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ABSTRACT

Tournaments with forbidden substructures and

the Erdos-Hajnal Conjecture

Krzysztof Choromanski

A celebrated Conjecture of Erdos and Hajnal states that for every undirected graph
H there exists e(H) > 0 such that every undirected graph on n vertices that does
not contain H as an induced subgraph contains a clique or a stable set of size at
least n). In 2001 Alon, Pach and Solymosi proved ([2]) that the conjecture has
an equivalent directed version, where undirected graphs are replaced by tourna-
ments and cliques and stable sets by transitive subtournaments. This dissertation
addresses the directed version of the conjecture and some problems in the directed
setting that are closely related to it. For a long time the conjecture was known to
be true only for very specific small graphs and graphs obtained from them by the
so-called substitution procedure proposed by Alon, Pach and Solymosi in [2]. All
the graphs that are an outcome of this procedure have nontrivial homogeneous sets.

Tournaments without nontrivial homogeneous sets are called prime. They play a



central role here since if the conjecture is not true then the smallest counterexample
is prime. We remark that for a long time the conjecture was known to be true only
for some prime graphs of order at most 5. There exist 5-vertex graphs for which
the conjecture is still open, however one of the corollaries of the results presented in
the thesis states that all tournaments on at most 5 vertices satisfy the conjecture.
In the first part of the thesis we will establish the conjecture for new infinite classes
of tournaments containing infinitely many prime tournaments. We will first prove
the conjecture for so-called constellations. It turns out that almost all tournaments
on at most 5 vertices are either constellations or are obtained from constellations
by substitutions. The only 5-vertex tournament for which this is not the case is a
tournament in which every vertex has outdegree 2. We call this the tournament Cs.
Another result of this thesis is the proof of the conjecture for this tournament. We
also present here the structural characterization of the tournaments satisfying the
conjecture in almost linear sense. In the second part of the thesis we focus on the
upper bounds on coefficients €(H) for several classes of tournaments. In particular
we analyze how they depend on the structure of the tournament. We prove that
for almost all h-vertex tournaments e(H) < #(1 4 o(1)). As a byproduct of the
methods we use here, we get upper bounds for e(H) of undirected graphs. We also
present upper bounds on ¢(H) of tournaments with small nontrivial homogeneous
sets, in particular prime tournaments. Finally we analyze tournaments with big

¢(H) and explore some of their structural properties.
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Chapter 1. Introduction 1

Introduction

1.1 Notation and basic definitions

We use || to denote the size of the set. Let G be a graph. We denote by V(G) the
set of its vertices and by F(G) the set of its edges. By |G| we denote the number
of vertices of G and call it the size of G. For a graph G and a subset X C V(G) we
denote by G|X the subgraph of G induced by X and by G\ X the graph obtained
from G be deleting all vertices from X and all edges with at least one endpoint in

X.

If an undirected graph G does not contain another undirected graph H as an

induced subgraph then we say that G is H-free. A cligue in an undirected graph is
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a set of pairwise adjacent vertices and a stable set in an undirected graph is a set
of pairwise nonadjacent vertices. We denote by w(G) the size of the largest clique
and by a(G) the size of the largest stable set of the undirected graph G. For an
undirected graph G we denote by G¢ the complement of GG, i.e. the graph with the
same set of vertices as G and such that there is an edge between two vertices in G°

iff there is no edge between these two vertices in G.

An undirected graph G is bipartite if its vertex set V(G) can be partitioned into
two subsets Vi, V5 such that no edge of G has both endpoints in V; or in V5. We
call subsets Vi, V5 the color classes of GG. Bipartite undirected graph G with color
classes Vi, V5 is complete if for any two given v; € Vi, vy € V5 there is an edge
{v1,v12} € E(G). A complete bipartite graph G in which the sizes of two its color
classes differ by at most 1 is called a bi-cliqgue. A matching in a bipartite graph
is the set of edges such that no two of them are incident to the same vertex. A
matching is called perfect matching if every vertex of a bipartite graph is incident

to some edge of it.

A tournament is a directed graph such that for every two vertices v and w exactly
one of the directed edges (v, w) or (w, v) exists. If (v, w) is an edge of the tournament,
then we say that v is adjacent to w and w is adjacent from v. In such a case vertex
w is an outneighbour of a vertex v and vertex v is an inneighbour of a vertex w. The

outdegree of a vertex v of a tournament 7' is the number of vertices of T" adjacent
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from it. For two disjoint sets of vertices Vi, Vo C V(T') we say that V] is complete
to Va (or equivalently Vs is complete from Vi) if every vertex of Vj is adjacent
to every vertex of V5. A tournament is transitive if it contains no directed cycle.
For the set of vertices V' = {vy,vq,...,u5} we say that an ordering (vy,va, ..., vg)
is transitive if vy is adjacent to all other vertices of V', vy is adjacent to all other
vertices of V' but vy, etc. If a tournament 7" does not contain another tournament
H as a subtournament then we say that T is H-free. In this definition we consider

tournaments to be unlabelled.

A coloring of a tournament H is an assignment of colors to its vertices such that no
directed triangle is monochromatic. The minimal number of colors needed to color

H is called the chromatic number of H and will be denoted as x(H).

We denote by t(H) the number of directed triangles of the n-vertex tournament
H. A tournament H is called d-dense if it contains at least 6| H|? directed triangles

(not necessarily edge-disjoint).

Let us say that € > 0 is an EH-coefficient for a tournament H if there exists ¢ > 0
such that every H-free tournament G satisfies o(G) > ¢|G|¢. (We introduce ¢ in
the definition of the Erdés-Hajnal coefficient to eliminate the effect of tournaments
G of bounded order; now, whether € is an EH-coefficient for H depends only on
arbitrarily large tournaments not containing H.) For a fixed tournament H, define

£(H) to be the supremum of all € for which the following holds: for some ny and
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every n > ng every H-free tournament with n > n( has a transitive subtournament
of size at least n®. We call {(H) the EH-supremum of H. For a fixed undirected
graph G, define £(G) to be the supremum of all € for which the following holds:
for some ng and every n > ng every G-free undirected graph with n > ng has a
clique or a stable set of size at least n. We call {(G) the EH-supremum of G. The

Erdos-Hajnal Conjecture is true if and only if {(H) > 0 for every H.

There exist tournaments H (so-called celebrities) that satisfy the conjecture in
the strongest - linear sense. For a celebrity H there exists ¢(H) > 0 such that if
a n-vertex tournament does not contain A as a subtournament then it contains a
transitive subtournament of size at least ¢(H)n. All tournaments H with this prop-
erty were described in [7]. However the question whether there exist tournaments
satisfying the conjecture in almost linear sense remained open. A tournament H
satisfies the conjecture in almost linear sense if it is not a celebrity but for every
0 < e < 1 there exists n. such that for every n > n. every H-free n-vertex tourna-
ment contains a transitive subtournament of size at least n°. We prove in the thesis
that tournaments with this property exist and describe all of them (this chapter is
based on a joint work with Maria Chudnovsky and Paul Seymour, see [12]). As a

corollary we describe all tournaments H with {(H) > 2.

The EH-supremum for a tournament H is not necessarily itself an EH-coefficient for

H; indeed, most of the Chapter 2 concerns finding tournaments H with {(H) = 1
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for which 1 is not an EH-coeflicient.

A subset of vertices S C V(@) of a tournament G is called homogeneous if for
every v € V(G)\S the following holds: either V,cs(w,v) € E(G) or Vyes(v,w) €
E(G). Similarly, a subset of vertices S C V(G) of an undirected graph G is called
homogeneous if for every v € V(G)\S the following holds: either V,es{w,v} €
E(G) or Vyes{w,v} € E(G°). A homogeneous set S is called nontrivial if |S| > 1
and S # V(G). A graph is called prime if it does not have nontrivial homogeneous

sets.

All logarithms used in the thesis except those in Chapter 2 are natural logarithms.

All graphs considered in the thesis are finite, loopless and without multiple edges.

This thesis is organized as follows:

e in this chapter we introduce the conjecture and several definitions used later,

we also show some previous results concerning the conjecture,

e in Chapter 2 we give a complete structural characterization of all tournaments

satisfying the conjecture in almost linear sense,

e in Chapter 3 we give several definitons and technical lemmas used in Chapters

3 and Chapter 4,

e in Chapter 4 we formally define an infinite family of tournaments called con-

stellations and prove the conjecture for tournaments from this family,
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e in Chapter 5 we prove the conjecture for all tournaments on at most 5 vertices,

e in Chapter 6 we give upper bounds on EH-suprema for several classes of tour-
naments, in particular we present upper bounds for almost all tournaments

and tournaments with small nontrivial homogeneous sets,

e in Chapter 7 we summarize all our results and mention some open problems

related to the conjecture.

1.2 The conjecture

A celebrated unresolved Conjecture of Erdos and Hajnal ([18]) states that:

1.2.1 For every undirected graph H there exists e(H) > 0 such that every n-vertex
undirected graph that does not contain H as an induced subgraph contains a clique

or a stable of size at least n<H).

In 2001 Alon, Pach and Solymosi proved ([2]) that Conjecture 1.2.1 has an equiv-
alent directed version, where undirected graphs are replaced by tournaments and

cliques and stable sets by transitive subtournaments.

The equivalent directed version ([2]) states that:

1.2.2 For every tournament H there exists ¢(H) > 0 such that every n-vertex

H-free tournament contains a transitive subtournament of size at least net)
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We say that an undirected graph H has the Erdds-Hajnal property (or equivalently:
the conjecture is true for H / is satisfied by H) if there exists ¢(H) > 0 such
that every H-free n-vertex undirected graph contains a clique or a stable set of

(H) " Similarly, we say that a tournament H has the Erdds-Hajnal

size at least n¢
property (or equivalently: the conjecture is true for H /is satisfied by H) if there
exists €(H) > 0 such that every H-free n-vertex tournament 7" contains a transitive

subtournament of size at least n<4).

The Erdos-Hajnal property is a hereditary
property, i.e. if a graph H has the Erdos-Hajnal property then all its induced

subgraphs also have the Erdos-Hajnal property.

Note first that the conjecture is true if and only if for every tournament H its
EH-supremum &(H) is positive. Equivalently, the conjecture is true if and only if

for every undirected graph G its EH-supremum £(G) is positive.

We cannot find stable sets or cliques of polynomial size in the undirected setting, or
transitive subtournaments of polynomial size in the directed setting for an arbitrary
graph if we do not assume anything about its structure. Indeed, if we take a
random graph on n vertices, where for every pair of different vertices v,w we make
v adjacent to w independently and with probability % then with probability tending
to 1 as n — oo its biggest cliques and and stable sets are only of logarithmic order.
Similarly, for an n-vertex tournament, in which for every pair of different vertices

v, w we make v adjacent to w with probability % independently for every pair,



Chapter 1. Introduction 8

with probability tending to 1 as n — oo its biggest transitive subtournaments are
of logarithmic order. Therefore the conjecture states that if a graph H is fixed
and we consider only the family of H-free graphs then the logarithmic sizes of
the mentioned substructures may be replaced by polynomial sizes. If true, the
conjecture says that the local condition of not having some forbidden subgraph H
implies a global structural property of having some very simple large substructure.
The emergence of a clique or a stable set of size w(log(n)) has been already proven

by Erdos and Hajnal in the same paper where the conjecture was stated ([18]).

1.2.3 For any undirected graph H there exists e(H) > 0 such that every H-free

n-vertez undirected graph contains a clique or a stable set of size at least <) V1081

A similar theorem can be proven for tournaments. Thus the conjecture states that

in the theorem above we can replace y/log(n) factor by log(n) factor.

In the directed version of the conjecture one needs to prove the existence of one
specific substructure - a transitive subtournament. In the undirected version we
have substructures of two types: cliques and stable sets. However there is also a
formulation of the undirected version of the conjecture that involves only one type
of an induced substructure - a perfect graph. An undirected graph G is perfect if

every induced subgraph H of G satisfies w(H) = x(H).
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The equivalent undirected version of the conjecture involving perfect graphs states

that:

1.2.4 For any undirected graph H there exists e(H) > 0 such that every H-free

n-vertex undirected graph contains perfect induced subgraph of size at least ncH).

The equivalence follows directly from the following basic but very useful property

of perfect graphs:

1.2.5 If G is perfect then either w(G) > /|G| or a(G) > /|G]|.

The formulation 1.2.4 has an advantage over the original one since instead of dealing
with two graph objects (cliques and stable sets) it deals with one - perfect induced

subgraph.

There is a characterization of all perfect graphs that uses forbidden induced sub-

graphs (the Strong Perfect Graph Theorem, see [13]):

1.2.6 A graph G is perfect if and only if no induced subgraph of G or G€ is an odd

cycle of length at least five.
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1.3 Graphs with the Erdos-Hajnal property

1.3.1 The substitution procedure

For a long time the Erdos-Hajnal Conjecture was known to be true only for some
graphs on at most 5 vertices and graphs obtained from them by the so-called substi-
tution procedure, proposed by Alon, Pach and Solymosi in [2]. We define it now. Let
H, and H; be either two undirected graphs or two tournaments with disjoint sets
of vertices. Assume furthermore that |V (H;)|, |V (Hz)| > 2. For a given v € V(H)
we say that graph H (H is a tournament in the directed setting) is obtained from
H, by substituting Hy for v (or is obtained from H; and Hy when we do not take

care of details) if the following conditions are satisfied:

V(H) = (V(H) UV (H))\v

H|(V(Hy)\v) = Hi\v

H|V(Hs) = Hy

vertex u € V(H) is adjacent in H to a vertex w € V(H,) if and only if u is

adjacent to v in H;

In [2] Alon, Pach and Solymosi proved that the Erdés-Hajnal property is preserved

under substitution:
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1.3.1 Let Hy and Hy be two graphs with the Erddés-Hajnal property (we assume
that either both Hy and Hy are undirected or they are both tournaments). If H is

obtained from Hy and Hy by a substitution procedure then H has the Erdos-Hajnal

property.

Let us remind that a graph H is prime if it does not have nontrivial homogeneous
sets. Note that H is prime if and only if it is not obtained from smaller graphs
by substitution. The substitution procedure was the only known procedure that
allowed us to obtain infinitely many tournaments satisfying the conjecture. From
Theorem 1.3.1 we know that if the conjecture is not true then the smallest coun-
terexample is prime. That is why prime graphs are of special interests. Until very
recently not much was known about the conjecture for prime graphs. The conjec-
ture has been proven for most prime graphs on at most 5 vertices but it was open
for all prime graphs on at least 6 vertices. Thus, in particular the question whether
there are infinitely many prime tournaments satisfying the conjecture was open.
We answer this question in this thesis in Chapter 4 by proving the conjecture for a
new infinite family of tournaments containing infinitely many prime tournaments.

Those results are based on [10].
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1.3.2 Prime graphs with the Erdos-Hajnal property

We describe now what was known about the conjecture for prime graphs. We
consider first the undirected scenario. All undirected graphs on at most three
vertices trivially satisfy the conjecture. It turns out that the only prime undirected
graphs on 4 vertices is the three-edge path. Theorem 1.2.6 implies that every
undirected graph G that does not contain a three-edge path as an induced subgraph
is perfect and thus, by 1.2.5, a three-edge path has the Erdos-Hajnal property. The
other way to prove that the conjecture is satisfied by the three-edge path is by an

induction and the result below:

1.3.2 If G is an undirected graph with |G| > 2, H is a three-edge path and G is

H-free then either G' or G¢ is not connected.

The proof of this theorem may be found [29].

The prime undirected graphs on 5 vertices are:

the cycle of length 5

the four-edge path

the complement of the four-edge path

the graph with vertex set {vy, v, v3, w1, we} and edge set

{v1v9, V1V3, VoV3, V1WT, Vows } (sometimes called the bull).
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Thus, according to Theorem 1.3.1, all other graphs on at most 5 vertices have the
Erdos-Hajnal property. The Conjecture is still open for the cycle of length 5, the
four-edge path (thus also for every path of at least four edges) and the complement

of the four-edge path. However it is known to be true for the bull.

In [14] it has been proven that:

1.3.3 FEwery bull-free undirected graph G contains a clique or a stable set of size

at least |G)7.

We note here that the coefficient i in the theorem above cannot be improved.
Indeed, take a graph B which is triangle-free and does not contain stable sets of
size larger than /| B|log(|B|) (for a construction look here: [23]). If G is obtained
from B by substituting a copy of B¢ for every vertex of B then G is triangle-free
and contains no clique or stable set of size larger than 2\/W .

We will now introduce the notion of a-narrowness which is helpful while working on
the undirected version of the conjecture for prime graphs. A function f: V(G) —
[0,1] is good if the following holds for every perfect induced subgraph P of the

undirected graph G:

PO ESE (1.1)
)

veV (P
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We say that an undirected graph G is a-narrow if for every good function f the

following holds:

> fw)r <t (1.2)

Note that perfect graphs are 1-narrow. We already know, by 1.2.5, that perfect
graphs have cliques or stable sets of polynomial size. It is easy to see that for
every a > 1 every a-narrow graph has a clique or a stable set of a polynomial
size. Let M = max |V (P)|, where the maximum is taken over all perfect induced
subgraphs P of G. Therefore if we take f = %, then 1.1 is trivially satisfied, so f
is good. Since G is a-narrow, by 1.2, we get M > \G]é. Thus, by Theorem 1.2.5,
we conclude that G has a clique or a stable set of size at least |G |i Therefore if
one can prove that for a given undirected graph H every H-free graph is a-narrow
for some a > 1, that immediately implies the Erdos-Hajnal property for H. The

following conjecture was stated in [16]:

1.3.4 For every undirected graph H there exists a(H) > 1 such that every H-free

graph is a(H )-narrow.

This conjecture has been proven to be equivalent to the Erdés-Hajnal Conjecture
by Fox ([22]). The approach that uses a-narrowness turned out to be useful while
working on particular special cases of the Erdos-Hajnal Conjecture. Theorem 1.3.3

has been proven by showing that every bull-free graph is 2-narrow. We have al-
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ready mentioned that the Erdos-Hajnal property is preserved by the substitution
procedure. Note that a-narrowness is also preserved by this procedure. In [14] it

was shown that:

1.3.5 If Hy, Hy are undirected a-narrow graphs for some o > 1 and H is obtained

from Hy and Hy by substitution, then H is a-narrow.

Let us describe now what was known for prime tournaments. The conjecture is
trivially true if we consider tournaments on at most three vertices. There are no
prime tournaments on four vertices. Thus, the conjecture was known to be true for
all tournaments on at most four vertices. However there exist prime tournaments
on five vertices. Some of them were proven to be heroes in [7] therefore they satisfy
the conjecture in the strongest - linear sense. However for other prime five-vertex
tournaments the conjecture was open. In particular, it was open for C5 - a unique
tournament on five vertices, where each vertex has outdegree two. One of the results

of this thesis is that all tournaments on at most 5 vertices satisfy the conjecture.

1.4 Excluding families of graphs

For a set S of graphs (either all undirected or all tournaments) we say that a graph
G (where G is undirected in the undirected scenario and is a tournament in the

directed one) is S-free if it is H-free for every H € S. Instead of analyzing the
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biggest cliques/stable sets in the undirected scenario or transitive subtournaments
(in the directed one) of H-free graphs one may try to do the same for S-free graphs,
where S is some set of graphs (undirected graphs in the undirected scenario and
tournaments in the directed scenario). We say that a set of undirected graphs S
has the Erdos-Hajnal property if there exists €(S) > 0 such that every n-vertex
S-free undirected graph contains a clique or a stable set of size at least n<(S).
Similarly, we say that a set of tournaments S has the Erdos-Hajnal property if there
exists €(S) > 0 such that every n-vertex S-free tournament contains a transitive

subtournament of size at least n<S.

In particular, some previous results concern excluding pairs of graphs. One can
propose the following conjecture which is a weaker version of the Erdos-Hajnal

Conjecture:

1.4.1 For every undirected graph H the two-element family { H, H°} has the Erdos-

Hajnal property.

This conjecture is still open too. However strengthening the condition put on the
graph G by excluding several graphs rather than just one allows us to use methods
that are not useful when |S| = 1. We state here few results that deal with excluding

pairs of undirected graphs. In [16] it was shown that:

1.4.2 If Hy is a four-edge path and Hy is a complement of the five-edge path then
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an {Hy, Hy}-free undirected n-vertex graph contains a clique or a stable set of size

at least ns.

