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ABSTRACT

Studies in Stochastic Networks: Efficient
Monte-Carlo Methods, Modeling and

Asymptotic Analysis
Jing Dong

This dissertation contains two parts. The first part develops a series of bias reduction
techniques for: point processes on stable unbounded regions, steady-state distribution
of infinite server queues, steady-state distribution of multi-server loss queues and loss
networks and sample path of stochastic differential equations. These techniques can
be applied for efficient performance evaluation and optimization of the corresponding
stochastic models. We perform detailed running time analysis under heavy traffic
of the perfect sampling algorithms for infinite server queues and multi-server loss
queues and prove that the algorithms achieve nearly optimal order of complexity. The
second part aims to model and analyze the load-dependent slowdown effect in service
systems. One important phenomenon we observe in such systems is bi-stability, where
the system alternates randomly between two performance regions. We conduct heavy
traffic asymptotic analysis of system dynamics and provide operational solutions to

avoid the bad performance region.
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Chapter 1

Introduction to Part I

The first part of the dissertation focuses on the algorithmic development and theo-
retical analysis of bias reduction techniques for several stochastic models that arise in
various engineering and business applications. Sampling based computational meth-
ods are a fundamental part of the numerical toolset for performance evaluation and
optimization of these models.

When evaluating the performance of a sampling scheme, the most analytically
tractable measure of estimator quality is the mean square error (MSE). Suppose we
are interested in estimating the mean of a random quantity Z, denoted as a« = EZ.

Our sampling scheme outputs an estimator of a, denoted as Z. Then

A~

MSE(Z) = E[(Z - a)?
— Bias(Z)? 4 Var(Z)
where Bias(Z) = E[Z] - a.
We can reduce the variance of the estimator by sampling i.i.d. copies of Z and take

the average. Specifically,

1 1
Var (N ; Zk) = NVar(Zl)
When applying this Monte Carlo method, the variance the estimator converges to

zero at rate 1/N. In the contrast, Bias(Z), cannot be eliminated through sampling
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i.i.d. copies of Z, i.e. E[1/NY.N | Z] = E[Z)]. Bias measures the systematic error
of Z.

In this dissertation, we develop algorithms to eliminate or reduce the bias of the
estimator, thus improve the efficiency of Monte Carlo methods. In Chapter [2], we de-
velop simulation schemes to sample point processes on stable unbounded regions. We
also develop perfect sampling algorithms for infinite server queues. Perfect sampling
consists of simulating without any bias from the steady-state distribution of a given
ergodic process. In Chapter [3, we constructed perfect sampling algorithms for multi-
server loss queues and loss networks. We conduct the running time analysis of our
algorithms under heavy-traffic. Lastly in Chapter [l we propose and analyze a class
of algorithms that would allow us approximate the sample path of multi-dimensional
stochastic differential equations (SDE) with any desired level of accuracy (e-strong
simulation).

The rest of the introduction is organized as follows. We first give an overview of
perfect sampling (Section and sample path simulation of SDEs (Section . We
then introduce the idea of “record breakers”, which are used in the development of
both our perfect simulation algorithms and our SDE sampling schemes.

Throughout the discussion, we refer to a unit of computational effort (compu-
tational cost) as the simulation of a random variable or the evaluation of a simple

function.

1.1 Perfect sampling

The steady state distribution in a particular set, measures the long run proportion of

time the stochastic process spends in that set [1]. Specifically, for an ergodic process.

t—o00

7©(C) := lim % t 1{X(s) € C}ds

It is widely used for system performance evaluation. As the steady-state distribution

is defined as the limiting distribution of the process as time goes to infinity, most naive
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forward simulation algorithms suffer from the bias induced by the initial transient.
This is because the process is in general initialized from an arbitrary state that does
not follow the steady-state distribution [2].

The most common perfect sampling protocol, known as coupling from the past
(CFTP), was proposed in the ground breaking paper by Propp and Wilson [3]. The
theoretical concepts underlying is the following. Suppose that the process starts
operating from the infinite past at an arbitrary state. It would be at stationarity at
time zero. If we could recover the state of such system at time zero, then we get
an unbiased sample from its steady-state distribution. There has since been a lot
of work involving implementation of this idea for various applications and improving
the efficiency of the algorithms (see for example [4],[5],[6] et al.). Kendall once said
“The topic of perfect simulation is made up of a variety of interacting ideas rather
than a single grand theory: more of an orchestra of complementary techniques than
a virtuoso prima donna of a Big Theory.” It still remains an active research area.
Chapter 2 of this dissertation develops the perfect sampling algorithm for infinite
sever queues with general interarrival time and service time distributions using the
idea of CFTP. The main difficulty in applying CFTP to the general infinite server
queueing models is that the state space, which consists of the age process of the
renewal arrival process and a measured value process for remaining service times, is
infinite dimensional and the transition kernel of the underlying Markov process is not
directly accessible.

Foss and Tweedie [7] proved that CFTP can be applied if and only if the under-
lying process is uniformly ergodic. Kendall [8] proposed a variation of CFTP, called
Dominated Coupling From the Past (DCFP), which allows one to obtain samples from
the steady-state distribution of ergodic process without requiring uniform ergodicity.
A nice summary of DCFTP is given in [9]. The idea is to construct a stationary pro-
cess which suitably dominates the process of interest and can be simulated backwards

in time from a stationary state at time zero. Then, a suitable lower bound process,
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coupled with the upper bound, must also be simulated in stationarity and backwards
in time. A typical application of DCFTP involves the construction of the upper and
lower bounds up to a time in the past when they both meet. Then one says that the
coalescence occurs. The process of interest is reconstructed forward in time from the
coalescence position up to time zero, using the same input sequence that was used
to simulate the coupled upper and lower bounds. The state of the process of interest
at time zero must then follow the corresponding steady-state distribution. Chapter
of this dissertation develops perfect sampling algorithms for multi-server loss queues
and loss networks with general interarrival time and service time distributions based
on this idea.

The majority of the available perfect sampling algorithms for queues involve ex-
ponential distributional assumptions (on service times and/or interarrival times) and
very few of such algorithms are applicable in the context of queueing networks. None
of them, up to date, have been designed and analyzed in the setting of many server
systems in heavy-traffic.

The paper [10] is one of the earliest to consider DCFTP in the setting of geo-
metrically ergodic Harris recurrent Markov chains. General DCFTP algorithms have
been developed more recently in [8] and [11] for Harris recurrent chains, although
there are important practical limitations as outlined on p.788 in [11]. In particular,
their algorithms assume that one has analytical access to the transition kernel of the
underlying Markov chain after several transitions. A recent paper by Sigman [12]
provides an implementable DCFTP algorithm for multi-server queues with Poisson
arrivals, but the algorithm requires rather strong conditions on stability; in [13] the
conditions are relaxed (also in the setting of Poisson arrivals), using a regenerative
technique, but the expected termination time of the algorithm is infinite. In con-
nection to loss queueing systems, Murdoch and Takahara [14] applied CFTP in the
context of queueing models with bounded state space. For instance, they consider

loss queues with renewal arrivals but with bounded service times. In this case, CFTP
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can be easily implemented. The papers [15], |16] and [17] are close in spirit to the
main ideas of our development, as we take a point process approach to the problem.
However, their approach requires the use of spatial birth and death processes (gener-
ally of poisson type) as the dominating processes and as pointed out in Section 8 of
[18], the algorithms appear to significantly increase in complexity as the arrival rate
increases.

In Chapter 2] & [3, we provide a practical simulation procedure that works under
the assumption of renewal arrivals with finite mean and i.i.d. service time distri-
bution with finite mean (although in our running time analysis in heavy traffic we
impose additional moment conditions for service times, but we still are able to cover
distributions such as log-normal, which have been observed to accurately fit service
time distributions in many server applications [19]). In order to implement DCFTP
strategy in the setting of loss queues, we simulate a stationary infinite server queue
backwards in time as our dominating process. A variation from the standard DCFTP
protocol just explained is that we use the upper bound process itself to detect co-
alescence, thereby bypassing the need for a lower bound process and improving the
running time of the algorithm. Basically we detect coalescence over a time interval
in which all customers initially present in the infinite server system leave and no loss
of customers occurs during that time interval. We perform running time analysis of
the algorithms under heavy traffic and prove that they achieve nearly optimal order

of complexity.

1.2 Sample path simulation of SDEs
Consider an SDE of the form
dX (1) = p(X (8))dt + o(X(£))dB(t) , X(0) = z(0) (1.1)

where B (-) is a d’-dimensional Brownian motion, and x(-) : R — R* and o (*) :

R? — R gatisfy suitable regularity conditions. We assume, in particular, that
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both p () and o (+) are Lipschitz continuous so that a strong solution to the SDE
is guaranteed to exist [20]. SDEs occur in a variety of applications from physics
to financial engineering. These applications require characterizing complex path-
dependent functionals, such as the first passage time inf{t > 0 : X(¢t) € C}, or
the mean performance measure Ef(X) where X = {X(¢) : 0 < ¢t < T}. In most
cases, explicit analytical solutions are not available or suffer greatly from the curse
of dimensionality (inefficient). In this context, simulation-based methods become
attractive.

In general, the sample path X can not be generated and stored exactly /completely,
because it is infinite dimensional. A natural approximation would be to first simulate
the process on discrete skeletons and then construct the rest of the process by linear
interpolation between grid points or treat them as piecewise constants.

One simplest such approximation is the Euler Scheme, where we simulate X m(t)

for t € {0, h,2h,3h,...} sequentially,
d/
XP(t+h) = XP(0) + (X (E)h+ D 0i (X)) (By(t + h) — B;(t))
j=1

fori=1,2,...,d.

Under regularity conditions on the drift and diffusion function: 1) lipschitz conditions
2, |u(z) — p(y)| < K|z —y| and |o(z) —o(y)| < K(z—1y), 2) linear growth condition
()] + lo(2)] < K(1+ |2[), we have

E[(X(1) = X"(1))’] = O(h).

This implies E|X (1) — X"(1)| = O(h'/?). Every replication of the sample path takes
O(1/h) units of computational effort. Thus, if we want to achieve a MSE of order
€2, it would take O(e™*) units of computational effort. This is far from the optimal
rate of convergence of such estimator, O(e~?), when we have access to an unbiased
estimator for which each sample requires O(1) units of computational effort.

If we view Euler scheme as a first order expansion, then by applying a second

order expansion on the diffusion term, we get the Milstein scheme [2], where we use
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the recursion

XMt4+h) = XMt) 4 (X"t h+2 (X"())(B,(t + h) — B;(t))

+ZZZZ&% (X ()or,m(X" (1) / (Buu(s) — Buu(t)) dB,(s)

7=1

fori =1,2,...,d, to simulate Xh(t) for t € {0, h,2h,3h, ...} sequentially.
Under Lipschitz conditions and the linear growth condition on the drift and diffusion

functions as in the Euler scheme [2], we have,
E[(X(1) = X"(1))*] = O(r?).

This implies E|X (1) — X”(1))] = O(h). Under this scheme, if we want to achieve
a MSE of order €2, it would take O(e™?) units of computational effort, still worse
than the O(e?) rate of convergence. The term fﬁh (Bmm(s) — B (t)) dB;(s) in the
recursion for the Milstein scheme in the multi-dimensional setting is called the Lévy
area. One main obstacle in implementing the Milstein scheme and other higher order
approximating schemes are that we do not know how to simulate the Lévy area and
other higher order iterated integrals exactly for multi-dimensional SDEs. We believe

our work in Chapter 4] provides some insights to this problem.

1.2.1 Multilevel Monte Carlo methods

Heinrich [21] introduced the idea of Multilevel Monte Carlo methods. Giles [22]
applied the idea to sample path simulation, which substantially improve the rate
of convergence of the above mentioned SDE estimation schemes (Euler scheme and
Milstein scheme). The idea goes as follows. If we write the estimator as a telescoping
sum of estimators across different grid size levels, assuming we can evaluate E[f(X"0)]

explicitly,

N>

L
F(XM0)] Z
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where Y, = N% N Yy, (k) are independent for different I’s, and Yy, (k)’s are i.i.d.

samples distributed as f(X") — f(XM-1).
then
1)
Bias(Z) = Bias(f(X"*))

The bias is only determined by the finest grid size (largest [).

2)

A 1
Var(Z) = — Var(Y;
( ) ; NL ( hl)
If the variance decreases as the grid size decreases, we would allocate more
computational budget N; to smaller I’s and less to larger ['s to achieve an

overall optimal budget allocation.
Specifically, under Euler scheme, if f is Lipschitz continuous, we have

Bias(Z) = O(h}/?)

and
Var(Yy,) < E[(f(X™) = f(X"1))*
< 2E[(f(X™) = (X)) +2E[(f(X) — f(X™1))?]
— o).
Then ;
MSE = O(hz) + O(Y %hl_l)

If we pick h; = 27!, then to achieve a MSE of order €2, we need to set L = O(log(e)).

As for N;’s, by solving the optimization problem
L
. Ny
min y —
2 h

s.t iﬂ< 2
. l,lNl_E
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we have N; = O(e %log(1/€)h;), and the total computational cost is

L

> ot = 0 1og(1/0)?)

=1

Recently, McLeish [23] and Rhee and Glynn [24] (around the same time, inde-
pendently) developed a randomized multilevel method to eliminate the bias of the
estimator completely. The idea again use the telescoping sum. For f Lipschitz con-

tinuous we write,
f(X Xho )+ Z Xhz _ Xhl—1)>‘
=1

We next introduce a random variable N independent of everything else and write

E[I(N > 1)

Ef(X) = Ef(X"™) +ZE LFX™) = f(x")] PN S 1)

= Ef(XM) +ZE{ S _f(Xh”)[(sz}

P(N >1)
ho Xhl _ XhFl
_ Bl|fx >+l§;f( P)(Nfz(l) )]

Then Z := f(X") 4+ 2 (f(X™) — f(X-1))/P(N > 1) is an unbiased estimator of

Ef(X).
If we simulate f(X™) — f(X"-1)’s independent of each other, then

Var(Z)

IN

E[Z?]

IN

E[f(X")’] + CE[f(X’“’)]IBiaS(Xh“)I

— E[(f(XM) — f(X") Blas Xhl )
+; P(N > ) CZ

and the expected computation cost is
O _h'P(N >1)).
=1
When applying Euler scheme in this setting, to guarantee finite variance of the

estimator, the expected computational cost is infinity. The Milstein scheme will
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ensure both finite variance and finite mean computational cost, but as we pointed
out before, for multi-dimensional diffusion process, we do not know how to simulate

the Lévy area exactly.

1.2.2 e-strong simulation and our contributions

e-strong simulation of stochastic processes is a very recent research area. In Chapter
of this dissertation, we develop and analyze a simulation scheme that would allow
us to construct a family of processes X, = {X. (¢t) : t € [0,1]}, for each ¢ € (0, 1),
supported on a probability space (€2, F, P), and such that the following properties
hold:

(T1) The process X, is piecewise constant, with finitely many discontinuities in [0, 1].

(T2) The process X, can be simulated exactly and, since it takes only finitely many

values, its path can be fully stored.

(T3) We have that with P-probability one

sup [|X: (1) — X ()|],, <e. (1.2)
te(0,1]
(T4) For any m > 1 and 0 < g,, < ... < g1 < 1 we can simulate X, conditional on

XX

»“FEm—1"

We refer to the family of procedures that achieve the construction of such family
{X.:e € (0,1)} as e-strong simulation methods or Tolerance-Enforced Simulation
(TES).

The paper of Chen and Huang [25] provides the construction of X, satisfying only
(T1) to (T3). In particular, bound is satisfied for a given fixed g = ¢ > 0, but it
is not clear how to jointly simulate { X, }m21 as £, \( 0 when applying the techniques
in [25]. Chen and Huang [25] extended the applicability of an algorithm introduced by
Beskos and Roberts [26]. The procedure of Beskos and Roberts [26], applicable only
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to one dimensional diffusions, imposed strong boundedness assumptions on the drift
coefficient and its derivative. The technique in [25] enabled the extension by using
a localization technique; see also [27] for another extension. All these algorithms
assume o(-) constant. The assumption of a constant diffusion coefficient comes at
basically no cost in the context of one dimensional diffusions, because one can always
apply Lamperti (one-to-one) transformation to recast the simulation problem to one
involving a diffusion with constant o (-). However, such transformation cannot be
generally applied in higher dimensions.

The major obstacle involved in developing exact sampling algorithms for multidi-
mensional diffusions is the fact that o (-) cannot be assumed to be constant. Moreover,
even in the case of multidimensional diffusions with constant o (-), the one dimen-
sional algorithms developed so far can only be extended to the case in which the
drift coefficient p (-) is the gradient of some function, that is, if u(z) = Vo (z) for
some v (). The reason is that in this case one can represent the likelihood ratio L (),
between the solution to and Brownian motion (assuming o = I for simplicity)

involving a Riemann integral of the form
t 1 )
L(t) = exp L (X (s))dX (s) =5 [ (X ()5 ds
t

exp (v (X (1)) |
oxp (0 (X (0)) P <‘§/o MX () ds) ’

for A (z) = Av (z) + ||V (2)|[5-

The fact that the stochastic integral can be transformed into a Riemann integral
facilitates the execution of the acceptance/rejection method, because one can interpret
(up to a constant and using localization as in [25]) the exponential of the integral of
A(+) as the probability that no arrivals occur in a Poisson process with a stochastic
intensity. Such event (i.e. no arrivals) can be simulated by the thinning property of
Poisson processes.

The paper of [28] extended the work of [26] in that their algorithms satisfy (T1) to

(T4). The paper [29] not only provides an additional extension which allows to deal
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with one dimensional SDEs with jumps, but also contains a comprehensive discussion
on exact and e-strong simulation for SDEs. Property (T4) in the definition of TES is
desirable because it provides another approach to construct unbiased estimators for
expectations of the form Ef (X). In order to see this, let us assume for simplicity
that f(-) is positive and Lipschitz continuous in the uniform norm with Lipschitz
constant K. Then, let T" be a positive random variable, independent of everything

else, with a strictly positive density g (-) on [0, 00) and define

Zi=1(f(X)>T)/g(T). (1.3)

Observe that
EZ = E(E (Z|X)) :E/Ool(f(X) > t) %dt =FEf(X),
0

so EZ is an unbiased estimator for Ef (X). If Properties (T1) to (T4) hold, it is
possible to simulate Z by noting that f(X.) > T + Ke implies f(X) > T and
f(X:) < T — Ke implies f(X) < T. Since (T4) allows to keep simulating as ¢
becomes smaller and 7" is independent of X, with a positive density ¢ (-), then one
eventually is able to simulate Z exactly. It is noted in [28] that the expected number
of random variables required to simulate Z is typically infinite. The recent paper by
Pollock et. al. [29] discusses via numerical examples the practical limitations of these
types of estimators.

Our motivation in Chapter |4| of this dissertation is to investigate a novel approach
using the theory of rough path that allows to study e-strong simulation for multidi-
mensional diffusions in substantial generality, without imposing the assumption that
o (+) is constant or that a Lamperti-type transformation can be applied. Given the
previous discussion on the connections between exact sampling and e-strong simula-
tion, and the limitations of the current techniques, we believe that our results here
provide an important step in the development of exact sampling algorithms for gen-

eral multidimensional diffusions. Bayer et. al. [30] also use rough path analysis for



CHAPTER 1. INTRODUCTION 14

Monte Carlo estimation, but their focus is on connections to multilevel techniques
and not on e-strong simulation.

Finally, we note that in order to build our Tolerance-Enforced Simulation proce-
dure we had to obtain new tools for the analysis of Lévy areas and associated con-
ditional large deviations results conditional on the increments of Brownian motion.

We believe that these results might be of independent interests.

1.3 The idea of record breakers

One common strategy used throughout the development of the first part of this dis-
sertation is the use of “record breakers” to control the contribution of “future” infor-
mation. In this section, we introduce how this idea arises in the simulation of infinite

server queue and multi-dimensional SDEs.

1.3.1 Infinite server queue

We start with a point process description of the infinite server queue. In Figure [1.1],
the point Z, = (A,,V,) denotes the n-th customer (counting backward in time),
whose arrival time is A,, and service requirement is V,,, n = 1,...,4. One important
feature of infinite server queue is that every customer starts service immediately upon
arrival (there is no queue). If we project Z, to the horizontal axis by drawing a —45°
line. The intersection of this line with the horizontal axis is the departure time of
such n-th customer. We follow the technical tradition that an arrival at time ¢ is
counted in the system at time ¢ (closed circle) while a departure at time ¢ is not
counted (open circle), so to make the process Cadlag. We can also draw a vertical
line at any ¢t € R. The height of the intersection of the —45° lines emanating from the
points Z,, with A,, <t and such vertical line, if positive, represents the corresponding
remaining service time of that customer at time ¢.

We notice from the point process description in Figure that customer 7, =
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A Service time

Figure 1.1: Point process description of an infinite server queue

{A,,V,}, with V,, < |A,| will have left the system by time 0. Thus if we can find a

random number s such that
Vo < |A,| for all n > &,

then we can simulate the arrival stream backwards in time up to x (i.e. {Z, : 1 <
n < k}) to recover the state of the system at time zero.

The challenge here is that x defined above depends on future customer informa-
tion, i.e. {Z, : n > x}, and simulating this future information takes infinite amount of
time. We overcome this difficulty by defining a sequence of “record breakers”. Then
instead of simulating all the customer information in the future we only ask future
a yes/no question defined as “are there any more record breakers”. In simulation,
answering this yes/no question is equivalent to sampling a Bernoulli random variable
with probability of success p, which equals to the probability that there are no more
record breakers. If the Bernoulli trial is a success, then we are done. Otherwise we
find the next record breaker, move to that time point and ask future the same yes/no
question again. We repeat the above process until the Bernoulli trial returns a suc-
cess. At that time, we know that there are no more record breakers in the future. We
also locate the position (time) of all the record breakers. In Chapter we shall

explain how to use this “record breaker” idea to simulate the infinite server queue.
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1.3.2 Stochastic differential equations

The diffusion process
dX(t) = p(X(t))dt + o(X(t))dB(t)

can be view as a mapping of the underlining Brownian motion. The general strategy
would be if we can construction the Brownian path with certain error bound, then we
can use some continuous mapping property to pass this error bound to the solution
of the SDE. However, the diffusion mapping is not in general continuous under the
uniform topology unless the drift term o(-) is a constant. The way to solve this
continuity problem is to lift the space up to the space of rough paths endowed with
some suitable a-Holder metric. The new mapping from the space of rough paths to
the solution of SDE is then continuous. However, the space of rough paths contains
not only the path itself, but also the iterated integral of the path. The theory of
rough path applies to more general settings. In the specific case of Brownian motion,
the space of rough path consists of the Brownian path {B(t),0 < t < T'} and the
Lévy area {f; (Bi(u) — Bi(s)) dB;(u),0 < s <t <T}. Thus, in order to control the
error of the approximation to the SDE in this case, we not only need to control the
error of the approximated Brownian path but also the approximated Lévy area.

In Chapter [d, we use a wavelet construction of Brownian motion, known as the
Lévy-Ciesielski Construction,

0o 2n—1

B(t) = WyA(6) + Y > (WEAR(D)

n=1 k=1
where A}() is a sequence base functions.

Let t7 = k/2™. We can also write the Lévy area as the following infinite sum.

| B = B8 dy)

oo2hn1

= D D [Bilth 1) = Bilth iy o) Bi(5wgso) = Bi(thnngyor )]

h=n+1 I=1
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We call n in the infinite sum “level n” and k in the sum from 0 to 2" — 1 the “kth
term in level n”. We then use the strategy of simulating the infinite sum up to a
random but finite level N, such that the contribution of the higher level terms are
under control.

The challenge here is that N is not a stopping time with respect to the filtration
generated by {W : 0 <n < N,0 < k <2"—1}. We again use the idea of “record
breakers”, where by asking future yes/no questions we find all the “record breakers”
and by knowing that there are no more “record breakers”, the contribution of the
terms in higher levels that are not simulated yet are well under control. See Chapter
[ for details in term of how to implement this idea to simulate the Brownian path
and the Lévy areas with desired level of accuracy.

The main technicality in implementing the idea of “record breakers” is the simu-
lation of the Bernoulli random variable with unknown/uncomputable probability of
success, which is used to answer the yes/no question. To accomplish this, we use

techniques from rare-event simulation.
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Chapter 2

Sampling Point Processes on
Stable Unbounded Regions and
Perfect Sampling for Infinite

Server Queues

Given a marked renewal point process (assuming that the marks are i.i.d.) we say
that an unbounded region is stable if it contains finitely many points of the point
process with probability one. In this chapter we provide algorithms that allow to
sample these finitely many points efficiently. We explain how exact simulation of the
steady-state measure valued state descriptor of the infinite server queue follows as a
simple corollary of our algorithms. We provide numerical evidence supporting that
our algorithms are not only theoretically sound but also practical. Finally, we also

apply our results to gradient estimation of steady-state performance measures.
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2.1 Problem formulation and main contributions

Let N = {N(t) : t € (—o0,00)} be a two sided time stationary renewal point
process. We write {A4,, : n € Zy} for the times at which the process N jumps, where
Zoy = 7Z\{0} denotes the set of integers removing zero, and with A; >0 > A_;. For
simplicity we assume that A,, < A, for every n. Further, we define X,, = A,,,1—A,.

Now let {V,, : n € Zo} be a sequence of independent and identically distributed
(ii.d.) random variables (r.v.’s) which are independent of the process N. Define
Zn = (A, V,) and consider the marked point process M = {Z,, : n € Zy} which
forms a subset of R?. We say that a (Borel measurable) set B is stable if |[M N B| < oo
almost surely (where |C| is used to denote the cardinality of the set C).

Under natural assumptions on the inter-arrival times underlying N and on the
distribution of the V,,’s (stated in Section we propose and study a class of algo-
rithms that allow to sample exactly (i.e. without any bias) a realization of the set
M N B for a large class of unbounded, stable sets B.

Our method is based on a construction that is being used in [31]; see also [32] for
related ideas. The method involves the technique of simulating the maximum of a
negative drift random walk and the last passage time of independent and identically
distributed random variables to an increasing boundary.

As an application of the class of algorithms that we study here, we provide a
procedure that allows to sample from the steady-state measure valued descriptor of
an infinite server queue without any bias (i.e. perfect sampling). Such a procedure,
for instance, is obtained by considering the particular case in which B takes the
form B = {(¢t,v) : v > |t|,t < 0}. Given that point processes constitute a natural
way of constructing queueing models in great generality, we believe that the class of
algorithms that we propose here have the potential to be applicable to the design of
exact sampling algorithms of more general queueing models.

We argue empirically that it is cheaper to run our exact sampling procedure to

fully delete the initial bias than it is to do a burn-in period that reduces the bias to
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a reasonable size, say 5%, when talking about, for instance, the steady-state queue
length.

Finally, we apply our exact sampling algorithms for infinite server queues to per-
form steady-state sensitivity analysis. For instance, we consider quantities such as
the derivative of the steady-state average remaining service time with respect to the
arrival rate or service rate. These quantities are of great interests in stochastic opti-
mization via simulation.

So, in summary, our contributions are as follows:

i) We provide the first exact sampling algorithm for stationary marked renewal

processes on unbounded and stable sets, see Section [3.2]

ii) As a corollary of i) we explain how to obtain an exact sampling algorithm for
the steady-state measure valued descriptor of the infinite server queue. We also
show empirically that this algorithm is practical in the sense of being both easy

to code and fast to run, see Section [3.1.2]

iii) Finally, we provide new procedures for the sensitivity analysis of steady-state

performance measures of the infinite server queue, see Section [2.4]

2.2 Sampling from stable unbounded regions

We start by discussing the assumptions behind our development.

Assumptions:

A1) Assume that E|V,|Y* < oo for some o > 0, we also write F (-) = P (V, <)
for the cumulative distribution function (CDF) of V,, and put F (-) =1 — F (-)
for the tail CDF.

A2) We assume that F'(-) is known and easily accessible either in closed form or

via efficient numerical procedures. Moreover, we can simulate V,, conditional
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on V, € |[a,b] with P(V, € [a,b]) > 0. Finally we can find u(k) such that
u(k) > [ P(V4|Y* > v)dv and u(k) — 0 as k — oc.

A3) Recall that X,, = A1 — A, > 0. Define ¢ (8) = log E exp (6X,) and assume
that there exists § > 0 such that ¢ (§) < co. Finally, let us write u = EX,,.

A4) Define G(-) = P(X, <) and G(-) = 1 — G (-). Suppose that G (-) is known
and that it is possible to simulate from G, (-) :== p=* [~ G (t) dt. Moreover, let
Go (1) = Eexp (60X, —1(0)) I (X, <-) be the associated exponentially tilted
distribution with parameter 6 for ¢ (f) < co. We assume that we can simulate

from Gy (+).

Consider the class of sets B C R? that are Borel measurable and such that
B CC,={(t,v):|v] > [t|*}.

Our goal in this section is to develop an algorithm that allows to sample without
any bias the random set M N C,, and therefore M N B. We will discuss extensions
that follow immediately from our formulation at the end of this section. Figure [2.1
illustrates the different shapes that the set C, can take depending on the values of

a > 0.

o=1 o>1 O<axl

Figure 2.1: The area of C,. The horizontal axis corresponds to the ¢ coordinate while

the vertical axis represents the v coordinate
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We now proceed to explain our construction. As the stationary renewal point
process is time reversible, starting at 0 the distribution of the forward process {Z, :
n > 0} and the backward process {Z, : n < 0} are the same. In what follows we
limit our discussion to the construction of the forward process and the simulation of
the backward process is completely analogous.

Let € € (0, ). Consider any random time x, finite with probability one but large

enough such that
Anir Z n(p —€) and [V | < (n(p —€))*

for all n > k.
If such random time x is well defined, we only need to simulate the stationary

process up to x to get a sample from the unbounded region.

Proposition 2.2.1 The random time k defined above exists and it is finite with prob-

ability one.

Proof. By Chebyshev’s inequality,

P(Anpr < n(p =€) < Elexp(0(n(p — €) = Anta))) < exp(—n(=0(p — €) — (=0)))

for any 6 > 0.

Let
I(—€) = max{—6(u —€) — ¢¥(-0)}

0>0

As ¥(0) =0, ¢'(0) = p and "(0) = Var(X) > 0, I(—€) > 0. Then
P(Appr < n(p —€)) < exp(=nl(—e€))

and

S Py <nlu—) < —22EICD_

= 1= exp(—1(—€))
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By Borel-Cantelli lemma, {A,, 11 > n(u — €)} eventually almost surely.

Similarly and independently we have

o0

> P([Vanl > (n(n—e€)*)
=SSPV S - o)
< Mie /Ooop(m\l/a > V)dv < o0

Thus, again by Borel-Cantelli lemma, {|V,11] < (n(n—e€))*} eventually almost surely.
Therefore, P(k < 00) =1 O

As {A, :n > 1} and {V,, : n > 1} are independent of each other, we consider the
following construction. Let x(A) be a random time satisfying that 4,1 > n(u—e¢) for
n > k(A), and (V) be a random time satisfying that V,, .1 < n(u —€) for n > (V).
Clearly x(A) and x (V) are not stopping times and this makes the simulation of
these times challenging. However, we will explain how to sample these times and
then we can set k = max{x(A),x(V)}. Our construction will allow us to simulate

{4, :n>1} and {V,, : n > 1} separately.

2.2.1 Simulation of {A;:1 <k <max{n,x(A)} + 1}

In this subsection we will introduce a method to simulate x(A) together with { Ay :
k> 1}.

First, define A; according to the distribution G, (-). Sampling A; can be done
according to A4).

Now, observe that A,,1 = A; + X; + ... + X,, and define

Sp=n(p—€) = (A1 — A1) = ¥ Y,
=1

where Y; = (u — €¢) — X;. Note that the Y;’s are i.i.d. with EY; = —e. If we set
So = 0, then {S’n :n > 0} is a random walk with negative drift. We are interested in

sampling up to the last time n at which S, > 0.
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We define the following sequence of random times:
Al = 0, Fl = 1nf{n Z Al . gn - gAl > 0},
and for j > 2

Aj = 1nf{n > ijl]-{l—\jfl < OO} V Ajfl : gn < 0}7

Now, let v = inf{j > 1:T; = oo} and note that A,;; = A, and that S, <0 for
n > A, which in particular implies that A,,.1 > n(p —€) for n > A,. Therefore, we
have that A, =k (A4).

In what follows we will explain how to simulate the A;’s and I';’s sequentially and
jointly with the underlying random walk until time A,. One important observation
is that for every 7 > 1, A; < oo almost surely by the strong law of large numbers.

Let us write F,, = 0{Y1,Y5, ..., Y,,} for the o-field generated by the Y;’s up to time
n. Let £ > 0 and define

Te :=inf{n >0:S, > ¢},

then by the strong Markov property we have that for j <7,
P(T; = 00| Fa,) = P(I'; = 00|Sa,) = P(Ty = o0) > 0,

where we use P (+) to denote the nominal probability measure under which Sy = 0.

It is important then to note that
P(y=k)=P(Ty < o) P(T) = )

for £ > 1. In other words, ~ is geometrically distributed. The procedure that we
have in mind is to simulate A, in time intervals, and the number of time intervals is
precisely ~.

Let ¥y (0) = log Eexp(0Y;). As the moment generating function of X; is finite

in a neighborhood of the zero, 1y (-) is also finite in a neighborhood of zero and
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EY; = ¢, (0) = —e, Var(Y;) = ¢4 (0) > 0. Then by the convexity of ¥y (-), one can
always select € > 0 sufficiently small so that there exists n > 0 with ¢y (n) = 0 and
Y5-(n) > 0. The root n allows us to define a new measure P, based on exponential

tilting so that
dp,
dP
Moreover, under P,, S, is random walk with positive drift equal to ¥} (1) ([1] P.
365). Therefore P, (T < oo) = 1 and P(Tj) < o0) = B, (exp(—nSg,)). More generally,

P,(T¢ < 00) =1 and

(Vi) = exp(nY;).

q(&) =PI < 0) = En(exp(—nS'Tg))

for each £ > 0. Based on the above analysis we now introduce a convenient represen-

tation to simulate a Bernoulli random variable J (§) with parameter ¢ (£) namely,
J (&) = I(U < exp(—nSr,)). (2.1)

where U is a uniform random variable independent of everything else under P,.
Identity provides the basis for an implementable algorithm to simulate a
Bernoulli with success probability ¢(€). Sampling {Si, ..., Sz, } conditional on Tj) < oo,
as we shall explain now, corresponds to basically the same procedure. First, let us
write P*(-) = P(:|Ty < o0). The following result provides an expression for the

likelihood ratio between P* and F,.

Lemma 2.2.2 We have that

dpP* - ~
d—R](Sl, ceey STO) =

exp(ond) 1
P(T0<OO) B P(T0<OO)

Proof.

P(S, € Hy,...,Sq, € Hp|Ty < o0)
P(S, € Hy,...,Sq, € Hy,, Ty < 0)
P(Ty < o0)
E, lexp(—1S5,)I(So € Hy, ..., St, € Hr,)]
P(Ty < ) ’
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O

The previous lemma provides the basis for a simple acceptance / rejection pro-
cedure to simulate {51, ey STO} conditional on Ty < oco. More precisely, we propose
(S1, ..., Sg,) from P, (). Then one generates a uniform random variable U indepen-

dent of everything else and accept the proposal if

1 dP*

< S cee S = J— G .
- 1/P(T0 < OO) X dPﬂ (Sla 7ST0) eXp( nSTO)

U

This criterion coincides with J (0) according to (2.1)). So, the procedure above simul-
taneously obtains both a Bernoulli r.v. J(0) with parameter ¢ (0), and the corre-

sponding path {Si, ..., Sp,} conditional on Ty < oo.

Algorithm 2.1 (Outputs (S, ...,S’Av))
S0. Set K =0, and Sy =0
S1. Simulate (S, ..., S7,) from P, and compute J := J (0) according to (2.1)).

S2. If J =1, then let Sk, ; = S; for j = 1,..., Ty and update K +— K + Tj. Then,
go back to S1.
Otherwise, J =0 (i.e. A, = K), stop and output (S, ..., Sk)

Remark: We will show in Section of Chapter [3| that the expected number of
times we need to repeat Step 1 does not change with the system scale (i.e. the arrival
rate).

We noted earlier that A, = x(A) and Algorithm 1 together with the initial
procedure to sample A; allows us to simulate (4,11 :0 < j <k (A)), and we know
that A,.1 > n(u —¢€) for n > k(A). We need to simulate A, for n < kK =
max{k (A),x (V)}, and (V) is independent of k(A). So, there might be cases for
which we will have to sample A, for n > x (A). Since 4,1 = A; — S, + n(p — €)

it suffices to explain how to simulate S, for n > A,. In turn, it suffices to explain
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how to simulate (S, : n > 0) with S, = 0 conditional on Ty = co. We will once
again apply an acceptance/rejection procedure but this time we will use the original

(nominal) distribution as the proposal distribution. Define
P'() = P([Ty = o0).

The following result provides an expression for the likelihood ratio between P’ and

P.

Lemma 2.2.3 We have that

dP' - = I(Ty>1)(1—q(=9)) 1
ap (S S = P(T = o) lspm:my

Proof.

P(S, € Hy,....,5 € H|T, = )
P(S, € Hy,...5 € H;, Ty = )
P(Ty = )
E[I(S, € Hy,...,5 € H)I(Ty > )P(Ty = |Sy, ..., S)]
P(Ty = o) )

The result then follows from the strong Markov property and homogeneity of the
random walk. O

We are in good shape now to apply acceptance/rejection to sample from P’. The
previous lemma indicates that to sample {Sy, ..., S;} given Tj = co we can propose
from the original (nominal) distribution and accept with probability ¢(—S;) as long
as S'j < 0 for all 0 < 57 < [. So, in order to perform the acceptance test we need

to sample a Bernoulli with parameter ¢(—S;), but this is easily done using identity

(2.1). Thus we obtain the following procedure.

