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ABSTRACT

Corrector Theory in Random Homogenization of Partial Differential Equations

Wenjia Jing

We derive systematically a theory for the correctors in random homogenization of partial
differential equations with highly oscillatory coefficients, which arise naturally in many areas
of natural sciences and engineering. This corrector theory is of great practical importance in
many applications when estimating the random fluctuations in the solution is as important
as finding its homogenization limit.

This thesis consists of three parts. In the first part, we study some properties of ran-
dom fields that are useful to control corrector in homogenization of PDE. These random
fields mostly have parameters in multi-dimensional Euclidean spaces. In the second part,
we derive a corrector theory systematically that works in general for linear partial differen-
tial equations, with random coefficients appearing in their zero-order, i.e., non-differential,
terms. The derivation is a combination of the studies of random fields and applications of
PDE theory. In the third part of this thesis, we derive a framework of analyzing multiscale
numerical algorithms that are widely used to approximate homogenization, to test if they

succeed in capturing the limiting corrector predicted by the theory.
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Chapter 1

Motivations and Overview

This chapter briefly reviews the homogenization theory, introduces the principal concerns

of corrector theory, and outlines the contents of this thesis.

1.1 Correctors in Random Homogenization

Partial differential equations with rapidly varying coefficients arise naturally in many im-
portant applications, such as composite material sciences, nuclear sciences, porous media
equations, and geophysical science. Because the microscopic structure is typically not well
known and because the computational costs at the fine structure are prohibitive, it is often
necessary to model such heterogeneous structures at the macroscopic level by deriving the

homogenized equation, which captures the effective properties of the heterogeneous media.
a. Periodic and random homogenization

We describe the main ideas of homogenization through the following classical example.
Let u(z) be the temperature distribution over a complex material which occupies some

domain X C R? Suppose that this material has conductivity tensor A (%) and internal
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heat source f(z), and is immersed in a mixture of ice and water. Consequently, u.(z) solves,
-V.-A (g) Vue(z) = f(x), forxe X, (1.1)

with Dirichlet boundary condition u. = 0 at 0X. Very often in homogenization theory, the
unscaled coefficient A(z) is modeled either as a periodic function, or a stationary and ergodic
random field in some probability space (€2, F,P). Homogenization result is well established

in both cases: u. converges weakly in H& (X)) to ug, which solves the homogenized equation:
-V - A"Vuy(z) = f(z), forxeX, (1.2)

with Dirichlet boundary condition, and the effective conductivity A* given by

ox?
Al =FE [ A;; A; -,
] < ](y) + k(y) ayk>
Here, the vectors !, - -, x? solve the auxiliary equation:
0 oxF _ 0Ay

In periodic homogenization [20, 1, 86], E here denotes the average over the unit cell of
the periodic function; the equation above is posed on this cell with periodic boundary
condition, and is called the cell problem. In random homogenization [74, 91, 92, 90], E is
the mathematical expectation with respect to the probability measure P, and the equation

above is posed over the whole R?.

Up to reformulation, the periodic setting is a special case of the stationary ergodic
setting. Then homogenization theory is essentially the ergodic theory, or the law of large
numbers if one wishes. The success of homogenization theory is far beyond the above linear

equation; for instance, see [55, 56] for periodic and [31, 30] for random homogenization
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of fully nonlinear elliptic equations, and [79, 80] for homogenization of Hamilton-Jacobi

equations.
b. Corrector theory in random homogenization

The primary interest of this thesis is the corrector in random homogenization, by which
we mean the difference between the random solution u. and the homogenized solution uy.
Homogenization theory for nonlinear PDE and the study of convergence rate remain active
research fields, but are out of the scope of this thesis. We concentrate on linear equations,
because even for them corrector theory is not well established. Observe, however, that the
dependence of the solution to a PDE on the coefficients of the PDE is usually nonlinear,
even when the PDE itself is linear. More precisely, we would like to understand the following
issues, assuming the homogenization is known:

1. What is the convergence rate, say in L?(Q2, L?(X))? That is, is there a power ~ for which
we can show that E||lu. — u0||2L2(X) < Ce??

2. What is the size of the deterministic corrector E{uc.} — ug? What is the size of the
(mean-zero) stochastic corrector u. —E{u.}? Which one is larger? To make life easier, we
may formulate these questions in the weak sense; that is, after integrating the correctors
with test functions.

3. (Characterization of the limiting process). After dividing the random corrector by its
amplitude, can we characterize its limiting distribution? That is, suppose we know the

random corrector has size €72 for some 9 > 0, do we have

Ue — UQ distribution

some probability distribution in certain sense?
N2 e—0

Further for the part of the deterministic corrector that is larger than the random part, can
we capture their limits as well?

Before answering the questions above, we should ask first:
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0. What assumptions should we put on the random coefficients? Is the stationarity and
ergodicity enough?

The answer is negative. Though stationarity and ergodicity are sufficient for homoge-
nization theory, they are too mild to provide any fine information about the corrector; more
information about the random coeflicient is indispensable. Compared with homogenization,
corrector theory requires more quantitative studies of random fields and PDE. Due to this,
corrector theory is less well established. For some of the available results in this setting, we
refer the reader to [8, 9, 59, 112]. In this thesis, we only consider partial differential equa-
tions where the random coefficients appear in the zero-order terms, that is, non-differential
terms. In particular, the machinery we develop here does not work for (1.1) in two or higher

dimensional spaces.
c. An example: corrector theory for the divergence equation in 1D

In one dimensional spaces, the corrector theory for (1.1) is available. In particular, it
verifies the above remark that corrector theory requires finer information of the random
structures. In this setting, the equation becomes

- %a(g,w)%ug(x,w) = f(x), x € (0,1), 13)
ue(0,w) = ue(l,w) = 0.

Here, the diffusion coefficient a(%,w) is modeled as a random process, where w denotes the
realization in an abstract probability space (€2, F,P) in which the random process and all
limits considered here are constructed. The correlation length € is much smaller than the

length of the domain, which makes the random coefficient highly oscillatory.

The homogenization theory says: When a(x,w) is stationary, ergodic, and uniformly

elliptic, i.e., A < a(z,w) < A for almost every z and w. Then the solution u. converges to
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the following homogenized equation with deterministic and constant coefficient:

— —a " —ug(x) = f(x), z € (0,1),
ot (@) = f(x), 7 € (0,1) »

When the corrector u. — ug is considered, further assumptions on the random coefficient

q(z,w) = a(x{w) — a%, have to be specified, because they may lead to different conclusions.

Case 1. If ¢(z,w) is mixing with integrable mixing coefficient and hence has short-range

correlation (see Section 2.2.1 for the notions), then the corrector theory in [28] shows that

1
Ue — UQ distribution %12 090Gy
7 () " O’/O (@) En (x, t)up(t)dWr,

where W (t) is the standard one dimensional Brownian motion and Go(x,y) is the Green’s
function of the homogenized equation. The convergence above is in the sense of distribution

in the space of continuous paths.

Case 2. If the random field g(x,w) does not de-correlate fast enough, the normalization
factor /e is no longer correct. In fact, if ¢(x,w) is constructed as a function of Gaussian
random field (see Definition 2.27) with covariance function that decays like rg|xz|~* for

a € (0,1), the convergence result above has to be modified [11]:

1
Ug — UQ distribution R %\ 2 Gy H
) e, [t [ @R (),

where W (t) is a fractional Brownian motion with Hurst index H = 1—$%, and the constant

k is related to kg4; for the details, see Section 2.5 and Chapter 7.
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1.2 Motivations for Corrector Theory

Corrector theory is of vast practical importance, as in parameter estimation, uncertainty
quantification and algorithm testing, which we will address in Chapter 7. Here, we discuss

in detail its application to PDE-based inverse problems.

Bayesian formulation of inverse problems. In a typical inverse problem, one has data Y

obtained from some unknown input X through the forward relation:

Y = F(X) +E, (1.5)

where F' is the forward model that maps the input to the output, and E is the error in the
data, which may accounts for modeling or measurement errors. The goal of inverse problem
is to reconstruct X given Y = y. Since noise FE is inevitable and the inverse of F' is usually
unbounded, the reconstruction X is very often obtained by minimizing the discrepancy, i.e.,
F(x) — y measured in some proper norm with some type of regularization, among trials of
x in some proper space. In the Bayesian approach to regularization, this boils down to the
following. View XY, E as realizations in some probability space. From experience or other
a priori information, one has beforehand a prior distribution 7y, (z) of X. The probability
density of Y given X = z is then called the likelihood 7(y|x). Suppose that we know the
distribution of the noise E is given by myeise(€) and it is independent with X, we deduce

from the relation (1.5) that

7T(y|;17) = 71-noise(y - F(l’))

Consequently, the probability density of X given Y = y is provided by the Bayes’ formula

W(‘T‘y) S W(y‘x)ﬂ'(l’) = 7Tnoise(y - F(‘T))ﬂ'prior(x)'
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Therefore, given the distributions myeise and mprior, we can maximize the distribution 7(z|Y =

y) to get a reasonable reconstruction of X.

Application of corrector theory to PDE-based inverse problems. Many inverse problems
in application are based on PDE; for instance, the Computed Tomography (CT) used in
medical imaging is based on the transport equation, which describes propagation of X-ray in
body tissues. In these settings, the unknown input consists of parameters of some PDE; the
output is the solution to the PDE or functionals of it, and the above Bayesian formulation

should be applied in some functional space setting.

There is one more issue to address. Due to the smoothing property of the forward map
F which averages out high frequency modes of the input, only low frequency components
of X can be stably reconstructed. In many cases, however, the high frequency parts still
significantly affect the data. In such a situation, let gy and g. be the low and high frequency
components of the input, which accounts for some coefficient of the governing PDE. Then

the output, the solution u., can be viewed as corrupted data:

us = Fqo) + E, (1.6)

where F'(qg) = ug is the forward map for the PDE with low frequency coefficient ¢y only.
Then E is the corrector u. — ug, and the corrector theory for the homogenization of wu. to
ug provides a precise statistical model for the error term E above. Now, with a good prior
model for ¢, one can apply the Bayesian formulation to approximate the smooth part of
the unknown parameter. In summary, corrector theory is very useful in PDE-based inverse
problems, because it provides accurate model for the effect of high frequency component on

the low frequency part of the unknown parameter.
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1.3 Overview
This thesis is structured as follows.

a. Random Fields and Oscillatory Integrals

Chapter 2 is a detailed study of the random fields that will be used in this thesis. As
remarked before, the corrector theory, which is very often of the central limit theorem type,
requires fine knowledge of the random fields beyond stationarity and ergodicity. In this
chapter, we show that different decorrelation rates lead to different limiting distributions of
oscillatory integrals involving the random fields. We also provide formulas for high order
moments of random fields under certain conditions. In later chapters of the thesis, these
formulas are useful in controlling nonlinear functionals of the random field; such functionals
are almost always present even for linear PDE. Some explicit random models, such as
superposition of Poisson bumps and function of Gaussian random fields, are studied in

detail.

b. Corrector Theory in Random Homogenization of Equations

Here, we develop corrector theory for several partial differential (or integro-differential)
equations with random coefficients, where the randomness appears in zero-order terms, i.e.,
not in the differential terms.

Chapter 3 reviews the solution operator of the stationary linear transport equation, as
a preparation for the next chapter. We show that the norm of the solution operator as a
transform in the L? space can be bounded independent of the structure and L> norm of the
constitutive parameter. This allows random perturbation of these parameters in Chapter 4.
The Schwartz kernel estimate of the solution operator also makes analysis of the corrector
in Chapter 4 much easier.

Chapter 4 investigates linear transport equations with random constitutive parameters.

The homogenization of such equations was known to be obtained by averaging; we recover
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this result and capture explicit convergence rates using a random model based on Poisson
point process. We then study the limiting distribution of the corrector in this random
homogenization. In a weak sense, this corrector converges in distribution to some Gaussian
process whose covariance structure can be explicitly characterized.

Chapter 5 is again a preparation for Chapter 6. It reviews some of the main properties of
the steady-state diffusion equation with absorbing potential, the fractional Laplacian equa-
tion with absorbing potential, and introduces a pseudo-differential equation resulted from
a Robin problem. These equations share the following properties: The solution operator is
a transform on L? and its operator norm can be bounded independent of the non-negative
potential; the Green’s function G(z,y) is of order |z — y|~%*# near the diagonal for some
B € (0,d). These properties define a family of PDE for which the corrector theory developed
in this thesis works.

Chapter 6 investigates the corrector theory in random homogenization for the family
of PDE mentioned above. Under some conditions, we explicitly characterize the limiting
Gaussian distributions of the random correctors. We emphasize two factors that largely
determine the main features of the limiting distributions: The singularity of the Green’s
function near the origin, i.e., the factor § defined above, and the decorrelation rate of the
random coefficient in the PDE. The fluctuation in the corrector is larger when the Green’s

function is more singular and when the random coefficient is longer correlated.

c. Corrector Tests for Multiscale Numerical Algorithms

Chapter 7 proposes a benchmark to test multiscale numerical algorithms that have been
widely used in scientific computing to capture the homogenization; the goal is to see if
these methods manage to obtain the limiting distribution suggested by the corrector theory
stated in Section 1.1. Finite element method based multiscale methods are considered, and
two algorithms are analyzed in detail. Our analysis suggests that though partial sampling

of a PDE with random coefficient may capture the homogenization, as long as corrector is



10 CHAPTER 1. MOTIVATIONS AND OVERVIEW

considered, it is sensitive to the decorrelation rate of the random coefficient.

1.4 Notes

Section 1.1 There are quite a few books and monographs that cover homogenization of
PDE. We recommend the book by Bensoussan, Lions and Papanicolaou [20] for periodic
homogenization; a more extensive book by Jikov, Kozlov and Oleinik [70] covers random
homogenization also. The book by Pavliotis and Stuart [95] surveys a broad range of
methods for multiscale PDE and other systems and contains an easy-to-access review of
homogenization.

Section 1.2 We recommend the book by Kaipio and Somersalo [71] as a primer on the theory
and computational implementations of finite dimensional inverse problems. A thorough
review of the Bayesian formulation in functional spaces, with applications to PDE-based
inverse problems, is given by Stuart [105]; Theoretical formulations of applying corrector
theory to PDE-based inverse problems can be found in the papers by Bal and Ren [18],
Nolen and Papanicolaou [88], which also include numerical experiments.

Section 1.3 Before reading the rest of this thesis, the reader should read the short list
of notations located after the last chapter, though they are mostly the standard ones. We
assume that the reader are familiar with elementary theory of partial differential equations,
at the level of the first six chapters of Evans [57], basic real and functional analysis, at the
level of Lieb and Loss [78], Hunter [68], and Reed and Simon [99]. For probability and
stochastic analysis, we assume the reader is familiar with the basic theories at the level of
Breiman [29] and Chung [38], and has working knowledge of stochastic integrals at the level
of Kuo [75].
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Chapter 2

Random Fields

This chapter studies random field models that will be used in later chapters. We introduce
notations that are widely used throughout this thesis, and characterize limiting distributions
of oscillatory integrals involving random fields. Specific examples of random fields, estimates

and explicit formulas for high-order moments are also provided.

2.1 Random Fields

Let (2, F,P) be a probability space with sample space €2, the o-algebra F of measurable
sets or events, and a probability measure P for elements in F.

A random field is nothing but a collection of random variables {X(t,w) | t € T} for
some T consists of points in R?. If T is N, the random field is just a random sequence
{X,(w)}; if T =R, the random field is often written as X;(w) and bears the name random
process. These two cases are the most discussed in standard textbooks, and the parameter
t naturally plays the role of “time”. In this thesis and in the context of corrector theory for
random homogenization of PDE, X (¢,w) models some parameter in a PDE, and T should
model the physical domain where the PDE is posed. Consequently, ¢ € T should play the

role of “position” rather than time.



12 CHAPTER 2. RANDOM FIELDS

As we have seen in Chapter 1, to model the highly heterogeneous properties of the
background media, the random models for PDE coefficients of have the form A (%,w).
Therefore, though the parameter z in the PDE may vary on some compact set X, the
parameter in the random model itself should allow points in e 'X. As ¢ is sent to zero
eventually, the parameters for the random field exhaust R%. For this reason, we assume

T = R4,

Definition 2.1 (Random Field). A random field on a probability space (2, F,P) is a
collection of random variables parametrized by R?; that is, {g(z,w) | € R4}. When d = 1,

the name random process is more standard.

Remark 2.2. Note that there are other ways to model the scaling in A (%) For instance,
if we are interested in the limiting distribution of a family of random processes, we may
simultaneously change the probability space (Q°, F¢,P¢) as ¢ varies, since convergence in
distribution (law) does not require the family to be defined on the same probability space.
In Section 2.3, we shall see such an example based on Poisson point process. Also, R% may
be replaced by some symmetric space that is easy to be rescaled, say S%~!. We do not go

further in these directions. OJ

Definition 2.3 (Stationarity). A random field ¢(x,w) is called stationary if for any n € N,

and any n-tuple (z1, -+ ,x,), 2; € R?, and any z € R?, the following holds:

(q(@1,0), - a2, @) 2 (g1 + 2,0), -+ @@ + 2,0)) (2.1)

where "2 denotes equality in law.

Suppose the coefficient ¢ (%, w) of a PDE is constructed from a stationary field ¢(z,w).
Then though for each realization the background media is spatially heterogeneous, the

statistics of it is still homogeneous.
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For a stationary random field g(z,w), there exists a natural group of measure-preserving

transformations 7, :  — €, so that P(7,;1A) = P(A) for any A € F.

Definition 2.4 (Ergodicity). A measure-preserving transform 7, is said to be ergodic if all

invariant events under the map 7, are trivial. That is to say,

A=A = P(A) €01} (2.2)

A stationary random field ¢(x,w) is said to be ergodic if the group of measure-preserving
transformations {7,z € R%} is ergodic. Ergodicity is not easy to check. Sufficient conditions

include the strong mixing property; see Definition 2.10.

Example 2.5. Consider a random field A(z,w), 2 € R%, consists of independent identically

distributed (i.i.d.) random variables. Then A(x,w) is stationary and ergodic.

Example 2.6 (Gaussian random field). A random field {W (z,w)} with parameter space
R? is said to be Gaussian if for any J € N, and any (z1,---,x;) where T € R?, the
random vector (W (xz1),--- ,W(xy)) is an R’-valued Gaussian random vector. As for any
random field, we can associate a mean field EW (z) and the covariance function R(z,y) =
EW ()W (y) — EW (2)EW (y) to a Gaussian random field. More importantly, these two
factors determine a Gaussian random field. This is the characterization enjoyed only by

Gaussian random field.

Example 2.7 (Canonical representation). An important setting, which in fact we should
always keep in mind, is the following: Take §2 to be certain subset of Lebesgue measurable
functions on R so that the PDE is well-posed. The value of w € Q at z € R? is defined
almost everywhere and is denoted by w(z,w). Expressed in a different way, €2 is the set of
all admissible coefficients.