Chudnovsky and Seymour proved in [15] the following:

1.4.3 Let H be a five-edge path. Then the family {H, H¢} has the Erdds-Hajnal

property.

Thus, a five-edge path satisfies Conjecture 1.4.1.

In the same paper they proved also the following related result:

1.4.4 Let Hy be a siz-edge path and Hy be a four-edge path. Then the family

{H,, HS} has the Erdos-Hajnal property.

In Chapter 7 we propose an open problem in which a family of tournaments is

excluded.

1.5 Polynomial-size cliques or stable sets in geometric graphs

and some general approximate results

Even though the conjecture is still open, much work was done to prove related ap-
proximate results. Some of those results concern finding in H-free graphs polynomial-

size substructures that are somehow close to cliques and stable sets. In others,
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special families of undirected graphs with a clique or a stable set of polynomial
size are considered. In this section we focus on these types of problems. Most of
the problems we consider here are for the undirected setting. However we will also
state an open problem concerning tournaments. Its analogous undirected version

was solved.

Erdos, Hajnal and Pach proved in [19] that for every undirectd graph H there
exists e(H) > 0 such that every H-free n-vertex undirected graph G satisfies the

() vertices (similar result

following: either G or G contains a bi-clique of at least n*
is true for tournaments). However this result does not say anything about graphs

induced by color classes of the bi-clique. The result was strengthened by Fox and

Sudakov who proved in [21] that:

1.5.1 For every undirected graph H there exists e(H) > 0 such that every H-free

(H)

n-verter undirected graph G contains either a stable set of size at least n®"") or a

(H)

bi-clique of at least n“"") wvertices.

We say that a hereditary family of undirected graphs F is good if there exists a
constant € > 0 such that every n-vertex graph F € F contains either a clique
or a stable set of size at least n°. The Erdos-Hajnal Conjecture states that for
every undirected graph H the family of all H-free undirected graphs is good (an

analogous version using goodness property can be formulated for tournaments).
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Checking the goodness property for a class of H-free graphs (for some fixed H) is
very difficult in general. However some research was done to prove the goodness
property for other families of undirected graphs such that graphs that may be

described as intersection graphs of some geometric objects.

Before showing some of those results we need to introduce one more definition. We
say that a hereditary family F of undirected graphs is strongly good if the following
holds for some ¢ > 0: for every n-vertex graph F' € F either F' or F'° contains a

bi-clique of at least en vertices. It was observed in [1] that:

1.5.2 If a hereditary family F of undirected graphs is strongly good then it is also

good.

Thus to prove the Erdos-Hajnal Conjecture it suffices to prove that for every undi-
rected graph H the family of H-free graphs is strongly good. Unfortunately this
statement is not true. Indeed, for instance the family of triangle-free graphs is not
strongly good. However some families of geometric graphs do have this property.
We will focus here on the family of intersection graphs of some two-dimensional
objects. For a finite family O of two-dimensional objects we define its intersec-
tion graph as an undirected graph G such that V(G) = O and two vertices of G
are adjacent iff they intersect as geometric objects. Consider a plane with given
coordinate system.We say that a planar connected set is vertically convex if its

intersection with any vertical line is an interval. Larman et al. proved in [24] that
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the hereditary family of intersection graphs of convex planar sets is good. They

showed that:

1.5.3 Any family of n wvertically convexr sets in the plane contains at least ns

members that are either pairwise disjoint or pairwise intersecting.

We say that a continuous curve is x-monotone if it intersects every vertical line in
at most one point. Clearly, every x-monotone curve is vertically convex. However
for the hereditary family of intersection graphs of xz-monotone curves other results

can be proven. In [20] it was shown that:

1.5.4 There exists a constant ¢ > 0 with the property that the intersection graph
G of any collecton of n x-monotone curves in the plane satisfies at least one of the

following conditions:

cn .

e (G contains a bi-clique of size at least Toa(n)

or

o (G° contains a bi-clique of size at least cn.

The family of intersection graphs of convex bodies in R¢ for d > 3 is not good.
However some special families of intersection graphs of objects taken from high-
dimensional space are good. An example is the family of so-called K -fat sets. For

a given d > 1 we say that a set S C R? is K-fat if there exist d-dimensional balls
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By, By with radii Ry, Ry > 0 such that B; € S C By and 2 < K. In [27] it has

been proven that:

1.5.5 For any constant K > 1 and for any positive integer d, the family of inter-

section graphs of K-fat convex bodies in R is strongly good.

We saw above that certain hereditary families of graphs have the Erddés-Hajnal
property. The problem whether for every undirected graph H the family Fy of
H-free graphs is good is still open. However if we do not consider all H-free graphs
but almost all then the goodness property can be proven. For any 0 < € < 1 and an
undirected graph H let Fj; C Fpy be the family of those H-free undirected graphs
G that contain a clique or a stable set of size at least |G|°. If the Erdés-Hajnal
Conjecture is true then there exists € > 0 such that 7y = F§. It has been proven

in [25] that:

E

1.5.6 For every undirected graph H there exists € > 0 such that lim,, 7 =L

We may consider an analogous problem for tournaments. Let H be a tournament
and let Fy be the family of H-free tournaments. For a parameter 0 < € < 1 let
F5; € Fyg be the family of those H-free tournaments 7' that contain a transitive

subtournament of size at least |T'|¢. The following is still open:

||

Tl = 1

1.5.7 For every tournament H there exists € > 0 such that lim,,
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Pseudo-celebrities

2.1 Introduction

There are some tournaments H with the property that every H-free tournament has
chromatic number at most a constant (depending on H). These are called heroes,
and they were all explicitly described in [7]. In this chapter we describe the most
heroic non-heroes. All results of this chapter is a joint work with Maria Chudnovsky
and Paul Seymour ([12]). It turns out that for some non-heroes H, the chromatic
number of every H-free tournament G is at most a polylog function of the number
of vertices of GG, and all the others give nothing better than a polynomial bound.

We prove in this chapter that:
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2.1.1 FEwvery tournament has exactly one of the following properties:

e for some c, every H-free tournament has chromatic number at most ¢ (the

heroes)

e for some c,d, every H-free tournament G with |G| > 1 has chromatic number
at most c(log(|G|))¢, and for all c, there are H-free tournaments G with |G| >

1 and with chromatic number at least c(log(|G|))'/3

e for all c, there are H-free tournaments G with |G| > 1 and with chromatic

number at least c|G|'/S.

We also give an explicit construction for all tournaments of the second type, which

we call pseudo-heroes.

Consider the following problem closely related to the Erdos-Hajnal Conjecture:
for which tournaments is some given € > 0 an EH-coefficient ? In [7], this question
was completely answered for € = 1; and our goal in this chapter is a similar result

for e > 5/6.

Before we go on, let us state the result of [7] properly; and to do so we need some
more definitions and denotations. In this chapter we denote by T} the transitive
tournament with k vertices. If G is a tournament and X, Y are disjoint subsets of
V(G) such that X is complete to Y, we write X = Y. We writev = Y for {v} = Y,

and X = v for X = {v}. If G is a tournament and (X,Y, 7) is a partition of V(G)
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into nonempty sets satisfying X = Y, Y = Z, and Z = X, we call (X,Y,Z7) a
trisection of G. If A, B,C,G are tournaments, and there is a trisection (X,Y, 7)
of G such that G|X,G|Y,G|Z are isomorphic to A, B,C respectively, we write
G = A(A, B,C). It is convenient to write k for T}, here, so for instance A(1,1,1)

means A(Ty,T1,T), and A(H, 1, k) means A(H, Ty, Ty,).
A tournament is a celebrity if 1 is an EH-coefficient for it; that is, for some ¢ > 0,

every H-free tournament G satisfies a(G) > ¢|G|. The main result of [7] is:

2.1.2 The following hold:

o A tournament is a hero if and only if it is a celebrity.
o A tournament is a hero if and only if all its strong components are heroes.

o A strongly-connected tournament with more than one vertex is a hero if and
only if it equals A(1, H, k) or A(1,k, H) for some hero H and some integer

k> 0.

In this chapter, we study the tournaments H which are “almost” heroes, in the sense
that all H-free tournaments have chromatic number at most a polylog function of

their order. More precisely, we say a tournament H is

e a pseudo-hero if there exist ¢,d > 0 such that every H-free tournament GG

with |G| > 1 satisfies x(G) < c(log(|G|))?
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e a pseudo-celebrity if there exist ¢ > 0 and d > 0 such that every H-free

G|

tournament G with |G| > 1 satisfies a(G) > Clog((ae

Logarithms are of base two throughout this chapter. The conditions |G| > 1 are

included just to ensure that log(|G|) > 0.) The next result is an analogue of 5.2.1:

2.1.3 The following hold:

o A tournament is a pseudo-hero if and only if it is a pseudo-celebrity.

o A tournament is a pseudo-hero if and only if all its strong components are

pseudo-heroes.

o A strongly-connected tournament with more than one vertex is a pseudo-hero
if and only if either
— it equals A(2,k,l) for some k,1 > 2, or

— it equals A(1,H, k) or A(1,k, H) for some pseudo-hero H and some

integer k > 0.

More generally, let 0 < e < 1; we say that a tournament H is

e an e-hero if there exist ¢, d > 0 such that every H-free tournament G with

|G| > 1 satisfies x(G) < |G| ¢log(|G|)?; and
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e an e-celebrity if there exist ¢ > 0 and d > 0 such that every H-free tournament

G with |G| > 1 satisfies a(G) > ¢ G| log(|G|) =%

Thus, a 1-hero is the same thing as a pseudo-hero, and a 1-celebrity is the same as

a pseudo-celebrity. We will prove:

2.1.4 For all e with 0 <e < 1:

e a tournament is an e-hero if and only if it is an e-celebrity

e a tournament is an e-celebrity if and only if its strong components are e-

celebrities

e if H is an e-celebrity and k > 1, then A(1,H,k) and A(1,k, H) are e-

celebrities.

(Much of 2.1.3 is implied by setting ¢ = 1 in 2.1.4.) In addition, we will prove the

following theorem:

2.1.5 FEvery tournament H with §(H) > 5/6 is a pseudo-hero and hence satisfies

§(H) = 1.

Thus, if £(H) > 5/6 then every H-free tournament has chromatic number at most
a polylog function of its order. We do not know if 5/6 is best possible; but the

polylog behaviour is best possible, in the following sense:
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2.1.6 For every real d with 0 < d < % and all sufficiently large integers n (de-

pending on d), there is a tournament G with n vertices such that

o o(G) < n(log(n))~¢, and

e cvery pseudo-hero contained in G is a hero.

This last is a corollary of a result of [7]; let us see that now. Since every pseudo-
hero that is not a hero contains A(2,2,2), by 5.2.1 and 2.1.3, it follows that 2.1.6

is implied by the following result of [7]:

2.1.7 For every real d with 0 < d < %, and all sufficiently large integers n (de-
pending on d), there is a tournament G with n vertices, not containing A(2,2,2),

such that

n

) = Gogmy®

(More precisely, the result of [7] asserts this with log(n) replaced by In(n); we leave

the reader to check the equivalence.) The chapter is organized as follows:

e in Sections 2.2,2.3 and 2.4 we prove the first, second and third assertion of

2.1.4 respectively;

e in Section 2.5 we prove that for all k,l > 2, A(2,k,1) is a pseudo-celebrity,
and indeed there exists ¢ > 0 such that every A(2,k,!)-free tournament G

with |G| > 1 satisfies a(G) > ¢|G|/log(|G]);
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e in Section 2.6 we prove the “only if” part of the third statement of 2.1.3, and

thereby finish the proof of 2.1.3; and we also prove 2.1.5.

2.2 e-celebrities are e-heroes

In this section we prove the first statement of 2.1.4. Let us say a function ¢ is
round if for each integer n > 2, ¢(n) is a real number, at least 1 and (non-strictly)

increasing with n. We need:

2.2.1 Let ¢ be round. Suppose that G is a tournament with |G| > 1, and for all

n > 1, every n-vertex subtournament of G has a transitive set of cardinality at least

n/é(n). Then x(G) < 6(G]) log(|G).

Proof. We proceed by induction on |G|. Let n = |G|. By hypothesis, G has a
transitive set X of cardinality = say, where x > n/¢(n) > 0. Thus 1 < ¢(n) log(n)
(since ¢(n) > 1, and logarithms are to base 2), and so we may assume that y(G) >
2. In particular, x < n—1,and son—1 > n/¢(n). Consequently ¢(n) > n/(n—1) >
2/log(n), and so 2 < ¢(n)log(n). Hence we may assume that x(G) > 3. In
particular, G\ X has at least two vertices, and therefore we may apply the inductive

hypothesis to G\ X. Since x(G) <1+ x(G \ X), we deduce that

(@) < 1+ ¢(n— ) log(n — ) < 1+ ¢(n) log(n — ).
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Now

log(1 —x/n) <In(l —x/n) < —z/n < —(d(n))”",

and so 1+ ¢(n)log(l — z/n) < 0. Consequently

X(G) <1+ o(n)log(n —x) =1+ ¢(n)log(l — x/n) + ¢(n)log(n) < ¢(n)log(n).

This proves 2.2.1. |

Sometimes the previous result can be improved:

2.2.2 Let G be a tournament with |G| > 0, and for each integer n with 1 < n <
|G|, let ¢(n) be a positive real number, and let € be a real number with 0 < e < 1,

such that

e cvery subtournament H of G with |H| > 0 has a transitive set of cardinality

at least |H|/¢(|H|), and

o o(n)/op(m) > (n/m)c for all m,n with 1 <m <n <|G|.

Let ¢ =2°—1. Then x(G) < ¢ '¢(|G)).

Proof. We proceed by induction on |G|. Let n = |G|. From the hypothesis, there
is a transitive subset with cardinality at least n/¢(n) > 2"'n/¢(n). Let us choose

Xy, ..., Xk € V(G), pairwise disjoint and each transitive with cardinality at least
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2" tn/p(n), with & maximal; it follows that & > 1. Let X; U---U X}, = W, and let
G\W =G, and |G'| = n'. Let z = n’/n. Now W includes k disjoint subsets of

cardinality at least 2 'n/¢(n), and so

n—n' = W] > k2 'n/é(n),

that is, k < (1 — x)¢(n)2'¢. If n’ = 0, then

X(G) <k < ¢(n)2'~° < co(|G)),

as required. Thus we may assume that n’ > 0. Now G’ has no transitive set
of cardinality at least 2°7'n/¢(n) by the maximality of k, and yet by hypothesis,
it has a transitive set of cardinality at least n'/¢(n’). It follows that n'/¢(n’) <
27In/¢(n), that is,

¢(n')/¢(n) > 2"z

By hypothesis, ¢(n')/¢(n) < z¢, and so 2'"°z < z¢ that is, z < 1/2. From
the inductive hypothesis, x(G’) < ¢ '¢(n’). Since x(G) < x(G') + k, and k <

(1 — 2)¢(n)2'~¢, we deduce that

X(G) < co(n') + (1 — 2)¢(n)2' ",
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Since ¢(n’) < ¢(n)z€, it follows that

ex(@)/o(G) < 2t + (1 —2)2' ¢

Now the function (1 —z)/(1 — z) is minimized for 0 < 2 < 1/2 when x = 1/2, and

its value then is 217¢¢; and so (1 — z¢)/(1 — x) > 2'<¢, that is,

¢+ (1 —z)2" e < 1.

It follws that cx(G)/¢(G) < 1. as required. This proves 2.2.2. |

Thus if ¢ grows sufficiently quickly then we can avoid the extra log factor introduced
by 2.2.1. Curiously, it has been proven in [7] that the same is true when ¢ is
constant. We do not know whether it is also true in the cases in between, when ¢
is not constant but only grows slowly. Unfortunately, these are the cases of most

interest to us in this chapter, and for them we have to make do with 2.2.1.

We deduce the first statement of 2.1.4, namely:

2.2.3 For 0 <e <1, a tournament is an e-hero if and only if it is an e-celebrity.

Proof. Let H be an e-celebrity, and choose ¢ > 0 and d > 0 such that every H-free
tournament G' with |G| > 1 satisfies a(G) > ¢ G|log(|G|)~. We may assume

that ¢ > 1. Define ¢(n) = cn'~¢(log(n))? for n > 2. Thus ¢ is round, and every
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H-free tournament G with |G| > 1 satisfies a(G) > |G|/¢(|G]). Then if G is H-free

and |G| > 1, the hypotheses of 2.2.1 are satisfied, and so

X(G) < 6(IG]) log(IG]) < e G (log(|G])**,

and therefore H is an e-hero. (Note that, if € < 1, we could apply 2.2.2 here instead,

and avoid the extra log factor.)

For the converse, let H be an e-hero. Thus there exist ¢, d > 0 such that every H-free
tournament G with |G| > 1 satisfies x(G) < ¢|G|'~(log(|G|))?. But every non-null
tournament G has a transitive set of cardinality at least |G|/x(G) (take the largest
set of the partition given by the colouring). Consequently, every H-free tournament
G with |G| > 1 has a transitive set of cardinality at least ¢7|G|*(log(|G]))~% Tt

follows that H is an e-celebrity. This proves 6.3.6. |

2.3 e-celebrities that are not strongly connected

In this section we prove the second statement of 2.1.4, the following.

2.3.1 For 0 < e <1, a tournament is an e-celebrity if and only if all its strong

components are e-celebrities.

We need the following theorem of [6].
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2.3.2 For every tournament H and every real A > 0 there exists a real ¢ > 0 with
the following property. For every H-free tournament G there exist disjoint subsets

X, Y CV(G) with | X|, Y| = [c|V(GQ)|], such that d(X,Y) < A.

Let Hy, Hy be tournaments. Let G be a tournament such that there is a partition
(V1, Vo) of V(G) with Vi = V3, where for i = 1,2, the subtournament of G with
vertex set V; is isomorphic to H;. We denote such a tournament G by H; = Hs.
For two sets of tournaments JF; and Fj, we denote by F; = JF; the set consisting
of all tournaments (up to isomorphism) of the form H; = H, for some H; € F;
and Hy € F5. For a set F of tournaments, we say that a tournament T' is F-free
if no subtournament of 7' is isomorphic to a member of F. We need the following

lemma.

2.3.3 Let h > 1 be an integer, and let F, and F5 be two sets of tournaments,
where each tournament in F1 U Fy has at most h vertices. Then there exists C > 0
with the following property. Let ¢ be round, such that for ¢ = 1,2, every JF;-free
tournament T of order n > 1 satisfies a(T) > n/¢d(n). Then every (Fy = F)-free

tournament T of order n > 1 satisfies a(T) > Cn/p(n).

Proof. If one of F; and F; is empty, the result is trivial, so we assume both are

non-empty, and hence F; = F5 is nonempty. Choose one of its members, H, say.

Choose ¢ > 0 satisfying 2.3.2, taking H = Hy and A = (4h)~!. Let C' = ¢/2. We
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will show that C satisfies the theorem.

Let T be an (F; = F3)-free tournament with n > 1 vertices. By 2.3.2, there exist
disjoint Vi, Va C V(G) with |V4|, [Va] > ¢|V(T)| such that d(Va,V;) < (4h)~!. Let
X be the set of all vertices in V; with at least (1 — (2h)~")|V3| out-neighbours in
V,. Every vertex in V4 \ X is adjacent from at least (2h)~1|V5| members of V3, and

SO

Vi \ X[(2h) Vel < (4h)HVA||Val,

that is, | X| > [V4]/2.

Now |Vi| > ¢n. Suppose that T|X is Fi-free. From the hypothesis, X includes
a transitive subset of cardinality at least |X|/¢(|X|); but ¢(|X]) < é(n), and
|X| > en/2, and so a(T) > Cn/¢p(n) as required. Thus we may assume that there
exists X’ C X such that T'| X’ is isomorphic to some member H; of F;. For each
r € X', at most (2h)~1|V5] vertices in V4 are adjacent to z, since # € X; and since
|X'| < h, it follows that at most |V5|/2 vertices in V, are adjacent to a vertex in
X'. Let Y be the set of all y € V5 that are adjacent from every vertex in X'; then
Y| > |Va]/2. Since T is (Fy = Fa)-free, it follows that T'|Y is Fo-free; and so from
the hypothesis, Y includes a transitive subset of cardinality at least |Y'|/¢(|Y]).

