Supplementary Materials for “Association Analysis of
Complex Diseases Using Triads, Parent-child Dyads and
Singleton Monads”

Appendix A Maximum Likelihood Estimations (MLE) and Likelihood Ratio Tests (LRT)

To simplify the notations for likelihoods 1, 3, and 5 to calculate log L, let us denote

1 = 4nq 4+ 3ng + 3nz + 2ny4 + 2n5 + 2ng + 2n7 + ng + ny,
co = Mng+ng+2ng + 2ns5 + 2ng + 2n7 + 3ng + 3ng + 4nqg,
c3 = mng+ng+ng+ns,

¢4 = mny1+ng+ns,

ki = 3mq+2mg + 2ms 4+ my + ms + meg,

ko = mo+ mg+ my+ 2ms + 2mg + 3my,

k3 = ma+my+ mes,

ky = mi+ms.

t1 = 289+ s7.

ta = 514 2sp.

t3 = s7.

ty, = 8o

Then, we may write the joint log-likelihood as follows

IOg L = IOg LTriads + ].Og LParentfchildeyads + IOg LAffectedflﬂonads
= (c1+ ki +t1)logp+ (c2 + kg +t2) log(1l — p) + (c3 + k3 + t3) log i

+(cq + kg + tg) loghs — (n +m + s)log R.



A.1 Null Hypothesis of No Association Hj : 1 =15 =1

Under Hy : 1 = 1y = 1, we have R = p?¢o + 2pqi1 + ¢> = (p + ¢)? = 1. Then,

logL = (c1+ki+t1)logp+ (c2 +ka+t2)logq

= (c1+ki+t1)logp+ (e + ka2 +t2) log(1 — p).

This implies that

dlog L(p) cl+k1+t1_62+k2+t2 .

dp p 1—-p
ci+ki+4H

Cathkittitethtity

A.2 Unrestricted Model Hy . : 101 > 0,79 > 0

Under HUnr : 1/11 > 071;/}2 > 07

R = p*s+2pq + ¢
= P +2(p— )1 + ¢
Then, the log-likelihood is
logL = (c1+ki+1t1)logp+ (c2 + k2 +t2)log(l — p)

—|—(63 + k3 + tg) log 11 + (C4 + k4 + t4) log 1ps — (n +m + S) log R.

Hence, we have

legL(p,'l/Jl,i/Jg) C1 +I€1 +t1 62+k2+t2

dp P 1—-p

p2 + (1 —2p)br +p—1
P2 + (2p — 2p?) Py + %’

—2(n+m+s)

dlog L(p, 1, 12) c3 + k3 +t3 p— p?
= ———2n+m+s ,
dipy Y1 ( )p%z + (2p — 2p?)h1 + ¢
dlog L(p, ¥1,2) cs+ kit p?
= ———— —(n+m+s .
dipa (0 ( )p2¢2 + (2p — 2p?)Y1 + ¢2



For

d” log L(pzﬂﬁl o) d’log L(papr,be)  d®log L(p,th1,tha)
d

R p ) dpdip1 ) pdip2
J= d”log L(p,Y1,32)  d”log L(p,dyp1,3p2)  d”log L(p,h1,92)
- dpdll)l d’gb% d’(l)] d’L[)Q ?
d®log L(psh1he)  d’log L(p,r,2)  d?log L(p,h1,ihe)
dpdips Ay dipa 3
we have
d*log L(p, ¢, %2) _ atkitt otk tt
dp2 p2 (1 _ p)Z
[ — 21 +1 2 +(1-2 +p—1)>
2n+mts) |~ P2 — 2¢n ! . (p;/Jz ( p)%? P 2)2 ]’
[P%a + (2p — 2p%)1 + % (P*2 + (2 — 2p?)1 + ¢?)
dpdip | p%9 + (2p — 2p?)1 + ¢ (P22 + (2p — 2p?)ih1 + ¢2)? ’
d?log L(p, ir, I 2 +(1-2 +p—1
og L(p,v1,92) Co(ntmts) | P__ 2729(2191!)2 ( p);/fl p”)],
dpdaipy [P%o + (2p = 2p%)01 + % (P*92 + (2p — 2p?)1 + ¢?)
d?log L(p, ¥1,12) c3 + k3 +t3 p*(1—p)?
= ———+4n+m+s ,
dy? Y3 ( )(p21/12 + (2p — 2p)¢1 + ¢2)?
d?log L(p, ¢, 3(1 —
og (p wl ¢2) — 2(n—|—m+s) - D ( ]2)) —,
diprdips (P*2 + (2p — 2p*)Y1 + ¢?)
d?log L(p, ¥1,12) e+ kit p*
= ——=— — "4+ (n+m+s )
s V3 ( ) (p*2 + (2p — 2p*)h1 + ¢2)?

