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ABSTRACT

Statistical inference in two non-standard

regression problems

Emilio Seijo

This thesis analyzes two regression models in which their respective least
squares estimators have nonstandard asymptotics. It is divided in an intro-
duction and two parts. The introduction motivates the study of nonstandard
problems and presents an outline of the contents of the remaining chapters.
In part I, the least squares estimator of a multivariate convex regression func-
tion is studied in great detail. The main contribution here is a proof of the
consistency of the aforementioned estimator in a completely nonparametric
setting. Model misspecification, local rates of convergence and multidimen-
sional regression models mixing convexity and componentwise monotonicity
constraints will also be considered. Part II deals with change-point regres-
sion models and the issues that might arise when applying the bootstrap to
these problems. The classical bootstrap is shown to be inconsistent on a sim-
ple change-point regression model, and an alternative (smoothed) bootstrap
procedure is proposed and proved to be consistent. The superiority of the al-

ternative method is also illustrated through a simulation study. In addition, a



version of the continuous mapping theorem specially suited for change-point

estimators is proved and used to derive the results concerning the bootstrap.
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Chapter 1

Introduction

This dissertation comprises the statistical analysis of two regression models.
The first of these is a regression problem in which the regressand is a convex
function of a possibly multidimensional regressor. The other one is the so-
called change-point regression problem, and it consists in estimating a jump
discontinuity (change-point) in an otherwise smooth curve. Though quite
different in nature, these problems share a common characteristic: both can
be solved with least squares estimation procedures which exhibit nonstandard
asymptotics.

A sequence of consistent estimators in a point estimation problem is
said to have nonstandard asymptotics if the estimators converge to a non-

1/2 A trivial example

Gaussian limiting distribution at a rate other than n~
arises in the estimation of § > 0 given a random sample from a Uni form/(0, )
distribution. In this case, the maximum likelihood estimator (MLE), which is
the maximum of the sample, converges at rate n~! to an Exponential (671)
distribution. This problem does not satisfy the regularity conditions that are

usually assumed for MLE’s (see either Lehmann and Casella (1998) or van der

Vaart (1998)). Thus, the standard asymptotic theory of the parametric MLE



does not apply and the result has to be deduced via direct calculations. De-
spite its simplicity, this problem illustrates the fact that nonstandard problems
require specially tailored solutions.

Nonstandard problems are frequently encountered outside the realm of
parametric statistical inference and some of them have been carefully studied
in the literature. For instance, Kim and Pollard (1990) show a family of
cube-root asymptotic problems arising from a wide array of applications while
Groeneboom et al. (2001) prove that the univariate least squares estimator in
convex regression exhibits nonstandard asymptotics (see Section 3.1) In this
context, this thesis presents an illustration of the issues that might arise in
nonstandard problems and the techniques that can be used to deal with them.

The first part of the thesis deals with multidimensional convex regres-
sion. This problem involves the estimation of a function with a multidimen-
sional argument subject to a shape-restriction (convexity). We will define the
least squares estimator in multiple dimensions, provide means for its compu-
tations, describe its finite sample properties and prove its strong consistency
(and that of its subdifferentials). This is one of the main contributions of this
thesis as it constitutes the first attempt to solve this problem in a completely
nonparametric setting.

In addition to the consistency of the least squares estimator in multidi-
mensional convex regression, we will treat some other topics regarding convex
function estimation. In Section 3.1 we describe the complete local asymp-
totic theory in the one-dimensional case, illustrating that convex regression
is a nonstandard problem. In Section 3.2 we will generalize the methods of
Chapter 2 to the case in which the regression function is known to be convex
and monotone in some subset of the coordinates of its argument. We will

argue that the least squares estimator is also consistent in this situation. In



Section 3.3 we will describe some results regarding the behavior of the least
squares estimators under misspecified models. We will finish the first part
of the thesis by providing a conjecture about local rates of convergence for
the least squares estimator in the regular stochastic design convex regression
model in dimensions 2 and 3. Besides the conjecture itself, the methods used
in this section might be of independent interest. We will define a family of
“localizing” functions that can be used to analyze the local properties of the
least squares estimator. To the best of our knowledge, this thesis represents
the first attempt to achieve this in a multidimensional scenario.

In change-point regression problems one tries to estimate a jump-
discontinuity in an otherwise smooth function given a finite random sample.
Change-point estimators tend to have the following characteristics: they con-
verge at rate n~!; their asymptotic theory is related to two-sided compound
processes rather than to Gaussian processes; their limiting distributions have
too many nuisance parameters, some of them living in infinite-dimensional
spaces; despite being M-estimators, their asymptotic law cannot be deduced
from the classical argmax continuous mapping theorem; the classical boot-
strap yields inconsistent confidence intervals (for the concept of consistent
bootstrap procedures, see Section 5.2.1). The second part of this document
will illustrate all these properties of change-point problems and show ways to
deal with them.

As mentioned in the previous paragraph, one of the peculiarities of
change-point estimators is that they can usually be cast as M-estimators, but
the traditional argmax continuous mapping theorem (see Theorem 3.2.2 in
page 286 of van der Vaart and Wellner (1996)) cannot be used to derive their
limiting laws. This happens because, in the limit, they are maximizers of two-

sided compound Poisson processes which have multiple maximizers, almost



surely. To remedy this situation, we force change-point estimators to be the
smallest maximizers of their respective objective functions and then prove a
version of the continuous mapping theorem pertinent to the situation. We
carry this task in Chapter 4 and provide some examples in which the theorem
can be applied.

Other relevant properties of change-point problems are that their limit-
ing distributions depend on many nuisance parameters and that the classical
bootstrap yields inconsistent confidence intervals. As the classical bootstrap
is one of the most popular inferential techniques that avoid dealing with nui-
sance parameters, we carefully analyze this situation in Chapter 5. The failure
of the classical bootstrap in nonstandard problems has been documented in
several instances. For example, Bose and Chatterjee (2001), Abrevaya and
Huang (2005) and Sen et al. (2010) have documented failure of the classical
bootstrap in nonstandard, M-estimation problems (the former) and cube-root
asymptotic problems (the latter 2). In Section 5.4 we will argue that the two
most common bootstrap methods used in regression problems are inconsistent
in the simplest change-point regression problem. Subsequently, two consistent
methods for this problem will be provided in Section 5.5. While doing this,
we will prove a consistency theorem for triangular arrays of random variables
that might be of independent interest (see Proposition 5.3.3).

There are two main contributions of the analyses carried out in Chap-
ters 4 and 5. On the one hand, the continuous mapping theorem of Chapter
4 is a convergence result that can be applied to many situations involving
estimation of jump-discontinuities (see Li and Ling (2012) for an application
in the context of threshold autoregressive models). On the other hand, the
analysis of the consistency of the bootstrap schemes in Chapter 5 illustrates

that the classical bootstrap cannot be trusted in change-point problems (as it



fails in the simplest of such problems), but that smoothed bootstrap schemes
are a consistent, easy-to-implement alternative. In addition, this work pro-
vides another instance of the inconsistency of the classical bootstrap in a

nonstandard situation.
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Convex Regression



Chapter 2

Multivariate Convex Regression

2.1 Least squares estimation of a multivariate
convex regression function

Consider a closed, convex set X C R, for d > 1, with nonempty interior and

a regression model of the form
Y =¢(X)+e (2.1)

where X is a X-valued random vector, € is a random variable with E (¢ | X ) =
0, and ¢ : R — R is an unknown convez function. Given independent
observations (X1, Y1), ..., (X,,Y,) from such a model, we wish to estimate ¢
by the method of least squares, i.e., by finding a convex function ¢n which

minimizes the discrete £, norm

<Z Yy — w<Xk>|2>

among all convex functions 1 defined on the convex hull of X;,...,X,,. In

2

this paper we characterize the least squares estimator, provide means for its

computation, study its finite sample properties and prove its consistency.



The problem just described is a nonparametric regression problem with
known shape restriction (convexity). Such problems have a long history in
the statistical literature with seminal papers like Brunk (1955), Grenander
(1956) and Hildreth (1954) written more than 50 years ago, albeit in sim-
pler settings. The former two papers deal with the estimation of monotone
functions while the latter discusses least squares estimation of a concave func-
tion whose domain is a subset of the real line. Since then, many results on
different nonparametric shape restricted regression problems have been pub-
lished. For instance, Brunk (1970) and, more recently, Zhang (2002) have
enriched the literature concerning isotonic regression. In the particular case
of convex regression, Hanson and Pledger (1976) proved the consistency of
the least squares estimator introduced in Hildreth (1954). Some years later,
Mammen (1991) and Groeneboom et al. (2001) derived, respectively, the rate
of convergence and asymptotic distribution of this estimator. Some alterna-
tive methods of estimation that combine shape restrictions with smoothness
assumptions have also been proposed for the one-dimensional case; see, for
example, Birke and Dette (2006) where a kernel-based estimator is defined
and its asymptotic distribution derived.

Although the asymptotic theory of the one-dimensional convex regres-
sion problem is well understood, not much has been done in the multidimen-
sional scenario. The absence of a natural order structure in R?, for d > 1,
poses a natural impediment in such extensions. A convex function on the
real line can be characterized as an absolutely continuous function with in-
creasing first derivative (see, for instance, Folland (1999), Exercise 42.b, page
109). This characterization plays a key role in the computation and asymp-
totic theory of the least squares estimator in the one-dimensional case. By

contrast, analogous results for convex functions of several variables involve



more complicated characterizations using either second-order conditions (as
in Dudley (1977), Theorem 3.1, page 163) or cyclical monotonicity (as in
Rockafellar (1970), Theorems 24.8 and 24.9, pages 238-239). Interesting dif-
ferences between convex functions on R and convex functions on R? are given
in Johansen (1974) and Bronstein (1978).

Recently there has been considerable interest in shape restricted func-
tion estimation in multidimension. In the density estimation context, Cule
et al. (2010) deal with the computation of the nonparametric maximum like-
lihood estimator of a multidimensional log-concave density, while Cule and
Samworth (2010), Schuhmacher et al. (2009) and Schuhmacher and Diimbgen
(2010) discuss its consistency and related issues. Seregin and Wellner (2009)
study the computation and consistency of the maximum likelihood estimator
of convex-transformed densities. This paper focuses on estimating a regres-
sion function which is known to be convex. To the best of our knowledge this
is the first attempt to systematically study the characterization, computation,
and consistency of the least squares estimator of a convex regression function
with multidimensional covariates in a completely nonparametric setting.

In the field of econometrics some work has been done on this multidi-
mensional problem in less general contexts and with more stringent assump-
tions. Estimation of concave and/or componentwise nondecreasing functions
has been treated, for instance, in Banker and Maindiratta (1992), Matzkin
(1991), Matzkin (1993), Beresteanu (2007) and Allon et al. (2007). The first
two papers define maximum likelihood estimators in semiparametric settings.
The estimators in Matzkin (1991) and Banker and Maindiratta (1992) are
shown to be consistent in Matzkin (1991) and Maindiratta and Sarath (1997),
respectively. A maximum likelihood estimator and a sieved least squares es-

timator have been defined and techniques for their computation have been
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provided in Allon et al. (2007) and Beresteanu (2007), respectively.

The method of least squares has been applied to multidimensional con-
cave regression in Kuosmanen (2008). We take this work as our starting point.
In agreement with the techniques used there, we define a least squares estima-
tor which can be computed by solving a quadratic program. We argue that
this estimator can be evaluated at a single point by finding the solution to a
linear program. We then show that, under some mild regularity conditions,
our estimator can be used to consistently estimate both, the convex function
and its subdifferentials.

Our work goes beyond those mentioned above in the following ways:
Our method does not require any tuning parameter(s), which is a major
drawback for most nonparametric regression methods, such as kernel-based
procedures. The choice of the tuning parameter(s) is especially problematic
in higher dimensions, e.g., kernel based methods would require the choice of
a d X d matrix of bandwidths. The sets of assumptions that most authors
have used to study the estimation of a multidimensional convex regression
function are more restrictive and of a different nature than the ones in this
paper. As opposed to the maximum likelihood approach used in Banker and
Maindiratta (1992), Matzkin (1991), Allon et al. (2007) and Maindiratta and
Sarath (1997), we prove the consistency of the estimator keeping the distri-
bution of the errors unspecified; e.g., in the i.i.d. case we only assume that
the errors have zero expectation and finite second moment. The estimators in
Beresteanu (2007) are sieved least squares estimators and assume that the ob-
served values of the predictors lie on equidistant grids of rectangular domains.
By contrast, our estimators are unsieved and our assumptions on the spatial
arrangement of the predictor values are much more relaxed. In fact, we prove

the consistency of the least squares estimator under both fixed and stochastic
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design settings; we also allow for heteroscedastic errors. In addition, we show
that the least squares estimator can also be used to approximate the gradients
and subdifferentials of the underlying convex function.

It is hard to overstate the importance of convex functions in applied
mathematics. For instance, optimization problems with convex objective
functions over convex sets appear in many applications. Thus, the question of
accurately estimating a convex regression function is indeed interesting from
a theoretical perspective. However, it turns out that convex regression is
important for numerous reasons besides statistical curiosity. Convexity also
appears in many applied sciences. One such field of application is microe-
conomic theory. Production functions are often supposed to be concave and
componentwise nondecreasing. In this context, concavity reflects decreasing
marginal returns. Concavity also plays a role in the theory of rational choice
since it is a common assumption for utility functions, on which it represents
decreasing marginal utility. The interested reader can see Hildreth (1954),
Varian (1982a) or Varian (1982b) for more information regarding the impor-
tance of concavity/convexity in economic theory.

This chapter is organized as follows. In Section 2.2 we discuss the
estimation procedure, characterize the estimator and show how it can be
computed by solving a positive semidefinite quadratic program and a lin-
ear program. Section 2.3 starts with a description of the deterministic and
stochastic design regression schemes. The statement and proof of our main
results are also included in Section 2.3. In Section 2.4 we provide the proofs of
the technical lemmas used to prove the main theorem. The appendix contains
some auxiliary results from convex analysis and linear algebra that might be

of independent interest.
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2.2 Characterization and finite sample prop-

erties

We start with some notation. For convenience, we will regard elements of the
Euclidian space R™ as column vectors and denote their components with up-
per indices, i.e, any z € R™ will be denoted as z = (21, 22,...,2™). The sym-
bol R will stand for the extended real line. Additionally, for any set A ¢ R?
we will denoted as Conv (A) its convex hull and we’ll write Conv (Xy, ..., X))
instead of Conv ({X1,...,X,}). Finally, we will use (-,-) and | - | to denote
the standard inner product and norm in Fuclidian spaces, respectively.

For X = {X1,...,X,,} C X C R% consider the set Ky of all vectors
z = (2',...,2") € R" for which there is a convex function ¢ : ¥ — R
such that ¢(X;) = 27 for all j = 1,...,n. Then, a necessary and sufficient
condition for a convex function ¢ to minimize the sum of squared errors is
that ¢(X;) = ZJ for j =1,...,n, where

Z, = argmin {Z Vi — zklz} : (2.2)

z€Lx k=1

The computation of the vector Z,, is crucial for the estimation proce-
dure. We will show that such a vector exists and is unique. However, it should
be noted that there are many convex functions ¢ satisfying ¢(X;) = ZJ for
all 7 = 1,...,n. Although any of these functions can play the role of the
least squares estimator, there is one such function which is easily evaluated in
Conv (X3, ...,X,). For computational convenience, we will define our least
squares estimator gzgn to be precisely this function and describe it explicitly in
(2.7) and the subsequent discussion.

In what follows we show that both, the vector Z,, and the least squares

estimator ¢, are well-defined for any n data points (X1,Y7),...,(X,,Y,). We
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will also provide two characterizations of the set Ky and show that the vector
Z, can be computed by solving a positive semidefinite quadratic program.
Finally, we will prove that for any x € Conv(Xj,...,X,) one can obtain

én(z) by solving a linear program.

2.2.1 Existence and uniqueness

We start with two characterizations of the set Iy. The developments here

are similar to those in Allon et al. (2007) and Kuosmanen (2008).

Lemma 2.2.1 (Primal Characterization) Letz = (z',..., 2") € R". Then,
2z € Kx if and only if for every 7 =1,...,n, the following holds:
2 = inf {Z@kzk > =1, 0 X =X,, 0>0, 0 ¢ R”} , (2.3)
k=1 k=1 k=1

where the inequality 8 > 0 holds componentwise.

Proof: Define the function g : R* — R by
g(x) = inf {i@kzk : i&k =1, i@ka =z, 0>0,0¢ R”} (2.4)
k=1 k=1 k=1
where we use the convention that inf(()) = +oo. By Lemma A.0.6 in the
Appendix, g is convex and finite on the X’s. Hence, if 27 satisfies (2.3) then
20 = g(X;) for every j =1,...,n and it follows that z € K.
Conversely, assume that z € Ky and g(X;) # 27 for some j. Note that
g(X}y) < 2* for any k from the definition of g. Thus, we may suppose that
g(X;) < 29, As z € Ky, there is a convex function 1 such that ¢(Xj) = z*
for all K = 1,...,n. Then, from the definition of g(X;) there exist , € R"
with g > 0 and 6} + ... + 6 = 1 such that 0;X; + ... + 63 X,, = X and

DO (Xe) =Y 052 < F = (X)) = (Z 0’5&) ,

k=1 k=1 k=1
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which leads to a contradiction because 1 is convex. 0

We now provide an alternative characterization of the set Ky based on

the dual problem to the linear program used in Lemma 2.2.1.

Lemma 2.2.2 (Dual Characterization) Let z € R". Then, z € Ky if and

only if for any 7 =1,...,n we have
zj:sup{<§,Xj)+17:<§,Xk)+n§zk Vk=1,...,n, £ €RY neR}. (2.5)
Moreover, z € Ky if and only if there exist vectors &, ..., &, € R such that
(&, Xpe— X)) <2F =2 Vi je{l,... ,n} (2.6)

Proof: According to the primal characterization, z € Ky if and only if the
linear programs defined by (2.3) have the 2’’s as optimal values. The linear
programs in (2.5) are the dual problems to those in (2.3). Then, the duality
theorem for linear programs (see Luenberger (1984), page 89) implies that the
27’s have to be the corresponding optimal values to the programs in (2.5).
To prove the second assertion let us first assume that z € Ky. For
each j € {1,...,n} take any solution (&;,7;) to (2.5). Then by (2.5), n; =
27 — (&;, X;) and the inequalities in (2.6) follow immediately because we must
have (£;, Xi)+n; < 2¥ forany k € {1,...,n}. Conversely, take z € R™ and as-
sume that there are &i,. .., &, € RY satisfying (2.6). Take any j € {1,...,n},
n; = 27 — (&, X;) and 6 to be the vector in R" with components 6% = 6,
where dy,; is the Kronecker 6. It follows that (£, Xy) +n; <2*Vk=1,...,n
so (&;,n;) is feasible for the linear program in (2.5). In addition, @ is feasible
for the linear program in (2.3) so the weak duality principle of linear program-
ming (see Luenberger (1984), Lemma 1, page 89) implies that (£, X;)+n < 27
for any pair (£,7n) which is feasible for the problem in the right-hand side of
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(2.5). We thus have that 27 is an upper bound attained by the feasible pair
(¢;,7m;) and hence (2.5) holds for all j =1,...,n. O

Both, the primal and dual characterizations are useful for our purposes.
The primal plays a key role in proving the existence and uniqueness of the

least squares estimator. The dual is crucial for its computation.

Lemma 2.2.3 The set Ky is a closed, convex cone in R™ and the vector Z,

satisfying (2.2) is uniquely defined.

Proof: That Ky is a convex cone follows trivially from the definition of the
set. Now, if z ¢ Ky, then there is j € {1,...,n} for which 2/ > g(X;) with
the function g defined as in (2.4). Thus, there is 6, € R™ with 6y > 0 and
05+...+07 = 1such that O3 X +. . .+605X,, = X; and >, 05zF < 29, Setting
6 =1 (27 =34, 052") it is easily seen that for all ¢ € [],_,(zF —§,2% + 9)
we still have >,_, 65¢* < ¢7 and thus ¢ ¢ Ky. Therefore we have shown that
for any z ¢ Ky there is a neighborhood U of z with U C R™\ Kx. Therefore,
Kx is closed and the vector Z,, is uniquely determined as the projection of
(Y1,...,Y,) € R" onto the closed convex set Ky (see Conway (1985), Theo-

rem 2.5, page 9). O

We are now in a position to define the least squares estimator. Given
observations (X1,Y1),...,(X,,Y,) from model (2.1), we take the nonpara-

metric least squares estimator to be the function gzgn : R? — R defined by

on (2) :inf{Zka,’:;ZekZL > X =1, 6>0, HER"} (2.7)

k=1 k=1 k=1
for any x € R%. Here we are taking the convention that inf(()) = +o0o. This

function is well-defined because the vector Z, exists and is unique for the
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sample. The estimator is, in fact, a polyhedral convex function (i.e., a convex
function whose epigraph is a polyhedral; see Rockafellar (1970), page 172)

and satisfies, as a consequence of Lemma A.0.6,

on(x) = sup {¥(x)},

veKx, z,

where Ky z, is the collection of all convex functions ¢ : R? — R such that
Y(X;) < Z for all j =1,...,n. Thus, én is the largest convex function that
never exceeds the Z7’s. Tt is immediate that ¢ is indeed a convex function (as
the supremum of any family of convex functions is itself convex). The primal

characterization of the set Ky implies that ¢,(X;) = ZJ for all j = 1,.

2.2.2 Finite sample properties

In the following lemma we state some of the most important finite sample

properties of the least squares estimator defined by (2.7).

Lemma 2.2.4 Let qgn be the least squares estimator obtained from the sample

(X1, Y1),..., (X, Yn). Then,

(i) Z — On(X)) (Vi — 0 (X3)) < 0 for any conves function ¢ which
is ﬁmte on Conv (X1, ..., X,);

(ii) ) 6n(Xi) (Vi — ¢u(X1)) = 0;

k=1
(iii) > V= ou(Xp);
k=1 k=1

(iv) the set on which ¢, < oo is Conv (X1, ..., X,);

~

(v) for any x € R the map (X1,...,X,,Y1,...,Y,) = ¢,(x) is a Borel-

measurable function from R™HD into R.
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Proof: Property (i) follows from Moreau’s decomposition theorem, which
can be stated as:
Consider a closed convez set C on a Hilbert space H with inner product (-, -)
and norm ||-||. Then, for any x € H there is only one vector xc € C satisfying
|z — wel| = argmingce{ ||z — &||}. The vector xc is characterized by being the
only element of C for which the inequality (§ — x¢,x — x¢) < 0 holds for every
¢ € C (see Moreau (1962) or Song and Zhengjun (2004)).

Taking ¢ to be k¢, and letting  vary through (0,00) gives (ii) from
(). Similarly, (i) follows from (i) by letting ¢ to be én & 1. Property (iv)
is obvious from the definition of ¢,,.

To see why (v) holds, we first argue that the map (X,...,X,, Y1,

.., Y,) — Z, is measurable. This follows from the fact that Z, is the so-

lution to a convex quadratic program and thus can be found as a limit of
sequences whose elements come from arithmetic operations with (X, ..., X,,
Y1,...,Y,). Examples of such sequences are the ones produced by active set
methods, e.g, see Boland (1997); or by interior-point methods (see Kapoor
and Vaidya (1986) or Mehrotra and Sun (1990)). The measurability of ¢, (z)
follows from a similar argument, since it is the optimal value of a linear pro-
gram whose solution can be obtained from arithmetic operations involving just
(X1,..., Xn, Y1,...,Y,) and Z, (e.g., via the well-known simplex method; see
Nocedal and Wright (1999), page 372 or Luenberger (1984), page 30). O

2.2.3 Computation of the estimator

Once the vector Z,, defined in (2.2) has been obtained, the evaluation of b at a
single point x can be carried out by solving the linear program in (2.7). Thus,

we need to find a way to compute Z,. And here the dual characterization
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proves of vital importance, since it allows us to compute Z, by solving a

quadratic program.

Lemma 2.2.5 Consider the positive semidefinite quadratic program

min S IV P
subject to (&g, X; — Xp) <29 —2F Vi, j=1,...,n (2.8)
&,...,& €RY z € R™.

Then, this program has a unique solution Z, in z, i.e., for any two solutions
(&1, ,&ny2) and (11, ..., Ty, C) we have z = ( = Z,,. This solution Z, is the
only vector in R™ which satisfies (2.2).

Proof: From Lemma 2.2.2 if (§,...,&,, z) belongs in the feasible set of this
program, then z € Ky. Moreover, for any z € Ky there are &,...,&, € R?
such that (&, ...,&,, z) belongs to the feasible set of the quadratic program.
Since the objective function only depends on z, solving the quadratic pro-
gram is the same as getting the element of Ky which is the closest to Y. This
element is, of course, the uniquely defined Z,, satisfying (2.2). 0
The quadratic program (2.8) is positive semidefinite. This implies certain
computational complexities, but most modern nonlinear programming solvers
can handle this type of optimization problems. Some examples of high-
performance quadratic programming solvers are CPLEX, LINDO,

MOSEK and QPOPT. Here we present two simulated examples to illustrate
the computation of the estimator when d = 2. The first one, depicted in
Figure 2.1a corresponds to the case where ¢(x) = |z|?>. Figure 2.1b shows
the convex function estimator when the regression function is the hyperplane
¢(x) = —x' + 2%, In both cases, n = 256 observations were used and the
errors were assumed to be i.i.d. from the standard normal distribution. All

the computations were carried out using the MOSEK optimization toolbox
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Figure 2.1: The scatter plot and nonparametric least squares estimator of
the convex regression function when (a) ¢(z) = |z|* (left panel); (b) ¢(z) =

—x! + 22 (right panel).

for Matlab and the run time for each example was less than 2 minutes in
a standard desktop PC. We refer the reader to Kuosmanen (2008) for addi-
tional numerical examples (although the examples there are for the estimation
of concave, componentwise nondecreasing functions, the computational com-

plexities are the same).

2.3 Consistency of the least squares estimator

The main goal of this paper is to show that in an appropriate setting the
nonparametric least squares estimator an described above is consistent for
estimating the convex function ¢ on the set X. In this context, we will prove
the consistency of ggn in both, fixed and stochastic design regression settings.

Before proceeding any further we would like to introduce some nota-
tion. For any Borel set X C R? we will denote by By the c-algebra of Borel

subsets of X. Given a sequence of events (4,)2; we will be using the notation
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[A, i.0.] and [A,, a.a.] to denote lim A, and lim A,,, respectively.

Now, consider a convex function f : R? — R. This function is said
to be proper if f(x) > —oo for every z € RY. The effective domain of f,
denoted by dom(f), is the set of points z € R? for which f(x) < co. The
subdifferential of f at a point z € R? is the set f(z) C R? of all vectors &

satisfying the inequality
(& h) < f(x+h)— f(z) VheR™

The elements of Of(z) are called subgradients of f at x (see Rockafellar
(1970)). For aset A C R? we denote by A°, A and JA its interior, closure and
boundary, respectively. We write Ext(A) = R?\ A for the exterior of the set
A and diam(A) := sup, ¢ 4 | —y| for the diameter of A. We also use the sup-
norm notation, i.e., for a function g : R — R we write ||g[|a = sup,ec. |9(2)|.
To avoid measurability issues regarding some sets, specially those in-
volving the random set-valued functions {9¢,, () }zexe, we will use the symbols
P, and P* to denote inner and outer probabilities, respectively. We refer the
reader to van der Vaart and Wellner (1996), pages 6-15, for the basic prop-
erties of inner and outer probabilities. In this context, a sequence of (not
necessarily measurable) functions (V,,)%°, from a probability space (Q2, F, P)
into R is said to converge to a function ¥ almost surely (see van der Vaart
and Wellner (1996), Definition 1.9.1-(iv), page 52), written ¥, =% W if
P, (¥, — ¥) = 1. We will use the standard notation P (A) for the probabil-
ities of all events A whose measurability can be easily inferred from the mea-
surability of the random variables {an(x)}:cex, established in Lemma 2.2.4.
Our main theorems hold for both, fixed and stochastic design schemes,
and the proofs are very similar. They differ only in minor steps. Therefore,
for the sake of simplicity, we will denote the observed values of the regressor

variables always with the capital letters X,,. For any Borel set X C R?, we
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write
N,(X)=#{1<j<n:X, X}

The quantities X,, and N, (X) are non-random under the fixed design but

random under the stochastic one.

2.3.1 Fixed Design

In a “fixed design” regression setting we assume that the regressor values are
non-random and that all the uncertainty in the model comes from the response
variable. We will now list a set of assumptions for this type of design. The
one-dimensional case has been proven, under different regularity conditions,

in Hanson and Pledger (1976).

(A1) We assume that we have a sequence (X,,,Y,) , satisfying
Vi = o(Xy) + e

where (,)22, is an i.i.d. sequence with E (¢;) = 0, E (¢}) = 0% <

and ¢ : R? — R is a proper convex function.

(A2) The non-random sequence (X,,)?; is contained in a closed, convex set

X C RY with X° # 0 and X C dom(¢).
(A3) We assume the existence of a Borel measure v on X satisfying:

(i) {X € Bx : ¥(X) =0} = {X € Bx : X has Lebesgue measure 0}.

(i) £N,(X) = v(X) for any open rectangle X C X°.

Condition (A1) may be replaced by the following:
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(A4) We assume that we have a sequence (X,,Y,) ", satisfying

Vi = ¢(Xi) + €

[e.e]

°° , is an inde-

where ¢ : R? — R is a proper convex function and (e,)

pendent sequence of random variables satisfying

(i) E(e,) =0V neNand lim1 > E(|e]) > 0.

(i) o, Yerle) o

n=1 n2
(iii) sup,en{E (€3)} < oco.
Under these conditions we define 02 := lim,,_ o % 2?21 E (e?)

The raison d’etre of condition (A4) is to allow the variance of the error terms
to depend on the regressors. We make the distinction between (A1) and (A4)
because in the case of i.i.d. errors it is enough to require a finite second

moment to ensure consistency.

2.3.2 Stochastic Design

In this setting we assume that (X,,Y,,)%°, is an ii.d. sequence from some
Borel probability measure 1 on R4T!. Here we make the following assumptions

on the measure p:

(A5) There is a closed, convex set X C R? with X° # () such that u(X xR) =
1. Also,

/ y*pu(dz, dy) < .
XxR

(A6) There is a proper convex function ¢ : R — R with X C dom(¢)
such that whenever (X,Y) ~ p we have E (Y — ¢(X)|X) = 0 and
E (Y — ¢(X)|?) = 0% < co. Thus, ¢ is the regression function.



23

(A7) Denoting by v(-) = u((-) x R) the z-marginal of u, we assume that

{X € By : v(X) = 0} = {X € Bx : X has Lebesgue measure 0}.

We wish to point out some conclusions that one can draw from these

assumptions. Consider the class of functions

K, = {w : R = R | 4 is convex with /W(:U)]QV(dx) < oo} :

Then for any X C X the following holds

[ vy~ otutde. ) =0 v <K,

so we get that ¢ is in fact the element of X, which is the closest to Y in the
Hilbert space L?(X X R, Byxg, #). This follows from Moreau’s decomposition
theorem (see the proof of Lemma 2.2.4).

Additionally, conditions {A5-AT7} allow for stochastic dependency be-
tween the error variable Y — ¢(X) and the regressor X. Although some level
of dependency can be put to satisfy conditions {A2-A4}, the measure u al-
lows us to take into account some cases which wouldn’t fit in the fixed design

setting (even by conditioning on the regressors).

2.3.3 Main results

We can now state the two main results of this paper. The first result shows
that assuming only the convexity of ¢, the least squares estimator can be used

to consistently estimate both ¢ and its subdifferentials 0¢(x).

Theorem 2.3.1 Under any of {A1-AS3}, {A2-A4} or {A5-A7} we have,

(i) P (sup{@n(gﬂ) —¢(x)|} — 0 for any compact set X C %o) = 1.
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(ii) For every x € X° and every £ € R?

T lim On(@ 1) = (@) _ o Sla + hE) = é(x)

almost surely.
n—oo hl0 h R0 h y

(i11) Denoting by B the unit ball (w.r.t. the Euclidian norm) we have

P. <8q5n(x) C 0¢(x) +€eB a.a.) =1 Ve>0, VzeX°.

() If ¢ is differentiable at x € X°, then

sup {|¢€ — Vo(z)[} == 0.
£€0¢n ()

Our second result states that assuming differentiability of ¢ on the entire X°
allows us to use the subdifferentials of the least squares estimator to consis-

tently estimate V¢ uniformly on compact subsets of X°.

Theorem 2.3.2 [f ¢ is differentiable on X°, then under any of {A1-A3},
{A2-A4} or {A5-AT} we have,

P, sup {|€ — Vo(x)|} — 0 for any compact set X C X° | = 1.

§€8¢;n ()
reX

2.3.4 Proof of the main results

Before embarking on the proofs, one must notice that there are some state-
ments which hold true under any of {A1-A3}, {A2-A4} or {A5-AT}. We list

the most important ones below, since they’ll be used later.

e For any set X C X we have

Nn(X)

n

=5 p(X). (2.9)
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e The strong law of large numbers implies that for any Borel set X C X

with positive Lebesgue measure we have

(Vi — ¢(X3)) == 0 (2.10)
nm 2
1<k<n
and also
— 1
im — ) (Vi — ¢(Xp))* = 0” as. (2.11)
n—oo N,
1<k<n

We would like to point out that in the case of condition A4, A4-(iii)
allows us to obtain (2.10) from an application of a version of the strong
law of large number for uncorrelated random variables, as it appears
in Chung (2001), page 108, Theorem 5.1.2. Similarly, condition A4-(ii)
implies that we can apply a version the strong law of large numbers
for independent random variables as in Williams (1991), Lemma 12.8,

page 118 or in Folland (1999), Theorem 10.12, page 322 to obtain (2.11).

e For any Borel subset X C X with positive Lebesgue measure,

#{neN: X, cx} 2% +oo (2.12)

Proof of Theorem 2.5.1. We will only make distinctions among the
design schemes in the proof if we are using any property besides (2.9), (2.10),
(2.11) or (2.12). For the sake of clarity, we divide the proof in steps.

Step I: We start by showing that for any set with positive Lebesgue measure
there is a uniform band around the regression function (over that set) such
that ngSn comes within the band at least at one point for all but finitely many

n’s. This fact is stated in the following lemma (proved in Section 2.4.1).
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Lemma 2.3.1 For any set X C X with positive Lebesque measure we have,

P (g{w}n(:p) - ¢(m)|} > M i.o.) —0 VM> %

Step II: The idea is now to use the convexity of both, ¢ and (ﬁn, to show
that the previous result in fact implies that the sup-norm of ngﬁn is uniformly
bounded on compact subsets of X°. We achieve this goal in the following two

lemmas (whose proofs are given in Sections 2.4.2 and 2.4.3 respectively).

Lemma 2.3.2 Let X C X° be compact with positive Lebesgue measure. Then,

there is a positive real number Ky such that
3 (ing{qgn(x)} < Ky 1.o.> ~ 0.
e

Lemma 2.3.3 Let X C X° be a compact set with positive Lebesque measure.

Then, there is Ky > 0 such that

P <sup{<$n(:c)} > Ky i.o.) = 0.

reX
Step III: Convex functions are determined by their subdifferential mappings
(see Rockafellar (1970), Theorem 24.9, page 239). Moreover, having a uniform
upper bound Ky for the norms of all the subgradients over a compact region
X imposes a Lipschitz continuity condition on the convex function over X (see
Rockafellar (1970), Theorem 24.7, page 237); the Lipschitz constant being
Kx. For these reasons, it is important to have a uniform upper bound on the
norms of the subgradients of gzgn on compact regions. The following lemma

(proved in Section 2.4.4) states that this can be achieved.

Lemma 2.3.4 Let X C X° be a compact set with positive Lebesque measure.

