related to the problems of lifetime maximization in sensor networks
(see, e.g., |26,83] and the follow-up work). In particular, the problem of maximizing only
the minimum rate assigned to any node (instead of finding a max-min fair rate assignment)
over a time horizon of a single slot is equivalent to maximizing the lifetime of a sensor
network. Determining a maximum lifetime tree in sensor networks [25] is a special case
of determining a max-min fair routing tree in energy harvesting networks. We extend the
NP-hardness result from [25] and provide a lower bound of Q(logn) for the approximation
ratio (for both [25] and our problem), where n is the number of nodes in the network.
Max-min Fair Rate Assignment. Max-min fair rate assignment for a given routing was
studied extensively (see [18,27] and references therein). Max-min fair rate assignment in
energy harvesting networks reduces to the problems from [18}27] for ¢sy = ¢;¢ (unit energy
costs) and T' = 1 (static capacities). In the energy harvesting network setting, the problem
of rate assignment has been considered in [79], for rates that are constant over time and
a time-invariable routing tree. We consider a more general case than in [79], where the
rates are time-variable, fairness is required over both network nodes and time slots, and the
routing can be time-variable and of any type (a routing tree, an unsplittable routing, or a
fractional routing).

Max-min Fair Unsplittable Routing. Determining a max-min fair unsplittable routing
as studied in [68] is a special case of determining a max-min fair unsplittable routing in en-
ergy harvesting networks for ¢yt = ¢;¢ and 7' = 1. The NP-hardness result from [68] implies
the NP-hardness of the max-min fair unsplittable routing in energy harvesting networks.
Max-min Fair Fractional Routing. Max-min fair fractional routing was first studied
in [100]. The algorithm from [100] relies on the property that the total values of a max-min

fair flow and max flow are equal, which does not hold even in simple instances of energy
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harvesting networks. The problem of determining a max-min fair fractional routing reduces
to the problem of [100] for T =1 and ¢ = ¢yy.

Max-min fair fractional routing in energy harvesting networks has been considered in
[79]. The distributed algorithm from [79] is a heuristic for the problem of determining a time-
invariable fractional routing with constant rates. We provide a combinatorial algorithm that
solves this problem optimally in a centralized manner (Section . We focus on the more
general problem of determining a max-min fair time-variable routing with time-variable
rates, and we provide an FPTAS for this problem in Section

A general linear programming framework for max-min fair routing was provided in [110],
and extended to the setting of sensor and energy harvesting networks in [28] and [79],

respectively. This framework, when applied to our setting, is highly inefficient.

3.2 Preliminaries

3.2.1 Max-min Fairness and Lexicographic Maximization

Closely related to the max-min fairnessﬂ is the notion of lexicographic maximization. The
lexicographic ordering of vectors, with the relational operators denoted by ler , le>x, and le<x ,
is defined as follows:

Definition 3.1. Let u and v be two vectors of the same length I, and let us and vs denote the

vectors obtained from u and v respectively by sorting their elements in the non-decreasing

order. Then:
. lex . .
(i) u= v if us = vs element-wise;

lex
(1i) u > v if there exists j € {1,2,...,1}, such that us(j) > vs(j), and us(1) = vs(1), ..., us(j—

1) =ws(j—1)ifj > 1;

lex . . lex lex
(iii) u < v if neither u = v nor u > v.

A max-min fair allocation vector exists on any convex and compact set [110]. In a given
optimization problem whenever a max-min fair vector exists, it is unique and equal to the

lexicographically maximum one [116]. The following lemma summarizes these two results.

®Recall that max-min fairness was defined in Introduction (Definition .
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Lemma 3.2. For any convex and compact feasible region, a mazx-min fair allocation vector
exists and it unique. Moreover, the maz-min fair vector is equivalent to the lexicographically

mazximum vector from the same feasible region.

Lexicographic maximization of a vector v over a feasible region R can be implemented

using the water-filling framework (see, e.g., [18]):

Algorithm 1 WATER-FILLING-FRAMEWORK(R)

1: Set v; = 0 Vi, and mark all the elements of v as not fixed.

2: MAXIMIZING-THE-RATES: Increase all the elements v; of v that are not fixed by the
same maximum amount, subject to the constraints from R.

3: FIXING-THE-RATES: Fix all the v;’s that cannot be further increased.

4: If all the elements of v are fixed, terminate. Otherwise, go to step 2.

As we will see later, the problems of finding the max-min fair rate assignment in a given
routing and determining max-min fair fractional routing will have convex and compact
feasible regions. Since in this case max-min fair rate allocation is equivalent to the lexico-
graphically maximum one (Lemma , our algorithms will rely on the WATER-FILLING-
FRAMEWORK. The algorithmic challenges for these problems will lie in the efficient imple-
mentation of common rate maximization (Step [2)) and rate fixing (Step [3).

For problems that do not have a convex feasible region, a max-min fair allocation does
not necessarily exist, while a lexicographically maximum allocation always exists (see, e.g.,
[110]). Therefore, the problems of finding an “optimal” routing tree or an unsplittable
routing may not have a solution in the max-min fair sense, but will always have at least
one solution in the context of lexicographic maximization. For this reason, we will consider

lexicographic maximization in such cases.

3.2.2 Model and Problem Formulation

We consider a network that consists of n energy harvesting nodes and one sink node
(Fig. [L.2). The sink node is assumed not to be energy constrained. In the rest of the chap-
ter, we will use “sink” to refer to the sink node and “node” to refer to an energy harvesting

node. The connectivity between the nodes is modeled by a directed graph G = (V| E),
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where |[V| =n+ 1 (n nodes and the sink), and |E| = m. We assume without loss of gener-
ality that every node has a directed path to the sink, because otherwise it can be removed
from the graph. The main notation is summarized in Table

Each node is equipped with a rechargeable battery of finite capacity B. The time horizon
is T time slots. The duration of a time slot is assumed to be much longer than the duration
of a single data packet, but short enough so that the rate of energy harvesting does not
change during a slot. For example, if outdoor light energy is harvested, one time slot can
be at the order of a minute. In a time slot ¢, a node ¢ harvests e;; units of energy. The
battery level of a node i at the beginning of a time slot ¢ is b; ;. We follow a predictable
energy profile [29,48,/51,/54,/78,|79], and assume that all the values of harvested energy
eir, t € {1,...,n}, t € {1,...,T}, battery capacity B, and all the initial battery levels b; 1,
i € {1,...,n} are known and finite.

A node 7 in slot ¢ senses data (generates flow) at rate A; ;. A node forwards all the data
it senses and receives towards the sink. The flow on a link (4, j) in slot ¢ is denoted by f;;.
Each node spends ¢g energy units to generate a unit flow, and c, respectively c;x, energy
units to send, respectively receive, a unit flow. The joint cost of generating and sending a
unit flow is denoted by cst = ¢ + ¢y, While the joint cost of receiving and sending a unit
flow is denoted by ¢,y = ¢ + Cix-

Consider any routing R = {R;}, where R; C FE is a subset of edges from the underlying
graph G used to route data in time slot ¢. The feasible region of the sensing rates A;; and
the flows f;;; with respect to a given routing R is determined by the following set of 1inea1ﬁ

constraints:

Vie{l,...,n}te{l,..,T}:

Z Jjit + i = Z fij (3.1)

bi t+1 = min {B, bit + €t — (Cst)\i,t + et Z sz‘,t>} (3.2)
(4,1)ER:

5Note that we treat Eq. 1) as a linear constraint, since the considered problems focus on maximizing
Ait’s (under the max-min fairness criterion), and (3.2)) can be replaced by b; 41 < B and b;¢+1 < bi +

eit — (et fiy + csthi,e) while leading to the same solution.
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Table 3.2: Nomenclature.

n Number of energy harvesting nodes
m Number of edges
T Time horizon
@i Node index, i € {1,2,...n}
é t Time index, t € {1, ..., T}
| B Battery capacity
€t Harvested energy at node ¢ in time slot ¢
Cs Energy spent for sensing a unit flow
Cix Energy spent for transmitting a unit flow
Crx Energy spent for receiving a unit flow
8
§ it Sensing rate of node 7 in time slot ¢
E fije Flow on link (7, 7) in time slot ¢
bi ¢ Battery level at node ¢ at the beginning of time slot ¢
£
E Energy spent for jointly sensing and transmitting a unit flow: cg =
g o Cs + Cix
Energy spent for jointly receiving and transmitting a unit flow: ¢,y =
o Crx + Cix
= Total flow entering node 7 in time slot t: f = > iGier fiit

bi,t—l—l > 07 )‘i,t > Oa fij,t > O,V(Z,j) € Rta

88

(3.3)

where (3.1)) is a classical flow conservation constraint, while (3.2) describes the battery

evolution over time slots.

For Definitions and to apply, we will interpret a rate assignment A = {);;} as a

one-dimensional vector.

3.2.3 Considered problems

We examine different routing types, in time-variable and time-invariable settings, as de-

scribed in the Introduction. The problems that we consider are from either of the following

two categories: (i) determining a max-min fair rate assignment in a routing that is provided
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at the input, and (ii) determining a routing of the required type that provides lexicograph-
ically maximum rate assignment. We specify the problems in more detail below. The first
problem formalizes (i), while the remaining problems are specific instances of (ii).

P-DETERMINE-RATES: Given a routing R = {R;}, determine the max-min fair assign-
ment of the rates {\;;}. Note that this setting subsumes all the routing types that were
defined in the Introduction.

P-UNSPLITTABLE-ROUTING: For a given (time-invariable or time-variable) unsplittable
routing P, let {)\ft} denote a rate allocation that optimally solves P-DETERMINE-RATES
over P. Searching over all feasible unsplittable routings in graph G over time horizon T,
determine an unsplittable routing P that provides a lexicographically maximum assignment
of rates {)\ft

P-ROUTING-TREE: Let 7 denote a (time-invariable or time-variable) routing tree on
the input graph G. For each T, let {)\;rt} denote a rate allocation that optimally solves
P-DETERMINE-RATES. Searching over all feasible routing trees in G over time horizon T,
determine 7 that provides a lexicographically maximum assignment of rates {/\Z—t .

P-FRACTIONAL-ROUTING: Determine a time-variable fractional routing that supports
lexicographically maximum rate assignment {\;;}, considering all the (time-variable, frac-
tional) routings.

P-FIXED-FRACTIONAL-ROUTING: Determine a time-invariable fractional routing that
provides the max-min fair time-invariable rate assignment {\;;} = {\;}. This problem is
a special case of P-FRACTIONAL-ROUTING, where the routing and the rates are constant

over time.

3.3 Rate Allocation in a Specified Routing

This section provides an algorithm for P-DETERMINE-RATES, the problem of rate assign-
ment for a routing specified at the input. The analysis applies to any routing type described
in the Introduction. As discussed in Section to design an efficient rate assignment al-
gorithm relying on WATER-FILLING-FRAMEWORK, we need to implement the common rate

maximization (Step [2) and fixing of the rates (Step [3) of WATER-FILLING-FRAMEWORK
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efficiently.

We begin by introducing additional notation. We assume that the routing over time
t € {1,...,T} is provided as a time-sequence of sets of routing paths P = {P;;} from a
node i to the sink s, for each node ¢ € V\{s}. We also assume that associated with each

path p;; € P;; there is a coefficient o;; > 0, such that ) a;; = 1. The coefficients

i, t€Pit
a; ¢ determine the fraction of flow A;; that is sent over path p;;. We say that node j is a
descendant of node ¢ in a time slot ¢ if i € P;;, that is, if 4 is on at least one routing path
of 7 in slot tm

We let Fft = 1 if the rate \;; is not fixed at the beginning of the k' iteration of
WATER-FILLING-FRAMEWORK, FF, = 0 otherwise. Initially, F}!; = 1, Vi, t. If a rate \;; is
not fixed, we will say that it is “active”. To concisely evaluate the flow incoming into node
1 in time slot ¢ in iteration k, we let Dﬁt = Z{pj,t:j;éz‘/\i,pj,tepj,t} Qe Fft. Finally, let )\ﬁt and
bf’t denote the values of A;; and b;; in the k™ iteration of WATER-FILLING-FRAMEWORK,
where )‘?,t = 0, Vi,t. Under this notation, the rates in k' iteration can be expressed as
/\ﬁt = Zle Fil,t)\l, where A denotes the common amount by which all the active rates get

lth

increased in the iteration. Moreover, it is not hard to see that the total flow incoming

into node ¢ and originating at other nodes in iteration k is equal to Zle Dﬁ,t)\l.

3.3.1 Maximizing the Rates

Using the notation introduced in this section, maximization of the common rate \¥ in k"

iteration of WATER-FILLING-FRAMEWORK can be formulated as follows:

max \F
s.t. Vie {l,...n},te{l,...,T}:
k
b1 =min{B, b, +eir — Y N(ewDl, + cFY )}
=1

bF, >0, AF >0,

where ViVEk : bﬁl =b;1.

"Notice that this is consistent with the definition of a descendant in a routing tree.
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Instead of using all of the A\'’s from previous iterations in the expression for bﬁt 41, We
can define the battery drop in the iteration k, for node i and time slot ¢ as: Abﬁt =
Zle Py (crtDit + cstFZ-lyt> and only keep track of the battery drops from the previous iter-
ation. The intuition is as follows: to determine the battery levels in all the time slots, we
only need to know the initial battery level and how much energy (Ab;;) is spent per time

slot. Setting Abgt = 0, the problem can be written as:

max \*
s.t. Vie{l,...,n},te{l,..,T}:
Abf, = AV + Mo (enDfy + co F)
b, 1 =min{B, bf, + iy — Ab},}

by, >0, A" >0
Writing the problem for each node independently, we can solve the following subproblem:

max )\f (3.4)

s.t. vVt e {l,...,T}:

Abf, = AbET 4 A (e DYy + et F) (3.5)
Ve = min{B, 0fy + eip — Al } (3.6)
by >0, A >0 (3.7)

for each ¢ with }, , Fft > 0, and determine A\¥ = min; A\¥. Notice that we can bound each

A¥ by the interval [0, Ak ], where AF . is the rate for which node i spends all its available

» “‘max,? max,i
energy in the first slot 7 in which its rate is not fixed:
by +eir

k — ’ J— 3 . k J—
Amax’i = F o DF e 7 = min{t : Fy = 1}.
vt - S

The subproblem of determining )\f can now be solved by performing a binary search in
the interval [0, Aﬁlax,i}'

Let 6 denote the precision of the input variables. Note that however small, § can usually

be expressed as a constant. This section can be summarized in the following lemma.
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Lemma 3.3. MAXIMIZING-THE-RATES in P-DETERMINE-RATES can be implemented in

o s () = o ()

3.3.2 Fixing the rates

time

Recall that the elements of the matrix F* are such that Fi’f‘t = 0 if the rate \;; is fixed for
the iteration k, and szt = 1 otherwise. At the end of iteration k > 1, let FF*1 = F¥ and
consider the following set of fixing rules:

(F1) For all (4,t) such that bﬁt+1 =0 set Ff;rl =0.

(F2) For all (i,t) such that bi-ft_H = 0 determine the longest sequence (i,t), (i,t — 1), (i,t —
2),...,(i,7),7 > 1, with the property that bﬁs +eis — Abfis <BVse{t,t—1,..,1},
and set Ff:l =0Vs.

(F3) For all (i,t) for which the rules |(F1) and |(F2) have set sztH = 0, and for all j such
that i € Pj, set ij;rl = 0.

We will need to prove that these rules are necessary and sufficient for fixing the rates.
Here, “necessary” means that no rate that gets fixed at the end of iteration k can get
increased in iteration k 4+ 1 without violating at least one of the constraints. “Sufficient”
means that all the rates \;; with Fft+ 1 = 1 can be increased by a positive amount in
iteration k + 1 without violating feasibility.

Lemma 3.4. (Necessity) No rate fized by the rules|(F1), |(F2) and [(F3) can be increased

in the next iteration without violating feasibility constraints.

Proof. We will prove the lemma by induction on iteration k.
The base case. Consider the first iteration and observe the pairs (i,t) for which
Fl,=o0.

Suppose that bZ-1 ++1 = 0. The first iteration starts with all the rates being active, so we
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get from the constraint ((3.6)):

bj 41 = min {37 biy+ et — <CrtD¢1¢ + Cst) )\1}

. 1 1 1
= min {B, bi,t + et — <crt Z Qg )‘j,t + Cst)\i,t> }
Pj,t:JFINGP;tEPj 1
1 1 1
=blete—(en X @A) =0, (3.8)

D)t dFiINLDj 1 EP
as B > 0, where the first and the second line come from all the rates being equal in the
first iteration and the fact that all the i’s descendants whose path p;; contains i send a;;
fraction of their flow through 1.

As every iteration only increases the rates, if we allow \;; to be increased in the next
iteration, then (from (3.8])) we would get b; ;1 < 0, which is a contradiction. Alternatively,
if we increase )\Z{t at the expense of decreasing some )\]1775, i€ pi\{j}, to keep b;¢r1 > 0,
then the solution is not max-min fair, as )\Jl»’t = )\}’t = Al This proves the necessity of
the rule |(F1), By the same observation, if we increase the rate )‘Jl‘,t of any of the node i’s
descendants j at time ¢, we will necessarily get b;;+ < 0 (or would need to sacrifice the
max-min fairness). This proves the rule for all the descendants of node ¢, such that
F?, is set to 0 by the rule|(F1)

Now let (i,t), (i,t—1), (i,t—2), ..., (i,7), 7 > 1, be the longest sequence with the property
that: b;; = 0 and bz{s +eis— Abz{s < BVse{t,t—1,..,7}. Observe that when this is the

case, we have:

Vse{r,7+1,...,t—2,t—1}:
biop1 =min{B,b  +eis — Abj } =bj , +eis — Abj

1 1 1
=bjs+eis— (Crt E , Q- Ajy T+ CSt)‘i,s)

Dj,t: JFINGP; tEPj 1
This gives a recursive relation, so b; 441 can also be written as:
t t t
1 _ 3l ' Rt 1
bipr1="bi + E €i,s — Crt E E Qjt - Ajp — Cst E Ais-
S=T S=T )4 J#INGP; e €EPj s=T

If we increase \; s or A, for any j, s such that j #iandi € Pj,, s € {7, 7+1,...,t—2,t—1},

then either b; ;41 becomes negative, or we sacrifice the max-min fairness, as all the rates
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are equal to A\ in the first iteration. This proves rule and completes the proof for the

necessity of rule |(F3)]

The inductive step. Suppose that all the rules are necessary for the iterations

1,2,...k — 1, and consider the iteration k.

Observe that:

(01) Aji < Aiy, Vi i € Pjy, as all the rates, until they are fixed, get increased by the same
amount in each iteration, and once a rate gets fixed for some (7,t), by the rule |(F3)]
it gets fixed for all the node i’s descendants in the same time slot. Notice that the
inequality is strict only if A;; got fixed before );;; otherwise these two rates get fixed
to the same value.

(02) Once fixed, a rate never becomes active again.

(03) If a rate \;+ gets fixed in iteration k, then \;; = )\’;‘it = 2’5:1 AP = /\é,w vl > k.

Suppose that bf,t+1 = 0 for some i € {1,.,n},t € {1,..,T}. If Fi'ft = 0, then by the

inductive hypothesis A;; cannot be further increased in any of the iterations k,k + 1, ....

Assume Fi]ft = 1. Then:

k . k k k
bit+1 = min {B, i+ €t — <crt Z it Ajy+ cst)\m)}
Pyt 5 FINED;, ¢t EPj e
k k k
= bi,t + it — (Crt Z aj,t . )‘j,t + CstAiJ) =0.

Dj, e JFINGLPj EPj it

By the observation )\ﬁt < Aﬁt, Vj such that i € p;;\{j}, where the inequality holds
with equality if F' ﬁt = 0. Therefore, if we increase \;; in some of the future iterations, either
bi++1 < 0, or we need to decrease some \;; < A; 4, violating the max-min fairness condition.
This proves the necessity of the rule For the rule as for all (j,t) with j # 4,
F;‘ft =1 and ¢ € Pj;, we have \j; = \;¢, none of the i’s descendants can further increase
its rate in slot ¢.

Now for (i,t) such that bf,,, = 0, let (i,t), (i,t — 1), (i, — 2), ..., (i,7),7 > 1, be the

longest sequence with the property that: bﬁs +eis— Abﬁs < BVs e {t,t—1,...,7}. Similarly
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as for the base case:

Vse{r,t+1,..,t—2,t—1}:

b,y = min {B e Abﬁs}

s Yi,s
k k k
=bis+eis— <Crt Z Qjt - A+ cst/\m),
Pyt JFINGLD; € Pyt
and we get that:

t t

t
béc,t—i-l = b?,T + Z €is — Crt Z Q- )‘?,t — Cst Z )\ﬁs. (3.9)
S=T

s=T S=T pj ¢:j#iNL,pj 1 €Pj ¢

If any of the rates appearing in , was fixed in some previous iteration, then it cannot
be further increased by the inductive hypothesis. By the observation all the rates
that are active are equal, and all the rates that are fixed are strictly lower than the active
rates. Therefore, by increasing any of the active rates from , we either violate battery
nonnegativity constraint or the max-min fairness criterion. Therefore, rule holds, and
rule holds for all the descendants of nodes whose rates got fixed by the rule in

the corresponding time slots. O

Lemma 3.5. (Sufficiency) If Fftﬂ = 1, then Ay can be further increased by a positive
amount in the iteration k + 1, Vi € {1,...,n}, Vt € {1,...,T}.

Proof. Suppose that FZ’“;r 1 — 1. Notice that by increasing Ait by some A);; node ¢ spends
an additional Ab;; = cstAN; ¢ energy only in the time slot t. As Ff;rl =1, by the rules|(F1)
and |(F2)| either b; » > 0 Vt' > ¢, or there is a time slot s > ¢ such that bﬁs +eis— Abﬁs > B
and s < &', where s’ = argmin {7 > ¢ : b; » = 0}.

If by > 0 V' > t, then the node ¢ can spend Ab;; = min,1<p<7i1 bf,t, energy, and
keep b;;+ > 0, Vt', which follows from the battery evolution .

If there is a slot s’ > ¢ in which bﬁ o = 0, then let s be the minimum time slot between
t and s, such that bﬁs +eis — Abﬁs > B. Decreasing the battery level at s by (bﬁs +eis—
Abﬁ s) — B does not influence any other battery levels, as in either case b; ;11 = B. As all
the battery levels are positive in all the time slots between ¢ and s, ¢ can spend at least

min{(bﬁs +e5s— Abf’s) — B, mingi<p<s bf’t,} > 0 energy at time ¢ and have b,y > 0 V.
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By rule Vj such that j € P;; we have that b;; > 0, and, furthermore, if 35" > ¢
with b; ¢ = 0 then 3s € {t, s’} such that bﬁs +eis — Abﬁs > B. By the same observations
as for the node ¢, each j € P;; can spend some extra energy Ab;; > 0 in the time slot ¢ and
keep all the battery levels nonnegative. In other words, on each directed path p;; € P;¢
from the node i to the sink every node can spend some extra energy in time slot ¢ and keep
its battery levels nonnegative. Therefore, if we keep all other rates fixed, the rate \;; can
be increased by at least A);; = min{Ab; ;/cqt, min;ep, , Abji/cr} > 0.

As each active rate \;; can (alone) get increased in the iteration k+1 by some A)\; ; > 0,
it follows that all the active rates can be increased simultaneously by at least min; ; AX; . /(T (cst+

nee)) > 0. O

Theorem 3.6. Fizing rules[(F1),[(F2) and[(F3) provide necessary and sufficient conditions

for fixing the rates in WATER-FILLING-FRAMEWORK.
Proof. Follows directly from Lemmas and O

Lemma 3.7. FIXING-THE-RATES for P-DETERMINE-RATES can be implemented in time

o(mT).

Proof. Rules and can be implemented for each node independently in time O(T)
by examining the battery levels from slot 7"+ 1 to slot 2.

For the rule in each time slot ¢ € {1, ..., T} enqueue all the nodes i whose rates got
fixed in time slot ¢ by either of the rules and perform a breadth-first search over
the graph determined by the enqueued nodes and the edges from Ujc(y . ) Pj+ added to the
graph with reversed direction. Fix the rates of all the nodes discovered by the breadth-first
search. This gives O(m) time per slot, for a total time of O(mT'). Combining with the time

for rules [(F1)| and |(F2)} the result follows. O

Combining Lemmas and we can compute the total running time of WATER-
FILLING-FRAMEWORK for P-UNSPLITTABLE-FIND, as stated in the following lemma.
Lemma 3.8. WATER-FILLING-FRAMEWORK with Steps[4 MAXIMIZING-THE-RATES and [

FIXING-THE-RATES implemented as described in Section runs in time:

O(nT(mT + nT log(B + max eit/(d¢st))))-
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Proof. To bound the running time of the overall algorithm that performs lexicographic
maximization, we need to first bound the number of iterations that the algorithm performs.
As in each iteration at least one sensing rate A; ¢, ¢ € {1,...,n}, t € {1,..., T}, gets fixed, and
once fixed remains fixed, the total number of iterations is O(nT"). The running time of each
iteration is determined by the running times of the steps |2 (MAXIMIZING-THE-RATES) and
(FIXING-THE-RATES) of the WATER-FILLING-FRAMEWORK. MAXIMIZING-THE-RATES runs
inO (nT log <B+$)Zte”)) (Lemma, whereas FIXING-THE-RATES runs in O(mT') time
(Lemma. Therefore, the total running time is: O (nmT? + n*T?log (B + max; €;+/(dcst)))-
O

3.4 Fractional Routing

Computing a lexicographically maximum fractional routing can be formulated as a general-
ized flow problem with capacitated nodes, where the nodes’ capacity change over time and
are determined by the battery states. It is not difficult to see that the feasible region of the
rates and flows in P-FRACTIONAL-ROUTING-ROUTING can be described by the following

constraints:
Vie{l,..,n}te{l,..,T}:
D+ A= Z o

(i,j)EE
big1 = min{B, bis + eir — (e fit + csehin)}

big >0, Ny >0, fije>0,V(i,5) € E,

where fEt = Z(j,i)eE fjit-

We can avoid computing the values of battery levels b; ; 11, and instead explicitly write
the non-negativity constraints for each of the terms inside the min{.}. This increases the
number of constraints from O(mT) to O(mT?), but will allow us to make more observations

about the problem structure. Reordering the terms, we get the following formulation:

Vie{l,...,n}te{l,..,T}:

A= > i (3.10)

(i,5)EE
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t t
Z(Crtfﬁ +estAig) < big + Z €ir (3.11)
T=1 T=1
t t
D (et +eadi) B+ eir, 2<s<t (3.12)
)\i,t > Oa fij,t > O,V(%]) er (313)

In the k*! iteration of WATER-FILLING-FRAMEWORK we have that )\ﬁt = Aﬁ;1+ﬂft-Ak =

Zle Fl-l’t - AL, where )‘?,t = 0. Let:
t
b k—1
ujy =bi1+ Z(ei,‘r — CstA; , )s
=1
t
B k—1
Uits = B+ Z(eiﬂ' - CSt)\i,T )
T=S8

Since in the iteration £ all )\ft_l’s are constants, the rate maximization subproblem can be

written as:

max A\ (3.14)

s.t. Vie{l,...,n},te{l,....T}:

— [ AT Z fije = )\ﬁf (3.15)
(i.)€E

t
D (efin + Ff - eal) <l (3.16)
T=1

t
S (et + Bl cesd) <uf, 2<s <t (3.17)
T=S
N >0, fiie >0,Y(i,5) € E (3.18)

Notice that in this formulation all the variables are on the left-hand side of the constraints,

whereas all the right-hand sides are constant.

