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ABSTRACT

Multiple Dirichlet Series for Affine Weyl Groups

Ian Whitehead

Let W be the Weyl group of a simply-laced affine Kac-Moody Lie group, excepting A, forn
even. We construct a multiple Dirichlet series Z(x1,...x, 1), meromorphic in a half-space,
satisfying a group W of functional equations. This series is analogous to the multiple Dirichlet
series for classical Weyl groups constructed by Brubaker-Bump-Friedberg, Chinta-Gunnells,
and others. It is completely characterized by four natural axioms concerning its coefficients,
axioms which come from the geometry of parameter spaces of hyperelliptic curves. The series
constructed this way is optimal for computing moments of character sums and L-functions,
including the fourth moment of quadratic L-functions at the central point via D, and the second
moment weighted by the number of divisors of the conductor via 113. We also give evidence to
suggest that this series appears as a first Fourier-Whittaker coefficient in an Eisenstein series on
the twofold metaplectic cover of the relevant Kac-Moody group. The construction is limited to
the rational function field IF,(¢), but it also describes the p-part of the multiple Dirichlet series

over an arbitrary global field.
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CHAPTER 1. INTRODUCTION

Chapter 1

Introduction

1.1 Motivations

The goal of this paper is to define and construct multiple Dirichlet series associated to affine
Kac-Moody Lie groups over the rational function field IF,(¢). These will be power series in sev-
eral complex variables, with meromorphic continuation to a half-space, and an infinite group of
symmetries isomorphic to the Kac-Moody Weyl group. They generalize the multiple Dirichlet
series for finite Weyl groups which have been thoroughly studied elsewhere. However, there
are important distinctions between the finite and Kac-Moody cases, necessitating a new ap-
proach. This paper tests one such approach, and makes a first foray into new territory for
multiple Dirichlet series.

The original goal of multivariable Dirichlet series is to parametrize a family of L-functions.
The technique of studying L-functions on average across a family has yielded tremendous
progress, from the Bombieri-Vinogradov theorem to recent work of Bhargava and his collabo-
rators. One primary focus has been on rth moment problems, concerning averages (or weighted
averages) of L-functions at the central point

ZLeJ—' L(1/2)T
2irerl

considered in limit as the size of the family F approaches infinity. The Katz-Sarnak philosophy,

(1.1.1)
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that random L-functions are modeled by characteristic polynomials of random matrices, leads
to moment conjectures in a broad variety of cases [14, 28]. There are many approaches to
proving these conjectures, including trace formulas, approximate functional equations, and
multiple Dirichlet series. Typically, the first few moments can be computed, but higher moment
conjectures remain open.

The first example of a multiple Dirichlet series, now understood as the A, series, is essen-

tially

Z(s,t) = Z (%) m STt = Z L(t, xm)m™* (1.1.2)

where () denotes the quadratic residue symbol, and ,, the equivalent quadratic character.
This appears in a different guise in the work of Siegel [32]. Goldfeld and Hoffstein described it
as the Mellin transform of an Eisenstein series of half-integral weight on GL(2), and used it to
compute the first moment in the family of quadratic L-functions [24]. Other series compute the
second [10] and third [17] moments. These moments were originally computed in other ways,
by Jutila for r = 1, 2 [27] and Soundararajan for r = 3 [33]. For other moment computations
via multiple Dirichlet series, see [7], [9], and [11]. However, regardless of the strategy, the
fourth moment seems out of reach. From the multiple Dirichlet series perspective, the difficulty
is transitioning from finite to infinite Weyl groups of functional equations. In [8], Bucur and
Diaconu construct a series with affine Weyl group D, of functional equations, and use it to
compute the fourth moment of quadratic L-functions in the rational function field F(¢). Theirs
is the only affine Weyl group multiple Dirichlet series currently in the literature, and this paper
generalizes their work. The constructions here are still limited to the rational function field, but
generalized to arbitrary affine Weyl groups, which allow many new moment computations of
equivalent difficulty. These are some of the first applications of Kac-Moody groups to number
theory.

There is now a rich literature that treats multiple Dirichlet series as objects of intrinsic
interest, aside from applications to analytic number theory. To guarantee the desired functional
equations, one must replace certain sums of L-functions with weighted sums; the problem of

choosing weights leads to important questions in combinatorial representation theory. Weyl
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group multiple Dirichlet series are constructed in papers of Brubaker, Bump and Friedberg
[5, 6], and Chinta and Gunnells [12, 13]. The input is a global field %, an integer n, and a root
system with Weyl group WW; the output is a multivariable Dirichlet series constructed out of
Gauss sums for order n characters on k. The series has a finite group of functional equations
isomorphic to W. Its “p-part,” which describes its weighting, can be interpreted as a sum on
a crystal, or as a deformation of the Weyl character formula for . One hopes that all of this
machinery can eventually be extended to affine and arbitrary Kac-Moody Weyl groups, with
the present work (which has & = F,(¢) and n = 2) as a template.

The Eisenstein conjecture explains the link between multiple Dirichlet series and auto-
morphic forms. It states that each Weyl group multiple Dirichlet series appears as the first
Fourier-Whittaker coefficient in an Eisenstein series on the metaplectic n-fold cover of the al-
gebraic group over k associated to the root system. This is proven for root systems of type A
[5] and B [21]. It is too early to state a generalization of this conjecture to Kac-Moody groups.
Eisenstein series on metaplectic covers of Kac-Moody groups have not yet been constructed.
However, nonmetaplectic Kac-Moody Eisenstein series are now an area of active research. Re-
cent work of Braverman, Garland, Kazhdan, Miller, and Patnaik makes progress constructing
Eisenstein series on affine Kac-Moody algebras over function fields [4, 3, 22, 23]. Completely
understanding one Whittaker coefficient of a conjectural Eisenstein series could shed light on
the series as a whole. For example, the analytic behavior of a Whittaker coefficient models the
behavior of the full Eisenstein series via Maass-Selberg type relations. There is some evidence
to suggest that the series presented here are the correct ones for a hypothetical generalization

of the Eisenstein conjecture.

1.2 Methods and Main Results

Let ¢ be a prime power congruent to 1 modulo 4. Let 11 be a simply-laced affine Weyl group

represented by one of the Dynkin diagrams:
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e >ﬁn< g, ...IE.’.. ..I.E’....

and label the vertices 1 to n + 1. If the root system is type ,an, then we must assume for
technical reasons that n is odd. Write ¢ ~ j if vertices ¢ and j are adjacent. Then the quadratic

W multiple Dirichlet series over the rational function field IF,(¢) is roughly:

Z(21,. . Tpi1) = > (H (%)) g8 gles o (1.2.1)
J

f1ye-fnt1€Fg[t] monic \i~j
where we have replaced the usual variable ¢~* with x;. To make this precise, the product of
residue symbols should be replaced by a certain weighted term in cases where the f; are not
squarefree or coprime. The main theorem of this paper is that the choice of weights and the
resulting series are uniquely determined by four natural axioms (2.1.1, 2.1.2, 2.1.3, 2.1.4). The
series has meromorphic continuation to a half-space, with group of functional equations W. In
the case of A,,, we prove meromorphicity in the largest possible domain, which corresponds to
the Tits cone of W; in other types, we only prove meromorphicity in a smaller half space, but
we give a conjecture which implies meromorphic continuation to the optimal domain.

There are other multivariable functions with the same domain of meromorphic continuation
and the same group of functional equations, but the series constructed here is optimal for com-
puting analytic data on character sums and L-functions. Because of its natural axioms, which
arise from algebraic geometry, and because it has certain poles which will be described below,
this series also seems like the correct one to satisfy the Eisenstein conjecture—that is, to be a
Whittaker coefficient in a metaplectic Kac-Moody Eisenstein series. The theorem is limited
to the rational function field F,(¢), but the proof resolves all combinatorial questions involved
in constructing analogous series over any global field; meromorphic continuation is the only
remaining obstacle, and this is known to be an extremely difficult problem.

To contrast this theorem with the case of finite Weyl groups: for finite W/, the series Z is
completely determined by its expected functional equations; it has meromorphic continuation
to all of C”, and in fact is a rational function in the variables x;. For affine Weyl groups, all of

this breaks down. The series cannot be rational because infinitely many functional equations
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mean infinitely many poles; moreover the poles accumulate at essential singularities along the
boundary of the Tits cone. The series is not uniquely determined by its functional equations—
we will show that it is determined up to a meromorphic function of one variable. One needs
a completely new strategy to choose the correction terms in a canonical way. Lee and Zhang
generalize the averaging method of Chinta and Gunnells to construct a series for every sym-
metrizable Kac-Moody algebra [29]. This has the desired functional equations, but it does not
naturally contain character sums or L-functions. Bucur and Diaconu construct their D, series
by making an assumption about its residue at one pole [8]. Their series is closely related to the
one constructed here, and satisfies the first two axioms. However, it does not satisfy the third
axiom, and likely will not fulfill the Eisenstein conjecture.

In order to state the axioms I will use some additional notation. In the definition of the
series (1.2.1), we replace [[; ; (f—> with H(f1,... foy1) € C, which includes the weights

fi
mentioned above. Let ¢, 4, ,,(¢q) € C be a power series coefficient of Z, so that

Carvean (@)= > H(fi,.. fara). (1.2.2)
fi€Fg[t] monic,
deg(fi)=a;

The axioms concern the behavior of the weights [/ and coefficients c as the underlying finite

field F, varies. The first axiom is twisted multiplicativity for the / terms: if we assume that

ng<f1 o 'fn+1>f{ e 7/14_1) = 1, then

HUA S fuesfin) = B e S0 [T (2) a2

so it suffices to describe H (p™, . .. p*+1) for p prime. This condition is familiar from the theory

invg

for finite Weyl groups, but the next two axioms are new, hypothesized by Diaconu and Pasol
in a forthcoming paper [18]. They can be proved as propositions in the finite Weyl group case.
The second axiom is a local-to-global property: the terms c,,  q,.,(q) and H(p™,...p* 1)

are polynomials in q and |p| := ¢4°&? respectively, and

H(p™,...p") = [p|™ ™ """ oy i (1/[P]). (1.2.4)

The third axiom is a dominance condition: ¢, 4, ,(¢) has nonzero terms only in degrees

(ar+-+ap1+1)/2<d<a;+-+ ay1, so the degree of H(p™,...p%+1) is less than
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(a3 + -+ + apr1 — 1)/2. This means in practice that the contribution of correction factors in
the character sums c is as small as possible. The final axiom is just a normalization condition,
that H(1,...1,f,1,...1) = 1.
We will briefly outline the geometric meaning of Axioms 2 and 3. For more details, we
refer the reader to the work of Diaconu and Pasol. The sums
> <H (%)) (1.2.5)
f:€F4[t] monic, deg(f;)=a; \i~j 77
count points on a certain variety over F; for each i € {1,...n + 1}, this variety is a cover
of the parameter space of hyperelliptic curves y* = [] i i(t). The weights H(f1, ... fas1)
are best understood as counting points when this variety is desingularized and compactified.
Axioms 2 and 3 translate into statements about the cohomology of the nonsingular, compact
variety: Axiom 2 is a duality statement, and Axiom 3 is a cohomological purity statement.

Diaconu and Pasol study series corresponding to Dynkin diagrams of the form:

If meromorphically continued, these series would compute the nth moment of quadratic Dirich-
let L-functions over function fields. The diagram gives a Kac-Moody Lie group for n > 4, and
the groups become extremely complicated as n grows. For concreteness, consider the coeffi-

cient ¢;__13(q) in such a series. This is roughly:

2 (flf—“f)= > Qo x(fan@)" (1.2.6)

degf1:--':degfn:17degfn+1:3 dngn+1:3 zelF

or the nth moment of the trace of Frobenius in the family of elliptic curves y* = f,1(t) over
the fixed finite field IF,. Birch studies these moments via the Eichler-Selberg trace formula [1].
The first 9 moments are polynomials in ¢, but the 10th is not—it includes the Ramanujan tau
function. This corresponds to the appearance of higher-dimensional Galois representations in

the cohomology of the underlying variety. In such cases, the axioms must be relaxed so that H
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and c are no longer polynomials, but still consist of terms which have well-defined degree and
can be evaluated at negative powers of a prime p. For example, the degree of 7 is taken to be
4, and we set 7(p~!) = p~"'7(p). The underlying geometry here is not fully understood. For
example, what are the simplest Kac-Moody Weyl groups for which nonpolynomial coefficients
must appear? Polynomial coefficients are sufficient for affine Weyl groups, but this intriguing
question remains unanswered.

The first tool in the proof of the main theorem is a detailed study of the functional equa-
tions of Z(x1,...x,41), which are verified directly from the axioms. The functional equations
induce recursive formulas for the coefficients of the series; this recursion can be solved up to
the choice of a one-parameter family of diagonal coefficients ¢,,,,, where m € Zs( and ay 1is
the minimal imaginary root of the affine root system. The diagonal coefficients are analogous
to the central coefficients in function field Dirichlet L-functions; they are the most difficult
character sums to compute by hand. Determining them uniquely requires the full strength of
Axioms 2 and 3. In the diagonal coefficients, it is possible to observe the effect of imaginary
roots on the multiple Dirichlet series, and, one hopes, on the Kac-Moody Eisenstein series.