Then, there is Ky > 0 such that

P* | sup {|{|]} > Kxio. | =0.

£€DPn (z)
rxeX
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Step IV: For the next results we need to introduce some further notation.
We will denote by p, the empirical measure defined on R%*! by the sample
(X1,Y1),...,(X,,Yy,). In agreement with van der Vaart and Wellner (1996),
given a class of functions G on D C R a seminorm ||-|| on some space
containing G and € > 0 we denote by N(e,G, || - ||) the € covering number of
G with respect to || - ||.

Although Lemmas 2.3.5 and 2.3.7 may seem unrelated to what has
been done so far, they are crucial for the further developments. Lemma 3.5
(proved in Section 2.4.5) shows that the class of convex functions is not very
complex in terms of entropy. Lemma 2.3.7 is a uniform version of the strong

law of large numbers which proves vital in the proof of Lemma 2.3.8.

Lemma 2.3.5 Let X C X° be a compact rectangle with positive Lebesgue
measure. For K > 0 consider the class Gg x of all functions of the form
Y(X)(Y — ¢(X))1x(X) where 1p ranges over the class Dk x of all proper con-

vex functions which satisfy
(a) |¥]x < K;
®) J {&cl-K K"

£€0Y(x)
reX

Then, for any e > 0 we have

lim N(e,Grx, Li(X x R, p1,)) < 0o almost surely,

n—oo

and there is a positive constant A, < oo, depending only on (Xi,...,X,), K
and X, such that the covering numbers N (=377 | [Y; — ¢(X;)], G x La (X X
R, i) are bounded above by A, for all n € N, almost surely.

The proofs of Lemmas 2.3.7 and 2.3.8 (given in Sections 2.4.7 and 2.4.8 re-

spectively) are the only parts in the whole proof where we must treat the
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different design schemes separately. To make the argument work, a small
lemma (proved in Section 2.4.6) for the set of conditions {A2-A4} is required.
We include it here for the sake of completeness and to point out the difference

between the schemes.

Lemma 2.3.6 Consider the set of conditions {A2-A4} and a subsequence

(ng)e2, such that

Nk

lim i ZE (e?) = o2,

k—o0 Ng <
Jj=1

Let (X,,)3_, be a an increasing sequence of compact subsets of X satisfying

v(X,,) — 1. Then,

lim lim i Z E (e?) =02

m—0o0 n
oo TR << e}

We are now ready to state the key result on the uniform law of large numbers.

Lemma 2.3.7 Consider the notation of Lemma 2.5.5 and let X C X° be any

finite union of compact rectangles with positive Lebesque measure. Then,

sip {15 Y w0 — (X)) b =0

vePra | 1" <iZmx,en
Step V: With the aid of all the results proved up to this point, it is now
possible to show that Lemma 2.3.1 is in fact true if we replace M by an

arbitrarily small n > 0. The proof of the following lemma is given in Section

2.4.8.

Lemma 2.3.8 Let X C X° be any compact set with positive Lebesque measure.

Then,

(i) P (inf{o(x) — dula)} 20 i0) =0 V>0,
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(ii)) P (leé[;{¢(l‘) — du(2)} < =1 i.o.) =0 Vn>0.

Step VI: Combining the last lemma with the fact that we have a uniform
bound on the norms of the subgradients on compacts, we can state and prove
the consistency result on compacts. This is done in the next lemma (proof

included in Section 2.4.9).

Lemma 2.3.9 Let X C X° be a compact set with positive Lebesque measure.

Then,

(i) P (int{du(x) = 6(a)} < = i0.) =0 V7y>0,

(i) P (sup{qsn(x) — ()} > 7 1.0.) =0 Yn>0,

zexX
(i) sup{|n(a) ~ ()]} % 0.

Step VII: We can now complete the proof of Theorem 2.3.1. Consider the
class € of all open rectangles R such that R C X° and whose vertices have
rational coordinates. Then, € is countable and (J., R = X°. Observe that
Lemmas 2.3.2 and 2.3.3 imply that for any finite union A := R, U---UR,,
of open rectangles Rq,...,R,, € € there is, with probability one, ng € N
such that the sequence (an);’f:no is finite on Conv (A). From Lemma 2.3.9
we know that the least squares estimator converges at all rational points in
X° with probability one. Then, Theorem 10.8, page 90 of Rockafellar (1970)
implies that () holds if X° is replaced by the convex hull of a finite union
of rectangles belonging to €. Since there are countably many of such unions
and any compact subset of X° is contained in one of those unions, we see that
(7) holds. An application of Theorem 24.5, page 233 of Rockafellar (1970) on
an open rectangle C' containing x and satisfying C' C X° gives (i7) and (iii).

Note that (iv) is a consequence of (7). O
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Proof of Theorem 2.3.2. To prove the desired result we need the follow-
ing lemma (whose proof is provided in Section 2.4.10) from convex analysis.
The result is an extension of Theorem 25.7, page 248 of Rockafellar (1970),

and might be of independent interest.

Lemma 2.3.10 Let C C RY be an open, convex set and f a conver function
which is finite and differentiable on C. Consider a sequence of convex func-
tions (fn)S>, which are finite on C and such that f, — f pointwise on C.

Then, if X C C is any compact set,

sup {j€ = Vf()]} = 0.
reX
£€0fn(x)
Defining the class € of open rectangles as in the proof of Theorem 2.3.1, one
can use a similar argument to obtain Theorem 2.3.2 from an application of

Theorem 2.3.1 and the previous lemma. U

2.4 Proofs of auxiliary lemmas

Here we prove the lemmas involved in the proof of the main theorem. To
prove these, we will need additional auxiliary results from matrix algebra and
convex analysis, which may be of independent interest and are proved in the

Appendix.

2.4.1 Proof of Lemma 2.3.1

We will first show that the event
[infxex {qgn(:z:) - ¢(w)} > M i.o.} has probability zero. Under this event,
there is a subsequence (ny)2 ; such that inf,cx {(]Bnk (x) — qﬁ(x)} >MVEkeN.
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Then (2.10) implies that for this subsequence, with probability one, we have

lim —— Z{Y on (X))} < =M. (2.13)

k—o0 Nnk X =X

On the other hand, it is seen (by solving the corresponding quadratic pro-
gramming problems; see, e.g., Exercise 16.2, page 484 of Nocedal and Wright
(1999)) that for any n > 0, m € N

mf{% S Y P, seRm} - (2.14)

1<j<m 1<j<m
1 A 1 A
inf { — - I < R™Y = pn? 2.1
‘“{m,Z:K| L2 gsomge } n (215)
1<j<m 1<j<m

For 0 < 6 < M, using (2.15) with n = M — 0 together with (2.12) and (2.13)

we get that, with probability one, we must have

tim (%) = b, (X)) = v(X)(M - )2

k—oo Nk <~
7j=1

Letting 6 — 0 we actually get

Nk Nk

lim — 3 (V5= b, (X,))2 > v(0)M2 > o = T — > (=000 as

k—oo Nk < k—oco My
J=1 =1

which is impossible because &nk is the least squares estimator. Therefore,

(mf {qbn( ) — gb(x)} >M i.o.) = 0.

xeX

A similar argument now using (2.14) gives

Gw{@x) M@}S—Mma)za

xeX

which completes the proof of the lemma. 0

Before we prove Lemmas 2.3.2 and 2.3.3, we need some additional re-
sults from matrix algebra. For convenience, we state them here, but postpone

their proofs to Section B in the Appendix.
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We first introduce some notation. We write e; € R? for the vector
whose components are given by ef = 0k, where 9, is the Kronecker 6. We
also write e = e; + ... + ey for the vector of ones in R%. For a € {—1,1}4 we
write

d
Reo = {Zﬁkakek :0>0,0¢ Rd}
k=1
for the orthant in the « direction. For any hyperplane H defined by the normal
vector & € R? and the intercept b € R, we write H = {z € R?: (£, z) = b},
HY ={z eR:({z) >b} and H™ = {x € R : ({,z) < b}. Forr >0
and xo € RY we will write B(xg,7) = {z € R? : |z — 20| < r}. We denote by
R4 the space of d x d matrices endowed with the topology defined by the
| - |2 norm (where [|Alls = supj,<;{|Az[} and can be shown to be equal to

the largest singular value of A; see Harville (2008)).

Lemma 2.4.1 Let r > 0. There is a constant R, > 0, depending only on r
and d, such that for any p. € (0, R,) there are p,p* > 0 with the property:
for any o € {—1,1}¢ and any d-tuple of vectors 3 = {x1,..., 14} C R? such
that x; € B(c?rej,p) ¥ j =1,...,d, there is a unique pair (Eap,ba5), with
Cap €ERY, |E0pl =1 and by > 0 for which the following statements hold:

(i) B form a basis for RZ.

(1) T1,..., 24 € Hap:={r €ERY: ({45, 7) = bag}
(iii) min (1€ 5[} > 0.
() B(0,p.) CH, g

() {z eR4: || > p*}NR, C HY 5

(vi) B(—airej,p) C{x e RY: (&, 5,2) <0} forallj=1,...,d.
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o=(-1,1)

P Ik‘g‘\l\ //0/

VN % J
& )
+
Waﬁ o=(-1,-1) a=(1,-1)

Figure 2.2: Explanatory diagram for (a) Lemma 2.4.1 (left panel); (b) Lemma

Ps

2.4.2 (right panel).

(vii) For any wy, € B <0, 1(5,\*/8) and wy € B (83\’)/304, 8%) we have

min {(Xgl (w1 + t(ws — w1>))j} S0 Vi>1

1<j<d

where Xg = (1, ...,24) € R is the matriz whose j th column is x;.

Figure 2.2a illustrates the above lemma when d = 2 and o = (1,1). The
lemma states that whatever points x; and x, are taken inside the circles
of radius p around a're; and a’re,, respectively, B(0,p,) and {x € R? :
|z| > p*} NR, are contained, respectively, in the half-spaces H, ; and ’H; 5
Assertion (vii) of the lemma implies that all the points in the half line {w; +
t(we — wy }4>1 should have positive co-ordinates with respect to the basis g as
they do with respect to the basis {a’ ej}?zl. We refer the reader to Section
B.1 for a complete proof of Lemma 2.4.1.

We now state two other useful results, namely Lemma 2.4.2 and Lemma

2.4.3, but defer their proofs to Section B.2 and Section B.3 respectively.

Lemma 2.4.2 Let r > 0 and consider the notation of Lemma 2.4.1 with the

positive numbers p, p. and p* as defined there. Take 2d vectors {x4y,...,T1q}
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C R? such that x+; € B(+re;, p) and for a € {—1,1}¢ write By = {Ta11, Ta22,
o Zaddts €a = afas Do = bap, and Ho = Hag, all in agreement with the
setting of Lemma 2.4.1. Then, if K = Conv (x4, ...,T+q) we have:

() K = Naerape{o €RY: (€, 2) < bal

(i1) K° = Mol €R?: (€0, ) < ba}.

(iii) OK = Uye (1130 Conv (Tarts - -, Tauq) -

(t) 0K = (Une(-apele € BT : (€0, 2) = b} ) (Mae -y ple € BT : (6o, ) <Ba}).
(v) B(0,p.) C K°.

(vi) OB(0, p*) C Ext(K).

Figure 2.2b illustrates Lemma 2.4.2 for the two-dimensional case. Intuitively,
the idea is that as long as the points x1; and x4, belong to B(%rey, p) and
B(&£res, p), respectively, we will have B(0, p.) and 0B(0, p*) as subsets of K°
and Ext(K), respectively.

Zaa) Zo

Figure 2.3: Explanatory diagram for (a) Lemma 2.4.3 (left panel); (b) Lemma
2.3.2 (right panel).



35

Lemma 2.4.3 Let [a,b] C R? be a compact rectangle and r > 0, withr < -

if d > 3. For each a € {—1,1}¢ write zo, = a + Z;lzl 1+2°‘j (¥ —a’) e; so that

{2a}aeq—1134 is the set of vertices of [a,b]. Then, there is p > 0 such that if
To € B(2a +7(20 — 2_a),p) ¥V a € {—1,1}%, then

[a,b] C Conv (74 : v € {—1,1}9)".

Figure 2.3a describes Lemma 2.4.3 in the two-dimensional case. As long as the
points 41,41y are chosen in the balls of radius p around (41 41) +7(2(x1,41) —

Z(¥1,71)), Conv (56(11,11)) will contain Conv (2(11,11))-

2.4.2 Proof of Lemma 2.3.2

Since any compact subset of X° is contained in a finite union of compact
rectangles, it is enough to prove the result when X is a compact rectangle
la,b] C X°. Let r = {1 minj<,<q{b* — a*} and choose p € (0, 17), p* > 0 and
0<pe < %7‘ such that the conclusions of Lemmas 2.4.1 and 2.4.2 hold for any
a € {-1,1}% and any 8 = (z1,...,24) € R™? with z; € B(a’re;,p). Take
N € N such that

1
— max {b* — "} <

N ihax, (2.16)

324"

and divide X into N? rectangles all of which are geometrically identical to
+10,6 — a]. Let C be any one of the rectangles in the grid and choose any

vertex zy of C satisfying

20 = argmax{max {Zj — Clj,bj — ZJ}} .

zeC 1=j<d

Then, from the definition of zy and r, there is ay € {—1,1}% such that

B(z0,7) N (20 + Ra,) C X.
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Additionally, define

P+
By = Bz -2-),
' (016¢8>
3P« p*)
By = B2+ L0y, L),
? (0 svd U 8Vd

A = B(zo—i-agrej,p)r‘l(zo—i-”/%ao) Vi=1,....,d,

A, = B(zo—a‘érej,p) Vi=1,...,d

Observe that all the sets in the previous display have positive Lebesgue mea-

sure and that the A_;’s are not necessarily contained in X. Let M; = ||¢|l;,

My > o B V(B‘:) T M = My + My and K¢ > 6M. Also, notice

that C C B because of (2.16). We will argue that

P (igg{én(x)} < —Ke i.o.) = 0. (2.17)

From Lemma 2.3.1, we know that

P (ﬂ it

so there is, with probability one, ng € N such that inf,cq; {

() — W)(} < M, a.a.D —1, (2.18)

Onx) = 0(x)|} <
My for any n > ng and any j =1,...,d.

Assume that the event [infxec{én(x)} < —K¢ i.o.} is true. Then, there
is a subsequence ny, such that inf,ec{dn, (2)} < —K¢ for all k € N. Fix any
k > ng. We know that there is X, € C C Bj such that ngSnk(X*) < —K..
In addition, for j = 1,...,d, there are Za%j € A; such that |ngSnk(Zaé-j) —
Qﬁ(Zag)j)\ < My, which in turn implies ¢, (Zagj) <M. Pick any Z_; € A_;

and let K = Conv (Zx1,...,Z+q) = 20+ Conv (Z1y — 2o, ..., Zxqg — 20)-

Take any = € By. We will show the existence of X* € Conv <Za(1)1, VN Zagd>

such that x € Conv (X,, X*), as shown in Figure 2.3b for the case d = 2. We

will then show that the existence of such an X™* implies that

[6(2) = Gy (2)] > Mo. (2.19)
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Consequently, since z is an arbitrary element of By we will have

Liﬁgg{ggn(x)} < —Kc i.o.] N (ﬁl Liéljj { () — gzﬁ(x)‘} < M, a.a.D

© |t {66e) — dn.(a)l} = Mo o]

But from Lemma 2.3.1, the event on the right is a null set. Taking (2.18)
into account, we will see that (2.17) holds and then complete the argument
by taking Ky = maxc{Kc}.

To show the existence of X* consider the function ¢ : R — R¢ given
by ¥ (t) = X, + t(z — X.). The function 1 is clearly continuous and satisfies
¥(0) = X, and (1) = x € By C K°. That By C K° is a consequence
of Lemma 2.4.1, (iv). The set K is bounded, so there is 7' > 1 such that
Y(T) € Ext(K) = R?\ K. The intermediate value theorem then implies that
there is t* € (1,7T) such that X* := ¢ (t*) € 0K. Observe that by Lemma
2.4.2 (i4i) we have

0K = U Conv (Za11, - ..y Zadq) -
ae{-1,1}4
Lemma 2.4.1 (z) implies that {Z11—20, . . ., Zaga—20} forms a basis of R? s0 we
can write X* — 2y = ijl Qj(Zagj — 20). Moreover, Lemma 2.4.1 (vii) implies
that 67 > 0 for every j =1,...,das 6 = (0,...,0%) = (Zagy = 205 -+ s Zoga —
20)H(X* — z)). Here we apply Lemma 2.4.1 (vii) with w; = X, € By,
wy = € By and t* > 1.

For a € {—1,1}% consider the pair ({,,b,) € R? x R as defined in
Lemma 2.4.2 for the set of vectors {Z+1 — 20, ..., Z+q— 20} (here we move the
origin to zg). Observe that Lemma 2.4.1 (iz) implies that (£,,, Zoi —20) = ba,
for all j = 1,...,d. Consequently, (£, X* — 20) = ba, Z;l:l 67, but since
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X* € 0K, Lemma 2.4.2 (iv) implies that (£,,, X* — zp) < b, and hence
Z;lzl ¢’ < 1. Additionally, for o # a we can write (£,, X* — 2) as

d

Y 0 Zogs =20y = D Pbat D 0 (Cas Zyr; — 20) <ba  (2:20)

=1 i j J
J ad=a) ad#a))

as (€ay Zai — 20) = ba (by Lemma 2.4.1 (i7)) and (£, Z o5 — 20) < 0 (by
Lemma 2.4.1 (vi)) for every j = 1,...,d. Since ({,,w — 2z9) = b, for
all w € Conv(Zaiy,. .., Zag) and all a € {—1.1}¢, (2.20) and the fact
that X* € 0K imply that X* € Conv (Za})h---aZagd)- Hence ¢,(X*) <
Z;lzl nggnk(Zaéj) < M. We therefore have

bn(X*) <M, ¢ (X,) < —Ko, (2.21)

1
Xot (X' =X) = o (2.22)

Since X, € By and d > 1 we have

1
|20 — Xi| < Flas (2.23)

By using the triangle inequality we get the following bounds

! < | < ! (2.24)
4p* ZD X 2p*' .

And from Lemma 2.4.1 (iv) and the fact that (£,,, X*) = by, we also obtain

|20 — X*| > p.. (2.25)

|X*— X, |
X -

(2.23), (2.24) and (2.25) one can find lower and upper bounds for | X*— X, | (as
| X*—X.| > | X*—20|—|20—Xi|) and |z — X, | (as |z —X,| < |z—20]+]|20— X4]),
respectively, to obtain ¢* > £. Then, (2.21) and (2.22) imply

From (2.22) we know that t* = Using the triangle inequality with

" 1Y\ - 1- 2 5
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Consequently,

[¢(2) = G, (2)] > M — My = My

This proves (2.19) and completes the proof. O

2.4.3 Proof of Lemma 2.3.3

Assume without loss of generality that X is a compact rectangle. Let {z, : o €
{—1,1}4} be the set of vertices of the rectangle. Then, there is r € (0, 1) such
that B(z,,7) C X°V a € {—1,1}%. Recall that from Lemma 2.4.3, there is
0 < p < 37 such that for any {1, : @ € {—1,1}} if n, € B(za+5(2a—2-a), p)
then X C Conv (1, : o € {—1,1}%).

Let Ay, = B(zo + %r(za — 2_q),5) and My >

\/mln{u ae{ 1 1}d}
choose

M, = sup {e(2)[}-
xeConv(UaE{il’l}d Aa)

Take Ky > My + M;. Since

Pl [mf{|¢n() o(z)|} < My, aa.| | =1

ac{—1,1}d e
by Lemma 2.3.1, there is, with probability one, ng € N such that for any
n > ny we can find 7, € Aq, a € {—1,1}%, such that |¢n (1) — ¢(1a)| < Mo.
It follows that ¢, (.) < Kx V o € {—1,1}%. Now, using Lemma 2.4.3 we have
X C Conv (n, : € {—1,1}7) and the convexity of ¢,, implies that ¢, (z) < Ky

for any x € X. 0

2.4.4 Proof of Lemma 2.3.4

Assume that X = [a,b] is a rectangle with vertices {z, : a € {—1,1}7}.

The function ¢(z) = inf, ge{lr — [} is continuous on R? so there is
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x, € OX such that ¢(x,) = inf,cox{?(x)}. Observe that ¢)(z,) > 0 because

z, € OX C X°. By Lemma 2.4.3, there is a r < $t(z,) for which there exists

p < %17’ such that whenever n, € A, := B <za + %7” (ég:;:;) 7,0> for any
a € {-1,1}% and

1 —zZ_
K, = Conv (za + ol (ﬁ) ca e {-1, 1}d)
K, = Conv (n,:a€{-1,1}9)

we have
XCK,CK;,CK,CX". (2.26)
Let My > N TR and M; € R be such that
P (12£{Q§n(:p)} < —M, i.o.> =0 and M; = sup {o(2)}.

IECO’RU(UQE{_LI}(I Aa)

From Lemmas 2.3.1 and 2.3.2 we can find, with probability one, ng € N such
that infyeyx{dn ()} > —My and inf,e s, {|dn(z) — d(2)|} < M, for any n > ng.
Define

M == M1+MO
4|b — a|

K . :
X Tminlgjgd{bj — aJ}

and take any n > ng. Then, for any a € {—1,1}? we can find n, € A, such
that |¢n(na) — &(1a)| < My. Then, (2.26) implies that ¢,(z) < M V& € X.
Take then z € X and € € 8¢, (x). A connectedness argument, like the one

used in the proof of Lemma 2.3.2, implies that there is t, > 0 such that

r+t,.£ € 0K,. But then we must have t, > Tminﬁgﬁﬁ:; ) asa consequence

of (2.26), since the smallest distance between K, and X is Tminléf;_dir’j —al}

and 0K, C Ext(K,). This can be seen by taking a look at Figure 2.4, which

shows the situation in the two dimensional case. Thus, using the definition
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rming<j<q{b —a’}
2|b — al

L, > rminig<a{dl’ —dl}

- 2|b — al

L =

Figure 2.4: The smallest distance between 0K, and 0X is at least

rming<;j<q{t/—a’}
2|b—al

of subgradients,

T’minlgjgd{bj — CLj}

2116 — a

(6,6) < (6,4.8) < dp(x + 1.£) — Pulz) < 2M

which in turn implies [¢| < K. We have therefore shown that, with proba-
bility one, we can find ng € N such that [£] < Kx V € € 9n(z), V2 € X, V

n > ng. This completes the proof. 0

2.4.5 Proof of Lemma 2.3.5

This Lemma is a direct consequence of Theorem 6 in Bronstein (1976) (see
also Corollary 2.7.10 in page 164 of van der Vaart and Wellner (1996)). Nev-
ertheless, to make this thesis a bit more self-contained, we now present a proof
based on elementary computations.

The result is obvious for conditions {A1-A3} and {A5-A7} when o2 =
0. So we assume that o > 0 for {A1-A3} and {A5-A7}. Let € > 0 and
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M = sup,¢{|z|}. Choose § > 0 satisfying

€ €

<<
BOMTRVARD) 1y (0] QUMERVELD S™n Y] — (X))

n n

(2.27)

for n large. Notice that 0 is well-defined and the quantity on the left is
positive, finite and bounded away from 0 as lim + > Y5 = o(X5)| > 0 as.
under any set of regularity conditions (for {A2-A4}, conditions A4-(i) and
A4-(iii) imply that we can apply the version of the strong law of large number
for uncorrelated random variables, as it appears in Chung (2001), page 108,
Theorem 5.1.2 to the sequence (|¢;|)32,; for {A1-A3} and {A5-AT} this is
immediate as 0> > 0). The definition of the class Dk x implies that all its
members are Lipschitz functions with Lipschitz constant bounded by Kv/d,
a consequence of Rockafellar (1970), Theorem 24.7, page 237. Hence, (2.27)

implies that

S {[v(x) =y} < 2 i Yy = o(X5)]

$7y€X71/1€DK,x

Now, define N,, € Nby N,, = {diaf;(x)w V FK(S\/ﬂ , where [-] denotes the ceiling
function. Observe that (2.27) implies

N,—1< (diam(X) Vv 2K\/E> DIV - ¢(X;)]

j=1

€

202M + Kv/d+ 1) (1 " >
(2.28)

Then, we can divide the rectangles X and [~ K, K|? in N? subrectangles, all
of which have diameters less than §. In other words, we can write

[_KvK]d - U Rj

1<j<Ng

X = Uvj

1<j<Ng
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with diam(R;) < ¢ and diam(V;) < 6 V j = 1,... N2 In the same way, we
can divide the interval [—K, K| in N,, subintervals Z;,...,Zy, each having
length less than §. For each j = 1,..., N, let & and xz; be the centroids of
R; and Vj respectively and for j = 1,..., N, let n; be the midpoint of Z;.
Consider the class of functions H,, . defined by

Hoye = {(max {(&, —x) +m}:SC {1,...,N;f}2 X {1,...,Nn}}.

s,t,J)ES

Observe that the number of elements in the class H,, . is bounded from above
by 2M:"" . Now, take any v € Dk x. Pick any Z; € 0¢(X;). Then, for any
j such that X; € X, there are s;,t; € {1,...,N¢} and 7; € {1,..., N, } such
that |Z; — &, |, | X; — x4,| and [¢(2;) — ny,| are all less than §. We then have
that

Slg() {’<§Sj7x - mtj) +777'j - ((Ejvx - X]> +w<XJ))‘}
< 2MIE, — 5|+ KVd|ay, — X+ < (2M + KVd+1)s  (2.29)

by an application of the Cauchy-Schwarz inequality. But then, (2.27) implies
that if we define the functions ¢ and g as

Y(r) = max{(E;,z — X;) + (X))},

X;ex

g(l’) - ma‘X{<58j7’r—xtj>+nTj}

X;€ex
then we have
U(X;) = (X;) for jsuch that X; € X, (2.30)
~ €
lg—¥lx < 0 (from (2.29)), (2.31)
§ %Zj:l |YJ - ¢(XJ)|
g € Hne (2.32)

Note that (2.30) follows from the definition of subgradients. All these facts
put together give that for any f(z,y) = ¥(x)(y — é(x)) € Gkrx, ¥ € Dix
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there is g € H,, . such that

/X (@, y) — g@)(y — 6(2) im(da, dy) < e

and hence

N2d+1

N(€, Grx, La(X X R, i) < #Hpe <2

But then, the strong law of large numbers and (2.28) give that lim N,, < oo a.s.
Furthermore, by replacing e with £ 377 | [Yj—¢(X;)| in the entire construction
just made, we can see that the covering numbers

N( S 1Y) = 6(X)], Grxs L (X x R un)) depend neither on the Y’s nor
on ¢. Taking B. = (dlam(X) v K\/Zi) %f“) +1and A, = 28" it is seen

that the second part of the result holds. O

2.4.6 Proof of Lemma 2.3.6

Note that for every m, we have

LSy @<t Y B+ M) o m (@)

n n n
k1<j<n kX eXm k JeN

1<j<ng
Taking limit inferior on both sides as k — oo, we get
1
0® < lim — Z E (€3) + v(X \ X,) sup{E (¢})}.
k—oo Tk X;€Xm JEN
1<]<”k
Now taking the limit as m — oo we get the result because the opposite

inequality is trivial. 0

2.4.7 Proof of Lemma 2.3.7

We may assume that X is a compact rectangle. Here we need to make a

distinction between the design schemes. In the case of the stochastic design,
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the proof is an immediate consequence of Lemma 2.3.5 and Theorem 2.4.3,
page 123 of van der Vaart and Wellner (1996). Thus, we focus on the fixed
design scenario.

For notational convenience, we write M = sup;cy{E (€7)} and > Xjex
instead of the more cumbersome Zlgjgn:xjew Letting ¢; = Y; — ¢(X;) (and
using the same notation as in the proof of Lemma 2.3.7) first observe that the

random quantity

1 1
sup — Z Y(X;)e;| ¢ =sup g sup - Z 9(X;)e;

n n
wEIDK,X {XjEX} meN geHn’% {XjEX}

by (2.30), (2.31) and (2.32) and is thus measurable.

All of the following arguments are valid for both, {A1-A3} and {A2-
A4}, Lyapunov’s inequality (which states that for any random variable X
and 1 < p < ¢ < oo we have || X, < ||X||,) and the strong law of large
numbers imply

Y e :W@O% S E(el) < VM as. (2.33)

m—o0 M,
1<j<m 1<j<m

Let n > 0. From Lemma 2.3.5 we know that the covering numbers
ay =N (% Z;‘:l Y, — &(X;)|, Grex, L1 (X X R, Mn)) are not random and uniformly
bounded by a constant A,. Therefore, for any n € N we can find a class
A, C Dgx with exactly a, elements such that {(z)(y — ¢(2))}yea, forms
an (% > Y —o(X5) ])—net for G x with respect to Ly (Xx R, ). It follows
that

sup ! Z P(X))ej| p < 2 Z l€5] + Sélfl) % Z W(X;)ej| ¢ - (2.34)

n
VP x X;€x 1<j<n ¥ X;€x
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With (2.34) in mind, we make the following definitions

1
B, = sup EZWXJ')EJ' :

YeA, X, ex

Coo= swplls Y w(X)e| b

YA 1<5< (V)2 X;Ex

1
Dy = sup z Yo wXeg| g
nzs;fi(n’jrl)Q n2<j<k: X;€X

where [-] denotes the floor function. Now, pick 6 > 0 and observe that

P(B,>6) = P |J ||D]v(X)e|>nd

PpeA, | |X,;eX

1 K2MA
< D M) vt < —ot

PeEA, X;€ex

The Borel-Cantelli Lemma then implies that P (B,2 > § i.0.) = 0. Letting

0 — 0 through a decreasing sequence gives
B2 2% 0. (2.35)

On the other hand, the definition of (), implies that

Lv/n]? Ui
1<j<[val)?

which together with (2.35) and (2.33) gives

Ch <

lim C,, < nvV M almost surely. (2.37)

Note that (2.36) is a consequence of the fact that for any ¢ € A, there exists
g € A jmj2 such that if 7, = {1 <j < [/n]?: X; € X}, then

% > (X))l < % > (X)) - g(X)))e | + % > 9(X))e
i ieTn JETn

1<5<|v/n)?
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Now, a similar argument to the one used in (2.35) gives

P(D,>0) = P U > w(X))e| > ko
YEA n2<j<k:X;ex
n2<k<(n+1)>2

< > P > p(X))e| > ko
PEAL n2<j§k‘:XjEX
n?<k<(n+1)?
K2M(k—n2) _ K2MA,(2n+1)?
peA
n2<k<(n+1)2

Again, one can use (2.38) and the Borel-Cantelli Lemma to prove that
P (D, >0 io0.) = 0 and then let 6 — 0 through a decreasing sequence to

obtain
D, %% 0. (2.39)

Finally, one sees that

1
sup 4 |~ DX = d(X)))| p = Bu < Co+ Dy,

YeEA, X;ex

which combined with (2.37) and (2.39) gives
lim B, < nv M almost surely.

Taking (2.34) into account we get

lim sup 1 Z W(X)(Y; — o(X;))| p <29V M almost surely.

n—o0
vEDrx 1<j<n:X;€X

Letting n — 0 we get the desired result. U
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2.4.8 Proof of Lemma 2.3.8

We can assume, without loss of generality, that X is a finite union of compact

rectangles. Consider a sequence (X,,)>°_, satisfying the following properties:
(a) XC X, CX°VmeN.

(b) v(X,) >1—LVmeN.

() Xpp C X1 Vm €N

(d) Every X,, can be expressed as a finite union of compact rectangles with

positive Lebesgue measure.

The existence of such a sequence follows from the inner regularity of Borel
probability measures on R? and from the fact that since X° is open, for any
compact set F' C X° we can find a finite cover composed by compact rectangles
with positive Lebesgue measure and completely contained in X°. Also, from
Lemmas 2.3.2, 2.3.3 and 2.3.4 and the fact that X C dom(¢), for any m € N
we can find K, > 0 such that

|6l < Ko and P (dulls, > Ko i0.) =0 (2.40)

sup {|{|} < K,, and P*| sup {[¢|} > K, io.|=0. (241)
€Xm rE€Xm

xT
£€0¢(z) £€0¢n ()

Fix n > 0 and consider the sets

A = |inf{o() = u(2)} = n i)
B = [[6ulx, < Kn aa.]
C = sup {[¢|} < K, a.a.].
xEXm
€€ ()

Suppose now that ANBNC' is known to be true. Then, there is a subsequence
(nk)52, such that infex{¢(z)—¢n, ()} > 7V k € Nand e E(e) = o
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Taking (2.40) and (2.41) into account, we have that for k large enough the

inequality

g

nik Z(Yj — O (X))* > = > (Y5 = o(Xy))’

F ST = 60N — b (X) + 1 3 (B(X,) — b (X))

& X;€Xm X;€Xm
implies
1 & f 2 1 2
- ;(Yj — On(X))? > — Y (VG — (X)) +

n
k X;€Xm

Nu® ey ap {12 T w(x); - 6(X)

n n
k VED K Xm F (1<i<npX;€Xm}

Thus, from Lemma 2.3.7 we can conclude that

lim — 3 (V= (X)) > w(K)o® + w(X)n? if {A1-A3} hold.

koo Tty S,
Under {A2-A4} and {A5-AT7} the left-hand side of the last display is bounded

from below by

1

lim — > (Y; - 6(X)))” + v(X)n’
k—oo Tk X;€Xm
and
| = ol)Putds.dy) + v(x
Xm
respectively.

Finally, using (a)-(d), the strong law of large numbers (for {A2-A4}
we can apply a version of the strong law of large numbers for independent
random variables thanks to condition A4-(ii); see Williams (1991), Lemma
12.8, page 118 or Folland (1999), Theorem 10.12, page 322) and Lemma 2.3.6
we can let m — oo to see that, under any of {A1-A3}, {A2-A4} or {A5-AT},

lim = 37 (Y - 6,,(X) 2 0% + v’

n
k—oo Tk 1<j<ng
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which is impossible because ank is the least squares estimator.

Therefore P* (AN BN C) =0 and, since P, (BNC) =1,

P(A)=P (inf{¢(x) — du(x)} > i.o.) —0.

xeX

This finishes the proof of (i). The second assertion follows from similar argu-

ments. O

2.4.9 Proof of Lemma 2.3.9

We can assume, without loss of generality, that X is a finite union of compact

rectangles. Pick Ky such that

sup {|{|} < Ky and P* | sup {|{|} > Ky io0.| =0.
x€eX reX
568%(55) 5€8§n($)
Let 7 > 0 and § = 5. We can then divide X in M subrectangles {Ci,...,C}
all having diameter less than §. Define the events

A = [ D inf{qzn(x)—¢(m)}<g a.a.]

z€Cy

B = [ sup {[¢|} < Kx a.a}.
xeX
'fea(;n(x)
We will show that AN B C [supxex{ggn(x) —o(x)} <n a.a.] Suppose ANB
is true. Then, there is N € N such that for any n > N we can find =, € C;
such that én(Enk) — ¢(Enk) < 3. Moreover, we can make N large enough

such that for any n > N, Ky is an upper bound for all the subgradients of ggn

on X. Then, for any £ € C, we obtain from the Lipschitz property,

~ ~ ~ ~

Pn(8) —0(&) =

IN
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Therefore,

sup{on(z) —p(x)} <n VY1<k<MVYn>N

z€Cy,

which implies

sup{dn(x) — p(z)} <n Yn> N,

zeX
Considering Lemmas 2.3.8-(ii) and 2.3.4; ANB C [supmex{én(x) —¢(x)} <n aa.
and P, (AN B) = 1 we obtain (7). The first assertion follows from similar

arguments and (i77) is a direct consequence of (i) and (7). O

2.4.10 Proof of Lemma 2.3.10

Throughout this proof we will denote by B the unit ball (w.r.t. the euclidian
norm) in R From Theorem 25.5, page 246 on Rockafellar (1970) we know

that f is continuously differentiable on C. Let
h.= inf {|¢—n|} > 0.
eexneRN\C

Pick € > 0. We will first show that there is n, € N such that
& n) <(Vfx),n)+e VE€I(x), VeeX VneB, Vn>n. (2.42)

Suppose that such an n. does not exist. Then, there is an increasing sequence
(my,)22, such that for any n € N we can find z,,, € X, &, € Ofm, (Tm,),

Nm,, € B satistying (&, 0m,) > (Vf(2m, ) m,) + €. But X and B are both

oo

compact, so there are z, € X, 7. € B and a subsequence (k,,)%, of (m,)5,

such that xp, — x, and 1, — .. Then, for any 0 < h < h, we have

Jro (Th, + Wi, ) — S, (21,
h

> <§/€nankn> > <vf(xmn)a77kn> +e Vne N7

and therefore

lim lim Jien (@hy, + M) — fin (@,
n—oo M0 h

> (Vf(xe),ne) + e
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But this is impossible in view of Theorem 24.5, page 233 on Rockafellar (1970).
It follows that we can choose some n. € N with the property described in

(2.42). By noting that —B = B, we can conclude from (2.42) that
[(&m) = (V(z)ml<e VE€Ifulx), Vo eX, Vn €B, Vn=>n,.