But ¢(|Y]) < ¢(n), and

Y] > [Val/2 > en/2 = Cn,
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and so a(G) > Cn/¢(n). This proves 2.3.3. |

Proof of 2.3.1. Since every subtournament of an e-celebrity is an e-celebrity, the
“only if” part of 2.3.1 is clear. The “if” part is implied by 2.3.3, taking ¢(n) =

en'~¢(log(n))? for appropriate ¢, d. This proves 2.3.1. |

2.4 Adding handles

To complete the proof of 2.1.4, we need to show the following, which is proved in

this section:

2.4.1 For 0 < e < 1, let H be an e-hero, and let k > 1 be an integer. Then

A(H,1,k) and A(k,1, H) are e-heroes.

We prove, more generally:

2.4.2 Let H be a tournament, and let ¢ be round, such that every H-free tourna-
ment G satisfies X(G) < ¢(|G|). Let k > 1 be an integer. Then there ezists ¢ > 0
such that every A(H, 1, k)-free tournament G satisfies x(G) < co(G)log(|G|), and

the same for A(k,1, H).

We remark that if ¢ grows sufficiently quickly to satisfy the hypotheses of 2.2.2 we

could use the latter to avoid the extra log factor.
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Let H, K be tournaments, and let a > 1 be an integer. An (a, H, K)-jewel in a
tournament G is a subset X C V(G) such that |X| = a, and for every partition
(A, B) of X, either G|A contains H or G|B contains K. An (a, H, K)-jewel-chain
of length t is a sequence Yi,...,Y; of (a, H, K)-jewels, pairwise disjoint, such that

Y; = Vi1 for 1 <i < t. We need the following lemma, proved in [7]:

2.4.3 Let H, K be tournaments, and let a > 1 be an integer. Then there are inte-
gers A, Ay > 0 with the following property. For every A(H, 1, K)-free tournament

G, if

e ¢y is such that every H-free subtournament of G has chromatic number at
most ¢, and every K -free subtournament of G has chromatic number at most

c1, and

e ¢y is such that every subtournament of G containing no (a, H, K)-jewel-chain

of length four has chromatic number at most cs,

then G has chromatic number at most Ajcy + AacCa.

Proof of 2.4.2, 2.4.1 and 2.1.4. Let K be a transitive tournament with k ver-
tices; from the symmetry, it suffices to show the result for A(H, 1, K). Let ¢ be as
in the hypothesis of the theorem. We may assume that ¢(2) > 2*, by scaling ¢.

Let a = 2F|[V(H)|, and let A\;, Ay > 0 be as in 2.4.3.
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(1) If G is a tournament with |G| > 1, not containing an (a, H, K)-jewel, then

X(G) < ag(|G]).

Choose pairwise vertex-disjoint subtournaments Hq, . .., H; of G, each isomorphic to
H, with t maximum, and let the union of their vertex sets be W. Ift > 2, then since
every tournament with at least 2% vertices has a transitive subset of cardinality k, it
follows that V (H;)U- - -UV (Hayx) is an (a, H, K )-jewel, a contradiction. Thus ¢ < 2%,
Consequently x(G|W) < [W] < a, and x(G\ W) < ¢(|G| — [W]) < ¢(|G]) since
G\ W is H-free. It follows that x(G) < a + ¢(|G|) < a¢(|G|) since a, ¢(|G|) > 2.

This proves (1).

(2) There exists C > 0 such that if G is a tournament with |G| > 1, not con-

taining an (a, H, K)-jewel-chain of length four, then x(G) < Co(G)log(|G]).

By (1), if G is a tournament with n > 1 vertices, not containing an (a, H, K)-jewel,
then o(G) > a™'n/¢(n). By 2.3.3 applied twice, there exists C' > 0 such that every
tournament G of order n > 1 containing no (a, H, K)-jewel-chain of length four
satisfies a(G) > C~'n/¢(n). By 2.2.1, every such G satisfies x(G) < C¢(n)log(n).

This proves (2).
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Let ¢ = A\ + A\2C; we claim that ¢ satisfies the theorem. For let G be a A(H, 1, K)-
free tournament, with n > 1 vertices. Let ¢; = ¢(n). Then every H-free subtour-
nament of G has chromatic number at most ¢;; and so does every K-free subtour-
nament of G, since every K-free tournament has at most 2* vertices and hence has
chromatic number at most 2¥ < ¢(2) < é(n) = ¢;. Let ¢; = Cé(n)log(n); then
every subtournament of G not containing an (a, H, K)-jewel-chain of length four

has chromatic number at most ¢y, by (2). By 2.4.3,

X(G) < A + Aaca = \d(n) + AaCo(n) log(n) < (A1 + A2C)p(n) log(n).

This proves 2.4.2, and hence 2.4.1, and therefore finishes the proof of 2.1.4. |

That completes all we have to say about e-heroes in general.

2.5 Excluding A(2,k,1)

Now we return to the case ¢ = 1 and the proof of 2.1.3. So far we have proved the
first two statements of 2.1.3, and part of the “if” half of the third statement, all
as corollaries of 2.1.4. In this section we complete the proof of the “if” half of the

third statement of 2.1.3, by proving the following.

2.5.1 For all k,1 > 2, there exists ¢ > 0 such that every A(2, k,)-free tournament
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G with |G| > 1 satisfies a(G) > ¢|G|/log(|G]).

This follows immediately from 2.5.3 and 2.5.4, proved below. We need the “bipartite
Ramsey theorem”, proved by Beineke and Schwenk [5], the following. If XY are
disjoint subsets of the vertex set of a graph G, we say X is complete to Y if every
vertex in X is adjacent to every vertex in Y, and X is anticomplete to Y if there

are no edges between X and Y.

2.5.2 For all integers | > 0 there exists K > 0, such that for every graph with
bipartition (A, B) where |A|,|B| > K, there exist X C A and Y C B with | X| =

|Y| =1, such that either X is complete to'Y or X is anticomplete to Y.

The smallest K satisfying the statement of 2.5.2 will be denoted by K(I).

If G is a tournament and wv is an edge, we say that w is adjacent to v and v is
adjacent from u. Let (vy, ..., v,) be an enumeration of the vertex set of a tournament
G (thus, with n = [V(G)]). We say that an edge v;v; of G is a backedge under this
enumeration if ¢ > j. If t > 0 is an integer, an enumeration (v, ...,v,) of V(G) is
said to be t-forward if for every two sets X,Y C V(G) with | X| = |Y| = ¢, there

exist v; € X and v; € Y such that either ¢ > j, or v;v; is an edge of G.

2.5.3 For all integers k > 2, there exists ¢ > 0 such that, if G is a A(2,k,k)-
free tournament with |G| > 1 that admits a 2*-forward enumeration, then o(G) >

c|G|/log(|GY).-
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Proof. Let M = 28K (2%) and ¢ = 1/(4M). We will show that c satisfies the
theorem. For let G be a A(2, k, k)-free tournament with |G| > 1, and let (vy, ..., v,)
be a 2F-forward enumeration of V(G). For 1 < i < n, we define ¢(v;) = i. A

backedge vu of G is left-active if there is no set A C V(G) such that:

o |A] = K(2F)
e for each a € A, ¢(u) < ¢(a) < (¢(u) + ¢(v))/2

e cach a € A is adjacent from v and from v.

Similarly, a backedge vu is right-active if there is no set B C V(G) such that:

o |B|l= K(Qk)

e for each b € B, (¢p(u) + ¢(v))/2 < ¢(b) < ¢(v)

e cach b € B is adjacent to u and to v.

(1) Every backedge vu is either left-active or right-active.

For suppose that vu is a backedge that is neither left-active nor right-active. Thus
there exists sets A and B as above. Let J be the graph with bipartition (A, B),
in which @ € A and b € B are adjacent if ba is an edge (and hence a backedge) of

G. By 2.5.2, there exist X C A and Y C B such that | X| = |Y] = 2*, and X is
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ecither complete or anticomplete to Y in J. Since the enumeration is 2*-forward,
and ¢(z) < (Pp(u) + ¢(v))/2 < ¢(y) for all z € X and y € Y, it follows that there
exists x € X and y € Y such that yz is not a backedge of GG, and thus z,y are
not adjacent in J; and consequently X is anticomplete to Y in J, and so every
vertex in y is adjacent in G from every vertex in X. Since |X| = |Y| = 2*, there
are transitive subsets X’ of X and Y’ of Y, both of cardinality k& (by a theorem
of [30]). But then the subtournament of G with vertex set X' UY' U {u,v} is

isomorphic to A(2, k, k), a contradiction. This proves (1).

For a backedge vu, we call ¢p(v) — ¢(u) its length.

(2) There do not exist M log(n) left-active edges in G with the same tail v.

Suppose there do exist such edges. Since their lengths are all between 1 and n — 1,
it follows that for some integer ¢t with 0 < t < log(n), there are M left-active
edges all with tail v and all with length between 2¢ and 2!*! — 1. Let them be
vu; (1 < ¢ < M), numbered such that ¢(u;) < ¢(u;) for 1 < i < j < M. For

1 <1<y < M, since

$(v) = d(uy) > 2" > ($(v) — d(wi))/2,
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it follows that ¢(u;) < ¢(u;) < (d(u;) + ¢(v))/2. Let X = {u; : 1 < i < 2F},
and Y = {u; :2F < i < M}. For each u; € X, vu; is left-active, and so u; is
adjacent in G to at most (K(2*) — 1) members of Y. Consequently there are at
least |Y| — |X|(K(2%) — 1) > 2% members of Y that are adjacent in G to each

member of X, contradicting that the enumeration is 2*-forward. This proves (2).

By (2) there are at most Mnlog(n) left-active edges in G, and similarly at most
Mnlog(n) right-active. By (1), it follows that there are at most 2Mnlog(n) =
(2¢)"*nlog(n) backedges. Let J be the graph with vertex set V(G) in which u,v
are adjacent for each backedge vu. Thus |E(J)| < (2¢) 'nlog(n). By Turan’s
theorem [17], applied to J, we deduce that J has a stable set of cardinality at least

en/log(n), and so a(G) > cn/log(n). This proves 2.5.3. |

2.5.4 For all integers k > 2 there exists ¢ > 0 such that every A(2,k,k)-free
tournament G has a subtournament with at least c|G| vertices that admits a 2*-

forward enumeration.

Proof. Let b =2k+1, and d = (12k—1)b. Let ¢ > 0 be the real number satisfying

log(c) = —2406%277,

We will show that ¢ satisfies the theorem.
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Let G be a A(2, k, k)-free tournament. Let us say a chain is a sequence Ay, ..., A,

of subsets of V(G) with the following properties:

o Ay, ... A, are pairwise disjoint
o for 1 <i<m, |A;] =bd and A; is transitive

o for 1 <i < j < m, each vertex in A; is adjacent to at most d vertices in A;,

and each vertex in A; is adjacent from at most d vertices in A;.

(1) We may assume that G admits a chain Ay, ..., A, with m > 4.

For if n < 2%? then the theorem holds, since ¢ < 27%¢ and so any one-vertex
subtournament of G satisfies the theorem (and if G is null then G itself satisfies

24bd

the theorem). Thus we assume that n > , and so G contains a transitive set of

cardinality 4bd. But then there is a chain A;, A, A3, A4. This proves (1).

Let Aq,...,A,, be a chain with m maximum. Define A = A; U---U A,,. For
1 <i < m,let B; be the set of all v € V(G) \ A such that there exists Y C A; and
Z C Ai—l—l with |Y| = |Z| =k and {U} =Y =/= {U} Let B = BlLJ"'UBm_l,

and C =V (G)\ (AU B).

(2) |B| < m(bd)?*.
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For suppose not. Then |B;| > (bd)?* for some i with 1 < i < m. For each v € B;,
choose Y, C A; and Z, C Y, such that |Y,| = |Z,| = k and {v} =Y, = Z, = {v}.
Since there are at most (bd)?* possibilities for the pair (Y,, Z,), there exist distinct
u,v with Y, =Y, and Z, = Z,. But then the subtournament of G with vertex set

{u,v} UY, U Z, is isomorphic to A(2, k, k), a contradiction.

(3) For each v € C, there is no i with 1 < i < m such that v has at least k
out-neighbours in A; and at least (d 4+ 1)k in-neighbours in A;y1. Also, there is
no i with 1 < ¢ < m such that v has at least (d + 1)k out-neighbours in A; and
at least k in-neighbours in A;y1. In particular, there is no i with 1 < ¢ < m such

that v has at least bd/2 out-neighbours in A; and at least bd /2 in-neighbours in A;y1.

For the first claim, suppose that Y C A; and Z C A,y with |Y| = k and
|Z] > (d+ 1)k , and v is adjacent to every vertex in Y and adjacent from ev-
ery vertex in Z. Now each vertex in Y has at most d in-neighbours in Z, and so
at most dk vertices in Z have an out-neighbour in Y. Consequently, there exists
Z' C Z with |Z'| = k, such that Y = Z’. But then Y, Z’ show that v € B; C B, a
contradiction. This proves the first claim, and the second follows from the symme-

try. The third follows since bd/2 > k and bd/2 > (d + 1)k. This proves (3).



Chapter 2. Pseudo-celebrities 45

For 1 < i < mlet C; be the set of all vertices v € C' such that v has at least bd/2 in-
neighbours in A; and at least bd/2 out-neighbours in A; ;. (Note that bd is odd, so
equality is not possible here.) Let Cy be the set of all v € C' with at least bd/2 out-
neighbours in A;, and let C,, be the set of all v € C' with at least bd/2 in-neighbours

in A,,. By (3), it follows that Cy, C4, ..., C,, are pairwise disjoint and have union C.

(4) Let 0 < i < m and let v € C;. Then for 1 < h < i, v has at most k — 1
out-neighbours in Ay; and fori+1 < j < m, v has at most k — 1 in-neighbours in
A;.
For v has at least bd/2 in-neighbours in A;, and since v ¢ B, it follows from
(3) that v has at least bd/2 in-neighbours in each of Ay, ..., A;. In particular, v has
at least bd/2 in-neighbours in A;,;. By (3), v has at most k£ — 1 out-neighbours
in Aj,. This proves the first assertion. The second follows by the symmetry. This

proves (4).

For 2 S 1 S m let Lz = A1U . 'UAZ‘_Q, and for 0 S 1 S m—2 let .Rz = AZ‘+3U' . UAm

Let Ly, Ly, R,,_1, R,, all be the null set.

(5) Let 0 < @ < m, and let u,v € L; be distinct. Then there is no transitive

set Z C C; with |Z| = k such that Z — {u,v}, and consequently there are at most



Chapter 2. Pseudo-celebrities 46

2% wertices in C; that are adjacent to both w and v. Similarly, for 0 < i < m, if
u,v € R; then there is no transitive set Z C C; with |Z| = k such that {u,v} = Z,

and hence there are at most 2% vertices in C; that are adjacent from both u and v.

For let 0 < i < m, and let u,v € L; (thus ¢ > 3), and suppose that there ex-
ists a transitive set Z C C; with |Z| = k such that every vertex in Z is adjacent to
both w,v. By (4), each member of Z has at most k—1 out-neighbours in A;_;. Also,
u, v each have at most at in-neighbours in A; ;. Consequently there is a subset Y
of A;_y with |Y| = k such that {u,v} = Y = Z, since bd — (k — 1)k — 2d > k.
But then the subtournament of G with vertex set {u,v} UY U Z is isomorphic to
A(2,k, k), a contradiction. This proves the first assertion, and the second follows

by symmetry. This proves (5).

(6) For 0 < i < m, and all w € L; and v € R;, there are fewer than 2™ ver-

tices in C; that are adjacent to u and from v.

For since L;, R; # (), it follows that 3 < i < m — 3. Suppose that there are at
least 27 vertices in C; adjacent to u and from v; then they include a transitive set
Y of cardinality 7bd. Choose a chain Y7,...,Y7 of subsets of ¥ such that Y, = Y
forall h,j with 1 < h < j <7. By (5), every vertex in L;\{u} has at most k—1 < d

in-neighbours in Y, and every vertex in R;\ {v} has at most d out-neighbours in Y.
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Also, each vertex in Y has at most £ —1 < d out-neighbours in A, for 1 < h <i—2,
and at most d in-neighbours in A; for i + 2 < j < m, by (4). Choose h,j with

u € Ay and v € A;. Then

Ala"'7Ah—17Ah+17"'7Ai—27}/17}/2a"'7}/77"41'-1-3’"'7Aj—1aAj+17"-7Am

is a chain with m + 1 terms, contrary to the maximality of m. This proves (6).

(7) Let 0 < i < m, and let Z C C; be transitive. Let p be an integer such that
|Z] < bdp and 2b(k — 1)p < d. Then there are fewer than 2bp vertices in L; that

are adjacent from at least d members of Z.

For suppose that there exists W C L; with |W| = 2bp such that each member
of W is adjacent from at least d members of Z. Each member of W has at least d
in-neighbours in Z, and yet every two distinct members of W have at most k — 1
common in-neighbours in Z, by (5). Hence |Z| > d|W| — (k — 1)|W|?/2. Since
|Z] < bdp and |W| = 2bp, it follows that 2(k — 1)bp > d, a contradiction. Thus

there is no such W. This proves (7).

(8) For 0 < i < m and all v € R;, if Y C C; is transitive and v = Y then

Y] < 12b - 27,
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It follows that ¢ < m — 3. Choose a maximal subset Z of Y such that every
vertex in L; is adjacent from at most d members of Z. Suppose that |Z| > 6bd, and
choose a chain Z;, ..., Zs of subsets of Z such that Z;, = Z, for 1 <h < j <6. By
(2), every vertex of R; different from v is adjacent to at most k — 1 < at members

of Y. Let v € A;. By (4), if i > 2 then

Ary oo Aig, Zyy oo 2y Aigsy o Ay, Aja, o A

is a chain with m + 1 terms, contrary to the maximality of m; while if + < 1 then
the chain

Z17"°7ZG)Ai+37"’)Aj—laAj-l-lv"‘)Am

gives a contradiction similarly. Thus |Z| < 6bd.

We say u € L; is saturated if u is adjacent from exactly d members of Z. Since
|Z] < 6bd and 12(k — 1)b < d, it follows from (7) with p = 6 that there are
fewer than 12b saturated vertices in L;. But every vertex in Y \ Z is adjacent to
a saturated vertex in L;, from the maximality of Z. Since every saturated vertex

in L; is adjacent from at most 2 members of Y, by (6), and hence from at most
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274 — d members of Y \ Z, it follows that |V \ Z| < 12b(2™ — d), and so

Y] < 12b(27 — d) + 6bd < 12b - 2™

This proves (8).

(9) For 0 < i < m, there is no transitive subset Y of C; with |Y| > 24062274,

Let Y C C; be transitive. Choose a maximal subset Z of Y such that every
vertex of L; is adjacent from at most d members of Z, and every vertex in R; is
adjacent to at most d members of Z. Suppose that |Z| > 5bd, and choose a chain
Zi,...,Z5 of subsets of Z such that Z, = Z; for 1 <h <j <5 If2<i<m -2
then by (4),

Ala"'7Ai—27Z17"’7Z57Ai+37"’7Am

is a chain with m + 1 terms, a contradiction; while if 7 < 1 then

Zl)"'7Z57Ai+37"'7Am

gives a contradiction, and if ¢ > m — 1 then

Ay Aig, Zyy oo Zs
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gives a contradiction. Thus |Z| < 5bd.

We say u € L; is saturated if it is adjacent from exactly d members of Z; and
v € R; is saturated if it is adjacent to exactly d members of Z. Since |Z| < 5t,
and 10(k — 1)b < d, it follows from (7) with p = 5 that there are at most 100
saturated vertices in L;, and similarly at most 10b saturated vertices in R;. From
the maximality of Z, every vertex of Y\ Z is adjacent to at least one of the saturated
vertices in L; or from at least one of the saturated vertices in R;. But by (8), each
saturated vertex in L; is adjacent from at most 12627 members of Y and hence

27bd

from at most 12b — d members of Y\ Z, and similarly every saturated vertex

in R; is adjacent to at most 12627 — d members of Y\ Z. We deduce that

Y| < 206(1202™ — d) + 5bd < 24067277,

This proves (9).

(10) |A] > 2¢|G| where ¢ is as defined in the statement of the theorem.