The second tool in the proof is to take residues of Z(x1,...x, 1), setting various coeffi-
cients z; = ¢~ 1. Crucially, certain residues of the series are Euler products, with multiplicative
rather than twisted multiplicative coefficients. This simplifies the series enough to be written
down explicitly, as an infinite product of function field zeta functions. The local-to-global prop-
erty leads to a symmetry in the residue, and dominance together with the functional equations
determines it uniquely. We compute the full residue in type Zn with n odd, and compute the

residue up to a diagonal factor in all types. For example, in the case of gg, with the vertices of
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the Dynkin diagram labeled from 1 to 4 cyclically, we prove the following residue formula:

.
(=) VRS gy 2l ) = T] (1= 321 — g2
m=0
(1= a3 e2) 1 gt
(1= a2 ) 21 = g a7y
(1— x%m+1x§m+1)fl<1 . qx%mﬂgjgmﬂ)q

(1.2.7)

The full series can be recovered from the residue.
Let us sketch a possible arithmetic application of this formula. We may interpret the A},

series as roughly:

Jifs) —a —d —d —d
Z (_ Ty egfl"'% egf4:ZL($17szf4>L($3vazf4)x2 egf2x4 el

f1,f2,f3,fa f2f4 f2,fa
(1.2.8)

We set 2o = x4 = x, multiply by 279! and take ﬁ f\x|=e' This integral can be evaluated by

1

expanding the circle |z| = € across the pole x = ¢~', where we gain the residue 1.2.7. We

obtain a formula for the sum

Y ool )Ly, xp)L(ws, xp) (1.2.9)

deg f=d

where oo(f) is the number of divisors of f. Evaluating at z; = 23 = ¢~ /2 gives the sec-
ond moment of quadratic L-functions over F,(¢) with conductor of degree d, weighted by the
number of divisors of the conductor. It is possible to sieve for squarefree conductors as well.
The residue also contains evidence related to the Eisenstein conjecture. The first five factors
in (1.2.7) correspond to positive real roots in the A; root system. The last three factors, how-
ever, correspond to imaginary roots. Eisenstein series on Kac-Moody algebras, and hence their
Whittaker functions, are expected to have poles corresponding to all roots, real and imaginary.
The contribution of imaginary roots is subtle and difficult to detect. We cannot completely
determine the poles of Z(x1,...x,.1) corresponding to imaginary roots, since some of them

may be canceled out in the residue. However, we can assert that such poles exist. They do
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not appear in the Bucur-Diaconu D, series. Their presence here suggests that the four axioms

produce series which could fulfill the Eisenstein conjecture.

1.3 Further Directions

The first problem arising from this work is to prove Conjecture 5.2.1, which gives explicit
formulas for the diagonal parts of the residues in all types. Meromorphic continuation of the
series Z(x1,...Tny1) to its largest possible half-space will follow immediately. A second
task is to prove the main theorem in type Zn with n even. The difficulty here is that the
method of studying a residue with an Euler product formula may not apply. This should be an
inconvenience rather than a fundamental obstruction; one can still study a residue whose terms
satisfy a very simple twisted multiplicativity property. A third natural extension of the theorem
is to affine root systems which are not simply-laced: En, 6n, ﬁ;, and 52.

To generalize further, following the theory for finite Weyl groups, one could replace the
quadratic residue symbols in (1.2.1) with mth power residue symbols, or Gauss sums; in the
Eisenstein conjecture, this means constructing a Whittaker function on the m-fold metaplectic
cover of the Kac-Moody algebra. It remains to be seen whether the four axioms, suitably
modified, still yield a canonical choice for this series. A separate project is to generalize the
construction to arbitrary global fields. In this case the p-parts of the series, i.e. the weights
H(p®™,...p*+1), match the rational function field construction, but the global series is quite
different. The residue formulas should generalize straightforwardly to any global field, with
the Dedekind zeta function of the field replacing the function field zeta function (1 — gz)~'.
One could consider arbitrary function fields, following the work of Hoffstein and Rosen [25]
and Fisher and Friedberg [19, 20]. The multiple Dirichlet series will still be power series,
now with finitely many one-parameter families of undetermined coefficients. It is possible that
meromorphic continuation of the residue is enough to imply meromorphic continuation of the
full series. Unfortunately, this line of reasoning breaks down completely over number fields.

Over Q, for example, meromorphic continuation seems out of reach at present; it may not be
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proven until the theory of Kac-Moody Eisenstein series is fully developed.

Finally, this work could be generalized towards non-affine Kac-Moody groups. These are
necessary to compute fifth and higher moments of quadratic L-functions. Here the situation is
very complex. The functional equations have even less control over the shape of the series, but
the Diaconu-Pasol axioms should still guarantee uniqueness in many cases. One fundamental
question, discussed above, is to determine when the coefficients of the series will no longer be
polynomials. This would create major obstacles to the methods of this paper. On the other hand,
better-understood Kac-Moody algebras, like hyperbolic ones, may still generate polynomial
coefficients, and could be tractable. One could also attempt to study properties of Kac-Moody
Whittaker functions abstractly—for example, what differential equations must they satisfy?—and
thereby accumulate further evidence for the Eisenstein conjecture without actually constructing

Kac-Moody Eisenstein series.

1.4 Background and Notation: Function Field Dirichlet L-
Functions

Let ¢ be an odd prime power, [F, a finite field, and IF,[¢] its polynomial ring.
We will call an element p of IF,[t] prime if it is monic, nonconstant, and irreducible. For
p € F,[t] prime, and any g € F,[t| we define the quadratic residue symbol, or quadratic

character modulo p, as

1 g square modulo p
(E) = Xp(g) = —1 ¢ not a square modulo p (L.4.1)

0 g = 0modulo p.

For any nonzero f € F,[t], we define sgn(f) to be 1 if the leading coefficient of f is a square

in ]F;, and —1 if it is not a square. For f € ]F; constant, we set

(1) = vt = suntry=s (142)

10
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These are multiplicative functions of g; we extend to arbitrary f € IF,[t] by multiplicativity as

() ()()

Then we have the all-important quadratic reciprocity law:

well:

(g) — (_1)(q—l)(degf)(degg)/QSgn(f)deggsgn(g)degf <%> (1.4.4)

orif g =1 mod 4 (which we will assume below) and f, g monic, simply

f g
(5) = (?) . (1.4.5)
Next, we define zeta and L-functions over F[t]. These are typically written as series in the
variable ¢—° to highlight parallels with L-functions over number fields, but for our purposes it
is more convenient to use the variable x. Let

()= > a'r= J] @—a%er) (1.4.6)

g€F ¢[t] monic pEF[t] prime

This zeta function may be computed explicitly as ((z) = (1 — qx) ™!, since there are ¢¢ monic
polynomials of degree d. Hence we automatically have meromorphic continuation to all x € C,

with a functional equation

(1—2) () =q¢ 2 2(1 —q 'z (g 2. (1.4.7)

We also have the Riemann hypothesis, trivially, since {(x) has no zeroes at all.

For f € F,[t] squarefree, define the quadratic Dirichlet L-function with conductor f as

Lz,xp) = Y xlga®™= T[] @@—xppater). (1.4.8)

g€F,[t] monic p€EF[t] prime

If f € [} is constant, then we have L(x,xy) = ((sgn(f)z). Otherwise, L(x,xy) is a poly-
nomial in z, whose degree is deg f — 1. This follows from the orthogonality relation for the

nontrivial character ;. We have a functional equation as follows: if deg f is odd, then
L(z, x5) = (¢"?z)*8 7 L(g ™'z, xy), (1.4.9)

11
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and if deg f is even, then

(1 —sgn(f)x) ' L(a, Xf) = (ql/Qx)degf’Q(l —sen(f)g e L(g e, Xr)- (1.4.10)

This functional equation is a consequence of the Weil conjectures for curves, since one can
show that ((z)L(x, xs) = (c(x), where C is the hyperelliptic curve y* = f(t). We also have
the Riemann hypothesis for L(x, x;): all roots have |x| = ¢~/2. This implies a bound of
(“°8/=1) g2 on the 2 coefficient of L(z, x;). All these properties are developed in detail in
[31]. For the proof of the Weil conjectures for all varieties over finite fields, see the work of
Deligne [15, 16].

If f € F,[t] is not squarefree, then the definition (1.4.8) gives only a partial Euler product.
It is more natural to take the L-function of the character  f,, where f; is the squarefree part of
f. However, this means that the degree of the L-function is no longer the expected deg f — 1,
and the functional equation is correspondingly different. This motivates the need for weighted

sums of L-functions and weighted sums of quadratic characters, which are introduced below.

1.5 Background and Notation: Affine Root Systems

The representation theory and combinatorics of affine Kac-Moody root systems is a vast and
important subject. We will confine our discussion to properties of the Weyl group and root
system used in this paper. For a more general introduction to the subject, see [26]. For complete
details, see [2]. One particularly beautiful and relevant application of this theory is to the
Macdonald identities for the affine Weyl denominator [30].

We begin with one of the simply-laced affine Dynkin diagrams ﬁn, ZNDn, E6, E7, or Eg, with

vertices labeled from 1 to n + 1. For convenience, we fix the following labelings:

1 n

n+l 2 n+l

12
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We regard the labels as integers modulo n + 1 in the Zn case. Write 7 ~ j for adjacent

(distinct) vertices. Then the affine Weyl group associated to the diagram is
W =<o0q,...0041: 0? =1, 0,050, = ojo;0;fori ~ j, 0,0, = ojo; fori ¢ j > . (1.5.1)

This is a Coxeter group which can be constructed as the semidirect product of a finite Weyl
group with its coroot lattice. For w € W, {(w) is the length of any minimal expression w =
T30y *** Tiy(w)-

The Weyl group acts naturally on a vector space spanned by simple roots {eq,...€e,.1}.

The action is defined as follows:

—€5 j:Z
ai(ej) = €; +e; 1 /'\Jj (152)
e 1]

and extended by linearity. One can check that this is a well-defined left action. The set of (real)
roots P is the orbit of the simple roots under this action. It is an infinite set, contained in the
root lattice A = @ Ze;.

The height of a root v = > a;e; is ht(ar) = > a;. We have a partial ordering on the roots:
fora = > ae;, =5 bie; € P, write « < [ifall a; < b;. Define the set & of positive roots
as {a > 0} and the set &~ of negative roots as {«v < 0}. It is a fact that every root is either
positive or negative, and multiplication by —1 is an involution of ®. Furthermore, for w € W,
we may define ®(w) := & Nw~!(®7). This is a finite set, whose cardinality is £(w).

There is a unique linear subspace of the root space which is invariant under the action of

the Weyl group. It is possible to find a minimal positive vector of the root lattice, cy, which

13
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lies in this subspace. We refer to o as the imaginary root, and the set of integer multiples of

a as the set of imaginary roots. The following table gives the coordinates of o in each type:

Type %)
A, (1,1,...1)
D, (1,1,2,2,...2, 1,1)
Es (1,2,1,2,1,2,3)
E; (1,2,3,2,1,2,3,4)
Es | (2,4,3,1,2,3,4,5,6)

The imaginary roots are analogous to real roots, but there are many distinctions. When we
refer to “roots” below, we mean real roots only. Our convention is that g ¢ ®. The role of
imaginary roots will almost always have to be treated separately.

The following proposition classifies real roots:

Proposition 1.5.1. Let U be the finite set of roots a with 0 < a < «g. Then the full set of roots

is{a+may: €W, meZ}.

This proposition is essential to several meromorphic continuation proofs given below. It
demonstrates the importance of the imaginary root to the theory of affine root systems.

Another proposition describes the action of I/ on ® more concretely.

Proposition 1.5.2. Leta = a;e; € @. Thenoj(o) = ate;if ), ;ajisodd, and oj(a) = a

if' >_,.; aj is even. The only exception is for o = xe; + may: in this case, (o) = a F 2e;.

Let x = (x1,...x,41) be an n + 1-tuple of complex numbers. In order to define functional

equations below, we will fix an action of IV on x, given by

g eyt j=i

(0i(x)); =4 ¢"Paa; i~j (1.5.3)
rp o i
The action of w € W takes the monomial x* := [z to ghtw(@)=h(@)/2xw(@) Tt i a

conjugation by ¢'/? of the standard action of W on the group ring of the root lattice C[A] =

Clxy, ... Tpt1)-

14
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Chapter 2

Axioms and Consequences

2.1 The Four Axioms

We will begin by stating the problem in the most general way. Let I be a graph with vertices
labeled 1 to n + 1, and write ¢ ~ j for adjacent vertices. Let I, be a finite field, with ¢ = 1
mod 4. We would like to define a multiple Dirichlet series, roughly:

>l (%) HE @.1.1)
J

f1,e frg1€Fg[t] monic i~y

where () denotes the quadratic residue symbol. This series should have a group of functional
equations isomorphic to W, the Weyl or Coxeter group associated to the simply-laced Dynkin
diagram I'. The situation where I' corresponds to a finite irreducible root system is well-
understood; we will restrict our attention to the case of affine Kac-Moody root systems below.
In any case, the functional equations derive from those of quadratic Dirichlet L-series for the
function field (). We expect to have a functional equation in x; — ¢ 'z; ' based on the
L-function of a quadratic character with conductor [] fj. However, if the conductor is not
squarefree, the functional equation is different fron{ szvhat we expect; we must remedy this

situation by replacing the sums of residue symbols above with weighted sums. To this end, we
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define a weighting function H : F,[{]"™ — C, and let

Z(x1, .. Tpi1) = > H(f1, .. fpr)aios i glegfon (2.1.2)

f1ye-fnt1€F[t] monic

= > Caann @ (2.1.3)

ai,...an+1>0

Here, intuitively, H(f1,... fns1) is the weighted version of || <]’f—]> By definition, we have

in~j
Cay,...ant1 (Q) = Z H(fl, R fn+1)- (214)
f1ye--fng1€Fg[t] monic
deg(fi)=ai

When ¢ is fixed, we may simply write ¢, ,..q, ;-

In the theory for finite Weyl groups, the H(fi,... f,1+1) can be chosen in an ad-hoc way,
with the goal of making the functional equations true. We will see after Proposition (3.1.1)
below that this leads to a unique construction. For Kac-Moody Weyl groups, however, many
possible choices for H(f,... f,+1) yield the same functional equations. Here we give an ax-
iomatic definition of H(f1, ... f,+1). The four axioms are due to Diaconu and Pasol [18], who
study certain multiple Dirichlet series associated to moments of quadratic L-functions. Axioms
(2.1.2) and (2.1.3) are consequences of Poincaré duality on parameter spaces of hyperelliptic
curves—the weights H(f, ... f,4+1) come from compactifying these spaces. Although the most
general geometric context for these axioms is not yet completely understood, they seem to give
the “right” definition for Z(z1,...x,,1) in the classical and Kac-Moody cases: right in the
sense of being optimal for computing moments of L-functions and character sums, and, we

conjecture, appearing as Whittaker coefficients in metaplectic Eisenstein series.

The first axiom is familiar from the theory for classical Weyl groups:

Axiom 2.1.1 (Twisted Multiplicativity). For fi--- fui1, 01 gni1 € F[t] relatively prime,

i) . (2.1.5)

J

we have

H(fi91,- - fasv1gn) = H(f1, oo for1) H (g1, - - Gns1) H (

i~j
Thus it suffices to describe H (p™, . ..p%+) for p € F,[t] prime. The next two axioms give

a characterization. They describe how the weights H and coefficients c vary as the underlying
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finite field IF, varies. They appear as axioms for the first time in the work of Diaconu and Pasol

[18], but can be proven as propositions in the theory for finite Weyl groups.