3.4.1 Relation to Multi-commodity Flow

Let T = 2, and consider the constraints in (3.10)—(3.13). We claim that verifying whether
any set of sensing rates \;; is feasible is at least as hard as solving a 2-commodity feasible

flow problem with capacitated nodes and a single sink:
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Claim 3.9. Any 2-commodity feasible flow problem with capacitated nodes and a single

sink can be reduced to a feasible flow problem in an energy harvesting network over a time

horizon T = 2.

Proof. To prove the claim, we first rewrite the constraints in (3.10)—(3.13|) as:

ST Firtde= > fije te{1,2}

(4,0)€E (i,5)eE
1
Z fjin < 7(@,1 +ei1 — Cst A1)
(Jd)€E "
2 . 2
Z Z fiir < ?(bi’l + Z (€ir — Cst)\z',r))
=1 (j.)ek " =1
1
Z fiiz < ?(B + €2 — CstAi2)
(d)eE r

Xit >0, fij+ >0, Vie{l,..,n},(i,j) € E,t € {1,2}

Suppose that we are given any 2-commodity flow problem with capacitated nodes, and

let:
e );: denote the supply of commodity ¢t at node 7;
e u;; denote the per-commodity capacity constraint at node ¢ for commodity t;
e u; denote the bundle capacity constraint at node 3.

Choose values of cg, ¢r¢, B, bi 1, b2, €1, €i 2 so that the following equalities are satisfied:

1
uin = — - (bi1 + €1 — csthin)

Crt
1
Uiz = — (B + e€i2 — csthi2)
Tt
2
1
u; = a(bi,l + Z (€ir — Csthir))

=1

Then feasibility of the given 2-commodity flow problem is equivalent to the feasibility of
(3.10)—(3.13]). Therefore, any 2-commodity feasible flow problem can be stated as an equiv-
alent problem of verifying feasibility of sensing rates A;; in an energy harvesting network

for T = 2. O
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For T' > 2, and are general packing constraints. If a flow graph G} in time
slot ¢ is observed as a flow of a commodity indexed by ¢, then for each node 7 the constraints
(3.11f) and define capacity constraints for every sequence of consecutive commodities
s,s+1,..,t, 1 <s<t<T.

Therefore, to our current knowledge, it is unlikely that the general rate assignment
problem can be solved exactly in polynomial time without the use of linear programming,
as there have not been any combinatorial algorithms that solve feasible 2-commodity flow

optimally.

3.4.2 Fractional Packing Approach

The fractional packing problem is defined as follows |109]:
PACKING: Given a convex set P for which Ax > 0 ¥z € P, is there a vector x such that
Ax < b? Here, A is a p X ¢ matrix, and z is a ¢-length vector.

A vector x is an e-approximate solution to the PACKING problem if x € P and Az <
(1+ €)b. Alternatively, scaling all the constraints by %ﬁ, we obtain a solution z/ = ﬁg €
(l%rexopT, zopr| C ((1 —€)xopT, zopT], for € < 1, where zopr is an optimal solution to the

packing problem. The algorithm in [109] either provides an e-approximate solution to the

PACKING problem, or it proves that no such solution exists. Its running time depends on:

e The running time required to solve min{cz : x € P}, where ¢ = yT A, y is a given
p-length vector, and (.)” denotes the transpose of a vector.

e The width of P relative to Az < b, which is defined by p = max; max,cp %, where

a; is the M row of A, and b; is the i*" element of b.

For a given error parameter € > 0, a feasible solution to the problem min{s : Az <
Bb,x € P}, its dual solution y, and Cp(y) = min{cx : ¢ = yT A, x € P}, [109] defines the
following relaxed optimality conditions:

(1-e)By"b<y" Az (P1)
y' Az — Op(y) < e(y" Az + By"b) (P2)

The packing algorithm [109] is implemented through subsequent calls to the procedure

IMPROVE-PACKING:
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Algorithm 2 IMPROVE-PACKING(z, €) [109]

1: Initialize By = max; a;z/b;; o = 450_16’1 In(2pe~1); o = €/ (4ap).
2: while max; a;x/b; > 5p/2 and z,y do not satisfy (P2) do

3: For each i = 1,2, ..., p: set y; = (1/b;)e®®/b:,

4: Find a min-cost point Z € P for costs ¢ = yT A.

5: Update z = (1 — o)z + 0.

6: return x.

The running time of the e-approximation algorithm provided in [109], for ¢ € (0, 1],
equals O(e~2plog(me~')) multiplied by the time needed to solve min{cz : ¢ = y A,z € P}
and compute Az (Theorem 2.5 in [109]).

3.4.2.1 Maximizing the Rates as Fractional Packing

We discussed at the beginning of this section that for the k' iteration MAXIMIZE-THE-

RATES can be stated as - Observe the constraints and (| - Since

A*) fi;+ and all the right-hand sides in (3.16]) and (3.17)) are nonnegative, (3.16) and (3.17)

imply the following inequalities:

Vie{l,..,n},te{l,...,T}:

FFy e\ <l 1<6<t
Fly - cqXF <l 2<s<t s<H<t
Crt Z fj29<u _CstZFz‘I?T)\ka 1<0<t
(Ji)eFE
ae Y fiio <l —cstZFi’?TA’WsSst,sgegt
(jR)EE T=s§
Therefore, we can yield an upper bound )\max for AF:
1
MNo<AF = min {ult ZFk > 0, ults Z >0} (3.19)

Cst %,t,5>2

For a fixed A*, the flow entering a node i at time slot ¢ can be bounded as:

t1
1
Z f]zt < Uit = — min {Ul ot — Cgst, ZFk )\k, zts — Cgst ZFZTT)\]C} (320)
T=

£ Crt inl1 >t
(ji)EE )
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We choose to keep only the flows f;;; as variables in the PACKING problem. Given a

M e [0, A\F ], we define the convex set Pﬁ via the following set of constraints:

max

Vie{l,..,n},te{l,..,T}:

= > fiiet Y Fua =M ER (3.21)
(jo)eE (3,5)EE
> fiia < iy (3.22)
(je)eE
fije =20, V(i,j)€E (3.23)

Proposition 3.10. For P described by (3.21)—(3.23)) and a given vectory, problem min{cf :
c=yl Af, f € P} can be solved via T min-cost flow problems.

Proof. Constraint is a standard flow balance constraint at a node ¢ in a time slot ¢,
whereas constraint corresponds to a node capacity constraint at the time ¢, given by
. As there is no interdependence of flows over time slots, we get that the problem
can be decomposed into subproblems corresponding to individual time slots. Therefore, to
solve the problem min{cf : ¢ = y" Af, f € P} for a given vector y, it suffices to solve T

min-cost flow problems, one for each time slot ¢ € {1,2,...,T}. O

The remaining packing constraints of the form Ax < b are given by (3.16]) and (3.17)),
where z = f.

Proposition 3.11. Az >0Vf € P.

Proof. As fij: > 0V(i,j) € E,t € {1,...,T}, and all the coefficients multiplying f;;;’s in
(3.16]) and (3.17) are nonnegative, the result follows immediately. O

Lemma 3.12. One iteration of IMPROVE-PACKING for P-FRACTIONAL-ROUTING can be

implemented in time

O (nT*+T - MCF(n,m)),

where MCF(n,m) denotes the running time of a min-cost flow algorithm on a graph with

n nodes and m edges.

8 P is determined by linear equalities and inequalities, which implies that it is convex.
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Proof. Since the flows over edges appear in the packing constraints only as the sum-terms
of the total incoming flow of a node ¢ in a time slot ¢, we can use the total incoming flow
f% = Z(j,i)e g fji for each (i,t) as variables. Reordering the terms, the packing constraints

Z’

can be stated as:

t
> §T§ 2 cstZFk AR, 1<t<T (3.24)
T=1
t
> ET§ ”S—cstZFk)\k 2<s<t, 2<t<T (3.25)

I‘

With this formulation on hand, the matrix A of the packing constraints Af> < bisa 0—1
matrix that can be decomposed into blocks of triangular matrices. To see this, first notice
that for each node ¢ constraints given by correspond to a lower-triangular 0-1 matrix
of size T'. Each sequence of constraints of type for fixed 7 and fixed s € {2,...,T},
and t € {s,s+1,...,T} corresponds to a lower-triangular 0-1 matrix of size T'— s + 1. This
special structure of the packing constraints matrix allows an efficient computation of the
dual vector y and the corresponding cost vector c. Moreover, as constraints
can be decomposed into independent blocks of constraints of the type A; fl-Z < b; for nodes
i € {1,...,n}, the dual vector y and the corresponding cost vector ¢ can be decomposed into
vectors y;, ¢; for i € {1,...,n}. Cost ¢;+ can be interpreted as the cost of sending 1 unit of
flow through node ¢ in time slot ¢.

Observe the block of constraints A; fiE < b; corresponding to the node 7. The structure

of A; is as follows:
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010 -0 0
01 1 00
T-1
01 1 11
000 10
2
000 -~ 11
1{0 00 --- 01

As A; can be decomposed into blocks of triangular matrices, each y;; in the IMPROVE-
PACKING procedure can be computed in constant time, yielding O (@) =0 (T2)
time for computing ;. This special structure of A; also allows a fast computation of the
cost vector ¢;. Observe that each ¢;¢,t € {1,...,T} can be computed by summing O(T')
terms. For example, ¢;1 = Z;‘.le Yijs Ci2 = Ci1 — Yi1l + Zﬁz}il Yijs Ci3 = Ci2 — Yi2 —
YiT+1 + Zj’zgg yi j, etc. Therefore, computing the costs for node i takes O(T?) time. This
further implies that one iteration of IMPROVE-PACKING takes O (nT? 4+ T - MCF(n,m))
time, where M C'F(n, m) denotes the running time of a min-cost flow algorithm on a graph

with n nodes and m edges. O

Lemma 3.13. Width p of P relative to the packing constraints (3.16) and (3.17) is O(T).

Proof. As u;; is determined by the tightest constraint in which Z (ji)EE fiit = f@ + appears,
we have that in every constraint given by -, -

| A

15 —cStZFk AR, 1<6<t

| /\

fE@ lts_cstZFkAk 2<s<t,s<O<t

Cr
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As the sum of fgﬂ over 0 in any constraint from 1 ) can include at most 7" terms,

it follows that p < % =T. O

Lemma 3.14. MAXIMIZING-THE-RATES that uses packing algorithm from [109] can be
implemented in time: O(T%¢2 - (nT + MCF(n,m))), where O-notation ignores poly-log

terms.

Proof. We have from that A* € [0, \k__], therefore, we can perform a binary search to
find the maximum A* for which both min{y” Af|f € P} is feasible and PACKING outputs an
e-approximate solution. Multiplying the running time of the binary search by the running
time of the packing algorithm [109], the total running time becomes:

k

O (log <Algax> e ?plog(me™t) (nT? +T - MCF(n,m))>

=0 <1: - (nT + MCF(n, m))> .

3.4.2.2 Fixing the Rates

As MAXIMIZING-THE-RATES described in previous subsection outputs an e-approximate
solution in each iteration, the objective of the algorithm is not to output a max-min fair
solution anymore, but an e-approximation. We consider the following notion of approxima-
tion, as in [68]:

Definition 3.15. For a problem of lexicographic maximization, say that a feasible solution
given as a vector v is an element-wise e-approximate solution, if for vectors v and vopr
sorted in nondecreasing order v > (1 — €)vopr component-wise, where vopr is an optimal

solution to the given lexicographic maximization problem.

Let A be the smallest real number that can be represented in a computer, and consider
the algorithm that implements FIXING-THE-RATES as stated below.

Assume that FIXING-THE-RATES does not change any of the rates, but only determines
what rates should be fixed in the next iteration, i.e., it only makes (global) changes to sz;r L

Then:
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Algorithm 3 FIXING-THE-RATES

1: Solve the following linear program:
2: max y ., Fi]ft)\ﬁt

30 st Vie{l,..,n}hte{l,.,T}:

4: A > N R AR

5: Ny STl (T 4+ (19Xt + )

6: Et + Af,t =X _(ij)er fijt

7 b 1+1 = min {B, bit + et — (crtfft + Cst)‘f,t) }
8: bis >0, )‘Et >0, fijt=>0

9: Let F\™t = FF,, Vi, t.
10: I AP, < (L4 (A T+ BF AR + A set BT =0,

Lemma 3.16. If the Steps[d and[3 in the WATER-FILLING-FRAMEWORK are implemented
as MAXIMIZING-THE-RATES and FIXING-THE-RATES from this section, then the solution
output by the algorithm is an element-wise e-approrimate solution to the lexicographic mazx-

imization of A\;y € R.

Proof. The proof is by induction.
The base case. Observe the first iteration of the algorithm. After rate maximization,
1
Vit A=A > —
‘ bt “1+4+e€
Observe that in the output of the linear program of FIXING-THE-RATES, all the rates

must belong to the interval [A!, (1 +€)A! + A]. Choose any (i,t) with )\il’t < (1+ e)(Aﬁt_l +
Fi{t A 4+ A = (1+e)A! + A. There must be at least one such rate, otherwise the rate
maximization did not return an e-approximate solution. As > 7 | Fgg;t =", )‘il,t is
maximum, if )\il,t is increased, then at least one other rate needs to be decreased to maintain
feasibility. To get a lexicographically greater solution A%’t can only be increased by lowering
the rates with the value greater than )‘il,t' Denote by Sit the set of all the rates )\]1-7T such
that )\;,T > )\il’t. In the lexicographically maximum solution, the highest value to which
)\il’t can be increased is at most @ ()\ili + Z)\j’TeSil’t )\}77) < (1 + €)X + A, which implies
Aijtmax < (1 + €)A!. Therefore, if Ait is fixed to the value of AL, it is guaranteed to be in

the e-range of its optimal value.
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Now consider all the (4,t)’s with A\j, = (1 + e)A! + A. As all the rates that get fixed
are fixed to a value \;; = A< )\ili7 it follows that in the next iteration all the rates that

did not get fixed can be increased by at least eA! + A, which FIXING-THE-RATES properly

determines.

The inductive step. Suppose that up to iteration k > 2 all the rates that get fixed
are in the e-optimal range, and observe the iteration k. All the rates that got fixed prior to

iteration k satisfy:

A= NP EE A = AT and

Ny ST 4l (N (19X +A) = 2!

and, therefore, they remain fixed for the next iteration, as )\ft = Af;l < (1+ E))\le.

Now consider all the (4,%)’s with Fft = 1. We have that:
k
A= AT AR =) N
=1

k
Ay <(1+e) ()\k_l—{—l-)\k)—l—A:(l—i—e)Z)\l—i—A
=1

Similarly as in the base case, if Af, < (1+¢) SN+ A, et Sk, = {/\;?J : )\fﬁ > A
There must be at least one such (i,t), otherwise the rate maximization did not output an

e-approximate solution. In any lexicographically greater solution:

1

k k

it max §@ Aig T Z Ajr
it

Ab €Sk,
k
<1+ N 1A,
I=1
which implies Aﬁt’max < (1+¢) S5, M. Therefore, if we fix A; to the value S5 AL it is
guaranteed to be at least as high as (1 — €) times the value it gets in the lexicographically

maximum solution.
Finally, all the (i,t)’s with )\f,t =(14¢) Zle A+ A can simultaneously increase their
rates by at least € Zle A 4+ A in the next iteration, so it should be Fft+ 1'— 1, which agrees

with FIXING-THE-RATES. O
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Lemma 3.17. An FPTAS for P-FRACTIONAL-ROUTING can be implemented in time:
O(nT(T?¢ 2 - (nT + MCF(n,m) + LP(mT,nT))),

where LP(mT,nT) denotes the running time of a linear program with mT variables and nT
constraints, and MCF(n,m) denotes the running time of a min-cost flow algorithm run on

a graph with n nodes and m edges.

Proof. 1t was demonstrated in the proof of Lemma that in every iteration at least
one rate gets fixed. Therefore, there can be at most O(nT) iterations. From Lemma
MAXIMIZING-THE-RATES can be implemented in time O(T2¢ 2 - (nT + MCF(n,m))). The
time required for running FIXING-THE-RATES is LP(mT,nT), where LP(mT,nT) denotes

the running time of a linear program with mT variables and n1" constraints. O

Note: A linear programming framework as in [28}[79,110] when applied to P-FRACTIONAL-
ROUTING would yield a running time equal to O(n?T?- LP(mT,nT)). As the running time
of an iteration in our approach is dominated by LP(mT,nT), the improvement in running

time is at least O(nT)-fold, at the expense of providing an e-approximation.

3.5 Fixed Fractional Routing

Suppose that we want to solve lexicographic maximization of the rates keeping both the
routing and the rates constant over time. Observe that, as both the routing and the rates do
not change over time, the energy consumption per time slot of each node ¢ is also constant
over time and equal to Ab; = ¢t A; + Crt Z(J}i)GE fji-

Proposition 3.18. Mazimum constant energy consumption Ab; can be determined in time

o log(bi’l%)) for each node i € V\{s}, for the total time of O(nT log(b“jr%)).

Proof. Since the battery evolution can be stated as:
bitr1 =min{B, b;;+e;; — Ab;},

maximum Ab; for which b;¢y1 > 0Vt € {1,...,T} can be determined via a binary search

from the interval [0, b; 1 + € 1], for each node 1. O
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Similarly as in previous sections, let Fi’C = 0 if the rate ¢ is fixed at the beginning of
iteration k, and Ff = 1 if it is not. Initially: FZ-1 = 1, Vi. Rate maximization can then be

implemented as follows:

Algorithm 4 MAXIMIZING-THE-RATES(G, F*, b, e, k)
1 Ak =1 man{Abl — CstA?_l : Flk = 1}

max Cst

2: repeat for \¥ € [0, \¥__], via binary search

3: Set the supply of node i to d; = A\*~1 + Fz-k/\k, capacity of node ¢ to u; = é(Abi —
cstAF), for each i

4: Set the demand of the sink to ), d;

5: Solve feasible flow problem on G

6: until A* takes maximum value for which the flow problem is feasible on G

The remaining part of the algorithm is to determine which rates should be fixed at the
end of iteration k. We note that in each iteration k, the maximization of the rates produces
a flow f in the graph G¥ with the supply rates )\f. Instead of having capacitated nodes,
we can modify the input graph by a standard procedure of splitting each node 7 into two
nodes ¢’ and 7", and assigning the capacity of i to the edge (i’,¢”). This allows us to obtain
a residual graph G™* for the given flow. We claim the following:

Lemma 3.19. The rate A\; of a node i € G can be further increased in the iteration k + 1

if and only if there is a directed path from i to the sink in G™F.

Proof. First, observe that the only capacitated edges in G* are those corresponding to the
nodes that were split. The capacity of an edge (i’,4") corresponds to the maximum per-slot
energy the node 7 can spend without violating the battery non-negativity constraint. If
an edge (i',4"”) has residual capacity of Wy gy > 0, then the node i can spend additional
crtu@,’i,,) amount of energy keeping the battery level non-negative in all the time slots. If
(#/,4"”) has no residual capacity (u’("i,yi,,) = 0), then the battery level of node i reaches zero in
at least one time slot, and increasing the energy consumption per time slot leads to b; ; < 0
for some ¢, which is infeasible.

(<) Suppose that the residual graph contains no directed path from the node i to the

sink. By the flow augmentation theorem [3|, the flow from the node i cannot be increased
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even when the flows from all the remaining nodes are kept constant. As the capacities
correspond to the battery levels at the nodes, sending more flow from ¢ causes at least one
node’s battery level to become negative.

(=) Suppose that there is a directed path from i to the sink, and let u] > 0 denote
the minimum residual capacity of the edges (split nodes) on that path. Then each node on
the path can spend at least ctu] amount of energy maintaining feasibility. Let U denote

the set of all the nodes that have a directed path to the sink in G™*. Then increasing
min,- U;Crt
Cst + NCrt
over their augmenting paths in G™* each node on any augmenting path spends at most

the rate of each node i € U by A\ = > 0 and augmenting the flows of i € U
min; u; ¢y amount of energy, which is at most equal to the energy the node is allowed to

spend maintaining feasibility. O

Lemma 3.20. WATER-FILLING-FRAMEWORK for P-FIXED-FRACTIONAL-ROUTING can be

implemented in time

b; i
O(nlog (max (%)) (T + MF(n, m))),
where M F(n,m) denotes the running time of a maz-flow algorithm for a graph with n nodes

and m edges.

Proof. From Proposition determining the values of Ab; for ¢ € V\{s} can be imple-
mented in time O(nT' log(b“%)).

Running time of an iteration of WATER-FILLING-FRAMEWORK is determined by the
running times of MAXIMIZING-THE-RATES and FIXING-THE-RATES. Each iteration of the
binary search in MAXIMIZING-THE-RATES constructs and solves a feasible flow problem,
which is dominated by the time required for running a max-flow algorithm that solves feasi-
ble flow problem on the graph G. Therefore, MAXIMIZING-THE-RATES can be implemented

%)MF(n, m)), where M F'(n, m) denotes the running time of a max-flow

in time O(log(

algorithm.
FIXING-THE-RATES constructs a residual graph G™* and runs a breadth-first search

on this graph, which can be implemented in time O(n + m) (= O(MF(n,m)) for all the

existing max-flow algorithms).
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Every iteration of WATER-FILLING-FRAMEWORK fixes at least one of the rates \;, i €
V\{s}, which implies that there can be at most n iterations.

Therefore, the total running time is

O(nlog (mzax (l)”;ﬁ))(T+ MF(n, m)))

3.6 Determining a Routing

In this section we demonstrate that solving P-UNSPLITTABLE-ROUTING and P-ROUTING-
TREE is NP-hard for both problems. Moreover, we show that it is NP-hard to obtain an
approximation ratio better than Q(logn) for P-ROUTING-TREE. For P-UNSPLITTABLE-
ROUTING, we design an efficient combinatorial algorithm for a relaxed version of this
problem—it determines a time-invariable unsplittable routing that maximizes the minimum

rate.

3.6.1 Unsplittable Routing

Lemma 3.21. P-UNSPLITTABLE-ROUTING is NP-hard.

Proof. The proof of NP-hardness for P-UNSPLITTABLE-ROUTING is a simple extension of
the proof of NP-hardness for max-min fair unsplittable routing provided in [68]. We use
the same reduction as in [68|, derived from the non-uniform load balancing problem [76].
From [68}76], the following problem is NP-hard:
P-NON-UNIFORM-LOAD-BALANCING: Let J = {Ji,...,Jix} be a set of jobs, and M =
{Mi,...,M,} be a set of machines. Each job J; has a time requirement r; € {1/2,1},
and the sum of all the job requirements is equal to n: Zle r; = n. Each job J; € J can be
run only on a subset of the machines S; C M. Is there an assignment of jobs to machines,
such that the sum requirement of jobs assigned to each machine M; equals 17

For a given instance of P-NON-UNIFORM-LOAD-BALANCING we construct an instance
of P-UNSPLITTABLE-ROUTING as follows (Fig. . Let T =1, and ¢t = ¢,y = 1. Create a
node J; for each job J; € J, a node M; for each machine M; € M, and add an edge (J;, M)
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it M; € S;. Connect all the nodes M; € M to the sink. Let available energies at the nodes

be in =Ty, bM]. = 2.

Figure 3.6: A reduction from P-NON-UNIFORM-LOAD-BALANCING for proving NP-hardness
of P-UNSPLITTABLE-ROUTING. Jobs are represented by nodes J;, machines by nodes M,
and there is an edge from J; to M; if job J; can be executed on machine M;. Each job J;
has time requirement r; € {1/2,1}, and Zle J; = n. Available energies at the nodes are
shown in the boxes next to the nodes. If at the optimum of P-UNSPLITTABLE-ROUTING
Aj;, = r; and )\Mj = 1, then there is an assignment of jobs to the machines such that the

sum requirement of jobs assigned to each machine equals 1.