27bd_1 27bd_ 1

From (9), each C; has cardinality at most 224"’ ,and so |C| < (m+1)2240%°

Since m > 2 (and hence m + 1 < 2m), and |B| < m(bd)?* by (2), and |A| = mbd,
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we deduce that

G| < (22027 1 (bd)2 + bd)m < (224027 1 (bd)? + bd)| A/ (bd).

It follows that |A| > 2¢|G| where ¢ is as defined in the statement of the theorem.

This proves (10).

Let V' be the union of all A; with 1 <7 <m and ¢ odd. Then |V| > |A|/2 > ¢|G]|.
Number the members of V' as {vy,..., v} say, where for 1 <r < s <t if 2, € 4
and z, € A; then ¢ < j, and either i < j or z, is adjacent to x,. (This is possible
since each A; is transitive.) We claim that this order is 2*-forward. For let Y, Z be
disjoint subsets of V with |Y] = |Z| = 2¥, such that for 1 <r,s <t, if z, € Y and
xs € Z then r < s. We must show that there exists y € Y and z € Z such that
y is adjacent to z. Suppose not. Choose ¢ with 1 < i < m and ¢ odd, maximum
such that A; NY # (. It follows that A, N Z =0 for all h < i. If ZNA; # 0, let
v, € A;NY and v, € A; N Z; it follows that » < s from the choice of the numbering,
and so v, is adjacent to wv,, a contradiction. Thus Z N A; = (. It follows that
j > i+ 2 for each j with 1 < j < m such that 2N A; # (). Since |Y| = 2*, there
exists Y/ C Y with |Y| = k such that Y is transitive, and similarly there exists a
transitive 2’ C Z with |Z'| = k. Now each member of Y’ is adjacent from at most

d members of A;,1, and so there are at most dk vertices in A;;; adjacent to some
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member of Y’; and similarly at most dk are adjacent from some member of Z'.
Since bd > 2dk + 2, there are two vertices u,v € A;41 such that Y = {u,v} and
{u,v} = Z'. But then the subtournament of G with vertex set {u,v} UY’ U Z’ is
isomorphic to A(2, k, k), a contradiction. This proves that the order is 2*-forward,

and so completes the proof of 2.5.4. |

Proof of 2.5.1. This follows immediately from 2.5.3 and 2.5.4. |

2.6 Strongly-connected pseudo-heroes

In this section we complete the proof of 2.1.3, and also prove 2.1.5. As a biproduct
of the remainder of the proof of 2.1.3, we are able to identify all the minimal

tournaments that are not pseudo-heroes (there are six). Here they are:

e Let H; be the tournament with five vertices vy, ..., vs, in which v; is adjacent
to vip1 and vy, for 1 <4 <5 | reading subscripts modulo 5 (the tournament

Cs).

e Let H, be the tournament obtained from H; by replacing the edge vsv; by

an edge v1vs.

e Let H3 be the tournament with five vertices vy, ..., vs in which v; is adjacent

to v; for all ¢, 7 with 1 <7 < j <4, and vs is adjacent to vy, v3 and adjacent
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from vo, v4.
e Let Hy be the tournament A(1,A(1,1,1),A(1,1,1))
e Let Hj be the tournament A(2,2,A(1,1,1))

e Let Hg be the tournament A(3, 3, 3).

First, we prove they are not pseudo-heroes, but also it is helpful to give the best

upper bounds on their ¢-values that we can. We begin with:

2.6.1 If H is a strongly-connected tournament with more than one vertex that does
not admit a trisection, then &(H) < 1/log(3). In particular, £(H;) < 1/log(3) for

1=1,2,3, and so Hy, Hy, H3 are not pseudo-heroes.

Proof. Let Dy be the one-vertex tournament, and fori > 1let D; = A(D;_1, D;_1, D;_1).
Thus |D;| = 3". For i > 0, no transitive subtournament of D; intersects all three
parts of the trisection of D;, so «(D;) = 2a(D;_1); and consequently «(D;) =
20 = |D;|'/1°e(). We claim that for all i > 0, D; does not contain H; for suppose
D; contains H for some value of 7, and choose the smallest. Then ¢ > 1 since
|[V(H)| > 2, and so D; admits a trisection (A, B, C') where D;|A, D;|B, D;|C are all
isomorphic to D;_;. Choose a subtournament 7" of D; isomorphic to H. From the
minimality of ¢, V(T') is not a subset of any of A, B, C, and therefore has nonempty

intersection with at least two of them; and since H is strongly-connected, V(T') has
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nonempty intersection with all three of A, B, C'. But then T" admits a trisection, a

contradiction.

This proves that no D; contains H. Let € be an EH-coefficient for H, and choose
¢ > 0 such that every H-free tournament G satisfies a(G) > ¢|G|°. In particular,

taking G = D; implies that

|D;|/1°5®) = (D) > | Dy,

for all 4 > 0. It follows that 1/log(3) > €. Since this holds for all EH-coefficients e,

it follows that £(H) < 1/log(3). This proves 2.6.1. |

2.6.2 £(H,) < 1/2, and hence Hy is not a pseudo-hero.

Proof. For k > 1, let D;, be the tournament with k2 vertices vy, ..., vx2, in which
for 1 <i < j <k? v; is adjacent to v; if k does not divide j — i, and otherwise v; is
adjacent to v;. (This construction is due to Gaku Liu, in private communication.)
For 1 <i <k, let C; = {v;, Viyk, Vigok, - - -, Vigk—1)k - Then Cy, ..., Cy are disjoint

and have union V(D).

(1) a(Dy) < 2k — 1.

Let X C V(Dy) induce a transitive tournament. For 1 <i < k, if X N C; # 0, let
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pi be the smallest value of j such that v; € X N C;, and ¢; the largest; and let I; be
{vj:pi <j<gq} UHXNC; =0, let I, = 0. Note that if v; € X N [; then j € Cj;
because otherwise {v,,, vy, v;} would induce a cyclic triangle, contradicting that X

is transitive. This has two consequences:

e For each i € {1,... .k}, | X NL| <14 (|;] —1)/k, since between any two
members of X in I; there are kK — 1 members of C; \ X. Summing over i, we

deduce that | X| <k —1+ > |L|/k.

e The sets I; (1 <i < k) are pairwise disjoint, and so >, |I;| < k%

Combining these, we deduce that |X| < 2k — 1. This proves (1).

(2) Dy does not contain Hy.

For 1 < j < k%, let ¢(v;) be the value of i € {1,...,k} with v; € C;. Thus,

let a,b,c € V(D)) be distinct:

(P) if {a,b,c} induces a cyclic triangle in Dy then |{¢(a), #(b), ¢(c)}| = 2; and

(Q) if ab, ac, be are edges and ¢(a) = ¢(c) then ¢(b) = ¢(a).

(R) if {a,b,c} induces a cyclic triangle and d is some other vertex such that

d = {a,b,c} or d <= {a,b,c} then ¢(d) # ¢(a), p(b), p(c).
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(The third condition above follows easily from the other two, but we use it enough
to give it a separate name.) For X C V(Dy), ¢(X) denotes {¢(v) v € X). Suppose
that Dy contains Hy, and let A, B, C be the trisection of Hy with |A| = |B| = 3;
let A = {ay,a9,a3}, and B = {by,bs,b3}, and C = {c¢}. Thus from property P
applied to A, |¢(A)| = 2, and similarly |¢(B)| = 2; by property R applied to A
and each member of B, ¢(A) and ¢(B) are disjoint; and by property R applied to
A and ¢, ¢(c) ¢ ¢(A) and similarly ¢(c) ¢ ¢(B). Choose a € A and b € B; then

o(a), p(b), ¢(c) are all distinct, contrary to property P. This proves (2).

Let € be an EH-coefficient for Hy, and choose ¢ > 0 such that every Hy-free tourna-
ment G satisfies a(G) > ¢|G|°. In particular, for each k > 1, a(Dy) > ¢| Dy, and
so from (1), 2k — 1 > ck*. Since this holds for all k£ > 1, we deduce that ¢ < 1/2,

and so {(H,) < 1/2. This proves 2.6.2. |

The above is not the easiest way to prove that Hy is not a pseudo-hero, but it gives

the best bound on &(Hy).

Next we need a lemma proved in [11] (it will be also given in Chapter 6), the

following;:

2.6.3 The vertex set of every tournament H can be ordered such that the set of

backward edges of every non-null subtournament S of H has cardinality at most

(151 = 1)(&(H)) "
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We deduce

2.6.4 £(H;) <5/6, and so Hs is not a pseudo-hero.

Proof. Let H = Hs, and let V(H) = AU BUC, where

[} A = {al,ag},B = {bl,bg}, and C = {Cl,CQ,Cg}

e A== B=C=A

® ci-co-c3-c1 is a directed cycle.

Suppose there is an ordering of V(H) such that no cycle of the backedge graph
has length at most six; let X be the set of backedges in this ordering, and let

Y = E(H) \ X. We have two properties:

(P) For every directed cycle of H, at least one of its edges in in X.

(Q) For every undirected cycle of H of length at most six, at least one of its edges

isinY.

Since every undirected graph with seven vertices and eight edges has a cycle of
length at most six (indeed, at most five), it follows that | X| < 7. Suppose first that
a1b1, a0 € Y. From property P applied to the directed cycle ¢;-a;-bj-c;, at least

one of c;a;,b;jc; isin X, for 7 = 1,2,3 and j = 1,2. Thus there are at least six edges
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in X between AU B and C. By property P applied to H|C, some edge of X has
both ends in C. Since |X| < 7, it follows that all edges from A to B belong to Y;
and so by property P, for i = 1,2, 3 either c;aq,c;as € X, or bic;, bec; € X. Thus
from the symmetry we may assume that ciay, cias, coaq, caas € X. But these four

edges form a cycle contrary to property Q.

Thus not both a1bq, asbs € Y, and similarly not both aybs, asb; € Y. Suppose next
that a1by,a1b0 € Y. Thus asbi,asbs € X. By property QQ applied to the cycle
a9-b1-c;~ba-as, for 1 = 1,2, 3 not both by¢;, boc; € X. By property P applied to the
directed cycles ¢;-a1-bi-¢; and ¢;-aq-bo-¢; it follows that c;a; € X, for i = 1,2, 3. But

some edge of X has both ends in C', contrary to property Q.

It follows that not both a1by,asbs € Y, and so from the symmetry, at most one
edge from A to B belongs to Y. By property Q, not all four of these edges are in
X, so we may assume that a;b; € Y, and asby, a1bs, asbs € X. From property P,
some edge of H|C belongs to X, say c¢1co. Now by property P again, for i = 1,2 at
least one of c;ay,bic; € X. But then there are six edges in X each with both ends

in V(H) \ {c3}, contrary to property Q.

It follows that in every ordering of V(H), some cycle of the backedge graph has
length at most six. From 2.6.3, we deduce that {(H) < 5/6. This proves the first

assertion of the theorem, and the second follows. |

Finally:
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2.6.5 &(Hg) < 3/4, and so Hg is not a pseudo-hero.

Proof. Let H = Hg, and let V(H) = AU BUC, where

[ ] A = {al,ag,a3},B = {bl, bg,bg}, and C = {Cl,CQ,Cg}

e A= B=C=A

e A B,(C are all transitive.

Suppose there is an ordering of V(H) such that no cycle of the backedge graph
has length at most four; let X be the set of backedges in this ordering, and let

Y = E(H) \ X. We have two properties:

(P) For every directed cycle of H, at least one of its edges in in X.

(Q) For every undirected cycle of H of length at most four, at least one of its

edges isin Y.

If there is a three-edge matching of members of Y between A, B, and also between
B, C' and between C, A, then the union of these three matchings uncludes a directed
cycle of H, contrary to property P. So we may assume there is no three-edge match-
ing of members of Y between A and B. By Hall’s theorem, there are two vertices
x,y € AU B such that every edge in Y between A and b is incident with one of

x,y. f x € Aand y € B, and x = a3,y = b3 say, then a1by, a1bs, asby, asby are all in
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X, contrary to property Q. Thus we may assume that z,y € A; say x = a1,y = a».
Hence asby, asbs, asbs € X. Let 1 < k < 3. We claim that cpaq, cras € X. For sup-
pose that cya; € Y say. From property Q at most one of the edges aiby, aibs, a1bs
is in X (otherwise there is a cycle of edges in X of length four passing through
az); say a1by, a1by € Y. Now from property P applied to a;-bj-ci-aq, it follows that
bjci, € X for j = 1,2, contrary to property Q. This proves that cia;, cyas € X, for

k =1,2,3; but again this contradicts property Q. This proves 2.6.5. |

Now we complete the proof of 2.1.3; all that remains is to prove the “only if” half
of the third statement of 2.1.3, which is the equivalence of the first two statements

of the following.

2.6.6 Let H be a strongly-connected tournament with more than one vertex. Then

the following are equivalent:

e H 1is a pseudo-hero

e cvery strong component of H is isomorphic to A(2,k,1) for some k,l > 2,
or to A(1, P, T) or A(1,T, P) for some pseudo-hero P and some nonempty

transitive tournament T

e H contains none of Hy, ..., Hg.
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Proof. The first statement implies the third, by 2.6.1, 2.6.2, 2.6.4 and 2.6.5, since
every subtournament of a pseudo-hero is a pseudo-hero. By 2.5.1 and 2.4.1 with
e = 1, and 2.3.1 with € = 1, the second statement implies the first. It remains to
show that the third implies the second, and we proceed by induction on |V (H)|.
Thus, let H contain none of Hy,...,Hg. If H is not strongly-connected, then
inductively we may assume that all its strong components are pseudo-heroes, and
hence so is H, by 2.3.1 with e = 1. If H is strongly-connected, then by a theorem of
Gaku Liu, proved in [7], since H contains none of Hy, Ho, Hs, it admits a trisection
(A, B,C). We may assume that |C| < |A|,|B|. If |C] = 1 then since H does not
contain Hy, it follows that at least one of A, B is transitive, and so H = A(1, P,T) or
H = A(1,T, P) for some pseudo-hero P and some nonempty transitive tournament
T, and the theorem holds. If |C] > 2, then since H does not contain Hj; and
|Al,|B] > 2 it follows that A, B, C' are all transitive, and therefore |C| = 2 since H
does not contain Hg; but then H = A(2,k,1) for some k,l > 2, and the theorem

holds. This proves 2.6.6, and hence completes the proof of 2.1.3. |

Proof of 2.1.5. If H is not a pseudo-hero then from 2.6.6, H contains one of
Hy,...,Hg, and so {(H) < max({(Hy),...,&(Hg)). But by 2.6.1, 2.6.2, 2.6.4 and

2.6.5, this maximum is at most 5/6. This proves 2.1.5. |
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Tools

3.1 The regularity lemma

In this chapter we prove several technical lemmas and give some definitions that will
turn out to be very useful in next two chapters. We start by introducing regularity

lemma.

The regularity lemma is one of the most fundamental mathematical tools in modern
graph theory. We will use its directed version to prove some of the results concerning

constellations and tournaments on at most 5 vertices.

Let X, Y C V(T) be disjoint. Denote by exy the number of directed edges (x,y),

where z € X and y € Y. The directed density from X to Y is defined as d(X,Y) =
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ex,Yy
XY

Given € > 0 we call a pair A, B of disjoint subsets of V(T') e-regularif all X C A and
Y C B with | X| > €|A| and |Y| > €| B] satisfy: |d(X,Y) —d(A, B)| <e,|d(Y,X)—

d(B, A)| < e.

Consider a partition {Vp, Vi, ..., Vi} of V(T) in which one set V; has been singled
out as an exceptional set. (This exceptional set V may be empty). We call such a

partition an e-regular partition of T if it satisfies the following three conditions:

o [Vo| <€V
o [Vi| =...= |V

e all but at most ek? of the pairs (V;,V;) with 1 <i < j < k are e-regular.

The following directed version of the Regularity Lemma has been proven in [3]:

3.1.1 For every € > 0 and every m > 1 there exists an integer DM = DM (m,€)
such that every tournament of size at least m admits an e-reqular partition {Vy, Vi, ..., Vi, }

with m < k< DM.

We also need the following lemma that will be used together with the regularity

lemma:
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3.1.2 For every natural number k and real number 0 < X\ < 1 there exists 0 <
n = n(k,\) < 1 such that for every tournament H with vertexr set {1, ...,x)}
and tournament T with vertex set V(T') = Ule Vi, if the V;’s are disjoint sets,
each of size at least one, and each pair (V;,V;), 1 < i < j < k is n-regular, with
d(Vi, V;) > X and d(V;,V;) > A, then there exist vertices v; € V; fori e {1,...,k},
such that the map x; — v; gives an isomorphism between H and the subtournament

of T induced by {v1, ..., vx}.

The proof of the undirected version of Lemma 3.1.2 can be found in [8]. We omit

the proof of 3.1.2 since it is completely analogous to the undirected version.

3.2 e-critical tournaments

We will prove here several properties of so-called e-critical tournaments that play
an important role in all our proofs establishing lower bounds on EH-suprema for

several families of tournaments.

We denote by tr(T') the size of the largest transitive subtournament of 7. We
call a tournament T e-critical for € > 0 if ¢r(T) < |T|° but for every proper
subtournament S of 7' we have: tr(S) > |S|°. Below we list some properties of

e-critical tournaments.

3.2.1 For every N > 0 there exists (N) > 0 such that for every 0 < € < €(N)
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every e-critical tournament T' satisfies |T| > N.

Proof. Since every tournament contains a transitive subtournament of size 2, it

suffices to take €(IN) = logy(2). |

3.2.2 Let T be an e-critical tournament with |T'| = n and €,c, f > 0 be constants
such that € < log.(1 — f). Then for every A C V(T) with |A| > ¢en and every
transitive subtournament G of T with |G| > ftr(T) A is not complete from V(G)

and A is not complete to V(G).

Proof. Assume otherwise. Let Ay be a transitive subtournament in T|A of size
tr(A). Then |Ar| > (en)¢. Now we can merge Ay with G to obtain a transitive
subtournament of size at least (cn)®+ ftr(T"). From the definition of ¢tr(T") we have
(en)+ ftr(T) < tr(T). So ¢n® < (1 — f)tr(T), and in particular ¢n® < (1 — f)n".

But this contradicts the fact that € < log.(1 — f). |

The next lemma is a starting point for all of our constructions. This is also the only
step in the proof where we use 3.1.1. Note that in what follows we do not require
for the pairs (A4;, A;) to be regular, and so even we do not need the full strength of

3.1.1.

3.2.3 Let H be a tournament, P > 0 be an integer and 0 < A < % Then there is

an integer N such that for every H-free tournament T" with |T| > N there exists



Chapter 3. Tools 66

a constant ¢ > 0 and P pairwise disjoint subsets Ay, Ao, ..., Ap of vertices of T

satisfying:

® d(Al,Aj) 2 1 —)\fOT Z,j € {1,2,...,]3}, 1 <]

o |A| > c|T| forie{l,2,...,P}.

Proof. Write |T'| = n, |H| = h. Let R(t1,t2) be the smallest integer such that
every graph of size at least R(t;,t,) contains either a stable set of size t; or a clique
of size ty (so R(ty,t) is simply a Ramsey number, see [17]). Write k = R(2771, h).

Write 7 = min {ﬁ,ng(h, /\)} (where 7y is as in the statement of 3.1.2). Let

U

5 k=242 holds for all @ > u.

u > 0 be the smallest integer such that: ( ) —ni? > %k i

By 3.1.1 there exists an integer N > 0 such that every tournament 7" with |T'| > N
admits an n-regular partition of at least u parts. Denote by DM the upper bound
(from 3.1.1) on the number of parts of this partition. Denote the parts of the

partition by: Wy, Wy, ..., W,., where u < r < DM and W is the exceptional set.

We have: |W;| > (15]7\’4)". Now consider the graph G with V(G) = {Wy,...,W,},
where there is an edge between two vertices if the pair (W;, W;) is n-regular. Then,
from the definition of u, we have: |E(G)| > %W(GMQ. So by Turan’s theorem
([17]) it follows that G has a clique of size at least k. That means that there
exist k parts of the partition, without loss of generality W7, ...Wy, such that for all

i,j € {1,2,...,k},i # j the pair (W;, W;) is n-regular. We say that a pair (W;, W;)

fori,j € {1,2,...,k},i # j is good it X < d(W;,W;) <1— X Otherwise we say this
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pair is bad. Now consider the graph G with V(@) = {W4,...W;}, where there is an
edge between W; and W for 4,5 € {1, ..., k}, i # j if (W;, W;) is a good pair. From
the definition of & we know that G contains a clique of size h or a stable set of size

2P=1 In other words, either

e there exist h parts of the partition, without loss of generality denote them by
Wi, ..Wy, such that every pair (W;, W;) is n-regular and A < d(W;,W;) <

1—Xfori,je{l,2,...k},i # 7, or

e there exist 20! parts of the partition, without loss of generality denote them
by Wi,..Wap-1, such that every pair (W;, W;) is n-regular and d(W;, W;) >

1—Xor dW;,W;) >1—Afori,je{1,2,...,20°1},i # j.