Algorithm 2.2 (Given n > 0 outputs {A;, As, ..., Amax{nr(a)+1})

S1. Run Algorithm 2.1 and obtain {Sy, Si, ..., Sk }.



CHAPTER 2. SAMPLING POINT PROCESSES 28

S2. If K =k (A) > n, jump to S6. Otherwise, K <n,letl=n— K > 1.
S3. Simulate {Sy, S, ..., S;} from the original (nominal) distribution with Sy = 0.

S4. If S’j < 0forall 0 < j <[ thensample a Bernoulli J(—S’l) with parameter q(—gl)
using 1} and continue to S5. Otherwise (i.e. S'j > 0 for some 1 < j <) go
back to S3.

S5. If J(—gl) = 1, go back to S3. Otherwise, J(—S’l) =0, let Sk; = Sk + S; for
i=1,2,..1

S6. Let m = max{n, x(A)}. Simulate A; with CDF G,(-) = p=' [* G(t)dt. Set
A1 = A1 =S+ n(p—ce) forn=1,...,m. Output {Ay, ..., A1}

2.2.2 Simulation of {V,,: 1 <n < k(V)+1}

In this section we will introduce a method to simulate (V') together with the {V, :
n > 1}.

Let p(n) = P(|Vi] > (n(p —€))*). We define Yo = 0 and T; = inf{n > YT, :
|Vis1] > (n(p —€))*} for i = 1,2,.... We also define two independent sequences of
random variables, {V,41 : n > 1}, and {V,,41 : n > 1} as follows. The elements in
each sequence are i.i.d., V. is distributed as V,,,; conditional on [V, | > (n(u—e))®,
and V41 follows the distribution of V,,;; conditional on |V, 1| < (n(u —€))®. We
simulate V) following its nominal distribution independent of everything else.

Let 0 =inf{i > 0:Y; = co}. Then V11 < (n(p—¢€))* forn > Y, 1 +1. We
next introduce a method to sample T, Yo, ... sequentially and jointly with the V,,’s
up until Y,_q.

The following lemma provides the basis to guarantee the termination of our pro-

cedure.
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Lemma 2.2.4 If E|Vi|'/* < oo, then

[e.9]

P(Y, = o00) = [ [(1 = p(i)) = exp(=2EVi|"/*/ (1 = €)) > 0,

=1

consequently Eo < exp(2E|V|Y/*/(u — €)) < co.

Remark: The bound on Fo can be improved. This improvement is important for the
theoretical asymptotic analysis of GI/GI/oc application, see Section in Chapter
Bl for details.

Proof.

o0

P(Yi=00) = [[(1-p(n)

n=1

> [[ew(=2p(n)

> exp(— / P(VA[Y® > v)dv)
H—=€Jo
2E|‘/1|1/a

W —€

= exp(— )-
For i = 2,3,... conditional on Y(i — 1) = k:

= ][ @ =pn)
n=k+1
2 [ PV > v)d 2BV |V
Z exp(— fk (| 1| V) v ZeXp(— |‘/1| )
W —€ b — €

Thus o is stochastically dominated by a geometric random variable with parameter
p = exp(—2E|Vi|"*/(uu — €)), the result then follows. 0

Notice that
!
IT @ —=p6)
i=k—+1
i . 2 [ P([Vi[Ve > v)dv
> ][] (1= p(i) x exp(— e )

i=k+1
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for Il > k+1.
Thus if we are simulating I ~ Bernoulli(r;) with r; := P(T; = 0o|Y;_1), then with
probability one we can check whether U < P(Y; = oo|Y;_1) for U ~ Unif[0, 1] by
making [ sufficiently large without calculating the infinite product in the definition
of P(Y; = 00|T;_1).

On the other hand, if we define [T;_; (1 — p(j)) := 1, then

[T (1= p(5)) 1
P, <o0) =P B, <o)

P(YT; =n|T; < c0) = p(n)

Consider a random variable N with the following probability density function

for n = 1,2,..., where ¢ = (3°°7 p(n))~'. Then P(T; = n|T; < o0)/P(N =n) <
1/(cP(Yy < 00)).

So we can simulate T; given T; < oo using acceptance / rejection with N as the
proposal random variable. Generalizing the idea to T;, we can obtain the following

algorithm

Algorithm 2.3 (Given T, ; = k, outputs T; conditional on T; < o)

S1. Let ¢ = (3-07, 1 p(n))~". Simulate N with probability density function P(N =
n)=cp(n) forn=k+1,k+2, ..

S2. Simulate U ~ Unif[0, 1] independently. If U < []>,",(1 — p(4)) , set T; = N

j=k+1

and stop. Otherwise go back to S1

We conclude this section with our procedure to simulate {V1, Vs, ..Vi(vy41}-

Algorithm 2.4 (Outputs {V1, V5, ..Viv)11})

S0. Set Yo =0, 7 = 1. Simulate V; from its nominal distribution.
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S1. Simulate I ~ Bernoulli(r;) with r; :== P(; = oo|Y;_1) (see (2.2)).

S2. If I =1, set k(V) = T,_1 + 1. Simulate V141 by sampling from V141 and
stop. Otherwise I = 0, sample T; conditional on Y; < oo and the value of
T,_1 using Algorithm 2.3. Simulate the process between T, | + 2 and T; + 1
by sampling from V,, for T;_1 +2 <n < T, and Vn forn=7"T;+1 Seti=1:+1
and then go back to S1.

2.3 Application to the infinite-server queue

As a direct application of the ideas discussed in the previous section we study steady-
state simulation for the infinite server queue. The following diagram indicates how to
construct the steady-state measure valued descriptor assuming that we can sample

all the points inside the set
C=A{(t,v):v=>]|t|,t <0}

Let Q(t,y) denote the number of people in the system at time ¢ with residual service
time strictly greater than y and E(t) denote the time elapsed since the previous arrival
at time ¢ (i.e. E (-) is the age process associated with N (-)). Figure[2.2] below depicts
the region C. Every point in |[M NC| is projected to the vertical line at time zero
by drawing a —45° line. The final position in the vertical line if positive, represents
the corresponding remaining service time. Since the underlying point process is time
stationary, the whole configuration of points obtained by this procedure at time zero

is a snap shot of the steady-state distribution of the infinite server queue.

2.3.1 Algorithm for the infinite server queue

As depicted in Figure after projecting into the vertical line at t = 0, we obtain the
stationary remaining service requirements of the customers at time zero. We shall

use Ry, Ry, ..., Rg(o,0) to denote the remaining service times. The labeling is arbitrary
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o(t.y)

X
<
N

>t

0

Figure 2.2: The points lies in the shaded area correspond to people who are still in

the system at time 0 with remaining service time greater than y

although we will assign smaller indexes to customers that have spent less time in the

system. Our algorithm proceeds as follows.
Algorithm 2.5 (Outputs {R;, Ry, ..., Rg(o,0)} and E£(0))
S1. Use Algorithm 2.4 to simulate the {V;,,1 <n < x(V) + 1}.

S2. Use Algorithm 2.2 to simulate the {A;, Ag, ..., Amax{s(v),c(A)}+1}-

S3. Set k = max(k(V),k(A)). If K > x(V), simulate V,, by sampling from V,, for
n=r(V)+2,..,c+1

S4. Set ¢ =0, ¢ = 0 and repeat the following procedure until i = x:
seti=1+1;1fV;>A;, setq=q+1 and R, =V, — A;.
Output {Ry, Ry, ...R,} and A;.

2.3.2 Numerical results

Let Y = {Y(¢) : t > 0} be a continuous time Markov process on the state space {2

and f is a real-valued function defined on €2. The ergodic theorem guarantees in great
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generality (assuming a unique stationary distribution 7 (-)) that

+ [ sorenas = [ rmian)

as t — oo almost surely for every positive, measurable function f (). In the setting
of the infinite server queue such a stationary distribution exists if E'V, < oo and

EX,, < o0o. The most natural estimator for E.f(Y) := [, f(y)m(dy) is therefore

B(1.Y0) = 1 [ SO0 ()

where Y(0) is the initial state. The estimator ® (¢,Y(0)) is generally biased unless
Y (0) is sampled from the stationary distribution 7 (+) ([2] P. 97). Our algorithm has
the obvious advantage of removing the initial transient.

In what follows we conduct some simulation experiment to evaluate the practical
performance of our algorithm. The idea is to fix a reasonable tolerance error, say
10%, for a given performance measure. Then we want to empirically find how large
a burn-in period one would need in practice to reduce the initial transient bias to
about 10%. In order to effectively quantify the error we select a class of systems for
which 7 (+) can be explicitly evaluated.

We consider an infinite server queue with Poisson arrivals and Lognormal service
times. As we are interested in the efficiency of our algorithm for relatively large sys-
tems, we set the arrival rate A = 100 and the service time V,, ~ Lognormal(—0.25, 0.5)
(i.e. V,, has the same distribution as exp (—.25 4 .5 x N(0, 1)), where N (0, 1) denotes
a standard Gaussian random variable).

Let Y(t) = (Q(t,-), E(t)) € D[0,00) x Ry, then Y (¢) is a Markovian measure
valued descriptor of the infinite server queue (of course in the Poisson arrival case one
does not need to keep track of A(-)).

We first compare the performance of our algorithm to the burn-in period de-
fined as the period needed to reduce the initial transient as indicated earlier. Let
f(Y(t)) = Q(t,0), i.e. the number of people in the system at time ¢t. We measure

the computation effort of the algorithm in terms of the number of arrivals (we call
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this the number of steps) simulated. Given € > 0 we let n(e) denote the minimum
number of steps required so that |[E®(A,), (¢,0)) — E-Q(0,0)|/E,Q(0,0) < €, where
(¢,0) denotes a system that starts empty with F(0) = 0 (recall that E(-) is the age
process associated with N(-), i.e. when E(0) = z, A, is distributed as X,, conditional
on X, > z). Table shows the relation between e and n(e), obtained empirically

based on the average of 10* independent replications

Table 2.1: Bias of ®(S,())

€ n(e) | computer time (s)
10.26% | 6 x 102 0.0310
5.71% | 1 x 103 0.0382
1.17% | 5 x 10? 0.1367

Compared to the results in Table our algorithm is unbiased. The average
number of steps involved is n = 592.6369 based on the average of 10* independent
replications and the average computer time needed for a single replication is 0.0249
S.

In addition, in Table[2.2)we compare the performance of the estimators ®(A4,, (¢, 0))
and ®(A,, (Q(0,-), A1)), where Q(0,-) and A; are sampled according to Algorithm
5. n and n' are calibrated so that the computation budget is basically the same in
both estimators. Under our procedure, Fk, the average number of arrivals required
to terminate is approximately equal to 600. So for instance, the first row in Table
2 corresponds to n = 10%. This means that n’ ~ 9.4 x 10* = 10* — 600. The true
value of E;Q(0,0) is 88.2497. The sample mean and sample standard deviation are
calculated using the method of Batch means. The result in Table [2.2| shows that our
mixed method performs better than the batch means with relatively small computa-

tion budget, while with large budget, the two methods are about the same.
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Table 2.2: Simulation result with different initial states.

(¢,0) (Q(0,-), A1)
n Sample Mean | Sample Std | Sample Mean | Sample Std
1 x 10* 86.1274 1.0104 88.1713 0.6018
5 x 10* 89.0893 0.4587 88.2956 0.3770
1 x 10° 88.5151 0.3531 88.1270 0.2976
5 x 10° 88.3022 0.1481 88.3581 0.1402

2.4 Application to sensitivity analysis of the infinite-
server queue

In this section, we apply our algorithm to sensitivity analysis of the infinite server
queue. We consider a sequence of systems indexed by (A, v), A > 0, v > 0. Given
(A, v), the interarrival times are multiplied by 1/\, obtaining X, /A for all n, and the
service times are multiplied by 1/v, thus we have V,,/v for all n. We assume that
EV, < oo and EX,, < co. We will use the notation @, (-) to denote the infinite
server queue descriptor for the (A, v)-system. Our strategy rests on the application
of Infinitesimal Perturbation Analysis (IPA), see for instance [33] P. 386. We assume
here that the interarrival times have a continuous distribution.

We illustrate the methodology by computing the sensitivity of the steady-state

average remaining service time, which we denote by E,R()\,v); namely,
B RO\ v) = By /oo Or (0, dy)
™ V) =Ly~ v \Ys .
Q)\,V (070) 0 Y Y
We also consider
E.R*(\,v) = E,(inf{y > 0: Q. (0,y) =0}),

in words, the steady-state maximum remaining service time. In order to apply IPA

we need to define a few quantities.
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First, let us define Z(\,v) to be the average elapsed service time of the cus-

tomers that are present at time zero (given the construction of the stationary process

{Qro (t,-) : t € (—00,00)}, see Figure 2.2). That is,
= 1 — Al (1A Ve
S0 = —— S el (el
M) = 50,0 r;l \ ( X

Likewise, define V(),v) as the average of the total service requirement of the cus-

tomers that are present at time zero, namely
—o0 (\An\ - E) ‘

_ 1 Vi
M) = — S ]
V( I V) Q/\7V (0’ O) n_z_l v )\ v

Next, we define Z(°) (), 1) as the elapsed service time of the customer with the

maximum remaining service time at time zero and V(®)(\,v) as his total service

Vin

time requirement. Specifically, if we let m = argmax{n : V,,/v — |A,|/A} then

A
=) (N v) = [An| and V(A v) =
v

We then obtain the following representation for the derivatives of E,R(\,v) and

E.R>(\,v) with respect to A and v.

Lemma 2.4.1 We have that

1 _

(\v)=—EV(\v);
v

i)
0 _ 1. _ o _
=y — E,= -y
R R\ V) S B (A, v) and 5 R
i)
and —E.R*(\,v) = —;EWV NN\ ).

0 1
—E.R(\,v) = —~E,Z>)()

S ERE(\) = $EES (0 0) and 5
Proof. We only give a proof of part i) here as the proof of part ii) is entirely analogous

Let R, denote the remaining service time of the nth customer at time zero and V,, as

his total service time requirement, then R, < V,,. Thus if E'V,, < oo, we have
E.R(\v) < o0
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for any A > 0,v > 0.
For a fixed sample path w constructed backward in time, let R, (), v,w), n < 0, denote

the remaining service time of customer n (counting backward in time) at time 0 in

system (A, v). Then R,(\,v,w) = (V,(w)/v — |An(w)]|/A)T and

. R,(A+h,v,w) — R,(\, v,w) B |An(w)],  Vi(w) |An(w)]

Hm h = Wz

. R, \v+hw) —R,(\v,w) Vi(w),  Valw) _ |An(w)]
- _ >

}lg% h Iz 1 v A }

Thus the derivative a%}_%(/\, v) and %R(/\, V) exists.
Let =,, denote the elapsed service time of the nth customer at time zeros and define

=, = V, if he is no longer in the system at time zero, then =, < V,,. Therefore

E.ZR(\ v) < oo and E.ZR(\,v) < oo.

T O
As
‘(Rn(k—i_h‘a V) _Rn()UV))/h’ < max Vn/)\2
Kxth,p<n<0
and

(R.(A\,v+h) — R,(\,v))/h| < max OVn/l/Q,

BX,v4+h<n<

by Lebesgue Dominated Convergence Theorem, we have

0 ., - 0 - J _ = O -
aEﬂR(A, v) = EﬁaR(A, v) and %EWR()\, V) = EWER()\,V)

As the interarrival times have a continuous distribution, P(V, /v = |A,|/A) = 0 for
n < 0.
Combining the change of limit and the sample path analysis we have

J . - 1= 0, = 1 -
5EWR()\, V) = XEﬂu()\,u) and 5EWR()\, V) = —;EWV()\, V)

a
Table shows the simulated results of an infinite server queue with base (i.e.
A = 1) interarrival times distributed as Gamma(2,2) and base (i.e. v = 1) service

times distributed as Lognormal(—0.25,0.5).
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Table 2.3: Simulation result from exact sampling.

(\v) | ZER\v) | ZE.R(\v) | ZE.R*(\v) | ZE.R®(\,v)
(80,1) | 7.0741 x 1073 | —1.1320 | 6.1022 x 1073 —2.8389
(100,1) | 5.6470 x 1073 | —1.1316 | 4.9379 x 1073 —2.9495
(120,1) | 4.7236 x 1073 | —1.1337 | 4.2337 x 1073 —3.0684

38
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Chapter 3

Perfect Sampling for Loss Systems

In this chapter we present the first class of perfect sampling algorithms for the steady-
state distribution of non-Markovian multi-server loss queues and loss networks. The
running time of our algorithms is analyzed in the context of many server systems in
heavy-traffic; corresponding both to the so-called Quality-Driven (QD) regime, and
the Quality-and-Efficiency-Driven (QED, also known as Halfin-Whitt) regime. In
both cases, we show that our algorithm achieves sub-exponential complexity as the
number of servers and the arrival rate increase. Moreover, in the QD regime, our
algorithm achieves a nearly optimal rate of convergence.

In order to implement our strategy in the setting of loss queues, we simulate a
stationary infinite server queue backwards in time from the stationary distribution
at time zero as our dominating process. In Chapter [2, we explain how to simulate
the steady-state measure valued system descriptor of the infinite server queue at a
single time point (time zero). In this chapter, we introduce an extension on that,
which allows us to simulate the infinite serve queue backwards in time. We also
propose a novel application of the DCFTP protocol. Specifically, we use the upper
bound process itself to detect coalescence, thereby bypassing the need for a lower
bound process and improving the running time of the algorithm. Basically we detect

coalescence over a time interval in which all customers initially present in the infinite
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server system leave and no loss of customers occurs during that time interval, so that
at the end the of time interval, the two systems (coupled infinite server queue and

loss queue) have the same set of customers.

3.1 Basic strategy and main results

In this section we introduce the basic strategy to simulate the systems. We also
present some results about the efficiency of our algorithms. We leave the details of
the algorithms and proofs of the results to subsequent sections. We start with the
strategy to simulate the many-server loss queue in steady state and then generalize

our strategy to cover loss networks.

3.1.1 Coalescence time with an GI/GI/C/C queue

To facilitate our explanation, we restate the Markovian descriptor of the infinite server
(GI/GI/o0) queue which was introduced in Chapter 2} The Markovian description of
the state of the multi-server loss queue (GI/GI/C/C) follows the same rationale.

Let N = {N(t) : t € (—00,0]} be a one sided time stationary renewal point
process. We write {A4,, : n > 1} for the times at which the process N jumps counting
backwards in time from time zero with A,,; < A, < 0. Furthermore, we define
X, = |Any1 — Anl. Now let {V,, : n > 1} be a sequence of i.i.d. random variables
(r.v.’s) which are independent of the process N. Define Z,, = (A,,V,) and consider
the marked point process M = {Z, : n > 1} € R? which we call the “arriving
customer stream”. More specifically, we consider customers arriving to the system
according to a renewal process with i.i.d. interarrival times X,,’s. Independent of the
arrival process, their service requirements V,,’s are also i.i.d..

We write G(-) = P(X,, <) for the cumulative distribution function (CDF) of X,
and put G(-) = 1 — G() for its tail CDF. Similarly, we write F(-) = P(V,, < -) as the
CDF of V,, and F(-) =1 — F(-) as its tail CDF.
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The following assumption is imposed throughout our discussion:

Assumption 3.1.1 FX, < oo and EV,, < co.

We next introduce a Markovian description of the states of the systems. Let Q(¢,y)
denote the number of people in the system at time ¢ with residual service time strictly
greater than y. Notice that for fixed ¢, Q(t,-) is a piecewise constant step function.
If we denote {ri(t),..,rm(t)} as the ordered (positive) remaining service times of
customers in the system at time ¢. Then Q(¢,0) = m and Q(¢,y) = > .-, I(r:i(t) > y).

We also let E(t) denote the time elapsed since the previous arrival at time t (i.e.
E(t) =t—max{A4, : A, < t}) and W(t) = (E(t),Q(t,-)) € Rt x D[0,00). Then
{W(t) : t € R} forms a Markov process which describes the state of the infinite server
queue.

Similarly, we denote WL (t) = (EX(t),Q%(t,-)) € Rt x D[0,00) as the state of
the loss system with C' servers at time ¢, where E*(t) = t — max{A4, : A, < t}
denotes the time elapsed since the previous arrival, and Q*(¢,) counts the number
of people in the loss system at time t with residual service time strictly greater
than y. Only costumers who see less than C' servers busy at arrival are admitted
to the system and all admitted customers start service immediately upon arrival. If
we let (ré)(t), . ,rme)(t)) denote the ordered (positive) remaining service times of
customers in the system at time ¢, then Q¥ (¢,0) = m’ and QL (¢,y) = ZZ’Z I(re(t) >
y)-

We now provide a coupling between W (-) and WL(-) such that EX(t) = E(t) and
QL(t,y) < Q(t,y) for all y > 0. In this sense, we say that WE(t) < W(t). The
coupling proceeds as follows: we use same stream of customers, M (same arrival
times and service requirements), to update both systems. One can label the servers
in the infinite server system, assign customers to the empty server with the smallest
label, and by tracking only the state of the first C' servers in the infinite server system

one automatically tracks the state of the loss system. Based on this coupling, we have
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that if WE(s) = W(s), then WE(t) < W(t) for t > s.

Definition 3.1.2 A coalescence time is a time T < 0 at which the state of the loss

system is identified from the coupled infinite server system, i.e. WEL(T) = W (T).

As discussed earlier the infinite server system imposes an upper bound on the loss
system. A natural way to construct the coalescence (or coupling) time would be to
define the coalescence time as the first time (going backwards in time) the infinite
server queue empties (assuming, say, unbounded interarrival time distribution, this
will occur). However, this coalescence time generally grows exponentially with the
arrival rate [34]. So, to detect the coalescence in a more efficient manner, we consider
the following construction. Let R(t) denote the maximum remaining service time
among all customers in the system at time ¢. And consider a random time 7 < 0

satisfying
1) R(r) <|7;

2) inf i< p){C — Q(t,0)} > 0 where C' is the number of servers in the loss

queue.

As we will show in Section [3.3.2] 7 is well defined and our coalescence time is T :=
7+ R(7). In simple words, Everyone who was present at time 7 in the infinite server
queue will have left at time 7+ R(7). And since the infinite sever queue has less than
C' customers on [7,7 + R(7)], the loss queue is also operating below capacity C' on
that interval. Thus the infinite serve queue and the loss queue must have the same
set of customers present in the system by 7 4+ R(7). From then on we can recover
the state of the loss queue at time zero using the same stream of customers as for the

infinite server queue on [1 + R(7), 0].
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3.1.2 Basic strategy and main results for the GI/GI/oco queue

Simulating the infinite server queue in backwards in time from stationarity at time
zero is not trivial, so we first need to explain how to do this task. There are two cases

to be considered.

Case 1 The interarrival time has finite exponential moment in a neighborhood of the
origin. More specifically, define ¢ (§) = log F exp (0.X,,). There exists 6 > 0
such that (0) < oco.

Case 2 The interarrival time does not have finite exponential moment, i.e. it has heavy-

tail distribution.

As we shall explain, we can always reduce the second case to the first one by
defining yet another coupled upper bound process trough truncation. Specifically,
denote X,, A b = min{X,,b}. We then fix a suitably large constant b and define a
coupled infinite server queue with truncated interarrival times: {X, Ab:n > 1}. This
truncation essentially speed up the arrival process. By coupling we mean we use the
same stream of customers to update both the original system and the truncated one,
i.e., We use (X,,V,) to update the original system and (X, A b,V},) to update the
truncated one. We also define the event times as the arrival time and the departure
time of the n-th customer, n > 1 (counting backwards in time). Then the infinite
server queue with truncated interarrival times imposes an upper bound, in terms of
the number of customers in the system, on the original infinite server queue at the
corresponding event times. Precisely, the event times are defined as A4, = > " | X;
and A, + V,, n > 1, for the infinite server system, and A,(b) := > . | (X; A b) and
A, (b) + V,, for the truncated infinite server system. Notice that the actual time of
the events (such as arrivals and departures) may be different for the two systems
because of the truncation. But from the simulation point of view, we simulate the

same amount of information to get the corresponding event times in both systems.
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In what follows, we shall first concentrate our discussion on Case 1 which also
includes the infinite server queue with truncated interarrival times. We then explain

how to extend the result to the heavy-tailed case.

3.1.2.1 Simulating the stationary GI/GI/oco queue backwards in time.

In this subsection, we introduce a procedure to simulate states of the stationary
infinite server system backwards in time for time intervals of any specified length.
The construction is similar to the single time point (i.e. time zero) case explained in
Chapter

We write = EX,, and fix an € € (0, u). Define ko := 1. We consider a sequence
of random times x;, 7 = 1,2,---, finite with probability one but large enough such

that
|Ap — Ag, | > (n— k1) (p—€)and V,, < (n — k1) (p —¢€) for all n > k5. (3.1)

Notice that V,, < |A, — A,,_,| for n > k;. This implies that a customer who arrives
before A, will not be in the system at time A,,_,. Thus, using {Z, : 1 < n < k;},
we can recover the system descriptor W (t) for t € [A,,_,,0].

Figure [3.1] gives more details about the construction. Every point Z,, with n > &,
will not land into the upper triangle defined by the vertical line at A, , and the —45°

line intersecting it at the time axis (x axis).

Service time

A A, A, ol i

Figure 3.1: Coupling times of the infinite server queue

The k;’s give us some flexibility to separate the simulation of the two processes.
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We first simulate the service times and then conditional on the sample path of the
service time we simulate the arrival process jointly with «;’s.

Define J;(0) := 1 and let

Je(l) =inf{n > J(I1—=1): V, > (n — Ji(0))(x — €)),
v = inf{l > 0: Jy(l) = oo},

Ji1(0) = Jr(me — 1)

fork=1,2,--- and [ =1,2, -+ , Y.
We first simulate the random time: Ji(l)’s for k =1,2,--- and [ = 1,2,--- |, and
then simulate {V,, : n > 1} conditional on Ji(l)’s; see Algorithm 3.1 in Section [3.2.1]
for details.

Given the sample path of {V,, : n > 1} and Ji(1)’s, we next simulate {4, : n > 1}
and k;’s. This is done by simulating the negative-drift random walk jointly with its

running time maximum. Specifically, we define
S =l — ) = (Apir — A1) = SV,
i=1

where Y; = (u — €) — X;11. Note that Y;’s are i.i.d. with EY; = —e. A, =
Ay — S, +n(p — €). We then define A;(0) := 0 and T';(0) := 0. Fix m > 0 and let

A1) =inf{n>T;(1—1):S, - S’Aj(g) < —m},

J

(1) = inf{n > A;(1) : S, = Sa,) = m},
a; = nt{l > 1: T, (1) = oo},
r; = min{Jx(0) : Jx(0) > Aj(a;) + 1},
Aj1(0) = K — L,

Fj+1<0) = AjH(O)

forj=1,2,...and [ =1,2,---  o;.

Notice that the process S, will never go above S’Aj(o) from A;(«;) on. This implies
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that [A, — Ax,_,| > (n — Kj_1)(p — €) for n > k;. Under the light-tail assumption
(Case 1), we simulate the random times A;(l) and I';(1) for j =1,2,..., [ = 1,2, ..., ¢
and {Sn :n > 0} by the exponential tilting and acceptance-rejection method. The
details are explained in Algorithm 3.2 in Section [3.2.2]

For the heavy-tailed case (Case 2), we can choose the truncation parameter b
such that E[X, A b = fob G(x)dr = p — 1/2¢. This is doable because we assume
EX, = [;° G(z)dz < co. Denote A,(b) as the backwards renewal times of the trun-
cated arrival process. Then the x;(b)’s we constructed for the truncated system must
automatically satisfy the conditions characterizing x;’s in for the original system

as well.

Our algorithm works only under the mild condition in Assumption [3.1.1} But we
do impose stronger conditions on the service time distribution to rigorously show good
algorithmic performance, especially in heavy traffic (i.e. as the arrival rate increases).

We consider a sequence of systems indexed by s € N*. We shall say that s is the
scale of the system. We speed up the arrival rate of the s-th system by scale s. That
is, the interarrival times of the s-th system are given by X,(f) = X,/s. We keep the
service time distribution fixed for all systems, i.e. the service times do not scale with
s. The following theorem summarizes the performance of the procedure we proposed

for simulating stationary infinite server queue.
Theorem 3.1.3 Assume E[X,] < 0o, and
(1) if EV.2 < oo for some q > 2, then

Eky = O(Sq/(q—l));

(2) if we further assume Elexp(6V},)] < oo for some 6 > 0, then

E’k; = O(slogs).
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Its proof is given in Section [3.3.1]

3.1.3 Basic strategy and main results for the GI/GI/C/C sys-

tem

Once we simulate the customer streams backwards in time and construct the states
of the dominating stationary infinite server queue accordingly, we can check and find
the coalescence time T' = 7 + R(7) where 7 is defined in Section m backwards in
time. Use the state of the infinite server queue at time 7" as the state of the many-
server loss queue at the same time and go forwards in time using the same stream of
customers to construct the state of the loss queue up to time 0.

Like in the infinite server queue case, we again consider a sequence of systems
indexed by s € NT where the arrival rate of the s-th system is scaled by s and
the service rate is kept fixed. Let p = E[V,]/FE[X,] (the ratio of the mean service
time and mean interarrival time of the base system). We analyze the system in two
heavy-traffic asymptotic regimes. One is the quality driven (QD) regime where p < 1
and the number of servers in the s-th system, Cj, is s. The other is the quality and
efficiency driven (QED) regime where p = 1 and the number of servers in the s-th
system, C, is s + by/s with b > 0.

Theorem [3.1.4] summarizes the performance of the coalescence time in the QD

regime.

Theorem 3.1.4 Assume EX, < oo and X, ’s are non-lattice and strictly positive.
We also assume that EVY < oo for any q¢ > 0 and the cumulative distribution function

(CDF) of V,, is continuous. Then

for any 6 > 0.
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Remark 3.1.1 The existence of all moments assumption on the service time distri-
bution covers a range of heavy tailed distributions, such as Weibull and log-normal,

which are known to fit well data in applications [19].

Theorem [3.1.5] analyzes the performance of the coalescence time in the QED

regime.

Theorem 3.1.5 Assume EX? < co. We also assume EV4 < oo for any q > 0 and

the CDF of V,, is continuous. Then for b large enough, we have
log BT = 0(s°)
for any 6 > 0.

The main difficulty in the proof of Theorem and Theorem is that it
involves the state of the system on an interval rather than a single point. In Section
m, we prove Theorem by using the sample path large deviation results [35] of
infinite server queue. For Thereom |3.1.5 we prove it by applying Borel-TIS inequality

[36] to the diffusion limit process of infinite server queue [37]. The details is also given

in Section [3.3.2

3.1.4 Extensions and main results for the loss network

Following the definition in [34], we consider a generalized loss network with .J stations,
labeled 1,2,---,J and suppose that station j comprises C; servers. We have L
possible routes, labeled 1, 2, ..., L and for each route [, a J dimensional routing vector
P,. P, is consist of 1's and 0’s, where P,(j) = 1 means route [ requires a server
at station 7. A routing request [ is blocked and thus lost if any station j with
P,(j) = 1 is full at the arrival time of the request. Customers requesting route ! form
a renewal process with i.i.d. interarrival times {X,Sl) :n > 1}. The CDF of XV s
G;. Independent of the arrival process, the service times {Vn(l) :n > 1} are also i.i.d.

with CDF F;. We assume that G;’s and F}’s satisfy Assumption [3.1.1}



CHAPTER 3. PERFECT SAMPLING FOR LOSS SYSTEMS 49

Following the same strategy as in the many-server loss queue case, we first couple
the loss network with a network of infinite-server stations. Notice that no customer
is blocked or lost in the infinite server system, thus it imposes an upper bound on the
number of jobs in the loss system. Let @;(¢,y) denote the number of jobs in the j-th
station with remaining service time strictly greater than y at time ¢. Note that a class
[ job with remaining service time greater than gy in the system will be counted in all
Q;(t,y)’s with Fj(j) = 1. Let R;(t) denote the longest remaining service time among
all customers in station j at time ¢. Let R(t) = maxj<j<sj{R;(t)}. Then similar
to the many server loss queue, we define a random time 7’ satisfying the following

conditions:
1) R(r') <|7'],

2) infrcicrryrir) infi<j< {C5 — Q;(¢,0)} >0,

i.e. all links are operating below capacity on the interval [7/, 7" + R™(7')].

At time 7' + R(7'), everyone in the network of infinite-server stations will be in
the loss network as well. Thus from then on (forwards in time), we can update the
loss system using the inputs of the infinite-server system.

In order to simulate the network of infinite-server stations with L types of routing
requests, we simulate L independent networks of infinite-server stations; each dealing
with a single type of routing request. Then we do a superposition of them. The
simulation of each independent network of infinite-server stations are exactly the
same as what we have described in Section [3.1.2} as a type [ routing request occupies
a server from each station j with P(j) = 1 simultaneously and for the same amount of
time. For the [-th system, let Z 0 = (Ag), Vn(l)) represent the arrival time and service
time of the n-th routing request counting backwards in time and £) be a random time
satisfying that v < \Ag)| for all n > k. Then following the procedure described
in Section , we will be able to simulate £ as the maximum of two random times

associated the arrival process and service time process respectively.
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We now consider a sequence of systems indexed by s € NT. We speed up the the
arrival rate of the s-th system by s, i.e. X,sl’s) = X,(Ll)/s, and keep the service rate

fixed. The same result as in Theorem will still be holding here. Specifically,

Theorem 3.1.6 (Theorem [3.1.3]) Assume EXY < o (C).
(1) if E|( n(l))q] < 0o for some q > 2, then

E;K(l) — O(SQ/(qfl));

(2) if we further assume E[exp(HVn(l))] < 0o for some 6 > 0, then
E2kY = O(slog s)
forl=1,2,--- L.

The proof of Theorem [3.1.6]is the same as that of Theorem [3.1.3| except for a few
notational changes, thus we shall omit it here.

If we held the number of routing request types, L, fixed, as we shall explain below,
similar results as in Theorem [3.1.4] and Theorem B.1.5 for the coalescence time will be
holding here as well. We again run L independent networks of infinite-server stations
as described above. Network [ serves routing request of type [ only, for [ = 1,2, ..., L.
Let QW (t,0) denote the number of jobs in network I at time ¢ and R’ (t) denote the
maximum remaining service time among all jobs in the network at time ¢. Then we
have R(t) = max{R"(t): 1 <1 < L}.

We consider two asymptotic regimes. One is the QD regime where for the base

system we have
L

EV;Y
2 o0 <G (3.2)
=1 n

For the s-th system, the number of servers in the j-th station is Cj = sCj for j =
1,2, ...

Assign a fixed number H, to each route I. Hj is well chosen such that E[Vi"]/E[XV] <
H; and Zle H,P,(j) < C;. This is doable because of 1' Let H} = sH,. Define a

random time 7' satisfying the following two conditions:
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1) RO(F) < || forl=1,2,--- L,
2) infreycripey{H — Q'(t,0)} >0 for [ =1,2,---, L.

Notice that 7' is an upper bound on 7/. As the number of types of routing request

is fixed at L (it does not scale with s), using the construction outlined in Section

3.3.2.1, we can show that the result in Theorem holds for 7 as well.

Theorem 3.1.7 (Theorem (3.1.47) Assume EXY < 0o and X\’s are non-lattice
and strictly positive. We also assume E[(Vn(l))q] < oo for any ¢ > 0 and F; is
continuous. Then

Ei7 = o(s?)
for any 6 > 0.

The other asymptotic regime is the QED regime where for the base system we
have Ly
; Kt(ppj(l) =Cj
and the number of servers in the j-th station of the s-th system is C5 = sCj + Biv/'s
fory=1,2,---,J
We then let [; = E[Vrfl)]/E[XT(Ll)] and I} = sI; + a;\/s where a;’s are well chosen
such that 37, a,P;(1) < §;.

We define a random time 7’ that satisfies the following two conditions:
1) RO(F) < || forl=1,2,--- L,
2) infreicrpen{l — QU (t,0)} >0 for I =1,2,--- , L.

As before, 7/ is an upper bound on 7’. It is easy to check using the construction

outlined in Section B.3.2.2] that the result in Theorem [B.1.5 holds for 7" as well.
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Theorem 3.1.8 (Theorem [3.1.5]) Assume E[(X\))?] < co. We also assume
E[(Vn(l))q] < oo for any ¢ > 0. Then for b;’s large enough, we have

log Ei1' = o(s°)
for any 6 > 0.

We shall omit the proof of Theorem [3.1.7] and Theorem [3.1.8 as it is the same as
the proof of Theorem [3.1.4] and Theorem with the introduction 7 and 7/ except
for a few notational changes.

The rest of this chapter is organized as follows. In Section |3.2] we provide the
details required to implement our general strategy outlined in this section for the
infinite server queue backward in time from the steady state at time zero. In Section
[3.3] we study the running time of our algorithms under heavy traffic. Some technical

results in the development of Section [3.3] are given in Section [3.4]

3.2 Detailed simulation algorithms

In order to provide the details of our simulation algorithms outlined in Section |3.1}
we shall first work under the light-tailed case (Case 1) where we assume there exists
6 > 0 such that () < co. The extension to the heavy-tailed case (Case 2) was
introduced in Section [3.1] and we shall provide more details in Section [3.2.3]

We further impose the following assumptions on our ability to simulate the service

times and interarrival times.

Assumption 3.2.1 We assume that for each x > 0, F(x) is easily computable,
either in closed form or via efficient numerical procedures. Moreover, we can simulate
V. conditional on V,, € (a,b] with P(V,, € (a,b]) > 0. The sampling time of V,

conditional on V,, € (a,b] is assumed to be independent of a and b.
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Assumption 3.2.2 Suppose that G (-) is known and that it is possible to simulate
from Geg (-) := p=' [F G (t)dt. Moreover, let Gy (-) = Eexp(0X,, — v (0))I(X, < )
be the associated exponentially tilted distribution with parameter 6 for ¢ (0) < co. We

assume that we can simulate from Gy (-).