Axiom 2.1.2 (Local to Global Principle). The coefficients cq,, . a,.,(q) and H(p™,...p* ')

are polynomials in q and qi°? respectively, of degree a, + - - - + a,.1. Furthermore,

q(a1+--~+an+1) degpcal,...an+1 (qi degp) = H(pa17 cee pan+1)_ (216)

Note that it only makes sense to evaluate c,, . at negative powers of ¢ after asserting

On41

that ¢4, _q,,,(q) is a polynomial.

Axiom 2.1.3 (Dominance). The polynomial H (p®', ... p"+') has degree less than %

Equivalently, cq,, . a,,,(q) has nonzero terms only in degrees greater than %W The

only exceptions are for H(1,...1), H(1,...1,p,1,...1), co..0(q), and co__01.0..0(q)

In concrete terms, the Dominance axiom states that the contribution of correction terms
H(p™,...p*+) is as small as possible; the weighting affects the computation of moments of
L-functions and character sums as little as possible. The final axiom is essentially a normaliza-

tion assumption, and is of lesser importance:

Axiom 2.1.4 (Initial Conditions). We have H(1,...1, f;,1,...1) = 1 for all f; € F,[t], or
equivalently, CO,...O,%,O,...O(Q) = q".
Let x = (71, ...%,41). The main theorem of this paper is as follows:

Theorem 2.1.5. Suppose that 1" is the Dynkin diagram of a simply-laced affine Kac-Moody

root system:

e >ﬁn< E, ...IE.’.. ..I.E’....

excepting A, for n even. There exists a unique series Z(x) satisfying the four axioms. This
series has meromorphic continuation to |X*°| < g~ ""@0) where o is the imaginary root of the
root system I, and group of functional equations isomorphic to W. In the case of A,, for n odd,

it has meromorphic continuation to |x®°| < q~"(0)/2 ywhich is the largest possible domain.

17
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We expect meromorphic continuation to |x®0| < ¢~"(®0)/2 to hold in all types, and give a
specific conjecture which implies this. We also expect the same theorem to hold for ﬁn with n
even.

We will also give some evidence that the series constructed here are the correct ones for
the Eisenstein conjecture: namely, that they have poles corresponding to imaginary roots in the
root system.

In the case of finite Weyl groups, an analogous theorem holds. The axioms produce the
same series as other known methods of construction; this series has meromorphic continuation
to all of C"*!, and is in fact a rational function. The Eisenstein conjecture is known in many
cases [5, 21].

In the case of non-affine Kac-Moody Weyl groups, such as those considered by Diaconu
and Pasol, the axioms must be relaxed in a particular way: the coefficients c,,, ,,,,(¢) and
H(p™,...p*+) may not be polynomials, though they consist of terms which have a well-
defined notion of degree and can be evaluated at ¢!, for example, the Ramanujan tau function
with degree 11/2, or Fourier coefficients of cusp forms more generally. Diaconu and Pasol
prove the uniqueness, though not necessarily the existence, of series satisfying the relaxed

axioms for an infinite family of Kac-Moody groups.

2.2 The Axioms Imply the Functional Equations

For now, we set aside the more subtle questions of existence, uniqueness of Z(x), and study its
basic properties under the assumption that it exists. Axioms (2.1.2) and (2.1.3) imply that Z(x)
converges absolutely in the domain {(z1,...z,11) € C""! :all |z;| < ¢ '}, and hence defines
a holomorphic function in this domain. We will meromorphically continue to a larger domain
below. For now, we verify that Z(x) has a group W of functional equations. The crucial fact

is the following:

Proposition 2.2.1. Suppose that we have a choice of weights H (p™, ... p"+') and coefficients

18



CHAPTER 2. AXIOMS AND CONSEQUENCES

Cay,..ans: (@) satisfying the axioms. Fix ay,...a;_1,Q;41, . . . any1, and let

M) = Cayoaranis (025 (2.2.1)
CLZ':O
A (208P) = Z H(p™, .. .p%, .. pttt) gt d8p, (2.2.2)
a;=0
If > a; is odd, then these series are polynomials of degree »  a; — 1, satisfying:
jri Jrvi
> a;j—1
(@)~ Mg tah) = Maw) (2.2.3)
(3= aj—1)degp
(q"%2;) = Mgty t) = A(x). (2.2.4)
If > a; is even, then these series are rational functions, with denominators 1 — qx;, 1 — 8P
i
respectively and numerators of degree », a;, satisfying:
i
1/2 2 i -1 1 -1
(g7 %x)~ (1—x; Mg ;) = (1 — qri) M=) (2.2.5)
(2 aj)degp
(") =07 (1 — g dempg Y\ (L) = (1 — 29BP) A (). (2.2.6)

Proof. First, note that the statements for A and ), are equivalent, by Axiom (2.1.2). Before
proving these functional equations, we translate them into linear relations on the coefficients

Car,..ani1 (@) If Y a; is odd, then (2.2.3) implies:
ji
ai—(22 a;—1)/2
Ca1,...ai,...an+1 (Q) - q I Cal,... Z ajflfai,man#»l (q) (2'2'7)
and if ) a; is even, then (2.2.5) implies:

i~

ca1,...a¢,...an+1 <Q) - qcal,...ai—l,...anﬂ (q)

ai—( a))/2
=dq I (Cal,... > 4= Qi Gl (Q) — {Cay,... > aj—a;i—1,..ant1 (Q)) (2.2.8)

j~i i
In the following chapters, we will very often use the functional equations this way, as linear
recurrences on the coefficients. Of course, it is also possible to write linear recurrences on the

H(p™, ... p*+).
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We proceed by induction on ) | a;. When ) a; = 0, the proposition follows from Axiom
J# J#i
(2.1.4). For the inductive step, fix f1,... fi—1, fit1, ... fnr1 of degreesay, ... a;—1,a;41, ... Qpi1s
and consider
deg f;
Lfly---fi—lyfi+17---fn+1 ("El) = Z H(fh oo Jis e fn-l—l)xi e/

fi €F ¢[t] monic

vpj (f]) o0 pa"
— J vp(f1) a; Up (frt1) / a;degp
= H A H ZH(pP N N )H o () T,
i~kgk#i \ Pk p | ai=0 j~i \ Py
Pj 7Pk D;#P
pilfis Pelfr p;lfi

(2.2.9)
where the products are over p, p;, pr € F,[t] prime, and v,(f) denotes the multiplicity of the
prime factor p in f. This Euler product formula follows from Axiom (2.1.1). Furthermore, if we

set ¢ as the squarefree part of [ [ f;, then the Euler factors differ from those of the L-function

i~

-1
L(zixg) =[] <1 - <§) xfegf’) (2.2.10)

p

at finitely many places p, namely those dividing H fj. Let us consider how these modified
factors contribute to the product. i

First, suppose »_ v,(f;) is odd. Then the modified Euler factor at p is Ay (£227) (where
the sign is determ]i;é:d by the residue of p modulo the part of g coprime to p) instead of 1.
If the inductive hypothesis applies to this factor, then it satisfies equation (2.2.4) above. On
the other hand, if Z vp(f;) is even, then the modified Euler factor at p is A, (&) instead
of (1 F 20°8P)~1, JHZence the L-series is multiplied by (1 T z{°#”)\, (£2°¢”), which satisfies

equation (2.2.6) above if the inductive hypothesis applies.

If deg g is odd, then L(x;, x,) is a polynomial of degree deg g — 1 satisfying
(¢"2x) %9 Lg a7t xy) = L, xy) (2.2.11)

and if deg g is even, then L(x;, x,) is a polynomial of degree degg — 1 (or if g = 1, it is the

zeta function (1 — gx;) '), satisfying

(¢"%2)%89(1 — 2,7 L(g 't xg) = (1 — qwg) (s, X,)- (2.2.12)

7
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The modified factors add > v,(f;) — 1if > v,(f;) is odd, or > v,(f;) if > v,(f;) is even,
jri jri jri ji
to the exponent of ¢'/?x;. We conclude that, if Y a; is odd, then Ly, 5\ 11y fo (25) 18
ji
a polynomial of degree ) a; — 1 satisfying the functional equation (2.2.3). If ) a; is even,

j~i j~i

then Ly, s | fii1,.fusa (@i) is @ polynomial of degree ) a; — 1 (or a rational function with
i~
denominator 1 — gz; and numerator of degree ) | a;) satisfying the functional equation (2.2.5).
i~

We may follow this reasoning as long as the inductive hypothesis applies to all the modified

Euler factors. That is, we must have ) v,(f;) < > a;. This occurs in all cases except when p
JF#i JF#i
is linear and each f; = p®. We write

A(w;) = Z L fiot fortofon (2s)
iy fimt, it frg

deg fj =aj;

= E Lpul7”.p‘1i—ljpai+l7”.pan+1 (331)

p€EF 4 [t] linear

+ Z Lfl7~~~fi717fi+17~~~fn+1 (xl) (2.2.13)

(fry-fictsfix1sfn1)
#(pal 7"'pa“i71 ’pa1+1 7"'pan+1)

If Y a;is odd, then Ly, o1 poic1 ponsr (2;) = Ap(a;). Hence

i~i

M) — ghp(zy) (2.2.14)

satisfies the functional equation (2.2.3). If > a; is even, then Lo 01 pris1ponsr (2;) =
i

f_’q’;ii Mp(;), and

1—33‘1'

Axi) — ¢ (

satisfies the functional equation (2.2.5). Let us translate these functional equations into coeffi-

— qxi) () (2.2.15)

cient relations. If ) a; is odd, then
j~i

Cal,...ai,...an+1 (Q) - qH(pal7 s 'paia c .pan+1)

@i %=/ a > aj—1-a; a
=q (Caree ¥ ay—1=asansr (@) — ¢(H(P™ ... p™ ,o- ) (2.2.16)

i~
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By Axiom (2.1.3), comparing coefficients with degree greater than L;"“H in ¢, we re-
cover equation (2.2.7). If ) a; is even, then
i
cal,...ai,...an.t,.l (Q) - qcal,...ai—l,...an+1 (Q)
—qH(p™,...p", .. p™) 4 qH (p™, .. pW T L ptntt)
ai—(22 a;)/2
=dq I Cay,... Z aj—Qj,...Gni1 (Q) — (Cqy,... Z aj—a;—1,..ant1 ((D
Viadd i
u Z a;—a; " u Z aj—a;—1 u
—qH (p™,...p~ s P 4 gH (pt . pit R ey (2.2.17)
and again, by Axiom (2.1.3) we recover equation (2.2.8). ]

The functional equations satisfied by the full series Z(x) may be modeled as follows. Let
0i(x) be defined by
g eyt ifj =i
(0i(x)); =1 ¢Pax; ifj~i - (2.2.18)
xj otherwise
One can check directly that O'Z-Q = 1, 0,050, = ojo0;1f j ~ 4, and 0,0; = ojo; if j = 1,
to show that the o; satisfy the defining relations of simple reflections generating the Weyl or
Coxeter group W.
Let Z5 4, 0dd(X), Z5 a; even(X) denote the power series Z restricted to terms where ) a;

i~ i~ jri

is odd or even respectively. We have the following functional equations:

Z_zvaj odd(0i(X)) = ql/QﬂfiZ_z'aj odd (%), (2.2.19)
(1= 2775 o een(03(x) = (1 = q20) Z'52 0 even(X)- (2.2.20)

At present, these functional equations are identities of formal power series only. Their mean-
ing is simply that the coefficient relations (2.2.7) and (2.2.8) hold. In order to interpret the
functional equations as equalities of meromorphic functions, Z must have meromorphic con-
tinuation to neighborhoods of both x and ;(x), which we have not yet shown.

If we define the “p-part” of the multiple Dirichlet series, for p € [F[t] prime, as

Zy(x)= > H(p™,...ph)aft e gl A (2.2.21)
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then we have the equivalent local functional equations:

Zp 5> ay oaa(03(X)) = ¢ B2 7, 5 ) oaa(x),

jroi Jovi

—de —de de.
(1—gq d &P, gp>Zp, > aj even(03(%)) = (1 — 2} gp)an a; even(X)-

j~i j~i

23
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Chapter 3

Consequences of the Functional Equations

3.1 The Family of Series Satisfying the Functional Equations

In this chapter I' will be the Dynkin diagram of a classical simply-laced root system:

e :)BGC ;E,  eee IE.’ oo oo I .E“. o oo

with Weyl group W. We have shown that a multiple Dirichlet series Z(z1, ...z, ) satisfying
the four axioms must have a group of functional equations isomorphic to W, generated by the

following simple reflections fori = 1,...n + 1:

75 a;000(04(%)) = 42225 ) 00a(%), (3.1.1)
(1 - xi_l)ZZ'aj even(gi(x)) = (1 - q$i)Zz_aj even(X) (312)
where
oyt ifj =i
(04(x)); :{ ¢y i~ (3.1.3)
xj otherwise
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The functional equations make sense as relations of formal power series regardless of the an-
alytic behavior of Z. In the following propositions, we do not assume the four axioms—we
only assume the functional equations and study their consequences. First we will prove a result

describing the family of all power series satisfying the functional equations.

Proposition 3.1.1. Suppose that a power series

Z(@1, . Tni1) = Y Capan X5 (3.1.4)

at,...an+1>0
has group of functional equations W generated by (3.1.1) and (3.1.2). If W is a finite Weyl
group, then Z is unique up to a constant multiple. If W is an affine Weyl group, then 7 is
uniquely determined by the one-parameter family of “diagonal” coefficients c,,, where «y is

the imaginary root and m € Z,.

This theorem is well-known in the classical case, though it is not usually stated this way in
the literature. A proof for the affine Weyl group D, is given in Bucur-Diaconu [8].
Next, we prove the existence of a power series satisfying the functional equations with the

correct analytic behavior.

Proposition 3.1.2. There exists a power series Z(x1, . .. x,11) with group of functional equa-
tions W generated by (3.1.1) and (3.1.2), which has meromorphic continuation to C"*1 if
W is finite or |x*°| < g "@0)/2 if W is affine. Moreover, we have an explicit denominator

D(x1,...2p41) such that D(xy, ... 2011)Z (21, . .. Tyy1) is holomorphic in these domains.