By taking 7 = éigﬁi% when & # V f(z) we get

sup {[€=Vf(2)|]} <e Vn>n.
Eegﬁf{(x)

Since € > 0 was arbitrarily chosen, this completes the proof. 0
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Chapter 3

Additional topics regarding

convex regression

3.1 The one-dimensional case

In this section we elaborate a bit more on what is known about the convex
regression problem with a unidimensional predictor. For simplicity, we assume
no ties among the X’s. As stated before, a function f : R — R is convex if

o

it is absolutely continuous in dom(f)° with a nondecreasing first derivative.
This fact yields the following characterization of the set Ky defined in Section

2.2:

() _ L(-1) G+1) _ ()

z z z z

/CX::{ZG]R": < ijQ,...,n—l},(S.l)
Xy = Xg-1 — Xy — X()

where X1y < ... < X(,) are the order statistics and each 20) represents the

component of z that corresponds to the index k for which X} = X(;. The
vector Z,, defined in (2.2) can now be computed by solving the program

min S Vi 2P

L) _5G=1) LGHD () 9
Xi=X@-1 — Xg+n=—X@G

(3.2)

subject to yee,mn— 1.
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Moreover, the value of ¢, (z) for any 2 € Conv (X1,...,X,) = (X (1), X(y] can
be obtained by linearly interpolating the points (X, A (X, Zm).

A direct comparison between (3.1), (3.2) and the interpolating pro-
cedure against their multidimensional counterparts might be illustrative: as
opposed to the simple, straightforward characterization given by (3.1), Lem-
mas 2.2.1 and 2.2.2 are much more complex and require the solution of linear
programs; the positive definite quadratic program (3.2) is computationally
a lot simpler than the semidefinite problem (2.8); evaluating ngSn via linear
interpolation is evidently more convenient than solving (2.7).

All these simplifications are consequence of the aforementioned charac-
terization of convex functions on the real line. This fact also plays a key role
in the derivation of the rate of convergence and asymptotic distribution. The
rate of convergence was shown to be n=2/° in Mammen (1991). Groeneboom
et al. (2001) showed that for any z € X° on which ¢ is twice continuously
differentiable with ¢ (x) # 0,

0k o(0n() = () ~ H'(0)

where H is a (well-defined) random continuous function majorizing

t
/ W(s)ds + t*
0

with W being a standard, two-sided Brownian motion, and

i :( 2 >1/5
T \Var (@' @))

3.2 Convex and componentwise monotone re-
gression functions

As explained in Section 2.1, concave regression arises naturally in economet-

rics. Production and utility functions are often assumed not only concave,
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but also componentwise nondecreasing. In this section we adapt the method
of least squares for such situations. As there is no mathematical reason to
restrict ourselves to concave and componentwise nondecreasing functions, we
will expand the framework of Chapter 2 to functions that are convex and
monotone (nondecreasing or nonincreasing) in a given set of directions. Con-

sidering the notation of Section 2.2, we make the following definition:

Definition 3.2.1 (a-monotone function) Let o € {—1,0,1}. A function
f R4 — R s said to be a-monotone if f(x) < f(x +rale;) for all v > 0,
z € R and j € {1,...,d}, where e; is the unit vector in the j-th direction

(i.e., the vector with components ef = Ok; with dy; denoting the Kronecker ).

In other words, f : R* — R is a-monotone if it is nondecreasing in all
components j for which o/ = 1 and nonincreasing in those for which o/ =
—1. Additionally, we write ]Ri and R? for the nonnegative and nonpositive
orthants, respectively, and for any o € {—1,0,1}? define

R! = {zeR":dde/ >0if [o/|=1and 2’ =0if o/ =0};  (3.3)

R¢ = {zeR':dda! >0if |of| =1}. (3.4)

For example, if a1 := (—1,0,1), as := (1,1,1) and a3 := (0,1,0), then
R} =R_x{0} xRy, R =R3 and R}, = {0} x R, x {0}. Accordingly we
would also have R%, = R_ x R x R, R}, =R and R}, = R x R} x R.

Remark: A function f will be a-monotone if and only if f(z) < f(y)

whenever (y — x) € RZ. For a proof of this statement, see Lemma A.0.7.

3.2.1 The convex, a-monotone least squares estimator:

computation and finite sample properties

For the remainder of this section, we will fix an a € {—1,0,1}% and take the

regression function ¢ in (2.1) to be convex and a-monotone. The develop-
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ments here are quite similar to those in Chapter 2, so we omit some of the
details. Given the observed values (X1,Y1),...,(X,,Ys), we write Q% for
the collection of all vectors z € R™ for which there is a convex, a-monotone
function ¢ satisfying ¥ (X;) = 27 for every j = 1,...,n. We now have the

following characterizations.

Lemma 3.2.1 Let z € R". Then, z € Q% if and only if the following holds

for every j=1,...,n:
zj:inf{z(‘)kzkzzekzl, I+ 0FX, =X, 0>0, eeRn,ﬁeRia}.
k=1 k=1 k=1

Proof: The proof is very similar to that of Lemma 2.2.1. The difference
being that we use Lemma A.0.8 and the function

n

ha(x):inf{Zszk:ZGk:L 0+ 0° X, =1, 6>0, eeRn,ﬁeRia}

k=1 k=1 k=1

instead of Lemma A.0.6 and the function g. O

The dual characterization analogous to that in Lemma 2.2.2 is given in
the following result. Its proof is just an application of the duality theorem of
linear programming, so we omit it. Recall the definition of R? and R? given

in (3.3) and (3.4).

Lemma 3.2.2 Letz € R". Then, z € Q% if and only if for everyj =1,...,n

we have
4 :Sup{<§,Xj>—|—77: EX)+n<FVk=1,...n ek, neR}.
Moreover, z € Q% if and only if there exist vectors &1,...,&, € ]ﬁi such that

(€, Xpe— X)) <28 —2F Vi je{l,. .. n}
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Just as in the previous case, we can use both characterizations to show the

existence and uniqueness of the vector

W, = argmin {Z ‘Yk — zk| }

2€9% 1

and then define the nonparametric least squares estimator by

@n (2) :inf{ZekW;j D> =194 0FX, :a:,&ER”,z?ERda}.

k=1 k=1 k=1
Here, the vector W, can also be computed by solving the corresponding

quadratic program
min S ¥ - 2P
subject to (&, Xj — Xj) <2/ —2F Vk,j=1,...,n
&, & eRE z e R,
which differs from the program (2.8) just because here the ;’s have sign
restrictions. The estimator enjoys analogous finite dimensional properties to
those listed in Lemma 2.2.4. For the sake of completeness, we include them

in the following lemma.

Lemma 3.2.3 Let ¢,, be the convex, a-monotone least squares estimator ob-
tained from the sample (X1,Y1),...,(Xn, Ys). Then,
(i) Z (k) — Pn(Xk) (Y — &n(Xk)) < 0 for any convexr, a-monotone

functzon Y which is finite on Conv (X1, ..., X,);

(i1) Y on(Xi) (Vi — ¢u(Xy)) = 0;

(iii) > V= @n(Xp);
=1 h=1

(iv) the set on which ¢, < oo is Conv (X1,...,X,) + R?

—a?

(v) for any x € R? the map (X1,..., X, Y1,...,Y,) = &n(x) is a Borel-

measurable function from R™HD into R.
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3.2.2 The convex, a-monotone least squares estimator:

consistency

With similar arguments to those used in Section 2.3 it can be shown that
the convex, a-monotone least squares estimator and its subdifferentials are
consistent. A careful analysis of their respective proofs shows that Theorems
2.3.1 and 2.3.2 still hold with ggn replaced by ¢, when ¢ is convex and a-

monotone. These proofs relied essentially on two key facts:
(i) The finite sample properties of ngﬁn established in Lemma 2.2.4.

(ii) The vector (¢n(X1), ..., dn(X,)) € R™ is the Ly projection of (Yi, ...,
Y,,) on the closed, convex cone Ky of all evaluations of proper convex

functions on (Xi,..., X,,). Also, note that (¢(X1),...,0(X,)) € Kx.

We know from Lemma 3.2.3 that ¢,, has similar finite sample properties
to those of its convex counterpart. Note that if ¢ is convex and a-monotone,
((X1),..., o(Xn)) € Q% and (Pn(X1), ..., ¢n(X,)) € R™ is the Ly projec-
tion of (Y3,...,Y,) onto Q%. Finally, as the space of convex and a-monotone
functions on X is a subspace of the space of convex functions on X', the
entropy bounds derived in Lemma 2.3.5 still hold.

From these considerations and the nature of the arguments used to
prove Theorems 2.3.1 and 2.3.2, it follows that the consistency theorems 2.3.1

and 2.3.2 remain true for the convex, a-monotone least squares estimator.

3.3 Behavior under misspecified model

In this section we analyze behavior of the convex least squares estimator on
scenarios in which the actual regression function is not convex. It turns out

that the estimator has asymptotic regularity in the sense that even in such
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cases there is a well-defined convex function to which it converges almost
surely. The arguments presented here are based on those in Lim and Glynn
(2012).

Consider the following situation: we are given an i.i.d. sequence (X, Y;,)5
from some Borel probability measure p on R+ satisfying the following con-

ditions:

(I) There is a closed, convex set X C R? with X° # () such that u(X xR) =
1. Also,

/ y*p(da, dy) < .
XxR

(IT) There is a function ¢ : R? — R with X C dom(¢) such that whenever
(X,Y) ~ pu we have E (Y — ¢(X)|X) =0 and E (|Y — ¢(X)|?) = 0? <
oo. Thus, ¢ is the regression function. Note that ¢ is not necessarily

convex.

(ITT) Denoting by v(-) = u((-) x R) the z-marginal of u, we assume that

{X € By : v(X) = 0} = {X € By : X has Lebesgue measure 0}.

/ 2?v(dz) < oo.
Rd
Defining the set I, by

K, = {2/) ' RY = R | 4 is convex with /|¢(:17)|21/(dx) < oo} ,

it can be seen that I, is a closed, convex cone in L?(R¢, Bga, v). Consequently,

from Moreau’s decomposition theorem (see the proof of Lemma 2.2.4) there
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is a unique convex function qZA> € IC, which satisfies the equations

[ o=irar = w { [ @-vparfs
[o-dw-dar < 0 veex,

Since whenever (X,Y) ~ p we have E (Y| X) = ¢(X), it is straightforward to
see that ngS is the only function satisfying

/3€ R(iﬁ(x) — 0(2))(y — d(x))p(dz, dy) <0 Vi € K,.

From the arguments in Lim and Glynn (2012) it can be concluded that,
under (I)-(IV), Theorems 2.3.1 and 2.3.2 hold with ¢ replacing ¢. Note that
under {A5-A7} in Section 2.3 we obviously have ¢ = ¢. This is a remarkable
property of the convex least squares estimator. Even if the regression model
is misspecified by the researcher, the estimator has asymptotic regularity.
It always converges to the Hilbert space projection of the actual regression
function ¢ onto the closed convex cone K, in L2(R?, Bga,v). The interested

reader can look at all the details in Lim and Glynn (2012).

3.4 A conjecture about local rates of conver-
gence

In this section we focus on the stochastic design regression model described
in Section 2.3.2. Our aim is to state a conjecture about the local rate of
convergence of the convex least squares estimator, namely, the rate at which
dn(20) — d(x0) converges to 0 for a given zo € X°. To do this, we will first
introduce some additional notation and assumptions and then prove some
facts about convex functions and empirical processes to provide the substance

for the conjecture.
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3.4.1 Some further notation and assumptions

We will now proceed to introduce some notation in addition to that introduced
in Section 2.3. Consider a convex function f : R? — R. The closure of f is the
greatest lower semicontinuous function majorized by f. A convex function is
called closed if it equals its closure. The epigraph of f is the subset of R%*+!
given by: epi(f) := {(z,y) € R{ x R = R¥! : y > f(x)}. Additionally, we
will denote by f* the convexr conjugate function of f (or its Legendre-Fenchel
transform). This function is given by

f1(&) = sup{(§, x) — f(x)}.

z€Rd

The methods that will be used to back the conjecture of this section
require an additional assumption on the convex regression function ¢. We
have to impose a condition stronger than mere convexity, which will be labeled

as condition (AS).

(A8) There is a neighborhood U C X of xy and two constants C,c > 0
such that the marginal density of X under pu, denoted by f,, and the
function x — u (|Y — ¢(X)[*|X = z) are continuous on U; ¢ and V¢

are continuously differentiable and Lipschitz on U, respectively; and
cler —xa? < d(x) — P(x1) — (Vo(21), 22 — 1) < Clay — of? (3.5)

for all x1,29 € U.

Note that (3.5) will be satisfied whenever ¢ is twice continuously differentiable
with nonsingular Hessian in some neighborhood of xy. However, we do not

assume second order differentiability.
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3.4.2 On the measurability of subdifferentials and sub-

gradients

In what follows we will provide some facts about set-valued measurable func-
tions and random convex functions that will allow us to avoid the use of inner
and outer probabilities.

It follows from Lemma 2.2.4 that ¢, (z) is measurable for any z € R%.
According to the arguments in the second paragraph of page 6 in Rockafellar
(1969), this statement, together with the fact that P (Conv (X1,..., X,,) # 0) =
1, implies that ngSn is a normal convex integrand (see page 5 of Rockafellar
(1969)). Consequently, the corresponding subdifferential mappings (9, )22,
are measurable multifunctions (this follows from Corollary 4.6 in Rockafel-
lar (1969)). More general notions of normal integrands and random lower
semicontinuous functions can be found in Attouch and Wets (1990) and Hess
(1995). For the basic properties of measurable set-valued mappings, the in-
terested reader may look at Aubin and Frankowska (2009).

Given what has been stated in the previous paragraph, Corollary 8.2.13,
page 317 in Aubin and Frankowska (2009) allows us to remove the inner proba-
bilities in Theorems 2.3.1 and 2.3.2 (as the subdifferentials of the least squares
estimators are measurable multifunctions). Moreover, the same result allows
us to guarantee the measurability of the events and random variables consid-

ered in the sequel.

3.4.3 The conjecture and the ideas behind it

Conjecture: Under conditions {A5-A8} for d = 1,2,3 we have

(1) bu(wo) = 6(z0) = Op (n~7);
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(i) sup {J§— Vo)l = Op (n"H).

£E€0Gn (z0)
In what follows the main ideas to back up this claim will be provided.
The remainder of this section constitutes the latest attempt to use these ideas
to prove the conjecture. In the end, it will hopefully be clear what remains

to be done to have a complete proof.

3.4.3.1 “Localizing” the least squares criterion

We will attempt to use in some clever way the “localizing” functions given
in Lemmas A.2.1 and A.2.2 (see Section A.2). Suppose that we are given
a compact, convex set X C U (where U is given in (A8)) and consider the
functions én and Zn given by Lemmas A.2.1 and A.2.2, respectively. Define
ﬁn = ¢, — én and En = ;n — by, Then, applying the characterization of the
orthogonal projection on Euclidean spaces (see Lemma 2.4, (i) in Seijo and

Sen (2011b)) these functions yield the inequalities:

3" (Vi = $u(X))n(Xi) < 0, (3.6)
> (Y= on(X0)d (Xx) > 0. (3.7)

Note that the lower bounds in Lemmas A.2.1 and A.2.2 imply that both
of these functions are nonnegative. Thus, there is a continuous, nonnegative
function v, which is a convex combination of én and 1[)n (and thus supported

on X) such that
D (Vi = 6u(Xi))n(Xy) = 0. (3.8)
Xkex
Before proceeding any further, I would like to compute these “localiz-

ing” functions in a particular example, so that we get a better idea of how they

work. Let f be a quadratic form f(z) = ((x — x¢), A(x — x¢)) + (b, x — o) + ¢
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for some symmetric positive definite matrix A and let X = {z € R? :

((x — x0), A(x — x9)) < r}. Then, a straightforward calculation shows that

f2)=f(a) = r*—((x—20), Al(x —20)) and f(z) — f(2) = (r—((z— o), Az~
7o)))? for z € X. This example is particularly illustrative because if the re-
gression function ¢ is twice continuously differentiable around xg, the corre-
sponding localizing functions will be close to these ones for A = $V2¢(z)
and X will be similar to a ball around zy under the metric defined by the

Hessian.

Coming back to the derivation of the rate, we can rewrite (3.8) as

follows:
D> (V= (X)) (Xe) = > (b Xk) — &(Xi))hn(Xa). (3.9)

The idea is to use this last identity to derive the rate. A description of
how to do it will be presented in the following paragraphs.

For starters, consider a;, 79 > 0 and p € (0,1) such that (3.5) holds in
B(zo,r0) and mg,, := pc — 4(a + /2a(a + C)) > 0. Define 7, as follows:

~

'r’n::inf{rZO:‘@L—(b

H SOzSQVrSSSTO}. (3.10)
B(zo,s)

Before elaborating further on the properties of r,, let us introduce some ad-
ditional notation. For any r < rg let én,r and ZBW be the functions given by
Lemmas A.2.1 and A.2.2, respectively, applied to f = qgn over X = m.
Define ém = (ﬁm — én,r and @m = EW — ¢n. As argued in the derivation
of (3.9), there is A, € [0, 1] such that for ¢, . := Ap,h, , + (1— ), >0
we have:
> =0 (X)) = > (6u(X0) = 6(Xi) s (Xi). (311
|zo— X | <r |zo— X | <r
We will now summarize the main properties of r, in the following

Lemma:
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Lemma 3.4.1 Under {A5-A8}, the sequence of random wvariables (r,)s,
converges to zero with probability one. Moreover, letn € N and r, <r < 57“0.

Then,
(i) 11060 — VO Bzor) < 2(a + /2a(a + C))r.

(i1) For all w,y € B(xzo,r) we have

On(w) = duly) = (0duy)w —y) = Jw—yl(clw —y| —4(a + v2a(a + C))r)s;

~

n(w) = duly) = (0du(y)w—y) < |w—y|(Clw—y|+4(a+ 2a(a+ C))r);

(iii) sup {¢ (w) Vi, (w)} < (C+4(a+2a(a+C)))

|lw—xzo|<r -

(iv) ényr(w) /\Emﬂ(w) > Lmag,,r? for all w € B(zg, (1 —p)r)
(0) 16 = 3o V 18, = Sllpeon < (@ +C +4(a+ y/2ala+ O))r?

In addition, there is a constant Mc, such that whenever r,, < r < iro we

have,

(vi) Ha(gn - V¢HB($07T) v Haén - V¢HB(xo,7’) < Mc,r

Proof: The first assertion follows from the fact that r,, < \/La \/ n — | Blrosro) —
0. Now, let w € B(zg,r), 6§ > 0 and 0¢,(w) stand for any of its ele-
ments (recall that the subdifferential might be multivalued). Assume that

06 (w) — V(w)| # 0. Define y5 = w + 5zt rs (900 (w) — V(w)).

Note then that by (A8), for all 6 < r9/r we have that —(Vo(w),ys — w) <
—o(y) + ¢(w) + Clys — w|*. Using the defining property of the subdifferential

(for ¢ (w)) we get

(0n(w) = V(w), ys — w)
(6n(ys) = B(ys)) = (Pn(w) = d(w)) + Cly — w]?
< ar’ + a1+ 8)*r* + Cr?®.

16|00, (w) — Vo (w)]

IN
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Consequently, as o/ > 2,

06,(w) = Vow)| < 2ar+r inf {5+ (a+C)))
< 2(a+2a(a+O))r.

As w was arbitrarily chosen, this completes the proof of (7). Now, let w,y €
B(zg,7). From (i) and the mean value theorem of integral calculus we can

write
|(Gn(w) = Gu(y) = (96, (1), w — 1)) = (B(w) = 6(y) = (Vo(y), w = 1))| =

/O (0dn — Vo) (y + t(w — ), w — y)dt + (y — V)(y),w — y>‘ < 4o+ 2a(a+ O))rlw—yl.

Putting the last inequality together with (A8) one immediately gets (i7) (via
applications of the Cauchy-Schwartz and triangular inequalities). Further-
more, (7i7) and (iv) are easily obtained from the bounds given in Lemma
A.2.1 (iv) and Lemma A.2.2 (v). Finally, (v) follows immediately from (ii7)
and (vi) is proved like (i) with (a+C+4(a++/2a(a + C))) and ir; assuming

the roles of a and g, respectively. 0

3.4.3.2 Some calculations involving empirical processes
For r > 0 consider the following class of functions:

f is convex;
ab .__ .
Caco,r = f : B($0,T) — R ”fum < arQ; ,
10 || Bgmy < br
where ||0f|lgzo = sup{lé| : € € 0f(x), |v — x| < r}. Additionally, we

define the class

X = (y—p(2))C = {h: R'xR — R : h(z,y) = (y—¢(x))f(z) for some f € C=* }.

xo,Tr xo,Tr xo,T
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Note that Cgéljr is a class of functions in R¢, while 5;‘(’){’,, is a class of functions
in R with measurable envelope ar?|y — ¢(z)|1p () (7).

We will now introduce some notation. We will denote by p,, the empir-
ical measure defined on R by the sample (X, 1, Y1), ., (Xpn, Yon). In
agreement with van der Vaart and Wellner (1996), given a class of functions
G on D C R4 a seminorm |[|-|| on some space containing G and 7 > 0 we
denote by N(n,G, | -||) the n-covering number of G with respect to || - ||. Addi-
tionally, we will be making use of the notation ||7||g for sup {f |fldvy: f € g}
for any signed Borel measure v on R (or some other Euclidean space) and
any class G of measurable functions.

The next result presents entropy calculations for the classes 5:‘561’ and

T

Ca,b

xo,r"

Lemma 3.4.2 Leta,b,r > 0. Then, there is a constant Bapq > 0, depending

only on a, b and d, such that
(Z) log (N(nvcg(fr? H : HB(OCO,T))) < Ba,b,drdn_d/Q:

ﬁ@)Sgp{k¥§UV(narﬂleummHQ2»5ﬁﬁ,H'HQQ))}fif%wda_w2n_w2,whﬂ%
e =y — o), || - llg2 stands for the Ly(Q) norm and the supremum

is taken over all discrete probability measures Q on R for which

€1 B(20,m Q2 > 0.

Proof: For each f € C%’., let f, : B(xg,1) — R be given by f,.(z) =
r=2f(rz). Then, ||fi|lB@oy < a and [|0f|B@ery = 7 10f |Bzor < b. It
follows that {f,} fecst, is a subset of the space of all uniformly bounded, uni-
formly Lipschitz (i.e. with uniformly bounded Lipschitz constants) convex
functions on B(xo, 1). Moreover, ||f — gl por) = Tl fr — 9r | Bzo,1)- 1t follows

that r~2n-nets for {f,} secar have a one-to-one correspondence with 7-nets
zQ,r

for C3:°,. Hence, (i) is a consequence of Theorem 6 in Bronstein (1976) (see
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also Corollary 2.7.10 in page 164 of van der Vaart and Wellner (1996)). For
(77) note that if @ is any discrete probability measure and f,g € Cg(’fjr then

lef1B@o1) — €91Bo 1) |02 < €1B@on @2l f — 9l Bzor)- It is now clear that
(17) follows from (7). O

With the aid of Lemmas 3.4.1 and 3.4.2 we will attempt to derive a
maximal inequality for certain classes £&°.. These inequalities will be ex-

pressed in terms of the following quantities defined for § > 0:

0
sup { / ¢ 1+ log (N (rl[€®Lp(eg nllz: €5 | ||Q,2))dn} ;
0

5
Zop(0) = / \/l—i-Ba,b,da—d/?n—d/?dn
0

where the supremum is again taken over all discrete probability measures ()

Tir(9)

on R for which [|€*1p(nlq2 > 0.

Lemma 3.4.3 Let a,b,r, M > 0 and assume that {A5-A8} hold. Assume
that r is small enough so B(xg,r) C U and let s, , := sup{f,()u (Y — ¢(X)|*|X = z) :

|z — 20| <1} < 00. Then,

1
P sup { —
(fec;’gﬁr { Vn

where the right-hand side of the preceding inequality is finite for d = 1,2, 3.

n

Z Ekf(Xk)

k=1

>M| < g””“%d/gz"’b“)rd*“,
~ M2 (4+1)

Proof: Apply Theorem 2.14.1 in page 239 of van der Vaart and Wellner
(1996) to the class £4°. (note that the supremum inside the probability is

measurable as C;ng is separable under the sup-norm). In view of Lemma
3.4.2 we get:
1 |« 1 1 |« ’
P| sup { — exf(Xk) } > M) < —E ( sup { exf(Xk) })
(fGCZ(’ﬁT{‘/ﬁ ; Mz pecz, (VP ;

IN

Jﬁgf’r(l)/ arip (Y — ¢(X)P|X = z) fo(z)dx
|z—z0|<r

r@®T Ty (1) 414
M2T (£ +1) ’
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Now, we have the following result.

Lemma 3.4.4 Let
Z Eklzn,rn (Xk)7

1
B, =
n%rfﬁz | Xk —z0|<rn
and assume that {A5-A8} hold. Then, there is a constant K, ,q, depending

only ond, o >0 and p € (0,1) (the constants involved in in the definition of

opd 0 k.d+4
Z ((k — 1) \/ a)2d+4'

Tn), such that
b2
k=1

K
<|Bn| > b,r, > an_ﬁ> <

lim P
n—ro0
In particular, for d € {2,3}, lim P <|Bn| > b,r, > an_T}r‘l> —0asb—
n—oo

for any a > 0.
Proof: First note that condition (A8) implies that

sup {|o(x) — d(xo) — (Vd(wo),x — 20)|} < Cr*V 0 <7 <1,

|lz—z0|<r

and that V¢ is Lipschitz on U. Combining these two facts with Lemma 3.4.1
(), (v) and (vi) there are two constants a, ,, ba,, > 0, which only depend on

the p,a > 0 involved in the definition of r,,, such that
€ Copptors
(3.12)

s() = o(x0) — (Vo(xo), () — 20)
€ Coptor

s( ) — ¢(x0) — (Vd(20), (-) — 20)
d(z0) — (Vo(w0), (1) — o) € Clopber Vi, <s<r < —rg.

ol

n’

[©->

7,

() =

-
3
w

Lr—onﬁj Then we have

Let m,, :
P <|Bn| >b,r, > an_ﬁ) <P (rn > mnnﬁ)
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> bp 7@ rdt2 (k—1)v a)n_ﬁ <r, < kn_@) .

Z €k¢n,'r'n( )

[ Xk —x0|<T0n

Note that &n,rn can be written as follows:

Ynra = Anra(Gs (1) = B(wo) = (V(wo), () — 20))
- (1= nrn)(¢ns( ) — ¢(x0) — (V(x0), (-) — o))
+ (1= 20,)(Dns() = dwo) = (V(x0), (+) — 70))-

Considering (3.12), Lemma 3.4.3 and the last inequality we get:

P <|Bn| > b,r, > anfﬁ) <P (Tn > mnnﬁ>

+ Z sup {%

n

> enf(Xi)

} _ k= 1) v a)* 2

aa,prba 3
T jecir lilf/’(d+4> k=1
T, (1)
_1 gl/ra a b
<P (rn > mnnd+4> + ap™ apsionp Lt
: 2. k=t vapr (1)
knd+i<0

The result now easily follows, as from Lemma 3.4.1 we know that r, — 0.

0

3.4.3.3 The consequences of Lemma 3.4.4 and what remains to be

done

1

If we write V,, := nr;f” Z¢”T (X)) then it is easily seen (via a Glivenko-

Cantelli type of argument) that there are constants [y, > 0 such that

P (5 <V, < f2) = 1 as n — oo. Moreover, if we let

Un = /0 (nr1l+4 Z«aén - V¢)($0 + t(Xk - xO))»‘Xk B 930>77/A)n,rn(Xk)) dt

k=1



71

then it is also easily shown that U,, = Op(1). Thus, Lemma 3.4.4 and (3.11)

imply that we have (on the set where r,, > cm_di-l%),

05 (ba(0) = 9(20))Viy + 071120, = Op(1). (3.13)
AsP (B <V, < 3) = 1 as n — o0, to obtain the rate for ¢, (xo) — ¢(x0) it
suffices to show that nari r2U, = Op(1). Moreover, if we were able to obtain
an asymptotic lower bound for |U,| (just like 8; for V,,), we would actually

get a rate for r,.
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Chapter 4

A continuous mapping theorem
for the smallest argmax

functional

4.1 Introduction

Many estimators in statistics are defined as the maximizers of certain stochas-
tic processes, called objective functions. This procedure for computing esti-
mators is known as M-estimation and is quite common in modern statistics.
A standard way to find the asymptotic distribution of a given M-estimator,
is to obtain the limiting law of the (appropriately normalized) objective func-
tion and then apply the so-called argmax continuous mapping theorem (see
Theorem 3.2.2, page 286 of van der Vaart and Wellner (1996) for a quite gen-
eral version of this result). Chapter 3.2 in van der Vaart and Wellner (1996)
gives an excellent account of M-estimation problems and applications of the
argmax continuous mapping theorem.

Despite its proven usefulness in a wide range of applications, there are
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some M-estimation problems that cannot be solved by an application of the
usual argmax continuous mapping theorem. This is particularly true when
the objective functions converge in distribution to the law of some process
that admits multiple maximizers. This situation arises frequently in problems
concerning change-point estimation in regression settings. In these problems,
the estimators are usually maximizers of processes that converge in the limit
to two-sided, compound Poisson processes that have a complete interval of
maximizers. See, for instance, Kosorok (2008b) (Section 14.5.1, pages 271
277), Lan et al. (2009), Kosorok and Song (2007), Pons (2003) and Seijo and
Sen (2011a). This issue has been noted before by several authors, such as
Ferger (2004).

The main goal of this chapter is to derive a version of the argmax
continuous mapping theorem specially tailored for situations like the one de-
scribed in the previous paragraph. A distinctive feature of the argmax contin-
uous mapping theorem in this setup is that it requires the weak convergence,
not only of the objective functions, but also of some associated pure jump
processes. Although this requirement has been overlooked by some authors
in the past (we discuss these omissions in Section 4.5), its necessity can be
easily shown; see Section 4.4 for an example.

To illustrate the situations on which our results are applicable, we start
with the following simple problem that arises in least squares change-point
regression. Detailed accounts of this type of models can be found in Kosorok
(2008b) (Section 14.5.1, pages 271-277), Lan et al. (2009) and Seijo and Sen
(2011a). In its simplest form the model considers a random vector X = (Y, Z)

satisfying the following relation:
Y = aolz<g + Bolzse, + 6 (4.1)

where Z is a continuous random variable, ag # By € R, (o € [c1, 2] C R and
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€ is a continuous random variable, independent of Z with zero expectation
and finite variance o2 > 0. The parameter of interest is ¢y, the change-point.

Given a random sample from this model, the least squares estimator 0, of

0o = (Co, 0, Bo) € © := [c1, c2) x R? is obtained by maximizing the criterion
function
1 n
M, (0) = 0 2_; (Y; — alzec + Blze),
ie.,
én = (é’n, Oy, Bn) = sargmax {M,,(0)}, (4.2)
9co

where sargmax denotes the maximizer with the smallest ¢ value. This dis-
tinction is made as there is no unique maximizer for (, in fact, for any «, 3,
M, (-, , f) is constant on every interval [Z(j), Z(j11)), where Z;) stands for
the j-th order statistic. It can be shown, see either Kosorok (2008b) (Section
14.5.1, pages 271-277) or Seijo and Sen (2011a), that n((, — (o) converges in
distribution to the smallest maximizer a two-sided, compound Poisson pro-
cess. The convergence results in this chapter, Theorems 4.3.1 and 4.3.2, can,
in particular, be applied to derive the asymptotic distribution of this estimator
(see Sections 4.5.1 and 5.3).

Our results will be applicable to M-estimation problems for which the
objective function takes arguments in some compact rectangle K C R%, d > 1.
We focus on functions belonging to the Skorohod space Dy as defined in
Neuhaus (1971). The elements of Dk are functions with finite “quadrant
limits” (generalized one-sided limits) and are “continuous from above” (gen-
eralization of right-continuity) at each point in K. In Section 4.2 we describe
the Skorohod space Dk in details and state some fundamental properties of

the sargmax functional. Some of the results developed in this connection
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can also be of independent interest. In Section 4.3 we prove a version of the
continuous mapping theorem for the sargmax functional for elements of Dg
which are cadlag in the first component and jointly continuous on the last
d — 1. In Section 4.4 we describe an example that illustrates the necessity
of the convergence of the associated pure jump processes in the results of
Section 4.3. Finally, in Section 4.5 we apply the theorems of Section 4.3 to
the change-point regression problem described above and to the estimation
of a change-point in time and in a covariate in the Cox-proportional hazards

model.

4.2 The Skorohod space Dy

4.2.1 Definition and basic properties

We start by recalling the Skorohod space as discussed in Neuhaus (1971). To
simplify notation, we write the coordinates of any vector in R? with upper
indices. We consider a compact rectangle K = [a,b] = [a*,b] x - - x [a?, 1]
for some a < b € R? with the inequality holding componentwise. For any
space R™ we will write | - | for the Euclidian norm (although the L*-norm
is used in Neuhaus (1971), the results in there hold if one uses the Euclidian

norm instead). For k € {1,...,d}, t € [a*, V"] and s € {a*, b} we write:

[a® t) if s =ad",

Ix(s,t) =
(t,0%] if s = b,
[a®,t) if s =a" and t < b,
[ak, bk} if s = a* and t = b*,
Jk(s,t) =

0 if s =0" and t = b*,
[t, bk} if s =bF and t < b*.




7

d
and for any p € V := H{ak, V) = (2t ..., 2% € RY,
k=1

d
Q(pa l’) = H [k<:0k7 xk)a
k=1

d
Q(p’ 93) = H Jk‘(pk7 xk)
k=1
Remark: Some properties of the sets Q(p, z) are:
(a) Q(p,z) N Q(y,z) = for every v # p € V and every z € K.

(b) K = U Q(p, x) for every z € K.
peV
Hence, {Q(p, az)} forms a partition of K. We are now in a position to
pEV
define the so-called quadrant limits, the concept of continuity from above and

the Skorohod space.

Definition 4.2.1 (Quadrant Limits and Continuity from Above) Consider
a function f : R4 - R, p €V and v € K. We say that a number [ is the
p-limit of [ at x if for every sequence {x,}5°, C Q(p,x) satisfying x, — x

we have f(x,) — 1. In this case we write | = f(x +0,). When p = b we may
write f(x 4+ 04) := f(xz + 0p). With this notation, f is said to be continuous
from above at x if f(x +04) = f(x).

Definition 4.2.2 (The Skorohod Space) We define the Skorohod space Dk
as the collection of all functions f : K — R which have all p-limits and are

continuous from above at every x € K.

