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ABSTRACT

Pricing Models in the Presence of Informational and
Social Externalities

Davide Crapis

This thesis studies three game theoretic models of pricing, in which a seller is interested in optimally
pricing and allocating her product or service to a market of agents, in order to maximize her revenue.
These markets feature a large number of self-interested agents, who are generally heterogeneous
with respect to some payoff relevant feature, e.g., willingness to pay when agents are consumers or
private cost when agents are firms. Agents strategically interact with one another, and their actions
affect other agents’ payoffs, either directly through social influence or competition, or indirectly
through a review system. The seller has demand uncertainty and strives to optimize expected
discounted revenues. I use either a mean-field approximation or a continuum of agents assumption
to reduce the complexity of the problems and provide crisp characterizations of system aggregates
and equilibrium policies.

Chapter [2|considers the problem of an information provider who sells information products, such
as demand forecasts, to a market of firms that compete with one another in a downstream market.
We propose a general model that subsumes both price and quantity competition as special cases.
We characterize the optimal selling strategy and find that it depends on both mode and intensity of
competition. Several important extensions to heterogeneous production costs, information quality
discrimination, and information leakage through aggregate actions are studied.

Chapter [3| considers the problem of optimally extracting a stream of revenues from a sequence
of consumers, who have heterogeneous willingness to pay and uncertainty about the quality of the
product being sold. Using an intuitive maximum likelihood procedure, we characterize the solution

of consumers’ quality estimation problem. Then, we use a mean-field approximation to characterize



the transient dynamics of quality estimates and demand. These allow us to simplify and solve the
monopolist’s problem, and ultimately provide a characterization of her optimal pricing policy.
Chapter [4] considers the problem of a seller who is interested in dynamically pricing her product
when consumers’ utility is influenced by the mass of consumers that have purchased in the past.
Two scenarios are studied, one in which the monopolist has commitment power and one in which she
does not. We characterize the optimal selling strategy under both scenarios and derive comparisons
on equilibrium prices and demands. Our main result is a characterization of the value of price

commitment as a function of the social influence level in the market.
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Chapter 1

Introduction

Pricing and revenue optimization is a growing and expanding area in the field of operations research.
It comprises a set of models and tools that allow a seller, business or individual, to scientifically
approach the problem of setting prices, which is the interface between her product or service and
the market. Initially developed to solve the classic problems of airline, hotel, and retail pricing,
these models have recently evolved to address novel questions that arise in the internet economy
where there is a constant release of information about product characteristics and consumer prefer-
ences and choices. New areas of application include high-frequency auction mechanisms in on-line
advertising, customized pricing, and more broadly dynamic pricing in online markets. Recent ad-
vances in mobile technologies, opened yet another novel and promising area of application which is
pricing in two-sided markets. In these types of markets there is usually a company that sets prices,
or provides prices recommendation to sellers, and the exchange happens between independent buy-
ers and sellers on the platform. In this context pricing is the mean of both demand and supply
management. New models that will be developed will likely build on the latter set of models on
dynamic pricing in online markets, to which part of this thesis contributesE]

Microeconomics is a discipline that starts by modeling the behavior of individual agents who

interact in a market, and builds up to make statements and predictions about aggregate economic

'For an overview of this field and a treatment of its typical problems see Talluri and van Ryzin| [2005] and [Phillips
[2005].
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outcomes. Game theory is the subset of models that deal with situations in which agents strate-
gically interact, i.e., situations in which the actions of an agent directly affect the payoff of other
agents. For example, a monopolistic seller changing her present or future price, or two firms who
compete by lowering their prices in order to attract more demand. Game theoretic models have
been applied extensively in recent years to online markets. On the practical side, algorithmic game
theory drives most of the online advertising industry. On the theoretical side, games of incomplete
information and games with a large number of agents have been a prominent area of research,
because they allow to understand drivers and outcomes of agents’ decision in online markets. In
particular, performing mean-field approximations or building models with a continuum of agents
are common practices that dramatically simplify the analysis. These models abstract from reality
since they imply that a single agent has a negligible impact on other agents’ payoffs, however they
are very powerful because of their computational tractability and they allow to draw insightful
predictions about system behavior in large and complex markets. Finally, I would argue that these
models are plausible for studying online markets, where there are many agents and their individual
impact on system aggregate is small.

This thesis draws tools from and strives to contribute to the literature in both game theoretic
models and revenue optimization. Although the three problems being studied are different in nature,
there are at least few common themes that characterize all the models in this thesis that is worth
emphasizing. There is a seller that interacts with a large market of agents, consumers or other
businesses, and seeks to optimally allocate and/or price its product or service. Agents’ payoffs are
affected by the actions of other agents, either directly through social externalities or competition,
or indirectly through some information release mechanism. Agents’ heterogeneity, and the ability
of the seller to optimize over it, plays a key role in determining optimal pricing and equilibrium
strategies. Finally, we always use either a mean-field approximation or a continuum of agents
assumption to reduce aggregate uncertainty and generate crisp insights on the structure of optimal
policies for the seller. In the remainder of this chapter I provide a more detailed introduction to
the content of each chapter.

Chapter [2| is motivated by the growing interest in markets for information and studies the
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problem of optimal sale of information, such as demand forecasts, to a set of competing firms.
We show that the nature and intensity of competition among the information provider’s potential
customers have a first-order impact on her optimal selling strategy and profits. More specifically, our
analysis illustrates that the value the provider can extract from her customers is largely determined
by the trade-off between (i) the direct (positive) effect that more precise information has on their
profit as it enables them to make more informed decisions and (ii) the strategic effects that may
arise due to the fact that the information provider’s customers may interact with one another in
other markets. We present our findings in an environment that features a monopolistic information
provider who can sell informative signals to a set of firms that compete with one another in a
downstream market. We find that, when firms compete by setting prices, it is always optimal for
the information provider to sell her most informative signal to the entire market of firms. This
is a consequence of the fact that in this case firms’ actions are strategic complements. On the
other hand, when firms compete by setting quantities, it might be optimal for the provider to
sell to a smaller fraction of firms at higher prices. Moreover, we find that in the presence of cost
heterogeneity, if the providers excludes some firms from the sale, she always chooses the most
inefficient firms. An important extension is the scenario in which private information can leak
though aggregate actions, in this case we characterize the impact of the intensity of leakage on the
provider’s equilibrium strategy and profits.

Taken together, our findings provide a step towards understanding the intricacies involved in
markets for information. Unlike traditional markets for physical goods, it is relatively inexpensive to
offer a diverse menu of information products that differ in their precision and pricing. Our results
highlight that the value that a given buyer can extract from procuring such products depends
not only on the product’s characteristics (such as its price and precision), but also on the seller’s
market share and the environment in which her customers interact. Our modeling framework
provides several qualitative insights in how an information provider may optimally incorporate the
characteristics of such strategic interactions into her selling strategy.

Chapter [3| is motivated by the widespread adoption of online review systems by consumers in

a number of industries, online retail, food and hospitality to name a few. We study the optimal
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pricing problem of a monopolist that launches a product for sale to a stream of consumers that
arrive on the market with heterogeneous willingness to pay and are uncertain about the product
quality. Upon purchasing the product, consumers leave a binary like/dislike review based on their
experienced utility net of price. Future consumers use the public review information in order to
form a quality estimate and make their purchase decision. Our first result is a characterization of
the quality estimate of consumers. We propose an intuitive maximum likelihood procedure that
consumers use to make inference about the product quality from the observed amount of likes
and dislikes. First, we characterize the maximum-likelihood estimator and study its asymptotic
properties. Then, we characterize the learning transient based on a mean-field approximation.
Finally, we solve for the pricing policy that maximizes the seller’s discounted revenue.

This chapter strives to contribute in three ways. First, in terms of modeling, by specifying a
social learning environment that tries to capture aspects of online reviews as well as the possible
bounded rationality of consumers. Second, by proposing a tractable methodological framework,
based on mean-field approximations, to study the learning dynamics and related price optimization
questions in the presence of social learning. This approach is flexible and applicable in other related
settings where the microstructure of the learning process and nature of information are different.
Third, in addressing some of the pricing questions faced by revenue maximizing sellers in such
settings.

Chapter [4] is motivated by the empirically observed fact that, in markets where consumers are
connected and can observe the adoption patterns of other consumers, the popularity and appeal of
products depends on the mass of consumers that purchase in the early stages of the product life-
cycle. We study the problem of a seller that offers a product for sale to a large market of consumers
and can set different prices for two periods, an introductory period and a mature period. Consumers
are heterogeneous in their private valuation for the product and their overall willingness to pay is
affected by the mass of consumers that purchased before them. Two different scenarios are studied,
one in which the seller has commitment power and one in which she does not.

We find that the optimal price path is generally increasing, i.e., the seller offers a lower price in

the introductory period and a higher price in the mature period. Moreover, equilibrium prices vary
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with the level of social influence in the market, and can be very different depending on whether the
seller has commitment power or not. We characterize the equilibrium thresholds that consumers use
to make purchase decisions based on their private valuations, and we find that, under both scenarios,
these thresholds are such that the consumers with lower valuations never buy the product when
the social influence level is low and everybody buys when the social influence level is high. The
most important result provides a characterization of the value of price commitment as a function

of the social influence level.



Chapter 2

Information Sale and Competition

2.1 Introduction

Recent advances in information technology have streamlined the process of mining, aggregating,
and processing high volume data about economic activity. Arguably, it is widely believed that the
availability of more accurate information about the business environment and market conditions
can be hugely beneficial to firms across a wide variety of industries. For example, in a cross-industry
study, Brynjolfsson et al. [2011] document that firms that emphasize data-driven decision making
and invest heavily in information technology outperform their peers by a wide margin.

Such a realization has in turn led to a sizable demand for Business-to-Business information
services. Several firms ranging from Nielsen N.V. to Thomson-Reuters and IRI Worldwide have
built their business models around collecting, customizing, and selling information products to
other market participants. For example, the market research firm IRI Woldwide offers its clients a
variety of consumer, shopper, and retail market analyses focused on the consumer packaged goods

industry, whereas the Economist Intelligence Unit sells industry-wide market analysis reportsE]

'RI offers an array of information products at different price points. For example, the Basic “Market Advantage
Solution” includes a summary of industry sales and a detailed analysis of pricing strategies employed by a firm’s
competitors. The Premium “Market Advantage Solution”, on the other hand, provides a more in-depth analysis of
sales and competitors’ pricing strategies along with more specialized analytics services. The Basic product is priced
around $10,000 whereas the price for the Premium offering can range between $100,000 and $500,000. Similarly, the
Economist Intelligence Unit offers several information products for a variety of industries. For example, their basic
product for telecommunications industry provides a general overview of the industry and is priced at $205, whereas
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We present our main findings in the context of an environment that involves a monopolistic
information provider who can sell potentially informative signals to a collection of firms that com-
pete with one another in a downstream market. More specifically, we assume that the customer
firms face demand uncertainty and that the provider is endowed with a private signal that is (par-
tially) informative about the actual demand realization, thus creating potential gains from trade.
Crucially for our argument — and in line with the observation that many real-world information
providers offer a variety of information products of varying qualities — we allow for a setting in
which the provider can offer information products that are potentially less precise than her private
information. In other words, the provider can potentially distort the informativeness of the signal
at her disposal by reducing its accuracy.

As our main result, we show that the optimal selling strategy of the provider is largely dependent
on the nature and intensity of competition among its potential customers in the downstream market.
More specifically, we first show that when firms engage in price competition (Bertrand), the provider
finds it optimal to sell her signal with no distortion to the entire set of firms. This is due to the
fact that in a Bertrand market, firms’ actions are strategic complements and hence, each firm’s
marginal benefit of procuring a more accurate signal is increasing in the fraction of its competitors
that purchase the provider’s information product. Therefore, the provider would obtain maximal
profits by flooding the market with highly precise signals.

The situation, however, can be dramatically different if the information provider’s customers
compete with one another in quantities (Cournot). For such a downstream market, we show
that the provider may no longer find it optimal to sell an undistorted version of her signal to
all firms. Rather, she may find it optimal to either (i) reduce the quality of her information
product by selling a signal of a lower precision than the one she possesses; (ii) strategically limit
her market share by excluding a subset of its customers from the sale; or finally (iii) employ both
strategies simultaneously by reducing the quality and quantity of the products offered. This is

due to the fact that in a Cournot market, firms’ actions are strategic substitutes, which leads to

a more specialized report that includes finer information on network and pricing strategies costs $2,950. They also
offer customized reports at prices that are negotiated on a case-by-case basis.
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the emergence of two opposing effects. On the one hand, obtaining additional information about
demand directly benefits firms as they can better align their production decisions with underlying
market conditions. On the other hand, however, the provider’s signal can also serve as a correlating
device among its customers’ equilibrium actions. In particular, providing the information product
to an extra firm can only increase the correlation in the firms’ production decisions, an outcome
that reduces each firm’s profit and hence, can adversely affect the provider’s bottom line. Therefore,
when downstream competition is intense enough (for example, when firms’ products are sufficiently
substitutable), this latter, strategic channel would dominate the positive effect of reducing demand
uncertainty, implying that the information provider would be better off by restricting the quantity
and/or quality of the information products that it offers its customers. Interestingly, unlike in
Bertrand competition, the provider’s profits in a Cournot market are decreasing in the intensity
of competition and may end up being significantly lower than in the absence of any competition
among the downstream firms.

Finally, we discuss a number of extensions to our benchmark setup. First, we let the provider
offer a menu of information products with potentially different precisions and at different prices. We
provide an explicit characterization of the optimal selling strategy as a function of the nature and
intensity of competition. We show that when firms compete in quantities and offer substitutable
products, there is a continuum of selling strategies that lead to the same equilibrium profits for
the provider. In addition, we explore the implications of firm heterogeneity for the provider’s
selling strategy. More precisely, we consider a setting in which firms differ in their production
costs and show that it is optimal for the provider to sell higher precision information products (at
higher prices) to the more efficient firms, i.e., the optimal menu features information products with
precisions that are decreasing in the firms’ production costs.

Taken together, these findings provide a step towards understanding the intricacies involved in
markets for information. Unlike traditional markets for physical goods, it is relatively inexpensive to
offer a diverse menu of information products that differ in their precision and pricing. Our results
highlight that the value that a given buyer can extract from procuring such products depends

not only on the product’s characteristics (such as its price and precision), but also on the seller’s
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market share and the environment in which her customers interact. Our modeling framework
provides several qualitative insights in how an information provider may optimally incorporate the

characteristics of such strategic interactions into her selling strategy.

2.1.1 Related literature

Our paper is related to the extensive literature that studies firms’ strategic considerations in sharing
information with one another in oligopolistic markets. For example, [Vives [1984], Gal-Or| [1985], [Li
[1985], and [Raith| [1996] provide conditions under which firms find it optimal to share their private
information about market conditions with their competitors.

Relatedly, a more recent collection of papers, such as |Li [2002], Li and Zhang| [2008], |Shin and
Tunca [2010], Shamir [2012], Ha and Tong [2008|, Ha et al.|[2011] and Shang et al. [forthcoming],
studies information sharing incentives in vertical supply chains. For instance, Shamir and Shin
[2013] determine conditions under which firms can credibly share their demand forecasts with one
another, whereas (Cui et al.| [forthcoming| provide a theoretical and empirical assessment of the
value of information sharing in two-stage supply chains. This literature, for the most part, focuses
on firms’ information sharing strategies according to which each firm decides whether or not to
disclose its information in full to other firms. In contrast, we consider a setting in which a third-
party decides not only the price but also the accuracy of the information product(s) she makes
available to a set of competing firms. This allows for richer equilibrium outcomes that highlight
the interplay between the nature of competition, the optimal selling strategy, and the profits for
the information provider.

Our work is also related to the growing theoretical literature on the social and equilibrium
value of public information. Morris and Shin [2002] illustrate that public disclosure of informa-
tion regarding a payoff-relevant parameter may adversely affect social welfare as it may crowd out
agents’ reliance on their private information. |Angeletos and Pavan| [2007] extend this framework
and provide a complete taxonomy of conditions under which private and public signals are effi-
ciently utilized in equilibrium. Relatedly, Bergemann and Morris| [2013] study games of incomplete

information with the goal of providing equilibrium predictions that are robust to all possible in-
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formation structures. Their analysis illustrates that information disclosure policies that involve a
partial sharing of a firm’s private information may lead to higher equilibrium payoffs.

The question of optimal sale of information has also been studied in the context of trading
in financial markets. For example, Admati and Pfleiderer| [1990] consider a monopolistic seller of
information interacting with a set of traders. They argue that if market prices aggregate agents’
private signals, agents may find it optimal to free-ride on the information revealed via prices (as
opposed to purchasing signals from the seller), thus diluting the equilibrium value of information.
In contrast, our paper focuses on a different type of inter-firm strategic interaction, as firms in our
framework cannot free-ride on the information generated by the actions of other firms.

Finally, our work is related to the more recent work of Bergemann and Bonatti| [forthcoming],
who explore selling information in the form of cookies in the context of online advertising as well
as Xiang and Sarvary [2013] who consider a market for information with competition on both
the demand and supply sides of the market. In a similar application context, [Babaioff et al.
[2012] study the design of optimal mechanisms for a data provider to sell information to a single
buyer and provide conditions under which a single round of communication is sufficient for profit

maximization.

Outline of the Paper: The rest of the paper is organized as follows. Section contains the
model and shows that our framework nests Bertrand and Cournot competition as special cases.
We provide a characterization of the equilibrium in Section where we show that the nature of
downstream competition has a first-order impact on the monopolist’s optimal information selling
strategy. In Section [2.4] we generalize our setting by allowing the monopolist to discriminate both
on prices and on the quality of information offered to its customers. In Section [2.5 we allow for
some degree of information leakage through aggregate actions and study the effect of leakage on
the seller’s equilibrium strategy and profits. Section [2.6]and Section present two extensions, for
the case of heterogeneous firm and for the discrete version of our model with a finite number of

firms. Section [2.8] concludes. All the proofs are presented in the Appendix.
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2.2 Model

Firms: Consider an economy consisting of a unit mass of firms indexed by i € [0, 1] that compete
with one another in a downstream market. Each firm 7 takes an action a; € R in order to maximize
its profit

m(ai, A, 0) = a0 + y1a;A — ?a?, (2.1)

1

where A = / a;di denotes the aggregate action taken by the firms, # € R is an unknown payoff-
relevant parz;)meter, and {7v9,71,72} are some exogenously given constants. Depending on the
context, action a; may represent the quantity sold or the price set by firm i. As we will show in
Subsection [2.2.2] the above framework nests Cournot and Bertrand competitions as special cases.
For the time being, however, we find it more convenient to work with the general setup above
without taking a specific position on the mode of competition.

The unknown parameter 6 is randomly drawn by nature before firms choose their actions. As we
will discuss in the following subsections, this parameter can represent the intercept of the (inverse)
demand curve in the downstream market. All firms hold a common prior belief on 8, which for
simplicity we assume to be the (improper) uniform distribution over the real lineE| Even though

firms do not know the realization of 8, each firm 7 observes a noisy private signal
T, =0+4+¢ , €~ N(O, 1//4?1),

with k, capturing the signals’ precision. The noise terms ¢; are independently distributed across
firms.

Given firm ¢’s profit function in (2.1]), we let

2 2
o aw_ﬂ (2.2)

B=—%u04 5 = vy

2More formally, suppose that @ is distributed according to a Gaussian distribution with mean 0 and variance oy.
By letting 09 — 0o, we obtain a distribution with full support over (—oo,c0) that, in the limit, assigns the same
probability to all intervals of identical Lebesgue measures.
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denote the degree of strategic complementarity in firms’ actions. Note that 5 > 0 corresponds to an
economy in which firms’ actions are strategic complements: the benefit of taking a higher action to
firm 4 increases the higher the actions of other firms are. In contrast, when 8 < 0, firms face a game
of strategic substitutes, where ¢’s incentives for taking a higher action decrease with the aggregate
action A. Finally, 8 = 0 corresponds to a market in which firms face no strategic interactions.
Throughout the paper, we assume that o > max{2v;,0}. This assumption, which implies
that 8 € (—o0,1/2), is made to guarantee that firm ¢’s profit is strictly concave in a; and that i’s

marginal profit is more sensitive to its own action a; than to the aggregate action A.

Information Provider: In addition to the competing firms, the economy contains a monopolist
who possesses some private information about the realization of the unknown parameter 6 that it
can potentially sell to the firms before they take their actions. The provider has access to a private

signal z with precision x, given by

z=0+¢ , (~N(0,1/k:),

where the noise term ( is independent of ¢;’s. Given that our main focus is on the market for
information, we assume that this signal has no intrinsic value to the provider and that she can only
benefit from the signal by selling it to the firms.

The key feature of our model is that the provider has control over both the “quantity” and
“quality” of information sold to the firms: the information provider not only chooses the set of firms
I C [0,1] that she decides to trade with, but can also choose the precision of the signal offered to

the firms. More specifically, she offers a signal

SZ:Z—F&, 5 {lNN(Oal/K‘f)a

to firm ¢ € I at price p;, where §; is independent from z and 1/k¢ captures the variance of the
noise introduced by the provider into s;. This specification thus captures the idea that the provider

can control the quality of the information sold to the firms: by choosing a smaller ¢, the provider
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can “damage” the signals offered to the ﬁrmsﬁ Throughout the paper, we refer to s; as the market
signal sold to firm q.

In general, the noise added to different firms’ signals by the provider may be correlated with
one another. To capture this idea formally, we assume that in addition to their precision kg,
the provider can also determine the correlation between different firms’ market signals by setting
pe = corr(&;,&;) € [0,1]. Our specification thus accommodates situations in which the information
provider offers identical or conditionally independent signals to any subset of the firms as special
cases.

Putting the above together, the market signal s; offered to firm ¢ € I can be rewritten as

si=04+mn , n;~N(0,1/ks) and corr(n;,n;) = p,

where ks = (1/k. + 1/ke)! is the signal’s precision and p = (k¢ + perz)/(ke + k2). Note that
by construction, signals sold by the provider cannot be more precise than the information she
possesses; that is, ks < K,.

We remark that given firms’ ex ante symmetry, we can assume, without loss of generality, that
I = [0, \], where A € [0, 1] captures the fraction of firms that the information provider decides to
trade with. Also note that even though we assume that the seller chooses the fraction of firms
she wants to trade with before offering them her information products, as we show in Section [2.4
our setting is isomorphic to an environment in which the provider announces the features of her
product(s) — i.e., price and precision — and firms subsequently decide whether to purchase the
products.

Finally, with some abuse of terminology, we refer to the firms who purchase the market signal
s; as informed firms, whereas firms that were denied the signal or decided not to purchase it from

the information provider are simply referred to as being uninformed.

3Note that in our baseline setting, the provider offers a signal of the same precision to all firms ¢ € I; that is,
ke is independent of i. We relax this assumption in Section and show that all our insights are robust to this
assumption.
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2.2.1 Contracts and Equilibrium

Once the seller’s and the firms’ private signals are realized, the former has the option to sell
potentially informative signals about 8 to the latter. To capture this idea formally, we assume that
the information provider makes a take-it-or-leave it offer (k¢,p;i,p¢) to a fraction A of the firms,
where k¢ captures the quality of the market signal offered to firm 7 and p; is the corresponding
firm-specific price.

Following the seller’s offer, each firm ¢ € [0, A] then decides whether to accept (b; = 1) or reject
(b; = 0) its corresponding offer. This stage is then followed by the competition subgame between
the firms in which they choose their actions a;. Note that whereas the strategy of an uninformed
firm 4 is a mapping from its private signal x; to an action, the strategy of an informed firm maps
the pair (x;, s;) to an action.

Given this setup, we have the following natural solution concept:

Definition 2.2.1. An equilibrium consists of a fraction A of firms that receive an offer, a set of
individual prices {pi}iE[O, »]» market signal precision r¢ and correlation pg chosen by the information
provider, acceptance/rejection decisions b; € {0,1} for each firm, and firm-specific strategies such

that:
(i) The information provider maximizes her profits.

(ii) Firm ¢ € [0, A] accepts the provider’s offer only if it is individually rational to do so, taking

the acceptance/rejection decisions of other firms as given.

(iii) Once the provider’s offers are accepted or rejected, the firms’ actions constitute a Bayes-Nash

equilibrium of the competition subgame.

2.2.2 Examples

As already mentioned, Cournot and Bertrand competition can be derived as special cases of our
general framework above. This feature of the model enables us to provide a comparison of the

optimal information selling strategies in markets with different modes and intensities of competition.
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The following simple examples illustrate how in the presence of linear demand functions, various
forms of competition can induce quadratic profit functions in the form of Equation (2.1]). We will
use these examples in the subsequent sections to discuss the implications of our results for the

optimal trading strategies of the information provider.

Example 2.2.1 (Cournot competition). Consider a market in which firms sell a possibly differen-
tiated product to a downstream market and compete by setting quantities. Firm i faces an inverse

demand function given by

i =700 — (1 —6)Q — 0g;, (2.3)

where g; is the quantity sold by firm ¢, Q) = fol q;di is the aggregate quantity sold to the downstream
market, and 6 captures the intercept of the (inverse) demand curve. In this setting, § € [0, 1]
represents the degree of product differentiation among firms, as a smaller § corresponds to a more
homogenous set of productsﬁ Assuming that firms’ marginal cost of production is zero, it is then
immediate that their profit function m; = 7;¢; is simply a special case of our framework in ,
with action a; representing the quantity sold by firm .

Note that in this environment, the degree of strategic complementarity defined in is equal
to B = (0 —1)/25 < 0, thus implying that firms face a game of strategic substitutes. Parameter
(£ also captures the intensity of competition between the firms. In particular, given that S is
increasing in J, a larger 8 corresponds to a market in which products are more differentiated. In
the extreme case that 8 — 0, the products are no longer substitutes and each firm essentially
becomes a monopolist in its own market. At the other extreme, as 5 — —oo, the products become

perfect substitutes and the oligopoly converges to a perfectly competitive market.

Example 2.2.2 (Bertrand competition). Next, consider a market in which firms compete in prices

and face a linear demand function given by

¢ = Y00 + (¢ — 1)R — ¢ry,

“See Myatt and Wallace| [2015] for microfoundations for this demand system.
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where r; is the price set by firm ¢ and R = fol r;di is the average price in the market. Note that
this demand system can be obtained by inverting and setting ¢ = 1/§ > 1. Once again,
it is immediate that firm ¢’s profit function m; = r;q; would coincide with , where action q;
now represents the price set by firm ¢. Furthermore, it is straightforward to verify that, in this
environment, 8 = (¢ — 1)/2¢ > 0, thus implying that the competition game between the firms

exhibits strategic complementarities, the degree of which is increasing in ¢.

Example 2.2.3. Once again consider the Cournot competition setting described in Example
but instead suppose that firms produce homogeneous products, i.e., § = 0, and have quadratic
production costs given by c(g;) = ¢?/2. The profit of firm i is then given by

1
7(qi, Q,0) = 040 — :Q — 56112,

which again fits within our general framework.

We conclude this section by remarking that even though, for the sake of tractability and expo-
sition, we focus on an environment consisting of a continuum of firms, as we show in Subsection

our results and qualitative insights carry over to a setting with finitely many firms.

2.3 Optimal Sale of Information

In this section, we present our main results and characterize the information provider’s optimal
information selling strategy. Our results show that the seller’s strategy is highly sensitive to the

mode and intensity of competition in the downstream market as expressed by .

2.3.1 Competition Subgame

We start our analysis by studying the equilibrium in the competition subgame between the firms
once the contracts offered by the information provider are accepted or rejected. Without loss of
generality, let [0, ¢] denote the set of firms who accept the seller’s offer, where, clearly, £ < A. Our

first result generalizes the results of [Angeletos and Pavan| [2007] and provides a characterization of
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the firms’ equilibrium strategies in the competition subgame.

Proposition 2.3.1. The competition subgame between the firms has a unique Bayes-Nash equilib-

rium in linear strategies. Furthermore, the equilibrium strategies of the firms are given by

a[(l —w)x; +ws;]  if i €0,
a; = )

ax; if 1 €¢,1]

where

Ks
(1= Blp)kg + ks

w =

and o =y /(v2 — 71).

Proposition states that the equilibrium action of an informed firm is a weighted sum of its
original private signal and the signal it obtains from the information provider. More importantly,
however, it shows that the weights firm ¢ assigns to its two signals not only depend on their relative
precisions, but also on the fraction of informed firms, ¢, as well as correlation p in the market
signals. In particular, the equilibrium weight that each informed firm assigns to the market signal
s; is increasing in the degree of strategic complementarities 3, regardless of the values of p and
€E| This is due to the fact that in the presence of stronger strategic complementarities, firms have
stronger incentives to coordinate with one another, and as a result, rely more heavily on their
market signals, which can function as (imperfect) coordination devices. On the other hand, in
the absence of strategic considerations (i.e., when § = 0), the optimal strategy of all firms would
be independent of ¢ and p, making the weight assigned to each signal proportional to its relative
precision.

Relatedly, Proposition also establishes that for a given positive (negative) 3, the equilib-

rium weight that informed firms assign to their market signals is increasing (decreasing) in ¢ and

*Recall that p > 0.
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p. To see the intuition underlying this observation, suppose that 5 > OH In such an economy,
firms face a game of strategic complements, as for example would be the case if they compete a la
Bertrand as in Example [2.2.2] Given that firms value coordinating their actions with one another,
a given informed firm ¢ assigns a higher weight to its market signal — above and beyond what its
relative precision would justify — the more other firms base their own decisions on the signal sold
by the information provider (i.e., higher ¢) and the more informative s; is about the signals of other
firms (i.e., higher p).

With Proposition at hand, in the remainder of this section, we turn to the the seller’s
problem and characterize her optimal information selling strategy as a function of the mode and
intensity of competition in the downstream market. In order to present our results in the most

transparent manner, we study Bertrand and Cournot competition separately.

2.3.2 Bertrand Competition

First, consider the case in which firms compete with one another a la Bertrand. As already
mentioned in Example such a market corresponds to a special case of our general framework
with 8 > 0. Also, recall that the information provider needs to choose the fraction of firms with
whom she trades (), the precision of the signal offered to the firms (k) and the correlation induced

in the noise terms (p¢). We have the following result:

Proposition 2.3.2. If g > 0, the information provider sells her signal without any distortions to

all firms; that is, K = Kk, and \* = 1. Furthermore, the provider’s expected profit is given by

= o® () () (e 24

The above result thus establishes that under Bertrand competition, it is always optimal for the

provider to sell her signal z to the entire set of firms without any additional noise. To understand
the intuition underlying this result, recall that in a Bertrand market, the firms’ actions are strategic

complements: setting a lower price becomes more attractive the lower the prices of other competing

5The argument for 8 < 0 is identical.
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firms are. Such strategic complementarities induce a strong coordination motive among the firms.
Therefore, providing the market signal to an additional marginal firm, not only increases the profits
of the seller directly (via sales to that new marginal firm), but also increases the surplus of all other
firms who have already acquired the signal. This extra surplus can thus be appropriated by the
seller via higher prices, leading to even higher profits. Consequently, the information provider
always finds it optimal to sell to the entire market of firms. An identical argument then shows
that the provider would not distort the signal either: sharing a more precise signal with a new firm
increases the value of the market signal to the rest of the informed firms.