This is proven by the averaging construction of Chinta-Gunnells [12, 13]. A proof for
symmetrizable Kac-Moody root systems is given in Lee-Zhang [29], but their formalism is
very different, so we reprove it here. The averaging construction does not give a series which

satisfies the four axioms, but we will modify it in the following chapters.

Proof of Proposition (3.1.1). The proof is based on a detailed examination of the coefficient

relations from Proposition (2.2.1), which we restate here. For > a; odd:

i~i

ai—(32 a;—1)/2
Cay,...as,ans1 — 4 I Cay,... Y aj—1—a;,...ant1 (315)

Jrvi
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and for ) a; even:

i~

a;i—(2 aj)/2

Cal,...ai,“.an+1 - qcal,...aifl,...anﬂ = q gt Cal,... z A5 —Qjy...0n+1 - qca1,... Z aj—ai—l,...an+1)-
j~i jri

(3.1.6)

For any list of indices (ay,...a,s1), if we can find an ¢ such that a; > %Z a;, then the

ji

coefficient cg, can be rewritten, via the o; coefficient relation, in terms of coefficients

An41

with smaller ith index. For classical root systems, any coefficient c,, can be reduced in

At
this way, until we reach ¢, _ o (we assume that if any a; is negative, the coefficient is 0). Thus
in the classical case, the series is uniquely determined by ¢, _o—that is, it is determined up to a
constant multiple.

In the affine case, any nondiagonal coefficient can be reduced, but the diagonal coefficients
Cmay, cannot. The vector of indices may is invariant under the Weyl group W. It follows imme-
diately that all coefficients of the series are determined by the diagonal coefficients. Further-
more, the monomial x®° is invariant under all o;, so multiplying Z(z1, ... x,.1) by any power
series in x“° does not affect the functional equations. In this way, we may obtain any possible

family of diagonal coefficients. Hence the series Z(x,...x,.1) is completely determined by

any choice of diagonal coefficients. [
This simple argument has many important consequences.

Corollary 3.1.3. In the affine case, the series Z(x1,...x 1) is determined by its functional

equations up to multiplication by a power series in the the invariant monomial x°.

Corollary 3.1.4. If the undetermined coefficients c,q, (or just co. . o in the finite case) satisfy

Axiom (2.1.3), then so do all the coefficients.

2 aj

with a; > Z N; , and we apply the coefficient recurrence

Proof. Suppose that we have c,,

An41

associated to ;. In the relations (3.1.5) and (3.1.6), every term Cay,...a!, a1 is multiplied by a

!
a;

power of ¢ between aT and a; — a;. Hence if all the lower coefficients satisfy the Dominance

Axiom, then ¢, . does as well. Repeating this process recursively, we see that dominance

Qp41

for the undetermined coefficients implies dominance for all coefficients. [
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Now we will show in the finite Weyl group case that the unique series Z(x) with ¢q_o = 1
also satisfies the four axioms. We begin by constructing the local coefficients H(f1,. .. fni1)-
Let H(1,...1) = 1. The local functional equations (2.2.22) and (2.2.23) can be used, exactly

as in Proposition (3.1.1), to construct all H(p®,...p"%*), and then Axiom (2.1.1) gives all
H(fb Ce fn+1)- Set

Z(x1, .. Tpi) = > H(fy, ... fopr)zlee ... gdes (3.1.7)

S1se--fng1€Fg[t] monic

— al An+1
- § Ca1,...an+1x1 o xn_i_l . (3.18)

ai,...an+12>0

It follows as in the proof of Proposition (2.2.1) that Z(z, . ..z, 1) satisfies (3.1.1) and (3.1.2).

Hence it is the unique such series with ¢y_o = 1. Because the c,, are all obtained

n1
recursively from ¢ o and the H (p®*, ... p**') are all obtained from H(1,...1) by analogous
recurrences, Axiom (2.1.2) is satisfied. By Corollary (3.1.4), Axiom (2.1.3) is satisfied.

One could try to proceed this way in the affine case; the difficulty is that, if we make an
arbitrary choice of diagonal local coefficients H (p™°), the resulting diagonal global coeffi-

cients ¢4, Will not necessarily satisfy Axiom (2.1.2). We will give a different interpretation

of Axiom (2.1.2) in the following section to resolve this problem.

3.2 The Chinta-Gunnells Averaged Series

Before proving Proposition (3.1.2), we introduce some additional notation and explain why the
domains of meromorphic continuation given in the proposition are optimal. If & is the root
system corresponding to I', we let

D(xy,...wpe1) = [] (1= ¢"x>). (3.2.1)

acdt

This is a finite product over positive roots if 1/ is finite, and an infinite product if W is affine.
Each factor corresponds to a polar divisor of Z(xy, ... z,1)-it follows from Axiom (2.1.4) or
from the functional equations that Z has poles at x; = ¢! for all 7, and translating these poles

by the group W gives a pole at x® = ¢~ "(®)+1/2 for every o € &
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If W is finite, then D(xy, ..., 1) is meromorphic in C"*!. If W is affine, then

D(:L,17 N ~5En+1) _ H H (1 . qht(a)+mht(ao)+lx2a+2mao)' (3.2.2)
acdt m=0
a<ag
Let M(x) = MaX,ca+ a<ao|q™@1x2?|. Then the absolute value of the product above is
bounded by:
H(]- + M( ) mht( a0)|X2ma0|>#{a€<b+,a§ao}' (3.2.3)
m=0

If [x0| < ¢~"(@0)/2 we can ignore the finitely many terms where ¢™h(@0)|x2mao| > Mf(x)~1,
and the logarithm of the remaining terms is bounded by a convergent geometric series. Thus
D(zy,...x,41) converges absolutely to a holomorphic function in this domain.

The transformation o; permutes the factors of D, except for (1 — ¢®z?), which becomes

(1 —z;%), so we have

R
D(O'i(xl,...xn+1)) = (1_—612212) D(xla'--anrl) (324)
or, more generally for any w € W,
1— q—ht(a)+lx—2a
D(w(zy,...xn) = [ ] T D(z1,. .. Tps1) (3.2.5)

acd(w)
where ®(w) denotes & N w=1(d7).

In the affine case, the poles of Z(x1,...x,41), or zeroes of D(zy,...2,1), accumulate
along the divisor x® = ¢"(20)/2 the boundary of the Tits cone for W. Z(x1,...2,,1) has
an essential singularity at this divisor, so meromorphic continuation beyond it is impossible.
Figure 1 shows the zeroes of D(x1, zs, x3, x4) for the A; multiple Dirichlet series, after making
the substitution z1, x5 — ¢ %, 19,74 — ¢ '. The zeroes appear as lines in the real st plane,

accumulating at s + ¢ = 1.

D(xy,...x,,1) can be viewed as a deformation of the denominator in the Weyl character

formula for W. We will also need a version of this denominator without the deformation:

Ay, oapgn) = [ (1= ¢"0x™). (3.2.6)

acdt
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L L L L L
-2 -1 0 1 2

Figure 1: Poles of the gg Multiple Dirichlet Series
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This converges in the same domain as D(xy, ... x,.1), and satisfies

Alw(xy, ... Tpy1)) = H —q @72 A2y, xpy). (3.2.7)

acd(w)

Proof of Proposition (3.1.2). This proof is modeled upon work of Chinta and Gunnells [12],
who describe an action of finite Weyl groups on rational functions. The generalization to affine

Weyl groups acting on power series is straightforward. We define maps ¢; : C**! — C"! by

(Q(.Tl, c. xn+1))j = (328)
x; else
so that
Z(xy,...xp — Z(€i(xq, ...y
Zz_aj odd(x17...xn+1) = ( - +1) 9 ( ( : +1>> (3.2.9)
A R Z(€;(xy, ... 20
Z5 oy even(T1, - Tng1) = (@1, Z) +2 GIGERELASY) (3.2.10)

For an arbitrary power series f(x) € C[[x1, ... 2, 1]][z7", ... 2,1,], we define

(f|0z)(x) = (1 - x:l)(l - qxi)_lfz_aj even(gi(x)) + q_l/Qxi_le_aj odd(ai(x))' (3211)
The (1 — gz;)~" in this formula is shorthand for its geometric series expansion. Chinta and
Gunnells prove that this definition extends to a C-linear group action of ¥ on rational functions
[12, Lemma 3.2]; the proof carries over to power series without modification. Note that our
definition is slightly different from equation (3.13) of [12], because we are modeling the global,
rather than local, functional equations. Indeed, equations (3.1.1) and (3.1.2) are equivalent to
the statement that (Z|w) = Z forall w € W.

To rephrase, we have

oo = 5 (Eh ) Fa) + 5 (5 =077 Jento)
(3.2.12)

Let us set K;(x,d) = 7 (w—_l - (—1)5q_1/2). Then if w € W can be expressed as
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o;, - - 0;,, we have
s

i, ip_1 i,
(f‘w)(x) - Z Kie (Xa 51'5) (7 1(6 Oy (X)v 51'@71)[(2272 (61'/,1 Oy 1615 Ty (X>7 51'@72) e

51'1 ,...57;2 €{0,1}

57;2 0 52'1 51"
o Kil (€i2 Oiy " * Ei/ Ty (X)7 5i1)f(€i1 iy w0 ei; O, (X)) (3.2.13)

In particular, the monomials appearing in the K; are x;,, (04,(X))i,_,» (0i,_10:,(X))ip_ps -
(0iy -+ 04,(X))i,- f w = 0y, -+ - 0y, is an expression in reduced form, then these are precisely
¢ @)=1/2xe for o € d(w).

We will show that Z(x) := Y - A(w(x)) ™ (1|w)(x) is a power series satisfying func-
tional equations (3.1.1) and (3.1.2), with meromorphic continuation to all x if W is finite and
to all [x*| < ¢~ ™@0)/2 if W is affine. First note that, by equation (3.2.7), A(w(x))™! =
<Ha€q>(w) g 2‘1) A(x)7!, and A(x)~! is a power series in C[[x]]. On the other hand,
(Hw) (%) is TTaeqq ¢ "/?x* times a power series in C[[x]]. Thus the summand at w,
A(w(x)) " (1Jw)(x) is a power series divisible by ¢ *2acow) MM@)/2y> acaw) @ n par-
ticular, no negative exponents of x; appear in Z(x). Moreover, in the affine case, since
> ac) @ — 00 as {(w) — oo, only finitely many terms in the sum over w contribute to
each coefficient of Z(x), so the sum is a well-defined power series.

To show that Z(x) satisfies the functional equations, we use a simple lemma, also proven

n[12]:

Lemma 3.2.1. If f(x), g(x) are power series with f(x) even in all x;, then

(fglw)(x) = f(w(x))(glw)(x). (3.2.14)
Then, since A is even,
(ZJw')(x) = Y Afww'(x)) ™" (Lww')(x) = Z(x) (3.2.15)

This argument applies whether we consider Z as a formal power series, or a meromorphic
function on a suitable domain.
Next we show that D(x)A(x)Z(x) converges absolutely in the desired domain. If W is

finite, this is automatic, as D(x)A(x)Z(x) is a polynomial. If TV is affine, recall that we used
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the bound
|1 . qht(a)+mht(a0)+lx2a+2mao‘ <1+ M(X)tht(a0)|x2ma0| (3216)

for factors of D(x). Furthermore (1 + M (x)g™(@0)|x?m0|)(1 + ¢~*/2) bounds

ht(a)+m(ht(cg)— a+mao
(1 B qht(a)+mht(ao)+1x2a+2mao) :l:q( t(a)+m(ht(ao)—1)/2yatman _ | . 12 (3.2.17)
14+ q(ht(a)+mht(a0)+1)/2xa+ma0 o
Combining these bounds, and using equation (3.2.7), we have:
DA Z(x)] < (Z (1-+ g7 /2) 0 g0+ Eacaw WD 2 xEacare “|>

weW

(H (1+ M<x)qm*“<a0>|x2m°“0|>#{“€‘1’+’“5°‘°}> (3.2.18)
m=0

The second product is independent of w and converges absolutely for [x*0| < ¢~"(®0)/2 50 it
suffices to show the convergence of the first sum. Let A = #{a € T, a < ay}. Assuming
that the roots in ®(w) are as small as possible, we still must have

Y az %AV(X’)J (VEZ”)J — 1) o, (3.2.19)

acd(w)

which grows as 3/(w)? + O(¢(w)). We have

Z (1 + q—l/Q)E(w)q(f(wHZaeq)(w) ht(a))/2|xzae@(w) al
weW

< Z(quz I 1)€(w)M(X)€(w)|qht(o¢0)/2xao|%€(w)2+0(€(w))

weW
oo

< (n + 1>€(q1/2 + 1)€M(X)€|qht(ao)/2xao|%€2+O(€) (3220)
=0

where the last inequality follows from the weak bound #{w € W : {(w) = ¢} < (n + 1)~
Hence the sum converges for [x*0| < g~™(@0)/2,

Finally we show that D(x)Z(x) is also holomorphic, by proving that D(x)A(x)Z(x) van-
ishes at all the zeroes of A(x), i.e. at x* = +¢"®)/2 for all « € ®*. For any root a we can
find w € W mapping « to the simple root e;, and the w-functional equation allows us to express
D(x)A(x)Z(x) with x* = 4¢~™(®)/2 in terms of various D(x)A(x)Z(x') with o} = 4¢*/2.

Thus it suffices to show that D(x)A(x)Z(x) vanishes at all x with 2; = +¢'/2.
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We will decompose IV into two parts: the set {w : ¢; € ®(w)}, or elements with a reduced
expression ending in o;, and its complement. Multiplication by o; gives a bijection between

these sets. We may write D(x)A(x)Z(x) as

Dx) | Y (=)™ [ "%+ Y )™ 0uw)x) [ @x*

weW acd(w) weW acd(w)
e; €2 (w) e, €D(w)
(3.2.21)
and the latter sum is
Z (_1)é(wai)(1|wo.i)(x) H qht(a)x2a
1&%‘?/) aced(wo;)
== 3 (D))o x)e? T "o (3.2.22)
weW ae@ (w)
e, ZP(w)

At z; = +¢7'/2, we have (0;(x))?* = x?*, and also (f|o;)(x) = f(x) for any f. In this case
the two sums cancel, giving the desired result.