By Newton-Raphson method, we have iteration equation

dlog L(p? I 43)
dp

; i1+l -1 | dlog L(p? I )
(Pl ) = (0,0 0g) - g | )
dlog L(p’ 7 ¥3)

dip

A.3 Dominant Model Hp,,, : {1 = 1

Under Hpom, @ Y1 = 92, we have

R = p*o+2pqn +¢°
= p*Y1 +2p(1 — p)h1 +¢°
= P21 + 21 — 2p%Y1 + ¢

= 2pp1 — pPPr + ¢



Then, we have

logL = (c1+ki+ti)logp+ (c2+ ka+t2)log(l —p)

+(es+ ks +ts+cqg+ ks +tq)logyy — (n+m+ s)log R.

This implies that

dlog L(p,1)  ci+ki+ti cot+kaotto 1 —phr+p—1
—_— = — —2(n+m+s) 5 5
dp p 1—p 2pr — p*h1 + ¢
legL(p,wl) c3+ks+its+eg+ky+ty 2p—p2
—_— " = —(n+m+s) 5 5
dipr 1 2p1 — p*Y1 +q
For
d? log L(p,1) d? log L(p,ap1)
J = , . dp? ,  dpdin
d”log L(p,¥1) d logL(p,1) |~
dpdij: a2
we have

log L(p,y1) _  atkit+ti cothott
dp? B p? (1—p)?
1—1 2(1p1 — pin +P—1)2}
—2(n+m—+s — ,
( ﬂ%%—ﬁ%+f (2pi1 — p*1 + ¢2)?
d?log L(p, 1-— - —1)(2p — p?
og L(p,v1) _ _2(n+m+8)[ P 2_(1#1 pw1+p2 )(1;219)}7
dpdip 2ph1 — p*1 +¢q (2pY1 — p*1 + ¢?)
d?log L(p, +ks+tstea+katt 2p — p?)?
0g (21”//1) _ _Grr3Tl3 204 4 4+(n+m+s) (P2p) —
Ay (0 (2pY1 — p*1 + ¢?)

By Newton-Raphson method, we have iteration equation

- n ) . 1 d
(p]-l- 7w{ ):(p],iﬁ{)_J w
diyq

A.4 Recessive Hp..: 11 =1

Under Hge. : Y1 = 1, we have

=
[

p°he + 2pqih1 + ¢

PP —p® + 1.



Then, log L = (¢1 + k1 +t1) logp + (ca + k2 + t2) log(1 — p) + (ca + ka + ta)1p2 — (n + m + s) log R. Hence, we have

dlog L(p,2) _ cthkit+ti coathotits 2n+m+5) QP(Z/JQ *21) ,
dp D 1-p PP —p*+1
dlog L(p, +hy+t 2
og L(p,tha) _ catha Lt mts)— p2 .
dip o P2 —p2 +1
For
d? log L(p,2) d? log L(p,12)
J = , . dp? ,  dpd2
d”log L(p,¥2) d logL(p,32) |~
dpdips a3
we have
d*log L(p,v2) —  atki+t etk ti
dp? B p? (1-p)?
Py — 1 2p? (1hy — 1)? ]
—2(n+m—+s — ,
( ) [p2¢2 -p*+1 (PP —p? +1)?
d?log L(p, 12) [ D pP(v2 — 1) ]
— =2 = 2(n+m+s — ,
dpdipo ( ) P2 —p?+ 1 (p?the —p?+1)2
d?log L(p, 1) ey +ky+1y p*
—= P = S L (A mt ) s
dip3 V3 ( )(p2¢2 -p?+1)2