Proposition also characterizes the expected profit of the seller. From , it is easy to
verify that IT* is increasing in the quality of information available to the monopolist (k,), but
is decreasing in the precision of the firms’ private signals (k;). The intuition underlying these
observations is simple. Given that the information provider always has the option to reduce the
precision of the signals it offers to the firms, her profits can never decrease by having access to a
more precise signal. On the other hand, however, the extra benefit of the market signal to the firms
is lower the more informed they are to begin with, thus reducing the provider’s expected profits.

More importantly, however, also shows that the monopolist’s expected profit increases
in the degree of strategic complementarities 5. Recall from Example that 8 = (¢ — 1)/2¢,
where 1/¢ = ¢ is the degree of product differentiation among the firms. Therefore, increasing
[ is essentially equivalent to a lower degree of product differentiation, and hence, more intense
competition. Thus, as 8 increases, coordination becomes more important to the firms, increasing
the value of the seller’s signal which in turn leads to higher expected profits.

As a final remark, note that since it is never optimal for the information provider to add noise

to the signals, the correlation pe = corr(&;, §;) is immaterial for her profits.

2.3.3 Cournot Competition

We next focus on the case in which firms compete with one another a la Cournot. Recall from
Example that such a market is a special case of our general setup with § < 0. In this case,

firms choose quantities and their actions are strategic substitutes. Note that, unlike the case of
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Bertrand competition, firms no longer value coordination per se. The following two propositions
provide a characterization of the optimal information selling strategy of the monopolist as a function

of the degree of strategic substitutability among the actions of downstream firms.

Proposition 2.3.3. If —(1+k,/ky) < B < 0, the information provider sells her signal without any
distortions to all firms; that is, kK = Kk, and \* = 1. Furthermore, the provider’s expected profit is

given by

= o® () () (T (25)

Thus, in a Cournot market with a weak enough intensity of competition, the seller finds it
optimal to follow the same strategy as in a Bertrand market: sell an undistorted version of her
signal to the entire set of firms. The intuition underlying this result is straightforward: acquiring
information about the demand intercept () allows each firm ¢ to better match its supply decision
to the underlying demand and as a consequence, to increase its profit. The monopolist can then
appropriate the increase in ¢’s sales by demanding a higher price in exchange for the signal. There-
fore, the provider is always better off by making the most precise version of her signal available to
all firms .

Even though the seller follows the same strategy as in the Bertrand market, comparing expres-
sions and implies that her expected profit is lower under Cournot competition (5 < 0).
This is due to the fact that unlike Bertrand competition, firms do not have an incentive to coordinate
their actions, undermining the role of the market signal as a coordination device.

Interestingly, the predictions of Propositions [2.3.2] and [2.3.3] no longer hold if the intensity at

which downstream firms compete with one another in a Cournot market is high. We have the

following result:

Proposition 2.3.4. If 8 < —(1 + k,/Kz), the information provider mazimizes her expected profit

by following any information selling strategy that is a solution to the following equation:

(K2 + BAR; ) Ky + Kzky = 0. (2.6)
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Furthermore, her expected profit is given by

I = — 2<ﬂ) e 2.7
“ 2 ) 18k2 (2.7)

The key observation here is that the pair k¥ = k, and A* = 1 does not satisfy ({2.6]), leading to

the following corollary:
Corollary 2.3.1. Suppose that § < —(1+ k./ky). Then, either K} < k, or \* < 1.

Therefore, when firms compete with one another a la Cournot and offer goods that are strong
substitutes — corresponding to a large enough negative § — it is optimal for the seller to distort
the information (k% < k) and/or exclude a fraction of the firms from the sale (A\* < 1).

To see the intuition underlying the above result, recall that in a Cournot market, firms’ actions
are strategic substitutes, i.e., increasing a firm’s supply leads to higher marginal profit the lower
the supply decisions of its competitors are. Therefore, providing the market signal to an additional
firm ¢ affects its profit through two distinct channel. On the one hand, a more precise market signal
enables i to better match its supply to the realized demand. On the other hand, however, making
such a signal available to i increases the correlation in the firms’ actions, as now 4’s action would
be more correlated with the market parameter #. The presence of this second effect implies that
the strategic value of the seller’s signal to firm ¢ and consequently i’s willingness to pay for it are
decreasing in the fraction of firms that accept the provider’s offer. When the competition among the
firms is sufficiently intense (i.e., the goods they offer are sufficiently substitutable), this strategic
effect would dominate the first effect, thus making it profitable for the information provider to
restrict her offer to a strict subset of the firms (A\* < 1).

By Proposition 2.3.4] an alternative optimal strategy for the monopolist would be to distort
the information she sells to the market. In fact, as Equation (2.6)) suggests, the fraction A of
the firms that the monopolist trades with and the precision s of the signal offered to the firms
are substitutes: as the monopolist increases her market share, she finds it optimal to increasingly
distort the signals.

Note that the information provider’s expected profit decreases in the degree of strategic substi-
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Figure 2.1: Optimal selling strategy for different levels of 8 (left); Equilibrium profit as a function
of B (right). We use the following set of parameters for this example: o = 75 = 1 for the firms’
payoff functions and x, = 1,k, = 2 for the signal precisions of the firms’ private signals and the
provider’s information respectively.
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tutability (|3]) of the firms’ actions. This is a consequence of the fact that the strategic value of the
seller’s signal and consequently a firm’s willingness to pay for it decrease as the market becomes
more competitive. This is in contrast with the case of Bertrand competition where the seller’s
expected profit increases with the intensity of competition among the firms as they have a stronger
incentive to purchase the market signal and coordinate their actions.

We also remark that regardless of the value of 5 and the strategy adopted by the information
provider, she never has an incentive to introduce correlation into market signals, i.e., it is always
optimal to set pz = 0. Increasing the correlation in the signals provided to downstream firms would
invariably increase the correlation among their actions and lead to lower profits for the seller.

Finally, note that the threshold — (1 + k,/k;) at which the seller finds it optimal to limit her
market share and /or strategically distort the market signal is decreasing in the ratio k, /K., implying
that the more informed the information provider is relative to her customers, the more likely it is
that she will be able to fully exploit her informational advantage by selling it to the entire market
of firms without distortion.

Figure illustrates the optimal selling strategy and the equilibrium profit of the information
provider for the following set of parameters: a = v = 1, Kk, = 1, and k, = 2. It turns out that

for these parameters the threshold at which the seller finds it optimal to strategically distort the
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B=0|B=-3|B=-5|p=-10| =-20

115 /115 1 250 150 075 .038

IIge-ist /11 1 .250 141 .053 017
Increase in Profits (%) | 0% 0% 6.67% | 40.83% | 120.42%

Table 2.1: Comparing profits under the optimal information selling strategy with selling the
provider’s signal undistorted to the entire market.

market signal is equal to —3. Note that as the left plot highlights for values of g greater than the
threshold, the provider sets the precision of the market signal to x; = 2, i.e., she does not distort
the information she has at her disposal, and does not exclude any firms from the sale (\* = 1).
On the other hand, for values of § lower than the threshold, the seller finds it optimal to distort
the information she provides to the market and limit her market share (in particular, her optimal
selling strategy is given by Equation ) The right plot illustrates how the provider’s profit
varies with the intensity of competition. Note that the seller is always better off when firms view
their actions as strategic complements (3 > 0) as opposed to strategic substitutes.

We conclude this section by exploring the extent to which an information provider can increase
her profits by strategically distorting the information she provides to her downstream customers
and/or limiting her market share. In Table we compare the profits for a provider that optimally
sells her information to the firms (II;) with the profits for a provider that sells the information she
has at her disposal as is to the entire market (IT3>%). We benchmark IT; and T34 against the
profits for a provider that follows her optimal strategy in the absence of competition, i.e., when
B = 0. The first two rows of the table clearly highlight the effect of intensifying the competition
among the firms on the providers’s profits. Furthermore and quite importantly, as we report in the
third row of the table the provider earns significantly higher profits under competition when she
distorts her market signal and/or limits her market share — the increase in her profits by following
the optimal strategy characterized in Proposition ranges from 6.67% to 120.42% as the extent

to which firms view their actions as strategic substitutes increases.
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2.4 Information Quality Discrimination

In our baseline model presented in Section and analyzed in Section [2.3] we assumed that the
information provider can only offer a single product to the entire market, in the sense that she
offers a market signal of the same precision to all firms. In this section, we relax this assumption
by allowing the seller to offer signals that potentially differ in both price and precision. Formally,
the information provider makes a take-it-or-leave-it offer to each firm ¢ € [0,1], specifying the
signal precision kg and price p;. Note that as in our earlier setting, the seller cannot offer a signal
of a higher precision than her own private signal, that is, kg < kK, for all . Furthermore, it is
immediate to verify that the baseline model of Section [2.2] is a special case of this more general
model, as the monopolist can simply exclude firm ¢ by either charging p; = oo or providing a
completely uninformative signal with precision kg; = 0. The following result, which generalizes

Propositions shows that all our earlier insights remain valid under this more general

specification.

Proposition 2.4.1. The optimal information selling strategy for the information provider is given

as follows:

(a) If B> —(1 4 Kk./Ks), the information provider offers an undistorted version of her signal to

all firms at price

p=a’ (% (:;) (1 —K,Bz)j;:i PRER

(b) If B < —(1+ K;/Kz), the information provider offers a market signal of precision k%, to firm

i at price p;, where {K}; }icjo,1) solve

/ LT (2.8)
0 Ko+ KL Bk
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and

*

pi=a? (%) 4’%(’:081""‘3;1) (2.9)

Statement (a) of the above result shows that the information provider offers an undistorted
version of her signal to all firms in the downstream market if either they compete a la Bertrand,
or alternatively, if the intensity of the Cournot competition is not strong enough. In this sense,
this result generalizes Propositions and establishing that the seller has no incentive to
discriminate among the firms in either price or information quality.

Statement (b) of Proposition considers the setting in which firms’ actions are strong
strategic substitutes, for example, when they compete ¢ la Cournot and produce goods that are
highly substitutable. Consistent with the discussion in Subsection [2.3:3] this result shows that the
information provider finds it optimal to either distort the signals sold to the downstream firms or
strategically restrict her market share. In particular, it is easy to verify that s, = x, for all ¢
does not satisfy the optimality condition . The intuition underlying this result parallels those
behind Proposition and Corollary providing high quality signals to all firms increases
the induced correlation in their actions, which in turn reduces their profit when their actions are
strong strategic substitutes. Thus, the monopolist would be better off by limiting its market share
or reducing the quality of the signals sold to the firms. Note, however, that the optimal strategy
of the information provider is not unique. Rather, any signal precision profile {«%;} that satisfies
would lead to the same expected profit. Nevertheless, irrespective of the strategy chosen by
the monopolist, her incentive to lower the precision of the market signals increases as firms’ actions
become stronger strategic substitutes. In particular, as 8 — —oo, the downside of coordination
among firms that trade with the monopolist is so strong that essentially no trade takes place in
equilibrium: the information provider offers a completely uninformative signal x%;, — 0 to all firms

at price p; — 0.

Example 2.4.1 (Selling two products). Consider a Cournot market in which 8 < —(1 + k. /kz).

Suppose that the information provider can offer two distinct information products: a premium
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product of precision ks at price p and an inferior product of precision g < ks at price p. Let A
and A denote the fraction of firms offered the premium and inferior products, respectively, where
by construction A + A < 1. Condition (2.8) implies that it is optimal for the seller to design her

information products such that

() (e)
Ky + K Kz + K By

The above equation highlights the trade-off between information quality and quantity faced by the

information provider in designing her menu of products. In particular, increasing the precision K
of the premium product requires either a reduction in its supply A, or alternatively, a reduction in
the precision or the supply of the inferior product.

Note that, by selling a premium product the information provider is placing the well-informed
firms at an advantage vis-a-vis their less-informed competitors. This enables her to charge the

former set of firms a higher price. In fact, as equation (2.9) highlights, p > p.

We end this discussion by remarking that the ability to discriminate on information quality does
not offer the seller any advantage compared to our benchmark model of Sections and In
particular, equation always has a solution such that ks = ks for a fraction A of the firms and
ks; = 0 for the rest. In other words, offering two information products, one with non-zero precision
at a strictly positive price and another with zero precision at zero price, is sufficient for the seller

to maximize her expected profit.

2.5 Information Leakage

Firms’ actions typically reflect the payoff-relevant information they have at their disposal. Thus,
a seller of information may need to take into account the dilution in the value of information to
the competing firms due to its leakage through their actions. This section explores an extension of
our benchmark setting that directly incorporates information leakage through the firms’ actions.
In particular, in addition to its private and market signals x; and s;, respectively, firm ¢ also has

access to signal S; which centered around the aggregate action that is in the market. The precision
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of this signal about the aggregate action can be viewed as a measure of information leakage.

To illustrate clearly the effect leakage on the information provider’s optimal selling strategy
and profits, we focus on equilibria in which all firms purchase the provider’s information, i.e.,
A = 1. Note that this is without loss of generality since there always exists a profit maximizing
selling strategy that induces such equilibrium behavior. Moreover, we assume that p¢ = 0, i.e.,
the provider sells information signals that are independent conditional on the realization of state
(this is, again, without any loss of generality as we establish in Section . Thus, the information
provider optimizes over the precision kg of her information product. Moreover, in addition to signals

x; and s;, firm ¢ observes signal S; that takes the following form
S@':A+Vi , I/iNN(O,l/KV),

where the noise terms v;’s are independently distributed across firms and the precision k;, measures
the extent of information leakage in the market. In particular, when x, = oo then signal S; is
perfectly informative of the aggregate action A whereas when k, = 0 then S; does not convey
any payoff-relevant information to firm 4, i.e., there is no information leakage, and the setting is
equivalent to our benchmark model.

We extend the firms’ strategy space by allowing them to condition their actions on firm S;.
In particular, firms specify a supply function that depends on the information they have at their
disposal, i.e., signals x;,s;, and 5;. In other words, firm ¢’s action is a map from the signal
space to the space of supply functions, i.e., a function a;(x;, s;,S;), as opposed to a scalar as in
our benchmark modelm Given the strategies of all firms i € [0, 1] the aggregate action satisfies
A= / 1 a(z;, s;,S;) di. The equation has a unique solution for a linear-quadratic framework with

0

Gaussian noise. We denote the unique solution by A({a(xi, S, Si)}ie[o,l]) The profit of firm 7 for

"Our approach builds on [Vives [2011] that studies competition among firms that possess private payoff-relevant
information. Using supply functions and having firms condition on a (potentially noisy) signal about the aggregate
action, allows us to directly incorporate information leakage into our benchmark model and study how the provider’s
optimal selling strategy and profits vary as a function of the extent of leakage in a market.

8This solution, which we characterize in the proof of Proposition , depends on state 6, the provider’s noise ,
and the coefficients of the firm’s equilibrium strategies.
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any given realization of signals is given as
— Y2 2
mi = oal@i, si, 5i)0 + mali, si, i) A = Falwi, 56, 8)°7,

where S; = A+ vy; and A = A({a(a:j, 55,51 }jep,1])- Given signals (z;, s4,5;), firm i determines
its equilibrium strategy a; = a(z;, s4, 5;) so as maximizes its expected profit E[m;|z;, s;,.5;] in the
competition subgame, taking the strategies of other firms as given.

The following proposition summarizes our findings regarding the effect of information leakage

on the provider’s optimal selling strategy and equilibrium profits.

Proposition 2.5.1. Let IT* denote the equilibrium profits of the information provider in the pres-

ence of leakage. For sufficiently small k,, we obtain that

(a) glf;[* <0 for all B € (—00,1/2).

(b) There exists —(1 + k./ky) < B <0 such that k% < k. for all B € [ — (1+ k2/kKg), B).

Part (a) of Proposition establishes that the monopolist’s equilibrium profits decrease in
the presence of information leakage. This is true regardless of the value of 3, i.e., whether actions
are strategic complements or substitutes (Bertrand or Cournot competition). As one would expect,
when firms are able to (partially) infer their competitors’ information by observing a signal about
their aggregate action, the value of the provider’s information decreases and, thus, her profits go
down.

More importantly, part (b) of Proposition establishes that the range of §’s for which the
information provider finds it optimal to distort her information in the presence of leakage is wider
than when firms determine their actions based solely on signals x; and s;. The provider’s incentives
to distort the information she sells to the downstream market grow stronger as her ability to extract
surplus from the firms when increasing the precision of signal s; is hindered by information leakage.
That said, even in the presence of leakage, distorting her information is never optimal when firms’s

actions are strategic complements, i.e., as in Bertrand competition. E|

9Note that this does not imply that the optimal selling strategy is the same as in the absence of leakage. In
particular, the provided is forced to sell her information at a lower price.
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Figure 2.2: The provider’s equilibrium profits (left) and her optimal selling strategy (right) as

functions of g for different levels of information leakage. We use the following set of parameters for

this example: a@ = 9 = 1 for the firms’ payoff functions and x, = 1, k, = 2 for the signal precisions

of the firms’ private signals and the provider’s information respectively. We plot the provider’s
*

profits and the precision of the signal she sells to the downstream market (k%) as a function of
for three levels of information leakage k, = 0 (no leakage), k, = 1, and &, = 10.

— Kk, =0
— Ky =1

K, =10

Figure illustrates the equilibrium profits and the provider’s optimal selling strategy for
different levels of leakage. As can be clearly seen in the left plot shows the provider’s profits are
decreasing in the level of information leakage in the market irrespective of the value of 8. The right
plot explores the impact of leakage on the provider’s optimal selling strategy. In particular, she
finds it optimal to distort the information she sells to the downstream market for a wider range of
(B’s than in the absence of leakage. In addition and as already mention above, distortion is never
optimal in the presence of strategic complementarities (8 > 0) irrespective of the level of leakage.

Table presents our numerical solutions for different level of leakage at different values of
5. We report both the equilibrium profits and the optimal precision in three different scenarios,
our baseline where there is no leakage (k, = 0) as well as two scenarios with low and high leakage
intensity respectively. These allow us to appreciate how severely leakage decreases the equilibrium
profits. In particular, comparing the equilibrium profits when the level of leakage is high to the
equilibrium profits in the absence of leakage, we see that at § = 1/3 the equilibrium profit with high
leakage is only 5% of the corresponding profit when there is no leakage. Moreover, when 8 < 0 the

negative effect of leakage on profits is more severe the higher the level of strategic substitutability,
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Leakage Level | f=—-4 | =-3|(=-2|8=-1|p8= B=1/3
Ky =0 .0625 .0833 .1200 A875 | 3333 4218
Equilibrium Profits Ky =1 .0082 .0014 .0189 .0420 1134 .1606
Ky =10 .0002 .0003 .0005 .0008 | .0050 .0209
Ky =0 1 2 2 2 2 2
Optimal Precision Ky =1 .40 .65 2 2 2 2
Ky =10 .08 12 .16 .36 2 2

Table 2.2: Equilibrium profit and optimal precision for different levels of information leakage.

when 8 = —4 we see that the equilibrium profits under high leakage are extremely low, less than
.5% of the corresponding profits in the absence of leakage. Moreover, the second part of the table
highlights the impact on information leakage on the optimal selling strategy when [ is negative,
for example, when § = —2 it is optimal to sell a signal with full precision when leakage is absent
or low, but when leakage is high the seller dramatically decreases the signal precision to only 8%

of her best signal precision.

2.6 Heterogeneous Firms

Our analysis thus far focused on an environment consisting of a continuum of homogenous firms.
In this section, we discuss how our results are affected by introducing heterogeneity among the
firms (in terms of their production costs). Once again, consider the environment presented in
Example where firms compete with one another in quantities. We generalize this setting
in two dimensions, by (i) allowing heterogeneity in firms’ production costs and (ii) introducing a
transaction cost borne by the information provider whenever she trades with a downstream firm.
More specifically, we assume that downstream firms are heterogeneous with respect to their
costs of production: firm ¢ faces a quadratic production cost of Ci(g;) = cz-qz-2 /2, where ¢; is the

quantity produced by i and ¢; > 0. The firm’s profit is thus given by

1
7i(qi, Q,0) = Y0¢0 + 11¢6:Q — 501'%27 (2.10)
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where () denotes the aggregate quantity in the market and v; < 0 is some constant. Note that even
though the above expression is similar to , the extent of strategic complementarities can no
longer be captured by a single parameter 5, as now firms face potentially heterogeneous production
costs.

As for transaction costs, we assume that the seller incurs a cost equal to vk whenever she sells
a signal of precision kg; to firm 4, where v > 0. This cost can, for example, capture the idea that
the firm cannot provide verifiable and/or credible information to its customers at no cost. Rather,
it needs to spend resources to ensure its customer that the market signal is indeed as informative as
claimed. Alternatively, it can be thought of as the cost associated with customizing the provider’s
information to meet the customer’s informational needs. As in Section [2.4] we allow the seller to

discriminate along both signal precision and price. We have the following result:
Proposition 2.6.1. There exist v > v such that

(a) if v > v, the information provider does not transact with any of the firms; that is, k%, =0 for

all 1.

(b) if v < v, the information provider sells her signal with no distortion to all firms; that is,

. .
Ky = Kz for alli.

c¢) For any v € (v,v), then there exist c* such that
(c) y

0 if ¢; > c*

2
A - K *
Kgi Ky if ¢ < 7(HI+”;Z)QC .

Ky (x/c*/ci — 1) otherwise.

The above result thus establishes that the information provider finds it optimal to follow an
information selling strategy that involves offering a signal to firm ¢ with a precision that is decreasing
in the firm’s cost ¢;, i.e., the provider sells higher quality signals to more efficient firms. Formally,
K%; is always non-increasing in ¢;. However, note that this does not mean that the monopolist sells

her best available information to all firms, even when transactions are costless. Rather, due to the



CHAPTER 2. INFORMATION SALE AND COMPETITION 32

presence of strategic interactions between downstream firms (and in line with our earlier results),
the provider may either sell distorted signals to some firms or simply even exclude them by offering
non-informative signals x%; = 0 altogether. Thus, Proposition m generalizes Propositions m
and to the case in which firms face heterogeneous production costs.

We end this discussion by remarking that, depending on the parameter values, the threshold
v in the above result may be negative, thus ruling out the case in which the information provider
sells an undistorted signal to all firms. In fact, as the proof of the proposition highlights, v < 0

whenever

e Y e
—di < —— Ks/Kg),
0o G 71 s

which reduces to the condition of Proposition when firms face identical production costs.

2.6.1 Cost dispersion and optimal information selling strategy

This subsection considers a setting in which the firms that compete in the downstream market can
be of one of two types that differ in their production costs. In particular, type i € {1,2} firms have

production costs that take the form C;(g;) = c;q?/2 and the two types have equal mass. We let

1 1 1 1
—=-494 and — = - =0,
C1 c Cco c

for some § > 0. Note that since the two types have equal mass, ¢ is equal to the average cost
coefficient in the market and § can be viewed as a measure of dispersion in costs. The following
proposition characterizes the effect of increasing the dispersion (increasing d) on the optimal selling

strategy.

Proposition 2.6.2. Let k3 and K}y be the optimal signal precisions offered to firms of type 1 and

type 2. Then, for any § < 1/ (c\/i) we have:

>0 and
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5=5 =1 5=2 5=

K 1.334 1.505 1.819 2

K 976 789 409 0
Profits | 1.067 1.076 1.114 1.251

Table 2.3: Optimal information selling strategy and equilibrium profits as a function of the cost
dispersion between the two types of firms. For this example, we use the following set of parameters:
ke =1, k, =2, c=1/6, v1 =3/5, and 7 = 10.

Proposition [2.6.2) establishes that as the cost dispersion among the downstream firms increases,
the provider finds it optimal to sell increasingly more accurate signals to the efficient type while
decreasing the accuracy of the signals she sells to the type that has high production costs.

Table reports a set of numerical results that shed additional light on the effect of cost
dispersion on the provider’s information selling strategy and equilibrium profits. In particular,
when the dispersion between the firms’ production costs is sufficiently high, the monopolist may
find it optimal to exclude the less efficient type altogether from the information sale. Moreover, the
provider’s profits are increasing in the dispersion (although she may be selling to a smaller subset

of firms).

2.7 Finite Number of Firms

To simplify the exposition and allow for a tractable analysis, most of the paper focused on an
environment with a continuum of firms. In this section, we show that our qualitative insights
regarding the monopolist’s optimal information selling strategy carry over to a market consisting
of finitely many firms. In particular, we focus on a Cournot oligopoly with a finite set of firms
N ={1,...,n} which compete with one another in quantities. The inverse demand function in the

market is given by

r= 706 + ’YlQa
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where @) = %

Y icn @i is the average quantity, ¢; is the quantity produced by firm 7, r denotes the
market price, and y; < 0 is some constant. We assume that firm i faces quadratic production costs

given by c(q;) = y2q?/2. Therefore, firm 4’s profit can be expressed as

n—1 2 1
T = Y04it + Y1¢iQ—i — (l - l) a,
n 2 n

where Q_; = ﬁ > i 4G Note that firm 4’s profit function has the same form as the one when a
continuum of firms compete. Finally, the degree of strategic substitutability among firms’ actions

is given by
Pmy 0?m n—1 7

ﬁ":_aqﬁQ—i/aq? T n o —2a/n

As in the environment with a continuum of firms, we assume that each firm ¢ observes a noisy
private signal x; about the realization of # and that the information provider can offer a market
signal s; to firm ¢. We denote with K the set of firms that the information provider trades with,
where |K| = k < n. Lemma in the Appendix provides a complete characterization of the
equilibrium for the competition subgame for any k, which can be viewed as the discrete analog
of Proposition in Section [2.3] Finally, for the remainder of this section, we assume that the
provider sells an information signal to all firms, i.e., K = N, and we focus on characterizing the
signal’s precision that maximizes the provider’s profit (note that as we argued in Section there
always exists an optimal information selling strategy that involves selling a signal to all firms). We

obtain the following characterization for the optimal signal precision:
Proposition 2.7.1. The optimal information selling strategy is given as follows:

(a) If B > — (1 + K2 /kg), the information provider offers an undistorted version of her signal,

l.e., Ky = Kz, to all k firms.
(b) If B, < — (1 + K. /Kz), the information provider offers a signal of lower precision, i.e.,

K/* = —L <K
B Bn‘i‘/@z//ﬂr =
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Furthermore, the seller’s expected profit is given as

,

2 E_ﬂ) Rz Rz ¥ Ra if B > — (1
n an < 2 n <K/x> [(1 _ /Bn)ﬁ‘/gj + K/z]2 Zfﬂn - ( + K/Z/H$)
IT* =
Y2 0N K .
o2 (5 — ﬁ) _45';/{:20 otherwise
where o, = ’yo/ (c - ”THM).

Proposition establishes that the insights underlying our main results remain unchanged
when the downstream market is composed of a finite number of firms. Additionally, it is straight-
forward to verify that as n grows to infinity we recover the results of Section both in terms of
the optimal strategy as well as in terms of the profits for the information providerm Finally, since
Bn | B we obtain that the set of markets for which the monopolist chooses to distort is increasing

in n.

2.8 Conclusions

This paper considers the problem of selling information to a set of firms that compete in a down-
stream market. We establish that both the information provider’s optimal selling strategy as well
as her profits depend critically on the environment in which its cutomers operate. In particular, our
results highlight that the extent of strategic substitutability and complementarity in the latter’s
actions has a first-order impact on the former’s optimal strategy: when the firms’ actions are strate-
gic complements, the provider finds it optimal to sell an undistorted version of her information to
the entire market of firms, whereas if their actions are strategic substitutes, the optimal strategy
involves offering an inferior information product, and/or limiting the supply of information.

Our results are largely driven by the following trade-off: on the one hand, information about

market conditions, e.g., demand realization, has always a direct positive effect on firms’ profits as

ONote that as n — oo expected profits diverge, however average profits %H* converge to the result we obtained
for a continuum of firms.
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they can better align their actions with the underlying environment. On the other hand, however,
in the presence of strategic substitutability among the firms, the provider’s signal may have an
additional (adverse) effect by increasing the correlation between the firms’ actions. It turns out
that this latter effect may dominate the former when firms’ view their actions as strong strategic
substitutes, in which case the provider finds it optimal to degrade the quality of her information
products and/or exclude a subset of the firms from the sale.

We showcase the implications of our results in the context of Bertrand and Cournot competition
thus complementing the extensive prior literature in operations management that explores vertical
and horizontal information sharing in a supply chain. We extend our findings to the case when
firms differ in their production costs and establish that the optimal selling strategy involves offering
several information products with varying precisions and at different prices. In particular, we show
that in equilibrium, the information provider offers more precise signals to the more efficient firms

at higher prices in order to maximize her profit.
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2.9 Proofs

With the exception of our results in Section [2.6] firms in our model are otherwise ez ante symmetric.
Therefore, unless otherwise noted, we assume without loss of generality that the price offered by
the provider to the firms is non-decreasing in the firms’ index; that is, p; > p; for i > j. Given
that excluding a firm ¢ from trade is equivalent to offering a price p; = oo, the above assumption
also implies that the set of firms that are offered a contract by the provider is of the form [0, A] for
some A € [0, 1].

Let ¢ denote the fraction of firms who accept the provider’s offer. In view of the above assump-

tion, it is immediate that
¢=sup{i € [0,\ :b; =1},
and that b; = 1 for all ¢ < /£.

Proof of Proposition [2.3.7]

The first-order condition for firm ¢’s problem with respect to action a; is given by

Ii = Oa

a;

E [;W(ai, A,0)

where Z; = {z;} if i € [¢,1] and Z; = {z;, s;} if © € [0, ¢]. Consequently,

a; =E [BA + (1 — B)amL] ,

where 3 = 71 /72 is the degree of strategic complementarity in the downstream market as defined

in (2.2) and a = 70/(y2 — v1). Thus, the firms’ equilibrium actions are given by

E[BA+ (1 - Bablz]  Viel61],

a; =

E[BA+ (1 — p)ab|x;,s;] Vie[0,4].
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Noticing that E [f|x;] is linear in z; and E [0|x;, s;] is linear in z; and s;, we conjecture that equilib-
rium strategies are linear functions of x; and s; and then verify our hypothesis. In particular, we

conjecture that

coT; Vi € [f, 1]
a; = ’

c1x; +cas; Vi e [O,E]

for some constants cg, c1,co € R.

