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ABSTRACT

Anisotropic inverse problems with internal measurements

Chenxi Guo

This thesis concerns the hybrid inverse problem of reconstructing a tensor-valued con-
ductivity from knowledge of internal functionals. This problem finds applications in the
medical imaging modalities Current Density Imaging and Magnetic Resonance Electrical
Impedance Tomography.

In the first part of the thesis, we investigate the reconstruction of the anisotropic con-
ductivity ¢ in a second-order elliptic partial differential equation from knowledge of internal
current densities. We show that the unknown coefficient can be uniquely and stably recon-
structed via explicit inversion formulas with a loss of one derivative compared to errors in
the measurement. This improves the resolution of quantitative reconstructions in Calderén’s
problem(i.e. reconstruction problems from knowledge of boundary measurements). We then
extend the problem to the full anisotropic Maxwell system and show that the complex-valued
anisotropic admittivity v = o + twe can be uniquely reconstructed from knowledge of sev-
eral internal magnetic fields. We also proved a unique continuation property and Runge
approximation property for an anisotropic Maxwell system.

In the second part, we performed some numerical experiments to demonstrate the com-
putational feasibility of the reconstruction algorithms and assess their robustness to noisy

measurements.
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Chapter 1

Introduction

Mathematically, many inverse problems find interpretations in terms of linear and nonlinear
(systems of) partial differential equations(PDE’s). They consist in the reconstruction of the
unknown parameter of a given PDE from knowledge of functionals that depend on these
parameters. In mathematical terms, an inverse problem is devoted to inverting a functional

relation of the form
p=M(), forceX, ne. (1.1)

Here, ¢ denotes the unknown coefficients and X is a subset of a Banach space in which the
unknown coefficients are defined. 99 denotes the measurement operator.

Hybrid inverse problems are extensively studied in the bio-engineering community. Such
inverse problems aim to combine a high-contrast modality, such as Electrical Impedance
Tomography(EIT) or Optical Tomography(OT), with a high-resolution modality, such as
Magnetic Resonance Imaging (MRI) or ultrasound. The high-contrast modality EIT aims
to locate unhealthy tissues by reconstructing their electrical conductivity v from knowledge

of boundary functionals. This leads to an inverse problem known as the Calderén’s problem.



Extensive studies have been made on uniqueness properties and reconstructions methods
for this inverse problem [57, 58, 59, 60]. But the problem is mathematically severely ill-
posed and the corresponding stability estimates are of logarithmic type, which results in
a low resolution for the reconstructions. Moreover, well-known obstructions show that the
anisotropic conductivities cannot be uniquely reconstructed from boundary measurements
(2, 4].

It is sometimes possible to leverage the physical coupling of the above high contrast
modality with a high-resolution modality, which provides high-resolution internal function-
als of the unknown conductivity [3, 13, 56]. Thus reconstructions in hybrid inverse problems
typically involve two steps. In the first step, an inverse problem involving the high-resolution
modality needs to be solved to provide internal functionals. In this thesis, we assume that
this first step has been performed. Our interest is in the second step of the procedure, which
consists of reconstructing the coefficients that display high contrasts from the mappings ob-
tained during the first step. These mappings involve internal functionals of the coefficients
of interest.

The reconstruction methods in hybrid inverse problems depend on the physical model

of interest. However, it is natural to ask several common questions:

1. Uniqueness: are the coefficients uniquely characterized by the internal measurements?

To answer the question, we must verify the following property,

M(c) =M(c)=c=¢, forall cceX.

2. Stability: is an inverse problem well-posed or at least mildly ill-posed? The stability

estimates are usually written in Lipschitz type,

€ = cllzs < CYME) = M) | e+,



for some constant C' and integer s, t.

3. Which component of the anisotropic coefficient can be reconstructed with a better
stability and which specific boundary conditions should be prescribed at the boundary

of the domain of interest?

The goal of the thesis is to derive explicit reconstructions for anisotropic coefficients
in PDE’s and obtain Lipschitz-type stability estimates for such reconstructions. For the
special isotropic case, a scalar coefficient may be reconstructed with a better stability.
The mathematical techniques in this work provides a class of prescribed boundary condi-
tions for which the reconstructions to the hybrid anisotropic inverse problems are shown
to be uniquely and stably determined by the internal functionals. The main application
of the results in this manuscript is medical imaging, where the reconstructions with inter-
nal measurements greatly improve the resolution of images. We also performed numerical

simulations to validate the theories and reconstruction algorithms proposed in the thesis.

1.1 Reconstruction of tensor-valued coefficients in second-

order elliptic equations

We consider the tensor-valued second-order elliptic equation:
V-(yVu) =0 (X), ulox = g, (1.2)
with a real symmetric tensor v verifying the ellipticity condition for x > 1,

RTHIEN? < € 7€ < mli€)1% (1.3)



such that the above equation admits a unique solution in H'(X) for g € H 2 (0X). Here X

is an open bounded domain in R™ with smooth boundary 0.X.

1.1.1 Linearized conductivity with power densities

A problem that has received a lot of attention recently concerns the reconstruction of the
conductivity tensor v in the second-order elliptic equation (1.2) from knowledge of internal
power density measurements of the form Vu - yVv, where u and v both solve (1.2) with
possibly different boundary conditions. This problem is motivated by a coupling between
electrical impedance imaging and ultrasound imaging and also finds applications in thermo-
acoustic imaging.

Explicit reconstruction procedures for the above non-linear problem have been estab-
lished in [17, 8, 47, 46, 44], successively in the 2D, 3D, and nD isotropic case, and then in
the 2D and nD anisotropic case. In these articles, the number of functionals may be quite
large. The analyses in [44] were recently summarized and pushed further in [45]. If one
decomposes « into the product of a scalar function 7 = (det 7)% and a scaled anisotropic
structure 4 such that dety = 1, the latter reference establishes explicit reconstruction for-
mulas for both quantities with Lipschitz stability for 7 in W1 norm, and involving the
loss of one derivative for 7.

In the isotropic case, several works study the above problem in the presence of a lesser
number of functionals. The case of one functional is addressed in [6], whereas numerical
simulations show good results with two functionals in dimension n = 2 [24]. Theoretical
and numerical analyses of the linearized inverse problem are considered in [37, 38]. The
stabilizing nature of a class of internal functionals containing the case of power densities is
demonstrated in [38] via micro-local analysis of the linearized inverse problem. The above
inverse problem is recast as a system of nonlinear partial differential equations in [7] and its

linearization is analyzed by means of theories of elliptic systems of equations. It is shown



in the latter reference that n + 1 functionals, where n is spatial dimension, is sufficient to
reconstruct a scalar coefficient v with elliptic regularity, i.e., with no loss of derivatives,
from power density measurements. This was confirmed by two-dimensional simulations in
[12]. All known explicit reconstruction procedures require knowledge of a larger number of
internal functionals.

In this work, we study the linearized version of this inverse problem in the anisotropic
case, i.e. we write an expansion of the form +* = ¢ + &7 with 79 known and ¢ < 1, and
study the reconstructibility of v from linearized power densities (LPD). We first proceed by
supporting the perturbation + away from the boundary X and analyze microlocally the
symbol of the linearized functionals, and show that, as in [38], a large enough number of
functionals allows us to construct a left-parametrix and set up a Fredholm inversion. The
main difference between the isotropic and anisotropic settings is that the anisotropic part
of the conductivity is reconstructed with a loss of one derivative. Such a loss of a derivative
is optimal since our estimates are elliptic in nature. It is reminiscent of results obtained for
a similar problem in [15].

Secondly, we show how the explicit inversion approach presented in [44, 45] carries
through linearization, thus allowing for reconstruction of fully anisotropic tensors supported
up to the boundary of X. In this case, we derive reconstruction formulas that require a
smaller number of power densities than in the non-linear case, giving possible room for
improvement in the non-linear inversion algorithms. The results are presented in Chapter

2.

1.1.2 Inversion via current densities

In this section, we consider the Current Density Impedance Imaging problem (CDII), also
called Magnetic Resonance Electrical Impedance Tomography (MREIT) of reconstructing

an anisotropic conductivity « in the second-order elliptic equation (1.2) from knowledge



of internal current densities of the form H = yVu, where u solves (1.2). Here X is an
open bounded domain with a C?>® or smoother boundary dX. Internal current density
functionals H can be obtained by the technique of current density imaging. The idea is
to use Magnetic Resonance Imaging (MRI) to determine the magnetic field B induced by
an input current /. The current density is then defined by H = V x B. We thus need to
measure all components of B to calculate H. See [31, 54] for details.

A perturbation method to reconstruct the unknown conductivity in the linearized case
was presented in [32]. In dimension n = 2, a numerical reconstruction algorithm based
on the construction of equipotential lines was given in [39]. Kwon et al [40] proposed a
J-substitution algorithm, which is an iterative algorithm. Assuming knowledge of only the
magnitude of only one current density |H| = |yVul, the problem was studied in [48, 49, 51]
(see the latter reference for a review) in the isotropic case and more recently in [29, 43] in the
anisotropic case with anisotropy known. In [34, 42], Nachman et al. and Lee independently
found a explicit reconstruction formula for visualizing log v at each point in a domain. The
reconstruction with functionals of the form v*Vu is shown in [36] in the isotropic case. For
t = 0, the functionals are given by solutions of (1.2), then a more general complex-valued
tensor in the anisotropic case was presented in [15]. In [55], assuming that the magnetic
field B is measurable, Seo et al. gave a reconstruction for a complex-valued coefficient in
the isotropic case.

In this work, we show that a minimum number of current desities equal to n+2, where n
is the spatial dimension, is sufficient to guarantee a local reconstruction. v can be uniquely
reconstructed with a loss of one derivative compared to errors in the measurement of H. In
the special case where v is scalar, it can be reconstructed with no loss of derivatives. We
provide a precise statement of what components may be reconstructed with a loss of zero

or one derivatives. The results are presented in Chapter 3.



1.2 Reconstruction of complex-valued tensors in the Maxwell

system

We consider the following system of Maxwell’s equations:

VX FE+wpugH =0
Ho (1.4)

VxH—-—~FE=0,

with the boundary condition

v x Elpx = f. (1.5)

Here v = 0 + wwe and the smooth anisotropic electric permittivity, conductivity, and the
constant isotropic magnetic permeability are respectively described by e(z), o(z) and po,
where £(z), o(x) are tensors and pg is a constant scalar, known, coefficient. Let X be a
bounded domain with smooth boundary in R? and v be the exterior unit normal vector on
the boundary 9X. The frequency w > 0 is fixed. F and H denote the electric and magnetic
fields inside the domain X with a harmonic time dependence. We assume that e(x) and

o(x) satisfy the uniform ellipticity condition for some x > 0,

EHIENP <€ e < rRJ€IP RTHIEP < € o€ < g€ (1.6)

In this section, we consider a hybrid inverse problem where, in addition to boundary
data, we have access to the internal magnetic field H in order to reconstruct the complex-
valued tensor . Internal magnetic fields can be measured using a Magnetic Resonance
Imaging (MRI) scanner; see [31] for the experimental details. In [55], assuming that the

magnetic field H is measurable, Seo et al gave a reconstruction for the conductivity in



the isotropic case. This thesis generalizes the reconstruction of an arbitrary (symmetric)
complex-valued tensor and gives an explicit reconstruction procedure for v = o + twe. The
explicit reconstructions we propose require that all components of the magnetic field H be
measured. This is challenging in many practical settings as it requires a rotation of the
domain being imaged or of the MRI scanner. The reconstruction of v from knowledge of
only some components of H, ideally only one component for the most practical experimen-
tal setup, is open at present. We propose sufficient conditions on the choice of boundary
conditions f such that the reconstruction of 7 is unique and satisfies elliptic stability esti-
mates. To derive local reconstruction formulas for a more general ~, we need to control the
local behavior of solutions by well-chosen boundary conditions. This is done by means of a
Runge approximation. We will prove the Runge approximation for an anisotropic Maxwell

system using the unique continuation property. The results are presented in Chapter 4.

1.3 Imaging of tensor-valued coefficients with internal data

We first study the special case of reconstructing the anisotropic conductivity v with current
densities H = vVu in the second-order elliptic equation (1.2) in two dimensions. The ex-
plicit reconstruction method provided in [10] requires that some matrices constructed from
available data satisfy appropriate conditions of linear independence. We will show that in
R?, such assumptions can be globally guaranteed with a set of well-chosen illuminations
based on the construction of Complex Geometrical Optics (CGO) solutions, provided that
one can prescribe Dirichlet (or other) conditions over the full boundary. Several numerical
experiments confirm the theoretical predictions. The numerical simulations in [11] show
that the reconstruction procedure works well for different types of tensors containing both
smooth and discontinuous coefficients. Using the decomposition v = 8% with g = (det ’y)%,

the simulation results also show that both the isotropic and the anisotropic parts of the



tensor can be stably reconstructed, with a better robustness to noise for the scalar 3. This
is consistent with theoretical results in [10], where the stability of the inversion on S is
better than on the anisotropy 4. Our CGO-based theoretical results exhibit a specific class
of boundary conditions that ensure stable reconstructions. In practice, a much larger class
of boundary conditions than those that can be analyzed mathematically still provide sta-
ble reconstructions. Yet, when only a part of the boundary conditions is accessible for
current injection, the linear independence of specific matrices needed in the reconstruc-
tion deteriorates. The reconstructions then become unstable in some parts of the domain.
This phenomenon is demonstrated in several numerical simulations. All simulations are
performed in two dimensions of space, although we expect the conclusions to still hold
qualitatively in higher dimensions as well. Such results are presented in Chapter 5.
Secondly, we perform numerical simulations of reconstructing (o,e) in the Maxwells
system (1.2) from the internal magnetic fields H. We find that the reconstructions are
more sensitive to noise than the previous case with current densities [27]. This is consistent
with theoretical results in [26], where the reconstructions suffer from a loss of two derivatives

from errors in the acquisition H. The results are presented in Chapter 6.
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Chapter 2

Linearized inverse conductivity

from power densities

In this chapter, we study the reconstruction of the conductivity tensor ~ in the elliptic

equation,
V-(vVu) =0 (X), ulox = g, (2.1)

from knowledge of internal power density measurements of the form Vu-~vyVuv, where u and
v both solve (2.1) with possibly different boundary conditions and where v is a symmetric

tensor satisfying the uniform ellipticity condition
REP < €76 < w|I€)?, € €R", for some x> 1. (2.2)

We focus on the linearized version of this inverse problem in the anisotropic case. We
write an expansion of the form +* = 7y + ey with 79 known and ¢ < 1, and study the

reconstructibility of v from linearized power densities (LPD).

11



2.1 Modeling of the problem

Consider the conductivity equation (2.1), where X C R™ is open, bounded and connected
with n > 2, and where ~¢ is a uniformly elliptic conductivity tensor over X.
We set boundary conditions (g1, ...,¢mn) and call u$ the unique solution to (2.1) with

uflox = gi, 1 <i < m and conductivity v°. We consider the measurement functionals
H A% Hi(v°) = Vui -°Vui(z), 1<4,5<m, zecX. (2.3)

Considering an expansion of the form ¢ = 7 + €7, where the background conductivity
7o is known, uniformly elliptic and e so small that the total v* remains uniformly elliptic.

Expanding the solutions u; accordingly as
ui = u; +ev; + O(E?), 1<i<m,
the PDE (2.1) at orders O(¢”) and O(e!) gives rise to two relations

V- (vwVu) =0 (X), uilox = Gis (2.4)

=V (0Vuv) =V (V) (X),  wvlox =0. (2.5)
The measurements then look like
Hi; = Vu; - %Vuj + e (Vu; - vVuy + Vu; -y Voj + Vu, - Vo) + (’)(52). (2.6)
Therefore, the component dH;; of the Fréchet derivative of H at g is

dH;j(y) = Vui - yVuj + Vu; - Vv + Vu; -V, ze X, (2.7)

12



where the v;’s are linear functions in v according to (2.5).

In both subsequent approaches, reconstruction formulas are established under the follow-
ing two assumptions about the behavior of solutions related to the conductivity of reference
~o- The first hypothesis deals with having a basis of gradients of solutions of (2.4) over a

certain subset 2 C X.

Hypothesis 2.1.1. For an open set Q C X, there exist (g1,...,9n) € H%(E?X)" such
that the corresponding solutions (u1,...,u,) of (2.4) with boundary condition u;|px = ¢;

(1 <i<mn) satisfy
insf2 det(Vuq,...,Vuy,) > co > 0.
xre

Once Hypothesis 2.1.1 is satisfied, any additional solution w1 of (2.4) gives rise to a

n X n matrix

/—/Z‘H
det(Vuy, ..., Vuyuit, ..., Vuy)

Z=1Zi|...12Z,). h Zi =V
[Z1] ... |Zn],  where det(Vuy, ..., Vuy)

. (2.8)

As seen in [44, 45], such matrices can be computed from the power densities { Vu;-yoVu; }ZH

j=1
and help impose orthogonality conditions on the anisotropic part of 79. Once enough such
conditions are obtained by considering enough additional solutions, then the anisotropy
is reconstructed explicitly via a generalization of the usual cross-product defined in three
dimensions. In the linearized setting, we find that one additional solution such that Z has

full rank is enough to reconstruct the linear perturbation v. We thus formulate our second

crucial assumption here:

Hypothesis 2.1.2. Assume that Hypothesis 2.1.1 holds over some fived Q2 C X. There ex-
ists gny1 € H? (0X) such that the solution w11 of (2.4) with boundary condition u,+1]ox =

n+1 has a full-rank matriz Z (as defined in (2.8)) over ).

13



Remark 2.1.3 (Case 7 constant). In the case where ~yy is constant, then it is straight-
forward to see that g; = xilox (1 < i < n) fulfill Hypothesis 2.1.1 over X. Moreover, if
Q= {Qij}ijl denotes an invertible constant matrixz such that Q : vo = 0, then the boundary

condition gny1 = %qijxiijx fulfills Hypothesis 2.1.2, since we have Q = Z.

Throughout the chapter, we use for (real-valued) square matrices A and B the contrac-

tion notation A : B = tr ABT = Ei’j A;;B;j, with BT the transpose matrix of A.

Remark 2.1.4. In the treatment of the non-linear case [8, 47, 44, 45], it has been pointed
out that Hypothesis 2.1.1 may not be systematically satisfied globally in dimension n > 3. A
more general hypothesis to consider would come from picking a larger family (of cardinality
> n) of solutions whose gradients have maximal rank throughout X. While this additional
technical point would not alter qualitatively the present reconstruction algorithms, it would

add complezity in notation which the authors decided to avoid.

2.1.1 Past work and heuristics for the linearization

In the reconstruction approach developped in [46, 44, 45] for the non-linear problem, it was
shown that not every part of the conductivity was reconstructed with the same stability.
Namely, consider the decomposition of the tensor 4/ into the product of a scalar function 7 =
(det+/ )% and a scaled anisotropic structure 4’ with detd’ = 1. The following results were
then established. Starting from n solutions whose gradients form a basis of R" over a subset
Q) C X, it was shown that under knowledge of a W1°°(X) anisotropic structure 7', the scalar
function log det 4/ was uniquely and Lipschitz-stably reconstructible in W1>°(Q) from W1
power densities. Additionally, if one added a finite number of solutions w1, ..., u,4; such
that the family of matrices Z(yy,..., Z(; defined as in (2.8) imposed enough orthogonality
constraints on 4/, then the latter was explicitely reconstructible over Q from the mutual

power densities of (uq,...,u,y;). The latter reconstruction was stable in L> for power

14



densities in W1 norm, thus it involved the loss of one derivative.
Passing to the linearized setting now (recall v* = vy + €7), and anticipating that one
scalar quantity may be more stably reconstructible than the others, this quantity should be

the linearized version of log det v*. Standard calculations yield
log det (g + &) = log det yo + log det(I,, + ev5 ') = log det v + etr (v5 ') + O(e?),

and thus the quantity that should be stably reconstructible is tr (y, 1’y). The linearization

of the product decomposition (7,4’) above is now a spherical-deviatoric one of the form

1 .
y=—tr (v 0+ =05 (2.9)

dev

where is the linear projection onto the hyperplane of traceless matrices A9V := A —

tr A
LA,

2.1.2 Microlocal inversion

The above inverse problem in (2.5)-(2.7) may be seen as a system of partial differential
equations for (v,{v;}). This is the point of view considered in [7]. However, {v;} may be
calculated from (2.5) and the expression plugged back into (2.7). This allows us to recast
dH as a linear operator for v, which is smaller than the original linear system for (v, {v;}),
but which is no longer differential and rather pseudo-differential. The objective in this
section is to show, following earlier work in the isotropic case in [38], that such an operator
is elliptic under appropriate conditions.

We first fix ' cC X and assume that suppy C €, so that the integral fRn e ip(x, ) :
4(&)d¢ is well-defined, where p(x, £) is a matrix-valued symbol whose entries are polynomials
in ¢ and the hat denotes the Fourier Transform 4(¢) = [, e **y(z) dz. We also assume

that v € C*°()) and can be extended smoothly by 79 = I, outside . As pointed out

15



in [38], in order to treat this problem microlocally, one must introduce cutoff versions of
the dH;; operators, which in turn extend to pseudo-differential operators (¥DO) on R".
Namely, if Q" is a domain satisfying Q' cC Q" CC X and x; is a smooth function supported
in X which is identically equal to 1 on a neighborhood of 7, the operator v — x1dH;j(x17)
can be made a ¥YDO upon considering Ly = —V - (10V) as a second-order operator on R"
and using standard pseudo-differential parametrices to invert it. We will therefore not
distinguish the operators dH;; from their pseudo-differential counterparts. The task of this
section is then to determine conditions under which a given collection of such functions
becomes an elliptic operator of v over €',

Using relations (2.5) and (2.7), we aim at writing the operator dH;; in the following

form

(o) = m)" [ [ I ,€) () de dy, (210)

with symbol M;;(x,&) (pseudo-differential terminology is recalled in Sec. 2.2.1). We first
compute the main terms in the symbol expansion of dH;; (call this expansion M;; = M;;|o+
M;il-1 + O(|¢€|7?) with M;;|, homogeneous of degree p in ). From these expressions, we
then directly deduce microlocal properties on the corresponding operators.

The first lemma shows that the principal symbols M;;|o can never fully invert for v, no
matter how many solutions u; we pick. When Hypothesis 2.1.1 is satisfied, then the charac-
teristic directions of the principal symbols {M;;(x, &) }1<i j<n reduce to a n — 1-dimensional
subspace of S, (R). Here and below, we recall that the colon “:” denotes the inner prod-
uct A : B = tr (ABT) for (A, B) € S,(R) and ® denotes the symmetric outer product

UoV=3UeV+VeU)for UV eR"
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Lemma 2.1.5. (i) For any i,j and x € X, the symbol M;j|o satisfies

Mijlo: (€ ©n) =0, foralln e sn—1 satisfying  n-&=0. (2.11)

(ii) Suppose that Hypothesis 2.1.1 holds over some Q@ C X. Then for any x € Q, if
P € S, (R) is such that

Milo: P=0, 1<i<j<n, (2.12)

then P is of the form P = & ®n for some vector n satisfying n- & = 0.

Since an arbitrary number of zero-th order symbols can never be elliptic with respect
to 7, we then consider the next term in the symbol expansion of dH;;. We must also add
one solution u,y1 to the initial collection, exhibiting appropriate behavior, i.e. satisfying

Hypothesis 2.1.2. The collection of functionals we consider below is thus of the form
dH = {dH;|1<i<n, i <j<n+1}, (2.13)

and emanates from n + 1 solutions (uq,...,u,4+1) of (2.4) satisfying Hypotheses 2.1.1 and

2.1.2.

In order to formulate the result, we assume to construct a family of unit vector fields

50(:1775) = /E(x\)gv él($7£)7 sy én—l(xyg)v

homogeneous of degree zero in &, smooth in x and everywhere orthonormal. We then define
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the family of scalar elliptic zeroth-order DO

T Ty = {TpV}o<p<gen—t, Tpgy(x) := (2m)7" / e CTATE, © E AT A(E) d,

n

(2.14)

which can be thought of as a microlocal change of basis after which the operator dH ()
becomes both diagonal and elliptic. Indeed, we verify (see section 2.2.4) that for any k > 1

and ~ sufficiently regular, we have

IV zr @y < CITY vy + CallVllz ) < Csllvll e )- (2.15)

The above estimates come from standard result on pseudo-differential operators. The pres-
ence of the constant Cs indicates that T' can be inverted microlocally, but may not injective.