Let F be the o-algebra generated by cylinder sets with base points that have rational

coordinates in R? and range sets which are product of open intervals in R. That is to say,
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F is generated by sets of the form:

{w(z) admissible coefficients, | w(z1) € I1,--- ,w(zs) € 15},

for some J € N, points z1,--- , 2y in Q%, and open sets I j with rational center and rational

length. In this way, F is countably generated.

The probability measure PP is defined on the measurable space (2, F) so that it is in-

variant with respect to the translation group 7, : Q — Q defined by

nw (y) =w(y —z), z,y€R%

We assume that the group 7, is ergodic.

For a stationary random field ¢(z,w), the corresponding mean field E{q(z)} is a constant.
Here and in the following, we always denote by E the mathematical expectation with respect
to the probability measure P. That is to say, E{f(z,w)} = [, f(#,w)dP(w) for any random
field f(x,w) defined on (2, F,P). To simplify notations, we will make the dependency on
w implicit henceforth. We may consider only stationary random fields that are mean-zero,

without loss of generality.

Definition 2.8 (Correlation function). The correlation function of a mean-zero stationary

random field ¢(x) is defined to be:

R(x) == E{q(y)q(y + x)}. (2.3)

Note the above definition is independent of y since ¢ is stationary. In the literature, R
is also frequently called the autocorrelation function , or the covariance function especially

when ¢ is Gaussian. We remark that the R(x) defined above is essentially the standard
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correlation between ¢(y) and ¢(y + x), that is,

E{q()qly +2)} — E{q(y)}E{q(y + =)}
v Var {q(y)} Var {q(y + =)}

up to the denominator, which is a constant for stationary random fields. Some immediate

properties of R(x) are worth recording.

Proposition 2.9. Let R(x) be defined as above. We have
(1) R is symmetric, i.e., R(x) = R(—x).
(2) R is bounded if ¢(0) € L*(9).
(3) R is semi-positive definite. That is to say, for any J € N, J-tuple (x1,--- ,x7)

where x; € RY, the matriz formed by {R(z; — x;)}/

7j=1 1s a semi-positive definite matriz.

In other words, for any (&1,--- ,&7) where § € C, we have

&R(z; — ;)& > 0. (2.4)
1

2.

J
i=1 j=

(4) As a consequence of (3), [pa R(x)dz > 0.

Proof. The first two items are trivial. The third one is obvious once we observe that the

left hand side of (2.4) is nothing but

J 2

> Gigla)

1=1

E

The fourth item is an immediate consequence of a nontrivial result in Fourier analysis,
namely the Bochner’s theorem, which asserts that the Fourier transforms of semi-positive
definite functions, hence that of R, are exactly positive measures. The integral in item four

is nothing but the value of the Fourier transform of R evaluated at zero. [J

Very often we abuse notations and do not distinguish semi-positive definite from positive
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definite, as long as it does not cause trouble. If §(0) is a positive and finite number, we
define

o? = R(y)dy. (2.5)
Rd

We remark that there exists random field such that the above integral is zero. For instance,

take a white-noise field and color it by covariance function which integrates to zero.

We would like to say a random field g(x) has short-range correlation if its correlation
function R(z) is integrable over R%, and long-range correlation otherwise. In the next couple
of sections, we shall investigate the following problem: What is the limiting distribution of

the following oscillatory integral over some domain X C R%,

/X q (g) f(z)dx, (2.6)

for some nice function f?7 As it turns out, the answer can be quite different for short-
range and long-range random fields. However, we need more assumptions in addition to the
integrability of R to give precise answers to the question. The details are provided in the

next section.

Let us conclude this introduction by addressing the following perspective of random
fields constructed above. Namely, we can view a random process ¢(z,w) as a functional-
space-valued random variable. As in Example 2.7, suppose that the coefficient ¢(x,w) of
some PDE belongs to some Hilbert space H. We can then view g(w) as an H-valued random
variable, and view ¢(x,w) as the R-valued random variable resulted from applying the linear
functional = on it, by x(q) := g(z). The correlation function R then maps H* x H* to R.
The advantage of this point of view is: We can consider a sequence of random fields F;(x,w)
as paths in certain Hilbert space, and investigate the weak convergence of the probability

measures on that Hilbert space induced by these random fields.
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2.2 Strong Mixing Random Fields

For the moment, let O.[f] denote the oscillatory integral in (2.6). We observe that this
random variable is mean zero. To determine its limiting distribution as € goes to zero, we

first calculate the order of its variance.

Var O.[f] = E{O1)} = [ R <°"” - y) f(@)f (y)dedy.

€

Suppose that f € L?(X); we apply Proposition 2.39 to the above integral and deduce that

d

the variance of O.[f] is of order €”. Therefore, to determine the limiting distribution of

O.[f], we divide it by £%2, and investigate the following quantity which is on a finer scale:

LIf] = % /X a(2) f(a)dr. (2.7)

Characterizing the limiting distribution of this integral is the main goal of this section.

2.2.1 Mixing of random fields

We have introduced the correlation function R(x) of a stationary mean-zero random field
q(z), which quantifies the correlation of the field at two points that are  apart. To have a
central limit theorem type of result, we need stronger control of the correlation of the field.

Suppose ¢(z) is defined on the probability space (Q, F,P). Given a Borel set A C R?,
we denote by F4 the sub-o-algebra generated by {¢(x) | x € A}, that is, all the measurable
sets regarding information of the random field restricted to A. Further, we denote by £(F4)

the set of square integrable random variables that are measurable with respect to F4.

Definition 2.10 (a-mixing). A stationary random field ¢(z) is a-mizing with mixing co-

efficient «(r) if there exists some function a : Ry — [0, 1] and lim,_, a(r) = 0, such that
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for any Borel sets A, B C R%, we have
P(S(T) - (T)] < a(dist(A, B)), VS e Fa, T e Fp. (2.8)

Here dist(A, B) is the distance between the two sets A and B.

Definition 2.11 (p-mixing). A stationary random field g(x) is p-mizing with mixing coef-
ficient p(r) if there exists some function p : Ry — [0,1] and lim,_,~ p(r) = 0, such that for

any Borel sets A, B C R%, we have

E&n— ES En
\/ Var (§) Var (n)

|Corr(&,m)| = p(dist(A, B)), V&€ L(Fa)n€ L(Fp). (2.9

Here dist(A, B) is the distance between the two sets A and B.

The above definitions of mixing coefficients are just two examples of the various mixing
coefficients used in the statistics literature. In general, mixing coefficients quantify de-
correlation of the information about the random fields over separated regions in terms of
the distance between these regions.

Suppose the random field g(x) is i.i.d, then of course it is mixing (in fact with «a(r) =
p(r) =0 for r > 0). Therefore, mixing can be thought as a measure of weak dependency, a
generalization of the concept of independency.

Recall that the most classical central limit theorem is for an i.i.d. sequence of random
variables X1, Xs, -+ with EX; = 0 and EX12 = 02 < co. It says that the rescaled sample
average S, /Vo?n = (X 1+ -+ X,,) converges to the normal distribution A/(0,1). Since
the random coeflicients of PDE that we consider in this thesis are in general not independent
at different points, and is usually parametrized in dimension two or higher, we need a more
general central limit theorem which accounts for weakly dependent random sequence with
multi-dimensional indices. We record such a result below.

Let X.,z € Z% be a random field. We can adapt the definitions of mixing coefficients
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above to the current setting, using d(z1,22) = maxj<i<q|z1(i) — 22(¢)| to measure the
distance between two points 21, 2o € Z¢. Here, z(1) is the ith coordinate of z. We have the

following central limit theorem for weakly dependent random field.

Theorem 2.12 (Bolthausen). Let X,z € Z% be a stationary random field with mean zero.
Suppose X, is a-miring with mizing coefficient a(m). Further, assume that there exists

some & > 0 such that
o0
E|X.|** < o0, and Z maa(m)®/ ) < .
m=1

Then Y ,cqa|cov(Xo, X2)| < oo and if 62 = Y, zacov(Xo,X.) > 0, then the law of
Sn/a]An]1/2 converges to the standard mormal one. Here, S, is the sum over X,,z €
A, where {A,} is a sequence of subsets of Z% which increases to Z* and satisfies that

limy, 00 |OAL]/|An| = 0. The cardinality of the set A is denoted by |Al.

Remark 2.13. In the paper by Bolthausen [27], this theorem was proved for even weaker
conditions. In fact, he defined ay;-mixing coefficients where the sets A, B in (2.8) are only
taken over |A| < k and |B| <. Then in his theorem, only oz  is needed.

Suppose that

a(m) ~ O(m~%%) for some & > 0, (2.10)

then there exists some § so that »_ m® o (m)%/+9) is finite. Suppose further that X,

has sufficient large moment; then the theorem can be applied.

Remark 2.14. The above theorem can be stated using the p-mixing coefficients as well. In
fact, it is not very difficult to see that the a-mixing coefficient is actually weaker than the

p-mixing coefficients. Given a p-mixing random field, one can choose «a(r) so that

a(r) < 4p(r).
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This is best seen by considering 14 and 1p, the indicator functions of A and B, in (2.8).

2.2.2 A central limit theorem for the oscillatory integral

The central limit theorem for discrete random fields in the previous section can be employed

to find the limiting distribution of the oscillatory integral (2.7).

Theorem 2.15 (Oscillatory Integral in Short-range Media). Let I.[f] be as in (2.7). Let
f € L3(X), q(z,w) be stationary, mean-zero, p-mizing with miving coefficient p(r) of order
O(r=979) for large r for some positive 5. Suppose also that o defined in (2.5) is positive.

Assume also that the boundary of X is sufficiently smooth. Then,

fangi% [ () e S 5 | gy a), (2.11)

Here, W (x) is the standard real-valued multi-parameter (]Rd—pammeter) Wiener process,
and dW therefore is the standard White-noise measure. The convergence is understood as

convergence of random variables in distribution.

Note that f € L? is required for the limiting Gaussian variable to have finite variance.
This theorem was proved by Bal in [9] for the case of f € C(X) and his proof can be easily
generalized to the L? setting. It follows quite easily from Theorem 2.12, but it is central to
the corrector theory that we will develop in later chapters. So we record its proof here in
detail.

Proof. 1. We prove first that it suffices to consider f € C(X). Indeed, for a general
f € L*(X), we can find a sequence f,, € C'(X) such that | f,, — f|z2 — 0. Then it follows

that I.[f,] — I.[f] in L?(Q) as n — oo uniformly in €. To see this, we calculate

B - P =% [ R (T2Y) G- D@ - Doy (212)

3

Apply Proposition 2.39 to this integral; it is bounded by [|R||p1|fn — f]32. As a result,
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I.[fn] converges to I.[f] in L?(Q).

Now suppose that the theorem holds for continuous functions. Consider an arbitrary
f € L?(X) and fix an arbitrary real number £. For any ¢, there exists a continuous function

f such that ||f — f||2L2 < ¢/(3|€)?||R||1). For this f, there exists an d(e) such that

IE =1 _E %0l <« 2 e < §(e).

Wl

Here and below, we denote by Io[g] the right hand side of (2.11) with integrand g € L2.

Consequently, we have that

IE €] g €0l < |E Il g gi€lolf] |+ |E bl _ e €holfl| 1 |E Ll _ R €Ll

By the choice of e, the first term is less than €/3. Meanwhile, the third term is bounded by

[E U —E ) < BIE(L[f] = LI < EPEILLS] - EIf]P.

By the choice of f, this term is bounded by €¢/3. For the middle term, we have

B <ol — & ol < PRI [f] - L1 = [€P1f - fli7=-

The last equality is due to the It isometry. By our choice of f, this term is bounded by € /3
as well. In summary, for any ¢ € R, we have shown that E e®’=l/] converges to E e¢/olf],

That is, I.[f] converges in distribution to Iy[f], completing the proof of the theorem.

2. Starting in this step, we prove the theorem for continuous f. In particular, f is
uniformly bounded. Let {Q?, § € Z4) denote the cubes of unit size that tiles up R%. Let
h > 0 be a small number, and let {Q;,;j € 7%} be the scaled cubes Q; = hQ?. The total
number of cubes that overlap with X are of order h~%. We divide them into two categories,

those that contain part of the boundary 90X and those that are in the interior of X. Since
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the boundary 0X is smooth, the number of cubes that are in the first category is of order
h=%*1. Suppose fj, is a piece-wise constant function with constant value on each cube of

the second category and is zero on cubes of the first category. Then, we have

E|L[f] — L[fn)]* < C|f — fullF e

for any e for some constant C' that is independent of h and . Therefore, upon reducing
to another approximating sequence, we can assume f in (2.11) is in fact such a piece-wise

function. That is,

f(z) = Z flej(‘T)’

JELE
Here Z¢ contains indices such that (); belongs to the second category.

3. In this step, we assume f has the form of the previous formula. In particular, define

random variables {IZ,j € Z} by

Il = id q <E> flx)dx = fjid / q (E) dx.

€2 JQj

The task of this step is to show that these random variables are asymptotically independent.

That is, for any & := {&; € R | j € Z%}, we have
£ =k ¢ et ST H Bt | — 0, ase—0. (2.13)
JELE

Let 1 be a number between zero and % Denote by Q;, the cube which shares the center of

@; but have sides of length 7. Define

1, = fj_é/ 0(D)de, Ph =15,
€2 JQjn €

Let us adopt an arbitrary numbering of the set Z%¢. One of the cubes is then @i, and
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accordingly there are I7, 1”5177 and Paln. Now we write

E i 261 — E{(eiﬁlpsln — 1)ei€11§n+i2j¢1 53‘13} + E{ei&fslnﬂ' s 53'15}'

Using the p-mixing condition (2.9), we find that

E{e1 it 5]»13} CR{S IR Zin 5]»12}

<a?)

Consequently, we have

E ¢ iend G _ E{e11e) HEez’ijz <Cp <Q> I ‘E{(eiaP;n C 1) I &1y
9
#1

+ E{(eiglpfln — 1)ei51]€1n} HEe’fiIg .
j#1
For the last two terms, we use the fact that the exponential function is bounded uniformly
on the unit circle of the complex plane C, and the fact that |’ —1| < |#]. They are bounded
by
2EJ6 P < 206 (BIPL,P)?

The second moment of ]35177 can be estimated as (2.12), and is of size n?.

E ¢ Dot 5 _ pee iy [T RS2 | < ) (2) +cnt.

i1 c
Now iterate the above argument for j = 2,3,--- , M, where M is the cardinality of the set
Z2. At the end, we have

s <nfo(2) +of]

. 2 d .
So, if we choose n = €3, then as € goes to zero, £ ~ €3 which converges to zero. This shows
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that the random variables {Ig | j € Z4} are asymptotically independent.

4. Due to the asymptotic independency, it suffices to investigate the limiting distribution
of each IZ separately. These random variables have the same form and hence can be treated

once for all. In particular, it suffices to show

1 e
Ln=—— | q (f> dp SN, A (0, B, (2.14)
€2 JQy £ e—0

where @Qy, is the cube centered at the origin with sides of length h paralleling the coordinate
axes. To show this convergence, we break the cube (), into smaller cubes with side length
e. There are totally N = h/e (which we assume is integral) such cubes. Denote the small

cubes by {Qn; | j € Z} and define

K; ::/ idq <E> dx :/ q(y)dy, je€ 7. (2.15)

Qnj € Q?

Here {Q? | 7 € Z%} are the image of {Qp; | j € Z%} under the map s : x + ze~ 1. The
random variables {K; | j € Z} are stationary mixing random variables. Moreover, I.j, can

be viewed as

[N]fsH

Ly=¢2 Y fg:(%) > K (2.16)

s QUeQy, JELL)I<N

Here, s* is the pullback of the map s. Therefore, the sum above accounts for Qj;’s that are
inside Qp,. In the second equality, an index j = (ji,--- ,jq) belongs to Z%, and |j| denotes
its infinity norm max(|j1],-- ,|ja|)- As € approaches zero, the sum has the central limit
scaling N =% but is weighted by hs. Applying the central limit theorem of Bolthausen,
Theorem 2.12, we have

Ld distribution, N(0,1),

N2 jezaljisn
where o2 = > jeze E{KoK;}. This in turn proves (2.14). To check the mixing conditions

in Theorem 2.12, we observe that the p-mixing coefficient of {K; | j € Z?} is given by that
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of {q(z) | * € R}, and > jend 171971 p(j) < co. We also verify that

o? = > E{K.K;} = / Z/ (z — y;)dy; dw—</R d2>\Qo!

jezd jEZ4

which agrees with the o2 defined in (2.5).
6. We apply (2.14) and find I distribution, aN (0, ffhd) where I are defined in step
three. Since they are asymptotically independent. We have the following convergence of

our main object I.[f], which is nothing but the sum 3 ; I

LIf] S 0N (0, Y 7R = oN (0, If1132). (2.17)
JeLd
By It6 isometry, this proves (2.11) for piece-wise functions in step two. Recall the approxi-

mating arguments in step one and two to complete the proof of the theorem. [ !

2.3 Superposition of Poisson Bumps

The purpose of this section is to explicitly construct a random field that has short-range
correlations. In a nutshell, our random field is a superposition of bumps whose centers
follow the distribution of a Poisson point process. We start this section with a short review

of this process.

2.3.1 The Poisson point process

An N-valued random variable X is said to have a Poisson distribution with parameter A,

denoted by X ~ P(A), if its probability density function is given by

—)\)\m

P({X = m}) =

!One may wonder whether the theorem still holds after p-mixing is replaced by a-mixing. Once I thought
I had a proof of this, and used it in a paper [13]. While writing my thesis, I could not reproduce the proof.

= (2.18)
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The one dimensional Poisson process {N(t) | t > 0} is a continuous time process so that:
N(0) = 0; N(t) has stationary and independent increments, and for any two times 0 < ¢; <
to, the increment N(t2) — N(t1) has distribution P(t2 — t1). From another point of view,
the jump points of N(t) are a collection of points on the half line R;. In particular, N(t)
induces a random counting measure on intervals of the form (a,b) (which counts how many

jump points land in this interval) by

N([a,b]) = N(b) = N(a) ~ P(|(a,)]),

where |(a,b)| denotes the length of this interval. This interpretation of the Poisson process

is readily generalized to higher dimensions.

Definition 2.16 (Poisson Point Process). A Poisson point process on some probability
space (Q,F,P) is a collection of countably many points in Y = {y; | j € N} C R? so that
for any Borel set A C R?, the cardinality of Y () A, which is denoted by N(A), has Poisson
distribution P(]A]).

Remark 2.17. To put the definition in more abstract form, a Poisson point process is a
random variable from (Q, F,P) to the measure space (9, ). Here, M is the space of locally
finite counting measures, i.e., 9(A) is finite for any compact set A C RY, and N is the
smallest o-algebra which renders the map 91 3 n +— n(B) measurable for any compact sets

B. U

A slightly modification of the above definition, in the same way that pure jump Lévy
process generalizes the Poisson process, can be formulated by adding a parameter called

“intensity” to the Poisson point process.