Replacing the candidate equilibrium strategy of an uninformed firm i € (¢, 1] in its first-order

:

condition yields

l 1
cor; = E [5 (/ c1xj + casjdj + / coxjdj> + (1 - p)ab
0 l

= [Bl(c1 + c2) + B(1 = L)co + (1 — B)a]i,

where we are using the fact that E[f|x;] = E[x;|x;] = E[s;j|z;] = x;. Consequently, the equilibrium
strategy coefficients must satisfy co = 8€(c1+c2)+ (1 —£)co+ (1 — B)a for any admissible £ € [0, 1],

which implies
co=a and c;+co=oa. (2.11)

On the other hand, replacing the candidate equilibrium strategy of an informed firm i € [0, /]

in its first-order condition yields

¢ 1
ax;+(a—c)si=E [ﬁ (/ cixj + (o —c1)s;dy —I—/ oza:jdj> + (1= pB)ab|x, si] , (2.12)
0 ¢

where we use the expressions for the coefficients we derived in (2.11)). We can now use the above
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expression to solve for ¢;. To this end, note that let

E[Q‘Z'Z, SZ'] = E[lexi, Si] = 01z; + (1 — (51)82'

Elsjl2i, si] = 61(1 — p)a; + [1 — 61(1 — p)]si,
where 01 = Ky /(ky + Ks). Consequently, we can rewrite (2.12]) as

a1z + (a0 — ¢1)s; =[Blerdr + Blla— c1)d1(1 — p) + B(1 — £)ady + (1 — B)ady]z;

+ [,3501(1 — (51) -+ 5€(Oz — 01)(1 — (51(1 - p)) + 5(1 — E)Ck(l — (51) + (1 — 5)04(1 — 51)]8i,

and conclude that the equilibrium coefficient ¢; must satisfy

c1 = 666151p + 05(51(1 - ﬁfp)

Solving for ¢; thus implies that
(1 — ﬁgp)ﬁx
(1—Blp)ky + ks

Cl =«

and hence,
Rs

(1 Blp)ra + ris

cO=a—cCc =«

Combining the above, we conclude that firms’ actions at equilibrium are given by

T Vi e [¢,1]
a; = ,
(- plo)ka . L
a (1_BZP)H$+’{'S Ti + a(l—ﬁé;)nx+ns Si VZ € [0’ é]

completing the proof. O
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Two Auxiliary Lemmas

We state and prove two lemmas that we use in the remainder of the appendix. The first lemma
characterizes the expected surplus of an informed firm, whereas the second lemma shows that, for

any given \, the provider always finds it optimal to charge a constant price to all firms i € [0, A].

Lemma 2.9.1. The expected surplus of each firm from buying the market signal is given by

_ 2 (2 (B Fis + Fa
Altrnpon) = (2) (2) (et (213)

where £ denotes the fraction of informed firms.

kssi + (1 — Blp)kyx;
Ks + (1 - ng)’%x
0

a; = ax; denote the equilibrium action of an uninformed firm. Recall that ¢ denotes the fraction

Proof. Let a; == « denote the equilibrium action of an informed firm and let
of informed firms, and thus the aggregate equilibrium action is A = f(f a%di + |, gl a?di. By replacing
the equilibrium actions in the expressions for the firms’ payoffs and then taking the expectations

conditional on 8, we get

1 _ 052 B 2 256,0/63 _ (1 - ng)QKIx + ks
E [7(a}, A,6)|6] = (2) [e Al (T e il —Bﬁp)wrms]?] , (2.14)
and
E [n(a?, A,0)[0] = o2 (%) [92 - :] . (2.15)

Next note that we can use the two conditional expectations (2.14) and (2.15) to compute the

unconditional) expectation for a firm’s surplus given b
p p g y

A:=E[n(a},A,0)] —E[r(a), A,0)] .

79
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Applying the law of total expectation yields

— a2 (2) [ Es Ks T Ka
A=a (2) (mx> (1= Blp)ks + Kks|?’

which completes the proof of the lemma. O

Lemma 2.9.2. The provider sets p; = p*(\) for all i € [0, \], where p*(\) is equal to the expected
equilibrium surplus of an informed firm when the fraction of informed firms is X. Furthermore,

p*(N) is such that all firms that receive the provider’s offer accept in equilibrium, thus € = \.

Proof. Consider the simultaneous game of accepting/rejecting the provider’s offer. Recall that in
such game each firm i € [0, A] accepts the offer if her expected surplus is bigger than her individual
price p; while taking the decisions of the rest of the firms as given.

We suppose that a fraction ¢ € [0, A] of firms has accepted the provider’s offer, and we write

the optimal decision of each firm i € [0, A] as a function of firm’s 7 individual price. We have

1 if A(0) > p;

bi(pi) =10 it A(l) < p;>

€ {0,1} if A()=p;

where A({) is given by equation (2.13|) and denotes the expected surplus of an informed firm when
a fraction ¢ is informed.

We can write the provider’s optimization problem as follows

A
max / pibi (pz)dz
{piticio,n 0

;

1 it A(l) > p;

s.it. bi(pi) =<0 it A() <p;» Vi€[0,A]L (2.16)

c{0,1} if A()=p
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Before solving for the provider’s optimal selling strategy, we rewrite the set of constraints (2.16) as

sup p; < A(N) if =\
1€[0,A]

inf p; > A(0) if /=0 )
1€[0,A]

A A
/O H{pi<A(€)}di < 12 < /0 H{mSA(ﬁ)}di if ! e (0,)\)

Recall that without loss of generality the pricing schedule p : [0, \] — R is non-decreasing, thus

we can further simplify the set of constraints as

P < AN if £=A (2.17a)
po > A(0) if (=0 (2.17D)
pe < A() and pi+ > A() if £e(0,)). (2.17¢)

The proof proceeds by showing that for any equilibrium of the subgame that results from a
fraction £ of the firms accepting the provider’s offer, there exists an optimal pricing schedule such
that p; = A(¢) for all i« < £ and p; = oo for all i > ¢. There are three cases to consider.

First, for case (2.17a)), the problem simplifies to

A
max / pidi
{pitico,n 0

st px < AN).

In this case a fraction ¢ = X of firms accepts and as we show below it is optimal for the provider
to set p; = A(A) for all i € [0, A]. Suppose, for the sake of contradiction, that p is optimal but
u:=sup{i € [0,A] : p; < A(AN)} > 0. If u = 0, then we have p; = A(X) except for a set of measure
0, so this case is immaterial. If u > 0, the maintained assumption that p is non-decreasing implies

that

pi <A\, Vi<wu and p; = A(N), Vi > u.
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This implies that we can construct pricing schedule p’ such that
pi <p; <A, Vi<u and p;=p; ¥i>u,

that is feasible and achieves a higher objective value. Thus, it must be that p; = A(\) for all i < A.
For case , ¢ = 0 and the objective function is always equal to 0. Thus, p can be chosen such
that p; = oo for all i € [0, A].

Finally, for case , the problem simplifies to

1
max pidi
{piticon /0
s.t. pe < A(0)

Do+ > A(ﬁ).

First, we show that the provider can always set p; = oo, Vi > ¢. Note that the individual price of
each firm ¢ > ¢ does not affect the objective function of the provider. This implies that all feasible
solutions p that differ only on (¢, A] attain the same objective value, so it is without loss of generality
to focus on solutions that are such that p; = oo for all i > ¢. Next, we show that p; = A(¢),Vi < 4.
Suppose, for the sake of contradiction, that p is optimal but u := sup{i € [0,4] : p; < A({)} > 0.
If u = 0 we have p; = A({), except for a set of measure 0. If u > 0, the assumption that p is

non-decreasing implies that
pi <AW), Vi<u and p; =A), Vi > u,
which in turn implies that we can construct a pricing schedule p” such that
pi<pi <AW), Vi<u and p]=p; Vi>u,

that is feasible and achieves a higher objective value. Thus, it must be that p; = A(¢) for all ¢ < £.

Thus, there always exists an optimal pricing schedule such that p; = A(¢) for all i < ¢ and
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p; = oo for all ¢ > ¢, which implies that only a fraction ¢ of firms accepts the provider’s offer
and the latter’s optimal profit is ¢ - A(¢). Without loss of generality the provider sets A = ¢ and
pi = A(N) for all i € [0, A]. Thus, all firms accept her offer in equilibrium and the provider’s profit

is given by A - A(\). Setting p*(A) = A(\) completes the proof. O

Proof of Proposition [2.3.2

By Lemma the provider’s problem simplifies to choosing A, k, and p in order to maximize the
expected profit II := X\ - p*(\, ks, p, kz) = X - A(\, Ks, p, Kz ), subject to the constraints imposed by

the information structure. Replacing the expected surplus (2.13)) into the objective function yields

_ 2 (72 Ks Ks + Kg
H()‘vﬁmp? Hm) = A« (?) </€$> [(1 — ,BAP):‘% + /"33]2, (218)

and thus the provider’s problem can be rewritten as

max II(\ ks, p, Kz)

Pikis,A
Rs
st. —<p<l1 (2.19)
z
ks < Ky
0<A<1

Note that the partial derivative of II with respect to p, i.e.,

oIl
)\ a?
ap a2

BAks(Kz + Ks)
(1= BAp) Kz + kg3

(2.20)

is positive for 5 € (0,1/2), which implies that p* = 1. Replacing this into (2.18) and differentiating

with respect to A yields

an e (5) () i 2
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Similarly, the partial derivative with respect to ks is given by

oIl a2 (ﬁ) (1 = BN)Ez + (1 = 28Nk, (2.22)

Ok 2 (1= BA)ks + Ks)?

In addition, note that (2.21)) and (2.22)) are positive for 5 € (0,1/2), so the provider finds it optimal

to set A\* =1 and k} = k.. Replacing p*, \* and &} into (2.18) yields

T — o2 (%) (:i) o _KE):fi — (2.23)

which completes the proof. O

Proof of Proposition

Consider the provider’s expected profit and her profit-maximization problem , and let
—(1 + K2/kz) < B < 0. In this case, the partial derivative of II with respect to p given in
is negative, which implies that the provider finds it optimal to set the level of correlation to its
minimum, i.e., pz = 0 or p* = ks/k,. Replacing this into (2.18|) and differentiating with respect to

ks yields

oIl Y2\ (14 BAks/kKz) Ky + Ks
=)o? (2 2.24
OKs “ ( 2 ) (1= BAks/Kz) ke + Ks)® (2:24)
while differentiating with respect to A yields
oIl o (72 [ Ks\ (Kz + Ks)[(1+ BAKs/Kz)Kg + Ks)
—_— = = — 2.25
ax ( 2 ) <,~@> (1 — Bks/Fx) g + Fis]3 (2:25)

The assumption on S implies that (2.24) and (2.25) are positive, which results in A* = 1 and
= kK,. The proof follows by replacing the optimal values for p*, \*, and k} into expression

2.18). 0
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Proof of Proposition [2.3.4

Consider the provider’s expected profit (2.18)) and her profit-maximization problem (2.19)), and let
B < —(1+ k./kz). First, note that in this case ([2.20]) is negative, so the provider finds it optimal

to set p* = ks/kK.. Replacing this into (2.18)) and differentiating with respect to ks and A we again
obtain (2.24]) and ([2.25) respectively. Both (2.24]) and (2.25) are equal to 0 if and only if

(kz + BAKs)ky + Kzks = 0. (2.26)

Moreover, IT is unimodal in both ks and A, which implies that the set of optimal allocations (K%, A*)

is given by the solutions to ([2.26)).

*
M into ([2.18) yields
_B/’ix/’iz

o (2) 2
“ 9 ) apr2

which completes the proof. ]

Finally, replacing %, p* = k% /k, and \* =

Proof of Proposition 2.4.1

We solve the game by backward induction, i.e., first, we characterize the firms’ equilibrium actions in
the competition subgame that results from a (subset) of them obtaining the provider’s information
signal; then, we solve for their acceptance/rejection decisions; and, finally, we turn to the provider’s
problem and complete the proofs of parts (a) and (b) of the proposition.

Recall that the provider possesses a signal z = 6 + ¢, with { ~ N(0,1/k,), and offers to firm
i € [0,1] a signal s; = z 4 & with & ~ N(0, kg;). Without loss of generality we assume that the
provider does not add any correlation to the signal she sells, i.e., corr(&;, ;) = 0. The market signal

s; offered to firm i € [0, 1] can be rewritten as

si=04+mn;, n~N(0,1/Kkg),
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where s = (1/k; + 1/ke;) ! and Cov(si, sj) = 1/k,.

We have the following auxiliary lemma.

Lemma 2.9.3. The competition subgame between the firms has a unique Bayes-Nash equilibrium

in linear strategies, given by
a(Ksiy ks—i) = af(1 — wy)x; +w;s;]  for all i€ 0,1],
where

wi:(*@si)/(l_ﬁf% 1”8%‘&)
Ky + Ksi Kz Jo Rzt Rsi

and a = o/(v2 — M)

Proof. The first-order optimality condition of firm ¢ with respect to action a; implies that in equi-

librium
a; = E[BA 4 (1 — B)ab]w;, si]. (2.27)

Assume that each firm i € [0, 1] uses a linear strategy c;x; + h;s;, for some constants ¢;, h; € R.

Then, we can rewrite the equilibrium condition (2.27)) as

1
cri+ his; =E [6/ (cjxzj + hjsj)dj + (1 — B)ab|z;, sz} ) (2.28)
0

Using equations
k(1 — HSi/HZ):E- n Ksi(l + Ky /Kz) '

E S, S;| =
[ J| s 1] Ky + Ksi ' Ky + Kgi v
and
K Ksi
E 0 . .| = E . . = z 3 = ]
0|24, si] [zl2s, si] Ky + Ksi i+ K + Ksi o

which are obtained using the formula for the conditional expectation of Gaussian random vectors,
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we can rewrite (2.28) as
1 1
Ry Kgi . ’Qx(l - Hsi/ﬁz) "isi(l + ﬁx/ﬁz> > / .
ciT; + his; = x; + Si / cidj + x; + Si hjd
e o l8|:<’£a:+/isi ’ Ky + Ksi Z) 0 % ( Ky + Ksi ’ Ky + Ksi ' 0 3%

+-g)a (

x Rsi
——xi+ ——5; | .
KRy + Ksi Ky + Ksi

Note that the equilibrium coefficients (¢, , h;) for i € [0, 1], must solve the following sets of equations

x ! xl_ st/ vz ! T
ci=f—2 / o + pretl = il e) / hidj+ (1 fla—-"— Vie[0,1],  (2.29)
st JO 0

Ky + Ksi Rg T Ksjg

and

1 1
Rsi . Hsz'(l + Hm//fz) / . Ksi .
h; =0——— . _ hid 1-— —— Vie|0,1]. 2.30
B/’i;p+/<si/o cjdj + 8 Ko T four ; idj + ( /8)0‘,%_1_%@, i€10,1] (2.30)

Integrating with respect to di over [0, 1] in (2.29)) and (2.30)) yields a linear-system of two equations,

which implies that

1 1 . 1 .
/ eidi = <1 - (1 +5’%> / ”’“di) / (1 _gl= “S’di)
0 Kz 0 Kzt Ksi Kz Jo Kzt Ksi

and

1 1 . 1 .
/ hidi:a</ ““di)/(l—ﬁ“m ““di).
0 0 Kzt Ksi Kz Jo Rz + Ksi

Replacing the above expressions into (2.29) and (2.30) yields

= a— <1 — /3,%  fisi /1 i di> / <1 — ﬂ@ ' _ fsi di)
Ke + Ksi Rz 0 K¢t Ksi Kz Jo Kzt Ksi

and

. 1 )
hi:aﬁsz/o_ﬁﬁr f”vdz>
Kg + Ksi Kz Jo Kzt Ksi
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Finally, noting that ¢; + h; = a and setting h; = aw; completes the proof. O

The next step in our analysis involves studying the firms’ acceptance/rejection decisions that
precede the competition subgame. We restrict attention to subgame perfect equilibria in which all
firms accept the provider’s offers. This is without loss of generality, since the case in which there
is a firm 7 that rejects the provider’s offer is surplus-equivalent to the case in which the provider
offers a signal of precision kg = 0 at price p; = 0 to firm ¢, and firm ¢ accepts the offer.

The equilibrium acceptance/rejection decisions can be characterized as follows. Each firm ¢ €

[0, 1] accepts the provider’s offer if
A; = En(a(ksi, kis—1))] — Elm(a(0, rs—i))] > pi,

i.e., if price p; is lower than the expected surplus of firm ¢. Thus, it is optimal for the provider to
offer p; = A, for all i € [0, 1].
Using the equilibrium characterization from Lemma[2.9.3] we can compute the expected surplus

A; of firm 4, which, in turn, is equal to price p;, i.e.,

2
V2 Rsi 1 Ry ! Rsi .
n=a’(3) <H> ()/ [1—% ; +d] : (2:31)

The provider’s expected equilibrium profit is given by

1 1 1 Koo K 1 oo 2
(s, B) /opdZ a(2><m« omm+fﬁsidz ’8/-@,2 oﬁx+l-@sidz ’ (2:32)

and her problem can now be simply written as

max  II(ks, ) (2.33)

{Ksitic [0,1]

st. 0<kyg <k, Vie]|0,1].

The following lemma allows us to further simplify the optimization problem above and charac-

terize the set of optimal solutions.
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Lemma 2.9.4. The objective function of problem depends on {“si}ie[o,l} only through a

constant

1 Kok
D= / —di. (2.34)
0 Kzt Ksi

Furthermore, for any optimal solution {“:i}ie[o,l} of problem , there exist a constant solution

Ks that is feasible and achieves the same objective value of {K};}ic(o,1]-

Proof. The first statement follows directly from expression (2.32)). For the second statement, let

*

1
{H:i}ie[oﬂ be an optimal solution of problem (2.33)), with corresponding D* = /0 #*di. De-

Ky + Kg;
_ _ D*ry Ks * . . . _ .
fine constant k5 as kg := . Note that — = D, which implies that s achieves the
1- D* Ke + Kg
same objective value as {k}; }ic(o,1]- Finally, we need to verify that ks is feasible. By the feasibil-
ity of {x%;}icjo], i, 0 < w3 < s, for all 4 € [0,1], it follows that 0 < D* < /f: and thus
Ko + K

0 < ks < K,. This implies that the constant k4 is feasible and it achieves the maximum objective

value, which completes the proof. ]

Lemma allows us to solve a simplified problem, in which the provider offers a signal of
precision £ to all firms ¢ € [0, 1]. Furthermore, using the optimal value for x4 together with equation
(2.34) allows us to characterize the set of optimal solutions for the original problem (2.33). In

particular, replacing x5 for kg in problem (2.33)), the provider’s problem simplifies to

max II=a? (B) <:i> - ﬂﬂi?:szzz e (2.35)

Proof of part (a): Let > —(1+ k./ks) and consider the simplified problem (2.35)). Differen-

tiating the objective with respect to ks yields

671_[ — o2 (E) (14 Brs/K )k + K (2.36)

Ok 2/ [(1 — Bks/kz) ki + kg3

The assumption on 8 implies that (2.36]) is positive, which means that it is optimal to set K} = k.
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By Lemma W, this implies that any solution {x};}ic[0,1) to problem (2.33)) that is feasible and

such that

1 *
/ e di= "
b
0 Ko+ K% Ky + Ky

is an optimal solution. Thus, problem (2.33) has a unique optimal solution in this case, i.e.,x}; =
Kz, Vi € [0,1]. Replacing this solution into ([2.31) we obtain

* 2 E & Kz t K %
pi =a <2><ﬁ> [(1—B)re +ra2 L

Proof of part (b): Let 8 < —(1 + k,/Ky) and consider problem ([2.35). In this case, the partial
derivative given in ([2.36]) evaluated at k% = k, is negative, so the provider is better off by offering
noisy signals to the firms. Solving for the optimal s using a firm’s first-order optimality condition

yields
Rz

s = (1 + Bra/k2)

By Lemma m this implies that any solution {x};};c[0,1) to problem (2.33)) that is feasible and

< Ry.

such that

1 *
/ s g (2.37)
0

Y
Ky + Ky By

is an optimal solution. Finally, replacing (2.37)) into (2.31)) yields

o a2 <E> Rsi )
Pi 2 ) A(rig + K7, i
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Proof of Proposition [2.5.1

Throughout this proof we rescale firms’ profit so that o = vy/(v2 — 1) = 1, this is without loss of
generality and it simplifies the notation. We conjecture that equilibrium strategies are linear in x;,

s;, and S;, and then we verify our hypothesis. In particular, we conjecture that
a(mi, S, Si) = bix; + b2S; + bss;.

1
By definition A = / a(z;, 8;,S;) di, we thus have A = b16 + bo A + b3z which implies that
0

b10 + b3z
A= —
1— by

Using the above equation for A, firm’s ¢ expected profit simplifies to

blE[9’x17 Siy SZ] + ng[Z‘wz, Si, SZ] — BGP
1— b 2"

b b
= a;E[0|x;, s, Si] <fyo + 1in 11)2> + a;E[z|z;, si, Si] (1’yi 22> — %a?.

E[m;|zi, si, Si] = voaiE[0|xs, si, Si] + 10,

0
Taking the first-order condition with respect to aj, a—E[ﬂﬂxi, si,S;] = 0, and recalling that z =
a;

¢ + 6, we can express the equilibrium action of firm i as

by + b3
1— by

b3
1— by

ai=|1-p8)+8 Ef|x;, si,Si] + ( ) E[C|xi, 54, Si)- (2.38)

Before proceeding, we make a change of variable, setting s = tk, with ¢t € [0, 1].

The conditional expectations in (2.38) are given respectively by

. 2 _ 2 _ _
E[G!x,, s, SZ] . (1 bg) Ky + (1 t)bgliymi ¥k, (1 bg) [bl + (1 t)bg] Ky SZ n
D D
(1 —bs) 2k — bibsk,

D Zi,

+ir,

(2.39)
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and
1 —by)2tk, + b3 (by + b3) (1 — t)k, 1 —b9)[b3(1 — t)ky — bitk,
El(|zi, 54, 5] = —Hz( 2) Ttz + bs (by + B3 ( ) :Ui—i—fﬁu( 2) [bs( ) 1H]S¢+
D D
. 2
e, bt bs) Ryt (L= bo) " (2.40)
D

where

D = ky [biks + b3(1 — 1) (b3 (kg + K2) + 2b1k2)] + ke (1= bo)  (ths + Kg)

which are obtained using the formula for the conditional expectation of Gaussian random vectors.

Substituting (2.39)) and (2.40)) into (2.38)), and identifying by, by, b3, yields the following system of

equations, which the equilibrium coefficients must satisfy:

(1= B)b3(1 — t)ky + (1 — b2) [Bbr + (1 — B) (1 — be) + Bbs(1 — )] k.

b1 = Ky (2.41)
D
by = x by {[Bb1 + (1 — B) (1 — bg)] + Bb3(1 — t) + bg(1 — ¢) [28b1 + (1 — B) (1 — b2)]} k. + Bb3(1 — t)ky
Y D
(2.42)
by = e, (L= b2) (B (1= ) (1= ba)] s b [B (1 bo) (1 + 1) = (1= Bbur] (2.4

D

Let ail := bix; + b2.5; + bzs; denote the equilibrium action of firm ¢ and let a? := byx; + b2S; denote
the action that firm 7 takes if she deviates from the equilibrium path and does not observe s;, her
information set is thus (z;,S;) and the coefficients l;l, l~)2 can be characterized following the same

procedure used for by, bo, b3. We have

o= ok (1= B)b3ky + (1 —b2) [Bbr + (1 — B) (1 — ba) + Sbs] k.
' ’ Ko (D36 + (1 — b2) 2k2] + (b1 + b3) 2K,k

- . Bb3ka + (b1 + b3) [B01 + (1 — B) (1 — ba) + Bb3] k.

v K [b%li,/ + (1 —b9) 2I€Z] + (b1 + b3) 2Kpks

, (2.44)

, (2.45)

note that this coefficients must depend on by, bo, b, since they are derived under the assumption

that firms ¢ deviates, while all other firms are playing their equilibrium strategy. Using azl and a?
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we can characterize the expected profits of a firm that observes (z;, s;,.5;) as

Bl A) =2 |5+ 0 -1/2) (£ ) B - o - - (S20) 4]

2K¢ K

and the expected profit of a firm that does not observe s; as

Elmi(ad, A)] = 7 | — + (8 — bo/2) 52(1>(b§_b%_b%]'

2Kg Ky

The equilibrium surplus of a firm is now A := E[m;(a}, A)] — E[m;(a?, A)], in Lemma we
proved that in the simultaneous acceptance/rejection game the monopolist offers to each firm a

price p; = A, and all firms accept the offer. Thus, the expected equilibrium profit of the monopolist

1
isH:/ p; di = A, ie.
0

. . 1 b2 b2 — 02 b2 — b2 1—t\ b2
o )= { [O e bg)/ﬂ (H) (b +353)2 - 1251, - 22@ " ( th, ) 23}

(2.46)

Proof of part (a): Recall the change of variable ks = tx, the provider needs to chose ¢ € [0, 1].
Clearly it is never optimal to set ¢ < 0, with this observation the provider problem simplifies to:

maximize II(¢, k,, §) subject to t < 1. Define
IT*(ky) = max I(t, ky, B) st t<1,

we are interested in characterizing how the maximum profit changes when we introduce some
leakage, i.e.,we want to sign

oIT*

Ok, (v)

Ky =0
We will use the envelope theorem for constrained optimization problems. In particular, the La-

grangean associated to the provider’s problem is

L(t, p, ky, B) = 1I(t, Ky, B) + p(1 — 1),
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by the envelope theorem we have that

oIT* oL ., . ot
87(’%1/) = O (t y 7/431175) = O (t 7’%1/76) > (247)
v v =t (k) =p* (k) v t*=t* (k)
where the second equality holds because the constraint itself does not depend on «,,.
First, differentiating (2.46]) with respect to k, yields
o1l
ﬁ(t Ky, B) :’72<K0+K1 +K2+K3+K4+K5+K6>7 (2.48)
where
bl 55,
O (b1 + b3)2k.
2(1—by)B — (1 —b3)
K = b3bh
' (br + 632k 0
2(1—by)B— (1-83) 5
Ky = b5 (byY + by
2 (b + b3 )Pr 5(07" + b5")
Ky —— blb"f” — blb"f"
K
Ky —— b2bgl’ — bgbg"
Ry
1-t
K =— b3bh”
5 th, 3V3
p2 — 62
Ko — 2 2
6 2:%12, ;
and where
. 0 ) i 0 -
by = a—ﬁybj(t, kv), Jj=1,2,3 and byt = a—ﬁybk(t,ﬁy), k=1,2. (2.49)

Next, we need to evaluate (2.48)) at x, = 0, to do so we first compute and evaluate all the coefficients

at k, = 0 and then we replace them in ([2.48]).
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Evaluating equations ([2.41))-(2.45)) at x, = 0 yields

(1= Bt)ke
otk + (1 — Btk

bi(t,0)=1,  by(t,0) =0.

237
bQ(t7O) = 07 b3(t7 0) = 4

bl(t,O) N tk, + (1 - /Bt)"%:7

Differentiating (2.41))-(2.45)) with respect to k,, and then evaluating at x, = 0 yields

Ky [(1 — Bt) ke + (1 — t)mz] 2

by (t,0) = — [(1— Bt)ky + ths]4 )

Ky _ (1- ﬁt)zﬁx + (1 = t)ts,

b2 (t70) - [(1 . ﬂt)f{/x +tl€z] 2 b

b (£.0) = tk, [Hz + (1 — Qﬂ)tlix + tlﬁz] [(1 — t)t/iz + (1 _ ,Bt)zlix]
57(t,0) = — (1= Bt)rg + trs * :
7Ky . t2/£g + (1 —_ ﬂt)Ql‘ii + t(2 o 5t)/{;x/§;z
[y [ 7 LA

i (1,0) = e (L= YRS + H2 — St)rons

fz [(1 = Bt)ke + th]?

Replacing the above sets of coefficients into Equation (2.48|) and simplifying, yields the following
expression

oIl cstORD + cattriig + 3t R3K2 + cot? K2R3 + crtkLK

o, (b ) P 262 [tr. + (1 — Bt)rg]®

(2.50)
where

cs=—1, cg=38t—5 c3=—[(56%—1)t— 148 +2Jt -9,
co=—T+t{-4+ 198 +t[1+ (4 + )3 — (15 + 4t)3* + 55},

c1 = 2(Bt —1)%((28 — 1)t — 1).

*
Now we can proceed to the last step to sign a—(n,,) , there are two relevant cases.
Ky k=0



CHAPTER 2. INFORMATION SALE AND COMPETITION o7

Case 1: 8 € (—00,0). Recall that ¢ € [0,1], and consider Equation (2.50). It is easy to see
that denominator is always positive, we next show that the numerator is always negative. Note
that coefficients cs, ¢4 and ¢; are always negative. Moreover, we have that (582 — 1)t — 148 +2 >
—145 4+ 1 > 0, which implies that c3 is negative for all 5 < 0 and ¢ € [0,1]. Finally, noting that

1+ (4+1)8 — (15 + 4t)3% + 5tB3 < 1 it is easy to verify that ¢y is negative. This establishes that
o1l

8—(7&, ) <0 for all 8 <0 andtel0,1]. In particular,
kv k=0
oIl
) (t*>KV>/8) <0 V3 < 0.
Ky t*=t* (kv ),k =0

Case 2: 5 € [0,1/2). Recall that when k, = 0 we have t* = 1 for all § in this interval. We
next substitute t* = 1 in Equation (2.50) and show that it is negative. Note that the denominator

simplifies to 22 [k, + (1 — B)kz] ® < 0, and the numerator simplifies to
—#, [K2 4 (5 — 3B)kgkd + (10 — 148 + 58%)k2k2 + (1 — B)(10 — 148 + 58%)kik. + 4(1 — B)*k3] .

Noting that 10 — 145 + 53 is positive, since it is a convex quadratic with negative determinant, it

is easy to see that the numerator is always negative. This establishes that

oIl
0Ky

(t*, kv, B) <0 VB €0,1/2).

t*=t* (kv ),k=0

Combining the results of Case 1 and Case 2, we can now apply the envelope theorem, and use

Equation (2.47)) to conclude that

which completes the proof of part (a).
Proof of part (b): Let 5 = —(1+ k. /kz). When x, = 0, we know from Proposition that 3

is exactly the level of 8 where the provider’s constraint ks < k., becomes non-binding, i.e.,k} = K,
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is the unconstrained optimum at g = B . Adapting to the change of variable, we have

~

arg max I1(t,0,8) =1,

and

9 .
5 11(8.0.5) o 0. (2.51)

We want to show that 3 K such that V x, < K, 3 T such that V ¢ € [1 — T, 1) the following holds
II(t, Ky, B) > 1I(1, K, 6)7

which means that when there is some leakage it is optimal for the seller to distort her signal at
8= B , and then we will use the continuity of II to establish the final result.