Remark: It is easily seen that if f € Dk, p € V, x € K and {z,}22, C

Q(p, x) is a sequence with z,, — x, then f(z,) — f(x+0,). This follows from
the continuity from above as Q(p, z) N Q(b, &) # O for every & € Q(p, x).
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Before stating some of the most important properties of Dx we will
introduce some further notation. Consider the partitions 7; = {a/ = t;o <
tig < ... <tj, = b} for j = 1,...,d. We define the rectangular partition
R(Ti,...,Tq) determined by Ti,..., Ty as the collection of all rectangles of

the form

d
Htkdk 1,tk7jk jkE{l,...,T‘k}, kzl,...,d,

2

where ) stands for )" or |7 if t5;, < bF or t;, = b¥, respectively. With the

aid of this notation, we can now state two important lemmas.

Lemma 4.2.1 Let f € Dg. Then, for every € > 0 there is 6 > 0 and
partitions T; of [a?,b7], 7 = 1,...,d, such that for any R € R(Ti,...,Ta)
and any 0,9 € R with |0 — 9| < & the inequality |f(0) — f(9)| < € holds.
Furthermore, we can take the partitions in such a way that sup {|0 —9|} <6

0,9€R
for every R € R(T1,...,Ta)-
Lemma 4.2.2 FEvery function in Dk is bounded on K.

Lemmas 4.2.1 and 4.2.2 are, respectively, Lemma 1.5 and Corollary 1.6
in Neuhaus (1971). Their proofs can be found there.

Let K, = [a',b'] and K, = [a?,b%] x -+ x [a?,b%], so K = K| x K,. We
will be dealing with functions which are cadldg on the first coordinate and
continuous on the remaining d— 1. For this purpose we will turn our attention
to the space Dy C Dy of all functions f € Dk such that f(t,-) : Ko — R is
continuous V t € K; and f(-,€) : K1 — R is cadldg V £ € K.

Remark: It is worth noting that all elements in Dy are componentwise
cadlag, so it is really the continuity in the last d — 1 coordinates what makes

Dy a proper subspace of Dy.
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Lemma 4.2.3 Let f € Dy and e > 0. Then, there is § > 0 such that

sup {[f(1,§) = f(t,)]} <e Vic K.

|E—n|<é
EneEK?

Proof: From Lemma 4.2.1 we can find § > 0 and partitions 7; of [a/, V],
j=1,...,d such that the conclusions of the lemma hold true with e replaced
by £. We take the partitions in such a way that whenever 6 and 9 belong to
the same rectangle, the distance between them is less than dy. Let s € Ti.
Since Kj is compact and f(s,-) is continuous, we can find 0, such that for
any &,n € Ky with | —n| < d, we get | f(s,§) — f(s,m)] < 5. Let 6 = gélTrll{(;S}
and pick t € K; and &, n € Ky with |€ — 7| < 0. Take the largest s € 77 with

s < t. Then, |s — t| < §y and hence

[f (&)= (& < [f(E8) = (s, I+ (s,m) = (s, )+ ()= f(s,m)] < e

The proof is then finished by taking the supremum over ¢ and 7 and noticing
that the choice of § was independent of ¢. O

4.2.2 The Skorohod topology

So far we have not yet defined a topology on Dk, so we turn our attention
to this issue now. We will start by defining the Skorohod metric as given
in Neuhaus (1971). Then, we will define a second metric on Dy and show
that it is equivalent to the corresponding restriction of the Skorohod metric.
This second metric will be more natural for the structure of ﬁK and will
prove useful in the proof of the continuous mapping theorem for the smallest
argmax functional. In order to define both of these metrics and state some of

their properties, we will need some additional notation.
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Consider a closed interval I C R and the class A; of all functions A :
I — I which are surjective (onto) and strictly monotone increasing. Define the

A(t) — A
function ||| - |||; : A; — R by the formula |||A|||; = sup {'log (M) ’
s#t — S
We write Ag = A1 p1) X+ - - X Apga pap and for A := (Ay, ..., Ag) € Ag, [[[M||lx =
lrél?é(d{|||>\k|||[ak7bk]}. In a similar fashion, we define Ag, 1= A2 p2) X - - X g pay

and for A € Ag,, ||M\|||x, :== QEll?i(d{H’)\kH‘[ak’bk]}. Note that for (A1, A) € A =
Ax, % A, we have ||, Ml = 1A e, VI M|, We will use the sup-norm

notation also: for a function f: A — R we write || f||4 = sup{|f(x)|}.

€A

Definition 4.2.3 (The Skorohod metric) We define the Skorohod metric

di : Dg X D — R as follows:

dic(f,9) = inf (1IN e +1F = g0 Ml

With this definition we can now state the following fundamental result

about the Skorohod space.

Lemma 4.2.4 The Skorohod metric is a metric. If D is endowed with the

topology defined by dy, then it becomes a Polish space.

For a proof of the last result, we refer the reader to Section 2 in Neuhaus

(1971). We now proceed to define another metric, dr, on Dy by the formula:

)\GA[al,bl ceK1x K>

di(f,9) = _inf ]{H|/\H|[a1,bq+(t§)sup {\f(t,é“)—g(k(t),iﬂ}}-

To properly describe the properties of drc we need the ball notation for metric
spaces: given a metric space (X,d), r > 0 and z € X we write B%(z) for the
open ball of radius r and center at x with respect to the metric d. Additionally,

the following lemma will prove to be useful.
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Lemma 4.2.5 Let I C R be any compact interval. Then, for € > 0 there is

d > 0 such that for any A € Ay with |||A|||; < § we also have

sup{|A(s) — s|} <e.

sel

Proof: Assume that I = [u,v]. Tt suffices to choose § < 1 A To see

2lv—ul*
this, observe that for any 7 € (0, 1), 7 < 27 — 472 < log(1 + 27) and for any
7> —1, log(l +7) < 7. It follows that for A € A; with [||[A][|; < 0 and any
se€l, log(l —20) <—6< log% < 5 < 26 —46% < log(1 + 26) and thus,

IA(s) — s] <2(s —u)d < 2|u—v|d. In the previous inequalities we have made

implicit use of the fact that \(u) = u. O

The next lemma contains some of the most relevant properties of EZVK

Lemma 4.2.6 The following statements are true:
(i) dy is a metric on Dy.

(i) If f € Dy, then for every r > 0 there is & > 0 such that B?K(f) C
BgK(f). Moreover, the metrics dx and gvi generate the same topology

on D.

() If f is continuous, then for everyr > 0 there is 6 > 0 such that BgK(f) C
B,U'”K(f). Moreover, the metrics di and di and ||-||x generate the same

topology on the space of continuous functions on K.
(v) (Dy,dx) is a Polish space.

Proof: It is straightforward to see that (ii) holds. The proof of (i) follows

along the lines of the proof of the analogous results for the classical Skorohod
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metric (see Chapter 3 of Billingsley (1968)). For the sake of brevity we omit
these arguments. For (iii) we use Lemma 4.2.3. Let f € Dg, r > 0 and
take d; > 0 such that the conclusions of Lemma 4.2.3 hold with % replacing
€. Also, consider d; > 0 such that |||Al||x, < d2 implies sup {|A(§) — &|} < &
(whose existence is a consequence of Lemma 4.2.5 apiflli{éd to each of the
intervals [a2,0%),...,[a%,b%]). Let § = 6, A % and take g € By*(f). Find
(A1, A) € Ax = Ak, XAk, such that |[|[(Ay, A)[[|[x < 0 and [[g—fo(A, M|k < 3.
Then, for any (¢,€) € K; x K, we have:

9(¢,€) = F(M(@), O] < [g(t,€) — FA(E), M) + [F(Ai(t), AE)) — f(Ai(2), )]

r r
-4+ -

3 3
where the second term in the sum of the right-hand side of the first inequality
in the preceding display is less than ¢ because of Lemma 4.2.3 since [||A||x, <
d5. Taking supremum over (£,£) € K and considering that [[|Ai][[x, < § we
get that dx(f,g) < r. Thus, BI<(f) C B{?K(f). Taking (ii) into account we
can conclude that d, x and dg are equivalent metrics on 5;(.

We now turn out attention to (iv). Let > 0. Then, there is §; > 0 such
that |f(z) — f(y)| < 5§ whenever |z — y| < d;. Also, there is d; > 0 such that
IAll| k. < 62 implies tselg){\)\(t) —t|} < 01. Let § = 93 A § and let g € Dk with
d(f,9) < 0 and X € Ag, such that [[X [k, +]lg( ) = FAC), ) lxxry < 0.
Then, for any (¢,£) € K; x Ky we have

Thus, B (f) ¢ B (f).

To prove (v) it suffices to show that Dy is a closed subset of Dy, as
the latter space is known to be Polish (see Neuhaus (1971)). Let (f,)%, be
a sequence in Dy such that fn A, f for some f € Dy. We will show that

f(t,+) is continuous for every t and that will imply that f € Dy since f is
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automatically componentwise cadlag. Let (£,£) € K; x Ky = K and € > 0.

Consider n € N large enough so that di(f, f,) < £ and take §; > 0 such

3
that the conclusions of Lemma 4.2.3 hold true for f, and §. Let (A1, An) €
Ak, X Ag, such that [[[(An1, An) [llx +[1f = fu o (A1, An)llx < §. Since A, is
continuous, there is 0 > 0 such that | —n| < ¢ implies [\, (&) — A\n(n)] < §1. It
follows that |f,(An1(t), An(§)) — fn(An1(t), An(n))] < § whenever [§ —n| < 0.

Hence,

[f(E,8) = ftm| < [f(E8) = faAna (), Al + £ (& 1) = fa(Ana(E), An())]
+|fn()‘n,1(t)’ )‘n(g)) - fn()‘n,l(t)v An(n)”
< € Ve K;ysuch that [€ —n| < 4.

It follows that f(¢,-) is continuous for every t € K. Hence, f € Dy and Dy
is closed. 0

Remark: Observe that the previous lemma implies that for a convergent
sequence in Dy with a limit in 'ZSK convergence in the d,  and dx metrics are
equivalent. When the limit is continuous, convergence in any of these metrics

is equivalent to convergence in the sup-norm topology.

4.2.3 The sargmax functional on Dy

We now turn our attention to the smallest argmax functional on Dy.

Definition 4.2.4 (The sargmax Functional) A function f € Dy is said

to have a maximizer at a point x € K if any of the quadrant-limits of x equals

sup{f(&)}. For any f € Dk we can define the smallest argmaz of f over

izlg compact rectangle K, denoted by sarg?(wx{f(a:)}, as the unique element
ze

r=(2',..., 2% € K satisfying the following properties:
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(i) x is a mazimizer of f over K,
(ii) if € = (€',...,&%) is any other mazimizer, then x* < &1,

(iii) if € is any mazimizer satisfying v/ = &Y j = 1,... k for some k €

{1,...,d — 1}, then x*t < ¢hFL,

We say that x is the largest mazimizer of f, denoted by largmaz{f(&)}, if it
(eK

is a mazimizer that satisfies (11) and (iii) above with the inequalities reversed.

The first question that one might ask is whether or not the sargmax
is well defined for all functions in the Skorohod space. Before attempting to
give an answer, we will use our notation to clarify the concept of a maximizer:

a point x € K is a maximizer of f € Dy if

ma‘;({f(x +0,)} =sup{f(§)}
pE (eK

We can now prove a result concerning the set of maximizers of a function in

Dk.
Lemma 4.2.7 The set of maximizers of any function in Dk is compact.

Proof: Let f € Dg. Since the set of maximizers of f is a subset of the
compact rectangle K, it suffices to show that any convergent sequence of
maximizers converges to a maximizer. Let (z,)°2; be a sequence of max-

imizers with limit #. For each z, we can find &, with |z, — &,| < % and

such that |f(&,) — max,ep{f(xz, +0,)}| < 1/n. Then we have that &, — x
and |f(&n) — supeex{f(€)} < 1/n ¥V n € N. Since K is the disjoint union
of {Q(p, )} ey, it follows that there is p, € V and a subsequence (&,,)32,
such that &, € Q(ps, ) ¥ k € N. Therefore, the remark stated right after

the definition of the Skorohod space implies that f(&,,) — f(x +0,,) and,
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consequently, f(x +0,,) =sup{f(£)}. O
{eK

The previous lemma can be used to show that the sargmax functional

is well defined on D.

Lemma 4.2.8 For each f € Dk there is a unique element in x € K such

that x = sargmaz{f(&)}.
€EK

Proof: Let f € Dg. Since the set of maximizers of f is compact, if we
can show that it is nonempty then the compactness will imply that there is
a unique element x € K satisfying properties (i), (ii) and (iii) of Definition
4.2.4. Hence, it suffices to show that f has at least one maximizer. For this
purpose, for each n € N choose x,, such that sup{f(£)} < f(z,) + % Since
K is compact, there is x € K and a su‘loSequenEceeK(xnk)zoz1 such that z,, — .
Just as in the proof of the previous lemma, we can find p, € V and a further
subsequence (r,, )32, such that z, € Q(p.,z) ¥ s € N. Tt follows that
f(zn, ) = f(x+0,,) and hence gulp;{f(f)} = f(x 4+ 0,.). Therefore, the set
S

of maximizers is nonempty and the sargmax is well defined. U

We finish this section with a continuity theorem for the sargmax func-

tional on continuous functions.

Lemma 4.2.9 Let W € Dk be a continuous function which has a unique
maximizer x* € K. Then, the smallest argmazx functional is continuous at W

(with respect to dp, JK and the sup-norm metrics).

Proof: Let (W,)2, be a sequence converging to W in the Skorohod topol-
ogy. Let € > 0 be given and G be the open ball of radius ¢ around x*
and let 6 := (W (z*) — SUPe\G {W(z)}) /2 > 0. By Lemma 4.2.6 we have
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Wy, — W, < 9 for all large n (dg, dg and || - ||x generate the same local
topology on W). Then

Wi(x*) =20+ sup {W(x)}>d+ sup {W,(x)}.
zeK\G ze K\G

But |W,, — W|| < ¢ also implies that sup{W,,(z)} > W(z*)—¢. The combi-
zeK

nation of these two facts shows that if ||W,, — W||, < d, then any maximizer

of W,, must belong to G. Thus, |sargmax,c{W,(z)} — 2*| < € for n large

enough. 0

4.3 A continuous mapping theorem for the
sargmax functional on functions with jumps

Lemma 4.2.9 shows that the sargmax functional is continuous on continuous
functions with unique maximizers. However, its raison d’étre is to fix a unique
maximizer on a function having multiple maximizers. Thus, a continuous
mapping theorem on functions with jumps and possibly multiple maximizers
is desired. We will show a version of the continuous mapping theorem on a
suitable subset of our space Dg.

To state and prove our version of the continuous mapping theorem for
the sargmax functional, we need to introduce some notation. We start with
the space DY consisting of all functions ¢ : K; x Ky — R which can be

expressed as:

'QD (ta 5) = %(5)1a—1§t<a1 + Z V;ﬂ(g)lakﬁt<ak+1 + Z V—k(g)la—k—1§t<a—k(4'3)
k=1

k=1
where (... <a_p_1 <a_p <...<a=0<...<ap < Qg1 < ...)pey IS & sE-

quence of jumps and (V4),.; is a collection of continuous functions. Note that
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DY C Dg. Observe that the representation in (4.3) is not unique. However,
knowledge of the function ¢ and of the jumps (ax)rez completely determines
the continuous functions (Vj)xez.

Our theorem will require not only Skorohod convergence of the ele-
ments of DY, but also convergence of their associated pure jump functions.
To define properly these jump functions, we introduce the space S all piece-
wise constant, cadlag functions ¢ : R — R such that (0) = 0; ¢) has jumps
of size 1; and v)(—t) and ¥ (t) are nondecreasing on (0,00). For any closed
interval I C R we introduce the space Sy := {f|; : f € §}. We endow the
spaces Sy with the usual Skorohod topology d;. Observe that the fact that all
elements of S are cadldg and have jumps of size one implies that any function
in St has a finite number of jumps on I.

We associate with every ¢ € DY, expressed as in (4.3), a pure jump

function ¢ € S whose sequence of jumps is exactly the a;’s, i.e.,

b(t) = Z o<t + Z 1o st (4.4)
k=1 k=1

We will show that Skorohod-convergence of functions in DY, and Skoro-
hod convergence of their associated pure jump functions implies convergence
of the corresponding sargmax and largmax functionals.

The following convergence result is a generalization of both, Lemma

3.1 of Lan et al. (2009) and Lemma A.3 in Seijo and Sen (2011a).

oo

Theorem 4.3.1 Assume that d > 2 and let (@Dn,@;n) v (LDO,@/;O) be func-
tions in DY x Sk, such that v, satisfies (4.3) for then;«equence of jumps of
o for any n > 0. Assume that (%Mzn) — (1/10,1750) in DY x Sk, (with
the product topology). Suppose, in addition, that 1y can be expressed as
(4.3) for the sequence of jumps (... < a_p_1 <a_p<...<ap=0<...<a

< g1 < - )pen Of Yo and some continuous functions (V;)jez, each having a
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unique mazximizer on Ko, with the property that for any finite subset A C 7
there is only one j € A for which
mae { sup (15,0} = swp (V6. (4.5)
meA | gek, (€K

Finally, assume that 1y has no jumps at the extreme points of K. Then,
(1) sargmaz{n(x)} — sargmaz{o(z)} as n — oo,
zeK zeK
(i1) largmaz{y,(z)} — largmaz{yo(z)} as n — oo.
€K reK

The result is also true when d = 1 under the same assumptions, but taking the
sequence (V})jez to be a sequence of constants such that for any finite subset

A C Z there is a unique j € A such that mai({Vm} =V.
me

Proof: We focus on the case when d > 1 as the one-dimensional case is
just Lemma 3.1 of Lan et al. (2009). Without loss of generality, assume that
K, = [-C, (] for some C > 0.

We can write 1, in the form (4.3) with (... < ap k-1 < ap—x <
o <p o =0< . < ang < apper < .. .)keN being the sequence of jumps of
1y, and V,, ; being the continuous functions. Consequently, Un, the pure jump
function associated with 1, can be expressed as (4.4) with jumps at (@, x)rez-

Let N, and N; be the number of jumps of 1 in [0,C] and [—C,0)
respectively. Let € > 0 be sufficiently small such that all the points of the form
a; £ € are continuity points of 1)y, for —N; < j < N,.. Since convergence in the
Skorohod topology of 1, to v implies point-wise convergence for continuity
points of ¢y (see page 121 of Billingsley (1968)), and all of them are integer-
valued functions, we see that v, (a; — €) = j — 1 and 1, (a; + €) = j for any
1 < j < N,, and 9,(C) = N, for all sufficiently large n. Thus, for all but
finitely many n’s we have that 1/~Jn has exactly N, jumps between 0 and C' and

that the location of the j-th jump to the right of 0 satisfies |a,; — a;| < e.
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Since € > 0 can be made arbitrarily small, we get that all the jumps a,;
converge to their corresponding a; for all 1 < 7 < N,. The same happens

to the left of zero: for all but finitely many n’s, ¥, has exactly N; jumps in

o0

[—C,0) and the sequences of jumps (a,,—;) _;,

1 <5 < Nj, converge to the
corresponding jumps a_;.

Let V* = sup{V;(§) : £ € K3, —N; < j < N,}. Our assumptions on
the V;’s imply that this supremum is actually achieved at some unique vector
& € K, and that there is a unique “flat stretch” at which this supremum is
attained (the last assertion follows form (4.5)).

Suppose, without loss of generality, that the maximum value is achieved
in an interval of the form [ay,ax 1 A C) for a unique k € {1,...,N,}. Now,
write by = 0; bjzaﬁc#forl < 5 < N, andbj:w;\mj’lfor
—N; < j < —1. Note that the b;’s (for any value of { € K5) are continuity
points of both v, and Po.

Let k = min_py,<j<n,4+1(C A aj — (—=C) V aj_1) be the length of the
shortest stretch. Take 0 < 1,0 < k/4. Considering the convergence of the
jumps of 1, to those of iy, there is N € N such that for any n > N, the

following two statements hold:
(a) Consider p > 0 such that if ||| Al||x, < p, then
sup{|s — A(s)| : s € [-C,C]} < 4.

The existence of such p follows from Lemma 4.2.5. By the convergence
of 1, to 1y in the Skorohod topology, there exists A\, € Ak, such that
IAnlllx, < p and

sup {Wn()\n(t),f) - wo(taf)\} <n.

(t,&)GleKz
(b) For any 1 < j < N, (respectively, j = 0, —N; < j < —1), b; lies some-

where inside the interval (a,, ; + J,C' A ay, j+1 — 0) (respectively (a, —1 + 0,
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any —9), ((=C) V ay j—1+9,a,; —0)). This follows from what was proven
in the first two paragraphs of this proof.

From (a) we see that |\, (b;) — b;| < 0 for all —N; < j < N,.. But (b) and the
size of 0 in turn imply that b; and A, (b;) belong to the same “flat stretch”
of ¢, and thus ¢, (A\,(0;),&) = ¥n(b;, &) = V,,;(§) for all £ € K, and all
—N; < j < N,. Considering again (b) and the second inequality in (a), we
conclude that ||V, ; — Vjll, <n forall —=N; < j < N, and all n > N. Hence,

o0

all the sequences (V}, ;)72 converge uniformly in K5 to their corresponding

V;. Consequently:

max sup V,, ; — max sup V; ,
;é{u? 61} g L)
J

?é?g;{vn,k(g)} — g%{Vk(f)}sz(S*),

argmax {V, x(h1, ha)} — argmax {Vi(&)} = &7,
EeKo (€K

lim max {sup Vn](f)} < lim max {V,x(&)}.

n—00 —N, ‘S;éijNT ¢eK, n—oo §€K2
The above, together with (4.5) and the fact that a, x — a and a,, g1 — ag1,
imply that

sarg;l(lax{wn(a:)} — (&, ax) = sarger;(lax{wo(x)}

larger?(ax{wn(x)} — (£, ap41) = larger?(ax{wo(x)}

as n — oo. ]

We now present a version of the previous result but for random elements
in DY.. To prove it, we will use Lemma 4.2 in Prakasa Rao (1969) (which we
present here to ease the exposition). In the remaining of the paper we will

use the symbol ~~ to represent weak convergence.
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Lemma 4.3.1 (Prakasa Rao (1969)) Consider the random vectors {W., W,,, W}

and W. Suppose that the following conditions hold:

(i) lim lim P (W, # W,) =0,

e—0n—oo
(1) im P (W, #£ W) =0,
e—0
(111) Whye ~» We (asn — 00) for every e > 0.

Then, W,, ~~ W

In the next theorem we will be taking the sargmax and largmax func-
tionals over rectangles that may not be compact. When this happens, we say
that these functionals are well defined if there is an element in the correspond-
ing rectangle satisfying conditions (i) — (i77) defining the smallest and largest
argmax functionals (see Definition 4.2.4). If we are given a rectangle © C R?
which can be written as the Cartesian product of possibly unbounded closed
intervals, we will denote by Dg the collection of functions f : © — R whose

restrictions to all compact rectangles K C © belong to Dg.

Theorem 4.3.2 Assume that K = K, x K, is a closed rectangle in R? and
that 0 € K} C R. Let (Q,F,P) be a probability space and let (¥,,,T,,))"
(Uy,Tg) be random elements taking values in D% x Sk, such that V,, satisfies
(4.3) for the sequence of jumps of Ty, for any n > 0, almost surely. Moreover,
suppose that, with probability one, we have that: Uy satisfies (4.5); Ty has no

fixed time of discontinuity; the sargmaz and largmax functionals over K are

finite for Wy (this assumption is essential as K is not necessarily compact).

If the following hold:

(1) For every compact subinterval By C Ky and compact sub-rectangle B :=

By x By C K we have (V,,,I',,) ~ (Vo,1g) on D x Dp,;

neN
€20
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(i1) (saggr}gax{\lln(@)},laggenlzax{\lfnw)}) = Op(1),

then we also have

(sargmax{\lfn(e)}, laggg}r{wx{‘l%(@)}) - <sazgmax{\110(0)}, laggg}r{wx{@d@}) .

0eK €K

Proof: Consider C' > 0 and let

b = (sargmax{\lln(Q)},lar;g;}r;ax{ﬂ%(@)})

0eK

Ono = ( sargmax {V,(0)}, largmax {\Ifn(ﬁ)}>,

0e[—C,CliNK 0e[—C,Cl4NK
for all n > 0. To prove the result, we will apply Theorem 4.3.1 and Lemma
4.3.1. Using the notation of the latter, set ¢ = %, Whe = Opc for n > 1,
We = ¢oc, Wy, = ¢, for n > 1 and W = ¢y. From (ii) we see that
lg%nli_}_rﬁloP(Wne #W,) = 0. Our assumptions on ¥V, and I'y imply that
P—IB%P (We #£ W) = 0. Finally, Theorem 4.3.1 and an application of Skoro-
hod’s Representation Theorem (see either Theorem 1.8, page 102 in Ethier
and Kurtz (2005) or Theorems 1.10.3 and 1.10.4, pages 58 and 59 in van der
Vaart and Wellner (1996)) show that W, ~» W, and hence, from Lemma

4.3.1, we conclude that ¢, ~~ ¢q. 0

4.4 On the necessity of the convergence of the
associated pure jump processes

Condition (i) in Theorem 4.3.2 involves the joint convergence of the processes
whose maximizers are being considered and their associated pure jump pro-
cesses. One may ask whether or not this condition is actually necessary for

the weak convergence of the corresponding smallest maximizers. A simple
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counterexample shows that such a condition is indeed essential to guarantee
the desired weak convergence under the assumptions of Theorem 4.3.2.

Let W be a two-sided, right-continuous Poisson process and 7., :=
+inf{t > 0 : U(£t) > 0}. Consider the following Dg-valued random ele-
ments: ¥y := —W¥ and ¥, = ¥y + l1[lT 17y Then, ¥, ~ ¥ in Dy for

n= 311,35 1)
every compact interval I (in fact, the weak convergence holds in Dg with the

corresponding Skorohod topology). However,

1
(sargmax{\lln},largmax{‘lfn}> =3 <sargmax{\llo},largmax{\llo}) )
R R R R

for all n € N. Tt is easily seen that all the conditions of Theorem 3.2 hold, with
the exception of (i). Hence, the weak convergence of the processes W,, alone is

not enough to guarantee weak convergence of the corresponding maximizers.

4.5 Applications

4.5.1 Stochastic design change-point regression

We start by analyzing the example of the least squares change-point estimator
given by (4.2) in the Introduction. Assume that we are given an i.i.d. sequence
of random vectors {X,, = (Y;,, Z,,) },, defined on a probability space (€2, A, P)
having a common distribution P satisfying (4.1) for some parameter 6y :=
(Co, g, Bo) € © = [c1, 2] x R%. Suppose that Z has a uniformly bounded,
strictly positive density f (with respect to the Lebesgue measure) on [cq, o]
such that inf._¢|<, f(2) > & > 0 for some 1 > 0 and that P(Z < ¢;) AP(Z >
ca) > 0. For 0 = ((,a, 8) € O, x = (y,2) € R? write

my (z) = — (y —al,<c — 51z><)2 )

and IP,, for the empirical measure defined by X, ..., X,. Note that M, (0) :=

—P,[my| and recall the definition of 0,.
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The asymptotic properties of this estimator are well-known and have
been deduced by several authors. They are available, for instance, in Kosorok
(2008b) or Seijo and Sen (2011a). It follows from Proposition 5.3.2 that
Vn(Gy — ag) = Op (1), \/ﬁ(én — o) = Op (1) and n(én —Go) = Or (1).

For h = (hy, ha, hs) € R?, let Wy, i= 0y + (% by h-s) and

E.(h) :=nP, [mgn,h — mgo} )

A consequence of this rate of convergence result is that with probability tend-
ing to one, we have
}Aln = S&I‘gHé&X En<h) = (n(én - CO); \/ﬁ(&n - a0>7 \/H(Bn - 50)) .

heR

Write J,, for the pure jump process associated with E,. It is shown in Lemma

5.3.3 that
(a) (En,Jn) ~ (E*,J*) in Dk x S,

on every compact rectangle K = I x A x B C R? for some process E* €
Drs with an associated pure jump process J*. Then, an application of
Theorem 4.3.2 shows that h,, = <n(én — (o), Vn(éy, — ap), \/ﬁ(Bn — 60)> ~
sargmax{ E*(h)}, see Corollary 5.3.1.

e We would like to point out that the derivation of the asymptotic distri-
bution of this estimator can also be found in Kosorok (2008b). The arguments

there can be modified to obtain the result from an application of Theorem

4.3.2.

4.5.2 Estimation in a Cox regression model with a change-
point in time

Define © = (0,1) x R?*2 for given p,q € N. For 0 = (7,€) = (r,a, 4,7) €

O = (0,1) x R? x RY x R? consider a survival time 7°, a censoring time C'
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and covariate cdglad (left-continuous with right-hand side limits) RPt9-valued
process Z = (Zy, Z5) where the sample paths of Z; and Z, live in R? and RY,
respectively. Assume that C' and Z have laws G and H, respectively. Note
that GG is a distribution on the nonnegative real line and H a probability
measure on the space of left continuous processes with right-hand side lim-
its. In our Cox model with a change-point in time we make the additional
assumption that, conditionally on Z, the hazard function of the survival time

is given by:

Pt<TO<t+AtT>¢ Z cg<t
AtZ) = lim (t<T° <t+ |At_, (5), 0< s <1
= )\(t)ea'zl(t)+(5+’71t>7)-Z2(t)

where A is the baseline hazard function and - denotes the standard inner
product on Euclidian spaces. We write Py , ¢ for the law of (7°,C, Z). We
would like to point out that we assume that G and the finite dimensional
distributions of Z are all continuous.

Suppose that there is a random sample

(T, Cy, Z11, Zan)s - (T, Cony Zamy Zam) ™ Pay ro.Giouto
from which we are only able to observe 7, ;, Zs;, A; = 1T]0§cj and T} =
Tj0 N Cj for 5 =1,...,n. The goal is to estimate the change-point 7, € (0, 1)
given these observations.

A standard method of estimation in this setting is via Cox’s partial
likelihood, in which case the likelihood and log-likelihood functions are given
by

ea'Zl,k(TIS)+(5+”/1T£>T)'Z2J€(TIS)

Ly(,0,8,7) = H a-Zy (TR +(B+11 70 ) Z2,5(T0)
l%kﬁn Z{1§J§n TISSTQ/\Cj} ¢ ’
T)<Cy ’

In(0) log (Ln(7,€)) = log (Ln(7, o, 8,7)) -



96

In this case, the maximum partial likelihood estimator of the change-point
and the covariate multipliers is given by
O = (F0,€0) = (P, Gy By An) = sargmax{l,,(0)}.
0c0
Pons (2002) derived the asymptotics for this estimator. For u =
(ur,u?, .. w20 = (uliv) € RYPT2 define 6, = (7’0 - "71,50 + \/Lﬁ)
Then, under some regularity conditions, Theorem 2 in Pons (2002) shows

that

(n(Fa = o) Vil —&)) = sargmax {1 (6u.) — La(60)} = Op(1).

ueRtrt2q: 9, ,€0
It can also be inferred from Proposition 3 and Theorem 3 of the same paper
that W, == 1,,(0nn) — 1n(6p) ~» ¥ on Dg for every compact rectangle K C
R*P+24 wwhere W is a stochastic process of the form

T(ut,v) = Q') +v- W — %UIN"U, (4.6)

with Q being a two-sided, compound Poisson process, W a Gaussian random
variable independent of Q and I some positive definite matrix on R®+20)%(@+20)
For a detailed description of @, W and I we refer the reader to Section 4 of
Pons (2002).

If one defines I';, and I" to be the pure jump processes associated with
v, and WU, respectively, it can be shown, using similar techniques as in the
proof of Theorem 3 of Pons (2002), that (V,,I",) ~ (¥,T") on D x Dp, for
every compact subinterval B; C R and compact rectangle B := By X By C
R*P+2¢ Hence, Theorem 4.3.2 can be applied in this situation to conclude

that

(n(fn — 70), V(& — 50)) ~ iggﬂg@(w}-

It must be noted that the proof of Theorem 4 in Pons (2002) makes no mention

of the pure jump processes I',, and I'. On the second sentence of this proof,
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the author claims that the asymptotic distribution follows just from the weak
convergence of the processes ¥,,. As we saw in Section 4.4 this fact alone
is not enough to conclude the weak convergence of the smallest maximizers.
Thus, the argument given in this section completes the mentioned proof in

Pons (2002).

4.5.3 Estimating a change-point in a Cox regression

model according to a threshold in a covariate

We will now discuss another application from survival analysis. Consider
again a Cox regression model but now with a covariate process of the form
Z = (Zy,Zy, Z3) where Z1 and Zs are as in Section 4.5.2 and Zj is a continuous
random variable in R. We will denote the survival and censoring times as in

Section 4.5.2. We are now concerned with a hazard function of the form

At Z) = )\(t)ea-%(t)+ﬂ-Zz(t)lz3gngv-Z2(t)1z3><7

for « € R4 3,7 € R? and some ( € I where [ is a closed interval entirely
contained in the interior of the support of Z3. We now consider the parameter
space © := [ x RP™7 and we write 0 = (¢,€) := (¢, , 8,7) € ©. The partial
likelihood and log-likelihood functions are now given by

ea'Zl,k(T£)+ﬂ'22,k(T}?)IZ&,C§C+’Y'ZQ,I€(T}?)1Z3J€>C

Lo(¢e8,7) = ][]
1<K<n 2 {1<j<n: TYSTIAC;} €
TP<Cy !

In(0) = log(Ln(C, ) = log (Ln(C, e, 8,7)) -

a2y (T +B-Z2, (T 2y s <cHv- 22,5 (T 25 ;>

As before, we assume that the observations come from a model with some

specific value 6§, € ©. Following the notation of Section 4.5.2, for u =
1

(ut,u?, .. w20 = (vl v) € RYPT2 define 6, = (Co + & + \/%7)

Then, under some regularity conditions, Theorem 2 in Pons (2003) shows
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that

<n(én - CO)? \/ﬁ(én - 50)) = sargmax {ln(en,u) - ln(QO)} = OP(l)'

ueRtrP+24: 9, ,€0

Lemma 5 and Theorem 3 in Pons (2003) show that W,, := [, (6,.,) —
I.(6p) ~ ¥ on Dy for every compact rectangle K C R+ where ¥ is
another stochastic process of the form (4.6) but with different two-sided, com-
pound Poisson process @, Gaussian random variable W and positive definite
matrix I. The details can be found in Section 4 of Pons (2003).

Letting I',, and I' to be the pure jump processes associated with ¥,, and
U, respectively, it can be shown that (¥,,, ;) ~ (¥,T") on D x Dp, for every
compact subinterval B; C R and compact rectangle B := By x By C R*P+24,
Hence, another application of Theorem 4.3.2 shows that

(7 = 70)s Vil = &)) ~+ sargmax{W(u)}.

weR1+p+2q

As in Pons (2002), the argument to derive the asymptotic distribution given
in the proof of Theorem 5 lacks a proper discussion of the convergence of the
associated pure jump processes. Therefore, the analysis just given can be seen
as a complement to the proof of Theorem 5 in Pons (2003).