Since T is H-free and n < ng, 3.1.2 implies that the former is impossible.

Now define T to be a tournament with V(7') = {W, ..., Wyr—1 }, where an edge is
directed from W; to W; if d(W;, W;) > 1—\ and from W; to W; otherwise. Using the
fact that every tournament of size at least 27! contains a transitive subtournament
of size at least P ([30]), we conclude that 7" contains a transitive subtournament
of size P. That means that there exist P parts of the partition, without loss of
generality Wy, ..., Wp, such that d(W;,W;) > 1 — X for i,5 € {1,2,...,P},i < j.

Note that each W is of size at least %, so taking A; =W, fori=1,2,...P and

c= g—ﬂz completes the proof. |
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The following is an easy but useful fact.

3.2.4 Let Ay, Ay be two disjoint sets such that d(Ay, As) > 1 — X\ and let 0 <

n,me < 1. Let A= 2 Let X C A, Y C Ay be such that | X| > m|A;| and

112

~

Y| > no|Az|. Then d(X,Y)>1— A

Proof. Denote by B the set of edges directed from A, to A;. We have |B| <
AlA1]|Az]. On the other hand |B| > (1 — d(X,Y))|X]||Y|. Therefore d(X,Y) >
1— )\|A1\ |Az|

= and the result follows. I

Next we refine 3.2.3 further.

325 Let 0 < A< 1,¢c>0,0<e€< logg(%) be constants and P be a pos-
itive integer. Let T be an e-critical tournament with |T| = n. Assume that
Ay, Ay, .., Ap C V(T) are pairwise disjoint sets of vertices such that d(A;, A;) >
(L=X) fori,j € {1,2,...,n}, i < j and |A;| > cn fori € {1,2,..,P}. Let v be a
{0, 1}-vector of length P. Define I = {i : v; = 1}. Write I = {iy, s, ...i,}, where
iy < iy < ..<i,. Let A= (4P)1IX. Then there exist transitive tournaments T,

T2,.. Tl such that V(T!) C A, |[V(T%)

> %tT(T) for s € {1,2,....r} and for

every T we have

o ifi <isandi ¢ I then d(A;,T)>1—A

*

o ifi>i, andi ¢ I then d(A;, T) <A

1y L x
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e ifi,je€l andi < j then d(T!,T?) >1— A

Proof. The proof is by induction on |I|. For |I| = 0 the statement is obvi-
ous. Write [ = {i1,...,7,—1}. Inductively, we may assume the existence of the
sets T, T2, ...,Tf“l as in the statement of the lemma. Since T is e-critical, we
deduce that tr(4;) > |A; |© > (5)n, and therefore A; contains a transitive sub-
tournament of size [%nﬂ Denote this transitive tournament by 77". We have
|T7"| > 1tr(T). Similarly there exist an integer w and a family of pairwise disjoint
transitive subtournaments: W = {T}",Ty", ..., Ti} such that Uiz Ti| > @ and

for every j € {1,2,...,w} |T;T\ > 2tr(T). Denote by T% a tournament induced by

U;{}:1 V(T]’T) We have |[T'| > |A2¢|'

Write A = (4P)XI=1X. For i < i and i ¢ I denote by R; the subset of W that
consists of tournaments T for which d(4;, T") < (1 — 4P)). For i > i" and
i ¢ I denote by R; the subset of W that consists of tournaments T for which
d(T",A;) < (1 —4P)). For i < i" and i € I denote by R; the subset of W that
consists of tournaments T/ for which d(T?,T") < (1 — 4PA). Finally, for i > i’
and i € I denote by R; the subset of W that consists of tournaments 7" for which
d(T,TP) < (1 — 4PA). Since d(A;, Air) > (1 — ), by 3.2.4 we have |R;| < 55w
for all ¢ ¢ I such that # 4", Similarly, from the induction hypothesis and 3.2.4

we have |R;| < 55w for all i € I. Write: R = |J_,, R;. Note that R C W and

iy

IR| < 55w - (P —1) < w. Therefore there exists a tournament 7" € W\R, and
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from the definition of R, the following holds for every i, €
e if i <i,and i ¢ I then d(A;,TP*) > 1 —4PA
e if i >, and i ¢ I then d(A;, T'*) < 4PA
e if i <i,and i€ I then d(T/, Tis) >1—4PA
e if i >, and i € I then d(T!, Ti+) < 4PA.
That completes induction since 4PA = (4P)I1I\ = A. |

We need one more definition. Let ¢ > 0, 0 < A < 1 be constants, and let w be a
{0, 1}-vector of length |w|. Let T" be a tournament with |T'| = n. A sequence of

disjoint subsets (51,52, ..., Sjw) of V(T') is a (¢, A, w)-structure if

e whenever w; = 0 we have |S;| > cn
e whenever w; = 1 the set T'|S; is transitive and |S;| > ctr(T")

o d(5;,S;)>1—Xforall1<i<j<|uw|.

We say that (¢, \, w)-structure is strong if in addition it satisfies the following con-

dition:

o if w, =1and w; =1for 1 <i<j<|w|then S; is complete to .S;.

We now use 3.2.3 and 3.2.5 to prove the following:
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3.2.6 Let S be a tournament, let w be a {0,1}-vector, and let 0 < X < 1 be a
constant. Then there exist €y, ¢y > 0 such that for every 0 < € < €y, every S-free

e-critical tournament contains a (cy, A\, w)-structure.

Proof. Write n = |T'| and w = (wy,...,wp), where P > 0 is an integer. Define

C={i:w =1}. Let A = (413\)0- By 3.2.1 we can choose € small enough such
that |T'| > N, where N is an integer from 3.2.3. Now it follows from 3.2.3 that there
exist a constant ¢ > 0 and sets Ay, ..., Ap such that |4;| > enfori € {1,2,..., P} and
d(A;,Aj) > 1—Afori,je{l,2,..,n},i<j. Wemay assume that ¢ < log%(%).

We now use 3.2.5 to complete the proof. |

Let U be a transitive tournament with V(U) = {uy, ug, ..., wy |}, where (u1, ug, ..., ujy)
is a transitive ordering. An (m,c)-subdivision of U is defined as the sequence
Uy, = (U, Us, ..., Up), where Uj = {u;, U410y Up; } OT 01,00, oy U, b1y Koy oy Ko
satisfying 1 < 4y < ky < dp < ky < ... < iy, < ky, < |U] and |U;| > ¢|U| for

je{l,2,..,m}.

3.2.7 Let m,cy,co,c3,¢ > 0, be constants, where m > 0 is an integer, 0 <
c1,69,c3 < 1, and 0 < € < log%(l — coc3). Let T be an e-critical tournament
with |T| = n, and let A C V(T) with |A| > ein. Let U be a transitive subtour-
nament of T with |U| > cotr(T) and V(U) C V(T)\A, and let U = (Uy, ...,Upn)

be an (m, c3)-subdivision of U. Then there exist vertices uy, U, ..., Uy, T such that



Chapter 3. Tools 72

x € A, u; € Uy and u; is adjacent to x for i € {1,2,....,m}. Similarly, there ex-
ist vertices wy, Wa, ..., Wy, d such that d € A, w; € U; and d s adjacent to w; for

i€ {1,2,..,m}.

Proof. We prove only the first statement because the latter can be proved analo-
gously. Suppose no such uq, us, ..., u,,, r exist. That means that every a € A is com-
plete to U; for at least one i € {1,2,...,m}. Therefore there exists i* € {1,2,...,m}
such that at least % vertices of A are complete to U;«. But this contradicts 3.2.2

since T is e-critical and € < loge (1 — cac3). |

We continue with more definitions related to (¢, A, w)-structures. Let (S1, 52, ..., Sju|)
be a (¢, A, w)-structure, let i € {1,...,|w|}, and let v € S;. We say that v is M-
good with respect to the set S; if either j > i and d(S;,{v}) < M\ or j < ¢ and
d({v},S;) < MA; and that v is M-good with respect to (Si, S, ..., S) if it is M-
good with respect to every S; for j € {1,2, ..., |w|}\{¢}. Denote by S;, the set of
the vertices of S; adjacent from v for j > i and adjacent to v for j < i. Now, if
v € S; is M-good with respect to (S, Ss, ..., Sjw|) , then [S;,| > (1 — MX)|S;| for

all j # i. Next we list some easy facts about (¢, A\, w)-structures.

3.2.8 Let (S1, 5%, ..., Sju|) be a (¢, A\, w)-structure. Then for everyi,j € {1,2,..., [w|},

i # 7 all but at most %|SZ| of the vertices of S; are M-good with respect to S;.

Proof. We may assume without loss of generality that ¢ < j (for ¢ > j the proof is
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analogous). Denote by B C S; the set of the vertices of S; that are not M-good with
respect to S;. From the definition of M-goodness we have d(B,S;) < (1 — MM).
Therefore |B| < 1-]S;| because otherwise we get a contradiction to 3.2.4 taking

X=B Y =25, i

3.2.9 Let (51,5, ..., Spy) be a (¢, \,w)-structure. Then for everyi € {1,2,..., |w|}

all but at most ‘]\“;—‘|S,| of the vertices of S; are M -good with respect to (S1, Sa, ..., Sjw|)-

Proof. Denote by B; the subset of vertices of S; that are not M-good with respect
to S; for j € {1,2,...,|Jw|}\{i}. Denote by B the subset of vertices of S; that are
not M-good with respect to (Si, 5%, ..., Sw|). We have: B = U#i B;. From 3.2.8

we know that |B;| < 17|5;|. Therefore we have: |B| < |—]\“2'|SZ| |
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Constellations

4.1 Basic definitions

For a long time the only prime tournaments for which the Erdos-Hajnal Conjecture
was known to be true were all prime tournaments on at most 4 vertices and some
prime tournaments on 5 vertices. In this chapter we will prove the conjecture for
an infinite family of tournaments called constellations that contains infinitely many
prime tournaments ([10]). All the methods that allow us to prove the conjecture
for several classes of tournaments can be used to obtain lower bounds on the coef-
ficient e(H) as a function of the order of a tournament.In fact even though in the

proofs that constellations and Cj satisfy the conjecture we use regularity lemma,
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it is possible to avoid it. Thus our approach may be easily applied to construct
algorithms finding large transitive subsets in certain families of tournaments with
forbidden substructures. We will not discuss algorithmic results in the thesis. An
algorithmic approach that does not use regularity lemma is presented in [9]. We
mentioned in the introduction that the conjecture is still open for undirected paths
of at least 5 vertices. In the directed scenario there is an analogous family of so-
called directed paths (it will be defined later). Every directed path on at least 5
vertices is prime. It turns out that every directed path is also a constellation. Thus
as a corollary of our main result we will prove that every directed path satisfies
the Erdos-Hajnal Conjecture. Another corollary is that all tournaments on at most
five vertices satisfy the conjecture. However to prove the latter we will also need
to prove the conjecture for C5 which is not a constellation. Both corollaries were
first proven in [6] and were implied by the fact that the family of so-called galazies
satisfies the conjecture and so does C5. However now we will prove the conjecture
for a larger family of tournaments than galaxies. We now introduce definitions that

will be used later in this chapter.

Let T be a tournament with vertex set V(7T'). Fix some ordering of its vertices.
The graph of backward edges under this ordering, denoted by B(T,#), has vertex
set V(T), and vv; € E(B(T,0)) if and only if (v;,v;) or (vj,v;) is a backward edge

of T under the ordering 6. For an integer ¢, we call the graph K, a star. Let S be
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a star with vertex set {c,[y,...,l;}, where ¢ is adjacent to vertices [y, ..., ;. We call
¢ the center of the star, and [y, ...,l; the leaves of the star. Note that in the case
t = 1 we may choose arbitrarily any one of the two vertices to be the center of the
star, and the other vertex is then considered to be the leaf. Let 6 = (vq,vg, ..., v,)
be an ordering of the vertex set V(T') of a n-vertex tournament 7'. For a subset
S C V(T) we say that v; € S is a left point of S under 0 if i = min{j : v; € S}.
We say that v; € S is a right point of S under 6 if i = max{j : v; € S}. If from the
context it is clear which ordering is taken we simply say: left point of S or right
point of S. For an ordering # and two vertices v;,v; with ¢ # j we say that v; is
before v; if i < j and after v; otherwise. We say that a vertex v; is between two
vertices v;, vy under an ordering 0 = (vy,...,v,) if 1 < j < kor k < j < i We
denote by P for £ = 1,2, ... a tournament for which there exists an ordering of
vertices under which the graph of backward edges is a path of k vertices. We call

it the directed path with k vertices.

A right star in B(T,0) is an induced subgraph with vertex set {v;,,...,v;}, such
that B(T,0)[{vi,...,v;,} is a star with center v;,, and i > ig,...,4;—1. In this
case we also say that {v;,,...,v;} is a right star in T'. A left star in B(T,0) is an
induced subgraph with vertex set {v;,, ..., v;,}, such that B(T,0)|{vi,,...,v;} is a
star with center v;,, and g < iy,...,%. In this case we also say that {v,,...,v;,}

is a left star in 7. A star in B(T, ) is a left star or a right star.



Chapter 4. Constellations 77

Let H be a tournament and assume there is an ordering @ of its vertices such that
every connected component of B(H,0) is either a star or a singleton under this
ordering. We call this ordering a star ordering. A star ordering of the vertices of
the tournament under which no center of a star is between leaves of another star is
called a galaxy ordering. A tournament is a galaxy if its set of vertices has a galaxy
ordering. In [6] in joined work with Eli Berger and Maria Chudnovsky we proved

that:

4.1.1 FEwvery galaxy has the Erdos-Hajnal property.

The interstellar graph of H under a star ordering 6 is an undirected graph, whose
vertices are the sets of leaves of the stars of H under 6 and two vertices L; and Lo

are adjacent if:

e the left point of L, preceeds the right point of L, in # and

e the left point of Ly preceeds the right point of Ly in

For each connected component C' of the interstellar graph of H denote by Z(C') the
union of subsets of V(H) corresponding to its vertices (this is the union of some
subsets of V (H) of the vertices of H). Next let us define C(Z(C)) as follows. We say
that a vertex v € C(Z(C)) if v € Z(C) or v is between some two vertices of Z(C')

under the ordering 6. Let C1, ..., C) be the connected components of the interstellar
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graph. Note that for any given 1 < i < j < k either every vertex of C(Z(C;)) is
before every vertex of C(Z(C})), or every vertex of C(Z(C})) is before every vertex
of C(Z(C;)). Thus there is a natural ordering of the sets C(Z(C;)) for i =1,2,...,k
induced by the ordering of the vertices. Denote the ordered sequence of the sets
C(Z(Cy)) for i = 1,2,....k as W, ...,, Wy), where a set W, is before a set W, for
1<i<j<k Denote Wy =W, 1 =0. Fori=1,2,....k+ 1 denote by R; the set
of the vertices of H that are after all the vertices of W;_; and before all the vertices
of W; under the ordering #. Note that if R; is nonempty then all its elements are
centers of the stars of H. Denote the set of nonempty sets R; as { My, ..., M,.} for
some 7 > 0. Note that {W;, ..., Wk, My, ..., M.} is a partition of the vertices of H.

Denote this partition by Py(H). We are ready to define constellations.

A tournament T is a constellation if there exists a star ordering 6 of its vertices

such that if a center of a star is in some P € Pp(H) then no leaf of this star is in P.

We call such an ordering a constellation ordering of T'. Let ¥, ..., %; be the non-
singleton components of B(T,6). We say that ¥y,...,%; are the stars of T under

0. IfV(T) = Uizl V(3), we say that T is a regular constellation.

The goal of this chapter is to prove the following result that first appeared in [10]:

4.1.2 Fvery constellation has the Erdos-Hajnal property.

Theorem 4.1.2 extends Theorem 4.1.1 since every galaxy is a constellation.



Chapter 4. Constellations 79

4.2 Erdos-Hajnal property of constellations

In this section we prove Theorem 4.1.2.

Let s be a {0,1}-vector. Denote by s. the vector obtained from s by replacing
every subsequence of consecutive 1’s by single 1. Let §° : {i : s. = 1} — N be a
function that assigns to every nonzero entry of s. the number of consecutive 1’s of

s replaced by that entry of s..

Let H be a regular constellation, and let 6 = (vy,...,v,) be its constellation order-
ing. Let ¥1,...,; be the stars of H. Fori € {0,...,1} define H' = H| U;Zl V(%),
where H! = H, and H° is the empty tournament. Let s¢ be a {0, 1}-vector such
that s#?(i) = 1 if and only if v; is a leaf of one of the stars of H. We say that a
(¢, A\, w)-structure corresponds to H under the ordering 6 if w = s¢. We say that
a (c, A\, w)-structure is constellation-correlated with H under the ordering 6 if the
length of w is the number of parts of the partition Py(H) (see the definition of a

constellation) and w; =1 for i = 1,2, ..., |Py(H)].

Let (Si1,S5,...,5w|) be a strong (c, A\, w)-structure that corresponds to H under

0, and let 4, be such that w(i,) = 1. Assume that S; = {s} ...,s‘-S“‘l} and

ip) 2

(st .., sl-S”I) is a transitive ordering. Write m(i,) = | sl 7]

(% iy

Write §7 = {sU7 V@m0 for j e {1,2,...,6"(i,)}. For every v € 57,

Ty

write {(v) = ([{k < i, :w(i) = O} + D 4o wiiy=1 0“(k)) +J. For every v € ;. such
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that w(i,) = 0 write {(v) = ({k <, 1 w() = 0} + 324 i =1 0 (K)) + 1. We say
that H is well-contained in (51, S, ..., Sj,|) that corresponds to H if there is a ho-

momorphism f of H into 7| in'l S; such that &(f(v;)) = j for every j € {1,...,h}.

Write Py(H) = { Py, Ps, ..., P.} and assume that first | P, | vertices of H under 6§ are in

Py, next | P,| arein P, etc. Let (51, Sa, ..., Sjw)) be a (¢, A, w)-structure constellation-

correlated with H under 6. Assume that S; = {s}, ..., sl

)

} and that (sﬁ,---,sfsi\)

is a transitive ordering. Write n(i) = HJSJ‘

|. Write §7 = {s07 0@+ g
j € {1,2,...,|B|}. Forevery v € S/ write £(v) = 3, _; |Pi| +j. We say that H is
constellation-contained in (Si, Ss, ..., Sju|) that is constellation-correlated with H if

there is a homomorphism f of H into T'| ijl S; such that &£(f(v;)) = j for every

jed{l,...,h}.

At the very beginning we need the following technical lemma:

4.2.1 Let H be a reqular constellation with |H| = h and let 0 be its constellation-
ordering. Let 31,39, ....,%; be the stars of H under 6. Let ¢ > 0, 0 < A <
Wln)%ﬂ be constants, and w be a vector. Fiz k € {0,...,1}. Let T be a tourna-
ment and let (S1, ..., Sjw|) be a strong (W, (2(h 4 1))2=R\ w)-structure in
T corresponding to H*. Then there exists ¢, > 0 such that if 0 < € < ¢, and T is

e-critical, then H* is well-contained in (Si, ..., Sju)).-

Proof. Let hy, ..., hyg be the vertices of H in order 0. Let ¥y, ...,%; be the stars
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of H under #. Write |T'| = n. Taking ¢, > 0 small enough we may assume that
tr(T) > hH b 3.2.1. The proof is by induction on k. For & = 0 the statement is
obvious since H? is the empty tournament. Write M = 2h(h+1),¢ = BT A=

(2(h +1))2=R X, By 3.2.9 we know that for every i € {1,..., |w|} every S; contains

at least (1 — |Si| M-good vertices with respect to (S, ..., Sjw|). We call this

)
property the purity property of (Si, ..., Sjw). Assume that hg, is the center of X
and hg,, ...hg, are its leaves for some integer p > 0. For i € {0,...,p}, define D; to
be the set of all vertices v of ULZ‘I S; with &(v) = ¢; that are M-good with respect
o (S1,..., Sjw|)- Note that for 1 <7 < j < p subset D; is complete to the subset
D;. Besides each D; for ¢ = 1,2, ..., p induces a transitive subtournament. From the

purity property and the fact that tr(7) > (hjl it follows that |D;| > s-5=tr(T)

h+1)

for i = {1,...,p}, and | Do| > gn We may assume that ¢, < log%(l — Now

2(hc+1))'
we use 3.2.7 to conclude that there exist vertices: dy, ..., d, such that d; € D; for

1 =0,...,p and

o dy,...,dy, are all adjacent to dp if @) is a left-star, and

e dy,...,d, are all adjacent from d, if ) is a right-star.