In order to prove the above, let us define

0
g</€ll7ﬁ) = an(t?ﬁl/76) 17
t=

and show that 99 (0, B) < 0. For a generic 5, we have
Ry
Jg
~2(0.8) = 12(Go+ Gi+Ga+ Gy + Gu+ G + G+ Gr + Gs + Gy ), (252)
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99

where
_EZESV _ngu t 5
= 3
ko (by + b3)? R
bobh — BB
G 272(()2 —I—Bb §Q2b3” 3
Rz 01 7 03 =1,k =0
TKy 7 7tk 7 7tky
K (bl + bg) t=1.h=0
Gy 0505 (Bl — ),
ki (b1 + b3)® 1
28(1—b b2 —1
Gy= AU~ ba) + 2 ) (bgvbg + bf,;””bg)
iz (b1 +bs) t=1,k,=0
25(1_52)+(E%_1) t,K t,K 2 t
Gy = — by™ + b3 ) b3 + 2 (b’f” + bg”) bsbs3
ko (by + b3)? [( ) ] t=1,k,=0
Gy = U= by b+ biby™ — biby™
Rz
t=1,k,=0
Ky Ik T t, Ky 7 7tky
Gr = b; bg — b5 bg + baby ™" — babs
Ky t=1,k,=0
bobly, — bybl,
Ge=""g
v t=1,k,=0
b b
Go _73 9 ,
Rz t=1,k,=0
and where
0 0?
t:— t.’HV':i- ':
b; 8th (t, ky), b 8/{V8tb](t, Ky)s for 7=1,2,3,
N o -~ _ 2
b’;g = abk(t, K?l,), bk = mbk(t, K/l,), for k= 1,2 y

and the remaining coefficient were defined in (2.49). The first step in the computation of the

second-derivative above is to evaluate all the coefficients at ¢ = 1 and k, = 0, which is done as
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follows.

Evaluating (2.41))-(2.45) at (t = 1,k, = 0), and solving the resulting system yields

(1 - ﬁ)ﬁx
Ky + (1 — Bk’

Ky ~ ~

bl(l,o) - bQ(].,O) - 0, 63(1,0) == m, bl(].,o) - 0, bQ(].,O) == 0

Differentiating (2.41)-(2.45)) with respect to k,, evaluating at (t = 1,x, = 0), and solving the

resulting system yields

00 = [ gt e

b5v(1,0) = a (_16_)221]2’

b (1,0) = — (1— 5)[2(1[2515_),5)T;]ZZ] s
e =
v (1,0) = (L= B)Re + (2= Brotis + 7

Rg [(1 - ,8)’{'1 + Kz] 2

Differentiating (2.41)-(2.45) with respect to ¢, evaluating at (¢t = 1,k, = 0), and solving the
resulting system yields
Kz
(1= B)ke + k2] %

bi(1,0) =0,  b4(1,0)=0.

Rekz

(1= PB)kz + k2] 2

Finally, differentiating (2.41])-(2.45)) with respect to both ¢t and k,, evaluating at (t = 1, k, = 0),
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and solving the resulting system yields

2(1 = B)2[3(1 — B)kz + k2] 5

bo™ (1,0) = [T PSRE K2k,

00 - HL

b (1,0) = —3(1 - B)3k3 + 5[((11 :?);:; 12555(1 — B)kgk? 4 K2 )
B 0:0) =~

B (1,0) = 2Bkakz

[(1 = B)ke + k2] ?
We now substitute the coefficients in the Equation (2.52)), and simplify it, to get

dg
Ok,

ko [(1=B8)2 (B2 + B +2) k3 +5(1 — B)* K2k + (487 — 98 + 4)ker? + (1 — 25)K3]
(1= B)ka + k2] O '

(07 /8) =2

It is easy to verify that the above equation is strictly negative for all 5 € (—o0,1/2), and in
particular it is strictly negative at 3 = —(1+ k. /k,). Moreover, noting that ¢(0, ) = 0 holds, since
it is a restatement of (2.51)), we can conclude that 3K such that Yk, < K we have g(k,,3) < 0.

This in turn implies that 3 T such that V ¢ € [ — T, 1) we have
H(t7 Ry, B) > H(L Ry, B)

Thus, at 8 = 3 it is optimal for the seller to set t* < 1, ie ki < K.
To complete the proof, note that by continuity of II(¢, x,, ) with respect to 3, there exists

e (0, ) such that TI(¢, HU,B) - H(l,nU,B) > 0 for all B € [B,B), and thus k} < k, for all

~

€[8.8).
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Proof of Proposition [2.6.1

Following the same steps as in the proof of Proposition we can derive the equilibrium quantity
decisions of each firm ¢ in the competition subgame. These, in turn, allow us to compute the

equilibrium surplus of a firm ¢ that observes a signal of precision xg; as

A = Eln(alos he-)] ~ Elrlal0. )] = 5 (2% ) [t = D)

Ky + Ksi
2 9 1 . .
where K = "/ 5 and D :/ L/czdi
1 Ldl) 0 Kzt Ksi
2

(1 -Nn fo
Moreover, firm i € [0, 1] accepts the provider’s offer {p;, ks;} if and only if A; > p;. Thus, it is

optimal for the provider to offer p; = A; for all i € [0, 1] and leave no surplus to the firms.

The provider’s equilibrium profit is then given by

1 D 1
II(ks, D —/ i — VK )di = K —v/ Kgidt,
( ) 0 (p ) '%ac(l _'Ylfox/’iz)Q 0

and her problem can be written as

max II(ks, D)

{ksitic [0,1]

ot D:/lf”vsz‘/@di
0 Kzt Ksi

0<ks <k, Viel01].

Differentiating the objective with respect to kg yields

dil oIl 0D oIl 1+ v1Dky /Ky

—_ —_ . + — . — /U,
drke; 0D Okrg  OKg Ci(Kg + Ksi)?(1 — 1 Dkg /K2 )3

(2.53)

for all ¢ € [0, 1].

Proof of Part (a): Let 7 = K/(cmink2). Suppose that v > ¥ and consider the profile of precisions
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{ksi = O}ie[o,l], with corresponding D = 0. Evaluating (2.53)) at the profile above yields

dIl K
= —v
dksi  CiK2 ’

<0

for all i € [0,1]. Our assumption on v then implies that, at {xs; = O};c[o,1), we have

KRsi

for all i € [0, 1], thus the provider can only increase her profit by decreasing ks; for some i. Then

the non-negativity constraint on kg imply that the optimal solution is to set x%;, = 0 for all ¢ € [0, 1].

Ky + (1 + 7 fol C%dz) Ka
Crmax {HZ + <1 -m fol C—lzdz) nw]
the profile of precisions {ks; = k. }ic[,1), With corresponding D =

(2.53)) at the profile above yields

Proof of Part (b): Let v = K 3. Suppose that v < v and consider

1
K 1
£ —di. Evaluating
Ke + Kz Jo Ci

dll Ky + (1 +m fol édz> Ry
=K — v,

: 3
diisi ¢ [ﬁz + (1 -m fol C%dz) /{m}

> 0 for

for all i € [0,1]. Our assumption on v then implies that, at {rs = k. }icp,1), we have
Rsi

all i € [0, 1], thus the provider can only increase her profit by increasing kg; for some i. Then, the

constraint kg < k. Vi € [0, 1], imply that the optimal solution is to set x}; = x for all i € [0, 1].

Proof of Part (c): Consider now the remaining case in which v takes an intermediate value.
1 *

K ei

e

Substituting the optimal
Kg + Kg;

Let £¥; be the optimal solution, with corresponding D* = /
0

solution into equation (2.53|) yields

dIl 1+ v DKy ks

=K -0, 2.54
dkg; Ci(ke + £5)2(1 — 1 D*ky/K2)3 ( )

for all ¢ € [0, 1].
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K(l + ’YlD*"ia://iz)

Let ¢* =
v K/:Qs(l - 71D*HI/HZ)

5 If ¢; > ¢* we have

dIl 2
< < e 5 1> v,
dks; (K2 + K%;)

which implies that dII/dks < 0 for all £¥; > 0, thus it is optimal to set x; = 0.
2
HI

(ke + "52)2

If ¢; < c¢* we have

dll
d"q‘si

( Ky + Kz )2 ]
» —1|w,
Ky + K,
which implies that dIl/dks > 0 for all £%; € [0, k.], thus it is optimal to set x¥; = . in this case.

Finally, for intermediate values of ¢; the optimal £7; must be a solution to dIl/dkg = 0, thus

K(14+v1D*ky/kz) [
*. = — = ; ].) .
si \/Civ(l - 'YID*KJI/HZ)3 e = e < ‘ /Cl

Proof of Proposition [2.6.2

Consider the optimal thresholds ¥ and v characterized in the Proof of Proposition [2.6.1] adapting

to the two-type environment we have

v_<1+5)f§ . v_<1_5>K@+<1+vl/c)ﬁx3,
)% c e+ (L= m/0) ]

3/2
(1=m/c)
affected by a marginal increase in dispersion. For intermediate values of v there are four relevant

where K = . It is easy to see that when v > ¥ or v < v the optimal precisions are not

cases. Before proving the result for each of the cases, recall from Proposition that the optimal
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selling strategy has the following structure

e 1 1
Koy = Kz if (Hzg:*zy < i ) k=12, (2.55)

Ky (\/c*/ck - 1) otherwise

where
o K(1+~ymD*ky/kz)
v ’{%(1 - 'YlD*’ix/KJz)S’

which is always positive when v € (v,7), and

1/1 * 1/1 *
D*=<+5)”51*+<—6>“82*. (2.56)
2 \c ke + Ky 2 \c Kg + Ko
oc* oc* (0D* 90D* dc*
Moreover, differentiating ¢* with respect to ¢ yields 805 =3 lC)* ( 95 + 9o ;5>, which implies
that
oc* oc* 0D* oc* 0D*
= 1-— 2.57
a6  0D* 9o ( 0D* Oc* > ( )
oc* 271 K (2 D*
Note that ——— = 11 (2+ D"k k) is always negative since 7, < 0 and 2+, D*k, /K, > 0.

OD* v kyko (1 — v D*ky /K, )%
We now proceed with the proof of the four relevant cases.

Case (i): (1/c+ ), (1/c—6) € [1 iz + 1)

—, . The optimal precision takes intermediate values
c* K2c*

for both firm types, replacing the optimal precisions from (2.55)) into (2.56|) yields

1 1 1 /1 1 /1
D" =~ — S\ - +o+oy/-—0).
c J?*(Q c+ Jr2 c )

* ac*

> 0 by concavity of the square root, therefore we can verify from (2.57)) that 9%

< 0.

oD
Note that
ote that —
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Differentiating the optimal precision of type 2 firms with respect to § yields

Okgp 0 )
85 = % [:‘ix C <C 6) K/I]

s ()
=2 |-+ P
2,/e* (L =) 9 \e

*

c
00

which is always negative since < 0. For type 1 firms we have

0K}y Kz

sl )
00 9 c*(%+5) 06 \c

e e+ (Vero v o)

7% %—5[46*3/2_685* <\/%—|—5+\/%—5)} ;

which is positive if and only if

1 1 et 1 ,
B - - 2/ = *3/2
(5 Voo 5>8D*+ (o a0,

which is always positive if § < 1/(cv/2).
1 x z 2
Case (ii): (1)c+0) e [ (e + 2)7

K2t
values and k¥, = 0, replacing the optimal precisions into (2.56|) yields

1
] and (1/c—0) < pt In this case, k%, takes intermediate

1
prol Vet
c Ver
oD* . c*
Note that 55 < 0, which implies that 9 > (0 and therefore
s )
24/c* (% +0) ¢
For type 2 firms we have 552 = 0, which follows from k7, = 0 and continuity of the optimal

threshold with respect to 4.
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1 (kg + k2)?

Py 2 %
c Kic

(ke + ﬁz)2

2 ok
Kic

Case (iit): (1/c—90) € [ } and (1/c+6) > . In this case, k¥, takes inter-

mediate values and k7, = K, replacing the optimal precisions into ([2.56|) yields

* a >k

Note that < 0, which implies that 605 > 0 and therefore

8(’;;2 _ fa [—c* + %(; (1 - 6)] <0,

w (1 c
2y/e (2 —9)

0K,

For type 1 firms we have 95 0.
(Kz + ’iZ)z

1
Case (v): (1/c—0) < — and (1/c+6) >
c
Oky Ok
a5 96
Combining the above cases, we have that § < 1 / (cv/2) implies

ey In this case, K3y = 0 and K}, = k., and
x

=0.

* *
0K} 0Ky

> (0 and

<0, thus

proving the result.

Proof of Proposition [2.7.1

We begin by stating a lemma which is the discrete analogue of Proposition [2.3.1| presented in Section

The proof of the lemma follows similar arguments and is therefore omitted.

Lemma 2.9.5. The competition subgame between the firms has a unique Bayes-Nash equilibrium

in linear strategies. Furthermore, the equilibrium quantities of the firms are given by

an[(1 = wipn)Ts +wippsi)  if i€ K
qi = )
onT; if ie N\ K
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where

Ks

(1 - ﬂn%p> Kg + Ks

Wkn = )

and an =0/ (72 — 7).

Using the above lemma we can characterize the expected equilibrium profits of an uninformed

and of an informed firm, respectively as

1 27 M 2 2Bnpks (1 - Bnp)Q/{x + ks
Blelo) =l (3 -7) [9 0 Bup)ra Al [0 Bup)ria + a2

and

1
E [°]6] = Q(E—ﬂ) e —
[7°10) = o, 2 n K|’
where we used the assumption that & = n. The provider extracts all surplus generated by the

information she sells. Thus, we can use the law of total expectation to characterize the provider’s

expected profit as

M poie) = (8] < B [2°]) = (3 = 1) (22) et e

Thus, the provider’s optimization problem is

max (ks p, kg)
PKs

st 2 <p<
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Differentiating the objective with respect to p yields

a1l 2 (2-1) - Bufis(Ka + Fis) (2.58)

a ~ )
8/0 "\ 2 n 1- Bnp)"ia: + 55]3

which is always negative since 3, < 0. Thus, it is optimal for the provider to set p* = ks/k,.

Replacing p* into the objective and then differentiating with respect to x5 yields

2 n

o _ " o2 (72 71) (14 Bpks/kz)kz + Ks
Ok " [(1 = Budks/kz) ke + Ks]3

When 5, > —(1 + k. /kz), the above expression is always positive and it is optimal to set k¥ = k..

Otherwise, the optimal precision is given by the solution to
(1 + Bnﬁs/ﬁz)’iz +rs =0,

which implies that k% = —k,/(8, + k2/Kz). Substituting the optimal strategy into the objective,

we can easily characterize the optimal profits as

2 B_ﬂ) Fz Rz 1 Ka if 8, > —(1
n an ( 2 n </€$) [(1 _ Bn)/‘fzx + 52]2 1 571 - ( + F':Z/I{.'E)
T = ,
2 (72 ’Yl) Kz .
n - - = otherwise
[ "\2 n/ —4B,k2
thus completing the proof. O

2.10 Measure Theoretic Framework

In Appendix we provide formal conditions for an “exact law of large numbers” to hold in our
context. Our discussion largely builds on the results in |Sun [2006] and |Sun and Zhang| [2009]. We
show that, within the appropriate measure theoretic framework, our environment with a continuum
of firms retains the most important measure theoretic properties of an environment with a finite

number of firms. The main results are a Fubini property, which allows us to exchange the order of
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integration, and a strong law of large numbers for pairwise independent random variables, which
allows us to work with aggregate uncertainty. In what follows we will first introduce formally our
measure theoretic framework, which entails a definition of an extension of the Lebesgue unit interval
as our set of firms, and then state formally the properties mentioned above.

Consider a measure space ([0, 1], £, m) of firms, where L is the o-algebra of Lebesgue measurable
sets and m is the Lebesgue measure, and a probability space capturing the uncertainty in the
model (2, F, P), where € is the sample space, F is the o-algebra of events, and P is a probability
measure. As per the discussion in [Sun| [2006], our objective is to define an extension ([0,1],Z, M)
of the measure space ([0, 1], £, m) such that £ C 7 and the restriction of M on L coincides with m.

To this end, consider the Cartesian product [0, 1] x €2, and endow it with the product o-algebra

Z ® F :=o(R), which is the o-algebra generated by the class of measurable rectangles

R:={IxF|IeZandF €F}.

In addition, define the product measure M ® P with the property that

M@P(IxF)=M(I)-P(F),VIeT, FeF.

Since M and P are probability measures, and thus o-finite, the desired property is straightforward
from the product measure theorem (see Billingsley [2008]). After having defined the product space
([0,1] x 2, Z ® F, M ® P), the next step is to define a Fubini extension. Before proceeding with
the formal definition, we introduce some additional notation. In particular, for a process f :
[0,1] x Q@ — R we let f; denote the random variable f(i,:) : @ — R and f, denote the random
variable f(-,w): [0,1] — R.

Next, we define an extension ([0,1] x Q,ZX F, M K P) of the product space described above,
such that Z@ F C ZTIKF and the restriction of M X P on Z® F coincides with M ® P. The extension
([0,1] x 2, ZXK F, M X P) satisfies the following Fubini-type property: for any M X P-integrable

process f on ([0,1] x Q,Z K F), we have that f; is P — integrable and f,, is M — integrable. In
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addition,

/ fi dP is M — integrable, and fw dM is P —integrable.
Q [0,1]

Finally,

/[o,um f i w) MR P, w) = /[0 ) < /Q fi(w) dP(w)) dM (i) = /Q ( oy Fe0) dM(i)) dP(w).

Throughout the paper, and with special reference to the derivations presented in Appendix
we assume that all relevant quantities lie in the Fubini extension of the product probability space
constructed above. For additional details we refer the interested reader to |Sun|[2006] that provides
a detailed treatment of the construction and establishes that there are Fubini extensions in which
one can construct processes with pairwise independent random variables taking any distribution
and Sun and Zhang|[2009] that show that this result holds for the case in which the index space is an
extension of the Lebesgue unit interval. Moreover, we require any process f on ([0, 1] x Q,ZX F) to
be measurable, which is consistent with the information structure specified throughout the paper.
This assumption, coupled with the fact that M X P is a probability measure, implies that f is
M X P-integrable. Thus, the Fubini-type property above holds for any random variable in the
paper. Showing existence of conditional expectations is immediate.

The other important relation that we use in the paper is a law of large numbers for stochastic
processes depending on a continuous parameter. Sun [2006] proves such a law, which he calls an
exact law of large numbers, in the framework of a Fubini extension. In the following lemma, we

adapt and present a key auxiliary result stemming from his work.

Lemma 2.10.1. Consider a process f : [0,1] x @ — R and assume it is square integrable with
respect to M X P. If the random variables {fi}ic0,1) are uncorrelated, then for any set I € T such
that M(I) > 0, we have

/f(i,w) dM (i) = fli,w) d(M X P)(i,w) for P — almost all w € Q.
I IxQ
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This lemma essentially states that the sample average of a random variable over any set of firms

I with positive measure is exactly equal to its expectation. We use this result in the derivations

of Appendix and, specifically to claim that / €(i,w) dM(i) = €(i,w) dM (i) = 0. We
[0,1] [0,1]

should clarify that we slightly abuse notation throughout the paper to simplify the exposition of

1
our analysis and results. In particular, we write / fi di instead of fi dM (7).
0 [0,1]



Chapter 3

Monopoly Pricing in the Presence of

Social Learning

3.1 Introduction

Launching a new product involves uncertainty. Specifically, consumers may not initially know the
true quality of the new product, but learn about it through some form of a social learning process,
adjusting their estimates of its quality along the way, and making possible purchase decisions
accordingly. The dynamics of this social learning process affect the market potential and realized
sales trajectory over time. The seller’s pricing policy can tactically accelerate or decelerate learning,
which, in turn, affects sales at different points in time and the product’s lifetime profitability. This
paper studies a monopolist’s pricing decision in a market where quality estimates are evolving
according to such a learning process.

Consumers arrive at the market according to a Poisson process and face the decision of either
purchasing a product with unknown quality, or choosing an outside option. They differ in their
base valuation for the observable attributes of the product, which, together with the product
quality, determines their willingness-to-pay. These base valuation parameters are assumed to be
independently and identically drawn from a known distribution. If consumers knew the true product

quality, then the distribution of the base valuations would map directly into a willingness-to-pay
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(WtP) distribution and, in turn, into a demand function that the monopolist could use as a basis
of her pricing decision.

In our model the quality is unknown, and consumers’ prevailing estimate of the unknown quality
evolves according to a social learning mechanism. Consumers who purchase the product experience
its true quality plus some small quality disturbance, which is independent and identically distributed
across purchasers. Purchasers report whether they “liked” or “disliked” the product, i.e., if their ex-
post utility was positive or negative, respectively. Consumers do not report their base valuations,
S0 a positive review may result from a high quality or high idiosyncratic quality preference. An
arriving consumer observes the history of purchase decisions and reviews made prior to his arrival,
combines this information with his prior quality estimate, infers the associated product quality,
and makes his own purchase decision. The sequence of purchase decisions affects the evolution
of the observable information set, and, as such, the dynamics of the market response over time.
Optimizing the monopolist’s pricing policy requires detailed understanding of the learning dynamics
and not just its asymptotic properties.

It is typical to assume that fully rational agents (consumers) update their beliefs for the unknown
quality of the product through a Bayesian analysis that takes into account the sequence of decisions
and reviews, and accounts for the fact that each such decision was based on different information
available at that time. This sequential update procedure introduces a formidable analytical and
computational onus on each agent that may be hard to justify as a model of actual choice behavior.
Instead, we postulate a non-Bayesian and fairly intuitive learning mechanism, where consumers
assume that all prior decisions were based on the same information, and under this bounded
rationality assumption, consumers pick the maximum likelihood estimate (MLE) of the quality
level that would best explain the observed sequence of positive and negative reviews (non-purchase
decisions are not observable). New reviews change the available information and the resulting MLE
over time, and, of course, the rate at which consumers choose to purchase and later on submit new
reviews about their experiences.

As a motivating example consider the launch of a new hotel. It is typically hard to evaluate

the quality of such premises without first hand experience or word-of-mouth, which explains the
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importance that online review sites such as Tripadvisor have had on the hospitality industryH
Assume the hotel is sufficiently differentiated from its competitors to be considered a monopoly in
some category; e.g., it may be the only hotel with a private beach in the area. Suppose it offers
better services than what consumers think at first. Initially some consumers’ idiosyncratic tastes
would convince them to choose this hotel; perhaps they have strong preferences for having a private
beach. These consumers would recommend the hotel by posting a review, which, in turn, increases
future demand, as potential consumers learn that the hotel is better than previously thoughtﬂ The
price charged by the hotel affects this learning process by controlling the number of guests who
review the hotel and their degree of satisfaction. By accounting for the learning process the hotelier
may be able to avoid a sluggish start and realize the establishment’s full potential demand faster.

Regarding the learning mechanism, the information reported by consumers is subject to a self-
selection bias, since only consumers with a high enough base valuations purchase the product. The
intuitive MLE procedure takes into account this crucial point, and, as we show in Section [3.3.2
the resulting quality estimate converges to the true product quality almost surely.

Detailed understanding of the learning trajectory is essential in optimizing the tradeoff between
learning and the monopolist’s discounted revenue objective. Second, Section derives a mean-
field (fluid model) asymptotic approximation for the learning dynamics motivated by settings where
the rate of arrival of new consumers to the system grows large. Proposition shows that the
asymptotic learning trajectory is characterized by a system of differential equations. Restricting
attention to uniformly distributed base valuations across consumers and focusing on the case where
the markets prior quality estimate is below the true quality, Section derives the closed form
transient of the fraction of likes and dislikes over time, as well as that of the associated quality
estimate. The transient dynamics imply that the instantaneous demand function evolves over
time according to an ODE, which itself depends on the seller’s price, i.e., it emerges endogenously

through the interplay between consumer behavior and the seller’s decisions. The solution of the

! According to TripAdvisor 90% of hotel managers think that review websites are very important to their business
and 81% monitor their reviews at least weekly.

*Many empirical papers found that positive consumer reviews increase sales. For example, [Lucal [2011] finds that
a one star increase in the average consumer review on a popular review site (on a five star scale) translates to a 5-9%
increase in sales for restaurants in Seattle, WA.
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mean-field model gives a crisp characterization of the dependence of the learning trajectory on
the price, and specifically show that the time-to-learn decreases if the monopolist lowers her price.
This result naturally exploits the suitability of mean field approximations to characterize transient
behavior of discrete and stochastic systems. The paper illustrates that method in the context of
the specific consumer learning model described above, however, the approach is fairly general and
can be used to describe the transient learning dynamics under a broader set of micro consumer
behavioral models, see [Ifrach| [2012, Sections 2.2 and 3.2].

Third, we study the seller’s pricing problem under the assumption that the seller knows the
true product quality, but that the consumers do not use the seller’s price as a signal of quality.
Section [3.4] studies the monopolist’s problem of choosing the static price that optimizes her infinite
horizon discounted revenues. Proposition characterizes the optimal solution, which exists and
is unique, and lies in the interval of two natural price points: (a) the optimal price assuming that
consumers do not learn and always make purchase decisions based on their prior quality estimate;
and (b) the optimal price in a setting where consumers knew the true quality all along. The
learning transient and its speed in relation to the seller’s discount factor determines the optimal
price. Intuitively, if the learning transient is slow relative to the discounting of revenues, then she
prices almost as if all consumers made purchasing decisions based on their prior on the quality;
and, if learning is fast, then the seller’s price will approach the one that the monopolist would set
if all consumers knew the true product quality.

Lastly, Section [3.5.1] studies a model where the seller has some degree of dynamic pricing
capability, namely she can change her price once, at a time of her choosing. In this case the
monopolist may sacrifice short term revenues in order to influence the social learning process in the
desired direction and capitalize on that after changing the price. Proposition [3.5.1]shows that when
consumers initially underestimate the true quality, the first period price is lower than the second
period one. This policy accelerates learning and increases revenues considerably. The numerical
experiments of Section suggest that a pricing policy with two prices performs very well, and
that the benefit of implementing more elaborate pricing policies may be small.

We conclude this section with a brief literature review. The social learning literature is fairly
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broad. Much of this work can be classified into two groups depending on the learning mechanism,
which is either Bayesian or non-Bayesian. Banerjee| [1992] and [Bikhchandani et al.| [1992] are
standard references in economics on observational learning where each agent observes a signal and
the decisions of the agents who made a decision before him, but not their consequent satisfaction
(in fact preferences are homogeneous). Agents are rational and update their beliefs in a Bayesian
way. They show that at some point all agents will ignore their own signals and base their decisions
only on the observed behavior of the previous agents, which will prevent further learning and may
lead to herding on the bad decision.

For social learning to be successful, an agent must be able to reverse the herd behavior of
his predecessors. Smith and Sgrensen| [2000] show that this is the case if agents’ signals have
unbounded strength. (Goeree et al.|[2006] show that this is achieved with enough heterogeneity in
consumers’ preferences. Our Assumption which is key in proving learning, is similar in nature
to that of |Goeree et al. [2006]E] Social learning has been studied in great generality by |Arieli and
Mueller-Frank! [2014].

Several papers have considered variations of the observational learning model with imperfect
information. [Acemoglu et al.| [2011] and Acemoglu et al.| [2014] greatly contribute to the under-
standing of the interplay between social learning and the structure of the social network. |[Acemoglu
et al.|[2011] identify conditions on the network under which social learning is successful and, alter-
natively, herding may prevail. Acemoglu et al. [2014] consider agents who can delay their decision
in order to obtain information from others by utilizing their social network. |[Jadbabaie et al.| [2012]
consider a model where consumers communicate over a social network and update their information
in a non-Bayesian way. They provide conditions for learning to occur in this setting. Herrera and
Horner [2013] consider a case where agents can observe only one of two decisions of their predeces-
sors, which in the language of our model means that the number of no purchase decisions is not
observed. Instead, consumers know the time of their arrival, which is associated with the number

of predecessors who chose the unobservable option. They show that this relaxation does not change

3See the surveys by [Bikhchandani et al.| [1998|, and, more recently, by |Acemoglu and Ozdaglar| [2011] for many
extensions to this model.
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the asymptotic learning result of Smith and Sgrensen| [2000].

There is a growing literature in economics that studies non-Bayesian learning mechanisms that
employ simpler and perhaps more plausible learning protocols. [Ellison and Fudenberg| [1993, [1995]
consider settings in which consumers exchange information about their experienced utility and use
simple decision rules to choose between actions. The nature of word-of-mouth in our paper is
similar, although we consider reviews and not utilities directly.

A few papers in the operations management literature have considered social learning. In|Debo
and Veeraraghavan| [2009] consumers observe private signals about the unknown value of the service
and decide whether or not to join a queue, where congestion conveys information about the value of
the service. |Debo et al|[2012] study a server who chooses her service rate to signal quality, again in
a queueing context. Related applications in inventory systems and retailing explore how stock outs
or observed inventory positions may also signal product quality. The mean field approach of this
paper may be applicable in studying transient learning phenomena in these operational settings.

Some recent papers have considered models of social learning in the presence of consumer
reviews. [Ifrach et al.|[2015] study a Bayesian model where both the quality of the product and the
reviews can assume only two possible values and they provide conditions for learning. [Besbes and
Scarsini [2015] deal with a model where customers only observe the sample mean of past reviews,
and show under which conditions customers can recover the true quality of the product based on
the feedback they observe. They use stochastic approximation techniques to obtain their results. In
our model the decision rule is not fully rational, yet consumers do account for the self-selection bias
in their predecessors review, unlike other models that studied consumer reviews (e.g., Li and Hitt
[2008]). Lafky| [2014] experimentally deals with the fundamental issue of why people rate products
and which biases arise in the behavior of reviewers.

Mean-field approximations have been used extensively in the area of revenue managementﬂ
perhaps the first reference in that area is Gallego and van Ryzin| [1994]. More broadly, the use of
mean-field approximations that rely on an appropriate application of the functional strong law of

large numbers to study the transient behavior of stochastic processes has a fairly broad literature

4Talluri and van Ryzin| [2005] provides a good overview of that work.
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that we will not review here. The particular result we will employ, due to Kurtz [197§], was
originally derived for studying the asymptotic behavior of Markov Chain models with process-
dependent transition parameters, used to analyze diffusion and epidemic systems.

The learning dynamics in our model give rise to a sales trajectory which, when properly inter-
preted, resembles the famous Bass diffusion model, see Bass [2004]E] Contrary to the Bass model
that specifies up front a differential equation governing social dynamics, we start with a micro
model of agents’ behavior and characterize its limit as the number of agents grows large. This limit
—given by a differential equation as well—induces a macro level model of social dynamics. The
application of mean-field approximation to our model bridges the literature on social learning and
that on social dynamics by filling the gap between the detailed micro level model of agent behavior,
and the subsequent macro level model of aggregate dynamics.