Remark 3.2.1 Assumption|3.2.1] can be applied to virtually any model used in prac-
tice, including distributions such as Gamma, phase-type, Pareto, Weibull, Lognormal,
and mixtures of them. Knowledge of the underlying distribution is required in Pro-
cedure A below. Note that the required simulation procedure is not restricted to the
inversion method. One can use, for example, the acceptance/rejection method, but a
good proposal distribution for the conditional distribution given V,, € (a,b] might have
to be constructed based on knowledge of the density function to increase efficiency.
Assumption 18 applicable to models for which the moment generating function is
finite, these include distributions such as Gamma, phase type, hyperexponential, and

other miztures of them.

We next introduce our algorithm to simulate {V,, : n > 1}. Conditional on the
sample path of {V,, : n > 1}, we then explain how to to simulate {A4,, : n > 1} and

Y

I{j S.

3.2.1 Simulation of {V,, : n > 1} and Ji(I)’s for £k = 1,2,---,
l:1727"' s Vk

We will first introduce the procedure to simulate J;({) for [ = 1,2,--- ,7;. Recall that
J1(1)’s record the position of all the record breakers. Let p(n) = P(V; > n(u — €)).
Then P(Ji(l) = ool i(l = 1) = k) = [[2,,1(1 = p(n)), which is the probability
of success (there are no more record breakers) of the Bernoulli trial. It involves
the evaluation of the product of infinite terms. In Procedure A, we introduce a
sandwiching approximation scheme to sampling the Bernoulli trail together with J; (1)
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The following lemma guarantees the termination of our procedure.

Lemma 3.2.3 If EV; < oo, then

P(3(1) = 50) = [[(1 = o)) 2 exp(= 221 > 0 33

for some constant ¢ depending on the value of p(1), and consequently
Evyy <exp(cEVY/(1n—€)) < oc.

Proof.

P((1) = o0) = [[(1 = p(n)) > [T exp(—cp(n))

ee cEV;

> — P dv) = — .

> exp( M_E/o (Vi > v)dv) = exp( M_‘f)

For [ =2,3,---, conditional on J;(l — 1) = k:
P(Ji(l) = ool il =1) = k) = ] (1 =p(n))
n=k+1

(Vi > v)dv E

> exp(— cJi PUA > ) )Zexp(—c Vl),
[— € [— €

thus ~; is stochastically dominated by a geometric random variable with parameter
p = exp(—cEV)/(n — €)). The result then follows. O
We next introduce our sandwiching approximation scheme. Notice that

h

L0900 2 POLD = ool - 1) = )
> TL 0 —pli) xexp -2 TV (5.4

for h > k.
Another important observation is that if we let Hf:k+1(1 —p(i)) = 1, then

|
—

TT (=) - [ = p() = p() [1(1 (@) = PO = WA =1) = k)

i=k+1 i=k

s
Il
>



CHAPTER 3. PERFECT SAMPLING FOR LOSS SYSTEMS 55

for h > k.

Let
27 P(Vy>v)dy

L — €
We now propose the following procedure to simulate the value of Ji(I) conditional on

JL(—1) =k

u(h) = exp(—

Procedure D (Simulate J,(I) given Jy(I — 1) = k)
S1. Initialize h =k + 1, g =1 —p(h) and f = gu(h). Simulate U ~ Unif|0, 1]
S2. While f < U < g,

set h=h+1, g=g¢g(1 —p(h)) and f = gu(h)

end while

S3. If U < f, then J;(I) = oo. Otherwise, J;(l) = h.

The simulation of Jy(I) for k =1,2,...,1=1,2,..., follows the same rationale.
We let pr(n) = P(Vi > n(p—€)|Vi < (n+ Ji(0) — Jr—1(0))(1x — €)). Then following
the same argument leading to (3.3)) and (3.4)), we have correspondingly

P(Jx(1) = 00) > 0,

and
11:11(1 — pi(i))
>P(J(1) = Ji(0) = ool (I = 1) — Ji(0) = n)
= ﬁ (1 - pe(i)) x exp(~ 2 P> 1V < v +u(ikio) = Jica () = )
o 2 .
Let
wa(h)  exp(— 2 PV > vIVi S vt (Jul0) = e () = )

W—€
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We now propose a modification of Procedure D that allows us to simulate Jg (1) con-

ditional on Ji(l — 1) — Ji(0) = n.

Procedure D1 (Simulate Ji () given Ji(I — 1) — Jx(0) = n)
S1. Initialize h =n+1, g =1 — pi(h) and f = gux(h). Simulate U ~ Unif|0, 1].

S2. While f < U < g,
set h=h+1, g=g(1 —pp(h)) and f = guy(h)

end while

S3. If U < f, then Ji(l) = co. Otherwise, Ji(l) = Ji(0) + h.

Based on Procedure D1 and our previous analysis we have:

Algorithm 3.1 (Sample V,,’s jointly with Ji(1)’s)

S0. Set Jo(0) = —o0, J1(0) =1, k =1, = 1. Simulate V] according to its nominal

distribution.
S1. Simulate Ji (1) conditional on the value of Ji (I — 1) using Procedure D1.

S2. If Ji(l) = oo, set v =1, Jr+1(0) = Ji(yx — 1), k =k + 1,1 =1 and go back to
Step 1. Otherwise, go to S3.

S3. Simulate V,, for Ji(I—1) < n < Ji(l) by conditioning on V,, < (n— J(0))(n—e¢)
and simulate Vj, ;) by conditioning on (J;(1) — Jx(0)) (1 —€) < Vy.q) < (Ji(l) —

Je—1(0)) (1 —€). Set I =1+ 1 and go back to S1.

When running the above algorithm, we specify K as the number of intervals
([Jk(0), Je(v — 1)]) we want to simulate. We then run Algorithm I from k = 1
till £ = K. The program will give us {V,, : 1 < n < Jg(yx — 1)} and Ji(l)’s for
k=1,2,--- K, =12, .



CHAPTER 3. PERFECT SAMPLING FOR LOSS SYSTEMS 57

3.2.2 Simulation of {4, : n > 1} and A(l)’s, [';(I)’s for j =
1,2, 1=1,2,...,q,

Given the sample path of {V, : n > 1}, we will first explain how to simulate the A;(1)’s
and I';(I)’s sequentially and jointly with the underlying random walk {S’n :n > 1}
We then simulate A; according to Ge,(+) and set A,+1 = Ay +n(e — p) — S,. The
analysis and methodology in this subsection closely follows those in [32] and [31]. The
same procedure can be used to simulate a negative drifted random walk, S,,, together
with its running time maximum defined as maxy>,{Sy}.

Let F, = o{Y1,Ys,---,Y,}, the o-field generated by the Y;’s up to time n. Let
¢ > 0 and define

Te =inf{n>0:85, > ¢}.

Then by the strong Markov property we have that for 1 <1 < «;,
P(T;(1) = oo|Fa,q) = P(IT';(1) = 00| Sa, ) = P(Tp, = ) > 0,

where we use P (+) to denote the nominal probability measure.

It is important then to notice that
P(a; =k) = P(T,, < 00)F ' P(T,,, = c)

for k > 1. In other words, «; is geometrically distributed. The procedure that we
have in mind is to simulate each stage Aj(c;) in time intervals, and the number of
time intervals is precisely «;.

Let ¢y (#) = log E exp(Y;) be the log moment generating function of Y;. As we
assume ¥ x (@) is finite in a neighborhood of zero, 1y (+) is also finite in a neighborhood
of zero. Moreover EY; = 94(0) = —e and Var(Y;) = ¢{(0) > 0. Then by the
convexity of ¢y (), one can always select € > 0 sufficiently small so that there exists
n > 0 with ¥y (n) = 0 and ¢4 (n) € (0,00). The root n allows us to define a new
measure P, based on exponential tilting so that

dPp,

TP (Vi) = exp(nY;).
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Moreover, under P, S, is random walk with positive drift equal to ¥ (n) |1]. There-
fore P, (T¢ < 00) =1 and

q(§) == P(T¢ < o0) = E, exp(—nSr,)

for each £ > 0. Based on the above analysis we now introduce a convenient represen-

tation to simulate a Bernoulli random variable J (£) with parameter ¢ (§), namely,
J(€) = I(U < exp(—nSt,)), (3.5)

where U is a uniform random variable independent of everything else under P,.
Identity provides the basis for an implementable algorithm to simulate a

Bernoulli random variable with success probability ¢(£). Sampling {S;, - - - ,ng}

conditional on 7T; < 0o, as we shall explain now, corresponds to basically the same

procedure. First, let us write
P() = P(IT < ).

The following result provides an expression for the likelihood ratio between P* and

P,

7.

Lemma 3.2.4 We have that

dP*

ar* 5 ep(=nSr) _ exp(-—ng)
dp,

(St Sz) = P(Te < 00) — P(Te < 0)

Proof.

P(Sy € Hy, ..., S, € Hr,|T; < 00)
_ P(S) € Hy,...,Sr, € Hy, Ty < )
- P(Tg < OO)
En[exp(—T]gTE)](gl c Ho, ey ng c HTE)]
P(Tg < OO)
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The previous lemma provides the basis for a simple acceptance / rejection pro-
cedure to simulate {Sy, ..., ng} conditional on T; < oco. More precisely, we propose
{5, ..., STs} from P, (-). Then one generates a uniform random variable U indepen-
dent of everything else and accept the proposal if

P(T; < o0) " dP*(
—oexp(—ng)  db,
This criterion coincides with J(§) according to (3.5]). So, the procedure above simul-

Sty S1,) = exp(=1)(St, — €)).

taneously obtains both a Bernoulli random variable J(£) with parameter ¢(¢), and
the corresponding path {5, ..., STg} conditional on Ty < oo under P(-) if J(§) = 1.
As EJY;] = —e < 0, by strong law of large numbers we have A;(I) < oo almost

surely for j = 1,2,... and [ = 1,2,..., ;. We next define

q(§) =1—¢q(§) = P(I¢ = )
and
P'(-) = P(:|T¢ = o0).

The following result provides an expression for the likelihood ratio between P’ and

P.

Lemma 3.2.5 We have that

AP’ - ~
IP (S1y .y Sp) =

Proof.

P(S, € Hy,...., S, € H,|T; = )
_P(Si € H,..5, € Hy, Ty = o)
B P(T¢ = o0)
_E[I(S: € Hy, ..., Sy € H)I(T¢ > n)P(Ty = o0|Sh, ..., Sp)]
B P(T; = o0) '

The result then follows from the strong Markov property and homogeneity of the

random walk. O
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We are in good shape now to apply acceptance/rejection to sample from P’. The
previous lemma indicates that to sample {51, ..., S, } given T ¢ = 00. We can propose
from the original (nominal) distribution and accept with probability G(& —S,) as long
as 5']- < ¢ for all 0 < 7 <n. And in order to perform the acceptance test we need to
sample a Bernoulli with parameter g(§ — S’n), but this is easily done using identity

D).

Now consider 0 < & < &, we define
Po<'|T51 < OO,T’&:2 = OO)

The following result provides an expression for the likelihood ratio between P° and

P,

n-

Lemma 3.2.6 We have that

AP & o\ oP(nS1y )& — 5r,) exp(—161)
(S1,...97,,) = — < —.
dp, ! P(Tg, < 00,T, = 0) P(T;, < 00,Tg, = 00)

Proof.

P(5, € Hy, ..., 51, € Hy, |Te, < 00, T, = o0)
En[](gl € Hla --'7'§T§1 € HTgl)exp(_nSTgl)P<T52 = OO|'§1’ "'7§T€1)]

P(Te, < 00,T, = 0)

O
We again use acceptance/rejection to sample {S, ..., STEI} given Ty, < oo and
Te, = 00. We propose {5, ..., STsl} from P,(-). Then we simulate a uniform random

variable U independent of all else and accept the proposal if

P(T;, < 00,Tg, =00)  dP° 5 ~ -
opone) < ap, O I1) = explon(S, = &))ale — Sn, ).

Based on the above analysis we propose the following algorithm.

U<

Algorithm 3.2 (Given V,’s and Ji(I)’s, sample S,’s together with A;(1)’s, T;(1)’s

and k;’s)
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S0.

S1.

S2.

S3.

S54.

S5.

S6.

S7.

S8.

Set Ay(0) =T1(0)=0,5 =0,j=1,1=1, & =00, v = —m. Sample A,
according to Ge,(-).

Simulate Sy, ..., St from the original (nominal) distribution.

If S; < ¢ forall 1 <4 < T, then sample a Bernoulli J({ — Sz.) with parameter
q(§ — Sr,) using (3.5) and continue to S3. Otherwise (i.e. S; > £ for some
1 <i<T,) go back to SI.

If J(§ —Sr) = 1, go back to S1. Otherwise J(§{ — Sp.) = 0, let A;(l) =
I';(l—1)+ T, and grj(l_1)+i = S’Fj(l_l) +S; fori = 1,..,T,. If j > 2, set

£ =5a;,_1(a;-1) T M — Sa;0)-

Simulate S, ..., S,

m

q(§— St,,) using and U ~ Unif[0, 1]. Let J* = I(U < exp(—n(St,, —m)) X
(1= J(€ = 57,))-

from P,(-). Sample a Bernoulli J(§ — Sr,,) with parameter

If J* =1, let T;(1) = Aj(I) + Tn and Sa, @)+ = Sa,q) + S; for 1 < i < Tp,. Set
v = min{O,S’Aj(o) —-m — grj(l)}. If j > 2 set £ = gA]._l(aj_l) +m — Sr,q). Set
[ =1+ 1 and go back to step 1. Otherwise J* =0, set a; = [, k; = inf{J;(0) :
Je(0) > Aj(e) + 1}, Ajq(0) = k; — 1, £ = m and continue to S6.

Let h = Aj11(0) — Aj(ej). Sample Sy, ..., S, from the original distribution.

If S; < ¢ forall 1 <i < h then sample a Bernoulli J(§ — S;,) with parameter
q(§& — Sp) using (3.5) and continue to S8. Otherwise (i.e. S; > & for some
1 <i < h), go back to S6.

If J(€—Sp) = 1, go back to S6. Otherwise J(§—S5,,) = 0, let SA],(%.)H = gAj(a].)—i—
Sifori=1,..,h. Set A, i1 = Ay +n(e—p)—S, forn=2;(0)+1,..,A;,1(0).
Set j=7+1,1=1,&§= S'Ajfl(ajfl) +m — SAj(O), v = —m and go back to SI.
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When running the above algorithm, we specify K as the number of intervals
([kj-1, Kj]) we want to simulate and then repeat the above process from j = 1 till

j = K. The program will give us {A, : 1 <n <kg}and {k; : 1 <j < K}.

3.2.3 Coupled infinite server queue with truncated interar-

rival times

In this subsection, we provide some additional details for simulating the coupled
truncated system together with the original system.

We first explain how to simulate A; jointly with A;(b). The equilibrium distribu-
tion of X,, is G = [y G(u)du/EX, and the equilibrium distribution of X,, A b
is
Gty

E[X, N
Thus we simulate Ay with CDF G.,(z), if A; <b, we set A;(b) = A;. Otherwise if
Ay > b, we keep simulating X, with CDF G.,(z) until X, < b and set A;(b) = X..

Geq(z) =

In particular we have A;(b) < Aj.

When simulating X,, Ab’s from the nominal distribution, we first simulate X,, with
CDF G(-) and set X,, A b = min{X,,,b}. Denote Y, (b) = (E[X, Ab —€)— X, Ab
and let 7, be chosen such that log Eexp(n,Y,, (b)) = 0. When simulating X, A b’s
under exponential tilting P, (-), we first simulate Y,,(b) under P,,(-) and set X, Ab =
(E[X, ANb —€)—=Y,(b). If X, Ab <D, set X,, = X,, \b, otherwise (X,, Ab =),

sample X,, conditional on X, > b under the nominal distribution P(-).

3.3 Performance analysis

In the previous section, we provide our simulation algorithm and show that our al-
gorithm works in the sense that the termination time is finite with probability one.

In this section, we conduct some further asymptotic analysis on the performance of
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our algorithm. We first analyze the algorithm for the infinite server system and then

conduct some analysis on the coalescence time for the many-server loss system.

3.3.1 Termination time for the infinite server system (Proof

of Theorem [3.1.3))

Theorem provides the relationship between the moment of the service times and
E?k. We next give a proof of it. We shall omit the subscription 7 and s when there
is no confusion for notational convinience. We first give a proof of the light tailed
case. Let k(V) =inf{k > 1: V11 < n(pu—¢€)/s for all n > k} and k(A) = inf{k >
1: Ay > n(p—c¢€)/sforalln > k}. Then k1 = max{x(V),k(A)} We prove the
theorem by establishing the bounds for (V) (Lemma[3.3.1) and x(A) (Lemma[3.3.2)

respectively.
Lemma 3.3.1 If EV,? < oo for some q > 2, then
Er(V) = O(s?/(@71),

Proof. Let p(n) = P(Vi > n(u —€)/s). For k sufficiently large, we have

[e.9]

P((V)>k) =1- [] (1-p(n))
n=k+1
2s o
<1 —exp(— / P(V > v)dv).
=€ Jk(u—e)/s
By Chebyshev’s inequality

EV1?
PV, >v) < —=.

4

Let § =1/(q — 1), then for s sufficiently large, we have

i Pr(V) > k) < i 25 /oo P(V > v)dv
k(u—)/s

— €
k=s1t8 k=s1t6 H

2BV g1 <1
< n
T (=g —=2)(n— €)1 k:Z kot

— (51~ (1+9)(6-2)),
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Asq—(1+6)(g—2) =1+,

Ex(V)=Y_P(a(V) > k)
k=0

= Y PEV)>k+ > PEV)>k

k=0 k=gl+é

< M0 4 O(s1).

Notice that when Eexp(6V},) < oo for some 6 > 0,
PV, >v) < Eexp(8(V,, —v)) = Eexp(8V,,) exp(—6v).

Similarly as above, for s sufficiently large we have

= 2F exp(0V},)
P k) < ——M——=
Z (k(V) > k) < (1 — €)202
k:(ﬁslogs]
and
slogs—1 )

Ex(V)= > PEV)>k+ Y PKEV)>k) <slogs+O0(1).

k=0 k=slogs

Thus if Eexp(8V) < oo for some 6 > 0, then
Er(V) = 0(slogs).

Lemma 3.3.2 Assume there exist 0 > 0, such that ¥(6) < oo, then

64

Proof. Based on the algorithm proposed in Section [3.2.2, we divide the proof into

two parts. We first prove that the expected number of iterations is O(1). We then

prove that the expected number of steps to reach —m or m is O(s).

Let Ty = inf{n > 0: S, > £}. Recall that for the base system there exist 7 > 0
with ¢y (n) = 0 and 93, (n) > 0. And the number of iterations is distributed as a geo-

metric random variable with probability of success P(T,, = 00) = 1 — E, exp(—1Sr,,)
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Then for the sth system with Y;* = Y;/s we have S, /s > m is equivalent to S, >
sm. Thus the number of iterations is a Geometric random variable with probability

of success
P(Ty, =00)=1—-E, exp(—nSr,,,) > 1 — exp(—nsm).
Similarly, let T{ = inf{n > 0 : S, < ¢}. Define M, = S, + ne, then M, is
a martingale with respect to the filtration generated by {Y7,Ys,....,Y,}. As EY; =
—e <0, P(T_,, < o0) = 1. By the Optional Sampling Theorem, EMz = ESYT/_m +

eET’, =0. Thus
m  Elm— STLm]

(sm—Sgr ) converges to the ladder hight Y~ distribution as s — oo and sup,, E[(sm—
Str ] < oo yields E[(Y™)?] < oo for p > 1 [1]. Therefore, ET” ,, = O(s). O

For the heavy-tailed case, we select the truncation parameter b such that E[X, A
bl = ;1 — 1/2¢. Then we set € = 1/2¢ and define x(A(b)) as a random time satisfying
that |A,41| > n(E[X, Ab) —€) = n(u—€) for n > k(A(D)). As [Ant1] > |Ania (D)
under our coupling scheme, we can set k(A) = k(A(b)). By Lemma we have
Ek(A) = Ek(A(b)) = O(s). k(V) is defined as before, a random time satisfying that
Vo <n(p—e¢) for n > k(V). Then Ex(V) = O(slogs) by Lemma[3.3.1]

As k1 = max{k(V), k(A(b)}, we have Ex = O(slogs). This concludes the proof
of Theorem B.1.3

3.3.2 Coalescence time for the many-server loss system (Proof

of Theorem and Theorem (3.1.5)

As we are simulating the process backwards in time, it is natural to define the following
filtration
M= o{W(=u):0<u<tl,
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for which %u C %t for 0 <wu <t. 7 is a stopping time with respect to %t. We next
try to draw connections between the backward process and some forward process.
Define

=inf{t + R(t): sup {Q(u,0)} < s,t>0}.

t<u<t+R(t)
7" is a stopping time with respect to H, where H, = o{M(u) : 0 < u < t}. The
stochastic process {Q(t,0) : t € R} has a piecewise constant sample path with a finite
number of points of discontinuity on any finite length intervals almost surely. Thus

for any fixed T' > 0, we have

Po(r>T)=P( (] ({R(t) >~} J( ({Q(u,0) > s})))

—T<t<0 t<u<(t+R(t))AO

= P( () (RT+1)> -t} J( U {Q(u,0) > s})))
—T<t<0 THt<u< (THt+R(T+t))AT

=P( () (Rw)>T-w}JO |J  {Qw0) >s})
0<w<T w<u< (w+R(w))AT

=P (" >T).

The second equality holds by stationarity; this gives us F,7 = E, 7.

Next, we use a special construction similar to that in Section 4 of [38] to prove the
results for EZ7*. The idea is to use a geometric trial argument. We divide the time
frame into blocks that are roughly independent. And if the process is well-behaved
(staying around its measure-valued fluid limit) on one block, then 7* is reached before
the end of that block.

Let Q(t,y) denote the number of customers in the infinite server queue that starts
empty at time zero with remaining service time greater than y at time ¢ > 0. For
convenience, we also define Q,(t,y) = Q(u + t,y) — Q(u,t + y) as the number of

customers who arrive after u with remaining service time larger than y at time u +¢.
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3.3.2.1 Proof of Theorem [3.1.4l

We first prove the theorem for the light-tailed case. The heavy-tail case proceeds by
selecting the truncation parameter ¢ sufficiently large.

For the QD regime, by “well-behaved”, we mean that the process does not de-
viate ds, for some § > 0, from its fluid limit. The following lemma states that the
probability of not being “well-behaved” decays exponentially fast with the system

scale.

Lemma 3.3.3 Assume ¢(0) < oo for some 8 > 0 and X,,’s are non-lattice and
strictly positive. We also assume the CDF of V,, is continuous. Then for any 6 > 0,
there exist I*(6) > 0, such that

t+y
P(Q(t,y) > (1 + 5))\8/ F(u)du for some t € [0,1],y € [0,00))

= exp(—sI*(d) + o(s)).

The proof of Lemma follows form the tow-parameter sample path large
deviation result for infinite server queues in [35]. We shall omit it here.

We next introduce our construction of “blocks”. Let I(s) = inf{y : (140)s fyoo F(u)du <
1/2}, we define the following sequence of random times Z;’s: =y := 0. Given Z;_; for

1=1,2,---, define
T :lnf{kkz R(Ei—l),k: 172’...)7
z=inf{k:k>1(s),k=1,2,---},

—_

=21+ 1tz

We define a Bernoulli random variable &;, with & = 1 if and only if

B t+y
Q= (-1t (ty) < (1 + 5))\5/ F(u)du
Y

for all t € [0,1], y € [0,00) and every k =1,2,--- ,r; + z.
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Choose § < 1/p — 1. We first check that £ = 1 implies that 7* is reached before
=;. Since r; > R(Z;_1), all the customers in the system at time =Z; 1 +r; will be those

who arrive after Z;. Then & = 1 implies that

rifto oktoty
QEi1+ri,y) < Z/ F(u)du
k=1 Y (k—1)to+y

(140 / " Eu)du

IA

(14 6)As / Flu)du,
y

thU_S, R(Ei_l + Ti) S l(S)

And for every t € (k—1,k], k=1,2,....2

ritity
QEi +7i+ty) < (1+6)hs / Flu)du

Y

<(140)As /00 F(u)du,

thus Q(Z;_1 +7;+t,0) < (1+9)ps < s fort € [0, R(Z;_1 + ;)]
Now let N =inf{i > 1:¢ =1}, then

N
Er* < EZ(TZ + 2).

=1

We now show a bound for E SN (r; + z). The proof is given in the Section .

Lemma 3.3.4 Assume ¢(0) < oo for some 6 > 0 and n(0) is continuously differ-
entiable throughout R. We also assume the CDF of V,, is continuous and EV,1 < oo

for any ¢ > 0. Then

for any 6 > 0.

This concludes the proof of the light tailed case. We next extend the theorem to

the heavy-tailed case. We prove it by drawing connection to the truncated system.
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Here we delicately choose the truncation parameter b so that the truncated system

still operating the QD regime. More specifically, we choose b such that

/OOG(x)dx <1/p—1.

This can be achieved since EX,, = fooo G(z)dx < oo. Then for fixed such b we have

E[V,] EV,

pu— — ].
EX, b~ EX, — [~ G(z)dz

Py =

and

for any § > 0, where 7(b) denote the coalescence time in the truncated system.

We next prove by contradiction that the coalescence in the truncated system
implies the coalescence in the original system with the same amount of information
simulated. Recall that 7(b) is a random time satisfying that the system has less than
s customers at 7(b). The maximum remaining service time among all customers in
the system at time 7 is denoted as R(7(b)). R(7(b)) < |7(b)| and during R(7(b))
unites of time from 7(b) on the system always has less than s customers. We can
look for 7(b) at departure times of customers. We assume the process Q(t,y) is
right continuous with left limit, so customers departure at time ¢ will not counted
in Q(t,0). Suppose 7(b) equals to the departure time of the n-th customer. Then
every customer arriving between 7(b) and 7(b) + R(7(b)) sees strictly less than s
customers (excluding himself) when he enters the system. We set 7 equal to the
departure time of the n-th customer in the original system and R(7) by definition
equals to the maximum remaining service time among all customers in the system at
time 7. We have R(7) < R(7(b)). We claim that every customer arriving between 7
and 7 + R(7) must see less than s customers (excluding himself) when he enters the
system. Suppose this is not the case. Then there exist a customer m, 1 < m < n
who arrives between 7 and 7 + R(7) and finds at least s customers in the system

already. The customer with the same index m must have arrived between 7(b) and



CHAPTER 3. PERFECT SAMPLING FOR LOSS SYSTEMS 70

7(b) + R(7(b)) in the truncated system and Q(A,,(b)—) > Q(A,,—) > s. We get a
contradiction. Therefore, we must have seen the coalescence in the original system

as well with the same amount of information simulated.

3.3.2.2 Proof of Theorem [3.1.5l

For QED regime, by “well-behaved”, we mean that the process does not deviate C'y/s,
for some C' > 0, from its fluid limit. The following lemma states that the probability

of both being “well-behaved” and not “well-behaved” are bounded away from zero.

Lemma 3.3.5 Fiz anyn > 0. Let v(y) = (fyoo F(u)du)'/@*m  Assume EX? < oo
and EV1 < oo for any q > 0. Then for any large enough C, there ezists (;(C) > 0
and ((C') > 0, such that

P(Q(t,y) < As /tﬂ' F(u)du + Cv/sv(y) for all t € [0,1],y € [0,00)) > ¢ (C) (3.6)

and

t+y
P(Q(t,y) > /\s/ F(u)du + C+v/sv(y) for somet € [0,1],y € [0,00)) > ((O).
! (3.7)

The proof of Lemma follows form the proof of Lemma 9 in [38]. Our case is
actually simpler, as we are dealing with a one sided bound (upper bound) as appose
to the two sided bound in [38]. This simplification allows us to remove the light-tail
assumption on interarrival time distribution required in [38]. We shall only briefly
outline the procedure here.

For Inequality (3.6)), the idea is to consider the diffusion limit of Q(,y) as a two
dimensional Gaussian random field [37], and then invoke Borell-TIS inequality [36].

Assume EXfL < 00, BV, < 0o and the CDF of V,, is continuous. Pang and Whitt
[37] has proved that for the GI/G1I /oo queue with any given initial age £(0),

Qt,y) — s f:ﬂ/ F(u)du
\/g

= R(ta y) in DD[O,OO) [OJ OO),
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where R(t,y) = Ry(t,y)+Ra(t,y) is a Gaussian random field with R, (t,y) = A fot I~ I (u+
@ >t +y)dK(u,x) and Ro(t,y) = N [} F(t +y — u)dB(u), where K(u,z) =
W(Au, F(z))—F(x)W (Au, 1) in which W (-, -) is a standard Brownian sheet on [0, 00) x
[0,1] and B(-) is a standard Brownian motion independent of W(-,-). The constant

cq is coefficient of variation of the interarrival times, i.e. ¢, = \/Var(X,)/EX,. We
denote

and define the d-metric (a pseudo-metric) for i = 1,2

di((t.y), (t',y)) = El(Bu(t,y) — Ro(t',¢))?]
We then invoke the Borell-TIS inequality. We shall skip the verification of the con-
ditions for such invocation here as it is tedious and detailedly proved in [38]. Let
S = [0,1] x [0,00). it is shown in [38] that, there exist constants M;; > 0 and

M; 5 > 0, such that E[supg R;(t,y)] < M;1 < oo and supg E[R;(t,y)?] < M;» < oo.
And for C; > Elsupg Ry(t,y)], for i = 1,2,

P(su th7 ZCZ SGX N ;
(upRilty) 2 G < el R o)

(Ci = Elsup Ri(t, y)])*}-
Let C' > 2max{E[supg Ry (t,y)], E[supg Ra(t,y)]}. Then

P(R(t,y) < Cv(y) for all t € [0,1],y € [0,00))
> P(sup Ri(t,y) +sup Ra(t,y) < C)
s s

C

> P(sup Rl(t,y) < E)P(SUP RQ(tay> <-)>0.
S S

¢
2

Let X, denote the interarrival time of the first customer and V, denote its service

time. We also denote Q°(¢,y) as an independent infinite server process starting empty
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and with F(0) = 0. Then for s large enough, we have
B t+y
P(O(t,y) < As / Fu)du + Cr/3u(y) for all ¢ € 0,1,y € 0, 00))
Y

=P(Q°(t — Xo,y) + L{Vh >t +y} < As /Hy F(u)du + Cv/sv(y)
for all t € [Xy,1],y € [0,0))

B t+Xo+y
>P(Q°(t,y) + 1{Vo >t+ Xo +y} < )\3/ F(u)du + Cv/sv(y)
y
for all t € [0,1 — Xo],y € [0,00))
>P(Q%t,y) < As /Hy F(u)du + C+/sv(y) for all t € [0,1],y € [0,00))
y

0(t,y) — s [V Fu)du
:P(Q( y) \/gfy (u)

It is easy to check that the set {f : |f(t,y)] < Cv(y) for all t € [0,1],y € [0,00)} is a

< Cu(y) for all t € [0,1],y € [0, 00)).

continuity set, thus by the Functional Central Limit Theorem result in [37], we have
Q(t,y) — s [T F(u)du

P( Y

NG
—P(R(t,y) < Cu(y) for all t € [0,1],y € [0,00)) > 0.

< Cu(y) for all t € [0,1],y € [0,00))

Inequality (3.7) is easy to prove as we can always isolate a point (¢*,y*) inside
S. The projection of the process on that point posses Gaussian distribution. More

specifically,

P(Q(t,y) > )\s/ " F(u)du + C+/sv(y) for some t € [0,1],y € [0, 00))

>P(Q(t*,y*) > As / F(u)du + Cv/sv(y"))

Q. y*) = As [ F(u)du
NG

=P( > Cv(y")),

and by Fatou’s lemma

lim inf P
it 75
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Let m(s) = inf{y : Cv/s(v(y)+ f < 1}. Following the same construction
as for the QD regime, we define the sequence of random times =Z;’s as follows: =, := 0.
Given Z;_; fort=1,2,---,
ri =1inf{k: k> R(Z;_1),k =1,2,...),
z=1inf{k: k>m(s),k=1,2,..},

Ei = :i—l + r; + z.
We introduce a Bernoulli random variable & with & = 1 if and only if

Q5i71+(/€—1)t0 (tvy) < /\S/ F(u)du + C\/gy(y)
Y

for all t € [0,1], y € [0,00) and every k = 1,2, ...,7; + 2.
We next show that & = 1 implies that 7* is reached before Z;. Since r; > R(Z;_1),
all the customers at time =;_; + r; will be those arrive after =;. Thus we have & =1

implies that

i kto+y
QE 1+ <3 s /( Fu)du + Cv/au((k— 1)+ )}

k—l)t0+y

< As /OO F(u)du+ C/s(v(y) + /oo v(u)du).

As fyoo F(u)du decays faster than v(y) as y grows large, for s large enough, we have
R(Ei_l + Ti) < m(s)
Likewise for every t € (k —1,k] and k =1,2,--- , 2,

QEi1+1i+ty) < As /oo F(u)du+ C/s(v(y) + /00 v(u)du).
Thus when 8 > C(v(0) + [;" v , for t € [0, R(Z;—1 + 1;)], we have
QEi—1+r;+1,0) <s+ C(v(0)+ /OO v(u)du)v/s < s+ By/s
0

Now let N = inf{i > 1:¢& = 1}. Then E* < E[> . (ri + z)] We next show a
bound for E Y Y (r; + z). The proof is given in the Section
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Lemma 3.3.6 Assume EX? < oo and EVI < oo for any q > 0. Then

N

log E[Z(n + 2)] = o(s%)

i=1

for any 6 > 0.

Notice that our proof of Theorem [3.1.5| only requires the existence of the second

moment of the interarrival time distribution. We thus conclude the proof of Theorem

o. 1.0l

3.3.2.3 Numerical experiment

In this subsection, we run some numerical experiments aimed at verifying the running
time of our algorithm measured by EZ2[r] for different values of s. The algorithms
appear to have substantially better performance in practice. In the QD regime, our
numerical experiments suggest that £2[7] is almost bounded as apposed to grow sub-
linearly with s indicated by Theorem |3.1.4] This is because in the QD regime, the
stationary probability that the queue length process is above C decays exponentially
with the system scale s. In the QED regime, our numerical experiments suggest a
growth rate of O(/s) as apposed to the sub-exponentially growth rate in Theorem
3.1.5l This empirical bound is intuitive, as in the QED regime, the situation when
coalescence occurs is similar to the case when a mean zero random walk spends s
units of time below 0. If the increments of the random walk have finite variance, this
situation occurs with probability O(1/4/s).

The performance was tested using a wide range of distributions and the overall
conclusions are similar. The numbers displayed (Table[3.1/and Table are obtained
assuming that a generic base interarrival time, X,,, follows a Gamma distribution with
shape parameter 2 and rate parameter 2 (I'(2,2)). For the s-th system, the interarrival
is distributed as X, /s, and a generic service time, V,,, follows lognormal distribution,

where log V,, ~ N(—=1/2,1/2). We use 1000 replications for each value of s.
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Table 3.1: Simulation results for 7 (QD: A = s,Cs = 1.25)

S mean | 95% confidence interval
100 | 22.6297 [21.3381, 23.9213]
500 | 15.6162 [15.1791, 16.0533]
1000 | 15.8816 [15.4559, 16.3073]

Table 3.2: Simulation results for 7 (QED: A = s,Cs = s +24/s )

S mean | 95% confidence interval
100 | 22.6297 [21.3381, 23.9213]
500 | 37.0449 | [32.7770,41.3128]
1000 | 42.0704 [37.9622,46.1786]

3.4 Proof of Lemma [3.3.4] and Lemma [3.3.6/

We first prove the following two lemmas (Lemma and Lemma|3.4.2)) as a prepa-

ration.
Lemma 3.4.1 If EV.? < oo for any q > 0, then for any fized p > 0,

E[( max V;)*] = o(n°)

k=1,2,...n
for any 6 > 0.

Proof. For any fixed § > 0 we can find §' € (0,0). Let ¢ = 1/§' + p. By Chebyshev’s

inequality we have
_ EV1
F(u) < :

ud
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=1,4,...y

El( max Vp)P] = p/oooup_an(u)du

k=1,2,...n
< pl/la-p) +np/ uP " F(u)du
nl/(a—p)
& EVie
< @) / EVE
<= n + np e TP U
= n¥ + P EVY,
q—Dp
O
N 00
E]} (ri+2)] = E[_(ri+2)I{N >i}]
=1 =1

< Z E[(r; + 2)4Y?P(N > 4)"/? by Holder’s inequality.

i=1
Lemma 3.4.2 If EX, < oo and EV? < oo for any q > 0, then for any p > 1 we
have
E[(r; + 2)P]Y? = o(s?)
for any 6 > 0.

Proof. By Minkowski inequality, E[(r;+2)P]'/? < E[r?]'/P+2. Using similar argument
as in the proof of Lemma , we can show that [(s) = o(s°) for any § > 0, thus
z = o(s%) for any & > 0.

For fixed § > 0, we can find ¢’ € (0,pd/(1 + pd)), such that

E[r’] < E[E PINg(Zi—1) — No(Z4—
] < [ [(kzl ..... Ns(gili})(—Ns(Ei_z) Vie)P|Ns(Ei-1) s(Zi2)]]
< CE[(Ny(Zi-1) — Ny(Zi-2))"] Lemma B4l
< C(E[Ny(Zi_1) — Ny(Z5_2)])° Jensen’s inequality for concave function
< CN's"Elri_y + z]° Key Renewal Theorem.
Let w;=r;+zfori=1,2,---. As z it is a constant that only depends on s and z =

/

0(s%), then Ew; > 2z > 1 and Bw; = Er;+2z < C’S\‘S's‘s'(Ewi,l)‘S/ +2< C~’5‘5'(Ewi,1)‘S

Y
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where C'= CA\ + 1. As E[rf] = E,[R(0)?] = o(s"). By iteration we have
Ew; < CYU=g8/A=0) for j = 1,2, ...

Thus Er? = o(s”°) and E|[(r; + 2)P]*/? = o(s°). 0
Proof.[Proof of Lemma [3.3.4] We first notice that P(§ = 0) < E[w;] exp(—sI*(0) +

o(s)) by Lemma |3.3.3]
P(N>1)=1.