Therefore {dy, ..., d,} induces a copy of . Let = € {1, ..., |w|} be such that dy € S,.
Now since (54, ..., Sju|) corresponds to H* and hy,, ..., hg, are leaves , we also know
that there exist y1,...,y, € {1, ..., |[w|}\{z} so that d; € S,, for all i € {1,...,p}, and

T|(Sy, U-..US,y,) is a transitive tournament. Let ¢ € {1, ..., |w|}\{z,y1,..., %}
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Write S/ = (=0 Si.a;- Since each d; is M-good with respect to (Si, ..., Sju|) we
have |S;q4,] > (1 — MM)|S;|. Therefore |S7| > (1 — MhX)|S;|. By the definition

of A\ we conclude that |S/| > (1 — |Si|. Write H = {1,...,h}\{qo, .-.qp}. If

)
{ve s, &w) € H} # 0, then we define S;. = S, 4,- By a similar argument as

above we conclude that if S is defined then | Sy | > (1—

h sy s ) ». is defined
then define S, = {v € Sy &(v) € Hy. Let I, = {j: Elves;ié’(v) = j}. Note that if
SAyZ. is defined then I,, # (). Assume now that SAyZ. is defined. For every j € I, select
arbitrarily (2 Py ] vertices v in S,, with £(v) = j and denote the union of these

|1,,| sets by SJ. We can always do this selection since for every j € I, we have

. Thus we have defined some

v : ()—j|> vl and also [Sy [ > (1 —

h+1 h+1 )

number of sets /. Denote this number by t. We have: |S/| > tr(T) for every

h+1)

(defined) S7 with w(i) = 1 and |S/| > =-£—n for every (defined) S/ with w(i) = 0.

2(h+1

Now 3.2.4, implies that the sets S,..., S/ form a strong (575 4(h + 1)2), 2)-

(h+1
structure that corresponds to H*~! for an appropriate vector z. Inductively H*!
is well-contained in this structure for ¢, > 0 small enough. But now we can merge

the well-contained copy of H*~! and a copy of ¥ that we have already found to

get a well-contained copy of H*. This completes the proof. |

From the previous lemma we get the following lemma:

4.2.2 Let H be a regular constellation with |H| = h. Let ¢ be a positive constant.

Then there exists € > 0 such that every e-critical tournament containing a strong
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(c, m, z)-structure corresponding to H for an appropriate vector z is not

H-free.

Proof. Let 0 be a constellation-ordering of H and let ¥, ..., Y; be the stars of H

under €. Then Lemma 4.2.2 follows from Lemma 4.2.1 if we take k = [. |

We also need the following lemma:

4.2.3 Let H be a reqular constellation with |H| = h and let 0 be its constellation-
ordering. Let 1,39, ....,%; be the stars of H under 6. Let ¢ > 0, 0 < A <
Wll))%“ be constants, and w be a vector. Fiz k € {0,...,1}. Let T be a tourna-
ment and let (S, ..., Sjw|) be (W, (2(h 4 1))2RIN\ w)-structure in T which

is constellation-correlated with H*. Then there exists € > 0 and ¢; > 0 such that

if 0 < e < e, and T s e-critical, then

o H" is constellation-contained in (Si, ..., Sj|) or

o there exist 1 <i < j<|wland S; C S;, S; T 5; such that S; is complete to

Proof. The proof is similar to the proof of Lemma 4.2.1. Let hy, ..., hjy be the
vertices of H in order 6. Let ¥, ...,%; be the stars of H under 6. Write |T'| = n.
Taking €, > 0 small enough we may assume that tr(7) > w by 3.2.1. The

proof is by induction on k. For k = 0 the statement is obvious since H? is an
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empty tournament. So it suffices to prove the statement for £ > 1. Write M =
2h(h + 1), ¢ = gurTys A= (2(h+1))20-PX. By 3.2.9 we know that for every

i € {1,....|w|} every S; contains at least (1 — m)wﬂ M-good vertices with

respect to (51, ..., Sjw). We call this property the purity property of (Si, ..., Sj|)-

Assume that hg, is the center of ¥; and hg,,...hq, are its leaves for some integer
p > 0. For i € {0,...,p}, define D; to be the set of all vertices v of Uri'l S; with
{(v) = ¢; that are M-good with respect to (S, ..., Sju). Note that each D; for
1 =20,1,2,...,p induces a transitive subtournament. From the purity property and
the fact that tr(7T) > @ it follows that |D;| > Q(h—il)tr(T) for i = {0,1, ..., p}.
Assume first that there are no vertices dy, ds, ..., d, such that d; € D, fori =0, ...,p

and

o dy,...,dy, are all adjacent to dj if @) is a left-star, and

o dy,...,dy, are all adjacent from d, if () is a right-star.

Without loss of generality assume that i is a left star. Then for every d € Dy there
exists ig € {1,2,...,p} such that {d} is complete to D;,. Therefore, by pigeonhole
principle, there exists i* € {1,2,...,p} and a set D* C Dq such that |D*| > % and
D* is complete to D;«. But then we can take S; = D* and §; = D;~ and we are
done. Thus we conclude that there exist vertices: dy, ..., d, such that d; € D; for

1=20,...,pand
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o dy,...,dy, are all adjacent to dj if () is a left-star, and

o dy,...,dy, are all adjacent from d, if ) is a right-star.

Therefore {dy, ...,d,} induces a copy of Xj. Let x € {1, ..., |w|} be such that dy €

S,. Now, since (S, ..., Sjy() is constellation-corellated with H* and h,, ..., h,, are

dp

leaves , we also know that there exists y € {1,...,|w|}\{z} so that d; € S, for
all i € {1,...,p}, and TS, is a transitive tournament. Let i € {1,..., |w|}\{z,y}.
Write Sf = (5= " o Sia,- Since each d; is M-good with respect to (Si, ..., Sw|) we
have |S; 4| > (1 — MM)|S;|. Therefore |S7| > (1 — MhX)|S;|. By the definition

of A we conclude that [S7| > (1 — h+1 )| Si]. Write H = {1,...,A}\{qo, ...qp}. If

{ves,: &v) e Hy #0, then we define Sj = S, 4,. By a similar argument as

above we conclude that if S is defined then [S;| > (1 — |Syl. Tf Sy is defined

2(h+1 )

then define S, = {v € Sy &(v) € H}. Let I, = {j : 3,c4,&(v) = j}. Note that if
§y is defined then I, # (). Assume now that §y is defined. For every j € I, select

arbitrarily |57 vertices v in S, with £(v) = j and denote the union of these

h+1)

|I,| sets by Sg . We can always do this selection since for every j € I, we have

lv:€(v) =] > 24 and also 1Syl > (1

ol s7—5)|Sy|- Thus we have defined some

h+1

number of sets S{. Denote this number by ¢. We have: |S/| > —-—tr(T) for every

h+1)

(defined) S/. Now 3.2.4, implies that the sets S, ..., S{ form a (5757, 4(h+1)2), 2)-

(h+1) )

structure that is constellation-correlated with H*~! for an appropriate vector z.

Inductively either H*~! is constellation-contained in this structure for e, > 0 small



Chapter 4. Constellations 86

enough or there exists 1 < i < j < |w| and §; C S;, S; C §; such that S; is
complete to S; and |S;| > mtr(T), S;| > mtr(T). If the latter follows
then we are obviously done. However if the former follows then we are also done
since if this is the case we can merge the constellation-contained copy of H*~! and
a copy of > that we have already found to get a constellation-contained copy of

H*. This completes the proof. 1

From the previous lemma we get the following lemma:

4.2.4 Let H be a regular constellation with |H| = h. Let ¢ be a positive constant.
Then there exists €, > 0 such that for every 0 < € < €1, for every e-critical tour-
nament T containing a (c, W, z)-structure I1 = (S, ..., S).|), constellation-

correlated with H for an appropriate vector z, the following holds:

e T is not H-free or

o there exists 1 <i < j <|z| and S; C S;, §; C S; such that S; is complete to

Proof. Let 6 be a constellation-ordering of H and let ¥, ..., 3; be the stars of H

under §. Then Lemma 4.2.4 follows from Lemma 4.2.3 if we take k& = [. |

We are ready to prove Theorem 4.1.2.
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Proof. Fix some constellation H. We can assume that it is regular since every
constellation is a subtournament of some regular constellation. Denote its constel-
lation ordering by € and related partition by Py(H). Let Xy, ...,3; be the stars of
H under 6. Assume that the maximal number of consecutive 0’s in a vector w of
a strong (¢, A\, w)-structure that corresponds to H is s and the number of 1’s in
w is u (note that vector w depends only on H and the ordering ). Let T be an
e-critical tournament. It is enough to show that for ¢ > 0 small enough 7' is not
H-free. Denote by €; the € from Lemma 4.2.4, taken for ¢ = ¢o((2(h + 1))%)76).
We may assume that for the e-critical tournament 7" that we consider we have
e < e. Write Ag = A 220)(2h + 2)7222(0) and ¢ = omax{wlPNI+1 | e
may assume, according to Lemma 3.2.6, that 7" contains a (cg, Ag, 2)-structure for
2 = (20, -, Zr41)s+r—1), Where z; = 0 for ¢ mod (s +1) < (s —1) and 2 =1
for ¢ mod (s 4+ 1) = s for some constant ¢y > 0. Now consider the sequence of
undirected graphs (Go, G, ...) and the sequence of (¢, A, w)-structures (Ily, Iy, ...)
defined recursively as follows. Gy is a graph on r vertices with no edges such that
V(Gy) = {1,2,....,7} and T, = (SY, ""S?T—i-l)s—f—r) is some fixed (co, A, z)-structure

in 7. Assume that we have defined G; and II; = (5, ..., 5] Assume fur-

r+1)s+r)‘
thermore that II; is a (¢;, A4, 2)-structure for some ¢; > 0 and A; > 0. For every

1 < m < r define p'(m) = S! ., where m* is the index that corresponds to the

m nonzero entry in z. If G; does not contain stable sets of size |Py(H)| then

G,i11 and II;,; are not defined. If this is the case we say that we reached state 0.
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If G; contains a stable set of size |Py(H)| then take any of them and denote it by
A ={g1, -, 9p,(m) }- Without loss of generality assume that g; < g2 < ... < gip,(#)|-

Consider the following sequence (S;ii(gl)v It is a (¢, Ay, q)-structure

i
Y Spi(g\Pe(H)\))'
for some appropriate vector q. Note that it is constellation-correlated with H.

If A, > sz then we do not define G;;; and Il;;; and we say that the

1
RZ(2h+2)

%. Assume also that we have

state 1 was reached. So assume that A; < REhie

¢ > co((2(h + 1))%)—(3)_ But now we can use Lemma 4.2.4 and conclude (taking
€ to be small enough) that either T is not H-free or there exists g;; < g; and
Spitg) © S;i(gil)’ Spitg;) S;i(gjl) such that Sy, ) is complete to Sy, ) and
Svitoin| 2 @mioym [Seten| 2 @ornys- 1 the former holds then we say that we
reached state 2. So assume that the former does not hold, but the latter holds.
Then G is obtained from G; by adding an edge {41, j;}. Structure II;;; is ob-
tained from II; by replacing S;i(gil) by Spi(g,) and S;iﬂ(gjl) by Spi(g;,)-
If we have ¢; < co((2(h+ 1))lh)_(;), then we do not define G;;; and II;;; and we say
that state 3 was reached. Note that the sequences (Gg, Gy, ...) and (I1p, IIy, ...) are
finite. Indeed, graph G;;1 has one more edge than G; and if V(G;) induces a clique
then we reach state 0. Therefore we can write both sequences as: (Go, Gy, ...G)),
(Ilg, Iy, ...IL;), for some I < (}). Using induction and Lemma 3.2.4 we easily get that
¢ 2 oy and A; > Ao((2(h + 1))'h)*. Therefore we can conclude that state

3 can never be reached. Assume that we constructed two sequences: (G, Gy, ...G})

and (I, ITy, ...IT;), according to the rules above. Since those sequences are finite,
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we reached one of the states: 0,1,2. State 1 in fact cannot be reached because of
the lower bound on A; we derived above and the formula on Ay. Reaching state 2
implies that a copy of H was found in 71" so we are done. Therefore we can assume
that state 0 was reached. Since G, has 2max(wIPe(H)D+1 yertices, it has either a clique
or stable set of size at least max {u, |Pp(H)|}. Since state 0 was reached, G; does
not have stable sets of size |Py(H)|. Therefore it has a clique of size u. Denote
this clique by {c1, ca, ..., ¢, }. Let SLZ(CI)’ Sﬁ)l(cg), s S,l)l(cu) be the corresponding sets.
Note that from the definition of a vector z we know that p'(c;) — p'(¢;) > (s + 1)
for 1 < i < j < wu. But then, again from the definition of v and z, we can easily
complete the sequence (Sf)l(cl)v Sf)l(c2), s Sﬁ)l(cu)) by the sets of the form S! (for which
zi = 0), to get a (¢, Ay, q)-structure (for an appropriate vector ¢) that corresponds
to H. Note that this is a strong (¢;, A;, g)-structure since for every 1 <i < j <u
we have: Sll) (e, 18 complete to S{l) (e;)- Now, using the derived lower bound on A;
and the formula on Ay, we can conclude for ¢ > 0 small enough that, according
to Lemma 4.2.2, a tournament 7' contains a copy of H as a subtournament. That

completes the proof of Theorem 4.1.2. |

Now we prove an interesting corollary of Theorem 4.1.2 ([6]) which we restate

below:

4.2.5 For every k the tournament Py satisfies the Erdos-Hajnal Conjecture.
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Proof. Take a path P,. We can assume without loss of generality that £ = 2]
for some [. By Theorem 4.1.2, it is enough to prove that P, is a constellation.
Assume that V(FP;) = {1,...,2l} and that under the ordering given by this labeling
the only backward edges are of the form (i +1,7) for ¢ = 1,...,2] — 1. Now take the
following ordering of the vertices of Py: 0 = (2,1,4,3,6,5,...,2[,2] —1). Under this
ordering the set of backward edges is the collection of edges of the form (2s+ 1, 2s)

for s =1,...,1 — 1. Therefore P, is a constellation and the result follows. |
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The Erdos-Hajnal Conjecture for small

tournaments

5.1 Introduction

In this chapter we prove that every tournament on at most 5 vertices has the

Erdos-Hajnal property. Thus, we prove the following result of [6]:

5.1.1 The Erdos-Hajnal Conjecture is true for all tournaments on at most 5 ver-

tices.

In the undirected scenario there are three graphs on at most 5 vertices for which

the conjecture is still open (path of 5 vertices, its complement and cycle of length
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5). Unfortunately the result for tournaments does not seem to provide clues to
prove the undirected version of the conjecture for those three remaining undirected

graphs.

We need some definitions. Denote by Cs5 the (unique) tournament on 5 vertices in
which every vertex is adjacent to exactly two other vertices. One way to construct
this tournament is to take a vertex set {0,1,2,3,4} and make vertex i adjacent to
t+1 modb5and 7+ 2 mod5 for s = 0,1,2,3,4. The tournament C5 is a prime
tournament that is not a constellation. It turns out that Theorem 5.1.1 is implied
by Theorem 4.1.2, the fact that C5 has the Erdos-Hajnal property and some results

of [7].

Therefore in this chapter we also prove the following result:

5.1.2 The tournament C5 has the Erdos-Hajnal property.

This result first appeared in [6].

5.2 Small tournaments

Our goal in this section is to prove Theorem 5.1.1. We asssume here that C5 has
the Erdos-Hajnal property. The proof of this fact is given in the next section. First,

we need some definitions. Let us remind that a tournament S is a celebrity if there
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exists a constant ¢(.S), with 0 < ¢(S) < 1, such that every S-free tournament T

satisfies tr(T) > ¢(S)|T|. Celebrities were fully characterized in [7].

Let G'; be the tournament with 5 vertices v, ..., vs, such that under the ordering
(v1,...,vs5) the backward edges are: (vg,v1), (vs,v2). Let Gg be the tournament
with 5 vertices wy, . .., ws, such that under the ordering (wy, ..., ws) the backward

edges are: (ws,w, ), (ws, w3).

We need the following result from [7].

5.2.1 FEwvery tournament on at most 5 vertices, except Cs, Gy, Go, is a celebrity.

We are ready to prove 5.1.1:

Proof. Clearly every celebrity satisfies the Erdos-Hajnal Conjecture, so by 5.2.1
it is enough to prove the result form Gy, Gy, C5. Since (vy, ..., vs) is a constellation
ordering of Gy, and (wy,...,ws) is a constellation ordering of G5, Theorem 4.1.2
implies that both GG; and G4 satisfy the Erdos-Hajnal Conjecture, and by 5.1.2 so

does C'5. This completes the proof. |
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5.3 The tournament Cj

We prove in this section Theorem 5.1.2. We start with some preliminary ob-
servations. Let wvq,...,v5 be the vertices of C5. Then there exists an ordering
(Va(1); Va(2), Va(3)» Vo), Vacs)) of vy, ..., vs where the set of backward edges is the follow-
ing {(ves), va(1))s (Vo(a), Vo(1)), (Vaes): Varz)) }- We call this ordering the path ordering
of Cy since under this ordering the set of backward edges forms a path (and one
isolated vertex). There also exists an ordering (vp(l),vp@),vp(g),vp(4),vp(5)) of the
vertices of C5 where the set of backward edges is

{5y, Up(3))s (Vp(3)5 Vo(1))s (Up(5)s Vp(1))s (Up(a), Up2y) - We call this ordering the cyclic
ordering of C's, since under this ordering the set of backward edges forms a graph

containing a cycle (a triangle plus an edge).

5.3.1 Letc,d >0,0<\ <1, e< log%(%) and w = (0,0,1,0,0). Let (Si,...,S5)
be a (¢, \,w)-structure of an e-critical tournament T. Let sy € Sy, s3 € S3, S5 € S5.
Assume that s5 is adjacent to both s; and s3 and ss is adjacent to s;. Let §2 be
the subset of the vertices of Sy adjacent to ss, s5 and from s;. Let Sy be the subset
of the vertices of Sy adjacent to s5 and from si,s3. Assume that \5'Z| > d|S;| for

i €{2,4}. Then T contains a copy of Cs.