Suppose that the instance of P-NON-UNIFORM-LOAD-BALANCING is a “yes” instance,
i.e., there is an assignment of jobs to machines such that the sum requirement of jobs as-
signed to each machine equals 1. Observe the following rate assignment: A* = {\;, =
7, Am; = 1}. This rate assignment is feasible only for the unsplittable routing in which
M;’s descendants are the jobs assigned to M; in the solution for P-NON-UNIFORM-LOAD-
BALANCING. Moreover, as in this rate assignment all the nodes spend all their available
energies and since Zle by, = Zle r; = n, it is not hard to see that this is the lexico-
graphically maximum rate assignment that can be achieved for any instance of P-NON-
UNIFORM-LOAD-BALANCING. If the instance of P-NON-UNIFORM-LOAD-BALANCING is a
“no” instance, then P-UNSPLITTABLE-ROUTING at the optimum necessarily produces a rate
assignment that is lexicographically smaller than \*.

Therefore, if P-UNSPLITTABLE-ROUTING can be solved in polynomial time, then P-

NON-UNIFORM-LOAD-BALANCING can also be solved in polynomial time. O

As the proof of Lemma [3.21] is constructed for T' = 1, it follows that P-UNSPLITTABLE-
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ROUTING is NP-hard for general T, in either time-variable or time-invariable setting.

On the other hand, determining a time-invariable unsplittable routing that guarantees
the maximum value of the minimum sensing rate over all time-invariable unsplittable rout-
ings is solvable in polynomial time, and we provide a combinatorial algorithm that solves
it below.

We first observe that in any time-invariable unsplittable routing, if all the nodes are
assigned the same sensing rate A, then every node i spends a fixed amount of energy Ab;
per time slot equal to the energy spent for sensing and sending own flow and for forwarding
the flow coming from the descendant nodes: Ab; = A (cst + ¢ Dit)-

The next property we use follows from the integrality of the max flow problem with
integral capacities (see, e.g., [3]). This property was stated as a theorem in [67] for single-
source unsplittable flows, and we repeat it here for the equivalent single-sink unsplittable
flow problem:

Theorem 3.22. [67] Let G = (N, E) be a given graph with the predetermined sink s. If
the supplies of all the nodes in the network are from the set {0, A}, A > 0, and the capacities
of all the edges/nodes are integral multiples of A, then: if there is a fractional flow of value
f, there is an unsplittable flow of value at least f. Moreover, this unsplittable flow can be

found in polynomial time.

Note: For the setting of Theorem [3.22] any augmenting-path or push-relabel based max
flow algorithm produces a flow that is unsplittable, as a consequence of the integrality of the
solution produced by these algorithms. We will assume that the used max-flow algorithm
has this property.

The last property we need is that our problem can be formulated in the setting of
Theorem We observe that for a given sensing rate A, each node spends cg A units of
energy for sensing, whereas the remaining energy can be used for routing the flow originating
at other nodes. Therefore, for a given A\, we can set the supply of each node ¢ to A, set
its capacity to u; = (Ab; — cst\) /¢y (making sure that Ab; — e A > 0), and observe the
problem as the feasible flow problem. For any feasible unsplittable flow solution with all
the supplies equal to A, we have that flow through every edge/node equals the sum flow of

all the routing paths that contain that edge/node. As every path carries a flow of value A,
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the flow through every edge/node is an integral multiple of A. Therefore, to verify whether
it is feasible to have a sensing rate of A at each node, it is enough to down-round all the
nodes’ capacities to the nearest multiple of A\: u; = A+ [(Ab; — cstA)/(creN) |, and apply the
Theorem [3.22

An easy upper bound for A is Apax = min; Ab;/cg, which follows from the battery

nonnegativity constraint. The algorithm becomes clear now:

Algorithm 5 MAXMIN-UNSPLITTABLE-ROUTING(G, b, €)

1: Perform a binary search for A € [0, Apax]-
2: For each A chosen by the binary search set node supplies to A and node capacities to
u; = X+ [(Ab; — cstA) /(e A) | Solve feasible flow problem.

3: Return the maximum feasible \.

Lemma 3.23. MAXMIN-UNSPLITTABLE-ROUTING runs in time
O(log(mlax(bi,l +e;1)/(cst0))(MF(n+1,m))),

where M F(n,m) is the running time of a maz-flow algorithm on an input graph with n

nodes and m edges.

3.6.2 Routing Tree

If it was possible to find the (either time variable or time-invariable) max-min fair routing
tree in polynomial time for any time horizon T', then the same result would follow for T" = 1.
It follows that if P-RouTING-TREE NP-hard for 7' = 1, it is also NP-hard for any 7" > 1.
Therefore, we restrict our attention to 7" = 1.

Assume w.l.o.g. ;1 = 0Vi € V\{s}. Let 7 denote a routing tree on the given graph G,
and DZ— denote the number of descendants of a node ¢ in the routing tree 7. Maximization

of the common rate A\; = A over all routing trees can be stated as:
max 111551 bi/(cst + e D)) (3.26)

This problem is equivalent to maximizing the network lifetime for A\; = 1 Vi € V\{s} as
studied in [25]. This problem, which we call P-MAXIMUM-LIFETIME-TREE, was proved to

be NP-hard in [25] using a reduction from the SET-COVER problem [61]. The instance used
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in |25 for showing the NP-hardness of the problem has the property that the equivalent
problem of finding a tree with the lexicographically maximum rate assignment, P-ROUTING-
TREE, is such that at the optimum A\; = Ao = ... = A\, = A. Therefore, P-ROUTING-TREE
is also NP-hard.

We will strengthen the hardness result here and show that the lower bound on the
approximation ratio for the P-ROUTING-TREE problem is Q2(logn), unless P = N P. Notice
that because we are using the instance for which at the optimum A; = A Vi, the meaning
of the approximation ratio is clear. In general, the optimal routing tree can have a rate
assignment with distinct values of the rates, in which case we would need to consider an
approximation to a vector {\; };¢ (1,...n}- However, we note that for any reasonable definition
of approximation (e.g., element-wise or prefix-sum as in [68]) our result for the lower bound
is still valid. As for the instance we use P-ROUTING-TREE is equivalent to the P-MAXIMUM-
LIFETIME-TREE problem, the lower bound applies to both problems.

We extend the reduction from the SET-COVER problem used in [25] to prove the lower
bound on the approximation ratio. In the SET-COVER problem, we are given elements
1,2,...,n* and sets S1,S59,...,5m C {1,2,...,n*}. The goal is to determine the minimum
number of sets from Si,..., S, that cover all the elements {1,...,n*}. Alternatively, the
problem can be recast as a decision problem that determines whether there is a set cover
of size k or not. Then the minimum set cover can be determined by finding the smallest k
for which the answer is “yes”.

Suppose that there exists an approximation algorithm that solves P-ROUTING-TREE
(or P-MAXIMUM-LIFETIME-TREE) with the approximation ratio r. For a given instance of
SET-COVER, construct an instance of P-ROUTING-TREE as in Fig. and denote it by G.
This reduction is similar to the reduction used in [25]|, with modifications being made by
adding line-topology graphs, and by modifying the node capacities appropriately to limit
the size of the solution to the corresponding SET-COVER problem. Let [* denote a directed
graph with line topology of size x. Assume that all the nodes in any [* have capacities
that are non-constraining. By the same observations as in the proof of NP-completeness of
P-MAXIMUM-LIFETIME-TREE [25], if there is a routing tree that achieves A = 1, then there

is a set cover of size k for the given input instance of SET-COVER.



CHAPTER 3. MAX-MIN FAIR RESOURCE ALLOCATION AND APPLICATIONS IN
ENERGY HARVESTING NETWORKS 116

Figure 3.7: A lower bound on the approximation ratio for P-ROUTING-TREE. Nodes
1,2,...,n* correspond to the elements, whereas nodes 57,59, ..., Sy, correspond to the sets
in the SET-COVER problem. An element node 7 is connected to a set node S; if in the SET-
COVER problem i € §;. If there is a set cover of size k, then at A = 1 all the non-set-cover
nodes are connected to the tree rooted at the node [, whereas all the set cover nodes and
all the element nodes are in the tree rooted at sc. The line-topology graphs represented by
crossed circles are added to limit the size of an approximate solution to the SET-COVER

problem.

Now observe a solution that an approximation algorithm with the ratio » would produce,
that is, an algorithm for which % < A <1 when AgpT = 1.
Lemma 3.24. In any routing tree for which % < X <1, each node C; can have at most

one descendant.

Proof. Suppose that there is some routing tree 7' in which some Cj, j = {1,...,m} has
more than 1 descendants. Then C; must have at least one element node as its descendant.
But if C; has an element node as its descendant, then the line-topology graph connected
to that element node must also be in C}’s descendant list, because 1" must contain all the
nodes, and a line-topology graph connected to the element node has no other neighbors.
Therefore, C; has at least 2r + 1 descendants. If A > %, then the energy consumption at
2r+2
T

node Cj is > 2. But the capacity of the node C; is 2, which is strictly less than the

energy consumption; therefore, a contradiction. O

Lemma implies that if there is a routing tree that achieves % < A <1, then all the

element nodes will be connected to the tree rooted at sc through the set nodes they belong
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to. Therefore, the subtree rooted at sc will correspond to a set cover. The next question
to be asked is how large can this set cover be (as compared to k)? The next lemma deals
with this question.

Lemma 3.25. If there is a routing tree T that achieves % < A <1, then the subtree rooted

at sc in T contains at most p < 3rk nodes.

Proof. Let T be a routing tree that achieves % <A <1

The capacity of the node sc determines the number of the set nodes that can be con-
nected to sc. As all the element nodes (and line-topology graphs connected to them) are
in the subtree rooted at sc, when there are p set nodes connected to sc, sc has 2n*r 4+ pn*r
descendants. As each node has % < X < 1 sensing rate, the energy consumption at the

node sc is egc = (2n*r + pn*r + 1)\. For the solution to be feasible, it must be ez, < bg.

Therefore:

2n*r+pn'r+ DA <2n"r+kn'r +1

1 2n*r+Ekn*r+1 2n*r+1
< p<+- —
A n*r n*r
1 1 1
=— (2 +k+ ) -2
A n*r n*r

As \ > %: p<(24+k)r+ # -2 - 1T < (24 k)r < k- 3r, where the last inequality comes

n

from k > 1. O

The last lemma implies that if we knew how to solve P-ROUTING-TREE in polynomial
time with the approximation ratio r, then for an instance of SET-COVER we could run this
algorithm for k = {1,2,...,m — 1} (verifying whether £k = m is a set cover is trivial) and
find a 3r-approximation for the minimum set cover, which is stated in the following lemma.
Lemma 3.26. If there is a polynomial-time r-approximation algorithm for P-ROUTING-

TREE, then there is a polynomial-time 3r-approximation algorithm for SET-COVER.

Proof. Suppose that there was an algorithm that solves P-ROUTING-TREE in polynomial
time with some approximation ratio r. For a given instance of SET-COVER construct an
instance of P-ROUTING-TREE as in Fig. Solve (approximately) P-ROUTING-TREE for

k € {1,...,m —1}. In all the solutions, it must be A < 1. Let k,, denote the minimum



CHAPTER 3. MAX-MIN FAIR RESOURCE ALLOCATION AND APPLICATIONS IN
ENERGY HARVESTING NETWORKS 118

k € {1,...,m — 1} for which A > % Then the minimum set cover size for the input
instance of SET-COVER is k* > k,,, otherwise there would be some other k!, < k,, for
which A > % From Lemmas and the solution to the constructed instance of
P-ROUTING-TREE corresponds to a set cover of size p < 3r- k,,, for the input instance. But
this implies p < 3r - k¥, and, therefore, the algorithm provides a 3r-approximation to the

SET-COVER. O

Theorem 3.27. It is NP-hard to approrimately solve P-ROUTING-TREE with an approxi-

mation ratio better than Q(logn).

Proof. The lower bound on the approximation ratio of SET-COVER was shown to be 2(logn)
in [82].

The proof for the lower bound on the approximation ratio given in [82] was derived
assuming a polynomial relation between n* and m. Therefore, the lower bound of Q(log n*)
holds for m = n*“", where ¢* € R is some positive constant. Assume that n* > 3. The graph
given for an instance of SET-COVER (as in Fig. contains n = 2rn* +mrn* + 3 < rn*®
nodes, for some other constant ¢’ > 1. Therefore: n* > C\//H Asr > %clog n*, it follows

,
that:

1 rn c
r > gclog \/:: g(logn —logr)

C

=
3c

c U
logr+r > ?logn:r > ¢ logn,
c

for some ¢’ € R. O
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Full-Duplex Wireless Networks



CHAPTER 4. BACKGROUND AND MODELING 120

Chapter 4

Background and Modeling

Full-duplex (FD) communication — simultaneous transmission and reception on the same
frequency channel — holds great promise of substantially improving the throughput in wire-
less networks. The main challenge hindering the implementation of practical FD devices is
high self-interference (SI) caused by signal leakage from the transmitter into the receiver
circuit. The SI signal is usually many orders of magnitude higher than the desired sig-
nal at the receiver’s input, requiring over 100dB (i.e., by 100 times) of self-interference
cancellation (SIC).

Cancelling SI is a very challenging problem. Even though different techniques of SIC
were proposed over a decade ago, only recently receiver designs that provide sufficient SIC
to be employed in Wi-Fi and cellular networks emerged (see [112] and references therein for
an overview). Exciting progress was made in the last few years by various research groups
demonstrating that a combination of SIC techniques employed in both analog and digital
domains can provide sufficient SIC to support practical applications [7,[20}34,35,/40-42.|59,
64-66,69,(99,114].

While there has been significant interest in FD from both industry and academia [2}/7]
1311201132,134,35,40-42,/53,/59,(6466L69, 77,99,(113114/117,/119], the exact rate gains resulting
from the use of FD are still not well understood. The first implementations of FD receivers
optimistically envisioned 2x rate improvement (e.g., [20,/59]). To achieve such an increase
in data rates, the FD receiver would need perfect SIC, namely, to cancel SI to at least

one order of magnitude below the noise floor to render it negligible. The highest reported
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SIC [20], however, suppresses the SI to the level of noise.

Despite this insufficient cancelling capabilities, much of the work on FD rate improve-
ment assumes perfect SIC in the FD receiver |13}53]/113,119]. While non-negligible SI has
also been considered [2,[32,77], there are still no explicit bounds on the rate gains for given
FD circuit parameters and parameters of the wireless signal. Moreover, from a modeling
perspective, the frequency selectivity of SIC has not been considered in any analytical work.
This is an important feature that is inherent in conventional compact implementations of
an FD receiver, such as that found in small-form factor mobile devices (e.g., smartphones
and tablets), where frequency selectivity is mainly a consequence of the cancellation in the
RF domain[1

We begin this chapter by outlining the challenges in implementing self-interference can-
cellation (SIC) in small form-factor hardware, such as those that can be used in cell phones
or tablets. These challenges motivate a simple model of residual self-interference (SI) for
a frequency-selective full-duplex transceiver that we introduce in Section based on the
integrated circuit that was implemented in [125]. We also use the residual self-interference
data from |126] to numerically evaluate some of the power allocation results. Based on the
model and the data, we obtain analytic and algorithmic results for maximizing the sum of
(UL and DL) rates over orthogonal frequency channels (Chapter, and also for maximizing
one of the two (UL and DL) rates, when the other is fixed (Chapter [6).

We remark that we consider the problem of joint power allocation and canceller configu-
ration to maximize the sum of the rates only for the model based on [125] and introduced in
Section where residual self-interference conforms to a simple model. For other resid-
ual self-interference data from [126], the model of residual self-interference is much more
complex, leading to a non-convex problem with many local extrema. For that reason, we
assume that the canceller configuration is computed by a separate algorithm and focus on
power allocation. The results for sum rate maximization and maximization of one of the
rates when the other is fixed apply to any model of residual self-interference where residual
self-interference on a channel is a fixed fraction of the transmission power level on that

channel (i.e., the results apply to any fixed canceller configuration).

!See our recent work [125,[128] and Section for more details.
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Figure 4.1: Block diagram of a full-duplex transceiver employing RF and digital cancellation.

Finally, we note that Jin Zhou and Harish Krishnaswamy had a major contribution to

the modeling results presented in this chapter, as acknowledged by authorship in [92-94].

4.1 FD Implementation Challenges

Fig. shows the block diagram of a full-duplex transceiver. There are two antenna
interfaces that are typically considered for full-duplex operation: (i) an antenna pair and
(ii) a circulator. The advantage of using a circulator is that it allows a single antenna to
be shared between the transmitter (TX) and the receiver (RX). SIC must be performed in
both the RF and digital domains to achieve in excess of 100dB SI suppression. The RF
canceller taps a reference signal at the output of the power amplifier (PA) and performs
SIC at the input of the low-noise amplifier (LNA) at the RX side [37].

Typically, 20-30dB of SIC is required from the RF, given that the antenna interface
typically has a TX/RX isolation of 20-30dB [1]. Thus, an overall 50-60dB RF TX/RX
isolation is achieved before digital SIC is engaged. This amount of RF TX/RX isolation is
critical to alleviate the RX linearity and the analog-to-digital conversion (ADC) dynamic
range requirements [37,/112]. Digital cancellation further cancels the linear SI as well as the
non-linear distortion products generated by the RX or the RF canceller.

A mixed-signal SIC architecture has been proposed in [114], where the digital TX signal
is processed and upconverted to RF for cancellation. However, this requires a separate
up-conversion path which introduces its own noise and distortion. Moreover, the noise and
distortion of the TX analog and RF circuits (such as the power amplifier) are not readily
captured in the cancellation signal, limiting the resultant RF SIC. In addition, the dedicated

up-conversion path results in area and power overhead. Because of these reasons, we are
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(a)

Figure 4.2: @ RFIC receiver with RF SI cancellation [125,(128] and the two antenna

interfaces used in our measurements: @ an antenna pair and a circulator.

not considering this SIC architecture in this thesis.

For wideband SIC, the transfer function of the canceller must closely track that of the
antenna interface across frequency. However, the frequency dependence of the inherent
antenna interface isolation together with selective multi-path-ridden SI channels render this
challenging for the RF canceller in particular. The net antenna interface isolation amplitude
and phase response can vary significantly with frequency. A rapidly-varying phase response
is representative of a large group delay, requiring bulky delay lines to replicate the selectivity
in the RF canceller .

The fundamental challenge associated with wideband SIC at RF in a small form-factor
and/or using integrated circuits is the generation of large time delays. The value of true
time delay is linearly proportional to the dimension of the delay structure and inversely pro-
portional to the wave velocity in the medium. To generate 1ns delay in a silicon integrated
circuit, a transmission line of 15cm length is required as the relative dielectric constant
of silicon oxide is 4. A conventional integrated RF SI canceller with dimensions less than
Imm? will therefore exhibit negligible delay. Note that the canceller phase response can be
calculated by integrating the delay with respect to frequency, and conventional integrated
RF SI cancellers typically have a flat amplitude response . Therefore, the amplitude
and phase response of the canceller can be assumed to be flat with respect to frequency when
compared with antenna interface isolation, limiting the cancellation bandwidth [112/[125].

While achieving wideband RF SI cancellation using innovative RFIC techniques is an

active research topic (e.g., frequency domain equalization based RF SI cancellation in [127]),
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in this thesis we focus on compact flat amplitude- and phase-based RF cancellers, such as
the one we implemented in the RFIC depicted in Fig. [125.[128].

In [128] and [125], the RF canceller is embedded in the RXs LNA, and consists of a
variable amplifier and a phase shifter. The RF canceller adjusts the amplitude and the
phase of a TX reference signal tapped from the PA’s output performing SIC at the RX
input. Thanks to the co-design of RF canceller and RX in a noise-cancelling architecture,
the work in [128] and [125] is able to support antenna interface with about 20dB TX/RX
isolation with minimum RX sensitivity degradation.

We measured isolation amplitude and group delay response of (i) a PCB antenna pair
(see Fig.[4.2(b)|) and (ii) a commercial 2110-2170MHz miniature circulator from Skyworks [1]
(see Fig. [4.24(c)). The results are shown in Fig. [4.3(a)| and Fig. |4.3(b)| respectively. The
resultant TX/RX isolations using an RF canceller with flat amplitude and phase response
after the antenna interfaces (i) and (ii) are shown in Fig.[4.3(c)|and Fig.[4.3(d)} respectively.
As Fig. 4.3{(c) and Fig. [4.3(d)| suggest, for -60dB TX/RX isolation after RF cancellation,
the bandwidths are about 4MHz and 2.5MHz, respectively.

4.2 Model and Notation

We consider three use cases of FD: (i) a bidirectional link, where one mobile station (MS)
communicates with the base station (BS) both on the UL and on the DL (Fig. [L.3(a)),
(ii) two unidirectional links, where one MS is communicating with the BS on the UL,
while another MS is communicating with the BS on the DL (Fig.|1.3(b)), and (iii) multiple
orthogonal bidirectional links (Fig.[1.3(c)). Note that in (ii) only the BS is operating in FD.
For the multi-channel FD (use case (iii)), we assume that the network bandwidth of size
B is subdivided into K orthogonal frequency channels of width B/K each, and index the
frequency channels with k£ € {1,..., K}. An example of such sub-channelization is OFDM
with each frequency channel consisting of an integral number of subcarriers.

For all notation that relates to the BS, we use b in the subscript. For the notation that
relates to the MS in use cases (i) and (iii), we use m in the subscript, while in the use case

(ii) we use my and mg to refer to MS 1 and MS 2, respectively. Summary of the main
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Figure 4.3: Measured isolation amplitude and group delay of @ a PCB antenna pair and
@ a commercial 2110-2170 MHz miniature circulator from Skyworks [1], and the resultant

TX/RX isolation using the integrated RF canceller with flat amplitude and phase response

from \ \ with [(c)| the antenna pair and @ the circulator compared to the SIC model.

notation is provided in Table

The transmission power of a station v € {b, m, m1, ma} on channel £ is denoted by P, 1,
where k € {1,...,K}. In use cases (i) and (ii), k is omitted from the subscript, since we
consider a single channel. The noise level at station u is assumed to be equal over channels

and is denoted by N,,.

4.2.1 Remaining SI

Single-channel FD. For single-channel FD, we assume that the remaining SI both at
the BS and at an MS can be expressed as a constant fraction of the transmitted power. In

particular, if the BS transmits at the power level Py, the remaining SI is RS1y = g Py, where
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gp is a constant determined by the hardware. Similarly, if an MS transmits at the power

level P,,, its remaining SI is RS, = gm P The self-interference-to-noise ratio (XINR) at

station u € {m, b} is denoted by vy, = 97\5“. When P, = P,, we denote by ¥u, = % the

maximum XINR at station w.

Multi-channel FD. We assume that the FD receivers conform to the model in which
the residual SI on any channel is a constant fraction of the TX power on that channel, i.e.,
RSI, 1, = gurPuk, where u € {b,m}. E| The XINR at station u is denoted by vyur =

P, o P, . .
Juk wk while Yyur = 245 denotes the maximum XINR at station u.
u ’ u

For simplicity, we will often assume that BS has a frequency-flat SIC profile, meaning
that gy = g», Vk, where g; is a constant. We note that such FD receiver design is possible
for devices that do not require small form factor of the circuit (e.g., a BS or an access point
(AP)), and has been reported in [20]. Additionally, our results easily extend to the cases
with general gy j’s.

Amplitude and phase frequency-flat canceller model. We now describe the mathematical
model of the remaining SI for a small form factor device (MS) with a canceller that has
frequency-flat amplitude and phase responses, denoted by |Hc r| and ZH¢ g, respectively.
We consider a compact/RFIC FD receiver with a circulator at the antenna interface, de-
scribed in Section The amplitude and phase responses of the canceller are assumed to
be programmable but constant with frequency.

For the antenna interface’s TX/RX isolation, we assume a flat amplitude response
|HA(f)| = const = |H 4| and a constant group delay equal to 7, so that H(f) = |H e 727/T
(recall that the measured amplitude and group delay response are shown in Fig. . For
the digital SIC, denoted by SICp, we assume that the amount of cancellation is constant
across frequency, as delay can be easily generated in the digital domain. Let fi denote the
central frequency of the k" channel, so that f; = f; + (k — 1)B/K. Then, the remaining

SI after cancellation can be written as:

RSy =|Ppi(Ha— Hor)SICSY

=P k| (|Hale 74HAUR) | He ple=i4Her)|STC !

2Note that gu,kx may be different for different k.
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=P i|(|Hal* + |Her|* — 2|Ha||He,R|

-cos(LHa(fx) + ZHe,r))|SICSH . (4.1)

Note that in , Py, is the MS transmission power on channel k, P, ,(Ha — Hc,g) is
the remaining SI after the RF SIC, and P, x(Ha — HQR)SIC'Bl is the remaining SI after
both the RF and digital SIC.

We assume a common oscillator for the TX and RX, with the phase noise of the oscillator
being good enough so that it does not affect the remaining SI.

The RF canceller’s settings can be programmed in the field to adjust the frequency
at which peak SIC is achieved [125,/128]. With the amplitude (|Hc gr|) and the phase
(LHc r) of the RF canceller set to |H4| and —ZH A(f.), respectively, peak SIC is achieved
at frequency f.. Therefore, the total remaining SI at the MS on channel k£ can be written
as:

RSI = 2|Ha|* Py, (1 — cos(2n7(fx — f2)))SICH,

where 7 is the group delay from the antenna interface with a typical value at the order of
1ns (which agrees with the measured group delay in Fig. |4.3(b))). Frequency bands used by
commercial wireless systems are at most 10s of MHz wide. It follows that 277 (fr— f.) << 1,

and using the standard approximation cos(x) ~ 1 — x?/2 for z << 1, we further get:
RSTL g ~ |Ha|* P (277)2(fx — fo)2SICH.