This completes the proof of Proposition (3.1.2). 0

We will denote the series constructed above as Z,,, in the sequel. A direct computation of
a few power series coefficients is sufficient to show that Z,,, cannot satisfy the four axioms
in the affine case. However, by Corollary (3.1.3), a series Z(x) satisfying the axioms must be
Zae multiplied by a power series in one variable. We cannot obtain the ratio explicitly, because
we do not have enough information about the zeroes of Z,,,, but we can still obtain analytic

information about Z from Z,.

Corollary 3.2.2. If the series Z(x) satisfies the four axioms, then it has meromorphic continu-

ation to |x*| < gh@o),

Proof. By Axiom (2.1.3), Z(x) is absolutely convergent if all x; < ¢~' Hence the ratio
Z(X)/Zaye(x) is a meromorphic function in the same domain. By Proposition (3.1.3), this
ratio is a power series in the variable x®°, so it must be meromorphic for |[x®| < g~M(@0),

Multiplying it by Z,.(x) again proves the corollary. [
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Chapter 4

Residues of 7 (x)

4.1 Definition of the Residue

In this section, we restrict to affine Kac-Moody Weyl groups W. We make an additional as-
sumption for technical reasons, that the Dynkin diagram I' of W is two-colorable: we have a
partition of the vertices {1,...n + 1} = S II T such that any two adjacent vertices belong
to opposite sets. This only rules out A, for n even. We will abbreviate the restriction of an
n + 1-tuple to one set or the other—for example, if x = (z1,...2,41), then xg = (z;)ies-

Let Z(xy,...z,+1) be a series satisfying the four axioms. Then Z(x) has a polar hyper-

plane along each x; = ¢~*. We will study the behavior of a particular residue of Z, namely
R(xs) = (—q) " Resx,— (41, 41 Z(X). (4.1.1)

This residue exists and is meromorphic for \xgolsl < ¢ "(@0ls) by Corollary (3.2.2). However,
we will approach the residue as another formal power series. Taking a residue may not be a
well-defined operation on an arbitrary formal power series in several variables. However, we
may multiply our series Z(x) by 1—qx; and then evaluate it at x; = ¢~ '. By Proposition (2.2.1),
this evaluation only requires taking finite sums of series coefficients, so it is well-defined. This
is the meaning of —gRes;,—,1.

The series Z(x) can be recovered from R(xg), but R(xg) has properties which make it
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more amenable to computation. In particular, the coefficients of R are multiplicative, not
twisted multiplicative, so R has an Euler product expression. We will identify a symmetry
in this expression which corresponds to Axiom (2.1.2). The Euler product for R(xg) can be
separated into a diagonal and an off-diagonal factor. Assuming that the off-diagonal factor is
fixed, and using the local-global symmetry, we will prove Theorem (2.1.5), that Z(x) exists
and is uniquely characterized by the four axioms. We will explicitly compute the off-diagonal
factor in the following section.

First let us verify the statement that Z(x) can be recovered from R(xg), using only the
functional equations. Indeed, if Z(x) and Z’(x) are two series satisfying the functional equa-
tions (3.1.1) and (3.1.2), then Corollary (3.1.3) gives

Z(x)
7'(x)

= F(x*), (4.1.2)

a power series in one variable. The ratio of the corresponding residues R(xg) and R'(xg) must

be essentially the same:
R(xs)
R (xs)

where g denotes the projection of the root o onto the space spanned by simple roots in S.

: (4.1.3)

— F(g M eoln) xols)

If we compare diagonal parts of all these series, the result is the same. Let Zgiug(7), Zjipe(7)

denote the diagonal parts of the series Z, Z’, with = substituted for the variable x*°, and

similarly let Rgig(7), Rj,e(7) be the diagonal parts of R, R/, with x substituted for xg(ﬂs.
Then .
. . ao|T
Zanls) ™ R
or, equivalently, e
Rgia @0l g
Gx) =2 gz(jg o ) 4.1.5)

is a one-variable power series depending only on the functional equations, not on the choice of
Z(x). It can be thought of as the R, (q"@0/7)z) if we choose ¢y o(q) = 1 and ¢, (q) = 0
for all other diagonal coefficients of Z(x). Starting with Rgie(¢"(*°/7)z) and multiplying by

G ()" gives Zgie (), which is known by Proposition (3.1.1) to determine Z(x).
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4.2 A Symmetry

Next we prove a proposition relating the coefficients of R(xg) to those of Z(x). Given a list of

indices ay, . .. ay+1, let A(7) denote ) a;. Let N (i) denote #{j ~ i}.

j~i

Proposition 4.2.1. Suppose that Z(x) = > Cay.apiy ()25 -+ - 2" 4. Then the coefficient

ay,...an+1
OineS xi'in R(Xg) is Ca;,...a;+1(q)q‘ Yies aiN() yhere

, a; 1€ 8
i

o { _ “2.1)
A(t) ieT

In particular, only terms with A(i) even for all i € T appear in R(xg).

Proof. Fix all indices except one a; for ¢« € T'. Proposition (2.2.1) implies that the series in z;,

(e.)
a An+1 .
> Carranen (@) - 2, can be written as
a;=0

A(i)—1
ZO Cay,...ant1 (q)x({l o 'ajnjjrl1 A(Z) odd
A(i)-1 la - o0 1(q)x¢111_._x{4(i).__xa141_1 ) (422)
QZ::O Carpanss (Q)TT - @y + A(7) even
Then taking —gRes,,—,1 gives 0 if A(i) is odd, and c,, _a(i), ap. (@)27 - g AD -  aimitif
A(1) is even. Repeating this process for all i € T' gives
> A a;
R<XS> = Z Ca’l,...a%_‘_1 <Q)q Lier A) H z;
(ai)ies ies
= > capar,, (@ Zies N O] 2 (4.2.3)
(ai)ies ies

where ] are as in the statement of the proposition. The rearrangements of power series implicit
in this proof are only reorderings of finite sums, by Proposition (2.2.1). They can also be

justified by the absolute convergence of Z(x) for all z; < ¢~ '. [

Since we have shown that
(_q>|T|ReSXT:(q_17~--q_1)Z<X) = (_Q)‘T‘ReSxT=(q_1,...q_l)ZA(i) even (X) (424)
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for all 7 € T, we may apply the even o; functional equations to the residue. By equation (3.1.2),

we have:
T 1-— ZL"i_l
R(xs) = (—q) Resy =141 H 1—or. ZAG) evenViET((H 0;)(x))
ie€T qTi ieT
= (1 - (D‘TlZA(z) even ViET(-rlla cee 'T;H—l) (425)
where
) g N2y, ifie S
T; = . (4.2.6)

1 ifeeT
Multiplying the series Z(x) by (1 — gx;) and evaluating at z; = 1 is a well-defined operation—
again, by Proposition (2.2.1), it only involves taking finite sums of coefficients. This allows us

to prove the following alternate formula for R(xg):

Proposition 4.2.2. We have

Rixs)= > H(ft... fi) [J(a N0, 4.2.7)
(fi)ies ies
fi€Fg[t] monic
where
i 1€ 8
fi= / , : (4.2.8)

In particular, only |S|-tuples of polynomials with | | i f;j a perfect square for all © € T con-

tribute to this sum.

Proof. First, we observe that if (f{,... f/ ) has this form, then
H(fl,.. fo) = ] HE»W0,. . pri) (4.2.9)
p|f{f1fl+1

as all the quadratic residue symbols in Axiom (2.1.1) multiply to 1. For i € T, we see that
up(f7) = >_;; vp(f}). By Proposition (2.2.1), this means that H vanishes unless . v,(f})
iseven for all i € T, i.e. unless all the || ;i [7 are perfect squares.

Fix all polynomials except one f; for i € T'. We assume that » _, , deg f; = A(i) is even,

and we write | | i f; as gogi for go squarefree of even degree. As in the proof of Proposition
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(2.2.1), the series 3, H(fi,. .. Frg1)25°8 7 matches Lz, Xgo) UP to multiplication by a poly-

i
nomial. In particular, if gg # 1, then the series has a trivial zero at z; = 1. If g9 = 1, i.e.
IT i~ [7 18 a perfect square, then the series > 5 H(fis fn+1)x?eg 7 matches the zeta function

(1 — gx;)~" up to multiplication by a correction polynomial of the form:

H (H(pvp(f1)7 o 'pvp(]_[jw. fj)7 N ‘pvp(fnJrl))x;p(HjNi fj)degp + (1 B xdegp)(. ‘ )) (4210)

(2

plgs
Multiplying the series by 1 — gx; and evaluating at x; = 1 gives H(f1,...][] i i frs1)-
Repeating this process for all ¢ € 7' verifies the proposition. The rearrangements of power

series implicit in this computation are again only reorderings of finite sums. 0

The first part of this proof indicates that the function (f;)ies +— H(f1,...f,,,) with

f! defined by equation (4.2.8) is multiplicative, not just twisted multiplicative: that is, if

ng<Hi€S fis HiES gi) = 1, then
H(fighs - fosa9nin) = HUfL - ) H gL - gnga)- 4.2.11)

This, together with Proposition (4.2.2), gives R(xg) an Euler product expression:

R(xs) = H Z H(p“ll, .. .p“;lﬂ) H(q_N(i)/Qxi)“i degp (4.2.12)

pEF[t] \ (ai)ies i€S
prime a; >0

where the a/ are as in equation (4.2.1).
Indeed, if we take the formula for R(x) of Proposition (4.2.1):
R(xs)= > cupa,, (@) [ (@ Pwi)™ (4.2.13)
(ai)ies i€S
a; >0
and make the substitution ¢ + ¢~ 987, z; = (¢'~N®/2g;)de? by Axiom (2.1.2) we obtain the

Euler factor:

Z H(p™, ... .p+) H(q_N(iml’z‘)ai deer, (4.2.14)
(ai)ies ies
a; >0

Hence the residue has the following property, which is the analogue of the Local-Global Ax-

iom:
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ViN—\ L—p+ 3 (1=N(i)/2)vi
Property 4.2.3. If (1—q¢" [[ z}") " is a factor of R(xs), then (1—q i€s

€S €S

[T/

is also a factor.

Note that any power series in ¢, z1, . . . ,,11 can be expressed, at least formally, as a product

of factors of this form.

. . . o al An41
Moreover, given an arbitrary power series Z(X) = Y. Coy,an,, ()27 -2 sat-

al,...an+1
isfying the functional equations (3.1.1) and (3.1.2), there exists a choice of local weights

H(f1,... f,) which produces this series. Write the residue of Z(x) as a product:

R(xs) = [J(1 = ¢"® [ 2®)® (4.2.15)

k=1 i€S

and use this to define the Euler factor

o0

Z ]{(pa/l7 - ‘pa/n+1> H(q—N(i)/Qxi)ai degp __ H(l . q(,u(k)—l)degp H:L,Vz(k) degp)—A‘
(ai)ies i€S k=1 i€S
a; >0
4.2.16)
This series determines Z,(x) = . H(p™,...po+)ai 98P ... p0nt1 987 by the local

QA1,..-Qn41

functional equations just as R(xg) determines Z(x). Then H(fi,... f,+1) can be evaluated

for all f; € F,[t] by Axiom (2.1.1). By construction, we have

e deg fn a an
Z H(flu---fn—l—l)x(li gfl-'-xniglf = Z Car,amir (@) -2 (4.2.17)

frofnsn P
Axiom (2.1.1) will be satisfied, but Axioms (2.1.2) and (2.1.3) may not. In fact, Axiom (2.1.2)
is equivalent to Property (4.2.3). This is because Proposition (4.2.1), which uses only the
functional equations, can be applied to R(x), and if the residue coefficients satisfy the local-

global property, then all coefficients do.

4.3 Proof of the Main Theorem

Since R(xg) is determined by functional equations up to a power series in the variable x§°|s , it

is natural to factor it into diagonal and off-diagonal terms. Write R(xg) as a product of factors
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(1—q"]I 2¥)7*, and let R(xs) = Ro(xs)R1(xs), where Ri(xg) collects the factors where
(v;) is alrflflltiple of ap|s, and Ry(xg) collects the others. The off-diagonal factor Ry(xs) is the
same for every series satisfying the functional equations, but the diagonal factor R;(xg) may
vary. In the next section, we will give an explicit formula for R,(xg), which satisfies Property
(4.2.3).

For now, let us assume that Ry(xg) is fixed; let R giag() denote its diagonal part, with =

substituted for xg°|5 . As in equation (4.3.1), we have:

G (2) Ro, aiag (4" ) ™ Zgiag () = Ry (¢™ 1)) (4.3.1)

We will use this equation to show that there is a unique choice of Z(x) satisfying the four
axioms. The series G (7) Ry, diag(q™°17)2) 7 is fixed. In order for the axioms to be satisfied,

we must have:

Condition 4.3.1. The coefficients of Ziaq(x) satisfy Axiom (2.1.3): the coefficient of z° is divis-

1+hi(00) /2.

ible by q By Corollary (3.1.4), this implies the Dominance Axiom for all coefficients

of Z(x).

Condition 4.3.2. R;(q"®I7)y) satisfies Property (4.2.3): if (1 — ¢"x¥)™> is a factor, then
(1 — g'=rHvhe0) V=X s also a factor. This, together with the symmetry for Ry(Xs), implies

Axiom (2.1.2).

