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Abstract

This paper addresses the problem of approximating an eigenvector belonging to the largest
eigenvalue of a symmetric positive definite matrix by the power method. We assume that the
starting vector is randomly chosen with uniform distribution over the unit sphere.

This paper provides lower and upper as well as asymptotic bounds on the randomized error in
the £, sense, p € [1,+o0]. We prove that it is impossible to achieve bounds that are independent
of the ratio between the two largest eigenvalues. This should be contrasted to the problem of
approximating the largest eigenvalue for which Kuczynski and Wozniakowski in 1992 proved that
it 1s possible to bound the randomized error at the k-th step with a quantity that depends only
on k and on the size of the matrix.

We prove that the rate of convergence depends on the ratio of the two largest eigenvalues, on
their multiplicities, and on the particular norm. The rate of convergence is at most linear in the
ratio of the two largest eigenvalues.

Key words. eigenvectors, power method, random start, randomized error.

1 Introduction

In this paper we deal with the power method that is used to approximate a largest eigenvector
of an n X n symmetric matrix A. By the largest eigenvector we mean a normalized eigenvector
corresponding to the largest eigenvalue A. Our analysis holds for every matrix A for which the
power method is convergent. To simplify notation, we assume that A is positive definite.

It is well known that the convergence of the power method depends on the starting vector b. In
particular, the power method is not convergent if b is orthogonal to the eigenspace corresponding to
the largest eigenvalue of A. Since no a priori information about this eigenspace is in general available,
a random starting vector is usually chosen. This indicates the need of studying the convergence of
the power method with a random start.

It is easy to see that if b is randomly chosen according to the uniform distribution then the
power method approximates a largest eigenvector and the largest eigenvalue with probability 1. The
problem of approximating the largest eigenvalue by the power method with a random start has
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been considered in [3], where sharp upper bounds on the randomized relative error at each step are
given. An important feature of these bounds is that they are independent of the distribution of the
eigenvalues.

The approach of our paper is similar to that of [3]. We analyze the convergence of the power
method for approximating a largest eigenvector when the starting vector b is randomly chosen with
uniform distribution over the unit sphere of the n dimensional space.

In order to define the randomized error, we consider the acute angle a; = ai(b) between the
vector computed by the power method at the k-th step and the eigenspace corresponding to the
largest eigenvalue, and we study the expectation of sin(ay(b)) over b in the £, sense, p € [1, 4+00].

We first ask whether it is possible to get bounds on the randomized error that do not depend on
the distribution of the eigenvalues. We prove, see Section 3, that for every k and p there are matrices
for which the randomized error is very close to 1. This means that there are matrices for which
the power method fails after k steps even for a random starting vector. In contrast to the problem
of approximating the largest eigenvalue, this shows that the randomized error for the problem of
approximating a largest eigenvector must depend on the distribution of eigenvalues. In particular,
it must depend on the ratio between the two largest eigenvalues. So, the problem of approximating
a largest eigenvector is harder than the problem of approximating the largest eigenvalue and even a
random start does not help to obtain distribution-free bounds.

We show that the rate of convergence of the power method depends on the ratio of the two largest
eigenvalues, on their multiplicities, and on the particular norm p. Let Ay be the largest eigenvalue
with multiplicity =, and let A.4; be the second largest eigenvalue with multiplicity s. Then the
randomized error after k steps is proportional to (/\T_H/Al)k if p< 7, toki/P (/\T_H/Al)k ifp=r,
and to (/\T+1//\1)kT/p if p > r. The multiplicative constants depend on p,r and s.

This means that the rate decreases with p, increases with the multiplicity r, decreases with
the multiplicity s, and it is at most linear in A,4;/A;. For p = +o0, the power method has the
randomized error equal to one for all k.

We briefly comment on related work on approximate computation of eigenvectors. The idea of
using random starting vectors for the power method can be found in the paper of Shub [6]. Shub
applies the power method to the matrix e=4, and approximates an eigenvector of A which is not
necessarily a largest eigenvector. Although for this problem the power method is globally convergent,
the random start is used to improve efficiency. Shub shows, however, that even for n = 2 there are
matrices for which this problem is very hard. In our paper we apply the power method to the matrix
A and we are only interested in approximating a largest eigenvector.

Wright [8] and Kostlan [2] analyzed the problem of approximating a largest eigenvector by the
power method in a different setting. They considered the average case setting over a class of matrices,
whereas we consider the randomized setting. In particular, they estimate the average time needed
for computing a vector whose relative distance from the eigenspace of largest eigenvectors is less
than . In our paper the matrix is fixed while the starting vector is chosen at random.

The paper is organized as follows. Section 2 contains the definition of the problem and some
general results that are used in the subsequent sections. In Section 3 we analyze the behavior of
the power method for worst case matrices. In Section 4 we find upper and lower bounds on the
randomized error. We show that these bounds are asymptotically optimal since, up to lower order
terms, they match the asymptotic bounds presented in Section 5. Numerical tests are presented
in Section 6. The tests show that the randomized error indeed depends on the distribution of the
eigenvalues. We compare the test results with the theoretical lower and upper bounds. Section 7



contains the conclusions and final remarks.

2 Definition of the Problem

Let A be an n X n symmetric positive definite matrix with eigenvalues Ay > Ay > ---A, > 0
and corresponding orthonormal eigenvectors zy,zs,...,z,. We will denote by Z the eigenspace
corresponding to Aj.

We recall that the power method is defined as follows, see e.g. [5]. Let up = b be any nonzero
starting vector. Then, for every k = 1,2,..., we construct the following sequences of vectors

yie = Aup_q;
u, = yr/|yells

where || - || is the Euclidean vector norm.
Without loss of generality, we may assume that the starting vector b is normalized, so that
||b|| = 1. Observe that if we express b as a linear combination of the orthonormal eigenvectors,

b= Zn: b;z;,
=1

then uy becomes

SRy bifz

VI e

Let r be the multiplicity of the largest eigenvalue A;. Without loss of generality, we assume that
1 < r < n,since r = n implies A = A{[, and in this case any nonzero vector is an eigenvector
corresponding to Aj.

In order to estimate the error at the k-th step, we consider the acute angle a(b) between the
vector ug and the eigenspace Z. This angle is uniquely determined by the vector uy and by its
orthogonal projection on the subspace Z. The sine of ay(b) is the distance between the vector uy
and the subspace Z. jFrom (1) we have

(1)

u; =

Z?:T-l—l b22 A?k
ZgZI b?A%k + Z?:T-Fl bzzAzzk ‘

dist(ug, Z) := ZnelgHuk — z|| = sin(ag(b)) = (2)
It is straightforward to see that, if the vector b has zero components in the directions of the eigen-
vectors belonging to Ay, ie., b; = 0 for ¢ = 1,2...,7, then a; = /2 for any k. Otherwise, uy
converges to a vector of Z and the angle aj goes to zero as k goes to infinity. The analysis of the
power method for a fixed starting vector b may be found in many books, see for example [5] and [7],
where in particular one finds that, if the method converges, the rate convergence is A, 41/A1.