Recalling that fr, = f1 + (k— 1)B/K = fo+ kB/K for fy = fi — B/K, and writing f,
as fo = fo+ c¢B/K, for ¢ € R, we can combine all the constant terms and represent the
remaining SI as:

RSIm,k = ngm,k’(k - 0)27 (42)

where g, = |Ha|?(277)%(B/K)?SIC,'. Note that even though in this notation we allow
c to take negative values, we will later show that in any solution that maximizes the sum

rate it must be ¢ € (1, K) (Lemma[5.7)). Observe that

Ymm,k = (k - C)Qme,1+C7 (4'3)

Pk (14c—c)? P,
where Yym 14c = 2= m»’;\gm ) _ gmN;:»,k.
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Table 4.1: Nomenclature.

m Subscript notation for the MS

b Subscript notation for the BS

K Total number of OFDM channels

k Channel index, k € {1,..., K}

P,k Transmission power of station v on ch. k, u € {b,m}

P, Maximum total power: Zszl P, <P,,uc{bm}

Oy ko = Py /Py, u € {bm}, Zle ayr <1

Yuv k. SNR of signal from u to v on channel k, where u # v, u,v € {m, b}, when ay, , = 1
Yau,k XINR at station u, channel k¥ when a,, = 1, where u € {b,m}
Tp Sum of the rates on downlink

Tm Sum of the rates on uplink

T Maximum (TDD) rate on downlink

Tm Maximum (TDD) rate on uplink

Fig. shows the TX/RX isolation based on Eq. and based on measurement
results. The parameter g, in Eq. was determined via a least square estimation. The
modeled TX/RX isolation based on Eq. is also compared to the measured TX/RX
isolation of the canceller with the antenna pair interface in Fig. As Fig. shows,
our model of the remaining SI closely matches the remaining SI that we measured with the

RFIC FD receiver presented in |125,[128].

4.2.2 Sum Rate and Capacity Region

For simplicity, we introduce notation for the normalized transmission power levels: oy =
Pyok/Ps, dm i = Prmg/Pn. The constraints for the sum of transmission power levels then
become: Y, app <1 and ), app < 1.

The channel gain from station u to station v on channel k is denoted by hy, ;. We
assume that the channel states and noise levels are known. For the signal transmitted from
u to v, where u,v € {b,m, m1, ma}, u # v, and either u = b or v = b, we let vy, , = %

denote the signal to noise ratio (SNR) at v on channel k. In the use case (ii), Yim,m, denotes

the (inter-node-)interference to noise ratio (INR).
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Yok and ¥, i denote the SNR of the signal from the BS to the MS and from the MS to
the BS, respectively, on channel k, when the transmission power level on channel & is set to
its maximum value (Py, P, respectively). Observe that in that case ay g (respectively, a, k)
isequal to 1. Fp,, = % >k Tomk/ K and Fp = % > i Ymbk/ K denote the average SNR when
the power levels are equally allocated over channels (i.e., when a1 = ... = apx = 1/K
and a1 = ... = @y x = 1/K). In the numerical evaluations, we adopt Jpm r = K7pm and

Ymbk = K¥mp, Vk, to focus on the effects caused by FD operation. Our results, however,

hold for general values of 7, r and 7,,;, ; over channels k.

We use Shannon’s capacity formula for spectral efficiency, and let log(.) denote the base
2 logarithm, In(.) denote the natural logarithm. We use the terms “spectral efficiency” and
“rate” interchangeably, as the spectral efficiency on a channel is the rate on that channel

normalized by B/K. In use case (i), the sum rate on the channel is given as:
Ymb apYom
rzlog(l—i—mi)—i—log( —i-i). 4.4
1+ owb L+ am¥mm (44
Observe that % and IJF(J(;M are signal to interference-plus-noise ratios (SINRs) on
the UL and DL, respectively. We will refer to r,, = log (1 + mimb ) as the UL rate and

1+apvop
= log (1 + %) as the DL rate.

Similarly as for (i), the sum rate for use case (ii) is:

Ymab apYom
=g (1 BT 1oy (1 V) 3
& 1+ a7y 8 1+ Qmy Vmime (4:5)

Finally, in use case (iii), the UL rate is given as:

A,k Ymb,k Qb kYom,k
o =log (14 CmATIE Y oy (1 CosTm ) .
8 1+ ap xYob ke s 1+ Qm kYmm k (4.6)

while the sum rate (on all channels) is r = Zszl ri. The UL rate is:
K o T
_ 1 (1 m,k"Ymb,k )’
rm ; s\t 1+ ap xVob k

while the DL rate is:

Zlog<1+ Qb kVom,k )

1+ Oy, k')/mm k
We denote by 7, = max{ry({apr}, {omr}) : Dpawr <1, D) amp < 1} the maximum
DL rate. Observe that when 7 is maximized, we have >, app, = 1, a0, 1, = 0,VE, i.e., Ty is

equal to the maximum HD rate on the DL. Similarly, 7, denotes the maximum UL rate.
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Figure 4.4: @ Convex and @ non-convex FD capacity regions. A dashed line delimits the

corresponding TDD region. An FD region is convex, if and only if segments S (connecting
(0,7m) and (sp, $m)) and Sy, (connecting (sp, Spm) and (73, 0)) can be represented by a concave

function ry, (1p).

We focus on the following two problems:

1. Maximizing the sum rate r over power levels and possibly canceller configuration (i.e.,

the position ¢ of maximum SIC in the amplitude and phase frequency flat canceller);

2. Determining the capacity region of an FD link, and also determining the convex hull

of the FD capacity region.

A capacity region of an FD link is the set of all achievable UL-DL FD rate pairs. Exam-
ples of FD regions appear in Fig. where a full line represents the FD region boundary,
and a dashed line represents the TDD region boundary. The problem of determining the
FD capacity region is the problem of maximizing one of the rates (e.g., 7,,) when the other
rate (rp) is fixed, subject to the sum power constraints.

An FD capacity region is not necessarily convex. In such cases, we also consider a
convezified or time-division full-duplex (TDFD) capacity region, namely, the convex hull of
the FD capacity region. In practice, the TDFD region would correspond to time sharing
between different FD rate pairs. Fig. [4.4(b)| illustrates a non-convex FD capacity region,
with the dotted line representing the boundary of the TDFD capacity region.

To evaluate achievable rate improvements and compare an FD or a TDFD capacity
region to its corresponding TDD region, we use the following definition (see Fig. for

a geometric interpretation):
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Definition 4.1. For a given rate pair (ry, ) from an FD or TDFD capacity region, the
rate improvement p is defined as the (positive) number for which <%, %) 1s at the boundary

of the corresponding TDD capacity region.

Using simple geometry, p can be computed as follows:

Proposition 4.2. p(ry,rm) = 14/Tp + T'm/Tm-

Proof. From the definition of p, (%, %") is at the boundary of the corresponding TDD

capacity region. Since the boundary of the TDD region is the line that connects (0, 7,,) and
(73,0) (see Fig. [4.4), we have that:

m ___ Ty Tm
ML P A

p P T

Multiplying both sides by =&, the result follows. O
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Chapter 5

Sum-Rate Maximization

In this chapter, we focus on the problem of maximizing the sum of uplink and downlink
rates. The goal is understand under what circumstances using full-duplex is beneficial, and

how much can be gained in the best case.

Summary of Contributions

The main contribution of this chapter is a thorough analytical study of rate gains from
FD under non-negligible SI. We consider both single-channel and multi-channel orthogonal
frequency division multiplexing (OFDM) scenarios. For the multi-channel case, we develop
a new model for frequency-selective SIC in small-form factor receivers. Our results provide
explicit guarantees on the rate gains of FD, as a function of receivers’ signal-to-noise ratios
(SNRs) and SIC profile. Our analysis provides several insights into the structure of the sum
of uplink (UL) and downlink (DL) rates under FD, which will be useful for future work on
FD MAC layer algorithm design.

Specifically, as discussed in Introduction, we consider three different use cases of FD,
illustrated in Fig. (i) a single channel bidirectional link, where one mobile station (MS)
communicates with the base station (BS) both on the UL and on the DL (Fig. [L.3(a));
(ii) two single channel unidirectional links, where one MS communicates with the BS on
the UL, while another MS communicates with the BS on the DL (Fig. [L.J(b)); and (iii)

a multi-channel bidirectional link, where one MS communicates with the BS over multiple
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OFDM channels, both on the UL and on the DL (Fig. [1.3(c)).

Models of Residual SI

For SI, we consider two different models. For the BS in all use cases and the MS in use case
(i), we model the remaining SI after cancellation as a constant fraction of the transmitted
signal. Such design is possible for devices that do not require a very small form factor (e.g.,
base stations), and was demonstrated in [20].

In the multi-channel case, we rely on the characteristics of RFIC receivers that we
recently designed [125,128] and develop a frequency selective model for the remaining SI in
a small form-factor device (Section . We demonstrate the accuracy of the developed
model via measurements with our receivers [125,|128]. We note that a frequency-selective
profile of SIC that we model is inherent to RF cancellers with flat amplitude and phase
response (see Section [4.1). A mixed-signal SIC architecture [114] where the digital TX
signal is processed and upconverted to RF for cancellation does not necessarily have flat
amplitude and phase response. However, we do not consider this architecture because it
requires an additional up-conversion path compared to the architecture of this work, and

this additional path introduces its own noise and distortion, limiting the resultant RF SIC.

Sum Rate Maximization

We focus on the problem of maximizing the sum of UL and DL rates under FD (referred to
as the sum rate in the rest of the chapter). This problem, in general, is neither concave nor
convex in the transmission power levels, since the remaining SI after cancellation depends
on the transmission power level. Due to the lack of a good problem structure, existing
analytical results (see e.g., [2,/32,[77]) are often restricted to specialized settings. Yet, we
obtain several analytical results on the FD rate gains, often under mild restrictions, by

examining closely the structural properties of the sum rate function.

Single-Channel Results. In the single-channel cases, we prove that if any rate gain
can be achieved from FD, then the gain is maximized by setting the transmission power

levels to their respective maximum values. This result is somewhat surprising because of



CHAPTER 5. SUM-RATE MAXIMIZATION 134

the lack of good structural properties of the sum rate. We then derive a sufficient condition
under which the sum rate is biconcaveﬂ in both transmission power levels, and show that
when this condition is not satisfied, one cannot gain more than 1b/s/Hz (additively) from
FD as compared to time-division duplex (TDD). We note that although the model for the
remaining SI in the single channel case is relatively simple, it nonetheless captures the main
characteristics of the FD receivers. Moreover, the results for the single channel case under
this model are fundamental for analyzing the multi-channel setting, and often extend to

this more general setting.

Multi-Channel Results. In the multi-channel case, we use the frequency-selective
SI model for the MS receiver that is introduced in Section and motivated by FD
implementation challenges discussed in Section [4.1 Based on this model, we study the
problem of transmission power allocation over OFDM channels and frequency selection,
where the objective is to maximize the sum of the rates over UL and DL OFDM channels (in
this case, frequency refers to the frequency of maximum SIC of the SI canceller). Although
in general it is hard to find an optimal solution to this problem, we develop an algorithm that
converges to a stationary point (in practice, a global maximum) under two mild technical
conditions. One condition ensures that the sum rate is biconcave in transmission power
levels. This restriction is mild, since we prove that when it does not hold, the possible
gains from FD are small. The other condition imposes bounds on the magnitude of the first
derivative of the sum rate in terms of maximum SIC frequency, and has a negligible impact
on the sum rate in OFDM systems with a large number of channels, because it can only
affect up to 2 OFDM channels (see Section for more details).

Although the algorithm in practice converges to a near-optimal solution and runs in
polynomial time, its running time is relatively high. Therefore, we consider a high SINR
approximation of the sum rate, and derive fixed optimal power allocation and maximum SIC
frequency setting that maximizes the sum rate up to an additive e in time O(K log(1/e)),

for any given ¢, where K is the number of channels.

LA function is biconcave, if there exists a partition of variables into two sets, such that the function is

concave when variables from either set are fixed.
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Numerical Results. Finally, we note that throughout this chapter, we provide numer-
ical results that quantify the rate gains in various use cases and illustrate the impact of
different parameters on these gains. For example, for the multi-channel case, we evaluate
the rate gains using measured SI of our RFIC receiver [125|128]. We use algorithms for
the general SINR regime and for the high SINR regime and compare their results to those
obtained by allocating power levels equally among the OFDM channels. Our results suggest
that whenever the rate gains from FD are non-negligible, all considered power allocation
policies yield similar rate gains. Therefore, one of the main messages of our work is that

whenever it is beneficial to use FD, simple power allocation policies are near-optimal.

5.1 Related Work

Possible rate gains from FD have been studied in [2,/13,32,/53}77,/113,/119], with much of
the work [13,/53,(113,/119] focusing on perfect SIC. Unlike this body of work, we focus on
rate gains from FD communication under imperfect SIC.

Non-negligible SI has been considered in [2}|32,/77]. A sufficient condition for achieving
positive rate gains from FD on a bidirectional link has been provided in [2], for the special
case of equal SINRs on the UL and DL. This condition does not quantify the rate gains.

Power allocation over orthogonal bidirectional links was considered in [32] and [77] for
MIMO and OFDM systems, respectively. The model used in [32] assumes the same amount
of SIC and equal power allocation on all channels, which is a less general model than the
one that we consider.

A more detailed model with different SIC over OFDM channels was considered in [77].
The model from [77] does not consider dependence of SIC in terms of canceller frequency
(although, unlike our work, it takes into account the transmitter’s phase noise). Optimal
power allocation that maximizes one of the rates when the other is fixed is derived for equal
power levels across channels, while for the general case of unequal power levels, |77] only
provides a heuristic solution.

Our work relies on structural properties of the sum rate to derive near-optimal power

allocation and maximum SIC frequency setting that maximizes the sum rate. While the
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model we consider is different than [2,|77], we provide a more specific characterization of
achievable rate gains, and derive results that provide insights into the rate dependence
on the power allocation. These results allow us to solve a very general problem of rate

maximization.

5.2 Single Channel FD

5.2.1 A Bidirectional FD Link

In this section, we derive general properties of the sum rate function for use case (i)
(Fig. [1.3(a))). First, we show that if it is possible for the FD sum rate to exceed the
maximum TDD rate, it is always optimal for the MS and the BS to transmit at their max-
imum respective power levels (Lemma . This result is somewhat surprising, because in
general, the FD sum rate function does not have good structural properties, i.e., it need
not be convex or concave in the transmission power variables. Building upon this insight,
we quantify the FD rate gains by comparing the FD sum rate to corresponding TDD rates
(Section . More specifically, we define a metric that characterizes by how much the
FD capacity region extends the corresponding TDD capacity region, and provide a sufficient
condition on the system parameters for rate gains to hold.

Finally, we establish a sufficient condition for the FD sum rate function to be biconcave
in transmission power levels (Section . This condition imposes very mild restrictions
on the XINRs at the BS and the MS. Moreover, the established condition extends to the
multi-channel scenario (use case (iii)), where it plays a crucial role in deriving an algorithm
for the sum rate maximization that converges to a stationary point that is a global maximum
in practice (Section . Without such a condition, the problem would not have enough

structure to be amenable to efficient optimization methods.

5.2.1.1 Power Allocation

Lemma 5.1. If there exists an FD sum rate v that is higher than the maximum TDD rate,

then r is mazimized for o, =1, ap = 1.
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Proof. From (4.4), the sum rate can be written as:

rzlog(l—kami%nbf)—klog(l—k

b Yom )
1+ ¥y

1+ am¥mm
Taking partial derivatives of r directly w.r.t. ay, au, does not provide conclusive information
about the optimal power levels. Instead, we write r as an increasing function of another

function that is easier to analyze. Specifically:

(4 2 (11 )
1+ ey 1+ am¥mm

=log(1++), where

_ OmTYmb Ay Yom OmYmb apYom
v = — — + — - —.
IT+apv 1+ am¥Ymm 1+ 1+ am¥mm

Since r is strictly increasing in <, to maximize r it suffices to determine «y, vy, that

maximize . The first and the second partial derivative of v with respect to a, are:

O _ Ymb Yo ( Fmb _7> (5.1)
oy, 14+ oY (1 + Olm’)/rnm)2 1+ apVob e
9% Vo < Fmb )
=92 — A ] . 5.2
6Oém2 (1 + Oém’)/mm)g 1+ QYo mm ( )

From and :

_— 2
1. If 11-2% — Ymm > 0, then 8%,32 < 0 and a’%ﬂ > 0, i.e., v is concave and strictly

increasing in «,, when q is fixed, and therefore maximized for o, = 1.

2. If lszbm — Ymm < 0, then % > 0, i.e., v is strictly convex in «a;, when qy is fixed.
Therefore, v is maximized at either a,,, = 0 or a,;, = 1. Note that if o, = 0, there is

no signal on UL, in which case FD rate equals the maximum TDD UL rate.

A similar results follows for oy by taking the first and the second partial derivative of ~

with respect to «g. O

5.2.1.2 Mapping Gain over SINR Regions

Let (sp, $m) denote the rate pair that is obtained when a; = 1 and a,,, = 1. Lemma
states that the maximizer of the FD sum rate is either (73,0), (0,7) or (Sp,Sm). In

particular, to see whether FD operation increases the sum rate, it suffices to check whether
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rate improvement

[T S, -]

Yorm [dB]

Figure 5.1: TDD rate improvement due to FD as a function of SNRs for @ oo = 1,
Fmm =1 and@% =1, mm = 10, and% =1, Ymm = 100.

Sp+ Sm > max{7y, 7, ;. This motivates us to focus on the pair (sp, sm,) when considering by
how much the FD operation improves over TDD. In the rest of the chapter, we will therefore
quantify the FD rate improvement p using Definition from Chapter [4] evaluated at the
rate pair (sp, Sm).

Fig. shows the TDD rate improvement due to FD operation, as a function of the
received signals’ SNR, for BS FD receiver that cancels SI to the noise level and MS FD
receiver that cancels SI to (i) the noise level (Fig. [5.](a)), (ii) one order of magnitude above
noise (Fig. [5.1[b)), and (iii) two orders of magnitude above noise (Fig. [5.](c)). Recall that
the rate improvement is computed for «,,, = 1 and ap = 1, and therefore the differences in
the SNRs are due to signal propagation and not due to reduced transmission power levels.
Fig. [6.1| suggests that to achieve non-negligible rate improvement, SNRs at the MS and at
the BS must be sufficiently high — at least as high as to bring the resulting SINR to the
level above 0dB.

5.2.1.3 Sum Rate Biconcavity

In this section, we establish a sufficient condition for the sum rate to be (strictly) biconcave
and increasing in «,, and in oy (Condition. We also show that when the condition does
not hold, using FD does not provide appreciable rate gains, as compared to the maximum
rate achievable by TDD operation. Intuitively, the condition states that a station’s amount
of SIC should be at least as high as the loss incurred due to wireless propagation on the

path to the intended receiver.
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XpVbm
1+am'}/mm :

o JE— m -_
Condition 5.2. 7, < Trorss and pp <

Proposition 5.3. If ¥ym < 3 +?zib%’ the sum rate r is strictly concave and strictly increas-

ApVbm

Tran=, T is strictly concave and strictly
m /mm

ing in o, when ap is fived. Similarly, if Yy <

increasing in oy when auy, is fived. Thus, when Condition[5.9 holds, r is strictly biconcave
and strictly increasing in o, and in op. Furthermore, when Condition does not hold,

r — max{7p, Tm} < 1b/s/Hz.

Proof. Fix ap. From the proof of Lemma we can express r as r = log(1 + 7), where ~

is strictly increasing and concave in «,, whenever

Ymb _
_— > 0. 5.3
T+apy ™™= (5-3)
Whenever holds, since v > 0, a a
or 1 oy
= : > 0, and,
ooy, 147 Oap an
*r 1 ( oy )2 1 0%y “0
dam?2  (14+79)2 \Oay, 1+~ Oap? ’

and therefore r is strictly increasing and strictly concave in «,,. Similarly, whenever 7y, <

Yom
1+C¥m'7mm )
Now suppose that Condition does not hold. Then, either ¥, > 1 fo'[’;’jm or pp >

Vbm ~ Ymb 1 11 1
Trons— Suppose that Jm > 1 Fars=- Due to Lemma r is maximized when either

am =0 or a,, = 1. If a,;, = 0, there is nothing to prove. Suppose that a,,, = 1. Then:

r—log(l—kL)—Hog(l—FM)

1+ v 14+ %mm
<log(1+7)+log( M)
1+ ey H’Z’;bm

1 N Ymb
~ 1o (2-(1+—(a +7—1)>>
g 2 bYbm 1+ab%

1 P Ymb
— 1b/s/Hz +1 (1+7( +7—1)).
/S/ Z 0og 2 OpVom 1 T T

Since %(aban%— H_?”;bm - 1) < max{Jmb, Yom }, it follows that r < 1b/s/Hz 4+ max{r, 7 },

which completes the proof for Fm, > 1 +?b”%b The proof for the case Jp, > Hi follows

the same line of argument and is omitted for brevity. O
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p=1 p=0.75 p=0.5 p=0.25

Tz [AB]

Figure 5.2: TDD rate improvement due to FD as a function of SNRs, where SNRs change
due to path loss with exponent 7, and distance between MS 1 and MS 2 is dyym, =
p(dmyb + dpm, ). Transmission power levels are set to maximum. In SNR regions where the

triangle inequality of the distances is not satisfied, rate improvement p is set to 0.

5.2.2 Two Unidirectional Links

Much of the analysis for use case (i) (Section [5.2.1)) extends to use case (ii) (Fig. [1.3{(b)),

due to the similarity between the sum rate as a function of transmission power levels for
these two use cases (see Egs. and ) However, there are also important differences.
First, the interfering signal at MS 2 in use case (ii), unlike the self-interfering signal at the
MS in the bidirectional link case, is not known at the receiver, and therefore, cannot be
cancelled (unless an additional channel is used, which we do not consider). Second, in use
case (ii), the channel gains between MSs cannot take arbitrary values. This is because
the channel gains typically conform to a path loss model of propagation, where the SNR
depends on distances between MSs, which in turn need to satisfy the triangle inequality.
The following two Lemma is similar to Lemma We state it without a proof.

Lemma 5.4. If there exists an FD sum rate that is higher than the maximum TDD rate,
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then the FD sum rate is mazimized at vy, =1 for MS 1, and ap =1 for the BS.

In a path loss model of propagation, the wireless channel gain between two stations is
a function of the distance between the stations: hy, = (ﬁ)n, where u,v € {b,mi,ma},
u # v, 1 is the path loss exponent, and L is a constant. Therefore, as distances dp,,5, dpm,,
and d,,, m, need to satisfy the triangle inequality, SNRS 7,5, Yom, and INR 7, 7, cannot
take arbitrary values. To evaluate rate gains in use case (ii), we consider path loss exponents
n € {2,3,4}, since typical range for the path loss exponent is between 2 and 4 [111]. We

assume fixed maximum power levels at the BS and the MS 1, equal noise levels N at the

BS and the MS 2, and we vary SNRs and the INR as the function of distance, as follows:

hmleml _ h’mlb . amax __ <dm1b>77 max

Ymib = ~— 7max m1b T min mib>s

N hmlb dmlb
— hoyma Py Pmama max (dm1m2>’7 max

mimz — - mima i mimsa’

N hnima A
_ Py, P _ Pty _.max _ Aoma \"_max
Yomg = N - Jmax bmo dmin bmg >
bmo bma

where d™i" is a reference distance at which ¥, = Y1 for u,v € {b,m1,ma2}, T # y.

For the purpose of comparison, we will assume that d;}}j{; = T‘?L‘lr}) = dnmlif}m = d™" which

would correspond to P, = P,,, and normalize all distances to d™".

Rate improvement as a function of SNRs is shown in Fig. for different values of
the path loss exponent and dmy, = p(dimyp + domy,), for p € {0.25,0.5,0.75,1}. For all
combinations of SNRs at which the triangle inequality is not satisfied, we set the rate
improvement p to 0.

Fig. [5.2] suggests that to achieve over 1.5x rate improvement, the environment needs
to be sufficiently lossy, i.e., with the path loss exponent n > 2. Moreover, to achieve high
rate improvements, the SNRs at the BS and at the MS 2 need to be low enough, meaning
that the corresponding distances d,,,, and dp,,, need to be large, since the differences in

the SNR shown in all the graphs are due to different distances (and consequently different

path loss).
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5.3 OFDM Bidirectional Links

In this section, we focus on the rate maximization for use case (iii) (Fig.[L.3(c)|). Recall that
in this use case the FD receiver at the MS has a frequency-selective SIC profile (Fig. |4.3(d))).
Requiring two technical conditions (Conditions and , we derive an algorithm (Al-
gorithm 1, MAXIMUMRATE) for the sum rate maximization. The algorithm is guaranteed
to converge to a stationary point, which in practice is typically a global maximum. While
the derived algorithm runs in polynomial time, its running time is high because it requires
invoking a large number of biconvex programming methods. We therefore consider a high
SINR approximation of the sum rate, and develop an efficient power allocation algorithm
for the sum rate maximization. We also prove that in the high SINR regime it is always

optimal to set the maximum SIC frequency in the middle of the used frequency band.

5.3.1 Analysis of Sum Rate
5.3.1.1 Dependence on Channel Power Levels

The analysis of the sum rate in terms of transmission power levels extends from the single-
channel case (Section [5.2.1). In particular:
Observation 5.5. If

Yom, k
Y, 1re(k — c)?

(5.4)

Ymb,k
Vo = T e )< 1+ ap Vb k

and <
Yobk = 1+ amp

hold, then the sum rate is biconcave in oy, i and oy .

This result is simple to show by using the same arguments as in the case of a single
channel (proof of Lemma . Similar to the case of a single channel, if condition (5.4) is
not satisfied, then the achievable rate improvement is low.

The first inequality in guarantees concavity in a,,  when ay, is fixed, while the
second one guarantees concavity in apx when o, is fixed. The condition cannot
be satisfied for any apr > 0, i > 0 (e.g., the first inequality cannot be satisfied if
Fmmite(k — ¢)? > Fmp k). However, since the role of condition is to guarantee bicon-
cavity in the power levels, we can replace this condition by either a,,, = 0 or ap = 0,

which implies rate concavity in o, i, ap k. Specifically, to guarantee that the sum rate is

biconcave in all o, i, oy 1, we require the following condition:
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Condition 5.6. (a) Fmmite(k —c)? < Hg:}"%, if Fmmate(k — €)% < Vb, otherwise

i = 0, and

S Vo . . 0
(b) Yook < Tram () if Yobk < Vom ks otherwise o, = 0 if ayy ) was not set to

0 by .
Note that Condition forces a channel k to be used in half-duplex (only one of

Qs k1S NON-zero) whenever it is not possible to satisfy the sufficient condition ([5.4) for

the sum rate biconcavity in a, i, ap for any oy, > 0 and agx > 0.