Definition 2.18. A Poisson point process with intensity v > 0 is defined as before except

that N(A) ~ P(v|A]). We denote such a process by (Y, v).
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Proposition 2.19. Let (Y,v) be a Poisson point process; let A C R? be a Borel set.
Conditioned on {N(A) = m}, the m Poisson points yi,--- ,Ym that land in the set A are

independently and uniformly located in A.

This is an important property of the Poisson point process, which shows that the process
has complete randomness. We refer the reader to [41] for the proof and an extensive

discussion of point process.

2.3.2 Superposition of Poisson bumps

Now we are ready to construct the random field involving Poisson bumps.

Definition 2.20 (Bump). A bump function ¢(z) : R — R is a C* function that is

compactly supported on the unit ball Bj.

Definition 2.21 (Superposition of Poisson Bumps). Let (Y, ) be a Poisson point process
on R?, let ¥(z) be a bump function. The superposition of Poisson bumps denoted by ¢y is

a random field given by

by (@) =) vz —y)). (2.19)
j=1
Here {y; | j € N} are the points in Y. We call ¢ the profile of the Poisson bumps.

Remark 2.22. We remark that vy is not uniformly bounded from above. Indeed, the prob-
ability P{N(B1(z)) = M} is positive (though small) for arbitrary large M. Consequently,
with small possibility a large amount of Poisson points can accumulate near z, rendering

Yy (z) arbitrarily large. O
The following result shows that vy is stationary and strong mixing. In particular, it is

also ergodic.

Proposition 2.23. Let 1y (x) be a superposition of Poisson bumps as defined in (2.19).
We have
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(1) Yy (x) is a stationary random field.

(2) Yy (x) is p-mizing with mizing coefficient p(r) € Ce(R4).

Proof. The stationarity of ¥y is due to the fact that the random counting measure N (A)
in the definition of (Y, ) only depends on |A|, hence translation invariant.

For the second item, we observe that the o-algebra F4 (cf. section 2.2.1) for a set A
depends on the Poisson points in the set Ay; := {y | d(y,A) < 1} (here d is the distance
function in Euclidean space). This is because the support of the profile function v is Bj.
Consequently, as long as d(A, B) > 2, the set A1 and B4 will be disjoint which implies
that F4 and Fp are independent due to Proposition 2.19. Therefore, the mixing coefficient

p(r) is compactly supported in [0, 2]. This completes the proof. O

Remark 2.24. A random field satisfies the second item is very often called m-independent,
which is a much weaker dependency than p- or a-mixing with any decay rate. In particular,

¥y (x) has short range correlations. O

2.3.3 Moments of superposition of Poisson bumps

We move on to derive a systematic formula for the moments of the random field vy con-
structed above. As a warm-up, we consider the second moment first, which already reveals
the key techniques that allow us to obtain explicit moment formulas.

Since 9y is stationary, its mean is a constant. Fix an 2 € R%; then vy () only depends
on Poisson points that land in Bj(z), the unit ball centered at z. The mean of 1y (z) can
be calculated conditioning on N (Bj(z)), the number of Poisson points inside the ball. We

have

Eyy(z) =E ) dla—y) =Y |P{N(Bi(z) =m}E | Y v(z —y))IN(Bi(x)) = m

yj€B1(2) m=1 j=1
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Here, we denote the m points that land in B;(x) as y; Recall Proposition 2.19, we have

m=1

) =v | P(z)dz = mZ(O).
Rd

Here, 7, denotes the volume of the unit ball in R%: {b\ is the Fourier transform of v, which

we use only to simplify notation. We observe that the mean of ¥y (z) is a constant.

For the second moment, we have

o0 o0

E{ey (z1)y (22))} =B | Y wb(z1 —y;) > vl — i)

j=1 k=1

Since v is compactly supported on the unit ball, only those y;’s that are in the set A =
Bi(z1) | Bi(z2) contribute to the product, and A is a bounded set. Again, we calculate

the expectation conditioning on N(A). The object is now:

m

S A B S o — ypita =)+ 30wl — sl — o)

m=1 j=1 1,j=1,i#j

N =] = [ Uer — 2z — 2)dz + D0,
(z1) N B(x2)

where we have used Proposition 2.19 again.

Now if we consider the mean-zero random field diy = 1y () — E 1y, its correlation

function can be written as

Ria) = B{oy Oy @)} = Bor)t =v [ 00 =)o@z (220

We note that R(x) is compactly supported in this case.
The preceding calculation reveals three key steps in deriving formulas for the moments
E{H,iwzl Yy (xg)}. First, the moments can be calculated by conditioning on the number of

Poisson points in some set. Second, we need a systematic method of tracking the distribution
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of these Poisson points among vy (x). Third, we need to use Proposition 2.19. The
following terminologies borrowed from combinatorics will be helpful for step two. For an

positive integer n, let N<,, denote the set {1,2,--- ,n}.

Definition 2.25 (Partition of an Integer and Partition of a Set of Integers). Let n be a
positive integer, and N«,, defined as above.

(1) A partition of n is a set of array (ny,ng, - ,ny) satisfying that:
1 <nj; <ng <--- <ny, which satisfies n; +--- + ni = n.

The set of all such partitions is denoted by P,. A partition of n is called non-single if
n1 > 2. The set of non-single partitions of n is denoted by ¥,,.

(2) A partition of N<y, is a collection of nonempty subsets {A; C N<,,} satisfying
UAZ- = N<,, and AimAj = () for i # j.

If each A; contains at least two points, the partition is said to be non-single.

The total number of all possible partitions of N<,, is finite and they are exhausted by
first finding all partitions of n, and then for any fixed partition (n1,--- ,ng) € Py, finding
all possible ways to divide the set N<,, into different subsets of cardinalities n;,¢ =1, -- , k.
Observe also that for any given {z1,--- ,x,}, it can be identified with N<,, under the obvious
isomorphism. Therefore, these two steps also exhaust all possible ways to divide the set

{z;},1 < i < n into disjoint subsets. For a generic term among these grouping methods, a
(Zvnj)

point can be labeled as where nj,1 < j < k comes from the partition of n; once {n;}

fixed, ¢ counts the way to divide N<,, (hence {z;}) into groups with size n;, and it runs

from 1 to Cp""""""F; i is the natural order inside the group. Here and below, Cp,"""""* is the

n!

We denote the permutation coefficient by PF = (=i

n!

multinomial coefficient TTRETE

Now, we calculate the nth moment E[]?_; ¢y (z;) by conditioning on N(A) where A =
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U B(x;). We have,

E] vy z e g TS it — IV () = m

i=1 m= i=1j=1

The product of sums can be written as

n m cpl Tk Pﬁb k nj
[ v@-v= > > SIIITeE™ ). (2.21)
i=1j=1 (n1,-ng)€Pr =1 p=lj=li=1

Here Pfﬁb,m > k corresponds to choosing k different points from the m Poisson points in
the set A and assign them to the k groups, and yg-’ represents the choice. The expectation

of the product of sums are calculated as follows.

00 V‘A| V|A|) C;Ll,-.-,'rlk P”I;‘ E onj &nj )
> > 2 2 IITIvE™ —winve) =
m=1 (n1,- np)€Pn  £=1 p=1j=1i=1

CZI,.., Z

— Z /H¢ i (2.22)

(n17"'7nk)epn g 1 =

MY Mg
Cnlv k

k
Z o A In;
— n 2 1o 3Tty
et HT ](:1:1 ,...7:1/'”]_ )
=1

(n17...7nk)e’Pn /=1

np

Here, we defined 7™ to be T™ (z1,- -+ ,2pn,) =1 [ [12, ¢(x; — 2)dz. In the second step in

the derivation above, we used Proposition 2.19 again, which implies

Pk k nj o

3 " - Al) n . d
> TTTTwtl™ =N ) = m| = 50 e wiA) PkH/qu RESLS
p=1j=1i= —

To derive higher order moments of the mean-zero random field dy, we observe that

n C n—m m

[T 0wy (zi) = [y (@) — v (0)] = >~ (—wip(0))™ > ﬁZ 2" —y;). (2.23)
=1 3 s=1 =1 j=1
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Here s numbers the ways to choose n — m points from the z;’s and the chosen points are

labeled by s,n —m with (relative natural) order i. Then we have the following formula.

Lemma 2.26. Let 9, be defined as before. For the mean-zero process 0y, we have

"1 ang k

E[[ovy(z)= > Z HT"J D ). (2.24)

=1 (n1,,nK)€EYn =

The only difference of this formula with that of the higher order moments of vy is the
change from P, to 4,. This is due to the fact that all the T terms, i.e., terms with 1/1;(0),
cancel out and we are left with the terms 7™ with n; > 2. The proof below follows this
observation.

Proof. Combining the formula for EJ[ )" ¥ (x; — y;) and the expression of [[ 6¢y (z;), we
observe that the moment E [0ty (x;) consists of terms of the form:
R k

+(wp(0)) [ 77 (2.25)

J=1

where nj > 2, k <n—1land ) n; =n—1[. The terms with [ = 0 are exactly those in (2.24).
We show that all the other terms with [ > 1 vanish. Without loss of generality, we consider

the term

(V{Z)\(O))ITTH (xl’ e 7$n1)Tn2 ($n1+17 e 75L'n2) RN A (ffnk,l—i-l, T 7x”k)‘ (2'26)

This term corresponds to the partition that groups the points with indices between n;_1 +1
and n; together for 1 < I < k (with ng = 0). The last [ points contribute the term (v¢)(0))".

This term appears in the expectation of the right hand side of (2.23) with m =0,1,--- ,[.
It is counted once in the expectation of the term with m = 0. It is counted Cll times in
the expectation of terms with m = 1. The reason is as follows. For the m = 1 term, first

we choose a point which contributes (1/1;(0)), then we partition the set with n — 1 points.
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There are Cl1 ways to choose this point, and view the other [ — 1 points as coming from the
partition of the n — 1 points. By the same token, this term is counted Cl2 times in (2.23)
with m = 2, and so on. It is counted C’ll times with m = [. Note also that for different

values of m, the signs of the term alternate. Now recall the combinatoric equality

l
> (-vFct =o. (2.27)

k=0

Hence the term we are considering vanishes. In general, all terms with | # 0 vanish. This

completes the proof. [J

2.3.4 Scaling of the intensity

As mentioned earlier in this chapter, we will scale the parameter in the random field ¢(z,w)
properly so that it models some heterogeneity of the background media on which some PDEs
are posed. For instance, a typical realization ¢(z,w) oscillates about its mean value zero as z
varies; assume the correlation length, the length scale on which g(x) varies between its local
minimum and maximum, is of order one. Now the scaled version ¢ (f,w) has correlation

length of order e. In other words, the scaled version is of high frequency with order 7.

Use the scaling procedure above; we get a highly oscillating random field )y (%) In the
literature, however, other ways of generating highly oscillatory random field of superposition
of Poisson point process can be used, as in [12, 17]. Let (Yz,e~%v) be a Poisson point process

with intensity e~?v. Then one can define

N'_OO ;p—yj
vy, .—;w< - )

Let us show that these two definitions of scaling are equivalent in the sense of distribution.

By their definitions, it suffices to show that e~!(Yz,e~%v) has the same distribution as
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(Y,v). This is easily verified by:

—ve—4eA| —d m
P{N(A;e"'Y.) = m} = P{N(eA; Y.) = m} = & 7(7’:'5 EAD™ 4 € B(RY).

Since e~%|cA| = |A|. The probability above is precisely P{N(4;Y) = m}. This completes
the proof.

Finally, we observe that many functions associated with the scaled random field ¢ (%),
such as the correlation function and moments formulas, can be obtained by scaling the
variables of the random field g(z). In particular, the correlation function R.(x) of ¢ (%) is

precisely R (%) .

2.4 Functions of Gaussian Random Fields

Let {g(x) | * € R%} be a stationary real-valued Gaussian random field given on some
probability space (2, F,P). Without loss of generality, we assume g(x) is mean-zero and

variance-one. Let Ry(z) := E{g(0)g(x)} be its covariance function that satisfies

Ry(x) ~ ’/;%, for |z| large. (2.28)

When « < d, this is a Gaussian field with long-range correlation. Note that the covariance
function itself is enough to determine such a Gaussian random field. We will refer the

following process as “function of Gaussian”.

Definition 2.27 (Function of Gaussian). A random field ¢(z,w) constructed by a function
of Gaussian is defined as ®og(x,w), i.e., ®(g(x)), for some bounded real function ® : R — R
satisfying

/ @(s)e_ﬁds =0. (2.29)
R



2.4. FUNCTIONS OF GAUSSIAN 35

We observe, in particular, that ¢(x) such defined is uniformly bounded by ||®|| e, and
is mean-zero. The motivation for this definition is to construct a field that is bounded (note
Gaussian is not uniformly bounded) and for which some explicit calculation can be done
(thanks to the underlying Gaussian field). As the first example of such explicit calculations,

we show that R(z) has the same asymptotic behavior as R, in (2.28).

Lemma 2.28. Let q(x) be the random field above. Define Vi = E{go®(go)} where g, is the
underlying Gaussian random field. There exist some T, C > 0 such that the autocorrelation

function R(x) of q satisfies
|R(z) — VPR,(z)| < C’Rg(x), for all |z| > T, (2.30)
where R, is the correlation function of g. Further,

E{g(y)q(y + )} — ViRy(z)| < CRg(x), for all |x| > T. (2.31)

Proof. A proof of this lemma can be found in [11]; we record it here for the reader’s

convenience.

2 2
+ 95 — 2R, (x
gt g )9192> dordan.

1
RN e [ woneteen (-5

For large |z|, the coefficient Ry(x) is small and we can expand the value of the double
integral in powers of Ry(z). The zeroth order term is the integration of ®(g1)®(g2) with
respect to exp(—|g|?/2)dg where dg is short for dgidge; this term vanishes due to (2.29).
The first order term is integration of ®(g;)®(g2)g1g2 with respect to the exp(—|g|?/2)dyg,
which gives VZR,(z).
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Similarly, for the second item in the lemma, we first write

G + 95 — 2Ry(2)g192

1
W /RZ 91<I>(gz)exp< 20— () )dgldgg.

E{g(y)®(9(y +))} =

Then we expand the value of the double integral in powers of R, and characterize the first

two orders as before. [

It follows that R(z) behaves like k|z|~®, where k = Vi2k,, for large |z|. In particular,
there exists some constant C' so that |R(z)| < Clz|™®. When a < d, R in not integrable
and ¢(z) has long-range correlations.

Similarly, ¢(z) is uniformly bounded and strong-mixing provided that the underlying

Gaussian random field is strong mixing and the function ® is uniformly bounded.

Proposition 2.29. Let q(z,w) be the random field model in Definition 2.27 with some ®
satisfying the conditions there. Suppose that |®| is uniformly bounded by some positive num-
ber qo. Assume also that the underlying Gaussian random field g(x) is strong mizing with
mixing coefficient o(r) satisfying the condition (2.10). Then q(x,w) is uniformly bounded

and has the same strong mixing properties.

Proof. From the definition of ¢ and the bound on |®] it is obvious that ¢(z,w) is uniformly
bounded. Also from the definition of ¢, we see that the o-algebra F4 generated by variables
q(z,w),z € Aisin fact generated by the underlying Gaussian random variables g(z,w),z €

A. Hence ¢ shares the same stationarity and strong mixing coefficient a(r) with g. O

2.4.1 Fourth order moments formulas

As for the Poisson bumps model, we wish to develop high-order moments formulas for the
model @ o g. In the general case, it is difficult to obtain formulas for arbitrary moments.

Nevertheless, we derive an estimate of fourth order moments assuming an additional con-
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dition on the function ® in the model. We form the estimate in terms of the fourth order
cumulants.
Some terminologies are in order. Let F' = {1,2,3,4} and U be the collections of two

pairs of unordered numbers in F, i.e.,

U={p={p1),p?2),[@@3),p4)} | p(i) € F,p(1) # p(2),p(3) # p(4)}. (2.32)

As members in a set, the pairs (p(1),p(2)) and (p(3),p(4)) are required to be distinct;
however, they can have one common index. There are three elements in &/ whose indices
p(i) are all different. They are precisely {(1,2),(3,4)}, {(1,3),(2,4)} and {(1,4),(2,3)}.
Let us denote by U, the subset formed by these three elements, and its complement by I/*.

Intuitively, we can visualize U in the following manner. Draw four points with indices
1 to 4. There are six line segments connecting them. The set U can be visualized as the
collection of all possible ways to choose two line segments among the six. U, corresponds
to choices so that the two segments have disjoint ends, and &* corresponds to choices such

that the segments share one common end.

Definition 2.30. We say that g(x,w) has controlled fourth order cumulants with control
functions {¢, € L®°(R? x R?) | p € U*} if: There exists such control functions, and for
any four point set {xi}le, z; € R? we have the following condition on the fourth order

cross-moment of {q(x;,w)}:

4
‘EHQ(%‘) - Z E{q(zp))q(wpe2)) YE{q(zp3))q(2p(a)) }
i=1 pEU (2.33)

<Y (@) — Tp(2) Tp(z) — Tpy)-
pEU*

Observe that since Eq(x,w) = 0, the left hand side is the (joint) cumulant of {q(x;,w)},

and hence the notation for this property. In the sequel, we will denote the cumulant of
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{q(z:)}i_y by 9(q(z1), -, qz4)).

Remark 2.31. This definition is motivated by Gaussian random fields for which all but two
cumulants vanish and hence we can set ¢, to be zero for all p in (2.33). Although it satisfies
the condition above, a Gaussian random field is not bounded and large negative values of
g- may yield non-uniqueness of PDE. The above condition on the cumulants hence provides
a “decomposition” of fourth order moments into pairs just as Gaussian random fields up to

an error we wish to control.

With a further assumption on the function ®, we show that the model in Definition 2.27

has controlled fourth order cumulants.

Proposition 2.32. Let g(x,w) be the random field in Definition 2.27 with some ® satisfying

the conditions there. Further assume that the Fourier transform of ® satisfies that

/R D)) (1+ ) < oo (2.34)

Denote by k. the value of this integral which is a finite positive real number.

Then q(z,w) has controlled fourth order moments with control functions {81k:| Ry@Ry|}.