Composing the measurements dH;; with appropriate scalar ¥DO of order 0 and 1, we are
then able to recover each component of the operator (2.14). The well-chosen “parametrices”
are made possible by the fact that the collection of symbols M;;|o + M;;|—1 becomes elliptic
over " when Hypotheses 2.1.1 and 2.1.2 are satisfied. Rather than using the full collection
of measurements dH (2.13), we will consider the smaller collection {dH;; }1<; j<n augmented

with the n measurement operators

n
L) = 3y dHy(3) + p Ay (), 1<i<m, (216)
j=1
where (p1, ..., fin, 1)(x), known from the measurements {Hlj}fj:ll, are the coefficients in

the relation of linear dependence

wiVug 4+ - 4+ ppVuy + pVuy g = 0.
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1
We also define the operator Lg € W' with principal symbol —¢||Ap€||. Our conclusions may

be formulated as follows:

Proposition 2.1.6. Let the measurements dH defined in (2.13) satisfy Hypotheses 2.1.1

and 2.1.2.

(i) For (a,8) = (0,0) and 1 < a < B < n—1, there exist {Qapij 1<i<j<n € VO such that

Z Qapij 0 dHij = Tos  mod U1 (2.17)
1<ij<n
(11) For any 1 < a < n —1, there exist {Bqi}ti<i<n € U0 such that the following relation

holds
1
L2 oBsioLi—RyoR="Ty,  mod¥ ! (2.18)

where the remainder R, o R can be expressed as a zeroth-order linear combination of

the components Tog and {Tpqt1<p<q<n—1 reconstructed in (i).

1
The presence of the L term in part (i) of Prop. 2.1.6 accounts for the loss of one
derivative in the inversion process. From Prop. 2.1.6, we can then obtain stability estimates

of the form

I Toov ey + D> W Tpa e+ + > 1Toplarery < CldH g ory + Callvllz2()-
1<p<g<n—1 1<p<n-1

(2.19)

The above stability estimate holds for £ = 0 using the results of Proposition 2.1.6 and in
fact for any k > 0 updating by standard methods the parametrices in (2.17) and (2.18) to
inversions modulo operators in W~* provided that the coefficients (7o, {u;}) are sufficiently

smooth. The presence of the constant C5 indicates that the reconstruction of v may be
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performed up to the existence of a finite dimensional kernel as an application of the Fredholm
theory as in [38].

Equation (2.19) means that some components of  are reconstructed with a loss of one
derivative while other components are reconstructed with no loss. The latter components
are those that can be spanned by the components Tooy and {Tps7}i1<a,g<n—1. Some alge-
bra shows that the only such linear combination is Z?:_ol T}y, which, using the fact that
Z?:_OI & @& =1, can be computed as

n

n—1
> Ty =(2m)™" / LA LAY A (E) dE = <<2w>—" / () ds> = tr (),
1=0

confirming the heuristics of Sec. 2.1.1. It can be shown that all other components of ~
(i.e. any part of 74 in (2.9)) are, to some extent, spanned by the components Ty, 7, and as
such cannot be reconstructed with better stability than the loss of one derivative in light
of (2.19). Combining the above results with (2.15), we arrive at the main stability result of

the chapter:

ltr (v ey + Il s vy < ClAH | ey + Callyll 2 o)- (2.20)

Such an estimate holds for any k > 1.

The above estimate holds with Co = 0 when v — dH () is an injective (linear) operator.
Injectivity cannot be verified by microlocal arguments since all inversions are performed up
to smoothing operators; see [7] in the isotropic setting. In the next section, we obtain an
injectivity result, which allows us to set Cy, = 0 in the above expression. However, the
above stability estimate (2.20) is essentially optimal. An optimal estimate, which follows

from the above and the equations for (v, {v;}) is the following:

MoV oy IV r—1. 0y < CllAH || ey +Calvll L2y < C Moyl ey + IV -1 027))-
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The left-hand-side inequality is a direct consequence of (2.20) and the expression of dH. The
right-hand side is a direct consequence of the expression of dH. The above estimate is clearly
optimal. The operator M) is of order 0. If it were elliptic, then 7 would be reconstructed
with no loss of derivative. However, M|, is not elliptic and the loss of ellipticity is precisely
accounted for by the results in Lemma 2.1.5. As we discussed above, it turns out that the

only spatial coefficient controlled by M)y is tr (7o 17), and hence (2.20).

2.1.3 Explicit inversion:

Now, allowing v to be supported up to the boundary, we present a variation of the non-
linear resolution technique used in [44, 45]. First considering n solutions generated by
boundary conditions fulfilling Hypothesis 2.1.1, we establish an expression for v in terms of

the remaining unknowns (vy,...,v,):
v =(VUIH 'dHH ' [VU]" — [VVIH ' VU] — [VUIH VY] )0, (2.21)

where [VU] and [VV] denote n x n matrices whose j-th columns are Vu; and Vv;, respec-
tively, and where H = {H;;}}';_, and dH = {dH;;}}';,_,. In particular we find from (2.21)

the relation
tr (vo'y) = tr (H'dH) —2tr M, M = ([VV][VU]"HT. (2.22)

Plugging (2.21) back into the second equation in (2.1) for 1 < i < n, one can deduce a
gradient equation for the quantity tr (v, 'y) which in turn allows to reconstruct tr (v, '7)

in a Lipschitz-stable manner with respect to the LPD {dH;;} (i.e. without loss of

n
ij=1
derivative).

Now turning to the full reconstruction of v, we consider an additional solution w1

generated by a boundary condition fulfilling Hyp. 2.1.2. The following proposition then
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establishes how to reconstruct (vy,...,v,) from dH:

Proposition 2.1.7. Assume that (g1,...,gn+1) fulfill Hypotheses 2.1.1 and 2.1.2 over X
and consider the linearized power densities dH = {dH;; : 1 <i<j<n+1, i#n+1}.

Then the solutions (v1,...,v,) satisfy a strongly coupled elliptic system of the form
V- (V) + Wi - Vu; = fi(dH,V(dH)) (X), wilox =0, 1<i<mn, (2.23)

where the vector fields W;; are known and only depend on the behavior of ~o, Z and

U, ..., U, and where the functionals f; are linear in the data dH;;.

When the vector fields W;; are bounded, system (2.23) satisfies a Fredholm alternative
from which we deduce that if (2.23) with a trivial right-hand side admits no non-trivial
solution, then (v1,...,v,) is uniquely reconstructed from (2.23). We can then reconstruct

v from (2.21).

Remark 2.1.8 (Case vy constant). In the case where 7y is constant, choosing solutions as
in Remark 2.1.3, one arrives at a system of the form (2.23) where W;; = 0 if i # j, so that

the system is decoupled and clearly injective.
The conclusive theorem for the explicit inversion is thus given by

Theorem 2.1.9. Assume that (g1,. .., gn+1) fulfill Hypotheses 2.1.1 and 2.1.2 over X and
consider the linearized power densities dH = {dHij c1<i<j<n+l, i#n+1}. Assume
further that the system (2.23) with trivial right-hand sides has no non-trivial solution. Then

~ is uniquely determined by dH and we have the following stability estimate

Itr (v e + Illzzx) < CldH g x). (2.24)
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2.2 Microlocal inversion

2.2.1 Preliminaries

Linear algebra. In the following, we consider the n x n matrices M, (R) with the inner

product structure

A:B=tr (ABT) = Z AijBij7 (225)
i,j=1

for which M, (R) admits the orthogonal decomposition A, (R) @ S,,(R). For two vectors
U= (ui,...,u)" and V = (v1,...,v,)T in R” we denote by U ® V' the matrix with entries

{ui"‘)j}?,j:p and we also define the symmetrized outer product
1
UoV=(UaV+Vel). (2.26)
With - denoting the standard dotproduct on R", we have the following identities

WoV:XoY=U-X)(V-Y)+U-V)V-X), UV,X,YeR" (2.27)

U-MU=M:UgU=M:UcU, UEcR" Me M,(R). (2.28)

Pseudo-differential calculus. Recall that we denote the set of symbols of order m on X
by S™(X), which is the space of functions p € C°(X x R") such that for all multi-indices

a and 3 and every compact set K C X there is a constant C,, g x such that

sup |DF DEp(e, €)] < Coyprc(1+ €)1,
S
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We denote the operator p(z, D) as

p(z, D)y(x) = (27) / T Ep(r, €)3(6)de

n

and the set of pseudo-differential operators (¥DO) of order m on X by U™ (X), where
U (X) = {p(x, D) : p € S™(X)}.

Suppose {m; }§° is strictly decreasing and limm; = —oo, and suppose p; € S™*(X) for each

Jj. We denote an asymptotic expansion of the symbol p € S™°(X) as p ~ > " p; if
p— ij e S™(X), forall k> 0.
j<k

Given two WDO P and @ with respective symbols op and og and orders dp and dg, we

will make repetitive use of the symbol expansion of the product operator QP = Q) o P
1 _
oQr(2,§) ~0Qop + ~Veoq - Viop + O([¢|"et?r=2), (2:29)

where O(|¢]|%) denotes a symbol of order at most . As we will need to compute products of
three DO R, P and @, we write the following formula for later use, obtained by iteration
of (2.29)

1
ORQP :URUQUP—I-Z(URVgO'Q'VxUp—l-O'QVgO'R'anp—i-O'pVgO'R-VxO'Q) ( )
2.30

+ O(fginietn=2),

In the next derivations, some operators have matrix-valued principal symbols. However
we will only compose them with operators with scalar symbols, so that the above calculus

remains valid.
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2.2.2 Symbol calculus for the LPD and proof of Lemma 2.1.5
Writing v;(z) = (2m) 7" [pn €740;(€) d€ and y(z) = (2m) ™" [ €74(€) d€ (understood in
the componentwise sense), we have

Lovi := =V - (0 Vv;) = (27T)_"/ e (€ 70 — (V- 0) - €) Bi(€) dE,

n

Py =V.-(Vu) = (2#)_"/ et (1€ © Vu; + V2u;) 1 §(€) dé.

n

Thus equation (2.5) reads Lov; = P;7y, where the operators Ly := —V - (vzV) and P; have

respective symbols

oo =lo+1li, la:=&-9€8? and I :=—u(V-7y)-£€ 8, (2.31)

op;, = Pi1 T Pi0, Pi1 = &£ ©Vu,; € (Sl)nxn and DPi0 = V2u,~ S (SO)an. (2.32)

For Y a smooth vector field, we will also need in the sequel to express the operator Y - V
as DO, the symbol of which is denoted oy.v = oy.v|1 := &Y.

We now write dH;; as a WDO of v with symbol M;; as in (2.10). dH;; belongs to
¥0(X) and we will compute in this chapter the first two terms in the expansion of M;;
(call them M;;lo and M;j|—1), which in turn relies on constructing parametrices of Lo of
increasing order and doing some computations on symbols of products of DO based on
formula (2.29). If @ is a parametrix of Ly modulo ¥~ ie. K = QLo — Id € V™™, then

straightforward computations based on the relation Lgv; = P;y yield the following relation

dH;j(v) = v : Vu; © Vuj + (Vi - V) o Qo Pyy + (voVuy - V) o Qo Py + Kij,
(2.33)

where  Kjj := (voVu; - V) o KLy P; + (7Vu, - V) o KLy P (2.34)
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For any @, Ly 1P, denotes the operator v — v; where v; solves (2.5), and standard elliptic
theory allows to claim that L, 1P, smoothes by one derivative so that the error operator K;;
defined in (2.34) smoothes by m derivatives. In particular, upon computing a parametrix
Q of Ly modulo ¥~ the first three terms in (2.33) are enough to construct the principal
part of the symbol M;; modulo =™,

In light of the last remark, we first compute a parametrix Q of Lo modulo W', that is,
since Lo € W2, we look for a principal symbol of the form g = g_2 + O(|¢|73). Clearly, we
easily obtain q_o = [ - (€ -40€)~L. In this case, the principal symbol of dH;; at order

zero is given by, according to (2.33) and (2.29),

Mijlo = Vu; © Vuj + (040vu,-v 1) ¢-2 Pt + (040vu;-vi1) 42 pig

= Vu; © Vu; — (Y0¥ - €)(6 © Vauy) + (Vs - €) (€ © Vuy))

1
€ &
M;j|o admits a somewhat more symmetric expression if pre- and post-multiplied by Ay, the

unique positive squareroot of 7g, so that we may write,
Mylo(w,€) = A5 (Vi © Vi = (b0 - Vo © V; = (o - Vi)bo @ Vi) A7, (2.35)

where we have defined &, := Ag¢ and 2 := |z| ' for any z € R"—{0} as well as V; := AyVu,.
This last expression motivates the proof of Lemma 2.1.5.

Proof of Lemma 2.1.5. Proof of (i): Let n such that n-£ = 0, and denote 1’ := Agln
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so that 1’ - &g = 0. Then using identity (2.27) and (2.35), we get

2ll6oll = Miglo(@,€) s 20€ © 1 =2 Vi 0V = (b0 Vo © V; = (€0 V) © Vi : o o
= (Vi &o)(Vi 1)+ (Vi -1)(V; - &0) = (€0 - Vi) (o - €0)(V; - )
= (&0 V)& m)(V; - &0) = (&0~ Vi)(Go - ) (Vi)
— (&0~ V)G )G - Vi)
o,

where we have used &y - & =1 and & -/ = 0, thus (i) holds.

Proof of (ii): Recall that
Mijlo: P=|V;oV; —(50"/2)50@‘/]'—(50"/]‘)50@%] D AyTPAGT
We write S, (R) as the direct orthogonal sum of three spaces:
Su(®) = (Ré @) @ ({l} o &))@ (90 (&), (2.36)

with respective dimensions 1, n(n —1)/2 and n — 1. Decomposing A, 1PA0_ ! uniquely into

this sum, we write A 1PA(; L'— P, + P, + P5. Direct calculations then show that
Mijlo: Ag'PAY =Vio Vi (P + P), 1<i<j<n.

Since {V;}I; is a basis of R", {V; ® V}}1<i<j<n is a basis of S,(R) and thus (2.12) implies

that

—P+ P, =0, i.e. P=P =0.
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Therefore P = AygP3Ay with Py = £ © 1/ for some 7/ - & = 0, so P = € ® n with 7
proportional to Agn/, i.e. such that n-& = 0, thus the proof is complete.

In other words, all symbols of order zero M;j|o(x,&) are orthogonal to the (z,§)-
dependent n — 1-dimensional subspace of symmetric matrices 7o ® {¢}*. One must thus
compute the next term in the symbol exampansion of the operators dH;;, i.e. M;;|—1. We
will then show that enough symbols of the form M;;|o+ M;;|—1 will suffice to span the entire
space S,(R) for every x € ' and ¢ € S!, so that the corresponding family of operators is

elliptic as a function of ~.

2.2.3 Computation of M;;|_;

As the previous section explained, the principal symbols M;;|o can never span S, (R). There-
fore, we compute the next term M;;|_; in their symbol expansion. We must first construct

a parametrix @ of Ly modulo U2, i.e. of the form
0Q=q-2+q3+0(&™"), qes (2.37)
Lemma 2.2.1. The symbols q_o and q_3 defined in (2.37) have respective expressions

g2 =1y" = (£-708) 7", (2.38)

0-3 = 150 &€& (10lpqDa: [olij — 2000150, [10lng) - (2.39)

Proof of Lemma 2.2.1. Using formula (2.29) with (Q, P) = (Q, Ly), and using the expan-

sions of og and oz, we get
1 —2
oQLy ~ q—2lo + (-2l + q—3l2 + :V§Q—2 - Vzl2) + O(J€]79).

In order to match the expansion 1 + 0 + O(|¢|72), the expansion above must satisfy, for
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large &,
1
q2lo=1 and q 2l +q3lo+ ZV§Q—2 - Vgla =0,
that is, ¢_o =I5+ = (£ - 70&) " and
_ 1 _
g3 =15" (—q_211 ~~Veq - vxzz> =13 (—laly — 1V¢ly - Vala) |

Now, we easily have V¢lp = 270€ and Vil = Oy, [70]peép&q€i, Where eq, ..., e, is the natural

basis of R™. We thus deduce the expression of g3

q4-3 = lz_gL ([’YO]qupfqaxi [’YO]ijgj - 2[70]ij§jaxi [’YO]pqufq) )

from which (2.39) holds. ¢_3 is clearly in S~2 from this expression, since ly 3 is of order —6.

The proof is complete ]
We now give the expression of M;;|—1 (or rather, that of Ay M;j|_1 Ap).

Proposition 2.2.2 (Expression of AgM;;j|_1Ag). Given any (i,7) the symbol Ay M;;|-1 Ao

admits the following expression

Ao Myl 1(2.) Ao = el (G- V3)(H: — 260 © Hido) + & O HLY; )
+ &l <(£0 Vi) (H — 280 @ Hjép) + & © Hj%) (2.40)

ol ™ (Vi Gl ) © Vi) + Vi G, )G © 7))

where we have defined Vi :== AgVu,;, H; :== Ag V?u; Ag, as well as the vector field

G(z,8) = ||€lI* (tq—sé0 + AoVagq-2) € (5°)". (2.41)
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Proof of Prop. (2.40). Assume @ is a parametrix of Ly modulo ¥~2 and consider formula
(2.33). Since the term v : Vu; ® Vu; is of order zero, the computation of M;;|_; consists in
computing the second term in the symbol expansion of R; o Q o P;, and the same term with
i,7 permuted, where we denote R; := yVu; - V with symbol r; 1 = tyVu; - . Plugging
OR, =Ti1, 0Q = -2+ q—3 and op, = p; 1 + pi o into (2.30) and keeping only the terms that
are homogeneous of degree —1 in &, we arrive at the expression

oR,QP;|-1 = 1i,1(q-3pj1 + g-2pj0) + %(pj,lvng “Vaeq2+ Ve(q-2ri1) - Vaepj1). (2.42)
Note that the multiplications commute because the symbols of () and R; are scalar, while
that of P; is matrix-valued. Since M;;|-1 = or,Qp;|-1 + 0R,QF,|-1, equation (2.40) will be

proved when we show that

Ao or,op;|-1 Ao = |l ! <(§0 Vi) (H — 260 © Hjéo) + S0 © HyV; + Vi - G(x,6) (€0 © Vj)) :

(2.43)

Proof of (2.43). Starting from (2.42), plugging the expression ;1 = ¢(V; - &), using the

identity
Ve(qorin) - Vapja = £ © (V2u;Ve(g_arin)),

and pre- and post-multiplying by Ag yields the relation

Ao or,Qp;|-1 Ao = t(Vi - &0)(q-3téo © Vj + q_2H})
(2.44)

+ (Vi - AgV3q-2)téo © V; + & © H; Ay 'Ve(g_arin).-

Gathering the first and third terms recombines into ¢||&|| "' V; - G(£y ® V;) (the last term of

30



(2.43)). On to the second and fourth terms, we first compute
AG Ve (ring—2) = o(Vi - o) (=10l ™)2¢0 + 1ol ~%eVi = ¢ll€oll 7> (Vi — 2(Vi - é0)&o)-
Using this calculation, the second and fourth terms in (2.44) recombine into
cléoll™ (o - Vi) (B — 26 © Hyo) + &0 0 H;V;)
thus the argument is complete. O

2.2.4 Proof of Proposition 2.1.6

Preliminaries: By virtue of Hypothesis 2.1.1, Vu,,+1 may be decomposed into the basis

Vuy,...,Vu, by means of scalars f1,..., tn, 4 such that

n
Z &Vul 4+ Vuy+1 = 0. (2.45)
-1 M

As seen in [44, 45], the coefficients puq, ..., p,+1 are directly computible from the power

densities {Vu; - 70 Vu;}i<i<j<nt1 and on the other hand, we have the relation

i

—
Hi _ det(vub---,vu"*'l’”"vun), 1<i<n,
L det(Vuy, ..., Vuy,)

thus V% = Z; as defined in (2.8) for 1 <4 < n. In the next proofs, we will use the following

Lemma 2.2.3. Under hypotheses 2.1.1 and 2.1.2, the following matriz-valued function
M = p;H; + pHp (2.46)

is symmetric and uniformly invertible.

31



Proof. Symmetry of M is obvious by definition. Taking gradient of (2.45), we arrive at
n 11

Z Z; @ Vu; + jV2u2 + V2un+1 =0.

i=1

Pre- and post-multiplying by Ag, we deduce that
M = p;H; + pHy = —pAgZ; @ Vi = —puAgZV7,

where V := [V1]...|V,]. The proof is complete since Hyp. 2.1.1 ensures that y never vanishes

and V is uniformly invertible, and Hyp. 2.1.2 ensures that Z is uniformly invertible. U

The T, operators. Proof of Prop. 2.1.6: As advertised in Sec. 2.1.2, because of the
algebraic form of the symbols of the linearized power density operators, it is convenient
for inversion purposes to define the microlocal change of basis Ty = {Tpq7 i<p<q<n @s in

(2.14), i.e.
T(@)i= 2n)" [ 4716 045" :4(6) de.

To convince ourselves that this collection forms a microlocally invertible operator of =,

let us introduce the zero-th order WDOs P;jp, with scalar principal symbol op,, = (e; -

Aoép)(ej -Aoéq) for 1 < 4,7,p,g < n. Then for any 1 < i < j < n, the composition of

operators ZZ =1 Pijpq © Tpq has principal symbol
Y (ei- Aogy)(ej - Ao Ag 16y @ & AT =D (ei- A A 0 (e Ao Ayl = ei O ey,
p,q=1 p=1 g=1
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where we have used the following property, true for any smooth vector field V:

V=3 (V- A& Ay,

p=1

Thus for any 1 <14 < j < n, the composition Pijpg 0 Ty recovers v;; = v : €; @ €; up

n
P,q=1
to a regularization term. This in particular justifies the estimates (2.15) and the subsequent

inversion procedure. We are now ready to prove Proposition 2.1.6.

Proof of Proposition 2.1.6. From the fact that (Vi,...,V},) is a basis at every point and
given their dotproducts H;; = V; -V}, we have the following formula, true for every vector

field W:
W = HPY(W - V)V, (2.47)

Proof of (i): Reconstruction of the components Tyy and {T,37}1<a<p<n—1. We
work with ]\Zj\o = Ay Mijlo Ap=V,0V; — (fo : Vi)fo oV - (fo : Vj)éo © V;. Using (2.47)

with W = fa, straightforward computations yield

" HY(Eq - V) HP (€5 - Vo) Miglo = €0 © &5 — (€0 - €a)b0 © &5 — (&0 - €5)60 O &a

4,J,0:q
—&0& if a=p=0,
= 0 it 0=a4,
fn®&s if a#0,8#0.

33



which means that upon defining Q.g;; € U0 with scalar principal symbols

OQooij = — Zqu(EO : Vq)Hpi(éO V),
p,q

0Qasij ::Zqu(éa'V;])Hpi(éﬁ'VED)’ I<a<pB<n-—1,
p.q

relation (2.17) is satisfied in the sense of operators since the previous calculation amounts

to computing the principal symbol of the composition of operators in (2.17).

Proof of (ii): Reconstruction of the components {707} <,<, - It remains to
construct appropriate operators that will map dH(y) to the components Ty,y for 1 <
a < n — 1, which is where the additional measurements dH;,41 come into play. Let
(15 pon, i) as in (2.45) and construct the WDO {L;(y)}?, as in (2.16). It is easy to
see that, since the p; are only functions of x, the terms of fixed homogeneity in the symbol

expansion of L; satisfy
oLk = i Mijlk + pM; pya g, k=0,-1,-2,....