As already mentioned, we study the randomized error of sin(ay(+)) in the £, sense. Using (2) we

have
noo o p2.2k
. r=r+1 Y9
sin(ai(b)) = " - , 3
(x(b)) Yo bF 4 Y bt ®)
where
x; = NN fori=1,2,....n, and l=ay=---=a, > x,q1-+> 2, > 0. (4)



Let us formalize the notion of £, norm. Let u be the uniform distribution over the unit sphere
Sy = {b :||b|| = 1} such that 1 (5,) = 1. Then the £, norm of the function sin(ay(-)), defined as
in (3), is given by

1/p
sintar(Dlly = | [ foin (x| 5

n

;From Remark 7.2 of [3], we have

[ s (07 ety = = [ fin (cxto))l” ab, (6)

23 n n

where ¢, is the Lebesgue’s measure of the unit ball B, = {b: ||b|| < 1}, see (10) for the definition
of ¢,.
Substituting (3) into (5), and using (6), we have

/2
. 1 Zz r+1 b2 2k 8
Iintes )l = [;/ (e Fte)

In the same way we define the norm of the space L., to be

1/p

[Isin(ar(-)llec = sup [sin(ax(b))|
besy,

b2 2k
_ sup Zz r+1 Y 2 = (7)
||b||=1 Zz 1 bz + Zz r+1 bz 7

It is easy to see that the supremum in (7) is achieved by setting >/, b? = 0. From (7), we get
[Isin(ag)[|oc = 1. (8)

In the following we refer to sin(ag(b)) as the error of the power method after k steps for the
starting vector b. We denote ||sin(ay)||, by €2 (A, p), and we call it the randomized error in the
L, sense of the power algorithm after £ steps. Hence, we have

1/p
1 Z h2 2k /2
ran A . 1= 7’-|—1 ) db .

For p = 400, the power method fails to converge since its randomized error is one for all k.,

see (8). ;From now on we therefore assume that p < +00. As we shall see, the power method is then
convergent, e;*" (A, p) — 0. The speed of convergence is however poor for large p.
In the paper we will denote by ¢; the measure of the unit ball over IR*. We have

/2
(/24 1)

see [1] for the definition of the gamma function I' (z).

We will also use the following relation between the beta and gamma functions

I'(\)T'(y
2]—2/15221 2yl dt = M (11)
I'(i+3)
We will denote by F(a, b; ¢; ) the hypergeometric function, see [1] for the definition and the properties
of this function.

(10)

¢ =



3 Worst Case Matrices

In [3], Kuczyiiski and Wozniakowski considered the power method for approximating the largest
eigenvalue Ay. They proved that the randomized error after £ steps is bounded by a quantity that
goes to zero as In(n)/k independently on the distribution of the eigenvalues. This means that, for
every matrix, it is possible to give an estimate of the number of steps that guarantees the randomized
error to be less than a positive value ¢.

Our first goal is to analyze the possibility of obtaining distribution-free bounds for the problem
of approximating a largest eigenvector. To this extent, we will deal with “worst case matrices”.

Let us denote by s(k,p) the supremum of the randomized error in the £, sense over all positive
definite matrices A, i.e.,

s(k,p) = sup €™ (A,p).
A=A*>0

Since the randomized error increases with a;, see (4), it is easy to show that the supremum is achieved
by setting x; = 1 for every ¢ > 2 and for every p, 1 < p < co. Then we get

] P
1 s, b2\
k — - L= db
s(k-p) cn B, (b% + i, 07

1/p

r /2 1/p
1 b2\’
gt "

Hence, s(k,p) is independent of k£ and cannot go to zero. This shows that there are no distribution-
free bounds. In fact, s(k,p) are pretty close to 1. We first consider the case p = 2. Using (12),

symmetry arguments yield
1 1/2
s(k,2) = (1 - —) . (13)

n

We obtain estimates on s(k, p) by the following proposition.

Proposition 3.1 For every k and p, 1 < p < oo, we have

1 1/2
(1 — —) < s(k,p) < 1.

n

b2 p/2
(-ste) <

From (12) it follows that s(k,p) <1 for 1 < p < oc.
On the other hand, using Hoélder’s inequality, we get

Proof. Note that

b2 2o\ 1 Vs
/ (1—ﬁ)dbg / (1_ZT11132) db [/ db]

where p/2 and ¢ are conjugate exponents, i.e., 1/(p/2)+ 1/¢ = 1.



By rising both terms of the above inequality to the power p/2 we obtain

bi /(20) 0\
1l————— 1 db < ¢Pr\a 11— ———— db.

Since p/(2¢) = p/2 — 1, multiplying by 1/0?2 we get

1 b2 p/2 1 2 \P?

= 11— — \w < - 1——1 )
[Cn / n ( Z?:l bzz) ] N Cn JBn Z?:l b22 ’

1 b2 12 1 p2 \P?
- / - =) db - / - =A—)
Cn n Zi:l bz Cpn n Zi:l bz

Due to (13), we thus have
1 1/2
(1 — —) < s(k,p).

n

p/2

1/p

IN

a

Proposition 3.1 states that for every k there are matrices for which the randomized error is
close to one. These matrices have the largest eigenvalue of multiplicity one, and the second largest
eigenvalue has multiplicity » — 1 and is pathologically close to A;. In this case, even if the starting
vector is random, the sequence {u;} for i = 1,2...,k does not approximate a largest eigenvector.

4 Non Asymptotic Behavior

So far we have seen that if A\.;1/A; = 1 then the power method behaves badly even for a ran-
dom starting vector. We now analyze the relationship between the ratio A,;1/A; and the rate of
convergence of the power method for approximating a largest eigenvector.

We first show upper and lower bounds on the randomized error ef*" (A, p). These bounds depend
on the distribution of the eigenvalues of the matrix A and on the particular norm used. In particular,
we prove that the rate of convergence is slower when the multiplicity of Ay is smaller than the value
of the norm. What seems interesting about these results is that they hold for a class of norms, and
we are able to show how the norm affects the speed of convergence of the power method.

4.1 Upper Bounds

We now show how the rate of convergence depends on the multiplicity r of the largest eigenvalue
and on the value p of the norm.

We have three cases, and we notice that the rate of convergence of the method is lower when the
multiplicity r of the largest eigenvalue is small compared to p. In Section 4.3 we explain why the
rate of convergence decreases for r < p.