Recall that G(x) is essentially the diagonal part of the residue of a series with diagonal
coefficients ¢y o(¢) = 1, ¢ma,(q) = O for all nonzero m. These coefficients trivially satisfy
Axiom (2.1.3), so G(z) satisfies a version of Dominance: its 2 coefficient is a polynomial
in ¢, supported in degrees between aht(p|s)/2 and aht(cp). In fact, it is possible to prove a
stronger lower bound, but for our purposes here the upper bound is sufficient. By the formulas
of the next section, the z* coefficient of I, diag(qht(ao‘T)x)*l is also a polynomial in ¢ of degree

at most aht(cy). Thus we may write

k

40



CHAPTER 4. RESIDUES OF Z(X)

with 0 < p(k) < v(k)ht(ap) in each factor. If we separate the product as

11 (1 — gh) g/ (B))=2(®) I1 (1 — gtk 7)) =AKk) (4.3.3)

p(k)<v(k)ht(ao)/2 w(k)>v(k)ht(an)/2

Then the only way to satisfy the two conditions above is to set

Rygeolnizy = T (1= q"Wa) =21 — glomrim(en) 0036 (4.3 4)
(k) <v(k)ht(ao)/2
and
Zig(w)= [ (=g @remeopm)-xm T (1 - g,
(k) <v(Rht(ao)/2 H(k)>v(k)ht(ao) /2
4.3.5)
This proves the existence and uniqueness of a series Z(x) with R(xs) = Ro(xs)Ri(xs),

satisfying the four axioms. All that remains is to make the computation of Ry(xg).
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Chapter 5

Residue Formulas

5.1 The Off-Diagonal Part R, of the Residue

In this section, we continue to study the residue R(xg) of a multiple Dirichlet series for an
affine Weyl group W whose Dynkin diagram is two-colorable. We prove an explicit formula
for the off-diagonal factor Ry(xg) as a product of function field zeta functions. The proof is
analogous to that of Theorem (3.1.1), relying upon the group of functional equations satisfied
by the residue, which must be studied separately for each affine type. We then give conjectural
formulas for the diagonal factor R;(xg) in each type. These conjectures are supported by
computational evidence. In the following section, we will prove the conjecture for A, when n
is odd.

Before stating the formula for Ry(xs), let us describe all its possible poles. Recall that the

possible poles of the Chinta-Gunnells averaged series are given by the Weyl denominator

D(x)= ] (1—¢"@x*)~ (5.1.1)

acdt

Of course, some of these factors may be canceled in the numerator. Z(x) differs from this
series by a power series in one variable x“°. Hence the possible poles of Z(x) are given by the
same Weyl denominator plus poles of the form x*° = c.

|s

It follows that the possible poles of R(xs) either are of the form x5°'° = ¢, or correspond
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to factors (1 — gM(@ls)-hi(elr)+1x2*15) =1 for o € G, In the latter case we consider the orbit of
o under the group < o; : i € T >= (Z/27)", which leaves a|s unchanged. Let us denote
this orbit as [a] and its size as 2(*),

By Proposition (1.5.2), for o € @,

oi(a) —aloo = 0, 1, or 2, and is only 2 in the case when
a = maoyg £ ¢;. In the second case, a|s = may|s, so these poles correspond to diagonal factors
and can be ignored.

In the first case, t(«) is the size of the set {i € T": |0;(«) — | = 1}, which is precisely
the set of ¢ € T where >, ,(«); is odd. In the orbit [a], ht(a|r) varies around the mean
value D7, >0 i(@);/2 = 3. s N(j)(c);/2 by increments of 1/2. More precisely, we have
a product formula describing all possible off-diagonal poles of R(xg):

t(a)
H H(l _ qzjes(lfN(j)/2)(a)aj7t(a)/2+u+1xéa|3)—(t(fj>). (5.1.2)

[a]acd™ u=0
a#magte; for €T

Notice that this product does not satisfy Property (4.2.3), though it does have a similar sym-
metry. We will see that many of the possible poles of the residue are canceled by zeroes in the

numerator. The correct formula is as follows:

Proposition 5.1.1. We have

[a], €@, t(a)=0

t(a)—1
I1 I]a- gZres(1-NO)/2(@;=t@)/24urly 2005y =("07) (51 3)

[a], ac®T,t(a)>0 u=0
a#tmao=te; forteT

The residue of any power series Z(x) satisfying functional equations (3.1.1) and (3.1.2) is

Ry(xs) multiplied by a series in one variable x‘;O‘S .

Before proving this proposition, a few comments: first, Ro(xg) has half of its possible
poles in any given orbit [a/], and it does satisfy the symmetry (4.2.3). It can be directly verified
that the x2°°% coefficient of Ry(¢"(®0/7)xg) is a polynomial in ¢ of degree at most aht(cyp)

as asserted in the previous section. We may extend Ry(xs) to a meromorphic function for

43



CHAPTER 5. RESIDUE FORMULAS

|xg°|s | < g(h(aolr)=ht(@0ls))/2 "which is compatible with the maximal domain of meromorphic
continuation for Z(x). The proof or meromorphicity is the same as the proof for D(x) in
Section (3). Finally, note that the formula (5.1.3) may include some diagonal factors; this is
purely a matter of notational convenience, and the statement remains true if these factors are

removed, but we will assume they are included.

Proof. The strategy of the proof is to give a group of functional equations which the residue
must satisfy, and which determine it up to a power series in one variable. We can then check
that the residue formula (5.1.3) satisfies these functional equations. The proof also implicitly
uses Proposition (3.1.2) to assert that some residue of a series satisfying the functional equa-
tions exists, which must then match Ry(xg) multiplied by a diagonal series. There is not, for
example, an extra functional equation with no solutions.

The functional equations of the residue all correspond to elements w of the normalizer of
< 0y :1 € T > in W. Therefore, they permute the orbits [«] of this group, and map orbits
of the form [may + ¢;] for i € T to orbits of the same form. All but finitely many orbits
of positive roots map to orbits of positive roots. From this we will see that Ry(xg) has a w
functional equation with a scalar cocycle which is a product over orbits [a] for & € ®(w). We
must directly compute the cocycle given by the functional equation for w acting on an arbitrary
residue R(xg), and verify that it matches the cocycle on Ry(xg).

The group of functional equations is type-dependent, so the proof has several cases, involv-
ing long, repetitive calculations. We will only give complete details in the first few cases. The
most complicated formulas were verified in Mathematica.

The simplest examples of functional equations satisfied by the residue come from vertices
i € S with N(i) = 2. We will label the adjacent vertices are i — 1 and i+ 1. Then the functional

equation of R(xg) is derived from o;0;_10;110;.
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In the notation of Proposition (3.1.2), we have

Z(x) = (Z|0,0i-104+10:)(X)

1 x; — 1 _
1_ Z (_1>62+§3q Z; 4xz lxz—fl< +(_1)64q 1/2>

1 —qux;
81,62,03,04€{0,1} qxr;

)54 1/2 Ti1T; — 1 N (_1)53q1/2) <( ) 1/21‘ iliy1 — 1 + (_1)52q1/2>

)53 22, (— )54q3/2x iTig1

(—
1— (-
D)2 % g qawi — 1 -
<1( () o + (= 1)61 1/2> Z(E o€l 210 15?+1‘71+16(S 0i(x))

1)%2 %0020, 221

(5.1.4)
where
(—1)%2+0sg=2 x; 1x Ly +11 j=1
(_1)51+62+53+64$i$1 ] —i+1
(6510263 10i— 1€f+101+1€§ 0i(x)); = <—1)62ql’il’i—1xj Jj~i—=15#4 -
(=1)%qaiziz; Jgrit g #d
\ x; otherwise
(5.1.5)

If we now take the residue, only terms with (—1)%1%2+9+% — 1 will contribute at all, and by
Proposition (4.2.1), all powers of —1 in Z will cancel out. We define the resulting transforma-

tion as 7;(xg), given by
b j=i
(Ti(x5)); = § iz joro~vi (5.1.6)
x; otherwise
where ~~ denotes vertices of distance two apart in the Dynkin diagram. The result is that

R(xg) has a functional equation with scalar cocycle:

R(xs) = (+) R(7i(xs)) (5.1.7)
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where

() = % > (=) gt ( il (_1)54q1/2)

52 53,64€{0,1} 1= qz;

g2z —1 (_1)54 —1/2,.. 1
1\03,,—1/2 q i 1\02,,—1/2
( 54q1/2 t% ><1—(—1)54q1/2xi D% )

52+53 ]
q xl ] 2403404 71/2

-1
(1 — gz )
D —qxf)

We now check that Ry(xg) as defined in formula (5.1.3) satisfies this functional equation.

1
1( * (5.1.8)

f
— 2
Because 0;0,_10,410; lies in the normalizer of < o; : i € T >, it permutes the orbits [«],

mapping each [a] to 7;[a] := [0y0; 101 10:a), with t(«) = t(0;0;_10;110;). Orbits [mag+e€;]

for i € T' map to orbits of the same form. Furthermore, for each [« with ¢(«)) = 0, we have

(1 — ¢(CiesU-NDD@4D/2 7 (x Jals) =1 — (] — ¢(Ties(-NG/D(r(@);+1)/25 7@l )1

(5.1.9)
and for each o] with t(«) > 0, we have
tla)—1
[T (1 — gZiesO-NO/ D@t/ zreiy o y2ols)=()7)
u=0
t(ri () , .
_ H Jes(l—N(j)/Q)(ﬂ'(Oc))j—t(Ti(oz))/Q-‘,-u—i—lXéTi(Oé)\S)—< @) (5.1.10)

so 7; permutes the factors of Ry(xs). The only exception is the orbit [e;], with £(e;) = 2, which

maps to [—e;]. No other positive orbit appearing in Ry(xg) becomes negative under 7;. To

account for the factors gained and lost from this orbit, we have

(L —2*)(1 — gz %)
- o)1 qa?)

which indeed matches the functional equation (5.1.7) above.

Ro(xs) = Ro(7i(xs)) (5.1.1D)

With this functional equation in hand, we can prove the proposition in type A,, n odd. Let

us label the vertices of the Dynkin diagram from 1 to n + 1 modulo n + 1, as shown,
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n+l

and without loss of generality let S be the set of odd-numbered vertices, and 7" the set of even-
numbered vertices. For each odd ¢, we have a functional equation 7; as above. These generate
a group of symmetries isomorphic to the Weyl group of Z(n,l) /2-

Suppose R(xs) and R'(xg) are two residues satisfying these functional equations. Then
because the cocycle is scalar, the ratio of the two residues is invariant under all the transforma-

tions 7;. If we write

R(xs) a1 o
Flxs) Y oy T 2 (5.1.12)

a1,a3,...an>0

then the 7; functional equation yields a coefficient relation

d =d (5.1.13)

e — 2,05, 25 Q2,05 —2F 42— 0,42,

Any non-diagonal coefficient dy, 4.4, can be reduced repeatedly by such relations, so it must

R(xs)

be 0. Hence the ratio R (xs)

is a power series in the variable 123 - - - x,.
For n = 3, the the argument must be modified slightly. Here 7; is the transformation:

b =i

(1i(xs)); = ! (5.1.14)

2 . .

Ty JF U
which induces the coefficient relations dy, o, = d2a5—a,,a5 = Qa1 24,—as- The rest of the proof is

similar.

In the remaining types, the residue R(xg) will have a somewhat more complicated func-
tional equation for each vertex ¢ € S with N (i) = 3. If we label the adjacent vertices i — 1,
1+ 1, and ¢ 4 2 then this functional equation is induced from the Weyl group element given

by 0,0;_10;110,120;0;_10;110;120;. After a computation similar to the one above, we find a

transformation 7;(xg) given by

(ri(xs)); = 2?x; oo~ (5.1.15)

2

x;  otherwise
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and a functional equation as follows:

(1 =21 = qz;?)*(1 = ¢°z;%)
(1 =g t2)(1 — 23)3(1 — qa7)

The cocycle is originally a sum of 256 terms, but there are many cancellations.

R(xg) = R(7i(x5)). (5.1.16)

To verify that Ry(xg) satisfies this functional equation, we use the fact that the trans-
formation 0,0, 10;110;120;0;_10;110,120; normalizes < o; : @ € T >, and hence per-
mutes all but finitely many factors of Ry(xs). The only orbits [« of positive roots which
map to orbits of negative roots are [e;] with t(e;) = 3 and [2e; + €;_1 + €41 + €;40] With

(1-z; ) (1—gz; *)?(1—¢%z; )
(1—q~'z?)(1—=7)?(1—qz?)

t(2e; + €;-1 + €41 + €,42) = 0. We see that [e;] contributes to the

—ap—2 . ) )
1133;% , so equation (5.1.16) is satisfied.

cocycle, and [2¢; + e;_1 + €;41 + €;42] contributes
We now prove the proposition for the case of l~)n We label the vertices of the Dynkin

diagram as follows:

1 n
3 n-1
D
2 n+l

Suppose n is even and S = {3,5,...n — 1}. Let do, 4.4, , denote a coefficient of the ratio

of two residues. The 7; invariance yields relations d_q, ,.4;.a:40,... = d..a;_s.ai_s+aiso—aiairz,..

Aoy as,... = A2as—az,as,..a0d d_ 4, o0\ = d 4, 524, 5—an_ - If Gn_1 > ay_3, az > as, or any
other a; > (a;—2 + a;12)/2, these relations allow the coefficient d,, 4, .4, , to be reduced re-
peatedly, until it is 0. Hence the ratio must be a diagonal series in the variable x3z5 . .. x,_1. We
have already shown that Ry(xg) satisfies the correct 7; functional equations, so the proposition
is verified.

In the remaining cases of type D, we require an additional functional equation, which will
be denoted 7 5 or 7, ,41. The transformation 7 » derives from o,02030109, and 7, ;1 derives

from 0,05, 410,-10,0,+1. We will describe the functional equation for 7 » only, because 7,, ,,+1
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is similar. Assume that 1,2 € S. As in the cases above, we compute

vt j=1
wt j=2
(T12(x5)); = (5.1.17)
T1ToT4 j =4

Tj otherwise
and the functional equation

(1—2) (=)L — 2y "2y h)
(1= 4a) (1= g1 = ganag) 20%5)) (5.1.18)

We see that Ry(xg) satisfies this functional equation because oj09030109 normalizes < o; :

R(XS) =

i € T >, and permutes the orbits [«] of positive roots, except for [e1] and [es], and [e1 + 5+ €3],
which map to [—es|, [—e1], and [—e; — ey — e3] respectively.

For D,, with n even and S = {1,2,4,6,...n — 2,n,n + 1}, the functional equations 7y o,
T4y T6se-r Tn—2s Tnn+1 are not quite sufficient to determine the residue up to a diagonal series.
If day a,04,...an_2,an,ans: 1S @ NONZero coefficient of the ratio of two residues, then the functional
equations give relations which imply thata; +ay = ay =as = =a, —2 =a, +a, + 1,
but not that a; = ay = a,, = a,, + 1. We require supplemental functional equations, valid in
this case only.