Then from equation (2.35) and relation (2.45), we deduce that o7,|o = 0, so that L; € UL,

Moreover, using equation (2.40) together with relation (2.45), we deduce that
Fril-1 = Ao on,]-1 Ao = ol (6o - Va) (M — 260 © Méo) + & © MV;)

is now the principal symbol of L;. Using relation (2.47) with W = M_lfa, the symmetry

of Ml and multiplying by M, we have the relation

€a = HP(éy - M7V,)MV.
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Using this relation, we deduce the following calculation, for 1 < a <n—1
HP (& -MT'V,) 61,1 = ¢l ((50 M) (M — 26 © Mp) + &0 @ éa) . (248)

While the second term gives us the missing components Ty,7y, we claim that the first one

is spanned by & ® & and {éa ® éﬁ}lgagﬁgn—l- Indeed we have

(M — 26 OM&) : (fg@a) =0, 1<a<n-—1,
(M — 2 © Méo) : (é0 © &) = —&o - M,

(M~ 26 OMé) : (ba @) =60 -Még, 1<a<B<n—1,
so we deduce that

M -2 OMé = —(&- M) 0 &+ Y. (fa-Mép) & © s (2.49)
1<a,f<n—1

1
In light of these algebraic calculations, we now build the parametrices. Let Lj € vl
Bai € VO, R € (V)" R, € W0 and R, € ¥° the YDOs with respective principal

symbols

o y=—uléoll, 0B, =H" (€ M'V,),  or=M— 2% © M,

0

OR, = 50 ) M_léom URaB = éa ) Méﬁ

Then the relation (2.48) implies (2.18) at the principal symbol level. The operator R can

indeed be expressed as the following zero-th order linear combination of the components
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Too and {Topt1<a,p<n—1:

R=-RoToo+ Y Raglas
1<a,f<n—1

n
=Y | “RooQuoij + >,  RapQapij | ©dH;; mod T,
,j=1 1<a,f<n—1

so that the left-hand side of (2.18) is expressed as a post-processing of measurement oper-

ators dH;; only. The proof is complete. O

2.3 Explicit inversion

2.3.1 Preliminaries and notation

For a matrix A with columns Ay,..., A, and (ej,...,e,) the canonical basis, one has the

following representation
n n
A=) "Aj®e; and AT =) e;®A;
=1 j=1
More generally, for two matrices A = [A44]...|A,] and B = [By]...|By,], we have the relation

> A;@B;=AB".
j=1

Finally, for A a matrix and V' = [V4]...|V,], the sum A;;V; is nothing but the i-th column

of the matrix VAT,

2.3.2 Derivation of (2.21) from Hypothesis 2.1.1:

Let us start from n solutions (us,...,u,) fulfilling Hypothesis 2.1.1, and let (vy,...,vy)
the corresponding solutions of (2.5). We also denote [VU] := [Vuq]...|Vu,] and [VV]
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similarly. We first mention that for any vector field V', we have the following formulas

V = HPYV - 4 Vuy)Vuy, = HPYV - Vuy,)yo Vg, (2.50)
which also amounts to the following matrix relations

HPY(Vu, ® Vug)vo = HP(Vu, ® Vug) = 1,. (2.51)

From the relation
dH;j = (WVui + %Vv;) - Vu; + vV - Vg, 1<4,j <n,
we deduce, using (2.50),
YVu; + Vv, = HP? (dH;, — v%Vop - Vi) vV, 1<i<n. (2.52)

The previous equation allows us express 7 in terms of the remaining unknowns (vy, ..., vy,).

Indeed, taking the tensor product of (2.52) with H% Yo Vu; and summing over ¢ yields

v+ vV ® VUj’Y()Hij = HP (dH;, — vV, - Vu,) (7oViug ® VUj’YOHij)

= dHpyo(HP'Vuy @ H7Vu;)v0 — Y0 Vug @ Voo HP?,
where we have used the identity (2.50) in the last right-hand side. We may rewrite this as
v =0 (dHip(H?Vuy @ HVuj) — 2H”Vv; © Vu;) yo. (2.53)

One may notice that the above expression is indeed a symmetric matrix. In matrix notation,

using the preliminaries, we arrive at the expression (2.21).
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2.3.3 Algebraic equations obtained by considering additional solutions:

Let us now add another solution u,+1 with corresponding solution v,; at order O(e).
By virtue of Hypothesis 2.1.1, as in section 2.2.4, Vu,11 may be expressed in the basis

(Vuq,...,Vuy,) as

Z &Vui + Vu,11 =0, (2.54)

i=1

where the coefficients p; can be expressed as ratios of determinants, or equivalently, com-
putable from the power densities at order €%, see [44, Appendix A.3]. For 1 < i < n, we

define Z; := V(u~'1;), and notice that we have the following two algebraic relations

n n
Z Zi -voVu; =0 and Z Zib A du; = 0. (2'55)
i=1 i=1

The first one is obtained obtained after applying the operator V - (7p-) to (2.54) and the
second one is obtained after applying an exterior derivative to (2.54) .

Moving on to the study of the corresponding v,41 solution, we write
dHp 1,5 + %dHij = (an—l—l + %sz) “vwVu;, 1<j<n,
where we have cancelled sums of the form (2.54). Using the identity (2.50), we deduce that
Vit + (0 ) Vg = HPY (dHyy p + (0~ i) dHip) Vg, (2.56)
Taking exterior derivative of the previous relation yields

Z N dv; = d (HPY(dHyi1 p + (0 ) dHip)) A dug. (2.57)
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We now apply V - (79-) to (2.56), the left-hand side becomes

V- (Y0(Vongr + (0 i) Vi) = V- (00V0ng1) + Zi - %0 Vvi + (07 1)V - (70V0i)
= =V (Vunt1) + Zi -9V — (0 1)V - (7Vy)
= Zi -0V = V- (v (Vttngr + (0 1) V) + Zi - vV

=Z; - (voVvi + 7Vu,),

thus we arrive at the equation

Zi - (10Vvi +7Vui) = V (HP(dHyp 1 + (07 ) dHip)) - 10Vug = Yq - 0 Vg,
where the vector fields

Yy =V (HP(dHps1p + (0 pi)dHy)) . 1< q<n, (2.58)
are known from the data dH. Combining the latter equation with (2.52), we obtain
(Zi - v0Vug)HP (dH;ip — voVup - V) = Yy - v Vuy,
which we recast as
(Zi - v Vug)HP (v Vv, - Vu,;) = (Z; - voVug) HP1dH;y, — Yy - v0Vuy.

The left-hand side can be considerably simplified by noticing that the second equation of
(2.55) implies [VU]ZT = Z[VU]*. With this fact in mind, the left-hand side looks like
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X, - Vv, where we compute
X, = HP"%Vu; @ ZivoVug = %[VU|Z v[VUIH e, = % Z[VU|T VU] Te, = 102,
Finally, we obtain the more compact equation
n

> WZy-Vu,=f, where f:=(HMdH; Z; —Y,) -~ Vug, (2.59)

p=1
with Y, given in (2.58).
Remark 2.3.1 (On algebraic inversion). In equations (2.57) and (2.59), the only unknown
is the matriz [VV] := [Vvy,...,Vu,]. Equations (2.57) and (2.59) give us the projection
of that matrixz onto the space ZA,(R) and onto the line RyyZ respectively. As in the non-
linear case [44, 45], we expect that a rich enough set of such equations provided by a certain

number of additional solutions (up+y1, ..., unty) leads to a pointwise, algebraic reconstruction

of [VV], however we do not follow that route here.

2.3.4 Proof of Proposition 2.1.7 and Theorem 2.1.9

We now show that provided that we use one additional solution u,; (on top of the basis
(ug,...,uy)) such that the matrix Z is of full rank, then we can reconstruct (vy,...,v,) via
a strongly coupled elliptic system of the form (2.23), after which we can reconstruct ~ from

(Vor,...,Vu,) by formula (2.21). We now show how to derive this elliptic system.

Proof of Proposition 2.1.7. According to Hypothesis 2.1.2, the matrix Z = [Z1]...|Z,] has
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full rank and we recall the important equations

Z Y0Zp - Vv, = f and Z Z! Ndv; =w,  where (2.60)
p=1 =1
w=Y) Ndug, Yy =V (H(dHni1p+ (0 wi)dHyy)), (2.61)

and where f is given in (2.59). Assuming that Z has full rank, the family (Z;,...,7,) is a
frame with dotproducts defined as Z;; = Z; - Z;, and in this case we define its dual frame
Zr = Eiij for 1 <4 < n, such that Z} - Z; = 0;;, i.e. with Z* the matrix with columns

Z%, we have the relation Z* = Z ~T. The second equation of (2.60) may be rewritten as
Zy -Nvy, — Zy-Nv, =w(Z,,27), 1<p,q<n. (2.62)

Applying the differential operator Z7 - V to the first equation of (2.60), we obtain

n

D (ZF V) (0Zp - Vv, = (ZF - V). (2.63)

p=1

Using (2.62), we may rewrite the left-hand side of (2.63) as

(ZF - V) (0Zp - V)vp = [Z]7v02Zp] - Vvp + (0 Zp - V)(Z] - V)vp

= 125,722 - Vop + (02 - V)(Z5 - V)vi + (02 - V)(w(Z5, Z7)),

where we have introduced the Lie bracket of two vector fields, which may be written in the

Euclidean connection

[X,Y]:= (X V)Y — (Y - V)X. (2.64)
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Plugging the last calculation into (2.63)

n n

> (02 - VN2 - V)i + Y 287020 - Vo, = (ZF-V)f =Y (02 - V)(w(Z5, Z5)).
p=1 p=1 p=1

(2.65)

We now look more closely at the principal part of this equation. The first term may be

written as (> is implicit, here)
Y0Zp @ 235+ V20 4+ (02 - V)Z5) - Vi =30 : V20 + (02 - V)Z}) - Vi,

where we have used that Z, ® Z; = I,,. We thus obtain a strongly coupled elliptic system
of the form (2.23), where

Wij = (Vv —((0Zp - V)Z))) bij — 25,7025, 1<i,j<n, (2.66)
fi=—2F Vit (02 V@(Z5,2), 1<i<n. (2.67)
This concludes the proof. O

In order to assess the properties of system (2.23), we recast it as an integral equation as
follows: Let us call Ly := —V - (yV), and define Ly : H~1(X) > f + u € H}(X), where

u is the unique solution to the equation
=V-(wVu)=f (X), ulax =0. (2.68)

By the Lax-Milgram theorem (see e.g. [23]), one can establish that such solutions satisfy
an estimate of the form Hu||Hé(X) < C||fllz-1(x), where C only depends on X and the
constant of ellipticity of 4o, thus Ly' : H=}(X) — HA(X) is continuous, and by Rellich

imbedding (i.e. the fact that the injection L? — H~! is compact), Ly’ : L*(X) — H}(X)
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is compact.

Applying the operator L L to (2.23), we arrive at the integral system

vi+ Y Lo (Wi - Vo) =hi =Ly fi (X), 1<i<n, (2.69)
j=1

where it is easy to establish that for 1 <, j < n, the operator
P Hy(X) > v — Pyjv = Ly (W;; - V) € Hy(X) (2.70)

is compact whenever the vector fields W;; are bounded. In vector notation, if we define the

vector space H = (HY (X)), v = (v1,...,v5), h = (h1,..., hy) and for v € H,
Pv = (Plj?}j, ng’l)j, e ,Pnj?}j) € H, (2.71)

we have that P : H — H is a compact linear operator, and the system (2.23) is reduced to

the following Fredholm (integral) equation
(I+P)v=h (2.72)

Note here that the operator P defined in (2.71) depends only on 7y and the solutions
u;, so that the injectivity properties depend on the g around which we pose the problem,

in particular, whether one can fulfill hypotheses 2.1.1 and 2.1.2.

Injectivity and stability. Equation (2.72) satisfies a Fredholm alternative. In particular,
if —1 is not an eigenvalue of P, (2.72) admits a unique solution v € H (injectivity), (I +

P)~!:H — H is well-defined and continuous and v satisfies the estimate

¥l < 1T+ P) " 2oy [l (2.73)
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from which we deduce stability below. In the statement of Theorem 2.1.9, the fact that
“system (2.23) with trivial right-hand sides admits no non-trivial solution” precisely means

that —1 is not an eigenvalue of the operator P.

Remark 2.3.2 (Injectivity when g is constant). When 7 is constant, constructing (uy, ..., Unt1)
as in Remark 2.1.83 yields Z = @ a constant matriz. In particular, the commutators
[ZF,v07;] vanish in the expression of Wij. Thus system (2.23) is decoupled and clearly in-

jective. By continuity, we also obtain that (2.23) is injective for vy (not necessarily scalar)

sufficiently close to a constant.
We now prove Theorem 2.1.9.

Proof of Theorem 2.1.9. Starting from the integral version (2.72) of the elliptic system
(2.23) in the case where —1 ¢ sp(P), then the Fredholm alternative implies (2.73). In
order to translate inequality (2.73) into a stability statement, we must bound h in terms of

the measurements {dH;;}. We have for 1 <i <mn,

il g (x) < HLo_lHc(Hfl,Hg)HfiHHfl(X)a

and since f;, expressed in (2.67) involves the dH;; and their derivatives up to second order,
if we assume all other multiplicative coefficients to be uniformly bounded, we obtain an

estimate of the form

1hill g2 x) < ClldH [ (x),  where  [|dH|| g (x) == > | dH 5 1 (x5
1<i<n, i<j<n+l

thus we obtain in the end, an estimate of the form

IVl x) < ClldH [ g (x)- (2.74)

44



Once v is reconstructed, we can reconstruct  uniquely from dH and [VV] using formula

(2.21), with the stability estimate

[Vl 2(x) < ClldH || g1 (xy- (2.75)

Getting one derivative back on tr (v, 17): In order to see that tr (v, 17) satisfies a

gradient equation that improves the stability of its reconstruction, the quickest way is to

linearize [45, Equation (7)] derived in the non-linear case, which reads as follows:

Vlogdet v = Vlogdet H® + 2 ((V(Ha)jl) . 7€Vuf> Vus

70

where H¢ is the n x n matrix of power densities H; = Vu7-y*Vu; and (H#) is the (j,1)-th

entry of (H®)~!. Plugging the expansions v* = v + &7, uf = u; + v, H}; = H;j + edH;j,

and using the fact that
(H)' = H' — (H 'dHH ™'Y + O(?),
the linearized equation at O(e) reads

1 1 . .
§Vtr (v ty) = §Vtr (H7YdH) + (VH? - 4Vu) Vo + (VH - V)V,

+ (VHI - V)V — (V(H—ldHH—l)ﬂ : 'y()Vul> Vu;.

From this equation, and using the stability estimates (2.74) and (2.75), it is straighforward

to establish the estimate

It (vo Nl x) < ClldH || 1 (x0)s
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and thus the proof is complete.
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Chapter 3

Inverse conductivity from current

densities

In this chapter, we study the Current Density Impedance Imaging problem (CDII) proposed
in Section 1.1.2. We aim at reconstructing an anisotropic conductivity tensor in the second-

order elliptic equation,

- (vVu) = Za You) =0 (X),  ulox =g, (3.1)

3,j=1

from knowledge of internal current densities of the form H = yVu, where u solves (3.1). The
above equation has a symmetric tensor v satisfying the uniform ellipticity condition (1.3)
so that (3.1) admits a unique solution in H'(X) for g € H %(OX ). We propose sufficient
conditions on the choice of {g; } <j<m such that the reconstruction of 7 is unique and satisfies

elliptic stability estimates.
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3.1 Modeling of the problem

For X C R", we denote by 3(X) the set of conductivity tensors with bounded components
satisfying the uniform ellipticity condition. Then for k£ > 1 an integer and 0 < a < 1, we

denote
Cy(X) = {7 € D(X)| g€ CP(X), 1<p<q<n}

In what follows, by “solution of (3.1)” we may refer to the solution itself or the boundary
condition that generates it, i.e. g = ulgx € H %(aX ). We will consider collections of

measurements of the form
H;:~vw~— Hi(y) =~vVu,, 1<i<m, (3.2)

where u; solves (3.1) with boundary condition g;. We decompose ~ into the product of a

scalar factor § with an anisotropic structure ¥

y:i=B%,  B=(dety)r,  detj=1. (3.3)

Since ~ satisfies the uniform elliptic condition, 8 is bounded away from zero.
From knowledge of a sufficiently large number of current densities, the reconstruction
formulas for 8 and 4 can be locally established in terms of the current densities and their

derivatives up to first order.

3.1.1 Main hypotheses

We begin with the main hypotheses that allow us to setup a few reconstruction procedures.

The first hypothesis aims at making the scalar factor 8 in (3.3) locally reconstructible
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via a gradient equation.

Hypothesis 3.1.1. There ezist two solutions (ui,u2) of (3.1) and Xo C X convez satis-

fying

in)g Filup,ug) > co >0  where  Fi(ui,ug) := |[Vui|?|Vua|? — (Vuy - Vug)2.  (3.4)
TEX0

On to the hypotheses for local reconstructibility of 4, we first need to have, locally, a

basis of gradients of solutions of (3.1).

Hypothesis 3.1.2. There exist n solutions (uq,...,uy) of (3.1) and Xo C X satisfying

ien)f{’ Folui, ... up) >co >0, where Faoluy,...,up) :=det(Vui,...,Vu,). (3.5)
z€Xo

Let us now pick uy, - ,u, satisfying Hypothesis 3.1.2 and consider additional solutions
{tn4r}7,. Each additional solution decomposes in the basis (Vu,...,Vu,) as
n
Vi = ZuiVui, 1<k<m, (3.6)
i=1

where, as shown in [9] for instance, the coefficients y take the expression

% 7

— —~N=
P _ _det(Vul, cos Vpak, ooy V) _ _det(Hl, coisHyy gy oo, Hy)
Hi det(Vuq, ..., Vuy) det(Hy,...,Hy,) '

in particular, these coefficients are accessible from current densities. The subsequent algo-

rithms will make extensive use of the matrix-valued quantities
Zy = Zkal | Zkpn), where Zp;:= Vi, 1<k<m. (3.7)

In particular, the next hypothesis, formulating a sufficient condition for local reconstructibil-
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ity of the anisotropic part of v is that, locally, a certain number of matrices Zj (at least

two) satisfies some rank maximality condition.

Hypothesis 3.1.3. Assume that Hypothesis 3.1.2 holds for some (uq, ..., uy,) over Xog C X
and denote by H the matriz with columns Hy,...,Hy,. Then there exist wpi1,...,Uptm

solutions of (3.1) and some X' C X such that the x-dependent space
W = span{(Z HTQ)*™, Q€ A,(R),1 <k <m} C Sy(R) (3.8)

has codimension one in Sy, (R) throughout X'.

An alternate approach to reconstruct = is to set up a coupled system for uy,...,u,
satisfying Hyp. 3.1.2 globally. This system of PDEs can be derived under the following
hypothesis (part A). From this system and under an additional hypothesis (part B), we can

derive an elliptic system from which to reconstruct wy, ..., u,.

Hypothesis 3.1.4. A. Suppose that Hypothesis 3.1.2 is satisfied over Xg = X for some
solutions (uq,...,uy). There exists an additional solution u,y1 of (3.1) whose matriz

Zy defined by (3.7) is uniformly invertible over X, i.e.

inf det Z1 > ¢ > 0, 3.9

zeX 1=50 ( )
for some positive constant cg.

B. There exist n+ 2 solutions uq,...,uUpto such that (uy,. .., uy,unt2) satisfy (A), and

two Ay, (R)-valued functions Qq(x), Qo(x) such that the matriz

sym

S = (252{ Qi (x) + HZ] Qy(z)) (with Z5 == Z; ") (3.10)

satisfies the ellipticity condition (2.2).
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The first important result to note is that the hypotheses stated above remain satisfied
under some perturbations of the boundary conditions or the conductivity tensor for smooth

enough topologies.

Proposition 3.1.5. Assume that Hypothesis 3.1.1, 4.1.1, 3.1.83 or 3.1.4 holds over some
Xo C X for a given number m of solutions of (3.1) with boundary conditions gi,...,gm.
Then for any 0 < « < 1, there exists a neighborhood of (gi,...,gm,7y) open for the
C(0X)™ x CH*(X) topology where the same hypothesis holds over Xq. In the case of

3.1.4.B, it still holds with the same A, (R)-valued functions Q1 and Qs.

3.1.2 Reconstruction algorithms and their properties

Reconstruction of § knowing 4. Under knowledge of 4 and using two measurements
Hy, Hy coming from two solutions satisfying Hyp. 3.1.1 over some Xy C X, we can derive

the following gradient equation for log

1 o o - - o
Vlog g = DI (|H1|* d(3~"Hy) — (Hy - Hy) d(3~'Hy)) (YHy1,7H2)7 ' Hy
! . (3.11)
_ d(3 YHy)(3Hy, ), r € X,
’H1‘2 (’Y 1)(’7 1 ) 0

where D := |H|?|Hy|> — (Hy - Ho)? is bounded away from zero over X thanks to Hyp.
3.1.1, and where the exterior calculus notations used here are recalled in Appendix 3.5.
Equation (3.11) allows us to reconstruct § under the knowledge of 5(xo) at one fixed
point in Xy by integrating (3.11) over any curve starting from some zy € Xy. This leads to
a unique and stable reconstruction with no loss of derivatives, as formulated in the following

proposition. This generalizes the result in [34] to an anisotropic tensor.

Proposition 3.1.6 (Local uniqueness and stability for 8). Consider two tensors v = 5
and v = B'Y', where 7,7 € Wh°(X) are known. Suppose that Hypothesis 3.1.1 holds over

the same Xo C X for two pairs (ui,us) and (u},ul), solutions of (3.1) with conductivity
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and «', respectively. Then the following stability estimate holds for any p > 1

log 8 —log B'llwree(xo) < €0+ C | D I1Hi = Hillwreo(x) + 15 = ¥ llweeeix) | - (3:12)
i=1.2

Where ey = |log S(x0) — log 8'(x0)| is the error committed at some fized xo € Xo.

Algebraic, local reconstruction of 4: On to the local reconstruction of the anisotropic
structure, we start from n+m solutions (u1, ..., Up+m) satisfying hypotheses 3.1.2 and 3.1.3
over some Xy C X. In particular, the linear space W C S,,(R) defined in (3.8) is of codi-
mension one in S, (R). We will see that the tensor 4 must be orthogonal to W for the inner
product (A, B) := A;;B;; = tr (ABT). Together with the conditions that dety = 1 and 7 is
positive, the space W, known from the measurements Hy, ..., H, ., completely determines
7 over Xg. In light of these observations, a constructive reconstruction algorithm based on a
generalization of the cross-product is proposed in section 3.3.2. This approach was recently
used in [45] in the context of inverse conductivity from power densities. This algorithm

leads to a unique and stable reconstruction in the sense of the following proposition.

Proposition 3.1.7 (Local uniqueness and stability for 7). Consider two uniformly elliptic
tensors v and ~'. Suppose that Hypotheses 3.1.2 and 3.1.3 hold over the same Xo C X
for two n + m-tuples {u;}4™ and {u;}15", solutions of (3.1) with conductivity v and 7',

respectively. Then the following stability estimate holds for any integer p > 0

n+m

I3 = lwnee o) < € Y I1Hi = Hillwrsr00(x)- (3.13)
i=1

1. Judging by the

Joint reconstruction of (7, 3), stability improvement for V x v~
stability estimates (3.13) and (3.12), reconstructing / after having reconstructed 7 is less
stable (with respect to current densities) than when knowing 4. This is because in the

former case, errors on WP *-norm in 7 are controlled by errors in W»+1> norm in current
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densities. In particular, on the WP scale, stability on S is no better than that of 7,
and joint reconstruction of (7, #) using the preceding two algorithms displays the following

stability, with v = 3%

n+m

Iy =¥ lwreexo) < € 3 1H; = Hillwesoe x). (8.14)
i=1

However, once ~ is reconstructed, some linear combinations of first-order partials of y~! can

be reconstructed with better stability. These are the exterior derivatives of the columns of

-1 1

71, a collection of n?(n—1)/2 scalar functions which we denote V x~~! and is reconstructed

via the formula
awpz _ 8p7ql _ H“(W‘Zj@iji _ ijaqui), 1<1<n, 1<p<qg<n, (3.15)

derived in Sec. 3.3.3 and assuming that we are working with a basis of solutions satisfying
Hypothesis 3.1.2. The stability statement (3.14) is thus somewhat improved into a statement

of the form

n-+m

v = lwre(xo) + IV % (77 =9 ") lwres(xy) < C Z |Hi — Hillwrr100x),  (3.16)

i=1

where we have defined

HV X (7_1 - 7,_1)HWP’°°(X0) = Z Z ||8j’7il - ai'yleWp,w(Xo)-

I=1 1<i<j<n

Global reconstruction of v via a coupled elliptic system. While the preceding
approach required a certain number of additional solutions, we now show how one can
setup an alternate reconstruction procedure with only m = 2 additional solutions satisfying

Hyp. 3.1.4. A microlocal study of linearized current densities functionals shows that this is
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the minimum number of functionals necessary to reconstruct all of ~.

The present approach consists is eliminating « from the equations and writing an elliptic
system of equations for the solutions w;; see [9, 44, 45] for similar approaches in the setting
of power density functionals. The method goes as follows. Assume that Hypothesis 3.1.2
holds for some (uy,...,u,) over Xg = X and denote [VU] = [Vuy,---,Vuy,] as well as
H = [Hy,--- ,H,]. Since H = y[VU], we can thus reconstruct v by v = [VU]"'H once
[VU] is known. We now show that we may reconstruct [VU] by solving a second-order
elliptic system of partial differential equations.

When Hyp. 3.1.4.A is satisfied for some u,, 1 and considering an additional solution w9
and its corresponding current density, we first derive a system of coupled partial differential

equations for (uq,...,u,), whose coefficients only depend on measured quantities.