Proof. Recall the definition of ¢(z) and the underlying Gaussian random field g(x). Fix
any four points {z;}1_; and let ¥ be the joint cumulant of {q(z;)}; in the Fourier domain

it can be expressed as

t 3 letyy. ety
v = /R4 H @(fj)e_% (He‘iﬁ Di& N "2t D15>d4§. (2.35)

j=1 i=1 i=1
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Here &' denotes the transpose of ¢, and the matrices D;,i = 1,2, 3 are defined as follows:

0 p2 0 0 0 0 m3 O 0 0 0 pus
0 0 0 0 0 0 24 0 0 p23 O
Dl - pr2 ) D2 - P ) D3 = )
0 0 0 pu piz 0 0 0 0 p3 0 O
0 0 p3sa O 0 pau 0 O pa 0 0 O

where p;; = Rg(x; — x;) is the covariance of g(x;) and g(x;). We apply the following

identity to the product and the sum inside the parenthesis in (2.35).
abc—a—-b—c=(a—-1)b—-1)c=1)+(a—-1)b—-1)+(a—1)(c—1)+(b—-1)(c—1) -2,

We then use (2.29) to argue that the constant two above does not contribute to (2.35).

Hence we have

4 . 3
19:/ []é@)e = (H[e—%ﬁtf’z — 1)+ Y e3P [e—%ftDkf_u).
R* 57

i=1 i<k

For each fixed £, we use the Taylor expansion for exponential function and write

1 D,
e~ 56DiE _ 1 —§£tDif€_%§t(cle)§,

where the real number ¢; depends on £ and D; but is always an element in [0, 1]. Therefore,

we have

4
oo ne

=1

3 e—%ff(1+cz-Di+Cka)5[%é’tsz] [%&%5]) d'e.

i<k

Observe that I + D;, I + D; + D; with (¢ < j) for i,j = 1,2,3, and I + 25’:1 D, are
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non-negative definite matrices. Since ¢; € [0,1], we deduce that I + ¢;D; + ¢ Dy, for any
1 < k,and I + 2?21 ¢;D; are all non-negative definite. Indeed, we can rewrite them as a
sum of non-negative definite matrices. For instance, without loss of generality we assume

¢; is increasing in ¢, and then

3 3

3
I+;CiDi = Cl(I—FZ;Di) + (e2 —61)(1—1—;&) +(e3 —c2)(I + D3) + (1 — e3)1.

Each of the matrices on the right hand side above is non-negative definite.

Therefore, we can bound the exponential terms in the integral by one, and conclude

that

LI | 1 1
9| < /R%];[l!@(&)\ <E|§§tDi§‘ +Z\§§tDi§\ : ‘gftDkd) :

i<k
Now the products in the parenthesis above are just polynomials in the |{;| variables, and for
each ;, the highest possible power on it is three. The coefficients in those polynomials are
products of two or three p;; functions. Since |p;;| < 1 by definition, we can bound the D¢
of the first member in the parenthesis above by [£1&2| 4 |£3€4]. Then after evaluating the
product, the coefficients in the polynomial of |{;| variables are products of two p;; functions.

With this in mind, it is easy to verify that

!ﬁ(Q(fﬂl), e aQ($4))‘ < (|012p13| + |p12p24| + |p3ap13| + |p3ap24

+ |p12p14| + |p12p23| + |p3ap1a| + |p3ap2s]

4
+ [p13p1al + [p13p2s] + [p2ap1al + |p2ap2sl) /R4 [T 2@ (1P + 181 + 161 + 1)d*e.
j=1

Thanks to (2.34), the last integral is finite and can be bounded by 3%x2. Compare the above
inequality with the cumulant condition, i.e., (2.33); we see that all pairs of indices in the
products of p functions above lie in U* where U is defined in (2.32). Then for each p € U*,

we set ¢, 1= 81k1| Ry ® Ry|. We see (2.33) is indeed satisfied. This completes the proof. OJ
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The above model is not the only type that has controlled fourth order cumulants. Recall
the moments formula (2.24) for the Poisson bumps model ¢y (z) in (2.19). If we define
q(z,w) to be its mean-zero part, then the joint cumulant of {g(z;,w)}?, has the following

expression;

Iq(z1), -+ ,q(z4)) = V/‘P(»’«”)@(@ — 1+ 2)p(r3 — 21 + 2)p(rs — 21 + 2)d2
(2.36)

<vellze /w(Z)sD(wz —z1+ 2)p(r3 — 21 + 2)dz.

We verify that the last integral above is bounded uniformly in the variables xo — x1 and
x3 — 1 since ¢ is bounded. In other words, the cumulant function 9 satisfies (2.33), for we
can set ¢, to be the last integral in (2.36) for p = {(1,2),(1,3)} and ¢, = 0 for all other p.
This verifies that ¢(z,w) defined above has controlled cumulants. In fact, these ¢, functions

are integrable in their variables since the profile function ¢ is compactly supported.

2.5 Random Fields with Long-range Correlations

In this section, we revisit the oscillatory integral O.[f] := [y ¢ (%) f(x)dx, for some sta-
tionary mean-zero random field ¢(z), an L? function f on some domain X € R?, in the
case when ¢(z) has long range correlations. That is, when the correlation function R(z) of

q fails to be integrable, so that Theorem 2.15 on this oscillatory integral ceases to work.

There is no central limit type results for a general long range correlated random field.
Therefore, we constrain ourselves to the case when ¢(z,w) is a function of long-range Gaus-

sian defined as follows.

Definition 2.33 (Function of Long-Range Gaussian). A function of Gaussian ¢(z,w) de-
fined in Definition 2.27 is said to have long range correlation if the correlation function of

the underlying Gaussian random field satisfies (2.28) with o < d.
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2.5.1 Convergence in distribution results

As in the case of strong mixing random field, we are interested in the limiting distribution

of oscillatory integrals of the form

L= o= /X 0(%) Fla)dr. (2.37)

a3
2

Note that the scaling factor is €2, which is longer than £% in the strong mixing case. This
is indeed the correct scaling, because the variance of the integral [y ¢.(z)f(x)dx is of order

€%, which can be easily checked.

In the strong mixing case, the limiting distribution of the oscillating integral is captured
by Theorem 2.15, in which the limit is written as a stochastic integral with respect to
Brownian motion. In the long range case, we will see that the limit can be writen as a
stochastic integral again, but one with respect to the fractional Brownian motion (fBm)
which, unless the Brownian motions, has correlated increments. For the convenience of the
reader, we briefly review some essential properties of fBm, and stochastic integral with fBm

integrator.

A fBm WH(t) with Hurst index H is a mean-zero Gaussian process with W (0) = 0,

stationary increments and H-self-similarity, that is, for a > 0,
9
{WH(at)}teR = {CLHWH(t)}teRa (2.38)

where Z means the equality in the sense of finite dimensional distributions. From this simi-
larity relation, we deduce E[(W ! ())?] = [¢t|* E[(W (1))?]. In particular, if E[(W(1))?] =
1 we say the fBm is standard. It follows from the stationarity of increments that the co-

variance function of W (t) is given by

RH(t,s) = E{WH (t)WH(s)} = = (|t + [s|* — |s — ¢|*). (2.39)

DO =



2.5. LONG-RANGE FIELDS 43

When H = 1/2, the increments of WH are independent and the fBm reduces to the usual

Brownian motion. For H # 1/2, the increments are stationary but not independent.
Stochastic integrals with respect to fBm can be defined on many functional spaces. Note

that H = 1 — 5 is in the interval (%, 1). In this case, a convenient functional space to define

stochastic integral is

|r|H={f: /] If(:v)llf(y)llw—y|2(H‘”d:vdy<OO}- (2.40)

It is easy to check, for instance from the Hardy-Littlewood-Sobolev lemma [78, §4.3], that
LYR)NLA(R) ¢ LV < |12, Stochastic integrals against fBm do not satisfy It6 isometry;

instead, we have

f(h(s)
E { /R £ /R h(s)dwH } — H(2H — 1) /R Ty dtds. (241

The right hand side is a double integral. Heuristically we can write E{dW (t)dWH (s)} =
|t —s|~20=H)dtds. For a nice review on stochastic integral with respect to fractional Brown-

ian motion, we refer the reader to [96]. Now we are ready to consider the oscillatory integral

(2.37).
a. One-dimensional case

In the one dimensional case, we have the following theorem.

Theorem 2.34 (Oscillatory Integral in Long-Range Media). Let q(x,w) be a function of
long-range Gaussian with decorrelation rate o < 1 as in Definition 2.33. Let F' be a function

that is both bounded and integrable on R. Then

1 x distribution K H
— — | F F . 2.42
=3 ! <5) @)de ==\ Her =1 /R (@)W (z) (242)

Here, WH (z) is the fractional Brownian motion with Hurst index H = 1 — 5. The constant
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K is defined to be kg4 (E{go®(g0)})? where gy is the value of the underlying Gaussian process

at zero.

This theorem is stated as Theorem 3.1 of [11]. A proof of it can be found there. We

reiterate that a hidden condition E{go®(go)} # 0 is assumed. When this quantity is zero,

—a/2

the limit above is zero, indicating that the scaling e is not optimal. In fact, when

a < 1/2, the integral fR ¢-F(x)dz has variance of order £2¢. Divided by €%, the resulted

integral has non-Gaussian limit. See the notes at the end of this chapter.
b. High-dimensional case

Fix N arbitrary test functions {¢y(z); 1 < k < N} in L*(X). Consider the law of

random vectors of the form (Jf(w),--- ,J5(w)), where

Jj(w) = —ea%/xqs(y)wj(y)dy- (2.43)

We have the following result characterizing the limiting joint law of them.

Lemma 2.35. The random vector (J5,J5,--- ,J5) converges in distribution to the centered

Gaussian random vector (Jy,J2, -+, JN) whose covariance matriz is given by

Lm()dydz (2.44)

ly —

Cip = E{J;Ji} = /

Moreover, the random variable Jy, admits the following stochastic integral representation.

- [ o). (2.45)
X

Here WO(dy) is as formally defined as Wo(y)dy and We(y) is a Gaussian random field

with covariance function given by B{Wo(z)We(y)} = klx — y|~*.

Proof. We want to show that Vti,to,- - ,ty € R, Zfil t;J;7 converges in distribution to
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Zf\il t;J;. Since

N
th— = i) 3ty
N
ZtiJi = _/ th¢z Wa dy)
i=1

and SN t40;(y) € L*(X), we only need to show

-—;jégtx;tk(y)f(y)dy 5§%§§§3f3 —-/QVf(y)VVa(dy) (2.46)

for any f € L*(X).

We prove this convergence in two steps: First, we show it holds when ¢(z) = g(z), i.e.,

q is a centered stationary Gaussian field. Second, we generalize the result to the case when

—a/2

The Gaussian case. When ¢(z) = g(x), the random variable —e [x a=(y) f(y)dy is

—=)f(y) f(2)dydz, so it suffices to show

Se —>/X2 o f(y) F (2 )d dz =: Var <—/Xf(y)Wa(dy)> (2.47)

ly — 2|

centered, Gaussian, with variance S, := ¢™¢ sz R

as € = 0. The equality above holds by the definition of our stochastic integral. Note that
in this case, q(z) = ®(g(z)) with ®(s) = s; consequently, the x in the covariance function

of W in Theorem 6.9 is precisely r4, because E{g(0)®(g(0))} = E{g(0)?} = 1.

Since Rg(x) ~ rglz|~*, for any 6 > 0, there exists an M > 0 so that || > M implies

|Ry(x) — kglx|~*| < 0kg|z|~. According to this, we have

Ko f )£ (2) drglf WS
% /X2 BTEE ‘ = /y z|>Me dydzt

ly — 2| ly — 2|
K

+ /|y Jente [F (W) f(2)] <a—a o Z|a> dydz := (I) + (II) + (I1I).
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We have used the fact ||R||o = 1. It is easy to see that (I) < C6, (II) + (III1) < Ced=°.

First let € — 0, then let 6 — 0, we prove (2.47).

The case of a function of the Gaussian field. In this case, g(x) = ®(g(z)) for more general
®. Recall that V2 = E{g(0)®(g(0))} and V; is assumed to be positive. we claim that the
difference between the random variables £~/ Jx 4(y) f(y)dy and g=/? Jx Vige(w) f (y)dy
converges to zero in probability. Then (2.46) follows from this, the Gaussian case, and the

fact 1 = Ky V2

To show the convergence in probability, we estimate the second moment as follows:

E <€0‘% /X(qa(y) - Wga(y))f(y)dy>2

= L OE{0ew) - Vige®))(@(2) — Vige(2)} () F(2)dydz.

ex X2

The expectation term inside the integral can be written as

Re(y — 2) = VE(Ry)e(y — 2) + VilVi(Ry)e(y — 2) — E{g-(y)¢:(2)}]

+ Vil(Rg)e(y — 2) — E{ge(2)g:(v) }]-

Recall (2.31) of Lemma 2.28 to estimate these terms. We can bound the second moment

above by

2c P
Ceo / F ) f(2)|dydz + C=— / I g i (1) 4 (1),
ly—2|<Te ly

—z|>Te |y - Z|2a

Carry out the routine analysis we have developed for this type of integrals; it is easy to
verify that (1) < Ce?™ and (II) is of order £ if 2a < d, of order £%|loge| if 2ac = d, and
of order £~ if 2 > d. In all cases, we have (I) 4 (II) converges to zero, which completes

the proof. O
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2.6 Convergence in Distribution in Functional Spaces

So far we have only considered the limiting distribution of oscillatory integrals of the form

(2.7) or (2.37). Suppose we have a random process V(x,w) related to ¢(z,w) by

V(z,w) = /X G(z,y)q <g,w> dy, (2.48)

for some nice integration kernel G(x,y). The limit theorems so far are enough to investigate
the limit of (V(z,w), p(z)) for proper test functions ¢, because we can write this pairing as
Jx @e(@)f (@) for f = [y G(y,z)p(y)dy.

This type of weak products are random variables (R-valued) which only contain inte-
grated information of V' (z). Quite often, we can obtain better limit theorems of V' (x) as
S-valued random variables for some proper measure space S equipped with natural Borel
o-algebra. This belongs to the deep theory of weak convergence of probability measures on
general measure spaces, which is beyond the scope of this dissertation. We only record two

special cases in this theory that we will apply in the later chapters.

2.6.1 Convergence in distribution in C/([0,1])

Proposition 2.36. Suppose {M:}.co,1) is a family of random processes parametrized by
e € (0,1) with values in the space of continuous functions C([0,1]) and M.(0) = 0. Then
M, converges in distribution to My as € — 0 if the following holds:

(i) (Finite-dimensional distributions) for any 0 < z7 < --- < xp < 1, the joint distribu-
tion of (Mc(x1),--- , M:(x)) converges to that of (My(x1),--- , My(zy)) as e — 0.

(ii) (Tightness) The family {Mc}.¢(o,1) s a tight sequence of random processes in C([0, 1]).

A sufficient condition is the Kolmogorov criterion: 39, 8,C > 0 such that

E{|M.(s) - M(0)°} < Ot = 517, (2.49)
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uniformly in € and t,s € (0,1).

For a proof, see for instance [72, p.64].

Remark 2.37. The standard Kolmogorov criterion for tightness requires the existence of
t € [0,1] and some exponent v so that sup, E|M.(¢)]* < C for C independent of ¢ and v.

In our cases, since M.(0) = 0 for all €, this condition is always satisfied.

2.6.2 Convergence in distribution in Hilbert spaces

Proposition 2.38. Suppose {Me}ae(o,l) is a family of random processes parametrized by
e € (0,1) with values in some separable Hilbert space H. Let {¢, | n = 1,2---} be an
orthonormal basis of H and let Py be the projection to the finite dimensional space spanned

by ¢1,--- ,dn. Then M. converges in distribution to My as ¢ — 0 if the following holds:

(i) (Finite-dimensional distributions) for any k € N and any k basis functions ¢i,, -+ , i,
the joint distribution of ((Me, ¢i,) -+, (M, ¢i,)) converges to that of ((Mo, ¢i,), - , (Mo, ¢i,))

as € — 0.

(ii) (Tightness) The family {M:}.c(o,1) is a tight sequence of random processes in H. A

sufficient condition is

sup E | M:||3, < oo, (2.50)
€€[0,1]
and
sup E ||M. — Py M. |2, —X22 5 0. (2.51)

€€[0,1]

This proposition follows from the definition of tightness of general probability measure

on metric spaces, and the structure of separable Hilbert spaces; see [24, 83].
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2.7 Appendix: Integrals Involving Two Scales

Very often in the homogenization and corrector theory, we need to deal with integrals

involving variables of two scales. A typical example is the oscillatory integral

I = Eid /X R (“ - y) F(2)g(@)dady. (2.52)

€

For such integrals, we have the following estimates.

Proposition 2.39. Suppose that R(z) € L' (R?), and f € LP(X) and g € LI(X) with (p, q)

a Hélder pair. Then the above integral is uniformly bounded as follows:

(Il < IRl [ fllzr gl za- (2.53)

Proof. We change variables:
Ty

-y, T

Then the integral becomes, with f(z) denote (f14)(z) where 1,4 is the indicator function

of set A,

R(y)f(z — ey)i()dyde < / R@) / (@ — ey)j(a)|drdy.
R2d R4 R4

Note that the e? is cancelled by the Jacobian from the change of variable. The inner
integral is bounded uniformly in y by ||f||lgll, thanks to the Holder inequality. Since

HfHLp(Rd) = || fllr(x), We have (2.53) above. [J

2.8 Notes

Sections 2.2 and 2.3 Mixing properties of random fields is by definition very technical. We

recommend the monograph of Doukhan [47] for a thorough discussion. For the superposition
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of Poisson bumps model, we are able to derive systematic moment formulas thanks to many
nice properties of the underlying Poisson point process. A good review of general spatial
point processes can be found in Cox and Isham [41].

Section 2.5 We commented that there is a hidden assumption E{g(0)®(¢g(0))} # 0 in
Theorem 2.34. Recall that the random coefficient ¢(z) is given by ®(g(z)), and we are in-
terested in the limiting distribution of oscillatory integrals of the form e~ 2 [ <4 (%) f(x)dx.

By assumption, E{®(g(0))} = 0, which can be written as

/ 1-®(y)d7y =0,
R

. . ly|? . .
where d9y is the standard Gaussian measure \/%—We_yT dy. The hidden assumption above

can be written as

[ vewary 2o
R

Recall the Hermite polynomials { H,,}>°_;, which form an orthonormal basis of L?(R, d%).
In particular, the first two Hermite polynomials are Hy(y) = 1 and H;(y) = y. The above

requirements can be rewritten as

(Ho: ®)12(as)y = 0 (H1 ®) 12(asy) 7 0.

Following the notation of the paper by Taqqu [107], for a function ® in L?(R, d9y), we define
its Hermite rank to be the smallest integer n such that (H,, ®) 1249, is nonzero. Then the
above requirement can be restated as: ® has Hermite rank one.