P(N = 2) = P(& = 0) < Elwi] exp(=sI"(0) + o(s))

Recall that w; =r; + 2z fori=1,2,---.

P(N>3) = P(N>1)P(N > 3N >?2)
= PG =0)P(& =05 =0)
< P& = 0)Elwa|& = 0] exp(—sI™(0) 4 o(s))

< Elw|E[wy|& = 0] exp(—2sI*(0) + o(s)).

We next prove that Efws|&; = 0] = exp(o(s)). Notice that P(& = 0) > exp(—sI*(d)+
o(s)) by Lemma [3.3.3] Then for any p >0, ¢ >0and 1/p+1/q =1,

ElwyI{& = 0}]

P(& =0)

B P& = 0)'
B P(& =0)
Bl Bl exp( sT*(0) + os)),

p

Elws|é1 = 0]

Holder’s inequality

IA

thus
1
glogE[w2|€1 =0] <

W | =

(}) log E[wh] 4+ é log E[w] + o(s)) + %I*(é).

By sending p to infinity, we have Efws|{; = 0] = exp(o(s)).

Similarly by iteration,

P(N > k) = exp(—ksI*(6) + o(s)) for k = 4,5, ...
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Then Y, P(N > i)Y/2 = O(1). As B[S (ri+2)] < 352 B[(ri+2)?Y2P(N > i)'/?
and E[(r; + 2)%]'/? = o(s%) for any 6 > 0, we have E[>.1, (r; + 2)] = o(s?). O
Proof.[Proof of Lemma [3.3.6]

P(N>1)=1.
P(N>2) = P(=0)
< 1- BlG(C)™] Lemma B33
< 1—G(C)E™I] Jensen’s inequality

1 —bexp(—o(s°)).

Moreover,

P(N>3) = P(N>2IN>1P(N > 1)
P(& = 0[& = 0)P(& = 0)

E[l = G(C)*[& = 0]P(& = 0)
< (1= G(O) == p(g = 0).

IN

We next show that E[w,|¢; = 0] = o(s°) for any § > 0. Notice that P(& = 0) > ((C)
by Lemma then

E[w2]{£1 == O}] < EU)Q

Elws|§; = 0] = P& =0) — &(O)

Similarly by iteration we have
P(N > k) < (1 —bexp(—o(s°)))* for any § > 0 and k = 4,5, ...

Then for any § > 0, log 32°°, P(N > i)/ = o(s°). As E[3 0 (ri+2)] < 320, B|(ri+
2)2V2P(N > i)Y? and E[(r; + 2)%]"/? = o(s) for any § > 0, we have log B[S, (r; +

2)] = o(s?). O



CHAPTER 4. ¢-STRONG SIMULATION FOR SDES 79

Chapter 4

e-Strong Simulation for
Multidimensional Stochastic
Differential Equations via Rough
Path Analysis

Consider the a multi-dimensional Stochastic Differential Equation (SDE)

dX(t) = p(X (t))dt + o(X (£))dZ(t) , X(0) = z(0) (4.1)

where Z (+) is a d’-dimensional Brownian motion, and p(-) : B¢ — R? and o (-) :
R? — R gatisfy suitable regularity conditions. We shall assume, in particular,
that both () and o (-) are Lipschitz continuous so that a strong solution to the
SDE is guaranteed to exist. Additional assumptions on the first and second order
derivatives of p (-) and o (-) which are standard in the theory of rough paths will be
discussed in the sequel.

Our contribution in this chapter is the joint construction of X = {X (¢) : t € [0,1]}
and a family of processes X, = {X. (t) : t € [0, 1]}, for each ¢ € (0, 1), supported on
a probability space (£2, F, P), and such that the following properties hold:
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(T1) The process X is piecewise constant, with finitely many discontinuities in [0, 1].

(T2) The process X, can be simulated exactly and, since it takes only finitely many

values, its path can be fully stored.

(T3) We have that with P-probability one

sup || X: (1) — X ()], <e. (4.2)

oo
te[0,1]

(T4) For any m > 1 and 0 < ¢, < ... < g; < 1 we can simulate X, conditional on

Xy X

I Em—1"

We refer to the family of procedures that achieve the construction of such family
{X.:e€(0,1)} as e-strong simulation methods.

Our construction requires a detailed study of continuity estimates of the Ito map
using Lyon’s theory of rough paths. We approximate the underlying Brownian mo-
tion, jointly with the Lévy areas with a deterministic € error in the underlying rough

path metric.

4.1 Main Results

Our approach consists in studying the process X as a transformation of the underlying
Brownian motion Z. Such transformation is known as the Ito-Lyons map and its
continuity properties are studied in the theory of rough paths, pioneered by T. Lyons,
in [39]. A rough path is a trajectory of unbounded variation. The theory of rough
paths allows to define the solution to an SDE such as in a path-by-path basis
(free of probability) by imposing constraints on the regularity of the iterated integrals

of the underlying process Z. Namely, integrals of the form

A j(s,t) = / (Z; (u) — Z; (s))dZ; (u). (4.3)
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The theory results in different interpretations of the solution to depending
on how the iterated integrals of Z are interpreted. In this paper, we interpret the
integral in (4.3) in the sense of Ito.

It turns out that the Ito-Lyons map is continuous under a suitable a-Holder metric
defined in the space of rough paths. In particular, such metric can be expressed as

the maximum of the following two quantities:

12 (t) = Z(s)[lo

|l = su , 4.4
121l = sup T (4.4)
A (st
[Allpe = sup max is(5:01 (4.5)

0<s<t<11<ij<d |t — s|?@

In the case of Brownian motion, as we consider here, we have that o € (1/3,1/2). It
is shown in [40], that under suitable regularity conditions on p (+) and o (-), which we
shall discuss momentarily, the Euler scheme provides an almost sure approximation in
uniform norm to the solution to the SDE . Our first result provides an explicit
characterization of all of the (path-dependent) quantities that are involved in the
final error analysis (such as ||Z||, and ||A||,,),the difference between our analysis
and what has been done in previous developments is that ultimately we must be able
to implement the Euler scheme jointly with the path-dependent quantities that are
involved in the error analysis. So, it is not sufficient to argue that there exists a path-
dependent constant that serves as a bound of some sort, we actually must provide a
suitable representation that can be simulated in finite time.

In order to provide our first result, we introduce some notations. Let D,, denote
the dyadic discretization of order n and A,, denote the mesh of the discretization.
Specifically, D,, := {tg,t},...,t5.} where t} = k/2" for k = 0,1,2,...,2" and A, =
1/2". Suppose we have a discretized approximation scheme.

Given X™(0) = z(0), define {X"(t) : t € D,,} by the following recursion:

X (1) = XP) + m(X () An + 0(X ()N Z (t41) — Z(8)), (4.6)
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and let X"(t) = X"(|t]) where |t] = max{t} : t} <t} for t € [0,1]. We denote

Rn (T, i) = ZAZJ k—1>1

k=1+1
and for fixed 5 € (1 — «, 2a), write
I'r :=sup sup M
n 0<s<t<lsiteD, 1Si<d |t — s|FAZ* P

We also redefine ||Z]|, and ||Al|2q as

1Z(t) — Z(9)]]o
|| Z]]o := sup sup 12() (a)H ;

n 0<s<t<l,st€Dy |t — s
[4i5(s,1)]

A = su su )
[1Allza np o<s<t<12 teDy, 1<ij<d |t — s|?@

The new definitions are equivalent to and ( since both Z and A are contin-

uous processes.

Theorem 4.1.1 Suppose that there exists a constant M such that ||pullee < M,
i ]le < M and ||09||s < M for i = 0,1,2,3. Then it is well known that a
solution to X can be constructed path-by-path (see [{0] and Section . Moreover,
if |1 Z2]], < Ko < 00, [|Allg, £ Koo <00, and I'r < Kg, we can compute G explicitly
in terms of M, K., Ko, and Kgr, such that

sup || X"(1) = X (#)]|o0 < GAY7.

te(0,1]
Remark 4.1.1 A recipe that explains step-by-step how to compute G is given in the

appendix to this section.

Using Theorem |4.1.1} we can proceed to state the main contribution of this paper.

Theorem 4.1.2 In the context of here Theorem there is an explicit Monte
Carlo procedure that allows to simulate random variables K,, Ks,and Kg jointly
with {Z(t) : t € D, } for any n > 1. In turn, given any deterministic € > 0 we can

select Ny sufficiently large, such that for n > Ny

sup || X" () = X(1)]| < ¢, (4.7)
te(0,1]
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with probability one. Moreover, conditional on X”() we can subsequently refine our
approzimation to produce X" (-) with the property that SUDyeo,1] X7 () =X ()]0 < €'

for any &’ < e.

Remark 4.1.2 An explicit description of the algorithm involved in the Monte Carlo
procedure of Theorem is given in Algorithm II at the end of Section and
the discussion that follows it. The discussion in the remark that follows Algorithm I1

explains how to further refine the discretization to obtain X n(.

4.1.1 On Relaxing Boundedness Assumptions

The construction of X™(-) in order to satisfy assumes that ||p]|s < M, ||pM|]s <
M and ||c®|| < M for i = 0,1,2,3. While these assumptions are strong we can
relax them. In particular, as we shall argue now. Theorem extends directly to
the case in which p and ¢ are Lipschitz continuous, with p differentiable and o is
three times differentiable. Since p and o are Lipschitz continuous we know that X ()
has a strong solution which is non-explosive.

We can always construct juy; and oy so that u (z) = ,ug\? (x) for ||z||,, < cum and
i=0,1,and ¢ (z) = 01(\? (z) for ||z| < epm for i =0,1,2,3. Also we can choose
ear — 00, and [|parlloo < M, [|8)]]oo < M and ||o%? || < M for i = 0,1,2,3.

For M > 1 we consider the SDE ({.1)) with uy, and oy, as drift and diffusion
coefficients, respectively, and let X, (+) be the corresponding solution to . We
start by picking some My > 1 such that € < ¢y, and let M = Mj. Then run Algorithm
IT to produce {X7,(t) : t € [0,1]}, which according to Theorem satisfies,

sup 1 X7 (8) = X ()] |0 < &
Note that only Steps 5 to 8 in Algorithm II depend on the SDE , through the
evaluation of GG, which depends on M and so we write G, := G. If

sup (| X7 ()l < enr — ¢,
te(0,1]
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then we must have that X (t) = X, (¢) for ¢ € [0, 1] and we are done. Otherwise, we
let M <— 2M and run again only Steps 5 to 8 of Algorithm II. We repeat doubling
M and re-running Steps 5 to 8 (updating G ;) until we obtain a solution for which
SUDte0,1] | X7 ()||oe < car — €. Eventually this must occur because

lim —sup [[ X (t) = X (t)]]oc =0

M—00 4e0,1]

almost surely and X (-) is non explosive.

The rest of the chapter is organized as follows. Section is divided into three
subsections and it builds the elements behind the proof of Theorem [{.1.2] As it turns
out, one needs to simulate bounds on the so-called Holder norms of the underlying
Brownian motion and the corresponding Lévy areas. So, Section first studies
some basic estimates of for Brownian motion obtained out of its wavelet synthesis.
Section is also divided in several parts, corresponding to the elements of rough
path theory required to analyze the SDE described in as a continuous map
of Brownian motion under a suitable metric (described in Section [£.1)). While the
final form of the estimates in Section [4.3] might be somewhat different than those
obtained in the literature on rough path analysis, the techniques that we use there are
certainly standard in that literature. We have chosen to present the details because
the techniques might not be well known to the Monte Carlo simulation community
and also because our emphasis is in finding explicit constants (i.e. bounds) that are

amenable to simulation.

4.1.2 The Evaluation of G.

We next summarize the way to calculate G in terms of M, ||Z||a, ||A||2o and I'g.

Procedure A.
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S1.

S2.

S3.

S4.

S5.

S6.

S7.

S8.

59.

Find § and C;(d) for ¢ = 1,2, 3 that satisfies the following relations:

C1(8) > C3(8)6% + M ™ + dM||Z||o + d* M?||A||300”
Cy(8) > C3(8)6* + d®* M?|| Al|2a
2

Cy(6) > ——o 15z (MCA(6) + AMCY (6| Z] o+ PMC(5) 2]

+2d* M?C,(0)]|Al|a)

Set Cy = 2C4(6), Cp = 3(Co(6) + MCy + dM || Z]|) and

2

C?’ - 1 — 21—3a

(MC, +dMC?||Z||o + A*MCs|| Z]|o + 2d° M*C4 || Alla)

Find ¢’ and B;(¢’) for i = 1,2, 3 that satisfies the following relations:

B1(0') > B3(8')6 +2M 5" + 2M || Z||o + 4AM?|| A]| 200"

Bo(8') > B3(8')6"™ + 4M?|| Al |24

4

Bs(0) > 11 (

MBy(0") + MB1(6"(|Z]o + MBs(8)]| Z||a

+2M2By(8)]|All)

Set B = 2B, ()

Set Gy = (1 + B)Cj

Find ¢” and C4(d”) such that
B <200 —2

2 + Bé‘//a

Ci(6") 2 2(1 - =

) H(Bd*M*T'g + 2d° M*CiT'R)

Set 04 = (1 + B(S//Q)C4((S//3M2FR -+ 2d3M201FR)/5”
Set G2 = C4 + dSMQFR

Set G = Gl +G2

85
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4.2 Use of Wavelets to Bound a-Holder Norms,
Tolerance-Enforced Simulation, and The Proof

of Theorem [4.1.2l.

Our goal in this section is to simulate the upper bounds for ||Z||a, ||A||2« and T'g
respectively. We will first recall Lévy-Ciesielski’s construction of Brownian motion
and provide a high level picture of the approach that we will follow based on “record

breakers”.

4.2.1 Wavelet Synthesis of Brownian Motion and Record Break-

ers

We do so by implementing the Lévy-Ciesielski construction of Brownian motion which
is explained next following [41] pages 34-39. First we need to define a step function
H(-) on [0, 1] by

Ht)y=1T(0<t<1/2)—1(1/2<t<1).

Then define a family of functions
H(t) =22 (27 — (k- 1))
forallm >0 and 1 < k <271 Set HJ(t) = 1 and then one obtains the following.

Theorem 4.2.1 (Lévy-Ciesielski Construction) If {W:0 <k < 2" n > 0} is
a sequence of independent standard normal random variables, then the series defined

by B
Z () =W, /Ot HY(s) ds + 222:: (W,: /Ot H}(s) ds) (4.8)

converges uniformly on [0, 1] with probability one. Moreover, the process {Z (t) : t €

[0,1]} is a standard Brownian motion on [0, 1].
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Eventually we will simulate the series up to a random but finite level N which can
be viewed as the order of dyadic discretization. The level N is selected so that the
contribution of the remaining terms (terms beyond level N) can be guaranteed to be
bounded by a user defined tolerance error. We think of simulating the discretization

levels sequentially, so we often refer to “time” when discussing levels.

Once we have simulated up to time (or level) N, we further decompose the anal-
ysis into two parts. One dealing with finding the upper bound for ||Z]|, (Section
4.2.2)), the other dealing with finding the upper bound for I'r (Section 4.2.3). We

then combine these two parts to obtain an upper bound for || A||sq.

For both parts, we use a strategy based on a suitably defined sequence of “record
breakers”. We ask a “yes or no” question to the future (i.e. to higher order discretiza-
tion levels). The question, which corresponds to the simulation of a Bernoulli random
variable, is “will there be a new record breaker?” The definition of record breakers

need to satisfy the following two conditions.

Conditions:

1. The following event happens with probability one: beyond some random but

finite time, there will be no more record breakers.

2. By knowing that there are no more record breakers, the contribution of the
terms that we have not simulated yet are well under control (i.e. bounded by a

user defined tolerance error).

Now we explain for each part, how the above strategy is applied. We have d’
independent Brownian motions and we will use Wy for i € {1,...,d'} to denote the

(n, k) coefficient in the expansion (4.8)) for the i-th Brownian motion.
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For ||Z]||, we say a record is broken at (i,n,k), for 1 < i < d', n > 0 and
0<k<2nif
Wikl > 4v/n + 1.
Let Ny := max{n > 1 : [W/}| > 4y/n+1forsome 1 < k < 271}, Lemmam
shows that E[N;] < oco. Thus Condition 1 for “record breaker” is satisfied. We then
check Condition 2. By Lemma [£.2.2 we have ||Z]], < 2203700 277(1/2=) /" where

V" = maxj<g<on—1 |W}'|. Once we found Ny, we have

[logy N1 00
|Z|’a < Z 9—n n(l/2—« Vn Z 27n(1/27a)\/n—_i_1
[logy N1+1
[logy N1]

—n(1/2—a)y n (|—log2N1'|_|_1)71/2(1/27a)
R I T

n=1

For I'g, we first define a sequence of random walks

Li;(0) := 0,
L;(k) o= Lij(k = 1) + (Zi(tyeoy) — Zi(tse-a)) (Z(t5) — Z(t3-1))

for k=1,2,--., 271,
We then say a record is broken at (n, k, k'), forn > 1,0 < k < k' <271 if

|LiS(K') = LY (k)| > (K — k) Az,

Let Ny := max{n > 1: [L};(K')—L};(k)| > (K'—k)? A2 for some 0 < k < k" < 277!},
Lemma proves that Ny < oo with probability 1, which justifies Condition 1.
Once we found Na, by Lemma [4.2.7] we have

o (2a-) { | L3y () = Li,(R)] }

I'pn < ———— max max max
=11 = 2-(a=8) n<Ny 120,52 0<kaki<on—1 (k' — k)PA2

Thus, Condition 2 is satisfied as well.
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Once we established the bounds for ||Z]|, and T'g, by Lemma we have

2 21—a

Allgg <Tp——— Z||2 .
14l e < Ty + 121 5=

In Section |4.2.5] we will explain how to simulate the random numbers (N; and Ny)
jointly with the wavelet construction using the “record breaker” strategy introduced
above. Specifically, we first find all the record breakers in sequence and then simulate

the rest of the process conditional on the information of the record breakers.

4.2.2 e-Strong Simulation of Bounds on a-Holder Norms of

Brownian Path

In this section, we will explain how to use the wavelet synthesis to approximate a
single Brownian motion, Z, in the a-Holder norm, (4.4). Of course, since we have
d’ Brownian motion, ultimately the algorithm that we shall describe for such an ap-

proximation (see Algorithm I below) will be run d' independent times.

Let us define V" = maxg<r<on [W}'|. We have the following auxiliary lemma.

Lemma 4.2.2
1Z]]o < 223 " 27mGoym,
n=0

Proof. For any interval [t,t 4+ 6] C [0, 1], suppose 272 < § < 27! then there
exists two level n dyadic points ¢} and ], such that [¢,t 4 6] C [}, ", ,]. Using the
Lévy-Ciesielski construction, one can check that

Z(t+0)— Z(t)| <> 2mHEyr 4 Y 27EYT
n=0

n=m-+1
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Since § > 272, we have

|Z(t+6) —
501

< 22a 22 (1— a)m+2vn+ Z 2~ +amvn

n—= m+1

< 22a 22 (1— an+2vn Z 2—7+cmvn

n=m+1
S 22a Z 27%(%7
n=0

As the interval [t, ¢ + d] is arbitrarily chosen, we obtain the result. O
Owing to Lemma we can now find a bound on ||Z]],. Let

Ny =max{n > 1:|W}| > 4vn + 1 for some 1 < k < 2" '}

Lemma 4.2.3
F (Nl) < 0
Proof. We note that
oo 2n—1 o)
E(N) <) D P(IWi|>4vn+1) <) 2" exp (—8n) < o0
n=1 k=1 n=1

O

The strategy is then to simulate N; jointly with the sequence {W}'}. It is impor-

tant to note that Nj is not a stopping time with respect to the filtration generated

by {(Wp:1<k<2" 1) :n>1}. Note that if Ny is simulated jointly with {W},
then for 2" +k > Ny + 1, [W| < 4y/n + 1 and thus we can compute

[logy N1] e
) 1
Z 27n(§fa)vn + E 2771(5,&) n—+1<oo. (49)
n=1 n=logy, N1+1

We call a pair (n, k) such that |W}| > 4v/n + 1 a broken-record-pair. All pairs
(both broken-record-pairs and non broken-record-pairs) can be totally ordered lexico-
graphically. The distribution of subsequent pairs at which records are broken is not
difficult to compute (because of the independence of the W;»’s). So, using a sequen-

tial acceptance / rejection procedure we can simulate all of the broken-record-pairs.
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Conditional on these pairs the distribution of the {(W}» : 1 < k < 2") :n > 1} is
straightforward to describe. Precisely, if (k,n) is a broken-record-pair, then W} is
conditioned on |W}/| > 4y/n + 1 and thus is straightforward to simulate. Similarly,
if (k,n) is not a broken-record-pair, then W} is conditioned on |W}*| < 4y/n + 1 and
also can be easily simulated.

The simulation of the broken-record-pairs has been studied in [42], see Algorithm

2W. We synthesize their algorithm for our purposes next.

Algorithm 4.1: Simulate N, jointly with the broken-record-pairs
Input: A positive parameter p > 4.
Output: A vector S which gives all the indices [ = 2" 4+ k such that (n,k) is a

broken-record-pair.

S0. Initialize R = 0 and S to be an empty array.
S1. Set U =1, D = 0. Simulate V' ~ Uniform(0, 1).

S2. While U >V > D, set R+~ R+1and U + P(|W}| < py/logR) x U and D <
(1—R"9/?) xU.

S3. If V > U, add R to the end of S, i.e. S =[S, R], and return to Step 1.
S4. If V < D, N = max(S).

S5. Output S.

Remark 4.2.1 Observe that for every | = 2" + k € S, we can generate W' condi-
tional on the event {|W| > o\/logl}; for other 1 <1 < N (i.e. 1 & S) generate W}
giwen {|W}| < oy/logl}. Note that at the end of Algorithm 1 and after simulating
Wi forl =2"+k < N one can compute quantities such as K, according to .
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4.2.3 Analysis and Bounds of a-Holder Norms of Lévy Areas

We shall start by stating the following representation of the Lévy area A; ;(t7, 1. ),

which we believe is of independent interest.

Lemma 4.2.4

Aty ti)

0o 2h n—1
h h
= Z Z 2h nk4-20— 1) Z; (t2h nf+20— 2)][Zj(t2fwtk+2l) - Zj(t2’HLk+2l—1)]'
h=n+1 =1

The inner summation inside the expression of A; (¢}, ¢}, ,) motivates the definition

of the following family of processes (L}; (k) : k =0,1,..., 2n=1) forn > 1:

L};(0):==0
Lij (k) i= Li;(k = 1) + (Zilo—1) = Zi(toe—2))(Z;(t5) — Z;(t35-1)),

for k=1,2,..2"1
Using this definition and Lemma we can succinctly write A; (¢}, 15, ) as

o0

Ayt ti) = Y (L5 (k 4+ 1)) = LE;(2""F)). (4.10)

h=n+1
Moreover, the following result allows to control the behavior of the terms in the

previous infinite series.

Lemma 4.2.5 There exists Ny < 0o such that for all n > Ny and all | < m < 271

we have

|L7j(m) = L (D] < (m = DPARE.

Now, recall that
Lt tn) = Z At 1.
k=l+1
A direct application of Lemmas 4.2.4] and 4.2.5| yields the next corollary.
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Corollary 4.2.6

[e.9]

R0 t,) = Z (Lﬁj(2h_"m) - sz(Qh_"l))_
h=n++1

We conclude this section with a proposition which summarizes the bounds that

we will simulate.

Lemma 4.2.7 Suppose that Ns is chosen according to Lemma[{.2.5. We define

'y ;= max max max |L2j(m) _ LZj(m
" 1<ij<d' n<N2 0<I<m<2n-1 (m — )8 A2 '
Then
9—(2a=p)
FR S 1— 2—(204—5) FL
and
) 217a
Allgg < T'p——— 7 .

4.2.4 Elements of e-Strong Simulation for Bounds on a-Holder

Norms of Lévy Areas

There is some resemblance between the problem of sampling N; in Section |4.2.2]
which involves a sequence of i.i.d. random variables (W;’s), and sampling of Ny
introduced in Section |4.2.3 However, simulation of Ny, which is basically our main
goal here, is a lot more complicated because there is fair amount of dependence on
the structure of the L7, (k)’s as one varies n. Let us provide a general idea of our
simulation procedure in order to set the stage for the definitions and estimates that
must be studied first.

Suppose we have simulated {(W/} : 0 < k < 2™) : m < N} for some N (to be

discussed momentarily) and define
7 (N) == inf{n > N+1:|L};(m)-L};(1)] > (m—1)P A% for some 0 < [ < m < 2"}

Because of Lemma we have that the event {7y (V) = oo} has positive probability.

We will explain how to simulate a Bernoulli random variable with success parameter
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P(m (N) = 00| Fy). If such Bernoulli represents a success, then we have that Ny = N
and we would have basically concluded the difficult part of the simulation procedure
(the rest would be simulating under a series of conditioning events whose probability
increases to one n grows). If the Bernoulli in question represents a failure (i.e its
value is zero), then we will try again until obtaining a successful Bernoulli trial.
Now, part of the problem is that Algorithm 4.1 has been already executed, so
N > Np, in other words, while the random variables {W} : 0 < k < 2"} are
independent (for fixed n > N), they are no longer identically distributed. Instead,
W/, is standard Gaussian conditioned on the event {|W/| < 4v/n+1}.
Nevertheless, if n is large enough, all of the events {|W}| < 4v/n + 1} will occur
with high probability. So, we shall first proceed to explain how to simulate a Bernoulli
random variable with probability of success P(r (n') = oo|F,s) assuming n’ is a

deterministic number. The procedure actually will produce both the outcome of the

Bernoulli trial and if such outcome is a failure (i.e. 71 (n’) < 00), also
(Wi 1<k<2m 0’ <m < (n)}.

Our procedure is based on acceptance / rejection using a carefully chosen proposal
distribution for the Wj’s based on exponential tilting of the L:‘; (k)’s, conditional on
Fr. To this end, we will need to compute the associated (conditional on F,,/) moment
generating function of L7; (k) and the family of distributions induced over the Wy ’s
and W’s when exponentially tilting L;‘; (k), this will be done in Section .
Then, we need some large deviations estimates in order to enforce the feasibility of a
certain randomization procedure, these estimates are given in Section [£.2.4.2] These
are all the elements needed for the simulation procedure of a-Holder Norms of Lévy

Areas given in Section [4.2.5]
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4.2.4.1 Basic Notation, Conditional Moment Generating Functions, and

Associated Exponential Tilting

First, we recall the wavelet synthesis discussed in Section [4.2.1 which was explained
for a single Brownian motion. Since we will work with d’ Brownian motions here we
need to adapt the notation. For each i € {1,...,d'} let {(W, : 1 <k <2"):n > 1}
be the sequence of i.i.d. N(0,1) random variables arising in the wavelet synthesis
for Z; (-).
Now, define
Fo=o{{(W : 0 <k <2™):m < n}}.

and for the conditional expectation given F,, we write
E.( - )=E( - |F).

In order to reduce the length of some of the equations that follow, we write, for each

re{l1,2,..,2"},

A (t)) == (Zi(t)) = Zi(t71))- (4.11)
Then, using the following very useful pair of equations (for k = 1,2,....,2"71)
1
AN(tg0) = AT ) + AW, (112)

n n 1 n— n— n
Ai( Qk) = §Ai 1(% 1) - A}L/Q iks
we can see that
Fo=0{Un<n(Z(t) —Z(s): 0<s<t<1,t,s € Dp}.
and we have that (for 0 < k < 2"71)
k
Ly (k) =Y A7 (t5,,) A} (25,).
r=1
Assume that k& < k', we will iteratively compute

En{exp (6o{L7;™ (K') — L™ (k)}) } (4.13)

= E,[Engi1|.-Ensm—1lexp (HO{LZ;”” (k) =Ly (k)})]..])-
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We first start from inner expectation.

Corollary 4.2.8

Erim—1 eXp(egA;H_m (tg;"_"}) Aj (tg:-m))
= (]_ — QSAQ )*1/2 exp (01A;}+m—l(t:+m—l)A;{l+m—l(t:z-q-m_l))

n+m

exp (nlA?+m_1<t?+m_l)2 + 771A?+m_1(t?+m_1)2) :

where

01 == 0p(1 — 202, )71 /4, myi= 02 (1— 6202, )7 Apyn/8.

Moreover, define

Pr/z+m,t?+m (VVznjm €A, M/Jnjm = B)
Bupmor (IOV™ € A, W™ € B) exp(BoAT+™ (1577) A" (157™)))

By exp(BoA7 ™ (£5,77) A7 (t5,7)) ’

then under P;H nim, and given Fpim,m_1, we have that (W/Z”fm,WJ"fm) follows a

m,t

Gaussian distribution with covariance matrix

Sikm (E117) = 2A2 o )

and mean vector

,ui’j (tn—l—m) _ Ei’j (tn+m) QOAn'*‘mAj+ l(tr+ 1)/2
n+m \"r - “n+m \r
— O/ 2 AT (g1 /2

n+m<*j

So, from Corollary we conclude that

k/

Epemlexp(By 3 AP (6557) A, (157™))]

r=k+1
k/
- k/_k 2 n+—m-— nr—m— nr—m— n+—m—
= (L=6302,,) T ey Y AT AT )
r=k+1
k' k!
€Xp(771 Z A;}+m—1(t¢+mfl)2+n1 Z A?+m—l(t?+mfl)2)' (4'14)

r=k+1 r=k+1
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If m > 2, we can continue taking the corresponding conditional expectation given
Frim—2. Due to the recursive nature of (4.13)) and the linear quadratic terms that
arise in (4.14]) it is convenient to consider

2n+m—1
Z 0, (t:}erfl) A}l+mfl(t:}+mfl)A?+mfl(t:}erfl) (4'15)

r=1
2n+m 1

+ Z tn+m 1 (A;}+m—1(t;z+m—l)2 + A?+m_1(t?+m_l)2),
where
Or (7 ) =0 xI(re{k+1,. K}, m (T ) =mxI(re{k+1,.,k}).

Then, recursively define for [ = 2,....m

O (17771) = s (5 0) + 00 (13771) (4.16
O () = By (737) — O (27

o (70 = e () o (1)

W) = e ()~ ()

o (t;n-‘rn—l) _ An+m_l+10+ (tTJrn l)

1-— 2An+mfl+177%|— (tmn=t) 7
Ry (tm+n—l) _ Apypmots1
(1= 280 reany (4 ) (1= py (1))
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and set

tm—i—n—l) 77{1— (t:"n+n_l)

771(

4
m—+n—I
hl (tr8 ) <9l_ (t;n+n—l)2_‘_477l_ (t;n—i-n—l)?
_|_49l_ (t:n-l-n—l) 77l— (t:n—i-n—l) o (Zf:H—n_l)) :
l m—+n—I
el (tTm+n—l> :9+ (tr4 )

+ hy (£ <0l_ (e hy gt (et + igl_ (t;n-l—n—l)le (gt
+n (t:”+”_l)2 D1 (t;n—&-n—l)) ‘
Finally, define

A (t:f'i'm_l) =0,_; (tg’r't”f—l—&-l) A;LerflJrl(tgjj)ib—l+1)A?+mfl+1(tgjjrlb_l_i_l)
+ 0171 (tgjmfl+1) A;HrmflJrl(tgjmflJrl)A;LerflJrl(tgjm,prl),

B (1) =y (5 (A (2 A g )

+ M1 (tg:—m—l—l—l) (A?-&—m—l—&-l (tg;&-m—l—&-l)Q + A?+m_l+1(tg:_m_l+1)2)7

and
€ (1) = (1= 28mmeath (7)) (1= (i)

So, in particular we can write (4.15)) as

2n+7’n72

> (A(E2) + B (),

r=1

and the following result is key in evaluating (4.13)).
Corollary 4.2.9 Forl=2,3,...mandr =1,2,...,2"m!

En+m—l eXp(A (t:,H_m_Z) + B (t;}—&-m—l))
=C (t¢+m*l) exp (91 (t:’H*n*l) Az (t;i-TH*nfl) AJ (t:,n+n,l))

exp (m (67 (A (1) 4 0y () ).
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Moreover, define

/ (W‘nerfl+1 c A, W;’zjmflJrl c B)

ntm—Il+1,ntmitl 2,7
B (IWEF € A WRE € B) exp(A () + B (1))
Epym—iexp(A (tptm=1) 4 B (tptm=1))

)

/ - n+m—I+1 n+m—I+1
then under Pn+mfl+1,t:f+m*l+1 , and gien Fym_1, we have that (Wi,r , VVN, )

follows a Gaussian distribution with covariance matrix

E/L?]

n+m—I+1
1

:]_ — P (t?l-‘rn—l)Q
(1 - 2An+m—l77{|— (t:nJrnil))il g1 (t;n+nfl)
g (tmnh) (1= 2A,mamt (t;:rl—l-n—l))—l

(tf-i-m—l-‘rl)

X

and mean vector

i,J n+m—I+1
Honpm (tr )
_AL/2 %,J
_An+mfl2n+mfl+l

Ai (t?-l-m—l) 77l (t?-i-m—l) + %AJ (t;b-i-m—l) 02 (t;}-&-m—l)

Aj (t;Lerfl) 77l (tZ,Lerfl) + %Ai (t:ﬂLerfl) Ql_ (t?+mfl)

(t:,—i—m—l—l—l)

X

Using Corollary 4.2.9| we conclude that

on+m—lI
Enim eXp( Z (A (t?er*l) + B (t:‘Lerfl)))
r=1
antmet ontm—i—1
— H C (t;“rm—z) X exp Z (A (t77}+mfl71) B (t:}*m*lfl))
r=1 r=1

Therefore, combining Corollary and repeatedly iterating the previous expression
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we conclude that

By exp(0o{ L™ (k) — LiT™(K)})

m 2ntm—l
( ‘92A721+m —(K'—k)/2 H2 H C (t?+m—l)
=2 r=1
-
X exp( Ze (t") A (™) +an YA () + A (). (417)

4.2.4.2 Conditional Large Deviations Estimates for L}; (k)
We wish to estimate, for &' > k and &',k € {0,1,...,2"Tm" 1}
Pu (1L ) = L ()] > (8 = k) A2,

< exp(—0o (K — k)" A%%,,) X {Balexp(Oo{ L™ (K') = L™ (k)})
+ Enlexp(—bo{ L] (K') — L™ (k)})]}-

We borrow some intuition from the proof of Lemma and select

/ 0 _ v
Gg(m, k y k?) = 90 = (kl ~ k)l/z AQO/Am. (418)

We will drop the dependence on (m, k', k) for brevity. In addition, we pick v < 1/4
and o € (a,1/2) so that

exp(—0 (K — k)7 A2 ) = exp(—y (K — k)P 1/? 2o p20-1y

Our next task is to control the E, exp(fo{ L;}™ (k') — L{J™ (k)}), which is the purpose

of the following result, proved in the appendix to this section.

Lemma 4.2.10 Suppose that 6y is chosen according to , and n is such that for
&o € (O, 1/2)
max{[Aq (5] [A; ()]} < Ay (4.19)

and
m

> (A ()

r=I[+1

< eg(m — l)ﬂAff‘/ forall0 <l <m<2" (4.20)
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with o € (a,1/2), then
Ealexp(o{ L™ (K) = Li ™ (k)})] < dexp (s07(K — k)72

Remark 4.2.2 [t is very important to note that due to Lemma[{.2.3 we can always
continue simulating the W%’s (maybe conditional on {!W[’H < 4v/m+1} in case
m > Ni) to make sure that holds for some n. Similarly, condition can
be simultaneously enforced with because of Lemma . Actually, Lemmas

and Lemmal4.2.5 indicate that conditions and will occur eventually

for all n larger than some random threshold enough. Our simulation algorithms will
ultimately detect such threshold, but Lemma[4.2.10 does not require that we know that
threshold.

As a consequence of Lemma [4.2.10] using Chernoff’s bound, we obtain the follow-

ing proposition.
Proposition 4.2.11 Ifn is such that and hold, then

Py (L) = L) > (F = k) A2,

1 - !
< 8€Xp (—57 (k’ _ k)ﬁ 1/2 Ai(afa )Afnal) .

4.2.5 Joint Tolerance-Enforced Simulation for a-Holder Norms

and Proof of Theorem [4.1.2.
Define

Cu(m) = {|LiT™"(K') = LT (k)| > (K — k)P AR,

n-+m

for some 0 < k < k' < 2"tm~1)

and put 7, (n) = inf{m > 1: C,(m) occurs}. We write C,(m) for the complement of
Cn(m), so that

P, (11 iP m) NN Co(m))

m=1
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To facilitate the explanation, we next introduce a few more notations. Let
Wnanam = Wi, 1<k<2"1<i<d n<l<n+m}

In addition, define

1 - ,
v (K, k'lm) :=6 exp (—5 (K — k)P7% Ao )Ai’j—l)

0§k‘<k‘/§2m+n_1
v, (K, K'|m)

qn(k, K'|\m) = b ()

and

EnI (Wyintm € <) exp (Oo{ LY™(K) — L™ (k)})
E, exp (0 {L"*m(k’) L?jm(k)})

P (i € ) =
We also denote
Un(m, i, .k, K = log By exp (6L (K) — L™ (K)})
Observe that

1 _ ,
by (m) = Z 6 exp (—57 (K — k)ﬁ 1/2 A2 )Ai?l)

0<k<k/<2ntm-—1

< 22(m+n) exp (_%,}/Ai(a_a’)A?na—l) )

Thus, b,(m) — 0 as n — oo. Then we can select any probability mass function
{g(m) : m > 1}, eg. g(m) = e '/(m — 1)! for m > 1, by assuming that n is
sufficiently large, such that
g(m) = d*b,(m)
Now consider the following procedure, which we called Procedure Aux, for ”aux-
iliar”, which is given for pedagogical purposes because as we shall see shortly is not

directly applicable but just useful to understand the nature of the method that we
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shall ultimately use.

Procedure Aux

Input: We assume that we have simulated {(W/}, : 0 <k <2): 1 <n}}.