5.3.1.2 Dependence on Maximum SIC Frequency

The following lemma shows that choosing optimal ¢ for a given power allocation {c i, Gt i }
is hard in general, since the sum rate r as a function of ¢ is neither convex nor concave, and
can have Q(K) local maxima. Proof is provided in Appendix

Lemma 5.7. The sum rate r is neither convex nor concave in c. All (local) maxima of r(c)

lie in the interval (1, K). In general, the number of local mazima is Q(K).

Even though r(c¢) can have multiple maxima in ¢, if we restrict the analysis to the values

of Ymb.k and Ym i that are relevant in practice, the selection of ¢, together with the power

allocation, are tractable if the following inequalities hold:

Ymb,k

<
TYmm,14+c > 1+ ok

ke {1,.., K}, (5.5)
“Ybb,k

Note that these inequalities are implied by Condition for |k —c| > 1, and that there can
be at most 2 channels with |k—¢| < 1. For |k—¢| < 1, the corresponding inequality limits SI
on channel k. The following lemma bounds the first partial derivative of r with respect to
c. This bound will prove useful in maximizing r as a function of ¢ and {ap j, o 1} (Section

5.3.2.1J).
Lemma 5.8. If inequalities hold, then:

or

o< n(K) +142V8) Vee (1K),

“ In2

Similarly as for Condition since (5.5 cannot be satisfied for a, > 0 when Fmm 11¢ >

Ymbk, We require the following:
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s R Vbk _
Condition 5.9. Vk € {1,..., K}: Fmm.ite < ﬁ if Yo ite < Ymbks and o, =0

otherwise.

Proof of Lemma [5.§ can be found in Appendix

5.3.2 Parameter Selection Algorithms
5.3.2.1 General SINR Regime

The pseudocode of the algorithm for maximizing the sum rate in the general SINR regime
is provided in Algorithm 1 — MAXIMUMRATE. We claim the following:

Lemma 5.10. Under Conditions and the sum rate maximization problem is bi-
convez. If biconvex programming subroutine in MAXIMUMRATE finds a global optimum for
{ ks m i}, then MAXIMUMRATE determines ¢ and the power allocation {cp i, i} that

mazximize sum rate up to an absolute error €, for any € > 0.

Algorithm 6 MAXIMUMRATE(e)

Input: K, ¥mm,14¢> Vom, k> Vbb,ks Ymb,k

1: C1:1762:K,A0:m

2. Cmax — ,r.max — 07 {aglgx} — {amax} — {0}

m,k

3: forc=cy,c<c,c=c+ Acdo

4: Solve via biconvex programming:
max 71 = Z,f:l ri, where 7, is given by
s.t. Conditions E.6l and 5.9 hold
She mk <1, S ek <1
apr >0, anr>0 Vke{l,.., K}
5: if r > r™* then
6: L N
T {aprd = {anid {0m%} = {am}

8: return ™, {apP*}, {a i}, rmex.

Note that without Condition the biconvex programming subroutine in MAXIMUM-
RATE would not be guaranteed to converge to a stationary point (see, e.g., [52]). Moreover,
since the sum rate is highly nonlinear in the parameter ¢ (Lemma , ¢ cannot be used

as a variable in the biconvex programming routine (or a convex programming method).
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Nevertheless, as a result of Lemma that bounds the first derivative of r with respect to
¢ when condition is applied, we can restrict our attention to ¢’s from a discrete subset

of the interval (1, K).

Proof of Lemma[5.10. Consider the optimization problem in Step [4] of the algorithm. Since
Condition is required by the constraints, the objective r is concave in ay ) whenever
amk's are fixed, and, similarly, concave in a,  whenever ay;’s are fixed. Therefore, r is
biconcave in ap g, oy, . The feasible region of the problem from Step [4] is determined by
linear inequalities and Conditions [5.6] and

Condition is either an inequality or an equality for each oy, i, s that (possibly
rearranging the terms) is linear in a, i, op . Condition is a linear inequality in oy, .
Therefore, the feasible region in the problem of Step [d]is a polyhedron and therefore convex.
It follows immediately that this problem is biconvex.

Suppose that the biconvex programming method from Step 4 of MAXIMUMRATE finds

a global optimum. Then the algorithm finds an optimal power allocation for each ¢ from

(K1) (525 (In(K)+14+2V/3))

the set of — 2 equally spaced points from the interval (1, K), and

chooses ¢ and power allocation that provide maximum sum rate r.

What remains to prove is that by choosing any alternative ¢ # ¢™#*

and accompanying
optimal power allocation the sum rate cannot be improved by more than an additive e.

Recall from Lemma that optimal ¢ must lie in (1, K). Suppose that there exist
c*,{ag . ap, b such that ¢* € (1, K), ¢* # ¢ and r(c", {ag . oy, 1 }) > ™ +e

From the choice of points ¢ in the algorithm, there must exist at least one point ¢* that

: : a ok _ €
the algorithm considers such that |¢* — ¢*| < Ac = 2 () 7142v3)° From Lemma

(e g g d) = (g i }) <

¢ 2
Z(In(K) +1+2V3) (g (k) +1+2v3)) =,

since in any finite interval I any continuous and differentiable function f(z) cannot change
by more than the length of the interval I times the maximum value of its first derivative
f(z) (a simple corollary of the Mean-Value Theorem).

Since the algorithm finds an optimal power allocation for each ¢, we have that r(c*, {og ., o . }) <
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r(c® {ag g, ap, i }) < v Therefore: r(c™, {af 1, o, 1 }) — 7™ < €, which is a contradic-

tion. O]

5.3.2.2 High SINR Regime

A high SINR approximation of the sum rate is:

r R Z (10 ( Qb Ymb s ) + log (—ab’k@>). (5.6)

1+ ap xVob k0 1+ am kYmm k

While in the high SINR regime the dependence of sum rate on each power level ay, ., oy,
for k € {1, ..., K} becomes concave (regardless of whether Condition 5.6 holds or not), the
dependence on the parameter ¢ remains neither convex nor concave as long as we consider
a general power allocation. Therefore, we cannot derive a closed form expression for ¢ in
terms of an arbitrary power allocation. However, as we show in Lemma when power
allocation and the choice of parameter c are considered jointly, it is always optimal to place
¢ in the middle of the interval (1,K): ¢ = % The following proposition and lemma
characterize the optimal power allocation for a given c.

Lemma 5.11. Under high-SINR approzimation and any power allocation {ou, 1} at the

MS and any choice of ¢, it is always optimal to allocate BS power levels as:

—1++/1+4ay, Vb5 (1+0y, K Tob,K) Jy —
P P Zf “Vbb,k >0
p ke = ' ’

ap k(1 + b k), if Yook = 0.

where Zle ap i = 1. In particular, if Ypp k. = Yoo, i, Vk, then o, = 11(, Vk.

Proof. Observe that the sum rate can be written as:

K _ __
- Z <log ( Qm,kYmb,k ) +log ( b,k Vb, k ))7
k=1

1 + am kYmm,k 1+ ko k

and we can only focus on the terms that depend on oy ’s.

Observe that

or L Vob

Oapr  opr 1+ apiVobk

)
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or
Oay 1,

As 82:;c — 00 as ap — 0, we have g > 0, VK, at the optimum. Moreover, since

can be written as:

or 1
= >0,
O o (14 oy kb k)

it must be Z,i(:l ap = 1 at the optimum.

Finally, since Zszl ap ) = 1, we can express oy, i as Qg g = l—ZkK:_ll oy i, which, taking

partial derivatives in r w.r.t. oy ’s implies 62:k = 83:K7 VEk. Solving a1 (1 + o 1k Vob k) =

ap ik (1 + oy k7 i) for ap g, we get:

—1+\/1+40¢b,K7bb,k(1+Otb,K%b,K)
2%bb,k ’

if Yobk > 0
Qp e = .
ap (1 + VoK), if Yo =0

If ¥k = Vb, Vk, then simplifying the solution for oy we get app = oy k, which,

combined with Z,Ile =1 implies ap ), = +, Vk.

O]

Lemma 5.12. Under high-SINR approzimation and for a given, fized, ¢ the optimal power
allocation at the MS satisfies Y o = 1, and for k # K:

(7/) Am.k = am,K(l + Oém,K’}/mm,l—l—c(K - 0)2) lfk =cC,
—1+y/T+dam, ik (k=c) 2 Fmm, 11 (14 Qm, Kk Fmm, 11c(K —¢)?)
2’7mm,1+c(kfc)2 ’

(1) oo, =

Proof. Follows by using the same argument as in the proof of Lemma by recalling that

Ymm,k = ’7mm,1+c(k' - 6)2- O

It is relatively simple to show (using similar approach as in the proof of Lemma
that under general power allocation r can have up to K local maxima with respect to c.
However, if ¢ is considered with respect to the optimal power allocation corresponding to
¢ (Proposition and Lemma , it is always optimal to place ¢ in the middle of the
interval (1, K), as the following lemma states.

Lemma 5.13. If (¢, {ap i, 1 }) mazimizes the sum rate under high SINR approximation,

K+1

then ¢ = 5

Even though this result may seem intuitive because the optimal power allocation is

always symmetric around ¢ (Lemma and Lemma [5.12)), the proof does not follow
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directly from this property and requires many technical details. For this reason, the proof
is deferred to the appendix.

A simple corollary of Lemma is that:
Corollary 5.14. If (¢*, {ap %, ap'i™}) mazimizes r under high SINR approzimation, then

m,k

K+1

max} is symmetric around “5— and decreasing in |k — c.

the power allocation {cn?;

Proof. The first part follows directly from ¢™®* = % The second part is proved in Lemma

5. 151 O

Lemma 5.15. A solution (™, {a/m%, ap’2*}) that maximizes r under high SINR approz-

imation up to an absolute error ¢ can be computed in O (K log (%)) time.

m,k

Proof. Lemmas and provide similar expressions for oj7*’s and ajp%’s and in the
worst case require the same computation time. We provide the proof for the running time

of finding {a™?*}.

m,k

From Lemma Zle al®X = 1. Recall that all the o/?®*’s are given in terms of

m,k T m,k

am®X so we can find the allocation {a/n*} by performing a binary search for o/ %% until

Zszl amx ¢ [1—¢,1]. Corollary implies that o™ < L so it is sufficient to perform
the binary search for ajp*% € [0, %] E| Such a binary search requires O( log (ﬁ)) iterations,
with each iteration requiring O(K) time to compute {a)%} and evaluate Zszl o, for

The last part of the proof is to determine an appropriate €’ so that r(c™®, {an®x, o’p*}) >

the total time O(K log (1(16,

max 7 — €, where the maximum is taken over all feasible points (¢, {ou i, a1 }). Notice that
we are only deviating from the optimal solution in that Zle al?x =¢ [1 — €, 1] instead

of Zle oy = 1. Therefore, (¢, {aﬁ?,f, WGk ) is the optimal solution to the problem

that is equivalent to the original problem, with maximum total power at the MS equal to

2Observe that at the BS side ap'% may not be the smallest coefficient. However, it is not hard to see
that we can replace oy % with any other fixed op'i* and get equivalent results for power allocation to those
from Lemma By choosing k* as the index with maximum %, o5~ is guaranteed to be the smallest

coefficient from the allocation {a3'z*}, and as Zszl ap =1, it follows that ap'p¥ € [0,1/K].
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max

[0
S M@ = A, Denote ay, . = 4 Observe that:

m,k —
or _ Z <L _ a/m,kf}//mm,k ) < £
0Am Am 1+ AMam7k'Ymm,k Am

£ for A, € [1—€,1], it follows that: maxr — r(c™®, {on %, o)) <

As 22 (A,,) <

L A€ Setting: £ =€ & € = K7e» We yield the total running time of:

O (Klog (%)) :O(Klog (%)) O

We summarize the results from this section in Algorithm 2 — HSINR-MAXIMUMRATE.

Algorithm 7 HSINR-MAXIMUMRATE(€)
Input: K, Ymm,14c: Ymb,ks Vob,k» Yom,k
max — (K 41)/2

N =

k* = arg max Y 1

3: for ap € [0,1/K], via a binary search do

4: Compute ap i, for 1 < k < K — 1 using Lemma

5: End binary search when Zszl api € [1—€/(K +¢),1]

6: for a,, x € [0,1/K], via a binary search do

7 Compute oy,  for 1 <k < K — 1 using Lemma
8: End binary search when Zle amk €1 —€¢/(K +¢),1]

max

9: return ™, {ap'*} {a %}

5.4 Measurement-based Numerical Evaluation

This section presents numerical evaluations for use case (iii). Numerical evaluations for use
cases (i) and (ii) were already provided in Sections and respectively. We focus
on the impact of a frequency-selective SIC profile in a small form factor hardware at the
MS (Fig. , and evaluate achievable rate gains from FD.

Evaluation Setup. To determine the position ¢™** of maximum SIC and the power allo-
cation {a) %, ap’f*} that maximize the sum rate, we run an implementation of the MAXI-

MUMRATE algorithm separately for measured ( [125[128] and Fig. [4.3(d)) and modeled (Eq.
1) SIC profiles of the MS FD receiver. Additionally, we determine ¢™®, {a/n%%, o
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Figure 5.3: Power allocation over K = 33 channels (20MHz bandwidth) at the BS and MS
for different values of average SNR (7*V8). The higher the 4*'8, the more channels are used
in full-duplex, and the closer the power allocation gets to the high SINR approximation one

(computed by HSINR-MAXIMUMRATE).

for the high SINR approximation of the sum rate using the HSINR-MAXIMUMRATE al-
gorithm. We also compare the results to the case when the total transmission power is
allocated equally among the frequency channels (we refer to this case as equal power allo-
cation).

Since the measurements were performed only for the analog part of the FD receiver, we
assume additional 50dB of cancellation from the digital domainﬁ Similar to |20], we assume
that when either station transmits at maximum total power that is equally allocated across
channels (so that o, = 1/K, o, = 1/K), the noise on each channel is 110dB below the
transmitted power level.

We consider a total bandwidth of: (i) 20MHz in the range 2.13-2.15GHz, (ii) 10MHz in
the range 2.135-2.145GHz, and (iii) 5MHz in the range 2.1375-2.1425GHz. We adopt the
distance between the measurement points as the OFDM channel width (~ 600kHz), so that

there are K = 33, K = 17, and K = 9 channels, respectively, in the considered bands. For

3Fig. |4.3(d)| only shows isolation from the SIC in the analog domain.
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Figure 5.4: Evaluated @ sum rate for K = 33, normalized to the number of channels K,

and |(b)H(d)| rate improvement for @ K = 33, K =17, and @ K = 9. The graphs

suggest that higher average SNR (7*V8) and better cancellation (lower bandwidth — fewer

frequency channels K) lead to higher rate gains.
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Figure 5.5: Evaluated @ sum rate for K = 33, normalized to K, and @ rate improvement
for K € {9,17,33}, for the sum of the total transmission power levels at the MS and at the
BS scaled so that it is the same as in the TDD case.
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the SIC at the BS, we take /K =1 [20].

We consider flat frequency fading (so that Fppr and g, are constant across chan-
nels k), and perform numerical evaluations for ¥, = Fpm = 7*V8 - K, Vk, where 42'8 €
{0, 10, 20, 30,40, 50} [dB].

We run MAXIMUMRATE for Ac = 0.01, which corresponds to an absolute error of up to

€ ~ 0.2 for r. We evaluate the sum rate and the rate improvement using the measurement

max

data for the remaining SI and ¢™&*, {am’k,

ai‘?,?x} returned by the algorithm. We assume
that the amount of SIC around f, does not change as f. (and correspondingly c) is varied.
To run the algorithm for ¢ positioned at any point between two neighboring channels, we
interpolate the measurement data.
Results. We provide detailed results for the power allocation only for the 20MHz band-
width (K = 33) case, in Fig. |5.3l For the 10MHz (K = 17) and 5MHz (K = 9) cases, we
only provide the results for the rate improvement, in Fig.

Fig. shows the power allocations at the BS (Fig. and at the MS
(Fig. computed by MAXIMUMRATE for both measured and modeled SI and

for different values of average SNR ~2'8. Additionally, Figs. [5.3(d)] and [5.3(h)] compare

the power allocation computed by MAXIMUMRATE to the one computed by HSINR-
MAXIMUMRATE. As Fig. [5.3] suggests, when v*'8 is too low, most channels are used as
half-duplex — i.e., only one of the stations transmits on a channel. As «2'¢ increases, the
number of channels used as full-duplex increases: at v*'® = 10dB about seven channels are
used as full-duplex, while for v#& = 20dB all but two channels are used as full-duplex, and
when y*'8 > 30dB, we reach the high SINR approximation for the FD power allocation.

Fig. shows [(a)| sum rate normalized to the number of channels for K = 33 (20MHz
bandwidth) and[(b)H{(d)|rate improvement for K = 33 (20MHz bandwidth), K = 17 (10MHz
bandwidth), and K = 9 (5MHz bandwidth). As Fig. suggests, the FD rate gains increase
as v*'& increases and the SIC becomes better across the channels (i.e., as we consider lower
bandwidth — lower K).

We observe in Fig. that there is a “jump” in the rate improvement as y*'&
increases from 0dB to 5dB. This happens because at y*¥¢ = 0dB Conditions and

force all the power levels at the MS to zero, and we have the HD case where only the BS is
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transmitting. At v*'¢ = 5bdB Conditions and become less restrictive and some of the
channels are used as FD. At the same time, the total irradiated power (considering both MS
and BS) is doubled compared to the case when v*8 = 0dB (and to the TDD operation),
so a large portion of the rate improvement comes from this increase in the total irradiated
power. To isolate the rate gains caused by FD operation from those caused by the increase
in the total irradiated power, we normalize the total irradiated power so that it is the same
as in the TDD regime and compute the sum rate for K = 33 and the rate improvement
for K = {33,17,9}, as shown in Fig. [5.5l The results suggest that the rate gains that
are solely due to FD operation increase smoothly with +*'® and the rate gains are almost
indistinguishable for different power allocation policies (MAXIMUMRATE for measured and
modeled SI, HSINR-MAXIMUMRATE, and equal power allocation).

Since for the transmitted power of 1/K and ¢ placed in the middle of the frequency
band XINR at the first and the last channel is about 35 (= 15dB) for K = 33, about 8.5
(=~ 9dB) for K = 17, and about 2.5 (= 4dB) for K = 9, our numerical results suggest, as
expected (see e.g., Fig. , that to achieve high rate gains, v*¥® needs to be sufficiently
high. This is demonstrated by the results shown in Fig. and In particular, the
rate gains obtained solely from FD operation are non-negligible when on most channels
XINR > 0dB. Moreover, simple power allocation policies, such as equal power allocation
and high SINR approximation power allocation are near-optimal when the rate gains are

non-negligible, as demonstrated by Fig. [5.5]
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Chapter 6

Capacity Regions of Full-Duplex
Links

The previous chapter focused on maximizing the sum of the UL and DL rates over orthog-
onal channels. While sum rate maximization gives a good estimate of what the achievable
rate improvements are in the best case or when UL and DL have the same priorities, there
are many cases where one of the (UL and DL) rates needs to be prioritized, due to, e.g.,
Quality of Service (QoS) considerations.

While in Time Division Duplex (TDD) systems asymmetric traffic can be supported via
time-sharing between the UL and DL, in FD the dependence of the bi-directional rates on
the transmission power levels and Signal-to-Noise Ratio (SNR) levels is much more complex.
As shown in Fig. any (combination) of the following policies can be used: (i) FD with
reduced transmission power at one of the stations, (ii) FD with fewer channels allocated to
one of the stations, and (iii) time sharing between a few types of FD transmissions.

We study asymmetric link traffic and analytically characterize the capacity region (i.e.,
all possible combinations of UL and DL rates) under non-negligible SI. Such characteriza-
tion has theoretical importance, since it provides insights into the achievable gains from
FD, thereby allowing to quantify the benefits in relation to the costs (in hardware and
algorithmic complexity, power consumption, etc.). It also has practical importance, since

it supports the development of algorithms for rate allocation under different UL and DL
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Figure 6.1: @ An example of different rate requirements on a full-duplex link and possible
policies to meet the requirements: reduction of the the power levels on the UL channels,
(c)| allocation of a subset of the channels to the UL, and @ time-sharing between two FD
rate pairs (TDFD).

requirements. Such algorithms will determine the required combinations of the policies
illustrated in Fig. [6.1

We first consider the case where both stations transmit on a single channel and the
remaining SI is a constant fraction of the transmitted power . We study the structural
properties of the FD capacity region and derive necessary and sufficient conditions for its
convexity. Based on the properties, we present a simple and fast algorithm to “convexify”
the regionEl The convexified region combines (via time sharing) different FD rate pairs
(see Fig.[6.1((d)) and we refer to it as the Time Division Full-Duplex (TDFD) region. The
algorithm finds the points at the region’s boundary, given a constraint on one of the (UL
or DL) rates.

We then consider the the multi-channel case in which channels are orthogonal, as in
Orthogonal Frequency Division Multiplexing (OFDM). We assume that the shape of the
power allocation is fized but the total transmission power can be varied. Namely, the ratios
between power levels at different channels are given. For each channel, the remaining SI is
some fraction of the transmitted power . We characterize the FD capacity region
and analytically show that any point on the region can be computed with a low-complexity
binary search. We also focus on determining the TDFD capacity region, which due to the

lack of structure cannot in general be obtained via binary search. However, we argue that

LA convex region is desirable, since most resource allocation and scheduling algorithms rely on convexity

and providing performance guarantees for a non-convex region is hard.
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Figure 6.2: Considered cancellation profiles for the FD receiver @ at the BS [20] and @,

@ at the MS [125,[126].

for any practical input, the TDFD capacity region can be determined in real time.

Finally, we consider the TDFD capacity region in the multi-channel case under a general
power allocation, (i.e., the power level at each channel is a decision variable). In this case,
maximizing one of the rates when the other rate is given is a non-convex problem which
is hard to solve. However, we develop an algorithm that under certain mild restrictions
converges to a stationary point that in practice is a global maximum. Although for most
practical cases, the algorithm is near-optimal and runs in polynomial time, its running time
is not suitable for a real-time implementation. Hence, we develop a simple heuristic and
show numerically that in most cases it has similar performance.

For all the cases mentioned above, we present extensive numerical results that illustrate
the capacity regions and the rate gains (compared to TDD) as a function of the receivers’
SNR levels and SIC levels. In the multi-channel examples, we use the maximum XINRs at
the BS and MS shown in Fig. and based on the FD receiver implementations from [20),
125[/126]. We also highlight the intuition behind the performance of the different algorithms.

To summarize, the main contributions of the chapter are two-fold: (i) it provides a
fundamental characterization and structural understanding of the FD capacity regions, and
(ii) the rate maximization algorithms, designed for asymmetrical traffic requirements, can

serve as resource allocation building blocks for future FD MAC protocols.
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6.1 Related Work

Various challenges related to FD wireless recently attracted significant attention. These
include FD radio/system design [7,20,[35,/59,/66,/126] as well as rate gain evaluation and
resource allocation [2,/13]21,/32,(77,/92,|119,|120,|124]. A large body of (analytical) work
[131[119,/120] focuses on perfect SIC' while we focus on the more realistic model of imperfect
SIC.

Rate gains and power allocation under imperfect SIC were studied in [2211,3277./92}/124].
For the single channel case, [2] derives a sufficient condition for FD to outperform TDD in
terms of the of sum UL and DL rates. However, [2] does not quantify the rate gains nor
consider the multi-channel case.

Power allocation for maximizing the sum of the UL and DL rates for the single- and
multi-channel cases was studied in [32,/92]. The maximization only determines a single point
on the capacity region and does not imply anything about the rest of the region, which is
our focus. While [92] (implicitly) constructs the FD capacity region in the single channel
case (restated here as Proposition , it does not derive any structural properties of the
region, nor does it consider the multi-channel case or a combination of FD and TDD.

The capacity region for an FD MIMO two-way relay channel was studied in [124] as a
joint problem of beamforming and power allocation. For a fixed beamforming, the prob-
lem reduces to determining a single channel FD capacity region. Yet, the joint problem
is significantly different from the problems considered here. The FD capacity region for
multiple channels was considered in [77]. While [77] considers both fixed and general power
allocation for determining an FD capacity region, analytical results are obtained only for
the fixed power case and the non-convex problem of general power allocation was addressed
heuristically. Specifically, for the fixed power case, our proof of Lemma is more accurate
than the proof of Theorem 3 in [77] (see Section [6.3.1]).

The TDFD capacity region was studied in |70] only via simulation and in [21] analytically
but mainly for the single-channel case. The “convexification” of the FD region in [21] is
performed over a discrete set of rate pairs, which requires linear computation in the set size,
assuming that the points are sorted (e.g., Ch. 33 in [36]). Our results for a single channel

rely on the structural properties of the FD capacity region and do not require the set of FD
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Figure 6.3: Possible shapes of segments S and Spy: @ concave, @ convex, concave

and then convex.

rate pairs to be discrete. Moreover, the computation for determining the convexified region
is logarithmic (see Section .

To the best of our knowledge, this is the first thorough study of the capacity region and
rate gains of FD and TDFD.