When ® has Hermite rank two, the limit in Theorem 2.34 degenerates and hence is not
optimal. In fact, we can refine the argument in the proof of Lemma 2.28 and show that the

'|¢| 72 for some

correlation function R(z) of the random field ®(g(x)) is asymptotically
K'. So, the integral [, ¢-()F(z)dx has variance of order €2*. That is, the right scaling in

the theorem should be e~ rather than e~%/2.
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In the case of a < 1/2, Taqqu [106] showed that the limit under weak convergence of
normalized partial sums of ®(g;), where g;, i = 1,2,--- is a stationary Gaussian sequence
with long-range correlation and ® has Hermite rank two, is the Rosenblatt process. Applying
his result to the problem considered in Theorem 2.34, we find that the denominator on the
left hand side should be €%, and the limit on the right hand side should be an integral with

respect to the Rosenblatt increment. As a result, the limit is non-Gaussian.
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Chapter 3

The Linear Transport Equations

The transport equation arises in physics and engineering as a basic model for propagation
of particles or energy density of certain waves. Various properties of this equation are well
explored in the literature of mathematical physics, where it bears the name “Boltzmann
equation”. Here, we only consider its simplest form, namely, the stationary and linear
transport equation, which finds applications in many areas of science, including neutron
transport [45, 85|, atmospheric science [32, 81|, propagation of high frequency waves [7,

100, 101] and the propagation of photons in many medical imaging applications [5, 10].

The first section reviews the physical importance of the transport equation. Well-
posedness is recalled in the second section, with an emphasis on the following fact: The
solution operator of the transport equation is a bounded linear map on LP space, and its
operator norm does not depend on the bound of the optical parameters. This fact is crucial
for corrector analysis of transport in random media which we address in the next chapter.
In the third section we present several less discussed properties of the transport equations

which, again, are tailored for corrector analysis in the next chapter.
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3.1 Introduction

Transport equation models propagation of particles, such as neutrons and X-rays, or energy
package of certain waves, like acoustic or elastic waves, in some background medium. In

the steady state case, it takes the following form.

—v - Vau(z,v) — apu — /

k(z, v, v)u(z,v)dv + / k(z,v,v" )u(x,v")dv" = 0. (3.1)
\%4

|4

In the context of neutron transport, the unknown function u(z, v) is the density of particles
which are identified by their position 2 € X C R? and velocity v € V c R?. Particles
propagate through the medium with velocity v and meanwhile get absorbed at a rate of a,
which by assumption is isotropic, i.e., depending only on x. Their trajectories are straight
lines except at places where they collide with nuclei of the background medium and get
scattered into other directions. We denote by k(z,v’,v) the fraction of particles at x with
velocity v being scattered to direction v’.

Now it is clear that the first term in (3.1) is the rate of “loss” of particles (z,v) due
to “transport”, i.e., particles propagating away; the second term is loss of particles due to
absorption; the third term is “loss” of particles due to scattering to other directions, and
the fourth term is “gain” or “creation” of particles due to scattering from other directions.
With this picture in mind, the equation (3.1) is nothing but an expression of conservation
of particles. However, one may notice that since the only real loss of particles is due to
absorption, there should be no “conservation” or steady state. Indeed, to maintain such a
steady state of particle transport, sources g(x,v) are placed on the incoming boundary I'_

which, along with exiting boundary I'y, is defined as follows.
Iy ={(z,v)|lxr € 0X, £vy-v >0} (3.2)

where 0X is the boundary of X and is assumed to be C2?. The normal vector of z € X is
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denoted by v,. In other words, I'_ is the ensemble of boundary points with local velocities
entering the physical domain X, while I'y is the ensemble of boundary points with local
velocities exiting the domain.

Observe that the third term on the left hand side of equation (3.1) can be written as

—asu with

as ::/ k(z, v v)dv'.
1%

In the literature, it is convention to define a := a, + a5 which is called the total attenuation.
Meanwhile, a, is called the real or intrinsic attenuation and a, is the attenuation due
to scattering. Using these notations, we rewrite the transport equation with boundary
conditions as follows:

—v - Vyu(x,v) —au+ / k(z,v,v" )u(x,v)dv' =0, (z,v)€ X XV,
v (3.3)

u(z,v) = g(,v), (z,v) €T

We point out that the equation is posed on the phase space X x V where X is an open
bounded and convex subset of R? which represents the physical domain of the background
media, and V represents the domain of velocity, which for simplicity is assumed to be S~
i.e., particles propagate with unit velocity.

The attenuation coefficient a and the scattering coefficients & are usually called the
optical or constitution parameters of transport equation. In the future we will make further
simplifications on them. When only consider the case of isotropic scattering in the next

chapter, for instance.

3.2 Well-posedness of the Linear Transport Equation

The linear transport equation (3.3) is well posed provided that the optical parameters are

admissible which we now define.
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As the opposite of as, the attenuation due to scattering, the creation due to scattering

is defined as

ac(z,v) ::/Vk‘(x,v,v/)dv/. (3.4)

Note that as = a. when k is symmetric in v and v/, i.e., k(z,v,v") = k(x, v, v).

Definition 3.1. We say the coefficients (a, k) are admissible if the following conditions are

satisfied.
1. a,k >0, a.e. and a € L.
2. k(x,v,-) is integrable for a.e. (z,v) and a5 € L.

We say the problem is subcritical if in addition
ar=a—as> B3>0, a—a.>B>0. (3.5)

for some real number f > 0. The physical importance of this condition is that the net

creation is negative.

Next we review some fundamental theories of the transport equations equipped with
interior sources and absorbing boundary conditions. We start by introducing the following

standard notations.
Tof =v-V.f, Aif =af, Aof = —/Vk(a:,v,v')f(a:,v/)dv'.
Th=To+ A, T=T) + As.
We define the following Banach spaces tailored for the equations:

WP = {f € I’(X x V)|Tof € LP(X x V)}.
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On these spaces we define the following differential or integro-differential operators:
Tf=Tf Tf=Tf, D(T1) = D(T) ={f e WP, flr_ =0}.

The fact that a function in WP has trace on I'y is discussed in [44].

Now we consider a transport equation similar to (3.3) though equipped with interior

sources f(z,v) and absorbing condition g = 0; we can write it in the following concise form.
Tu=f. (3.6)

Note that we did not make the choice of p explicit but it should always be read from the

context. For simplicity, one can assume we are in the W! (W setting.

When £ is zero everywhere, the above equation reduces to Tyu = f; this is called the
non-scattering case or the free transport. It is a first order PDE and its solution is obtained

by the method of characteristics and has the following explicit expression.
7 (z,v)
u(z,v) = T f = / E(x,z —tv) f(z — tv,v)dt,
0

where 7_(z,v) is the backward travel time to the boundary; together with the forward

travle time 74 (z,v), it is defined by
T4 (z,v) = inf{t > 0jx £ tv € X}.
The function E(z,y) is the amount of attenuation between x and y. More specifically,

Blx,y) = exp (- /le_yl a (x _ s’i = z’> ds) .

In the sequel, we also use E(z,y,z2) := E(x,y)E(y, z) which is the amount of attenuation
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along a broken line connecting x, y and z. Straightforward calculation verifies the following

property of free transport.

Proposition 3.2. Assume that the problem is subcritical with parameter 3. Then the

solution operator T1_1 is bounded on LP for all p € [1,00]. In fact,

1T fllze < 5 (1= )| flle,

™|

where § is the diameter of the domain X, i.e, 6 := sup{d(z,y)|z,y € X}.

Proof. We show boundedness on LP for p = 1 and p = oo respectively and the result

follows from Riesz-Thorin interpolation. Since a > a, > 3, we have

T 4
T < Wl [ Bloa - )it < flu= [ e

Calculate this integral and we get the desired estimate. This proves boundedness on L.

For the L' boundedness, we use the change of variable  — tv — y and observe that

T+ (y,v) g
/ T fldedv < / 1y 0)] / E(y + tv,y)dtdydv < | |1 / .
XXV XXV 0 0

This completes the proof of the L' setting and hence proves the proposition. [J

Remark 3.3. We reiterate that the bound does not depend on ||a||ge~. O

For the equation with scattering (3.6), existence and uniqueness results have been es-
tablished as a perturbation to the non-scattering case, using either semigroup theory or
integral equation technique. We review the latter method and show that the solution oper-
ator remains to be a linear transform on LP; further, its operator norm can be bounded by
a constant that depends only on the geometry of the domain and subcriticality parameter
8. The fact that this bound does not depend on the L* norm of a,k is important when

we consider transport equations in random media. In the next chapter, we will introduce
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some natural random field models for these parameters, and their values can be arbitrarily
large for different realizations.

An application of the method of characteristics converts the transport equation into the
following integral equation:

(I + K)u="T;'f,
where
) 7_(x,v)
Ku:=T] Au = —/ E(xz,z — tv) / k(z — tv,v, v )u(x — tv,v")dv’.
0 \%
We define also the operator K as follows:
. T_(z,0")
Ku:= AT 'u= —/ / E(z,z — tv')k(z,v,0" )u(x — tv',v")dtdv’
v Jo

:_/ E(z,y)k(z,v,0")
X

|z —yldt

(3.7)

u(y,v')dy

with v' = (z — y)/|x — y| above.

The following theorem extends the conclusion of Proposition 3.2 to the solution operator
of the full linear transport equation. It benefits from the subcritical condition of parameters
in a fascinating manner, which allows us to show that K and X above are bounded linear

operators on L™ and L' respectively.

Theorem 3.4. Suppose the coefficients (a,k) are admissible and satisfy the subcriticality
condition (3.5). Then, the solution operator T~! is a bounded linear transform on LP(X xV)

for all p € [1,00]. In fact, we have

1T fllee < C|If|lLe

where C' is a constant depends on p, §, B but not on ||a||p~ or ||k|p~. Actually, we can

choose C' = (e —1)/p.
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Proof. Again, we prove the cases for p = 1 and p = oo and use interpolation afterwards. In
the L setting, we use the integral equation (I + K)u = Tl_lf. Our goal is to show that the
operator norm || K[| £(ze) is strictly less than one, so that we can write T ' = (I+K)~'T; "
Indeed, recall the definition of a. in (3.4) and the relation a. < a; we have

K f(z,0)] < |l / T e Ji aa—syas / k(o — to, 0,0 )do'dt

0 v
< ”f”Loo / a(a; — t'U)e_ fg a(x_sv)dsdt.
0

Now recognize the integrand as a total derivative; we have

K f(,0)] < ||f||Loo/ T aa-sods g
o dt

< If e (1 = ™).

When 3 > 0, we verify that ||K||zz~) < 1. Then (I + K)~! can be written as a Neumann

series with bounded operator norm. In particular, we have

_ _ _ _ L 1—e P ePd —1
IT gy < NI+ K)oy ITT ooy < (1= (1= e 7)) R

For the L' setting, we first observe that
T=T+A=(1+K)T;.

Hence, T~' = T7Y(I + K)~'. It now suffices to show IKllzzry < 1 so that (I 4+ K)™!
indeed makes sense. This holds, again, thanks to the subcriticality condition in (3.5). By

recognizing the definition of as in the following calculation, we have

T_(z,0")
/ I f(x,v)|dxdv < / / k(z,v,0")E(z,z — t')|f(x — t',0")|dtdv' dvdz
XxV v Jo

XxV

7 (z,0")
:/ // as(z, vV )E(z,z — tv)|f(z — tv/,v")|dtdv dz.
xJvJo
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Now use the fact that as; < a and change variable z — tv — y to obtain
T (y,0") . hy
ISl < / | £y, )] / as(y + tv',v')e Jo awts)ds go | gof dy
XxV 0

o) ,
S/ |f(y, )] / _ o Jrarsas g dv'dy < (1—e )| fll 1.
XxV 0 dt

Since 8 > 0, we verify that ||| zz1) < 1. Hence, as before we have
1T ez < HTT eyl + )7 i < 6.

Application of Riesz-Thorin completes the proof. [J

Remark 3.5. The proof shows that K is suitable in the L™ setting while K is for the L'
setting. Nevertheless, both (I4K)~! and (I+K)~! are well defined in the L' () L™ setting.

This is seen from the algebraic relation
I+K) ' =T-T{YI+K) 4y,  (T+K)'=1-A1+K)7'T]!, (3.8)

and the boundedness of T1_1 and As in both settings. [J

Corollary 3.6. Suppose that (a,k) are continuous functions on X and the boundary 0X
is C2. Let f € C(X) be a continuous source in X. Suppose further that either

(i) f and k are compactly supported in X or

(i) the curvature of 0X is bounded from below by .

Then the transport solution T~ f is also continuous.

Proof. 1. We first show that T1_1 maps continuous function on X to continuous functions
on X x V. This is done by showing continuity in x and v separately.
Fix any x € X and v, € S% 1. The functions T} f(z,v) and T f(x,v") depend

on the backward characteristics traced back from z in direction v and v’ respectively. Set
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L = diam(X). For any € > 0, there exists a ¢’ such that
la(y) — a(z)| < e/4L?, |f(y) = f(2)] <e/AL, if [y — 2| < &',

since a and f are continuous, Let ¢ = ¢'/2L and 7— = min(7_(x,v),7—(x,v")). The two
backward characteristics can be parametrized by the same “time” variable up to 7_. With

this parametrization, we have

Tl_lf(a:, v) — Tl_lf(a:, V) = / ) e~ Jo “(x_s”)dsf(a: —tv) —e” I a(w—sv’)dsf(x — tv)dt + e,
0

for some error term e. The first part involves a and f on a cone which is at most |v — v'|L
apart. Hence when |v — /| < 4, the first term is bounded by £/2, thanks to the continuity
of f and a. The error term e involves integration near the boundary. It can be shown

negligible, but the argument is considerably technical and is postponed for now.

2. Fix a direction v € S and consider two points z and y. Again we can parametrize
the characteristics for Tl_1 f(z,v) and Tl_1 f(y,v) using a “synchronized” time except an
extra error term accounting for the situation near the boundary. The analysis is essentially

the same as above.

3. Now let us show that the error term e in the last two steps are small. If f and k
are compactly supported in X, they are necessarily small near the boundary, then e will be

small.

Even in the case when f and a does not vanish on the boundary, e can be controlled
provided that the geometry of X is nice. For instance when X = B(0,R) and hence
0X = S(R), the difference between the lengths of any two parallel straight line segments
inside X, with § being the distance between these lines, is smaller than 2v/2Ré — §2. (This
supremum is “achieved” in the limiting case when one of the lines shrinks to a point on the

boundary). Similarly, for any two lines (z,v) and (x,v") with v and v" apart with a small
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angle §, the part that they don’t overlap has length less than 2RJ. For a general convex
domain X with smooth boundary, we can find a map between X and S(R) with controlled

derivatives. We ignore this technicality here.

4. The fact that Ay maps continuous function on X x V to continuous function on X

is trivial and hence omitted.

5. Now by definition K = Tl_lAg maps continuous functions to continuous functions on

X x V, so does K7 for any j, and zjj‘il K for any finite M.

Since (I+K)™! = limy/ 0 zjj‘il K7 and the convergence is in the Banach space C(X x
V) equipped with the uniform norm, we conclude that (1 + K)~! maps continuous function

to continuous functions as well.

6. Now recall the relation T~! = (I + K)~'T]' to complete the proof. (]

Definition 3.7. According to Theorem 3.4, the solution operator of transport equation

(3.6) can be written as the following Neumann series:
T'=T'- KT '+ K*T{' - KT +---. (3.9)

The first term, which is the same as free transport solution, is called the ballistic part. The
second term, linear in scattering coefficient, is called the first scattering part. In general,

the term that involves the p scattering is called the pth scattering part.

Theorem 3.4 allows us to control of the solutions of (3.6) by the LP norm of the sources
f. Meanwhile, we observe that the transport solution is not smoothing. This is expected
somehow since the ballistic part is literally transport and no mixing happens there; In
contrast, the scattering process is more or less diffusive and turns out to be smoothing.

This will be one of our main focus in the next section.
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3.3 Further properties of transport equations

We develop some further properties of the transport equation which, though less discussed
in the literature, are interesting in nature and quite helpful in simplifying our analysis in
the next chapter.

So far we have used a very general scattering kernel k(z, v, v’). In the rest of this section,
the scattering kernel is assumed to be isotropic. That is, k(x,v,v") = k(x). In this case,

as = a. = wgk(x) where wy is the volume of the unit sphere Sd-1,

3.3.1 Boundedness of multiple scattering kernel

The smoothing property of scattering is probably best seen from the singular decomposition
of the Schwartz kernel of the operator T~!; see the work of Choulli and Stefanov, Bal and
Jollivet [15, 37] for instance. The kernel of the ballistic part can be seen as a Dirac measure
type distribution focused on a line; the first scattering part is smoother though still singular,
and can be seen as a Dirac measure type distribution centered on a plane; multiple scattering
is even smoother and admits a kernel that is a function. For instance it is shown in the
cited papers that scattering of order equal or higher than three admits a kernel that is in
L®(X x V,LY(X x V)) in quite general settings.

In the case of isotropic optical parameters we aim to show that multiple scattering of
order d+ 1 and up, i.e., z;’i d +1(—1)j }C7 has bounded kernel. As one can imagine, this type
of result will simplify our analysis of T~! greatly since it allows us to combine all the high
scatterings together and to avoid dealing with the infinite Neumann series (3.9).

We group all the scatterings of order d+ 1 and up together as (I +/K)~ 1% and denote
it as L. The goal is to show that the Schwartz kernel of £ is a bounded function. There
are at least two natural approaches to achieve this end.

The first idea is to use the fact that K, as seen from (3.7), is a weakly singular integral

operator of order d — 1. Therefore it is attempting to conclude that X maps Sobolev space
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H* to H*'!. Suppose this is true, then K™ for m > d/2 will map H® = L? to Ha+m=%)
which is contained in the Holder space Ccom=3 by Morrey’s lemma. Since (I 4+ K)~! is
bounded on H?, we conclude that £, which can be written as K™ (I + k)™, maps H° to
C, the space of continuous functions. By duality it also maps bounded measure to H°.
Hence choosing m = (d +1)/2, we conclude that £ maps bounded measure to C. It follows
immediately by duality that the Schwartz kernel of £, denoted by «(z,y), is a bounded

function. That is,

a(xay) = <£5:c75y> <M,
for some constant M.

The difficulty of this approach lies in the inhomogeneity of the kernel of K, which has

the following expression:
k(z)E(z,y)

. 3.10
|z — y|?t (3.10)

I{(l‘,y) =

It is clear that E(x,y) is not homogeneous in the variable x — y. Homogeneity of kernel is
assumed in classical theories on singular integral operators. Nevertheless, when the optical
parameters are assumed to be smooth it is possible to show similar smoothing properties
of K, say, K mapping H® to H*T! for s = 0 provided that the optical parameters are C2.
It gets more and more difficult in this approach for larger s. We encourage the interested

readers to work on the problem.

The second approach is to derive a Schwartz kernel theorem type of result. The idea is
the following: We first show, by a duality argument, that for each = there exists a kernel
function g, (y) for the linear transform £ pinned at . Then we show that g, (y) is the kernel
of £ and is uniformly bounded. To take care of measure-theoretic difficulties, we consider
the case when £ maps continuous functions to continuous functions. The following lemma
indicates that this is not a very severe constraint. For now, we assume that I operates on

functions that depend only on the spatial variable and therefore the kernel of K is given by
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(3.10). We assume (a, k) are continuous functions up to boundary of X. Therefore we may

assume X is compact in the following.