Theorem 4.1 Let A be a symmetric positive definite matriz, and let v, v < n, denote the multiplicity
of the largest eigenvalue A\ of A. Let

n 1/p
= r(p/2>rr(<</f)—p>/z> (2+3)]




Then, for every p, 1 < p < oo, and for every k we have

¥ (F((T_p)/Q)F((n+p_T)/2))1/p
r+1 T (T/Q)F ((n _ 7‘)/2)

forp <r,

e (A, p) < $f+1 (Qk)l/p [ln (L)]l/p (F (p/Q)F (n/2) p)/Q))l/Z—)I- ﬁxf+1 forp=r,

Tyl I'((n—

for p>r.

kr/p (F ((P - T)/Q)I‘ (n/Q))l/p
AL (/2T (0= 1)/2)

Proof. We have

p/2
[ ran (A p)] 1 Zz r+1 b2 2k db
B Zgzl bzz + Zz r4+1 b22 22k

Observe that the integrand is an increasing function of Y7 ., b?2%*. The upper bound is then
obtained by replacing x; by ¢,41 for ¢ > r 4+ 1,

kp b2 p/2
[ ran (A p)] 7’-|—1 / ( 1= 7’-|—1 7 ) db. (14)
Cn n Zz 1 b2 + xr—l—l Zz:r—l—l bzz

Consider first the case p < r.
Leta_acr_l_l, 16]]2 = S0, b2, and let ¢; = b;/(1 — |[b]|)Y/? for i = r +1,...,n with |[t]]? =
Yo q 1. If we rewrite the last integral as an integral over the balls B, and Bn r, We get

p 2\(n+p—r)/2
apps® [ [ PU=Ibi i
rBnr ([[0]]% + 02||t||2(1— [10112))"
Let v = r(n — r)epcper /cn,. We apply twice formula [4.642] of [1] to reduce the last integral to the
two dimensional integral and we get

1 tn—l—p r—1 - 1( b2)(n—|—p—7°)/2
ran p P
[0 (A, )P < a 7/ / T b

Since b? + a?t*(1 — b*) > b?*, we have

1 1pr=1(1 _ p2\(n+tp—r—1)/2
(AP < ary [t [T i
0 0 br
1
= ap#p—rv/o bT_p_l(l — b2)(n-|—p—7’)/2 db (15)

;From the definition of the beta function and since p < r, (15) becomes
[ran(Ap)] < af v B<7‘—P n+p_r+1)
- 20n+p—r) 2 7 2
LTt p =)/ T (= p)f2)
I'((n—=r)/2)I'(r/2)

7




This proves the case p < r.
Let us now consider the case p = r. The integral in (14) can be rewritten with respect to the

ball B,,_, and the p dimensional ball B = {b: >/_, b7 <1- 37" ., b7}. We have

ur " p/2 )
<= [ ( 3 b%) / db.
" ' P ( 1= 1b22

p/2
— n 2
1=p+1 a? g i=p+1 bz)

Let |[b]|> = 37,41 07. From formula [4.642] of [1], we get

/1— 2 -1
ran p p/ / 1 ||b|| tp

A, p)f < aP b||P dt db. 16
O L L AR T T (16)

We have two cases, p=r=1and p=7r>2. If p=1, (16) becomes

V1= [[B]?
] < o [ [T G
AT Ca L e 4 Y

albf|

Using [4.642] of [1], and observing that /1 — [[0]|? < /1 — (1 — a?)[]b]]?, we get

[ (4, 1)) < av/olbn—lln (Wl—(alb——a%b?)

g 1 gl g
S a%hl(E)—l—aE—l—aﬁ, (17)

where v = (n — 1)2¢,-1/cp.
Hence, from (17) we have

I'(n/2) (1) I'(n/2) ( 2)
(AL In{— 24 —1.
A T e M E) T T - P
This proves the case p = r = 1.
Let us consider the case p > 2. Notice that (124a2|[b][2)?/2 > t?+(p/2)t*®/2=Da?||b||*(140(1)). Then
we can bound the denominator of the integrand of (16) with the first two terms of this expansion.

We have

a2 115]|7 dt db

IN

/1/1—||b||2 =1

ran A
(e (A ) P 22|

n n—p
/1_ 2
aplﬂ/ ||b||p/ 1 ||b|| {
Bn_p

dt db.
cn t2 4 p/2a?|[b]?

Solving the last integral, and using again [4.642] of [1] to reduce the first integral to a one-dimensional
integral, we obtain

[ (A, p))” < aPy /b” ' (1_(1_p/2“2)b2) db

p/2a?b?



3o bs) et [ (- (-39
a b CYEE db+ a b In{1l 1 2(1 b ) db

2
R Y (S P

where v = p(n — p)epcn_p/cn.
Let us consider the argument of the logarithm in the integral of (18). Observe that if a®> < 2/p, then
In(1 - (1-p/2a?)b?) < 0. Hence, in this case, we can bound (18) by

ran ’y 2 ’y
[ (A, p)fP < ﬂ—m(mg+w

2n n2
i (e 02
o I'(n/2) (Y I'(n/2) 2
T EICEryo G R T evpv ey A
Otherwise, if a*> > 2/p, then In(1 — (1 — p/2a?)b*) < In(p/2). In this case we have
el < e lu( 2o Lol e (2)
= ap 7 111( ) + ap%
p I'(n/2) (L o I'(n/2) 2
Gt ) e e

Observing that 2/n < (24 2/n) and using (19) and (20), we have

I'(n/2) 1 I'(n/2) 2
[ (A ) < o m( )+p (2+_).
APl T G ) T TR T - P
This proves the case p = r.
Finally, assume that p > 7. From (14), repeating the same reasoning that led to (16), we have

a? dt db

[ (A, p)]

IN

Cp

re, bl \/1—||b||2 tT_l
Jo 10 [

1- IIb |2 r—1
rer / / ! _dtdb
ner (12/(a2][b]2) + 1)*/

Changing variables by setting z = ¢/(al|b]|), we get

Ay <o [ HH/ +Hmmw

where d = /1 —[[b]]2/(a||b]]). Set now y = 2%. From the last equation we have

an L TC, d? r/2 1
AP <o gt [ [ e v




We notice that d goes to infinity when a goes to zero. Then we have

42 r/2-1 400 r/2-1 _
o (y+1)p/? o (y+1)p/2 27 2

due to formula [3.194] of [1].
We apply [4.642] of [1] to reduce the integral over B,_, to a one dimensional integral, and we get

ran P Tr(n_T)CTCn—T ! n—1 rp-—r _ TF(TL/Q)F((])—T)/Q)
e ) < R Lyt (5. 200) <0 pl B

This concludes the proof. O

Note that, when p = r, the bound is composed of two terms. The first term depends on k& through
xfﬂkl/p, the second term depends on k through z%,,. We remark that for large k the influence of
the second term is negligible. Nevertheless, numerical tests show that this term can affect the bound
when the value of 2,41 is close to 1.

4.2 Lower Bounds

In this section we find lower bounds on the randomized error e}* (A, p). As in Section 4.1, we show
that these lower bounds depend on the multiplicity of the largest eigenvalue and on the value of the
norm. Upper and lower bounds show the same dependence on the ratio between the two largest
eigenvalues and on the relation between p and r.

Below we define some constants that are used in Theorem 4.2.

F((r—p)/2)T(p+1/2)T((r+1)/2) r+1 r—pr+p+1 5 L/p

( 20 (r/2)T (1/2)T ((r + p + 1)/2) F( 2 7 2 2 71—%511))7 for p <2,
’)/:

pL((r=p)/2)T((p+3)/2) . (r+1 r—p r+3 5\

( 2(r+ DI (r/2)T(1/2) ( 2 72 7 2 ,1—%{;1)), for p > 2.