Several papers have studied pricing when agents are engaged in social learning or embedded in
a social network. Bose et al.|[2006] consider pricing in the classic Bayesian observational learning
model when a monopolist and agents are equally uninformed about the value of the good. [Campbell
[2013] studies the role of pricing in the launching of a new product in a model of social interaction
that builds on percolation theory, where the latter focuses on dynamic pricing. |Candogan et al.
[2012a] consider optimal pricing strategies of a monopolist selling a product to consumers who are
embedded in a social network and experience externalities in consumption. Strategic behavior of
firms and consumers in the presence of social learning has been studied by [Papanastasiou et al.
[2014]; Papanastasiou and Savval [2014], where in particular study a two period problem and study
the effect of the firm’s pricing policy on consumer purchase decisions as well as the impact of early
adaptor reviews on downstream demand.

Also related is the literature on pricing of experience goods, whose quality can be determined
only upon consumption; see, e.g., Bergemann and Vélimikil [1997] and [Vettas| [1997]. Most of
these papers consider consumers that are homogenous ex-ante, i.e., before consuming the good.
Bergemann and Viliméki [1997] consider a duopoly and heterogeneous consumers on a line who

report their experienced utility, and show that the expected price path for the new product is

®In particular, by considering a population with finite mass, and by simplifying consumers’ decisions.
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increasing when consumers initially underestimate the quality; our Proposition [3.5.1] is consistent

with their findings.

3.2 Model

3.2.1 The Monopolist’s Pricing Problem

A sequence of consumers, indexed by i = 1,2,..., sequentially decide whether to purchase a newly
launched good or service (henceforth, the product), or choose an outside alternative. The intrinsic
quality of the product, denoted with ¢, is initially unknown and can take values in the interval
[min, max] With gmin > 0. The quality experienced by consumer i, if he chooses to buy the
product, is subject to a random disturbance ¢; and given by ¢; := ¢+ ¢;. This quality shock reflects
variability in service levels (e.g., waiting times), production defects or exogenous factors influencing
the way the product is consumed (e.g., weather).

Consumers are heterogeneous; this is represented by a parameter «; that determines consumer
i’s base valuation, e.g., that would correspond to the observable attributes of the product. His

utility from consuming the product is

U = Qi+ q; — p,

where p is the price charged by the monopolist, which, for the time being, we assume to be ﬁxedﬁ
The utility derived from choosing the outside alternative is normalized to zero for all consumers.
Preference parameters, {a;}5°,, are i.i.d. random variables drawn from a known distribution
function F. We denote the corresponding survival function by F(-) := 1 — F(-), and assume that
F has a differentiable density f, which is uniformly bounded by some constant fna.x and has con-
nected support [aumin, @max], or [0,00). The a; can be interpreted as an idiosyncratic premium that
consumer ¢ is willing to pay for the product. The failure rate of the quality preference distribution

is defined as h(x) := f(z)/F(x). Throughout this paper we will assume that F has an increasing

5The functional form of the utility function does not play a big role in the subsequent analysis. For example, another
tractable alternative would be a vertically differentiated market in which utility takes the form w; = a; - ¢; — p.
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failure rate (IFR), that is, h is strictly increasing for all = > 0.

The quality disturbances are short-lived; they are i.i.d. random variables with mean zero and
independent of the underlying quality, as well as of the preference parameters. To simplify the
analysis, we assume that ¢; follows a symmetric, two-point distribution: specifically, ¢; takes the
values {—¢&,&} with equal probabilities 0.5. It is natural to think that the quality disturbances ¢;
are small relative to the magnitude of the unknown quality q. Moreover, both ¢ and the ¢;’s are
expressed in the units of the consumer’s utility, e.g., in dollars.

Heterogeneity in terms of the o;’s implies that even if the product quality, g, was known, not
all consumers would make the same decision: only those with o; > o* := p — ¢ would purchase the
product, assuming that they are risk neutral with respect to quality disturbances. Equivalently,
only consumers with WtP «a + ¢ > p would purchase; the distribution of « gives rise to a WtP
distribution a + ¢ for the product.

The product is launched at time ¢t = 0, and consumers arrive thereafter according to a Poisson
process with rate A, independent of the product’s quality and consumers’ preference parameters.
Denote by ¢; the random time consumer ¢ enters the market and makes his purchasing decision.
Consumer ¢ does not re-enter the market regardless of his decision at ¢;; this assumption is reasonable
if the time horizon under consideration is not too long.

Consumers initially have some common prior conjecture on the quality of the product, ¢y €
[¢min, gmax)|- This prior conjecture could be the expected value of some prior distribution of the
quality, or could simply be consumers’ best guess given the product’s marketing campaign and
previous encounters with the monopolist in other categories.

The information transmission in our model is often called word-of-mouth communication. A
consumer ¢ who purchased the product, truthfully reports a review about his experience with the
product, denoted by r; that takes two values: ‘like’, denoted by 7" and ‘dislike’, denoted by P. A
consumer who purchases the product reports that he likes it if his ex-post utility was nonnegative,
taking into account the unknown quality and quality disturbance, as well as his preference param-
eter; he reports that he dislikes it if his ex-post utility was negative. Consumers report neither

their preference parameter nor the quality disturbance they faced and, as such, reviews are not
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fully informative. For example, a ‘like’ could result from a high preference parameter, the product
being of high quality or a positive quality shock (not necessarily all)m This binary report is a
simplification of the star rating scales of online review systems. Consumers who did not purchase

O

the product do not report a review and are not observed. We will denote their decision by r; = r*~.

We make the following assumptions on the set of feasible prices.
Assumption 3.2.1. The price p charged by the monopolist belongs to [Pmin, Pmax), where
(i) Pmax is such that F(pmax — Gmin + &) > 0. (Equivalently pmax < Omax + Guin — &)
(ii) Pmin s such that F(pmin — Gumax + &) < 1. (Equivalently pmin > Omin + Gmax — £-)

Assumption (z) implies that, even at the lowest possible quality level, there will always
be some consumers who choose to buy the product (this follows from pmax < max + ¢min), and
moreover, at least some of these consumers will like the product—the latter ensures that new
information about ¢ will enter the learning process; if this assumption is violated and pmax >
Qmax + Gmin — &, then at ¢ = quin all buyers with a negative shock would dislike and all buyers with
a positive shock would like. Assumption [3.2.1}-(3) is similar to the “unbounded belief assumption”
often used in Bayesian social learning in the sense that it implies that some new information will
enter the system over time, which will ultimately allow the market to learn the unknown product
quality. Assumption ( ii), states that there are always some low-WtP consumers who will
dislike the product if they get a negative disturbance realization. It is easy to verify that both
conditions are satisfied if the support of a’s is sufficiently wide relative to the unknown quality
[mins gmax] and the magnitude of the subsequent quality disturbances £ is small.

We define the following quantities: L; := Z;;ll 1 {rj = TL} is the number of consumers who
purchase and like the product out of the first 4 — 1 consumers, and, similarly, D; is the number of
consumers who purchase and dislike the product. The information available to consumer ¢ before
making his decision is

I; = (Li, Dy). (3.1)

"This assumption is motivated by the fairly anonymous reviews that one may get online today. One possible
extension would consider a model where consumers gather two sets of information, one from a process like the one
above, and the other from a smaller set of their “friends” whose quality preferences are known with higher accuracy.
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The index ‘¢’ itself is not observable. Before describing the evolution of information and consumers’
decision rule, we introduce the monopolist’s pricing problem, which is the main focus of this paper.
The monopolist seeks to choose a static price p to maximize her discounted expected revenue, R(p),
as follows,

max R(p) = max E Ze_‘sti pl {ri(p) # TO}] = max Z E [e_éti pP (ri(p) # O | IZ)} , (3.2)
i=1 i=1

where § > 0 is the monopolist’s discount factor, and the expectation is with respect to consumers’
arrival times, the idiosyncratic quality preferences «;’s, and the sequence of quality disturbances
gi;’s. The monopolist is assumed to know the true quality, the prior quality estimate, as well as
the distribution of quality preferences and disturbances. Expression reveals the complexity of
the pricing problem in the presence of social learning. Consumers’ purchasing decisions influence
future revenues through the information available to successors. As such, the dynamic of the social

learning process must be understood in order to solve for the optimal price. Section [3.5]considers a

problem where the seller can select two prices as well as the optimal time to switch between them.

3.2.2 Decision Rule

We introduce a plausible non-Bayesian decision rule that consumers are assumed to employ to
decide whether to purchase the product. It is composed of two parts: consumer i (a) uses his
available information to form a quality estimate ¢;, and (b) purchases the product if and only if his
estimated utility is non-negative ao; + ¢; — p > 0.

In broad terms, consumers try to answer the following question: given the observed number of
likes and dislikes, the distribution of idiosyncratic quality preferences, and the distribution of the
quality shocks that affect the experienced quality, what value of intrinsic quality best explains the
observed data assuming that all past purchasers made decisions based on the same quality estimate?
The crucial simplification is that consumers disregard the fact that reviews have been submitted
sequentially, and that the information available to the respective purchasers was itself evolving over

time. Review information is typically aggregated in the form we postulate, but review aggregator



CHAPTER 3. MONOPOLY PRICING IN THE PRESENCE OF SOCIAL LEARNING 84

sites often allow users to expand the information set and view the sequence and timestamps of
the various reviews. Accessing this information is, however, cumbersome, and using this detailed
information is computationally hard (perhaps implausible). Our simplifying behavioral assumption
is a form of bounded rationality on the consumers’ regard. Disregarding the sequence of reviews
and processing the aggregated number of likes and dislikes, consumers are assumed to invoke a
maximum likelihood estimation (MLE) procedure to compute their quality estimate.

Under the assumption that a consumer was using the correct value for ¢, the probability of a

‘like’ conditional on a purchase is

P(consumer j likes | consumer j buys, §; = q)
Plaj+¢—p>0,05+qg—p>0)

Plaj+q—p=0)

_ 5P(aj+q+E—p>0,aj+q—p>0) N bSP(aj+q—&—p>0,a54+qg—p>0)

Plaj+q—p>0) P(oj+q—p>0)
F _ —

— 54504t

F(p—q)

=.54+.5G(p—q)

where the second equality follows from Bayes’ rule and

G(x) := F(x + &) /F(z). (3.3)

Similarly, the probability of observing a dislike conditional on a purchase is

P(consumer j dislikes | consumer j buys, ¢; = q)

= 1 — P(consumer j likes | consumer j buys, ¢ = q) = .5 — .5G(p — q).

The likelihood of observing (L;, D;) likes and dislikes under the assumption that all consumers were
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acting under the same quality estimate is

Li(q) = (5+ 5G(p—q))" (5 — 5G(p— )"

Next, consumers introduce the effect of their prior quality estimate into their learning mechanism.
In order to do this, the prior quality estimator gy must be transformed into a number of fictitious
reviews, Lg and Dy, that are consistent with ¢y under our maximum likelihood learning mechanism.
We assume that the total weight assigned to the prior estimator will be the one that is equivalent
to the expected number of positive and negative reviews over a length of time of w time units. One
can also think of 1/w as the standard error of the prior quality estimate go, i.e., the longer the
accumulation period of prior information the more certain the consumers are about their prior.
With that in mind, we define Ly and Dy to be the expected number of like and dislike fictitious
reviews under the assumption that the quality prior gy is equal to the true product quality as

follows:

Lo = wAP(customer i buys & likes | §; = ¢ = qo) = .5wA [F(p— @) + Flp—q0 +¢)],  (34)

and

Dy = wAP(customer ¢ buys & dislikes | §; = ¢ = qo) = .bwA [F’(p —qo) — F(p—qo+ 6_)] . (3.5)

Incorporating the effect of the prior quality estimate, consumers will pick the quality estimate §;

in the interval [gmin, ¢max] SO as to maximize the weighted likelihood function defined by

L¥(q) = (54 .5G(p — q))* (5 — 5G(p — )P0t (3.6)

It is useful to spell out the probability that consumer ¢ will like, dislike or not purchase the
product when his quality estimate, ¢;, is different from g. Consumer ¢ reports a positive review if

he buys the product (a; + §; —p > 0) and has a positive experience (a; + ¢; —p > 0), where in the
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later we have to account for the disturbance ¢;.

Pri=7r") =P(ai+ 4 —p> 0,0+ ¢; —p > 0)

= P(a1 > p — min(g;, ¢:))

= .5F(p—min(q — &,¢;)) + .5F (p — min(q + &, §;)).

Similarly, the probability of a dislike is

P(ri=7") =P(ai + 4 —p > 0,0; + ¢ —p < 0)

= F(p—¢i) — .5F(p —min(q — &,¢;)) — .5F(p — min(q + &, ¢;))

and the probability of no purchase is given by

Pr(ri =r%) =P(a;+ 4 —p < 0) = F(p — §).

We finish this section with few brief comments.

Price as a signal. The seller’s price conveys information about the product quality, but we
assume that consumers do not adjust their quality estimate in response to that information; likewise

the monopolist does not need to take that consideration into account.

Prior weight. All consumers assign the same weight to their common prior quality estimate. The
weight assigned to the prior w is assumed to be constant over time, that is, consumers arriving later
in time still assign the same weight to the prior, but due to the accumulation of review information,
these consumers end up slowly “forgetting” their prior estimate as it becomes less significant in
the MLE procedure. The weight w is a measure of inertia of the learning process, or measure
of confidence in the prior estimate in the absence of other new information. As time goes by and
more reviews accumulate in the system, consumers place increasingly more confidence in the review

information versus their prior information, which is reflected into the fact that the effect of Ly and
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Dy on the weighted likelihood ({3.6) becomes negligible as L; and D; grow.

No purchases. The MLE procedure described above can also be used to study social learning in
a model where consumers are informed on the number of previous consumers who decided not to
purchase. In that context, it is not hard to show that the quality estimator has similar properties to
the ones of the estimator that we then characterize. This is not surprising, since statistical estimates
can only improve with more information, but it is important because it shows the robustness of our

estimation procedure.

Consumer learning. Different information models and micro models of consumer behavior could
be considered. For example, consumers may only observe reviews from a random sample of their
predecessors, which grows large in an appropriate sense; or, consumers may weigh their predecessors’
reviews such that later reviews are more influential than earlier ones. The latter could also be done

by the review site that acts as an information aggregator; see Ifrach [2012] Sections 2.2 and 3.2].

3.3 Asymptotic learning and the associated learning transient

In this section we will establish that consumers eventually learn the true quality of the product,
and subsequently approximate the learning transient via the solution of an ordinary differential

equation derived as a mean-field limit in a large market.

3.3.1 The consumer’s MLE problem
Our first result characterizes the maximum-likelihood (MLE) quality estimate used by consumer 3.
First, we define

Lo+ L; 4 Doy + D;
el U e = 0T

Li :
! B, ’ B;

and Bl = LO + L,L + DO + Di, (37)

where [; denotes the prevailing fraction of likes and d; denotes the prevailing fraction of dislikes for

consumer i, then we can state the following proposition.
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Proposition 3.3.1. The MLE quality estimator

¢ = argmax {£"(¢) : ¢min < ¢ < Gmax} (3.8)

s unique and given by

~ proj [qmin:Qmax] (q*) lf ll > di’
qi = (3.9)
min ifl; < d;,

where q* solves the following equation

G(p—q*) :ll—dl :2li—1. (310)

(All proofs can be found in the Appendix.) The maximum likelihood estimate ¢; has appealing
properties. Equation shows that it depends on the data only through the fraction of like
reviews. Moreover, by Lemma m (in the Appendix) we know that the function G(p — ¢q) is
increasing in ¢, which implies that the estimator is increasing in the fraction of like reviews, as one
would expect. Lemma also implies that G(p — ¢) is invertible for every ¢ € [¢min, ¢max|, Which
means that defines a one-to-one mapping between Il; and ¢;. We will exploit this observation

in the subsequent analysis.

3.3.2 Asymptotic learning

The stochastic learning process converges in the sense that the quality estimate §; converges to the
true quality ¢ almost surely. Assumption [3.2.1] implies that new information continues to enter the
system since some consumers will always choose to purchase and as a result review the product.

This, in turn, ultimately guarantees that learning is achieved.

Proposition 3.3.2. Consider the sequential learning process described in the previous section,
where consumer i estimates the prevailing quality §; through (3.9). Then, §; — q as i — oo almost

surely.
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The above result serves as a sanity check that learning is achieved under the proposed decision
rule; this result addresses the question that underlies most of the literature on social learning
of whether agents eventually learn the true state of the world. The ultimate goal of this paper
is to study the pricing question described in the previous section for which one needs to have
a more explicit characterization of the learning transient for the underlying stochastic learning
process. This is intractable, however, as is in almost all social learning models in the literature,
both Bayesian and non—BayesianE] Our approach is to approximate the learning transient through

a set of intuitive and tractable ordinary differential equations.

3.3.3 Approximation of learning dynamics in a large market

The proposed approximation is relevant in large market settings, and will be justified through
an asymptotic argument as the arrival rate of consumers making purchase decisions grows large,
rescaling processes so that the time scale within which information gets released and learning
evolves is the one of interest. The mean-field or fluid model approximation yields a tractable
characterization of the learning dynamics and provides insight on their dependence on the micro
model of consumer learning behavior and other problem primitives, including the seller’s price. We
comment at the end of this section on the generality of this approach.

We consider a sequence of systems indexed by n. In the n-th system consumers’ arrival process
is Poisson with rate A" := nA. The state variables of the n-th system at time ¢ is given by
X" (t) := (L"(t), D™(t))), where L™(t) is the number of consumers who report like by time ¢ in the
n-th system, and D"(t) is defined analogously. The superscript n indicates the dependence on the
arrival rate. Denote the scaled state variable X" (t) := X"(t)/n and similarly for L™(t) and D"(t).
This state variable comprises the information available to the first consumer arriving after time t.
We will keep the prior initialization weight w constant, so the number of reviews associated with

the prior quality estimate will stay proportional to the fictitious number of purchasers that would

8Typical results establish that learning is achieved (or not) as i — oo, and in some cases the rate of convergence;
see, e.g., |Acemoglu et al.| [2009] for a characterization of the rate of convergence of Bayesian social learning for some
social networks.
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flow through the system over a fixed time window, e.g., a Weekﬂ
We carry the notation from the previous section with the necessary adjustments. Specifically,
with some abuse of notation, in the n-th system we have from (3.7)) that

CHL" _ LG+
B» —  pr 7

"=

where B" := L# + L" + D? + D" and B" := B"/n. Similarly, d" := (Dy + D")/B™ = (Dy +
D™)/B™ =: d". The fractions of likes and dislikes are independent of n, conditional on X™. Sim-
ilarly, ¢"(X™(t)) is directly defined through and (3.10). We also note that ¢"(X"(t)) =
¢"(X"(t)) through the normalized definitions of I and d”, and, moreover, that the mapping §"
itself does not depend on n, that is, the same quality estimation procedure is applied throughout
the scaling that we consider, and simply evaluated at the appropriate state X™(t).

Building on the above we define the functions v~ and " such that

AL (XM =P (ri = I = X") = .5[F(p—min(q — &¢(X™))) + F(p— min(q + &, ¢(X™)))]
with the interpretation that y“(X™) is the probability that a consumer who observes information
X™ reports r. Similarly,

PR 1= F(p— 4(X7) — 12X,
Note that the above expressions imply that 4% and 4" are independent of n.
With this notation in mind, we use a Poisson thinning argument to express the scaled state
variables as a Poisson processes with time dependent rates. Let N := (N* NP) be a vector of

independent Poisson processes with rate 1. Then,

() = %NL <A” /0 LX) ds> ,

Tt is possible to scale w™ differently, of course, in which case we would need to apply the corresponding time
change in the X" (¢) process. The above assumption simplifies the transient analysis without affecting, however, the
resulting structure and insights.
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and similarly for D™. The following shorthand notation is convenient,

() = %N (A” /Otfy(X”(s)) ds) , (3.11)

where v := (4%, 4P). The dependence of the state-dependent rate functions v and v on the state
X™(t) enters through the quality estimate G(X™(t)).

If the rate processes inside the expressions did not depend on the state X" (t) itself, then
a straightforward application of the functional strong law of large numbers for the Poisson process
would yield a deterministic limit for X™(¢) as n grew large. Our model is a bit more complex, but
because the evolution of the state X™(t) depends on the decisions made by all predecessors, one
would expect it to vary slowly relative to the increasing number of consumers arriving at any given
point in time. Intuitively, considering a short time interval [¢, ¢+ A], one would expect that the large
pool of heterogeneous consumers arriving in that interval, each with a different quality parameter
«, and making decisions based on similar information given by X"(s) for some s € [t, ¢+ A], would
lead to a deterministic but state-dependent evolution of X™ for large n; effectively, the stochastic
nature of the decisions due to consumer heterogeneity is “averaged out” in such a setting.

This argument is made precise in Proposition [3.3.3] that derives a deterministic limiting char-
acterization for the system behavior as n grows large using Kurtz [1978, Theorem 2.2] through a
sample path analysis based on a strong approximation argument and a subsequent application of

Gronwall’s inequality.

Proposition 3.3.3. For every t > 0,

lim sup | X"™(s) — X(s)] =0 a.s.,

n—oo SSt

where X (t) = (L(t), D(t)) is deterministic and satisfies the integral equation,

X(t) = A/o v(X(s)) ds. (3.12)
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To better understand (3.12)) consider the expression for the scaled number of likes,

L(t) :A/O (X (s)) ds :A/o P(re =7"| I, = X(s)) ds.

This means that the scaled number of ‘likes’ at ¢ is the sum over the mass of consumers who report
a ‘like’ in each s < t, and this mass depends on past reviews via X(-). It follows that the scaled
number of consumers that arrive by time ¢ is At and that the number of people that purchased the

product and submitted a report is B(t) := Lo + Do + L(t) + D(t). It is convenient to derive from

(3-12) the expressions for (I(t),d(t)) in the limiting (fluid) model, since these quantities determine

the decision of an arriving consumer:

) = U X (1)) = Lot L)

_Do+D(t)_1 T
B(t) B B

and d(t) :=d(X(t)) 0 —I(t). (3.13)

From the definition of (y*,~4P), (3.10)) and (3.13), it follows that (L, D) is absolutely continuous
and therefore differentiable almost everywhere. We refer to time ¢ where (L, D) is differentiable as

regular. At regular points ¢, (L, D) satisfies the differential equations:

L(t) = 5A [F(p —min(q — &,G¢)) + F(p — min(q + £, G))] , (3.14)

and

D(t)=A[F(p—q)— 5[F(p—min(q—&G)) + F(p — min(q + &,¢))]]

— AF(p— ) — L(1), (3.15)

where ¢ is the maximum-likelihood estimator defined in and evaluated at (I(t), d(t)).
Finally, as mentioned in the introduction, the approach of employing a mean field approximation

to characterize the transient of the social learning process can be used to study additional micro

learning models in other settings of interest. One key characteristic that underlies this approach

is that each individual consumer has a diminishing influence on the others, and as such on the
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aggregate behavior, as the size of the population scales. This condition typically holds when agents
decisions depend on system aggregates. This is related to the literature on the diffusion of products,
innovation, and epidemics, often called social dynamics, that focuses on the evolution of system
aggregates, such as the fraction of adopters. The approach described above allows one to determine

how the structure of the micro model of consumer behavior affects the aggregate learning dynamics.

3.3.4 Transient learning dynamics: uniformly distributed valuations

In the remainder of the paper we will assume that a ~ UJ0, d]@ and, without loss of generality,
we will normalize gnin = 0. This allows us to simplify the ODEs (3.14]) and (3.15) as follows. At

regular times ¢, we have

E(t):A<a+5m1n(q57qt)+5m1n(q+5_aqt)p> and D(t):A<d+qtp> —.Z/(t),
(6%

«

and the quality estimator can now be written as
Lo+ L(t
(1 + _0+_()> . (3.17)

The subsequent analysis of the paper will primarily focus on the learning transient when the prior
estimate ¢ initially underestimates the true quality of the product, i.e., gg < ¢, and, moreover,
focus on the portion of the learning transient over which ¢ < ¢ — & (we refer to this as “phase 17).

When ¢ is small, this first phase of the learning process is the most important to understand. E

Underestimating prior (¢o < ¢); phase 1 of learning ¢ < g — &. At times where the
prevailing quality estimate is such that ¢ < ¢ — &, the consumers who purchase with @+ ¢ —p > 0

are guaranteed to have a positive ex-post utility realization since a+qg—&—p>a+q¢ —p > 0. As

1974, follows that F'(x) = 1 — x/a for all € [0,a], and that G(z) = (@ —x — &)/(a — z) for all € [0,a — &].

The Appendix studies the case where the prior overestimates the true quality go > ¢, and also shows how to
approximate the evolution of the learning ODEs at times where ¢ — & < §: < q + € for the case where £ is small.
Moreover, note that equation corresponds to the solution of equation when [(t) < 1 — /2@, otherwise
we have a different solution. We only consider the above solution since in the relevant cases [(t) is never too close to
1.
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a result only like reviews will be submitted as long as ¢ < ¢ — £. In this case, the ODEs ([3.16) can
be solved in closed form and the solutions can then be used together with (3.17]) to characterize the
learning trajectory for ¢;. We do this in Proposition [3.3.4] which is the main result of this section.

Before presenting the result, we formally define the time-to-learn

T:=1inf{t:t > 0,|q¢ — ¢:| < &}.

This is the time it takes ¢; to reach within € of ¢ and it measures the duration of the learning phase.

Proposition 3.3.4. Consider the ODEs for the learning dynamics given in (3.16)) and assume that

qo < q. Then, fort <,

A _ _ t
Gt=p—a+(a+qo—p)exp <w> (3.18)
Moreover,
r = wlog (W) | (3.19)
a+qo—p

Proposition [3.3.4] characterizes the learning transient in the underestimating case. In particular,
expression describes the learning trajectory of the quality estimate ¢; for all ¢ < 7, and
expression characterizes the time-to-learn as a function of the relevant model parameters,
i.e., the market heterogeneity &, the distance ¢ — qg of prior quality from true quality, and the price.

First, expression shows that §; starts at the prior estimate gg at time 0 and it increases
monotonically to reach ¢ — & at time 7. Moreover, the lower the prior weight w, the faster the
learning trajectory, i.e., when consumers place less weight on their prior estimate, they are more
sensitive to the review information and as a result the quality estimator is updated faster.

Furthermore, note that expression can be rewritten as

a+qo—p

which allows us to make some interesting comparative statics observations on the learning transient.
In particular, note that the time-to-learn 7 is decreasing in the maximum (or equivalently the range

of the) base valuation &, because if consumers have higher valuations, more consumers choose to
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buy (and review) the product and thus information accumulates faster. Moreover, 7 is increasing
in (¢ — qo), i.e., the more severely consumers underestimate quality, the longer it takes to learn
q. Finally, the expression for 7 highlights that the speed of the learning transient is proportional
to w, which is a natural time scale if we think of learning as the process of accumulating enough
information to overcome the bias of the prior estimate QOH

Before moving to the revenue maximization problem, we make one last important observation

that relates the learning process to the monopolist’s pricing decision.
Corollary 3.3.1. The time-to-learn T is increasing in p.

This result can be explained as follows. Let

which denotes the instantaneous demand function at time ¢ in our large market setting. At any
given t < 7, a price increase affects the instantaneous demand function through two channels: first,
a direct channel, a higher price means a lower instantaneous demand at time t; second, through
G:, a higher price means a lower ¢; at time tE Therefore, by increasing the price, the monopolist
effectively decreases the rate at which consumers are buying (and reviewing) the product, thus

slowing down learning. Finally, using the characterization of §; from (3.18) we can rewrite d;(p),

12Note that the specific way in which the ODEs for the transient analysis depend on w is determined by the
assumptions that we make on w in the large market approximation. In particular, recall our assumptions that as
the arrival rate of consumers scales, the prior weight itself scales, and likewise the reviews corresponding to the prior
Ly, D, all scale proportionally to the scaling constant n. This assumption is desirable because it implies that the
ensuing transient of the quality estimate evolves on the natural time-scale of the system, e.g., if we measure time in
days, then the prevailing quality estimate also evolves in the time frame of days. We could have assumed that the
prior weight scales, for example, with order of \/n reviews, in which case we would have obtained the same ODE
characterization after an appropriate rescaling of time. To understand how the analysis relates to the study of a
system of original interest, consider an example where A = 1000 consumers per day, and w = 100 reviews. These
parameters are then embedded in a sequence of systems of growing scale, say A" = 10 - n and w" = 1 - n, which we
then study asymptotically to obtain tractable characterizations of their evolution; the 100" system in that sequence
is the original system we wanted to analyze. We could have just as well defined a different sequence, for example
A™ =10-n and w™ = 10 - y/n. This modeling choice affects the downstream scaling of the system processes as briefly
explained above, but not the results.

3This can easily be verified by differentiating (3.18) with respect to p and noting that, for all 0 < t < 7, 9G:/Ip =
1 —exp (t/w) < 0.
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di(p) = (W) exp (;)

The instantaneous demand function thus takes the linear form d;(p) = a; — b; - p with a; = (1 +

forallt <7, as

qo/@) exp(t/w) and by = (1/&)exp(t/w). Note that the instantaneous demand is positive for all
P € [Pmin, Pmax), Which follows directly from Assumption and that both the slope b; and the
intercept a; are increasing in ¢. Thus, when consumers initially underestimate quality (¢o < ¢), the
instantaneous demand and consequently the instantaneous revenue are increasing with ¢. Similarly,
note that as time passes and the quality estimate increases, the monopolist can achieve the same
instantaneous demand with a higher price, thus generating more revenue. In the following sections,
we will further elaborate on these insights and we will study the pricing strategy of the monopolist.

The overestimating case gy > ¢ and the analysis of the ODEs after time 7 in the case of a
small quality disturbance & are briefly reviewed in the Appendix. In both cases the transient is
more complicated and its solution cannot be written in closed form, however, numerical solutions
are very simple to attain and one can still establish useful structural properties, such as the fact
that the quality estimate monotonically converges to the true value ¢ from below (above) in the

underestimating (overestimating) case.

3.4 Static Price Analysis

In this section we solve the monopolist’s problem of choosing a static price to maximize her revenue
as given in . Following the analysis of the previous section, the stochastic learning trajectory
is replaced by its deterministic mean field approximation. This enables us to solve an otherwise
intractable problem. The next two sections focus on the price optimization problem, for the case
in which consumers initially underestimate quality through their prior, i.e., ¢o < ¢. Adapting by

the mean-field approximation, we can write the seller’s discounted revenue as

R(p) = A /0 " ety (p) dt = A ( /0 " ety (p) dt + /T

o0

e %m,(p) dt)
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where m(p) = p - di(p) denotes the instantaneous revenue function at time t, and 7 is the time-
to-learn that was defined in the previous section. We assume that once the learning process has
converged to ¢r = q — €, revenues are accrued from then on according to §; = ¢ for ¢ > 7. This is

safe in our setting since € is a small quantity, and it leads to the following revenue function

R(p) = A ( /O " e~Otr,(p) dt + / T et () dt) , (3.20)

where 7o (p) denotes the instantaneous revenue at the true quality (Goo = q)E The monopolist’s

revenue maximization problem can be written as
maximize {R(p) D Pmin < p < pmax} . (3.21)
Before stating our main result, we define

p™(qo) := argmax {mo(p)} and p™(q):= argmax {m(p)},
Pe[pmin,pmax} pe[pminapmax]

which are the static monopoly prices at gg and ¢ respectivelyE The following proposition charac-

terizes the optimal monopoly price in the presence of social learning.