We show that I maps LP functions to Holder continuous functions for sufficient large p.

Lemma 3.8. Let X be a convex compact subset in R with smooth boundary. Let the optical

parameters (a, k) be Lipschitz continuous functions on X. Then we have that

1SN -2 =< CllFllze, (3.11)

provided that d < p < co. The constant C depends only on Lipschitz continuity coefficient

of a and k, the index p, the dimensionality d, and diameter of X.

Proof. 1. We assumed that k is isotropic and Lipschitz continuous. Recall the expression
d
of the kernel of K in (3.10). Since Hélder space C™'7% forms an algebra, we may set k = 1

without loss of generality.
2. Also from boundedness of X we see that f is bounded. Hence we only need to

quantize the modulus of continuity for Cf. We have

Baz)  By?)
o= 2T Ty =2

Kf(z)—Kf(y) = f(z)dz.
X

Set p = |x — y|; the spheres centered at = and y respectively break the integration region

into the following parts as shown in Fig. 3.1.

3. When z is in 11, we use the following.

E(z,2) E(y, z) 1 1
) - ) = E(z,2 ( — )
P AN S S
L Bl2) ~ Bly,2)
ly — 2|41

=11 + 5.
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Figure 3.1: Integration region for .

17 Ir

For the first term we recall the equality that
a — p = (CL _ b)(an—l +an—2b+ . +abn—2 _’_bn—l)7

and the fact that |z — z|/2 < |y — z| < 2|z — z| on this region; the conclusion is that Iy is

bounded by Cplz — 2|~
For the second term, we recall the Taylor expansion for exponential function:
x y Y(,T—Y y 1 s(z—y) 2
et —ef=e¥e"V-1)=e x—y+§e (x—y)* |,
for some s € [0, 1], and boundedness of E terms. It follows then

|z —2| _ ly—2| _
|I5] < C‘/ a(lx —t—— i )dt—/ aly — ¢ dt‘ = Ag(z,y).
0

|z — 2| =z

We hence need to consider difference of two path integrals. Observe that we can synchronize

the parametrization of the two paths by setting z the starting point. Since z is in domain
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IT for the moment, we have |z — z| < |y — z|. Then Ag(z,y) can be written as

ly—2z| ly—2z|
/ a(z +tr) — a(z + tig)dt + / a(z + toy)dt.
0 |

z—z|

Here we set 01 to be the direction vector (x — z)/|z — z| and 0, the direction between z
and y. Observe that the integration path of the second term is shorter than |z — y|. Since

||la|| e is finite, we see this term is bounded by Cp.

For the first integral, we observe that |z + t01 — (2 4 t02)| < p since the end points of
the truncated paths are inside both spheres. Since a is Lipschitz continuous, we have for
each t € [0, |y — z|],

la(z + t91) — a(z + 02)| < Lip(a)p.
In summary, we have that Iy + Iz < Cp(|ly — z|7% + |y — 2|79*1), bounded by Cply — 2|74
We next obtain that

1
ly — 2|4

f(z)dz

/ E(z,z) E(y, z)
I

rle =zt |y — 2!

</ LGP < Cpllflle

= Ji ly— =24

LP' (IT)

The last term can be estimated by

Y e

diam(X) 1 J J o 4
C / —prtTldr] <Ot =PV = C(1 4 p 7).
p

d
Hence integration on region /I has a contribution of size ,01_5. By symmetry, we have the
same estimate on region II'. Note that p > d is needed so that 1 —d/p > 0 and p < oo is

needed to integrate |y — z|~%'.

4. When z € I|JI', we can bound the integral by

1 1
/IUI’ <|;U — Z|d_1 + |y _ Z|d_1> f(Z)dZ
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Carry out these integrals as in the last step, we find a bound of the form

S (-1 o 1-4
sl ([ st ) < Ol = Ol

Now combine step 3 and 4 to complete the proof. [

Theorem 3.9. Let the coefficients (a, k) be subcritical and Lipschitz continuous on X ; then
the operator (I + K)"' K admits a Schwartz kernel that is a bounded function. That is

to say,

(I + 1K) Kt f () = / a(z,y) f(y)dy. (3.12)

Moreover, ||a(z,y)| e (xxx) < Co for some constant Cy defined in (3.14) below and depends

on size of X, B and ||k||f.

Proof.  Since we assume that the optical parameters and sources are continuous up to
boundary, we may treat X as X in the following.

1. First we observe that the kernel of K9 is given by:

- 2.

- / k(@) E(x, 21)k(21)E (21, 22) - "k(zd)E(Zd,y)d[z '
N R N e e R T !

Thanks to the convolution lemma 3.11, this function is bounded.
2. Now fix any two functions ¢ € L'(X) and ¢ € L'(X), and observe that £ can be

written as K1 (1 + )~ then

(€o.0) = [ Lo = [ manlo)d + K)oyl dlo),

Since kg1 is uniformly bounded, we can pull it out. The last integral is then separated in

variables z and y. Recall that (I + K)~! is a bounded operator; we have

(Lo, )] < Nrasillre (I + )7 e lol ol (3.13)



70 CHAPTER 3. LINEAR TRANSPORT EQUATIONS

Denote by Cy the constant appearing on the right hand side above. We conclude that:

L0 < Coll@ll - (3.14)

In particular, this inequality holds for all continuous functions in C'(X).

3. Since the optical parameters are continuous, K maps continuous functions to contin-
uous functions due to Lemma 3.8. Therefore L£¢ is continuous when ¢ is continuous. Hence,
for each x € X we can define a linear functional on C(X) by setting £, (¢) := (L¢p)(x). The
estimate (3.14) shows that this functional is continuous.

Since C(X) is dense in L', by the bounded linear transformation theorem, £, extends
to a continuous functional on L'(X). Now since the dual space of L' is L™, there exists
a function g, (y) € L°°(X,) such that L,(f) = (g.(-), f) for any f € L'(X). Furthermore,
llgz(y)|| e < Co. Indeed if otherwise the set {|g;(y)| > Co} has positive measure, then we
construct ¥ (y) as the normalized indicator function of this set with opposite sign of g and
then (3.13) will be violated.

4. Now define a(x,y) := ¢.(y). We verify that (3.12) holds. Since the bound on g, is

independent of x, this completes the proof. [

An immediate corollary is the following.

Corollary 3.10. Under the same condition as above, we have the following decomposition.

T f =T7N(f - Kf +KKf) (3.15)

where K is a weakly singular integral operator with a kernel bounded by Clz — y|~H!

)

d=2,3.

Proof. It remains to rewrite the Neumann series as

T lf =T7 f =~ TUKf + T 4 - + (—1)T LK, (3.16)
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and define
d
K= (-1)7'K + (-1)°L, (3.17)

j=1
The lemma shows that £ admits a bounded kernel. For all the KC; with j =1,--- ,d, their
Schwartz kernels are explicit as and can be estimated using the convolution Lemma 3.11.
They are all bounded by C|z — y|'~%, and hence so is that of K. Finally we verify that
(3.15) holds. O

3.3.2 The adjoint transport equation

We conclude this section by introducing the adjoint of T which we denote by T*.
T u = —Tou + Aju + Ayu, D(T*) = {u € WP, ulr, =0} (3.18)

Here AS is of the same form as Ay with v and v’ swapped in the function k. When k is
assumed to be isotropic, then A, = A;. We obtain similar expressions for T’f‘l, K* and
K*.

Consider the adjoint transport equation
T u = f. (3.19)

Our definition of subcriticality ensures that the well-posedness of T* is exact as that of T.
The operator T*~! shares similar estimates developed in this section. In particular, under
the same subcritical condition as before, we have that T%! and T5 ™! are bounded linear
transforms on LP(X x V) for all p € [1,00]. Also, for any pair of functions that are Holder
conjugate, we find that:

(u, T~ w) = (T* L, w). (3.20)
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3.4 Appendix: Convolution of Potentials

We introduce a pair of lemmas which provide estimates of convolution of potentials by which

we mean functions on R? of the type

FRIGR, f@)= —— ae(0.d). (3.21)

el

Since « is positive, this function blows up at the origin and hence is singular; nevertheless,
a < d implies that this function is locally integrable. Analysis of potentials is one of the

main themes in singular integral operator theory.
a. Convolution of two potentials on a bounded domain

We start with convolution of potentials on a bounded domain. It is clear that the order
of the product of two potentials is the sum of the orders; the following lemma says the order

of convolution of two potentials is less than the sum.

Lemma 3.11. Let X be an open and bounded subset in R, and x # y two points in X.

Let o, B be positive numbers in (0,d). We have the following convolution results.

1. If a+ B > d, then

1 1 1
. dz2<(C—m— — 3.22
/X|z—x|a F P S Oy (8:22)

2. Ifa+ B =d, then

1 1
. dz < C(|log |z —y|| + 1 3.23
| T s < Cllogle =yl + 1 (323)

3. If a+ B < d, then

/ L . p<c (3.24)
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The convolution of logarithms with a weak singular potential turns out to be finite as follows:

1
/ |log |z — z|| dz < 1. (3.25)
X

|z — y|*

The above constants depend only on the diam (X) and dimension d but not on |x — y|.

Proof. Let p = |v —y|. Let the S;,S, be spheres with radius p centered at = and y
respectively, and B,, B, the balls enclosed. The common section of the two balls divide
their union into two symmetric parts, one containing x and the other containing y. Let [
and I’ denote the two parts respectively and II and II’ denote the remaining part in X;

see Fig. 3.2.

Figure 3.2: Integration region of the convolution of two potentials.

17 Ir

On I, |z — y| > p, hence

1 1 1 1 1
/ dz < —/ A S ——.
rlr—al* |z —ylf PP Jp, 1z — x| path=

Similarly we have the same conclusion on I’. On ITUII', it is clear that |z —z|/2 < |z —y| <
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2|z — x|, and hence we have

1 1 1
/ o de S/ 7&-{-5612
rorr 12 — x| [z =y rorr 12 —

In the case of a4+ 3 > d, the last integral is bounded by p~® 8%, in the case of a + 3 < d,
the integral is bounded since the domain is bounded; in the case of a + 8 = d, the last
integral is bounded by |log p| plus some constant depending on the diameter of X. However,
we are interested in x close to y and hence the logarithm term dominates. This completes

the first part of the lemma.

Using the same procedure and the fact that
B8
o T

for all bounded R and § > 0, the second part is similarly proved. [J

b. Convolution of two potentials on R¢

Now we want to “extend” the result to convolution of potentials on the whole Euclidean
space R?. This clearly will not work for f defined above since it is not integrable on the
whole space. Therefore we only consider el . It is not hard to see that the exponential
function can be replaced by any radial function which is bounded, monotone decreasing for

large |z| and integrable on the whole space.

The following lemma asserts that convolution of damped potentials preserves the fast
decay and integrability at infinity while the order of its singularity at the origin is still one

less than the sum of orders.

Lemma 3.12. Fiz two distinct points x,y € R%. Let o, B be positive numbers in (0,d), and
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A another positive number. We have the following convolution results.

CeMNe=vl|g — y|d=(a+h) if a+ B > d;

e—)\|z—x\ e—)\|z—y|
/Rd Z— 2" |z = y|ﬁdz < CeNev(log [o — y[1qy_scyy + 1), if a+p=d; (3.26)

Ce Mol if a+p=d.

Here, 1 is the indicator function. Similarly, we also have that

—A|z—z|
/ Nl log |z — yldz < Ce e, (3.27)
R

dlz—x|®

The above constants depend only on the diam (X) and dimension d but not on |x — y|.

Proof. It suffices to slightly modify the proof of the previous lemma. Still using the
partition of integration domain as shown in Fig. 3.2. On I and similarly on I’, we use

|z — x| + |z —y| > |z — y|, and define p = |x — y|. Then we have
—ANz—z| ,—Alz—y| —Az—y| p .d—1
/e e s < Tg€ / r dr
1z =z =yl PP o T

The last integral can be calculated explicitly and yields p?~®/(d — «). Hence the integration

over I U I’ can be bounded by

(2d — o — B)mge Mol

(d—a)(d - )|z — yloti—d’ (3.28)

Now on the unbounded domain I, we observe that |z —y| > p and |z —y| > |z — x|,
and similar relations on IT’. Therefore the integration on IT U II" is bounded from above

by

e—)\|z—x\ e AT

o
2e~Me—vl dz < 47Td€_)\|x_y|/ ———dr.
p

11011 patf=d+l

|z — z|o+B

Now we estimate the last integral which we call A(p). When a + 8 < d, the integrand is
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integrable over R, the nonnegative real line; therefore A(p) is bounded by some constant,
actually a multiple of I'(d — o — ). This together with the bound (3.28) proves the third
case in (3.26).

Now we consider the case a + = d. If p = |z — y| > 1, then A(p) is bounded from

above by e /\. If p < 1, then an integration by parts yields

o0

/ = —e Mlogp+ )\/ e M log rdr.
P P

The last integral is finite over R, and hence |A(p)| < Ce (1 + |logp|). This together
with the bound (3.28) proves the second case in (3.26).
When a+ 8 > d, let us denote —a — 8+ d — 1 = s. Several iterations of integration by

parts yield

o e—)w” A\ o0 e—)\
A :/ dr = - / dr
(p) p r H;:l(s + j) P rsty

—Ap( ps-i-l /\,08+2 /\fy—lps-i-'y >

S S pepra Y S (U § DO e

Here v is the largest integer that is smaller than or equal to oo + 5 — d. When they are
equal the right hand side above need some slight modification and the first integral involves
a logarithm function. In both cases, the first integrable is finite and the second term is
bounded by Ce (1 + p®*=F). This together with the bound (3.28) proves the second
case in (3.26).

The claim (3.27) follows from a similar and easier analysis which we omit. [J

3.5 Notes

Section 3.2 For the mathematical formulation of the transport equation, we recommend
the classic volumes of Dautray and Lions [43, 44|, which contains the fundamental theories

for very general transport equations with several interesting approaches. A nice probability
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representation is given by Bensoussan, Lions and Papanicolaou [21].

Section 3.3 The singular decomposition of the solution operator plays an important rule
in inverse problems, and is investigated in e.g. Choulli and Stefanov [37], Bal and Jollivet
[15, 16]. In Section 3.3.1, we discussed briefly the idea of proving the smoothing property
of K using singular integral operator theory. I tried this approach first during my research,
without full success. The L? — H'! smoothing of multiple scattering was proved by Stefanov
and Uhlmann [102] using this approach. The procedure there was technical already due to
the inhomogeneity of the kernel of K. To show L? — H(4+1)/2 smoothing is presumably
much more complicated. Therefore, I stopped and adopted the more practical approach
taking full advantage of the explicit solution of the transport equation. This theory of sin-
gular integral operators itself, however, is mathematical beautiful with enormous practical
importance. It was explored in detail in the monograph of Mikhlin and Prossdorf [84], and
the classic books of Stein [103, 104]. Another regularity result for transport is by Golse,

Lions, Perthame and Sentis [62].
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Chapter 4

Corrector Theory in Random
Homogenization of the Linear

Transport Equation

This chapter concerns the corrector theory in random homogenization of the linear transport
equation. We consider the stationary case here although the results extend to the evolution
equation as well. Homogenization theory for transport equations is well understood in fairly
arbitrary ergodic random media, see e.g. [48, 76]; see also e.g. [2, 21] for homogenization

of transport in the periodic case, and [82] for the nonlinear case.

In this chapter, we develop a theory for the random corrector. We first provide a bound
for the corrector in energy norm. We then show that weakly in space and velocity variables,
the random corrector converges in probability to a Gaussian field. This result may be seen
as an application of a central limit correction as in e.g. [9, 59]. The results are shown for a
specific structure of the random coefficients based on a Poisson point process. The resulting
random coefficients then have short-range interactions. Whereas the results should hold for

more general processes, it is clear that much more severe restrictions than mere ergodicity
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as in [48] must be imposed on the random structure in order to obtain a full characterization
of the limiting behavior of the corrector. This is also the case for elliptic equations as we

have seen in Chapter 1.

4.1 Linear Random Transport Equation

In the previous chapter, we have reviewed some general properties of the linear transport
equation. In many settings, the coefficients in the transport equation oscillate at a very
fine scale and may not be known explicitly. In such situations, it is desirable to model such

coefficients as random [48, 76].

The density of particles uc(z,v) at position = and velocity v is modeled by the following

transport equation with random attenuation and scattering coefficients:

v Ve + as(x, w)us — / ke(z, v, v;w)ue (z,0")dv' =0, (x,0) € X x V,
v (4.1)

ue(z,v) = g(x,v), (z,v) e T_

Here X is an open, convex, and bounded subset in R? for d = 2,3 spatial dimension, and
V is the velocity space, which here will be V' = S9! the unit sphere to simplify the
presentation. The sets 'y are the sets of outgoing and incoming conditions, defined in
(3.2).

The constitutive parameters in the transport equation are the total attenuation coeffi-
cient a. and the scattering coefficient k.. The small parameter ¢ < 1 models the scale of
the heterogeneities that we want to model as random, typically because it corresponds to
high frequency oscillations on which detailed information is not available. For example, in
a PDE-based inverse problem, € may model the spatial scale below which the parameters
can no longer be estimated accurately. As was shown in e.g.[17], this high frequency part of

the parameters still influences the reconstruction of the low frequency part. Modeling high
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frequency part as random then improves the statistical reconstruction of the low frequency

part.

The above transport equation admits a unique solution in appropriate spaces [14, 44, 85]
provided that these coefficients are non-negative and attenuation is larger than scattering
(see Chapter 3). When the coefficients are modeled as random, such constraints need to
be ensured almost surely in the space of probability. We assume here that a. and k. have
high frequency parts which are random fields constructed on an abstract probability space
(Q, F,P). More precisely, we assume the intrinsic attenuation and scattering coefficients

are constructed as follows:

e Lot (22 -+ S
< T —1f (4.2)
k;g(x,g,w) = ko(x)+gy <§7w> :kO(x)+ZQ( . ])7
jeN

where a,¢ and kg are positive deterministic continuous functions and where ¢y and gy
are superposition of Poisson bumps with profile functions ¥ and 9. We refer the reader
to Chapter 2 for the definition of such random fields and their properties. The physical
importance of this model is that the constitutive parameters consist of two parts: a con-
tinuous low frequency background media and random inclusions that increase attenuation
and scattering.