Proposition 3.1.8. Suppose n + 2 solutions (ui,...,un12) satisfy Hypotheses 3.1.2 and
3.1.4.A and consider their corresponding measurements Hy = {H,}?:Jrf Then the solutions
(uy,--- ,uy) satisfy the coupled system of PDE’s

7371 (ep 2 e, — e, @e,) : Viu, + vf]g -Vu; =0,

(3.17)
HZ (e,0e,—e,®ep) :Vzuj—l—@fjg-Vui:O, ujlox = gj,

for1<j<nandl<p<qg<n, and where the vector fields {vqu,f)qu} only depend on the

current densities Hr.

If additionally, u,42 is such that Hyp. 3.1.4.B is satisfied, we can deduce a strongly

coupled elliptic system for (uy,...,u,) from (3.17).

Theorem 3.1.9. With the hypotheses of Proposition 3.1.8, assume further that Hypothesis
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3.1.4.B holds for some A, (R)-valued functions

Qi(z) = Z w;q(x)(ep®eq—eq®eq), i=1,2.

1<p<g=zn
Then (uy,--- ,up) can be reconstructed via the strongly coupled elliptic system
—V'(SVUj)—i-W,’j’VUi =0, uj’ax = 9gj, 1 <5 <n, (3.18)

where S = (25270 (x) + HZTQo(2))™™ as in (3.10) and where we have defined

Wij:=V-8S— Z w},q(w)vqu + wgq(:n)@pg 1<i,5<n. (3.19)
1<p<q<n

Moreover, if system (3.18) with trivial boundary conditions has only the trivial solution,
U1, ..., Uy, are uniquely reconstructed. Subsequently, v reconstructed as v = H[VU]™! sat-

isfies the stability estimate

17 =2y + IV x (v - ’Yl_l)”Lz(X) < C||Hr = Hill g (x) (3.20)
for data sets Hy, Hy close enough in H'-norm.

3.1.3 What tensors are reconstructible ?

We now conclude with a discussion regarding what tensors are reconstructible from current
densities, based on the extent to which Hypotheses 3.1.1-3.1.4 can be fulfilled, so that the

above reconstruction algorithms can be implemented.

Proposition 3.1.10. For any smooth domain X C R™ and considering a constant con-
ductivity tensor g, there exists a non-empty C>*-open subset of [H% (0X)]"+2 of boundary

conditions fulfilling Hypotheses 3.1.1-3.1.4 throughout X .
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The second test case regards isotropic smooth tensors of the form v = pl,, where
we show that the scalar coefficient 5 can be reconstructed globally by using the real and
imaginary parts of the same complex geometrical optics (CGO) solution. The use of CGOs

for fulfilling internal conditions was previously used in [8, 15, 47].

Proposition 3.1.11. For an isotropic tensor v = [, with 5 € H%+3+€(X) for some
e > 0, there exists a non-empty C>“-open subset of [H%(OX)]2 fulfilling Hypothesis 3.1.1
thoughout X.

Thanks to Proposition 3.1.5, we can also formulate the following without proof.

Corollary 3.1.12. Suppose ~v is a tensor as in either Proposition 3.1.10 or 3.1.11. Then,
for any 0 < a < 1, there exists a CY®-neighborhood of ~ for which the conclusion of the

same proposition remains valid.

Push-forwards by diffeomorphisms. Recall that for ¥ : X — W¥(X) a W2-diffeomorphism
and v € X(X), we define ¥,~y the conductivity tensor push-forwarded by ¥ from ~ defined
over V(X), by

U,y = (|Jg|7'DV -y - DU) o U1, Jy = det DV. (3.21)

We now show that, whenever a tensor is being push-forwarded from another by a diffeormor-
phism, then the local or global reconstructibility of one is equivalent to that of the other, in
the sense of the Proposition below. While the existence of W, in (¥ (X)) merely requires
that U be a Wh2-diffeomorphism, our results below will require that ¥ be smoother and

that it satisfies the following uniform condition over X

Cy' < |Jy| < Cy for some Cy > 1. (3.22)
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Proposition 3.1.13. Assume that Hypothesis 3.1.1, 4.1.1, 8.1.8 or 3.1.4 holds over some
Xo C X for a given number m of solutions of (3.1) with boundary conditions gi, ..., gm.
For ¥ : X — U(X) a smooth diffeomorphism satisfying (3.22), the same hypothesis holds
true over W(Xg) for the conductivity tensor W,y with boundary conditions (gyoW™1 ... gmo
U1, In the case of Hyp. 3.1.4.B, it holds with the following A, (R)-valued functions defined
over U(X):

U, Q= [DV-Q; - DV o™ and U,Qy:=[Jy|DV¥-Qy- DU oWl (3.23)

In contrast to inverse conductivity problems from boundary data, where the diffeomor-
phisms above are a well-known obstruction to injectivity, Proposition 3.1.13 precisely states
the opposite: if a given tensor v is reconstructible in some sense, then so is W,~, and the
boundary conditions making the inversion valid are explicitely given in terms of the ones

that allow to reconstruct ~.

Corollary 3.1.14. Suppose ~v is a tensor as in either Proposition 3.1.10 or 3.1.11 and
U X — VU(X) is a diffeomorphism satisfying (3.22). Then the conclusion of the same
proposition holds for the tensor WU,y over ¥(X) and boundary conditions defined over

(W (X)).

Generic reconstructibility.We finally state that any C1'® smooth tensor is, in principle,
reconstructible from current densities in the sense of the following proposition. This result
uses the Runge approximation property, a property equivalent to the unique continuation

principle, valid for Lipschitz-continuous tensors.

Proposition 3.1.15. Let X C R" a C>® domain and v € C;’Q(X). Then for any xg € X,
there exists a neighborhood Xo C X of xy and n + 2 solutions of (3.1) fulfilling hypotheses
3.1.2 and 3.1.3 over Xj.
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3.2 Preliminaries

In this section, we briefly recall elliptic regularity results, the mapping properties of the

current density operator and we conclude with the proof of Proposition 3.1.5.

Properties of the forward mapping. In the following, we will make use of the following

result, based on Schauder estimates for elliptic equations. It is for instance stated in [33].
Proposition 3.2.1. For k > 2 an integer and 0 < o < 1, if X is a C**1%-smooth domain,
then the mapping (g,7) — u, solution of (3.1), is continuous in the functional setting

CRe(0X) x ™ (X) — ch(X).

As a consequence, we can claim that, with the same k, « as above, the current density

operator (g,7) — vVu is continuous in the functional setting
CRe(9X) x CETH(X) — chlbe(X).

Moreover, this fact allows us to prove Proposition 3.1.5.

Proof of Proposition 3.1.5. Fixing some domain Xy C X and using Proposition 3.2.1, it is

clear that the mappings

f1:(C**(0X))* x C%’Q(X) > (91,92,7) — i)r(lf-/rl(UhUZ)a
0

fa: (CFHOX))™ X C*(X) 2 (91 -+, GnsY) = i)r(lffg(ul, U,

with F7, F» defined in (3.4),(3.5), are continuous, so fl_l((O, oo)) and fz_l((O, oo)) are open,
which takes care of Hypotheses 3.1.1 and 4.1.1. Further, Hypothesis 3.1.3 is fulfilled if and

only if condition 3.30 holds. Again, using Prop. 3.2.1, the mapping f3 := infx, B with B
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defined in (3.30) is a continuous function of (g1,. .., gnim,7) € (C>*(0X))"T™ x C;a(X)
so that fg_l((O, 00)) is open.
Along the same lines, Hypothesis 3.1.4.A is stable under such perturbations because the

mapping

(C20X)" X C5™(X) 3 (91, gn+1,7) = inf det Z1,

is continuous whenever uy, ..., u, satisfy (3.5) over X. Finally, fixing two A, (R)-valued

functions Q4 (z) and Qy(z), Hypothesis 3.1.4.B is fulfilled whenever

n

(g1, -+, gnt2,7) € ﬂ si_l((O, oo)), (3.24)
i=1

where we have defined the functionals, for 1 <i<mn
si 2 (C(0X)™? x Cx™(X) 3 (91, -, gn+2.7) = inf det {Spg hr<pgsi

with S = {5, 4}1<pg<n defined as in (3.10). Such functionals are, again, continuous, in

particular the set in the right-hand side of (3.24) is open. This concludes the proof. O

3.3 Reconstruction approaches

3.3.1 Local reconstruction of

In this section, we assume that 7 is known and with W1 components. Assuming Hy-
pothesis 3.1.1 is fulfilled for two solutions w1, us over an open set Xg C X, we now prove

equation (3.11).

Proof of equation (3.11). Rewriting (3.2) as %’y_lHj = Vu; and applying the operator d((-).
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Using identities (3.48) and (3.49), we arrive at the following equation for log /3:
Vieg A (3 Hy) = d(3 " Hy), j=1,2. (3.25)
Let us first notice the following equality of vector fields

Vieg BA (7 ")H1(7Hy,-) = (Vieg 8- 7H1) (3" Hy) — |H1|*V log §,

so that
1 o 1 N
Vg = W(Vlogﬁ-le)v Hy — WVIOMA (¥ H1)(YHq, )
1 N - o N
= W(Vk)gﬁ /VHI)/V 1H1 - ‘Hl‘gd(/}/ 1H1)(/7H17')‘

It remains thus to prove that

(Vlog 8- vH1) = % ([H\[*d(3~"Hy) — (Hy - Ho)d(5~ ' Hy)) (YH:1,7H2),

which may be checked directly by computing, for j = 1,2

d(y~ H;)(7Hy, 7Hz) = dlog f A (57" H;)(7Hy, 7 Hy)

= (Vlog3-yH1)H; - Hy — (Vlog 8- 7H3)(H; - Hy).

Taking the appropriate weighted sum of the above equations allows to extract (V log 8-7Hj),
and hence (3.11). O

Reconstruction procedures for [, uniqueness and stability. Suppose equation
(3.11) holds over some convex set Xo C X and fix g € Xy. Equation (3.11) is a gra-

dient equation Vlog 8 = F' with known right-hand side F'. For any =z € X, one may thus
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construct 3(z) by integrating (3.11) over the segment [z, ], leading to one possible formula

1
B(x) = B(xg) exp (/0 (x —xo) - F((1 —t)xo + tz) dt> , x € Xp. (3.26)

I are polynomials of the entries

Proof of Proposition 3.1.6. Since det = 1, the entries of 5~
of 4, so that the entries of the right-hand side of (3.11) are polynomials of the entries of
Hy, Hs,7 and their derivatives, with bounded coefficients. It is thus straightforward to

establish that

IV1log 8 — Vlog 3|l L (x0) < CUH — H'[lwroe(x) + 17 = 7' llwroo (x)) (3.27)

for some constant C'. The stability estimate for g then follows from the fact that

[log B —log B'[| L (x,) < |log B(z0) — log B'(z0)| + A(X)|[V1og B — Viog B oc (xq)

where A(X) denotes the diameter of X. O

One could use another integration curve than the segment [z, z] to compute f(x). In
order for this integration to not depend on the choice of curve, the right-hand side F' of
(3.11) should satisfy the integrability condition dF' = 0, a condition on the measurements
which characterizes partially the range of the measurement operator.

When measurements are noisy, said right-hand side may no longer satisfy this require-
ment, in which case the solution to (3.11) no longer exists. One way to remedy this issue
is to solve the normal equation to (3.11) over X (whose boundary can be made smooth)

with, for instance, Neuman boundary conditions:

—AlOg,B =-V-.F (X0)7 8V10g/8‘3X0 =F- v,
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where v denotes the outward unit normal to Xy. This approach salvages existence while
projecting the data onto the range of the measurement operator, with a stability estimate

similar to (3.12) on the H® Sobolev scale instead of the W one.

3.3.2 Local reconstruction of ~

We now turn to the local reconstruction algorithm of 4. In this case, the reconstruction is
algebraic, i.e. no longer involves integration of a gradient equation. In the sequel, we work
with n + m solutions of (3.1) denoted {u;}!*/™, whose current densities {H; = vVu; }/"

are assumed to be measured.

Derivation of the space of linear constraints (3.8). Apply the operator d(y~!-) to

the relation of linear dependence

/-/i\
det(Hy, ..., Hoyny- . H)

HTL-I-k = /’L;CHU where ILL;C = det(Hl . H ) )

1< <n.

Using the fact that d(y~'H;) = d(Vu;) = 0, we arrive at the following relation,

Zyi N 47 'H; =0, where L= V,ui, kE=1,2,...

Since the 2-form vanishes, by applying two vector fields Ye,, ve,, 1 < p < ¢ < n, we obtain,

HyiZy ;- vep = HpiZy ;- Veq.

Notice that the above equation means (7Zy)piHyi = (7Z1)qiHpi, which amounts to the fact

that 47, HT is symmetric. This means in particular that 2, H” is orthogonal to A, (R),

62



and for any Q € A,,(R), we can rewrite this orthogonality condition as

0=tr (3ZH'Q)=tr 3T Z,HTQ) =7 : Z, H' Q=7 : (Z, HTQ)*¥™, (3.28)

where the last part comes from the fact that ¥ is itself symmetric. Each matrix Z thus
generates a subspace of S, (R) of linear contraints for 4. Considering m additional solutions,

we arrive at the space of constraints defined in (3.8).

Algebraic inversion of 4 via cross-product. We now show how to reconstruct %
explicitely at any point where the space W defined in (3.8) has codimension one. We define
the generalized cross product as follows. Over an N-dimensional space V with a basis
(e1,--- ,en), we define the alternating N — 1-linear mapping A : V¥=1 — V as the formal

vector-valued determinant below, to be expanded along the last row

<V1,e1> <‘/17eN>
1
NV,"',V— = 329
( 1 N 1) det(el7"' 7eN) <VN—17e1> <VN—17eN> ( )
el eN

N(Vi,--- ,V_1) is orthogonal to Vi,---,Vn_1. Moreover, N(Vi,---,Vy_1) vanishes if
and only if (Vi,---,Vy_1) are linearly dependent.

With this notion of cross-product in the case V = S,,(R), we derive the following recon-
struction algorithm for 4. Adding m additional solutions, we find that W can be spanned
by W = @m matrices whose expressions are given in (3.8), picking for instance

{ei ®e; —e; ® e;}i<icj<n as a basis for A,(R). The condition that W is of codimension
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one over X can be formulated as:

nf Bx)>e1>0,  Bi= S Jdet N (D) (3.30)
Ieo(ns—1,4W)

where o(ng — 1,8WV) denotes the sets of increasing injections from [1,ng — 1] to [1, W],
and where we have defined N'(I) = N (My,, -+, My, _,), where N is defined by (3.29) with
V = S,(R). Then under condition (3.30), W is of rank ng — 1 in S, (R).

Whenever (M, ..., My,_1) are picked in W, their cross-product must be proportional to
7. The constant of proportionality can be deduced, up to sign, from the condition det¥y = 1
so we arrive at +|det N'(Mq,--- ,Mns_l)]%’y = N(My, - ,Mp,—1). The sign ambiguity
is removed by ensuring that 4 must be symmetric definite positive, in particular its first

coefficient on the diagonal should be positive. As a conclusion, we obtain the relation
|det N'(I)| 77 = sign(Ny (D)N(I), T € o(ng —1,5W). (3.31)

This relation is nontrivial (and allows to reconstruct 7) only if (M, ..., M, 4_1) are linearly
independent. When codim W = 1 but /¥ > ng — 1, we do not know a priori which ng — 1
-subfamily of W has maximal rank, so we sum over all possibilities. Equation (3.31) then

becomes

Y sisnNVu()N(I) = B3, (3.32)

Ieo(ng—1,4WV)

with B defined in (3.30). Since B > ¢; > 0 over Xy, 7 can be algebraically reconstructed
on X by formula (3.32), where AV is defined by (3.29) with V = S,,(R).

Uniqueness and stability. Formula (3.32) has no ambiguity provided condition (3.30),

hence the uniqueness. Regarding stability, we briefly justify Proposition 3.1.7.
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Proof of Proposition 3.1.7. In formula (3.32), the components of the cross-products N (I)
are smooth (polynomial) functions of the components of the matrices Z;H, which in turn
are smooth functions of the components of {H;}!" and their first derivatives, and where
the only term appearing as denominator is det(Hq,..., Hy,), which is bounded away from
zero by virtue of Hypothesis 3.1.2. Thus (3.13) holds for p = 0. That it holds for any
p > 1 is obtained by taking partial derivatives of the reconstruction formula of order p and

bounding accordingly. O

3.3.3 Joint reconstruction of (7, 4) and stability improvement

In this section, we justify equation (3.15), which allows to justify the stability claim (3.16).
Starting from n solutions satisfying Hypothesis 3.1.2 over Xy C X and denote H =
{Hij}t =1 = [H|...[Hp] as well as HP? := (H™1'),4. Applying the operator d(y~!) to
both sides of (3.2) yields d(y™1H;) = d(Vu;) = 0 due to (3.48). Rewritten in scalar

components for | <j<nand 1 <p<qg<n
0= 0,(v"'Hyj) — 0p(v' Hyj) = (07" — 0™ ) Hyj + "' 0 Hyj — 7" 0, Hj.

Thus (3.15) is obtained after multiplying the last right-hand side by H’?, summing over j

and using the property that Z?:l Hy;H 7= 8.

3.3.4 Reconstruction of 7 via an elliptic system

In this section, we will construct a second order system for (ui,--- ,u,) with n + 2 mea-
surements, assuming Hypotheses 3.1.2 and 3.1.4.A hold with Xy = X. For the proof below,

we shall recall the definition of the Lie Bracket of two vector fields in the euclidean setting:

(X, Y]:= (X -V)Y — (V- V)X = (X'0)Ye; — (Y'0;) X e;.
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Proof of Proposition 3.1.8. As is shown by (3.28), 72, H" is symmetric. Multiplying both
sides by y~! and using y"'H = VU, we see that Z;[VU]” is symmetric. More explicitly,

we have
ZgpiOqui = Z qiOpui,  k=1,2, (3-33)

or simply Z,[VU]T = [VU]Z}'. Assume Hypothesis 3.1.4.A holds with Z, invertible so that
(Z21,-++ ,Zay) form a basis in R™. We define its dual frame such that Zz*,j - Loy = 04j-

Denote Z5 = [Z3 4, ,Z3,| and Z3 = Z5 T, Then the symmetry of Zo[VU]” reads,
Zij Vu; = Zii -Vuj, 1<i<j<n. (3.34)
Pick v a scalar function, we have the following commutation relation:
(X-V)YV- Vo= -V)(X -V)v+[X,Y]- Vo

Rewrite Z1 ,;0, = Z1 pieq-V and apply Zij -V to both sides of (3.33), we have the following

equation by the above relations in Lie Bracket,

[Zij, ZLpieq] . Vuz + (Zl,pieq . V)(Zij . V)UZ = [Zij’ Zl,qiep] . VUZ + (ZLqiep . V)(Zij . V)u,
(3.35)

where Zj, ;i = Z, : €; ® e;. Plugging (3.34) to the above equation gives,

(Z1,pieq - V)(Zg,i -V)u; + [Zij, Zlvpieq] - Vu; = (Z1,gi€p - V)(Zg,i - V)u; + [Zij, Zl,qiep] - Vu;.
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Looking at the principal part, the first term of the LHS reads
(Zipieq - V)(Z3, - Vuj = (2521 ey ® eg) : VPuj + (Z1pieq - V) Z3 ;- Vu,.
Therefore, (3.35) amounts to the following coupled system,
7571 (ep @ eq—eq®ey) : Viu;+ ol - Vu; =0, ujlox =g;, 1<p<q<n, (3.36)
where

Uf]g 1= 05 [(Z1,peq — Z1,q€p) - V] Zg,l + [Zg,jv 21 pi€q — Zl,qiep] . (3.37)

Notice that H = 4[VU] implies that H~7[VU]? is symmetric. Compared with equation
(3.33), we can see that the same proof holds if we replace Zy by H =T In this case, the dual
frame of H~7 is simply H. So (3.36) and (3.37) hold by replacing Z3 by H and defining

~Dgq
0y

accordingly. O
We now suppose that Hypothesis 3.1.4.B is satisfied and proceed to the proof of Theorem

3.1.9.

Proof. Starting from Hypothesis 3.1.4.B with A,,(R)-valued functions of the form

Q;(x) = Z w;q(a;)(ep e, —e,®ey), 1=1,2,
1<p<g=zn

we take the weighted sum of equations (3.17) with weights w})q,wgq. The principal part
becomes S : V2u;, which upon rewritting it as V - (SVu;) — (V - S) - Vu; yields system
(3.18).

On to the proof of stability, pick another set of data H} := {H] }?;12 close enough to H;
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in W% norm, and write the corresponding system for u}, ..., u/,
—V-S8'Vui; + Wi -Vu; =0, 1<j<n, (3.38)

where S" and W/, are defined by replacing Hy in (3.19) by H}. Subtracting (3.38) from

1,

(3.18), we have the following coupled elliptic system for v; = u; — u;

-V SVU]‘ + Wij Vv, =V - (S — S/)V’LL;- + (WZIJ — Wl) . V’LL;, Uj|8X =0. (3.39)

The proof is now a consequence of the Fredholm alternative (as in [9, Theorem 2.9]). We
recast (3.39) as an integral equation. Denote the operator Ly = —V - (SV) and define

Lyt HY(X) 3 f = v € H}(X), where v is the unique solution to the equation
=V (5Vu) = f (X), wvlox =0.

By the Lax-Milgram theorem, we have H’UHH& x) < Cllfllz-1(x), where C only depends on
X and S. Thus Ly' : H~'(X) — H}(X) is continuous, and by Rellich imbedding, Ly :
L*(X) — H}(X) is compact. Define the vector space H = (H (X)), v = (v1,...,v),
h=(Ly'f1,...,Lo* fn), where fj = V- (S — SVl + (W], — Wij) - Vi, and the operator
P :H — H by,

P:Hov—=Pvi=(Ly (Wi V), -, Ly (Win - Vi) € H.

Since the W;; are bounded, the differential operators W;; - V : H} — L? are continuous.
Together with the fact that L L2 H{ is compact, we get that P : H — H is compact.

After applying the operator L L to (3.18), the elliptic system is reduced to the following
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Fredholm equation:
(I+P)v=h

By the Fredholm alternative, if —1 is not an eigenvalue of P, then I + P is invertible and
bounded [|v|[z < [[(T4P) ™! z3g)llhll3. Since Lyt HY(X) — H}(X) is continuous, h in
(H(X))™ is bounded by f = (f1,---, fn) in (H1(X))™

[hly < HL0_1H£(H*1,H3)Hf|’H*1(X)'
Then we have the estimate,

IVl < 1@+ P) 2o Lo o1, IEll -1 (x)-

Noting that L ! is continuous and the RHS of (3.39) is expressed by H; — H 7 and their

derivatives up to second order, we have the stability estimate
u - u/”Hg(X) <C|H; - H}”Hl(xy

where C' depends on H; but can be chosen uniform for H; and Hj sufficiently close. Then

7 is reconstructed by v = H[VU]™! and V x y~! by (3.15), with a stability of the form

v =Y llr2co + IV x (v =" DIz < ClH — Hillm x)-
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3.4 What tensors are reconstructible ?

3.4.1 Test cases

Constant tensors. We first prove that Hypotheses 3.1.1-3.1.4 can be fulfilled with explicit

constructions in the case of constant coefficients.

Proof of Proposition 3.1.10. Hypotheses 3.1.2 is trivially satisfied throughout X by choos-
ing the collection of solutions u;(x) = x; for 1 < i < n, then Hypothesis 3.1.1 is fulfilled by
picking any two distinct solutions of the above family.

Fulfilling Hypothesis 3.1.3. Let us pick

ui(z):=m;, 1<i<mn,

1 .
Upt1(x) 1 = 53: Yo Zt e; ®ej) ’Yo 2z, Zt ty #t, if p#gq,
— (3.40)
1 . _l n—1 1
Upya(x) : = 5:17 Yo Z(ej Xejr1t+€e4+1® ej)% 2.
7j=1

In particular, H = 79 and Z; = V2u,; for i = 1,2, do not depend on x and admit the

expression

1 n—1

L 1 _1 _
=72 ) tilej@e)y® and Zo=7,2> (e;@eji1+eji1® ey
: =

D=

We will show that the (z-independent) space
W = span {(Z1 HT Q)™ (ZoHT Q)™ Q € A,(R)}

has codimension one in S, (R) by showing that W+ C Rryg, the other inclusion O being

evident.
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Let A € S,(R) and suppose that A L W, we aim to show that A is proportional to

11
7o. The symmetry of AZ;H” implies that 22:1 tie; @ e;y, > Ay, ? is symmetric. Denote

11
B =1, 2A,? € Sy(R), we deduce that
tiBij = thjiy for 1 S ’L,j S n.

Since B is symmetric and t; # t; if ¢ # j, the above equation gives that B;; = 0 for i # j,

thus B is a diagonal matrix, i.e. B = 2?21 Bi;e; ® ;. The symmetry of AZyH T implies

1

_1
that Z?:_ll (ej ®ejr1+ejr1 @ ej)y 2 Ay, 2 is symmetric, which means that

E Bii(ej®ejr1+ejr1 ®ej)(e;@e;) = g Bii(ei @ e;)(ej ® ej11 + €j41 @ €;).
1<i<n 1<i<n
1<j<n—1 1<j<n—1

Write the above equation explicitly, we get

n—1 n—1
> Bjiij+1€ ©eji1+ Bjjeji @€ =) Bjjej @ ejui + Bjijrieji ©e;
= j=1

Which amounts to

1
(Bj+1,j+1 — Bjj)(ejr1®@ej —ejy1 @e;) = 0.
1

n

<.
Il

Notice that {e;11®ej—e; 1®e;}i1<j<n—1 are linearly independent in A, (R), so Bj;1 j+1 =
Bjj for 1 < j <n —1,1ie. B is proportional to the identity matrix. This means that A
must be proportional to vy and thus W+ C Ryy. Hypothesis 3.1.3 is fulfilled throughout
X.