Proposition 3.4.1. Consider the case q < qo. For & sufficiently small, the monopolist revenue

optimization problem (3.21)) has a unique optimal solution p* = p*(6,w) that satisfies the following:
(a) p* € [p™(q0), P™(q)]-
(b) p*(0,w) = p™(q) as dw — 0 and p*(d,w) — p™(qo) as dw — oo .

Proposition characterizes the (unique) solution of the monopolist’s revenue maximization

problem. In particular, Part states that the optimal price is straddled between two natural

“Lemma in the Appendix provides an intuitive characterization of the revenue function (3.20]) and establishes
a bound on |R(p) — R(p)|, which is of order &.

'5Note that Assumption .? implies that the constraints in the definition of p™(g) are never binding and
p™(q) = (& + ¢q)/2. Moreover, Assumption mﬁ implies that the constraints in the definition of p™(go) are not
binding if and only if (& + go)/2 > gmax — &, which is always true for reasonable values of & and go.
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end points: the price that a monopolist would charge if consumers did not engage in social learning
and based their purchase decisions only on their prior estimate ¢g; the price that a monopolist
would charge if consumers were fully informed of the product quality q.

Part highlights the importance of the monopolist’s patience level § and the weight w,
that consumers attach to their prior, on the optimal price with social learning. In particular, if
the monopolist is very patient (§ ~ 0), then the optimal price is close to the price under full
information, since in this case the learning transient is short relative to the extent of revenue
discounting. However, if the monopolist is very impatient (6 > 0), then she finds it optimal to
significantly decrease her price, in the limit learning is not important and the monopolist prices as
if ¢: = qo for all ¢ > 0. Finally, note that the prior weight w is a natural time unit that determines
the learning speed and the effect of discounting on revenues.

In what follows, we numerically illustrate the solution to for different model parameters
and derive some observations regarding comparative statics. We consider the underestimating case
(g0 < q) with a demand rate of 10 potential consumers per week. The most important parameters
in the pricing problem are the monopolist’s discount factor §, the error in consumers prior estimate
qo relative to the true quality, and the maximum base valuation &. As already noted, the learning
transient also scales proportionally to the weight w attached to the prior estimate.

We consider three different prior estimates qp € {.40,.20,.10}, with a prior weight of w = 10.
The true quality is ¢ = 2, and we set the small quality disturbance term & to 5% of the true quality.
The monopolist is either patient, semi-patient, or impatient, corresponding to annualized discount
rates 6 € {2.5%,7.5%,15%}. We fix @ = 4 and we think that this is a reasonable value for this
parameter, which corresponds to a maximum quality premium of 2ql§|

The left plot in Figure highlights how the optimal price p* varies with the prior gy and the
monopolist’s patience level. The monopoly price under full information p™(q), which is normalized
to 1, and the monopolist price at gy are also plotted in black. In line with our theoretical result,
we see that the optimal price with social learning is always between the static monopoly price at

go and the static monopoly price at g. Moreover, the price p* is closer to the static monopoly price

6Note that if @ > ¢ then learning becomes less important.
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Figure 3.1: Optimal Static Price and Learning Phase Duration.

under full information when the monopolist is more patient and consumers’ prior estimate qg is
closer to ¢. On the contrary, when the monopolist is impatient, her optimal price is always closer
to the static monopoly price at gg. The right plot in Figure [3.1| reports the learning phase duration
7* for different values of gy and different patience levels. It always takes 5.5 to 8.5 weeks for the
quality estimate to get &-close to q. This observation is not surprising, since the facts that w = 10
and ¢ — &€ = 1.9 imply that 7 scales with

a+19-p*

g (2510-77)

a+qo —p*

however, the numerical results highlight that it always takes significantly longer to learn ¢ when the

monopolist is more patient. For the parameter values considered, learning ¢ when the monopolist

is patient always takes 15% — 25% longer than when the monopolist is impatient.
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3.5 Two Price Analysis

Social learning implies a time varying demand process. As such, the ability to modify the price over
time is valuable. Indeed, it is common for sellers to modify the prices of their products in proximity
to their launching, for example by setting a low introductory price. Many factors and consider-
ations, possibly separate from social learning, can support such pricing policies. A few examples
include learning-by-doing, demand estimation, and endogenous timing of the purchasing decision
(consumers with high valuations purchase first). These considerations are not part of our study
which exclusively focuses on the impact of social learning on the dynamics of the pricing decision,
and highlights the appeal of the tractable mean field approximation of the learning phenomenon to
analyze the otherwise complex revenue optimization problem. For concreteness we focus on a two

period pricing problem.

3.5.1 Optimal Prices

Consider the situation in which the monopolist can adjust her price once. She sets an initial price pg
until time s, then py, and she can optimally choose (pg,p1,$) to maximize her discounted revenue
objective. In this setting, we will show that the monopolist may choose to sacrifice short-term
revenue to optimally speed up learning.

At the time of the price change consumers aggregate all information into a new prior ¢; := §s,
i.e., the new prior equals the prevailing quality estimate at the time of the price change. Thus,

_ _ s
q1=po — &+ (&+qo — po) exp (E) :

moreover consumers use the following weight for the new prior,

wlzw—l—A/OSF(p—q}) dtzw[l—l—A(exp(Z)—l) 54+q§é—po]

The (q1,w1) specification incorporates the fact that the reviews before time s were under a

different price point. From time s onward the problem is analogous to the single price version
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studied in the previous section. In particular, after time s the learning process evolves according to
equation (3.18)), with initial condition ¢, price p;, and prior weight w;. The expected discounted

revenue of the monopolist is given by

R(po,p1,s) = A </ e %y (po) dt +/ e %, (p1) dt) .
0 s

As in the static price case, we study the situation in which once the learning process has
converged to ¢, = q — &, revenues are accrued from then on according to ¢; = ¢. In this setting, it
is without loss of generality to focus the attention on policies such that s < T.E Which leads to

the following revenue function

R(po,pl,@:zx( / e, (po) dt + / eOtmy(p1) dt + / e (p1) dt). (3.22)
0 s T

This setting is the natural extension to the static price case, indeed if py = p; = p one can easily
verify that the revenue function as well as the learning process would be identical to the static price

case. The monopolist solves the following optimization problem

maximize R(pm D1, S)

s.t. po,p1 € [pminypmax] (323)

s <,

and the following proposition provides a characterization of the optimal pricing policy.

Proposition 3.5.1. Consider the case qo < q and assume that € is sufficiently small. Let (p, p, s*)

be the optimal solution to (3.23)). Then, the optimal prices (p§,p}) are such that p§ < p} and

pi € [P™(q1), p™(q)].

Proposition m states that, when consumers underestimate quality, the optimal price pj is

always between the static monopoly price p™(g;) and monopoly price under full information, p™(q).

17A formal argument is provided in the Appendix.
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Figure 3.2: Optimal Prices and Learning Phase Duration.

Moreover, the optimal price path is increasing. This supports the intuition that the monopolist has
an incentive to lower the initial price in order to speed up learning.

Figure displays numerical solutions to for different model parameters, which provide
some additional insights on the optimal pricing policylfl The left plot in Figure shows the
optimal prices pj (above) and pjy (below) for different priors and different monopolist’s patience
levels. We clearly see that, in the two-price case, the monopolist may find it optimal to initially
price below p™(qp) in order to speed up learning, and then switch to a price which is very close
to the full information monopoly price p™(q) in order to extract more revenues. Moreover, if
the monopolist is more patient, i.e., ¢ is small, then the first period price p{ is lower. This has
interesting implications for the speed of learning: the right plot in Figure shows that a patient
monopolist, who is willing to sacrifice initial revenues by under-pricing more aggressively, achieves

faster learning than an impatient one.

18The choice of parameter values for the numerical experiments is the same as the one described in Section
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qo | static | two || prior | true
40 | 4.25 3.13 9.86 | 5.30
Patient .20 | 6.18 4.05 || 12.37 | 7.25
10| 7.19 4.67 || 13.72 | 8.42
40 | 12.05 | 9.21 14.66 | 14.05
Semi-Patient | .20 | 15.31 | 11.61 || 18.13 | 18.72
10 | 17.06 | 12.91 || 19.97 | 21.44
40 | 19.32 | 16.29 || 20.41 | 23.64
Impatient .20 | 23.78 | 20.18 || 24.83 | 30.50
10 | 26.09 | 22.22 || 27.12 | 34.32

Table 3.1: %-gap in revenues relative to full information scenario.

3.5.2 Revenue Comparison of Pricing Policies

In this section we numerically compare the revenue performance of the optimal static price policy
and the optimal two prices policy. Our measure of revenue performance for a given policy is
the %-gap between the total revenue attained by using that policy and the total revenue that
the monopolist would attain in an ideal scenario in which consumers know ¢ and the monopolist
charges the monopoly price under full informationlr_g] We also report revenue performances for two
benchmark policies: prior and true. For these cases, revenues are computed under the assumption
that consumers follow the learning process specified in our model, but the monopolist does not take
it into account and she charges the static price p™(qo) and the static price p™(q) respectively.

The first two columns in Table [3.1] show the revenue performance of the static price and of the
two prices policies respectively. The optimal two-period pricing policy performs consistently better
than the optimal static price, and the relative revenue improvement becomes more significant as
the seller’s discount factor increases. In the last two columns of Table we report the revenue
performance of the prior and true policies respectively. By comparing the static price policy to
these two benchmark policies we can appreciate the effectiveness of taking social learning into

account when devising an optimal pricing policy.

19Note that when consumers underestimate quality, the latter provides an upper bound on the revenue that can
be attained in our model by any policy.
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3.6 Proofs

Throughout this appendix, given a real number x we denote its orthogonal projection onto a closed
real interval [a,b] as projy,;)(z), given a vector y = (y', ..., y*) we define |y| = ||yl = Z§:1 ly7],

and given a function y(t) of time, §(t) denotes its derivative.

Proofs of Section [3.3

Lemma 3.6.1. The function G(x) defined in (3.3) is non-increasing for all x < amax, and is
strictly decreasing for all x € [oumin — &, max — &]. Equivalently, G(p — q) is non-decreasing in q for

all ¢ > p — amax and is strictly increasing in q for all ¢ € [qmin, Gmax) -

Proof. First note that G(z) is a well-defined function if and only if x < ampax. If £ < amin — € then

G(x) = 1. If & € [min—E, Omin) then G(x) is strictly decreasing because in this case G(z) = F(x+¢&)

and
dG(x)
dx

=—f(z+¢) <0.
If € [amin, Omax — €) We have

dG(z) F(z+¢)
dz F(z)

where the strict inequality follows from the assumption that « is IFR, or equivalently h(z) — h(x +
€) < 0. Finally, if # > amax — &, then G(z) = 0. Thus proving that G(x) is non-increasing for all

* < amax and strictly decreasing for all x € [min — &€, Amax — &) O

A direct consequence of the above lemma is that G(p — q) is invertible for every ¢ € [p — amax +

€,p — Qmin + €]. This follows from the fact that G is invertible wherever it is strictly monotone.

Proof of Proposition[3.3.1 Taking logs of the weighted likelihood function in (3.6]) yields

log(L{’(q)) = (Lo + L;)log(.5 + .5G(p — q)) + (Do + D;)log(.5 — .5G(p — q)),
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and differentiating the log-likelihood with respect to ¢ we obtain

Lo+ L, _, Do+ D; _,
=———G{p-q¢9-—-7—=G{p—q
1+G(p—q) =9 1-G(p—aq) p=q)

_ L0+Li+D0+Di ' o B
~ (66 e —g) O M- Ge-a). G

jq log(£¥(q))

Lemma and Assumption imply that 0 < G(p — ¢) < 1 for all ¢ € [¢min, gmax] and

moreover that G(p — q) is strictly increasing in ¢ for all ¢ € [gmin, Gmax|- We will now use these
observations and to construct the unique optimal solution to problem .

First, note that 0 < G(p — ¢q) < 1 implies that the denominator in is always positive.
Since G(p — q) is strictly increasing in ¢, then l; — d; — G(p — q) is strictly decreasing in ¢. If
li —di — G(p — qmin) < 0, then

d
?q log(ﬁf(q» S 0 for all qc [Qmina Qmax]v

thus §; = g¢min maximizes the log-likelihood. If I; — d; — G(p — ¢') > 0 for some ¢’ € [¢min, ¢max),
then

d
X log(L¥(q)) >0 for all ¢ < ¢'.

This implies that the quality that maximizes the log-likelihood is the solution to

d
& log(L£’(q)) =0 <= Gp—q) =1l—d,

given by ¢* if [; — d; — G(p — Gmax) < 0, or by gmax if l; — d; — G(p — ¢max) > 0. Note that since

G(p — q) is strictly increasing for all ¢ € [¢min, gmax) then §; = ¢* is always unique in [gmin, ¢max]-
Summarizing the above conditions, the quality estimate that maximizes the log-likelihood can

be defined as follows: if [; < d; then l; —d; — G(p— ¢min) < 0 and thus ¢; = gmin; otherwise, if [; > d;

then §; = proj (i sGina] (¢*). To complete the proof, note that d; = 1—1; implies [; —d; = 2];—1. O
The following lemma is instrumental in the proof of Proposition [3.3.2

Lemma 3.6.2. Suppose that Assumption |3.2.127 holds, then Zfil(Bi)*Q < 00 almost surely.
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Proof. The proof will proceed as follows. First, we rewrite the process {B;,7 =1,2,...} in a more
convenient form {By+ X;,i = 1,2,...}, where By := Lo + Dy is the total number of initial reviews
associated to the prior qg, defined in and , and X; is an appropriately defined sequence
of random variables. Then, we bound from below the process {X;,i = 1,2,...} with a process
{Y;,i = 1,2,...}, which is more tractable for the purpose of the analysis. Finally, we use the
Strong Approximation Theorem |Glynn| [1990, Theorem 5] to show that > 5o, (B + Y;) ™2 < o0
almost surely and complete the proof.

Note that Assumption [3.2.1]77 implies that for all i there exists an n > 0 such that for all

admissible p the following is true:
P(i-th customer buys | I;_1,p) > P(i-th customer buys | ¢min,p) > 27,

where [I; is defined as in . Thus, we can rewrite B; in the form B; = By + 23‘21 X;j(n;), where
X; is a Bernoulli random variable with success (i.e., purchase) probability ; > n for all j, and n;
depends on I; and the price p. Let X; = 22:1 x; foralli=1,2,....

Next, define the random variables &; = x;(n;) - v(n/n;), where the random variable v(n/n;) is
Bernoulli with success probability 1/n;, independent of x;. That is, §; is a random sample of the
customers that purchased. It is easy to verify that the distribution §; is Bernoulli with success
probability 7 and that {; is independent of & for all j # k. Let Y; = 22:1 &; and note that, by
construction, Y; + Bg < X; + By = B; foralli =1,2,....

Finally, the Strong Approximation Theorem Glynn| [1990, Theorem 5| implies that there exist
a probability space that supports a standard Brownian motion W and a sequence Y; such that

(v7:i>1} 2{¥;:i> 1}, and

Y/ =i-n+0,W(i)+O(log i) as.,

and W(+) is a standard Brownian motion. (The symbol 2 denotes equality in distribution.) In the



CHAPTER 3. MONOPOLY PRICING IN THE PRESENCE OF SOCIAL LEARNING 107

sequel we write Y; instead of Y;. Rewriting the above expression we have that

i (e 0 (M) s

From the strong law of large numbers for the standard Brownian motion we know that W (i)/i — 0
a.s., which implies that, for any € > 0, there exists a constant M; > 0 such that W (i)/i < ¢ for all

1 > M; and almost all sample paths. Similarly, there exists a constant Ms > 0 such that the error

term O(log(i)/i) < Ms for all i = 1,.... It follows that there exists a constant M3 > 0 such that
- M
Z(Bo +Y,) %= Z (Bo+Yi) 2+ Z (Bo+Y;) 2 < M;-B;*+ Z 723 < oo as.
=1 <My i>Mq i>Mq

Noting that B; < By+Y; for alli = 1,2,... implies that Y o0, (B;) ™2 < Y22, (Bo+Y;)~? completes

the proof. O

Proof of Proposition[3.3.3. We study the evolution of /;, and relate it to ¢; using (3.10)). It is easy

to verify that [; evolves according to the stochastic recursion

li = Proji, . lmax] [lzel +(B)™* (Lo +Lig+1{riy=r"} — (Lo + Li—l)Bi/Bifl)}

= pI‘Oj[lmimlmaX] [li,1 + (Bi)_l ((1 — lifl)]- {7‘2'71 = ’I“L} - lifl]_ {7’1;1 == ’I“D} >:| 5

where lin = 0.5(14+G(p— ¢min)) and lnax = 0.5(1+G(p— gmax))- Setting ¥; = (1—1;)1 {r; = rt} —

;1 {ri = rD}, the iterative process can be rewritten as

li = Projp, . tmae] i1+ (Bi) 7 Yica],
which is equivalent to the recursion

Li=1li1+ (B) i1+ (Bi)" ' Zi_y,

where the projection term Z; 1 :=1; — l;_1 — (B;)"'Y;_1.
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This stochastic recursion process belongs to the class of processes studied in |[Kushner and Yin
[2003]. We next show that the assumptions of Kushner and Yin| [2003, Chapter 5, Theorem 2.1]
hold and then identify the equilibrium point of the process using a Lyapunov function. For this
purpose, it is useful to define the maximum likelihood quality estimate as a function of the fraction
of likes

G(l) =p—G7 L2, —1),

and note that Lemma implies that G=1(2l; — 1) is well-defined for all I; € [lmin, lmax)-

Assumption (A.2.1). By subadditivity of the absolute value, it follws that
Y| < (1-1)1 {7"2- = rL} + ;1 {7"2- = rD} Vi,
and thus

|YZ|2 S (]- - ll)21 {'I"i — TL} + l?l {T’i = TD} + 2(1 — lz)lll {’)"Z' = TL} 1 {ri = 'r'D}

=1 -1 {r=r"}+ 51 {r;=r"} <1 Wi,

since {ri = ’I“L} and {ri = TD} are mutually exclusive. It then follows that sup; E|Y;|> <1 < oc.

Assumption (A.2.2). We have that

E[Y; | l0,Y},j <i]=(1—1)P(r; =r") = ;P(r; = P)

=.5 {F(P —min(q + £,4(li))) + F(p — min(q — &, Q(li))))] —LiF(p—q(ly))

=.5 {F(p —min(§(l;),q +€)) + F(p — min(§(l;),q —€)) — F(p— ¢(l;) + &) — F(p — d(li)ﬂ

where the last equality follows by substituting

li=51+Gp—dl) =5 <1 +
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Thus, we can define the function
g9(l;) = E[Y; [ 1o, Y}, 5 <], (3.25)

which is measurable since F(-) is measurable. Finally, note that the above derivation implies that

finite difference bias terms S5; = 0, V¢, which follows from the fact that the distribution function F

is known.

Assumption (A.2.3) follows from the fact that F is continuous.

Assumption (A.2.4) is shown in Lemma [3.6.2]

Assumption (A.2.5) is immediate since 3; = 0, Vi, as the proof of Assumption (A.2.2) shows.
Before applying the theorem it is useful to further decompose [; as follows. First note that

Y; := g(I;) + M;, where the function g(I;) is the drift function that we defined in and M; is

a martingale difference noise given by
M;=(1—=1;)1{r; = rL} — i1 {r; = rD} —g(ly).
Then, it is straightforward to see that
li=1li 1+ (B)Yg(li1) + (B) ' Zi_1 + (B;) "' M;_;.

Now we can apply Kushner and Yin|[2003, Chapter 5, Theorem 2.1], to conclude that I; converges
almost surely to the set of locally asymptotically stable points of the ODE [ = g(l) that we denote
with S. We next show that the ODE has a unique locally asymptotically stable point denoted by
I* := .5(1+G(p—q)). For that purpose we define the candidate Lyapunov function V(1) = (I —1*)2.
We need to show that V(1) = VV (I)g(l) < 0 for all I € [0,1]/{I*} and V(I*) = 0. See Khalil [2002]
for details on Lyapunov stability. Thus, we have to show that g(I) > (<)0 when [ < (>)I* (or
equivalently when (1) < (>)q).

Case 1: [ < [* (or equivalently ¢(I) < ¢). In this case min(¢(l),q + &) =

Q>
—
o~
N~—
(=)

|
™
N—
IV 2>
|
Q>
—~
o~~~
S~—
+
Ql
—
L)

S[F(p — min(4(l),q — €)) — F(p — 4(I) + &)]. In addition, — min(
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4(l) < q—¢&, then g(I) = 5[F(p—q(l)) — F(p — 4(l) + £)] > 0, since F is a decreasing function. If
g > q(l) >q—¢, then g(l) = 5 [F(p—q+¢&) — F(p—q(l) + )] > 0, since 4(I) < g. We conclude
that g(I) > 0 in this case.

Case 2: | > [* (or equivalently ¢(I) > ¢). In this case g simplifies to
g(1) = 5 [F(p—min(g(),q +&)) + F(p—q+&) = F(p—q(l) + &) — F(p— ()] ,

which can be shown to be negative, using — min(g(l), ¢ + &) > —g(1) and that F is decreasing.

We conclude that V(l) < 0 at all points [ # [*. It is easy to verify through the above expressions
that at [ = [* and §(I) = q we get that V' (I*) = 0. Also, by construction V (I*) = 0, which establishes
that S = {I*} and that [; — [* almost surely. Applying the continuous mapping theorem, we get

that ¢; — ¢ almost surely, which completes the proof. O

Lemma 3.6.3. [(a)]

1. For all x,y,z € R we have
| min(z,y) — min(z,y)| < |x — 2| and |max(z,y) —max(z,y)| < |z — z|.

2. Forx1,20>a >0 and y1,y2 > b >0

1 )
r1+y1 T2+ Yo

1
< g(|$1 — x| + [y1 — y2|)-

Proof. 1| Minimum operator: If z,z > y or x,z < y this holds trivially. If x < y and z > y then
| min(z,y) — min(z,y)| = [t —y| =y —z < z — 2 = |z — z|. For the maximum operator take —zx,

—y, and —z.
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From the triangular inequality,

T 2 X1 1 1 €2

$1+y1_x2+y2‘_‘$1+y1_$1+y2‘+’x1+y2_azg+yg‘
Tl 3/1—3/2‘Jr Y2 ’331—962‘

1+ yrlzr + Y2 1+ Y2l a2+ Y2

1
< 5(\x1—m2|+|y1—y2\)- O

Proof of Proposition|3.3.5 Throughout this proof, to reduce the notational burden and without
loss of generality, we rescale time such that A = 1. We verify the conditions of Theorem 2.2 of
Kurtz [1978]. First we note that X"(¢) € Z2, X"(t) = X"(t)/n € {k/n | k € Z:} as required. To
satisfy the conditions of the theorem we validate the construction and then show that the

following inequalities hold
(@) <Ti(l+|z])  and  |y(z) —y(y)| < Tofe -yl (3.26)

for 2,y € R? and z,y > [Lg, Do] componentwise, and for some finite constants I'; and T's.
The integral form of X™(¢) in (3.12)) follows from Poisson arrivals and Poisson thinning of the

standard Poisson process N. For example, L™(t) can be written in the form,

() = i/ot 1{r, =" | X(s)} dA"(s)
_ %NL (/Ot P (ry = | X"(s)) ds>

S ( /0 L (X7(s)) ds>,

where A™ is a Poisson process with rate n and, with some abuse of notation, rs is a review given
by a consumer arriving at time s. The second equality follows by splitting the Poisson process into
likes, dislikes, and outside options; the probability with which an arriving consumer submits one
of these reviews depends on his quality preference and on his observable information X" (s). The

Poisson thinning property guarantees that the process that counts only those consumers who like
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the product is still Poisson with rate proportional to the probability of liking the product. Similarly,
this can be shown for D" ().

Finally, focusing on the rate conditions required for Theorem 2.2 of |[Kurtz| [1978|. The first
inequality in holds for I'; = 1 since 4* are probabilities for k& = L,D. We derive the last
inequality there for 4" in two steps. First, we observe that 4~(X"(t)) depends on X"(t) through
G(X™(t)). It follows from Lemma and the fact that the density of « is uniformly bounded
by fumax that 4" is Lipschitz continuous in ¢ € [gumin, ¢max)- Second, we show that §(x) is Lipschitz
continuous in z = X"(t). Lemmafor a = Ly and b = Dy establishes that ¢*, defined in ,
is Lipschitz continuous in x = X™(t). The projection operator of ¢* onto [gmin, gmax] preserves the
Lipschitz property. Similarly, one can show that P is Lipschitz continuous, which establishes that

« is Lipschitz. Finally, invoking Theorem 2.2 of [Kurtz [1978] we complete the proof. O

Proof of Proposition[3.3.7) The ODEs (3.16) reduce to

«

P = A (‘W’) and  D(t) =0,

noting that D(t) = 0 and plugging (3.17) into the expression for E(t) yields a linear ODE for L(t),
g

- A - — _
ie, L(t) = 5 (14 Lo/Do + L(t)/Dy). This equation is readily solvable in closed form, and the

Q
particular solution with initial condition Lg is given by

L(t) = (Lo + D) [exp (2?; t> - 1} . (3.27)

alJg

The trajectory for ¢; can now be obtained by replacing (3.27) and D(t) = 0 into (3.17]), which yields

. . g ( Lo+ Dy AE ;
= — — _— ex ——
@“=r 2\ Dy P\2aD," )

and the time-to-learn can be calculated by setting ¢, = ¢ — & and then solving for 7, which yields

2a.D 20@+q—c—p) Dy
T = — log — = = .
Ag € Lo+ Dy
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Rewriting (3.4) and (3.5)) for o uniformly distributed we get that

_ Aa —p—g/2 _ Ag
Ly=Y (a+q°, P—E/2) 4 Do:%,
« (6%

and plugging them in ¢; and 7 yields

t Y — g —
s =p—a+ (a+qo —p)exp <w) and T:wlog<a+q€p>'

a+q —p
O

In the sequel, we provide a sketch for the solution of the ODE’s derived in the main body of

the paper for the cases not considered in Proposition

Overestimating prior (g9 > ¢); phase 1 of learning ¢, > ¢ + &. The following proposition

characterizes the trajectories for L(¢) and D(t) in this case. From these one can easily obtain the

trajectory for ¢; by using (3.17)).

Proposition 3.6.1. Consider the ODEs for the learning dynamics given in (3.16)) and assume that

qo > q. Then, fort <,
L(t) = A (0‘”_1’) t, (3.28)

and D(t) is defined implicitly by

<1 X M>a+q—p <1 /L0 ~ (@ +q —p)l_?(lt))a/2 _1. (3.29)
-

Lo+ Dg (/2)Lo — (@ +q — p) Do

Proof. (Sketch only.) In this case the ODEs ({3.16) reduce to

i(t):A(aerq_p) and B(t):g[p—a+g<1+m>—q].

It can be easily verified that the solution for L(t) with initial conditions Lg is given by (3.28)), and
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substituting it into the ODE for dislikes yields

. Afe e/a+qg—p At e Lo _
Dt)=—|=4+ = _ _ — _ — .
®) a[2+2< a >D0+D(t)+2D0+D(t) (@+q-p)
Which is an ODE of the form
t
D(t)y=a+b

— — + c—= — ,
Do+ D(t) Do+ D(t)

where

A < ~ N é) i A2§(_ N ) AELg
a=— —a— — = —(a& — c= .
a \P 1T3) 202 =D 2

The above ODE may be converted into an equation with separable variables by setting

bt + ¢ _ bt +c¢ -
Z(t) = —""C _ thatis, D(t) = N
®) Do + D(t) ®) Z@)
In fact, we have
- b bt +c . S . 2 3 1
D)= ——— Z hich 1 h Z(t)=(bZ(t) —aZ — Z(t
(t) 70 212 (t), which implies that Z(t) = (bZ(t) — aZ(t) (t)°) (bt—i—c

114

)

This equation for Z(t) is solvable, which, in turn, leads to the solution for D(t) given in (3.29).

O]

Phase 2 of learning ¢ — & < ¢ < ¢+ £. In this case the ODEs are less tractable, nonetheless

we will establish a useful structural property for ¢ in Proposition [3.6.2] and then provide an

approximation of the ¢ trajectory when € is small.

Proposition 3.6.2. Assume that ¢ — & < G¢, < q + € for some tg > 0. Then, ¢+ — q as t — oo.

Moreover, if Gy, < q then q; is strictly monotonically increasing for all t > ty, otherwise, if Gy, > q

then §; is strictly monotonically decreasing for all t > tg.
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Proof. (Sketch only.) The ODEs (3.16) reduce to

L(t) = 2—; <1+§)21L_((tt))) +%(@+q—é—p), (3.30)
D(t) = %; (1 M) - %(5{+q—§—p). (3.31)

It follows from Assumption that p < a — £, which implies that I_L(t) > 0 for all ¢, moreover,
using equation for §, it is easy to see that D(t) > 0 if and only if ¢ > ¢ — £. These, coupled
with the fact that L(¢g) and D(tg) are strictly positive, imply that L(¢) and D(t) are positive and
increasing for all t > to. Using I(t) = Lo + L(t)/(Lo + L(t) + Do + D(t)), we can now write the

ODE for the fraction of likes I(t) as

i(t) = !
Lo+ L(t)+ Dy + D

2 [(1 ) L) — Z(t)f)(t)] : (3.32)

and noting that Lo + L(t) + Do + D(t) > 0 for all t > to, we have that the steady state [* must be
such that (3.32)), evaluated at I*, is equal to 0. Noting that 1+ (Lo+L(t))/(Do+D(t)) = 1/(1-1(t))
and replacing (3.30) and (3.31]) into condition (3.32) we find the unique steady state

a+q—p—¢/2
a+qg—p

I*=

It is easy to verify that f(t) > 0 if and only if I(t) < I*. Recalling that ¢; = p — & + % and

(1—=1(t))

replacing in [* for [(t) we can readily verify that quality in steady state is equal to q. Moreover,

since ¢ is increasing in [(t), it follows from [(t) > 0 < [(t) < I* that dg./dt > 0 < ¢ < g. Thus,
if gy, < q then ¢; is strictly monotonically increasing in ¢, otherwise it is strictly monotonically

decreasing. 0

When £ is small we can approximate the trajectories of L(¢) and D(t) as follows. Note that the

initial conditions for the system of ODEs defined by (3.30)) and (3.31), when ¢, = ¢ — &, are given
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by (to = 7,Ls, Dy, Ly, D;) where

= A — A = A -
LT:wg(&—{—q—Qé—p), D, =w—¢, LTZE(o?—i—q—é—p), D, =0. (3.33)

First, note that we can write

L) = L, + / i) ds= L+ Bt + / i)~ 1) ds,

B B TT+t . _ T+t j
D(t) = Do + D(s) ds =Dy + / D(s) ds.