Fori € {1,2} and j € {n,n + 1}, the extra functional equation corresponds to

(Ui0304 e 'Un/Q)(Ujanflo'an T 02+n/2>

(01+n/2)
(094n/2031n/2** 00105)(Onj20nsa—1 - - 030%). (5.1.19)
It induces a transformation 7; ;(xg) given by
(
xytag!t -1;1295]._1 k=1
T k=
(TiJ(XS))k = T1X2X4T6 " " Tp—2Lj ke {17 2}7 k 7é { : (5120)

T4Te -+ TpoTpTns1 k € {n,n+ 1}k # j

T otherwise
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The functional equation is

R(xs) = (*)R(7i(xs)) (5.1.21)

with the scalar cocycle

(%) = 1— x;2 1— 1:;2 1 — (wjwqze - - -xn,gzL‘j)_l
-\l — qa? 1— q:vyz. 1 — quizsZg - -+ Tp_o;

H (1 — (T - - - wk)_z) (1 — (Tkps2 ‘anxi)_Q) . (5.1.22)

4<k<n—2 1 — q(ziz4m6 - - - 71 )? 1 — q(zppy2 - Tpoxj)?

k even

Ry(xs) satisfies this functional equation because, as always, the underlying transformation

normalizes < o; : i € T >, and permutes the orbits [«]. The orbits of positive roots which map

to negative roots are: [e;], [e; +ez+eq), ... [e;+es+---+e,_ o, [ej], [ej+en_1+ena],...[e;+
€n—1+---+eq], [e;+es+---+e,_1+e;], and their images are [—e; — e, — - - —ey], [—€; —
€n1— - —e€gl,...[—€j],[—€ei—es— - —ena|,[—€; —e3— - —en_4l],...[—€i] [ —
es — -+ — e,_1 — €;] respectively.

The extra functional equation 7y ,, gives rise to a coefficient relation which allows us to

reduce dg, as.04,...0n_2.0n, if ay + a, > as + an41, and the other 7; ; have similar results.

an+41
The full group of functional equations determines the residue up to a series in the variable
T\ ToTiT2 - X2 T Ty

For D,, with n odd, we may take S = {1,2,4,6,...n — 1} without loss of generality. The
functional equations 7 2, T4, 76, ... Tp—2 Imply that a; +ay = a4 = ag = --- = a,_; for
any nonzero coefficient d,, o, 4,,45,...a,_, 10 the ratio of two residues. Again, we require extra

functional equations, valid only in this case, to show that a; = as.

Fori € {1,2}, a functional equation comes from 0,03 - - - 0,,_10,0,110,_1 - - - 030;. We set

O T PR j=i
(ri(xs)); = a2ajziad---22 , je{l,2},jH4i (5.1.23)
x; otherwise
and compute the functional equation:
R(xs) = (*)R(7i(xs)) (5.1.24)
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where
—2 —2, -2 -2 -2
(*)_(1—% > <1—qxi T, T ---xn_l)
= 2 2.2.2 . 2
L —qa; L —aiwgrg -5
—2 -2 -2 -2 —2 -2 -2 2 —4_—4 —4
H (1—xi Tyorg g, )(1—(]:131» Pt PR xk+2~~xn1)
2,22 2 2,22 2 4.4 1 .
A<kl I = qwiriag - - - ay I R R T K TP R
"k even

(5.1.25)

The orbits of positive roots which map to negative roots under this transformation are [¢;], [e; +
esteyl,...les+es+ - tep ] [eitest o Fenot2e, 1+ €y + g, [ei +2e3+
-+ 426, 1+ €, + €,11], all of which have ¢t = 1 except for [e; + €3+ -+ - + e, 1] witht = 2.
Hence Ry(xs) satisfies this functional equation.

If, for example, a; > ao, then the 7y relation reduces d, 4, a4,a6....a, ;- 1t follows that R(xg)
is determined up to a diagonal series.

For type Eﬁ, we label the vertices of the Dynkin diagram:

Let S = {2,4,6}. Then the 7, 74, 76 functional equations of (5.1.7) generate a group isomor-

phic to the Weyl group A, If day.a4,06 18 @ coefficient in the ratio of two residues, we have

da2,a47a6 = da4+(l6*a27a470«6 = da2;a2+a6*a4ya6 = da2>a4,a2+a4*aﬁ (5126)

and so any coefficient without a; = a4 = ag can be reduced to 0. Hence the functional
equations determine the residue up to a diagonal series.

On the other hand, if S = {1, 3,5, 7}, then we need supplemental functional equations. We
will define transformations 71, 73, 75 corresponding to 0109070406070901, 0304070206070403,

05060702040706075 respectively, given by

vilar? j =
(1i(xs)); = zjwwr j#i,7 - (5.1.27)
L J=7T
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Then the functional equations are

(1—27°) (1 — 27 %27%) (1 — gy %27 %) (1 — gz ;")
(1 —qe?)(1 — qz?a?)(1 — z?22)(1 — xia})

i

R(xs) = R(7i(xs)). (5.1.28)

The positive orbits which map to negative orbits are [¢;], with ¢ = 1 [e; +e;11 + e7], with t = 2,
and [e; + €5 + e4 + e + 2e7], with ¢t = 1. From this, we see that Ry(xs) satisfies the functional
equation.

These extra functional equations, together with 7; as in equation (5.1.16), determine the
residue up to a series in z73x573. The relation given by the 7; functional equation, for ex-
ample, iS do, 43,0507 = Qas+as—ai,a3,a5,a7+as+as—ar» Which allows any coefficient with a; >
(a3 + as)/2 to be reduced.

For type E}, we label the Dynkin diagram:

If S = {2, 6, 8}, then the functional equations 7, 74 as in (5.1.7) and 73 as in (5.1.16) determine
the residue up to a diagonal series in xoz 622

If S = {1,3,4,5,7}, then we need four extra functional equations. First, for i € {1,5}, let
7;,4 correspond to 0,0;110;120408040,420,410;. We set

(

Tty j=i
-1 -1 .
Liyols Jj=4
(Tia(xs)); = - | s (5.1.29)
TxiTipory JE{L,5}, 7 #1
x; Jg=3,7

and obtain the functional equation:

(1= 2731 —2*) (1 — 27 %2 %) (1 — 252 7) (1 — o e ey )

RXS =
8) = T o) (1= o) (1 = g2,y (1 = 0 pa?) (1 = gissd)

R(7i(x5)).
(5.1.30)

Ry(xg) satisfies this functional equation. The positive orbits which map to negative orbits are

], [ea], [€i + €ir1 + €ira), [€iva + €3 + €a], [€i + €ix1 + o + €5 + €4).
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Next, we have 7 5 corresponding to 010203050607030706050302071, given by

.
vytas eyt j=1

11,1

T{ T3 T 7=25

(T15(x5)); = P (5.1.31)

T1X3T4T5T7 ] =4

yielding the functional equation:

R(xs) = (*)R(7i(xs))- (5.1.32)
with
(%) = 1— a2 R 1— 931_2:76:;2 1 — 25222
A\ 1 —gqz}) \1— qa? 1 — ga3a? 1 — ga2a?
1—a] 2x3 zx;Q 1 — ag ngzx;2 1-— xl_lxgl:rglx?_l . (5.1.33)
1 — ga3zia 1 — qa3zial 1 —qriz320577

Ry(xg) satisfies this functional equation. The positive orbits which map to negative orbits are
le], [ex + ea + es], [es], [es + es + e7], [e1 + ea + e3 + es + €], [es + es + e7 + es + e3], [er +
es +e3+es+eg+ er + eg).

Finally, 74 corresponds to 04,0803020706080304,0708030,0708020306070804, and is given
by

2 —1.-2 . _
T3 Ty Xy j=4

(Ta(xs)); = xj2dz222 j=1,5 . (5.1.34)
x; 71 =3,7
The functional equation is
R(xs) = (x)R(1;(x5)). (5.1.35)

with

(x) = <1 — xzz) (1 - x;%f) (1 - x;2x7_2>
1 — qx? 1 — qa3a? 1 — qria?
(1 — qm§2xZ2x;2) (1 — x5 %, 2 ) <1 q oy x42x72>
1 — 222322 1 — qziaia? — q?zirial
—2 2
(i) (e ) (i) o0
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The positive orbits which map to negative orbits under 74 are [ey], [e4 + e7 + es], [e3 + e4 +
es], [es + eq + er + esl, [ea + 2e3 + €4 + e7 + 2es], [e3 + €4 + €6 + 2e7 + 2eg], [e2 + 263 + €4 +
eg + 2e7 + 2eg], [ea + 2e3 + 2e4 + eg + 2e7 + 3es], so Ro(xs) satisfies this functional equation.

If we have a nonzero coefficient d,, o a,.45.0; Of the ratio of two residues, the 73 and 75
relations imply 2a3 < a; + a4 + a7 and 2a; < a3 + a4 + as. The 71 4 and 77 4 relations imply
a1 + ag < ay and aq + a5 < as. The 7y 5 relation implies a; + a5 < a4. The 74 relation implies
as < ay + as. Together, these prove that (ay, as, a4, as, az) is proportional to (1, 3,2, 1, 3).

The final case is Es, where we label the vertices of the Dynkin diagram:

If S = {1,5,7,9}, then we have functional equations 75, 77 as in (5.1.7) and 79 as in (5.1.16).
We also have a functional equation 7, derived from o,09090303090201, which is analogous
to 7, in the case of Eﬁ. The computation of the functional equation and the proof that Ry(x)
satisfies it are identical to the argument in the Eﬁ proof above. If d,, 4 474, 15 @ NONZero
coefficient in the ratio of two residues, 75 implies that 2a5 < a7, 77 implies that 2a; < a; + aqg,
To implies that ag < a; + az, and 71 implies that 2a; < a;. Hence, (aq, as, a7, ag) must be
proportional to (1, 1,2, 3).

If S ={2,3,4, 6,8}, then we have functional equations 75, 7¢, 73 as in (5.1.7). We also will
use two supplemental functional equations. The first, 73, corresponds to the Weyl group ele-
ment 030902010807090203080902030809070-801020903, and is analogous to 74 in the E} case.
The second, 73 4 corresponds to 03040506070309030706050403. It defines a transformation

(
1,11 . _
Ty Tg Tg j=3

11,1 . _
Ty Ty Tg j=4

(T34(x5)); = (5.1.37)

ToX3TaTely J = 2

and a functional equation

R(xs) = (x)R(1;(x5)). (5.1.38)



CHAPTER 5. RESIDUE FORMULAS

with

R 1— a2 1 —x, %2 1 — 23225
(*) = 1— 2 1— 2 1— 2.2 1— 2,2
qr3 qxy 4Tyl qr3Ty

(1 - 3:425662:682) (1 — :c32:c62:c82) (1 - x31x41x61x81) (5.139)

1 — gaiziad 1 — qa3aiad 1 — qr3z4meTs

Ry(xs satisfies this functional equation. The positive orbits which map to negative orbits are
les], [ed], [e3 + es + eol, [es + €5 + €], [es + €6 + €7 + es + o], [es + €5 + €6 + e7 + es], [es +
es+e5 + e + er + es + egl.

If duy a5,04,06,05 15 @ DONzero coefficient in the ratio of residues, then we have 2a, < a3 + as,
az < ag, a3 + ag < as9, 2a¢ < a4 + ag, and 2ag < as + as + ag. We leave it as an exercise to
show that (as, as, a4, ag, ag) is proportional to (4,3, 1, 3,5).

This completes the computation in all simply-laced affine types. 0

With this proposition, our main theorem (2.1.5) is also completely proven.

5.2 The Diagonal Part R, of the Residue

We now state conjectures for the diagonal part of the residue, R;(xg). This is a power series

in one variable x§°|5 , which, like Ry(xg), can be written as an infinite product of function field

zeta functions. The exact form of R;(xg) depends on the type and on the set S.

Conjecture 5.2.1. We have

Rl(XS) — H (1 _ q(m+1)(hl(a0|s)—hf(ao\T))X(2m+2)Oéols)—\Tl

m=0

<1 _ q(m+1)(ht(040|S)_hf(a0‘T))+1X(2m+2)06()|5)—|T|
(1 _ q(m+1/2)(h’(aols)—hf(ao|T))X(2m+1)ao\s)—>\

(1 o q(m+1/2)(ht(040|s)*hf(a0|T))+1X(2m+1)ao\s)*A. (52 1)

The values of A are given in the following table:
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Type S A
A, nodd - 1
l~)n, n odd - 1
D,, n even {1,2,4,6,...n—2,n,n+1} | 0
D, n even {3,5,7,...n—1} 3
Eq {1,3,5,7} 0
Es {2,4,6} 1
E; {1,3,4,5,7} 0
E; (2,6,8) 9
Ey {1,5,7,9} 1
Ex {2,3,4,6,8} 0

This conjecture is based upon computational evidence in all types. In the following section,
we will prove it for type A,, but the other cases remain open. To conclude this section, we
make several remarks.

The formula (5.2.1) is an eta-product—that is, a product of four Dedekind eta functions.
The classification of all roots in an affine root system as mag + « for « in a finite set implies
that (5.1.3) is an eta-product as well. The full residue R(xs) = Ry(xs)Ri(xs) is strongly
reminiscent of formulas appearing in the MacDonald identities for affine Weyl groups [30].
One might hope that these identities furnish a more straightforward proof of Proposition (5.1.1),
or any proof of Conjecture (5.2.1).

If Conjecture (5.2.1) is verified, then the residue is meromorphic in the domain |X§O‘S | <
g(ht(@olr)=ht(aols))/2 " The proof of meromorphicity for Ry(x) is the same as the proof for D(x)
given in Chapter (3), and the proof for R;(x) is even more straightforward. This implies
the meromorphic continuation of the full multiple Dirichlet series Z(x) to its largest possible
domain x| < g M(@)/2_ We see this as follows: let Z,4(x) denote the multiple Dirichlet
series constructed by averaging over the group of functional equations in Proposition (3.1.2),
and let R,,,(xs) denote its residue. Z,,(x) is known to be meromorphic in the largest possible

domain. Recall from the previous section that the ratio of Z to Z,,, is essentially the same as
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the ratio of R to Ry, if
R(xs)

T = (g eolr)xolsy (5.2.2)
Ravg(XS) (q S )
then we also have
Z(x)
= F(x). (5.2.3)
Zavg(X)

Since R and Ry, are meromorphic, F(q"@0l7)x%!%) must be meromorphic for x2°¥ <

g(ht(@olr)=ht(20l$))/2 Therefore, Z(x) = Zayg(x)F(x) is meromorphic for [x®0| < g~ht(@0)/2,

Diaconu and Bucur in the D, case construct a series whose residue is assumed to be solely
the Ry we have computed above, without the R;. Under this assumption, they obtain mero-
morphic continuation to the optimal domain.