_ F((p—l—l)/?) p2-|-3p 2 2p—4 p_|_1‘p_|_5‘ ) 1/p
"= (i o () - g (1 ) ) )

v TF((T-I-l)/Q-I-l)F((p_T)/Q) 7‘ » | 2 1
7= ( 4pF(1/2)F(p/2_|_1) F<§+1’17§+171—$Ti1))‘

Theorem 4.2 Let A be a symmetric positive definite matriz, and let v, v < n, denote the multiplicity
of the largest eigenvalue Ay of A. Then, for every p, 1 < p < 0o, and for every k we have

T((r=p)/2T((p+1)/2)\"" r/p
xﬁ“( T (r/2)0(1/2) ) -l forp<rm

LACNOER JENCTR (%)]/ (%)/ —yaky forp=m,

Lrrilp (F (p=r)/2)T((r + 1)/2))1/p _ 7,,gck(7«+2)/p
i I'(p/2)T(1/2) 1

for p>r.

10



Proof. We have

/2
o 1 Zz . b2 2k p
[ (A, p)]P = ( —== | b
B, Zi:l bz + Zz r+1 bz 7
Notice that the integrand is an increasing function of 7L ., 2ok
obtained by replacing x; by 0 for ¢ > r 4+ 1,

Hence, the lower bound is

2,5 by
[ ran (A p)]p > 7’ / T db
e B (Tis b+ a2 b)"
Let a = ¥, . Writing the last integral as an integral over the ball B,_, and the r dimensional ball

of radius ¢ = /1 — Y1, 4 b7, and applying [4.642] of [1], we get

ran TCT 2 b72°—|—1 p/2
€5 / / (t2 ) (21)
2 b2

741 by a, and consider the integral

f(a):/oq tH( “ )m dt. (22)

2+ a

Let us denote a

We have three cases depending on the relation between p and r.
Consider first the case p < r. It is convenient to split f(«a) as follows

f(a) = a?/? (/Oq P dp — /Oqg(t) dt), (23)

g(t) = "1 (tip B <t2 —1|_ a)p/z) |

We can conveniently rewrite g(t) as

where

Setting y = t?/a, we have

q alr=p)/2 r¢?/a (y+ 1)p/2 — yr/2
1) di = / (r=p)/2-1 dy. 24

We consider two cases: p < 2 and p > 2.
Let us start with p < 2. Notice that (y + 1)?/2 — y?/2 < 1. Then from (24) we get

q U < alr=p)/2 rg?fo y(r=p)/2-1 p
1) di
/0 g(t)dt < 5 /0 e

r—p _ _ 2
d F £7T p7u+17_q_ ’
T—p 27 2 2 a

11




due to formula [3.194, 1] of [1] (see also [1] for the definition and the properties of the hypergeometric
function F(a,b;c;x)).
Substituting into (23) and solving the first integral, we have

T=p r—p _ _ 2
f(a)zap/Zq—_ap/Zq—F(g r p_u_l_l'_q_)‘
(8%

r—p r—p 27 2 7 2 '

Hence, (21) becomes

n (r=p)/2
[ ran (A p)] L‘/ apbf—l—l (1 _ Z b?) db —

(T N p)Cn i=r+1
n (r—p)/2 1 " b2
- e PP 1— b2 plRETZP TP . 2T la=n1% ) o
(r—plen /n SO i;ﬂ ‘ 22 g a’b?, '

Using [4.642] of [1], we get
ran P P ((p—l_ 1)/2)F((7‘—p)/2)
N R e .

p T+ DI((r+1)/2) 1, r—py2p (P TP r—p 1=t
T b )/f7(2 ;s T )fﬁ- (25

After setting y = (1 — t?)/(a?t?), we can rewrite the integral in (25) as

1 _ _ 1—t2
Pl )r-n2p (BT P TPy 2T gy
/0 ( ) 27 2 Y 2 —I_ 9 aztz

apl o0 Tp pr—pr—p
= / y_|_1/a T+3/ F<§7 9 ’ 9 ‘|‘17_y) d@/

;From the last equation and using formula [7.512, 10] of [1], we have

1 _ — 1—¢2
w1 — 2 r-p2p (B TZP TP g dt =
/0 ( ) 27 2 Y 2 —I_ 9 2t2

_ T (= p)/24+ DU+ /2 T(r + 1)/2) Lrtlptrsl 1
T2 T({(r3)/0T (p+ 7+ 1)/2) ( Ty ! w)'QQ

Applying transformation formula to the hypergeometric function, see [9.131, 1] of [1], we have

F( +1,T+1;p+r+1;1—i) :aT“F<T+1,T_p;p+r+1;1—a2).
27 2 2 a? 2 2 2

Substituting it into (26) and then into (25), we get

ran P pr((p—l_l)/Q)F((T_p)/Q) r
R e

where

L'((r—p)/2)T(p+1/2)T((r+1)/2) (7‘—|-1 r—p r+p+l 1_a2)
2T (r/2)T (/2T ((r+p+ 1)/2) 2727 2 7 '
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This concludes the proof of the case p < 2.
Let p > 2. Observe that, from Lagrange’s Theorem, there exists a value &, y < & <y + 1, such that
(y 4 1)P/2 — yP/? = p/2£r/2=1, Since €P/271 < (y 4 1)P/271, we obtain the bound

q a(T_p)/zp ¢/ y(T_p)/z_l
t)dt < 7/ = d
/og() - 4 0 y+1 Y
2
I N ey Nt B )
q 2(7‘—])) ( T T 9 + 15 o ( 7)

which follows from formula [3.194, 1] of [1].
Proceeding exactly as before, we get

r—p r—p _ _ 2
ey s a2 8 e €7 repr=p Y
r—p 2(r —p) 2 2 a

Using this bound in (21), we get

n (r—p)/2
e Al = o mm«r-zbﬁ b -

(=P

(r—p)/2
rpe, o r—pr—p . 1=-3F .0
_7/,1_%%5“ (1_ 3 bi) F(l, Syt L b, (28)

Q(T - p)Cn i=r41 r+1

Solving the integral in (28) as before, and applying the transformation formula [9.131] of [1] to the
hypergeometric function, we have

Clp+ /2T (r=p)/2)
T(1/2)T (r/2) %

[ (A, p)]P >

where

_PLr=p)/ )T (p+3)/2) |, (7‘+ Lr—pr+l
O 2(r+ DD (r/2)T(1/2) 2 7 2 7 2
This concludes the proof for p < r.
Let p = r. The integral denoted by f(«) in (22) becomes

—|—1,1—a2).

fa) = a?/? /Oq -1 <t2 Jlr a)p/2 dt, (29)
and can be rewritten as
flay =l ( [ Exuror el W0 ). (30)
where . o1
g(1)