From (3.30)) and (3.33) it is easy to see that E(s) — L, = 5(3), and (3.31) and (3.33) imply that

o2 (8- k).

We already established that D(s) > 0 if and only if §s > ¢ — &, it follows from the definition of 7

and Proposition that D(s) > 0 for all s > 7. Using this property, it is easy to verify that

Setting x(t) = f:“ D(s) ds, we can rewrite L(t), D(t) as follows

L(t) = Ly + Lyt + x(t) and  D(t) = Do + x(t),

which allow us to express the ratio for the number of likes to dislikes as

L(t) Lo+ Lt+x(t) [ x(t) Lo+ Lt x(t) (Le+ Lt ,
D(t) Dy <D0+X(t)) a Dy Dy ( D 1>+£+§’
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When ¢ is small, the ratio of likes to dislikes can be approximated by
L, — Dy L
x(0) — Zpx(0t
0

L

t) :&_Fét— T_2
Dy ' Dy D2

(t)
Substituting the above ratio into equation (3.31)), and differentiating twice one obtains a third

order, non-homogeneous linear ODE, that is solvable in terms of the matrix exponential (not in

]l

closed form due to the non-homogeneous coefficients).
Proofs of Section [3.4]
Lemma 3.6.4. The monopolist’s revenue function (3.20) can be written as

R(p) = Afho(p) - m0(p) + hoo(p) - Teo (P)]

)

where
a+q—e—p\ v a+q—c—p\
a+go—p ! a+qo—p
h = d he(p) =
Moreover, R(p) is such that |R(p) — R(p)| < E[A(p/@)heo(p)]
Proof. First, recall that when gy < ¢ — &€ we have

a+q—&—p

a+qo—p

G=p—a+(a+q—p)exp <w) and T:wlog(
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substituting into the first term in the right-hand side of (3.20]) yields

/ =%, (p) dt:/ e—at(aJr(Jf—p)p dar
0 0

[0
_(@‘+QO—Jﬁp_[e“Uw_®]T
a 1/w—19 .
a4+q—eg—p\'" .
_(@+%—pm‘< a+qo—p ) -
a 1jw—=9¢

/ e ' oo (p) dt = / e*‘sti(a ta—pp dt

T

(a+qpm.Te“]f

Thus we have established that R(p) = A [ho(p) - 70(P) + hoo(D) - Too(D)]-

To establish the bound, note that ¢; > ¢ — € for all t > 7 implies the following inequality

7o)~ R =4 () [ o

Proof of Proposition[3.4.1. The proof will proceed as follows. First we establish that for € suffi-
ciently small the revenue maximization problem ([3.21)) admits a unique optimal solution. Then we
establish its properties, proving in order Part and Part
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Consider the expression for R(p) given in Lemma m Differentiating with respect to p once,

we get

R (p) = A [h(p) - mo(p) + ho(p) - 76 (D) + Moo (D) - Too(P) + hoo(p) - Tho (P)] -

and, differentiating twice, we get

R"(p) = A [hg(p) - mo(p) + 2h4(p) - w6 (p) + ho(p) - 7§ (p)

R (p) - Too(p) + 20 (p) - Tho (P) + hoo(p) - 7] -

Noting that 7((p) = 7 (p) = —2/@, the latter equation simplifies to

R'(p)=A { (7o (p) - mo(p) + Mo (p) - Moo (P)] + 2 [ho(P) - To(P) + Wi (p) - T ()] — % [ho(p) + oo (p)]} :

where
<a+q—a—p>1‘5w_1 (a+q—a—p>‘5w
a-+qo— a+qo—
_ _ —1—dw _ iy
+qg—&—p w(go —q+€)[p(g — qo0) + (@ —2p + qo)]
R (p) - 7 (p) + B (p) - 7 :<a> LAk :
o(p) - mo(p) (p) - T (P) Fpp— (G + 0 —p)

ho(p) - m0(p) 4+ hoo(p) - T (p) =

<d+q—€‘—p>_&”w(qo—q+6‘)[(p—q—5é)(q—qo)+5(3(a—p+Q) — dw(g — q0)) — E*(2 — dw)lp
a+qo—p (@+q—e-p)?(a+q—p)? '

It follows from Assumption (ii) that the revenue function R(p) = R(p,&) € C™(&) for all
P € [0, pmax]. This can be easily verified by noting that pmax < & — & implies that the quantity
a+q—E—p
a+qo—p
in hg and hs is always bounded away from 0. The statement above implies that R”(p,&) is a

continuous function of € for all p € [Pmin, Pmax), in particular it is continuous at € = 0. We will

now prove that, when & is sufficiently small, the revenue function R(p) is strictly concave for all
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P € [Pmin, Pmax). Evaluating second-derivative R”(p, &) at & = 0 yields

1’%//(}97 O) —
C(a+a-p\ (2 20 —2p—q+3q —dw(g—q) a+q (¢—qo)(0w—1)
N 2 <@+mr#) <&U+@ q®< (@+qo —p)? a+q—p w+@u—m2>>
a(1jw —9)
(3.34)

Case 1: éw > 1. The denominator of the above equation is always negative. Moreover, since

a—+q

————>1 forallpe (0,a+
- pe( q0)

and the numerator of (3.34)) is strictly increasing in this term, replacing (@ + ¢q)/(a@ + ¢ — p) with 1
we find that the numerator of (3.34)) is strictly bigger than

a+qg-p\ /(1 q—q
2 1—<_> <+_(’) (3.35)
a+q —p dow  a+qo—p

and since dw > 1, replacing 1/0w with 1 we find that the above quantity is strictly bigger than

2(1—<§:iii>kw). (3.36)

Now note that ¢ > qg and dw > 1 imply that

<d+qp

1-6w
— ) <1 forall p<a+ qp.
a+qo—p

This implies that (3.36]) is strictly bigger than 0 and so is the numerator of (3.34). Thus, we
conclude that R”(p,0) < 0 for all p € (0,a + qo).
Case 2: dw < 1. The denominator in equation (3.34)) is always positive. Moreover, since

a—+q

09 S forallpe(0.a+
P pp— rall p € (0,a+ qo)
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and the numerator is strictly decreasing in this term, replacing (& + ¢)/(@ + ¢ — p) with 1 we
find that the numerator of is strictly smaller than the quantity in . Moreover, since
dw < 1, replacing 1/dw with 1 in (3.35)) we find that the quantity in is strictly smaller than
the quantity in . Now note that ¢ > g and dw < 1 imply that

<a+q—p

1—dw
— ) >1 forall p<a-+qp.
a+qo—p

This implies that is strictly smaller than 0 and so is the numerator of . Thus, we
conclude that R”(p,0) < 0 for all p € (0,a + qo).

Case 1 and Case 2 establish that R”(p,0) < 0 for all p € (0,@ + qp). Moreover, since R (p, )
is continuous at & = 0, there exists ¢ > 0 such that R”(p,&) < 0 for all & < &’. In particular,
this implies that when £ is sufficiently small, R(p) is strictly concave for all p € [pmin, Pmax], and
therefore Problem admits a unique optimal solution.

Proof of Part|3.4.1,. First, note that, since R(p) is strictly concave, then R'(p) is strictly decreasing
for all p € [Pmin, Pmax)-

Now, note that R’ (p,&) is a continuous function of £ at £ = 0 for all p € [0, pmax). This
follows directly from R(p,&) € C™(&) for all p € [0, pmax], Which was established above. We will
now prove that p* € [p™(qo0), p™(¢)]. By definition, p™(qo),»™(¢) € [Pmin, Pmax), and it is easy to
verify that that p™(qo) = max{pmin, (@ + q0)/2}. If p™(q0) = Pmin then clearly p* > p™(qp). If

P™(go) = (& + qo)/2, then evaluating the first-derivative R'(p,&) at (p™(qo),0) yields

_ —dw
~ q—q (,a+q
R (p™ 0)=A- 2 -1 0
(P™(q0), 0) ad <d+qo ) -

since ¢ > qo, thus p* > p™(qo). It follows from Assumption [3.2.127 that p™(q) = (@ + ¢)/2, so

evaluating the first-derivative at (p™(q),0) we have

1_( 5[+q )151(}
) a+2q —q

R'(p™(q),0) = A (g - (w9 (3.37)
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Note that ¢ > qp implies that
_ 1—dw

ai_’—q >1

a+2q —q ’
which in turn implies that when dw > 1 the denominator in (3.37)) is always strictly negative
and the numerator is always strictly positive. When dw < 1 the reverse inequalities hold for the
denominator and numerator in (3.37), therefore R'(p™(q),0) < 0. By continuity of R'(p, ) at & = 0,
there exists ” > 0 such that R'(p™(go),&) > 0 and R'(p™(q),&) < 0 for all £ < &”. Thus proving
that, for £ sufficiently small, we have p* € [p™(qo), p™(q)]-

Proof of Part|3.4.1]. Setting R'(p) = 0, we get the following first-order condition for the monopolist’s

problem

ho(p) - mo(p) + ho(p) - mo(p) + i (P) - Too (P) + hoo(p) - Tho (p) = 0.

Dividing both sides of the above equation by hy(p), and then dividing again by 1 + hoo(p)/ho(p),

the first-order condition can be rewritten as

(1—w(p)) - mo(p) + w(p) - 7o (p) + £(p) = 0 (3.38)
where
w(p) = —ec®/holp) (@ + g0 —p)(1 — dw)
L+ heo(p)/ho(p) ) B a+tqg—z—p\°®
a+qo—p+ow q—E—QO—(Oé+QO—P)<W>
(3.39)
and
£(p) = (ho(p)/ho(p)) - mo(p) + (Mo (p)/ho(P)) - Too (P)

1+ heo(p)/ho(p)
plgo — ¢ +&)(1 — dw)dw

_ _ dw ’
A 5 ~ = ~ a+q—¢€—
d(a+q—6—p)<a+qO—p+5w(q—f-:—qo—(a+qo—p)<H) ))

=Z.

a+qo—p
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Clearly, as § — 0 or w — 0 we have w(p) — 1 and £(p) — 0 for all p € (0, @+ qo), consequently the
left-hand side of goes to m (p). Finally, let p* = p*(§, w) be the unique solution of
and note that by strict concavity R”(p*) < 0, then p* converges to the solution of 7/_(p) = 0, i.e.
p*(0,w) = p™(q) as 6 — 0 or w — 0. For the other case, as § — 0o or w — 0o we have w(p) — 0
for all p € (0,& + qo). This is easy to verify by first dividing numerator and denominator in

by dw, next noting that
a+q—e—p
a+qo—p

>1

since qg < ¢ — &, and then taking the limit. Moreover, as 6 — oo or w — 0o we have £(p) — 0 for

all p € (0,& + qp), this can be verified as follows. Divide numerator and denominator by dw and

note that
_ A+ B - dw
g(p):5'0 G+q—c— dw’
+D.<_q€p>
ow a+qo—0p

for the obvious choices of A, B,C and D. It is easy to see that since

a+q—&—p

— > 1,
a+qo—p

then &(p) — 0 as § — oo or w — oo. Thus, the left-hand side of (3.38) goes to 7(,(p) and p*
converges to the solution of 7((p) = 0, i.e. p*(d,w) — (@ + qo)/2 as § — o0 or w — o0, if
(@+qo0)/2 > pmin. Otherwise, if pmin > (& + q0)/2 then p*(d,w) — pmin as § — o0 or w — 0.

Recalling that p™(¢) = max{pmin, (& + go)/2} completes the proof. O
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Proofs of Section [3.5]

First, we argue that setting s < 7 in the monopolist’s problem is without loss of generality. We

define formally the discounted revenue, for a generic s > 0, as

R(p07p17 8) =

oo

min{s,7} max{s,7}
A (/ 6_6t7'['t(p0) dt +/ 6_&[71',5(])1)1{8 <7} 4+ Too(po)1{s > 7}] dt +/ e_&woo(pl) dt) )
0

min{s,7} max{s,7}

When s < 7 the above equation reduces to (3.22)), when s > 7 the revenue function is given by

R(po,pl, s)=A (/ e_étwt(po) dt —|—/ e_‘stwoo(po) dt +/ e_étwoo(pl) dt) .
0 T s

Suppose that R(pg,p’{, s*) is optimal and s* > 7, clearly it must be that p] = argmax {mo(p1)}-
p1€ [pmin 7pmax]

But this implies that R(pg,p},7) > R(pj,pi,s*), thus it is without loss of generality to consider

only policies such that s < 7.

Before proving the proposition, we introduce the following definition
Tk = lnf{tt207|q_qt‘ §§| Qkupk}ﬂ k:O717

where 7, denotes the time that the prevailing quality estimate reaches within € from g, starting from
a prior ¢ and a price pi. This is analogous to the simpler definition of 7 = inf{¢t : ¢t > 0,|¢—¢| < &}
that was introduced previously, and it simplifies the exposition of the following proofs.

The following lemma is needed for the proof of Proposition

Lemma 3.6.5. The monopolist’s revenue function (3.22)) can be written as

Rpo,prs) = A [ho(s) - 7o(po) + € [h(pr) - mo(p1) + hoo(p1) - oo (1]



CHAPTER 3. MONOPOLY PRICING IN THE PRESENCE OF SOCIAL LEARNING 125

where

<@+q—5—p1>_5w1
a+aq—p1

(o‘z+q—§—p1>1_5wl .
T 1 —\eta-n hoo(p1) =
> B )

1/10 —5 ’ hs(pl) - 1/w1 —5 )

hO(S) =

Proof. (Sketch only.) First, note that ¢y < ¢ — € and that s < 7 implies that ¢; < ¢ — &. Thus, for

all t < 7 the quality estimate is given by

po—a+(@+q—poexp (L) if t<s

4 =
p1—a+ (+q —p1)exp (%‘S) if t>s
Following the argument of the proof of Lemma we establish the desired result. O

Proof of Proposition[3.5.1 First we establish that p} € [p™(q1),p™(q)]. Differentiating R twice

with respect to p; and then evaluating at € = 0 yields

9 _ <5é+q—p1>_5wl
—s6 at+tq—p '

0% -
o (Po,p1,5) ~ e e
i+(q—q1) <2a_2p1 —q+3n —dwilg—q) atq (9= gq)0w —1)>
owy (@+q —p1)? a+q—p1  (@+q —p1)?
o‘z(l/wl —5)

(3.40)

The following two cases establish that the equation above is always negative.

Case 1: éw > 1. The denominator of the equation (3.40|) is always negative. Since

a+gq

_OFT o forall pr e (0,a+
S p1 € ( 1)

and the numerator of (3.40)) is strictly increasing in this term, replacing (@ + q)/(& + ¢ — p1) with
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1 we find that the numerator of (3.40)) is strictly bigger than

_ —dw1
_ 1 _
2 1—(a+qp1> ( + 10 ) (3.41)
at+q —p1 owr a+q —pr

and since dw; > 1, replacing 1/éw; with 1 we find that the above quantity is strictly bigger than

_ . 1—d0w1
2 1—(?””’1”> . (3.42)
a+q —p1

Now note that ¢ > g1 and dw; > 1 imply that

(a+q—m

1—-d8w1
— > <1 forall py <a+ q.
a+q —p1

This implies that (3.42)) is strictly bigger than 0 and so is the numerator of (3.40). Thus, we
conclude that (3.40)) is strictly smaller than 0 for all p; € (0,a& + q1).
Case 2: dw < 1. The denominator in equation (3.40) is always positive. Since

a+q

_OT o forall pr e (0,a+
R p1 € ( q1)

and the numerator of (3.40) is strictly decreasing in this term, replacing (@ +¢q)/(@+q—p1) with 1
we find that the numerator of (3.40)) is strictly smaller than the quantity in (3.41]). Moreover, since
dw; < 1, replacing 1 /6wy with 1 in (3.41) we find that the quantity in (3.41) is strictly smaller than

the quantity in (3.42)). Now note that ¢ > g1 and dw; > 1 imply that

(d+q—m
a+q —p1

1—0w1
> >1 forallpy <a+q.
This implies that (3.42) is strictly smaller than 0 and so is the numerator of (3.40). Thus, we
conclude that (3.40) is strictly less than 0 for all p; € (0,& 4+ ¢1).
Case 1 and Case 2 prove that
0? -

7R(p07p1a S)

972 < 0 for all feasible s,pg and p; € (0,a + q1).
P1

e=0
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82
op?
p1 € [0, Pmax|, it follows that, when & is sufficiently small, R(po,p1,s) is strictly concave in p; for

Moreover, since R(po,p1,$) as a function of &, is continuous at &€ = 0 for all feasible s, py and
all feasible s,pg and p1 € [Pmin, Pmax]-

We next show that p] € [p™(q1), p™ ()] By definition, p™(g1),p™(q) € [P, Pmas), and it is
easy to verify that that p™(¢1) = max{pmin, (@+¢1)/2}. If p™(q1) = Pmin then clearly p* > p™(q1).

If p™(q1) = (@ + q1)/2, then evaluating the first-derivative at p; = p™(¢1) and &€ = 0 yields

_ _ —dwq
:A-e—58.q_‘“<2_a+q—1> >0
o ad o+ q1

E=

since ¢ > ¢1. It follows from Assumption [3.2.127 that p™(q) = (@ + ¢q)/2, so evaluating the

first-derivative at p; = p™(q) and & = 0 we have

1_( Oé+q >16w1
s 3+ 2q, —

iJ?;?(po,pm(Q),S) a(l/w; —6)

Op1

&=0

( &+q >1—5w1>1
a+2q —q ’

which implies that when dw; > 1 the denominator in (3.43)) is always strictly negative and the nu-

Note that ¢ > ¢; implies that

merator is always strictly positive. When dw; < 1 the reverse inequalities hold for the denominator

and numerator in (3.43). Therefore

< 0.
£=0

o0 -~
7R ) o 9
n (po,p™(q), 5)

By continuity at € = 0 it follows that

0 = o -
N m 7 m 0
8le(po,p (q1),s) >0 andale(po,p (q),s) <0,

when ¢ is sufficiently small.

Finally, to establish that p§ < p} we first obtain an equivalent problem (see Boyd and Vanden-
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berghe|[2004, Chapter 4, Section 4.1.3] for the formal definition of equivalent optimization problems)
by making a change of variable. Noting that s < 7 if and only if s < 7y, we replace the last con-
straint in the monopolist’s optimization problem and set ¢ = s/, equivalently s = ¢19. We let
the monopolist choose ¢ € [0, 1] instead of s. It is clear that the optimal solution (pg, p, s*) of the
original problem, can be readily obtained from the optimal solution (pg, pj, ¢*) of the transformed
problem and vice versa, thus the two problems are equivalent. Making the change of variable in

the monopolist’s objective (3.22)) yields

. o710 5 ¢T0+T1 5 1S9 5
R(po,p1,¢) = A (/ e *'mi(po) dt +/ e *'mi(p1) dt +/ e oo (p1) dt) :
0 ¢ @

0 T0+T1

and the associated monopolist’s problem is

max  R(po, p1, P)
s.t. po,p1 € [Pminapmax]

¢ € [0,1].

Let (p§,pi, ¢*) be the optimal solution to the above problem and suppose, by contradiction, that
py > pi. We will now construct a solution (pj,p),¢’) that strictly dominates (p§,pi,#*). Let

Py = p} < p§ and note that 79(p)) < 70(pg) since

I _ w(g — & — qo)
dpo  (@+q—¢&—po)(a-+qo—po)

>0 for all pg € [Pmin, Pmax)-

Moreover, one can immediately verify that

@+q—5—po>¢

q1(po, ®) = po —a+ (& +qo — po < —
( ) ( ) I

is decreasing in pg for all ¢ € [0,1], thus ¢1(p§, ¢*) < q1(ph, ¢*). Set ¢’ < ¢* to be such that
q1(pg, ¢*) = q1(ph, ¢') and note that ¢ is always feasible since ¢* is feasible. Finally, set pj =

argmaxpl{}?(pg,pl,qb’ )}. Now, consider the revenue function evaluated at the new solution and
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note that

St Sl
/ e *'m(pg) dt > / e "'mi(pp) dt,
0 0

since by construction ¢; < qi1(p§, ¢*) and m(po) is a strictly concave function of py which is maxi-
mized at pg = (@+¢)/2 < p; < pj- Finally, note that our choice of p} implies that the continuation
value of the policy (pf, P}, ¢’) after ¢'79(p}) is not smaller than the continuation value of the policy

(5, P71, ¢*). Thus, we reach the contradiction R(pg,p’l, @) > R(p("j,p’{, ¢*). It must be p§ < pj. O



Chapter 4

Dynamic Pricing, Social Influence,

and Price Commitment

4.1 Introduction

The overall popularity of many types of products is influenced and amplified by the mass of con-
sumers that purchase in the early release stages and spread the word about the product. The types
of products we have in mind are cultural products, like books or movies, for which the urge to
adopt a popular product is driven by preference for conformity or sharing with peers. This type
of social influence is pervasive in today’s economy, where information on the behavior of peers, or
even socially distant consumers, is readily available at the touch of a finger. A seller that wants to
launch a new product must therefore take the social influence channel into account when devising
her optimal pricing strategy.

This chapter studies a model of a seller that is launching a new product to a large market
of consumers. There are two periods in the selling season, an introductory period and a mature
period. Consumers are on the market at the beginning of the selling season and remain on the
market until they purchase the product or the selling season ends. Consumers are influenced by
other consumers that purchased before them, i.e., their net utility at the time they are making a

decision is increasing in the mass of consumers that have already purchased, we call the intensity



CHAPTER 4. SOCIAL INFLUENCE AND PRICE COMMITMENT 131

of this effect the level of social influence. Motivated by the increasing sophistication of pricing in
cultural and online markets, we want to study the optimal dynamic pricing policy of the seller.
We consider two scenarios: (I) is a scenario in which the seller is able to commit upfront or pre-
announce a sequence of prices for the entire selling season; (II) is a scenario in which the seller does
not have such a commitment power and thus engages in “responsive pricing”, which means that she
can change her price at the beginning of the mature period.

Our main result compares the equilibrium profit that the seller attains in scenario (I) to the
equilibrium profits she attains in scenario (II) as the level of social influence in the economy varies.
We show that when social influence is low, then committing upfront to a sequence of prices always
yields higher profits than not doing so, however, when social influence is high the profits in the two
scenarios are equal and the value of price commitment for the seller is zero.

In our other results, we derive a complete characterization of the market equilibria in the two
scenarios, in terms of seller’s optimal pricing decisions, consumers’ optimal purchasing decisions
and equilibrium profits. Our analytic characterization of the optimal solutions allows us to drive
interesting sensitivity analysis conclusions on prices and demands. In particular, we see that when
social influence is present it is generally optimal to offer an introductory price in the first period
and a higher price in the second period. Finally, we show that the difference between mature and
introductory prices is always increasing in the level of social influence. Which means that the seller
chooses to use the first period discounted price as a lever to generate hype about her product and
then exploit with a higher price in the second period. The seller uses this lever more aggressively
the higher the impact of early purchases on late ones.

Before moving to a survey of the literature we want to highlight the normative nature of our
results. In this model, we try to specify plausible assumptions on how social influence affects
consumers’ decisions in markets for cultural products. Then, we derive results that dictate how a
seller should optimally price her product, in the absence of other exogenous constraints. In reality,
cultural markets have historically been subjected to various types of constraints. Orbach [2004]
and Orbach and Einav| [2007] show that pricing of motion pictures in movie theaters is affected

by regulatory and legal constraints that severely limit the ability of a seller to engage in dynamic
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pricing and price differentiation. Similar constraints apply to other types of cultural products,
such as books in physical bookstores. In these cases, our results may not reflect actual behavior of
sellers. However, our model captures some of the most significant features of the effects of dynamic
pricing in cultural markets when consumers behave strategically, and all our propositions should be
regarded as normative statements. Finally, we note that new markets for cultural products, where
books and movies are sold on line in different formats, have less regulatory constraints and one can
easily conduct experiments and empirical tests on the value of social influence in cultural markets

that may inform future extensions of this work.

4.1.1 Related Literature

The question of conditioning a pricing strategy on some social parameter has received increased
attention in the operations research community, Candogan et al| [2012b] study static price dis-
crimination when consumers are embedded in a social network, and characterize optimal individual
prices as a function of consumers network positions. Our model is a two-period model with inter-
temporal externalities, where the choices of early consumers affect the payoffs of late consumers,
and it is more related to Jing| [2011] and [Yu et al.|[2015]. These papers study two-period dynamic
pricing models, and although they frame the externality from the introductory period to the next
in the form of social learning, they propose reduced form models of information transmission or
social learning intensity, that generate similar dynamics to our model of social influence.

Social influence is considered a key driver of consumers’ decisions in economics and related
disciplines. In this chapter, we model the social influence channel in a similar fashion to [Arthur
[1989], i.e., we assume that a consumer utility is increasing in the installed base of a product when
the consumer makes a purchase. This can be considered a reduced form model of product adoption,
via word-of-mouth effects, in the style of Bass [1969], or as a boundedly rational model of network
effects in which consumers only take into account past adoptions, see |Arthur| [1994]. In particular,
we do not consider rational expectations over network effects as in Katz and Shapiro| [1985]. Our
modeling framework is motivated by recent experimental evidence on consumer choice in cultural

markets, see [Salganik et al.| [2006], Salganik and Watts [2009], and Moretti [2011].
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The question of the value of price commitment has been considered, first in the economics and
then in the management science literature. |Coase| [1972], considers a monopolist that sells a good to
a large market of consumers with heterogeneous valuations, and discusses how a monopolist should
set the price in order to maximize profit. The optimal price should be decreasing over time, in order
to extract more value from consumers with high valuations in the initial periods. Further work by
Stokey| [1979], [Bulow]| [1982] and [Besanko and Winston| [1990] study more complex dynamic pricing
models and quantify Coase’s insights. Recent works in operations research tackle a similar problem
with more refined models of price commitment, sometimes paired with capacity commitment, see
Aviv et al| [2009], |Su and Zhang) [2008] and Besbes and Lobel| [2015].

A recent stream of papers considers problems related to the value of price commitment in the
presence of strategic consumers, which is the main question of our work. Aviv and Pazgal [2008]
consider both a price commitment and a responsive pricing scenario and compare outcomes to a
benchmark in which consumers are myopic. Similar questions are addressed by |[Liu and Zhang
[2013] in the context of a two-firm competition game, and by the works of (Cachon and Swinney
[2009] and [Papanastasiou and Savval [forthcoming|, however, none of these works studies the value
of price commitment in the presence of social influence. Our model is more related to the latter of
the above works, who studies a two-period dynamic pricing model where the main results depend
on an exogenous social learning intensity parameter. We study a different model, with an exogenous
level of social influence, but we believe that our main result sheds more light on their contrasting
result on the value of price commitment.

The rest of the chapter is organized as follows. Section contains our model and formally
introduces our measure of social influence and the seller’s problem. In Section we fully char-
acterize the optimal prices of the seller when she can commit to a pricing policy upfront, and the
equilibrium decisions of consumer. In Section [4.4] we characterize optimal prices and consumers’
decisions when the seller does not have commitment power. Section [4.5| presents our main result
on the value of price commitment for the seller and Section [4.6] concludes. All proofs are presented

in the Appendix.
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4.2 Model

Monopolist The market features a monopolist launching a new product, which is made available
for purchase in two consecutive time periods t = 1,2, at unit price p;. We will consider two possible

scenarios.
(I) Price Commitment. The monopolist commits to (p1,p2) at the beginning of period 1.

(IT) Responsive Pricing. The monopolist does not have commitment power, she sets p; at the

beginning of period 1 and she sets ps at the beginning of period 2.

Consumers There is a population of consumers whose size is normalized to one and consumers
are indexed by ¢ € [0,1]. The value of the product for a consumer i has two components: (i) a
private value component or individual willingness to pay, and (ii) a social influence component.

Consumers are heterogeneous in their private value o' for the product, {ai}ie[o,l] are i.i.d.
random draws from a known distribution U[0, @]. On top of their private value, a consumer product
valuation is affected by the mass of consumers that have already bought the product at the time
he chooses to purchase. In particular, the social influence effect goes from one period to the next,
i.e., early consumers influence late consumers.

The net (undiscounted) utility of a consumer 4 that purchases the product at time ¢ is
ul =o' + Bsi_1 — pi, t=1,2, (4.1)

where s; € [0,1] denotes the fraction of consumers that purchase the product in period ¢, and
since the new product is first available in period 1, we assume that sy = 0. The parameter S > 0
measures the absolute intensity of social influence, given this parameter and the commonly known

distribution of private valuations, we define

, (4.2)

Q™

ou
v = g/sup{ai} =

which measures the intensity of social influence relative to consumers’ maximum private valuation.
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This is our metric for the level of social influence, and the main driver of our results.

Each consumer purchases at most one unit of the product, thus if a consumer decides to purchase
in period 1 he will not be on the market in period 2. Moreover, we assume that a consumer that
purchases in period ¢ does not extract any utility from the product in period t+1. This assumption
captures diminishing returns of consumption, which are common for cultural products like books

or movies (see Varian [2000] and Rao| [2015]).

Purchasing Decision Consumers are impatient and they discount their payoffs in period 2 by
9 € (0,1). Their purchasing decision can be spelled out as follows: (i) consumer i purchases the
product in period 1 if his utility in the current period is higher than both the utility from not
purchasing and the discounted utility in period 2, i.e., uf > max{0, dub}; (ii) if consumer i is still
on the market in period 2, he purchases if u > 0. Equivalently, replacing consumer utilities (4.1])
into the above inequalities and recalling our assumption sy = 0, we can express the above decision
rule in terms of the consumers’ private valuations as follows:

(i) consumer ¢ purchases in period 1 if

-4 0
a; > max {pl, b 1p2 Jg bar } = A1 (4.3)
(ii) if consumer i is still on the market in period 2, he purchases if
a; > po — Bs1 = Ao. (4.4)

The key feature of this decision rule is its simple threshold form, there are two thresholds A; and
Ao that consumers use to make decisions based on their private valuations. In equilibrium, the

thresholds are determined by solving a fixed point equation.