More general models involving right censoring for survival times and a
change-point based on a threshold in a covariate can be found in Kosorok and

L rate of

Song (2007). There, the change-point estimator also achieves a n~
convergence. The asymptotic distribution of this estimator also corresponds
to the smallest maximizer of a two-sided, compound Poisson process and can
be deduced from an application of Theorem 4.3.2. We would like to point
out that the above authors omit a discussion about the associated pure jump

processes. They claim the desired stochastic convergence follows from an

application of Theorem 3.2.2 in van der Vaart and Wellner (1996) (see the
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last paragraph of the proof of Theorem 5 in page 985 of Kosorok and Song
(2007)), but this theorem cannot be applied as the maximizer of a compound
Poisson process is not unique. Thus, a proper application of Theorem 4.3.2

would complete the argument in Kosorok and Song (2007).
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Chapter 5

Change-point regression and

the bootstrap

5.1 Introduction

Change-point models may arise when a stochastic system is subject to sudden
external influences and are encountered in almost every field of science. In
the simplest form the model considers a random vector X = (Y, Z) satisfying

the following relation:
Y = aolz<q + folzsg + € (5.1)

where Z is a continuous random variable, ag # By € R, (o € [a,b] C R and €
is a continuous random variable, independent of Z with zero expectation and
finite variance o2 > 0. The parameter of interest is (y, the change-point.
Despite its simplicity, model (5.1) captures the inherent “non-standard”
nature of the problem: The least squares estimator of the change-point (,
converges at a rate of n~! to a minimizer of a two-sided, compound Poisson

process that depends crucially on the entire error distribution, the marginal
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density of Z, among other nuisance parameters; see Pons (2003), Kosorok
(2008b) (Section 14.5.1, pages 271-277) or Koul et al. (2003). Therefore, it
is not practical to use this limiting distribution to build a confidence interval
(CI) for y. Bootstrap methods bypass the estimation of nuisance parameters
and are generally reliable in y/n-convergence problems. In this chapter we
investigate the performance (both theoretically and through simulation) of
different bootstrap schemes to build CIs for (5. We hope our analysis will
help illustrate the issues that arise when the bootstrap is applied in such
non-standard problems.

The problem of estimating a jump-discontinuity (change-point) in an
otherwise smooth curve has been under study for at least the last forty years.
More recently, it has been extensively studied in the nonparametric regression
and survival analysis literature; see for instance Gijbels et al. (1999), Dempfle
and Stute (2002), Pons (2003), Kosorok and Song (2007), Lan et al. (2009) and
the references therein. Bootstrap techniques have also been applied in many
instances in change point models. Diimbgen (1991) proposed asymptotically
valid confidence regions for the change-point by inverting bootstrap tests in
a one-sample problem. Huskova and Kirch (2008) considered bootstrap Cls
for the change-point of the mean in a time series context. Kosorok and Song
(2007) use a form of parametric bootstrap to estimate the distribution of the
estimated change-point in a stochastic design regression model that arises in
survival analysis. Gijbels et al. (2004), in a slightly different setting, suggested
a bootstrap procedure for model (5.1), but did not give a complete proof of
its validity.

Our work goes beyond those cited above as follows: We present strong
theoretical and empirical evidence to suggest the inconsistency of the two most

natural bootstrap procedures in a regression setup — the usual nonparametric
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bootstrap (i.e., sampling from the empirical cumulative distribution function
(ECDF) of (Y, Z), often also called as bootstrapping “pairs”) and the “resid-
ual” bootstrap. The bootstrap estimators built by both of these methods
are the smallest maximizers of certain stochastic processes. We show that
these processes do not have any weak limit in probability. This fact strongly
suggests not only inconsistency but also the absence of any weak limit for
the bootstrap estimators. In addition, we prove that independent sampling
from a smooth approximation to the marginal of Z and the centered ECDF
of the residuals, and the m out of n bootstrap from the ECDF of (Y, Z) yield
asymptotically valid CIs for (5. The finite sample performance of the different
bootstrap methods shows the superiority of the proposed smoothed bootstrap
procedure. We also develop a series of convergence results which generalize
those obtained in Kosorok (2008b) to triangular arrays of random vectors and
can be used to validate the consistency of any bootstrap scheme in this setup.

Although we develop our results in the setting of (5.1), our conclusions
have broader implications (as discussed in Section 5.7). They extend imme-
diately to regression functions with parametrically specified models on either
side of the change-point. The smoothed bootstrap procedure can also be mod-
ified to work in more general nonparametric settings. Gijbels et al. (1999)
consider jump-point estimation in the more general setup of non-parametric
regression and develop two-stage procedures to build CI for the change-point.
In the second stage of their procedure, they localize to a neighborhood of
the change-point and reduce the problem to exactly that of (5.1). Lan et al.
(2009) consider a two-stage adaptive sampling procedure to estimate the jump
discontinuity. The second stage of their method relies on an approximate CI
for the change-point, and the bootstrap methods developed here can be im-

mediately used in their context.
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The chapter is organized in the following manner: In Section 5.2 we
describe the problem in greater detail, introduce the bootstrap schemes and
describe the appropriate notion of consistency. In Section 5.3, we prove a se-
ries of convergence results that generalize those obtained in Kosorok (2008b).
These results will constitute the general framework under which the bootstrap
schemes will be analyzed. In Section 5.4 we study the inconsistency of the
standard bootstrap methods, including the ECDF and residual bootstraps.
In Section 5.5 we propose two bootstrap procedures and show their consis-
tency. We compare the finite sample performance of the different bootstrap
methods through a simulation study in Section 5.6. Finally, in Section 5.7 we
discuss the consequences of our analysis in more general change-point regres-
sion models. To ease the exposition, we have relegated many of the proof and

some auxiliary results to Section 5.9.

5.2 The problem and the bootstrap schemes

Assume that we are given an i.i.d. sequence of random vectors {X,, = (Y,,, Z,)} —,
defined on a probability space (£2,.4, P) having a common distribution P sat-
isfying (5.1) for some parameter 6 := (v, o, ¢0) € © = R? x [a,b]. This
is a semi-parametric model with an Euclidean parameter 6, and two infinite-
dimensional parameters — the distributions of Z and e. We are interested in
estimating (y, the change-point. For technical reasons, we will also assume
that P(|e|*) < oo. Here, and in the remaining of the paper, we take the con-
vention that for any probability distribution p, we will denote the expectation
operator by x(-). In addition, we suppose that Z has a uniformly bounded,
strictly positive density f (with respect to the Lebesgue measure) on [a, b] such

that inf|._¢)|<, f(2) > & > 0 for some n > 0 and that P(Z < a)AP(Z > b) > 0.
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For 0 = (¢,, B) € ©, x = (y, z) € R? write

my (z) = — (y — al,<c — ﬁ12><)2 , (5.2)

P,, for the empirical measure defined by Xi,..., X,

n

M, () = P (mg) = —= 3 (¥ — al e + Blzc)?, (5.3)

=
and M (0) := P(my). The function M, is strictly concave in its first two
coordinates but cadlag (right continuous with left limits) in the third; in
fact, piecewise constant and with n jumps (w.p. 1). Thus, M, has unique
maximizing values of a and 3, but an entire interval of maximizers for (. For
this reason, we define the least squares estimator of 6y to be the maximizer of

M, over © with the smallest ¢, and denote it by

A

0, == (ém Oy, Bn) = sargmax {Mn(‘g)} )
0cO

where sargmax stands for the smallest argmaz functional, as defined in 4.2.4.

The asymptotic properties of this least squares estimator are well known.
It is shown in Kosorok (2008b), pages 271-277, that \/n(&, — ap) = Op (1),
V(Bn — Bo) = Op (1) and n(C, — Go) = Op (1). The asymptotic distribution
of n(C, — (o) is that of the smallest argmax of a two-sided compound Poisson
process. However, the limiting process depends on the distribution of € and
the value of the density of Z at (5. Thus, there is no straightforward way
to build CIs for (p using this limiting distribution. In this connection we

investigate the performance of bootstrap procedures for constructing CIs for

Co-

5.2.1 Bootstrap

We start with a brief review of the bootstrap. Given a sample W,, =

{Wy, Wy, ..., W,} % L from an unknown distribution L, suppose that the
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distribution function H, of some random variable R, = R,,(W,,, L) is of in-
terest; R, is usually called a root and it can in general be any measurable
function of the data and the distribution L. The bootstrap method can be

broken into three simple steps:
(i) Construct an estimator L, of L from W,
(ii) Generate Wy = {W7},...., W } % L, given W,
(iii) Estimate H,, by ﬁn, the conditional CDF of R, (W7, En) given W,,.

Let d denote the Prokhorov metric or any other metric metrizing weak con-
vergence of probability measures. We say that H, is weakly consistent if
d(Hn,ﬁn) Lt 0; if H, has a weak limit H, this is equivalent to H, con-
verging weakly to H in probability. Similarly, H, is strongly consistent if
d(H,, H,) 3 0.

The choice of L, mostly considered in the literature is the ECDEF.
Intuitively, an L, that mimics the essential properties (e.g., smoothness) of
the underlying distribution L can be expected to perform well. Despite being
a good estimator in most situations, the ECDF can fail to capture some
properties of L that may be crucial for the problem under consideration. This
is especially true in nonstandard problems. In Section 5.4 we illustrate this
phenomenon (the inconsistency of the ECDF bootstrap) when n(én — (o) is
the random variable (root) of interest.

We denote by X = o ((X,,),— ) the o-algebra generated by the sequence
(X,),~, and write Px () = P (-|X) and Ex (-) = E (- |X). We approximate
the CDF of A, = n((, — () by Px (A% < z), the conditional distribution
function of A* = m,(¢* — ¢,) and use this to build a CI for ¢y, where ¢* is

the least squares estimator of {, obtained from the bootstrap sample. We will
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now introduce four bootstrap schemes that arise naturally in this problem

and investigate their consistency properties in Sections 5.4 and 5.5.

Scheme 1 (ECDF bootstrap): Draw a bootstrap sample (Y5, Z*),...,

n,1» “n,1

(Y, 2y ) from the ECDF of (Y1, Z1), ..., (Ya, Z,); probably the most widely

n,n’

used bootstrap scheme.

Scheme 2 (Bootstrapping residuals): This is another widely used boot-

strap procedure in regression models. We first obtain the residuals
gn»j :Y; _danjgfn _ﬁn1Zj><‘n fOI‘j =1,...,n,

from the fitted model. Note that these residuals are not guaranteed to have
mean 0, so we work with the centered residuals, €,1 —€,, ..., €y, — &, Where
€n = )iy €nj/n. Letting P denote the empirical measure of the centered

Zh)y. .., (Y, Zy) as follows:

n,n’

residuals, we obtain the bootstrap sample (YTZ‘J,

1. Sample €, 4, ..., €, , independently from P

2. Fix the predictors Z;, j = 1,...,n, and define the bootstrapped re-

sponses at Z; as Y;‘,j = @nlzjggn + Bnlzj>§n + €,

Scheme 3 (Smoothed bootstrap): Notice that in (5.1) Z is assumed to
have a density which arises in the limiting distribution of A,. A successful
bootstrap scheme must mimic this underlying assumption, and we accomplish

this in the following:

1. Choose an appropriate nonparametric smoothing procedure (e.g., kernel
density estimation) to build a distribution F, with a density fn such that
|Fy — Fllse ¥ 0 and f,, — f uniformly on some open interval around

(o w.p. 1, where f is the density of Z.
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2. Get i.i.d. replicates Z*

il Ly from F, and sample, independently,

*

€l

* €
€. rom P

3. Define Y, = dnlz;;‘jgén + 5n1Z;;7j>§n +e, forall j=1,... n.

Scheme 4 (m out of n bootstrap): A natural alternative to the usual non-
parametric bootstrap (i.e., generating bootstrap samples from the ECDF)
considered widely in non-regular problems is to use the m out of n boot-

strap. We choose a nondecreasing sequence of natural numbers {m,}>2,

such that m, = o(n) and m, — oo and generate the bootstrap sample
Yo Zia)s s (Y s Z0 ) from the ECDF of (Y1, Zy),..., (Y, Z,). Al

though there are a number of methods available for choosing the m,, in ap-
plications, there is no satisfactory solution to this problem and the obtained

CIs usually vary with changing m,,.

We will use the framework established by our convergence theorems in
Section 5.3 to prove that schemes 3 and 4 above yield consistent bootstrap
procedures for building CIs for (;. We will also give strong empirical and the-
oretical evidence for the inconsistency of schemes 1 and 2. Note that schemes
1 and 2 are the two most widely used resampling techniques in regression
models (see pages 35-36 of Efron (1982); also see Freedman (1981) and Wu
(1986)). Thus in this change—point scenario, a typical nonstandard problem,
we see that the two standard bootstrap approaches fail. The failure of the
usual bootstrap methods in nonstandard situations is not new and has been
investigated in the context of M-estimation problems by Bose and Chatter-
jee (2001) and in situations giving rise to n'/3 asymptotics by Abrevaya and
Huang (2005) and Sen et al. (2010). But the change-point problem consid-
ered in this paper is indeed quite different from the nonstandard problems

considered by the above authors — one key distinction being that compound
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Poisson processes, as opposed to Gaussian processes, form the backbone of
the asymptotic distributions of the estimators — and thus demands an inde-
pendent investigation. We will also see later that the performance of scheme
3 clearly dominates that of the m out of n bootstrap procedure (scheme 4),
the general recipe proposed in situations where the usual bootstrap does not
work (see Lee and Pun (2006) for applications of the m out of n bootstrap
procedure in some nonstandard problems). Also note that the performance
of the m out of n bootstrap scheme crucially depends on m (see e.g., Bickel

et al. (1997)) and the choice of this tuning parameter is tricky in applications.

5.3 A uniform convergence result

In this section we generalize the results obtained in Kosorok (2008b), pages
271277, to a triangular array of random variables. Consider the triangular

array
{Xnr = Yok, Znk) nggmn defined on a probability space (2,4, P), where
(my,),~, is a nondecreasing sequence of natural numbers such that m,, — ooc.
Throughout the entire paper we will always denote by E the expectation
operator with respect to P. Furthermore, assume that for each n € N,
(Xnas- -+, Xnm,) constitutes a random sample from an arbitrary bivariate
distribution @, with Q,(Y,?,) < oo and let M, (#) := Q,(my) for all 6 € O,
where my is defined in (5.2). Let [P be a bivariate distribution satisfying (5.1).
Recall that M(6) := P(my) and 6, := sargmax M (6).

Let 0,, := ((a, an, Bn) be given by

0, = sargmax{Q,(mg)}.

0cO

Note that Q,, need not satisfy model (5.1) with ((,, o, 8,). The existence of

0, is guaranteed as Q,(my) is a quadratic function in a and ( (for a fixed
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¢) and bounded and cédlag as a function in (. For each n, let P* be the
empirical measure produced by the random sample (X, 1,...,X,m,), and
define the least squares estimator 0% = (C*, o, 5%) € © to be the smallest
argmax of M*(6) := P:(my). If Q is a signed Borel measure on R? and .Z is
a class of (possibly) complex-valued functions defined on R?, write ||Q]| 5 :=
sup{|Q(f)|: fe F}. If g: K C R® - R is a bounded function, write

9]l := sup,ex |g(x)|. Also, for (z,y) € R? and n € N we write

€n =6, (2,Y) =y — anl.<c, — Bulise,- (5.4)

Let M > 0 be such that |a,| < M for all n. We define the following three

classes of functions from R? into R:

F = {1;(2): I C Ris an interval},
G = {yfe): feFrully+alf(z): feF laf <M},
H o= {y*f(2): feF}

In what follows, we will derive conditions on the distributions @Q,, that will

guarantee consistency and weak convergence of 7.

5.3.1 Consistency and the rate of convergence

We provide first a consistency result for the least squares estimator, whose
proof we include in the Appendix (see Section 5.9.1). To this end, we consider

the following set of assumptions:
D) 1Qn =Pl =0,
(1) 1Q. —Pllg — 0,

(II) |Qn —Pll;, =0,
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Proposition 5.3.1 Assume that (I)-(IV) hold. Then, 6 L5 0,.

To guarantee the right rate of convergence, we need to assume stronger
regularity conditions. In addition to those of Proposition 5.3.1, we require the

following:

(V) There are 0, p, L > 0 with the property that for any 6 € (0,7), there is
N > 0 such that the following inequalities hold for any n > N:

) 1
, nf {—@n(1CAcn<Z<<vcn)} > p; (5.5)
A=<li=al<sz L[C = Gal
(10 <2 (5.6)
sup n\EnLCAC < Z<CVEn > ) .
¢ —Cn| <62 Vn
- N L

sup  {|Qn(Enlz<cnc,)| + Qu(Enlzseve, )|} < (5.7)

IC—Ca <02 Vi

We would like to point out some facts about (V). It must be noted that (5.6)
and (5.7) automatically hold in the case where Z and €, are independent
under Q, with Q,(€,) = 0. Also, (5.5) is easily seen to hold when the Z’s,
under Q,,, have densities f,, converging uniformly to f in some neighborhood
of {y, where f is the density of Z under P; by a consequence of the classical
mean value theorem of calculus.

With the aid of these conditions, Proposition 5.3.1 and Theorem 3.4.1,
page 322, of van der Vaart and Wellner (1996) we can now state and prove

(see Section 5.9.2) the rate of convergence result.

Proposition 5.3.2 Assume that (1)-(V) hold. Then \/m, (o, —a,) = Op (1),
\/m_n<6;; - Bn) =Op (1> and mn(C;: - Cn) =Op (1>

Propositions 5.3.1 and 5.3.2 provide sufficient conditions on the mea-
sures Q,,, the distribution of each element in the nth row of the triangular

array, to achieve the same rate of convergence as the original least squares
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estimators. We would like to highlight that we are not assuming that each
Q,, satisfy the model (5.1) with (ay, Bn, ¢,); all we need is that Q,, and 6,

approach P and 6y respectively, in a suitable manner.

5.3.2 Weak Convergence and asymptotic distribution

We start with some additional set of assumptions:

(VI) For any function ¢ : R — C which is either of the form v (x) = €** for

some ¢ € R or defined by 9(x) = |z|? for p = 1,2, we have:
maQu (V@)L s cpecen ) = FG)E+MP () ¥ 1,0> 0.
(VII) ,/mn(@n(gnlzgcn) — 0 and \/mn@n(gnlz>gn) — 0.

(VII) Tim, e Qu (&)%) < 0.

Observe that condition (VI) implies, for all n,6 > 0, and p = 1,2,

Vi Qn <|€n|p1<nfmin<zgcn+min> — 0, (5.8)
Vi Qn <1<n—,,?n <Zs<n+#) — 0. (5.9)
For h = (h1, ho, h3) € R?, let Oy o= Op + (%, \/h_7727,77 \}%) and

En(h) == m,P; [my, , —me,] .

We will argue that
h,, := sargmin En(h) = (mn(C — Ga)s VMmin(ag, — an), v/ (B, — B))
heR3
converges in distribution to the smallest argmax of some process involving two
independent normal random variables and a two-sided, compound Poisson

process (independent of the normal variables).
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We will derive the asymptotic distribution of the process E, and then
apply Theorem 4.3.2 to obtain the limiting distribution of h). We will consider
these stochastic processes as random elements in the Skorohod spaces Dy as
given Definition 4.2.2. As a first step in this direction, we express the process

En as the sum of the four terms fln, En, én and ﬁn where

An(hiyhe) = 2ha/m P, (gnleCnA(CnJr,ﬁ—l)) — haP; <1Z§CnA(<n+7’}l—1)) ’

2 — * [ = 2%
Bn(hl, hg) = 2h3\/mnIP’n <€n1Z>§n\/(Cn+%)> — h3]P)n <1Z>Cnv(Cn+%)> s
. hs . (=
Cn(hi,hg) = —2m, (an — Bn — —m) P <€nlcn+%<zscn>
hs \
R ho v [~
Dn(hla h2) = —2m, (ﬁn — Qp — \/T—n> Py <€n1<n<Z§<n+%>

ho \° .
— M (ﬁ” T \/T—) P (1<n<zgcn+;1—;) ‘

We define another process E := A’ + By + C + D}, where

An(ha) = 2hon/my Py, (€n1z<c,) — haP (12<c,) s
By(hs) = 2hsy/maP;, (Ex1lz5c,) — h3P) (125c,)
Cr(h1) = —2my(ay, — B,)P; <€”1(n+%<Z§Cn>

= ma(n = 0u)°P, <1cn+%<zscn> ’
Di(hy) = —2mn(B — an)P" <€n1¢n<zgcn+%>

= (B = )P, (1, g )

We work with £ instead of E, as their difference approaches uniformly to 0
in probability, as shown in the next lemma (proved in Section 5.9.3), and the

asymptotic distribution of E? is easier to derive.
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Lemma 5.3.1 Let K C R® be a compact rectangle. If conditions (I)-(IV)
and (5.8) and (5.9) hold, then

L.

K

Therefore, £ — E, L. 0 as random elements of Dk. In particular, this

result is true under conditions (I1)-(IV) and (VI).

o)

n=1) W€

As a first step to finding the asymptotic distribution of (EY)
show that the random sequence is tight in the Skorohod space Dy for any
compact rectangle K C R®. The proof of the next result is given in Section

5.9.4.

Lemma 5.3.2 Let I C R be a compact interval and assume that conditions

(I)-(VIII) hold. Then, the sequence of R®-valued processes

2V, mn]P)a*m(ganSCn)

anPZ(gan>Cn)
ma Py (e o o »
Za(t) 1= et < (5.10)
Ml (6nle, 4t <z<c,)

mnPZ(1<n<ZSCn+ﬁn)

mnP;(gn1§n<Z§Cn+%n>

is uniformly tight in R? x '15‘} Also, if K C R® is a compact rectangle, the

[eS)
n=1

sequence (E*)> | is uniformly tight in Dy.

It now suffices to show convergence of the finite-dimensional distri-
butions of the processes E; to the finite dimensional distributions of some
process E* € Dy to conclude that E’ converges weakly to E* (and thus E,
too). With this objective in mind, we make the following definitions: Let

Z, ~ N(0,0*P(Z < (p)) and Zy ~ N (0,0°P(Z > (y)) be two independent
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normal random variables; v; and vy be, respectively, left-continuous and right-

[e.e]

continuous, homogeneous Poisson processes with rate f((y) > 0; u = (u,)>2,

and v = (v,)7, two sequences of i.i.d. random variables having the same
distribution as € under P. Assume, in addition, that Zi, Z», vy, 15, v and u
are all mutually independent. Then, define the process = = (21, ... Z©))

as

Z,

Z,
vi(—t)1
=(t) = (e (5.11)
20<j§1/1(7t) vli<o

Vg(t)ltzg

ZO<j§u2(t) u;1;>0
and let E* be given by
E*(h) = 2hEW(hy) — h3P(Z < (o) + 2hsEP (hy) — R2P(Z > ()
+ 2(Bo — ) =W (M) — (v — Bo)*E®) ()
+ 2(0[0 - 60)5(6)(}11) - (Oé() — ﬁ0>25(5)<h1) (512)

for h = (hl, hz, hg) S Rg.

We will now prove weak convergence of the sequence of processes
(E,)2°, to E* and apply Theorem 4.3.2. Recall the notation of Section 4.3

and define the S—valued (pure jump) processes jn, Jr and J* as

Jo(t) = Ju(t) = mnPZ(1<n+an<Zggn) + mnPZ(14n<Z§<n+an),

J*(t) = V1(—t)1t<0—|—1/2(t)1t20.

Note that jn, J¥ and J* are the jump processes associated with En, E* and

E*, respectively.
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Lemma 5.3.3 Let I C R be a compact interval and K =1 x Ax B CR? a
compact rectangle. If (1)-(VIII) hold, we have

(i) 2, ~ Z in R2 x D4,

(i) (EX,J%) ~~ (E*, J*) in Dk x S,

(iii) (E,,J,) ~ (E*, J*) in Dg x S,
where ~ denotes weak convergence.

For a proof of the convergence result, see Section 5.9.5.
To apply Theorem 4.3.2 we first show that the the smallest argmax of

E* is well defined. The proof of the next lemma is provided in Section 5.9.6.

Lemma 5.3.4 Consider the process E* defined in (5.12). Then, for almost
every sample path of E*, ¢* = (47, 5, ¢3) := sargmaz{E*(h)} is well-defined.
Moreover, @7, ¢5 and ¢5 are independent; agilkzb’g and @3 are distributed
as mormal random variables with mean 0 and variances o*/P(Z < () and

o2 /P(Z > (y), respectively.

We now state the distributional convergence result for the sequence of

least squares estimator '. For a proof, we refer the reader to Section 5.9.7.

Proposition 5.3.3 With the notation of Lemma 5.5./, if conditions (I)-
(VIII) hold, then

= | e — ) |~ sargmar( (1)),
heR
vV mn(ﬁ;i - Bn)
If we take Q,, = P and m,, = n Vn € N, it is easily seen that 6,, = 0y and

conditions (I)-(VIII) hold. Hence, we immediately get the following corollary.
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Corollary 5.3.1 (Asymptotic distribution of the least squares estimators)
For the least squares estimators (é’n, Ay, Bn) based on an i.i.d. sequence (X,)5%,
satisfying (5.1), we have

(n(Cn — o)y V(G — ag), V(B — Bo)) ~ sargmaz{E*(h)}.

heR3

5.4 Inconsistency of the bootstrap

In this section we argue the inconsistency of the two most common bootstrap
procedures in regression: the ECDF bootstrap (scheme 1) and the resid-
ual bootstrap (scheme 2). Recall the notation and definitions in the begin-
ning of Section 5.2. In particular, note that we have i.i.d. random vectors
{X,, = (Yo, Z,)}22, from (5.1) with parameter 6y defined on a probability
space (92, 4,P) and let P, be the empirical distribution of the first n data
points. We start by stating two results that will be used in the sequel. We
first show that the least squares estimator 6, of f; is strongly consistent. This
is an improvement of the result obtained in Kosorok (2008b) and we refer the
reader to Section 5.9.8 for a complete proof. The proof of the second lemma

can be found in Section 5.9.9.

Lemma 5.4.1 Let K C © be any compact rectangle. Then,
(i) |My — M| ;e =0,
(1) M, =% M in Dy,

(iii) O, 25 6.

Lemma 5.4.2 Let K C R be a compact interval and (m,,)22, be an increasing

sequence of natural numbers such that m,, — co and m, = O(n). Then,

(i) m3,

Pu(Co+ L < Z < ()

N 0 for any v <1, and
K
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g . P
(i1) m) ||P, <]en]plén+%<z<én)HK — 0 forany v <1, and p = 1,2

These statements are still true if 1 s replaced by 1

bnt L <z<én bn<Z<lnt L

We introduce some notation. Let (X, d) be a metric space and consider
the X-valued random elements V' and (V,,)22; defined on (2,4, P). We say
that V,, converges conditionally in probability to V', almost surely, and write

P
Va2 V,if
Px(d(V,,,V)>¢) 250 Ve>0. (5.13)

Py
Similarly, we write V, f V' and say that V,, converges conditionally in prob-
ability to V| in probability, if the left—hand side of (5.13) converges in prob-
ability to 0.

5.4.1 Scheme 1 (Bootstrapping from ECDF)

Consider the notation and definitions of Section 5.2.1. To translate this
scheme into the framework of Propositions 5.3.1, 5.3.2 and 5.3.3, we set m,, =

. . % % neN
n, Q, = P, and consider the triangular array {Xn,k = (Y;k’vak)}lgkgn'
Moreover, from Lemma 5.4.1 we know that én 2% 6y, so we can also take

0, = 0,,. We first prove that the bootstrapped estimators converge condition-

ally in probability to the true value of the parameters, almost surely.
Py
Proposition 5.4.1 For the ECDF bootstrap, we have 0}, . 0.
Proof: Since Y has a second moment under P, it is straightforward
to see that F, G and ‘H are VC-subgraph classes with integrable envelopes 1,
Y| + M and Y2, respectively. It follows that all these classes are Glivenko-
Cantelli and therefore conditions (I)-(III) hold w.p. 1. Also, note that, from

Lemma 5.4.1 (4i7) condition (IV) holds a.s. The result then follows from
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Proposition 5.3.1. U
Let P, be the ECDF of X7 |,..., X} and recall the definition of the processes

A,, By, C,, Dy, E,, A%, B*, C*, D* and E*. We then have the following

result.

Lemma 5.4.3 Let K C R?® be any compact rectangle. Then
. Px
B, — EX 3 0 in Dg.

Proof: We already know that conditions (I)-(IV) hold w.p. 1 under this
bootstrap scheme. But Lemma 5.4.2 implies that (5.8) and (5.9) hold in
probability. Hence, this result follows by arguing through subsequences and
applying Lemma 5.3.1. 0
It is evident that condition (VI) doesn’t hold in this situation as we know

that

nlP, (Co - g < Z <(o+ %) ~~ Poisson(f(¢o) (6 + n)). (5.14)

Hence, we cannot use Proposition 5.3.3 to derive the limit behavior of h}.

We will now argue that EY, and therefore E,, does not have any
weak limit in probability. This statement should be thought in terms of the
Prokhorov metric (or any other metric metrizing weak convergence on Dy).
If we denote by pg the Prokhorov metric on the space of probability mea-
sures on Dy and by p, the conditional distribution of E given X, to say that
(EF)>°, has no weak limit in probability means that there is no probability
measure i defined on Dk such that pg (fn, 1) 0.

The following lemma (proved in Section 5.9.10) will help us show that
the (conditional) characteristic functions corresponding to the finite dimen-
sional distributions of E fail to have a limit in probability, which would, in

particular, imply that £ does not have a weak limit in probability.
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Lemma 5.4.4 The following statements hold:

(i) For any two real numbers s < t, {nPy(Co+ = < Z <o+ L)} does

not converge in probability.

(i) There is h, > 0 such that for any h > h,, the sequences
{n]P’n(én < 7Z < én n %)}oo

o0

X and {nIP’n(fn — % <7Z< fn)} do not con-

n=1

verge in probability.
(11i) For any two real numbers s < t and any measurable function ¢ : R — R,

{nPn(¢(Y)1CO+£<Z<CO+L)} does not converge in probability.
n - n n=1

(iv) Let ¢ be a measurable function which is either nonnegative or nonpos-
itive and such that ¢(e + ap) and ¢(e + By) are nonconstant random
variables with finite second moment. Then, there is hy, > 0 such that for
any h > h,

(a6 i)} and {nPu(601; s opec)}

verge in probability.

[o¢]
do not con-
1

n=

With the aid of Lemma 5.4.4 we are now able to state our main result.

Lemma 5.4.5 There is a compact rectangle K C R? such that neither E,

nor EY has a weak limit in probability in Dy .

Proof: Since Lemma 5.4.3 and Slutsky’s lemma show that E, has a weak
limit in probability if and only if E has a weak limit in probability, it suffices
to argue that the statement is true for £7. To prove this, it is enough to show
that there is some hy such that E*(hq,0,0) does not converge in distribution.

Pick hy > 0 and observe that

B3 (h1,0,0) = (@ — B) (P | (260 = @+ By yee |
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Since G — By =3 ap — Bo # 0 we see that E¥(hy,0,0) will converge weakly in

probability if and only if A, := nP% [(%n —Q, + ,@n)l } converges

bn<z<bntd
weakly in probability.

The conditional characteristic function of A,, is given by

, 1 T "
B () = (1 " ﬁn]P)" <(ezg(2€n+6n_an) B 1)1£n<zgin+'13>) - 51

which converges in probability if and only if so does

i€(26n+Bn—an
nP, ((e ( )_1)1én<Z§én+hn—1>‘

. But note that

nP,, (et 1)1 ) = Py (eS8 — 1)1

(n<Z<nt §n<Z§én+%) :

It is easily seen that (5.14) and the fact that n(C, — (o) = Op(1) imply that

Hence,

Cn<Z<ln+

’np (( €Y —Bn—an) _ 1)1 ﬂ) —nP, <(ei§(2Y—Bo—ao) _ 1)1

én<Z§§n+%>‘
A A P
<Py (1 peg, o ) (1w = a0l + 13, = Bol)lEl = 0.

It follows that Ex (") has a limit in probability if and only if

nP, <( i£(2Y —Bo—ao) _ 1)1CAn<Z§CAn+h71>

has a limit in probability. But a necessary condition for the latter to happen

is that its real part,

ks (Re(eig(w_ﬁo_%) - 1)1én<zgén+%>

converges in probability. Since Re(e®(Y—%—20) _ 1) < 0 we can conclude

from (iv) of Lemma 5.4.4 that nP, (Re( #£(2Y—Bo—a0) _ D) > does
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not converge in probability for all h; > h, for some h, > 0 large enough. This
in turn implies that, for all h; > h,, the conditional characteristic function
in (5.15) does not converge in probability and hence E’(hq,0,0) has no weak
limit in probability.

Hence, if K is any compact rectangle containing (h.,0,0) the finite
dimensional dimensional distributions of £ on K do not have a weak limit in

probability. Therefore, £ does not have a weak limit in probability on Dy. [

Note that
(R(G: = G V(@ = ), V(8 = Bu) ) = savgmanc { Bu(h) }

heR3

Thus, the fact that the sequence (F,)%, doesn’t have a weak limit in prob-
ability makes the existence of a weak limit in probability for n({* — (An) very
unlikely. However, we do not have a rigorous mathematical proof of this state-
ment. The main difficulty in such a proof is that the sargmax functional is
non-linear and that £, depends on hs through indicator functions that do not

converge in the limit.

Remark: It must be noted in this connection that the bootstrap
scheme estimates the distribution of (v/n(a — aw), V(8% — 3,)) correctly,
and in fact, valid bootstrap based inference can be conducted to obtain Cls
for oy and (. This follows from the fact that, asymptotically, the maximiz-

ers of En(hl, -,-) do not depend on h; (see the expressions for A, B, Ar. BY).

We next provide an alternative additional argument that illustrates
the inconsistency of the ECDF bootstrap. Our approach is similar to that of

Kosorok (2008a) and relies on the asymptotic unconditional behavior of

Ay, = (G = o) Vilag, — ao), VB, — fo))-
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For h € R?, we write 0, := 6 + (;1 \/—25, \’}—%) and
Bo(h) := nP* [mgn - mgo] . (5.16)

This corresponds to centering the objective function around 6y. As in (5.10),

we can define the processes

=0 (1) VP (elz<c,)
=22 (1) VP (el 75,)
=(3 *
= | 50 [ | i) 10
Zn(t) nlPr(elg, st 7<)
=9 (1) Py (L <z<cot t)
=9 nlP(elecz<cort)

and just as in that case, we can also define the process E;; by
En(h) = 2ha=0(h) — B3PL(Z < Go) + 2hs=2 (hn) — W3PL(Z > Go)

W(hy) = (o0 — Bo)*EY ()
O (hy) = (o0 — Bo)*ED) ().

[I]z

+ 2(By — ap)Z

+ 2(cg — Bp) =Y

[I]z

Then, it can be shown that E,, — E;i L. 0in Dy for any compact rectangle
K C R? and that the sequence (E*)° | is tight in D.

In what follows we will describe the limiting distribution of E;;, namely
E*, and show that the (unconditional) asymptotic distribution of A,"; is that
of the smallest argmax of E*. This result will help us show that the ECDF
bootstrap is inconsistent.

We start by introducing some notation. Recall the definitions of the
random elements Zy, Zy, v1, 12, u and v as in the discussion preceding (5.11).
Also let 7 = (7,)02, and Kk = (k)52 two sequences of i.i.d. Poisson(1)

random variables. Assume, in addition, that Zi, Zs, 11, 15, v, u, 7 and k are



all mutually independent. Then, define the process = = (2, ... 20 as
Z,
Zy
2(t) = Loosjsin (- Rili<o (5.18)

> 0<j<mn (-1 Vifilico

ZO<j§V2(t) TjLli>o

ZO<j§V2(t) u;Tjli>0

for t € R and let E* be given by

E*(h) = 2h=D(hy) — h3P(Z < (o) + 2h5=@) (hy) — h3P(Z > ()
+ 2(Bo — ag)ZEW (hy) — (g — B0)?E®) (y)
+ 2(&0 — ﬂo)ém)(hl) — (O[O — ﬁo)2é(5)(h1> (519)

for h = (hy,he,h3) € R3 Additionally define the S—valued (pure jump)
processes J,, JNZ and J* as

Ji(t) = Ju(t) = nPy(Leyitez<) T 1P (L czegort)s (5.20)

J() = vi(=t)Lico + va(t) Liso. (5.21)

Lemma 5.4.6 (proved in Section 5.9.11) now states the asymptotic dis-

tribution of £, and of n(¢* — ().