- 24+ p/2a B (t2—|—a)p/2'

13



Since p = r, we have that p is an integer between 1 and n. We analyze separately the cases p = 1

and p > 2. If p=1, then g(¢) <0 and
q t
“ (/0 412«

fle)
all? (q2—|—1/2a)
In .
2 1/2a

v

From (21) and since ¢ = /1 — S, b?, we get

K3

N
eran A, 1 1 > i al/? In 1 2222 bz + 1/20& db.
k
Bn—l

Cn 12«

Let ||b]| = 327502, and ¢ = by/(1 — ||b]|?)"/2. Since a = a? b3, using [4.642] of [1], we have
2 1 1—(1—-1/2a*)t?
a—/ / £ (1= 1181P) In (L= 120007
CTL Bn_g 0 1/2 a2t2
_ 1 (1 _ 2142
_ e 2)6”‘213(3—1,2)/ i (L2020,
Cn 2 0 1/2@2t2

- Q%B (g—m) Mm (%)

o= 2enz (ﬁ _ 1,2) In (%) LoD g (ﬁ _ 1,2) In(2),

2, 2 2¢y, 2

[ (4, )]

v

from which we have )
ran a a

This provides the proof for p = r = 1.
Let now p > 2. We notice that 2 +p/2a> t2 + . Then

t(t? 4 a)p/?=1 gt
(2 + a)l?

g(t) <

Setting y = t?/a, we have
q2/oz (y + 1)p/2—1 _ yp/2—1

q
1) dt </ d
¢’/
[ e
25k G

- (-0
T2\2 a+ g’

We substitute this inequality into (30). We have

b/ (/qédt_l@_l))
0o 2+ p/2a 2\2

o B (Lp2a) o (3_1) ;
2 p/Qa 2 9 04‘|‘(]2‘

14
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Since q = (/1 =371 1y b? and p = r, we obtain the lower bound

Oép/2 In 1- Z?:p-l—l bzz + p/2 a db —
e p/2a

2
_ &(B_l)/ aP/? -3 Tbl db.
2¢, \2 B a+1-— b2

n—p 27’2

[ (A4, p)) > &/B

2¢,

Let |[b]|? = 320,40 07, and t = by /(1 — |[6]|2)'/2. Then from the definition of & and using [4.642]

of [1], we have
1—(1—p/2a*)t
2 fro-wer ()
npl p/QQt

42
npl 1_(1_a)t)

Using again [4.642] we get

—-p—1 1 1 1—(1—p/2a®)t?
[ran(A p)] > ap’yB<n ;) 7P‘|‘ ‘|‘1)/ tphl( ( p/ a) )dt—
0

[ (A, p))

v

2 p/2 a*t?

2
B pp—2B<n—p—1 p+1 1)/1 (1 —t*) &t 1
“TT > 2 T iz ae ™ (31)

where 7 = p(n — p — 1)e,en_p_1/(2¢5).
Observe that
1 1 2142
/ o 1—=(1-p/2a°)t g —
0 p/2a?t?

1 9 9 1 »
B PO i T Pn(1-(1-% 2) t2) dt. 9
p+1n<pa2)+(p+1)2+/o n( ( 2¢ (32)

Notice that if a* > 2/p then In(1 — (1 — p/2a*)t*) > In(1) = 0. Hence, from (32) and using formula
[3.197, 3] of [1] to solve the integral in (31), we have

[ (A p) > (pi) -
2

ap72( ( 1!)—|—1;10—|—5;1 )
(p+3) 2 2

where v/ =yB((n—p—1)/2,(p+1)/2+1).

Using (10), we can express ¢; in terms of the gamma function, and we get

2
P
—I-a7 AN

P+ 1)/2) | (1

2 e () (33
p T+ 1)/2) [20=2) () 4L p5 ) (2) 2

- af(p/Q)F(l/Q)[ p+3 F<1’ 2y g ) : (p) p+1]
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Otherwise, when a? < 2/p, we use the fact that

In(1 — ct?) = —Z , ',

=1

where ¢ is a constant such that —1 < ¢t? < 1.
Setting ¢ = (1 — p/2a?), and using previous relation, the integral in (32) becomes

1 0 (1 _ 2y¢
/tp1n<1—<1—3a2)t2) dt:_z(llp/%) > _ 1 1n<p+3)‘
0 2 —~ j(2i+p+1) p+1 2

=1

In this case, from (32) we have

1 _ _ 2\42
/ i (Lm0 =p2a)2Y 1n<i)— 1 1n<p—|—3)_|_ 2
0 p/2a*t? p+1 \pa?) p+1 2 (p+1)?

and then
s ()
R e () () w(2) -]

which concludes the proof for p = r.
The last case is p > r. Setting y = t*/a, the integral f(a) defined by (22) becomes

a”/’/? q2/a yT/2—1

Jla) = = A Wdy-

It can be rewritten as

ar/? oo yr/2—1 p oo yr/2—1 p ,
) = 2 /0 (y+ 1)p/2 y—/qz)/a (y_|_1)p/2 Yl - (34)

The first integral of the right hand side of (34) can be solved using formula [3.194, 3] of [1] and is
equal to B(r/2,(p—1)/2).
The second integral of (34) can be solved using formula [3.194, 2] of [1] and is equal to

(Q)OHW 2 p (E,p_ LE T, 1;—3) :
q? p—r \2° 2 2 q2
Hence, (34) becomes

r/2 - p/2 - -
a rp—r a pp—r p—r a
= B = - I'i= ; 1, —=1. 35
f(a) 2 (27 2 ) (p—T) g (27 2 9 + 1 (]2) ( )
By substituting (35) into (21), and from the definition of @ and ¢ we have

TCT T p—T
ran A P> q Bl - b, db—
B ()P 2 a7 (2, _ )/B »

. ap TCT b£+1 va—T;p—T +17_L db
I 2} n 2
(p—1)cn JB,_, (1-5% 0 b?)(p_T)/ 27 2 2 L=% e b5
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Using again the technique of reducing integrals to one-dimensional integrals, we get

[ell;an(Aap)]pZaT%B (T P—T) B(T‘|‘17n—7‘—1+1)_

272 2 2
1 tP pp—7T p—r 1?
P S A . 1r—a?——— | dt 26
M/o (1— )=/ (2’ 2 g ThHTCT— ) (36)

where v = repeqp_p_q/c, and v/ =T ((r+1)/24 1)/ ((p—r)I'(1/2)T (r/2)). Consider the integral
in (36). By setting z = t?/(1 — ?), we obtain

1 tP pp—T p—r , 12
— —F = ; 1;— dt =
/0 (1— 2)e-n/2 (2’ 2 o ThHTYTT

1 /OO Z(p_l)/2 (p p_r‘p_r
2qP—T—2 0 (a2 + Z)(T+3)/2

e —z) dz. (37)

We notice that
(p—1)/2 . (p—7)/2
(612 + Z)(T+3)/2 - (612 + 2)2 :

Using this inequality and formula [7.51, 10] of [1], (37) can be bounded as follows