6.2 Single Channel

We now study the structural properties of the FD and TDFD capacity regions for a single
FD channel and devise an algorithm that determines the points at the boundary of the
TDFD capacity region. First, we provide structural results that characterize FD capacity
regions. We prove that the FD region boundary, which can be described by a function
rm(rp), can only have up to four either convex or concave pieces that can only appear in
certain specific arrangements. We also provide necessary and sufficient conditions for the
region’s boundary to take one of the possible shapes. As a corollary, we derive necessary
and sufficient conditions for the FD region to be convex as a function of ¥, Ymb, Vrmom, and
Top-

Based on the structural results, we present a simple and fast algorithm that can de-
termine any point at the boundary of the TDFD capacity region. For a given rate rj, to
find the maximum rate 7, subject to 7, = r;, the algorithm determines the shape of the
capacity region as a function of A, Vmb, Tmm, and ¥, and either directly computes 7, or

performs a binary search to find it.
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6.2.1 Capacity Region Structural Results

We start by characterizing the power allocation at the boundary of an FD capacity region,
given by the following simple proposition (used implicitly in [92]). The proof appears in [97].
In the rest of the section, s, = rp(1,1), s;m = (1, 1).

Proposition 6.1. If r, = r; < 53, then 1y, is mazimized for ay, = 1 and oy that solves
ry(ap, 1) = ry. Stmilarly, if vy, = 15, < S, then ry s mazimized for o = 1 and o, that
solves T (1, apy) =17,

Proposition implies that to determine any point (r,7,,) at the boundary of the
capacity region, where ry, r,, > 0, for r, < sp, (resp. ry, < Sp), it suffices to find «y (resp.
ayy) that satisfies 1, = ry(ap, 1) (resp. 7m = rm (1, auy)). The capacity region is convex, if
and only if (i) ry(rm) is concave for ry, € (0, s;] and 7, at the boundary of the capacity
region, (ii) r,(rp) is concave for r, € (0, sp] and 7, at the boundary of the capacity region,
and (iii) the functions 7y, () and 74(ry,) intersect at (sp, sy,) under an angle smaller than
7 (see Fig. for an illustration why (iii) is important).

If the FD capacity region is convex (Fig. , then to maximize r,, subject to r, = ry,
it is always optimal to use FD and allocate the power levels according to Proposition (6.1
This is not necessarily true, if the capacity region is not convex; in that case, it may be
optimal to use a time-sharing scheme between two FD rate pairs (TDFD), since a convex
combination of e.g., (sp, Sm) and (7,0) may lie above the FD capacity region boundary
(e.g., Fig. 4.4(b)).

The following lemma characterizes the FD capacity region boundary. The lemma states
that each of the segments S;, (corresponding to 7,,(r,) at the boundary of the FD capacity
region for ry, € [0, s3]) and S,,, (corresponding to 74(ry,) at the boundary of the FD capacity
region for ry, € [0, s,,]) can only take one of the three possible shapes illustrated in Fig. (6.3
Lemma 6.2. Given positive Vmp, Yom, Vobs Jmm, Let rm(rp) describe the boundary of the FD
capacity region for ry € [0, sp], and ry(ry,) describe the boundary of the FD capacity region
for rm, €10, 5m). Then rip(ry) (ry € [0,s]) and 76(rm) (rm € [0, 5m]) can only be described
by one of the following three function types: (i) concave, (i) convez, and (iii) concave for
ry € [0,7] for some v < s, in the case of Tm(rp), concave for rn, € [0,15] for some

T} < sm in the case of ry(ry,), and convex on the rest of the domain.
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Figure 6.4: Convexity of the capacity region vs. rate improvement for 73, = 0dB and: @
Ymm = 0dB and@’}/mm = 10dB. The capacity region is convex for UL and DL SNRs north

and east from the black curve.

Proof. From Prop. segment Sy, is described by 7, (rp), where 7, < s, oy € [0, 1], and:

OpYom Ymb
~1o (1+7), — 1o (1+7). 6.1
O S T A A (6.1)

Similarly, segment S,, is described by 74(ry, ), where 1, < sy, o € [0, 1], and:

Yom A Ymb
o= log (14 — )., = log (1 + S2T8) 62
b 8 1+ AmYmm " & 1+ Ybb ( )

We prove the lemma only for segment Sy, while the proof for segment S,, follows by sym-

metry.

Since, from (6.1)), r,,(7p) is a continuous and twice differentiable function for r;, € [0, sp)

(equivalently, oy, € [0, 1]), 7 () is concave for ry, € [0, s] if and only if ‘f;’l;’; < 0. Observe

that we can write:
drpy,  dry dog

_m 6.3
d?“b dab drb ( )
and
Lrm _ i (doy* | drm Py, (6.4)
dT‘b2 dab2 dTb dab dT’b2
From the left equality in (6.1)):
]' mm
ap = (2 — 1) 2,
Tom
dab 1 + m
— =1In(2)-2" - ———— and 6.5
T a2 L (©5)
d? L+ Ymm
CO m2(2)- 2 (6.6)

dry? Vom
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From the right equality in (6.1)):

drm, __ b < 1 _ 1 ) (6.7)
dw Q2 \T+ovm 1+ Ty + Fms/’ '
Prom (b)” ( 1 1 )
dop?  In(2) 14V 1+ Yoy + Vo
( L € 7) (6.8)
T+apyee 1+ apVob + Ymb

Plugging || back into |D we have that the sign of ‘f;?; < 0 is equivalent to the

sign of:

_ 1 1 2" (1 4+ Ymm)
’Ybb( — + — 7) —
L+ ap¥or 1+ Vb + Ymb Yom
Recalling (from 1D that 2™ =1+ % and using simple algebraic transformations,

=
is equivalent to:

Sl (6.9)

201+ Fmm) (24 Tp) (L + Fowm) LA+ T
Yom Yob Vo (Fob)?

ab2 + ap (6.10)

is a quadratic function whose smaller root is negative. If the discriminant of
is negative or the larger root is at most 0, is non-positive for all a; € [0,1], and
therefore 7, (rp) is convex for all r, € [0, sp]. If the discriminant of is positive and
the larger root is at least 1, is non-negative for all ap € [0, 1], and therefore ry, ()
is concave for all 7, € [0, sp]. Finally, if the discriminant of is positive and the larger
root takes value a;r < 1, p(7p) is concave for 1 € [0, rlﬂ and convex for 7}, € [rgr, sp, where

rb+ :rb(oz;r,l). O

The following corollary of the proof of Lemma gives necessary and sufficient condi-
tions for 7, (rp) to be concave for r, € [0, s3], and, similarly, for r(r,,) to be concave for
Tm € [0, Sm).

Corollary 6.3. For given positive Ymb, Yom, Yobs 014 Ymm, Tm () is concave for ry, € [0, sp]
if and only if:

2 + Tonb
L+ Ymp

2 4 (2 4 Vmb) /706 }
(1 +%mp)/ (Fp)? — 1

Tom > max { ()2 = 1, Top (1 + T

Y

(1 4+ Ymm) (6.11)
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Similarly, rp(rm) is concave for rmy, € [0, sp] if and only if:

24+ Yom
T+ %m
2 + (24 Vo) /TVmm }
(I +om)/ (Fmm)? — 1)

Proof. From the proof of Lemmal6.2] for rp,(rp) to be concave in all 7y, € [0, 5], the quadratic

)

Tomp > masc { (7)? = 1, Feam (1 + 725)

(1 +op) (6.12)

function (6.10) in a; needs to be non-positive for all oy, € [0, 1]. It follows that the discrim-
inant of lb must be positive and the larger of the roots, a;, must be greater than or
equal to 1 (the smaller root is negative). Finding the larger root of (6.10]) gives:

| —
of :+7mm<1
Yom

I TN e e ) _%m'zﬂmz;)
)2 A 4+Fmm)? L+ Fmm

>1. (6.13)

From 1) as Oz;_ > 0, it must also be:

Fom)?  14+Fmb  Vom 2+ Vb

('.)/bb)2 (1 + ')/mm)2 Yob 1 + Ymm
o . 24 7m
= > 1 . . 6.14
Yom ’Ybb( + ’Ymm) 1+ m ( )

Note that (6.14) implies that the discriminant of (6.10) is greater than 1 and therefore

positive.
Further, solving (6.13)) for 7p,,, we get:
14 Youm < 1
Yom

vy Gom)® 1T _%m.2+%b>>1
W)? (L +Tmm)* b L +Tmm /)

Vo (14 Tt 2 + Tob
L <+7”—1>— Fhmb 5 5, (6.15)

1+ Ymm (%)2 Yob o

=

Now, for (6.15)) to be possible to satisfy, as Fup, Ymm, Yom, Ymb are all strictly positive, it

must be:

1 + Vb
(o)

—1>0 = Fm>0Gw?-1 (6.16)
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—1
Figure 6.5: Possible intersections of 7, (1) and 74 (rn,) at (sp, Sm): |(a) —(C‘li:i {T . ) =

—1 —1
_drm | dry _drm [ dry _drm
dry Irp=sp’ <'drm Tm=5m < Tdn, Tp=5p’ and ((c) drm lrm=sm T Te=8p"

Finally, solving (6.15)) (given that (6.16)) holds), we get:

249mp
Yom = (1+’)’mm)Wb%bl- (6.17)
(Fop)?

Inequalities (6.14)), (6.16)), and (6.17)) and their counterparts obtained when 73 (ry,) is concave
give (6.11))—(6.12]) from the statement of the lemma. O

Finally, we show that whenever both r,,(rp) is concave for all r, € [0, sp] and r(ry,) is
concave for all 7, € [0, sp,], the FD region is convex.
Proposition 6.4. If both (1) is concave for all ry, € [0, sp] and r4(rm) is concave for all

Tm € [0, sy, then the FD capacity region is convez.

Proof. Showing that the FD capacity region is convex is equivalent to showing that whenever
(6.11)—(6.12) hold, 7y (1) and 73(ryp,) intersect over an angle that is smaller than 7 at the
point (sp, $m)- (That is to say, the tangents of 7, (1) and 74(ry,) at (sp, Sp,) form an angle
that is smaller than m.)

Observe the derivative of ry,(ry) with respect to r, at 7, = s, (equivalently ap = 1).

From , , and :

drm _(dry dag
%rb:sb_(f%.%> ap=1
14 Vom Ve w1
14+ Ve LT Yom
Symmetrically:
Ay _ 1WA Tm w1
drmlrm=sm 14+ mm +Tmb L+ Tmm b
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Observe that both %m < 0 and C‘li:b

a |y —s, L ‘rmZSm < 0. Whenever 7,,(rp) is concave and

rp(rm) is concave, for the capacity region to be convex it is necessary and sufficient that

(see Fig. [6.5):

(_ dry. )*1 S _drm
d’l“m Tm=58m - d?”b Tp=5p
. Lt Ymm o 0 1
" Yom L+ Vom
T T TN 18 | B— (6.18)
(1 + Vmm) (1 + Vo)
Recall (from (6.14)) that for r,,(r) to be concave, it must be:
S — R o (T A —
Yom > ’Ybb(l + 'Ymm)T% > ’Ybb(l + ’Ymm)
mi
Vob
> — . 6.19
L+ Ymm (6.19)
Symmetrically:
[ Tmm
> . 6.20
Yom 1+ T ( )

Combining (6.19) and (6.20]) gives (6.18)), and therefore, the capacity region is convex when-
ever r,,(rp) and ry(ry,) are both concave (which is equivalent to (6.11)), (6.12) both being
true). O

Fig. illustrates the regions of (maximum) SNR values 74, and 7,5 for which the FD
capacity region is convex, for different values of 7,,,, and 7, compared to the maximum
achievable rate improvements. The black line delimits the region of 73, and 7, for which
the FD region is convex: north and east from it, the region is convex, while south and west
from it, the region is not convex. As Fig. suggests, high (over 1.6x) rate improvements
are mainly achievable in the area where the FD region is convex, unless one of the SNR

values 75,,, and 7,5 is much higher than the other.

6.2.2 Determining TDFD Capacity Region

We now turn to the problem of allocating UL and DL rates, possibly through a combination
of FD and TDD, which is equivalent to determining the TDFD capacity region. As before,

the problem is to maximize r,, subject to r, = r; and the power constraints. Denote the
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Figure 6.6: Capacity regions for 73, = 0dB, Fmm € {0, 5,10}dB, and @%_m = Fmp and

maximum 7, such that r, = r; as r;,. We start by providing two technical propositions
that will determine “allowed” arrangements in which the three possible shapes of S and
Sy, can appear.

Proposition 6.5. If (sp, sm) mazimizes the sum of UL and DL rates, then (sp,Sm) >
A1y, ) + (L= X) (), ry) element-wise for any A € [0,1], and any two feasible rate pairs

(ry i) and (ry, 7).

Proof. Suppose that for some A € [0, 1] and some pairs of feasible rates (1}, r},) and (r}, 7))
(8, 5m) < A(rp,77,) + (1= X)(ry, ). Then either (r},77,) > (Sb, Sm) or (13, 71,) > (Sb, Sm),
and therefore r + 7, > s, + sy, or 1} + 1, > Sp + S, which is a contradiction, as s, + S,

maximizes the sum of the (UL and DL) rates. O

Proposition implies that if (sp, s,,) maximizes the sum of uplink and downlink rates,
it must dominate any convex combination of other points from the capacity region.
Proposition 6.6. If sp+ S, < Tm, then rp (1) is convex on the entire segment from (0,T,)
to (Sp, Sm). Similarly, if sp + sy < Tp, then 1p(ry) is conver on the entire segment from

(Sby Sm) to (75,0).
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The proof can be found in [97].

From Lemma [6.2] and Propositions and [6.6] only the following cases can happen:
Case 1: (sp, S;n,) maximizes the sum of the (UL and DL) rates. Then, using Proposition
(i) if Sp is convex, then (rj,r7,) is on the boundary of TDFD (but not FD) capacity

region and can be found as a convex combination of (0,7,,) and (sp, sm), (ii) if Sp is concave,

(rg,ry,) is on the boundary of FD capacity region and can be found using Proposition

*
m

and (iii) if Sp is part-concave-part-convex, then (7}, 7}, ) may be either on the boundary of
FD region or TDFD region.

Case 2: (sp, S;,) does not maximize the sum of the (UL and DL) rates. Suppose w.l.o.g.
that (7%, 0) maximizes the sum rate. Then, from Proposition Sy is convex and we have
the following cases: (i) if S is convex, then (13, 7},) is either on the boundary of TDD region
or on the line connecting (0,7,,) and (s, 5;), (ii) if S is concave, then (1}, 7),) is either on
the boundary of FD capacity region or on the line that contains (75,0) and is tangent to
Sp, and (iii) if S, is part-concave-part-convex, then (rj, ) may lie either on the boundary

of FD or TDFD capacity region.

*

*.) in constant time, if

As illustrated in Cases 1 and 2, we can often determine (r},r
this point is guaranteed to be either on the boundary of FD capacity region, or if we know
exactly which two points produce (r;,ry ) on the boundary of TDFD capacity region as
their convex combination. However, there are also cases (Cases 1(iii), 2(ii), and 2(iii)) when
it is not immediately clear how to determine (1}, 75,). In the following lemma, we show that
in such cases we can “convexify” the FD capacity region (i.e., determine TDFD capacity
region) efficiently. Note that the convexification needs to be performed only once; after
that, r,,(rs) (and 74(ry,)) can be represented in a black-box manner, requiring constant
computation to determine any rate pair (v}, r,), given either r; or 7.

Lemma 6.7. The boundary of the TDFD capacity region can be determined in time O(log(e 7)),
where € is the additive error of vy, = max{ry, : 1, = 1} }, and the binary search, if employed,

takes at most [log(e~! - 1.47)] steps.

Proof. Note that the time to determine 7}, on the boundary of TDFD capacity region may
not be constant only in Cases 1(iii), 2(ii), and 2(iii). We start with the Case 1(iii).

Using Proposition [6.5] and simple geometric arguments, it follows that in the “convexi-
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(a) (b)

Figure 6.7: Two possible scenarios for Case 2(iii).

fied” capacity region there exists r; < rlf such that the boundary of the region is equal to
rm(1p) for rp € [0,7}] joined with a line segment from a point (r}, 7., (7)) to (Sp, Sm), where
the line through points (7}, 7, (7)) and (s, Smm) is tangent to ry,(rp) at point (ry, 7, (1))
(see Fig. [6.7(a))). Since the tangent from (sp,smy) onto 7, (ry) must touch 7, (1) at a
point (1}, rm(ry)) where 7, (1) is concave, it follows that we can find r} by performing a
binary search over 7, € [0, T; |, since every concave function has a monotonically decreasing
d

derivative. It follows that ry;, = ry(ry) if 7 < 7y, and r, = rp (1) + G2 |Tb_r,(
b

Ty —Tp).

Consider now Case 2(iii), and recall that in this case sp + s, < 7. Using the same
approach as described above, we can determine a point rj < rgr such that the line through
(1}, rm(ry)) and (sp, S;p) is tangent to rp,(rp). However, this approach may not always lead
to the convexified region.

Consider the scenario illustrated in Fig. [6.7(b)l From Proposition ry(rm) for ry, €
[0, 5,,] must be convex, and therefore there exists an ] < r;” such that the boundary
of the convexified capacity region is determined by 7, (1) for 7, € [0,7,] and by a line
through (r}/, 7, (1)) and (sp, sm) for r, € [}, sp], where the line through (r}, 7, (r;)) and
(Sb, Sm) is tangent onto rp,(rp) at point r, = ry. Since 7 must belong to the segment where
Tm(rp) is concave, it follows that r} can be found through a binary search over r, € [0,7,].

To determine which one of the two tangents delimits the convexified capacity region, it is

sufficient to compare 7, (r}) + ‘Z;,? o (sp—ry) and rp(ry)) + LZ;%L - (sp—ry) and choose
the one with the maximum value. b b

The proofs for Case 2(ii) and scenarios when (0, 7,,) maximizes the sum rate are similar
and are omitted for brevity.

Finally, we show that the binary search can be implemented with low running time.
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To do so, we first bound the change in the derivative (il’;f: on the segment where 7, () is

concave.

Proposition 6.8. For all ry, € [0, sp] such that ry,(rp) is concave: ‘%‘ <14.
b

Proof. Fix any ry, such that r,,(rp) is concave, and let «p be such that 7, = rp(ap, 1). The

proof of Lemma implies that (using Eq.’s 7):

‘d%m‘ ~ b ( 1 B 1 )
dri | "In(2)\14+ %y 1+ Voo + oo
1
n2(2) . 2o Jmm
Yom
. Ymb
=In(2)7p - — ——
@ (1 4+ o) (1 + 2 ob + Ymb)
1
: (ab + y)
Yom
b 1
< 111(2)&7 (Oéb + y)
1+ ey Yom
ob ob(1 4+ Yo 1
(2 ( o Ao ( iymm) . 7)
1+ apyep Yo 1+ apyep
<2In(2) < 1.4,
where we have used: Tmb < Jmb ] Wb ] L__ <, and 2lTmm)

1+apVoo+Ymb — 1+¥mo > 1+apYen > 14apYeb Yom

(from a necessary condition for r,,(rp) to be concave in any ry € [0, sp] in the proof of

Lemma [6.2)). O

For 7} or r} to be determined with an absolute error ¢, it takes at most [log(e™!)]
binary search steps. In terms of r},, the error is then less than 1.4e7, and to find r}, with

an absolute error ¢, the binary search should perform at most [log(e~! - 1.47%)] steps. [

To put the number of binary search steps in perspective, the highest SNR typically
measured in Wi-Fi and cellular networks is about 50dB (10°). 50dB SNR maps to 7, ~ 16.61
b/s/Hz, leading to at most [4.53 + log(¢~!)] binary search steps. As each step requires
constant computation, the computation time for determining the TDFD region is very low.

Using the methods mentioned above, FD and TDFD capacity regions were obtained for
different combinations of Yy, Ymps Ymm, and Jp (Fig. . As expected, as Fpm, increases
and 7,p and ., decrease, the rate improvements decrease and more FD regions become

non-convex.



CHAPTER 6. CAPACITY REGIONS OF FULL-DUPLEX LINKS 169

6.3 Multi-Channel — Fixed Power

In this section, we consider the problem of determining FD and TDFD capacity regions
over multiple channels when the (shape of) the power allocation is fixed, but the total
transmission power level can be varied. We first provide characterization of the FD capacity
region, which allows computing any point on the FD capacity region via a binary search.
Then, we turn to the problem of determining the TDFD capacity region. Due to the lack of
structure as in the single channel case, in the multi-channel case the TDFD capacity region
cannot in general be determined by a binary search. We argue, however, that for inputs

that are relevant in practice this problem can be solved in real time.

6.3.1 Capacity Region

Suppose that we want to determine the FD capacity region, given a fixed power allocation
over K orthogonal channels: ap1 = ap2 = ... = px = ap and a1 =y = ... = QK =
amy. Note that setting the power allocation so that all apj’s and all oy, 1’s are equal is
without loss of generality, since we can represent an arbitrary fixed power allocation in this
manner by appropriately scaling the values of Yo, Vmps Vmm, and Jpy (see Eq.’s and
below). The sum of the UL and DL rates over the (orthogonal) channels can then

be written as r = ry + r,, where:

Yom, k
1 (1 ab ) d 6.21
Z ©8 + 1 + am’}/mm k o ( )
O‘m’)/mbk
=3 1o (1 + ) 6.22
" Z & 1+ apVob i (6:22)

Let s, = rp(ap = %, Oy, = %), Sm = rm(ap = %, Oy, = %) We characterize the FD region

in the following lemma.
Lemma 6.9. For a fized ry, = v} < 8y, T s maximized for oy, = 1/K. Similarly, for a

fixed r, =1}, < S, 1 is mazimized for op = 1/ K.

Proof. We will only prove the first part of the lemma, while the second part will follow

using symmetric arguments.
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Since 7, is being maximized for a fixed 7, = r; < 53, we can think think of maximizing
rm by only varying o, while «; changes as a function of oy, to keep ry, = r; as ayy, is
varied. Observe that for a fixed a,, € [0,1/K], a; such that r, = 7} is uniquely defined
since 7, is monotonic in . Because r; < s, and 73, is decreasing in «,, a solution for
ay, such that r, = r} exists for any oy, € [0,1/K]. It is not hard to see that as(,) that
keeps 7, = 7 is a continuous and differentiable function. This follows from basic calculus,
as ap(agy,) is an inverse function of ry, rp, is continuous and strictly increasing in ap, with

(%Z #0, ¥(ap, ) € [0,1]%. Therefore, we can write:

dri(am) — Orp(ap, am) n Orm (o, o) doy
doy, O, oy, doy,

(6.23)

From (6.22)), we have:

K .

aT‘m ab, am Vmb k
— —, 6.24
O ; 1+ amYmbk + Yob k (6.24)

K _WhE g i
Orm (0, am) __y T Ot Ymb k (6.25)

Oay, 1+ 0 Vmbe + W Tobk

k=1
To ﬁnd -, we will differentiate r, = rj (= const.) w.r.t. a,, using 1}
day, K

i TYmm,k + Tom,k - doom B Z Tmm,k —0
— L+ aVomk + O Vmmk =7 L+ QmYmmk

d K Nom k. -
o Form
& — = — —
day, (Z:l 1+ Yo,k + amem,k)

K TYmm,k

. Z 1+Oém'7mm,k ’ ab/}/bm’k (6 26)
— L+ apVomk + OmYmm k

<ap - max _ mmig (6.27)
1<G<K 1+ ammm,j

Plugging (6.24)), (6.25)), and (6.27]) back into (6.23)), we have:

K .
drm(am) > Z Ymb,k
- 1+ am¥mb,k + QVobk
’Ybb k P —
_ Z Trane  CmTmbk . max Oy Ymm,j
1+ am¥mpk + Yook 1<i<K 1 + am¥mm,;
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K _
o Z Tmb,k am’}/mm,j

1+ amYmbk + Vb k 1<J<K 1+ amVmm,j

k=
K L T S —
Z Trayvonr, | Imbk
=1

> 0,
1+ amYmbk + Yook

where the last inequality follows from m% < 1 and % < 1, Vj, k. Tt follows

that r,, is strictly increasing in «;,, and, therefore, maximized for o, = 1/K. O

We now point out the difference between the proof of Lemma and the proof of
Theorem 3 in |77]. The proof of Theorem 3 in [77] uses similar arguments as the proof of
Lemma, up to Eq. . However, the proof then concludes with the statement that
%%Z < 0 and C‘l%i < 0, which is not correct, as we see from that ;O% > 0

Using Lemma we can construct the entire FD capacity region by solving (i) 7, = 7}
for o, when a,, = 1/K and 7 € [0,s), and (ii) 7, = r} for a,,, when o = 1/K and
ry € (sp,7p). Note that r, = r; can be solved for oy when 73, € [0, s3] (resp. for ay,) by
using a binary search, since ry, is monotonic and bounded in a4 for ry, € [0, s3] (resp. au, for
Ty € (Sp,7p]). The pseudocode is provided in Algorithm |8 (MCFIND-ry,). The bound on

the running time is provided in Proposition [6.10

Algorithm 8 MCFIND-r,(r}, K)
Input: Ymb, Yom, Ymm: Vob

K Tom /K
1: sp = Zkzl IOg(l + %)

2: if v} < s then

3: Via binary search, find ap s.t. 7(ap, 1/K) =1}
* K 1+ m K

4, =3 log(1 4 LK)

5: else

6: Via binary search, find ay, s.t. rp(1/K, o) =1}

K 14+0mFmb

=3, log(1l+ #I;}K”)

return r;,

ot

Proposition 6.10. The running time of MCFIND-ry, is O(K log(>_, @)), where € is

the additive error for v},

2In a private communication, the authors of [77] confirmed that our observation was correct and prepared

an erratum.
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l i, = Jom = 0dB, FD
¥ Fmb = Yom = 0dB, FD + TDD
v 4y = Yo = 5dB, FD
=5dB, FD + TDD
£t — 10dB, FD
E = 10dB, FD + TDD)
o = 15dB, FD
A Ap = Ybm = 15dB, FD + TDD|
o ~%u = % = 20B, FD
& Fmb = Tpm = 20dB, FD + TDD|
0 i Y iy = Fom = 25dB, FD
0 02 04 06 08 1 S = o — 25dB, FD + TDD)|
L% —TDD
(c)