Output: A Bernoulli F' with parameter P, (11(n) < 00), and if F' =1, also

Wnanant = Wl 1 1<k <2"1<i<d n<l<n+ M}

conditional on the event 71(n) < co.

S1.

S2.

S3.

S54.

Sh.

Sample M according to g (m).

Given M = m sample I and J i.i.d. from the uniform distribution over the set

{1,2,...,d'}.Then, sample K', K from g, (k, k'|m).

Given M = m, [ = i, J = j,K = k, and K' = k', simulate w,.,,, from
PLIkK (1) Note that simulation from P2%%* (-) can be done according to Corol-

lary (12

Compute
En(ma i? j7 k? kl; Wn;ner)
B 1

g(m)d'—2q,(k, k'|m) exp (QO{L"+m( )= L)} = n(m, i, g, K, k')’

and
> > (e =Ly m] > (= 1)AT).
1<4,j<d’ 1<h<h/<2n+m—1

Simulate U uniformly distributed on [0, 1] independent of everything else and

output
F = I(U<I{|LEmK) = LEm™k)| > (k= K) A, Y o' Ca(l)
XEn(m7 'L.aja ka kj7 wnn+m>/'/\/n(m)) :

If FF =1, also output wy.pim-
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We claim that the output F' is distributed as a Bernoulli random variable with
parameter P, (71(n) < oo). Moreover, we claim that if F' = 1, then, wy., s is dis-
tributed according to P, (wn:nJm(n) €-|nn) < oo) We first verify the claim that
the outcome in Step 5 follows a Bernoulli with parameter P, (71(n) < o). In order

to see this, let (), denote the distribution induced by Procedure Aux. Note that

Qu(U < I ({|LiY(K') = LITM(K)| > (K — K')PAZ 00t Ca(l)
X En(M, I, J, K, K, Wpinas) /Ny (1))
=B ({| LY (K = LMK > (K = K AR 0l Cu(l)
X Ep(M, 1, J, K, K, wnapenr) [N (m)]
S Y Y BRI - L] > - k),
m=11<i,j<d’ 1<k<k'<2n+m-—1

A CuD) x 5 o }

T A AT

DD IDY

11<4,5<d! 1<k<k/<2n+m—1

5 ( ({2 w) — ™) > (k= k'mzim}mrfcn(w))

! N (m)

P, (Co(m) NN*7'Ca(1)) = Pa(m (n) < 00).

I
NE

3
I

Similarly,

[I]

(M, 1, J, K, K", Wnony 11))

e ALK (Culm) NNETICL()
=> B (meeA —an, ) TR < )

m=1
oS

— Z P, (wnnim € A, 71 (n) =m) /Py(m1 (n) < 00)

m=1

Qn (Wnnnr € AU < I (Co(M) NNYITIC,(D) 2y
I

=P, (wnn+ﬂ €A ‘ 7'1( ) < OO)

The deficiency of Procedure Aux is that it does not recognize that n > Nj. Let

us now account for this fact and note that conditional on Fy, we have that W}’s are
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iid. N(0,1) but conditional on {|W/}| < 4y/n + 1} for all n > N;. Define
m =AWl <4vr+1:1<k<2"n<r<n+m}

In order to simulate Py, (171(V1) < 00) we modify step 3 of Procedure Aux. Specifi-

cally, we have

Procedure B

Input: We assume that we have simulated {(W}, : 0 <k < 2): 1 < n}. So, the
Wws are i.i.d. N(0,1) but conditional on {|W/;| < 4y/m + 1} for all m > n. We also
assume that conditions (4.19) and hold in Lemma ; note the discussion
following Lemma [4.2.10] which notes that this can be assumed at the expense of
simulating additional W}’s (with {|W/%| < 4y/m + 1} if m > Ny).

Output: A Bernoulli F' with parameter P,(71(n) < oo, HZ ), and if F' =1, also

Wrintr (n {Wl 1<k<2"1<i<d,n<l<n+mn(n)}
conditional on 71(n) < oo and on HZ.

S1. Sample M according to g (m).

S2. Given M = m sample I and J i.i.d. from the uniform distribution over the set

{1,2,...,d'}.Then, sample K', K from g, (k, k'|m).

S3. Given M = m, I = i,J = j,K =k, and K' = k|, simulate w,.,,, from
PRk (1) Note that simulation from P2%F* (-) can be done according to Corol-

lary (120

S4. Compute

En(mv Z.7j7 k7 klv wn:n-l-m)
1

g(m)d'=2qu (k. K'|m) exp (6o{ L7 ™ (K') — L{™(k)} — ¥a(m.i, 5.k, k)’
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and

S ST I(|E) - LR > (k- K)PA%L).

1<6,j<d’ 1<k<k'<2ntm—1

S5. Simulate U uniformly distributed on [0, 1] independent of everything else and

output
F
ey I(Hp O {| Ly (k) = Ly (k)| > (k= K)PAZL, F 00l CL(1) P(HE™)
P(HL,)
XEn(maiuja k:7 k/’wnln+m)/Nn(m))
(Notice that P(HZ™)/P(HL) = P(H},,,) and can be computed in finite
steps.)

If F =1, also output wy.pim-

Let @, denote the distribution induced by Procedure B. Following the same

analysis as that given for Procedure B, we can verify that

(U < I(He 0 {|LEm (k) — L™ (k)| > (k= K)PAZ,
P (H3,)

X En(maimja k7 k/awnln+m)/Nn(m))) = P’Vl (Tl(n) < OO|H20) :

POnMCL() P(HE™)

And if the Bernoulli trial is a success, then, w,., s is distributed according to
P, (wn:n+71(n) €-|nn)< OO,HZO) )

Finally, if 74 (n) = oo, we still need to simulate w4, for any m > 1. But now,

conditional on {7(n) = oo, H% }. Note that

P, (Wnmim € A | 11(n) = 0o, HL)
Py (Wpingm €A, Ti(n) = 00, HL)
P, (11(n) = oo, HZ)
EyI(wninsm € Ami(n) >m, HE ) Pyym(11(n +m) = oo, HL™)
P, (11(n) = oo, HZ) '
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We do this by sampling wy,.,+m from P, (-) and accept the path with probability
I(ri(n) > m, H2 )Py (11 (n +m) = oo, HI™).

This clearly can be done since we can easily simulate Bernoullis with probability

Prim(T(n +m) = 00, HIT™) = Poym(ri(n +m) = 00 | HIT™) Py (Mo ™).

We summarize the algorithm as follows:

Algorithm 4.2: Simulate N; and N jointly with W} ’s for 1 <n < N, where
Ny is chosen such that sup,¢p [ XNo(t) — X ()| < €
Input: The parameters required to run Algorithm 4.1, and Procedures A and B.

These are the tilting parameters 6,’s.

S1. Simulate Ny jointly with W/i’s for 0 < m < N; using Algorithm 4.1 (see the
remark that follows after Algorithm I). Let n = Nj.

S2. If any of the conditions (4.19) and (4.20) from Lemma [4.2.10 are not satisfied

keep simulating W;%’s for m > n until the first level m > n for which conditions

(4.19) and (4.20) are satisfied. Redefine n to be such first level m.

S3. Run Procedure B and obtain as output I and if F' = 1 also obtain wy,.;4r(n).-

S4. If 7(n) < oo (i.e. F'=1) set n +— 7(n) and go back to Step 2. Otherwise, go
to Step 4.

S5. Calculate G according to Procedure A and solve for Ny such that GA?\%% <e.

S6. If Ny > n sample w,.y, from P,(-) and sample a Bernoulli random variable, 1

with probability of success Py, (7(Ng) = oo, HY).
S7. If I =0, go back to Step 6.

S8. Output wo.ny -
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We obtain {VVllk 10 < k<21 < Ny, 1 <i<d} from Algorithm II. We have
from recursions (4.11) and (4.12)) how to obtain

{(Zi(t) = Z;(t_ ) :1<r <281 <1< Ny, 1 <i < d} (4.21)
and then we can compute {X™No(¢) : ¢ € Dy,} using equation l)

Remark 4.2.3 Observe that after completion of Algorithm 4.2, one can actually con-
tinue the simulation of increments in order to obtain an approrimation with an error
g’ < e. In particular, this is done by repeating Steps 4 to 8. Start from Step 4 with
n = Ny. The value of G has been computed, it does not depend on €. However, one
needs to recompute Ny := Ny (€') such that GA?\%% < ¢’. Then we can implement
Steps 5 to 8 without change. One obtains an output that, as before, can be trans-

formed into via the recursions , yielding {XNE(t) : t € Dy} with a

quaranteed error smaller than €' in uniform norm with probability 1.

4.3 Rough Path Differential Equations, Error Anal-
ysis, and The Proof of Theorem 4.1.1

The analysis in this section follows closely the discussion from [40] Section 3 and
Section 7; see also [43] Chapter 10. We made some modifications to account for the
drift of the process and also to be able to explicitly calculate the constant G. Let us
start with the definition of a solution to using the theory of rough differential

equations.

Definition 4.3.1 X(-) is a solution of (4.1)) on [0,1] if X(0) = x(0) and

| Xi(t) — Xi(s) — (X () (t = s) — Z 01,5(X(5))(Z;(t) = Z;(s))

d d d

3 001 (X ()01 (X (5)) Ay (s, 8)] = ot — )

j=1 I1=1 m=1
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foralli and 0 < s <t <1, where A, ; (-) satisfies

Aij(rit) = Aij(r;s) + Aij(s,1) + (Zi(s) = Zu(r))(Z;(t) = Z;(s)) (4.22)

for0<r<s<t<lI.

The previous definition is motivated by the following Taylor-type development,

Xi(t+h)

t+h - rtth
X0+ [ @)+ Y [ oy (X )z, ()

£ 30 [ o (X0 + X ) =)+ o (XONZ(w) - Z(0) dZ0)
X0+ (X )R+ D s (XEZ(E+ b = Z,(1)

The previous Taylor development suggests defining A; ;(s,t) := fst(Zi(u)—Zi(s))de (u).

Depending on how one interprets A(s,t), e.g. via Ito or Stratonovich integrals, one

obtains a solution X (-) which is interpreted in the corresponding context.

In order to obtain the Ito interpretation of the solution to equation (4.1)) via

definition (4.3.1)) we shall interpret the integrals in the sense of Ito. In addition, as

we shall explain, some technical conditions (in addition to the standard Lipschitz

continuity typically required to obtain a strong solution a la Ito) must be imposed in

order to enforce the existence of a unique solution to (4.3.1)).

There are two sources of errors when using X" in equation 1) to approximate

X. One is the discretization on the dyadic grid, but assuming that A;; (¢7,¢7,,) is

known; this type of analysis is the one that is most common in the literature on rough

paths (see [40]). The second source of error arises precisely accounting for the fact
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that A;; (t7,tr,,) is not known. Thus we divide the proof of Theorem into two
steps (two propositions), each dealing with one source of error.
Similar to X"(t), we define {X"(t) : t € D,} by the following recursion: given
X(0) = X(0),
p

XP(thr) =XP(0) + (@ () An + ) 0u i (X7 ENZ5(tn) = Z5(8))

j=1

3 o (XU o0 (X E) At ), (423)

j=1 I=1 m=1
and for ¢t € [0, 1], we let X™(t) = X"([t]), where in this context [t| = max{s € D,
s < t}.

Proposition 4.3.2 Under the conditions of Theorem we can compute a con-
stant G explicitly in terms of M, ||Z||a and ||A||2a, such that for n large enough

X7 () = X (1)]|o < G1AZ.

The proof of Proposition 4.3.2| will be given after introducing some definitions and

key auxiliary results. We denote

L (r,t) := X7 () = X{'(r) — a(X"(r)) (£ = 7) Z% (X" (r)(Z(1) = Z;(r))

and
d

Jr(r,t) == I"(r, t) ZZZ@% )01 (X (1)) A (7, 1).

j=1 1=1 m=1
The following lemmas introduce the main technical results for the proof of Propo-

sition 4.3.2

Lemma 4.3.3 Under the conditions of Theorem [{.1.1], there exist constants Cy, Cy
and Cy that depend only on M, ||Z||o and ||Al|2a, such that for any large enough n
and r,t € D,,

[[X7(#) = X*(r)]loo < Cut = 7[*,

17 (r, t)l|oo < Colt — 7,
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and
1" (7, 1) [|oe < Cslt —r[>*.

Proof. We follow For » < s < t, r,s,t € D,, we have the following important

recursions:

L(rt) = I7(r;s) + L' (s, t) + (pa(X"(s)) = pa( X" (r))) (E = s)

+ Z(Ui,j(X"(S)) — o (X" (M) Z;(t) — Z;(s))

and
T 1)
=Ji'(r;s) + J7' (s, 1) + (na(X"(s)) — ps(X"(r))) (£ — 5)
+ i[ai,j(xn<s — o (X" (r i 00 5 (X)) (XD (s) — X7'(r)

+ Zalaw P (r, $)I(Z5(8) = Zi(s))

d

+ Z > Z (0105, (X™(8))01,m (X" (5)) = D03, (X" (1)) o1,m (X" (7))] A3 (s, 1)

j=1 1=1 m=1
(4.24)
We next divide the proof into two parts. We first prove that there exists a small
enough constant § > 0 and three large enough constants C(d), Cs(d) and Cs(9),
all independent of n, such that for [t —r| < 4§, [|[X™(t) — X"(r)||le < C1(5)|t —
1% [T (r ) ||ee < Co(0)[t — r|** and ||J™(r,t)||ee < C3(8)|t — r|>*. We prove it by
induction. First we have J"(r,r) = 0 and J"(r,r + A,) = 0. Suppose the result
hold for all pairs of ro,tg € D,, with |ty — ro| < |t — r|. We then pick s € D, as
the largest point between r and ¢ such that |s —r| < |t — r|/2. Then we also have
s+ A, —7r|>|t—r]/2and |t — (s+ A,)| < |t —r|/2.
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As

dl

XP(t) = X7(s) =J7(s,8) + (X" () (E = 8) + D 035 (X"())(Z5(t) = Z5(s))

j=1

+ ZZ Z 01015 (X" (8)) Tt (X7(8)) Ay (5, 8),

j=1 1=1 m=1

we have

X7 (t) — X7'(s)]
<C3(0)|t — s** + M|t — s| + dM|| Z][a]t — s|* + &> M?|| Al |20t — s[**
<(C3(6)8% + M + dM||Z||o + d*M2|| A||206%) |t — s|°
<Ci(O)[t — s[*

for C1(8) > C3(8)0%® + M=% + dM||Z||o + d> M?||A|]2a6°.
And as

IM'(s,t) = J!'(s,t) —1—2223102] $))01,m (X" () Am (s, 1),

j=1 1=1 m=1

we have

|17 (s, )] < C3(O)[t — s[** + d* M| A |20t — s|**

< (C3(0)0% + d*M?||All2a )|t — s[** < Ca(0)]t — s|**

for Cg(é) > Cg(é)éa + dsMQHAHQa.
We now analyze the recursion (4.24) term by term. First,

|1 (X" (8)) — (X" (r))| < MCy(9)]s — 7],

03,4 (X"(5)) = 005(X"(r Zalau X['(s) = X['(n)| < MCy(0)*]s — r[**,

\Zé’z% I 5)| < dMC ()]s =,
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and
10103 5(X"(8))T1,m (X" (5)) = 004 3 (X" (7)) o0, (X" (r))| < 2M>C1(6)]s — 7]*.
Then

| (r, 1)]
<|Ji*(r, )| + 17 (s, 1)]
+ (MCL(0) + dMCL(0)*[| Z]]o + d*MCo(8)|| Z||o + 24° M CL(D) | Alla) [t — r[*

Likewise, we have

S (s, 1)
<|JPM(s, s + Ap)| + [ (s + Ay, )|

+ (MC1(8) + dMCL(8)*||Z]) o + d*MCo(8)|| Z|| o + 2d> M2C1(8)||A]]o) [t — s]**
=| T (s + A, t)]

+ (MCL(8) + dMCy(8)?]| 2| + d2MC(0)|| Z||a + 243 M>C1(6)]|Al|a) |t — s[>

Then

| Ji(r, 1))
<[JF(r, s)| + 17 (s + An, 1))
+2{MC,(8) + dMC1(0)?||Z||a + d*MCo(0)|| Z|| o + 2d* MPC1(8)||Al|a} |t — s]**
<{2'73Cy(8) + 2(MCy(8) + dMCy(8)?]| Z]]a + d*MC5(8)|| Z]|
+2d°MPCL ()] | Alla) HE — s
<Cs(d)[t — s>,

for

(1—27)C5(9)
>2(MCy(8) + dMCy(8)?]| Z||a + M Cs(8)[| Z||a + 2d° M2Cy ()| Allo)-
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Therefore, if we deliberately choose d, C1(d), C2(0) and C5(d) such that

C1(8) > C3(8)6% + M ™ + dM||Z||o + d®* M?||Al|300°

Cy(8) > C3(8)6* + d* M?|| Al |24
2

Cs(0) > T o5

(MC1(8) +dMCy(0)*[| Z || + d*MCs(3)||Z] |

+2d° M2 (0)[|Alla)
Then we have

[1X7(t) = X*(r)]loo < C1(8)[E =77,
117 (r, t)lloe < Ca(O)t — 7[*,
177 (r, )l lse < C3(0)]t — 7™,

for |t —r| <.
We now extend the analysis to the case when |t —r| > §. For n large enough (A,, <
§/2),if |t —r| > J, we can always find points s; € D, and r =sp < 51 < --- < s, =1

such that maxj<;<x [$; — s;—1| < 0 and minj<;<g |s; — s;_1] > §/2. Then

| X7(t) r)| < Z X1 (1) — XP(s1-1)| < kCL(O)|t — 7] < ZC1(0)[t — 7|

SN )

Let C; = 2C(0) and we can write || X" (¢) — X"(r)||o < Ci]t —7|*. Next,

E

1P O] < AT (s 50+ (X7 (1)) = (X" (50))) (51 = s11)]

+[(0(X" (1)) = 0u( X" (50))(Z (s11) = Z(s0)) [}
<k[Co(8)[t — r[** + MCi[t — r[*T* + dAMC|| Z][a]t — 7[**]

<Z(Cy(8) + MCy + dMCy|| Z] o) |t — 7>

<>)|l\'>

By setting Cy = %(02(5) + MCy + dMC||Z]|a), we have ||[I™(r,t)]|e < Colt — r|?*.

Now following the same induction analysis on J!'(s,t) as we did in the case |t —s| < 6,
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we have

|Ji*(r; 1)

2
gﬁcgu — PP £ 2(MCy + dMC? || Z]|a + d*MCy|| Z|| o + 2d> M2CY || Al|o) |t — 7>

If we choose

Cs (MCy + dMCR|Z||o + A2 MCy| Z|| o + 2d> M?C1 || Alla),

~ 1 _9l-3

then ||J"(r,1)||ee < Calt — s|3*.

O

Lemma 4.3.4 Let x(0) and #(0) € R? be two different vectors. We denote X" (t)
and X"(t) fort € D, as the n-th dyadic approximation defined by with initial
value (0) and £(0) respectively. Under the conditions of Theorem/[{.1.1], there exists
a constant B, independent of n, such that fort € D,,

X7 () = X"™(t) = (X"(0) = X™(0))l|so < B[] X"(0) = X"(0)]|o.

Moreover,

17 () = X" (t)]|oo < (14 B)[|X"(0) — X"(0)]]oc-

Proof. Let

sznh(t) _ in(t) - NXZL@
’ [1X5(0) = X3 (0)]
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We define 0/0 = 0.

Then following the recursion (4.23]), we have

VI (1)
o 3 O — ()
S X0 - Xp(0)]1
Z“” oo e ) - Z4)

d/

L& 90 (X))o (X)) — 0105 (X" () 01 (X7 (£7))
+2 201 X0 = X2 (0)]

j=1 I=1 m=1

X Am,j(tZa tZH)} (4'25>

Then and together define an recursion to generate X™, X™ and Y.
Following Lemma [4.3.3] there exists a constant B that depends only on M, ||Z]|,
and ||A]|2q, such that

1Y) = Y"(0)]|c < Bt".

Thus,
1X7(t) = X™(t) = (X™(0) = X™(0))[]oo < Bt*[|X"(0) = X™(0)]]oo,

and

X7 (1) = X" (Dllee < (14 B)IX"(0) = X™(0)] |-

We are now ready to prove Proposition 4.3.2
Proof. [Proof of Proposition [4.3.2] From Lemma we have || X™(t) — X™(1)]|oo <
Ci|t — r|*. By Arzela-Ascoli Theorem, there exits a subsequence of {X™} that

converges uniformly to some continuous function X on [0,1]. Moreover we have
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X (#) = X(r)llo < Chft —7[* and
dl
[Xi(t) = Xilr) = (X (r) = Y00 (X(1)(Z;(t) = Z,(r)
J=1

‘ZZZ@% )01 (X (1)) A j (1, 8)]| < Colt — 7[>

7j=1 1l=1 m=1
Therefore, the limit X is a solution to the SDE.
Let X™®)(t; X (5)) := X"(t—s)|X™(0) = X (s). Specifically, we have X™(©)(¢; X (0)) =
X"(t) with X™(0) = X(0), and X™®(¢; X(¢)) = X(¢). Then we can write
X (t) — => (x P X (7)) — XDt X (51))
k=1

By Lemma L34} [| X9 (1 X (1)) — X" (6 X (67l < (14 B)|IX(8) -
X (7 X (17 )| |- We also have
n (1) /n n
[ X(tR) = X3 (s X (6-0)]

]

=[X(t) = Xa(te—) — (X (T Z% Zi(t7) = Z;(t;-1))

- Z Z Z D015 (X (1) T1m (X (1)) A (B, 6]
j=1 l=1 m=1
<Cs|ty —tp >
Thus,

X7 (t,) = Xt )lloo < D NIXB (8 X (1) = X0 (85 X (H1)) o

m(1 + B)C5A%
< (14 B)C3A%,

a

Next we turn to the analysis of the error induced by approximating the Lévy area.
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Proposition 4.3.5 Under the conditions of Theorem we can compute a con-
stant Gy explicitly in terms of M, ||Z]|a, ||Al|l2a and I'g, such that for n large enough

X" (1) = X" (D)lloe < GoAZ*7.

The proof of Proposition uses a similar technique as the proof of Proposition

and also relies on some auxiliary results. Let

U (s,t) == X7'(t) — X" (t; X" (s +ZZZ&0H $))tm(X"(3)) Ry, (5, 1).

j=1 =1 m=1

We first prove the following technical result.

Lemma 4.3.6 Under the conditions of Theorem there exists a constant Cy,
that depends only on M, ||Z]|a, ||All2a and T'r, such that

10" (r, )]l < Calt — r[*FPATH

Proof. For0<r<s<t<1,ns,te D,, we have

n
%

Ur(r.t)
(r,s) + U (s, 1)
[ X X () = XU (1 X0 () = (K7 () = X (55 X7()|

=35 (A0 (K ()oK (5)) = Big (X (oK) ) Ry (5,0)

7=1 =1 m=1
From Lemma [£.34],
|Xin,(s)(t;Xn(s)) B Xin,(r)(t;Xn(r» _ (in<8) — X (7“)( ’Xn(T‘))> |
<Blt — 8| X"(s) — X™O(s; X7(1))] e
From Lemma [4.3.3]
(91035 (X" (510 (X7 (5)) = D03y (X" (1)) (X7 (1)) R (5. )
<2MP?Chy|s — r|* Tyt — s|PAZP

<2M2CiTg|t — r|*P AP
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Therefore,

U™ (1,8) |00

<" (7, 8)||oo + |[U™(5,8)]|oo + Bt — s|*[|X"(s) — X2 X™())]|o
+ 2d3 M2 C\Tg|t — r|*TPA20—F

<NU™ (s 8) oo + U™ (85 8)||oo + Bt — s|*[|[U" (7, 5)]|oo

+ Blt —s[*max{| Y > Y 00, (X"(r)orm(X"(r) Ry, ;(r, 9)}

j=1 I=1 m=1
+ 2d* MPC\Tg|t — r|*TP A2
<1+ Bt = s[*)[[U™(r, s)lloc + [[U"(s, )]l

+ (B*M®T g + 2d* M?C\Tg)|t — r|*TPA2P (4.26)

Like the proof of Lemma [4.3.3] we divide the proof into two parts. We first prove
that there exist a small enough constant > 0 and a large enough constant C4(6),
both independent of n, such that for |t —r| < 6, |[U™(r,t)| < Cy(d)|t — r|*TPAZ=5,
And we prove it by induction. First we have U ;n = 0 and Ut?;,tgH = 0. Suppose
the bound holds for all pairs ro, tg € D,, with |tg — ro| < |t — r|. We pick s € D,, as
the largest point between r and ¢ such that |s — r| < 1/2|t — r|. Then we also have
s+ A,) —r] > 1/2|t —r| and |t — (s + A,)| < 1/2|t — 7|

U7 (r; D)l loo <(1+ Bt = s|*)||U"(r, 5)[loo + [IU"(s,)]]0o

+ (B*M?T g + 24> M2CiTg)|t — r|*TPA2F
and

U™ (s, 1) oo
<1+ BADU" (s, 5 + Ap)lloo + [|U"(s + An, )|
+ (B M?T'g + 2d> M?C\TR)|t — s|* TP A2

< U™ (5 + Ap, t)||oo + (B MPT'g + 2d* M2C\T'g)|t — r|*TPA20—F
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Therefore,

U7 (r; )|
<(L+ BOY)[[U" (7, 8)[|oo + [IU™ (s + An, 1)l

+ 2(Bd* M T g 4 2d* M*C\T'g)|t — r|*TP A2=F

2+ B~

§2a—+504(5)|t —r|*TPA20F L (B3 MPT g + 2d* M?C\Tg) |t — r|* TP AZP,

If we pick 0 and C4(d) such that
By* < 20%0 —2

and
2+ Bs"
e

Then [|U™(1,t)|]oo < C(8)|t—7|*TP A28 We next extend the result to the case when

)C4(8) > 2(BA*MT' g + 2d°M2C1Tg),

|t —r| > . We can always divide the interval [r, ] into smaller intervals of length less
than ¢, specifically, for n large enough, we consider r = sg < s1 < --- < s, =t where
s; € Dy and 1/20 < |s; —s;q| < dfori=1,2,... k. Then k < 2|t —r|/d <2/§ and
U™ (r, 8)||oo
<(1+ Bls1 = so|“)|U" (50, 50)[|oc + [[U" (51, 52) |00

+ (B*M®T g + 2d* M?CiTg)|t — r|*TPA2P

k
Z (14 BE||U™(Si-1, 51)||oe + k(B M?T g + 2d° M?CiTg) |t — r|o+P A28

k
<(1+ B*)Cy(B) AN sy — si|*H°

i=1

+ k(B M°T g + 2d* M2C Tg)|t — r|*TPA2F
<(1+ B6)Cy(8)[t — r|*TPA2=F 1 5(Bd3M2FR + 2d* MPCiTg)|t — r|*TPA2F
<Cylm — k|*tF A20F

for 04 Z (1 + Béa)04<5) + 2(Bd3M2FR + 2d3M201FR)/(5

O
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We are now ready to prove Proposition [4.3.5]

Proof. [Proof of Proposition 4.3.5[From Lemma |4.3.6 we have
1U7(0,8)lloe < Cat® AT,
Then
A d d d
X7 () = XPOI U0, 4+ Y > 10105,5(X (0))o1,m (X (0))[| By, 50, 1)]

< Ct®TPA2F 1 BMPT ptP A2—F

< (Cy + @ MTR)AZP,

4.4 Proof of Technical Results

4.4.1 Proof of Technical Results in Section [4.2.3

We now provide the proofs of the results in the order in which they were presented in
the Section We start by recalling the following algebraic property of the Lévy

areas: foreach 0 <r <s <t
A (rt) = Ay (1, 8) + Aij (s, 8) + (Zi (s) — Zi (1)) (Z; (1) — Z; (s)) . (4.27)

Using this property and a simple use of the Borel-Cantelli lemma we can obtain the

proof of Lemma [4.2.4]
Proof. [Proof of Lemma [4.2.4] We use (4.27)) repeatedly. First, note that

Az}j ( Za Z—&-l) = Ai,j (tg#?tg:iﬂ + Az}j (tgl:_—i}l’ ti;,jj2)

+ (2 (t55) = 20 (157)) (2 (1553) = 25 (855)) -
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We continue, this time splitting A;; (t5;", t57) and A;; (657, thr ), thereby ob-

taining

Aij (tRth)

= (2 (1550) = 20 (857)) (2 (552) = 25 (137))
+Aig (157 53 50) + A (ta 1 1520)
+ (Zi (i) — Zi () (25 (tn) — 25 (t))
+ Ai (tg;ﬁrw t;;;is) + Aij (tgL;;eri’ tg;?jA)

+ (Zi (tiys) = Zi (o)) (25 (t0) — 25 (B3s)) -
Iterating m times the previous splitting procedure we conclude that

Ag (15, i)
m oh—n—1
= Z Z [Zi<tgh—"k+2171> - Zi(tgh—nkwlﬁ)][zj (tgh—"kml) - Zj(tgh—nkwlfl)]
h=n+1 I[I=1

gm—n—1 om—n—1

m m m m
+ E , Ai,j (t2m*"k+2l—27 t2m*"k+2l—1) + E Ai,j (t2m*"k+21—lvt2m*"k+21) .
=1 =1

(4.28)

We claim that

2'm—n—1 om n—1

Z Ai,j (tgnm—"kJrzl—zvtgnm—"kJrzl—l) + Z Ai,j (t;nm—"k+2l—1vt§nm—"k+2l) — 0 (4-29)
=1 =1

almost surely as m — co. To see this note that

P< > 1/m>

Am
<m? Z E(A?,j (tg”m,nk+21_2,tg”m,nk+2l_l)) = m22mn+1E/0 Z} (s)ds

2m—n—1

h h
E Ai,j <t2h*”k+2l—2’t2h*”k+2l—1)

=1
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Since > °_, m?A,, < oo we conclude by Borel-Cantelli’s lemma that, almost surely,

for m large enough

Z irj t2h n k21— 2 o n k20— 1) <1/m

and thus indeed we have (4.29)) holds almost surely and therefore, from (4.28]), sending

m — oo we obtain the conclusion of the lemma. O

Then we present the proof of Lemma [4.2.5]

Proof. [Proof of Lemma [4.2.5] Define
Co = {|L};(m) — L?,(1)] > (m — 1)’ A} for some 0 < | <m < 2"},
We will show that the events {C, : n > 0} occur finitely many times. Note that

PC)< D 2P ((Ly;(m) - Ly;(1) > (m— 1A (4.30)
0<l<m<2n—1
Also observe that for fixed m and n, L, (m) is the sum of m i.i.d. random variables,

each of which is distributed as (Z;(t7) — Z;(t§))(Z;(t5) — Z;(t})) and we easily evaluate
B exp (B(Z(1]) = Zi(t)(2,(85) — Z,(81))) = (1 = 0°A%) 7"
We apply Chernoft’s bound concluding
P ((L7;(m) = Li;(1) >
< exp (—8( — ) A2 —

(m —1)7A%)
%( —1)log (1 — 6’2Ai)) ,
Select 0 = ' (m —1)""/2 A7 for 0’ € (0,1/4)
P ((L7;(m) = Li;() > (m = 1)?A}") < exp <—9’ (m — )P V2 A2e1 1) '

Hence,

P (Cn) < Z 2€Xp (—6, (m — l)ﬁ_l/Q Aia—l + 1) < 22n exp (—9/2n(1_2a)) '

0<l<m<2n—1
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Since 2o < 1 we clearly have that

S e

and by Borel-Cantelli’s lemma we conclude that P(C,, infinitely often) = 0 which in

turns yields the existence of such Nj. O

The proof of Corollary follows directly from Lemma and Lemma [4.2.5]
Proof. [Proof of Corollary 4.2.6] Using Lemma we obtain that

) = Z Z (LE 2" (k + 1)) — L (2" k). (4.31)
k=I+1 h=n+1
On the other hand, due to Lemma [£.2.5]if n > Ny

Z Z |LE (2" "k + 1)) = L (2" k)|

k= H—l h= n+1

Z Z "(k41) —27k)PAZ P < o

k=I+1 h=n+1

because f < 2a. Thus (by Fubini’s theorem) the order of the summations in (4.31)

can be exchanged and we obtain the result. O
Finally, the last proof of the section.

Proof. [Proof of Lemma We start by showing the bound on I'g. By the defini-

tion of Ny and I'y, for any n
1L (m) — L5 (D] < Tp(m—1)PAL
Consequently, for any 0 <1 < m < 2" 1,

Rty 1) < Z |LE (2" m) — LE (28"

1%
h=n-+1
< Y To(m =120 mBAR =T (m —1)°AL Y A’
h=n+1 h=n+1
9—(2a—p)

=Tu(t = ) A



CHAPTER 4. e-STRONG SIMULATION FOR SDES 125

Therefore, we conclude that

T |R'Zj<87 t)|
R ‘— Inax Ssup sup . 3A20-8
T igiged n>0 0<s<i<ls,teD, |t — s|PAL
9—(2a=p)
<Te 1 —2-(2a=3)

Let r = min{h : [t —t]'| > A}. For simplicity of notation, we define the following

sequence of operators of time:
s"(t)) = min{ty : tp > 17}
sh(t") = max{th . th <"}

forr < h <n.

Then
| A (8t
<A (7, 8" )]+ A (81, 87 )]+ [Aai (871, 1)
+|Zi(s" ) = Zi) Z5(3" 7 (E) — Zi (")

+H1Zi(5" (X)) — Zi@)1Z5(t,) — Z;(5" 7 (15,)]

By iterating the above procedure up to level r, we have

| Ai i (8 th)]
< Z | Asy (" (1), 8" 1) + Ais(s” (1) Z | A (5" (), 8" ()]
+ Z | Z;(s Zi(s" N Z; (8" (t,)) = Zy(s" ()]
h=r+1
+ Y 123N ) = Zi S (E)1Z5(5" (t,)) — Z; (8" (1)

We make the following important observations,

0 if sh=1 i) = sh t
) - 8" = =

A, otherwise
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0 ifs"i(en) = st
s"(t,) — 8" (t) = ) =)

A; otherwise

0 ifsT(r) =5
' (tm) — s"(t) = S =t

A, otherwise.

Then
(tn tn)Qa
Z FR +FR+ Z I'r ;L + Z ||Z||2—+ Z ||Z||aAa
h=r+1 h=r+1 T hert1 7, Pl
2 21 o
<p—m——— A
- R1_2—2a || || _9-a
Therefore,
A;
||A||2a = max sup sup M
1<i<j<d’ p>1 0<s<t<1;s,teDp ‘t — 5’
2 21 «
Pr——— +||Z
- R]__2 2a+H ||a1 9«

4.4.2 Proof of Technical Results in Section [4.2.4]

4.4.2.1 Proof of Technical Results in Section [4.2.4.7]

126

We first provide the following auxiliary result which summarizes basic computations

of moment generating functions of quadratic forms of bivariate Gaussian random

variables.

Lemma 4.4.1 Suppose that Y and Z are i.i.d. N (0,1) random variables, then for

any numbers ay, as,b,c1,co € R define

¢ (a,b,c) :=Eexp (Y +axZ +bYZ + Y + . 2%),
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then we have that if |2¢;| < 1 for i =1,2, and |b| < (1 —2¢;) (1 — 2¢q)

Blarbi) = (1 20) ™ (1 265) 2 (1= (b(1 — 260) 2 (1~ 2e0) 27)

(1,%(1 — 201)_1 + a%(l — 262)_1 + 2&1(126(1 — 201)_1(1 — 262)_1
X exp
2(1 — b2(1 — 2¢1)~1(1 — 2¢5) )

Moreover, if we let

exp (a1y + asz + byz + c1y® + c22?)
¢ (0;a,b,c) ’

then under P’ (-) we have that (Y, Z) are distributed bivariate Gaussian with covari-

P'(Yedy,Zedz)=P(Y €dy, Z € dz)

ance matrix

Y (a,b,c)
B 1
1—02(1—2¢)" (1 —2¢)7"
(1 —2¢;)7" b(1—2¢)"" (1 —2¢)"
: b(1—2c1)"" (1= 2¢5) 7" (1—2¢)7" ’

and mean vector
a1

w(a,b,c) =3 (a,b,c)

a2
Proof. First it follows easily that Eexp (c;Y2 + c2Z%) = (1 — 2¢1)~Y2(1 — 2¢5)7V2,
and under the probability measure

2 2
exp (c1y” + caz
P (Y edy.Z € dz) = Eexp((cllY2 +2cQZ)2)P (Y e dy) P(Z € d2)

Y and Z are independent with distributions N (1, (1 —2c;)™!) and N(1, (1 —2¢)™1),

respectively. Therefore,

¢ (a,b,c) =(1 —2¢1)"V2(1 = 2¢0) V2B exp (a1Y + axZ + bY Z)
=(1 —2¢1) V21 — 2¢,) 712
x Eexp (1Y (1 —2¢1) 72 + aa Z(1 — 2¢)7/?
+b(1 —2¢;) (1 = 2¢0) V2V Z) .
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Now, given |0| < 1 define P; (-) via

P(Y €dy,Z € dz) exp (xyz)
Eexp(xYZ) '

P(Yedy Zedz) =
Observe that

1
P(Y €dy,Z € dz)exp (xyz) = o OXP (—y2/2 — 222+ Xyz)

and
“1(Y
22 =224 xyz = —(y,2)5 7" (Z) /2,

where

s [ X

—x 1
and thus
1 1
Y= . X
1 — X X 1

Therefore, under Ps(-), (Y, Z) is distributed bivariate normal with mean zero and

covariance matrix X, with
X = b(1 — 2¢;)7Y2(1 — 2¢,) 72

and we also must have that if |x| < 1,

—~1/2

Bexp (9v7) = (1=x*) "= (1= (0(1 = 260)72 (1 - 20) %))

Consequently, we conclude that

é(a,b,c) = (1—2¢) % (1 = 2¢5) 2 (1 — (b1 =2¢)"* (1= 262)1/2)2>1/2

x Byexp(a;Y (1 —2¢1) "2 + aa Z(1 — 2¢5)71/?).
The final expression for ¢ (a,b, ¢) is obtained from the fact that

Eyexp(arY (1 —2¢1) Y2 + ay Z(1 — 2¢) 7 ?)