Lemma 5.4.6 Consider the processes 2., En, Jo, =, E* and J* as defined
in (5.17), (5.16), (5.20), (5.18), (5.19) and (5.21), respectively. Then, un-

conditionally,
(i) Zp ~ Z in R2 x D} for any compact interval I C R;

(ii) (Ey,Jy) ~ (E*,J*) in Dk x S; for any compact interval I C R and any
compact rectangle K = A x B x I C R3;
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(iii) A% = sargmazycgs{En(h)} ~ sargmazy,cps {E*(h)}.

As a consequence, if the ECDF bootstrap is consistent, the variance of sargmazheRg{E*(h)}

must be twice that of sargmazy,cps{E*(h)}.

As analytic expressions for the asymptotic variances of n(¢ — (o) and
n(én —(p) are not known, we use simulations to compute them. As an illustra-
tion, we take e ~ N(0,1), Z ~ N(0,1), g = —1, By = 1 and {, = 0 in (5.1).
We approximate the limiting variances with the sample variances computed
from 20,000 observations from each of the two asymptotic distributions. Our
results are summarized in the following table, which immediately shows that
the asymptotic variance of n((} — (y) is not twice that of n(én — (o). Thus
the ECDF bootstrap cannot be consistent.

Random variable | Asymptotic Variance
n(Cw — Co) 7.620948
n(¢: — (o) 63.98377

5.4.2 Scheme 2 (Bootstrapping “residuals”)

Another resampling procedure that arises naturally in a regression setup is
bootstrapping “residuals”. As with scheme 1, bootstrapping the “residuals”
fixing the covariates is also inconsistent. Heuristically speaking, the resam-
pling distribution fails to approximate the density of the predictor at the
change-point (, at rate-n, and this leads to the inconsistency.

We recall the notation of Section 2. There we described the basic
elements of the traditional fixed-design bootstrap of residuals and how to
compute the bootstrap estimates 6%. We first show that these bootstrap
estimators converge conditionally in probability (almost surely) to the true

value of the parameter. Then, we will provide a strong argument against
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the consistency of this bootstrap scheme. For notational convenience, we

introduce the process R, given by
1= >
R (0) = —— Zl (Y, —alg<c— Blgne)” VOEO.
J:

We start by showing that the “centered” empirical distribution for the
least squares residuals, PP, converges to the distribution of € in total variation
distance with probability one and its second moment is an almost surely
consistent estimator of ¢2. This lemma will also be useful for the analysis of

the smoothed bootstrap procedure. The proof can be found in Section 5.9.12.

Lemma 5.4.7 Let G and ¢ be, respectively, the distribution and character-

istic functions of €. Then,

(i) for any n > 0 we have that sup {'/eifde;(x) — go(ﬁ)‘} 250;
l€1<n

(ii) |[P;, — Gllz = 0;

(iii) / 2P (2) 255 02,

(i) [ JoldPi (o) Bl

(v) if € has a finite third moment under P, then

lim [ |2]*dP¢(x) < 0o almost surely.

The next result (proved in Section 5.9.13) shows that the bootstrapped least

squares estimators converge conditionally in probability with probability one.

Proposition 5.4.2 Let K C © be a compact rectangle. Then,
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Px
(i) | Ry 4+ P5(€2) — My — 0%| ¢ as. 0;
Px
(i) ||Ry +P5(&) = M — 0°|| ¢ as. O;
P .~ Px
(iii) 05 25 Oy and 0% — 6, o 0.

where M, and M are defined as in (5.3) and the subsequent paragraph.

Consider the following process

n n

A % N h 5 h ? *
En(h) == (Yn,j - (% + \/—%) I (& + \/—%) 1zj>zn+’;§) +>_(en,)

j=1 j=1
Then for n large enough we have that

(G = Gl Vil = ), V5 = Bu)) = sargma { Bu(h)}

heR3

Next we argue that the sequence (En)fbozl does not have a weak limit in proba-
bility and therefore distributional convergence of their corresponding smallest
minimizers seems unreasonable. We refer the reader to Section 5.9.14 for a

complete proof of the statement.

Lemma 5.4.8 There is a compact rectangle K C R? such that the sequence

A

of processes (E,), does not have a weak limit in probability in Dk .

5.5 Consistent bootstrap procedures

Here we will prove that the “smoothed bootstrap” (scheme 3) and the m out of
n bootstrap (scheme 4) procedures yield consistent methods for constructing

confidence intervals around the parameters.
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5.5.1 Scheme 3 (Smoothed Bootstrap)

To show that scheme 3 (smoothed bootstrap + bootstrapping residuals) achieves
consistency we appeal to Propositions 5.3.1, 5.3.2 and 5.3.3 by proving that
the regularity conditions (I)-(VIII) of Section 3 hold for this scheme. Recall
the description of this bootstrap procedure given in Section 5.2. Let fn and
F), be the estimated smoothed density and distribution function of Z, respec-
tively. For I := [¢,d] C R, a compact interval such that (y € (¢, d), we require

the following two properties of fn and F),:

|E, — Fllg <5 0; (5.22)
o= fllr =5 0. (5.23)

We would want to highlight that these conditions are fulfilled by many den-
sity estimation procedures. In particular, they hold when the density f is
continuous and we let fn be the kernel density estimator constructed from a
suitable choice of kernel and bandwidth (e.g., see Silverman (1978)).

Let 6, = én, my, = n and Q, be the distribution that generates the
bootstrap sample. Observe that under Q,, ¢, and Z are independent and that
Z is a continuous random variable with density fn. The next result (proved in
Section 5.9.15) shows that the bootstrapped least squares estimators achieve

the right rate of convergence.

Proposition 5.5.1 If (5.22) and (5.23) hold, then w.p.1, the sequence of
~ R /
conditional distributions of (n(C;; — Ca)s V(e — &), /(B — ﬂn)> is tight.

Scheme 3 uses an approximation to the density of Z and this turns out
to be crucial. The bootstrap measures now satisfy property (VI) on Section
5.3 and the bootstrap procedure is strongly consistent, as shown in the next

result (proved in Section 5.9.16).
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Proposition 5.5.2 For scheme 3, provided that (5.22) and (5.23) hold, con-
ditions (I)-(VIII) are satisfied with probability one, and thus,

vnlal —éy) | ~ sargmaz{E*(h)} almost surely.

. heRr3
5.5.2 Scheme 4 (m out of n bootstrap)

For this scheme we will again use the framework established in Section 5.3.
We take (m,,)2%; to be any sequence of natural numbers which increases to

infinity, 0, = 6, and Q, = P,. The next result (proved in Section 5.9.17)

shows the weak consistency of this procedure.

Proposition 5.5.3 If m,, = o(n) and m,, — oo, then conditions (I)-(VIII)

hold (in probability) and we have

”(CZ - fn)
V(o — éy) | ~ sargmaz{E*(h)} in probability. (5.24)

heR3

V(B = Ba)
Remark: To prove Proposition 5.5.3, we will, in fact, show that for every
subsequence (ng)2,, there is a further subsequence (ng,)°,, such that (I)-
(VIII) hold w.p. 1 for (ng,)2, and (5.24) holds almost surely along the

subsequence (n, )3 ;.

5.6 Simulation experiments

In this section we report the finite sample performance of the different boot-
strap schemes on simulated data. We simulated random draws from four

different models following (5.1). Each of these corresponded to choosing
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different pairs (F,G) of distributions for Z and e (having mean 0), respec-
tively. The pairs considered were (N(0,2),N(0,1)), (4B(4,6) — 2, N(0,1)),
(4B(4,6) — 2, Unif(—1,1)), and (4B(4,6) — 2,I'(4,2) — 2), where B(-,-) and
['(+,-) denote the beta and gamma distributions respectively.

For each of these models, we considered 1000 random samples of sizes
n = 50, 100, 200, 500. For each sample, and for each of the bootstrap schemes,
we took 4n bootstrap replicates to approximate the bootstrap distribution.
The following table provides the estimated coverage proportions of nominal
95% ClIs and average lengths of the Cls obtained using the 4 different boot-
strap schemes for each of the four models.

At this point, we want to make some remarks about the computation
of the estimators. We used a kernel density estimator based on the Gaus-
sian kernel and chose the bandwidth by the so-called “normal reference rule”
(see Scott (1992), page 131). In the case of the m out of n bootstrap, we
did not use any data driven choice of m,, but tried 3 different possibilities:
(n%L [n%w and (n%w We will refer to the fixed-design bootstrapping of
residuals scheme by FDR.

Z ~ N(0,2),e ~ N(0,1)
Sehome n =50 n = 200 n = 500
Coverage | Avg Length | Coverage | Avg Length | Coverage | Avg Length

ECDF 0.83 1.14 0.79 0.22 0.81 0.08
Smoothed 0.94 0.94 0.95 0.19 0.95 0.07
FDR 0.83 0.76 0.86 0.16 0.90 0.06
[n/5] 0.87 0.87 0.91 0.23 0.91 0.08
[n9/107 0.85 1.02 0.87 0.21 0.87 0.079
[n14/15] 0.85 1.05 0.84 0.21 0.86 0.08




130

Z ~4B(4,6) —2,e ~ N(0,1)
Seheme n =50 n = 200 n = 500
Coverage | Avg Length | Coverage | Avg Length | Coverage | Avg Length
ECDF 0.80 0.54 0.80 0.11 0.81 0.04
Smoothed 0.96 0.46 0.94 0.11 0.95 0.47
FDR 0.73 0.32 0.77 0.08 0.79 0.03
[n/5] 0.88 0.53 0.89 0.11 0.90 0.04
[n9/107 0.85 0.54 0.86 0.11 0.88 0.04
[n14/15] 0.83 0.55 0.84 0.11 0.87 0.04
Z ~ 4B(4,6) — 2,e ~ Unif(—1,1)
n =50 n = 200 n = 500
Scheme
Coverage | Avg Length | Coverage | Avg Length | Coverage | Avg Length
ECDF 0.80 0.40 0.80 0.08 0.81 0.03
Smoothed 0.94 0.33 0.95 0.08 0.96 0.04
FDR 0.75 0.26 0.77 0.06 0.81 0.02
[n4/5] 0.88 0.36 0.88 0.09 0.91 0.04
[n9/107 0.85 0.39 0.85 0.08 0.87 0.03
[n14/15] 0.83 0.39 0.84 0.08 0.85 0.03
Z ~4B(4,6) —2,e ~ T'(4,2) — 2
Seheme n =50 n = 200 n = 500
Coverage | Avg Length | Coverage | Avg Length | Coverage | Avg Length
ECDF 0.80 0.49 0.80 0.09 0.81 0.04
Smoothed 0.93 0.36 0.95 0.08 0.96 0.03
FDR 0.76 0.30 0.77 0.06 0.80 0.02
[nt/5] 0.87 0.43 0.88 0.10 0.91 0.03
[n9/107 0.85 0.46 0.84 0.09 0.88 0.03
[nl14/15] 0.83 0.48 0.85 0.09 0.85 0.03

We can see from the table that the smoothed bootstrap scheme out-
performs all the others in terms of coverage. It must also be noted that this
is achieved without a relative increase in the lengths of the intervals. The m
out of n bootstrap with [n%/°] also performs reasonably well. It clearly out-
performs all other m out of n schemes as well as ECDF and FDR bootstrap
procedures (which are inconsistent).

Figure 5.1 shows the histograms of the distribution of n(, — (o) (ob-
tained from 1000 random samples) and its bootstrap estimates obtained from

the 4 different bootstrap schemes (using 2000 bootstrap samples each) from
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a single data set of size n = 500 from model (5.1) with Z ~ 4B(4,6) — 2, € ~
['4,2) — 2,00 = —1,5p = 1,{p = 0. The histograms clearly show that the
smoothed bootstrap (top right panel) provides, by far, the best approximation
to both, the actual (top middle panel) and the limiting distributions (top left
panel). In fact, the histograms of the distribution of n(fn — (p) and the cor-
responding smoothed bootstrap estimate are almost indistinguishable. The
m out of n approach, although guaranteed to converge, lacks the efficiency of
the smoothed bootstrap. This may be due to the fact that we do not have an
optimal way of choosing the tuning parameter m,,. The smoothed bootstrap
also requires the choice of a tuning parameter, namely, the smoothing band-
width, but the in our analysis the results were very insensitive to the choice
of the bandwidth. This is certainly an advantage for the smoothed bootstrap

procedure.

5.7 More general change-point regression mod-
els

In this section we mention some of the broader implications of our analysis
of (5.1) in the context of more general change-point models in regression. We

can consider a model of the form
Y = Q/JOto (W7 Z>1Z§C0 + gﬁo(m/a Z)]-Z>C0 + ¢, (525>

where Z is a continuous random variable; W is a random vector of covariates;
ap € R? and fy € R? are two unknown Euclidian parameters; 1, (w, z) and
¢s(w, z) are known real-valued functions continuous in (w, z) and twice con-
tinuously differentiable in « and 8 respectively; (o € [a,b] C supp(Z) C R is

the change-point; € is a continuous random variable, independent of (W, Z)
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Figure 5.1: Histograms of the distribution of n(¢{, — (y) and its bootstrap
estimates: the asymptotic distribution of n(fn — (o) (top left); the actual
distribution of n((, — ¢) (top middle); the distribution of n(¢* — (,) for
the smoothed (top right), ECDF (bottom middle) and FDR (bottom right)
schemes; the distribution of m, (¢t — C,), my, = [n5] (bottom left).

with zero expectation and finite variance o > 0. We assume that ,, (W, Z)

is identifiable from &g, (W, Z) and that the least squares problems

min ¢ > (V; = va(W;, Z)))* p and - min > (V= &(W;, )’

ockr | £ =

are well-posed for every possible data set {(Y1, Z1, W1), ..., (Ya, Z,, W,)} and

any ¢ € supp(Z)°. We also assume that 1., (w,(y) # &z, (w, (o) for every
value of w.

Like in the simple case, the method of least squares can be used to

compute estimators &, 3, and ,. One simply takes the minimizer (G, ,@n, é’n)



133

of

n

> (Y5 = al Wy, Z) e + (W5, Zi)15,50)°

j=1
with the smallest (-component.

Since the simple model (5.1) is a particular case of (5.25), one can
immediately conclude from our analysis that the usual ECDF and residual
bootstrap procedures will not be consistent. However, the smoothed boot-
strap can be adapted to produce consistent interval estimation. The modified

scheme can be described as follows:

1. Choose some procedure (e.g., kernel density estimation) to build a dis-
tribution £, with density fn such that f'n — f uniformly on some open
interval containing (o w.p. 1, where f is the density of Z. Let P,
and P! be the empirical measures of the centered residuals (as in the

description of Scheme 2 in Section 5.2) and Wy, ..., W, respectively.

2. Get i.i.d. replicates Z*

w1y Ly from F, and sample, independently,

. o did . o did oy
€t €y ~ Prand Wiy ..o Wi "~" P Here we can also keep

Wi's fixed, i.e., Wy, =W,

3. Define Y, = va, (W), Z; ‘>1Z;;,].§<An + &, (W is 2, »)1Z;’j>§n + ¢, ; for

.37 n,j .77 7n,]

all j=1,...,n.

4. Compute the bootstrap least squares estimators (o, 5%, (*) by taking

the minimizer of

n

2
S (Vs = Wiy, Zo )z e = 6(Wi . Zn s )

j=1
with the smallest (-component.

~

5. Approximate the distribution of n({, — () with the (conditional) dis-
tribution of n(¢* — ¢,).
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Although our analysis indicates that this smoothed bootstrap procedure must
be consistent, it is difficult to use our methods to prove consistency in such
generality. However, the proof of consistency for the simple model (5.1) can be
adapted to cover the case of parametric additive models, i.e., when ¢, (w, 2)

and &g(w, z) are of the form

Yo(w, 2) = Zajgj(w,z), and Ep(w, z) = Zﬁkhk(mz),
j=1 k=1

where g;,hy, j=1,...,p, k=1,...,q are known smooth functions.
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5.9 Supplementary Lemmas

In this section we provide the proofs of most of the results stated in the
previous sections. We start by giving an account of a series of technical

lemmas which will aid us in the proof of Propositions 5.3.1, 5.3.2 and 5.3.3.

Lemma 5.9.1 Let o # 3 € R. Consider the class of functions from R? to R

given by

o = {gb(y, Z) = (y — ozl(,oo,d(z) — B]_(C’oo](Z))].](Z”C € R, I CRisan mterval} .

Then, </ is a VC-subgraph class with envelope |y| + |a| + |B]. There is an
upper bound for the VC-index of < that is independent of o and 3. Moreover,
there is a continuous, increasing function Jo with J, (1) < 0o, which is also

independent of o and 8, and satisfies the following property: If 9 C & is
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a subclass with envelope B and Wy, ..., W, is a random sample, defined on
some probability space (2, A, P), from a distribution u for which pu(B?) < oo

and i, 1S the empirical measure defined by the sample, then

/ sup {1t = ()]} P < Jj%) VB,

Proof: We use the same notation as in Lemmas 2.6.17 and 2.6.18, page
147 of van der Vaart and Wellner (1996). Consider the classes of functions
A ={y — ol(—oo)(2) = PLlcoe)(2) : ¢ € R} and = {1(_aoy(2) : € R}.
Then, % is a VC class with VC-index 2. It follows that 7 = (6 — «) - # +
(y — B) is also VC. Recall that F = {1;(z) : I C R is an interval}. Letting
[0 >t] = {(y,2,1t) : p(y,z) >t} for p € o/, we see that

{[90>t]:g0€427}:(RX{.FSO}X(—O0,0))U
({[w>t]:wE%}H(Rx{F>0}xR))

from which it follows that & is VC. Moreover, the VC-indexes of J# and
F are two and three for any choice of o and 5. Hence, the corresponding
VC-indexes of 7 and o/ both have upper bounds independent of o and f.
The existence of the function .J,, is a consequence of the maximal inequality
3.1 in Kim and Pollard (1990). Note that J, only depends on the VC-index
of the class o7, which in turn has an upper bound independent of o and 8. [J

Lemma 5.9.2 Suppose that (1)-(IV) hold. Then,
(i) |Qu(E1z<(inc.) = 0*P(Z < () A o)y = O
(ii) [|Qu(I€nl1z<()nc,) = P(ENP(Z < () A G|, = O,

(iii) [|Qu(€nlzz(ine,)]ny = 0 and
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(iv) HQn(lZ§(~)/\Cn) - P(lzﬁ(‘)/\Co)H[a,b] — 0.

Also, these statements are true if 1z<()n¢, s replaced by any of 1()<z<c,,

le,<z<() or 1z5()ve,-

Proof: Since (, — (y and Z is continuous, for any ¢ € [a, b], we obtain

IP(Y*1z<cnc.) = P(Y?1z<0nq)| < P(Y?1z<c, — 1z<q]) = 0,

IP(JY — aol1z<cnc,) = P(IY — aollzeene)l < P(Y([1z<, — 1z<¢) = 0,

P(Y1z<cnc,) = P(Y1z<ene)l < P(Y[1z<¢, — 1z<¢|) = 0,
P(1z<cnc,) = P(lz<enco)| < P(11z<¢, — 1z2<¢l) = 0.

Also note that the convergence is uniform in ¢ € [a,b]. Thus,

1Qu(Y*12<00n¢.) = PO 12200060 [| oy < 1Qn = Py,

+ ||IP)(Y21Z§(-)/\cn) - ]P)(Y2]‘Z§(')/\§0>H[a,b] —0

as n — oo by (III). Similarly, we also obtain that ||Q,(|Y — ao|lz<(ac,) —
P(IY = aol1z<()nco)lljap) = 0, 1Qu(Y1z<()nc,) = P(Y1z<()nc) ey — 0 and
1Q@n(Lz<()n¢n) = P(Lz<()n¢o) lat) — 0. This proves (iv).

Finally, (¢), (#4) and (¢ii) follow as consequence of the convergence

o, — ap and of the following inequalities:
HQn(gi:lZS(-)/\Cn) - UZIED(Z < () N CO)”[a,b]

< @Y 1z200n¢.) = PO 1z<09000) |0y T 2len — 00| Qu([Y]) + [0f — g

+ 2lag| || @u(Y1z<()nc,) — P(Y 1z<()ne)) H[a,b] +aj H@n(lzg(-)/\én) —P(1z<()r¢)

[a,b]

and

|Qn(l€n1z<()nc,) — P(MlZS(-)/\Cn)H[a,b] <

Qu(lY = aollz<(ine,) = PUY = aollz<(yn) ||y + lom — aol.
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and
HQn(gnlzﬁ(')/\Cn)”[a,b] < HQR(YIZSC)/\CTL) - P<Y12S(‘)/\€0)H[a7b]
+Hom — aol + Jaol [|Qu(1z<(ine,) = P(Lz<na) ||y
The other three cases follow from similar arguments. O

Lemma 5.9.3 Suppose that (1)-(IV) hold. Then,
(i) |7 = Qu)Enlz<ne) g — O
g . P
(”) H(PTL - @n)<1ZS(')/\Cn)H[a,b} — 0.

Also, these statements are true if 1;<ya¢, @5 replaced by any of 1(y<z<c,,

le,<z<(y or 1zs(yve, -

Proof: By the maximal inequality 3.1 from Kim and Pollard (1990) and

Lemma 5.9.1 we see that:

B (| - @)l zzone)lly) <

B (||~ @)(1zzone)lloy) <

The lemma now follow directly as Q,(é?) — o (a consequence of Lemma

5.9.2). The other statements are proven similarly. U

5.9.1 Proof of Proposition 5.3.1

Noting that €, =Y — a,1z<¢, — Bulzsc,, We write

me(X) = —(&+an— ) Lzcene — (€0 + B — @) Lo, <z<c

—(&n + = B)°Lecz<c, — (& + Bn — B)*1zsc,vdH.26)
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and therefore

—PuE) = Mi(0.) < M(0)

S _P* [(En - OZ + an) 1Z<a] - ]P):L[(gn - /8: + ﬁn)21Z>b]'

Letting v* = (a7, 3%), noticing that M?*(6,) = —P% (¢2), and by rearranging
the terms in the above inequality, we get

Ve = Wl’Ph(Z < a) NPL(Z > b) <P} (E21a<z<p)

+207 =l (P, (€nlz<a) [+ [P (Enlz5s) |) -

Consider P!(Z < a). By (ii) of Lemma 5.9.3 we see that |(P} — Q,)(Z <
a)l 5 0 and by (iv) of Lemma 5.9.2 we can show that [(Q, —P)(Z < a)| — 0.
Thus, combining the two, we have P*(Z < a) RN P(Z < a). Similarly, we
can show that P} (Z < a) AP:(Z > b) N P(Z < a) ANP(Z > b) > 0 and
also that |P! (€,1z<a) | +|Pk (€nlzsp) | 5 0. Also, observe that E (Pr(e2)) =
Q,.(¢2) — o2, by assumptions (I)-(III) and so P*(é2) is bounded in L!. Hence,

we can write
Y = nl* < Op(1) + |75 = Yulop(1)

and therefore |y —7,| = Op(1) (and, consequently, |y — | = Op(1)).

We first rewrite my(X) as follows:

my(X) = =& — 2(a, — @)énlz<cnc, — (o — @)*Lz<cnc,
—2(8, — )€l <z<c — (Bn — @) g, <z<¢
— (o — B)*Lecz<,

1z5cven = (Bn = B)*1z5¢ve,- (5.27)
We can then decompose M* as in (5.27), and use Lemmas 5.9.3 and 5.9.2 and

the fact that 6, — 0, to obtain
M+ BEE) — M, — Q)] ., — o.

My +Pi(e)—M—o
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for every compact K C ©. But 6 is also the unique maximizer of M + o2
and | — | = Op(1). Therefore, the conditions of Corollary 3.2.3 (ii), page
287 of van der Vaart and Wellner (1996), hold and we obtain that 6 RN
(and also that 6% — 6, — 0). O

5.9.2 Proof of Proposition 5.3.2

We will apply Theorem 3.4.1 of van der Vaart and Wellner (1996) to prove
the result. Let d : R® x R — R be given by d(0,9) = [(0s,03) — (92,93)| +
\/m. Consider n,p, L > 0 as in (V) and a compact rectangle K C ©
such that {# € © : d(0,0,) <n for some n € N} C K. We can take L large
enough so L > 1 Vsup {|f3 — U5| V |6, — 3| : 0,9 € K}. Pick n large enough

so we can fix some & € (Y2, 7). Then, taking also (I)-(IV) into account and

my/
possibly making 7 smaller, we can find positive constants ¢;, ¢ > 0and N € N
such that for any n > N, we have (5.5), (5.6), (5.7) and the inequalities:

inf w— BPEAB, —al?t >
d(eﬁka{m BIEA1Bn — o } L

Also, let M, (0) := M*(0) + P*(¢2) and M, (0) := M,(0) + Q. (%) for all
0 €O.

Choose n > N and § € © with § < d(6,0,) < §. Then, considering the

properties of the constants just defined and the expression

Mo (0) = My () = =2(an — @)Qu(Enlz<crc,) — (n — @)*Qu(lz<crc,)
— 2(8y — )Qu(&le,<z2c) = (Bu — @)’ Qu(l¢,<z<c)
= 2y = B)Qu(Eleczzc,) — (an — 8)*Qu(lecz<c,)
— 2(Bn — B)Qu(Enlzscve,) — (Bn — B)*Qu(Lzscvef-28)

it is seen that the sum of the 1st, 3rd, 5th, and 7th terms in (5.28) can be
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8L26

N While we also have,

bounded from above by

v

(an — a)2@n(1ZSCACn) co(am — a)2,
(ﬁn - 5)2Qn(1Z>Cvg’n) = 02(571 - B>27
52 1
(/Bn - a)2Qn(1Cn<ZSC) 2 ClpK - gn‘a if ‘C - Cn| Z g > \/m—na
52 1
(an = B)*Qu(leezsc,) 2 apl( =Gl i lC=Gl> 2> T

and therefore, noting that either (o — ) + (8 — 8,)? > % or |¢ — (| > %,

V

letting ¢ = 1—1602 A (c1p) and adding all the terms in the previous display, we

get
8L2 9
sup  {M,(0) — M, (0,)} < d —2¢6° Yn > N.
$<d(6,6n)<6 M
; _ _8L? 2v2
Hence, setting o, = - i N\ i we get that

sup M, (0) — M, (0,)} < —cd* V6, <5<mn, ¥Yn>N. (5.29)
$<d(0,0n)<6

Next we will show

\/ﬁ
N

Note that, using the expansion (5.27), M, (6,,) = M,,(6,,) = 0. To control the

VnE ( sup  {|(My, — Mp)(0) — (M, — Mn)(Qn)l}> S 9. (5.30)

d(6,0,)<6

term (M, — M,,)(0) observe that it admits a very similar expansion as (5.28)
with the Q, replaced by (P! — @Q,); in particular, we can write the difference
M,,(0) — M,,(0) (by re-arranging the terms) as

— 2(an — ) (P}, = Qu)(Enlz<enc,) — 2(Bn — B) By, — Qu)(Enlzcve,)

—2(fn — ) (P}, = Qn)(Enl,<z<c) — 2(an — B)(P), — Qu)(€nlc<z<c,)

—(an — a)*(By, — Qu)(Lz<¢nc,) = (Bn = B)*(Pr, = Qu)(1z5¢ve)
—(an = B (P, — Qu)(Leczzc,) = (Bu — a)* (B, — Qu)(Le,<z<dp-31)
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Each of these terms can be controlled by using Lemma 5.9.1 as

Jor (1)
NGy

. 1 -
E (H(IP’Z — @n)(enl(.)<zg<n)HK,CnK(;z) < %\/@Meilgn_gxzqnﬂz).

E (||~ Q)@ lscone) ly) < 0.@)

Lemma 5.9.2 implies that Q,(€21¢, _s2<z<c,+52) — 0°P(Co — 82 < Z < (o +
6?) = 02{2f(¢)6? + 0(6?)}. Hence, there is a constant R > 0 such that the
right side of the above equations are bounded by R//m,, and R/ + 0(62)//m,.
Using similar arguments, we can in fact make R large enough so that the fol-

lowing inequalities hold too

E <H(P:, - Qn)(€n1Z>(~)VCn)H[a7b]> (532)

V1
R

V1M
We also assume that R > Jz(1). Using (5.32), (5.33), the discussion preceding

E (]| (P, - Qu)Enleez<o) | _care) < 2 +0(0%). (5.33)

the display, and grouping two consecutive terms at a time in the expansion

(5.31), it is easily seen that

ARVR
Vit

d(0,0n)<d

\/EE ( sup {|(Mn - Mn)(e) - (Mn - Mn)(gn”}) N

+4%ﬁ 62 + 0(62) + 2%52 - QRL%’)ﬁ(cS? + 0(8%)).

Thus by taking n > 0 small enough we can show that (5.30) holds for every n >
N and any 6 € [0,,n), with §,, and N defined as in (5.29). Defining ¢,(5) =
\/%6 and r, = /m,, the hypotheses of Theorem 3.4.1 of van der Vaart
and Wellner (1996) are satisfied (note that Proposition 5.3.1 implies that
d(0,,0%) =+ 0). Therefore, rd(6y, 0*) = Vmn(ad — an)? +m,(8: — B.)2 +

V|G = Gl = Op(1). O
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5.9.3 Proof of Lemma 5.3.1

Let n > 0 be an upper bound for the norm of the elements in K. The maximal

inequality from Kim and Pollard (1990) and Lemma 5.9.1 imply

N T (A RICE N R M0 N G

Vs (- @) o o)) = S0 e

By (i) and (iv) of Lemma 5.9.2 applied with 17<(yx¢, in place of 1y<z<c,,
we see that the righthand side of both the above inequalities go to zero. On the

other hand, using (5.8) and (5.9) it is easy to see that both , /mn||Qn(€727“1Cn+%<ZS<n)”K

and Vm"HQ"(lanr%<zggn)HK converge to zero. Now, note that

vmy ||Pr <€n1 is bounded by

<;n+,%<zg<n> HK

Vi

(P:L - @n)(€n1<n+ 75;,)1<Z§C")HK + vMy Qn (|€n|1<n+%<zgcn> HK

SN Similarly we can bound

and thus /m,,
vmy, || P (1

n\ Tt L <2<6n
nally, from the expressions

]P):; <gnlgn+%<z§<n> HK

and show that it converges to zero in mean. Fi-

Anha) = Ao, ) = 2ho/ T (Enl om e, ) = W5 (1o g, )
C;;(]’Ll) — én(hg, hl) = 2h3\/mnIP’;; <gnlCn+%<Z§Cn>

_ (2h3\/mn(0zn — Bn) — hg) P <1<n+7%<ZSCn>

N

we get that HA: — A, cr—C,|l = 0. With completely

bOand‘

K
24 0 and HD;‘; - D,
K

A

L1

analogous arguments, it is seen that HBZ — B,

0 as well. Observing that E,=A,+B,+C,+ D, — P*(é2) completes the

n

proof of the result. O
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5.9.4 Proof of Lemma 5.3.2

It suffices to show that each of the components of (Z,)%°, is tight. Write

n=

gn,j = En(Zn,j7 Yn,j) and let

2

i & ¢ . ~
T, = ann (elmenlz<(” —-1- Zmi\/mnenlz<gn + 2§
n

mpy
mn2E3Q, |62
- .

€i12<¢n)

<

Then, assumption (VIII) implies that r, — 0 as n — oo. Since the charac-

teristic function of \/m, P} (€,12<c,) is given by

2 Mn
E (eévmnPr(énlz<c,)) — [ 1 +4 £ n (€1 _ ¢ . (821 n
(e ) —i—l\/m_n@ (€nlz<c,) 2an (Gn ZSCn) + M,

taking the limit as n — oo we can conclude that /m,P; (€,12<¢,) ~ N(0,P(Z <

Co)o?) by using (VII) and the fact that (1 + 8,/n)* — €7 if 3, — B. With

similar arguments, it is seen that \/m,P%(€,125¢,) ~ N(0,P(Z > {y)o?), so

the first two components of the random vector of interest are uniformly tight.
Consider now the processes I',(t) = m,P; (1, _7<, +mﬁ) and

U, (t) = mnP;(€n1<n<Z§§n+an). For any process ¥ € D;, I C R compact

interval, 6 > 0, we write
wy (8) = sup {|U(tr) = U()[ A [V (ts) — U (1)[}

where the supremum is taken over all t; <t <ty € I with 0 < ty; —t; < 4.
Also, for any A C I, define wy (A) = sup {|¥(¢) — U(s)|}. This agrees with
the notation defined in Chapter 14 OE ’Eﬁlingsley (1968). Let n > 0 be an
upper bound for the absolute values of the elements of I, consider any p > 0,

and define the numbers af, and af. by,

1 ~
P neN "
) 1
ap = —sup {m,Q (Te<zsqin ) |-
P neN !
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Then, using Markov’s inequality,

T P (swp (10,00 > ) < s (530
nh_)rEOP (sup{\F )} > aﬁ) < p. (5.35)

Now, let p,y > 0 be any pair of positive numbers and assume that I = [a, b].