- ~20dB = 0dB, FD
Y Vb 20dB = 0dB, FD + TDD
T —20dB = 5dB, FD

© Yo 20dB = 5dB, FD + TDD
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5 oy 20dB = 10dB, FD + TDD)|
o 20dB = 15dB, FD

T 20dB = 15dB, FD + TDD)|
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Figure 6.8: Capacity regions for 7y, 1, from Fig. 6.2I(a), and Ypm i from Fig. 6.2(b)},
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Figure 6.9: Rate improvements corresponding to capacity regions from @ Fig. 6.8(a) @
e T i ) o [T

Proof. To determine o, with the accuracy e, the binary search takes [log(e, ~!/K)] steps,
as ap € [0,1/K]. From 1-) we can bound |d”"| as:

drp, ‘ bk Z

day 1+ T QpYob,k -

as g +am6;::’:j’rg = S <1, and 1+ apYppx > 1, Vk. Therefore, to find 7, with the accuracy

e, it suffices to take . As each binary search step takes O(K) computation (due

to the computation of ry(ay,1/K)), we get the claimed running time bound. O

Notice that in practice Yppr/K < 1, Fmi/K < 100, and K is at the order of 100,
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which makes the running time of MCFIND-r,, suitable for a real-time implementation.
Unlike in the single channel case, where the shape of the FD region boundary is very

structured, in the multi-channel case the region does not necessarily have the property that

rm(rp) (and rp(ry,)) has at most one concave and one convex piece. To see why this holds,

consider the following proposition.

sps d?rp, _ (dry\—3d3r dry _ dr d2ry,
Proposition 6.11. If r, € [0, sp], then o = (E) e Al il ol e 2

Proof. Fix oy, = 1/K. As both ry(ap) and %‘; are increasing and differentiable w.r.t. «y

and j%’; #+ 0, jizg # 0, Vay, € [0,1/K], it follows that ap(rp) is continuous and twice-

differentiable w.r.t. rp,. Therefore, we can write:

d?r, B d?r, @ 2 dry, d*ay (6.28)
d?”b2 N dOdb2 d?“b dOdb d?"b2 ' '
From ((6.22]), we can determine CéZZ and lez)?'
K _ _
drm _ $ ( Vobik Y )
dog, = N1+ ayVonk + Vv k/ K 1+ a7k ’
K _ _
d%rp, _ Z (( Vb k )2 B ( Vb k )2)
day? =\ N1+ o Von L+ Vo ke + Vb / K
To find % and ijé’, we differentiate (6.21) w.r.t. r, to get:
dab dY’b )‘1
—=—-— 6.29
dT‘b (dab ( )
Aoy, B dry, -3 d?ry, (6.30)
dry?2 doy, dog?’ '
Plugging (6.29) and (6.30]) back into (6.28)), we have:
Fro _ (A (Prn drydre &
d?"b2 B dOéb dab2 dab dab dab2 '
O

From Proposition |6.11} as ((%*;)_3 > 0, the sign of ‘f;’;’g is determined by the sign of

2 2 . . . . . .
Céa% . %‘1’7 — %Z . jazg, which can be equivalently written as a rational function of a; with

linear-in-K degree of the polynomial in its numerator. Therefore, the number of roots of
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‘Z:)g” can be linear in K, and so r,, can have up to linear in K concave and convex pieces.
When K =1, ‘Ci;:”g . C%; — Céz"; . ji:g can be factored as:
Yom _ ( Vb e )
L4+ apVom + Vmm N1+ a¥ob +Tmb 1+ apVop
_ ( Vb Yoo Yom )
T+ oo +7mp 1+ ome 1+ avVom + TYmm

implifying the rational expressions in oY S— dob__ 01— n
Simplifying the rational expressions 1+ab7bb+7mb+1+ab7bb Trarms e |, We ca

recover the same quadratic function in the numerator as we had in (6.10) and yield the same

; ; ; Yom . Tob _ T
conclusions as in Lemma since =t — (1 e T T +ab%) > 0. However,

there does not seem to be a direct extension of this result to the K > 1 case.
Although in general the problem of convexifying the FD region seems difficult in the
multi-channel case, in practice it can be solved efficiently. The reason is that in Wi-Fi and

cellular networks the output power levels take values from a discrete set of size IV, where

N < 100. Therefore, (for fixed Fmp k, Vom.k> Tobk» Tmm.ke» VE) 7 can take at most N distinct
values. To find the TDFD capacity region, since the points of the FD region are determined
in order increasing in ry, ©(N) computation suffices (Ch. 33, [36]).

The capacity regions and the rate improvements for 7y, described by Fig. and

the three cases of 3, described by Fig. [6.2(b)H(d), for equal power allocation and equal
SNR over channels, are shown in Figs. [6.8 and [6.9] respectively. As the cancellation becomes

more broadband, namely as ¥,m.%’s change from those described in Fig. [6.2(b)| over [6.2(c)|

to [6.24(d), the rate improvements become higher and the capacity region becomes convex

for lower values of 7,,,; and Jpm,.

6.4 Multi-Channel — General Power

We now consider the computation of TDFD capacity regions under general power alloca-
tions. In this case there are 2K variables (o 1,..., % Ky Qm1,...; G K), compared to 2
variables (ap and «;;,) from the previous section.

Computing 75, = max{r,, : 7, = 7} } is a non-convex problem, and is hard to optimize

in general. Yet, we present an algorithm that is guaranteed to converge to a stationary
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point, under certain restrictions. In practice, the stationary point to which it converges is
also a global maximum. The restrictions are based on [92] and they guarantee that ry + ry,
is concave when either the oy ;’s or v, 1’s are fixed. Note that the restrictions do not make

the problem 7}, = max{ry, : r, = r;} convex (see Section [6.4.1)). The restrictions are mild

in the sense that they do not affect the optimum by much whenever 7, r and 7,5 r do not
differ much.

Though for many practical cases the algorithm is near-optimal and runs in polynomial
time, its running time in general is not suitable for a real-time implementation. To combat
the high running time, in Section [6.4.2] we develop a simple heuristic that in most cases has

similar performance.

6.4.1 Capacity Region

Determining the FD region under a general power allocation is equivalent to solving {max r,, :
ry =1y} for any r; € [0,75] over o iy Qi >0, D p o < 1, D 4 e < 1. It is not hard to
show that (377: < 0, and, therefore, the problem is equivalent to (P) = {maxr,, : 7, > r}}.

Problem (P) is not convex, even when some of the variables are fixed. When the oy, 1’s
are fixed, 7, is concave in ap’s and the feasible region is convex, however, r,, is convex as
well. Conversely, when the a3 1’s are fixed, ry, is concave in oy, 1’s, but the feasible region
is not convex since 73 is convex in oy, ;’s. Therefore, the natural approach to determining
the FD region fails.

On the other hand, [92] provides conditions that guarantee that Yk, r = ry + 7y, is (i)
concave and increasing in o, when ayj, is fixed, and (ii) concave and increasing in oy g
when o, i, is fixed. These conditions are not very restrictive: when they cannot be satisfied,
one cannot gain much from FD additively — the additive gain is less than 1b/s/Hz compared
to the maximum of the UL and DL rates. However, these conditions can be very restrictive

when the difference between 7, and 7, is high. The conditions are:

Vomde = Vobik (1 + Qo ke Vmmik ), VE (C1)

Ymbk = Ymm k(1 + ok Vob k), VK. (C2)

Notice that when Yo,k > 'Ybb,k(l + 'ymm,k) and Ymb.k > ’ymm’k(l + 'Ybb,k)v conditions ‘b
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and are non-restrictive (as they hold for any o < 1, aupi, < 1). When Fpm 1 < Fobks
cannot be satisfied for any oy, . as ay, ), > 0. Similarly for 7,5 & < Vmm k- cannot
hold for any ay .

We will use conditions and to formulate a new problem that is still non-convex,
but more tractable than the original problem (P). This way, we will get an upper bound
on the capacity region and rate improvements when the conditions are non-restrictive. The

new problem will also allow us to make a good estimate of the capacity region in the cases

when 7y, & and Jpp 1 do not differ much.
Let (sp, Sm) denote the UL-DL rate pair that maximizes the sum of the rates over UL
and DL channels.
Lemma 6.12. If conditions and are non-restrictive, then, given Yom ks Ymb,ks Ymm, k> Yob,k

for k€ {1,..,K}, the TDFD capacity region can be determined by solving:

max S (7 k(@ ks k) + Tk (A ks Ok))
St by b (s Qo) OD T
Sy g < LY e < 1

apr >0, amp > 0,Vk

where op ='<', if rf < s, and op ='>', if rf > sp.

Proof. First, observe that if we had op ='=', then (Q) would be equivalent to (P). There-
fore, if an optimal solution to (@) satisfies r, = 7}, then it also optimally solves (P).
Suppose that rj < s, and that an optimal solution (rl?, r;c,%) to (Q) satisfies rl? <ry. Let
(rf’,rF), where rf = r}, be the optimal solution to (P). Observe that r{ +rl < er + 7“7%,
and, as rl? < r; = rl, it also holds that r% > rP. Let A € (0,1) be the solution to
Ty = /\7'22 + (1 —X)sp (such a A exists and is unique as r, < sp). Then, as s+ sp > 78 + 7L

and 7"1? + 7“7% > réD + 7“5” we have:
A2 +12) + (1= N)(sp+ 5m) = rf + A+ (1= Ns
> 7“5 + 7'5“

and we have A\r§ + (1= N)sm > rl. Therefore, we can get a point (1}, ) With 7, > rl as

a convex combination of the points that optimally solve both (P) and (@). In other words,
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the convex hull of the points determined by (@) is the TDFD capacity region. To find the
the convex hull of the points determined by (@), we can employ an algorithm for finding a
convex hull of given points from e.g., [36].

A similar argument follows for r; > s. O

When conditions and are restrictive, they provide upper bounds on oy
and o, and they do not affect the optimal solution to (Q) unless A,k >> Fmpk OF
Ymbke >> Yomk for some k. To avoid infeasibility when restricting the feasible region of (Q)
by requiring and , similar to [92], we will set either ap 1, = 0 or ap, i = 0E|

We write the restrictions imposed by and on the feasible region of (Q) as

follows, where ap, < Ap(k) and ap, i < Ay (k), VE. Notice that the restrictions are fixed

for fixed Fbm &, Ymb k> Ymm.k> Tob ke, and r;. We refer to the restricted version of problem (Q)

as (Qr)-

Let A, and A,, be size-K arrays
for k =1to K do
Ap(k) = TmoEmmi=l 4 () — Tomi/Tobk—1

Yob,k Ymm,k

if r; < s; then
if Ap(k) <0 then Ay(k) =0, A, (k) =1
if A,,(k) <0 then A4,,(k) =0, Ay(k) =1
else
if A, (k) <0then A,,(k) =0, Ay(k) =1
if Ap(k) <0 then Ay(k) =0, A (k) =1

To solve (Qr), we will use a well-known practical method called alternating minimization
(or maximization, as in our case) [105]. For a given problem (F;), the method partitions the
variable set x into two sets x1 and x9, and then iteratively applies the following procedure:
(i) optimize (P;) over x; by treating the variables from x9 as constants, (ii) optimize (P;)
over o by treating the variables from x; as constants, until a stopping criterion is reached.

Even in the cases when (P;) is non-convex, if subproblems from (i) and (ii) have unique

3Recall that when ap,r = 0, the sum of the rates is concave in ay,,x for any aum, x € [0,1]. Similarly when

Am k. — 0.



CHAPTER 6. CAPACITY REGIONS OF FULL-DUPLEX LINKS 178

solutions and are solved optimally in each iteration, the method converges to a stationary
point with rate O(1/4/n), where n is the iteration count |15]. In the cases when, in addition,
for each of the subproblems the objective is convex (concave for maximization problems),
for each stationary point there exists an initial point such that the alternating minimization
converges to that stationary point [52]. A common approach that works well in practice
is to generate many random initial points and choose the best solution found. In our
experiments, choosing oy, = a,,, 1, = 0 as the initial point typically led to the best solution.

Due to the added restrictions in problem (Qgr) imposed by and (C2), the objective
in (QRr) is concave whenever either all opj’s or all oy, ;s are fixed, while the remaining
variables are varied. Hence, our two subproblems for Qg will be: (i) (Qgrp), which is
equivalent to (Qr) except that it treats oy 1’s as variables and oy, 1’s as constants, and (ii)
(QR,m), which is equivalent to (Qr) except that it treats ., ;s as variables and oy ’s as
constants. Given accuracy &, the pseudocode is provided in Algorithm @] (ALTMAX). The
rate pair (sp, Sp,) can be determined using the same algorithm by omitting the constraint

ry <1y o(or ry > 1)),

Algorithm 9 ALTMAX((QR),¢)
1: Let {agk}, {a?mk} be a feasible solution to (Qr), n =10

2: repeat

3: n=n+1

4 {opy} = argmax{(Qry) : {ag, 1} = {{of 1)
{af, ik} = argmax{(Qr.m) : {af} = {oj; " }}

6: until maxe{laf, —of'| + g, —anily <e

o

What remains to show is that both (Qrp) and (Qg,m) have unique solutions that can
be found in polynomial time. We do that in the following (constructive) lemma. Note that
without the constraint 75 < s or 75 > sp, both (Qryp) and (Qr,m) are convex and have
strictly concave objectives, and therefore, we can determine s;, using ALTMAX.

Lemma 6.13. Starting with a feasible solution {ag’k,agmk} to (QRr), in each iteration of
ALTMAX the solutions to (Qrp) and (Qrm) are unique and can be found in polynomial

time.
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Proof. Suppose that 7; < sp. Then it is not hard to verify that (Qr) is a convex problem
with a strictly concave objective. The objective is strictly concave due to the enforcement
of conditions and , while all the constraints except for 7, < r; are linear. The
constraint 7, < 1} is convex as 1y is convex in ay, ;’s. Therefore, (Qr,m) admits a unique
solution that can be found in polynomial time through convex programming. By similar
arguments, when r; > s, (Qry) admits a unique solution that can be found in polynomial
time through convex programming.

Consider (Qryp) when r; < s5. This problem is not convex due to the constraint r;, < r},
as 1y, is concave in ay ’s. However, we will show that the problem has enough structure so

that it is solvable in polynomial time.

Let k* = argmaxy { 15, e = Yk + T7a,, o ) (= argmaxe {go |, o)) Re-

m,kYmm,k m,kYmb,k

call that, due to conditions 1} and lb we have that &7, < 0, and therefore dad:k is

day, 1,2

monotonically decreasing, Vk. It follows that for any oy« € [0,1] and any k € {1,..., K},

: : : dr  _ dr dr dr
either there exists a (unique) oy € [0,1] such that dory = dapr O dagr < dappe
Vozb,k S [0, 1].

Consider Algorithm [10] (SOLVESUBPROBLEMbD) and let {a} ; } be the solution returned

by the algorithm. Note that the binary search for finding oz; o« and for determining OZZ, &S

dr
doy, g

in SOLVESUBPROBLEMD is correct from the choice of £* and because is monotonically

decreasing, Vk.

Algorithm 10 SOLVESUBPROBLEMb

Yom,k

Yob, k }
m,kYmm, k

1: k* = argmaxy, T
g k { 14+ 1+a7n,k’)"mb,k

— Yob,k

2: For oy i+ € [0,1], via binary search, find the maximum oy i+ such that r, <7} and >, apr <1,

where:
] dr dr _
3. if don s |%ch:0 < oy or then oy, =0
4: else
. . . dr __ dr
5: Via binary search over ay ) € [0,1], find oy such that Jons = dayre

We first show that {oj,} is a local maximum for (@Qp). Because of the algorithm’s
termination conditions, it must be either >, aj, =1 or 1, = rj. If ) ap . = 1, then to

move to any alternative solution, the total change must be ), Aoy < 0, or, equivalently

Aoppr < — Zk;ﬁk* Aoy . As dr < _dr_ it follows that >k dadeAab,k < 0, which is the

dop p, — dog j*
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first-order optimality condition. Now suppose that r, = rj. Since d:‘f:k = dab -+ dd;;"k >0

and dfl;;bk > 0, dcz;:k < 0, to keep the solution feasible (i.e., to keep r, < 77), we must

have >, < a:’; Aap < 0, which implies Y, dc‘f—l’;kAab,k < 0. Therefore, {aj,} computed by

SOLVESUBPROBLEMD is a local optimum.

In fact, for any local optimum: docfzk < dadrk*, otherwise we can construct a better
- for some j. Then if dr”_ < doil:l; —, we can choose a

sufficiently small A > O, SO that the solution {ab,k} with %,j =y + A, ag’k* = ap - — A,

and oy, = ap ), for k ¢ {j, k*} is feasible. For such a solution ), docfﬁ(ag p— Qpk) > 0, and

dry
day, ;

> dd’"b we can choose sufficiently

therefore, it is not a local optimum. Conversely, if

small Ay, Ay > 0 such that Ay > Ay and dar A > A2 Then, we can construct an

da
{ab,k} with ozb’j = apj + Ay, ab,k* = appr — Ao, and ab’k = oy for k ¢ {j,k*} that is
feasible. Again, we have ), docfﬁ(ag g — ) >0, and {ap )} cannot be a local maximum.

Finally, since {c; , } returned by SOLVESUBPROBLEMD satisfies ¢ , > a; ;. for any other
local maximum {oy, ;. } and the objective is strictly increasing in all ap ks, {aj;} must be

a global maximum. From the strict monotonicity of doi"

, this maximum is unique. The

proof for (Qr,m) when r; > s, uses similar arguments and is omitted. O

6.4.2 A Simple Power Allocation Heuristic

Even though the algorithm described in the previous section will lead to the optimal or a
near-optimal TDFD capacity region in many cases of interest, it may not be suitable for a
real-time implementation. This motivates us to develop a simple heuristic that performs well
in most cases and is based on the observations we made while implementing the algorithms
described in previous sections.

The intuition for the heuristic is that around the points (0,7,,) and (73,0), one of the
two rates is very low, and the power allocation at the station with the high rate behaves as
the optimal HD power allocation. When the SNR on each channel and at both stations is
high compared to the XINR, the power allocation around the point (s, S;,,) has the shape
of the power allocation in the high SINR approximationﬂ When the SNR compared to the

“See 92| for the high SINR approximation power allocation.
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Figure 6.10: Rate improvements for 7y, and %, ¢ from Fig. The leftmost column

of graphs corresponds to ¥y, 1 from Fig. the middle column corresponds to ¥,k
from Fig. 6.2(c)| and the rightmost column corresponds to ¥, from Fig. Vob k18
selected according to Fig. When rate improvements are at least 1.4x, the heuristic

performs similar to or better than the alternating maximization.

XINR is high on some channels, but not high on the other channels, then it may be better
to use some of the channels with low SNR as HD. For practical implementations of compact
FD transceivers, the channels with the higher XINR typically appear closer to the edges
of the frequency band. The pseudocode of the heuristic for the case r; < s3 is provided in
Algorithm (11| (PA-HEURISTIC). The pseudocode for the case 7} > s, is analogous to the
ry < s case and is omitted. Here, (sp,s,,) is obtained as the rate pair that maximizes the

sum rate under the high SINR approximation, as in [92].
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Algorithm 11 PA-HEURISTIC(K, ry)
1: Input: {Fom k, Vmb,k» Ymmk» Tobik b
2: {og,} = arg{m}, {og, ,} = arg{Tu}
3: {agh ) {ag k) = arg{sy + sm}
4: f; =true, fo =true, k=1

5: if v} < 55 then

6 5=0 {ap,} = {og,}, {aix} = {ogl}
T while j < K/2 and (f; or f3) do

8: {’yl}m,lwPyrlnb,k’/yinm,k?’ygb,k} = SCALE({O‘é,wO‘an,k})

9: rl, = MCFIND-r,, (1}, K) for input above

10: Ot ier Vet Yo o> Voo b = ScaLe({af i, aff 1 })

11: r2, = MCFIND-1,,(r}, K) for input above

12: if j =0 then

13: rr =max{rl r2}

14: else

15: {af i} = {3/ (Cp i), af ;=0

16: if r({af .} {ab ) = 5 and MCFIND-r,(r;, K)> 7} with input =
{71}m7k7’771nb,/w%Inm,/c’%}mk}

17: then

18: 7, =MCFIND-1,, (1}, K), {og } = {f 1.}

19: else f; = false

20: {ab i} ={ai i}/ (Craip), af x_ji1 =0

21: if my({og o}, {ab}) = i and MCFIND-rp,(rf, K)> ry  with input =
{’Yl?m,k" 772nb,k7 '772nm,kv ’ng,k}

22: then

23: 7y =MCFIND-1,, (15, K), {0 1.} = {1}

24: else [y = false

25: j=j+1

26: else

27: Use a similar procedure as for r} < s.
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Algorithm 12 SCALE({ap k, 0t i })

1: Input: {Fom k> Ymb,ks Ymm, ks Tob,k b
2: for k=1 to K do
3: Vomk® = Ky 1 Vom k> Ymbk® = Kom 1:mb k

4: Vmmk. = Km 1 Ymm ke Yobke. = Ko 1 Vobk
return {Vorm &° Ymb ks Ymm k> Vobk

For the FD capacity region determined by the heuristic, we further run a convex hull
computation algorithm [36] to determine the FD + TDD capacity region. The total running
time is O(NK?log(>", Fmwx/(Ke))) for computing N points on the FD capacity region
boundary by using PA-HEURISTIC, plus additional O(N) for convexifying the capacity
region. Note that in practice K and N are at the order of 100, which makes this algorithm
real-time.

The comparison of the rate improvement for FD + TDD operation determined by PA-
HEURISTIC and the alternating maximization algorithm described in the previous section
is shown in Fig. [6.10[ The results shown in Fig. were obtained assuming that g, 1 =
FomiK - = KVoms Ymb1 = - = Tmb Kk = KVmp, and Yom &, Teb g from Fig. The alternat-

ing maximization algorithm can provide an optimal solution only when conditions (C1f) and

are non-restrictive, i.e., when 3pm % > Yook (1 + Fmmk) and Ymb ke > Vmmok (1 + Tob k)
VEk. For Ay, from Fig. and ¥,m x from Fig. and @ and (C2) are
non-restrictive when (i) g, > 39.1dB, 7 > 39.2dB, (ii) gy, > 32.8dB, 7, > 32.3dB,
and (iii) Fpm, > 25.3dB, F,p > 25.3dB, respectively.

As Fig. shows, when and are non-restrictive, the alternating max-
imization algorithm and the PA-HEURISTIC provide almost identical results (minor differ-
ences are mainly due to a numerical error in computation). Moreover, when the smallest
upper bound on a3 ’s and a,, 1;’s imposed by and is no higher than 5/K, i.e., for
(1) Fom > 28.9dB, V> 29.7dB, (ii) Y > 22.6dB, Fpmp > 23.4dB, and (iii) Vs, > 15.2dB,
Ymp > 15.9dB, for ¥, i from Fig. and @ respectively, the differences be-
tween the alternating maximization algorithm and the PA-HEURISTIC are still negligible
(Fig. [6.10(a)H{®)).

When and are restrictive (Fig. , any of the following cases may
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happen: (i) the alternating maximization outperforms PA-HEURISTIC, (ii) PA-HEURISTIC
outperforms the alternating maximization, and (iii) both have similar performance. Case
(i) typically happens when most channels are allocated as HD by the alternating maximiza-
tion, with some of them allocated to the BS, and others to the MS. In this case the rate
improvements predominantly come from using higher total irradiated power compared to
TDD, rather than from using full-duplex [93]. Note that the PA-HEURISTIC allows the
HD channels to be assigned either only to the BS or only to the MS, but not both. Case
(ii) happens when ((C1]) and restrict the part of the feasible region where high rate
improvements are possible; namely, when either both 7, and 7,,; are low, or when 7, is

much (20dB) higher than 3.
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Part 111

Conclusions
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This thesis presented a comprehensive study of resource allocation problems in wireless
networks. The presented results are analytic and algorithmic and can be applied to various
problems within and outside wireless networking applications. Below, we highlight general

conclusions and possible future directions.

Stateless and Distributed a—Fair Packing

In Chapter [2| we presented an efficient stateless distributed algorithm for the class of a-fair
packing problems. To the best of our knowledge, this is the first algorithm with poly-
logarithmic convergence time in the input size. Additionally, we obtained results that char-
acterize the fairness and asymptotic behavior of allocations in weighted a—fair packing
problems that may be of independent interest. An interesting open problem is to determine
the class of objective functions for which the presented techniques yield fast and stateless
distributed algorithms, together with a unified convergence analysis. This problem is espe-
cially important in light of the fact that a-fair objectives are not Lipschitz continuous, do
not have a Lipschitz gradient, and their dual gradient’s Lipschitz constant scales at least lin-
early with n and A.x. Therefore, the properties typically used in fast first-order methods
are lacking [5,104]. Moreover, for applications of a-fair packing that do not require uncoor-
dinated updates, it seems plausible that the dependence on ™! in the convergence bound
can be improved from £7° to €73 by relaxing the requirement for asynchronous updates,
similarly as was done in [6] over [11].

Another interesting and practically relevant direction is obtaining a fast distributed
and stateless algorithm for more general constraints. In particular, in network congestion
control interpretation of the problem, packing constraints correspond to the setting in which
every source-destination pair has a fixed set of routing paths and the fractions of source-
destination flow sent over the paths are fized. The fairness is required among the (total) flows
between source-destination pairs. An immediate direction is to generalize the techniques
from Chapter [2| to the setting in which the routing paths between source-destination paths
are known, but the flows are allowed to be split in an arbitrary manner. A more ambitious
goal is generalizing the techniques to a—fair multi-commodity flows, which would also relax

the assumption that the source-destination paths are known and fixed. For such a setting,
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Table 6.1: Running times of the algorithms for the WATER-FILLING-FRAMEWORK imple-

mentation.
Problem Running time
P-DETERMINE-RATES O(nT(nT log(W) +mT))
bi €;
P-FIXED-FRACTIONAL-ROUTING O(n log(%)(T + MF(n,m)))
P-FRACTIONAL-ROUTING O(nT(T?e 2. (nT + MCF(n,m)+ LP(mT,nT)))

no polynomial-time algorithm for general « is known.