0 (p—1)/2 _ _
! / ( - F(Bp T;p T—I—l;—z)dzg
0

2qP—7—2 a? + z)(r+3)/2 2’ 2 2
1 o0 Z(p—T)/? p p—7r p—r
P22 1:-2) d
2ap_7’_2/0 (a2 1 2)2 (2’ 2 g Th Z) :
S F((p_r)/“UF(T/“”FGJF1,1;£+1;1—a2). (38)
2qP—r=2 I'(p/2+1) 2 2

Substituting (38) in (36), we get

ran 1/p TF((p_T)/Q)F((T—I_l)/Q—I_l)
R T L7
D D2 DT (p = 1))
I(p/2+ DI (1/2)

r P 2
Fl=-4+1,1;=+1;1- .
(2 —I_ ? 1 2 —I_ 1 a )
This concludes the proof. O

4.3 Discussion

ran

Theorems 4.1 and 4.2 state that the randomized error e}*" (A, p) must depend on the ratio A, 41/A1.
In addition, these theorems describe the actual behavior of the rate of convergence for every k, p
and r. We notice that only when r > p, we have the same rate of convergence as in the asymptotic
deterministic case with S°7_; b? # 0. For the other two cases, r = p and r < p, the rate convergence
is slower. This is due to the fact that Theorems 4.1 and 4.2 deal with the randomized case. So, in
order to compute the randomized error we have to integrate over all possible starting vectors, even
those for which the power method does not converge or converges very slowly.

17



To give an intuitive idea about the difference in the rate of convergence between the asymptotic
deterministic case (the rate is then proportional to (A,41/A)* ) and the randomized case, let us
analyze the error for p = 1. In this case we have only two possibilities: » > por r = p = 1. Assuming

S b2 £ 0, we have

. _ A7°-|-1 b2-|—1 +eee bT-l—S A7°-|-1
i = (52) e e (52)

where s is the multiplicity of the second largest eigenvalue.
If r = 1, the expected value of sin(ay(b)) with respect to b cannot be proportional to (Ay/A;)* since

b2 + + bs+1
[[bll=1

A more careful analysis shows that we have to lose a factor proportional to ln(/\l/Ag)Qk in order to
achieve the convergence of the integral.

For r > 2,
J ¢T“+ Ut ) < 4oc,
I[bl=1 -+ b

so we have a rate of convergence proportional to (A 7,_|_1//\1)k as in the deterministic case.
The explanation of the general case p > 1 is similar.

Analyzing together upper and lower bounds we have a complete behavior of the power method
for computing a largest eigenvector. In fact, for every p and r, upper and lower bounds exhibit the
same dependence on A,;11/A; and on k.

5 Asymptotic Behavior

In Section 4 we provide upper and lower bounds for the randomized error of the power method for
each step k. These bounds differ only by multiplicative constants and by lower order terms. We
notice that only for upper bounds the constants depend on the size of the matrix, while for the lower
bounds they depend only on p and r. Moreover, if A is a large matrix, the constants of the upper
bound become huge. So, it is natural to ask if these constants are sharp. We answer this question
by analyzing the asymptotic behavior of the randomized error e}** (A, p).

Theorem 5.1 Let A be a symmetric positive definite matriz, and let r, r < n, and s denote the
multiplicities of the two largest eigenvalues Ay and A1 of A. Then for every p, 1 < p < 00, we have

Cem(Ap) (T ((r=p)/2)T ((p+ )2\
kl{rfoo o ( I'(r/2)T (s/2) ) Jor p<r,
| e (4,p) (Tt \ or p=1
kETOO 2k (2k) 7 I (1/2,41)] 1/r = (F(p/Q)F(S/Q)) for p=r,
_ e (Ap)  (T((p—7r)/2)T((r+s5)/2)\""
Jm = ( T (/)T (5/2) ) forp=r

—|—1
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Proof. From (9) we have

p/2
e (A, = L ira biol" .
Bn Zz 1 b22 + Zz r+1 b22 22k

As k goes to infinity, we write

r+s 2
7’-|—1 Zz r+1 2

r 2 r+s
=1 bz + xr-l—l Zz r+1 2

1 p/2
[ei™ (A, p)) = B( (1—|—0(1))) db.

Let a = xf_l_l. Integrating with respect to b,4s41,...,b,, we have
ran r+s /2 r+s (n—r—s)/2
[ (A p)] — ap Cn—r—s / ( ZZ +7’+1 b22 )p (1 _ Z—l—: b2) db
1+o0(1) ¢ JBps \ iz 07 + @? Z:—I—;ﬂ b? =

Let |[b]|? = 320, b7 and let t; = b;/(1—||b]|>)"/? for i = 7+ 1,...,7 4, and [|t]|* = Sords 2 I we
rewrite the last integral as an integral over the balls B, and B, we have

[ (A, p)) s / / ||t||p1—||b||>n+p-7°>/2<1—||t||2><”-7°-8>/2dtdb'
1+o(1) . (118112 + a2[]2]12(1 — ||b]|2))/?

Using [4.642] of [1] for both integrals, we get

(AP
1+o0(1)
1 gs—1 pr— ltp b2) n+p— 7’/2(1 )n r—s)/2
= d dt db
¢ 7/ / 02 + a22(1 — b2)]r/2
1pr— 1( _b2)(n—|—p—7°)/2
L gpy [ e g2 y(nmr-s)/2 / db| di
‘ 7/0 (=) o a2 —mpr P (39)

where v = rsc,_,_s¢ ¢/ ¢y

We have now three cases depending on the relation between p and r.

Consider first the case p < r. Then the last integral of (39) is finite even for a = 0. Substituting
a =0, we get

L - am/ L (] = g2)(nmr=a)/2 cht/1 b1 = b2 gy,
1+ 0 0

;From the definition of the beta function (11) we have

e (A )l _ ap1B<P‘|‘57n—7‘—8+1)B<r—p7n+p—r+1)‘
14+o0(1) 4 2 2 9 9

Using (10), we can express ¢; in terms of the gamma function. We obtain

[ (AP T = p)/T (0 +5)/2)
Fo(l) T /2T (s/2)
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This proves that for p < r we have

fim G (Asp) (F((r ~p)/2)T ((p+ s>/2>)1/p
L(r/2)T (s/2) '

Trpq
Consider now the case p = r. From (39) we have

[ell;an(Avp)]p _p /1 p+s—1/9 _ 42\(n—p—s)/2 /1 bp—l(l_bQ)n/Q
o T o B e O 10

We expand 0P~ (1 — b2)"/2 as bP=1 — (n/2)bP+ 4+ O (bP+3). Since [b*(1 — a?t?) + a?t?]P/? behaves as
bP + o (a?t?), it is sufficient to consider the first two terms of the expansion.
As a approaches zero, we have

1 p=1(1 _ p2\n/2
/ bP=H(1 — b%) b —
o [BA(1 — a22) + a2t2]r/?
1 i wrol [ o db
- /0 [02(1 — a2t2) + a2e2]/2 + /0 [02(1 — a2t2) + a2e2]/2

1 bp—l 1
= ——db+ O bdb
| wrammaro ([ o)

Observe that (b2 +a?t2)P/% = b2 + (p/2)b**/2=Da2t3(1 4 0 (1)) as a — 0. Then from the last equation

we have
1 bp—l 1
_ Y _m+o0 / bdb) _
/0 (b2 + a2t2)p/? + ( 0

1 pp—1
_ db+0(1
/0 (52 ¢ przaziy) LT OW

1 b
= ——db 1
/0 b2 + p/2 a?t? +0O 1)

1 1
Sin <b2 + gcﬂﬂ) +0(1)
0

In (,/#) (14 0(1)).