Proof. By 4.2.2, and since T is e-critical and € < log%(%) , there exist s, € S,

and s4 € §4 such that s; is adjacent to sy. But now {si, ..., s5} induces a copy of
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Cs in T and the ordering (si, ..., S5) is a cyclic ordering. |

We will now prove 5.1.2 which we restate below:

5.3.2 The tournament C5 satisfies the Erdos-Hajnal Conjecture.

Proof. Assume otherwise. Taking ¢ > 0 small enough, we may assume that
there exists a Cs-free e-critical tournament 7. By 3.2.6 T' contains a (¢, A\, w)-

2 and w = (0,0,1,0,0). We may

structure (S1,...,Ss) for some ¢ > 0, A = =

assume without loss of generality that |S3] mod 3 = 0. Let (71,73, T3) be a (3, 1)-
subdivision of Ss3. Let M = 30. Let S} be the subset of .S; of M-good vertices with
respect to (S, ..., S5). By 3.2.9 we have |Sf| > (1 — 2)|S;|. Denote T} = S5 N T,
for i € {1,2,3}. We have: |Tf| > 3|T;]. So by 3.2.4 (S}, S5, 17,54, 5%) is a
(5,36, w)-structure. Similarly, (S}, Ss, T3, Ss, S3) is a (g, 36\, w)-structure. Write
6 = 3(1 — ). We may assume that ¢ < logs(3), and so by 4.2.2 there exists an
integer k > %c and vertices xy, ..., Tk, Y1, ..., Yk, such that x; € ST, y; € SF and y; is
adjacent to z; for i € {1,...,k}. Denote by X the subset of {1, ..., 2} consisting of
the vertices with an inneighbour in 73, and by Y the subset of {y1, ..., yx } consisting
of the vertices with an outneighbour in 77. We may assume that ¢ < log 5 L1=5),
and thus 3.2.2 implies that |X| > £ and |Y| > £. Consequently, there exists an
index j € {1, ..., k} and vertices x;,y;, t1, t3 such that ¢, € T}, t5 € T, t5 is adjacent

to x;, and y; is adjacent to ¢;. If x; is adjacent to ¢; and t3 is adjacent to y; then
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write B, = S34, M S3,, NTy. From the fact that z;,y; are M-good with respect to
(S, ..., S5) and since |Tp| = %, it follows that |E,| > |T5, in particular |E,| > 0.
Let ¢ € E,. Then xz;,t1,q,t3,y; induce a copy of Cs in T, where the ordering
(xj,t1,q,t3,y;) is the tree ordering, a contradiction. Therefore we may assume that
either ¢, is adjacent to x;, or y; is adjacent to t3. Write E; = S; . M.S; 4, N.Si 45 NSiy,
for i € {2,4}. From the fact that z;, y;, t1, t3 are M-good with respect to (S, ..., S5)

it follows that |E;| > (1 —4MN)|S;| > 3]S;| for i € {2,4}.

We may assume that € < logl%(%). Observe that (S5, Se, Ty, Sy, S%) and (S}, S2, T3, Sa, S7)
are both (g, 36\, w)-structures. But now, applying 5.3.1 to (S, S2, 1Y, Sy, S5) if t
is adjacent to z;, and to (ST, S2, T3, Sy, S%) if y; is adjacent to t3, we deduce that

T contains a copy of Cs (with the path ordering), a contradiction. |
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Upper bounds for EH-suprema

6.1 Introduction

In this chapter we give upper bounds for EH-suprema of several classes of tourna-
ments. As a byproduct of our methods we will also obtain some results on EH-
suprema for undirected graphs. Our main results of the first part of this chapter

are the following:
6.1.1 The Erdos-Hajnal supremum of every undirected graph H is at most ﬁ.

6.1.2 There exists n > 0 such that the Erdos-Hajnal supremum of almost every

tournament T on k wvertices is at most %(1 +n l\jgg(k)), i.e. the proportion of tour-




Chapter 6. Upper bounds for EH-suprema 98

naments on k vertices with the supremum exceeding %(1 +1 I\C;gg(k)) goes to 0 as k

goes to infinity.

Besides we show how the parameter ¢(H) (the number of directed triangles) of a
given tournament H can be used to obtain upper bounds on its EH-supremum
£(H). We also show that tournaments with big EH-suprema have very nonrandom
properties by establishing an inequality combining two important parameters of the

tournament: EH-supremum ¢(H) and chromatic number y(H):

6.1.3 Every tournament H satisfies: x(H) < L??LI)J + 1.

We show these results in the first part of this chapter. This part of the chapter is

based on [11].

The upper bound §(H) < #(1+0(1)) is valid for tournaments with quadratic num-
ber of backward edges under every ordering such as random tournaments. However
these results do not say anything about (H) for an arbitrarily chosen tournament
with no nontrivial homogeneous sets, i.e. an arbitrary prime tournament. We

address that problem in the subsequent part, proving the following:

6.1.4 There exists C' > 0 such that every prime h-vertex tournament H satisfies

log(h
E(H) < s
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We also introduce a parameter called the partition number of a tournament that
measures how well it can be decomposed into homogeneous sets. We show its close
relation to the EH-supremum of the tournament. We also show that tournaments
with small nontrivial homogeneous sets have small EH-suprema. Using quotient
graphs of tournaments we also give some structural characterization and upper
bounds on sizes of families of tournaments with given lower bound on their EH-

suprema. This part of the chapter is based on [10].

6.2 EH-suprema of almost all graphs

6.2.1 Probabilistic tools

The most renowned previous work in this area is the determination of the assymp-
totics of the Ramsey number R(k,t) for fixed k, as ¢ goes to infinity. R(k,t) is the
smallest n such that every graph with n vertices contains a clique of size k£ or an
independent set of size t. Thus, the Erdos-Hajnal supremum of a clique of size £ is
the inverse of the infimum of those ¢ such that R(k, n) exceeds n® for all sufficiently
large n. The earliest results in this area are due to Spencer[1975]. His approach
was to choose a parameter p such that the sum of the number of cliques of size k
plus the stable sets of size t in a graph with n vertices, where each edge is present
independently with probability p, was, on average, less than one. This implied that

there was a choice, where the sum was zero, i.e. an n-vertex graph with no clique of
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size k and no stable set of size at least ¢, and hence R(k,t) > n. One can refine this
approach, if the expectation of the sum is at most 5. It can be done by deleting one
vertex from each large clique and each large stable set to get a graph which shows
that R(k,t) > §. This gives a slightly better result. One can refine the result even

further, using the Lovasz Local Lemma (for details see [26]).

To prove Theorem 6.1.1, we proceed in a similar manner. We can assume that H
has more edges than non-edges (since we can consider H or its complement). We
choose p such that the sum of the number of copies of H plus the number of stable
sets of size (2)7 in a graph with n vertices, where n is sufficiently large and each
edge is present independently with probability p is, on average, less than 3. That
proves that £(H) < f.

To prove Theorem 6.1.2 we proceed as follows. We consider a random tournament
on vertices vy, ..., v, with sufficiently large n, where for each pair 7,57 with 1 <i <
J < n independently, v;v; is an edge with probability p and v;v; is an edge with
probability 1 — p. We choose a p such that the sum of the number of vertex sets
of copies of T’ plus the number of transitive subtournaments of size (£)7 in this

random tournament is, on average, less than 7. This proves that the Erdés-Hajnal

supremum is at most f.

More precisely, in the proof of Theorem 6.1.2, we choose p so that the expected

number of transitive subtournaments of size (%)f in the random tournament is, on
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average, less than one. We then examine what properties of a tournament 7" ensure
that the expected number of vertex sets of copies of 1" in this random tournament

is less than g

Using the probabilistic method we show the following:

6.2.1 The vertices of every tournament H can be ordered in such a way that the

set of backward edges of every subtournament S of H has size at most \gs(\_};)

Theorem 6.1.2 is a direct consequence of this result since almost every tournament
on k vertices has at least (1 + 0(1))@ backward edges under every ordering of

1ts vertices.

Bounding the size of the set of backward edges also bounds the number of directed

triangles of the tournament. Thus, as we will show, Theorem 6.2.1 also implies:

6.2.2 Let H be an n-vertex tournament H. Then if t(H) > 0, the following holds

2 =1(n-2) (n—1)(\/(2n—5)2+8L(H) + (2n — 5))
SUH) < mm{ tH) At(H) }

Theorem 6.2.1 and 6.1.2 clarify that not all tournaments have Erdos-Hajnal supre-
mum 1. Within the class of tournaments which do, the family of celebrities is a

special subclass.

The following has been proven in [7]:
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6.2.3 The vertices of a celebrity H can be ordered in such a way that backward

edges form a forest.

Even though Proposition 6.2.3 does not explicitly follow from Theorem 6.2.1, the
techniques used to prove Theorem 6.2.1 can be also adapted to prove Proposi-

tion 6.2.3. We remark that Theorem 6.2.1 easily implies Corollary 6.1.3.

6.2.2 Proof of Theorem 6.1.1 and Theorem 6.2.1

We start by proving Theorem 6.1.1. In fact we will prove a slightly stronger result
from which Theorem 6.1.1 easily follows. Denote by N the set of nonedges of a

given undirected graph H.

6.2.1 The Erdos-Hajnal supremum of any undirected graph H with edge set E and

the set of nonedges N on h vertices satisfies: £(H) < %

Proof. We can assume that |E| > |N| since the result holds for H if and only if

it holds for the complement of H. Denote m = |E|. We will the use probabilistic

1

method. All we need to do is to show for arbitrary f* > % an infinite family of

graphs GG without H as an induced subgraph and without cliques and independent

(f—"=1)

b=l Denote € = and let
m 2

sets of size at least |G|/, Fix some f* >

f= % + €. Consider a random graph G on n vertices, where for any two given

vertices ¢, 7 the probability p that ¢ is adjacent to j is equal to 41%5,-(").
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We introduce three random variables: X, Y and Z such that:

e X counts the number of of independent sets of size n/ in G
e Y counts the number of induced subgraphs of G isomorphic to H

e 7 counts the number of cliques of size nf in G

Using the inequality (1 —z) < e~ we get:

nf nf nf—l
EX:<”f)(1_p)(2)§nnfe_p (n/ 1) 6.1)
n
Therefore
nf log(n)—pinfwffl)

because of the choice of p.

We also have:

nt

EZ = ( " )p(’éf) (6.3)

and again we get: EZ = o(1).
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Finally, we have:

n

EYzO((h

)pm> < C(log(n))"n" I (6.4)

for some constant C > 0.

From the assumption about f we get:

EY < C(log(n))™n'~? (6.5)

for some § > 0.

Now, using Markov’s inequality we can conclude that for n large enough the prob-
ability that X > 0 and the probability that Z > 0 are both less than % (we use
here the fact that EX = o(1) and EZ = o(1)). Again, using Markov’s inequality
we conclude that Pr(Y > 3EY) < % So, from the union bound, we get that the
event £ = {X = 7 = 0,Y < 3EY} has positive probability. That is, there is
some G}‘ for which X = Z =0 and Y < 3EY. From each copy of H in that G?
we can delete one vertex. Therefore altogether we delete at most 3EY vertices,
i.e. at most 3C(log(n))™n'~® vertices. Denote by D} the graph obtained from

G} by these deletions. Note that this graph has no clique of size at least nf, no

independent set of size at least n/ and no induced subgraphs isomorphic to H.
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Besides it has at least n — 3C(log(n))™n'=% vertices. We can take n big enough
such that |D?\f +¢ > nf. Therefore D7} has no cliques or stable sets of size at least
|D?|f *¢ and no induced subgraphs isomorphic to H. That completes the proof of

Theorem 6.1.1, since f +¢e = f*. |

Now we prove Theorem 6.2.1, which we restate:

6.2.4 The vertices of every tournament H can be ordered in such a way that the

set of backward edges of every subtournament S of H has size at most ‘f(‘—};)l

Proof. We use the probabilistic argument again. Fix some 0 < f* < 1. Assume

that for every ordering o of the vertices of a tournament H there exists a subtour-

[S]—1
e

nament S of H such that |b,s| > where b, s is the set of backward edges
of the subtournament S in the ordering o. All we need to prove then is that for
all n large enough there exists a n-vertex tournament without transitive subtour-
naments of size n/" and without copies of H as subtournaments. Our n-vertex
tournament will be constructed randomly. From what we said so far we know that
exists 0 < f < 1, e > 0 such that f* = f + € and for every ordering o of the vertices
of a tournament H there exists a subtournament S of H such that |b,s| > |S|T_1,
where b, g is the set of backward edges of the subtournament S in the ordering o.

Take a set of n vertices {1,2,...,n}. For each pair {i,j}, where i,j € {1,2,....,n}

and ¢ < j we choose independently at random the edge (7,j) with probability p
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and (7,47) with probability (1 — p), where p = L“%gf("). As a result we obtain some

random tournament T]’}.

We introduce two random variables: X and Y such that:

e X counts the number of transitive subtournaments of size n’ in T}‘

e Y counts the number of subtournaments Hg of at most [H| vertices of T}
with the following property: if the vertices of Hg are ordered according to
decreasing index, namely: v; > vy > ... > vy, then this ordering induces

more than % backward edges.

Our first goal is to bound EX. We need the following lemma.

6.2.5 For the probabilistic model introduced above the following is true for n large

enough:

Proof. We have

nt

EX = < " )P, (6.6)

where P is defined as a probability that the set of vertices {1,2,...,m}, where

m = n/ induces transitive subtournament. It is enough to show that

m
2

P < (nf)le (%), (6.7)
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since (1) (n/)! < n"'.

Note that from the definition of the introduced probabilistic model we immediately

have:

P < (n))\P,, (6.8)

where P, is the probability that the set M = {1,2,...,m} induces a transitive
subtournament such that m is an inneighbour of all other vertices in M, m — 1 is
an inneighbour of all other vertices in M but m, etc. This configuration is clearly
the most likely configuration giving the transitive subtournament on the set M.
The total probability P differs from the probability of that particular configuration
at most by the factor (n/)!. In the Appendix to this chapter exact closed expression
on P is given. This result is of its own interest, we will not prove it here since a

very rough estimation is all that we need to finish the proof of Lemma 6.2.5.

Since we have P, = (1 — p)(?> and (1 —x) < e *, we get inequality 6.7 and that

completes the proof of Lemma 6.2.5. |

Note that Lemma 6.2.5 immediately implies that £ X — 0 as n — o0, since

_pnf(’anfl)

EX < "' los(m, s = o(1). (6.9)
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Now we need to calculate EY.

Clearly, we have for some € > 0:
n h—1
EY = T 1
oy ()7 (6.10)

because every edge of the form: (vj,v;) for j > i is chosen with probability p.

Therefore we have

o ylog T (n)
h
h=1
for some constant C' > 0.
But this means that
EY =O(n'™") (6.12)

for some n > 0.

Now note that the condition Y = 0 implies that there are no copies of H in the
random n-vertex tournament. To see why this is true assume by contradiciton
that H appears somewhere in a random tournament. Assume that tournament H
is induced by the following vertices of a random tournament: vy, v, ..., V5|, Where

vy > vy > ... > v)g|. Then we can denote by o* the ordering of vertices {1,2, ..., |H|}
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of H that is induced by the ordering {vi,...,vg|}. Parameter f was chosen in such
a way that for every ordering o of vertices of H there exists a subtournament S of
H such that |b, s| > |S|T_1 So now we can take such a subtournament S* for o* and

from the fact that |b,« g«

> % and the definition of Y, we obtain: Y > 0.

Using Markov’s inequality we see that Pr(Y > 3EY) < 3. Besides Pr(X > 0) <

E(X) < = for n large enough, since EX — 0 as n — oco. So using the union bound,

W=

we see that with probability at least % random n-vertex tournament 7%, constructed
according to our probabilistic model, has at most s = Cn!'~" subtournaments iso-
morphic to H (for some constant C) and no transitive subtournaments of size n’.
We can denote by D7} the tournament obtained from 77" by deleting one vertex from
every subtournament isomorphic to H. So with probability at least % tournament
D7} is created by deleting at most s vertices, has no subtournaments isomorphic to
H and has no transitive subtournaments of size n/. So for n large enough there
exists (n-s)-vertex tournament D that has no subtournaments isomorphic to H and
has no transitive subtournaments of size nf. We can take n sufficiently large such
that (n — s)/*¢ > n/. So we know that for every ¢ > 0 there exists tournament D
that has no subtournaments isomorphic to H and has no transitive subtournaments

of size |D|/*¢. That completes the proof of Theorem 6.2.1, since f + e = f*. |
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6.2.3 Properties of tournaments with large EH suprema

Below we give some applications of Theorem 6.2.1. In particular we prove Theo-

rem 6.1.2. But first, we prove Corollary 6.1.3.

Proof. By Theorem 6.2.1 we know that there exists an ordering o of the vertices

of a tournament H such that: Vscy(m)bos < |S|T_1 Take an undirected graph G

with the set of vertices V(H) induced by backward edges of H under an ordering

o. It suffices to prove that x(G) < [2] + 1. Take any induced subgraph of G with

[S[=1
C

the set of vertices S. Such a graph has fewer than edges, so it has a vertex

of degree less than 2"7'%. So the coloring number of G ([28]) is less than |[2] + 1.

C

Thus x(G) < |2] + 1. |

Now we will prove Theorem 6.1.2.

Proof. Take a random tournament 7" on k vertices where for every two vertices
u,v an edge uv is chosen independently at random with probability % Denote by

P the probability that such a random tournament has an ordering ¢ under which

k) log(k)

the set of backward edges is of size less than l(k) — a, where a = C (2 NG

2\2

for some sufficiently big constant C' > 0. Using the classic Chernoft’s bound and

a2

the union bound we get: P < kle ()| Now, using the formula for a we get

that P — 0 as £ — o0o. So almost all tournaments on k vertices contain at least

%(g) — a backward edges under each ordering of vertices. But that, according to
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Theorem 6.2.1, completes the proof. |

We conclude with a few explicit constructions of the families of tournaments with

the Erdos-Hajnal supremum of order O(+), where n is the order of the tournament.

One of the explicit constructions of families of tournaments with the Erdés-Hajnal
supremum around %, where n is the order of the tournament, is the family of so-
called quadratic residue tournaments ([4], p.106-109). A quadratic residue tourna-
ment H, of order p, for p being a prime number of the form 4k + 3, is a tournament
where (7, ) is an edge if (i — j) is a quadratic residue modulo p. It can be shown
that a quadratic residue tournament H,, has at least %(’2’) — O(p% log(p)) backedges
under every ordering of its vertices. So according to what we have proven so far,

we obtain: £(H,) < %(1 + <12®) fo1 some constant c.

VP
In fact there exist much easier constructions of tournaments H with £(H) = O(ﬁ)

than quadratic residue tournaments. We will present one of them below. First we

need to note that

6.2.6 If A(H) denotes the mazximal number of edge disjoint directed triangles of

the tournament H then £(H) < f(‘;l)l.

The remark is an immediate consequence of Theorem 6.2.1 and the fact that under

every ordering each directed triangle induces at least one backward edge.

Define the following family of tournaments
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For a fixed k € N a tournament H belongs to the family B(k) if:

H consists of three pairwise disjoint sets of vertices: A,B,C' such that:

Al =[Bl=[C] =k

every vertex in B is an outneighbour of every vertex in A

every vertex in C' is an outneighbour of every vertex in B

every vertex in A is an outneighbour of every vertex in C.

6.2.7 For H € B(k) we have {(H) < 351

Proof. We will use remark 6.2.6. It suffices to prove that if H € B(k) then
A(H) > k2. So we only need to find a family S of at least k? edge-disjoint directed
triangles in H. But this is easy. From the definition of H we know that there are k
edge-disjoint perfect matchings: My, Ms, ..., M}, that match vertices in B and C. We
construct now the family S. Denote A = {ay,as,...,a}. For every a; € A, where
1 = 1,2,...,k we take matching M;, obtaining exactly k edge-disjoint triangles of
the form: ((a;,b)), (b;,c;),(¢;,a;)) for (bj,c;) € M; and j = 1,2,..., k. Altogether
we obtain k? triangles which are edge-disjoint. Those triangles establish the family

S. |
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6.2.4 Directed triangles in tournaments with large EH suprema

In this section we connect the Erdos-Hajnal supremum of the tournament H with

the number of its directed triangles. Below we prove Theorem 6.2.2.

Proof. Take the ordering from Theorem 6.2.1. Denote by b the number of back-

ward edges in such an ordering. We know that b satisfies an inequality

(6.13)

Therefore it suffices to prove that

{(H) At(H)
b2 max{z(n— 2)" /(2n — 5)2 + 8t(H) + (2n — 5)} (6:14)

On the one hand we have

tH(H) < (g) +b(n—2), (6.15)

where the last inequality follows directly from counting directed triangles of the
tournament using given ordering and the set of backward edges (every directed
triangle uses either two backward edges and one forward edge or two forward edges

and one backward edge from this ordering).
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The expression (g) came from counting number of directed triangles using exactly
two backward edges. The expression: b(n — 2) is an upper bound on the number
of triangles using exactly one backward and two forward edges. But on the other
hand for every single backward edge we can choose at most (n — 2) other backward

edges to form a directed triangle of two backward edges. Therefore we also have

tH(H) < 2b(n — 2), (6.16)

Using both inequality 6.15 and 6.16 and choosing bigger lower bound on b we get

our desired lower bound 6.14. |

Using the bound: {(H) < % we obtain the following corollary

6.2.8 Every d-dense tournament H of order n for § > 0 satisfies: £(H) < %.

So the family of -dense tournaments is the family for which we obtain the bound on
the Erdos-Hajnal supremum of the same order as for a random h-vertex tournament,

namely: O(3).
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6.3 EH-suprema of tournaments without large nontrivial

homogeneous sets
6.3.1 Partition number and k-modular partitions

All results of this section can be found in [10].