Max-Min Fair Resource Allocation and Applications in Energy Harvesting

Networks

In Chapter [3| we presented a comprehensive algorithmic study of the max-min fair rate
assignment and routing problems in energy harvesting networks with predictable energy
profile. We developed algorithms for the WATER-FILLING-FRAMEWORK implementation
under various routing types. The running times of the developed algorithms are summarized
in Table The algorithms provide important insights into the structure of the problems,
and can serve as benchmarks for evaluating distributed and approximate algorithms possibly
designed for unpredictable energy profiles.

The results reveal interesting trade-offs between different routing types. For example,
while we provide an efficient algorithm that solves the rate assignment in any routing
specified at the input, we also show that determining a routing with the lexicographically
maximum rate assignment for any routing tree or an unsplittable routing is NP-hard. On
the positive side, we are able to construct a combinatorial algorithm that determines a
time-invariable unsplittable routing which maximizes the minimum sensing rate assigned to
any node in any time slot.

Fractional time-variable routing provides the best rate assignment (in terms of lexico-
graphic maximization), and both the routing and the rate assignment are determined jointly
by one algorithm. However, as demonstrated in Section the problem is unlikely to be
solved optimally without the use of linear programming, incurring a high running time.

While we provide an FPTAS for this problem, reducing the algorithm’s running time by
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a factor of O(nT') (as compared to the framework of [28,/79,110]), the proposed algorithm
still requires solving O(nT’) linear programs.

If fractional routing is restricted to be time-invariable and with constant rates, the prob-
lem can be solved by a combinatorial algorithm, which we provide in Section (3.5 However,
as discussed in the introduction, constant sensing rates often result in the underutilization
of the available energy.

There are several directions for future work. For example, extending the model to incor-
porate the energy consumption due to the control messages exchange would provide a more
realistic setting. Additionally, designing algorithms for unpredictable energy profiles that
can be implemented in an online and/or distributed manner is of high practical significance.

Moreover, the work described in Chapter [3| focused on flow-level rate assignment which
corresponds to a relatively coarse time scale. In a more fine-grained time scale the problems
of data buffering and packet scheduling need to be addressed as well.

Finally, fairness over both nodes and time is relevant in many applications other than en-
ergy harvesting networks. For example, in data centers, it is important to guarantee fairness
over time and over different applications to avoid large time delays affecting time-sensitive
applications. This setting is different from the one considered in this thesis, because the
available resources are fixed, while the applications (described by their resource require-

ments) arrive in an online fashion.

Resource Allocation in Full-Duplex Wireless Networks

In Chapters[5and[6] we focused on the resource allocation problems in full-duplex networks,
with the objectives of (i) maximizing the sum of UL and DL rates over orthogonal channels
and (ii) maximizing one of the (UL and DL) rates when the other rate is fixed, respectively.
The problem of maximizing one of the rates when the other rate is fixed is equivalent to
the problem of determining the capacity region of full-duplex links, namely, the set of all
achievable rates.

We considered three basic use cases of FD, including single- and multi-channel scenarios.
In order to analyze the multi-channel scenario, we developed a new model that is grounded

in realistic FD receiver implementations for small form factor devices. We characterized
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the rate improvements at the maximum sum of rates in different scenarios and solved
power allocation and frequency selection problems either analytically or algorithmically.
Our numerical results demonstrate the gains from FD in scenarios and for receiver models
that have not been studied before.

Then, we considered the rate improvements over the entire capacity region, by studying
the problems of allocating time and power levels to UL and DL transmissions when one of
the two rates is fixed. We presented a thorough analytical study and developed algorithms
that allow for representation of one of the (UL and DL) rates as a function of the other in
a black-box manner. Such a representation allows addressing the (UL, DL) rate allocation
under different priorities, e.g., by guaranteeing the value of one of the rates or by maximizing
a concave utility function of the two rates.

These are some of the first steps towards understanding the benefits and the complexities
associated with full-duplex, and the basic building blocks of fair scheduling and resource
allocations algorithms for Wi-Fi and cellular networks supporting full-duplex operation.
Hence, there are still many open problems to consider, some of which are outlined below.

CSMA lays the foundation for the distributed 802.11 protocols. Therefore, it is impor-
tant to understand the performance of these protocols when the network is shared between
the legacy HD users and new FD users. In particular, it is of utmost importance to un-
derstand the following questions: How should the back-off times be chosen for HD and FD
users? (Should they be the same?) What is the right notion of fairness among the HD and
FD users? What is the trade-off between the fairness and rate improvements?

Current cellular systems are OFDMA, where orthogonal frequency channels are shared
among multiple users at a time. Choosing how to allocate the channels to users over time
is a challenging problem that has not been addressed yet. However, for FD to become
a part of future cellular and small cell standards, it is essential to address the challenges
associated with the network-wide channel, power, and time allocation, taking into account
QoS considerations for different classes of traffic.

Finally, there is a need for experimental evaluation of scheduling, power control, and
channel allocation algorithms tailored to the special characteristics of full-duplex wireless

networks and systems.
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Appendix A

Some Properties of a—Fair Packing

Problems

A.1 Scaling Preserves Approximation
Let the a-fair allocation problem be given in the form:

n In(z;), fa=1
(Qa) max{ ijfa(xj) Ax < b,z > O}, where fo(z;) =

J=1

e 5

, fa#1l

1
L
11—«

w is an n—length vector of positive weights, = is the vector of variables, A is an n x m
constraint matrix, and b is an m—length vector with positive entries. Denote p,(z) =
Z?:l wj fo(z;).

It is not hard to see that the assumption b; = 1 Vi is without loss of generality, since for
b; # 1 we can always divide both sides of the inequality by b; and obtain 1 on the right-hand
side, since for (non-trivial) packing problems b; > 0. Therefore, we can assume that the
input problem has constraints of the form A -z < 1, although it may not necessarily be the
case that A;; > 1 VA;; #0.

The remaining transformation that is performed on the input problem is:

~

l‘j:C'x]’, Aij:Aij/C-
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where

Ming j:A,; 4 Aij, i ming j.a,, Aij <1
C =

1, otherwise

The problem (Q,,) after the scaling becomes:

n n

max Y w; fo(@;) ' (P.) max > w;fa(Z))
Jj=1 N Jj=1

s.t. K&?g]l s.t. E@g]l
>0 >0,

as ¢! 7% is a positive constant. Recall that a-FAIRPSOLVER returns an approximate solution

to (P,), and observe that x is feasible for (Q,) if and only if Z is feasible for (P,).

Choose the dual variables (Lagrange multipliers) for the original problem (@) as

Yi = COHlC' . eK(Z?:l Aijzi—1) _ cO‘*lC . eﬂ(z?:l A\ijfjil) =" 1@@7 (A'l)

and notice that

zj Zyl ij = :C . Z(c"‘ RTRNE Z (A.2)
=1 i=1

It is clear that y;’s are feasible dual solutions, since the only requirement for the duals is

non-negativity.

A.1.1 Approximation for Proportional Fairness

Recall (from ([2.1])) that the duality gap for a given primal- and dual-feasible x and y is

given as:
n n m m
y) = ij In(w;) — ij In <xj Z%Aij> + Zyz -1
j=1 j=1 =1 =1

Since a = 1, we have that y; = y; for all ¢, and using (A.2)), it follows that

G(7,y) = G(z,y).

Since we demonstrate an additive approximation for the proportional fairness via the duality
gap: p(z*) — p(¥) < G(Z,7y), the same additive approximation follows for the original (non-

scaled) problem.
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A.1.2 Approximation for a-Fairness and o # 1

For @ # 1, we show that the algorithm achieves a multiplicative approximation for the
scaled problem. In particular, we show that after the algorithm converges we have that:
Pa(T*) — pa(Z) < rapa(Z), where T* is the optimal solution, Z is the solution returned by

the algorithm, and r,, is a constant.

1

Observe that since 7 = ¢ - x, we have that p,(7*) = c!~p(x*) and p,(T) = ¢! =

Pa(T).

Therefore:
Pa(@*) = pa(x) = ¢ (pa(T*) — pa(T))
< rapa(?)

= roPa(T).

A.2 Primal, Dual, and the Duality Gap

A.2.1 Proportionally Fair Resource Allocation

In this section we consider (w, 1)-proportional resource allocation, often referred to as the

weighted proportionally fair resource allocation. Recall that the primal is of the form:

(P1) max ijln(xj)
j=1

s.t. Axr <1,

x > 0.

The Lagrangian for this problem can be written as:

n m n
Li(x;y,2) :ijln(xj)—i—Zyi- 1—ZA¢j:vj—zi ,
j=1 i=1 j=1

where y1, ..., Y, are Lagrange multipliers, and 21, ..., z,, are slack variables. The dual to this

problem is:

(D1) min g(y)

s.t. y >0,
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where g(y) = max, .>0 L(z;y, z). To maximize L (z;y, z), we first differentiate with respect
toxj, j € {l,....,n}k

8L1(a:;y,z) wj S
bt o4 Rod e R Ay =0,

which gives:

Zj- ZyzAZ] = wy, Vi € {1, ,n} (A3)

Plugging this back into the expression for Li(x;y, z), and noticing that, since y;,z; > 0

Vie{l,..,m}, Li(z;y, z) is maximized for z; = 0, we get that:

w m( >+ gm Yi Em Yi En i
g 1 1
/ 'L 1 yzAz i—1 =1 j:l 2?21 ykAkj

ng In (Z Yi lJ) + Zyz ij Z Zk z1 yk‘Akﬂ
- ijln (ZyiAij) +Zy¢ -W
j=1 =1 i=1

=1Vje{l,...,n}, and 377 w; =W.

. <. M
i M: i M:
— —

1
yi Aij

since Y ;"4
S YkArj
Let pi(z) = Z? L w;jIn(z;) denote the primal objective. The duality gap for any pair

J

of primal-feasible = and dual-feasible (nonnegative) y is given by:
Gi(z,y) = 91(y) — p1(z)
n m m
2 " i Ay
= —ijln <j zwj ’ Zj) +Zyz‘ -

j=1 =1
Since the primal problem maximizes a concave function over a polytope, the strong duality
holds [24], and therefore G1(z,y) > 0 for any pair of primal-feasible x and dual-feasible y,
with equality if and only if « and y are primal- and dual- optimal, respectively.

A.2.2 o-Fair Resource Allocation for o # 1

Recall that for a # 1 the primal problem is:

(P,) max ijlj_azpa(x)
=1

s.t. Ax <1,

x> 0.
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The Lagrangian for this problem can be written as:

1’ Y, 2 Zw] 1_ 1-— ZAU-T] Zi |

where y; and z;, for i € {1,...,m}, are Lagrangian multipliers and slack variables, respec-

tively.
The dual to (P,) can be written as:

where g, (y) = max, ;>0 Lo (29, 2).
Since Lq(z;y,2) is differentiable with respect to x; for j € {1,...,n}, it is maximized

for:

OLo(z5y, 2) w i
— ) = — = iAij =0
O z;® Zy ’

= Wj = a:ja Z y,Aw (A4)

As zi-y; > 0Vi € {1,...,m}, we get that:

n

ga(y)zzija (Z " YA > +Zyl Z%ZA” (M)w

j=1
n —1/a
1wj < ; ) + Zyz Zwl/a (Z ykAk]> > Ay
j=1 2 i1 Yidis i=1
a—1
:lew] <Z 1yz ij > +Zyl Zwl/a (ZAU%>
j= 1=

Similarly as before, for primal-feasible z and dual-feasible y, the duality gap is given as:

Gao(7,Y) = ga(y) — PalT)

a—1

o n

_Zl—a(zmym> +Zyz Zwl/a<ZA”y’> B wjl}—a

j=1

1—a a—1

n w._a w5 «@ m n / m
jzl jl—a( xjazzilyiAij Zzl v ]Zl J Zz; 1) I
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Observing that:

a—1 a—1

@ o

/ n 1 a—1 m
1/ . —asl g, e
w/ Y Ay | =wpw e e T Y Ay

=1 =1

a—1

Nes m ... a
o <M>
9

wj

we finally get:

—1 a—1

n Ilia o NTm A (’7 m n AN AN O
G =S () T 1) S ()
j=1

Wa
J i=1 j
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Appendix B

Omitted Proofs from Chapter 5

Proof of Lemma . Since r = Zszl rg, we will first observe partial derivatives of r; with
respect to c.

Recall that Yim k. = 0m kVmmoks Ymbk = Cm kYmbks Yomk = Ob kVom k> Vobk = Otb kVbb -
Observe that in the expression for r;, only mm depends on c. Moreover, since
Ymmk = Ymm,1+c(k — ¢)?, we have that (k — 0)% = —2Ymm k-

Observe partial derivatives of r; with respect to c:

ory. 2
E = m *Ymm,14c * Ymbk
k—c
(1 + TYmb,k + ”)/mm,k(c)) (1 + P)/mm,k(c)) 7 (B'l)
0%ry, 2
W = m *Ymm,l4+c * Ymb,k
. me,k(c) (2 + Ymbk + 37mm,k(c)) - (1 + ’Ymb,k) (B 2)

(1 + Ymb,k + ’Ymm,k(c)>2(1 + ’Ymm,k(c))2

From |) %Lc’“ equals zero for ¢ = k, it is positive for ¢ < k and negative for ¢ > k.
Therefore, ri is a has a unique maximum in ¢, with the maximum attained at k = ¢. Since

this is true for every k € {1,..., K'}, it follows that for ¢ <1 Vk € {1,..., K}: % > 0 (with

equality only for k = ¢), and therefore % > (0. Similarly, % < 0 for ¢ > K. Therefore, all

(local) maxima of r(c) must lie in the interval (1, K).

. . 2 . .
AS Yok = Ymm,14c(k — ¢)?, 1y is symmetric around ¢ = k. From 1} %C’;’“ is negative

for kK — ¢ = 0, and there exits a unique ¢y at which %2;’“ = 0 (this part can be shown by
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solving Ypm k() (2 + Yimb k + 3Vmm, k (c)) - (1 + me,k) = 0, which is a quadratic equation in
terms of (k — ¢)? with a unique zero; see the proof of Lemma [5.8). For |k —c| > |k — col,

2
%Cgk is positive. This is true, e.g., for ymm x(c) > 1.

Visually, each r; as a function of ¢ is a symmetric bell-shaped curve centered at k.
Therefore, r can be seen as a sum of shifted and equally spaced symmetric bell-shaped
curves. This sum, in general, can have linear in K number of local maxima. Examples
with K local maxima can be constructed by choosing sufficiently large vpm, 14 (sufficiently

“narrow” bell-shaped curves). O

Proof of Lemma[5.8 Assume that vm x> 0 and ek > 0 Vk € {1,..., K}, as otherwise

Oy
dc

Case 1. Assume first that ¢ = k* for some k* € {1,..., K}. Then, using 1 , %LE =0, and
for every k # k*:

= 0 and can be ignored.

Iy
dc

2 |k — ]
< —=YmbkYmm,1
2 T (1 ik (€)) (1 4 b )
< l 7mm,1+c|k' - C| ) TYmb,k < l 1
T In21 4+ vmitelk— )2 14+7vmpr ~ In2|k—cf

since k — ¢ > 1. Observe that since ¢ = k* € {1,..., K}, every ¢ — k is a positive integer.

Therefore:
K k*—1 K
or ory, 2 1 1
2= L) R R - -
dc Z Oc |~ In2 Z |7 — k¥ Z |k — k*|
k=1 j=1 k=k*+1
3 9 K—11_ 9
“ 24~k In2 *°0
k=1

where Hy 1 is the (K — 1)*® harmonic number. Using the known inequality H,, < In(n) +
0.58 + 5 for n € N [123] and assuming K > 4, we get: 97| < :Z5(In(K) + 1). For K < 4,

by inspection: kK:_ll 1 <In(K)+1.

Case 2. Assume that ¢ ¢ {1,..., K}, and observe that for |k — ¢| > 1: % < %Ikid <
2 1
2 [[k=[]*
There can be at most two k’s with |k — ¢| < 1. For such k, we bound % as follows.
. 2 2 .
First, observe from 1} and (B.2)) that % % = —BBCZ’“. From (B.2)), %CTQ’“ = 0 if and
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only if for some cg:

’Ymm,k(CO) (2 + Ymb,k + 3'7mm,k(00)) - (1 + 'Ymb,k) =0

(2 + Vb k) + V(2 Ymb k)2 + 121 + Yimp,,)
e .

<:>’Ymm,k(00) =
Note we have used that ¥, % > 0 to get a unique solution for Yy,m k. Since Ym k(co) =

7mm,1+c(k - 00)2:
1

(k= c0)® = ———"Ymm.k(co)
Ymm,1+c
I 224 Ymbk) o I Ymbk
’Ymm 1+c 6 Ymm,1+c 3 ’

From condition we have that =

from 1} and Ymmk = Ymm,14c(k — c) that %C’;’“ is negatlve for |k — ¢| < |k — ¢o| and

positive for |k —c¢| > |k — ¢p|. Since alk 8_ g % 87"k

“Ymbk > 1, which gives |k — ¢o| > f It is clear

is

it follows directly that
8rk

327

maximized at ¢ = ¢g. Therefore, for |k — ¢| < 1, we have that < 1n2 Tieeo] 00| < lnz\[

Combining the results for [k —¢c| > 1 and |k — ¢| < 1:

ry K 1 V3
Z’ <m5(]- Z et Y eal+2Y)

k=[c]+1

2 =1 2
<ial ; §H2V8) < (k) + 1+ 2v3),
O
Proof of Lemma[5.15 From Lemma [5.12
Am k- 1+ am,k’Ymm,1+c(K - C)2 ) if k=c,
O jp = ( ) . (B.3)

_1+\/1+4am,k(1+am,k7mm,1+C(K_c)2)7mm,l+c(k_c)2 f :IC #
2’Ymm,1+c(k'_c)2 ’ ! ¢

Notice that forc=1+1- %, l€{1,2,...,2K — 3}, the power allocation is symmetric around
¢, that is : Qe = Qrel, Qe|1 = Qrejq, etc.
The first partial derivative of r with respect to c is:

o 9 1
% = Z & <10g (1 + '7mm,1+cam,k(k - 0)2)>

k=1

YmmitcCm k(K —
— Z Tom, L cm k(K = €) (B.4)
1+ Ymmite TYmm,14+cOm, k(k 0)2

Observe that given the optlmal power allocation (B.3):
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L bt
(a)c—5< 3 (b)c—5> 1

Figure B.1: Pairing of points that are left and right from ¢ for @ ¢ € (5,5.5) and @
€ (5.5,6).

o If c = %, then (from (B.3)) a1 = i, @2 = ag—1,..., QEf1) = QpEL), and it
2 2

(
or __
follows that 8—2 =0.

o Ifec=1+1- %, for 1 € {0,1,..., K — 2}, then, as {a, } is symmetric around c:

e _ ) 2[c] . .
@ _ Z 2’ymm71+cam,i (’L - C) Z 2'}’mm,1+CC‘47TL,j (J - C)

80 1 1 + 7mm,1+cam,i(i - C)Q 1 + ’Ymm,l-‘,—cam,j (.7 - 0)2

j=lc]+1

K _
4 Z 2’7mm,1+cam,k(k - C)

k=2|c]+1 1+ ’me71+cam,k(k —c)?

> 0.

K _
Z 2’7mm,1+cam,k:(k - C)

k=2[c|+1 1+ Yo, e,k (k= €)?

o Ifec=1+1- %, for € {K, ..., K — 2}, then, as {oy, 1} is symmetric around c:
2c—K-1

or
P>

T Z 2’Ymm 1+cOm, k(k C)
+ f)/mm 1+cam k(k 6)2

2’)/mm,1+cam,i (Z - C) § 2’7mm,1+cam,j (] - C)

L+ V1 eQm,i (1 — c)? =2 K L 4+ Fmm 14c0m,j (§ — c)?

k=|c]+1
2c—K—1 o .
Y mmitc®m,i(i — ¢)

B ; 1 + ’Ymm,l—&-cam,i(i - C)2

< 0.

In other words, if we restrict our attention only to those {, ;} that determine the optimal
power allocation, then considering ¢’s from the set 141 - %, where [ € {0,1,...,2K — 2}, we

get that the first derivative of r with respect to ¢ is positive for ¢ < %, l equal to zero for

K+1 K+1

c= , and negative for ¢ > . To conclude that at the global maximum for r we have
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c= % by considering ¢ € (1, K) it remains to show that for c € (1+1- 3,1+ (1+1)-3),
where [ € {0,1,...,2K — 2}, we have that - > 0if | < K —2 and &£ < 0if 1 > K — 1.

Fix any [ € {0,1,..., K — 2} (on the left half of the interval [1, K]) and let ¢ € (1 +1 -
2.1+ (1+1)-3). We make the following three claims:

(K1) Fach point i € {1,2,...,|c|} (left from ¢) can be paired to a point j € {[c],[c] +
1,..., K} such that all the pairs are mutually disjoint and for each pair (i,j) we have

that c —1 < j —c.

Proof of (K1): To construct the pairing, observe that, by the choice of ¢, ¢ is between two
consecutive integer points and is strictly closer to one of them. If it is closer to the left
point, then the pairing is (|c], [¢]), ([c] — 1, [c] + 1),..., (1,2]c]). If ¢ is closer to the right
point, then the pairing is (|c], [¢] + 1), (|c] — 1, [¢] + 2),..., (1,2]c] + 1). Such pairings
must exist as ¢ < £31. The pairings for K = 12 and cases: ¢ € (5,5.5) and ¢ € (5.5,6) are

illustrated in Fig. Q.E.D.

(K2) In the optimal power allocation that corresponds to a given ¢ and for any i,j €
{1,.,K}, if i —¢| < |j—¢|, then apm; > aupj.In other words, the smaller the

distance between k € {1,..., K} and c, the larger the a,, ;.

Proof of (K2): The proof has two parts. First, assume that |i —c| = 0 and observe a,, ; for

|7 —¢| > 0. From (B.3)):

Ui = O (1 + Qo e Vmm, 11 (I — c)2), and

—1 4 /14 4 k(1 + @ pTmmire(K — ) Tmmaie(j — ¢)?
2Ymm,1+e(j — ¢)?
—14+ /1 + 4w i Fmmite(j — ¢)?
2Ymmi+c(d — ¢)?

Using simple algebraic transformations:

Qm,j < Omi

o L VT o T 11— )
2Vmmi1e(J — ¢)?

< Qi

<:>\/1 + 4am,i7mm,1+c<j - 6)2 <1 + 2am,i'7mm,l+c(j - 0)27
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we get that o, ; < oum,; by squaring both sides of the last term, as |j — ¢| > 0 implies
(200, Tmm, 1+¢(J — €)?)? > 0.

Second, assuming that |k —¢| > 0 and taking the first derivative of oy, ;, with respect to
(k — ¢)?, we show that a, ) decreases as (k — ¢)? (and consequently |k — c|) increases. Let

A = (k—c)?. Then, as:

dam,k _ i -1 + \/1 + 4am,k(1 + O‘m,k’)/mm,lJrc(K - C)Q)me,lJrcA
dA dA 2’Ymm,1—&-cA 2’)/mm,l—i—cA
1 1+ 2am,k(1 + am,k’Ymm,1+c(K - C)Q)me,1+cA

N 27mm,1+cA2 27mm,1+cA2 \/1 + 4am,k(1 + am,k'Ymm,1+c(K - C)Z)me,1+cA,

dam k

it follows that < 0, since

\/1 + 4am,k(1 + O‘m,k:’ymm,l—{-c(K - 0)2)’7mm,1+0A <
1+ 2am,k(1 + O‘m,kfymm,lJrc(K - C)Q)me,lJrcA . QED

2’7mm 1+cQm k:lk_c‘ d
= — ECTeases.
1+"/mm,1+cam,k(k_c)2

ory

(K3) As |k — c| increases, | %

Proof of (K3): Observe that:

0 ori _ Ymmitelk — ¢ 50
Oo i, | Oc (1 + Vmmitemk(k — ¢)?)?
We had from |(K2)| that glc;’i’sl < 0, and therefore:
0 ory, 0 |Org| dompk
7 |ZE|= Tk k0, QE.D.
|k — ¢ O | Oc | dlk — | Q
Using (B.4),
K _
% _ Z 2'7mm,1+cam,k(k - C)
Oc — 1 4+ Fmmi4eCm ik (k — ¢)?
K .
Lo 2'Ymm 14+cOm, z(Z - C) 2'7mm,1+cam,j (] - C)
= Z 5t D

L+ Fomm Treim,(i = ¢) L+ T et i (7 = €2

j=lc]+1

If c € [1, %), then, from (K1), each term ¢ in the left summation can be paired to a

term j in the right summation, such that all the pairs are disjoint and for each pair (i, 7):

27mm,1+cam7]' ‘j—Cl
1+7mm,1+ca’m,j (j_C)Q :

27mm,1+cam,i|i_c‘
1+7mm,1+cam,i (i—C)

li—c| < |j—c|. From|(K3)| for each such pair (¢, j): 7 <
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As all the terms in the left summation are negative, and all the terms in the right summation
are positive, it follows that:

Lc] K

& _ Z 2’Ymm,1+cam,i (l - C) Z 2'7mm,1+cam,j (] - C)
dc 1+ '}’mm,lJrcam,i(i - 0)2 jmle)41 14+ Ymm,14+cOm,j (] - 0)2
L]

K . .
cl Z 2'Ymm,1+cam,j‘] — |
1+ Ymm, 1+cQm, j (j— 6)2

_ Z 2’7mm 14+cOm, z|7f

> 0.
1+ Ymm 14¢ Ymm, 1+cOm, 2(7/ - C)Q

j=le]+1

Proving that @ < 0 for ¢ € —H,K is symmetrical to the proof that ,8—7" > 0 for
g dc

€1, K;'l) As 8” =0forc= K+1 , at the globally maximum r we have that ¢ = % O
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