Fulfilling Hypothesis 3.1.4 with v = [,,. We split the proof according to dimension.
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Even case n = 2m. Suppose that n = 2m, pick u; = z; for 1 <i <n, upy1 = > 10 o122

m (23;,_,—23)

and upq2 = > 10, —=5—==. Then simple calculations show that
m m
Zy=) (esi-1®ey+ey@ey 1) and Zy=» (e 1 Deni1— ey @ ey).
i=1 =1

We have det Z; = (—1)" # 0 so 3.1.4.A is fulfilled. Let us choose

m

Ql = Z(egp ® €2p—1 — €2p—1 & e2p) and Q2 = 07
p=1

then direct calculations show that S = (Z3 Z;f W+ H Zip 0y)%¥™ = 1,,, which is clearly

uniformly elliptic, hence 3.1.4.B is fulfilled.

Odd case n = 3. Pick u] = x; for 1 <i <3, u3, | = x102+x023 and ujy 5 = %JE%—F%JE%—F

%x%, where t1, to, t3 are to be chosen. In this case, H' =13, Z] = 2(e; ©®ea+exOe3)

and (Z)* = 32| t;e;®e; (note that Zj fulfills 3.1.4.A). Pick O (z) = ex®e; —e; @ey,

O (z) = e ® e3 — e3 ® ey, simply calculations show that,

w0 g
S = ((Z)"(Z)" A () + H'(Z)" %)™ =] 0 —t,—1 0 |. (341
1
s o

(t1,t2,t3) must be such that S’ is positive definite and tr (Z5) = 0 (because u} solves

(3.1)). This entails the conditions

t3 +1)\° tot
t1>0, tilta+1)<0, —(ta+1)[t;— (=2 >0 and t=-——22.
2 to + 13
These conditions can be jointly satisfied for instance by picking t; = 6, to = —2 and

t3 = 3, thus Hypothesis 3.1.4.B is fulfilled in the case n = 3.
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Odd case n =2m + 3. When n = 2m + 3 for m > 0, we build solutions based on the

previous two cases. Let us pick

u; =x;, 1<i<mn,

m
Up41 = g T2i—1T2 + Tom+1T2m+2 + T2m+2T2m+3
i=1
m o 2 2
e @ —wy) 1, L, L,
Upt2 = — 5 + ToFam+1 = JP2m+2 + g L2m+3:
i=1

Then one can simply check that Zj is of the form

~ Zj ‘ 02m><3

Z; = ;
03><2m ‘ Zj

o J=12,

where Z;/Z j/ are constructed as in the case n = 2m/n = 3, respectively. Accordingly,

let us construct €2; o by block using the previous two cases,

Q; ‘OZmXB
03><2m‘ Q;

q, —

and the S matrix so obtained becomes

Lo, ‘ 02mx3

§= (22800 + HZ{0,) ™" =
03><2m ‘ S,

where S’ is the definite positive matrix constructed in the case n = 3. Again, Hy-

pothesis 3.1.4.B is fulfilled.

Fulfilling Hypothesis 3.1.4 with v constant. Let {vi}?jlz denote the harmonic

polynomials constructed in any case above (i.e. n even or odd) with v = I,, and denote
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79,79, H°, Q8,09 and SO = (Z8* 29T Q0+ HO Z9T09)*¥™ the corresponding matrices. Define
here, for 1 <i < n, u;(x) := v;(z) and for i =n + 1,n + 2, u;(z) = vi(’y_%x), all solutions
of (3.1) with constant . Then we have that Z; = ’y_%ZZQ’y—% for i = 1,2 and H = ~. Upon

defining €2, := 7%9?7% € A, (R) for i = 1,2, direct calculations show that

[NIES

S = (23270 + HZTQp)¥™ = 42§02,

Whenever Z? is non-singular, so is Z; and whenever Sy is symmetric definite positive, so is

S. The proof is complete. 0

Isotropic tensors. As a second test case, we show that, based on the construction of
complex geometrical optics (CGO) solutions, Hypothesis 3.1.1 can be satisfied globally
for an isotropic tensor v = fl, when [ is smooth enough. CGO solutions find many
applications in inverse conductivity /diffusion problems, and more recently in problems with
internal functionals [8, 47, 15]. As established in [14], when 8 € HZ+t3+¢(X), one is able to

construct a complex-valued solution of (3.1) of the form

wp = %epm ), (3.42)

where p € C" is a complex frequency satisfying p - p = 0, which is equivalent to taking
p = p(k+ik"t) for some unit orthogonal vectors k,k* and p = |p|/v/2 > 0. The remainder
1, satisfies an estimate of the form py, = O(1) in C!(X). The real and imaginary parts of
Vu,, are almost orthogonal, modulo an error term that is small (uniformly over X') when p

is large. We use this property here to fulfill Hypothesis 3.1.1.

Proof of Proposition 3.1.11. Pick two unit orthogonal vectors k and k', and consider the

CGO solution u, with p = p(k + ik') for some p > 0 which will be chosen large enough
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later. Computing the gradient of u,, we arrive at

Vup = e”“(p+p,), with @, := Vi, —1,Viog /B,

with supy\cpp\ < C independent of p. Splitting into real and imaginary parts, each of

which is a real-valued solution of (3.1), we obtain the expression

perk® - 1S w
Vu = P (et 7 oR) cos(ple ) = (4 5 g sin(pk )
g _ pertT 1,9 - :
Vuy = NG ((kl +p 1<pp) cos(pkt ) + (k4 p 14,0?) sin(pk™ - :n)) ,

from which we compute directly that

2pk-x

B

2
3 3 pe -
]Vuf?]z]VupF - (Vu?;e . Vup)2 = (1+o(p™h)).

Therefore, for p large enough, the quantity in the left-hand side above remains bounded

away from zero throughout X, and the proof is complete. O

3.4.2 Push-forward by diffeomorphism

Let U : X — W(X) be a Wh2diffeomorphism where X has smooth boundary. Then for
v € X(X), the push-forwarded tensor W,y defined in (3.21) belongs to X (¥ (X)) and ¥
pushes forward a solution u of (3.1) to a function v = u o U~ satisfying the conductivity

equation
—Vy (LA Vyw) =0 (¥(X)), vlpwy) =g0¥ ",

moreover ¥ and ¥|sx induce respective isomorphisms of H'(X) and H 2 (0X) onto H'(¥(X))
and H2(9(V(X))).
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Proof of Proposition 3.1.13. The hypotheses of interest all fomulate the linear independence
of some functionals in some sense. We must see first how these functionals are push-
forwarded via the diffeomorphism ¥. For 1 < i < m, we denote v; := V,u; = u; o ¥ ! as
well as W, H; := [¥,7]V,v; where y denotes the variable in W(X). Direct use of the chain

rule allows to establish the following properties, true for any = € X:

Vui(z) = [DU]T (2) V0 (¥(2)),
Hy(z) = yVui(z) = |Jy|(x)[DY] W, H(¥(x)), (3.43)
Zi(x) = [DY)" (2) W, Z;(¥(x)),
where we have defined ¥, Z; the matrix with columns
J

—
det(Vyvi, ..., VyUnyi, ..., Vyop) 1<j<n
det(Vyvi, ..., Vyv,) ’ -0

[\I’*Zi],j - _vy

Hypotheses 3.1.1 and 3.1.2. Since [DV] is never singular over X, relations (3.43)
show that for any 1 < k < n, the vectors fields (Vuq,..., Vug) are linearly dependent at x
if and only if the vectors fields (Vyv,. .., Vyug) are linearly dependent at W(z). The case
k = 2 takes care of Hyp. 3.1.1 while the case k = n takes care of Hyp. 3.1.2.

Hypothesis 3.1.3. If we denote
T W(V(z)) = span { (U, Z,(T,H)TQ)™™, Qe A,(R),1 <k <m},
direct computations show that
W(z) = [DU(@)]" - WV (¥ (x)) - [DV ()],
thus since DW¥(x) is non-singular, we have that dim W(z) = dim W, W(¥(z)), so the state-
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ment of Proposition holds for Hyp. 3.1.3.
Hypothesis 3.1.4. The transformation rules (3.43) show that Z; is nonsingular at z
iff U, Z; is nonsingular at W(x), so the statement of the proposition holds for Hyp. 3.1.4.A.
Second, for two A,(R)-valued functions Q(z) and Qo(z), and upon defining ¥,Q;,
U, Qs as in (3.23), as well as

sym

.S o= ([0 Zo) T [0, 210, + (U H|[ W, 20 ) 0,00)
direct use of relations (3.43) yield the relation
S(z) = [D¥(2)] 7 W.S(U()) - [DY(2)] ", z€X,

and since DV is uniformly non-singular, S is uniformly elliptic if and only if WU,.S is, so the

statement of the proposition holds for Hyp. 3.1.4.B. O

3.4.3 Generic reconstructibility

We now show that, in principle, any CY'®-smooth conductivity tensor is locally recon-
structible from current densities. The proof relies on the Runge approximation for elliptic
equations, which is equivalent to the unique continuation principle, valid for conductivity
tensors with Lipschitz-continuous components.

This scheme of proof was recently used in the context of other inverse problems with
internal functionals [15, 45], and the interested reader is invited to find more detailed proofs

there.

Proof of Proposition 3.1.15. Let g € X and denote 7y := 7(z9). We first construct so-
lutions of the constant-coefficient problem by picking the functions defined in (3.40) (call

them v1,...,v,42) and by defining, for 1 < i < n + 2, u¥(x) = v;(x) — v;(zo). These
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solutions satisfy V - (7vgVu;) = 0 everywhere and fulfill Hypotheses 3.1.2 and 3.1.3 globally.

Second, from solutions {u?}"*2, we construct a second family of solutions {u}}?*? via
the following equation
V-(yVui) =0 (Bs), uflop, =ui, 1<i<n+2, (3.44)

where Bs, is the ball centered at zg and of radius 3r, r being tuned at the end. The
maximum principle as well as interior regularity results for elliptic equations allow to deduce

the fact that

i T 0 -
lim - max | [lu; — willez(s,,) = 0. (3.45)

Third, assuming that r has been fixed at this stage, the Runge approximation property

allows to claim that for every ¢ > 0 and 1 <14 < n+ 2, there exists g; € H 2 (0X) such that
ui —uillL2(Bs,) <&  where wu; solves (3.1) with uj|ox = g7, (3.46)

which, combined with interior elliptic estimates, yields the estimate

165 = lea gy < gl = ufll ey < 5,

Since r is fixed at this stage, we deduce that

i € _ " —
i maxuf - uf ez, = 0. (3.47)

Completing the argument, we recall that Hypotheses 3.1.2 and 3.1.3 are characterized by
continuous functionals (say f» and f3) in the topology of C** boundary conditions. While

the first step established that fo > 0 and f3 > 0 for the constant-coefficient solutions,
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limits (3.45) and (3.47) tell us that there exists a small » > 0, then a small ¢ > 0 such
that maxi<j<pto ||us — U?HC2(BT(900)) is so small that, by the continuity of fo and f3, these
functionals remain positive. Hypotheses 3.1.2 and 3.1.3 are thus satisfied over B, by the

e1n+2

family {u5}"" which is controlled by boundary conditions. The proof is complete. O

Remark 3.4.1 (On generic global reconstructibility). Let us mention that from the local
reconstructibility statement above, one can establish a global reconstructibility one. Heuris-
tically, by compactness of X, one can cover the domain with a finite number of either
neighborhoods as above or subdomains diffeomorphic to a half-ball if the point xo is close
to 0X, over each of which v is reconstructible. One can then patch together the local re-
constructions using for instance a partition of unity, and obtain a globally reconstructed ~y.
The additional technicalities that this proof incurs may be found in [15].

As a conclusion, for any CH*-smooth tensor v, there exists a finite N and non-empty
open set O C (C>*(0X))N such that any {g:}Y., € O generates current densities that

reconstruct v uniquely and stably (in the sense of estimate (3.16)) throughout X .

3.5 Appendix: Exterior calculus and notations

Throughout this chapter, we use the following convention regarding exterior calculus. Be-
cause we are in the Euclidean setting, we will avoid the flat operator notation by identifying
vector fields with one-forms via the identification e; = e’ where {e;}"_; and {e’}"_; denote
bases of R™ and its dual, respectively. In this setting, if V = V'e; is a vector field, dV

denotes the two-vector field

dav=">Y_ (VI -0;VeiAe,.

1<i<j<n
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A two-vector field can be paired with two other vector fields via the formula
AANB(C,D)=(A-C)(B-D)—(A-D)(B-(C),
which allows to make sense of expressions of the form

V(A= > (VI =9 V)((A-ee; — (A-e))e).

1<i<j<n

Note also the following well-known identities for f a smooth function and V' a smooth vector

field, rewritten with the notation above:

d(Vf)=0, feC*X), (3.48)

d(fV)=VfAV + fav. (3.49)
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Chapter 4

Inverse problems in the Maxwell

system

In this chapter, we study the hybrid inverse problem proposed in Section 1.2. Let X be a
bounded domain with smooth boundary in R?. The smooth anisotropic electric permittivity,
conductivity, and the constant isotropic magnetic permeability are respectively described
by €(z), o(z) and pg, where €(z), o(z) are tensors and pg is a constant scalar, known,
coefficient. Let E and H denote the electric and magnetic fields inside the domain X
with a harmonic time dependence. Thus E and H solve the following system of Maxwell’s
equations:

VX E+wpeH =0
on X, v X Elgx = f. (4.1)

VxH-—~vE=0

Here, v = 0 4+ we in X, v is the exterior unit normal vector on the boundary 0X, with
the frequency w > 0 fixed. We assume that ¢(z) and o(x) satisfy the uniform ellipticity

condition. We present an explicit (stable) reconstruction procedure for the anisotropic,
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complex-valued tensor vy from knowledge of a set of (at least 6) magnetic fields H; for

1 < j < J, where H; solves (4.1) with prescribed boundary conditions f;.

4.1 Main hypotheses and stability results

We first introduce the solution space,
Hio(X) = {u € (H*(X))*|Div(v x u) € H*"2(9X)}

where Div denotes the surface divergence (see, e.g., [19] for the definition). Let THY, (0X)

denotes the Sobolev space through the tangential trace mapping acting on Hp);, (X)),
TH, (0X) = {f € (H°(9X))*|Divf € H*(9X)}
They are Hilbert spaces for the norms

HUHHé (xX) — ”UH(HS(X))B + ”DiV(V X u)”

Div H 3 (0X)

[ fllrms, ox) = 1l ms@x))2 + 1DV s 0x)-

The boundary value problem (4.1) admits a unique solution (E, H) € HE. (X) x HE. (X)
_1
with imposed boundary electric condition v x E|gx = f € TH ]];iv2 (0X) except for a discrete

set of magnetic resonance frequencies {w} when o = 0; see [35]. The solution satisfies

1B s, 0 + [1H 15, x) < CISl (4.2)

s 1 .
TH, 2 (0X)

We assume that w is not a resonance frequency.
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4.1.1 Main hypotheses

We now list the main hypotheses, which allow us to set up our reconstruction formulas,
which are local in nature: the reconstruction of v at zg € X requires the knowledge of
{H;(x)}1<j<s for = only in the vicinity of .

The first hypothesis requires the existence of a basis of electric fields which satisfy (4.1).

Hypothesis 4.1.1. Given Mazwell’s equations in form of (4.1) with € and o uniformly
1

elliptic, there exist (f1, fo, f3) € TH2, (0X)3 and a sub-domain Xo C X, such that the

corresponding solutions Eq, Fo, E3 satisfy

inf ‘det(El,Eg,Eg) > CO‘ > 0.
ze€Xo

Assuming that Ey, Ea, F3 solutions to (4.1) satisfy the Hypothesis 4.1.1, we consider ad-
ditional solutions {Es3 4}, and obtain the linear dependence relations for each additional

solution,
3
Esyp=> MNE, 1<k<m (4.3)

1=1

As shown in [9, 26], the coefficients )\f can be computed as follows:

)\k B _det(El,E3+k,E3) - _det(V X Hl,V X H3+k,v X Hg)
L det(El,EQ,Eg) N det(V X Hl,V X HQ,V X Hg) ’

Therefore these coefficients are computable from magnetic fields. The reconstruction pro-

cedures will make use of the matrices Zj defined by

Zk = [Zra, Zra Zus), where  Zp; =V, 1<k<m. (4.4)
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These matrices are also uniquely determined from the known magnetic fields.
The next hypothesis which gives a sufficient condition for a local reconstruction of the
anisotropic tensor -y, is that a sufficiently large number of matrices 7, satisfy a full-rank

condition.

Hypothesis 4.1.2. Assume that Hypothesis 4.1.1 holds for (Ey, E2, E3) over Xo C X. We
denote Y as the matriz with columns Y1,Ys,Ys, where Y; =V x H;, 1 <i < 3. Then there
exist By, -+, Ej_gim solutions of Mazwell equations (4.1) and some X' C Xq such that

the space,

W = {(Qz,YT)*¥™|Q € A3(R),1 < k < m}, (4.5)

has full rank in S3(C) for all x € X', where S3 and As denote the space of 3 x 3 symmetric

and anti-symmetric matrices, respectively.

Remark 4.1.3. Hypotheses 4.1.1 and 4.1.2 can be both fulfilled for well-chosen boundary
conditions { fi}1<i<e when 7 is close to a constant tensor vy. The proof of such a statement
can be found in Section 4.2.3. For a arbitrary tensor vy, Hypothesis 4.1.1 can be fulfilled
locally. If we suppose additionally that ~ is the C™* vicinity of v(xg) on some open domain

of xg, then Hypothesis 4.1.2 also holds locally, see Section 4.2.6.

4.1.2 Uniqueness and stability results

We denote by M, (C) the space of n x n matrices with inner product (4, B) := tr (A*B).
We assume that Hypotheses 4.1.1 and 4.1.2 hold over some Xy C X with J = 3+ m
solutions (E1, -+, E3yy,). In particular, the linear space W C S3(C) defined in (4.5) is of
full rank in S3(C). We will see that the inner products of (y~!)* with all elements in W can
be calculated from knowledge of (Hy,--- , H31y,). Together with the fact that W is also

constructed by the measurements, v can be completely determined by Hy,- - , H31p,. The
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reconstruction formulas can be found in Theorem 4.2.2. This algorithm leads to a unique

and stable reconstruction in the sense of the following theorem:.

Theorem 4.1.4. Suppose that Hypotheses 4.1.1 and 4.1.2 hold over some Xo C X for two
3+ m-tuples {E;}2T and {E!}237, solutions of the Mazwell system (4.1) with the complex

tensors v and ' satisfying the uniform ellipticity condition (2.2). Then ~y can be uniquely

reconstructed in Xy with the following stability estimate,

3+m
1y = A lwsoexg) < C Y Hi — Hllwsr2.00(x) (4.6)

i=1

for any integer s > 0. If v is isotropic or in the vicinity of a constant tensor g, then v can

be reconstructed with 6 measurements and the above estimate holds on Xy = X.

Remark 4.1.5. For the case 7y is isotropic, it can be reconstructed via a redundant el-
liptic equation which is based on the construction of Complex Geometrical Optics solu-

tions(CGOs). The algorithms will be given in Section 4.2.4.

4.2 Reconstruction approaches

4.2.1 Preliminary

Exterior calculus and notations: Throughout this chapter, we will identify vector
fields with one-forms via the identification e; = e’ where {e;}"_; and {e'}"_; denote bases
of R™ and its dual, respectively. In this setting, if V = V'e; is a vector field, dV denotes

the two-vector field

V=Y (VI -0;VeiAe,.

1<i<j<n
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A two-vector field can be paired with two other vector fields via the formula
AANB(C,D)=(A-C)(B-D)—(A-D)(B-(C),

Note also the following well-known identities for f a smooth function and V' a smooth vector

field, rewritten with the notation above:

d(Vf)=0,  fecC*X),

d(fV)=VfAV + fdv.

Hodge star operator: For x € R", let {e},--- ,e,} and {e',--- ,e"} denote the canonical
bases of T,;R™ and its dual T)R"™. The Hodge star operator on an [-form is defined as the

linear extension of
*(€ A Ae)|, = (e Ao Aet)|,, (4.7)
where (81, , Bn_t) € {1,--- ,n}" ! is chosen such that
{em,,” 7eO‘l,eBl’... 7eBn—L} (4.8)
is a positive base of T R"™. For a [-form 7, the Hodge star operator follows,

*xm = (—1)=0p, (4.9)
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4.2.2 Reconstruction algorithms

For some matrices A, B € M,,(C), we denote their product A : B by,
A:B=tr (ABT) =tr (ATB). (4.10)

Starting with 3 solutions (E7, E9, F3) satisfying Hypothesis 4.1.1, we then pick additional
magnetic fields Hs.y. The corresponding electric fields E3.j and FEq, Fo, E3 satisfy the

linear dependence relations defined in (4.3). We recall the 3 x 3 matrices,
Y:[Y17Yé7}/é]7 Y;ZVXHZ

V x Hs. satisfies the same linear dependence with Y7, Ys, Y3 as Es k, F1, Ea, F3. Thus )\f
defined in (4.3) are computable from only knowledge of the magnetic fields(we use implicit
summation notation),

i

det(V x H1,V x Hy 0,V x H
V% Hyip = MoV x Hy; Ok iy 2tV x A, deiy?’*’“’ X Hs) (4.11)

Now we construct the subspace W of S3(C) as denoted in Hypothesis 4.1.2,

W ={(QZ,YT)¥"Q € A3(R),1 < k < m}. (4.12)

Denote (w1, - -+, Wg) as the natural basis of the 6 dimensional space S3(C). Given 6 vectors

Wy, ,Wg in W, for any vector W € S3(C), we define a (7,1) type tensor N dealing with
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inner products (W, W,):

(W, w1) (W1, we)
6 i i
NW, Wi, We) =D (WW) | A aes | = F(Wh,-- W)W,
p=1
<W6,W1> <W6,W6>

(4.13)

where F(Wy,--- , W) := det{(W,, wq) hi<pqg<6. Obviously, det{(W,, wg)}i<pq<cW = 0 if
and only if Wh,--- , Wy are linearly dependent. In other words, N (W, Wy, -+, Wgs) = 0
never vanishes if Wy, --- , Wy are linearly independent and W # 0.