Then, choose § < N Ui “' A

8= a\f(co) f( O) so there is an integer N > 2 such
that § < % < 26. Define s; = a + £(b — a) and consider the partition
{a =59 <s1 <...<sy=>b}of I. Notice that if ¥ is a step function on I,
for wy (§) to be positive, we need at least two jumps in an interval of size

at most 0. Then, the probability that at least two jumps of the process ¥,

happens on any interval (s;_s, s;] is bounded from above by

Qim, = P ( U |:mn(Zn,k - Cn)a mn(Zn,l - Cn) S (Sj—27 Sj]:|>
1<k<i<mn

2 . N 2
< %Qn(Cn+S]_2 <Z§<n+s—f)
2 m

n my
and hence the limit superior of the probability that either W, or I', has
two jumps in any interval of the form (s;_o,s;] is bounded from above by
2|b—al*f(¢o)?/N? by (VI). Therefore, the probability that at least two jumps
happen in any interval of size at most ¢ is asymptotically bounded from above
by

N

2 tsim <22\b—a\ F(G)?/N? < AN = 1) f (G)?Ib = ald/N <.
Thus,
n@P<w;n ((5)>p) < A (5.36)

The exact same argument can be used to show that

Tim P<w;n (6) > p) < . (5.37)

n—oo
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Now, note that

P (wy, ([a,a+9))>p) < P (ijn(Zn,j — (o) € [a,a+6) > p)

< ann<cn+mi<Z§<n+a+5)

n n

which implies that

lim P (wy, ([a,a+9)) > p) <5f(¢) <7 (5.38)

n—oo

A similar analysis leads to the following bounds

Tim P (wy, (b—0,0)>p) < v (5.39)
nli_}Tg(}P (wr, ([a,a+6)) >p) < 7y (5.40)
T P (ur, (b—8.5) > p) < 7. (5.41)

Putting together (5.34), (5.35), (5.36), (5.37), (5.38), (5.39), (5.40) and (5.41)
and using Theorem 15.3 of Billingsley (1968) we obtain that both sequences
(¥,)2, and (T,,)2%, are uniformly tight in D;. Similar arguments show
the tightness of the third and fourth components of the process. Therefore,
(Z,)22, is uniformly tight. The uniform tightness of (£7)>° ; now follows from
the fact that (=,)32, is uniformly tight and E is a continuous function of

- U

5.9.5 Proof of Lemma 5.3.3

In view of Lemma 5.3.2, to show (7) it suffices to show convergence of the finite

dimensional distributions. To this end, consider the real numbers t_y <
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<t <0=1ty <t <...<ty, and the linear combination

WTL = /‘L \% mnp;kl(gnlzggn) + >\ V mnP;kl (gn1Z>Cn)
N_
+Z {g‘jm”m <~ Lot l<z< ) + -l (1<n+fnjl'<zscn)}

+Z{§Jm" ( Cn <D<+ L ) +nymal, (1C <Z<(n+t )%42

where g, A and the §;’s and the 7;’s are arbitrary real numbers. Now, set

&0 = no = 0 and define

Ny Ny
paj =Y ner and Ay =3 Eux (5.43)
k=j k=)

Then grouping terms appropriately we can rewrite W, as

W, = puy/m,P; <en1 +t_m]\7;l_) + Av/m, Py <€nlz>cn+tN+>

mn,

=5n

+Z()\_]mn + p/my) P, (e 1o, i gegurts 1)
j=1
N_

+ZM_]mn]P)* (1C + 7<Z<Cn +1)
j:l

+Zﬂjm”m (1cn+t3;<z<cn+rfgl) '

Using the independence of X, 1, ..., X}, n,, the characteristic function of W),
is

E( stn —

is A_i)én+is
1+Z@”( (SE=tA_j)enti -1 J<Z<C+J+1)

#Q (€ -1, ) (@ -1, )

Z<<n+7 Z>Cn+

Ny )
+30, (e
j=1

mn,

mMn

)e€n+isp;
i) Mg _ 1)1<n+tinnl<zgcn+;jn>] (5.44)
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Let 7, be given by

3 ~3

iz, S ST s°Qnl&|

', =M e vmn —1—2 € € 1 _ < — .
n nQnK v nt n) Zﬂﬁtnﬁ] SN

m,Q, ((ei\/ﬁgn — 1)1Z<< +tN) = o*P(Z < (o) +o(1). (5.45)

Following a completely analogous argument one can show that

iS¢, 52>\2 Q]P) 7
M Qs (e ; _1) 1, o, ) = —"5-0"B(Z > G) +of1). (5.46)

mn,

Now, take 1 < j < N,, and observe that equation (5.8) implies

mp

: A ~ i . ~ .
is( +Aj)Entisu; is\jEn+isp;
Vm J 7 _ JEnTUSH; ) .
Q. <<€ ' © )1Cn+—t1‘1 Ttk
mn mp

< |sAlvm,Q,, (|€n|1cn+tj1<Z§Cn+tj) — 0.
Using (VI) we can write

. A - .
is(—2A=4\j)én+isp;
myQp <<€ v - 1)1§n+—t3;1;1 <2<t

= (p(sAy)e™ — 1) f(Co)(t; — tj-1) + o(1)

where ¢ is the characteristic function of € (under P). Thus,

is( T)‘nn +j)Entisp;
Mn ZQ" ((6 v N 1>1§n+%;<zgcn+;ﬁl)
j=1
Ny
=D (t; = t;-) () (p(sAy)e™™s = 1) + o(1). (5.47)

j=1
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Similarly, one can prove that

N_
] = +>\7 ~n+’ —J
my Y Qy ((e”(m e 1, izt ]“)
=1

= Z(t—jﬂ — ) f(Go)(p(sA—;)e™ = — 1) + o(1). (5.48)

So putting (5.42), (5.43), (5.44), (5.45), (5.46), (5.47) and (5.48) together we

see that,

E(eiSW” — exp[ F(Co)(t—js1 — { ( Zf )eiSZkNﬂ”f —1}
2 $2)\202
SRz < ) - SATR(Z > )

+if(<0)(tj —tj { ( Zﬁk ) (S 1}](5-49)

But the right-hand side of (5.49) is precisely E (¢*"') where, with the notation
of (5.11), W is given by

N-
W=pZi+ 02+ > (& Y oileco+naa(—t_p)li <0
k=1 0<j<vi(—t_g)

Ny
+Z &k Z ukly, >0 + Meve(te) e, >0
k_

0<j<wa(ti)

and thus W, ~ W. From the fact that pu, A, the {;’s and the 7;’s were
arbitrarily chosen, by the Cramer-Wold device

(Znlt-n )y En(t-1), Entr)s o Enltn,)) ~ (Bt-n_ )y E(t-1),E(t1), - E(tn,))

This gives the convergence of the finite dimensional distributions, prov-
ing (7). An application of the continuous mapping theorem shows that (7)

implies (i7). Further, Lemma 5.3.1 and (¢7) now imply (7). O
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5.9.6 Proof of Lemma 5.3.4

Every sample path of E* = E*(hy, hg, h3) can be written as

vi(—h1)
QhQZl — h%P(Z < Co) + 2h3Z2 — th(Z > Co) + 1h1<02(060 — ﬁo) Z Vj
=1
va(h1)
—(ap — Bo)*v1(—h1)Ln, <o + 1n,502(Bo — ap) Z wj — Ly, s0(co — Bo)*va(h).
=1

From this last expression it is obvious that for any fixed hy, the E*(hy, -, -) gets
maximized at ¢5 = Z,/P(Z < ({y) and ¢35 = Zy/P(Z > (p). The independence
of the three co-ordinates follows from the fact that ¢} depends only on Z,
@3 depends only on Zj, and ¢} depends only on u, v, 11 and v5. Since E* is
piecewise constant in the third argument hs, to complete the proof it is enough
to show that E*(hy, ¢%,¢3) — —oo as |hy| — oo. But this follows from the
law of the iterated logarithm (applied to the random walks defined by the v;’s
and u;’s) together with the fact that vy () Avy(t) =2 oo as t — co. Note that
> = ha) vj and 2 v2(i1) 4, are of orders O(v/v; loglog 1) and O(y/v; log log 173)

a.s. as hy — —oo and hy; — 00, respectively. 0

5.9.7 Proof of Proposition 5.3.3

Lemma 5.3.4 and the fact that the u;’s and the v;’s come from a continuous
distribution, show that (E*, J*) satisfy the hypotheses of Theorem 4.3.2) and
in particular that (4.5) holds. Moreover, Proposition 5.3.2 shows that the
sequence (Mg, (¢ — o), /M0y, — an), /My (B — B,))" is tight. The result

now follows from a direct application of Theorem 4.3.2. 0J
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5.9.8 Proof of Lemma 5.4.1

We expand mg(X) as in (5.26) but with e =Y — aglz<¢, — folzs¢, in place
of €, to get
me(X) = —(e+ao—a)Lz<gnc — (€ + o — @) 1g<z<

—(e+ag — B)*1ecz<q — (€4 Bo — 8)*Lzs¢ovc. (5.50)

Letting 4, = (G, 3), we can also bound M, () using a similar argument as

in the proof of Proposition 5.3.1 to obtain
A — Y0|*Pu(Z < a) ANP(Z > b)
< P (Lacz<n) + 219 — Y0l (IPn (€1z<a) | + [Pn (€1255) ) -
By the strong law of large numbers
P.(Z <a)AP,(Z >b) =5 P(Z<a)ANP(Z>D)
P, (€1,<z<) 0’P(a < Z <b) and

|]P)n (€1Z<a) ‘ + ‘Pn (€1Z>b) | 0.

Therefore, w.p. 1 we can write
A = 70> < O(1) + |3 — 70lo(1)

and thus the sequence (9, — 7)., is bounded w.p. 1.

Now, take any compact set K C © and consider the classes of functions

Ki = {(e+0a0— )" 1 oorcol oex
Ko = {(e+ 00— ) Ligoq } e
Ks = {(e+a0—8)"Licel}pex

( )

2
Ky = { €+ 00— p 1(<VCo,<>0)}eeK‘

If A* is an upper bound for the norm of the elements in K, we can see

that each of these classes is a VC-subgraph class with integrable envelope
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(lel + A* + |7])?. With the notation [|Q||» = sup{|Qf| : f € F} for classes
of functions F and probability measures (), a combination of Theorems 2.6.7
and 2.4.3 of van der Vaart and Wellner (1996) shows that all four quantities
P, — P|| ko J = 1,2,3,4, converge to zero almost surely. Therefore using

(5.50), we get the inequality

1Mo = Ml < Y IPa — Py,

1<j<4
which now implies (i) ( Since M,, M € D, ||M, — M||; is measurable.).
The second assertion follows immediately from (i7).

Consider a family of compact rectangles ©,, C 0,1 such that © =
Up® 10,. Then, since the sequence (%, —70),—, is almost surely bounded,
w.p. 1 we have that there is some m € N such that ©,, contains both 6, and
the entire sequence (6,,)2,. Finally, from (5.27) with 6,, replaced by 6, it is

seen that

M(0) = —0® — (ag — a)’P(Z < (A Go) — (a0 — B)*P(C < Z < (o)
(o= Bo)’P(Co < Z < ) — (Bo— B)’P(Z > ( V ().

As ag # Py and Z has a strictly positive density on [a, b], the last equation
shows that M satisfies the conditions of Lemma 4.2.9. Since the event that
M, — M in Dg, for all k € N has probability one, Lemma 4.2.9 allows us to

conclude that sargmax(M,) = 0, < 6. O

5.9.9 Proof of Lemma 5.4.2

Let p,d > 0. We know from Corollary 5.3.1 that the sequences (v/n(&, — ag)). -

<n(§n - <0)) "

and (nIP’n (Co — % < Z < (o+ %))Oo_l, for any h > 0, are all
1 n=
stochastically bounded. Thus, since m, = O(n) there is L > 0 such that

[e.9]
n
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P (mn\én — Gl > L) < p and P (/m|dn — ag| > L) < p for any n € N.

ot e

< 5 ( (Co— +77<Z§CO+£>>+P<mn|én_<0|>L)
m m

n n

Therefore,

Cn+7(n—)<Z<Cn)

n

< f(Co)n+2L

m) "t +o(m)™") +p,

so by letting n — oo and then p — 0 we get (7).

We prove (i) for when p = 1, the case p = 2 follows from similar
arguments. Note that if m,|(, — (| < L, then mgHPn(\én\15n+%<zgén)||;<
can be bounded by

K

N : L
1 B (e, ot 0 <ot )| Fmtlan—aol Bl — = + TST) <Z<Gt o)
But just as in the proof of (i), we have
P ([Pt coce >6)
< P (mP. oem erses ) > 3)
L L 1) .
P (mman —aolPu(Go— =+ < Z< Gt 1) > ) +P (malén — Gl > L)
My, My, My, 2
< n
< S5 (e (g i)+
L L 1) .
P (mman —aolPa(lo — — + = < Z < (ot ——) > ) + P (mallo — 6ol > L)
My, My, My, 2
2L
< B (e) 22 o (my ) +
L L 6
P(mg|dn—a0|zp>n(go—+” <Z§<0+)>) +p.
The result follows again by letting n — oo and p — 0. U

The next results will be useful to support our conjecture of inconsis-

tency of some of our bootstrap scenarios.

Lemma 5.9.4 Let A\, B > 0, p € (0, l) and H)y be the distribution function

of a Poisson random variable with mean X. For each value of X\ write L% 5 =
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min{n € N: Hy,g(n) > p} and U{ = max{n € N:1— H,(n) > p}. Then,
there is Ay > 0 such that LY 5 < U{ for all A > A,.

Proof: Let ¢, be the median (i.e. ¢y = min{n € N : Hy(n) > 1}.) of H,.
Observe that ¢y, < UY. According to Hazma (1995), |cx — A| < log(2) for any
positive A. Letting |z] denote the greatest integer less than or equal to x, we

have

|Hxi(cxiB) — Hxps(cn)|

< [Hyis(A+ B +1og(2)) — Harp(A —log(2))|
AN+ B [A+B]
< (B+ 210g(2))e(’\+3)% — 0 as A = oo.

as the Poisson mass function has a maximum at |\ + B|. Therefore,
lim, , . Hy;5(UY) > 1/2. But we also note that sup,,cy{ Hx+5(n+1) —Hy1p(n)} —

0 as A — oo. Thus,

— 1
lim H/\+B<L§\+B -+ 1) =p< =< lim H)\+B(U§).
A—00 2 A—00
It follows that U{ > L% ; for all A sufficiently large. O

Lemma 5.9.5 Let \,B>0,0<p< %, W and v be two nondegenerate Borel
probability measures on R and H,,  denote the compound Poisson distribution
with intensity A and compounding distribution u. For each value of A write
L\ g=inf{s € R: H,  p(s) > p} and U], =sup{s € R: 1 - H,x(s) > p}.
In addition, assume that [ z?v(dz), [ #*p(dz) < oo and that [xv(dz) <
[ xp(dxz). Then there is A, > 0 such that Ll’iHB < U[Z’)\ for all X\ > \.. More-

over, let 0 < r < 1, suppose that there is another Borel probability measure

A(1—7)B
B M

v on R, also satisfying [ x*y(dx) < oo, and define v, = {B~y +
with its corresponding constant LZWAJFB = inf {s eR: HV%)\_,_B(S) > ,0}. Then
there is A > 0 such that Lj, , p < Uy, for all A > A..
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Proof: Denote by ® the standard normal distribution and z, the lower
a-quantile of @ (i.e. ®(z,) = a). Also, write ¢, := [ zpu(dz), d, == [ 2*u(dx)
and define the corresponding quantities ¢, and d, for v. For any possible
value of A and p denote by T}, » a random variable with distribution H, .

It is easily seen (as, for instance, in Theorem 2.1 of Méohle (2005)) that
SM)\ — Tﬂ)\ — )\C‘u
VA,

tion is continuous, the distributions of S, » converge uniformly on R to ® as

~ ® as A\ = oo. Since the standard normal distribu-

A — 00.

Let 1 < k < 1/(2p). Then, since the distributions of S, converge
P
d ) < kp for A > X\

#’A—)\c#
VAdy
) < kp for all A > Ay. These two

uniformly to ®, there is A\; such that 1 — & (

LY s p—(A\+B)cy

and Ay > 0 such that & (
(A+B)d,

inequalities in turn imply that
Upy > Acu— VA, Zy,
Lﬁ,HB < (A+B)e, + (A + B)d,zy,.
Since ¢, > ¢, we can find A3 such that
(A + B)e, + V(A B)dyz,, < Acy — /A2y, for all A > ;.

The first part of the result now follows by taking A\, := A; V A3 V A3. To prove

Tuq,,)\—i-B - ()\ + B)CV»Y
FVNS

the result for the measure v, it suffices to see that we also have
(A B)d,,

®, as A — oo (this is easily seen by analyzing the characteristic functions).

The rest follows from the same argument used to prove the first part of the

lemma. O

5.9.10 Proof of Lemma 5.4.4

Proof of (i): Let s < t. Note that (Z,)32, is a collection of i.i.d. random

n=1

variables and nlP,(¢o + > < Z < (o + %) is permutation invariant, so the
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Hewitt-Savage 0-1 law (see page 304 of Billingsley (1986)) implies that any
convergent subsequence must converge to a constant. On the other hand,
Lemma 5.3.3 implies that nlP, ({4 2 < Z < (o + £) ~» Poisson((t — s) f(¢o))-
Therefore, (nP,((o+ 2 < Z < G+ %)):;1 has no almost surely convergent
subsequence.
Proof of (ii): Now, let 6 € (0,1). From Proposition 5.3.2 we know that
there is Bs > 0 such that P <n|én — (| < B(;) > 1—¢ for any n € N. Choose
h > 2B;s and take any increasing sequence of natural numbers n;. Write
Ty = niPu, oy < Z < Gup + ), Sk = P (G — 2 < Z < G + M)
and T, = mPo, (Go + 2 < Z < o+ "=B2). Then, {nk|fnk ~ Gl < B(;} c
{Sk > Tk > Tk} and therefore we have P (Tk > Tk) AP (Sk > Tk> >1—-9
for all k.

We know that T}, ~~ Poisson((h — 2Bs) f({p)) and Sy ~» Poisson((h +

2Bs5) f (o)), so in view of Lemma 5.9.4 with B = 4Bsf({y) and A = (h —

2B;s)f((p), there is a number h, > 2Bjs large enough so that whenever h >
h. we can find two numbers Ny, < Ny, € N with the property that,
lim, .. P (T > Nyp) > 25 and lim,_, P (Si < Nyp) > 26. Thus, for h > h,,
P (T > Nyy) > 26 and P (Sk, < Nyjp) > 26 for all but a finite number of £’s.
Therefore, for any k large enough, P (T, > Ny ) AP (Sp < Nyj) > 26. Using
the fact that P (Sk > T > Tk> > 1 —§ we get that P (Tk > Tj, > Ng,h> A
P (NLh > S, > Tk> > ¢ for all but finitely many £’s. Thus, whenever h > h,,

P (Tk > T, > Ng,h,z.o) > § and P (Nl,h > 5 > Tkzo) >4

But for every £ € N, the events {Tk > Ty > Ngyh} and {leh > S, > Tk}
are permutation-invariant on the i.i.d. random vectors Xj,..., X, . Hence,
the Hewitt-Savage 0-1 law implies that P (Tk > Ty > Nggh,?:.O.) = 1 and
P (Nl,h > S, > T, zo> = 1. Since Ny, < Nay it follows that T, = 1Py, (Co, <

Z < énk + h/ny) does not have an almost sure limit. But the choice of
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the subsequence n; was arbitrary and independent of h, so we can con-
clude that for any h > h,, the sequence {nPn(fn <Z<(o+ %)} does
n=1

not converge in probability. Proceeding analogously, we can prove the same
for {n]P’n(CAn —hoz< (An)}zo_l
Proof of (iii): We introduceisome notation, for any two Borel probability
measures 4 and v on R we write puv v for their convolution and for A > 0
we write CPoisson(u, A) for the compound Poisson distribution with inten-
sity A and compounding distribution p. Let p, and pg be, respectively, the
distributions under P of ¢(e + ag) and ¢(e + fp).

Observe that depending on whether ¢t < 0, s <0 <t or s > 0 we have
that nPn(¢(Y)1Co+§<Z§<o+%) converges weakly to CPoisson(ua, (t —s)f((o)),
CPoisson(jta, sf(¢p))*kCPoisson(pus, tf(¢o)) or CPoisson(ug, (t —s)f(Co)), re-
spectively. This follows easily from convergence of the corresponding char-
acteristic functions. Considering that {(Y,, Z,)}:2, is a collection of i.i.d.
random vectors and that nP,(¢(Y)1,, LEcz<Cott ) is permutation invariant
for (Y1,21),...,(Yy, Z,) the same argument as in (i) applies here as well.
Proof of (iv): We keep the notation used in the proof of (4i7). The argument
here is quite similar to the one used to show (ii). Assume without loss of
generality that ¢ < 0.

Now, let 6 € (O, i) and N € N. From Proposition 5.3.2 we know that
there is Bs > 0 such that P <n|én — (| < B(;) > 1—¢ for any n € N. Choose

h > 2B;s and take any increasing sequence of natural numbers n;. Write

A

18, = nkPnk(¢(Y)1gnk<zg¢nk+%)a Spy = ”kPnk(dﬁ(Y)lgo_%dgmm) and

n

T’ih = nk]P)"k (¢(Y)1CD+%<Z§40+}L;)CB‘S)

and therefore we have P (Tgh < T,fjh> AP (S,‘f’h < T,f)h) >1— 46 for all k.
We know that T,ih ~~ CPoisson(ug, (h — 2B;s) f({p)) and

S ~» CPoisson(tia, 2B5 f (¢o)) % CPoisson(ug, (h 4 Bs) f(Co))

Then, {nyléo, — G| < Bs} < {80, < T < T8, }
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B; L htB; :
ht 2B T 2B

= (CPoisson ( h + 235)f(§0)> ;

as k — o0.

An application of Lemma 5.9

).5 with p = v = pg, v = e, B =
4Bsf(o), r = i and A\ = (h — 2By) f((o), shows the existence of an h, > 2Bs
large enough so that whenever h > h, we can find two numbers Ry, > Ry, €
N with the property that lim, , _ P (T,jjh < RM) > 2§ and lim,_,__ P <S,‘f7h > Rl,h) >
2. Thus, for h > h,, P (T,jjh < Rg,h) > 26 and P (S,jh > RLh) > 26 for all
but a finite number of k£’s. Therefore, for any k large enough, P (T ,f h < R27h> A
P (S,?h > R1,h> > 20. Using the fact that P (S,ﬁh < T,fh < T,ih> >1—-6
we get that P (T,fh < T,gh < Rg,h> AP (RLh < S,‘ih < T,fh) > ¢ for all but

finitely many k’s. Thus, whenever h > h,,
P (T,f’h < T,fh < Rg,h,z’.o.> > ¢ and P <R1,h < S,f,h < T,fh,z'.o.> > 0.

The argument relying on the Hewitt-Savage 0-1 law applied in the proof of

(77) can be used to finish this proof.

A completely analogous proof applies for {nPn(qb(Y)l b o<t )} : O
A |

5.9.11 Proof of Lemma 5.4.6

We start by computing the characteristic functions of the weak limits of the
last two components of the process =, as defined in (5.17). Let g,(¢) and
¥n(§) be the (unconditional) characteristic functions of nlP; (1., - z<¢,. +) and

NPy (el < z<cyr t ), Tespectively. Fix § € R and write

N
¥, = nP, <<ei£6 B 1) 1§0<ZSC0+%> )

T SN

1<k<u(t)
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where (v(s))s>0 is a Poisson process with rate f((y) independent of (e,)52 ;.

Then, ¢,(§) = E (A,) and |A,| < 1. By the conditional independence of the

bootstrap samples, we have

A= (1+lmn> |
n

We now consider the characteristic functions of the complex-valued random
variables W,,. Taking into account the independence of the X’s, we obtain

that for any n € R?,

E (eimRe(\I/n)JrinzIm(\I/n)) _ <1 + l]p <eim (cos(e)—1)+inz sin(€e) _ 1) (”P(1<0<Z<co+t)>)n
n n

E (eimRe(\I/n)JrinzIm(\Pn)) Ly HG)E(emcos€Dmasinted 1) _ @ (eimRelIngnzIm\Ifg) ‘

Therefore, ¥, ~ W¢ and, from the continuous mapping theorem, A, ~ ele.

Thus, Lebesgue’s Dominated Convergence Theorem implies
. tf((@(E(eei&_l)—l)
Un(§) =E(A,) 5 E (%) =e VEeR. (5.51)

With simpler arguments, we can also show that

e —1)_ 1)

gal€) = ) VEER (5.52)

While (5.52) is immediately recognized as the characteristic function of a
compound Poisson process with rate f({y) and compounding distribution
Poisson(1), the characteristic function in (5.51) can be shown to correspond

to another compound Poisson process which can be written as

€T, 5.53
> an (
1<5<w(t)

where (7,)22 Y Poisson(1), (v(s))s>o is a Poisson process with rate f((p),

and (7,)22

1, (en)22, and (v(s))s>o are mutually independent.
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Therefore, the fifth and sixth components of =, as defined in (5.17)
converge, respectively, to a compound Poisson process with rate f((y) and
Poisson(1) as compounding distribution and to the process described in (5.53).
A similar analysis shows the analogous results for the third and fourth com-
ponents of =,. The first and second components of =, can easily be seen
(by using the Lindeberg-Feller Central Limit Theorem) to be asymptotically
normal with mean 0 and variances 0*P(Z < (y) and 0?P(Z > (), respectively.

All these facts indicate that the finite dimensional distributions of the
limiting process of =, match those of the process Z. In fact, we can proceed
as in the proof of Proposition 5.3.3 (i.e., proving tightness and convergence of
the finite dimensional distributions using the Cramer-Wold device) to show
(7) and (4i). For the sake of brevity, we omit the full technical details.

Then, arguing as in Proposition 5.3.2 one can show that the sequence
(vn(ak —ag), v/n(B:—5o),n(C:— (o)) is stochastically bounded and then con-
clude that the (unconditional) asymptotic distribution of (v/n(ak—ayg), /n(8:—
Bo), n(C: — (o) is that of sargmax;,cgs {£*(h)}, with E*(h) as defined in (5.18)
and (5.19). For the sake of brevity we omit the full technical details of these
arguments.

As n(C: — ¢o) = n( — én) + n(én — (o), and if the ECDF bootstrap
were consistent, the conditional distribution of n(¢* —¢,) (given the data) and
the unconditional distribution of n(C, — (o) would have had the same weak
limit. Then, as a consequence of Lemma 3.1 in Sen et al. (2010) (also see
Theorem 2.2 in Kosorok (2008a)) the unconditional asymptotic distribution of
n(¢t—(p) must be that of the sum of two independent copies of the asymptotic

distribution of the n((, — (o). The result now follows. O
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5.9.12 Proof of Lemma 5.4.7

Let G,, be the ECDF of €, ...,¢,. We first observe that
/ ST dPE (z) = e %P, (eifg")

and hence, for any £ € R with |£| < n we have,

/ei@dP;(I) — e ien /ei@dGn(x) = ‘IP’” (e’fg”) - P, (eife)}

[P ([€n — €)

IN

but P, (|€, — €|) is bounded from above by

|G = ol + (Jaol + [Bo]) [Pn(1 5<¢, = Lz<c)| + |80 = Bol

which goes to zero almost surely as consequence of Lemmas 5.4.1 and 5.9.2

(i), with Q,, = P,,. Thus,
} LI

sup {'/eiéwd]?;(x) — g HEn /eiﬁden(x)
and (i) follows immediately because €, = P, (¢,) — 0 and G,, converges to G

1€1<n

in total variation distance with probability one. The second assertion is seen
to be true at once because G is assumed to be continuous and condition (7)
implies that the characteristic functions of P, converge to the characteristic
function of G on the entire real line with probability one. Statements (i7) and
(i) are straightforward: On the one hand, we have shown that conditions (I)-
(IV) hold for the ECDF, so Lemma 5.9.2 implies that / 22 dP (z) = Po(82) —

P.(£,)* =% o, On the other hand,

\ [ et~ [ e,

To prove (iv), we first notice that

= |Pu(lén — &l — |e])]

< Pa(lén —el) + [&n] = 0.

/ 2P dPS (2) < |&u]* + 3|6n|*Pr (JEn]) + 3|En|Pyr (62) + Py (|60]°) -
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Then, from Lemma 5.9.3 all but the last summand on the right-hand side
converge almost surely. Hence, it suffices to show that lim P, (|&,]?) < oo w.

p. 1. With this in mind, let L, = |aq| + |@| + |Bo| + | 3] and observe that
P, (|én]?) < Py (€’) + 3P, (|e]*) Ly, + 3Py (|e]) L2 + L.

The result then is an immediate consequence of the third moment assumption
on €, the strong law of large numbers and the almost sure convergence of the

least squares estimators. ]

5.9.13 Proof of Proposition 5.4.2

Just as in the proof of Proposition 5.3.1 we have

1, R
T Z(En,j)z = Rn(6h)
k=1
* 1 g ~ N * ~ o *

n -
Jj=1

from which we can see that

Ve = alPu(Z < a) AP (Z > b) <

n

E /‘ ~
€n7J1ZJ<a

J=1

n

~
E & ilz50

J=1

1 - ~% 2 2 *
o ;(En,j) locz, <o + 5|% — Ynl ( + > :

But the first of the terms on the right-hand side of the previous inequality is

conditionally bounded in IL; (an upper bound for the conditional expectations
n

1 1«
is sup{/ﬁd[?ﬂx)} < 00). The terms — g €nilz;<a and — E €niLlz;>b
n ’ n ’
i=1

neN j=1
both have zero conditional expectation and conditional variances equal to

1 1

-P.(Z < a)/xQdP;(m) and —P,(Z > b)/xQd]P’;(x) respectively. So we
n n

have that

n

1 ~k
n § :en,jlzj@

=1

n

1 Z > 1

=1

P

T =0,
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Thus,
|75 — An| = Op, (1) almost surely. (5.54)

Now, let Zy be the k-th order statistic from the sample (Z1,...,2Z,) and 7},
a number such that Zy) = Z,,. For any (¢ € [a, b] define m = max{1 < j <
n:Zigy < CA ¢,} and observe that we have

1 - ~% 1 ~%
n 2 bilnsn =y D Gy (5:55)
j=1 1<j<m¢
and thus
1Zn:~* 1 < ! > & (5.56)
sup ¢ |— €nilz <one, | ¢ < max ¢ — Enri| (- .
ceat] | |74 AEZRSYAS isksn | | S
But the indexes r; and the order statistics are functions of Z;,... 7, and

therefore X-measurable. Hence, conditionally, Z Efm,jl Ty <N is a square
1<j<k
integrable martingale with zero expectation. Hence, from Doob’s submartin-

gale inequality (see Williams (1991), Theorem 14.6, page 137) we get

1 Z 1
- ~% < ~2
Px <1IEI?<Xn {n Cnr; } ” p) - anPn(ﬁn)

1<j<k
and consequently, equations (5.55) and (5.56) show that

]- a.s.
>p | < P, (&) = 0. (5.57)
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Similar arguments give that (5.57) is also true if we replace 1 2, <(YACn by any
of 1) 7 <t Yeaz<() OF 172 (yvi,- Now, if we write Ry, like

n

* [~ 2 ~ ~% ~
R.(0) = =P (&) — ~(dn — ) Y el cone, — (G — @) Pu(l,00)

j=1
2 A - ~x 2 2
_E(ﬁn - CY) Z 6n,jlfn<Z§< - (ﬁn - a) Pn<1§n<zgg)
j=1
2 . " A
=, n = 5) > aileezee, — (Gn = ) Pal(lizee,)
j=1
2 . . .
=B =)D ilumcve, = (B = B)Pallynce 5-59)
j=1

(17) follows immediately from (5.57), applied for all the four possible types of
indicator functions. Note that the four terms on the far right of all the rows
in the previous display vanish when we subtract M,, from R,. Lemma 5.4.1
shows that (4i) implies (7), while Corollary 3.2.3 (ii), page 287, of van der
Vaart and Wellner (1996) together with (5.54) allows one to derive (ii7) from
(7) and (i7). O

5.9.14 Proof of Lemma 5.4.8

The proof is analogous to the proof of Lemma 5.4.5. We again consider the
number h, > 0 defined in the statement of Lemma 5.4.4 and take K C R?
to be any compact rectangle containing the point (h.,0,0). To prove the
theorem it suffices to show that the sequence (E,(hy,0,0))°2, does not have
a weak limit in probability whenever hy > h, and (0,0, k) € K. But in view

of Lemma 5.4.4 this is straightforward because the (conditional) characteristic

function of En(hl, 0,0) is given by

( / ¢ 2(an=Pn)Cw—i&(@n—Fn)* gpe (1)
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and Lemma 5.4.7 and the strong consistency of the least squares estimator

imply that
/eiQ(olnBn)éxié(dnﬁnﬁdpz(x) 23y gmi(@0=B0)% 5 (2 — Bo)E) .

Thus, for all £ in a neighborhood of the origin, this characteristic function
will converge if and only if nP,((, < Z < (, + M) converges. We know that

this is not the case from Lemma 5.4.4. ]

5.9.15 Proof of Proposition 5.5.1

We will show that conditions (I)-(V) in Section 5.3 hold w.p. 1 for the boot-
strap measures arising in this scheme. Note that (IV) is a consequence of
Lemma 5.4.1. That [|Q, — P||» = 0 follows immediately from the fact that
||Fn — Fllse % 0. Now, for any g = y3 € G with ¢ € F, we have
Qn(g) = dn@n(lzgén@/}) + Bn@n(lz>€n¢)7
Plg) = aoP(lz<q) + BoP(1z>q9),

from which we see that

1. ~Pllg < (lén — a0l +

B = o| ) + (levol + 180]) 1@ — Pl -

+ (ool +160]) [ 11.cq, = Losolfu(2)d=
Lebesgue’s dominated convergence theorem shows that the last integral goes
almost surely to zero and the strong consistency of the least squares estimators

and property (I) now yields |Q, — P||, 2% 0. Finally, we can write any h € H

in the form h = y%y for some 1) € F. Using this representation we obtain,

Qu(h) = &2Qu(1yee¥) + B2Qu(Lyse ¥) + PL(E2)Qa (),
P(h) = agp(lzscol/f) + BSP(1Z>CO7¢J) + UQP('IZJ)a
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and the triangle inequality then implies that
1Qu = Plly, < (I8 — | +182 = B31) + (af + B3 + o) |Qu — P|
+IB(E) P + (03 + ) [ 11, — s fal2)dz 2 0.
s
It remains to show (V). Observe that (5.6) and (5.7) hold automatically be-

cause under Q,, ¢, and Z are independent. Hence, we only require to show

that (5.5) holds w.p. 1. As (5.23) holds, we have

inf { fn(g)} LEN

C€le,d]

nf, {f(O}>0.

The mean value theorem implies that for any (,¢ € [c, d], there is ¥ € [0, 1]
such that |, (¢) — F,(€)] = |€ = C|fu(C 4+ 9(€ = €)). Tt follows that for > 0

small enough,

inf { L |Fn(g)—ﬁn(§n)|}> inf {fn(g)} VneN

0<|¢—nl<8? | | — Gl T (€le,d]

and consequently (V) holds w.p.1 for all § < n for all large n. O

5.9.16 Proof of Proposition 5.5.2

We already know that conditions (I)-(V) hold w.p. 1. Condition (VII) holds
automatically because Z and €, are independent under Q,, and Q,(¢,) = 0.
Lemma 5.4.7 (v) implies that condition (VIII) holds a.s. It remains to prove
(V).

Write I = [c, d] and consider the sequence of events { Ay} oy given by

R )
Av =G ——, G+ 7 e I, almost always, V 6,1 € (O,N)]H[an —fllr = O] :
n n

Fix N € N, let ¥ be the function (z) = ¢%® for some ¢ € R or the function

Y(x) = |z|P, p=1,2, and 1, > 0 be any positive real numbers smaller than

N. Then,
bt
mn@n<¢(gn)1<n,%<zggn+%) = TLP; (77/1)/ fn(ZL‘)de‘

&t

n
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Lemma 5.4.7 implies that P¢ (1)) = P (1(€)). And, when Ay holds, we also

bnt bnt2
n(x)dx — d
/é fu(@)de /C f(2)da

3
n_n

have

~

<2N || fn—f — 0.

[c,d]

n

3
"_'n.

Hence, condition (VI) holds for all 0 < §,n < N on Ay. But the strong
consistency of the least squares estimators and the conditions on fn imply
that each of these events have probability one. Therefore, P (NyenAn) = 1.
Hence, condition (VI) holds w.p.1 and the result follows from an application

of Proposition 5.3.3. U

5.9.17 Proof of Proposition 5.5.3

Since Q,, is just the ECDF, the validity of conditions (I)-(IV) follows from the
result established for the regular ECDF bootstrap and Lemma 5.4.1. (VIII)
is a consequence of the strong law of large numbers. It remains to show
(V)-(VII).

We start with (VI). First observe that m”P<w(€)1Co—mi<Z§<o+mi
(0 4+n)f(Co)P(x(€)). We will proceed as follows: we will first ;se this s;mple

) —

observation just made to show that the following equations are true,

o |[Pa(()1e,_ 0 yee,) = OP@Ef(@)] = 0 (5.59)
Mo | Pa((O1 ey 2) = OP@EFG@)| = 0 (5.60)
o ||Pa($E)Te, 00 ) — P10z, =, 0 (5.61)
o |Po ()T, gz, g 00) = PO cpeqr )| 25 0 (5.62)

for any compact interval K C R. All these facts put together will give

M |[Pa( (&)1 0 s ) — OPEI(@)]|  => 0 (5.63)
M |[Ba (@)1, rcg, ) = QPG| = 0 (5.64)
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for any compact interval K C R. Having achieved this, we will be able to
conclude that (VI) holds in probability. For if (5.63) and (5.64) are both true,
we can take an increasing sequence of compacts (K,)2%, whose union is R

and then for any subsequence (ng)?2,; find a further subsequence (ny, )2, such

that
1 1
p <m”ks ” s) S 2
K
1 1
P <mnks > S) < ?
K

The Borel-Cantelli Lemma will then imply that (VI) holds almost surely for

]P)nks (1/) (gnks ) 1@

L

o pee, )~ OB@ES )

P, (¢(€nks)1énks <Z <y, ) = ()P(e(e)) f(Co)

the subsequence (ng, )% ,. Therefore, it suffices to show (5.59), (5.60), (5.61)
and (5.62).
First consider the case where ¢(-) = | - | and a positive number 7 > 0.