We thus assume that scattering in (4.1) is isotropic, i.e., that k. is independent of the
velocities v and v" of the particles before and after collision. Here, a,. is the intrinsic
attenuation, corresponding to particles that are absorbed by the medium and whose energy

is transformed into heat. The total attenuation coefficient is defined as
T T
ag(x,w) = (17«5(33, ng) + wdk€($7 ng)7

where w4 is the volume of the unit sphere in dimension d.
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Note that the above random coefficients are bounded in the bounded domain X P-a.s.
since the probability of infinite clustering of points in a given bounded domain is zero.
However, clustering may occur so that a. and k. are not bounded uniformly in the variable
w; cf. Remark 2.23. By construction, since a,. is a positive function on X and a. and
k. are positive and bounded P-a.s., classical theories [14, 44, 85] of existence of unique
solutions to (4.1) may be invoked P-a.s. Before proceeding, let us introduce more notations
which will be used throughout this chapter. Let a := Ea,, k := Ek., and a, := Ea,. where
E is the mathematical expectation associated to the probability measure P. Set further
dare = are — E{a,c}, and 0k. = k. — k. By construction, they are mean zero, stationary
random fields. Then the autocorrelation function of da,., Ree(z) = E{darc(y)da-(y + )},

has the form
x
Ru-(x) = R, <—> , where Ry(z)=v [ ¢(x—2)Y(—2)dz,
£ Rd

as we have seen in (2.20). Similarly, we can define Ry, the autocorrelation function of dk.,
and Rk, the cross-correlation function of the two fields. Further, they can be written as
Ry (%) and R (%), respectively, where

Ri(z) = 1// o(x — 2)0(0 — 2)dz and Ru(z)=v [ ¢¥(x— 2)o(0— 2)dz.
R4 Rd

We also denote the integration over R? of the autocorrelation functions R, and Ry, by
(4.3)

with o, and o}, non-negative numbers. We then verify that the integration over R? of the

cross-correlation functions R, is o040%. That is, the correlation of the fields is pqr = 1.



4.1. RANDOM TRANSPORT 83

This is not surprising considering our construction, and (4.2) can be modified as in (4.23)
below to yield p,r < 1. For instance, if y; in the second line in (4.2) is replaced by z;, where
the latter is another Poisson point process independent of y7, then we find that pg; = 0.
To simplify, we shall present all derivations with the model (4.2) knowing that all results

extend to more complex models such as (4.23) below.

We recall that higher order moments of random fields 0k, the mean-zero part of (4.2),

have explicit formulas:

) I
E[[ok@)= 3 S T[T ), (4.4)
=1

(n1,~~~,nk)6gn /=1 j:1

where the functions 77 (-) are defined as:

T (21, y,) = I//HT/J((L’Z' — z)dz. (4.5)
i=1

We refer to Section 2.3 for the details. Similarly, the higher moments of da, and higher
cross-moments of the two random fields all have similar formulas. Finally, the moments of
the scaled random fields dk., etc., are obtained by simple scaling. In particular, the fourth

order moments of the random model, say dk., is given by
4 4
El:[l(Ska(a:,) = I//I:Il Q(;Z - Z)dZ + Ra(xl - azg)Ra(xg - a;4)
+ Re (22 — 23)Re(21 — 24) + Re (21 — 23)Re (22 — 14).

Here and below, we will use the notation that 7.7 = T (2) and R. = R(2), etc.

We also recall the notations for transport equation in Chapter 3 that will be used

intensively. Consider a point z € X, and v € V and let us denote the traveling time from
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x to 0X along direction v (respectively —v) by 74 (z,v) (respectively 7_(z,v)) given by
To(z,v) =sup{t > 0:xttve X}.

Let x,y be two points in X, we define the amount of attenuation between x and y as

We also define E(z,y, z) = E(x,y)E(y, z). We also denote by f the angular average (over

v) for some function f(x,v) defined on the phase space.

4.2 Homogenization Theory of Random Transport

Let us then define ug as the solution to (4.1) where a. and k. are replaced by their averages
a and k, respectively. Then, consistently with the results shown in [48], we expect u. to
converge to ug. Our first result is to obtain an error estimate for the corrector u. — ug in

the “energy” norm L2(Q), L?(X x V')). More precisely, we have the following result.

Theorem 4.1 (Homogenization of Random Transport). Let dimension d > 2. Suppose
that the random coefficients a., k. are constructed as in (4.2) and that a,o is bounded from
above by a positive constant B. Suppose also that g € L>®(T'_) so that ug € L>®(X x V).

Then we have the following estimate
1
(Eljus — uol|22)? < Cez —» 0, (4.7)

as € goes to zero. The constant C depends on the diameter of X, ||g||p and 3 but is

independent of €.

The following estimate of the LP norms of the random coefficients will be useful for the

proofs in this chapter.
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a. LP boundedness of the random fields

From the construction of a,¢, k., we see that they are not uniformly bounded due to the
possible (though rare) clustering of y;’s in a small set. Nevertheless, when the LP norm is

considered, the random fields are bounded uniformly in €. In fact, we have

Lemma 4.2. The random fields defined in (4.2) are in L"(Q, L™(X)) for n > 1:
Ellare|[zn + Ellke|[Z < C(n)

where C(n) does not depend on ¢.

Proof. Since the result for n odd follows from the result for n 4+ 1, which is even, we set

n = 2m and have

E{Hakeui’%"”m}:/ E(8k. (z))*™dz.
X

We use the formula for high order moments, and since in our case all the 2m variables
are the same, we need to evaluate the terms 77 in (4.4) at 0. Since we assumed that the
function p is compactly supported, all the integrals are finite. Therefore, we obtain a bound

independent of . Control of the attenuation coefficient is obtained in the same way. U

4.2.1 Proof of the homogenization theorem

In this section, we prove Theorem 4.1, which states that the solutions to the random equa-
tions converge in energy norm to the solution of the homogenized equation. We show that
the corrector can be decomposed into two parts. The leading part satisfies a homogeneous
transport equation with a random volume source, and the other part is much smaller. This
theorem works for all dimension d > 2.

Since the scattering kernel k. is isotropic by assumption, the transport equation (4.1)
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reads:

vVl +al. — k/ C(z, 0 )dv' = —dazue + k. / ue(x,v")dv'. (4.8)
1% 1%

We can view this equation as T{, = A.u. where A, is an operator defined by A.f =

—da.f + 6k f. Let xo = T~ 1A ug and we verify that

Ce = Xe + 2,

where T.z. = A.x.. Hence, we introduce the following key lemmas on solutions of transport

equations with interior source of the form A.q, and A.x. and vanishing boundary conditions.

Lemma 4.3. Assume d > 3. Let q(x,v) € L®(X x V) and define

7 (z,0)

X1e(z,v) = / E(z,x — tv)(=da:(x — tv)q(z — tv,v) + dk.(x — tv)g(z — tv))dt,
0

the solution to T1x1e = Acq. Then for any integer n > 1, we have

Elxicllfn < Cue?llale,  ElXicllEn < Cue"llallE- (4.9)
Further, solving the equation Tiu = dagsx1¢ yields

E| T} dacxicln < Coc" [l (4.10)

When d = 2, the term €™ in the second and third estimates should be replaced by £"|log 5\%.

Proof. Since the domain X x V is bounded, we only need to consider the case n even.

1. Control of x1. without averaging. We can rewrite x1. as a sum of integrals of a. and

k.. Using Minkowski’s inequality, it is sufficient to control them separately and the proof
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for both terms is handled similarly. We consider

T (2,v) n
L = / (/ E(z,x — tv)da.(x — tv)q(x — tv, v)) dxdv.
XxV 0

Taking expectation, we have

El, = / H/ dt (H E(z,z —tv)q(z — tw,v)) EHéas(x — tjv)dxdv
XXV =1 /0 i=1

i=1

where 7_ = 7_(z,v). Using the n-th order moments formula (4.4) we have:

" CrT e g tg n tg Ry t@ ni t@,nj
E[[oate—t)= 3 3 J[TmE—_v ),
1=1 (n1, ,nK)EYn =1 Jj=1

This expression is a sum of integrable functions. Hence, for each (¢,n;), we change variable

(tf’nj - é ") Je — t ™7 and assume that ug is uniformly bounded. Then we see that EI; is

bounded from above by

ng  k _
C’/ 6nj—l/ nj/ Tnj(fnj ténj )’
XxV Z H R !

(n1,-,np)e¥  £=1 =

n

(Zvnj)

where the last integral is performed on ¢, for 2 < i < n;. Since T" is integrable in all

directions, we see that all the integrals above are finite and hence we find that
Bl < Cpl|q|[}oe™ms(n=k)

From the definition of non-single partition of n, we know k < 5 to make sure that n; >
2,j =1,--- k. Hence ming(n — k) = 5. This yields the first estimate. We mention that
the constant depends on n and on the size of X; hence we used C,, to make this dependence

explicit.
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2. Control of the average of x1.. Again, we consider the a. term only. Recall the change

T_(x,v) f ’
/V/o fo = tv,v)didv = /X ﬁh_ ey dy. (4.11)

We rewrite the term as

of variables

/ / ) E(x, tv)das(xr — tv)g(x — tv,v)dtdv = E (z.y 535(1 )q(y, Ty )dy.
v Jo vl |z =yl

The term we wish to analyze is now

e (Bt =)
/d“/n<H|:s et >H5a€ il

We recall the notation dly; - - - y,] = dy1 - - - dy,,. Upon taking expectation, we have

IEI2<C’Hq||Loo/ / H’x_y‘d 11@]‘[5% u).

Now we use the formula for high-order moments again and obtain

Z " Ln; lin g lin g
J J —
Y e TP M Ty
) ) £
Engrg—1
;|

EL<Cc Y Z/H/]

Zn
(n1,mp)ed =1 |z —y, 7|4t

e —y

There are many terms to estimate, which are all analyzed in the same manner. Let us

fix k,(n1,---,nx) and £. Then we need to estimate the product of k integrals involving
Tm ... T™  Now fix j and T™ is a function of yf’"’ — yf’nj . Hence, we change variables
Yy ¢ ¢ ¢
% _>y2’n'77 w_y17nj —)yl’n‘77 Z: 17-.. 7nj7j = 17-.. 7]{:'
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The integral with 7™ becomes

2 Xy
Sy P P L
ng . M
j X (X/e)"s ! |yf,m|d—1 H |€yé nj yf’"f |41

Denote yf’nj as y, to simplify the notation. We only need to control

/ dy// T7 (Y 5 Yn,)
ox o Jpa 3|9 T ) — eyl

For almost all y5, - - - ,yﬁlj, we can consider the Voronoi diagram (see Figure 4.1) formed by

EYh, -+ ,6y;j. For any fixed ¢, when ¥} is inside the cell of ey},

1 )
i — ey > 5\6%’- —eyy|, VI #1.

Then if we replace 3} — ey by €(y; — y;)/2, the integral increases. Hence we see that I, is

bounded from above by

; / /
| It et
ox Y414~ 1!y1 ey |71 Jpng-vd [y (27 )4 y) — gyl dt

When d = 3, after integrating in y}, we thus obtain the bound

Tnj(yé7 7y/ )
Ce(ni—1)d—(n;~2)(d~1)—(d~2) / ")l ], (4.12)
R(mj—Dad ‘yg‘d—2 Hl;&l,i ‘y; _ /‘d—l 2 nj

Here, we used Lemma 3.11 for the integral over y|. Recall definition of 7" and the integral

above is

dzd .
/wdw Iyzld 2 H Iyz yld rdadlys -]

L (4.13)

:/Rddzw(z)/ dlw!yzld : H/ bz ‘y’dl )dyi.

1£1,i
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The integrals inside the product sign are bounded uniformly in z — y, since

Pz —yl—yp) Pz —yl—y;)
j/ Ve gy [ ) g ey 4 ] 1.
ly;1<1 [l lyj|>1 Y]

Thus we need to estimate

P W gz = [ wte) (05 ) (s

R2d |y | d-1

This integral is clearly bounded since 1 * | -|~%*! is bounded and v is compactly supported.
Hence each I, ;s of order €™ and therefore I is of order £™. In the case when n = 2,
by Lemma 3.11, the integral over y| above should be replaced by a logarithm function,
and each I,; has a contribution of £"/|logel; therefore, I is of order £"|log g|maxk - Again,
k < % for all the non-single partitions. Hence, Iy is of order £"|log e|z.
3. Proof of the third estimates. The third estimate is a consequence of the first two.

First we can write Tl_lAexla as
T 6a. T a.q — T7 0a. T 0k.g + T7 0k-(X12)-

The first two terms are analyzed as in 1. While considering the L™ norm of this term, we
have 2n terms involving da., 6k., which all yield contributions of order ™. For the third

XlE Lm el ] 2n E X I 2n

and the fact that E|k.||74, is bounded. Application of the second estimate completes the

proof. [J

We can generalize these estimates to the case when T, is replaced by T above. For

T-1A. T 'A.q, we have:
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Corollary 4.4. Under the same condition as in the previous lemma with T1 replaced by

T, then for any integer n > 1, we have that when d > 3,
E| T Acqln < Cne?|lgl|E, E||T-TAq|[2n < Coe"|lgl[7e- (4.14)
Iterating once more, we have
E[IT7 AT Aglfn < Cre|lgllee- (4.15)

In dimension two, the term €™ in the second and third estimates should be replaced by

e"|logel .

Proof. First, we have
T!'=T'-T'K=T' - T 4T " (4.16)

Since T~ A, is bounded L™ — L™, we can replace T; by T in the first estimate and in the

first instance where T appears in third estimates. For the second estimate, we have
T-1A.q=T;'Acq — T-1KA.q.

The first term above is exactly the second item in the previous lemma. The second term
above is bounded by C||[KA.q||z» and therefore is also controlled by the second estimate in

the previous lemma.

For the replacement of second T in the third estimate, we first write

T AT 1A= T AT P Acg — TTTA T 'K ALg.
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The first term is that in the lemma, and the second terms is estimated as follows:
IT AT K Acql|n < C(8ac | pon + [10ke | 2n) I Aeq] p2n-

The constant above is | T7 || nszn | T~ 2n_, 2. Then observe that (a+b)" < C,(a"+b")
for a,b > 0, take the expectation and apply the Cauchy-Schwarz inequality to get the result.
O

Remark 4.5. All the results hold when T is replaced by T in the lemmas.

We are now ready to prove the first main result.
Proof of Theorem 4.1. We assume that d > 3. Only slight modifications left to the
reader are needed when d = 2. Assume wuy € L* which is verified when g € L*>®(I'_).
Let x. = T 'A.ug. We write (. = x. + 2 and E”Xauiz < Ce by the previous lemmas,
and it remains to analyze z., which can be rewritten as the sum of z;. := —Te_léagx6 and

29¢ 1= T-10k.X.. From the previous lemma and the fact that dk. is in L*, we conclude that

1 _ 1
E[[keXcll7> < [Ellke[74)2 [Elxe]74)z < Ce*.

Then we recall that T-! is a bounded linear transform on L? and the bound is uniform in
€ as long as we have a uniform subcriticality condition, which can be verified if a,q > 5.

Therefore, we have
BT kXel7e < T2 70 2 EllkeXcl72 < Ce.
To control z1., we observe that
21 = TN (=ba)xe + (T2 = T7Y)(=6ac)xe = 211 + 212

For z11., we use the third estimate in Corollary 4.4 and EH211€H2L2 < C€2. For the z19, term,
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we notice that it satisfies the equation
T:z12: = Ac211e.
We then control the L? norm of zj9. by that of A.z11.. We have
Ellz12el72 < ONT s, o Ellacl fs + Eloke|2412 (Bl 7]7 < Ce™

Hence we have shown that E||z||?, < Ce?. The proof is now complete. O

4.3 Corrector Theory for Random Transport

The result in the previous section, Theorem 4.1 shows that the corrector (. := u. — ug may
be as large as \/e. It turns out that the size of the corrector (. very much depends on
the scale at which we observe it. Point-wise, (. is indeed of size \/. However, once it is
averaged over a sufficiently large domain (in space and velocities), then it may take very
different values. Firstly, (. needs to be decomposed as u. — E{u.} plus E{u. — ug}. The
latter term corresponds to deterministic correctors, which may be larger than the random

corrector. This section is devoted to two theorems concerning the limits of these correctors.

4.3.1 Limits of deterministic and random correctors

In this section we investigate the weak limits of the deterministic and random parts of the
corrector u. — ug. For the deterministic corrector, we have the following theorem capturing

its weak limit.

Theorem 4.6. Let dimension d = 2,3. Under the same conditions of the previous theorem,
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we have

hm E{u€} - 'LL(]

i - (x,v) = U(z,v) (4.17)

weakly, where U(x,v) is the solution of the homogeneous (deterministic) transport equation

v VU +a(x)U — k(zx) /V Uz, )dv' = q(z,v), (4.18)

with a volume source term q(x,v) given by:

/R<Ra(tv)uo(a:,v) — Ryx(tv)ug(z) —/V (Rak (tw)ug(z, w) — Rk(tw)ﬂo(x))dw> dt.

The above theorem presents a convergence of the corrector weakly in space. Under mild
assumptions, we can show that the deterministic corrector is of order O(e) also point-wise
in (x,v), and is thus independent of the scale at which it is observed. This is not the case
for the random corrector u. — E{u.}. Let €7 be the size of the latter term. An interesting
observation is that this size depends on the scale at which observations are made. More

precisely, we can consider three types of observations:

1. For a fixed (z,v) € X x V, the variance of the random variable w — (.(x,v;w) is of
order ¢ for all dimensions d > 2 so that v = %, cf. [14]. This property, which arises
from integrating random fields along (one-dimensional) lines, is quite different from

the behavior of solutions to elliptic equations considered in e.g. [9, 59].

2. For a fixed z € X, let us consider the average of (. over directions and introduce the
random variable J.(z,w) := [, (-(-,v)dv. The variance of J.(z) is of order €2|loge]
in dimension two (with & replaced by ¢|log z—:|%), and £? in dimension d > 3 with then

v = 1. Angular averaging therefore significantly reduces the variance of the corrector.

3. Let us consider the random variable Z.(w) as the average of J. over all positions.
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The variance of Z. is of order ¢¢ in dimension d > 2 with then v = %l. The random
corrector is therefore of smallest size when averaged over the whole phase space and

is consistent with the application of the central limit theorem.

The main concern of this section is the stochastic corrector u. — E{u.}. We aim at
characterizing its limit as ¢ — 0 weakly in space and velocity. The correct scaling in this
case is thus vy = %. Let us consider a collection of sufficiently smooth functions M;,1 <1 < L.
We seek for the limit distribution of (Mj, u. — E{u.}), where (-,-) denotes the integration

of a pair of Holder conjugate functions.

Let M; be the solution of the following adjoint transport equation:

— - VoM + aM; — / k(x, 0,0 ) My(z,v)dv' = M;, (z,v) € X xV,
v (4.19)

Mi(z,v) =0, (x,v) € Ty,

and define m; := (my1, my2)’, where

my = —/ M(z,v)up(z,v)dv, and mg = cgmyy +/
1%

Vuo(:n,v)dv/VMl(x,v)dv. (4.20)

The limiting distribution of the stochastic corrector weakly in space and velocity is shown

to be Gaussian. More precisely, we have the following theorem.