We summarize the reconstruction algorithms in the following theorem and show that ~

can be algebraically reconstructed via Gram-Schmidt procedure and the explicit expression

(4.13).
Theorem 4.2.1. Assume that Hypothesis 4.1.1 and 4.1.2 are fulfilled on a sub-domain
Xo C X, then ~v can be reconstructed on Xg as follows

Y= @‘HWIN Wq>}1§p,q§6(N_l('7_l7 Wi, -+, Wﬁ))*- (4~14)

Here, (w1,--- ,wg) denotes the natural basis of S3(C) and {W,}1<p<e are linearly indepen-

dent matrices, which can be constructed from the matrices {(QZYT)¥™} << in W by

1

the Gram-Schmidt procedure. The inner product of ¥~ with matrices in W are given by:

A1 (QZ, YTy = tr (QM), (4.15)

where My, == twpo x (A\FH; — Hy 1) (ep, eq)e, ® €, for 1 < k < m and x denotes the Hodge
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star operator. Moreover, for any other v satisfying (2.2) and Mazwell system (4.1), we
have the following stability estimate,
3+m
Iy =7 lwsexo) < C Y 1 Hi = Hillwst2.0(x), (4.16)
i=1
where C' is a constant and s is any integer.
Proof. We rewrite the time-harmonic Maxwell’s equations (4.1) in terms of differential

forms,

*dEZ = —lw Hz
o (4.17)

Here d is the exterior derivative and * denotes the Hodge star operator. Applying the

exterior derivative d to (4.3) gives,

3
d(> NE; — Es1p) = 0. (4.18)
i=1

Using the formula d(fV) = df AV + fdV for a scalar function f and a vector field V', we

have
dN\F N E; + NYE; = dE5 . (4.19)

Applying the Hodge operator to (4.17) and using the fact that E; = y~'V x H;, we obtain

the following equation,

dNF ATV X Hy = wwpg * (AFH; — Hs ). (4.20)
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By applying two vector fields e, e,, 1 < p < g < 3 to the above 2-form, we obtain,
(VAF - ep)(77Yieg) — (VA - e) (v 'Y~ €p) = wopo x (A Hi — Hzi)(ep,€q),  (4.21)
where Y; = V x H; for 1 <4 < 3. The above equation reads explicitly,
(VY )41 Zkpi = Zhqi(Y Y )i = toppo % (AT Hi — Ha i) (ep, €4) (4.22)
which amounts to the following matrix equation,
T ZT = (Y 2T = wopo + (N H; — Hyr)(ep, €4)eq @ €. (4.23)

Since 7 is symmetric, we pick 2 € A3(R) and calculate its ":” product with both sides of the

above equation,
7L QYT = 47t (Y T = b (@M]), (4.24)

where M}, = Fwpug * (/\le — Hs.i)(ep,eq)e; @ e,. The stability estimate is clear by
inspection of the reconstruction procedure. Two derivatives on {Hy}i<k<34+m are taken in
the reconstructions of the matrices Z; and one derivative is taken for the reconstructiongs
of M. The Gram-Schmidt procedure preserves errors in the uniform norm. Therefore,
we have a total loss of 2 derivatives in the reconstruction of « as indicated in Theorem

4.1.4. O

4.2.3 Global reconstructions close to constant tensor

In this section, we assume that v is in the vicinity of a diagonalizable constant tensor .

We will construct special solutions, namely plane waves, of the Maxwell’s equations (4.1)
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and demonstrate that Hypothesis 4.1.1 and 4.1.2 are fulfilled with these solutions. The

following lemma shows that Hypothesis 4.1.1 is satisfied in the homogeneous media.

Lemma 4.2.2. Suppose that the admittivity v is sufficiently close to a constant tensor g,
where the real and imaginary parts of vy satisfy the uniform ellipticity condition (2.2). Then

Hypothesis 4.1.1 holds on X.

Proof. Decompose the tensor 79 = QAQT for a diagonal A € Mz and QTQ = I. This
decomposition is possible since a symmetric matrix is diagonalizable if and only if it is
complex orthogonally diagonalizable, see [30, Theorem 4.4.13]. We write Q = [, 82, B3]
and ki, k2, k3 the components on the diagonal of A, such that v 3; = k;3;, j = 1,2,3. We

choose plane waves as possible solutions to Maxwell’s equations (4.1),
Ej = Bel5®, 1<j<3, (4.25)

with some (; to be chosen in C3. Applying the curl operator to the first equation in (4.1),

we get the vector Helmholtz equation,
V x V x Ej + Lw,u(ngj =0, (426)

where vg = 0 + tweg. Using the fact that V x Vx = —A + VV-, the above equation

amounts to

(& - e By — (By - G5)e* T ¢ + twpget o35 = 0. (4.27)

Since €*%"® is never zero, the above equation reduces to,

(Bj - G5)G — (GG - ¢5) B = twpoyoB;- (4.28)
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By choosing (; to be orthogonal to f; and (j - (; = —wwpuok;, equation (4.28) obviously
holds by noticing that vo3; = k;3;. From the above analysis, the solutions can be chosen

as follows,

By = pettihee
Ey = Boei2Pe (4.29)

Ej3 = fBaeitshre

where t; are chosen such that t? = —wwupk; for 1 < ¢ < 3. Then FE4, E5, E5 are solutions to

Maxwell’s equations (4.1) and are obviously independent. O

The next proposition states that, some proper linear combinations of the solutions chosen

in Hypothesis 4.1.1 also satisfy the Maxwell system (4.1).

Proposition 4.2.3. Let us choose the electric fields Fsyj = 25’:1 )\fﬁie“i'x such that \F
has a constant gradient verifying that VAF L {B;,(;}, where B;,(; are chosen in (4.29).

Then Es.j solves Mazwell’s equations (4.1) for v = .

Proof. Assume that Hypothesis 4.1.1 holds and pick E; = B;e*%'* defined in (4.29) for

i =1,2,3. We pick addition electric fields as indicated in (4.3),
3
Bsyp=>» MNE;, k=12, (4.30)

i=1

where A\F are to be determined. Inserting F3, into the vector Helmholtz equation (4.26),

we get,

V XV x F3y: =V x V x (\E))
=(V-Ei+E;-V)VA — (V- VN £+ VN V)E + VN X V X E; + MV x V x E;
= — WY\ E;.
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Here we choose V/\i-C to be constant and V/\i-C L B;. Using the fact that V - E; = 0 for the
special solutions in (4.29) and E; satisfies the Helmholtz equation (4.26), the above equation

reads
—(VXVVE; + VAP X (V x E;) =0. (4.31)

Let Vg, denotes the subscripted gradient operator on the factor E;, the basic formulas for

curl operator give that,

VAN X (V x By) =VE (VAF - E;) — (VAR . V)E;

= (VAF - B)(VAE - e,)ets e, — (VA . V) EL.
By choosing V)\f L B;, equation (4.31) reduces to,
(VAP - V)E; = o(VAF - G)Ei = 0, (4.32)

Since E1, Eo, F3 are independent, the above equation holds if and only if V)\f - (=0, for
i = 1,2,3. Therefore, F3 ) = Zg’zl AFBiet6i® solves the Maxwell’s equation (4.1), with

V)\f, B, ¢; an orthogonal basis in C3. O

Thanks to Proposition 4.2.3, we can choose 3 additional solutions as follows:

Esi1 = M Ep = A\ BretP2e
Esio = AEy = Agfei2PsT (4.33)
B33 = A\3E3 = \3fze’sP1e

where E1, Eo, F3 are chosen in (4.29) and V1, Vg, VA3 are chosen to be /33, 51, B2, respec-

tively.
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The following lemma proves that W is of full rank in S3(C) in homogeneous media.

Lemma 4.2.4. Suppose that the admittivity v is sufficiently close to a constant tensor .
Then Hypothesis 4.1.2 is fulfilled by choosing a minimum number of 6 electric fields as
indicated in (4.29) and (4.33).

Proof. As indicated in Proposition 4.2.3, we pick additional solutions Fs3,; = A FEj, for
kE =1,2,3, where VA1 = (3,VAe = 51 and VA3 = 5. Let A € S3(C) and suppose that

A LW, we aim to show that A vanishes. Decompose A in terms of 3; ® (3,
A= Azyﬁz ® ﬁj, where Aij = Aﬂ (434)

Here and below, we use the implicit summation notation for the index ¢ and j. Thus,

1
Lo

1
=- (Ck - Ck)V A ® B,
Lt

ZY" = Zy(vE)" = - Zi[(C1 - G)E, (G ) Ea, (G- G3) Es) T

for k = 1,2,3. Since A L W implies that Z, YT A is symmetric, we deduce the following

equation,

Aij(V e @ Eg) (B @ Bj) = Aij(Bi @ Bj)(Er @ V). (4.35)

By definition Ej, = fe**¢'* and the orthogonality of {Bi}1<i<3 , the above equation reduces

to

Ai,k-ﬁ-l(ﬁk & 5@ - 52 & 5/6) = 07 for k= 17 27 37 (436)

where we identify k41 := 1, for £ = 3. Notice that {5, ® 5; — 3; ® Bk }i k=1,2,3 form a basis
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in A3(C), so obviously A; ;11 = 0, for any i # k, which implies that A;; = 0, for any 1, j.
Thus W is of full rank in S3(C). O

Remark 4.2.5. Since the Mazwell system can be written in the sense of differential forms
as in (4.17) for an arbitrary n dimension space, the above reconstruction formulas can
thus be gemeralized to the n dimensional case. The proof of Lemmas 4.2.2 and 4.2.4 in n

dimensions is analogous to the 3 dimensional case.

4.2.4 Global reconstructions for isotropic tensor

In this section, we suppose that the admittivity ~ is scalar. We will show that v can be
reconstructed via a redundant elliptic system by constructing 6 Complex Geometrical Optics
solutions. CGO solutions are constructed in [20] and their properties can be extended to
higher order Sobolev spaces, see [18]. The approach in [18] can be used to reconstruct the

scalar .

Theorem 4.2.6. Let y(x) be a smooth scalar function. Then there exist 6 internal magnetic
fields {H;}1<i<e such that 7 is uniquely reconstructed via the following redundant elliptic

equation,

Vv + B(z)y =0, (4.37)

where B(x) is an invertible matriz, which is uniquely determined by the measurements.

Moreover, the stability result (4.6) holds for Xo = X.

Proof. The system (4.1) can be rewritten as the Helmholtz equation,

VxVxE-k*nE=0, (4.38)

where the wave number k is given by k = w,/eopig with €g the dielectric constant, and the
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refractive index n = %(e(:n) - L@) The proof is based on the construction of complex

geometrical optics solutions of the form,
E(x) = e (n + Re(x)), (4.39)

where ¢,n € C3, (- ¢ =k? and ¢ - = 0. The existence of R¢ in C*(X) was proved in [20]
and can be generalized to an arbitrary regular space C%(X), see [18]. Now picking two CGO

solutions E, E9 as defined in (4.39), we derive the following equation from (4.38),
VXV XE-FE+V XV XxEy FE =0. (4.40)

Substituting the measurements Y; = V x H; = «vE; into the above equation gives the

following transport equation,
0-Vy+19y=0, (4.41)

where

0=x[(Ya-V)Y1 + (V- -Y1)Ys 4+ 2Vy, (Y1 - Y2) — (Y1 - V)Y, — (V- Y2)Y] — 2Vy, (Y1 - Y2)],
ﬁ:X(VXVXYl-YQ—VXVXYQ'Yl).
(4.42)

We choose two specific sets of vectors (,n as in [20]. Define (1, (s and 71,72 in terms of a

large real parameter ¢ and an arbitrary real number a,

Cl :(a/2,ch2—|—a2/4—k2,6), m :\/ﬁ(cyoa_a/2)

, (4.43)
G = (a/2 1 /E T @[ R, ) m = o2(e.0,a/2).
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Note that

lim nj = "o = (17070)7 ] = 1727

c—00
a G 1 (4.44)
lim — = — lim == = (p:= —=(0,¢,1),
c— 00 ‘Cl’ c—00 ‘CQ‘ \/5
and
G+¢=1(a,0,0), C-C=0, no-¢=0. (4.45)
By choosing x(z) = —e {G+G)w 4%/5& 0 and (y have approximately the same direction
when |(], the length of (1, (2, tends to infinity (see [18, Proposition 3.6)),
C
16 = 7*Colleacxy < 6k (4.46)

Now we choose 3 independent unit vectors Cg and 776, such that Cg'g‘g = Cg'né =0,7=1,2,3.

Similarly to (4.43), we choose ((f,(g) and (77{,77%) such that, (] := |§f| = |Cg|, and also,

st G S N
m 2t =— lim 2 =¢ and lim 7/ =n). 4.47
cmoo (¢ Ielmoe [¢] 0 [¢l—>o00 0 (447)

We pick 3 pairs of CGO solutions {E{,Eg}lgjgg as defined in (4.39) and define the cor-
responding {0;,7;}1<j<3 by (4.42). From the estimate (4.46), we deduce that [6,60,05]
is invertible for [(| sufficiently large. Therefore equation (4.41) amounts to a redundant

elliptic equation,
Vv + B(x)y =0, (4.48)

where B = [0y, 02,03] 1 [1,92,93]. Then v can be reconstructed using (4.48) if it is known

at one point on the boundary. Since we have to differentiate the measurements twice for the
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construction of 3, there is a loss of two derivatives compared to H for the reconstruction of

v via (4.48). The stability estimate (4.6) obviously follows. O

4.2.5 Runge approximation for the anisotropic Maxwell system

To derive local reconstruction formulas for a more general v, we need to control the local
behavior of solutions by well-chosen boundary conditions. This is done by means of a Runge
approximation. In this section, we will prove the Runge approximation for an anisotropic
Maxwell system using the unique continuation property. For UCP and Runge approximation

in our context, we refer the readers to, e.g., [41, 50].

Unique continuation property

Unique continuation property for an anisotropic Maxwell system with only real magnetic
permeability € has been proved in [22]. We generalize the result to the case of a complex
tensor v = o + wwe in (4.1). We recall the div-curl system as follows,

Y(@)E(z) =V x H(z) =0, wp(x)H(z)+V x E(x) =0,
(4.49)

We will use the Calderén approach to derive a Carleman estimate which implies the unique
continuation property across every C2-surface. For Calderén approach, we refer the readers

to [16, 52].

Lemma 4.2.7 (Basic Carleman inequality). Let (u(x,t),v(z,t)) € C*(B,(x0))? with support
contained in |x| <r, 0 <t <T. There is a constant C independent of (u,v) such that for

r, T and k=1 sufficiently small, the following inequality holds
T T
/ u, vllw(t)dt < Ok +T2)/ 1P (u, 0w (). (4.50)
0 0
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where P denotes the div-curl operator,
P(u,v) = (twpv + V X u,yu — V x 0,V - (yu), V- (uv)). (4.51)

Here || - || denotes the L?> norm with respect to z-variable, w(t) = M T=0% with k a positive
constant. Then if (E, H) is a solution of the system (4.49) in a neighborhood of the origin,

vanishing identically for t < 0, then (E,H) =0 in a full neighborhood of the origin.

Proof. We first introduce the div-curl system,

where the principle symbol of L is

0 —&3 &
L(z,§) = “ ’ o : (4.53)
—&2 &1 0

3 3 3
D& 21256 21 1336

Notice that the third curl equation does not involve any derivatives in x5 direction, thus it

can be dropped. Then we derive a square system,

L(z,&) = 0 & —& |- (4.54)

v15& 28 3565
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We rewrite the principal part of (4.52) in the form I(z,e3)Dsu + L(x, D')u, where

1 0 0
lzye3)=| 0 1 0 (4.55)
Y13 Y23 V33

is invertible and L(x, D')u contains only the derivatives with respect to 21 and 5. Hence

the equation (4.52) can be rewritten as follows,
Dau+ 17z, e3)L(z, D')yu = 1" (x,e3)L(z, D)u. (4.56)

We then calculate the eigenvalues of [~!(z, e3)L(z, £ )u, namely the roots of p(x, &' a) =
det(all 4+ 17 (z, e3)L(x,£")). We first list the standard hypotheses in Calderén’s approach:

For (x,t) in a neighborhood of the origin, and for every unit vector ¢ in R™:
e p(z,& a) has at most simple real roots @ and at most double complex roots,
e distinct roots aq, ag satisfy a1 —agl| =€ >0
e nonreal roots « satisfy ||Sal| = €
Here € is some fixed positive constant. In the following, the summations will be from 1 to

2.

p(z, & o) = det(l(z,e3)) L det L(z, &, a)

1
= %a(’wfﬁk + 20735 + 3302)

= L a@ apea).
Y33
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Hence the three roots of p(z, ¢, «) are:

=0,  asg— LTI \/(733'5;')2 _ kiSk (4.57)
733 V33 V33

ay and ag satisfy the above hypothesis and the prove is essentially given in [28, Lemma

17.2.5]. Since Ry and Jy are both positive definite, the roots ag 3 are non-real, by noticing

that (¢',0)¥(¢/,a)T # 0 for real a. Then |ay — ap[? = 4(2L5)2 - LG8 | A | (q5¢)2
v337jk€;€k|- A simple calculation shows that,

|(v35€5)% = 337ix€i6kl 2 [S((1365) — 1337jkEk))] (4.58)

= |edres - €Tet! + el ees - &Tre — 2el ¢’ - el ed|, (4.59)

which is obviously strictly positive for a unit vector ¢ by the Cauchy-Schwarz inequality
and the fact that e3 = (0,0,1) and & = (£1,£2,0) are not collinear. Then we obtain a

Carleman type inequality, see [52, Page 33],
T T
[ Tl < €+ 72 [Vl 419 - Guhuoi @00

Here u is compactly support in a neighborhood of the origin and k= and T are sufficiently
small. Applying the same analysis to v and using Cauchy-Schwarz, we have the following

estimate,

T T
/0 u, olw()dt < OOkt + T2)[/0 (lewpv + ¥ x 0| + [ye — V x o] Jw(t)dt  (4.61)

T
+/0 (I, ol + IV - () [ + IV - (o) [ (t)dE]. (4.62)

The term ||u,v|| can be moved to the RHS by choosing k~! and T sufficiently small. We
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thus get the Carleman estimate,
T T
/ lu,ollw(t)dt < O~ +T?) / 1P (u 0) (), (4.63)
0 0

where P denote the div-curl operator in (4.51). Now suppose z = (E, H) satisfies Pz = 0.
Let ((t) be a nonnegative smooth function defined in ¢ = 0 equal to 1 for t < 27'/3 and 0

for t 2 T'. By applying (4.50) to (u,v) = (z, we obtain that,

2T T T
/ " l2lPwdt < Ot +T) /2T | P(¢2)||Pwdt < (k™ +T?) /2T wdt, (4.64)
0 2

3

with some fixed constant 7" and C” independent of k. Thus, we obtain,
%
ekT2/4/ |2)|2dt < C' (k™Y + T2)T /9. (4.65)
0

Letting k — oo, we see that z =0 for ¢t < T'/2. O

Due to the above lemma, we may generalize the unique continuation property to the
Maxwell system with a complex tensor v, which is a more general case of [22, Corollary 1.2]
but requires more smoothness of the coefficients in order to apply the Calderén machinery.

We formulate it as the following theorem.

Theorem 4.2.8. Let (E,H) € HY(X) satisfying the Mazwell’s equation (4.1) and let S =
{®(z) = ®(x0)} be a level surface of the function ® € C*(X) near vg € X such that
V&(xg) #0. If (E, H) vanish on one side of S, then (E,H) =0 in a full neighborhood of

zo € X.

Proof. The proof is analogue to Lemma 4.2.7 by introducting new coordinates x3 = ®(z) —
®(zp), in which the level surfaces of ® becomes {z3 = 0}. By the ellipticity property of

Maxwell’s equations, the analysis of the new system can be returned to the original one.
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See, for example, [22] for details. O

Proof of Runge approximation property

The Runge approximation can be proved with the unique continuation property of Maxwell’s
system, since we have the uniqueness of the Cauchy problem near every direction. The prove

of the following theorem follows the idea in [50].

Theorem 4.2.9 (Runge approximation). Let Xy and X be two bounded domains with
smooth boundary such that Xo C X. Let (Eo, Hy) € H*(Xo) locally satisfy the Mazwell’s

equations (4.49),
P(E,H)=0 (Xo). (4.66)

1
Then for each € > 0, there is a function f. € THp, (0X) such that the solutions (E., H¢) €
HY(X)3 satisfy,

P(E,H.)=0 (X), vAEd/sx=fe. (4.67)

Moreover, for a compact subset K C X,
| Ee — Eollg (k) < e (4.68)
Proof. We rewrite Maxwell’s equations (4.49) into the following Helmholtz-type equation,
L(E):=V x u~'V x E+wyE =0. (4.69)

Applying the interior estimate to solutions of Maxwell’s equations (see [61]), we get the
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local estimate,
1Ee = Eoll 1 (r0) < CllEe — Eoll 21y (4.70)

for some constant C' > 0 and where K C X, is a compact containing K. Therefore, we

wish to prove that,

M={w:w=ulg,uec H(X),Lu=0in X} (4.71)
is dense in

N={w:w=u|gzuec H(Xp),Lu=0in Xo} (4.72)

for the strong L? topology. By Hahn-Banach theorem, this means that for all f € Lz(K )

such that,
(f,w)Lg(f{) =0 forall win M. (4.73)
This implies that
(fyw)p2gy =0 forallwin N. (4.74)
We extend f ouside K and still call it f as the extension on Xj. Define then
L*E=fon X, nAFE=0on0dX, (4.75)

where L* = V x u~'V x 4+wwy* denotes the adjoint to L. For any u € H'(X) satisfying
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Lu =0 on X, integrations by parts show that,

(fow) 2y = / f-u'do = / L*E -u"dx = / nA(p IV x E)-u*do =0.  (4.76)
K X X

Then we deduce that v A (17!V x E) = 0 on 9X. Combining with equation (4.75), we

obtain,
L*E=00on X\K, vAE=vA(u 'V xE)=0ondX. (4.77)

Recalling that H = £ 17!V x E, we will prove that (E, H) together with all their first order
derivatives vanish on 90X, so that the solution can be extended by 0 outside the domain
X. With a local diffeomorphism, we restrict 9X on a neighborhood of the plan xz3 = 0 for

simplicity. In this particular case, v = e3 and v A E = 0 means that,
E'=E?>=0 on X, (4.78)

where E' denotes the i-th component of E. Moreover, the third component of V x E

vanishes on 0.X,
v-VxE=0FE>-3E'=0 ondX (4.79)

by the fact that 0;E%2 — 9, E' concerns only the tangential derivatives of E', E?, which
vanish on the boundary. As for (4.78), v A (u~'V x E) = 0 implies that the first and second
components of 'V x E are both zero. Together with (4.79) and the fact that u~! is

positive definite, we infer that,

VxE=0 ondX. (4.80)
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Therefore H = i,u_lv x E =0 on 0X. Recalling that L*E =V x 7'V x E 4 wwy*E =0

on X\ K, we obviously have,
VxH=~"FE ondX. (4.81)

Since the third component of V x H only concerns the tangential derivatives, it has to

vanish. Then by (4.78) and the fact that 33 # 0, we have the following equality,
VxH=FE=0 ondX. (4.82)
Since the tangential derivatives of H are both zero on the boundary,
V x H=(0,H>—3H?,0sH' — 0, H?,0,H> — 9, H') =0 on 90X (4.83)
implies that
OsH' = 93H? =0 on 0X. (4.84)
Noticing that V- (uH) = 0 and H = 0 on the boundary 0.X, we get,

Z ai(uinj) = /L3383H3 =0 on dX. (485)
1<4,5<3

Together with (4.84) and jus33 # 0, this implies that d3H' = 93H? = 93 H® = 0. Applying

the same calculations for F and its first order derivatives as above, we have
VXxE=V-(y"E)=0 on0X. (4.86)

We deduce that all first-order derivatives of E and E itself vanish on 0X. Thus (E, H) can
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be extended to 0 outside 9X. By the unique continuation property in Theorem 4.2.8, we
conclude that F =0 on X\K. So for any u € H'(Xq) with Lu = 0 in X, we have,

/ frutde = / L*E -u* =0, (4.87)
K Xo

which completes the proof. O

Remark 4.2.10. In the above analysis of UCP and Runge approximation, the magnetic
permeability p in the Mazwell system (4.49) can be any uniformly elliptic tensor, but not

necessarily a constant scalar po as imposed at the beginning of this chapter.

The next corollary shows that the Runge approximation can be applied to more regular

spaces, such as Holder space.

Corollary 4.2.11. Let Xg C X be a bounded domain with smooth boundary. With same

hypotheses as Theorem 4.2.9, there is a open subset X' C Xq such that for any e
| Ee — EOHCl,a(XI) <, (4.88)

where Ey, E. satisfy the Mazwell equations (4.1) on Xo and X, respectively.

Proof. Recall that E€ and Ej satisfy the equations,
VXV X E 4+ wpugyE =V x V x Ey + wwugyEy =0 (Xo). (4.89)
Let v = E. — Ejy, then v also satisfy the equation

VXV xv+wwpgyw =0 (Xp). (4.90)
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Differentiating (4.90) with respect to x; for 1 < j < 3, we obtain,
V x V x 0;v + wpgy0jv = —wpgdiyv  (Xo), (4.91)

where the operator d; denotes the x;-derivative applied on each component of v and -.
Recalling the local estimate ||v||g1(x) < € in Theorem 4.2.9, with the interior estimate and

the smoothness of v, we deduce
100l (xry < ClOyllE(xy < Ce, (4.92)

where X' is contained in K. We iterate the above procedure such that s > % By applying

Sobolev embedding theorem, we obtain the following estimate,
[vllera(xry < Cllvllgsxny < C, (4.93)
which completes the proof. O

4.2.6 Local reconstructions with redundant measurements

In this section, we will show that local reconstructions are possible for a more general ~y
than presented in earlier sections. The linear independence of the matrices in Hypothesis
4.1.1 becomes local. If in addition, « is in the C1*(X) vicinity of a constant tensor g
on some open domain X’ C X, Hypothesis 4.1.2 also holds locally. We thus need to use
potentially more than 6 internal magnetic fields, although we do not expect this large
number of measurements to be necessary in practice. The control of linear independence
from the boundary relies on the Runge approximation in Theorem 4.2.9. This scheme was

used in [26, 15].