One brief comment on the Eisenstein conjecture: Eisenstein series on Kac-Moody Lie
groups are expected to have poles corresponding to all roots, real and imaginary. This phe-
nomenon should be visible in the Whittaker coefficient Z(x). The poles corresponding to real
roots are those which can be deduced from the functional equations alone—they are the poles of
D(x). The averaged series Z,, has only these poles. The series Z(x) satisfying the axioms, on
the other hand, must have poles corresponding to imaginary roots. This follows from Conjec-
ture (5.2.1). The first factor of equation (5.2.1) comes from real roots, but the other factors do
not. We cannot describe the full family of poles of Z(x) coming from imaginary roots, because
some of them may be canceled in the residue, but we can assert that such poles do exist. This

is a piece of evidence that the series Z(x) is the correct one for the Eisenstein conjecture.
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Chapter 6

Computing the Full Residue in Type A

6.1 Restatement of Results in Type A

Let W be the Weyl group of a simply laced affine root system A,, with n odd. Label the

vertices of the Dynkin diagram 1 to n + 1 modulo n + 1:

1 2 3 n-1 n

n+l

Let Z(x1,...2,41) be the En multiple Dirichlet series satisfying the four axioms. In this
chapter we prove Conjecture (5.2.1) for this series. That is, we prove the following residue

formula.

R($1, L3y e $n) = (_q)(n+1)/2ReSm2=w4=---=xn+1=1/l1Z(-T17 C. iEnJrl)
= (1 — (xll’g R xn>2m+1>71<1 . Q(13133'3 . xn)2m+1)—1

m=0
( II =@z @ 25)?) (1= glarzs - 20) ™ (2iign - '%)2)1)
4,7 odd, 1#£j+2

(1 o (xl.??g . .xn>2m+2>f(n+1)/2(1 . q<x1x3 . 'xn)2m+2)7(n+1)/2 (611)

A priori, we know that this residue is meromorphic for |z,z5 - - - z,| < ¢~™*1/2 but by this
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formula, it is actually meromorphic for |z1x3 - - - x,| < 1. It follows that Z(x) is meromorphic
for |z1 - - 2y | < ¢~ FD/2,
Let us recall the results of the previous two chapters, specialized to type A. We gave a

formula (4.2.1) for R in terms of the coefficients c,, . of the original power series Z,

<Qn+1

namely:

Cay,a1+as3,a3,a3+as,...,an,an+a1 ay .as an
R(zy,x3,...1,) = E e T— xPras® e (6.1.2)

a1,a3,...an
In particular, the nonvanishing coefficients must have ay, as, . .. a, all odd or all even, since if

a; + a;421s 0odd, then c_ g4, o,44 = 0.

i 2,Qi 425
In Proposition (5.1.1) of the previous chapter, we gave a formula for the off-diagonal factors

of the residue, which in this case match the factors in the third line of (6.1.1).

Ro(ay,...an) =[] T] (0= (@r-ezn)™ (@i 2)?) 7 (1 = gl -+ )" (i 5)7) !
m=0 1,5 odd,
iZj+2
(6.1.3)
Any residue of a series satisfying the functional equations matches this one up to a diagonal
power series in z1x3 - - - ,,; we must show that the correct diagonal series is given by the second
and fourth lines of (6.1.1).

Recall equation (4.3.1) of chapter 4, which was used in the proof of the main theorem. This

equation is equivalent to the following:
G(q " 20) Zgig (¢ "T/22) = Ryg () (6.1.4)

Here Zg.; and Rgi,, denote the diagonal parts of series and its residue, with x substituted
for x1x9---x,41 and xy23 - - - 2, respectively. G(q_(”+1)/2x) is what the diagonal part of
the residue would be in a series satisfying the functional equations with diagonal coefficients
co..0(q) = land ¢, _m(g) = 0 for all m > 0. Its coefficients are q‘a(”+1)caQa’a,Qa’_”a,Qa(q),
again under this assumption about the diagonal coefficients. To avoid confusion with the cor-

rect coefficients, we will write ¢=*"*Yp, (¢) for a coefficient of G(q~"+1)/27).
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geee

nomial in ¢, divisible by ¢®("+1)/2+1 except when a = 0; hence Zdiag(q*("“)/%) =14 O(q).
Define

R (x1,x5,...2,) = H (1 — (@25 - - a) 2+

m=0

( H (1 — ($1:U3 .- -xn)2m($i$z’+2 o ‘%’)2)_1
i,j odd, iZ£j+2

(1 . (x1$3 . _xn)2m+2)—(n+1)/2

and let Rbdiag(x) denote the diagonal part of the series R’. By Property (4.2.3), the local-
global axiom is equivalent to the statement that the factors of R(z1,x3,...z,) come in pairs:
(1 — PP ag® - 2¢)~t with (1 — ¢*Pafas® - 29)~L. Therefore, if we can show that
R(xy,73,...7,) = R (31, 73,...7,)(1 4+ O(q)), we will verify all of equation (6.1.1). More-
over, since we have already determined the off-diagonal factors of R, it suffices to show that

Riing (1) = Rie(2)(1 4 O(q)). By equation (4.3.1), this means

Lol 4% = Ry)(1+ 0(0). 615

a

6.2 A Combinatorial Proof

More concretely, we must prove the following:

Proposition 6.2.1. The lowest term in p,(q) has degree a(n + 1) and coefficient equal to the

coefficient of ©* in RZiag ().

Proof. The proof requires closely examining the combinatorics of the recurrences on coeffi-
cients of Z. Recall the statement of the recurrence associated to functional equation o;: if
a;—1 + a;+1 1s odd, then

C,,.(li,‘.. - qai_(ai_l+ai+1_1)/20,,,ai_1+ai+1—l—ai,..‘ (6'21)

and if a;_ + a;.1 is even, then

_ a;—(a;—1+a; 2
C.a;,... = 4C.a;—1,. g ~(@i-atai)/ (C---ai—l+ai+1_aiv--- - qcai—1+ai+1_ai_1) (622)
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or, by applying this recurrence repeatedly,

(ai—14aiy1)/2—1
Coop = qai_(ai—l+ai+l)/2(C”'(ai71+ai+l)/2”” + Z (C...a;,... — qcma;_l’m)). (623)

al=a;_1+aiy1—a;

Starting with c,, ., we will apply the recurrences in the following order: first, reduce as
far as possible with the even o;, then reduce the result as far as possible with the odd o;, then
reduce that result as far as possible with the even o;, and so on. Any coefficient will eventually
be reduced to a linear combination of diagonal coefficients in this way. The lowest term in p,(q)
represents the number of paths from ¢ 24.4.24,....a,24 10 Co,...0 Via these recurrences, gaining as
small a power of ¢ as possible.
assuming without loss of generality that > a; > > a;, we apply

i even i odd
the recurrences o; for ¢ even to reduce as far as possible. Any coefficient Cay,d,...an,

Given any ¢y, ,..a,,,

U1 n

the resulting expression now has »_ a. < > a;, and is multiplied by a factor of at least
i even 4 odd
> ai= 3, aq . . . . I -
gieen  iodd If we continue reducing this way until we reach ¢ o, it will be multiplied by a
Max( > ai, > ai) . 1 o

factor of at least ¢ i@ ol In particular, p,(q) = O(¢*™*Y). This is the correct order
since one possible path is cq.24.0.2a...a20 — " %C00.0.0..00 — " Vego,. 0.

Because we are only considering the lowest term in p,(g), we can discard all terms in
the o, recurrence with a factor greater than ¢%~(*-1+®+1)/2 This leads to greatly simplified
recurrences: if a;_1 + a;11 is even, then

(aim1+aiv1)/2

Cogy = U2 N (6.2.4)

'Rl

aj=a; 1+ai1—a;
and if a; 1 + a;1 is odd, then

C ... = 0. (6.2.5)

with >~ a; > > a;, suppose for some even ¢ we have a; < (a;—1 + a;41)/2.
7 even 4 odd
Then this index cannot be reduced via the recurrences, and reducing the other even indices

. S ai— Y a;
will add a power of ¢ greater than gieer  iodd . Thus such terms c,, .

Given cq,...a,.y

can be discarded.

An41

Moreover, suppose for some ¢ we have a; < a;_;. We must have a;; < a; or discard this term.

We reduce all even indices via the simplified recurrences. Then any coefficient ¢, alyoranal, in
aly...an,al,
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. . . , , .
the resulting expression will have a; , < a;+1 < aj. Any coefficient cuy o arr o’

in the next
1272 +1

step will have a}, 5 < aj , < af,, and so on. In particular, we cannot find a path to ¢y this

way. Hence ¢, can be discarded. This leads to a further simplification of the recurrence

Qn41
for a; 1 + a; 1 even:
Min(a;—1,ai+1)

T D D (6.2.6)

77

al=a;—1+ait1—a;
It would be interesting to know whether the simplified recurrences (6.2.5) and (6.2.6) somehow
correspond to simplified functional equations.
We have now reduced the problem of computing the first coefficient in p,(¢) to counting

chains of indices:

aly a/27 a?); a47 an; an—i—l
/ / / / / /
aq, Ay, ag, Ay, Qs an+1
" " " " " "
ay, ag, as, ay, Qs an-ﬁ-l
(0) (0) G) @) (0 0
a’, as’, as -, 4 > Qy”, an+1
such that:
Condition 6.2.2. we have the boundary conditions (ay,as,...ay, a,v1) = (a,2a,...a,2a)

and (a\”,a$” .. al,a) ) = (0,0...0,0)
Condition 6.2.3. agj ) = agj 1) if 1 is odd and j is even, or if i is even and j is odd.
Condition 6.2.4. az(.j )+ a§i)2 is even for all 1, j.

(-1 (-1 (-2 ~ ,0)

Condition 6.2.5. For i odd and j even, or i even and j odd, a;_," + a; ;" — a; <a; <

Min(az(-i_ll), agi_ll)).

Note that the indices 7 are still numbered modulo n + 1 here.
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We will rephrase this counting problem once before solving it. For ¢ modulo n + 1 odd,

and 1 < j5 </, let d(J = ag " Jr)l a; ﬂ Condition (6.2.5) implies that all d are nonnegative

and dij U < dz(.] . Thus a chain of indices as above gives rise to an (n + 1)/2-tuple of integer
partitions d(l) > d(Q) - > d(z) > 0. By condition (6.2.4), we have dz(»j )+ d% even for all
1, 7. Condition (6.2.2) is equivalent to Z dZ o; = a forall 7.

()

We can reconstruct the chain of 1nd1ces a;”’ from the partitions d(J for 7 odd and j even

G) _

i 1
or vice versa, a;’ 0) < a(] ).

Z clZ +j_ar- The only condition we need to verify is that q,
k=j+1

This can be shown by induction on ¢ — j: if j = ¢, then a(j) =0< di v—g = agf b,

For

arbitrary j, we assume inductively that ' 1" < a/),. We know that d\” ?12 < dg;)j 5, and

adding these inequalities gives ag J) < az(]_ _11).

Hence it suffices to count (n + 1)/2-tuples of integer partitions

5 dY >d? >d¥. .. (6.2.7)

for i modulo nn + 1 odd, with d = a(n + 1)/2, such that:

7.7

Condition 6.2.6. For fixed j, the dgj ) are either all even or all odd.

Condition 6.2.7. E d9, is the same for all i.

1—27

We will use the notation A\ + p for adding two partitions entry-by-entry, cA for multiplying
all entries by a constant, ¢(\) for the length of a partition, and A* for the conjugate partition.

First I claim that there exists a unique strictly decreasing partition ~y such that for all z, there
exists a partition g@ with §; = 251- +7*. We may take y to be the set {; : dgj ) odd}, in decreasing
order. If +; and 7, have this same property, then ] 4 7, has all even entries, and, since 7, and
9 are strictly decreasing, this implies that they are equal.

Since the generating function of strictly decreasing partitions is the same as the generating
function of odd partitions, f[ (1 — 2?M1)~1, the first factor of Ry, () will account for the

=0

choice of 7.

ORI ORN g(s

_ N (n+1)/2 _
satisfying condition (6.2.7). I claim that any partition 9; can be written uniquely as Z 0fk

Now it suffices to count (n + 1)/2-tuples of integer partitions &; :

63



CHAPTER 6. COMPUTING THE FULL RESIDUE IN TYPE A

where g,k is a partition all of whose entries are congruent to k£ modulo (n + 1)/2. If ¥’ = k
mod (n + 1)/2, then the multiplicity of the entry £’ in the partition gzk will be &Ek,) - cAZEk,H).

Under this decomposition, we consider the contribution of some fixed gjmk to each sum
Z dl(i)gj in condition (6.2.7). gjmk is constructed to contribute the same amount to each sum,
e;cept for an additional ¢ (S;Ok) if 7 — 7y is between 2 and 2k modulo n + 1. Thus condition

(6.2.7) means that
(n+1)/2

Z > i) (6.2.8)

= i— 2k<zo<z 2
i odd

is the same for all 7.
Now let us examine the remaining factors of R’. For simplicity I will temporarily replace

x? with z; and rewrite these remaining factors as

H H H (1= (z1@s - @)™ (Tig2Tigpa - '$i0+2k))_1 (6.2.9)
m=0 k=1 49 mod n+1
io odd

We think of the factor [] (1 — (x123 - 2,)™ (Tig42Tiga - - Tigror)) - as generating the par-
m=0

titions gmk If we expand this factor as a power series, the coefficient of a term

(Tigr2Tigpa - ‘-TioJer)[(wle e )Y (6.2.10)

counts the number of partitions giO,k of /k +w(n + 1)/2 with length ¢ and all entries congruent
to k£ modulo (n + 1)/2. The exponent of the variable z; in this term is the same for all 7, except
for an additional ¢ (g,ok) if © — i¢ is between 2 and 2k modulo n + 1. Thus a diagonal term in
the power series of (6.2.9) represents a set of gio,k satisfying the condition (6.2.7).

It follows that the generating function of (n + 1)/2-tuples of partitions

(n+1)/2

(0:) = (v 4 26;) = (v" + Z 207 ) (6.2.11)

is precisely Ry, ().

This completes the verification of equation (6.1.1).
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