=exp (Vara(a1Y (1 —2¢1) 7% + ap Z(1 — 2¢,)71/?)/2) .
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And P’ (-) is equivalent to a standard exponentially tilting to the measure Py(-) using

as the natural parameter the vector
(a1(1 — 201)_1/2, (lQ(]_ — 202)_1/2) y

and thus under P’ (-) the covariance matrix is the same as under P(-) and the mean

vector is equal to p (a, b, c). O

We now are ready to provide the proof of Corollary |4.2.8|

Proof. [Proof of Corollary [4.2.8] Let us examine a term of the form A7 (¢577%) A; (¢51),
A () Ay (857)
= (AT 2 4 AR W (AT () 2 = A W)

_ An+tm—1/4n+m—1 n+m—1/n+m—1 —+m n+m
- Az (tr )Aj (tr )/4 - Aﬂ-i-mWi,r Wj,r

+ AL WAL () [2 = AV W AT ) /2,

n+m n+m

Then, we have that Corollary follows immediately from Lemma [1.4.1] O

Finally, we provide the proof of Corollary [£.2.9
Proof. [Proof of Corollary 4.2.9] Recall that for each r € {1,2,...,2"},

AN(EY) = (Zi(8)) — Zi(t7_y)).
So

A7 (t5,_0) = AT(871) /2 + AW

2,17

A7 (t5,) = AT (E1)/2 = APWE

We perform the first iteration in full detail, the rest are immediate just adjusting the

notation. From Corollary we obtain that

En+m—1 €xXp (00 [sz-m (k/) - LZj_m (k)D

K K’

1 HgA + 2 1 02A 2
=exp(= A () 4 S 0= A, (ttmt
P D g gar g T g 2 g g )

k/

QOAn—i-m n-m— et o
X eXp( Zl 1 (1 — 98A2 )AZ (tr+ 1) Aj (trJr 1)) % (1 _ 9(2)A721+m) (K'=k)/2

n+m

r=k+
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Using the definitions in (4.16|) we have that

74 W
1 QSAn—‘rm (gnt+m—1)2 1 0(2)An+m mme1y?
2 r:;—l—l 4 (1 - 6(2)A721+m)Al (tT ) - 2 'r:;—l-l 4 (1 — 9%A2 )AJ (tr )

n+m
kl

QOAn m n+m— ntm—
+ ) 4(1—98Z%+m)Ai (e m=1) A (£rmL)
r=k+1

is equal to

2n+m—2

Sl () A (1) o (1) A (5 ))
T‘:’ﬂleme

> O () A () o () A (57)7)
r=1
2’ﬂ+m72
SO0 () A () A () 0 (1) A () A (),
r=1
We now expand each of the terms; to simplify the notation write

_ n+m—1 o n+m—1
T = WM and y = WN )

Define VA = A7, put w = A; (#+772) and v = A; (t7+72)

n+m—1»

A () = w2+ VAz, A (1571 = u/2 — VA,
Ay () =v/2+ VAy, A (L5t =wv/2 - VAy.

Now, for brevity let us write 7, = m (t’gf_”f_l) and 7. = m (t;‘r+ m_l) (‘o” is used for

odd, and ‘e’ for even)

(i (57 A (5 (571) A (1)
o (B Ay () () A (7))

= (7]0 (u/2 + \/Zx>2 + 7e (u/2 — \/Zx>2 + 7o (v/2 + \/Zy>2 + 7e (v/2 — \/Zy)z)

1

1
:Z—lu2(776 + 770) + Z'UQ(ne + 7]0> + U(T}o — ne)\/z,’]j + U(no — ne)\/Zy

+ (e + Ano) Az 4 (e + 175) A22.
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Likewise, put 6, = 6, (t571") and 6, = 6, (t5™")

(00 (15257 ) A (1) Ay (65717 + 00 (557 A (55 ) A, (1577
=0, (u/2 + \/K:r) <v/2 + \/Ky> + 6, (u/2 - \/ZZU) <v/2 - \/Ky>

:iuv(ﬁe +0,) + (0. + 0,)Axy + ;U( )\/_$ + U( -0 )\/Zy

We then collect the terms free of x and y and obtain
02

2
u
Z(ne‘i‘no)_‘__

uv
1 (Me + 10) + I(He +6,).

Now the coefficients of z,y, 22, y?, and zy

{00 — 1) + ~0(8s — 0)}VAz + {0(n, — 1) + ~u(B — 6.) Ay

2 2
+ (e + 00) Az” + (e +10) Ay’
+ (0 + 0,)Azy.
And finally we can apply Lemma to get the corresponding results. O

4.4.2.2 Proof of Technical Results in Section [4.2.4.2]

We now provide the proof of Lemma [4.2.10[
Proof. [Proof of Lemma |4.2.10] Recalling expression (|4.17)), we establish the bound
for

E, exp (9 {L"H( ") — L?jm(k)})

by controlling the contribution of the term

ﬁ ﬁ (Lt (4.32)

=2 r=1

and the exponential term

exp (Z O (LY NG (B A (67) + > men(£2) (Ms(E7)* + A]-(t;})2)> (4.33)
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separately.

We start by analyzing 6, and 7;. From Corollary [4.2.8] we have

9 - 6)O and o H(Q]An—i-m
PTaa—eaz,) M TR —egaz,y

We notice that 21, < 02A,,1,, < (5/2)n.
Let
u=max{h: k' —k > 2"}

We also denote

b := min{r : 6;(t"™™") > 0}

and

b := max{r : 6;(t""™") > 0}.

The strategy throughout the rest of the proof proceeds as follows. We have that
the 0;(t" ™ )’s and n ("t !)’s, r = 1,2,...,2""™~L are nonnegative. We also have
that for [ < u A m, the number of positive 6;(t"™™~)’s and n;(t"*™~)’s reduces by
about a half at each step [ and also the actual value of the positive 6;(t"*™~!)’s and
m(t"T™=1)’s shrinks by at least 1/2. We will establish that if m > u, for u < [ < m,
there are at most two positive 8;(t"*™~!)’s and two positive n;(t"*"!)’s and at each

3/2

step [, their values shrink by more than 27°/%. Using these observations we will es-

tablish some facts and then use them to estimate (4.32) and finally (4.33). We now

proceed to carry out this strategy.
We first verify the following claims.

Claim 1: For [ < u, we claim that §;(¢"+t™=1), ("™~ > 0 forallr = 1,2,...,2"+m~!
and 6;(t""!)’s are equal for r € (b,b) and we denote their values as ;. So, follow-
ing the recursion in (4.16)) we have that 6, = A;_16,. If Hl(thrm_l) =+ QZ(tng_l),
then 6,(t;7™") < 6,(t"") = 6, and if O,(¢777") £ O,(¢7" 1), then 6,(17 ) <
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O () = 6.

b—1

Likewise, 7;(t"7™!)’s are equal for r € (b,b); we denote their common values
as 1, and we have from that m, = Ay, If m(t;”rm_l) + nl(tgjlm_l), then
m(ty ) < (), and i () # (), then () < it
In other words, at each step, [ for I < u, ;(t"™™~") and n;(t"™!) decay at rate 1/2
if it is not at the boundary (r € (b,b)), and the boundary ones (6;(t, "), 6,(t2*"™")

and m;(t;7™ ), (7)), may decay at a faster rate.

We now prove the claim by induction using the recursive relation in (4.16]).
The claim is immediate for §; and 7. Now suppose it holds for 6;(¢t"*™~!) and
mrtm=h r=1,2,..., 27"l We next show that the claim holds for 6, (t"T™~1~1),
r=1,2,...,2"m" =1 ag well. We omit the proof of n, 1 (#27™~!=1) here, as it follows

exactly the same line of analysis as 6, (¢"Fm=71).
We next divide the analysis into five cases.

Case 1. 0, (t;@ﬁt’{‘l) — 0, (t;r;-i-n—l) and 7 (tgit?‘l) = (tg;ﬂrn—l). Then 95:rl (t:,’“rn—l) =
28, (A1) amd 050 (970 = 0. Likwie o7 (1) = 20 (17) ane
n (gt = 0. From (LI6), we have 6, (¢m==1) = 6,4 (¢5:717") /2 and

m (t:“nJrnflfl) =4 (t7277z“—|_—711—l+1) /2

Case 2. 0, (t3"1™") = 0, 6, (t5™") > 0 and n (5757) = 0, m (t577) >
0. Then we know that 2r = b. We also have ¢4 (¢m+n==1) = ¢, (£57"7") and
g+t (t,’?"”r”_l_l) = —0, (t;rfr”_l). Likewise, nfl (t;j“rn—l—l) = (t$+n—l)

and n (¢mtnoiml) = —p (¢57771). We rewrite the expression for 64 (¢ ') in
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(D) os

—l— m+n—Il— 1 m+n—Il— m+n—I— m+n—Il—
O (£ 7171) =05 (1) 0 (B g (£ g )

1
+ _hl+1 (t:n-l-n—l—l) |9l_+1 (t:n—i-n—l—l)

1 o (871

m+n—I[(—1
mAn—l—1\_I+1/ymtn—I—1\2 pre1 (7T )
+ h’l+1<t7“ )n— (tT ) |Ql_+1(t;rqn+n—l—1)| }

m-+n— 1 m+n—I_i— m-+n—
:Hl (t2r+ l>{1 + hl+1 (tr et l)nl(tZTJr l)

1 —l— m4n— m+4n—I—
+Zhl+1(tf~n+n OOt e (8

T (i ety 2 )

el (tg;-l—n—l) }

As
1
QlAn-i-m—l S elAn-i—m—l S Z
and
Aert <A1 < —
mAan+m—1 > ThAn+m—1 > 487

it is then easy to check that

1 _ et 3 3
Zﬁl (t;nr—i_n l) < 01+1 (Zf,, +n— 1) < 1—()9; < 591+1.

Case 3. 0, (15717 >0, 6, (t5:77") = 0 and n (57771 > 0, (57 7") = 0. Then

we know that 2r — 1 = b. Following the same line of analysis as in Case 2, we have

1 . 33
Z_lel (t;n7,+n l) < 01+1 (tr +n—t 1) < 1-()9; < 591+1.

Case 4. 0 < 0, (t5:717") < 6, (t5:7"7") and 0 < n (57171 < 6, (157"7"). Then we

know that 2r — 1 = b. There exist £ < 1, such that 6, (tgﬁf’f_l) < &6, (t$+”_l) =
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§A1_10; and 1 (tg;‘i’}*‘) <& (tg’}f”’l) = Ay From (4.16), we have

Oer (E7F011) <@t (granitt 1 By s (gl 1y L men—l-1 o P (LT
I+1 \lyp >V (tr ) 1 + hiya (2] (¢ ) 91+1(tm+nflfl>
+ r

0T (g (T IS )|
L (B (Y (),
As |0 (1] < 0; and [t (Em A 1) | <y, it s easy to check that
Oy (£ < O () G + 0.01) + [0 (] % 0.05.
Since 04y (7 171) 4 |0 (¢ =1=1)| = 6;, we have
4

1
Oy (E71) < g, ((— +0.01 — 0.05) (1+&)+ 0.05)

1 /1 0
= 50 (5 +0.02+ 0.425) < 51 = 0.

Case 5. 6, (t5:717") > 6, (t5:7"7") > 0-and 0 < m; (¢5:717) > 6, (t5:7"7") > 0. Then

we know that 2r = b. Following the same line of analysis as in Case 4, we have
0111 (tfwn*l*l) < O1y1.-

We thus prove that the claim holds for 6y, (t™ =171 r =1,2,... 27"~ a5 well.
We have established Claim 1. We now continue with a second claim.

Claim 2: For u < | < m, we have at most two positive 6;(#"*"~!)’s, namely
0u(ty ") and 6,(t7""7"). Notice that it is possible that b = b. We then claim
that if b # b,6,(;"™ ") < Aj_161274=D/2 and 6,(t7" ") < A16127 07 D/2 Sim-
ilarly m(tg“r”_l) < Ap_ym 20D/ and nl(t;—:””_l) < A2 D2 T p = b,
Hl(tgHrnfl) < A0 270D g gmnly < Ay 9,9~ 0-u=D/2 and 771(1551%71) <
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Al*17712_(l_u_2)/27 nz(t?m*l) < AzfﬂhQ‘”‘“‘QW.

We prove the claim by induction. We shall give the proof of 6;(t™*"~!) only, as
the proof of 7 (t™ ") follows exactly the same line of analysis. For | = u, we have

the following cases.

i) b=0b+2, bis odd. In this case, 01+1(tgi?)7é_1) < A6, which follows from the

analysis in Case 4 for [ < u. And Olﬂ(t?gi?);é’l) < (3/5)A0y, following the analysis

in Case 3 for [ < u.

ii) b=b+2, bis even. In this case, 611(¢;/3""™") < (3/5)A6, which follows

from the analysis in Case 2 for [ < u. And 91+1(tg};"’l’1) < Afy, following the

analysis in Case 5, for [ < w.

iii) b = b+ 1, bis odd. In this case, let §; = max{f;(t;"*""),6,(t"*"~")}, Then
following the same analysis as in Case 4 or Case 5 for [ < u (depending on which one

of Ql(tg””_l) and Ql(t%””‘_l) is smaller), we have 0l+1(t%’;;”_l_1) < 0,/2 < AW
iv) b=b+1, bis even. In this case, 91+1(tbm/;r”’l’1) < (3/5)A0;, which follows
from the analysis in Case 2 for | < u. And 91+1(t’(7§:f)7é_1) < (3/5)A0,, following the

analysis in Case 3 for [ < u.

Therefore, the claim holds for u + 1. Suppose the claim holds for [ > u+ 1. Then

when moving from level [ to level [ 4 1, one of the following three cases can happen.

a) b=0b+1 and b is even. In this case, following the analysis in Case 2 and Case

3 for [ < u, we have

3
0l+1(trbn/—2i—n—l—1) < 1_09l(trbn+n—l) < Al012_(l_u)/2



CHAPTER 4. ¢-STRONG SIMULATION FOR SDES 137

and

—l— 3 m+4n— —(l—u
91+1(tgi?)/é < 1—031(751; Ty < Ay 27,

b) b = b. In this case, following the analysis in Case 2 or Case 3 for | < u

(depending on whether b is odd or even), we have

3
m+n—Il—1 m+n—1 —(l—u—1)/2
91+1(t@m ) < —1091(@ ) < A2 :

¢) b=>b+1and bis odd. In this case, we let 6, = max{f,(¢;""" "), 6,(t7"*" ")},
Then we can use the same analysis as in Case 4 or Case 5 for [ < u (depending on

which one of Hl(tg“L”_l) and Hl(t%”+”_l) is smaller) to conclude that

1-
O (") < 50 < A2~ (e D2,

We notice that case ¢) can happen only once.

We are now ready to control the contribution of the term (4.32). As
An+mfl+1ni-(t?+mil) < 1/30

and

pl(t?+mil) < 1/77

we have when m < u
m 2n+mfl

IT II ce

2n+mfl

H exXp (4An+m—l+lni(t?+m—l) _|_pl(t1:+m—l>2)
2 r=1

€xp <(16An+m771 +

IN
s

o~
Il

(4An+m01)2
(1 - 8An+m771 )

11 ’}/2 o 6 ’72 A
- Al 2« __AQ % r A ) )
eXp<<5k’—k Sy T MGt e )

2) (K — k)A, +2))

IN
s

o~

2

IN
s

I
[N}

The last inequality follows from Corollary 2 that 6, = 6y/4(1 — 05A2,,), m =
020 nim/2(1 — 02A2, ), and our choice of fy = v/((kK"/2A2A,,). Then, as (k' —
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For (4.33), we notice that under condition (4.19)) and (4.20]), we have
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Chapter 5

Introduction to Part 1

A central assumption in the operations management literature is that service times are
independent of the load of the system. However, empirical and anecdotal evidence
suggest that in many service systems the two are correlated (see for example [44;
45; 46) and [47]). Depending on the service environment, heavily-loaded systems
may experience service speedups or slowdowns. While speedup was theoretically
investigated in [48], slowdown was so far been neglected.

Slowdown of service rate, when the system is congested, is a widely spread phe-
nomenon, which is contributed to several psychological, physiological and techni-
cal reasons.High congestion levels may induce pressure on agents, which accord-
ing to the psychology literature (see for example [49]) may impact human percep-
tion, information processing and decision making. All of these aspects may influ-
ence operational performance. While a relatively low level of arousal may increase
productivity, high levels of pressure hurt performance [50]. High congestion levels
may also require individuals to conduct multiple tasks in parallel which involves a
cognitive switching cost [44]. At the same time, high congestion levels may lead
staff to work longer hours without proper rest, causing fatigue. Empirical stud-
ies provide evidence that fatigue leads to deterioration in productivity (e.g. [46;

51]). Service rate may also deteriorate due to external capacity limitations, for exam-
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ple, I'T systems perform slower when heavily loaded, and hence, the service times of
the workers who use them may increase [44]. On the customer side, it is well estab-
lished that patients’ condition may deteriorate if treatment is delayed in health care
facilities, causing a service slowdown [52]. Customers may also demand a longer and
more personalized service following a long wait. For example, agents might need to
take some extra time to mollify irritated customers who experience long waits. In call
centers, the service time could notably increase when the system is congested. This
is illustrated by Figure [5.1, where the average service time of service type 1 doubles
itself from 40 to 80 seconds [47]. Changes of service rate in such a manner have a

significant influence on the companies’ revenue.

Figure 5.1: Service time as a function of waiting time in a call center of an Israeli
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Motivated by these empirical findings, we investigate how the dependence between
service rate and workload affects the operational performance of the system measured
by delay and abandonment, and how service providers can cope with the consequences
of this dependence by adjusting staffing or routing.

Generally, there are two objectives that play opposing roles in the design of service
systems. On one hand, to increase efficiency and reduce operational costs, system
designers aim to increase resource utilization. On the other hand, high utilization

leads to increased level of delay and abandonment, thereby reducing quality of service.
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A common approach to design a service system is to balance the tradeoff between
system performance, measured by the probability of waiting and the probability of
abandonment experienced by customers, and resource utilization, measured by the
fraction of time an agent or a resource is occupied. The Quality-and-Efficiency-Driven
(QED) regime in a many-server asymptotic analysis suggests a Square-Root Staffing
(SRS) rule to balance this tradeoff. According to the SRS rule the number of servers,
s, is set such that s = R + VR, where R = A/ is the offered load of the system,
and [, the SRS parameter, is set to achieve certain performance measures. For
the SRS rule in an exponential type multi-server queueing model with abandonment
(commonly referred to as the Erlang-A model), § is determined using the Garnett
functions [53]. Applying the SRS rule to the Erlang-A model implies that a significant
proportion of customers (e.g. 30%-80%) gets served immediately upon arrival and
the probability of abandonment is small (e.g. < 5%) [53]. Other operating regimes
considered in the literature include Efficiency-Driven (ED) regime and Quality-Driven
(QD) regime, where the staffing level and the offered load grow in fixed proportion.
ED staffing is used when the staffing cost is very high. In this case the staffing level
isset to s = R—aR for 0 < a < 1, where «a is typically selected in the range 0.1-0.25
[54]. This results in 100% occupancy, probability of waiting close to 1 and very high
abandonment rate (5%-30%) [53]. A QD regime is used when the system requires a
very high level of service quality. In this case, the staffing level is set to s = R + aR
for @« > 0, where the typical range of « is as in the ED regime. This staffing level
results in very low abandonment (almost 0) and negligible waiting, but also in an
agent occupancy which is far below 100% [53].

In this part of the dissertation, we modify the Erlang-A model to account for
the slowdown effect and analyze the performance of the modified Erlang-A model
when staffing according the SRS rule. We use the term load sensitivity to describe
the rate of service rate deterioration as a response to increased workload. We show

that staffing to operate in the QED regime may not be a good enough solution in
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some systems with load-sensitive service rates. Depending on the model parameters,
we observe that systems designed to operate in the QED regime may have unstable
performance, alternating between being overloaded and underloaded, or even end up
being constantly heavily overloaded. This results in a very high probability of waiting
(close to 1) and a significant proportion of customer abandonment (e.g. 10%-20%).
Hence, a QED regime staffing rule, or even a QD regime staffing rule, may result in
an undesirable performance, typically found when using ED regime staffing rules. We
therefore propose alternative staffing rules and admission control policies that can be

applied in the presence of service slowdowns.

5.1 Literature Review

Palm [55] introduced the Erlang-A (M /M /s-+ M) model to incorporate abandonment
in the traditional Erlang-C (M/M/s) queue. [56] showed that abandonment is a
significant factor in modeling service systems and making staffing decisions. [53]
conducted a heavy traffic asymptotic analysis of the Erlang-A model in the QED
regime. They derived approximations for the probability of waiting and abandonment
and provided guidance for the design of large service systems. In this part, we study
a modified Erlang-A model that accounts for a load-dependent service rates.

A few papers consider state-dependent service rates but most of them are in the
single server queue setting without abandonment. [57] and [58] study the steady-state
behavior of the delay process (waiting time distribution) of a G/G/1 queue, where
both the service rate and the arrival rate depend linearly on the delay process. [59)
derived the fluid and diffusion limits of a network of single server queues with state-
dependent arrival rate, service rate and routing probability. [60] studies the fluid
and diffusion approximation of G/M/n + GI queues with state-dependent service
rate, but under a different scaling on the effect of workload (queue length process) on

the service rate function. The bi-stability phenomenon that does not arise in their
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models.

The bi-stability phenomenon is studied in different contexts: ICU flows [48], com-
munication networks [61], multi-class stochastic networks [62] and retrials [63]. The
phenomenon is also studied in Statistical Physics (e.g. [64] [65]). The conjectured tra-
jectory of the system under bi-stability is that it fluctuates within one stable region
for a long time and then, due to some rare event it reaches the other stable region and
remains there for a while [62]. In this paper, we study the bi-stability phenomenon
through asymptotic analysis of the stationary distribution and sensitivity analysis of
system parameters (§6.4). We impose exponential assumptions on the service time
and patience time distributions for tractability reasons. More general service time
and patience time distributions would require a different set of analysis. However, it
is known from the statistical physics literature that a rigorous characterization of the
dynamics of systems with bi-stability is in general very difficult to obtain unless we
assume some very specific system structures (e.g. reversibility of the Markov process)
165].

In order to avoid bi-stability, we propose in §6.3 three policies based on adjusting
staffing, abandonment, and arrival according to system state respectively. Indeed,
the state-dependent abandonment rate has similar effect on the queue length process
as the state-dependent service rate studied in this paper. Motivated by the way that
delay announcements and observable queues change customer patience, there have
also been works that study state-dependent abandonment rate [66]. They considered
delay announcements as a control policy in the ED regime, while we show its potential
advantages for stabilizing system performance in the QED regime. Our work is also
different from [67] and [68] who analyzed how delay announcements affect system
performance by changing the strategic behavior of customers. This was done by
combining game theory with queueing models.

In terms of staffing and admission control policies, [69] studied the optimal ad-

mission control of an M/G/1 queue with service rate that is first increasing and then
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decreasing as a function of the workload. Their objective is to optimize throughput
and they show that under certain conditions a threshold policy is optimal. Likewise,
in §6.4.3] we also consider a threshold admission control policy, but our objective
is to maintain a certain performance level. Admission control in the QED regime
has also been studied in [70], [71] and references therein. We also consider adjust-
ing the staffing level as a possible solution to stabilize system performance. A few
papers considered dynamic staffing (e.g., [72], [73]) to cope with time-varying ar-
rivals. They allow the staffing level to change over time according to a predictable
offered load function. In our model, the fluctuations in performance arise because
of the bi-stability phenomenon. The system alternates between two equilibria in an
unpredictable stochastic way. Therefore, we cannot propose a predetermined policy
whereby the staffing levels change in a predictable fashion. Instead, we propose static

policies that mitigate the effect of the unpredictable system behavior.

5.2 Main Contributions

We make the following key contributions:

1) We show that the effect of load sensitivity on system performance is nonlin-
ear. Systems with low sensitivity may exhibit only a modest deterioration in
performance, whereas when the sensitivity increases beyond a threshold, the
performance deteriorates drastically. We prove that the threshold that sepa-
rates the two cases is derived from the relative relation between the service rate

sensitivity level around zero and the abandonment rate (§6.2.2)).

2) When the load sensitivity is relatively low (i.e., the service rate does not de-
crease significantly with the load placed on the system), the SRS rule leads to
a QED performance. However, for a fixed square-root staffing parameter, [,
the performance deteriorates with the load sensitivity level. We develop new

approximation functions in the presence of load sensitivity, which can be used
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when making staffing decisions (§6.3)). To derive these approximations, it is

sufficient to accurately estimate the service rate function around zero.

When the load sensitivity is relatively high, the system alternates between two
performance levels, a phenomenon we refer to as bi-stability: one provides a
QED performance while the other has an ED performance (§6.2)). Therefore,
in such cases, applying the SRS rule does not consistently result in QED per-
formance. We investigate how the system scale and other parameters influence
the occurrence of bi-stability, and the proportion of time the system spends
around each performance level (§6.4). We show that while a higher load sen-
sitivity increases the occurrence of ED performance, a higher abandonment
rate decreases such occurrences. We also show that large systems converge to
the ED performance with an exponential rate; sensitivity increases the rate of
convergence, and abandonment rate decreases this rate of convergence. Two in-
teresting observations follow from our analysis. Firstly, the modified Erlang-A
queue exhibits unusual dis-economies-of-scale effect. In particular, as the sys-
tem scale grows, the system performance deteriorates dramatically. Secondly,
firms should encourage customers to abandon when having load-sensitive ser-
vice rate. This can be done by, for example, providing delay announcements.
To overcome the bi-stability phenomenon, we propose three operational solu-

tions: increasing staffing, increasing abandonment rate, and admission control

(13,

We show, using numerical examples (, that the bi-stability phenomenon
remains when considering a large class of models. This includes settings in which
the service rate deterioration is customer-driven (i.e., longer waiting results in
longer service requirement for that customer), in which it is agent-driven (i.e.,
agents change their service rate according to queue length), or in situations

where there is a delay in the slowdown effect on service rate (e.g., slowdown is
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caused by agent fatigue).
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Chapter 6

Slowdown Services: Potential

Failures and Proposed Solutions

6.1 Model Setup

6.1.1 Load dependent Erlang-A model

We analyze a modified Erlang-A (M /M /s + M) model which incorporates the de-
pendence of service rate on workload through the queue length process. Specifically,
we consider an M/Mq/s + M queue, with s identical servers. Each server can serve
only one customer at a time. Customers arrive to the system according to a Poisson
process with rate \. If a customer arrives and finds a server free, she starts service
with that server immediately. Otherwise, she waits in the queue. Customers are
served on a First-Come-First-Served basis. The service requirement is exponentially
distributed with a state-dependent rate function u(-) € C?. We assume customers
have finite patience. The patience time of each customer is exponentially distributed
with rate 6, which we refer to as the abandonment rate. If a customer does not get
into service before her patience time expires, she abandons the queue.

We denote the queue length process by Q = {Q(t) : ¢ > 0}, where Q(¢) counts the
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number of customers in the system (waiting and in service) at time ¢. Motivated by
the empirical findings on slowdowns, we assume that the service rate of each server is a
function of the scaled queue length process (as denoted by “Mg” in our model), p((Q—
s)T/s), where (x)* max{0,z}. This scaling makes the workload process ((Q(t) —
s)T/s) of the same order as the delay process (waiting time of an imaginary arrival
at time t) [54]. It is essential when considering scaling for approximations.

We are interested in service systems in which the service rate deteriorates as
the congestion level grows. We measure the level of load sensitivity by p/(z) and let
pD(0) := lim, oy u¥(x) fori = 1,2. We further assume that the service rate function

exhibits a diminishing decreasing rate and a minimum positive level. Formally:

Assumption 6.1.1 p/(z) <0 and p'(x) > 0 for all x > 0. limy_oop(x) = p(co) >
0.

In our numerical demonstrations, we use a specific form of the service rate function:
w(x) = ¢+ aexp(—bx) with parameters a, b, ¢ > 0, which clearly satisfies Assumption
[6.1.1] To demonstrate changes in load sensitivity, we change the values of b while
keeping all other parameters fixed. We refer to b as the load sensitivity parameter.

Under our assumptions on the service rate function, Q(t) is a Markov jump pro-
cess. More specifically, Q(¢) is a Birth-and-Death (B&D) process with birth rate A and
state dependent death rate u((Q—s)/s)(QAs)+60(Q—s)T, where Ay = min{z, y}.
As 6 > 0, Q(t) admits a unique steady-state distribution. We denote

7(q) measures the long run average amount of time the system spends at g.

6.1.2 The QED heavy-traffic regime

To balance the quality of service with system efficiency, we aim to operate the queue in

the QED regime. For an M/M/s+ M queue, the QED regime is obtained by holding
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the service rate and abandonment rate fixed while letting the aggregate arrival rate
A and number of servers s grow to infinity in such a way that the utilization rate p =
A/(sp) approaches 1 with a certain rate. Specifically, consider a sequence M /M /n+M
queue indexed by n with arrival rate A\, — oo as n — oo. Set p, = A\, /(nu). It is

assumed that

Vn(l —p,) — Basn — oo (6.1)

for some B € R, or equivalently, that the number of servers is set by the square root
formula — n = R, + 8V/R,,, where R, = An/ L.

Garnett et. al. [53] proved that when a sequence of Erlang-A systems satisfies
Equation (i.e., operates in the QED regime), The probability of waiting, P(W),
is non-degenerate and the probability of abandonment, P(Ab), converges to zero at
rate 1/4/n. Thus, systems that operate in this regime achieve both good performance
and high efficiency. However, as Figure[6.1]illustrate, in the modified Erlang-A model,
SRS does not guarantee similar performance.

In the absence of workload sensitivity, (i.e., b = 0), the system with the same
parameters as in Figureoperates in the QED regime, with g = 0.3, P(W) = 0.1882
and P(Ab) = 0.0018. Figure illustrates that this is not necessarily the case
when the systems exhibit load sensitivity. In the first case (b = 1), the system still
operates in the QED regime with low probability of waiting, P(W) = 0.2050, and
abandonment, P(Ab) = 0.0023. But the performance is worse than the one obtained
without sensitivity. In the second case (b = 2), we observe the phenomenon of bi-
stability. There are two peaks in the stationary distribution: a lower level where the
performance is good (P(W) ~ 0.2 and P(Ab) ~ 0.02), and a high leveler where the
service level is poor (P(W) ~ 1 and P(Ab) ~ 0.2). The average performance yields
P(W) =0.9090 and P(Ab) = 0.2008.

Figure [6.2| shows how the probability of waiting and the probability of abandon-

ment change as functions of the load sensitivity parameter, b. We observe that the
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Figure 6.1: Sample path and stationary distribution of the number of people in the
system for M/Mq/s + M queues with different load sensitivity parameter values, b
(s =512, A =500, u = 0.6+ 0.4exp(—b(q — s)™/s) and § = 0.3)
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effect of load sensitivity is nonlinear. The performance deteriorates drastically as the
sensitivity parameter grows beyond a certain level (e.g., at around b = 1.5 for the
parameters in Figure [6.2).

These demonstrations imply that it is SRS may not be enough to achieve QED
regime performance in service systems with load-sensitive slowdown effect. In the
next section, we use the many-server heavy traffic analysis to analyze the dynamics

of such systems.
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Figure 6.2: Performance measures for M/Mg/s+ M queues as a function of the load
sensitivity parameter, b (s = 512, A = 500, p = 0.6 + 0.4exp(—b(q — s)*/s) and
6 =0.5)

(b) P(Ab)
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6.2 Fluid analysis

In this section, we establish the fluid limit of the queue length process of the mod-
ified Erlang-A model. This deterministic model serves as an approximation for the
corresponding stochastic system when the system scale is large. We then conduct an
equilibrium analysis of the fluid model. That provides important characterization of

the stationary performance of the original system.

6.2.1 Fluid approximation

To develop the fluid limit, we consider a sequence of M/Mg/n + M queues indexed
by n, where the arrival rate A\, — oo as n — oo. For the n-th system, we denote
Qn = {Q.(t) : t > 0} as the queue length process (number of people in the system).
The abandonment rate does not scale with n and the service rate function takes the
same form when applied to the scaled queue length process. As we are interested in

the QED asymptotic regime, we assume that there exists a § such that lim,, ., v/n(1—
An/(na(0))) = 6.
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Let A= {A(t) :t >0}, S={S():t >0} and R = {R(t) : t > 0} be three
independent Poisson processes, each with unit rate. A, .S and R generate the arrival,
service completion and abandonment processes, respectively. Then, the pathwise

construction of @), is:

)—n)"

Qu(t) = Qu(0) +At) = S (/Otu (M

R (/OtQ(Qn(u) - n)+du) .

We define the fluid-scaled process

) (Qn(u) An) du)

Qn(t)

n

Qn (t) =

Let D := D([0,00),R) denote the function space of all right-continuous real-valued
functions on the interval [0, 00) with left limit everywhere in (0, 00), endowed with

Skorohod (.J;) topology.

Theorem 6.2.1 If Q,(0) = Q(0) in R, then Q, = Q in D as n — oo. The limit

process Q is the unique solution satisfying the following integral equation

t t
Q) = Q)+ p(0t ~ [ (@) - 1)) (@) A1) du~ [ 0(Qu) 1) du
0 0
The proof of Theorem and all subsequent results can be found in Appendix
0.
Let f(q) be the flow rate function of the fluid system at state q. That is f(q) =
A—pu((qg—35)"/s)(gNs) —0(qg—s)*. Then we can write Q(t) as the solution to the

following autonomous differential equation with initial value Q(0):

Q= f(Q) (6.2)

where Q denotes the derivative of QQ with respect to t.
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6.2.2 Equilibrium analysis

Next, we analyze the long term behavior of the fluid model, i.e., the state of the
system as t — oo. To make the dependence of the flow, Q(¢), on its initial value,

Q(0), explicit, we write ®(qo,t) = Q(t) with an initial value gq.

Definition 6.2.2 (Equilibrium) A point G is an equilibrium of the dynamic sys-

tem (62) if

®(q,t) =q, forallt > 0.

By Definition [6.2.2] ¢ is an equilibrium of a system if when the trajectory of the
flow defined by starts at @, it stays there. In our model, ¢ can be computed by
solving f(q) = 0. However, it is unclear where the trajectories of the flow converge
to if the initial value gy # q. We therefore analyze the stability of the equilibrium

points.

Definition 6.2.3 (Stability of equilibrium) Let ¢ be an equilibrium point of the
dynamic system. q is said to be stable if for any € > 0, there exist 6 > 0, such that
if lg — q| <6, |®(q,t) — q| < € for any t > 0. Otherwise, q is unstable. If § can be
chosen such that not only q is stable, but also lim;_,o, ®(q,t) = q for |qg—q| < 9, then
q s said to be asymptotically stable.

By Definition[6.2.3], 7 is asymptotically stable if starting close enough to g, trajectories
defined by converge to ¢ as t — oo. An equilibrium may also be semistable.
In a semistable equilibrium, trajectories that start on one side of the equilibrium
converge to it, whereas trajectories that start on the other side do not. Note that a
semistable equilibrium is unstable by Definition [6.2.3|

To characterize the equilibria of the fluid model in (6.2]), we analyze the function
f(q). When ¢ <1, f(q) = 1(0) — u(0)q is a linearly decreasing function that starts at
f(0) = u(0) > 0 and ends at f(1) = pu(0) — ©(0) = 0. When ¢ > 1, under Assumption
f'(q) = —w'(g—1)—0 and f"(q) = —p"(q — 1) < 0. Therefore, f(q) is concave
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on [1,00). Let § = argmaxgejsc) f(q). We refer to ¢ as the critical point of the
system. Depending on the actual form of f(q), we distinguish between the following

two cases (as shown in Figure |6.3):
Case I (Low Sensitivity): —p/(0) < 6.
Case II (High Sensitivity): —u/(0) > 0.

Under Case I, the case with low sensitivity, we have ¢ = 1 and under Case II, the
case with high sensitivity, ¢ is the root of f'(¢) = 0 for ¢ > 1. The following theorem

summarizes the stability analysis of the equilibria for the two cases.

Figure 6.3: Flow rate function under two cases

(a) Case I—Low sensitivity (b) Case II—High sensitivity
f@ (@)

u(0) u(0)

51\ q 1 q \1

Theorem 6.2.4 Assume A\ = su(0) and Assumption|6.1.1]

(i) If —p/(0) < @ (Low Sensitivity), there is a unique equilibrium, q, with ¢ = 1.

Furthermore, q is asymptotically stable.

(i1) If =1/ (0) > 0 (High Sensitivity), there are two equilibria, q; and o, with g3 = 1
and @ > 4. G is a semistable equilibrium and Gy is an asymptotically stable

equilibrium.

In the low sensitivity case, § = 1 is the unique and asymptotically stable equilib-

rium of the fluid model. Therefore, the fluid model will converge to that value. In
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the stochastic level, we sill see the trajectory of the queue length process fluctuates
around n for the n-th system. We analyze its performance in more details in
In the high sensitivity case, there are two equilibria, ¢; and ¢,. The fluid model
may converge to either one, depending on the starting point. In the stochastic
level, the queue length process may alternate between the two equilibrium levels.
This drives the bi-stability phenomenon observed in Figure [6.1¢ However, g is a
semistable equilibrium. Therefore, in the stochastic level, we expect the queue length
process to eventually spend most of the time around the higher equilibrium level as
the system scale grows large. We explore how the scale parameter n and other system

parameters affect the bi-stability phenomenon under High Sensitivity in

6.3 Performance Analysis under Low Sensitivity

In this section, we conduct asymptotic analysis for the modified Erlang-A model
under low load sensitivity (—u/(0) < 6). We establish closed-form approximations for
the performance measures (P(W) and P(Ab)), which can be used to determine the
corresponding square-root staffing parameters. We then present numerical results to
demonstrate the quality of the approximations.