Substituting this equality into (40) we get

[ (A, p) b ootse s 2
]i_|_(0(1)) — ap,y/o sl (] = ¢2)(nmpms)/2]y g di

0 2 p+s n—p—3s
= apzhl<ﬁ)B< 5 5 5 —|—1)—|—O(ap)

If we replace the expression for 4 in the last equation, we obtain

e (A, p) B ( T((p+5)/2) )”p
T(p/2)T(s/2))

kEToo k 1/r 1/r
Py (R I (151
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The last case is p > r. We want to compute the limit

1/p
ran A ran A P
r—4c0 xr—l—l

k—+o00 $§j_1

From (39) we get

o AP AP

h—too b, a—0 ar
1 1pr=1¢1 _ p2\(ntp-7)/2
= lim ap—w/ sl — g2y =)/ / ( ) —db| dt. (41)
a—0 0 0 [b2 4 a22(1 — bz)]p/

Observe that for ¢ — 0 we have
/1 o br—l(l _ b2)(n+p—r)/2
0 [b2 + a2t2(1 — bz)]p/2
1 r—1 _ p2\(n+p-r)/2
= /ap_Tb (1=b) db
0 [b2 + aztz]pﬂ

1 r—1/1 _ 32\(n+p—7)/2
= / ap_T b (1 b ) 5 db (42)
0 arte (b2/(a2t?) + 1)/

We change variables by setting y = b/(at). Then the integral (42) becomes

dy.

1 1/(at) yr—l(l _ a2t2y2)(n—|—p—7°)/2
tr=r /o (y2 + 1)p/2

If we set » = y2, this integral can be transformed into

1 1/(a?t?) ZT/2—1(1 _ a2t22)(n—|—p—7°)/2
=3 dz.
200" Jo (24 1)p/2
We substitute this integral into (41). We get
i A )
r—4o0 iy a—0 a”
1 n—r—s % 31 1 - 2t2 =
_ 1/ sl g2yt nm/““ 2 Uzats) 2 g (43)
2 Jo a—0./g (z+1)2
To find the limit of the last integral, we use the following bounds (for a < 1)
/% 2271 (1- at)anrfzp_r d> < /ﬁ 2571 - aztzpz)nJrg_r dz < /ﬁ 227! .
0 (z41)2 0 (z41)2 o (z4+1)z
Pince f(at) 21211 _ gpy(ntp=r)/2 [y rfmn
1/(at T/2— _ n+p—r 1/(a=t T/2—
lim : (1 at) dz = lim B dz,
a—0 Jo (Z—|— 1)]?/2 a—0 Jo (Z—|— 1)p/2
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passing to the limit and then using [3.194, 3] of [1], we get

1/(a?t?) r/2—1 +00 r/2—1 _
= lim Zidz:/ Zidz:B<f U)
a—0 Jg (z 4+ 1)p/2 o (24 1)p/2

Hence, we also have

1/(a2t2) r/2-1 _ 4242 \(n+p—r)/2 _
[/ 2 gy
a—0 Jg (Z + 1)17/2 2 2
From (43), we get
ran P
G 2N
k—+o00 $T+1
_ 1
— ZB <f7p ) tT-I-S—l(l t?)(n—r—s)/Zdt
2 27 2 0
_ Tlp=m)/2)T((r+5)/2)
I'(p/2)T (s/2)
This concludes the proof. O

Theorem 5.1 shows that upper and lower bounds provided in Section 4 are asymptotically optimal.
In fact, the analysis of the asymptotic case indicates that the upper and lower bounds cannot be
improved since the constants coincide with those of the upper bound when we set the multiplicity of
the second largest eigenvalue to n — r, and with those of the lower bound for s = 1.
The constants increase with s and 1/r. This corresponds to the intuitive idea that the convergence
is fast if the eigenspace Z is large, and is slow if the eigenspace corresponding to the second largest
eigenvalue is large.

Note that if p approaches infinity, the rate of convergence approaches 1 and even the constant
converges to 1. This agrees with (8) for p = oc.

6 Numerical Tests

We tested the power method for several matrices with many pseudorandom starting vectors b. The
matrix A can be chosen as follows. As before, let ug(A, b) be the vector computed by the power
method applied to the matrix A with starting vector b. Observe that for any orthogonal matrix ¢),
we have u,(QTAQ, QTb) = ui(A, b). Moreover, the uniform distribution on the unit sphere of the
vectors b implies the same distribution of vectors Q7 b. So, without loss of generality, we can restrict
ourselves only to consider diagonal matrices, see also [3] and [4]. Vectors uniformly distributed over
the unit sphere can be generated as described in [3] and [4].
The tests were performed on a Sun SPARCsystem 10 using double precision. To compute the values
of the hypergeometric and the gamma functions we used the program Mathematica.

We tested many different matrices of size 100 with the distributions of the eigenvalues chosen as
in [4]. We tested the following distributions:

e Chebyshev distribution: Ai =1+ cos(((2¢— 1)7)/200);
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k gran gworst a,_:best €lb a,_:ub p
10 9.737e-01 | 9.999e-01 | 7.567e-01 | 4.782e-01 | 7.998e+00 | 1
100 | 9.111e-01 | 9.999e-01 | 4.149e-01 | 4.850e-01 | 7.992e4-00 | 1
1000 | 7.114e-01 | 9.999¢-01 | 6.811e-02 | 5.185e-01 | 7.685e4-00 | 1
10 9.735e-01 | 9.999e-01 | 7.226e-01 | 6.457e-01 | 3.522e+00 | 2
100 | 9.239e-01 | 9.999e-01 | 3.319e-01 | 6.394e-01 | 3.474e+00 | 2
1000 | 7.383e-01 | 9.999e-01 | 7.003e-02 | 5.799e-01 | 3.035e+00 | 2
10 9.779e-01 | 1.000e+00 | 7.649e-01 | 2.712e-01 | 1.129e4-00 | 10
100 | 9.412e-01 | 9.999¢e-01 | 3.882e-01 | 2.729e-01 | 1.127e4-00 | 10
1000 | 8.675e-01 | 1.000e-01 | 5.303e-02 | 2.902e-01 | 1.097e+00 | 10

Table 1: Quadratic distribution 2 with the eigenvalues: A; = 2(1 — (i/101)?).

quadratic distribution 1: s =2(1—1/101)%

quadratic distribution 2: ;= 2(1—(i/101)%);

e uniform distribution: i =2(1—14/101);

logarithmic distribution: i = 2log(102 — 1)/ log(102);

e exponential distribution 1: A; =2 6_%;

A= 1—|—€_i.

e exponential distribution 2:

JFrom the theoretical bounds, see Theorems 4.1 and 4.2, it turns out that the behavior of the
power method depends on the relation between r and p. We tested the power method for different
values of p and r for a fixed ratio between the two largest eigenvalues.