Let t € R and write

P =P (50— 1= 2 el) P10 0 ).
n - mn

Then, |r,| < t20‘2%mn]?(1(0<Z§(0+an) — 0. The characteristic function of

mn]P)n(|€|]_<0<ZS+an) can be written as

onlt) = (14 2P ()P (Lo ) + 2 )" =PI
n - mn n

and therefore

mnPn(|€|1go<Z§§0+min) L nf(Co)P(le]).

sup {B (21 s )], ) <

o0
and hence the sequence of processes (mn]P’n(|e|1 Co<Z<Gr+ L )) is tight in

n=1

But

Dy,y- It follows that

PallelLy geqs ) = (U @P() in D
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but since the limiting process is continuous and deterministic we actually

obtain

HmnPn(’5|1co<Z§Co+ﬁn) - ()f(CO)P(|€D

’ P.0. (5.65)
[0,n]
And with similar arguments one can also prove that

[mPalielty, o _pee) = OF@P(E| 0. (5.66)

‘[O,n]
Pick a positive number > 0. Taking into account that €1<O<Z§<O+min =
(y — Bo)ley< 7<¢o+-2 and the analogous result for €, with QA"n and Bn instead

of (y and By we see that

my, Pn(|€n|lén<zsén+%) B P"<|€|1<°<Z5<°+$)H[Oml :
My, || Pp (|Y — Bl (1§n<zgén+,§% B 1CO<Z§C0+T%)> ‘[O,n] "
my || Py, (<|Y — Bal = Y - 50‘) 1<o<Z§C0+7%> H[o,n]
and consequently
M, Pn(fgnylﬁngéw,%) a Pn(‘dl@d“‘)*&)H[Om] :
M, || Pn (|Y — Bol (1§n<zgin+n% B 1C0<Z§<0+7%L>) [0,7] "
1B — Bolmin ||y <1<:n<zsén+7% a 1<0<Z§<°+%> H[Onﬂ i
B = Bolmy, || By <1<o<Z§<o+,%> H[o,m ' 40

We will show that each of the terms on the right-hand side of (5.67) goes to
zero in probability. Since n((, — () = Op(1), we know that for any 6§ > 0
there is Rs > 0 such that P (n|§n — (o| > R5> < 0. Then,

P <mn

GO (AP B [ ) EL
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5
F (m”P" (‘6’1@—%@&0) ~ 5) "

0
P (mn P, <|6|1§0<Z§C0+%+%> H[O,n] g §) '

5
F <m"|a° = BolPn <1407%<Zsco> ” 5)

but from equations (5.65) and (5.66), and the fact that ™= — 0, we actually

get that all the terms of the right-hand side are asymptotically smaller than
%. Thus,

T P <m
n—oo

Ex <|Y — bl <1én<ZSCAn+% B 1C0<ZSC0+%>> H[o . = 5) < 20.

(5.68)

An argument similar in spirit to the one just employed gives

P ((1§n<zgin+% N 1<o<Z§<o+,§%)> H[O . > 5) <4 (5.69)

while equation (5.70), for £ = 0, and the strong consistency of the least squares

mP<mn

n—o0

estimator give

~

|Bn - BO|mn

mn

P
Py <1C0<Z§Co+ () >H[0,n] — 0.

Then, combining the last identity with (5.67), (5.68) and (5.69) we get

iy T, (Bt o)~ Balllty e )], > 9) =0
Completely analogous arguments prove that
. P
my Pn(|€n|]—5n,%<zgén) - Pn<|€’1®,%<2§§0) 01 — 0.
Since n > 0 was arbitrarily chosen, we have shown (IV) for ¢(-) = |- |. The
case 1) = | - |* is proven in a very similar manner. For the sake of brevity, we

omit the proof.
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Now, we consider the case where 1(z) = ¢%® for some ¢ € R. Again,

fix n > 0. We will proceed in the same way as before. Let ¢ € R and write
_ 10 cos(e) Mn
pn=nP (e —1- thos (&e) P(140<Z§<0+min).

Then, |p,| < ?%2m,P(1¢,<z<c4 o) — 0. The characteristic function of
myPn(cos (€€) Lo <z<4 1) can be written as
- ;Mn In )" gitnP(eos(6) (Co)
out) = (1412 P(c0s (€0) P (L rzeous) + =) =2 ¢

n

and therefore
My (c08 (§€) Lgye eyt ) = 1f (Go)P(cos (€6)).

Applying the same arguments to the function sin ({¢) we obtain that
Py (sin (§€) 1gpez<qy 2 ) = nf ()P (sin (&)

and hence
Ml (€% gy z<cyr ) = 1f (Go)o€ = nf (Go)P(€).

The same tightness argument that was applied to prove (5.65) can be used

here to conclude that

[mnPa(e 1, crserr ) = O F GIP(E) oy 0 (5.70)
and similarly
i€ i€ P
HmnPn(e ¢ 1<0—%<Z§<0) — () f(G)B(e™) 0 — 0. (5.71)

Using the triangular inequality together with the definition of €, we
get

P, (e 1.

Cn<Z<bpt L1 ) — Pn(ei&l

IN

mnp

o
Co<Z<Co+7, ) [0,1]
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my, -1

)t
Co<Z<(o+ mn [0777]

P, (<eig(Y—Bn) €Y =h)yy

Py (1én<Z§6n+%

my

@)l
<O<Z§<O+mn [0777}

But (5.66) implies that

my

P
Pn <1én<zs<§n+,% N 1<o<zs<o+ﬁ> H[O . —0

mn

while (5.70) applied when € = 0 and the strong consistency of 3, yield

i&(Y — An 1€(Y —
5w ]
mn [0,7]]
. p (1 25 0
|Bn — Bolm n( co<Z§<o+,5;ZL>H[on] B
Therefore,
i€en ige 7
my, || P (e 1§n<zsén+%) —Pule 140<Z5<0+r%) ‘[0 7] Y
which together with (5.70) proves that
i&en e =
Hmnpn(e ¢ 1én<zgén+%) = O (G)P(E) [0,7] 0
With completely analogous arguments one shows
ién e P
m, ||Py (e Lo Ogeg) ~ () (@P(e) o >

This proves that (VI) holds in probability.

We now proceed to prove that (V) and (VII) hold in probability. Before
embarking in this task, we want to make the following remark. Consider that
class of functions C := {el;(z) : I C R is an interval}. Then, this class has a
square integrable envelope |e| and P(¢)) = 0 for any 1) € C. Therefore, the
maximal inequality 3.1 from Kim and Pollard (1990) implies that ||P,||, =
Op (n’%). Similar observations also show that ||P,, — P||- = Op (n*%). All
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these considerations, in addition with Corollary 5.3.1, (5.61), (5.62), (5.59)
and (5.60) show that

V mn(&n - Oéo) 5.72

V(B — Bo) 0 5.73
mn(&n - CO) 5.7
Vi [Pl 5.75

(5.72)
(5.73)
0 (5.74)
(5.75)
(5.76)

NN 5.76

Vi

P (lel1,,

o) ©) ‘
Py <ZSCO+mn K

0 (5.77)

PollilLs,- 0z )],

vy Py — IP>’|]—‘

for any compact set K C R.

b felo [ = ] I

0 (5.78)

Let n > 0 be fixed. Take any subsequence (ny)?>,; and find a further
subsequence (ng,)2; such that all the statements in the previous display
happen almost surely with the compact set K taken to be K = [(y—2n, (o+27)].
Now, for such a subsequence, there is N € N such that m,,_[(o — fnk| <n

vV s > N. Then, for any § > 0 and s > N, the following inequalities are true

s 1P, G e, <zzcuiy, )N} S Jn,, = a0l + B, — ol +
|ans_<|<62 ° °

Py, (lén, [1

b 1 czin, 42 ) TP (€l o0 peey )+ P, Il
s mnks K] m m"ks mnk

n
ks E]

s {1 B Ly, ) P, (o Loy, I < 16, — a0l £ 1B, — 6ol +
|ans_<|<6 ° °

B, (s, L6y, <<y, ) T B (el ey n ez ) + [P [l

These last inequalities together with (5.72)-(5.78) imply that

lim VM, Sup {’P"ks(g”kschénks<Z§<vénks)|} = 0 a.s.

§—00 e
|<nks —¢l<s?

lim /M, sup {“Pnks (gnkleSC/\fnks)‘ + Py, <€"kle>CVEnkS)|} = 0 a.s.

8§—00 2
|ans *<|<52
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The previous equations show that (5.6) and (5.7) in (V) as well as (VII) hold
with probability one for the subsequence (ng,)2,. We conclude by noting

that if k = iI[lfb] {f(2)}, then the mean value theorem implies
z€|a,

1

) <i1’1fA 5 {K‘Tpnks (14/\67%8 <Z<CVénkS)} > K—, /My, HPnks - PH}—
\/TTS_\C—C%SK Ny

which in consequence shows

1
lim inf —P, (1. ) >kKk>0 a.s.
: s \TCAGny, <Z<(V¢n =
§—00 \/mlnTSS\C*ans |<a? { |C - ans ks ks

This finishes the proof. O
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Appendix A

Convex analysis

Lemma A.0.6 Letz € R", z,...,x, € R? and define the function g : R —

R by

g(x) = inf{ZQkZ’k : Z@k =1, Zekxk =z, 0>0, 0¢ R”} .
k=1 k=1 k=1

Then, g defines a convez function whose effective domain is Conv (1, ..., xy).

Moreover, if IC, . is the collection of all proper convex functions 1 such that

Y(x;) <27 forall j=1,...,n, then g = supyer, {¥}.

Proof: To see that g defines a convex function, for any z € R? write

Am:{GGRWE:W:ﬂﬂE:WM:W;QZO}
k=1 k=1

and observe that for any z,y € R% ¢ € (0,1), ¥ € A, and 6 € A, we have
t0+ (1 —t)V € Aypy(1—1)y and hence
glta+ (1= t)) = (=T S~
k=1

t

Taking infimum over A, and rearranging terms, we get

tr + (1 —t)y) —tg(w "\ g
g( +(1_?) g()gggﬁz
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and taking now the infimum over A, gives the desired convexity. The con-
vention that inf(()) = 400 shows that the effective domain is precisely the
convex hull of xy, ..., x,. Finally, for any ¢ € K, , and x € Conv (xy, ..., x,)

we have, for § € R"® with 0 > 0, z = Z?Zl ¢ x; and Z?Zl =1,
U(a) <Y () <> 60
=1 =1

since (x;) < 27 for any j = 1,...,n. The definition of g as an infimum then
implies that ¢(z) < g(x) V¢ € K, ., v € Conv (x1,...,x,). The result then
follows from the fact that g € IC, .. O

For the following results we use the notation introduced in Section 3.2,

as they will concern a-monotone functions (see Definition 3.2.1).

Lemma A.0.7 Let o € {—1,0,1}% and f : R — R. Then, f is a-monotone
if and only if f(z) < f(y) for all z,y € R? such that (y — x) € RL.

Proof: If f is a-monotone and (y — z) € R¢ then the equation y =
d

:E+Zozj(aj(yj—xj))ej implies that f(x) < f(y). Conversely, if f(x) < f(y)
j=1

whenever (y —z) € RY, as (z + ra’e;) —z = rafe; € R% we can immediately

conclude that f(z) < f(z +rale;) forallz € RY r>0and j=1,...,n. O

Lemma A.0.8 Let 2 € R", zy,...,2, € RY, o € {—1,0,1}¢ and define the
function hy : R — R by

n

ha(x):inf{Zszk:ZQk:L O+ OFa =1, 0>0, HGR”,ﬁeRiQ}

k=1 k=1 k=1
Then, ho defines a convex, a-monotone function whose effective domain is

Conv (21, ...,7,)+R% . Moreover, if Qs . 1s the collection of all a-monotone,
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proper convez functions ¥ such that V¥(x;) < 27 for all j = 1,...,n, then

ha = S$Dyeq, {1}

Proof:  The proof of the convexity of h, is similar to the case of ¢ in
Lemma A.0.6. Now, if 7,y € R? and (y — z) € R%, then for any § € R",
v e RY, with Y20 08 =1, 9+ >, 0fx, = y, 6 > 0, we also have
I+ (x—y)+> 0% xx = z and (V+(z—y)) € RY,. Then, from the definition
of hy we see that hy(z) < ho(y). Thus, h is a-monotone. That the effective
domain of h, is Conv (z1,...,7,) + R, is clear from the fact that for any
x not belonging to that set, the infimum defining h,(z) would be taken over
the empty set. Finally, for any ¢» € Q% , and x € Conv (z1,...,x,) +R? , we

have, for € R™ and ¢ € R? , with @ > 0,2 = 9+377_ ¢/z;and 37 | 67 =1,

W(x) < (2": ijj) < i@jgb(xj) < zn:szj
j=1 j=1 j=1

since (z;) < 27 for any j = 1,...,n. The definition of h, as an infimum
then implies that ¢ (z) < ho(z) V¢ € Q% # € Conv (xy,...,x,) + R% .
The result then follows from the fact that h, € QF .. O

A.1 Polar coordinates based on boundaries of
convex sets

Usual polar coordinates introduce a parametrization of R?\ {0} based on the
set (0,00) x ST where 8?1 is the unit sphere in R? with respect to the
Euclidian norm. This parametrization proves to be very useful for integration
over spherical domains. Our aim in this section is to introduce a similar

parametrization but now replacing S~! with the boundary of an arbitrary
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compact, convex set X C R? with nonempty interior. Throughout this section
we will assume that X is a set of this type and that zy € A° is any point
inside X'. We will use the notation B(z,r) to denote the ball in R? with radius

r and center at z.

Lemma A.1.1 For every x € R\ {0} there is a unique t, > 0 such that
xo+t(r—x0) € OX, xo+t(r—20) € X° for allt € (0,t,) and xo+t(x—x0) €
Ext(X) for allt > t,.

Proof: Without loss of generality we may assume that o = 0. Consider the
continuous function ¥ : R — R given by ¢(t) := tz. Then, ¥(0) € X°
and by compactness of X there is M > 0 such that (M) € R?\ X.
By the intermediate value theorem the set (][0, M]) must be connected in
RZ. Tt follows that there is t, € (0, M) such that ¥(t,) € 0X. Now take
0 <t < t, Since 0 € X° there is r > 0 such that B(0,r) C X. But
then, B(tx,=~*r) C Conv ({t.z} U B(0,7)) C X which in turn implies that
¥(t) € X°. Finally, if there was a t > t, for which ¥(t) € X, we could switch
the roles of ¢t and ¢, in the previous argument to see that we would have

¥(t.) € X°, a contradiction. This finishes the proof. O

From the previous lemma we see that we can for every z € R? there
are a unique p, := % > 0 and &, € 0X such that x = x4+ p,&,. Consider
now the function ®y : R?\ {zo} — (0,00) x X given by ®x(x) := (ps, &)

Then we have the following result.

Lemma A.1.2 Endow OX with the topology induced by the usual topology of
R? and (0, 00) x DX with the product topology. Then, ®x is a homeomorphism.

Proof: Assume, without loss of generality, that xqg = 0. First, ®y is clearly

invertible with ®3'(p, &) = p&. The inequality |3 (p1,&1) — @3 (pe, &)| <
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lp1 — pall&a| + |p2]|€é1 — & for any py,pa > 0, &,& € OX shows that &' is
continuous. On the other hand, for any z € R¢\ {0} and r > 0 we have that

B ((tz Az, zgﬁ C 17“) C Conv ({0}, B((t, V 1)x,r)), where t, = p,'. The
latter fact impfies that &, is a continuous function of x. Finally, the identity
Pz = |I£$\ shows that p, is also a continuous function of z. Hence, ®x is con-
tinuous with continuous inverse. U

We will now present a generalization of the traditional change-of-variables
formula for spherical coordinates. We will denote by A4 the Lebesgue measure

on R? and by 74 the measure on (0, 00) given by 74(dt) = t4~1dt.

Lemma A.1.3 (Change-of-variables Formula) Consider the Borel mea-
sure my (+) = \g®@3*(+) on (0,00) x DX . Then, there is a unique Borel measure
”yX_ on OX such that my = 14 X yx. Moreover, for any measurable function
f : RY — C which is either nonnegative or integrable (with respect to \g) we

have:

[ @ = [ sorii(s.€)malds)a(de) - //RMX F(o-+5€)s" sy de).

Proof: This result is a generalization of Theorem 2.49 in page 78 of Folland
(1999). We refer the reader to the proof provided there. Although that result
refers only to the case when zp = 0, X = B(0,1) and 0X = S9!, all the

arguments remain valid for arbitrary A and x. U

The measure vy of the previous theorem can be thought as a “surface-
area” measure on X. A more general version of this formula is known in the

geometric measure theory literature as the co-area formula.
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A.2 Restrictions of convex functions to com-
pact, convex subsets of their effective do-

mains

The following results turn out to be useful in the analysis of the local behavior
of convex functions. For a convex function f : R* — R and a convex set
X C R? we denote by Ky s the class of all convex functions g such that
g(z) < f(z) for all z € R4\ X°.

Lemma A.2.1 Let f : RY — R be a closed, proper convex function such
that dom(f)° # 0 and X C dom(f)° be a compact, convex set with nonempty

interior. Consider the function f : R? — R given by:

flx)= sup {({x)— f ()}
£€01(y)
yERN x°

Then,
(i) f < f;in particular f € Ky .
(it) f(x) = f(x) for every x € R\ X°.

(111) For x € X we have

fz) = sup {{z) = [}
2y

(w) If x € X° then,

f(x) = f(z) = fgig%ggo{f(x) —fly) =&z -y}t
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Proof:  Since f is closed, Theorem 12.2, page 104 of Rockafellar (1970)
implies that f = f**. Thus, from Corollary 12.2.2, page 104 in the same ref-
erence we have f(z) =  sup * {{&, ) — f*(x)}, where ri(dom(f*)) denotes
the relative interior of gjggZ?i;.))But the remarks in page 227 of Rockafellar

(1970) imply that

ri(dom(f*)) C U Of(x) C dom(f*) C R

z€R4
Therefore we get the following identity
sup {(§x) — f1(&)} = f(x) = sup {{{,z) — [ (O}

Ecdom(f*) £eaf(y)
yeR?

It follows immediately that f < f. Now, let = € R\ &x°. Choose y € X°
and consider the one-dimensional convex function f,(t) = f(z + t(y — x)).
Note that 0f,(t) = (y — x)'0f(x + t(y — z)) as a consequence of Theorem
23.9, page 225 in Rockafellar (1970). From Lemma A.1.1 there is 0 < ¢, < 1
such that y, = = + t.(y — ) € 0X. Choose & € Of(y.) and £ € Of(y).
Note that (§.,y — x) € 0f,(t,) and (§,y — z) € Of,(1) which implies that
&y —x) < (&y—x)as 0 < t, < 1. Thus, using that & € If(y) (so
fy) + f5(&) = (¢, y) by Theorem 23.5 in page 218 of Rockafellar (1970)) we

have

(€ 2)=f"(&) = (& a—y)+f(y) < fy)—tl& 2—y) < fy) —tl&e, v—y) = (& 1) = (&)

We have thus shown that for any x € R4\ X°, y € X° and & € 9f(y) there
are y, € 0X and &, € Of(y.) such that (&, z) — f*(&) < (&, x) — f*(&). Tt
follows that

flx) = sup {{&z)—f"(O}= sup {({2)—f"(} = f(z) Vo eR\A",

£€0f(y) £€af(y)
yER? yERN\ x°
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which shows (i7). A similar argument can be used to prove that for any
r € X° any y € R\ X° and any & € f(y) there are §j € X and e of(9)
such that (£, 2) — f*(€) < (€, ) — f*(£). This implies (iii). The last statement
follows from (ii7) and the identity f(y) + f*(§) = (y,&) for all y € R? and
£ €0f(y) =

Lemma A.2.2 Let f : RY — R be a closed, proper convex function such
that dom(f)° # 0 and X C dom(f)° be a compact, convez set with nonempty
interior. Let f = SUD ek f{i/)}. Then,

(i) f<f
(i) f(x) = f(z) for all z € R%\ &°.

(111) For every x € X° we have:

— - . ]
f(lj) N 1 xifélgg{ neN {29 Zl?'] }

77777

6L,...,.0">0, S 07=1
29355]—;1:

(iv) For every x € X° we have:

J@)—f@)= min {Zeﬂ >>}.

77777

61,...,07>0, 201 1
Zejxj—x

(v) For every x € X° and w € X we have:

3 1 {f0)~F(@) (€ y-2)} < F@)~1(@) £ sup {7()=F(w)~( =)}
geax seoll)

Proof: The first two statements are obvious consequences of the definition

of the function. Now, let F© C R be given by F := {(x,t) € epi(f) : z €
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R\ X°} and consider the function

f(x) = inf{t: (z,t) € conv(F)} = i:lf {Z ij(xj)} . (A1)

61,...,07>0, S 0i=1
S 0izj=x

Note that the infimum in (A.1) is actually a minimum form Corollary 19.1.2
in page 173 of Rockafellar (1970). From Theorem 5.3, page 33 in Rockafellar
(1970) we know that f is a convex function. Note that F' C {(x,t) € epi(g) :
r € R\ X°} for every g € Ky ;. Hence, conv(F) C epi(g) and g < f for every
g € Ky, 5 and, consequently, f > F. On the other hand, from the definition of
f it is obvious that f = f on R?\ X°. Thus, f = f. To show (iii) it suffices
to argue that for z € R?\ X° we can take the infimum in (A.1) with the
x’s ranging only on dX. To achieve this, we will prove that for any = € X°
and 2q,...,7,11 € R¥\ X° with 2 € conv(zy,...,Tns1), Tny1 € Ext(X)
and x expressed as the convex combination z = 0'x; + --- + 6"z, | there
are T,.1 € 0X and nonnegative coefficients 6, ... 0" such that  can be
expressed as the convex combination x = élxl + -+ g"mn + é"*linﬂ and
O f(z1) 4 -4 0" () + 0" f(Zpyr) < O f(x1) + -+ + 0" f(241). From
Lemma A.1.1, there is 0 < £ < 1 such that &,.; = z + t(2"*! — x) € 9X.

3 ik 3 n+1 o, . .
Let 6% := {HI?W for k=1,...,nand 6" := er(lg—W' Then it is easily
seen that 77! and ', ..., 0" satisfy the desired condition.

It remains to show (v) as (iv) is an obvious consequence of (ii7). For
any zi,...,r, € 0X,any £ € 0f(z) and any J C {1,...,n}, if z is the convex

combination of x1, ..., z, with coefficients ', ..., 6" we have:

S 0% f(ae) — flx) = D 0 (fa) — f@) + D08 m — )
k=1

keJ keJ
> > 0 (f(an) - fla) = Y 0ME o — )

> S0 (f(w) — S(@) — (& — ).

keJ
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Applying the same argument to the complement of J and taking infimum

over all elements x € 0X and £ € 0f(x) we obtain:

> 6 f(ak) — fla) > (Z 9’“) v (Z 9’“) LA W) = f(@) =y — o)}

keJ kgJ yEDX
1
> — inf — flx) —(n,y —x
> 5, ot W) = f@) =y — =)}
yeoX
Taking the infimum over all possible values of &, x1,...,z, and 8%,...,0" we

obtain the left-hand side inequality in (iv). To obtain the remaining inequality

let w e X and € € Of (w). Consider xy, ..., 7, and §,... 0" as before. Note
that — f(z) < —F(w) — (€ 2 —w) = — F(w) — (€, 15— w) — (€, — ;) for every
j. We then have

D 0 (k) = flw) < >0 (flan) = flw) = (& ax —w) — (&7 — xp))

< D 0 (flar) — fw) — (&7 — w))
< sup {f(y) — flw) =y —w)}.

£€0f(w)
YyeEIX, weX

Since this holds for every z1, ..., x, € OX and coefficients 0!, ..., 0" the result

is now evident. O
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Appendix B

Results from linear algebra

Before proving Lemma 2.4.1, we need the following result.

Lemma B.0.3 Let j € {1,...,d}, a € {-1,1}¥ and p, > 0. Then, the

optimal value of the optimization problem

min (o ej, wy — wq)

3 * >k
s.1. "LUQ — #aa/ S 86/3

. 3 . . . * Px j B * ]
is P+ and it is attained at wi = {F=ol e and wy = sf 8\[04 e;.

Proof: Writing w = (wy; wy) with wy, ws € R for any w € R??, consider

f, 91,2 : R?*? — R defined as:

fw) = (o
_ 1 2
91(w) = 3 16\/_ 1\ )

g2(w) = %(

_wl
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Then, f, g1, g» are twice continuously differentiable on R?? and the optimiza-
tion problem can be re-written as minimizing f(w) over the set {w € R* :
g1(w) > 0,g2(w) > 0}. The proof now follows by noting that the vector
w* = (wi;w;) € R?? and the Lagrange multipliers \} = %E and \; = %‘2
are the only ones which satisfy the Karush-Kuhn-Tucker second order nec-
essary and sufficient conditions for a strict local solution to this problem as

stated in Theorem 12.5, page 343 and Theorem 12.6, page 345 in Nocedal and
Wright (1999). 0

B.1 Proof of Lemma 2.4.1

Without loss of generality, we may assume that » = 1. Let R, be \/LE and

pick 0 € (O, \%), Py = \/Lg — 0 and p* = %&' Consider a matrix Z =
(21,...,24) € R4 with columns 2;,...,2zg € R? and define the function

£ R 5 RY a9

e 2 —z o 2l —2
£(2) =
eq 2§—zf oo 23—

where the bars denote the determinant and the equation is written symbol-
ically to express that £(Z) is a linear combination of the vectors {e;}i<;<q
with the cofactor corresponding to the (7, 1)-th position as the coefficient of
e;. This is a common notation for “generalized vector products”; see, for
instance, Courant and John (1999), Section 2.4.b, page 187 for more details.
Since the determinant and all cofactors can be seen as a continuous function

on R¥4 it follows that £ is continuous on R%¢. Now choose o € {—1,1}4
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and observe that
. d
E(aler, ..., a%,) = (H oﬂ) a,
g(alel, . ,aded)’ = \/E,
(é(alel,...,aded),ajej> = Hak Vi=1,...,d.

Since R?*? has the product topology of the d-fold topological product of
R? with itself, the continuity of & and of (-,-) imply that we can find p, €
<0, \/ia — 5) such that if x; € B(alej, p,) forany j =1,...,d, 8 = {x1,..., 24}

and Xz = (x1,...,24), then

)’é(Xﬂ)‘ — \/a < (5,
£Xs)  Thigjea O‘ja 5
‘raxﬁ)\ va o =" .
g(XB) . ) HZ:l at 5 -
‘<]§~(Xﬁ)\’ J> v < Vi=1,...,d (B.2)

Taking this into account, define

d ~
B | §(Xp) _
éa,ﬁ — (H a3> —|£<Xﬁ)|, and ba’g = <§a,5,$1>.

j=1
From the definition of the function £ it is straight forward to see that (€apyTi—
x1) =0Vje{l,...,d}, so we in fact have

T1yeo g € Hapi={x €RY: (E0p, @) = bagl-

Moreover, (B.1) and (B.2) imply

1 1
— +0>byg>——0>0,
Vd AV
. 1
. ‘] -
min {1& 51} > 700
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For simplicity, and without loss of generality (the other cases follow from
symmetry), we now assume that o = e, the vector of ones. By solving the

corresponding quadratic programming problems, it is not difficult to see that
1

= —=—0<byg = inf x
P=a 7 <£a,5,x>2ba,g{| }
2d bas
pr= > — —— = sup  {|z[}.
1—6Vd "~ minicj<a{l€] 41} (€2 <ba 5

x>0

For the first inequality see, for instance, Exercise 16.2, page 484 of Nocedal and
Wright (1999). For the second one, one must notice that 2v/d > \/AE +0 > bag
and that the optimal value of the optimization problem must be attained at
one of the vertices of the polytope {z € R% : ({4 3,2) < bos}. The latter
statement can be derived from the Karush-Kuhn-Tucker conditions of the
problem.

The inequalities in the last display imply that B(0,p.) C H, 5 and
{z eRY:|z| > p*} "Ry C HL 4

Finally, for € B(—a’e;, 3pa) we have |z + 2;| < p, and therefore
(ap,x) < —(ap,Tj) + pa < 0 — \/Lg + po < 0. We can then take any
p < gminge(q13e{pa} to make (i)-(vi) be true. We'll now argue that by
making p smaller, if required, (vii) also holds.

Let Bi =B <O, Tg\*/—a>, B, =B (8%%04, é%) and consider the functions
0,1 : R4 5 R given by

o0 = ot L win {00 - w)'} ).

w1 E€B1,wa€By | 1<5<d

W(X) = sup {max {(le)j}}.

w1 E€B 1<j<d

Both of these functions are Lipschitz continuous with the metric induced by
the || - [|>-norm on R?¥? with Lipschitz constants smaller than p,. To see this,

observe that

9
[ X (w2 — wr) = Y(wz —w1)| < [[X = Y|2wz —wn| < 1—6P*||X = Y2
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for all w, € By, we € By and X, Y € R¥™4. Also, simple algebra shows that
Iminj<j<g{27} — mini<;j<q{’}| < |z —y| V 2,y € R% From these assertions,
one immediately gets the Lipschitz continuity of . Similar arguments show
the same for .

Let Z, € R¥™4 be the diagonal matrix whose j'th diagonal element is
precisely o/. From Lemma B.0.3 it is seen that ¢(Z,) = 2. On the other

16vVd"

hand, it is immediately obvious that ¥(Z,) = - o5 Using one more time

the continuity of ¢ and ¢ and that the topology in R%*? is the same as the

topology of the d-fold topological product of R¢, for each o € {—1,1}¢ we

can find r, for which Xz = (z1,...,24) € R™? and |z; — ofe;| < r, for all
j=1,...,d imply |¢(Xﬂ_1) — 107l < 357 and \¢(X51) - 12% < o It

follows that

w1 €B1,w2E€B2

> i i 10 — J} _ { -1 j}
> {0 et - mp {pe {05000

w1 €B1,w2€B2
Px 3P« . P

8vd 32vd  32vd

The proof is then finished by taking p < min,ecq_ 134 {ra A %“} . U

> 0.

> (X5 — (X5

B.2 Proof of Lemma 2.4.2

Assume again, without loss of generality, that » = 1. Lemma 2.4.1 (i7) and
(vi) imply that 2,2 _ai; € {x € R?: (2,&,) < by} for any j =1,...,n and
any a € {—1,1}% Tt follows that, in addition to being convex, Nae{—1134{T €
R?: (&4, 7) < by} contains {x4y,..., 244} and hence it must contain K. For
the other contention, take ¥ € Nyeq_113a{w € R?: (£,,w) < by} with 2 # 0

and any o € {—1,1}% for which # € R,. Then, (£,,z) > 0 for otherwise we
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would have
kr € Ro \ HI Vk>0

which is impossible by (v) in Lemma 2.4.1. Thus, J, = {a € {-1,1}% :
(€n,7) > 0} # () and we can define

r —min{ b } and « —argrnin{ bo }
T aeds <€O¢7x> ’ a€Jy <£aax> .

Note that r, > 1. Since ., is a basis, there is § € R? such that r,» =

0 a1y + ...+ Qdiﬂagd- But then,

ba Tx$ Saz Z a’“lm 5041 = baz Z ek

k=1 k=1

ISH
QL

where the last equality follows from (i7) of Lemma 2.4.1 and therefore ' +. . .+
6¢ = 1. Now assume that 6/ < 0 for some j € {1,...,d} and set v, € {—1,1}¢
with v¥ = af for k # j and 42 = —aJ. But then, Dkt oF =1-67 > 1,
(Tokg, &y,) = by, for k # j and (xa;;j,é’%) < 0 by (7i) and (vi) in Lemma 2.4.1.

Therefore,
<rmx:’fyz> = T_.j ]af'yz +Ze Cl{kk?g'}/z (BB)
k#j
> > 0 (@ark &) > by, (B.4)

k#j
which is impossible because it contradicts the definition of r,. Hence, 6 > 0
and we have r,x € Conv (B,,). Note that since 0 belongs in the interior of
Naci—113e{w € R ¢ (&0, w) < by}, there there is £ > 0 such that —ka €
Naef-113¢{w € R? : (§,w) < bo}. Applying the same arguments as before
to —kz instead of x, we can find 7, > 0 and &, € {—1,1}% such that —7,x €
Conv (Bs,). It follows that —7,z,r,x € K and therefore 0,2 € K since

r, > 1. Hence, we have proved (7).
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To prove (ii), note that A := Nyeq_11ye{w € R : (&4, w) < ba} is open
and, by (7), it is contained in K. Thus, A C K°. That K° C A follows from
the fact that if x € K \ A, then (&,,7) = b, for some a € {—1,1}%, which
implies that B(z,7) N Ext(K) # ( for all 7 > 0 and hence = ¢ K°.

It is then obvious that (iv) follows from the identity 0K = K \ K° and
the fact that K is closed.

Pick any o € {—1, 1} and observe that (ii) and (vi) from Lemma 2.4.1

imply that for any v € {—1,1}? we have

=0, if v¥ = oF

<€’y7 xo/“k:)

<0<b, ify"=—-aF

which by (iv) of this lemma show that
Toij € {w € R : (&, w) = bo} N (N1 ya{w € R? 2 (&, w) < b, })

for all « € {—1,1}?and j = 1,...,d. Since the sets on the right-hand side of

the last display are all convex we can conclude that
Conv (Ta11,- -+, Taij) C{w € RY : (€q, w) = ba}ﬂ(ﬂve{,m}d{w eR?: (€, w) < b,y})

for all o € {—1,1}¢. Thus, Uaeq_113a Conv (Zai1, - .-+ Taij) C OK. Finally,
take x € OK. Then, there is a, € {—1,1}% such that (&,,,z) = b,,. Since
Ba, is a basis we can again find § € R? such that = 0'za1 + ... + 092,44
Just as before, (§a,,7,s;) = ba, implies that S 69 = 1. And again, if #7 < 0
for some j, we can take v, € {—1,1}¢ with v* = o for k # j and v/ = —aJ
and arrive at a contradiction with similar arguments to those used in (B.3)

and (B.4). This shows that x € Conv (8,,) and completes the proof as (v)

and (vi) are direct consequences of (i) — (iv) and Lemma 2.4.1. O
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B.3 Proof of Lemma 2.4.3

Let r € (0, ﬁ) if d>3and r > 0if d < 2. Since the geometric properties
of any rectangle depend only on the direction and magnitude of the diagonal,
we may assume without loss of generality that b > 0 and that a = 0. This
is because we can define b = (147)(b—a) > 0 and @ = a — r(b— a) to obtain
la,b] = a + |:1“+ng7 IS} For any o € {—1,1}%, define a; = o — 2a’e; € R? and
Wo = Za+7(24—2_q). Additionally, define the functions 1, ¢q : R xR? —
R by

Va(©,0) = (e, 0(za —0))
©a(0,0) = min {(@(za - 6))j}.

1<j<d
Considering R4 with the topology generated be the ||-||s norm and R%*¢ x R?
with the product topology, it is easily seen that both functions defined in the
last display are continuous. Now, let W, € R%*? be the matrix whose j’th

column is precisely wo; — w,. It is not difficult to see that e (W Lw,) =

11; <1 and (W, ', wa) = 175 > 0. For instance, one can check that for
a = —e, one has w, = 0 and w,, = lffrrbj e; and the result is now evident.

By symmetry, the same is true for any a € {—1,1}¢. Therefore, for any
o € {—1,1}% there is p, such that whenever |z,, — wa,| < pa V j=1,...,d

and X, is the matrix whose j’th column is z,; — 74, we get

V(X 1) < 1, (B.5)

0o X 1) > 0. (B.6)

Letting p = mingeq_1,134 {pa} completes the proof as (B.5) and (B.6) imply

o]
2o € Conv (To, Tays -y Tay) - O
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