Theorem 4.2.12. Let X C R" a smooth domain and ~v a smooth tensor. Then for any
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xg € X, there exists a neighborhood X' C X of xo and 6 solutions of (4.1) such that
Hypothesis 4.1.1 holds. Moreover, if v is in the CY® wvicinity of v(xo), then Hypothesis

4.1.2 also holds locally on some open domain Xy C X.

Proof. We denote 7y := 7(zg). We first construct solutions of the constant-coefficient
problem by picking the functions {E?}1<;<¢ defined in (4.29) and (4.33). These solutions
satisfy V x V x E + wpugyF = 0 and fulfill Hypothesis 4.1.1 and 4.1.2 globally. Second,

we look for solutions of the form,
V XV xEl +wpgyEf =0 in B, vxEl =vxE) ondB,, 1<i<6, (4.94)
where B, is the ball centered at z¢ with r to be chosen. Let w = EI — E?,
V x V x w+ wwpoyw = wpg(yo —y)EY in B,, vxw=0 ondB,. (4.95)

By the smoothness of v as well as interior regularity results for elliptic equations, we deduce

that,
Tim [|E7 — Elcoe(s,) < C Jim [|(y0 — 1) E v (s,) = 0. (4.96)

Thus we can fix r sufficiently small such that ||E] — EZQHCO,Q( B,) < € for e sufficiently small.
Finally, by the Runge Approximation property, we claims that for every e > 0 and 1 < i < 6,

1
there exists f. € THp, (0X) such that the corresponding solution Ef to (4.1) satisfy,

£ — Efllcrap,) <€ where v x Ef = f. on 0X. (4.97)

109



Combined with equation (4.96), we deduce that,
|E; — E?Hco,a(Br) < 2e. (4.98)

By choosing a sufficiently small e, Hypothesis 4.1.1 obviously holds by continuity of the
determinant. In addition, if v is in the Cb* vicinity of 9, we can choose a sufficiently small

r, such that (4.96) holds in C%(B,),
IE] — E?llcras,) < Cll(vo =V E lera(s,) < e (4.99)
Then together with (4.97), we derive the estimate as following,
1Ef — Ellcra(p,) < 2. (4.100)

Notice that the space W constructed in (4.5) contains up to first derivatives of E;. Again
by choosing a sufficient small ¢, the full rank property of W in Hypothesis 4.1.2 is satisfied

by {Ef h<i<e- O

110



Chapter 5

Imaging of conductivities from

current densities

In this chapter, we consider the problem of reconstructing an anisotropic conductivity v in
a domain X € R? from measurement of internal current densities H. The explicit inversion
procedure is presented in several numerical simulations, which demonstrate the influence of

the choice of boundary conditions on the stability of the reconstruction.

5.1 Modeling of the problem

Let X C R? be a bounded domain with a C*® boundary 0X. Although most of the
following results generalize to arbitrary spatial dimensions, we restrict the setting to R?:
see [10] for results in higher dimensions. We consider the inverse problem of reconstructing

an anisotropic conductivity tensor in the second-order elliptic equation,

V-(yVu) =0 (X),  ulox =g, (5.1)
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from knowledge of internal current densities of the form H = yVu, where u solves (5.1). The
above equation has real-valued coefficients and v = (7;5)1<i,j<2 is a symmetric (real-valued)

tensor satisfying the uniform ellipticity condition
ROIENIP < €qE <wllE)? € €R? for some k> 1, (5.2)
so that (5.1) admits a unique solution in H'(X) for g € H%(8X).

5.1.1 Global reconstructibility condition

We start by selecting 4 boundary conditions (g1, 92, g3, 94) and the corresponding current

densities
H; =~+Vu;, 1<i<4, (5.3)

where the function u; solves (5.1). Assuming that over X, the two solutions wuj, us satisfy

the following positivity condition
inf |det(Vui, Vug)| > co > 0, (5.4)
reX

then the gradients of additional solutions Vus, Vus can be decomposed as linear combina-

tions in the basis (Vui, Vua),

Vusg = p1Vug + paVus (5.5)

Vug = M Vug + AaVus
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where the coefficients {y;}1<i<2 can be computed by Cramer’s rule as

det(VU3,VUQ) det(Vul,Vug) B det(Hg,Hg) det(Hl,Hg)) (5 6)
det(Vul,VUQ)’det(Vul,VUQ) N det(Hl,Hgydet(Hl,Hg) ' '

(15 p2) = (

The same expression holds for {\;}1<i<2 by replacing us by u4 in the above equation.
Therefore these coefficients are computable from the available current densities. The recon-

struction procedures will make use of the matrices Z; defined by
Zk = [ZkJ, Zkg] s where Zl,z’ = V,ui Zgﬂ' = V)\Z', 1 < i, k < 2. (57)

These matrices are also uniquely determined by the known current densities. Denoting the
matrix H = [Hy, Hs| and the skew-symmetric matrix J = e3 ® e; — €1 ® €2, we construct

two matrices as follows,
My = (Z HTJ)S™ for k=1,2. (5.8)

The calculations in the following section show that condition (5.4) and the independence
of My, My € S3(R) give a sufficient condition for a global reconstruction of . Condition
(5.4) may be fulfilled using [1, Theorem 4] which guarantees that (5.4) holds if the map
0X > x — (g91(z), g2(x)) is a homeomorphism onto its image. That all required conditions

are met for some boundary conditions is provided in the following lemma.

Lemma 5.1.1. Let y(z) € H>¢(X) for some € > 0 and satisfy the uniform elliptic con-
dition (2.2). Then there ezists a set of illuminations {g;}1<i<a, such that the solutions

{u;}1<i<a satisfy the following conditions:
A. inf |det(Hy, H3)| > co > 0 holds on X.
zeX
B. The two matrices My, My constructed by (5.8) are independent in So(R) throughout
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X.

Since v is uniformly elliptic on X, condition A is completely equivalent to equation
(5.4), though it is expressed in terms of measured quantities, and as such can be checked
directly during experiments.

The proof of Lemma 5.1.1 is based on the construction of Complex Geometrical Op-

tics(CGO) solutions and will be given in Section 5.2.3.

Remark 5.1.2. For the general n dimensional case, Lemma 5.1.1 does not necessarily hold
globally. Howewver, it holds locally with 4 well-chosen illuminations. The proof is based on

the Runge approzimation; see [10] for details.

5.1.2 TUniqueness and stability results

We denote by Ms(R) the space of 2 x 2 matrices with inner product (A4, B) := tr (AT B).
Assuming that there exist 4 illuminations {g;}i1<i<4 with their corresponding solutions
(u;)1<i<a satisfying the conditions in Lemma 5.1.1. Then the isotropic part § can be
reconstructed via a redundant elliptic system with a prior knowledge of the anisotropic part
4. In particular, the matrices Mj, My constructed by (5.8) are independent and of codi-
mensiton 1 in Sp(R). We will see that 4 is orthogonal to Mj, My which can be calculated
from knowledge of {H;}i1<i<4. Together with the fact that dety = 1 and 7 is positive,
7 can be completely determined by (H;)i1<i<4. The algorithm is based on an appropriate
generalization of the cross-product. The reconstruction formulas can be found in Section
5.2.1 and 5.2.2. This algorithm leads to a unique and stable reconstruction in the sense of

the following theorem.

Theorem 5.1.3. Suppose that Lemma 5.1.1.A holds over X for two couples {ui}?zl and
{ul}2_,, solutions of the conductivity equation (5.1) with the tensors v = 35 and v' = '/

satisfying the uniform ellipticity condition (2.2), where 7,5 € WH*(X) are known. Then
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B can be uniquely reconstructed in X with the following stability estimate,

Iog 8 —log B’ lwroexy < 0+ C | > IHi = Hillwoooxy + 17 = Vllweeoxy |- (5.9)
i=1,2

Here, €9 = |log B(zo) — log 8'(x0)| is the error committed at some fivred xy € X. If in

addition Lemma 5.1.1.B holds for the two sets {u;}}, and {u}}}_, as above, then 7 can be

reconstructed with the stability as follows,

4

15 = A lwreexy < C Y H; — Hlwasr.oo(x).- (5.10)
i=1

Remark 5.1.4. From Theorem 5.1.3, with a prior knowledge of the anisotropic part 7, the
reconstruction of the scalar B has a better stability estimate than 5. This will be demon-

strated by the numerical experiments in Section 5.3.1.

5.2 Reconstruction approaches

The reconstruction approaches were presented in [10] for a general n dimensional case. To
make this chapter self-contained, we briefly list the algorithm for the 2 dimensional case
and prove the global reconstructibility condition in Lemma 5.1.1. We first present the
reconstruction formula for 5, assuming that the anisotropic part 4 is known from prior

informations or reconstructed by current densities.

5.2.1 Reconstruction of

Denoting the curl operator in R? by JV-, where J = e; ® €1 — e; @ 3. We rewrite (5.3) as

%’y_lHi = Vu, for i = 1,2 and apply the curl operator to both sides. Using the fact that
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Vu; is curl free, we get the following equation,
Viog - (JY'H;) = —JV - (" H)).
Considering both j = 1,2, simple calculations lead to

JV (5 'H
Vg = —J7H T G (5.11)

JV - (’~}/—ng)

Since both first order derivatives of log 8 can be reconstructed by (5.11), together with the

boundary condition, the above equation leads to an over-determined elliptic system for 5.

5.2.2 Reconstruction of ¥

We now develop the reconstruction algorithm for 4. This reconstruction is algebraic and
local in nature: the reconstruction of v at xg € X requires the knowledge of current densities
for z only in the vicinity of x¢. In addition to Hy, Ho, we pick 2 more measurements Hs, Hy
satisfying Lemma 5.1.1.B. We apply the curl operator JV- to the linear combinations in

(5.5). Again, using the fact that Vu; = vy~ 1 H, is curl free, we obtain the following equations,

> Zpi-(J7'Hj) =0 where k=12
i=1,2

Using the fact that tr (4) = tr (S~!AS) and v is symmetric, the above equation amounts

to

0=7:Z,H'J =4 :(Z,HT J)*¥™ =5 : M,
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Since {Mj, M>} are of codimension 1 in S2(R), the above equation leads to the fact that ¥

must be parallel to the following matrix constructed with My, M,

2M22M12 o 2M12M22 M11M22 o M22M11
B D) i i D) ‘ (5.12)
MIMZ - MPME 2M2MY - oM M
Here, M]ij denotes the ij element of the symmetric matrix M. Notice that B vanishes

only if My and Ms are linearly dependent. Together with the fact that dety = 1 and 7 is

positive, we obtain the following explicit reconstruction,
5 = sign(B'Y)|B| "2 B. (5.13)

Proof of Theorem 5.1.3: The proof is straightforward by noticing that one derivative
is taken in the reconstruction procedure for 4. The stability for § is a direct result from

the standard regularity estimate for elliptic operators. See [10] for details.

5.2.3 Proof of Lemma 5.1.1

Isotropic tensors v = ;.  The proof is based on the construction of complex geometrical
optics (CGO) solutions. As shown in [14], letting 8 € H>¢(X), one is able to construct a

complex-valued solution of (5.1) of the form

= %epm ), (5.14)

where p € C? is of form p = p(k+ik*) with k € S' and k-k* = 0. Thus e* is a harmonic

complex plane wave with p - p = 0. With the assumed regularity, we have the following
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estimate (see [14, Proposition 3,3]),
Jim ([¥plle2(x) = 0-
Computing the gradient of u, and rearranging terms, we obtain that
Vup, =eP (p+,), with @, =V, +1pp—(1+19,)Viog VB,

where ||, [c1(x) is uniformly bounded independent of p. Since j is real-valued, both the

real and imaginary parts of u, are real-valued solutions of (5.1) and we obtain the following

expression
vVl = per ((k +p ) cos(pkt - z) — (k' + p ) sin(pk - :E))
PVB ’ P ,
5 _ per? 1 g ) _
Vi =5 <(kl + ot cos(pk® - x) + (k + p o) sin(pk* - ;g)) ,

Straightforward computations lead to

2 2pk-z
(\\S" p e .
det(Vuf, Vu,) = E (L4 fp), where plgl;o Ifoller(xy = 0.

Now we identify k = e; and define k; = k, ko = —k. For j = 1,2, define p; := p(k; —i—ikjl).

RS RN LS

Considering the solutions (u p1 Up s Upy s Up,

), the previous calculations show that

. R S
;g{ |det(Vu, , Vu, )| = co >0, (5.15)
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Together with the uniform ellipticity of v, the above inequality implies condition A . Then

using Cramer’s rule in (5.6), simple algebra shows that

 sin(2pk"t - 2) 4 g,

—cos(2pkt - x) + g,
H1 = =

FRIL ) T AR )

and similarly,

N T cos(2pk™ - ) + gy, Ny = = sin(2pkt - 7) + gy,
1 e2pk-m(1 +fp1) ’ 2 eZpk-{E(l +fp1) 3

where [|g, lle1(x), 19, ller () are bounded for i = 1,2. Then by the definition of Zj in (5.7),

we obtain the following expression,

Zy = 2pe” 2K T(—ksin(2pkT - ) + k cos(2pk? - x), kcos(2pkT - ) + k't sin(2pk ™t - 2)) + o(p 1))

Zy = 2pe” 2% %[ (kcos(2pk™ - ) + kT sin(2pk ™ - x), ksin(2pk’ - ) — kt cos(2pk ™t - ) + o(p™1)].

Together with k = e; and H = ﬁ(Vufl,Vugl), we obtain that,

cos(pkt - )  sin(pkt - )
(ZlHTJ)sym — 2p2\/Be—pk-x + O(p_l)
sin(pkt - ) — cos(pk* - x)
sin(pkt -z)  —cos(pk™ - x)
(ZoHT J)™™ = 2p%/Be Pl +o(p™h)
—cos(pkt - x) —sin(pkt - x)

Since

T
[ M ||| M| 7

My, M, are almost orthogonal as p is large enough, which implies the independence. This

proves condition B.
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General case: Following the idea in [15, Theorem 4.4], we extend 7 to a smooth tensor
on R? ~ C, which remains uniformly positive definite and equal to I outside of a compact
domain. For ¢ : R? 3 x + ¢(z) = y € R? a diffeomorphism, we denote the push-forward of
~ by the ¢ as follows,

Do(x)y(x) Dyt (x) s
[det(Dy)| =W

0ey(y) = (5.16)

The theory of quasi-conformal mappings [5] implies that there exists a unique such diffeo-

morphism ¢ satisfying the Beltrami system,

W) = Z o M y), ¢(z)=2+0("") as z— oo,

which means that the conductivity « is conformal to the Euclidean conductivity I5. As in

the isotropic case, we can construct CGOs of the form,

Up = P V(1 + o)), (5.17)
0y (y)

where lim, o0 [|¥pllc2(,(x)) = 0. Using the change of variables, we construct u = v o ¢,

Up = e (1 1 6, (2)). (518)

pxy 0 ()
where lim, . [[¢pllc2(x) = 0. By the method in the isotropic case, we construct the solu-
tions (v1,vg,v3,v4) = (vfl,vgl,vi,vi), with p;, p, defined as before. Then for 1 <i < 4,
the functions u; = v; o ¢ satisfy the conductivity equation (5.1). Using the chain rule
Vu; = V(v;o ) = Dp!'Vu; o, condition A is satisfied with p sufficiently large since
Vw1, Vuy are linearly independent as indicated in the isotropic case. Denote the skew-

symmetric matrice J' = Dy'JDy and Zj(y) = Zy(x) Again by the chain rule,

lo=p=1(y)-
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the following relation holds for every x € X,

(ZeHTJ' )™ = (D' Zi,(Vvr, Vus)' Dy Dt J Do) V™

= det(Dp) D' ((Z;,8(Vv1, Vva) J)*¥™ 0 ) Do,

where J' = D! J Dy is skew-symmetric. As in the proof in the isotropic case, we see that
(Z,.B8(Vv1, Vug)tJ)s¥™ are linearly independent over p(X) for k = 1,2. Thus, M, M, are

linearly independent thoughout X, which proves condition B.

5.3 Numerical experiments

To demonstrate the computational feasibility of the reconstruction algorithm, we performed
some numerical experiments to validate the reconstruction algorithms from the previous
section, assess their robustness to noisy measurements and determine how reconstructions

are affected by boundary conditions limited to a part of the domain.

5.3.1 Preliminary facts on the numerical implementation

Recall that we decompose 7 into the following form with three unknown coefficients {¢, ¢, 8},

vem=p] " S| e (5.19)
1+§<

where 8 = |7|% and |§| = 1. The full reconstruction is a two-step procedure, starting with
the reconstruction of the anisotropy (&, ) via formula (5.13). This requires implementing
the formula

>y sign(B}) B

= , (5.20)
S |det B2

N
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where each B; is constructed via (5.12) by choosing two additional current densities. Once

7 is reconstructed, § is in turn reconstructed via the redundant elliptic system (5.11).

Regularized inversion. Since we have explicit reconstruction formulas for v, we use a

total variation method as the denoising procedure by minimizing the following functional,

1
f = argmin Slg - frell3 + pllMgllTv, (5.21)

where f;. denotes the explicit reconstructions of the coefficients of v and M is the discretized
version of the gradient operator. We choose the /'-norm as the regularization TV norm for
discontinuous, piecewise constant, coefficients. In this case, the minimization problem can
be solved using the split Bregman method presented in [25]. To recover smooth coefficients,

we minimize the following least square problem,

o1
f = argminSllg = frellz + ol M]3,
where the Tikhonov regularization functional admits an explicit solution f = (I4+pM* M)~ M* f...

5.3.2 Experiment with control over the full boundary

In the numerical experiments below, we take the domain of interest to be the square X =
[~1,1]2 and use the notation x = (z,y). We use a N+ 1 x N + 1 square grid with N =
80, the tensor product of the equi-spaced subdivision x = —1:h:1 with h =2/N. The
internal current densities H(x) used are synthetic data that are constructed by solving
the conductivity equation (5.1) using a finite difference method implemented with MatLab.
Although the data constructed this way may contain some noise, we refer to these data as
the “noise-free” or “clean” data.

We also perform the reconstructions with noisy data by perturbing the internal func-
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tionals H(x) so that,
H(x) = H(x). * (1 + a * random(x)),

where random(x) is a N +1 x N + 1 random matrix taking uniformly distributed values in
[—1,1] and « is the noise level. We then run a de-noising process on the random matrix,
which we chose as a low-pass filter constructed by a 5-point sliding averaging process.

We use the relative L? error between reconstructed and true coefficients to measure the
quality of the reconstructions. 850 JEN £C EN ,€g,€é\7 denote the relative L? error in the

reconstructions from clean and noisy data for &, ( and 3, respectively.

Experiment 1. In the first experiment, we intend to reconstruct the smooth coefficients

&, ¢ and B defined in (5.19) and given by,

¢ = 2+ sin(mx) sin(my)
¢ = 0.5sin(27z) (5.22)

B=18+ e—15(z2+y?) + e~ 15((2—0.6)%+(y—0.5)?) _ ,—15((z40.4)>+(y+0.6)%)

We consider five different illuminations (g1, 92, 93, g4, g5) that are defined as follows,
(91,92, 93,94, 95) (%) = (x + v,y + 0.1¢y%,32% + 2%, 2° — 0.59% xy) x € I[-1,1]> (5.23)

where g1, go are used generating the solutions satisfying Lemma 5.1.1.4. We performed
two sets of reconstructions using clean and noisy synthetic data respectively. The [o-
regularization procedure is used in this simulation. For the noisy data, the noise level
a = 4%. The results of the numerical experiment are shown in Figure 5.1. The relative
L? errors in the reconstructions are Sg = 0.1%, €€N = 4.0%, SCC = 0.6%, €év = 11.8%,
£§ = 0.2% and £ = 3.7%.
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Figure 5.1: Experiment 1. (a)&(e)&(i): true values of (§,¢, ). (b)&(f)&(j): reconstructions
with noiseless data. (c)&(g)&(k): reconstructions with noisy data(a = 4%). (d)&(h)&(1):
cross sections along {y = 0}.
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Reconstruction of 8 with (known) true anisotropic part 4. We now use the true £ and ¢ to
reconstruct 5 with noisy data (o = 20%). Figure 5.2 displays the numerical results. The
reconstruction is quite robust to noise when the anisotropy is known: the L? relative error
is 1.6%. Comparing Fig.5.1(k)&(1) with Fig.5.2(a)&(b), it is clear that the reconstruction
of the isotropy [ is more stable than that of the anisotropy 7. This is consistent with the

better stability estimates obtained in Theorem 5.1.3.

——true B

 E—— ]
1 15 2 25 3 21 -05 0 05 1

(a) [y/? (o =20%) (b) [4]* at {y = 0}

Figure 5.2: Reconstruction of  with true anisotropy. (a): reconstructed [ using true
anisotropy and noisy data(a = 20%). (b): cross-section along y = 0.

Experiment 2. In this experiment, we intend to reconstruct the isotropy given by

1 + (sign(random) + 1), x€ X5, 1<4,57<10

B(x) = q 1+ (sign(random) + 1), xe X UX/I' 1<i<3,1<j<5, (524)
ij

K

1, otherwise

where random is a random number in [—1,1], X;; = [0.1(: — 1) — 0.4,0.1 — 0.4] x [0.1(j —
1) — 0.4,0.15 — 0.4], X{j = [0.1(z — 1) — 1,0.14 — 1] x [0.1(j — 1) — 0.4,0.1j — 0.4] and
X[ =10.1(i—1)+0.7,0.1i40.7] x [0.1(j — 1) — 0.8,0.1j — 0.8]. The anisotropy characterized
by (£,¢) is the same as Experiment 1. The measurements are constructed with the 5
illuminations given by (5.23). Reconstructions with noise-free and noisy data are performed

with a [y regularization for the anisotropy and [; regularization using the split Bregman
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Figure 5.3: Experiment 2. (a)&(e)&(i): true values of (§,¢, ). (b)&(f)&(j): reconstructions
with noiseless data. (c)&(g)&(k): reconstructions with noisy data(a = 4%). (d)&(h)&(1):
cross sections along {y = 0}.

iteration method for the isotropic component. The noise level @ = 4%. The numerical
results of the numerical experiment are shown in Figure 5.3. The relative L? errors in the
reconstructions are Sgc = 2.8%, 527 = 3.7%, 5CC = 6.9%, 55\/ = 11.8%, 5ﬁc = 5.1% and

Sév = 8.2%, respectively.

Experiment 3. In this experiment, we attempt to reconstruct coefficients with disconti-
nuities. To simplify the implementation, we only consider piecewise constant coefficients.

Here we use the same illuminations as in Experiment 1. Reconstructions with both noise-
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Figure 5.4: Experiment 3. (a)&(e)&(i): true values of (§,¢, ). (b)&(f)&(j): reconstructions
with noiseless data. (c)&(g)&(k): reconstructions with noisy data(a = 4%). (d)&(h)&(1):
cross sections along {y = —0.5}.

less and noisy data are performed with [; regularization using the split Bregman iteration
method for both the anisotropic and isotropic components. The noise level o = 4%. The
results of the numerical experiment are shown in Figure 5.4. From the figures, we observe
that the singularities of the coefficients create minor artifacts on the reconstructions and the
error in the reconstruction is larger at the discontinuities than in the rest of the domain.
The relative L? errors in the reconstructions are 8§C = 3.9%, 527 = 9.6%, SCC = 13.4%,

55\’ = 31.9%, 5g = 3.7% and 5;;’ = 8.2%.
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5.3.3 Experiments with control over part of the boundary

The previous experiments show that the reconstruction of both smooth and discontinuous
coefficients is very accurate and robust to noise when one can fully prescribe boundary
conditions ensuring conditions A& B of Lemma 5.1.1. In practice, one does not always have
access to the whole boundary, and instead may have to prescribe boundary conditions on
only a small part of the domain. In the next series of experiments, we assume to only have
control over the bottom boundary of the square domain X, call it 0Xp = [—1,1] x {—1}.
Over the rest of the boundary, we successively impose homogeneous Dirichlet boundary
conditions (Experiment 4), then homogeneous Neumann boundary conditions (Experiment
5). In two spatial dimensions, either case forces all conductivity solutions to have their gra-
dients to be pairwise collinear (normal to the boundary for Dirichlet conditions, tangential
to the boundary for Neumann conditions). This violates both conditions of Lemma 5.1.1,
and we expect reconstructions to do poorly near the uncontrolled part of the boundary.
However, conditions A& B in Lemma 5.1.1 could be verified by calculating the determinant
of measurements. Thus, the quality of reconstructions could be predicted by the measure-
ments: if the determinant of two measurements are somewhere too small, i.e., they are
not linearly independent, one can pick 2 other measurements and apply the reconstruction
formulas there again.