By Newton-Raphson method, we have the following iteration equation

dlog L(p? ,3)
+1 j+1 j j -1 d
(p]+ ’ % ):(pj7w%)_‘] legL(I;j7¢é)
dipa

A.5 Multiplicative Model Hyyy: : th2 = ¢7
Under H gy @ 2 = 92, we have
R = p*a + 2pqi + ¢ = p*0T + 2pqy1 + ¢* = (pi1 +9)* = (pir + 1 = p)°
Then,
logL = (c1+ki+t1)logp+ (ca + ks + t2)log(l — p)
+(c3 + k3 +t3)log by + (cq + kg +tq)logp? — (n+m +s)log R
= (c1+ki+t1)logp+ (ca+ ko + t2)log(l —p)

+(c3 + kg + t3 + 2cq4 + 2kg + 2t4) log o1 — 2(n + m + s) log(p1 + 1 — p).



Hence, one has

dlog L k t k t -1
ogL(p,t) _ athki+ti e+t 2+2—2(n+m+s) Y1 7
dp p 1—p pY1+1—p
dlog L k t 2 2k 2t
og L(p, 1) _ Cathkgtilztacy+ 2kt L on4m+s) p '
dipr 1 p1+1—p
For
d? log L(p,1) d? log L(p,3p1)
J = dp? dpdipy
d? log L(p,1) d? log L(p,ap1) ’
dpdij; )2
we have

d?log L(p, 1) cit+ki+tt ot katt (v —1)?
-0 = - +2(n+m+s)————2L—

dp? p? (1-p)? ( )(pwl +1—p)?
d*log L(p, 1) 1
—= 7 = 2n+m+s)

dpdipy ( ) (p1 +1—p)?

d?log L(p, cs + ks + ts + 2c4 + 2kyg + 2t 2

g (QP%) _ ot Ratls 2o 12 o tm ot s) p .

dyy (h (pY1 +1—p)

By Newton-Raphson method, we have iteration equation

i+1 5+1 | -t ‘
G = ) =TT
dipy

A.6 Additive Model H g, : 5 = 20 — 1

Under Haqq : Y2 = 2901 — 1, we have
R = p*bs+ 21 + ¢
= 2%y +2p(1 — p)ih1 + ¢* — p
= 2p%1 + 2p¢1 — 2p°Y1 +q—p
= 2p +1-—2p.
Then, we have

logL = (c1+ki+t1)logp+ (co+ ko +t2)log(l —p)

+(cs + k3 +t3)logyr + (ca + ks + t4) log(2¢1 — 1) — (n +m + s) log R.



This implies that

dlog L(p, ¢1) 01+k‘1+t1_C2+k2+t2_2(n+m+s) Y1 —1
dp p l-p 2pthy +1—2p’
dlog L(p,¢) _ csthstits  2(cathatt) —ntm+s) P
dir (1 29 — 1 20y +1—2p°
For
d?log L(p,ip1)  d?log L(p,i1)
J= dp? dpdiy
= d?log L(p,p1)  d?log L(p,ap1) |
dpdiby dy}
we have
d?log L(p, 1) cit+ki+t et kytt (Y1 —1)2
-0 = — +4(n+m+s ,
dp? p? (1-p)? ( )(2pr +1—2p)?
d*log L(p, 1) 1
— =7 = 2n+m+s ,
dpdip ( )(2131/11 +1—2p)?
dQIOgL(p,¢1) _ —C3+k3+t3—4(C4+k4+t4)+4(n—|—m+8) p2
dip? (5 (291 —1)2 (2py1 + 1 —2p)2°

By Newton-Raphson method, we have iteration equation

. dlog L(p? b))

1+1 |+ j j —1 d

L) = ) =TT g )
dipy