Monopolist Objective The monopolist is also impatient and discounts future profits by ¢, i.e.,

we assume that consumers and seller have the same discount factor. The seller is interested is
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setting a sequence of prices (p1,p2) in order to maximize her discounted expected profit

(p1,p2) = p1D1(p1, p2) + dp2Da(p1, p2), (4.5)

where Dj(p1,p2) and Da(p1, p2) are the expected demands in periods 1 and 2 at prices (p1,p2). The
monopolist objective is clearly the same in the two scenarios, whether she has commitment power
or not, however the optimization problem she faces is different, as it can be its solution, which we

characterize in the two following sections.

4.3 Price Commitment

In the scenario where the seller has price commitment, her problem is to optimally choose (p1,p2) in
order to maximize at the beginning of ¢ = 1. Given (p1, p2), consumers compute the optimal
thresholds (A1, A2) consistent with decision rules and (4.4). In this section, we present our
characterization of the optimal prices and thresholds that are a solution to the game described
above. We also show how the equilibrium profits change as a function of the level of social influence
(v) and other relevant model parameters. Proposition presents the results for the case in

which ~ is small.

Proposition 4.3.1. If v < 2 the equilibrium prices are such that pi < p5 and the equilibrium
thresholds are such that

1> A >\ >0.
Moreover, the equilibrium profit for the seller is

1—0+~6

ERE R

(4.6)

The above proposition states that, when v < 2, it is always optimal for the seller to set an
introductory price in period 1 that is lower than the price she sets for period 2. This means that,

even in the presence of low levels of social influence, when the monopolist has commitment power
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she finds it optimal to set a higher price in the mature period and extract consumers’ boosted
valuations.

Moreover, Proposition shows that when ~ is low the seller always finds it optimal to price
in such a way that she induces positive sales in both periods (A} > A\5) and not all the potential
demand is fulfilled (A5 > 0). In particular, the seller prefers to exclude consumers with lower
valuations by charging higher prices and sell only to consumers with higher private valuations, thus
extracting more surplus from each consumer that purchases.

The equilibrium profit of the seller is increasing in the level of social influence . To see why this
is the case note that a higher v induces higher valuations in period 2 while leaving them unchanged
in period 1. Moreover, the equilibrium profit is also increasing in the patience level §. This is
a consequence of the fact that, as both seller and consumers become more patient part of the
sales shift to period 2, where the effect of social influence induces higher valuations for consumers.
Note also that the equilibrium profit that the seller can extract is proportional to the consumers’
maximum willingness to pay.

Our next result characterizes the equilibrium under price commitment when the social influence

level is high.

Proposition 4.3.2. If v > 2 the equilibrium prices are such that pi < p5 and the equilibrium
thresholds are such that

a/2=A> X\ =0.

Moreover, the equilibrium profit for the seller is

" = a(1 — 6 +76) /4. (4.7)

Proposition shows that when the seller has commitment power and v > 2, it is again
optimal to set a lower introductory price in period 1 and a higher price in period 2. In this case,
since the level of social influence is high the seller has even more incentives to price low in period
1 to generate more demand in the current period and then price high in period 2 to capitalize on

inflated valuations.
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Moreover, the seller always sets prices so that all consumers buy by the end of period 2, i.e.
she engages in exhaustive sales. In particular, when ~ is high enough the seller finds it optimal to
split the market, by selling to the half of the consumers with higher valuations («; > @/2) in the
introductory period and extracting inflated valuations from all remaining consumers in the mature
period. Finally, note that the optimal profit in this case, , is always higher than the case when
~ is low, , and it is still increasing in both v and 9.

Before concluding this section, we remark its most important results. Propositions and
together establish that, under price commitment, when v < 2 the monopolist finds it optimal
to exclude some consumers from the sale, while she sells to all consumers when v > 2. Moreover,
the seller always finds it optimal to set an increasing price path (pj < pi), and the equilibrium

profit is continously increasing in the level of social influence.

4.3.1 Sensitivity Analysis of Equilibrium Prices and Demands

In this subsection we present and discuss a comprehensive result that summarizes the sensitivity
of equilibrium prices and consumers’ demands to the relevant model parameters, for all levels of
social influence. In particular we are interested in how the above quantities vary with the social

influence and patience levels. We have the following result.

Proposition 4.3.3. Let (p},p3, A}, \5) be the equilibrium prices and thresholds under price com-

mitment and let (D7, D3) be the corresponding equilibrium demands in periods 1 and 2. Then,

(a) For all v > 0, the optimal prices have the following properties:

. < — > 0; . — — > 0.
(CL Z) ~ <S 0 and y = 0, (CL Zl) 5(]?2 pl) = 0

(b) For all v > 0, the equilibrium demands have the following properties:

0D7 oD}
i) Di > Ds; L < 2 > )
(b.9) 1> Ds; (b.it) 9 <0 and 9 > 0; (b.i17)

8 * *
%(Dl - D3) <0.

Part (a) of the above proposition establishes two properties of the equilibrium prices. Property
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(a.i) says that the introductory price in period 1 is always decreasing in the level of social influence
and the equilibrium price in period 2 is always increasing, clearly this implies that the difference
between the two prices, or the introductory mark-down, is increasing in the intensity of social
influence. Property (a.ii) says that the difference between the optimal price in period 2 and the
optimal price in period 1 is increasing in the patience level, which is a consequence of the fact
that with higher patience, the monopolist is more willing to sacrifice first period revenues to induce
higher valuations in the second period and the consumers discount second period utility by a smaller
factor.

Part (b) of the above proposition presents three properties of the equilibrium demands. Property
(b.i) says that demand is always higher in the introductory period, this mirrors the fact that
it is always optimal for the seller to set an increasing price path. Property (b.ii) states that
the equilibrium demand in the introductory period is decreasing in the discount factor and the
equilibrium demand in the mature period is increasing in the discount factor. Property (b.iii)
states that the difference between period 1 demand and period 2 demand is non-increasing in the
level of social influence. Note that when v < 2 this difference is decreasing and when v > 2 the

demand is always split equally between the two periods.

4.4 Responsive Pricing

In the responsive pricing scenario, where there is no commitment power, the seller’s expected profit
in period 2 is mo = paDs and her expected discounted profit in at the beginning of period 1 is
w1 = p1 D1 + dmy. The game unfolds as follows: the seller chooses p; at the beginning of period 1 in
order to maximize 71, then observes how many consumers have purchased in the introductory period
(A1) and chooses ps2 in the beginning of period 2 in order to maximize 7, finally the remaining
consumers make their optimal purchase decision in period 2. In this section, we characterize the
equilibrium prices and thresholds in the subgame perfect equilibrium of the game described above,
which we solve by backward induction. Moreover, we discuss how equilibrium profits are affected

by social influence and patience levels.
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The next proposition presents the equilibrium characterization for low levels of social influence,
in this case equilibrium prices require a more detailed discussion, that we will present in Proposition

[4.4.3] We have the following result.

55 — 24+ V4 — 4 + 1762

Proposition 4.4.1. If v < i

the equilibrium thresholds are such that
1> A >\ >0.

Moreover, the equilibrium profit for the seller is

. (2—0)%+4v6
IT" = a.
2[(8 — 60) + 875 — 2724]

(4.8)

Proposition 4.4.1] states that, when ~ is small enough, in equilibrium the seller sales in both
periods (A} > Aj) and not all the potential demand is fulfilled (A5 > 0). The seller excludes
consumers with lower valuations from the sale, and the qualitative insights are the same as in the
case with price commitment. However, quantitatively the equilibrium prices, thresholds and profits
are different. Note that the equilibrium profits are still increasing in all the parameters of interest,
i.e., the social influence and patience levels and the maximum private valuation of consumers.

Our next result presents the equilibrium characterization for the cases in which the level of

social influence is high.

55 — 24+ V4 — 48 + 1762
46

and the equilibrium thresholds are such that

Proposition 4.4.2. If v > the equilibrium prices are such that p; < p3

a2 =\ >\ =0.

Moreover, the equilibrium profit for the seller is

" = a(1 — 6 +~6) /4. (4.9)

The above proposition states that, when ~ is higher than a given threshold, it is always optimal
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for the seller to set a lower introductory price in period 1 and a higher price in period 2. This is
in line with the optimal pricing strategy with price commitment and different from the responsive
pricing with low social influence, as we will see in Proposition [£.4.3] Moreover, the seller sells to
all consumers by the end of period 2 and sets prices in such a way that the demand splits evenly
between period 1 and period 2.

Most importantly, note that when the social influence level is high enough, all the equilibrium
quantities are both qualitatively and quantitatively the same as in the price commitment case. The
intuition behind this result is that, when the equilibrium sales become exhaustive, the seller is able
to sustain the same level of equilibrium prices that he would be willing to set if she had commitment
power.

In the next subsection, we provide a comprehensive characterization of how equilibrium prices

change as a function of the level of social influence in the responsive pricing scenario.

4.4.1 Equilibrium Prices and Social Influence

In Section we saw that under price commitment the equilibrium price in period 1 is always
lower than the equilibrium price period 2. We already anticipated that results can be much different
in the absence of commitment power, and our next result establishes that with responsive pricing

an increasing price schedule is not always optimal.

Proposition 4.4.3. The seller’s optimal prices (pi, p5) have the following properties.

=2+ V4 —40+ 1762
(i) There exist a threshold 0 < 7 < > + oy +17 such that

pi=>p5 if y<5 and  pi<py if y>7.

Moreover, ¥ — 0 as § — 1.

(1) 861971 §Oandaapv220f0rall’y>0.

Property (i) of the above proposition focuses on the responsive pricing scenario with low levels

of social influence, i.e., the equilibrium characterized in Proposition [£.4.1] This property states that
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there exist a threshold 4 such that when the level of social influence is lower than this threshold,
then the equilibrium price in period 1 is higher than the equilibrium price in period 2. Otherwise,
for high levels of social influence we get an increasing price scheme, which is qualitatively the same
as in the price commitment scenario. Moreover, note that 4 approaches zero as § approaches 1.
Property (ii) of the above proposition states that the introductory price is always decreasing in the
level of social influence and the price in the second period is always increasing. This holds for all

v, even when the level of social influence is very low and p} > p3.

4.5 Value of Price Commitment

In both scenarios analyzed above, the price commitment in Section [£.3] and the responsive pricing
in Section [£.4] the seller was able to chose different prices in periods 1 and 2, the difference between
the two scenarios is that in the first one we endow the seller with some commitment power. In
this section, we ask what is the value of having commitment power to the seller. Our main result
characterizes the value of price commitment as a function of the level of social influence. The value
of price commitment is calculated as the equilibrium profit under price commitment minus the
equilibrium profit under responsive pricing.

Let 15 be the equilibrium profit under price commitment, characterized in Propositions
and and let II,p be the equilibrium profit under responsive pricing, characterized in Propo-
sitions and We are now ready to state our main result.

Theorem 4.5.1. The value of price commitment for the seller is characterized as follows.
(a) If v < 2, the value of price commitment is strictly positive, i.e. Il — IIp > 0.
(b) If v > 2, the value of price commitment is zero, i.e. IIp —ILp = 0.

Theorem [£.5.1] establishes that, in a market with many heterogeneous consumers and social
influence, commitment power can never decrease the seller’s equilibrium profit. This is in line
with most works in the literature that find that for dynamic monopoly pricing models having a

commitment mechanism is generally valuable.
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Statement (a) of the theorem states that when the level of social influence is low, the seller
always achieves strictly higher profit under price commitment than under responsive pricing. More
importantly, Statement (b) states that if the level of social influence is high enough, the ability
to commit to a pricing schedule does not give the seller any additional profit with respect to the
responsive pricing case.

We now provide some further explanations that allow to better appreciate why the above theo-
rem holds. Recall that in our model the total demand is normalized to one, and in particular it is
finite. When the level of social influence is high enough, it is optimal to set the price for period 2
in such a way that all demand is exhausted, and this is true irrespective of whether the seller has
commitment power. Thus, in both price commitment and responsive pricing scenarios, the optimal
period 2 price is the boundary solution that corresponds to exhaustive sales. Consequently, the
period 1 prices, which are pinned down by the best responses for period 1, are equivalent, and the
seller attains the same equilibrium profits in the two scenarios.

When the level of social influence is low, a seller with commitment power finds it optimal to
set prices in such a way that the consumers with low valuations are excluded from the sale, i.e.,
the optimal price in period 2 is always an interior solution. However, when the seller does not have
commitment power she finds it optimal to set a lower price in period 2. This hurts the seller in
two ways, by decreasing period 1 profits, since a higher fraction of consumers purchases in period
2 at a lower price, and also by decreasing period 2 valuations, since the social influence component
of utility is reduced by less consumers purchasing in period 1. As a result, in the absence of price

commitment the seller makes strictly lower profits when the level of social influence is low enough.

4.6 Conclusion

This chapter studies a two-period pricing model with a seller that launches a new product to a large
market of consumers and she is able to set different prices for each of the two periods. Consumers are
heterogeneous in their private valuations, and their overall valuation for the product is also affected

by how many consumers have already purchased, through a positive social influence channel with
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exogenous intensity level. We study two scenarios, one in which the seller has commitment power
and one in which she does not. The optimal purchase decision of consumers always takes a simple
threshold form. We characterize the equilibrium in the two scenarios in terms of equilibrium prices
and thresholds and then compare the results.

In the presence of price commitment, we show that it is always optimal for the seller to set an
increasing pricing schedule. We also show that it is always optimal to exclude some consumers from
sale when the level of social influence is low and to sell to everyone when the level of social influence
is high. In the responsive pricing scenario we have a similar result on consumers’ equilibrium
decisions but different results on pricing. In particular, the seller still excludes some consumers
from sale when the level of social influence is below a given threshold, and sells to everyone when
it is above. In the latter case the seller finds it optimal to set an increasing price path, however,
when there is no price commitment and the level of social influence is very low the seller sets a
decreasing price path.

Our main result concerns the characterization of the value of price commitment in this model
as a function of the social influence level. We find that, when the level of social influence is below
a given threshold, then price commitment is always strictly valuable. However, for high levels of
social influence, a monopolist that engages in responsive pricing does equally well than one that

has access to commitment mechanism.
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4.7 Proofs

Recall that tail distribution of a U[0, @] random variable is

1 if <0
Fx)=q1-z/a if z€0,a- (4.10)
0 if z>a

Note that given consumers’ threshold purchasing decision, the expected demands in period 1 and
2 can be written as

Di=F(\) and Dy=[F(h)—-F)]",

and the expected discounted profits (4.5)) can be rewritten as

I(p1,p2) = p1F (A1) + 6p2 [F(A2) — F()\l)]+ - (4.11)

The following lemma characterizes consumers’ equilibrium thresholds as a function of the seller’s

prices (p1,p2) and we will use it for the proofs of propositions and

Lemma 4.7.1. Let (p1,p2) be the prices set by the seller for period 1 and period 2, consumers’

equilibrium thresholds are determined as follows.

p1+ (8 — p2)

(a) If p1 < G —8) 1 Bo

a, then

_p1+5(5—p2)@ _5]?1—07(1—5)(5—292)’

M= At pd M T T s
p1+0(8—p2) _
(b) prl > m&, then

AM=p1 and MI=pr— B —pi/a).

Proof. In equilibrium all consumers make their optimal purchase decision in period 1 according to
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(4.3)), since the private valuations are uniformly distributed it must be that s; = 1— A;/@. Replace

s1 in (4.3]) and suppose that
o < p1 — 0p2 -115_5((;1 - >\1/Oé)7

then the equilibrium threshold in period 1 must solve

p1—6p2 +0B(1 — A\ /a)

A= 1-6 ’
which implies that
p1+0(8—p2) _
N =——"“q. 4.12
LT a1 -8+ ps (412)
) p1+0(8 —p2) _ ) ] ) e
Proof of part (a): If p; < mcx then it follows from (4.3)) that (4.12]) is the equilibrium
a p—

threshold in period 1, and the equilibrium threshold in period 2 is obtained replacing s = 1— A1 /&
into (4.4) as follows

Ae=p2y—B(1—=X\/a)= Bp1 —a(l —6)(B —p2)

a(l—0)+ po ’
S(8 —
Proof of part (b): If py > Jm@ it follows from (4.3) that A\ = p; and replacing into
a —
(4.4) yields Ay = p2 — B(1 —p1/a). O

Proof of Proposition 4.3.1

Using the tail distribution F' defined in ([4.10]) we can write the seller’s problem as

max pl(l—/\l/o_é)+5p2()\1 —)\2)/0_4
p1,p2

s.t. )\1 — )\2 2 0 (4.13)
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p1+0(8 —p2) &
a(l=06)+p6
From Lemma [£.7.1] it follows that the optimal consumers’ threshold for period 1 is

Suppose that p; < we will later verify that this is always true in equilibrium.

_p1+6(B—p2) _

M= A a (4.14)
and the optimal threshold for period 2 is
Ay = 21 ;a(i;)éi(ga_ P2) (4.15)
Replacing and into the objective function of Problem yields
I — —OPE+ &%= 0)py + (20 — B)opipa + aBdpr — adp; (4.16)
ala(1 =) + B9)
and the associated Hessian is
1 —2a (2a — B)d

PTERO-D A | a- s —2as

Note that IT is jointly concave in (p1,p2) if and only if det(H) > 0, i.e.
462 — (2a — B)%6 > 0,

which holds when §/a < 2 (1 + 1/\/3) and it is always true in this case since 7 = 3/a < 2. Thus,
oIl

oIl
the optimal prices (p},p5) must solve the first-order conditions — = 0 and s 0, which are
P1 P2

given by

0 and (2a — B)op1 + B0 — 2adps
ala(l —6) + Bd] B ala(l —6) + pI] N
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It follows that

. 2a%(1—6) +2ap6 — B 2(1 —68) +2v5 — 4% _

= = 4.17
b1 1a2 - (2a—Bp i—(2-7)2 (4.17)
and
202(1 —6)+aB(1+0d)_  2(1—=6)+~v(1+46)_
* = = 4.1
P2 12— (2a-B)p 1—2-7)% (4.18)
Replacing (p3, p3) into (4.14]) and (4.15)) and simplifying yields
— —~2 — —_
SR Cleel) ek ks P R VN e (C k) B e L) P (4.19)

4—(2—7)2% 4—(2—7)2%
pi+0(8 —p3)
a(l—0)+ po

side is equal to A] and clearly A\] > pj, and it is easy to verify that all the constraints of Problem

Moreover, it is easy to verify our assumption that p] < @, note that the right-hand
(4.13]) hold under the condition v < 2. In particular, note that A5 > 0 if and only if v < 2. To see
that A7 > A3 note that

* vk g =~
Al )\2——4_(2_7)250z>0.

To see that pj < p5 note that, subtracting (4.17) from (4.18)) yields

* * i 1 _5—’_75 —
P2 —P1 = 4(_<2_,y)2§04a (4.20)

which is always positive. Finally, replacing (p7, p3) into (4.16) and simplifying yields

1—-6)+~ _

*_(
=™
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Proof of Proposition [4.3.2]

Consider the optimal solution of Problem (4.13]) characterized in Proposition In particular,
note that the optimal consumers’ threshold for period 2 becomes negative when v > 2. In this
case we need to solve the seller’s problem with the constraint that Ao < 0, which using the tail

distribution (4.10]) can be written as

max pl(l — /\1/5&) + 5]92)\1/5&

p1,p2
st A=A >0 (4.21)
a>X >0
A <0
p1,p2 20
p1+0(8—p2) _

Suppose that p; < @, we will later verify that this is always true in equilibrium.

a(l—9)+po
From Proposition [£.7.1] it follows that the optimal consumers’ thresholds for period 1 and period 2
are given by (4.14)) and (4.15) respectively. Replacing (4.14) and (4.15)) into the objective function

of Problem (4.21]) yields

I — —Pi+all = Opi + 20pips + B8%ps — %3 (4.22)
a(l—96)+ po

and the associated Hessian is given by

1 -2 26

H=———"7—

o1l
Clearly the profit function is concave in ps, solving the first-order condition I = 0 yields the best
P2

response

3 ):55+2p1
p2(p1 725 .



CHAPTER 4. SOCIAL INFLUENCE AND PRICE COMMITMENT 150

The constraint Ay < 0 imposes the following upper bound on po, i.e.

_ . B[@(l — 5) — 2])1]
p2(p1) = a(l— o) )
note that pa(p1) < p2(p1) if and only if
af(l—4)o _
< = D1.
Pr=oa1—6)+28 ™
If p1 < Py, replacing pa(p1) into (4.22)) yields
A 525
I =
(plap2(p1)) 4[@(1 — (5) +55] + p1,

thus clearly it is optimal to set py = p1. Then it must be that p; > p1, which implies pa(p1) > p2(p1)
and the best response pa(p1) is not feasible. Replacing pa(p1) into (4.22) yields

—p? +a(l - all —
H(pl,pz(pl)):[ pi +a(l a;z)lpi][a)(; ) + 4]

which is a concave quadratic in p;, thus solving the first-order condition to get p] and then replacing

P} into pa(p1) to get ph yields

pi=a(l—9)/2 and p;=p3/2=ay/2 (4.23)

and replacing (pj,p3) into (4.14) and (4.15) yields A} = a/2 > pi, clearly A5 = 0. It is easy to

verify our assumption that p] < A], as well as that all constraints hold at the optimal solution.

Further note that clearly A7 > A5 = 0, and

py—p1=aly—1+19)/2, (4.24)

which is always positive. To complete the proof note that replacing (pj,p3) into (4.22]) yields
I =a(l -6 +~9)/4. O
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Proof of Proposition [4.3.3

Proof of Part (a): For property (a.i), note that when v < 2, differentiating p] and p} with respect

to v yields

Iy 2a78(2 — 20 +79) <0 and %:4—85+452+45(1—5)7—1—6(14—5)72&>0

Oy H-(2-7)?%2 ~ Dy [4—(2— 7))

where the first inequality is immediate, and the second inequality follows from the fact that the
numerator of dp3/0§ is a convex quadratic in v with determinant §(—1 + 26 — 62) < 0 for all

d € (0,1). When ~ > 2, differentiating p} and p} with respect to 7 yields

Ipi Oy _ _
= d =a/2>0.
9 0 an N a/2>0

For property (a.ii), note that when v < 2, differentiating (4.20)) with respect to J yields

0 va
YF ¥ — > 0.

When v > 2, differentiating with respect to d yields 885(;0; —p]) = @/2 > 0. Which completes
the proof of Part (a).

Proof of Part (b): For property (b.7), note that the equilibrium demands are given by D} = 1—-\}/a
and Dj = (A] — X\5)/a. When v < 2, using the optimal thresholds A} and A} from ([4.19)), we can
compute the difference between period 1 and period 2 demands as

2—-y)(1-9)

(4.25)

which is always positive in this case. When v > 2 the optimal thresholds are given by A\ = &/2
and A5 = 0, replacing them into the above expressions for D and Dj yields D} = Dj = 1/2, and

thus D} — D% = 0. For property (b.ii), note that when v < 2 we have

oDy 0 . ., 2(y-—
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which is always negative in this case, and

0D} D, s vy —2)?
35 e e = g e e
A . oD}  0D; .
which is always positive. When ~ > 2 we have % — o5 0. Finally, for property (b.iii), note

that when v < 2 differentiating (4.25)) with respect to v yields

T (Dr D) =— <
8’)/( 1 2) [4— (2— )22 <0,
8 * *
and when v > 2 we have a—’y(D1 —D3)=0. O

Proof of Proposition [4.4.1

We solve the game by backward induction. Using the tail distribution F defined in (4.10]), the

seller’s problem in period 2 can be written as

max pQ(/\l — )\2)/0_6
D2

s.t. )\1 - )\2 Z 0 (426)

The optimal consumers’ threshold in period 2 is given by Ay = ps — B(1 — A\1/@), and replacing it
into the objective of Problem (4.26f) yields

P+ B+ (1= B/a)lp
Ty = -

)

on
which is a concave quadratic in p2. Solving the first-order condition 8—2 = () yields the best response
P2

aB + (a— P\
2a '

Pa(A1) =
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Now we turn to the fist period decisions. The consumers’ optimal threshold in period 1 must be a

solution to the following fixed point equation

_ p1—0pa(M1) +68(1 — M1 /a)

Al 1-6 ’
solving for for A\ yields
S _ 2p+ B
M) = G 5a

The monopolist problem in the first period is

H}O?X p1(1 — )\1/07) + 5]317['2()\1)

s.t. )\1 — )\2 Z 0 (4.27)

replacing p2(A1) and then A;(p1) into the objective of Problem (#.27) yields

P35 — 4)a? — 4aB6 + 28] + p1[(2 — §)2a% + apd(4 — d)]a + a?B2%6

a2 d)a + BOP2 (4.28)

T =

Note that 7 is concave in py if and only if

6271'1

52 = 28325 — 865 — (8 — 60) <0,
P1

which is true when /& < (2 + /1 +4/0) and in particular it is always true in this case since
50 =2+ /44 6(176 — 4
v =B/a< + 4; ( ) < (24 +/1+4/0). Thus, the optimal price for period 1 must

0
solve the first-order condition % = 0, which implies that
P1

. (2-06)%a2+(4—0)aBs—2B%0_  (2—-06)2+ (4— )y — 2725@
PL= "8 60)a2 + 8afs — 2625 (8—60) + 870 — 2926

(4.29)
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Replacing p} into 5\1(p1) and simplifying yields

. (2-8)243v—9%0 __
)‘1 - . — 2 «,
(8 — 60) + 86 — 2925

replacing A} into the best response pa(A1) and simplifying yields

NCEY EACET L
P2 =8 265) + 876 — 2428

(4.30)

and replacing A} and p} into Ay = pa — B(1 — A1 /&) yields

o (20 25y
27 T (8-60) + 876 — 2928

It is easy to verify that all constraints hold at the optimal solution, and in particular, note that

56 — 2+ /A + 6(176 — 4)
46

A3 > 0 if and only if v < . Moreover, note that A} > Aj since

2—0+~(2+49) &> 0

A=\ = .
L7277 (8—60) + 86 — 2920

Finally, note that the equilibrium profit can be computed by replacing p} into (4.28) and simplifying

to get

. (2—0)2+4v9
I = a,
2[(8 — 60) + 875 — 2724]

thus completing the proof. O

Proof of Proposition [4.4.2

Consider the optimal consumers’ threshold for period 2 characterized in Proposition and note
50 — 24+ V4 — 40 + 1762
46
solve the seller’s problem with the constraint that A2 < 0. Using the tail distribution , the

. In this case, we need to

that the threshold becomes negative when v >
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seller’s problem in the second period can be written as

max pg)\l/@
p2

s.t. /\1 — )\2 Z 0 (4.31)

The constraint Ay < 0 imposes the following upper bound on the period 2 price

p2 < B(1—Ai/a) = p2(A1).

Note that the above condition must hold with equality at the optimal solution because the objective
of Problem (4.31)) is always increasing in po, which implies that the optimal consumers’ threshold

for period 1 must be a solution to the following fixed point equation

N, = Pio dp2(A1) +068(1 — Ay /@)
1 — 1 _ 5 )

solving for for A1 yields A1(p1) = p1/(1 — ).

The seller’s problem in period 1 is

max p1(1 —Ai/a) + dpima(A1)

st. A —A>0 (4.32)
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Replacing p2(A1) and then A;(p;) into the objective of Problem ([#.32)) yields

a(l—68)+B5  a(l—68)+p55 4

m = SO, SO (4.33)
which is a concave function of p;. Solving the first-order condition yields
p; =a(l—9)/2, (4.34)
replacing p? into Aj(p1) yields A} = &/2 = a7/2, and replacing \} into p2(\1) yields
Py = ary/2. (4.35)

Clearly A5 = 0, and it can be easily verified that all constraints hold at the optimal solution.
Finally, note that clearly A7 > A} and that we compute the equilibrium profit by replacing pj into
(4.33) and simplifying, which yields IT* = &(1 — § + v9)/4, thus completing the proof. O

Proof of Proposition [4.4.3

55 — 2+ V4 — 40 + 1752
46

For property (i), note that when v < the optimal prices are given by (4.29)

and (4.30), subtracting pj from p3 yields

. *_2—35+52—’y(2—35+52)—fy25d
P2mh= (8= 60) + 870 — 2920 ’

where the denominator is always positive and the numerator is positive when

—2435 =62+ VA4+46 — 1162 + 263 + 54
= 13

=7(9),

thus p5 — pj is positive if v > 4(9) and it is negative otherwise. Clearly 5(J) — 0 as 6 — 1. When

50 — 2+ V4 — 40 + 1762
v > + 5 i the optimal prices are given by (4.34) and (4.35]), subtracting p} from

p5 yields p5 — pj = a(y — 14 6)/2 which is always positive in this case. Thus completing the proof

of property (i).
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5 — 2+ V4 — 45 + 1762
46
(4.30), differentiating p] with respect to ¢ yields

For property (ii), when v < the optimal prices are given by (4.29) and

Opy =62+ y(—8+ 46 + 25%) — 7%5(4 + )
F (8 = 65) + 8yd — 2926 |

55 — 2+ V4 — 40 + 1752

which is negative since the numerator is positive for all v < ; and the nu-

merator is always negative. Moreover, differentiating p5 with respect to ¢ yields

Opy 8 —106 + 62 + v6(4 — 26) + v25(2 + 6)

oy (8 —60) + 8y — 2726 ’
— 24+ V4 — 45 + 1752
which is positive since the numerator is positive for all v < 50 + v 0+ 170 and the nu-
55 — 2+ V4 — 46 + 1752

, differentiating the optimal prices

merator is always positive. When v >

from (4.34)) and (4.35)) with respect to v yields

46

Ipi Oy _ _
9 0 an o a/2>0

thus completing the proof. O

Proof of Theorem [4.5.1]

56 — 2+ \/A+ 6(176 — 4)
43

Note that ygrp < 2 since

, which is the threshold on v from the no commitment case.

Define 4pp =

2436 —\/4+0(176 — 4)
45 ’

2—9RrpP =

which is positive if and only if 8§(2 — d) > 0, which is clearly true for all § € (0, 1].
Proof of Part (a): If v < 4rp the equilibrium profit with price commitment is given by (4.6) and
the equilibrium profit with no commitment is given by (4.8), subtracting I}, from II} yields

5 — T — 3[2 + (2 —7)d]?
PO RP T 4l = (2= )20][(4 — 36) + 470 —420]”
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which is strictly positive for all § € (0, 1]. To see this, note that the numerator is always positive,
and for the denominator, note that 4—(2—+)2§ is clearly positive for all v < 2 and (4—368)+4y5—~26
is positive if v < 2 + \/m, which true since ypp < 2.

If v € [yrp, 2) the equilibrium profit with price commitment is given by and the equilibrium
profit with no commitment is given by , subtracting I} p from I} yields

(2 = )%[1 + (1= 7)9]
M-2-y%]

* *
Mpe — Upp =

which is always positive in this case.
Proof of Part (b): It suffices to note that when > 2 the equilibrium profit with price commitment is
given by (4.7) and the equilibrium profit with no commitment is given by (4.9), clearly IIp = II}; p.

This completes the proof of the theorem. O
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