Let Y,, denote the normalized steady-state queue length process. In particular,

y, = Gnl) =n

NG

We then have the following result about the limiting distribution of Y,,.

Theorem 6.3.1 Under low sensitivity (—u'(0) < 0) and SRS with parameter 3, Y,

converges weakly to a distribution with the following probability density function

2 .
[ ew(-02) <o

9w =93 ", (w6022
V2mo? CXp <_ 202 > ny = O’

=it O (acm) i ()
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and h(-) denotes the hazard rate function of the standard normal distribution. Specif-
ically, h(z) = ¢(2)/®(z), where ¢(z) = (2m) /% exp(—22/2) and ®(2) = [ ¢(2)d=z

1s the complementary cumulative distribution function.

Theorem|[6.3.1|shows that the limiting distribution of the scaled process has normal
tails but it is not symmetric around zero unless (1/(0) 4+ 6)/p(0) = 1, and the left tail
decays slower as the sensitivity level |x/(0)| increases.

From Theorem [6.3.1, we have the following asymptotic results about the perfor-

mance measures.

Corollary 6.3.2 Under low sensitivity (—p'(0) < 8) and SRS with parameter 3,
-1
lim P,(W) = (1+ h(fo) >

n—o0 oh(=p5)
and
i vrn = (52 -0) (1 55 e

where o = /1(0)/(1/(0) + 6).

Corollary implies that the performance measures deteriorate with the load

sensitivity level 1/(0), and it leads to the following approximations of the system

Po(W) ~ (1 + Uhhiﬁ_ %) (6.3)

performance measures:

and

h(Bo h(o) ' 0

rian~ (- gartier) (U acs) more ©9

Figure demonstrates the quality of these approximations (denoted by dashed

lines) compared to the actual performance measures (marked by ‘4’ signs), derived

by simulation for different system parameters. Specifically, we choose three evenly

spaces values of load sensitivity, measured by p’(0), and the values of the square-root
staffing parameter S between —3 to 3.

We observe that provides a good approximation for P(WW) for a wide range

of load sensitivity levels and  values. On the other hand, provides a good
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Figure 6.4: Approximations for P(W) and P(Ab) at three different load sensitivity
levels: a: p/(0) =0, b: ¢/(0) = —0.3, ¢: 1/(0) = —0.6

(a) P(W) (b) P(Ab)
1 Mo 0.35
a q(‘ \
N 0.3
0.8 ?{*C
AN 0.25
\.‘)\\.\ +, \
B | + N
~06 Wy S 02 C.
= AN < e
o W Ta. N
04 W |oEoas By
Ri TS N
bi¢ ', LR
% 0.1r ™ T
%, N
0.2 % RIS
4, 0.05 RNNCN
%, Wi
Mt T 0 . LTI
3 2 0 1 2 3 -3 2 -1 8 1 2 3

approximation of P(Ab) for only lower levels of load sensitivity (|x/(0)] < 0.3). In
other words, the quality of deteriorates as the load sensitivity level approaches
abandonment rate, |¢/(0)| — 6; in that case the approximation tends to overestimate
the system performance measures. Practically speaking, however, because the QED
regime aims for less than 10% abandonments, we can restrict attention to the range
of ’s which result in P(Ab) < 10%. For example, > —1 when p/(0) = —0.6. In
that range, works as a good approximation for the probability of abandonment,
where the maximum gap between the two is 0.025.

We also observe that for a fixed g, system performance (P(WW) and P(Ab)) dete-
riorates with the load sensitivity level p/(0). Therefore, neglecting to account for load
sensitivity would underestimate system performance. Put differently, fixing a target
system performance, a load sensitive service system requires more staffing to achieve
the same level of performance. One can use and to find the appropriate
square-root staffing parameter to achieve certain performance measures in the QED

regime.

Remark 6.3.1 We conclude this section by drawing some connections to the ordinary
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Erlang-A model. We notice that the limiting distribution of Y,, in Theorem |6.5.1
is the same as the limiting distribution of the normalized queue length process of a
sequence of ordinary Erlang-A model with the same arrival rate \,, constant service
rate 1(0) and reduced abandonment rate 1/ (0)+0 in stationarity [53]. This is because,
under the low sensitivity conditions, the two systems have the same arrival rates and
very similar death rates. When q < n, the death rates of the two systems are equal;

when q > n, the death rate of the modified Erlang-A queue is:

u(q;n)wr@(q—n)

= u(0)n+ (& (0) +0)(g—n)+ p1"(n)
for some n € (0,(qg —n)/n)
~ p(0)n + (1'(0) +0)(q —n)

when (¢ —n)?/n is small, i.e. when ¢ —n = O(\/n).

(¢ —n)?

The reduced abandonment rate in the corresponding ordinary Erlang-A model suggests
that the load sensitivity effectively lessens the stabilizing effect of abandonment. We
also notice that as p"(-) > 0, p(")n +0(q —n) > p(0)n + (1'(0) + 0)(q — n), the
ordinary Erlang-A model with reduced abandonment rate is stochastically larger than
the modified model (Lemma . Therefore, the stationary queue length process,
Qn(00), of our modified model is within n + O(y/n) with high probability.

6.4 Bi-Stability Analysis: Performance Analysis
under High Sensitivity

In this section, we analyze the system dynamics when sensitivity is high and in
particular, the factors that affect the bi-stability phenomenon. We start with the scale
parameter n. We then keep n fixed and analyze the effect of other system parameters,

specifically, the square-root staffing parameter [, the sensitivity of the service rate
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function and the abandonment rate . We also propose some staffing and admission

control policies to eliminate the bi-stability effect and avoid ED performance.

6.4.1 The effect of the scale parameter n

We begin by characterizing the local maximums of the stationary distribution, i.e.,
its peaks. When bi-stability occurs there are two peaks, as was shown in Figure [6.1d]
Naturally, there is a one-to-one correspondence between these peaks and the (semi-
)stable equilibria of the fluid model. Recall that @, = {Q.(t) : t > 0} is a B&D
process with birth rate \, and state-dependent death rate u((q — n)*/n)(¢ An) +
0(q —n)*", where Q,(t) = ¢q. Let m,(-) denote the steady-state distribution of Q.

From the detailed balance equation

AnTn(q) = (U((q —n)"/n)(gAn)+0(qg— n)+) (g + 1),

we get

>\n
w((g—n)t/n)(gAn)+0(g—n)t 1> Tu(q)-

As aresult, when A\, > u((g—n)"/n)(gAn)+60(qg—n)", m,(¢+1) > 7,(q); otherwise,

(g + 1) = malq) = (

(g + 1) < m,(q). Hence, we find the value of peaks of 7,(-) by analyzing the sign
of fn(q) := An — pl(g = n)"/n)(g An) —0(g —n)". When g <n, fu(q) = Ao — 1(0)q

is a linearly decreasing function. When ¢ > n, if we let x,, = (¢ — n)/n, then we have

n An
/ T(LQ) = p(xy,) — Ox,.

To simplify notation, let v(z) := u(x) + 0z for x > 0 and & > 0 denote the root of
V'(z) = 0. Under Assumption and High Sensitivity, v(-) is convex and attains
its minimum at . We also denote Z,, as the root of \,,/n —v(z) =0 on (Z,00). The

next theorem characterizes the peaks of m,(-).

Theorem 6.4.1 Let R, = \,/u(0). Under High Sensitivity (—u/'(0) > 0) and for
n= R, + BvR, (SRS):
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i) when <0, m,(-) has a unique peak, Gno = | (Tn + 1)n];
ii) when B >0,

(a) if \n/n < v(Z), m,(-) has a unique peak, Gn1 = [ An/p(0)];
(b) if A\n/n > v(&), mo(-) has two peaks, Gn1 = |An/1(0)] and Gno = |(Z, +
n|.

As lim,, 00 A/ = p(0), when > 0, the stationary distribution, 7, (), may have
a unique peak for small values of n, but will eventually have two peaks as n grows
large.

Let Z be the root of 1(0) —v(z) = 0 on (&,00). As v(:) is continuously increasing
on (Z,00), T, — T as n — oo. It is also easy to check that T = g, — 1, i.e. T measures
the distance between the two fluid equilibria. The next theorem characterizes the

relative magnitude of the two peaks.

Theorem 6.4.2 Under High Sensitivity (—p'(0) > 0) and SRS with 8 > 0

1 n 777/
lim — log m
n—oo 71'n(qn,l)

= I(z),

where

I(z) = /j log 5((2;dx > 0.

Theorem indicates that 7, (¢n2) = 7n(Gn,1) exp(nd(Z)). This means that the
difference in magnitude between the two peaks (7,,(¢n,1) and m,(Gnz2)) grows expo-
nentially in n. Figure demonstrates how the stationary distribution of the system
with 8 > 0 evolves with the scale parameter, n. For small values of n (n < 200),
mn(+) has a unique peak (g, 1). As n increases, a “second peak” (g,,2) emerges and its
magnitude compared to the first peak increases. For very large n, only ¢, 2 remains

effective.

Remark 6.4.1 Theorem|[6.4.3 suggests that systems with high service rate sensitivity

will have the dis-economies-of-scale effect. Unlike traditional Erlang-A model using
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SRS, where larger system provide better performance levels, the performance of our

modified model deteriorates as the system scale grows.

Figure 6.5: Approximated stationary distribution of the number of people in the
system for M /Mq/n + M queues with scale parameter values n (n = [R, + vV R,],
pu=0.6+0.4exp(—1.5(¢ —n)*/n) and § = 0.3).
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We next analyze factors that affect the value of I(z). To facilitate the comparison,

we restrict our analysis to the following ordering of load sensitivity.

Definition 6.4.3 For two service rate function py(-) and ps(-), with pi(0) = u2(0),

we say that ps is more load-sensitive than py, if po(x) < pi(x) for all x > 0.

The next lemma looks on the effect of the system parameters on the value of the

higher level fluid equilibrium, gs.
Lemma 6.4.4 Under High Sensitivity (—u'(0) > 60) and SRS with >0
i) the more load-sensitive the service rate function , the larger the value of Ga;

ii) the larger the abandonment rate 0, the smaller the value of Gs.



CHAPTER 6. SLOWDOWN SERVICES QED 164

Based on Lemma [6.4.4] the next lemma summarizes the effect of the load sensi-

tivity of the service rate function and the abandonment rate on the value of I(z).
Lemma 6.4.5 Under High Sensitivity (—p'(0) > 0) and SRS with 8 > 0
i) the more load-sensitive the service rate function, the larger the value of I(Z);

ii) the larger the abandonment rate 0, the smaller the value of I(Z).

Remark 6.4.2 Lemmas|6.4.4| and|0.4.5 indicate that as load sensitivity increases the

distance between the two equilibria increases, and with it the rate of convergence to
the upper equilibria (I(x)). Hence, we will observe bi-stability for smaller systems
only. Abandonment rate has the opposite effect—as 6 increases, the convergence to

the upper equilibria is slower, hence, we will observe bi-stability in larger systems.

6.4.2 The effect of other system parameters

For a fixed system scale parameter, n, in this section, we analyze the effect of the
square-root staffing parameter, 3, the service rate sensitivity and the abandonment
rate, 0, on the bi-stability phenomenon (the magnitude of the two peaks). Theorem
[6.4.1) shows that bi-stability (the existence of the two peaks) only arises for § > 0
and large n. We therefore concentrate on these parameter ranges.

We start by giving a formal definition for the time around the lower/upper equi-
librium level by defining the threshold point ¢,. This threshold outlines the re-
gion around the lower equilibrium level as [0, G,] and the region around the upper
equilibrium level as (g,,00). Let Z, be the root of A\,/n —v(z) = 0 on [0,2) and
Gn == [(Zn + 1)n]. As fu(q) < 0 for ¢ € (Gn1,Gn), ¢ € Z*, m,(q) is decreasing on
(Gn.1,Gn); and as f,,(q) > 0 for g € (Gn,Gn2), ¢ € Z*, m,(q) is increasing on (G, Gn.2)-
Thus, ¢, is the valley of m,(q) (see for example the valley around 600 in Figure [6.5f)),

and hence a good threshold to outline the two regions.
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The next lemma provides the basis for the main comparison results (Theorem

6.4.7)) in this subsection.

Lemma 6.4.6 For two positive recurrent B&D processes, Y and Y?) | defined on
the same state space Z", denote v; and &(-) as the birth rate and state-dependent

death rate of YO, fori=1,2. If 1 = vo and &,(y) > &(y) for every y € ZF, then
PYD(c0) > y) < P(Y®(o0) > y).

From Lemma [6.4.6, we have the following theorem that studies the effect of the
system parameters on the proportion of time the system spends around each equilib-

rium level.

Theorem 6.4.7 Under High Sensitivity (—u/'(0) > 6) and square-root Staffing with
p>0,

i) if p(oo) > 0, then the proportion of time the system spends around the upper

equilibrium decreases with the square-root staffing parameter, (3;

ii) under Definition the more load-sensitive the service rate function, the

larger proportion of time the system spends around the upper equilibrium;

ii1) the proportion of time the system spends around the upper equilibrium decreases

with the abandonment rate, 6.

Figure demonstrates how the value of the peaks and proportion of time the
system spends around each peak changes with the square-root staffing parameter j,
the sensitivity parameter, b, and the abandonment rate, . We notice that the value
of the second peak (the larger one) increases with the load sensitivity parameter b and
decreases with the abandonment rate 6, as was proved in Lemma [6.4.4] In addition,
we notice that the value of the second peak decreases with the square-root staffing
parameter 3, but the difference is much smaller when compared to the effect of b and

6. (This change is not apparent in the fluid level and, hence, less significant.)
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Figure 6.6: Approximated stationary distribution of the number of people in the
system for M/Mg/n + M queues with different system parameters (n = A + BV,
A =500, p = 0.6+ 0.4exp(—b(q — s)"/s) and 0).
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The effect of 5 on the performance measures of our load-sensitive model is similar
to that of the traditional/nonsensitive Erlang-A model; P(W) and P(Ab) both de-
crease with 8. The effect of load sensitivity, is also straightforward. The system with
a less sensitive service rate function has on average a higher service rate. The per-
formance measures hence improve. In contrast, the effect of the abandonment rate,
0, is quite counterintuitive. In the traditional Erlang-A model, it is well established
if customers are less patient (i.e., 6 increases), P(W) decreases but P(Ab) increases
[53], while in our modified Erlang-A model with high sensitivity, both the probability
of waiting and the probability of abandonment decrease with 6. This is because the
load-sensitive system reaches the high equilibrium less frequently as # increases.

The analysis implies that the abandonment rate and the load sensitivity of the
service rate function affect system performance differently when service rates exhibit
slowdowns due to congestion. While a high load sensitivity level negatively affects
system performance, a high abandonment rate may actually improve performance by
alleviating the deterioration in service rate. Hence, managers are advised to encourage
customers to abandon in a load-sensitive environment. This can be done, for example,
by providing delay announcements when the system is loaded, as it is known that

announcements increase abandonment rate [56; 66].
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6.4.3 Policies to avoid bi-stability under High Sensitivity

We next propose and analyze three policies to eliminate the bi-stability phenomenon
and avoid ED regime performance under High Sensitivity. The first approach, Policy
A, is to increase the staffing level sufficiently so that the stationary distribution has
only one peak around the lower level. The second approach, Policy B, is to adjust
the abandonment rate once a threshold is reached so that the stationary distribution
again has only one peak around the lower level. The third approach, Policy C,
is to block the incoming arrivals or reroute them to other service facilities once a
threshold is reached, thereby preventing the system from reaching the higher level

peak (equilibrium). In the remaining part of this section, we expand on each policy.

A) Increase staffing. In this policy, we eliminate the higher-level equilibrium by
increasing staffing level. The new staffing level, i, should be such that A, /n <

v(Z). Suppose we set i = A, /v(Z). Then we have

n u(@) vn @) (o)

p(0) v\ p(0)

This implies that we need to increase staffing by O(n) servers. Thus, a potential

nen_ M/n <)\n/n L )\n/n> A

drawback of this approach is that by raising the staffing level to n, a service

provider may “overstaff” the system to operate in the QD regime.

B) Increase abandonment. Under this policy, we eliminate the higher level equi-
librium by adjusting the abandonment rate. This is doable using, for example,
delay announcement [66]. In what follows, we consider a special intervention,
under which we increase the abandonment rate to # when the queue length pro-
cess pass a certain threshold h,,. The h, and 6 need to be choose appropriately,
such that under the Policy B, the stationary distribution has only one peak
around the lower level. Interestingly, the value of theses parameters could be

derived from our bi-stability analysis earlier.
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Recall that z,, is the root of A\,/n —v(z) = 0 on (0,%). From the proof of
Theorem [6.4.1] to eliminate the higher level peak (equilibrium), we need to set
hn, € (n,(Z, + 1)n] and the corresponding 6 > |u/((h, — n)/n)|. This means
that for this approach to be effective the delay announcement has to increase

customer impatience by at least |u/((h, — n)/n)| — 6 at the threshold level h,,.

We also have the following asymptotic characterization of z,,.

Lemma 6.4.8 Assume that \/n(1 — p,) — S as n — oo with § > 0. Under
High Sensitivity
pu0)

I 7, — —HD)
Hm Vi = =0+ g

We notice from Lemma that 7, = O(y/n), thus h, —n = O(y/n) and
| ((hy, — n)/n)| = 1/ (0) + O(1/y/n). We also note that the increased level of
abandonment rate only need to hold for h,, < g < @,2; it can go back to 6 for

higher values of queue length.

Admission Control. In a different approach, Policy C avoids bi-stability by
constraining demand for services. Here we block customers (or reroute them to
a different service group/facility) once a certain threshold, ¢, is reached. Under
Policy C, the system becomes an M/Mqg/n/c + M queue. To implement this
policy, the system provider needs to characterize the appropriate threshold level,
and the cost that such a policy entails on the system in terms of the proportion
of customers blocked /rerouted. The “right” threshold could again be chosen

based on our bi-stability analysis.

From the proof of Theorem any choice of ¢,, satisfying n < ¢, < (%, +
1)n, eliminates bi-stability, but the choice presents a tradeoff between the level
of performance and the proportion of customers blocked: Setting a small ¢,
improves performance (P(W) and P(Ab) are low), but increases the proportion

of customers that are blocked (P(Bl)). To find the optimal threshold within
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this range, a service provider should evaluate the costs associated with each

performance measure and strike a balance between them.

To gain more insight on the performance of this policy, we consider a sequence
of M/Mg/n/c, + M queues indexed by n. System n has arrival rate )\, state-
dependent service rate u((q — n)*/n), abandonment rate # and a finite system
capacity ¢,, so that incoming customers are blocked once the number of cus-
tomers in the system reaches c¢,. We denote the queue length process of the
n-th system by Q¢(-).

We next develop diffusion approximations for Q¢ for ¢, < (Z, + 1)n. The

pathwise construction of Q° is
@) = @+ a0 -5 ( [ (L) (r Anjan)
& (0 [ (@ —wrau) - Lo,

where L, (t) = fot 1{Q54(s) = ¢, }dA(Mnt). L, counts the number of arrivals that

are blocked from the system in [0, t]. We define the diffusion-scaled process

o = 20"

Theorem 6.4.9 Assume /n(1 — p,) = 5 as n — oo, where p, = A, /(nu(0))
and c,//n — ¢ < —Bu(0)s/(1/(0) + 6) as n — co. If Q5(0) = Q°(0) in R as
n — oo, then Qfl = Q° inD asn — oo. The limit process QC 1s the unique

process satisfying the stochastic integral equation.:
Q°(t) = Q°(0) — Bu(0)t + /2u(0) B(t)
- [ [10@ @ 70+ w0 + @ @] du— L), (65)

where {B(t) : t > 0} is a standard Brownian motion. L is the unique nonde-

creasing nonnegative process in D satisfying equation (6.5) and

/Ooo Q) < c}akin =0
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(¢ is an irreducible Markov chain with a finite state space. Thus, QC admits a
unique stationary distribution, m. As E,[Q,(t)] = E;[Q,(0)], by Theorem[6.4.9]
and the Basic Adjoint Relation [74],

EL[L(0)] = (=61(0) — p(0) B[ Q°(0) A 0] = ((0) + 0) B [Q°(0)"])

and the proportion of customers that are blocked from the n-th system, P, (Bl),
satisfies
Ant
1 (=B1(0) = p(O) EA[Q7(0) A 0] — (1(0) + ) E-[Q°(0)"])

vn 1£(0)

The probability of blocking is of O(1/y/n). This implies that for large systems,

the proportion of customers blocked and the proportion of time the system is
blocked are very small. As the system is restricted to fluctuate around the
lower equilibrium g, we expect QED regime performance for P(W) and P(Ab),
i.e. non-degenerate probability of waiting and O(1/+/n) probability of abandon-

ment.

We next compare the performance of the three policies numerically. Specifically,
we compare how each policy improves the service level for different load sensitivity
parameter values, and report on the implementation “cost” of each policy, i.e., the
amount of added staffing or the proportion of customers abandoned/blocked. In
Table|6.1], we compare three modified Erlang-A models with different levels of the load
sensitivity parameter, b. In the Base Case table we present the performance measures
of the load-sensitive system. In the Policy A table, we present the performance
measures that correspond to an increased staffing level of n = A/v(z). We denote
by A, the percentage increase in staffing. In the Policy B table, we present the
performance measures of the system that operates under the policy of increasing the

abandonment rate to # = —u/(0) once the queue length process pass the threshold
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level h,, = ¢,. Finally, in the Policy C table, we present the performance measures of
the system that operates under the threshold control policy with the threshold level
Cn = Qn-

For Policy A, as the sensitivity increases, to eliminate bi-stability, the additional
staffing required increases. In particular, the percentage of extra staffing needed, A,,,
increases from 3.89% (for b = 1.25) to 17.53% (for b = 2.75). These levels of extra
staffing yield a QD regime performance for highly sensitive systems (e.g. b > 1.75).
While the policy results in very good performance, adding so much extra staffing (as
high as 17.53%) may lead to low server utilization, and can potentially be a costly
solution. Alternatively, under Policy B, while the performance measures deteriorate
with the sensitivity parameter, the performance remains within the QED regime. The
column, P(Q(oc) > h,), represents the proportion of time the increased abandon-
ment intervention is active. We observe that it is small and increasing with the load
sensitivity. This is consistent with our previous analysis, as the proportion of time
the system is pushed towards the upper equilibrium increases with the load sensi-
tivity. Lastly, under Policy C, the proportion of customers blocked is relatively low
(at most 1.51% for the parameters in Table . The admission control policy keeps
the performance measures within the QED regime characteristics for all sensitivity
parameters tested. Hence, Policy B & C achieve a good service level while keeping

the staffing according to the SRS rule.

6.5 Extensions

The model in Section is the most befitting to explain agent-driven slowdowns,
where the effect of the load of the system on service rates is applied instantly and
to all agents simultaneously. Such a model fits situations where agents observe the
current load and adjust their working rates accordingly. The exact same model cannot

be directly applied to capture all various sources of the slowdown effect described in
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the introduction. In this section, we modify the base model to better fit other sources
of slowdown effects. In particular, we analyze: a) Customer-driven slowdowns, where
each customer’s waiting time affects only her own service rate, and b) Agent-driven
slowdowns with a time lag, which can explain slowdowns caused by fatigue and hence
takes time to take effect. Utilizing numerical approaches, we find that the primary
insights (the existence of the two equilibria and the stochastic fluctuations between

them) from our original model remain.

6.5.1 Customer-driven slowdown

In this section, we assume that a customer’s service time is positively correlated with
his own waiting time. In particular, the service rate of customer i is a function of
her waiting time (not the queue length): u; = p(w;) where w; is the waiting time
of customer 7. |75 developed a performance approximation for this model based on
theoretical bounds, a method which did not detect bi-stability in performance levels.
Figure demonstrates that the bi-stability phenomenon still exists in this setting
and the system spends a larger proportion of time around the higher equilibrium level

as the sensitivity parameter increases.

Figure 6.7: Sample paths of the number of people in the system with different sensi-
tivity parameters, b (n = 214, A = 200, = 0.3 and p; = 0.6 + 0.4 exp(—bwy).)
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6.5.2 Agent-driven slowdown effect with delay

Another possible cause for the slowdown effect is due to fatigue of agents. Under high
congestion levels, agents are working under pressure and without proper rest, which
may eventually lead to deterioration in productivity. One way to model a slowdown
effect caused by fatigue is to incorporate a time lag between the occurrence of high
congestion levels and the deterioration in productivity. To capture this, we set the
service rate as a function of the average queue length process over a time interval of

length [. Specifically, the service rate at time ¢ is

8 (/tjl Mdu) ‘

We observe that bi-stability still exists in this case. We find that the length of the
time lag, [, affects the frequency at which the system moves between the two equilibria.
If [ is of the same order as the service time, the system moves “easily” from one
equilibria to the other; as the time lag increases, it becomes “harder” for the system to
transfer between them. Figure illustrates how the bi-stability phenomenon evolves
as the sensitivity parameter, b, increases, for a relatively small time lag (e.g., | = 5).
As before, the proportion of time the system spends around the higher equilibrium
level grows with b. In contrast, for a large time lag (e.g., [ = 30), the trajectory of
the system depends largely on its initial position, and tends to stay around the initial
equilibrium level for a very long period of time (potentially forever), regardless of the
value of b. Figure demonstrates the sample paths commonly observed in this case.
If the system starts around the lower equilibrium, it keeps fluctuating around that
level, whereas if the system starts around the higher equilibrium, then it stays there.
These observations has operational implications—whereas systems with short [ will
move from the upper equilibrium to the lower equilibrium by itself, systems with long
[ may need external intervention to move from the upper equilibrium to the lower

one.
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Figure 6.8: Sample paths of the number of people in the system with time lag of
length [ = 5 and different levels of the sensitivity parameter, b (n = 214, A = 200,

6 =0.3 and (ftt_l(Q(u) —n)t/n du) =0.64+ 0.4exp (—b [1(Q(u) — s)+/sdu> )
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6.6 Concluding Remarks

Motivated by empirical findings in service systems, we modified the Erlang-A model
to account for the effect of the workload-dependent service rate. When the load sensi-
tivity is low, with relation to the abandonment rate, we observe a small gap between
the performance of the standard Erlang-A model and the load-sensitive model. The
latter has lower quality of service. We show that this reduction in quality measures
can be fixed by adjusting the square-root staffing rule parameter. When the load
sensitivity is high, we observe a bi-stability phenomenon where the system alternates
between two equilibria: one equilibrium results in a QED performance and another
equilibrium results in an ED performance. We conduct a sensitivity analysis of the
proportion of time the system spends around each equilibrium and propose three
policies to avoid the occurrence of bi-stability: A) a permanent increase of staffing,
B) increasing the abandonment rate once the queue length reaches a certain threshold
and C) admission control, where customers are blocked as soon as the queue length
reaches the threshold level. Policy A may “overstaff” to a QD performance while
Policy B & C provide a QED performance at a “low cost”. Lastly, we illustrate via

numerical experiments that the bi-stability phenomenon remains in a larger class of
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Figure 6.9: Sample paths of the number of people in the system with time lag of
length [ = 30 and different initial queue lengths (s = 214, A = 200, 8 = 0.3 and

(ftz —s+/3du>—06+04exp( 2ftl —3+/3du>)
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load-sensitive service systems with different sources of the slowdown effect.

We would like to conclude with some remarks regarding the construction of the
model. First, for the sake of simplicity, throughout the manuscript, we assume a
decreasing and convex service rate function and a constant abandonment rate. The
former derived the bi-stability results. We notice that meta-stability (multiple (semi-
)stable equilibria) can arise for more general forms of the service rate function and
load-dependent abandonment rate. However, most of the analyses in this paper (the
fluid analysis and the asymptotic analysis of the stationary distribution) can be ap-
plied to the more general cases as well. Our second remark is on the practical esti-
mation of the service rate function. From our analyses, it is apparent that to design
service systems with a load-dependent slowdown effect, it is sufficient to accurately
estimate the service rate function around zero, for most purposes. The derivative of
the service rate function at zero is all that is needed to distinguish between the low
and the high sensitivity cases, and to approximate the performance measures in the

low sensitivity case. To implement Policy B and Policy C in the high sensitivity case,
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it is sufficient to estimate the service rate function up to O(1/y/n).

6.7 Proofs of the technical results

Proof.[Proof of Theorem [6.2.1l] The proof follows from the method outlined in [76].
We write

Q) = Qu0) -+ 40w - ([ (LY @) i)

R (9 / (Qul) n)+du)

= Q(0)+Mn1() My o(t) — M, 3(t)
+>\nt— 0 ( (“>_ +)( w) An)du — 0 /Ot(Qn(u)—n)+du

n

where

—> (Qn(u) A n)du)
—) (Qn(u) An)du
M,s = R (9 Ot(Qn(u) - n)mu) —0 /0 t(Qn(u) — n)*du.
Let Qn(t) = Qn(t)/n and M, ; = M,,;/n for i = 1,2,3. Then

Qn(t) = Qu(0) + My (t) — Mya(t) — Mya(t)
+%t — /0 1 ((Qn(u) = 1)F) (Qulw) A1) du — 9/0 (Qn(u) — 1)+ du.

Let d(q) = —p((g—=1)")(gA1) =0(g = 1)". As p/(-) <0 and p"(-) = 0, |p/(z)] <
|1/ (0)]. Tt is easy to check that

|d(q1) — d(g2)| < max{p(0), [1'(0)] + O}q1 — gl

Thus d(-) is Lipschitz. This implies that

q(t) =b+z(t) + /Ot d(q(u))du
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has a unique solution and constitutes a function ¢ : D x R — D that is continuous
(see Theorem 4.1 in [76]).

Let n(t) = 0. We next show that M, ; —nin D w.p. 1 asn — oo fori=1,2,3.
Applying the Functional Strong Law of Large Numbers to Poisson processes, we have
SUPg<;<T {@ — t} — 0, Supg<i<r {@ — t} — 0 and supg<;<r {@ — t} — 0
w.p. 1 as n — oo for any 7" > 0. We thus have

M,1—ninD w.p. 1 asn — oo.

As Qu(t) < Qn(0) + ANt), [ Quu)du < t(Qn(0) + A(Aut)). This implies that for
any fixed T' > 0 there exists 7 > 0, such that

P(@/OTQn(u)du>T> — 0 as n — oo.

Then,

P (|l > o) < P (@ /OT O, (w)du > T> P (H@ - tH > g) .

This leads to

M,2 —ninD w.p. 1 as n — oo.

Similarly we can show that

M,s—ninD w.p. 1 asn — oo.

By the Continuous Mapping Theorem (CMT) we have the fluid limit in Theorem
6.2.11 O
Proof.[Proof of Theorem [6.2.4] We prove asymptotic stability by the Lyapunov
method. Specifically, a function V(q) : RT — RT is called a Lyapunov function
of about its equilibrium g if V() = 0 and V(q) > 0, 0 < |¢ — q| < ¢ for
some & > 0. We denote V as the derivative of V(-) with respect to ¢. § is locally
asymptotically stable, if there exists a Lyapunov function V(¢), such that V(¢) < 0
for all 0 < |¢ — q| < 6 for some § > 0. g is globally asymptotically stable, if the
locally asymptotically stable conditions hold for all 6 € R*.
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For the low sensitivity case, we use the following Lyapunov function
Vig) =lg—dl,
where ¢ is the specified equilibrium. Hence,
V(q) = sign(q — 0).f(q)-

Recall that £(q) = 1(0) — (g — 1)*)(q A 1) — 6(g — 1)*.
Under Assumption and the assumptions of the low sensitivity case, f(-) is de-
creasing. ¢ = p(0)/1(0) =1 and

—u(0) + p(0)g < —p(0) 4+ p(0)g = 0, q<q;
1(0) — (g —1) = 0(g — 1) < u(0) — u(0) =0, ¢>q.

Vig) =

Therefore, ¢ is a globally asymptotically stable equilibrium.

Under Assumption and the assumptions of the high sensitivity case, f(1) = 0;
thus ¢ = 1. f(q) is increasing on [§, ) and decreasing on [§,c0). Since f(§) > 0
and lim, ., f(q) = —oo, there exists g» > ¢ such that f(g.) = 0.

As f(q) > 0 for ¢ < 1 and f(q) >0 for 1 < ¢ < ¢, ¢ is semistable.

Let

Va(q) = lg — @l

For g € (g1, ),

(

—1(0) + p(g = 1) +0(g — 1) < —p(0) + p(0)@ = 0,
when q1 < ¢ < ¢;

—p(0) +u(g—1)+0(g—1) < —p(0) + (@ — 1) + 6(g2 — 1) = 0,

Va(q) = )
when ¢ < q < @o;
1(0) = plg —1) = 0(qg —1) < p(0) = (@2 = 1) = 0(2 — 1) = 0,
\ when g > ¢».
Therefore, ¢ is a locally asymptotically stable equilibrium. O

In order to prove Theorem [6.3.1, we start with the following lemma.
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Lemma 6.7.1 Assume \/n(1—\,/(nu(0))) = B asn — co. For any 0 < y; < ya <

00,

w7 W(0) 0
R S LN / Ity v
and

—_ —Y1
lim log m(ln = Vi) =— B+ydy.

n=oo ([0 — v/nys)) 2

Proof. From the detailed balance equation of the B&D process, we have

Tl [n+ Vi) L”*ﬁ@” A
([0 + vy |) et a1 P (B =) /) + 0k — n)
Then,
log ([ + Vs )
([0 + vy |)
/e
= L2 —y)Vnllogp.— > log (1 + nG) ~ O + 9%)
b=l +1 (0)
N
e — (1 — o) — O +0 k 1 1
= =l —y)Vnl(1 —pn) k:L\/;yljJrl 10y Vn/n +0 (n)
= —(p2— )8 — /:2 %ydy.
Likewise,

T (ln = vy |)
([0 — V/nys|)

log

Lvny2] 2
= [—y)Vnllogp,— > log(l— =)
k=) +1
Wiy” ko1 |
— L VA o) - emvo(3)
et VIV "

Y2
= —(p— )P —/ —ydy.
Y1

|
Proof.[Proof of Theorem M] The technique used in this proof follows from [77].

We denote G, as the cumulative distribution function (CDF) of the scaled process
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Y,. We first prove the relative compactness of GG,, by a sandwich argument using
stochastic comparison.

Let {Q! (t)} and {Q(t)} denote the queue length processes of two sequences of ordi-
nary Erlang-A queues: both have n servers and arrival rate \,, which are the same
as the original process @, (t). We keep the service rate and the abandonment rate
fixed regardless of the system scale. The service rates of both systems are fixed at
1(0). The abandonment rate of Q! (¢) is  whereas the abandonment rate of QU(t) is
0+ 1/ (0).

As

0 (%) 0+ 0(g — ) < u(0)n + 0(g — )

and

u(%)nJrG(q—n)

= p(0)n + (1'(0) + 0)(q —n) + 1" (n)

> p(0)n + ('(0) +6)(q — n),

(g —n)?

for some 1 € (0, (¢ —n)/n)

based on Lemma [6.4.6, we have

P(Qn(00) > q) > P(Q!(c0) > q)

and

P(Qn(o0) > q) < P(Qy(o0) > q).
Following the definition of Y,,, we let Y! := (Q! (0c0) — n)/y/n and Y* := (Q%(oc0) —
n)/v/n. We also denote G, and G* as the CDFs of the scaled processes X! and X,
respectively. Then both G* and G!, converge uniformly to some limiting distributions
[77]. We denote their limits as G' and G* respectively. Since G%(y) < G,.(y) < G (y),

we have that for any € > 0, there exists a small enough y such that

limsup G, (y) < lim G'(y) < e

n—00 n—oo
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and

1> lim liminf G,(y) > lim lim G}(y) = 1.

Yy—00 N—00 Y—>00 n—r00
Thus, G, is relatively compact. The limit of GG, exists and is a well-defined CDF.
From Lemma|[7.2.3] the distribution G is absolutely continuous with probability den-

sity function of the form

Sexp (-022) ity <o,

9(y) =

%207502 exp (——(yJ;if)Q) if y >0,

where 0 = /u(0)/ (/(0) + 6), and C; and Cy are the normalizing constants. Using
the fact that ffooo g(y)dy =1 and ¢(y) is continuous at 0, we have

¢, _ iBo) (1 L (Bo) )

~ 09(p) oh(—B)

and

_ h(Bo) h(Bo) \
“ = 5(30) (1 * ah(—m) |

Proof.[Proof of Corollary [6.3.2]] As P,(W) = P(Q,(c0) > n) = P(Y, > 0), and

Tim P(Y, > 0) = C,8(80) = (1 + ﬂ(ﬁ_"ﬁ))) :

where o = 1/p(0)/ (1/(0) 4 0). We thus have the desired limit for P,(W).
For P, (Ab), we have

VAPA(AB) = E[(Qu(oc) - m) 1T

lim \/nP,(Ab) = (ch(Bo) — Bo?) (1+ h(ﬂa))>_1u
— (M ) (1 M Y

o
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g
Proof.[Proof of Theorem [6.4.1]] We first analyze the roots of f,(q) = A, — p((q —
n)t/n)(g An) —0(qg —n)T = 0. We divide the analysis into two regions: [0,n] and
[n,00). fn(q) is linearly decreasing on [0, n] with f,,(0) = A, > 0, f.(n) = A, — p(0)n.
When 5 < 0, f,(n) > 0. When 8 > 0, f,(n) < 0 and f,(g.1) = 0, where ¢,1 =

An/1(0) < n. For ¢ > n, we analyze the scaled function

fule) _ An ()

n n

where v(z,) = p(z,) + 0z,, and =, = (¢ —n)/n. Recall that v(-) is convex and
attains its minimum at . Specifically, v(-) is decreasing on [0, ] and increasing on
(,00) with v(z) — oo as * — oo. When < 0, as v(0) < A,/n, there exists a
unique 7, > &, such that \,/n = v(z,). This implies that f,((Z, + 1)n) = 0. When
p > 0, since v(0) > A\,/n, we have two cases: if v(z) > \,/n, then f,(q) < 0 for
all ¢ > n; otherwise, v(Z) < A,/n and there exists a unique 0 < Z,, < &, such that
An/n = v(Z,), and a unique Z, > &, such that \,/n = v(z,). This implies that
fu((Zn+1)n) = fu((Zn+1)n) = 0. See Figure for a graphical illustration. Based

Figure 6.10: f,(q) with positive or negative [3s

(a) 5<0 (b) B >0, v(Z) > An/n (c) B>0,v(E) < Ap/n

5@ 5@ 1@

on the above analysis, we have:
1. When 8 < 0, f.(q) > 0 for ¢ < (Z, + 1)n, and f,(q) < 0 for ¢ > (z, + 1)n.