Note that in higher spatial dimensions, the practically more relevant homogeneous Neu-
mann conditions should lead to better reconstructions as these conditions impose less con-

straints on gradients than homogeneous Dirichlet conditions.

Experiment 4. We now repeat Experiment 3 using illuminations that are only non-zero

on the bottom boundary of the domain.

Reconstructions of the anisotropy 7 in [—1,1]2. We first perform the reconstructions of &
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©-x=0

(c) ¢ (a=0%) (d)
log | det(Vui, V)|

Figure 5.5: Simulations on X. (a)&(b)&(c): reconstructions with noiseless data. (d): cross

section of  Jnax log | det(Vu;, Vu;)| along {z = 0}, {x = —0.5} and {z = 0.5}.
<i<j<

and (. We use five illuminations given by Gaussian functions as follows,

21 - 0.22 _%exp — A (x4 )%}, x€9Xp
gi(x) = ( ) Cropleta)y 1<i<5, (5.25)

0, x € 0X \ 0Xpg
where {x; }1<i<5 = {—0.8,—-0.4,0,0.4,0.8}. Reconstructions with noise-free data are shown
in Figure 5.5. From this simulation, we can see that even with noise-free data, the recon-
struction degrades as one gets farther away from the controlled boundary dXpg, while it

remains accurate near 0.Xpg.

Reconstructions of v in an extended domain. From the numerical simulation in Figure 5.5,
it is clear that the reconstruction procedure does not perform well for x far from 0 Xp. From
Fig.5.5(d), we can see that det(Vu;, Vu;) decays very rapidly, which means that Lemma
5.1.1.A is not fulfilled.

A way to scan a deeper part of the domain with conductivity solutions of linearly
independent gradients is obtained by spreading out the various boundary conditions along
the z-axis. To this end, we now extend the domain X to X’ = [-3,3] x [—1.2,4.8] and use

a N+ 1 x N+ 1 square grid with N’ = 240. We use the following five Gaussian functions
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as illuminations,

o7 - 0.22)"5 exp{ — A, r+ )%}, x€0X)
gi(x) = ( ) el " b 1<i<5,  (5.26)

where {x;}1<i<s = {—2.8,—1.5,0,1.5,2.8}. The reconstruction of the anisotropy ¥ with
noise free data is shown in Figure 5.6. In this setting, we see that the domain X is now
fully covered by conductivity solutions whose gradients fulfill condition A from Lemma 5.1.1,
and the reconstruction performs well everywhere on X. On the other hand, as expected,

the reconstruction does not perform well outside X.

-0.5 0 05 -0.5 0 05 -05 0 0.!

(d) true ¢ (e) ¢ (a=0%) (f) ¢ (a=4%)

@

Figure 5.6: Simulations on extended domain X’. (a)&(d): true anisotropy (&,¢). (b)&(e):
reconstructions with noiseless data. (c¢)&(f): reconstructions with noisy data(a = 4%).

We then use the reconstructions restricted on X to present the desired anisotropy. In
the next step, 8 can be recovered on X by using the reconstructed 7 in the first step. Figure
5.7 displays the numerical results with noiseless data and noisy data(a = 1%,4%). A 4

regularization using the split Bregman iteration method is used for both the anisotropic and
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isotropic components in this simulation. The relative L? errors in the reconstructions are
E€ = 9.4%, EF = 21.6%, EF = 7.2%; €Y = 9.6%, N = 28.1%, £§ = 7.6% when o = 1%;
&Y =15.8%, ) = 38.3% £ = 13.7% when a = 4%,

——true &
2 §(a=0%)
) ol -g(a=1%)
18 - gasaw)| |
p

.......
g

——true {
<-{(a=0%)
~~~~~ 4 < Y(0=1%)

| -~ {(a=4%)

&
&
°
°
@
&
&
°
°

&

&

&

°
°
&

-1 -05 0 05 1

(e) ¢ (a=0%) (f) ¢ (= 1%) (8) ¢ (a=4%) (h) ¢ at {y = —0.5}

——true B

(i) 1?7 («=0%) G) N7 (a=1%) &) |y12 (@=4%) () ]y|? at {y = —0.5}

Figure 5.7: Experiment 4. (a)&(e)&(i): reconstructions with noiseless data. (b)&(f)&(j):
reconstructions with noisy data (o = 1%). (¢)&(g)&(k): reconstructions with noisy data
(a =4%). (d)&(h)&(1): cross sections along y = —0.5.

Experiment 5. In this experiment, we repeat Experiment 4 on the extended domain X',
replacing homogeneous Dirichlet boundary conditions on the left, top and right edges, by

homogeneous Neumann conditions on the three other edges. The same (Dirichlet) boundary
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conditions are used on the bottom edge of the domain,

u(x) = (27 - 0.22)_% exp{—ﬁ(x + )%}, x€0Xj L<i<s  (5.27)

Ju(x) =0, x € 90X\ 90X},
where {x; h<i<s = {—2.8,—1.5,0,1.5,2.8}. As in the last experiment, we first apply the
reconstruction algorithm of 4 on X’ and present its restriction on X. Then 3 can be
recovered on X by using the reconstructed 7. Figure 5.8 displays the numerical results with
noiseless data and noisy data (« = 1%,4%). An [; regularization procedure is again used in
this simulation. The relative L? errors in the reconstructions are 550 = 9.4%, SCC = 26.9%,
E§ = 6.8%; €Y = 9.5%, &Y = 28.1%, £ = T.7% when a = 1%; £ = 14.3%, £ = 52.1%,
5é\f = 13.5% when a = 4%.

5.4 Conclusion

This work presents an explicit reconstruction procedure for an anisotropic conductivity
tensor v = (7i5)1<i,j<2 from knowledge of current densities of the form H = yVu.

As explained in Theorem 5.1.3, these reconstruction algorithms, displaying local recon-
struction formulas with Lipschitz stability (with the loss of one derivative from the measure-
ments to the reconstructed quantities) for the anisotropic part of v and Lipschitz stability
(with no loss of derivatives) for det -, rely heavily on the ability to construct families of
solutions of the conductivity equation with linearly independent gradients (i.e. conditions
A and B in Lemma 5.1.1). As the experimenter pilots these solutions from the boundary, it
is then necessary to find appropriate boundary conditions ensuring the linear independence
criterion. These linear independence conditions could be checked by the measurements. If
they are violated somewhere, one can pick more measurements and reconstruct over again.

This method was used in Experiments 4 and 5.
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Figure 5.8: Experiment 5. (a)&(e)&(i): reconstructions with noiseless data. (b)&(f)&(j):

reconstructions with noisy data (o = 1%). (c)&(g)&(k): reconstructions with noisy data
(v = 4%). (d)&(h)&(1): cross sections along y = —0.5.
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We first prove in Lemma 5.1.1 that, if one can control the entire boundary, then bound-
ary conditions close to traces of Complex Geometrical Optics solutions will generate solu-
tions satisfying conditions A and B throughout the domain. In fact, these conditions can
be verified numerically for quite a large class of boundary conditions, such as for instance
traces of well-chosen polynomials, and Experiments 1-3 in the numerics section illustrate the
success of the method on full reconstruction of both smooth and discontinuous coefficients,
as well as its robustness to noise.

On the other hand, when one has control over only part of the boundary, there will
inherently be a breakdown in the reconstruction near the part of the boundary that is not
controlled, as homogeneous boundary conditions there will automatically violate the linear
independence criterion. On the controlled part of the boundary, using solutions generated
with peaked Gaussian profiles at various positions yields satisfactory reconstructions up
to a certain depth. As seen numerically on Experiments 4 and 5, the region where re-
constructions are stable can be improved by increasing the spacing between the Gaussian

profiles.
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Chapter 6

Imaging of tensors for Maxwell’s

equations

In this chapter we are interested in the hybrid inverse problem of reconstructing (o,¢) in
the Maxwell’s system in R? from the internal magnetic fields H. The reconstructibility
hypothesis is proved in Section 6.2. The numerical implementations of the algorithm with

synthetic data are shown in Section 6.3.

6.1 Modeling of the problem

Let X be a simply connected, bounded domain of R? with smooth boundary. The smooth
anisotropic electric permittivity, conductivity, and the constant isotropic magnetic perme-
ability are respectively described by e(x), o(x) and po, where e(z), o(z) are tensors and pg
is a constant scalar, known, coefficient. We denote v = o + twe, where w > 0 is the fre-

quency of the electromagnetic wave. We assume that e(z) and o(z) are uniformly bounded
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from below and above, i.e., there exist constants k., £, > 1 such that for all £ € R?,

rIMIENR < €€ < kIEP in X
(6.1)
k€2 < € o€ < koll€]? in X

Let E = (E',E?) € C? and H € C denote the electric and magnetic fields inside the
domain X. Thus E and H solve the following time-harmonic Maxwell’s equations:
V X E+wugH =0

(6.2)
VxH—-~E =0,

with the boundary condition
vXx E:=uE*—nE'=f on dX, (6.3)

where v = (v, 1) is the exterior unit normal vector on the boundary 0X. The standard
well-posedness theory for Maxwells equations [21] states that given f € H 2 (0X), the equa-
tion (6.2)-(6.3) admits a unique solution in the Sobolev space H'(X). In this chapter, the

notations V and V distinguish between the scalar and vector curl operators:

2 1
V x E ai_ai and VXH:(_(‘)_Hja_H,.
8%2 8%1

= 9z, Oy (6.4)

Although (6.2) can be reduced to a scalar Laplace equation for H, we treat it as a system.
The reconstruction method holds for the full 3 dimensional case. In this chapter, we assume
that the conductivity o and the permeability ¢ are independent of the third component in R?

and give the numerical simulations in two dimension to validate the reconstruction method.
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6.1.1 Local reconstructibility condition

We select 5 boundary conditions { f; }1<i<5 such that the corresponding electric and magnetic
fields { E;, H; }1<i<5 satisfy the Maxwell’s equations (6.2). Assuming that over a sub-domain
Xo C X, the two electric fields E, E5 satisfy the following positive condition,

inf ]det(El, Eg)‘ >co > 0. (65)
zeXo

Thus the 3 additional solutions {E3,;}1<j<3 can be decomposed as linear combinations in

the basis (E1, Es),
Eyyj=MNEi+ XE;, 1<j<3, (69)

where the coefficients {A{, )\%}1333 can be computed by Cramer’s rule as follows:

j _ det(E2+j,E2) _ det(V X H2+j,V X Hg)
L™ det(Ey, BEs) det(V x Hy,V x Hy) ’
i det(El,E2+j) _ det(V x H,V x H2+j)
27 det(Ey, Ey) det(V x H,V x Hy)

(6.7)

Thus these coefficients can be computed from the available magnetic fields. The reconstruc-

tion procedures will make use of the matrices Z; defined by
Zj= |V x NV xA|, where 1<;<3, (6.8)

These matrices are also uniquely determined from the known magnetic fields. Denoting the
matrix H := [V x H1|V x Hy] and the skew-symmetric matrix J = [J '], we construct

three matrices as follows,
M; = (Z;H")*»", 1<j<3, (6.9)
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where AT denotes the transpose of a matrix A and A*Y™ := (A+ A7) /2. The calculations in
the following section show that condition (6.5) and the linear independence of {M;}1< <3 in
S2(C) are sufficient to guarantee local reconstruction of 7. The required conditions, which
allow us to set up our reconstruction formulas, are listed in the following hypotheses. The
reconstructions are local in nature: the reconstruction of v at zp € X requires the knowledge

of {H;(z)}1<j<y for z only in the vicinity of .

Hypothesis 6.1.1. Given Mazwell’s equations (6.2) with smooth € and o satisfying the
uniform ellipticity conditions (6.1), there exist a set of illuminations {f;}1<i<s such that

the corresponding electric fields { E;}1<i<s satisfy the following conditions:

1. infex, | det(Eq, Ea2)| > ¢ > 0 holds on a sub-domain Xo C X,

2. The matrices {M;}i1<j<3 constructed in (6.9) are linearly independent in S2(C) on

Xy, where So(C) denotes the space of 2 x 2 symmetric matrices.

Remark 6.1.2. Note that both conditions in Hypothesis 6.1.1 can be expressed in terms
of the measurements {H;};, and thus can be checked during the experiments. When the
above constant cy is deemed too small, or the matrices M; are not sufficiently independent,
then additional measurements might be required. For the 3 dimensional case, Hypothesis
6.1.1 holds locally, under some smoothness assumptions on vy, with 6 well-chosen boundary

conditions. The proof is based on the Runge approzimation, see [26] for details.

6.1.2 Reconstruction approaches and stability results

The reconstruction approaches were presented in [26] for a 3 dimensional case. To make this
chapter self-contained, we briefly list the algorithm for the two-dimensional case. Denote
M5 (C) as the space of 2x 2 matrices with inner product (A, B) := tr (A*B). We assume that
Hypothesis 6.1.1 holds over some Xy C X with 5 electric fields { E; }1<i<5. In particular, the

matrices {M; }1<;<3 constructed in (6.9) are linearly independent in So(C). We will see that
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the inner products of (y~1)* with all M; can be calculated from knowledge of {H;}1<;j<s.
Then « can be explicitly reconstructed by least-square method. The reconstruction formulas
can be found in Section 6.1.2. This algorithm leads to a unique and stable reconstruction

and the stability estimate will be given in Section 6.1.2.

Reconstruction algorithms

We apply the curl operator to both sides of (6.6). Using the product rule, we get the

following equation,
S NVXE +E;-VxXN=VxEy;, forj>3 (6.10)
i=1,2

Substituting H; into E; in the above equation, we obtain the following equation after

rearranging terms,

Z V x /\z . (’7_1V X HZ) = Z Lw,uo()\gHi — H2+j). (611)
i=1,2 i=1,2

Recalling the definition of Z; by (6.8), the above equation leads to

v (ZHY Y = S wopo (N H — Hayy), (6.12)
i=1,2

where the matrix H = [V x H;|V x Hy]. Note that M; = (Z;H')*¥™ and the RHS
of the above equation are computable from the measurements, thus ~ can be explicitly

reconstructed by (6.12) provided that {M;}i<;<3 are of full rank in S(C).

Remark 6.1.3. The reconstruction formulae is local. In practice, we add more measure-
ments and get additional M; such that {M;}; is of full rank in So(C). The system (6.12)

becomes overdetermined and -y can be reconstructed by solving (6.12) using least-square
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method.

Uniqueness and stability results

The algorithm derived in the above section leads to a unique and stable reconstruction in

the sense of the following theorem:

Theorem 6.1.4. Suppose that Hypotheses 6.1.1 hold over some Xo C X for two sets of
electric fields {E;}1<i<5 and {E!}1<i<5, which solve the Mazwell’s equations (6.2) with the
complez tensors v and ~' satisfying the uniform ellipticity condition (6.1). Then ~y can be

uniquely reconstructed in Xo with the following stability estimate,

5
1y = A llwsexo) < C YN Hi = Hillwsrzeo(x), (6.13)
=1

for any integer s > 0 and some constant C' = C(s).

Proof. The above estimate is straightforward by noticing that two derivatives are taken in

the reconstruction procedure for ~. O

6.2 Fulfilling Hypothesis

In this section, we assume that v is a diagonalizable constant tensor. We will take special
CGO-like solutions of the Maxwell’s equations (6.2) and demonstrate that Hypothesis 6.1.1
can be fulfilled with these solutions. By definition of the curl operator, it suffices to show

that

M; = (Z;HT)®™, 1<j<3, (6.14)
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are linearly independent in Sy(C), where Z; = [V)\ﬂv}\%] and H = [VH,|V Hs]. We derive

the following Helmholtz-type equation from (6.2),
~V-37'VH; + H;=0, for 1<i<35, (6.15)

where 4 = —wwpuJ?vJ and admits a decomposition ¥ = Q@7 with @ invertible. We take

special CGO-like solutions of the form
H; = ®@ui, (6.16)

where the u; are vectors of unit length. Obviously, u; defined in (6.16) satisfy (6.15) and

et Qua 0
H=QU , (6.17)
0 et Qu2

where U = [u1|uz]. Therefore, Hypothesis 6.1.1.1 can be easily fulfilled by choosing inde-
pendent unit vectors u; = ey, uo = ey. Using the corresponding additional electric fields

{Es1j}1<j<3, Cramer’s rule as in (6.7) yields the decompositions
E2+j = /\JlEl + /\%EQ, with )\{ = 690'Q(u2+j_u1) det(u2+j, UQ), /\% = e-'E'Q(U2+j—U2) det(ul, u2+j).

Then by definition of Zj, we get the following expression,

~ Hoo
Z] _ Q[ é‘i‘]

H .
: det(ugyy, uz)(uz4; — u1), }2[—;” det(u, ugt;)(ug4; — u2)]- (6.18)

Together with (6.17), straightforward calculations lead to
ZiH" = Hyy jQdet (ugy j, ug) (uzyj — ur), det(ur, ugyj) (uayj — u2] QT (6.19)
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Using the fact that uay; = (uayj - u1)ur + (u24j - ug)us, the above equation leads to

i, = Hous0 (uotj - ur)((uggy - ur) = 1) (uz4j - ur)(ugg; - u2) or. (6.20)

(utj - ur) (g -u2) (o4 - uz)((uzgy - uz) — 1)

where u; = e, up = es. Therefore, it is easy to find ua4; vectors of unit length such that

M; are linearly independent in So(C).

Remark 6.2.1. To derive local reconstruction formulas for more general tensors (e.g.
Cl¥(X)), we need local independence conditions of {M;}; and we need to control the local
behavior of solutions by well-chosen boundary conditions. This is done by means of a Runge

approximation. For details, we refer the reader to [10],[15] and [26].

6.3 Numerical experiments

In this section we present some numerical simulations based on synthetic data to validate
the reconstruction algorithms from the previous section.
6.3.1 Preliminary

We decompose v = 0 + twe into the following form with six unknown coefficients {o; }1<i<s,

{ei}1<i<3 respectively for o and e,

g1 02 €1 &2
v = + w , (6.21)
02 03 €2 €3

where each coefficient can be explicitly reconstructed by solving the overdetermined linear

system (6.12) using least-square method.
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In the numerical experiments below, we take the domain of reconstruction to be the
square X = [—1,1]% and use the notation x = (z,y). We use a N+ 1 x N + 1 square grid
with N = 80, the tensor product of the equi-spaced subdivision x = —1: h: 1 with h = 2/N.
The synthetic data H are generated by solving the Maxwell’s equations (6.2) for known
conductivity ¢ and electric permittivity €, using a finite difference method implemented
with MatLab. We refer to these data as the "noiseless” data. To simulate noisy data, the
internal magnetic fields H are perturbed by adding Gaussian random matrices with zero
means. The standard derivations « are chosen to be 0.1% of the average value of |H]|.

We use the relative L? error to measure the quality of the reconstructions. This error is
defined as the L?-norm of the difference between the reconstructed coefficient and the true
coefficient, divided by the L?-norm of the true coefficient. Eg, Sé\f, Sg, Sg with 1 <7 <3
denote respectively the relative L? error in the reconstructions from clean and noisy data
for o; and ¢;.

Regularization procedure. We use a total variation method as the denoising proce-

dure by minimizing the following functional,
1 2
O(f) = 5lIf = fecll2 + pITE ] rv, (6.22)

where f,. denotes the explicit reconstructions of the coefficients of o and ¢, I' denotes dis-
cretized version of the gradient operator. We choose the ['-norm as the regularization
TV norm for discontinuous, piecewise constant, coefficients. In this case, the minimiza-
tion problem can be solved using the split Bregman method presented in [25]. To recover
smooth coefficients, we minimize the following least square problem with the {>-norm for

the regularization term,

1
O(f) = 5 lIf - frel3 + plITE3, (6.23)
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where the Tikhonov regularization functional admits an explicit solution f = (I+ pI'*T") ~!f,..

The regularization methods are used when the data are differentiated.

6.3.2 Simulation results

Simulation 1. In the first experiment, we intend to reconstruct the smooth coefficients

{0i,€i}1<i<3 defined in (6.21). The coefficients are given by,

o1 = 2+ sin(7x) sin(my)
o9 = 0.5sin(27x)

o3 =18+ e~ 15 +y?) 4 o—15((2=0.6)>+(y—0.5)?) _ ,—15((z+0.4)*+(y+0.6)?)
and

g1 = 2 — sin(wz) sin(7y)
g9 = 0.5sin(27y)

e3 = 1.8+ e~ 12(a?+y?) + e~ 12((2+0.6)>+(y—0.5)%) _ ,—12((z—0.4)*+(y+0.6)*)

We performed two sets of reconstructions using clean and noisy synthetic data respec-
tively. The lo-regularization procedure is used in this simulation. For the noisy data, the
noise level is @ = 0.1%. The results of the numerical experiment are shown in Figure 6.1
and Figure 6.2. The relative L? errors in the reconstructions are Sg = 0.3%, 5},\17 = 5.1%,
EC = 0.8%, EN = 33.4%, £, = 02%, EN = 4.9%; €5 = 0.1%, €N = 5.8%, &£ = 0.5%,
EN =30.0%, E5 = 0.1%, EX = 4.8%.

Simulation 2. In this experiment, we attempt to reconstruct piecewise constant co-
efficients. Reconstructions with both noiseless and noisy data are performed with [1-
regularization using the split Bregman iteration method. The noise level is o = 0.1%.

The results of the numerical experiment are shown in Figure 6.3 and 6.4. From the figures,
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(a) true oy
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(e) true o2
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. 02(u=0.1%)
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(i) true o3 (k) o3 (a=0.1%) (1) o3 at {y =0}

Figure 6.1: ¢ in Simulation 1. (a)&(e)&(i): true values of (01, 02,03). (b)&(f)&(j): recon-
structions with noiseless data. (c)&(g)&(k): reconstructions with noisy data(a = 0.1%).
(d)&(h)&(1): cross sections along {y = —0.5}.
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(k) e3 (a=0.1%) (1) e3 at {y = —0.5}

(i) true e3

Figure 6.2: ¢ in Simulation 1. (a)&(e)&(i): true values of (e1,e9,e3). (b)&(f)&(j): recon-
structions with noiseless data. (c)&(g)&(k): reconstructions with noisy data(a = 0.1%).
(d)&(h)&(1): cross sections along {y = —0.5}.

146



we observe that the singularities of the coefficients create minor artifacts on the reconstruc-
tions and the error in the reconstruction is larger at the discontinuities than in the rest of
the domain. The relative L? errors in the reconstructions are Sg = 4.0%, 53,\{ = 17.6%,
EC =12.8%, EN = 48.1%, &F, = 4.5%, EN =16.5%; £5 = 0.1%, EN =16.3%, £S = 0.5%,
EN =35.2%, €5 = 0.1%, EN = 16.2%.

__eo,

(a) true oy (b) o (= 0%)

_eo,
5-0,(0=0)
. 02(n=0.1%)

(g) o2 (a=0.1%) (h) o2 at {y = —0.5}

e,
2] 0,03(u=0)
03(u=0‘1%)

1817

21 -05 0 05 1

(k) o3 (o = 0.1%) (1) o3 at {y = —0.5}

(i) true o3

Figure 6.3: o in Simulation 2. (a)&(e)&(i): true values of (01, 02,03). (b)&(f)&(j): recon-
structions with noiseless data. (c)&(g)&(k): reconstructions with noisy data(a = 0.1%).
(d)&(h)&(1): cross sections along {y = —0.5}.
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Figure 6.4: ¢ in Simulation 2. (a)&(e)&(i): true values of (e1,e9,e3). (b)&(f)&(j): recon-

structions with noiseless data. (c)&(g)&(k): reconstructions with noisy data(a = 0.1%).
(d)&(h)&(1): cross sections along {y = —0.5}.
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6.4 Conclusion

We presented in this chapter the reconstruction of (o, €) from knowledge of several magnetic
fields H;, where the measurements H; solve the Maxwell’s equations (6.2) with prescribed
illuminations f = f; on 0X.

The reconstruction algorithms rely heavily on the linear independence of electric fields
and the families of {M;}; constructed in Hypothesis 6.1.1. These linear independence con-
ditions can be checked by the available magnetic fields {H;}; and additional measurements
could be added if necessary. This method was used in the numerical simulations. We proved
in Section 6.2 that these linear independence conditions could be satisfied by constructing
CGO-like solutions for constant tensors. In fact, these conditions can be verified numeri-
cally for a large class of illuminations and more general tensors. The numerical simulations
illustrate that both smooth and rough coefficients could be well reconstructed, assuming
that the interior magnetic fields H; are accurate enough. However, the reconstructions
are very sensitive to the additional noise on the functionals H;. This fact is consistent
with the stability estimate (with the loss of two derivatives from the measurements to the

reconstructed quantities) in Theorem 6.1.4.
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