The main goal of these tests was to verify the results proved in Theorems 4.1 and 4.2, and to
see how much upper and lower bounds differ from the experimental values.

(A,p) we have used 1,000 pseudorandom
obtained as the mean value among the 1,000

In order to approximate the randomized error ;"

vectors b. So, the randomized error is replaced by ™"

ran __ 1
=~ 11000

By %™t and P** we denote, respectively, the worst and best value of sin(ay(b;)). These values
give an indication about how much e™" differs from the values sin(ag(b;)). Let ¢ and " denote
the lower and the upper bounds computed using formulas given by Theorems 4.2 and 4.1. Finally,
k and p are the number of iterations and the parameter of the norm, respectively.

In order to underline the dependence of the rate of convergence on the ratio between the two
largest eigenvalues we report the results obtained for the quadratic distribution 2, see Table 1, and
the exponential distribution 1, see Table 2. In fact, these distributions are those (among the different
distributions considered) for which we have the largest (the smallest) ratio between Ay and Ay and
then the slowest (the fastest) convergence, respectively.

pseudorandom vectors, i.e.
1,000

1/p
Z sinp(ak(bi))) .

=1
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k gran gworst a,_:best €lb a,_:ub p
10 | 1.770e-01 | 9.999e-01 | 9.630e-04 | 1.698e-01 | 2.124e400 | 1
30 | 2.432e-03 | 8.996e-01 | 1.077e-06 | 2.300e-03 | 2.864e-02 | 1
10 | 2.509e-01 | 9.999e-01 | 7.056e-04 | 2.368e-01 | 9.616e-01 | 2
30 | 2.468e-02 | 7.652e-01 | 9.823e-07 | 2.006e-02 | 7.148e-02 | 2
10 | 6.801e-01 | 9.999e-01 | 2.079e-03 | 3.888e-01 | 8.715e-01 | 10
30 | 3.562e-01 | 7.081e-01 | 1.977e-06 | 3.421e-01 | 5.182e-01 | 10
Table 2: Exponential distribution 1 with the eigenvalues: A; = 2 ei/°
k gran a,_:worst a,_:best €lb a,_:ub p
10 | 4.100e-01 | 9.960e-01 | 1.124e-01 | 1.276e-01 | 1.920e400 | 1
30 | 3.765e-03 | 1.075e-01 | 2.915e-04 | 3.693e-03 | 4.622e-02 | 1
10 | 4.593e-01 | 9.989e-01 | 1.171e-01 | 1.570e-01 | 3.650e4-00 | 2
30 | 7.979e-03 | 1.063e-01 | 2.693e-04 | 7.511e-03 | 1.245e-01 | 2
10 | 6.904e-01 | 9.973e-01 | 1.190e-01 | 2.472e-01 | 8.850e-01 | 10
30 | 2.551e-01 | 5.089e-01 | 2.435e-04 | 1.950e-01 | 4.200e-01 | 10

Table 3: Modified exponential distribution 2 with the eigenvalues: A\; = Ay = 14 7!, and
ANi=1+e 0D fori=3,...,n.

JFrom Table 1 we see that for three different values of p, even after 1,000 iterations the randomized
error is still very close to 1. An important observation concerns the lower and upper bounds. We

ran

notice that the lower bound is a good approximation of the expected value £ while the upper

bound is clearly an overestimate. This is due to the following reasons :
1. The constants in the upper bounds, see Theorem 4.1, grow with the size of the matrix.

2. Since the ratio x9 = Ay/A; is very close to 1, #§ goes very slowly to 0 with k. In this case, the
upper bound is more sensitive of the big multiplicative constants.

Table 2 is more interesting since it allows us to see the dependence of the speed of convergence
on p and r. The speed of convergence is now good. In fact, after only 30 iterations we get an error
of the order of 1072 when p = r = 1. In this case, we have also that ¢'® and £"P are relatively close
to each other, and that the error ¢™" for £ = 30 is very close to the theoretical lower bound.

In general, it is possible to observe that the values of €™ computed with these tests are very
close to the theoretical lower bounds while they are more distant from the upper bounds even for
small A,y1/A1. This is due to the importance of the multiplicity s of A,1q, as it turns out from the
asymptotic constants of Theorem 5.1. Experimental results prove that the power method behaves
differently for matrices with the same two largest eigenvalues but with different multiplicities. In
particular, increasing s we get bounds closer to the upper bounds.

To understand the role of p and r, we have performed tests with matrices for which the multiplicity
of the largest eigenvalue is r > 2. In Table 3 we report the results for the modified exponential
distribution 2 with r = 2.

An important observation concerns the comparison between the three cases, p < r, p = r and
p > r. From Table 3 it is easy to see that for the same value of k, the rates of convergence are
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different. For example, for & = 30 we have an error of the order of 1073 for p < r, and of order 10~}
for p > r.

We performed also tests with matrices with only two distinct eigenvalues. These tests indicate
the asymptotic dependence of the randomized error on the multiplicity s of the second eigenvalue.
In particular, they show that "™ is closer to ¢"™® when s is big. This is an important consequence of
Theorem 5.1.

7 Conclusions

In this paper we have investigated the convergence of the power method for approximating an
eigenvector corresponding to the largest eigenvalue. As our error measure, we have taken the sine
of the acute angle ay(b) between the vector computed by the power method after k steps with the
starting vector b, and the eigenspace related to the largest eigenvalue. We have analyzed the £,
norm of sin(ag(-)), for p € [1,400]. We have shown that, if the starting vector b is chosen according
to the uniform distribution over the unit sphere, the rate of convergence depends on the ratio between
the two largest eigenvalues. In particular, if » is the multiplicity of the largest eigenvalue A, and the
L, norm is used, then the randomized error is proportional to (/\7,_|_1//\1)k ifp<r, to (/\T+1/A1)kT/p
if p> r, and to k1/? (/\T_H/Al)k ifp=r.

For every p € [1,+00), we have found asymptotic and non asymptotic bounds, and we have
shown that the asymptotic constants are equal to those obtained for the upper and lower bounds
when the multiplicity of the second largest eigenvalue is set to n — r and 1, respectively. We stress
that our results hold for a class of norms and that they show how the specific norm affects the speed
of convergence.

Our bounds depend on the distribution of the eigenvalues, and we have proven that this is unavoid-
able. Comparing with results of [3], we conclude that approximating a largest eigenvector by the
power method is more difficult than approximating the largest eigenvalue in the randomized setting.
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