Therefore, m,(-) has only one peak, ¢,2 = [(Z, + 1)n].

2. When > 0 and v(%) > \,/n, fu(q) > 0 for ¢ < \,/u(0), and f,(¢q) < 0 for
q > An/1(0). Therefore, 7,(-) has only one peak, G, 1 = [An/u(0)].
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3. When # > 0 and v(z) < A,/n: a.) fu(q) > 0 on [0,\,/u(0)], fu(g) < 0 on
(An/u(0), (&, 4+ 1)n), therefore, m,(-) has the first peak at g, 1 = [\./p(0)]; and
b.) as fu(q¢) > 0 on [(Z, + 1)n, (Z, + 1)n], fu(q) > 0 on ((Z, + 1)n,00), m,(-)
has the second peak at g, = |(Z, + 1)n].
O
Proof.[Proof of Theorem [6.4.2]] We first establish some asymptotic results about the
value of the peaks, ¢,1 and @, 2. From Theorem , we have

n?/%”’lzx/ﬁ<1—#€0))+0<%)—>Basn—>oo.

As lim,, 0 A /1 = 1(0) and v(x) is continuously decreasing on (Z, 0o),

@1,2 -—n
n

1
=T, +0(=) > T as n — oo.
n

Using the detailed balance equation of the B&D process, we have

Wn(@n,Q)
qn,2
_ : An
= Tu(Gn1) k_qH+1 p((k—n)*/n)(kAn)+60(k—n)t
A n—1 qn,2
= Tu(Gn1) exp | (Gn2 — Gn1)log P > log < ) Zlogv ( )
kz‘in,l‘f'l
Then,
1 _
Zlog T (Gn,2)

n Wn(@n,l)

q_n2 in )\n in
= 27 Il e ln 1 +0(—)--%"1
- 0g " — og 14(0) (\/—> E ogv

T

— :vlogu(())—/ log v(x)dzx.
0

Proof.[Proof of Lemma [6.4.4]] By Theorem [6.2.4] under high sensitivity conditions,
g2 > 1 is the unique root of f(q) = u(0) — u((¢ — H)*) —0(¢— 1) on (1,00) . We
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establish the results of this lemma by comparing pairs of systems, (1) and (2); we
denote the higher level equilibrium as q‘él) and q§2) for the two systems, respectively.
For each part of the lemma we differ the two systems by two values of a specific

system parameter.

i) Keep all other system parameters equal and vary the service rate function pu(-),

such that ju()(-) is more sensitive than jqy(-). Then, we have

0 = g1y (0)—p) (_51) — 1) —0 (q_gn - 1) < g2y (0)—p(2) <_§1) — 1) —0 (6751) - 1) :

As 11(2)(0) = p1(2(¢ — 1) — (g — 1) is nonnegative on [1, ¢ and strictly negative

(2 (2 (1
on (35, 00), 37 > V.

ii) Keep all other system parameters equal and vary the abandonment rate 6, such

that 0(1) < 9(2). Then,

0= p(0) —p (’f) - 1) — 0 (@éz) - 1) < p(0) — p (752) - 1) —0u) (6752) - 1) '

Following the same rationale as in part i), we have qél) > cjéz).

O
Proof.[Proof of Lemma [6.4.5]] The proof of Lemma follows the same strategy
as the proof of Lemma [6.4.4] Specifically, we compare pairs of systems, (1) and (2).
For each part of the lemma, we differ the two system by two values of a specific system

parameter.

i) Keep all other system parameters equal and vary the service rate function pu(-),
such that ju)(-) is more sensitive than jy(-). From Lemma [6.4.4] we have
2 < 2P0 As pay () > pey (),

zM z(2)

_ 0) f1(2)(0) _
Iy (zM) = / lo L dr < / log — 2 g = [gy (7P
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ii) Keep all other system parameters equal and vary the abandonment rate 6, such
that 61y < 6(2). From Lemma [6.4.4) we have z) > (). Then we have
z@ 7(2)

_ 0) 1(0) _
Iy (M) = / 1o Mo dx > / log — =2 dx = I (z?).
(@) 0 & pw(x) + 0y 0 & pw(x) + Oy ()

Proof.[Proof of Lemma M] We prove the theorem by first introducing a coupling,

under which the entire sample path of Y and Y® are ordered, i.e.
PYW(t) <Y®(¢) for all t > 0) = 1.

Fix YV(0) = Y®(0) = y, for any yo € Z*. The coupling argument uses the thinning
property of Poisson process and goes as follows. When (Y (t), Y@ (1)) = (y1,,)
We generate the next potential transition by an exponential random variable with
rate y1 + &1 (y1) V& (y2). We then generate a uniform random variable independent of
everything else. If U < ~1 /(71 + &1 (y1) V (1)), we treat it as an arrival to both Y
and Y ?; else if U < (m+& (y1) A& (1)) / (n+E (1) VEa(ya)), we treat it as a departure
for both processes; else we impose a departure on Y@ with the larger departure
rate only. As when y; = yo, we always have & (y1) > &(y2), under this coupling
YD () < Y(¢), for all ¢ > 0, path by path. Let P, (-) := P(-|Y® =y, Y& = y).

Then we have

Py (YO(t) >y) = P, (YO (t) >y, YV (1) <YP (1)

IN
<
(=)
—~
<
c
~—~
<~
~—
~—
\
<
~—
I
CQKU
(=}
—
<
S
—~
~+
~
V
<
~—

for any ¢ > 0.
Aslimy oo Py (YO(2) > y) = P(YO(c0) > y),i = 1,2, for all yy € Z7, is well-defined,
and Y and Y@ live on the same state space, P(Y()(00) > y) < P(Y?(0) > 7).
O

Before we prove Theorem [6.4.7], we first prove the following lemma as a prepara-

tion.
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Lemma 6.7.2 Under High Sensitivity and SRS with 5 > 0,

i) the larger the value of the SRS parameter (3 is, the larger the value of Gy ;

ii) under Deﬁmtion the more load sensitive the service rate function s, the

smaller the value of qy,;

ii1) the larger the abandonment rate 0 is, the smaller the value of Gy,.

Proof. The proof of Lemma follows the same strategy as the proof of Lemma
6.4.4] Specifically, we compare pairs of systems, (1) and (2). For each part of the

lemma, we differ the two system by two values of a specific system parameter.

i)

ii)

ii)

Keep all other system parameters equal and vary the staffing parameter /3, such
that 1) < B(2). Denote nny = R, + Ba)v R, and np) = R, + B2V R,. Then

(1) < n2) and

0= A/nay — u(@D) — 071 > N, /ne) — w@EV) — 0z,

n

As \,/n@) — p(x) — Oz is increasing on [0,2] and is nonpositive on [0, 7],

) > 5P, Thus, 7 = |(@ + Vg | > @& = (@ + Dng)

Keep all other system parameters equal and vary the service rate function pu(-),

such that ju()(-) is more sensitive than jqy(-). Then, we have

An . . An N N
0= "% — gy (27) = 050 > % =y (27) — 022,

Following the same rationale as in part i), we have (jr(bl) > (j,(f).

Keep all other system parameters equal and vary the abandonment rate 6, such

that 0(1) < 9(2) Then,

Following the same rationale as in part i), we have qf) > Q§L1).
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O

Proof.[Proof of Theorem [6.4.7}] We prove Theorem by comparing the death

rates of pairs of systems denoted by Q") and Q.

i) Keeping all other parameters equal, for 51y < B(2), we denote ny = R+B(1)\/ﬁ,

ii)

iii)

ne = R+ BeyVR where R = \/u(0). Then when ¢ < n(, the death rates of

the two systems are equal; when n(y) < g < ng),

0 = (1 (22 1) ey + 000 = 10 = ((0) = 00 = ) 2 0

(1)

when g > n o)

Then

PQU(0) > i) = PQP(0) > ) > P(Q(0) > 3,

n n

where the first inequality follows from Lemma [6.4.6| and the second inequality

follows from Lemma [6.7.2]

Keeping all other parameters equal, for system (2) more sensitive than system
(1), we have pa)((g—n)*/n)(gAn)+0(q—n)" = pe)((g—n)*/n)(gAn)+0(g—n)"

for all ¢ > 0. Then P(QW(c0) > ¢i)) < P(Q®(c0) > ) < P(Q®(x0) >
~(2))'

dn

Keeping all other parameters equal, for 61y < 6(2), we have u((g —n)*/n)(q A
n) + 0y (g —n)t < p((g—n)t/n)(gAn)+ 0p(q—n)" for all ¢ > 0. Then
PQU(00) > 4i) 2 P(Q®P(20) > @) = P(QP(00) > 317).
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g
Proof.[Proof of Lemma [6.4.8]] Let ¢, (z) = A,/n — p(z) — 0z for x > 0. Then Z,
is the unique root of ¥,(x) = 0 on [0,Z]. Since A\,/n — p(0) as n — oo and ¥, ()
is continuous and monotonically increasing on [0,z], &, — 0 as n — oco. Applying

Taylor expansion to p(-), we have
Un(@) = An/n = p(0) — (1 + 0), + O(3y) = 0.

Then
w(0) = An/n

T
As /n(1 =N\, /(nu(0))) — B, &, = O(1/y/n). We then have
- Vi (p(0) = An/n) 1
n=— o|—].

v voro O\m
Thus, /nZ, — —u(0)58/(1/(0) + 0) as n — oo. O
Proof.[Proof of Theorem [6.4.9]] The proof of Theorem also follows from the
method outlined in [76]. We use both the Functional Central Limit Theorem (FCLT)

— —u'(0) + 6 as n — oc.

and CMT. We again write

@) = @0+ a0u) - ([ o (LY i i)

R (9 /O (8 ) n)+du) — L)
—QU0) 4 Man(t) — Muat) — Moslt) — Lut)
xi= [ (=) () Ampta—o [ (@) — ) du

where

0 (KB sy n

J
- [ (B i)
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Let Q¢ (t) = (Qn(t)—n)/v/n, Yu(t) = Yu(t)/y/n and M, ; = M, ;//nfori=1,2,3.
As Q¢(+) < cn, QC(t) = O(y/n). Applying Taylor expansion, we have

Q) = Qn0) + My (t) = Mup(t) — Mus(t) — La(t)

+/\n—\/7_l(0)n /0t<)( /o“ JO° (u)*du
—/OtOQz(uﬁdujLO (%)

Let d(q) = —1/(0)(g A 0) — (1/(0) + 0)g™. Consider the integral representation

at) = b+ x(t) + /Ot d(q(s))ds — I(t), (6.6)

where [(t) is a nondecreasing nonnegative function in D such that holds and
Joo Ha(t) < e}di(t) = 0. As d(-) is Lipschitz, the integration has a unique
solution (q,y) and it constitutes a Bonafide function (¢1,¢2) : D x R — D x D
mapping (b, z) into (q,y). Moreover (¢y, ¢2) is continuous (see Theorem 7.3 in [76]).

~

M, ; are square-integrable martingales with respect to the filtration

Faimal Qa0 A0 ([ (L= @) amaa),

n

R (e /Ot(Q;(u) - n)+du> 0<s <t}

augmented by including all null sets. Also

(M) = 2
(Mo2)(t) = /Otu(@z(ui —n)+>Q;(z:3Andu

0 t
)0 = [ (@ —n)*du
% — p(0)t as n — oo w.p. 1,

{{M,1)} is stochastically bounded. By the crude bound Q¢ (s) < Q¢ (0) + A(\,t), we

/Ot“ ((Q%(u:l— n)*) Q%(l;) A < (o) (Qf;fo) + A<2”t)> .

have




CHAPTER 6. SLOWDOWN SERVICES QED 190

Since {Q5(0)/n} and {A(\,t)/n} are stochastically bounded, {(M, o)} is stochasti-
cally bounded.

Similarly, we can show that {(M,, 3)} is also stochastically bounded. This implies
that {M,;}’s for i = 1,2,3 are stochastically bounded, which in turn implies the
stochastic boundedness of {Q;} in D. Thus,

)¢ //n=ninD as n — oo

where 7 is the zero function defined above.

By FCLT for Poisson processes and CMT with composition map, we have
(M1, My, My 3) = (B1 o Aw, By o sp(0)w, B on)

where w(t) = 1 for any ¢.
Finally, applying the CMT with the integral representation , we get the result
in Theorem [6.4.91 ]
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Table 6.1: Performance comparison of systems with different load sensitivity param-

eter, b.

(u(q) = 0.6 + 0.4 exp(—b;(q — s)*/s), A =500, n =511 and 6 = 0.3)

(a) Base Case

b

P(W) P(Ab)

1.25

0.9830 0.2021

1.75

1 0.3199

2.25

1 0.3562

2.75

1 0.3718

(b) Policy A - Increase staffing

b

Staffing level (A,,)

P(W) P(Ab)

1.25

520 (3.89%)

0.4102 0.0234

1.75

546 (9.09%)

0.0295 0.0003

2.25

569 (13.66%)

0.0016 0

2.75

588 (17.53%)

0.0001 0

(c) Policy B - Increase abandonment

b,

6 P(W) P(Ab)

P(Q(o0) > hn)

1.25

579

0.5 0.2408 0.0043

0.0260

1.75

041

0.7 0.2712 0.0069

0.0399

2.25

530

0.9 0.3098 0.0109

0.0591

2.75

925

1.1 0.3577 0.0170

0.0849

(d) Policy C - Admission control

Cn

P(W) P(Ab) P(BI)

1.

25 579

0.4873 0.0090 0.0057

1.

75 541

0.3426  0.0031 0.0107

2.25 530

0.2583 0.0016 0.0135

2.75 525

0.2056 0.0010 0.0151
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Chapter 7

Bi-stability Analysis of the
Modified Erlang-A Model in the

Quality-Driven Regime

This chapter is a short extension of the bi-stability analysis in Chapter [6] for Quality-
and-Efficiency Driven regime to Quality Driven (QD) regime.

7.1 Fluid analysis in QD regime

We denote the queue length process by @ = {Q(¢) : t > 0}, where Q(¢) counts the

number of customers in the system (waiting and in service) at time ¢.

Assumption 7.1.1 p € C? with i/ (z) < 0 and 1" (z) > 0 for allx > 0. lim,_oopu(z) =

(o) > 0.

To conduct the heavy-traffic analysis, we consider a sequence of systems indexed
by n, where both the arrival rate and the number of servers grows with n. For the
n-th system, we denote @Q,, = {Q,(t) : t > 0} as the queue length process (number of

people in the system). We denote the arrival rate as A, and the number of servers is
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n. The abandonment rate does not scale with n and the service rate function takes
the same form when applied to the scaled queue length process, (Q, —n)"/n. We
consider the QD asymptotic regime. Without loss of generality, we assume p(0) = 1
and A\, = pn for p < 1.

Let A ={A(t) :t >0}, S={S():t >0} and R = {R(t) : t > 0} be three
independent Poisson processes, each with unit rate. A, .S and R generate the arrival,
service completion and abandonment processes, respectively. Then, the pathwise

construction of @), is:

) = Qw0+ a0t =5 [ (L= @) i)

R (/OtG(Qn(u) - n)+du) ,

where ()t = max(0,z) and (x A y) = min(z, y).
We define the fluid-scaled process
Qn(t)

n

Qn (t) =

Theorem 7.1.2 If Q,(0) = ¢(0) in R, then Q, = q in D as n — oo. The limit
process q is the unique solution satisfying the following integral equation
t t
o) = a0)+ pt = [ 1 (la(w) = 1) o) A du— [ 0(gw) = 1)" du
0 0

The proof or Theorem follows from the Proof of Theorem in Chapter

Let f(q) = p—pu(qg—1)")(q(u) A1) — 0(q — 1)*, be the flow rate function of
the fluid system at state g. Then we can write ¢(¢) as the solution to the following

autonomous differential equation with initial value ¢(0),

q=f(q)

Let v(z) = p(z) + Ox for z > 0 and & = argmax,{v(x)} on [0,00). To enforce bi-
stability, we impose the following assumptions on the service rate function in addition

to Assumption [7.1.0]
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Assumption 7.1.3 —/(0) > 6 and p > p(z) + 07.

Under Assumption % is the root of v/(z) =0 on (0,00). Let =2+ 1. § is

the point where f(q) attains its maximum on [1, 00).

Lemma 7.1.4 Under Assumption [7.1.1] and|7.1.3, the fluid model has three equilib-

rium points, denoted as qi, @z, and gz, with ¢4 = p,1 < G < q and g3 > 4. ¢1 and @

are asymptotically stable, while @s is unstable.

The proof of Lemma follows exactly the same line of analysis as Theorem [6.2.4]
in Chapter [6] We shall omit it here.

f (@)
P

q, 1\/‘_12 q3 q

Figure 7.1: Flow rate function

7.2 Analysis of stationary distribution

Let m, denote the stationary distribution of the n-th system, then we have the fol-
lowing detailed balance equation for Birth-and-Death process.

wnta =1 = (i (L2 @ )+ 80 = 1) ) o)

n

Then we have when A, > u((¢ —n)"/n) (gAn)+60(¢—n)", m,(q) > m,(¢—1). Under
Assumption [7.1.3] let Z denote the root of p — v(z) = 0 on (0,%) and Z denote the

root of p — v(z) = 0 on (%, 00). Then we have
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Lemma 7.2.1 Under Assumptz’onm mn(+) has two peaks, one at G,1 = |A\n], the

other at Gno = |(z + 1)n]. The minimum point between the two peaks (valley) is,
Gn = L(‘% + 1)nJ

Proof. Let fu(q) = A — pu((¢—n)"/n) (g An) +0(qg —n)*. For ¢ < Ay, fulg) =
A — p(0)g > 0. For A\, < ¢ < n, fulq) = Ny — 11(0)g < 0. When ¢ > n, let
z, = (¢ —n)/n. Then f,(¢)/n = p—v(z,). As p—v(z,) <0 for 0 <z, < 7,
p—v(x) >0for z <x, <Zand p— pulx) <0 for x, > z, we have f,(q) < 0
for s, < g < (@+1)n, fu(¢) > 0for (T+1)n < ¢ < (z+ 1)n and f,(q) < 0 for
q> (T +1)n. O

The following theorem characterize the relationship among the values of @, 1, Gn 2

and ¢,.

Theorem 7.2.2

l log ﬂ-n(qthl) — ]1
n ﬂ-n(qn)
and
l log 7Tn<q?’2) _ ]’2
n Tn(dn)
where
1 &
I = (1 —p)log u(0) +/ logxdx—i-/ logv(z)dr — (2 +1— p)log p.
P 0
and )
I, = —/ logv(z)dx + (z — Z) log p.
Proof. As
7Tn<q_n,1)
an + +
—n)"/n)(gAn)+0(g—n -
- T p(lg—n)*/ )(fi ) +0(q—n) ()
q:(7n,1+1 "

n

an
qg—n ~ _ )\n ~
= exp| > 10g(u(0)%) + ) 10g1/< ) = (Gn = Gua)log == | Ta(Gn),

n
4=Gn,1+1 g=n+1




CHAPTER 7. SLOWDOWN SERVICES QD 196

then under our scaling parameters (n = n, A, = pn), we have

]' n _n
—logw (q~71)
no " mu(qn)
n— pn 1 < <q> 1 — k
_ ] - a4y . = lud
- 0g,u(0)+n Z log " +n210g v
q=pn—+1 k=1
= )y —
@+ Dn—pn log
n

— (1= p)logu(0) + / log(z)dx + /Ox logv(z)de — (T +1—p)logp

as n — o0o. Likewise, we have

qn,2
Tn(Gn,2) = exp ( Z log v (

Gn+1

N An
) + (@1,2 - Qn) 10g _> .
n

Then

1 (@n 1 & k T+ Dn— (741
_logw(q 2) _ _EZIOgV(_>+(I+ )n — (7 + >nlogp

Lemma 7.2.3 For any fired 0 < y; < yo < 00

To(lon + Vinge]) _/” 1

-y dy
p

lim log

nwoo ([ pn + v/ ])

1

and

lim log

nmoe C ma(Lpn — vnge])

Proof. We prove the first equation only, as the proof of the second equation follows

To(lon — Vi) / 1
- —ydy
gy P

2

exactly the same line of analysis.

/e
ma(Lon + Vnys|) 1k
log = - Z log(1 + ——)
Ta(Lon + v/ny1]) k=|v/ny | +1 pn
S LI
. LfleH/O\/_\/_ vn

Y1 1
- - / —ydy.
Y2 P
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O

Lemma 7.2.4 Recall that & > 0 is the strictly positive root of p — u(x) — 0z = 0.
For any fixred 0 < y; < yy < 00,

o m(@tDnd aml) [ @) 6
08 T @ Dnt ] /

x dx

and

, (@ +Dn—vap]) [T (@) +6
A log G n = Vaga)) /_y1 p

Proof. We prove the first equation only, as the proof of the second equation follows

T dr

exactly the same line of analysis.

log T ([(Z + Dn + Vnys])

T (L(Z + D) + /oy ])
- b))
=|vny1]+1
- - MZWJ =+ 0(2)
k=[vny1|+1
— —/yjl Wtydy.



198

Part 111

Bibliography



BIBLIOGRAPHY 199

Bibliography

S. Asmussen, Applied Probability and Queues. New York: Spinger, 2 ed., 2003.

S. Asmussen and P. W. Glynn, Stochastic Simulation: Algorithms and Analysis,
vol. 57. Springer-Verlag, 2007.

J. Propp and D. Wilson, “Exact sampling with coupled Markov chains and ap-
plications to statistical mechanics,” Random Structures and Algorithms, vol. 9,

pp. 223-252, 1996.

P. Green and D. Murdoch, “Exact sampling for Baysian inference: towards gen-
eral purppose algorithms (with discussion),” Bayesian Statistics, vol. 6, pp. 301—

321, 1999.

D. Wilson, “How to couple from the past using a read-once source of random-

ness,” Random Structures and Algorithms, vol. 16, no. 1, pp. 85-113, 2000.

J. Corcoran and U. Schneider, “Shift and scale coupling methods for perfect
simulation,” Probability in the Engineering and Informational Sciences, vol. 17,

no. 3, pp. 277-303, 2003.

S. Foss and R. Tweedie, “Perfect simulation and backward coupling,” Stochastic

Models, vol. 14, pp. 187-203, 1998.

W. Kendall, “Geometric ergodicity and perfect simulation,” Flectron. Comm.

Probab., vol. 9, pp. 140-151, 2004.



BIBLIOGRAPHY 200

9]

J. Fill and M. Huber, “Perfect simulation of Vervaat perpetuities,” FElectron.

Comm. Probab., vol. 15, pp. 96-109, 2010.

J. Corcoran and R. Tweedie, “Perfect sampling of ergodic Harris chains,” Ann.

of Appl. Probab., vol. 11, no. 2, pp. 438-451, 2001.

S. Connor and W. Kendall, “Perfect simulation for a class of positive recurrent

Markov chains,” Ann. Appl. Probab., vol. 3, pp. 781-908, 2007.

K. Sigman, “Exact simulation of the stationary distribution of the FIFO M/G/c
queue,” Journal of Applied Probability, vol. 48A, pp. 209-216, 2011.

K. Sigman, “Exact simulation of the stationary distribution of the FIFO M/G/c
queue: The general case of p < ¢,” Queueing Systems: Theory and Applications,

vol. 70, 2012.

D. Murdoch and G. Takahara, “Perfect sampling for queues and network mod-
els,” ACM Transactions of Modeling and Computer Simulation, vol. 16, pp. 76—
92, 2006.

W. Kendall, “Perfect simulation for area-interaction point processes,” in Prob-
ability Towards 2000 (L. Accardi and C. Heyde, eds.), pp. 218-234, New York:
Spinger, 1998.

W. Kendall and J. Mgller, “Perfect simulation using dominating processes on
ordered spaces, with application to locally stable point pocesses,” Adv. Appl.
Prob., vol. 32, pp. 844-865, 2000.

R. Fernandez, P. Ferrari, and N. Garcia, “Perfect simulation for interacting point
processes, loss networks and ising models,” Stoch. Process. Appl., vol. 102(1),

pp. 63-88, 2002.

K. Berthelsen and J. Mgller, “A primer on perfect simulation for spatial point

process,” Bull Braz Math Soc, vol. 33(3), pp. 351-367, 2002.



BIBLIOGRAPHY 201

[19]

L. Brown, N. Gans, A. Mandelbaum, A. Sakov, H. Shen, S. Zeltyn, and L. Zhao,
“Statistical analysis of a telephone call center: a queueing-science perspective,”

Preprint, 2002.

P. Protter, Stochastic Integration and Differential FEquations. New York:
Springer, 2 ed., 2005.

S. Heinrich, “Multilevel Monte Carlo methods,” in Lecture Notes in Computer

Science, vol. 2179, pp. 5867, Berlin: Springer-Verlag, 2001.

M. Giles, “Multilevel Monte Carlo path simulation,” Operations Research,
vol. 56, no. 3, pp. 607-617, 2008.

D. McLeish, “A general method for debiasing a Monte Carlo estimator,” Monte
Carlo Methods and Applications, vol. 17, no. 4, pp. 301-315, 2011.

C. Rhee and P. Glynn, “A new approach to unbiased estimation of sdes.”

http://arxiv.org/pdf/1207.2452.pdf, 2012.

N. Chen and Z. Huang, “Localization and exact simulation of brownian motion-
driven stochastic differential equations,” Mathematics of Operations Research,

vol. 38, pp. 591-616, 2013.

A. Beskos and G. Roberts, “Exact simulation of diffusions,” Annals of Applied
Probability, vol. 15, pp. 2422-2444, 2005.

A. Beskos, O. Papaspiliopoulos, and G. Roberts, “Retrospective exact simulation
of diffusion sample paths with applications,” Bernoulli, vol. 12, no. 6, pp. 1077—
1098, 2006.

A. Beskos, S. Peluchetti, and G. Roberts, “e-strong simulation of the Brownian

path,” Bernoulli, vol. 18, no. 4, pp. 1223-1248, 2012.



BIBLIOGRAPHY 202

[29]

[30]

[31]

[39]

M. Pollock, A. Johansen, and G. Roberts, “On the exact and e-strong simulation

of (jump) diffusions.” http://arxiv.org/pdf/1302.6964v2.pdf, 2014.

C. Bayer, P. Friz, S. Riedel, and J. Schoenmakers, “From rough path estimates
to multilevel Monte Carlo.” http://arxiv.org/pdf/1305.5779v1.pdf, 2013.

J. Blanchet and K. Sigman, “On exact sampling of stochastic perpetuities,” J.

Appl. Probab., vol. 48A, pp. 165-182, 2011.

K. Ensor and P. Glynn, “Simulating the maximum of a random walk,” Journal

of Statistical Planning and Inference, vol. 85, pp. 127-135, 2000.

P. Glasserman, Monte Carlo Methods in Financial Engineering. New York: Sp-
inger, 2003.

F. Kelly, “Loss networks,” Annals of Applied Probability, no. 1, pp. 319-378,
1991.

J. Blanchet, X. Chen, and H. Lam, “T'wo-parameter sample path large deviation

for infinite server queues,” working paper, 2012.

R. J. Adler, “An introduction to continuity, extrema, and related topics for
general Gaussian processes,” IMS Lecture Notes: Monograph Series, vol. 12,

1990.

G. Pang and W. Whitt, “T'wo-parameter heavy-traffic limits for infinite-server

queues,” Queueing Systems: Theory and Applications, no. 65, pp. 325-264, 2010.

)

J. Blanchet and H. Lam, “Rare-event simulation for many-sever queues,” working

paper, 2012.

T. Lyons, “Differential equations driven by rough signals,” Rev. Mat. Iberoamer-

icana, vol. 14, no. 2, pp. 215-310, 1998.



BIBLIOGRAPHY 203

[40]

A. Davie, “Differential equations driven by rough paths: An approach via discrete

approximation.” http://arxiv.org/abs/0710.0772.
J. Steele, Stochastic Calculus and Financial Application. Springer-Verlag, 2001.

J. Blanchet and X. Chen, “Steady-state simulation for reflected Brownian motion

and related networks.” http://arxiv.org/pdf/1202.2062.pdf, 2013.

P. Fritz and N. Victoir, Multidimensional Stochastic Processes as Rough Paths:
Theory and Applications, vol. 120. Cambridge University Press, 2010.

R. Batt and C. Terwiesch, “Doctors under load: An empirical study of state-
dependent service times.” Working Paper, 2012.

M. Gerla and L. Kleinrock, “Flow control: A comparative survey,” IEEE Trans-
actions on Communications, vol. 28, no. 4, pp. 553-574, 1980.

D. KC and C. Terwiesch, “Impact of work load on service time and patient safety:
An econometric analysis of hospital operations,” Management Science, vol. 55,

no. 9, pp. 1486-1498, 2009.

P. Feldman, J. Li, G. Yom-Tov, and E. Yom-Tov, “Service time sensitivity to

load: Who is to “blame”?.” Working Paper, 2014.

C. Chan, G. Yom-Tov, and G. Escobar, “When to use speedup: An examination

of service systems with returns.” To appear in Operations Research, 2014.

J. Bertrand and H. van Ooijen, “Workload based order release and productivity:
a missing link,” Production Planning and Control, vol. 12, no. 7, pp. 665678,
2002.

C. Wickens, J. Hollands, R. Parasuraman, and S. Banbury, Engineering psychol-

ogy and human performance. Pearson, 4 ed., 2012.



BIBLIOGRAPHY 204

[51]

J. Caldwell, “The impact of fatigue in air medical and other types of operations:
a review of fatigue facts and potential countermeasures,” Air Medical Journal,

vol. 20, no. 1, pp. 25-32, 2001.

D. Chalfin, S. Trzeciak, A. Likourezos, B. Baumann, and R. Dellinger, “Impact
of delayed transfer of critically ill patients from the emergency department to

the intensive care unit,” Critical Care Medicine, vol. 35, pp. 1477-1483, 2007.

O. Garnett, A. Mandelbaum, and M. Reiman, “Designing a call center with im-
patient customers,” Manufacturing and Service Operations Management, vol. 4,

no. 3, pp. 208-227, 2002.

W. Whitt, “Efficiency-driven heavy traffic approximations for many-server
queues with abandonments,” Management Science, vol. 50, no. 10, pp. 1449-

1461, 2004.

C. Palm, “Research on telephone traffic carried by full availability groups,” Tele,
vol. 1, p. 107, 1957.

A. Mandelbaum and S. Zeltyn, “Service engineering in action: The Palm/Erlang-
A queue with applications to call centers,” in Advances in Service Innovations

(D. Spath and K. P. Fahnrich, eds.), pp. 17-48, Springer-Verlag, 2007.

W. Whitt, “Queues with service times and interarrival times depending linearly

and randomly upon waiting times,” Queueing Systems, vol. 6, pp. 335-352, 1990.

O. Boxma and M. Vlasiou, “On queues with service and interarrival times de-

pending on waiting times,” Queueing Systems, vol. 56, pp. 121-132, 2007.

A. Mandelbaum and G. Pats, “State-dependent stochastic networks. part I: Ap-
proximations and applications with continuous diffusion limits,” The Annals of

Applied Probability, vol. 8, no. 2, pp. 569-646, 1998.



BIBLIOGRAPHY 205

[60]

[61]

[62]

[68]

A. Weerasinghe, “Diffusion approximation for G/M/n+GI queues with state-

dependent service rate,” Mathematics of Operations Research, 2013.

R. Gibbens, P. Hunt, and F. Kelly, “Bistability in communication networks,” in

Disorder in Physical Systems, pp. 113-128, Oxford University Press, 1990.

N. Antunes, C. Fricker, P. Robert, and D. Tibi, “Stochastic networks with mul-
tiple stable points,” The Annal of Probability, vol. 36, no. 1, pp. 255278, 2009.

A. Janssen and J. van Leeuwaarden, “Staffing many-server systems with admis-

sion control and retrials.” Working paper, 2014.

F. D. Hollander, “Metastability under stochastic dynamics,” Stochastic Process.
Appl., vol. 114, no. 1, pp. 1-26, 2004.

E. Olivieri and E. Vares, Large Deviation and Metastability. Cambridge Univ.
Press, 2005.

J. Huang, A. Mandelbaum, H. Zhang, and J. Zhang, “Refined models for
efficiency-driven queues with applications to delay announcements and staffing.”

Working Paper, 2014.

E. Zohar, A. Mandelbaum, and N. Shimkin, “Adaptive behavior of impatient
customers in tele-queues: theory and empirical support,” Management Science,

vol. 48, pp. 566-583, 2002.

M. Armony, N. Shimkin, and W. Whitt, “The impact of delay announcements
in many-server queues with abandonment,” Operations Research, vol. 57, no. 1,

pp. 68-81, 2009.

R. Bekker and S. Borst, “Optimal admission control in queues with workload-
dependent service rates,” Probability in the Engineering and Informational Sci-

ences, vol. 20, pp. 543-570, 2006.



BIBLIOGRAPHY 206

[70]

[71]

[72]

A. Janssen, J. van Leeuwaarden, and J. Sanders, “Scaled control in the QED

regime.” Working paper, 2013.

D. Daley, J. van Leeuwaarden, and Y. Nazarathy, “BRAVO for many-server QED

systems with finite buffers.” Working paper, 2013.

L. Green, P. Kolesar, and W. Whitt, “Coping with time-varying demand when
setting staffing requirements for a service system,” Production and Operations

Management, vol. 26, no. 1, pp. 13-39, 2007.

G. Yom-Tov and A. Mandelbaum, “Erlang-R: A time-varying queues with reen-
trant customers, in support of healthcare staffing,” To appear in MSOM, 2014.

H. Chen and D. Yao, Fundamentals of queueing networks: performance, asymp-

totics and optimization. No. 46, Springer-Verlag, 2001.

C. Chan, V. Farias, and G. Escobar, “The impact of delays on service times in

the intensive care unit.” Working Paper, 2013.

G. Pang, R. Talreja, and W. Whitt, “Martingale proofs of many server heavy-
traffic limits for Markovian queues,” Probability Surveys, vol. 4, pp. 193-267,
2007.

P. Fleming, A. Stolyar, and B. Simon, “Heavy traffic limit for a mobile phone
system loss model,” in Proc. 2nd Internat. Conf. Telecommunication Systems,

Modeling, and Analysis, (Nashville, TN), pp. 158-176, 1994.



	List of Figures
	List of Tables
	I Bias Reduction Techniques for Stochastic Networks
	Introduction
	Perfect sampling
	Sample path simulation of SDEs
	Multilevel Monte Carlo methods
	-strong simulation and our contributions

	The idea of record breakers
	Infinite server queue
	Stochastic differential equations


	Sampling point processes
	Problem formulation and main contributions
	Sampling from stable unbounded regions
	Simulation of { Ak: 1kmax{n,(A)}+1} 
	Simulation of { Vn: 1 n (V)+1}

	Application to the infinite-server queue
	Algorithm for the infinite server queue
	Numerical results

	Application to sensitivity analysis of the infinite-server queue

	Perfect Sampling for Loss Systems
	Basic strategy and main results
	Coalescence time with an GI/GI/C/C queue
	Basic strategy and main results for the GI/GI/ queue
	Basic strategy and main results for the GI/GI/C/C system
	Extensions and main results for the loss network

	Detailed simulation algorithms
	Simulation of {Vn: n 1} and Jk(l)'s for k=1,2,@let@token , l=1,2,@let@token ,k
	Simulation of {An: n 1} and j(l)'s, j(l)'s for j=1,2,..., l=1,2,...,j
	Coupled infinite server queue with truncated interarrival times

	Performance analysis
	Termination time for the infinite server system (Proof of Theorem 3.1.3)
	Coalescence time for the many-server loss system (Proof of Theorem 3.1.4 and Theorem 3.1.5)

	Proof of Lemma 3.3.4 and Lemma 3.3.6

	-Strong Simulation for SDEs
	Main Results
	On Relaxing Boundedness Assumptions
	The Evaluation of G.

	Use of Wavelets to Bound -Hölder Norms, Tolerance-Enforced Simulation, and The Proof of Theorem 4.1.2.
	Wavelet Synthesis of Brownian Motion and Record Breakers 
	-Strong Simulation of Bounds on -Hölder Norms  of Brownian Path
	Analysis and Bounds of -Hölder Norms of Lévy Areas
	Elements of -Strong Simulation for Bounds on -Hölder Norms of Lévy Areas
	Joint Tolerance-Enforced Simulation for -Hölder Norms and Proof of Theorem 4.1.2.

	Rough Path Differential Equations, Error Analysis, and The Proof of Theorem 4.1.1
	Proof of Technical Results
	Proof of Technical Results in Section 4.2.3
	Proof of Technical Results in Section 4.2.4



	II Load-Dependent Slowdown Services
	Introduction
	Literature Review
	Main Contributions

	Slowdown services QED
	Model Setup
	Load dependent Erlang-A model
	The QED heavy-traffic regime

	Fluid analysis
	Fluid approximation
	Equilibrium analysis

	Performance Analysis under Low Sensitivity
	Bi-Stability Analysis: Performance Analysis under High Sensitivity
	The effect of the scale parameter n
	The effect of other system parameters
	Policies to avoid bi-stability under High Sensitivity

	Extensions
	Customer-driven slowdown
	Agent-driven slowdown effect with delay

	Concluding Remarks
	Proofs of the technical results

	Slowdown services QD
	Fluid analysis in QD regime
	Analysis of stationary distribution


	III Bibliography
	Bibliography