We will give now explicit upper bounds for EH-suprema of tournaments without
large nontrivial homogeneous sets, in particular for prime tournaments. Let us first
describe the main results of this section. We prove here Theorem 6.1.4, which we

restate:

6.3.1 There exists C' > 0 such that every prime h-vertex tournament H satisfies

log(h
§(H) < ¢l

Note that this bound is worse from the bound obtained in previous sections only by a
logarithmic factor, however it can be applied to much wider families of tournaments,

some with very nonrandom properties.

For a tournament 7" with |V(T)| > 1 a k-modular partition is a partition of V(T')
into k nonempty pairwise disjoint parts {V4, ..., V;} such that for every 1 <i < j <
k V; is complete to V; or from V;. Note that {V4, V4, ..., V}} is in fact a partition of
V(T) into k homogeneous sets. A partition number p(T) of a tournament 7" with

|[V(T)| > 1 is the smallest £ > 1 such that there exists a k-modular partition of
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V(T). For T with |V(T)| = 1 we define p(T") = 1.

Note that clearly p(T') < |V(T')|. A tournament T is prime if and only if p(T") =

V(T)I

Our next result of this section combines partition numbers and EH-suprema.

6.3.2 There exists a constant C' > e such that if ¢(x) : [, 00] — (0,00) is a
function defined as ¢(x) = log(log(@)) 4p e for any tournament H with {(H) > 0 the

log (=)

following holds:

where ¢! is the inverse of ¢.

(Note that ¢ decreases on [e¢, 00] and ¢(e®) > =. Thus qﬁfl(%) is well defined.)

1
ok
Therefore the bigger EH-supremum of a tournament, the more structured a tour-
nament is (since there exists a k-modular partition of its vertices consisting of
fewer parts). On the other hand it can be easily proven that a random h-vertex

tournament H with high probability satisfies p(H) = h.

We have just proven that almost all labeled h-vertex tournaments have very small
EH-suprema, namely of order O(%) In this section we give upper bounds on the
sizes of families of tournaments characterized by big EH-suprema. These bounds

cannot be derived using methods introduced by us earlier. Denote by C.(h) the
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number of all labeled h-vertex tournaments H with ¢(H) > e. We prove that:

6.3.3 There exists a constant C' > e such that if ¢(x) : [e¢,00) — (0,00) is a

uncrion aejinea as )= —F—~5 en jor any > € > we have:
function defined as ¢ 10%5};’5;;” then f 1>e¢>0weh

hl < C.(h) < hi(2r) 52 1(5) ek 11os) (y 4 1 YR+ (1 4 o(1)),

where k= [¢7'(&)].

h

We already know that C.(h) = 0(2(2>). However using the upper bound given
above and Stirling’s formula we see that in fact C.(h) = o(2"°e) (M) where r is
any function satisfying r(h) — 0o as h — co. From the inequality C.(h) > h!, by

Stirling’s formula, we also have: C,(h) = w(2"°8(),

In the next subsection we prove Theorem 6.1.4, Theorem 6.3.2 and Theorem 6.3.3.

6.3.2 Proof of Theorem 6.1.4

For X C V(T), write tr(X) for tr(T|X). Let H be a tournament. Assume that
V(H) admits a k-modular partition P = {Vi,...,V;}. We associate with the par-
tition P a k-vertex tournament Hp with V(Hp) = {vy, v, ...,v;} such that for
1 <@ < j <k vertex v; is adjacent to a vertex v; in Hp if V; is complete to V;. We
call Hp the quotient tournament of P. We say that a tournament 7" is H-far if T’

is Hp-free for every k > 1 and every k-modular partition P of H.
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First we prove the following result:

6.3.4 Let H be a tournament with at least two vertices. Assume that T is H-far.

Then

log(tr(T))

SH) < Sogtrl)

Proof. Denote V(T') = {1,2,...,|T|}. Consider a family of tournaments { Fy, F1, ...}
defined in the following recursive way. A tournament Fj is just a single vertex. For
i >0 a tournament F; is defined as follows. V(F;) = P{JP;U...P}, where each
Pf for j = 1,2,...,|T| induces a tournament isomorphic to F;_; and besides for any
two 1 < ji < jp < |T| the set Pj is complete to the set P7, if ji is adjacent to j,
in T and complete from the set sz if j; is adjacent from js. Note first that every
F; is H-free. To see this we use induction on 7. For ¢ = 0 this is trivial. Now
take tournament Fj,.;. If F;; is not H-free, then since T is H-far and F; is H-
free, we can conclude that V(H) has k-modular partition for some 1 < k < p(H).
That contradicts definition of p(H). Knowing that every F; is H-free we calcu-
late the size of the biggest transitive subtournament of F;. For ¢ = 0 we have
tr(F;) = 1. Assume that i > 0. Let T'r; be the biggest transitive subtournament
of F;. Write S; = V/(T'r;) (P for j = 1,2,...,|T|. Assume that {Sj,,..., S}, } is
the set of nonempty sets S;. Note that the subtournament of 7" induced by the

set {J1, ..., jx} must be transitive. Otherwise, according to the definition of the

family {F}};—012,.., we conclude that T'r; contains vertices inducing directed tri-
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angle (that contradicts the fact that T'r; is transitive). Therefore we must have

k < tr(T). Since S; € Pj we must have |S;| < tr(Fj_;). Therefore we have

|V (Tr;)| = tr(F;) < tr(T)tr(F;_1). So by induction, tr(F;) < tr(T)". In fact from

our analysis we easily see that we have tr(F;) = tr(T)". We also have |V (F;)| = |T|.

log(¢r(T)

Therefore we have tr(F;) = |F;|emi"(T) So we have tr(F;) = |Fj| =0 . We con-

clude that each F; is H-free and does not contain transitive subtournaments of size

at least |F}|¢, where € = %. This implies that £(H) < e. |

We are now ready to prove Theorem 6.1.4 and Theorem 6.3.2. We encapsulate

them both in the following statement:

6.3.5 There exists C' > 0 such that every h-vertex tournament H satisfies E(H) <
Clogllos(p(H))) Furthermore, if p(H) = h then {(H) < Clogth) for some universal

log(p(H)) h

constant C' > 0.

Theorem 6.1.4 follows from Theorem 6.3.5 since every prime tournament H satisfies

p(H) = [H].

Proof of Theorem 6.3.5. We may assume that p(H) is large enough since for
every tournament H we trivially have: {(H) < 1. Let G be a n-vertex tournament,
where for any two vertices 1 < i < j < n an edge (i, j) is chosen with probability %
Let ¢ be some large constant. Denote by X the number of transitive subtournaments

of G of size at least clog(n) and by Y the number of copies in G of subtournaments
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isomorphic to some Hp, where P is some k-modular partition of H. Write r =

clog(n). Note that we have EX < 7!(7) (%)(;) Therefore EX < "los(m =5 log(2),

Taking c large enough we have FX < % Assume first that p(H) = h. Note that

in this case there is a unique Hp and it is isomorphic to H. Write n = e, where

h h
2

d > 0 is a small enough constant. We have: FY < (’,;‘)h!T( ) < nh27(2

AN
|—=

for d small enough. Therefore for ¢ large enough and d small enough we have:

EX < ; and EFY < 3. Thus, using Markov’s inequality, we conclude that with

W=

1
3

probability less than 3 we have Y > 1 and with probability less than % we have

W=

X > 1. So from the union bound we know that with probability bigger than % we
have X < 1and Y < 1. So there exists a tournament G that is H-far and does not
contain transitvie subtournaments of size clog(n). Since we have n = ) using
Theorem 6.3.4, we immediately obtain Theorem 6.1.4. In the general case when
the condition p(H) = h is not necessarily satisfied, we use the same analysis. The
only difference is the choice of n. Let n = p(H) — 1. In this scenario Y is trivially 0
since every Hp has at least p(H) vertices so cannot be contained in the tournament
on p(H) — 1 vertices. The rest of the proof is exactly the same as in the case when

p(H) = h. That completes the proof of Theorem 6.3.2. |

Let us make the following remark. Celebrities satisfy Conjecture 1.2.2 in the
strongest, linear sense. In [7] it has been proven that every celebrity H has an

ordering of vertices such that the set of backward edges forms a forest. The con-
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verse is not true. There do exist tournaments that are not celebrities but have an
ordering of vertices under which the set of backward edges forms a forest. However
all the examples of h-vertex tournaments with EH-suprema of order O(%) given in
the first part of this chapter involved tournaments with qudratic number of back-
ward edges under every ordering. Therefore the following question is natural: does
the existence of an ordering with the set of backward edges forming a forest im-
ply big EH-suprema ? Theorem 6.1.4 shows that this is not the case since there
are many examples of prime tournaments having ordering under which the set of

backward edges forms a forest (one of them is a long enough directed path).
Now we prove Theorem 6.3.3.

Proof. In the context of this proof the partition of a given integer h into k parts is a
set of integers {hy, ..., hy} such that hq, ..., hy, > 0 and hy+...+hy = h. We call such
a partition a valid partition if in addition there exist 1 <+¢ < j < k with h;, h; > 0.
We use the following notation for a valid partition: < hq, ..., hy >. Fix some 0 <
e < 1. Write g(h) = hle!™ where t(h) = (h—1)(%) log(2) + klog((h+1)!) — klog(2)
for h > 1 and #(0) = 0. Note first that every transitive tournament H on h vertices
satisfies {(H) = 1. Therefore, since the number of all labeled h-vertex transitive
tournaments is equal to the number of orderings of the set {1,2,...,h}, we have:
C.(h) > hl. We will prove now that we also have: Cc(h) < g(h). This will be done

by induction on h. For h = 0,1 the inequality is trivial. Thus we can assume that
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h > 1. The following is true:

am< Y :ﬁ@(i)(h;;“)m<h_hl_h;j“‘4%l)cxhgmcxhw,

where the sum goes over all possible valid partitions of h into k parts. To see
why the inequality above is true note that V' (H) has k;-modular partition for some
1 < ky < k. This comes from Theorem 6.3.5. Each h; corresponds to the size of
one of the parts of the partition of V(H), where we allow empty parts. The part

of the fixed size h; can be chosen in (h ) ways, then next one given the first one

h1

h—h1

ho ) ways, etc. Finally, given all the parts of the modular partition, the type

in (
of the connection between any two of them P;, P; may be chosen in 2 ways (either
P, is complete to or from P;). Note also that at least two parts must be nonempty
because k; > 1. That is why we assume that there exist 1 < i < 5 < h such that

hi, h; > 0. In the following calculations we omit index e since we use only one € in

the whole proof. We have:
C(h) < o) " cmyom
(h) < Z hy!...hy! (hn)...C(h).
Therefore we have:

<
h! —

C(h) 3 5(5) )  Clh)
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Note that hq, ..., hx < h. From the induction hypothesis we have:

’;C(hl) C(hy) B) t(h1)+..4t(hy)
Yy 20 T S Y 2l)e .

<hi,...,hi> <hi,....hi>

Thus it suffices to prove that:

RIOBS Z 2<§)€t(h1)+...+t(hk)'

<hi,...hp>

The number of valid partitions < hq, ..., hy > is bounded by (hzl). To see that,

take a sequence of h elements and cut it in k places. The place for every cut can
be chosen in at most h + 1 ways. Clearly the number of ways we can do such a
k-cut is an upper bound for the number of partitions < hq, ..., hy >. Denote by M
the maximum over all valid partitions < hy, ..., hj, > of the expression e!(1)F+t(h)
We have

T a)ettnttn) < (h+ 1) o)
—_ k b

<hi,....hp>
SO

Z Q(E)Qt(hl)""'n"'t(hk) S (h + 1)kM2(g)

<hi,...,hi>

Therefore it suffices to prove that et > elog(M)Jrklog(hH)Jr(g)log@), i.e. that:

t(h) > log(M) + klog(h +1) + (l;) log(2) (6.17)
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Note first that:

6.3.6 M < etth—1),

Proof. We need one more definition. We say that the sequence (¢(0),...,t(h)) is

strictly convex if

tH(1) — £(0) < £(2) — t(1) < ... < t(h) — t(h — 1)

We need to prove that the maximum over all valid partitions < hq,...,hy >
of the expression t(hy) + ... + t(hy) is t(h — 1) 4+ ¢(1) (since (1) = 0). Denote
this maximum by H. Note that t(i) — t(i — 1) = (§)log(2) + klog(i + 1) for
i = 2,...,h. Therefore t(1) — ¢t(0) < t(2) —¢(1) < ... < t(h) —t(h —1). Thus
(t(0),¢(1), ..., t(h)) is strictly convex. Denote by < h{", ..., h{¥" > the valid partition
for which ¢(hSP")+...4+t(h?") = H. We will prove that in every such partition exactly
two h?”", h"" are nonzero and besides one of them is 1 and one is h — 1. Assume
this is not the case. Let assume first that there are three nonzero elements and
without loss of generality assume that these are 0 < h"" < h9?" < A", But then
we may replace A" by R —1 and hy* by h" +1 to obtain another valid partition.
Denote this partition by < h’l, - h; >. From the strict convexity property of the
sequence (t(1),...,t(k)) we have t(hy) + ... + t(h) > t(h{"") + ... + t(h*") which

contradicts definition of (h{", ..., h{?"). Thus we may assume that there are exactly
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two nonzero elements in < AS”, ... k" >. Without loss of generality we may

assume that 0 < A" < A", Assume by contradiction that AS"* > 1. But then we
may replace h"" by h? — 1 and hY" by hP" + 1 getting a contradiction as in the

previous case. That completes the proof of Lemma 6.3.6. |

Note that we have: ¢(h) —t(h—1) = (%) log(2) +klog(h+1). This and Lemma 6.3.6

imply 6.17. Thus we proved that

C«E(h) < h!e(h—l)@) 10g(2)+klog((h+1)!)—klog(2)‘ (618)

To finish the proof of Theorem 6.3.3 it is enough to use inequality 6.18 and standard

Stirling’s formula therefore we leave it to the Reader. |

We prove one more structural result about tournaments H with £(H) > € that may
be of interest on its own. We already know that p(H) < [¢™'(&)], where ¢~ is the
inverse of ¢(z) : [, 00] — oo defined as ¢(z) = % and C' is some constant
that does not depend on €. Let P be a p(H )-modular partition (Vi, ..., Vym)) of the
set V(H) and let Hp be the corresponding quotient tournament. For every vertex
v; € V(Hp) denote by w; the number of vertices of H that correspond to v;. We say
that Hp is z-transitive if there exists S C V(Hp) such that [S] > 1, > _qw; > @

and S induces a transitive subtournament. Note that Hp is transitive if and only

if it is |V (H)|-transitive.
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Our next result is the following:

6.3.7 Let H be a tournament with E(H) > 0. Then Hp is (V(H)—i)(p(H)—2))-

transitive.

Proof. Let (Vi, ..., V) be a p(H )-modular partition of V/(H). Let A = {Vi, ..., Vi) }.
As long as there exist in A three sets V;,V;, Vi, with 1 < ¢ < j < k < p(H) such that
in Hp set {v;,v;,v;} induces a directed triangle, we remove from A the smallest
one. Note that when no three sets with these properties can be found in A then
vertices of Hp that correspond to elements left in A induce a transitive tournament.
Since we start with |A| > 2 then when we stop removing elements from A we also
have |A| > 2. Thus, since we can remove from A at most (p(H) — 2) elements, it

suffices to prove that whenever element V; is removed from A we have w; < %

_3_

ACIE Therefore at some stage we removed

Assume that this is not true. Write r =

from A three sets V,, V;, V. such that |V,|, |V3|, |V.| > r and besides we have either:
e V, is complete to V}, V}, is complete to V., V, is complete to V, or

e V, is complete to V., V. is complete to Vj, V; is complete to V.

In both scenarios the tournament H' induced by V, |JV, | V. satisfies E(H') < 332

r2

That has been already proven by us (see family B(k)). Thus we have £(H') < £(H).
But on the other hand, since H' is a subtournament of H, we have: £&(H') > &(H),

contradiction. |
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6.4 Appendix: More precise evaluation of EX from Lemma 6.2.5

Note that in the proof of Lemma 6.2.5 we derived the following equality: EFX =

(:f)P We will now give exact closed-form expression on P.

6.4.1 For the probabilistic model considered in Lemma 5.2.7 the following is true:

m H?il(l —q')
P=(1 —p)(Q)W,

where m is the size of the transitive tournament and q = ﬁ.

Proof. Denote by ¥, the set of all permutations of the set {1,2,...,m}. Each
possible transitive tournament induced by the set {1,2,...,m} correspondence to
exactly one permutation o € ¥,,. This permutation is obtained by putting at the
i" place in the permutation, where i = 1,2, ..., m, this element v from {1,2,...,m}
that has (m-i) inneighbours in {1,2,...,m}. Denote by ¢ : Tr,, — %,, the bijection
that maps every m-vertex transitive tournament to the corresponding permutation.
Denote by A; for t € Tr,, the event that a set {1,2,...,m} induces transitive

tournament t. Then we have

P= > Pr(4) (6.19)

teTrm
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An easy observation leads to the conclusion that

Pr(4,) = (1 — p)(B) 1€ precm), (6.20)

where by I(0) we denote the number of inversions of a permutation o = {o (1), ...,0(m)},
i.e. the number of pairs (c(i),0(j)), where i < j and (i) > o(j). Therefore we

have

P=3 (- p)(3) =16 1) (6.21)

te Trm

So we have

P=(1-p)E) Y @ (6.22)

O'EEm

If we now introduce new denotation: K; =) ¢'@) for t = 1,2, ..., then we have

the following recursive formula that can be easily checked

.K1:17

o K, = %Kt,l, fort > 1

From this recursion we obtain

K, = szl(l —q')

G (6.23)
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fort=1,2,....
That allows us us to express P as

P=(1-p) H%{lq;mqi> (6.24)
and completes the proof of Lemma 6.4.1. |
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Conclusions

In this thesis we showed several results concerning tournaments characterized by
forbidden substructures. All of them were motivated by the celebrated Erdos-
Hajnal Conjecture. We proved the conjecture for new families of tournaments for
which it was open before. In particular, we showed that the conjecture is satisfied
by all tournaments on at most 5 vertices and proved the conjecture for infinitely
many prime tournaments. We described all tournaments satisfying the conjecture in

almost linear sense and obtained several results on upper bounds for EH-suprema.
There are still many open questions that are worth to work on.

An obvious one is to determine whether the conjecture is true or not in the most
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general setting.
We have already mentioned one open problem at the end of Chapter 1.

It would be also interesting to know whether we can obtain upper bounds on the

EH-suprema of order o(;) since the best upper bounds we obtained so far (for

%
random tournaments) were of order O(3).

One may also try to improve the lower bounds on EH-suprema obtained here.
Even though all the proofs presented in the thesis are constructive, the methods
that were used give very weak lower bounds. In a recent paper ([9]) we propose a
new algorithmic proof of the fact that constellations satisfy the conjecture. This
proof gives much better lower bounds since it does not use regularity lemma. It
would be interesting to reduce the gap between the best upper and lower bounds

we obtained for prime tournaments for which we proved the conjecture.

Another nontrivial problem is to better understand possible values of EH-suprema.
In this thesis we showed that there are no EH-suprema in the range (g, 1), but the
following question seems to be interesting: are there tournaments H that are not
pseudo-celebrities but satisfy {(H) > % 7 A related task would be to improve the

bound g since it is almost certainly not the best possible.

All results of this thesis concerning lower bounds on EH-suprema were obtained

only in the directed scenario. One may consider answering the question whether
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techniques used in that scenario can be somehow translated to the undirected case.

Other nontrivial problems involve excluding families of tournaments rather than
just a single tournament. Let V7 and V5, be two nonempty and disjoint sets of
vertices. Fix directed edges going between V) and V5. Denote this set of edges by
Ev, v,. Consider the set T (Ey, v,) of all tournaments 7" with V(T') = Vi |J V5 and
such that Ev, 1, (1) = Ev, v,, where: Ey, v, (T) is the set of edges going between 1}
and V5 in T. The following question is still open: is it true that for every set of

directed edges Ev, v, the family T (Ey, 1,) has the Erdos-Hajnal property ?
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