Theorem 4.7. Let dimension d = 2,3. Under the same condition of Theorem 4.1, we have
—E
(M, e =S {“5} / my(y) - dW (y). (4.21)

The convergence here should be interpreted as convergence in distribution of random vari-

ables. The two-dimensional multivariate Wiener process W (y) = (Wa(y), Wi(y))' satisfies
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that

02 PakOa0k
EdW (y) ® dW (y) = Edy := dy. (4.22)
PakOaOk  OF

The notation @ above denotes the outer product of vectors.

Remark 4.8. More general attenuation and scattering models. In the construction
using (4.2), we have p, = 1 so that Wy = g—’;Wa in distribution. The above theorem

generalizes to more complex models of attenuation and scattering. For instance, consider

el

are(xag _aT’O +ZZ¢1

lleN

k‘s(ﬂf,g ) = ko(x +ZZQZ

=1 jeN

(4.23)

Here, the profile functions v; and g; for 1 <1 < L < oo are smooth compactly supported
non-negative functions, and the Poisson point processes {yj’l}lgg 1, are independent possibly
with different intensities e~%y;. Physically, these Poisson point processes model different

types of inclusions that may absorb and/or scatter. The matrix ¥ still takes the form above

while o, o and p.; now take the form:
2 L 2
Zl/ ( dm) , o0F= ZV[ (/ Ql(:E)d:E> ,
=1 =1 Re
L

_ -1
pu = (o) Yow [ @) /IR aw)ds.

=1

To simplify the presentation, we shall only consider the model (4.2) of random media.

Remark 4.9. We can rewrite I; as

Ii(w) = /X o1 (y)dW (y) = /X e m S dW(y) (4.24)
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where : is the Frobenius inner product of matrices, and W (y) is the standard one dimensional
multivariate Wiener process. The equivalence of the two formulations is easily verified by
computing their variances. The formulation in (4.21) displays the linear dependence of
the correctors in da,, 0k at the price of introducing two correlated Wiener processes as for

elliptic equations [9].

Remark 4.10. Recall the adjoint transport equation of the form (4.19). Let Gy (z,v,y,v’) be

the Green’s function of this equation, i.e., the solution when the source term is 6, (z)d, (v),

and define
Ka(Z,0,y) = / Gi(x,v,y,v")dv'ugp(z,v),
v (4.25)
K/k(gj7 v, y) = CqRq + / G* (:L'v v, Y, U/)dl),ﬂo(ﬂj‘).
1%
The convergence in the theorem can be restated as
ue — Eu,
74(3372}) = (/ia(:n,v;y),/{k(:n,v;y)) : dW(y) (426)
E£2

where W (y) is as in the theorem. This convergence is weak in space and velocity and in

distribution. As we remarked earlier, the convergence does not hold point-wise in (x,v).

4.3.2 Proof of the corrector theorems

The main steps of the proof are as follows. As an application of the central limit theorem,
we expect the fluctuations to be of order e% with thus a variance of order O(e?). Any

contribution smaller than the latter order can thus be neglected. However, there are deter-

[S]isH

ministic corrections of order larger than or equal to e2. We need to capture such correctors
explicitly.
The deterministic and random correctors are obtained by expanding (4.8) as T(. =

Acug+ A in powers of A.. The number of terms in the expansion depends on dimension.

We first consider the simpler case d = 2 and then address the case d = 3. Higher-order
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dimensions could be handled similarly but require tedious higher-order expansions in A,

which are not considered here.

The derivation of the results are shown for random processes based on the Poisson point
process described earlier for simplicity. As will become clear in the proof, what we need is
that moments of order 2 + 2d (i.e., 6 in d = 2 and 8 in d = 3) of the random process be
controlled. Any process that satisfies similar estimates would therefore lead to the same
structure of the correctors as in the case of Poisson point process. Such estimates are
however much more constraining than assuming statistical invariance and ergodicity, which
is sufficient for homogenization [48]. For similar conclusions for elliptic equations, we refer

the reader to e.g. [9, 11, 59].
a. The case of two dimensions

As outlined above, we have the iteration formula:
G =T YA+ T AT " Aug + T AT 1AL, (4.27)

Let M by a test functions on X x V', say continuous and compactly supported on X. After

integration against this function on both sides of the expansion, we have
(Cey MY = (Acug,m) + (AT YA ug, m) + (AT LAC,m). (4.28)

Here we define m = T* 1 M. We need to estimate the mean and variance of each term on
the right hand side. We will show that in two dimensions, this expansion suffices. Weakly,
the first term is mean-zero but is the leading-order term for the variance. The second term
has a component whose mean is of order £ and converges to U as in Theorem 4.6. The
other components of the second and third terms are shown to be smaller than £% both in

mean and in variance. The following lemmas prove these statements.

Let us call the terms in (4.28) as Jy, Jo and Ry, respectively. Since ug is deterministic,
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and da. and 0k. are mean-zero, we obtain that .J; is mean-zero. Its variance is easily seen
to be of order e and will be investigated later in detail. For the term .Jo, we use the

decomposition of T~! and recast it as
Jo = (AeTl_lAeuo,m> + (AETI_IICAguO,m> + <A€TI_II€ICA€u0,m>,

and call the terms Js1, Joo, and Jog, respectively. Then, we have the following estimates

for them.

Lemma 4.11. Assume the same condition of Theorem 4.1 hold. Let d = 2. Then we have

(i) The mean of Ja1 is of order € and more precisely,
E(A.T; ' Acug, m) = e(U, M) + o(e) (4.29)

where U(x,v) is the solution to (4.18).

(ii) For the variance of Ja1, we have

Var {Jo1} < Ce?|loge| < 2. (4.30)

(iii) For Jog and Joz, we have

EJZ, < Ce¥|loge|?, EJ3 < Ce*. (4.31)

Hence E|Jo;| for j = 2,3 are much smaller than et

In dimension three, (1) is similar, and the logarithm in (ii) and (iii) can be dropped.
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Proof. (1) The mean of Ja;. This term has an explicit expression:

Jo1 = /X><V m(z,v) {/071 E(bac(x)dac(x — tv)ug — dac(2)dk. (x — tv)ug)dt

T2
—I—/ / E( = 0k-(z)bac(z — sw)ug + 0k ()0k< (x — sw)Uo)dwds] dvdzx.
vV Jo

Here 7 = 7_(x,v) and 75 = 7_(z,w). After taking expectation, we need to estimate

tv

1 tv .
/Xxvm(x,v) [/0 E(z,x — tv)(Ra(;)uo(x —tv,v) — Rak(;)uo(x — tv))dt

_ /V/O 2 E(r,z — sw)(Rak(%)uo(x — sw,w) — Rk(%)ﬂo(:ﬂ - Sw))dwds] dvdz.

Then we change variables é to t and 2 to s and obtain the following limit:

E—

lin% e EJn :/Xxvm(:n,v)/R [Ra(tv)uo(:n,v) — R (tv)up(x)

—1—/ [ — Rar(tw)up(z, w) + Rk(tw)ﬂo(x)]dw} dtdvdzx.
1%

The right hand side above is exactly (M, U) by definition.

(2) The variance of Ja1. The moments and cross-correlations of the random coefficients
da. and 0k, satisfy similar estimates. In the analysis of Jo1, we therefore focus on the term
that is quadratic in da. knowing that the other three terms involving dk. are estimated in
the same manner. We call I the term quadratic in da. to simplify notation, and using the

change of variables (4.11), rewrite it as

7—(x,v)
L = / m(z,v)da(x) / E(z,x — tv)da.(x — tv)ug(z — tv,v)dtdxdv
XxV 0

xr—vy 5&5(33)5&5(3/) r—y
= m(x, —)E(z,y) ———"ug(y, —— )dtdzdy.
/Xz @ oy P@y) T gt vl gy dtdedy
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Then Var (I1) = E(I; — EI)? can be written as

m(m, U)m(‘r/7 'U/)U()(y, U)UO(y/7 U/)E(xa y)E($/7 y/)
xt |z —y|? o =yt

(E[dac(z)da: (y)dac (x")da: (v')] — E[da: (z)das(y)|E[da: (x")da: (v)])d[x"y zy].

Now recalling the formula (4.6) for the fourth-order moment, we see that in the three choices
of pairing the four points, the one that pairs x with y and 2’ with ¢ is the most singular

2

term. Indeed, it is precisely IEIl2 and we’'ve shown it is of order €. However, this terms

does not contribute to the variance, where only smaller terms appear.

Indeed, assuming that m and ug are uniformly bounded, we have

1 y—xz o —x Yy —x
Var (I;) < C Tt
w (<0 [ o (TS T

f]}'/ /

REZDRED R RED)).

We estimate the three integrals. For the first integral, we change variables (y — x)/e — v,

(' —x)/e = 2', and (y' — z)/e — 3. Then the integral becomes

4
3d—2(d—1) T (y, 2", ")
dlyz'y/].
/ /Xr lyld=t|a’ — g/|d=1

We replace the integration domain of [y, 2’,9'] to R3¢, The resulting integral is finite:

T4y, 2", y)| < p >2
/Rad\y!d Lo/ — g/ |d-1 diya'y] /¢ \y!dl()z '

d+2

The first integral gives a contribution of order ¢ to the variance.

The other two integrals are handled in a similar way. Noting the symmetry between z’

and v/, we consider only the second integral. It can be written as

[R(=2)R(ZL)|
/X4 |2/ —y+ (z — x/)|il—1|$/ _Ey T (y— ¢+ T dz"y'zy).
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We change variables (z — 2')/e — x, (y —y')/e = y, and (2/ — y)/e — 2/. Then this term

is bounded by

1
)|d dz’.
/ /de yldlay)s” /X |z’ + ex|d—1|z’ + ey|d—1 v

For the integral in 2/, we use the convolution lemma 3.11. In dimension two, the last integral

is bounded by C(|log |z — y|| + | loge|). Hence, the above integral is bounded by

ClX]| (6”\ log E!/ |R(x) R(y)|dxdy +€2d/ |R(x)R(y) log |z — dewdy> :
R2d R2d

The first integral is clearly bounded. The second one is again a convolution of a compactly

supported function with a locally integrable function. This yields a contribution of order

d+2

e*/log | in dimension two and €972 in dimension three.

Observe that 2d = d + 2 in dimension two. We conclude that

Var {I;} < C\X!HuomH%mEdH\ log e|.

(3) The absolute mean of Jaa. We recast Joo as

E(x,z —tv,y)k(z — tv)da r—tv—
/ x 1) (5&5 / / y) ( d_l) €(y)u0(y7 Y )
XxV |z —tv—y| |z —tv -y

x—y Bz, zy)da.(z)da:(y)k(z) z—y
_/X3m( \x—y\) |z — 2[d 1|z — y[d-] uo(y, ’Z_y‘)d[a:zy].

Using the decomposition of the fourth order moments, the problem reduces to estimating
similar integrals as was done before. Since there is another integration in z, this term is

more regular than the ballistic part and the mean square of this term is negligible compared
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to the random fluctuations. We verify that EJ3, is bounded from above by

y—x z—x Yy —x r—y. _x —y x—y a2 -y

C T R R R R
[ A L a4 L R
r—x _y—1y 1 V)
R R d .
+’ ( c ) ( € )D|x—z|d_1|z—y|d_1|$’—z’|d_1|z/—y’|d_1 [xyzxyz]

We integrate over z and 2’ first. Using the convolution lemma, the term above is bounded

by

/ / /

-z y —=x T—Y, T
R R
LD+ IR R

REZY)

r—x

Yy—x
c T4 ,
X4 (| ( 15}

/ /

Tr — r —
+ IRCE—DR(—)) [log | — yllog [+ — y/||dleya’y).

_y/
)l + IR(

The most singular term arises when the correlation function and the logarithmic functions

have the same singularity. These most singular terms are treated as follows. For the integral

T — x/ o
[ rEEDRE L og ke — yltog o’ —  ldley'y),
X4 e 3
we change variables (v — y)/e — y and (2’ — y')/e — ¢/ and the integral is bounded by
2
oge? [ dia) ([ 1Ry -

X2 R4

The integral is finite for the same reasons as before.

The other contributions in the variance of Jog are negligible compared to this contribu-

tion. For the third integral, which is identical with the fourth integral, we need to control

x—a' . _y—vy
[ RCEZE R log ko = yllog o’ o |dlaya'y).

We first change variables (z — 2')/e — 2/, (y —v')/e — ¢/, and x — y — y, and then use

the convolution lemma 3.11 in the integral in y. Observe that the integral of the product
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of log functions on bounded domains is uniformly bounded. Hence we find that this term

is of order £2¢.

For the first integral involving T, after changing variables, we need to consider

c>(s3duogew2jfriﬂ<y~ﬂ,y®dum%yﬂ4—s&ﬂiﬂ<y,xcywlog\yUog\x'—-yﬂhﬂyaﬂyq)

and the integrals converge as before. Hence, the contribution to the variance is of order

34| log e|?. To summarize, we have obtained that
Var (Jyp) < Ce¢, EJZ, < Ce?|logel?.

In dimension three, the logarithm terms can be eliminated.

(4) The absolute mean of Ja3. Using formula (4.11), we have

Jog = / m(‘rv ’U)E(Z’, 5)@(57 Z)E(Zv y)k(Z)UQ (y7 U/)5a5($)5a5 (y) d[x{zy],

e o — g1 =y

where v = (z —&)|z —&|7" and v/ = (2 — y)|z —y|~", and © is the kernel of K. Assume that

m and ug are bounded. Then EJZ; can be bounded by

Elda. (z)das(y)das (2")0ac (y')]dz€zya’€’2"y]
xs |z =& THE = 2|z =yl ol = GG = 2 =y

C

The analysis of this term is exactly as in (ii). We integrate over &, &’ first and then z, 2’
Then all potentials disappear in two dimensions and integrable logarithm terms emerge in

three dimensions and hence we find that

Var (Jp3) < Ce¢, EJ2, < Ce*,

This completes the proof when d = 2. In three dimensions, the only change needed is to
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discard the logarithm terms in part (2) above. O

Next we consider the remainder term R;. Recall that (. = x. + z.. We see that R; can

be written as

R = (AT YA T Y ALug,m) + (AT A 2., m)

We will call them Ri; and Rjo respectively. We have the following estimates.

Lemma 4.12. Assume the same conditions as in the previous lemma. Then we have:

d
2

(i) The absolute mean of Ria is smaller than 2. More precisely, we have

E(A.T 1A 2., m)| < C&?%\log E’% <t

in dimension d = 2.

(ii) The absolute mean of the term Ryy is also smaller than e2. More precisely, we have

E(A. T AT~ A ug, m)| < Ce2|loge| < &2,

in dimension d = 2. When d = 3, the size is €2.

Proof. (1) The term Ris. Use the duality relation we can write this term as (z., A, T* 1 A.m).

Then we have
1 1 _ 1
E|Ria| < C{E|z[|2:} 2 {E(10acl|3a + |0kll3a)} 1 {BIT* " A 1231

Using lemma 4.2 and corollary 4.4, and the fact that E||z[|7, < Ce?|loge| derived in the
proof of Theorem 4.1, the three terms on the right-hand side above are of size ¢|log 6|%,

order O(1), and E%, respectively.

(2) The term Ryy. Write this term as (A. T~ A ug, T*_1A5m>, and use the decomposi-
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tion of T and T*. Then we have

Riy = (AT Acug, T Acm) — (AT Acug, T K Acm)

— (AT 'K Acug, TP Acm).

We will call them I, I and I3 respectively. Then I and I3 are of the same form and can

be controlled as follows:
-1 -1 2 14 4 4 1 * 4 1
E|l| < C{ET™ ATy Acuoll 72} 2{E(||6ac |74 + [|0ke[|7a) } 2 {E[K* Acm|| 4} 7.

We then use lemma 4.2 and corollary 4.4 again to obtain the desired control for I and

similarly for Is.

For Iy, it suffices to consider (T*l_lAgm, 5a€T1_1A5u0> because the other component
is as I and is controlled in the same manner. We still call this term I; and it has the

expression:

/XW </0T+ E(z,x + tv)da. (x + tv)m(x + to, v)dt)
dag () (/OT E(z,z — sv)da.(x — sv)ug(x — sv, v)ds) dxdv

where 74 are short for 74 (z,v). Assume that m and ug are uniformly bounded. The mean

square of I; is bounded by

T pr— 4" et
C/ / / / / E[das(x + tv)das(z)da: (x — sv)
x2xv2Jo Jo Jo Jo

daz(x' +t'v)daz (2" )daz (2’ — s'v")]d[s't sta'v' zv].

We use the high-order moment formula again, and then need to control several integrals
involving T™’s. The analysis is exactly the same as the previous lemma although there are

more terms.
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Let us divide the six-point set into two categories: the first one consists of z, z+tv, x —sv
and the second one consists of 2/, 2’ +t'v/, 2’ — s’v'. The non-single partitions of a six-point
set include group of (2,2,2), (2,4) and (3,3). Among these groupings, there is one term

where only points from the same category are grouped together; it is the following;:

t s
C/ / / T3 —, dtds/ / T3 — ——)dt ds'd[xz'vv').
X2xV?2

Change variable and recall that 72 is integrable along all directions. We see this term is of

order 4.

For all other partitions except some terms in the pattern (2,2,2) which we will discuss
later, there is at least one point from the first category and one from the second category
that are grouped together; without loss of generality we can assume x and z’ are grouped
together. In the (3,3) grouping pattern, there is another point from the same category
of either z or z’ that is grouped with them. This yields a term of the form T3(x_Tm/, %”)
and after routine change of variables, the integration of #’ yields a term of size % and the
integration of ¢ yields another multiplication by a term of order ¢ so that the whole integral
is no larger than order e4*!. Similarly, if 2 and 2’ are grouped together in a (2,4) pattern,

the same analysis holds and we still have enough variables to integrate and the term is no

larger than %+,

For the pattern (2,2,2), the terms of the form

C/X2XV2/ / / / R —a R(az—x’—gtv—kt’v’)

(x —Z + -y Yd[zyvwtst's'],
€

needs separate consideration. For this term, we can use change of variables in tv —t'v’ to an
integration over a two-dimension region and integration over ﬁ for some angular variable.

In two dimension, this is of order ¢9+2|loge|, and in dimension three this is of order g4+2.
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The lemma, is proved. [

Now we are ready to prove the last two main theorems in the case of d = 2. However,
we will postpone it after briefly discussing the case of d = 3.
b. Extension to dimension three

The analysis for J, still holds in dimension three. However, the estimate on R is not
sufficient and we need to push the iteration to have one additional term:

(Cey M) = (Acug,m) + <A€T_1A€u0,m> + <A€T_1AET_1AEu0,m> ( )
4.32

+ <AET_1AET_1AEC€7 m>

Let us call the third above term Js and the fourth Rs. Then J3 is precisely the first
component of Ry in dimension two and has been estimated in Lemma 4.12. Now it suffices

to estimate Ry. We first rewrite this term as
Ry = (AT AT AT ' Acug, m) + (AT AT Az, m).

Here z. is defined in the proof of Theorem 4.1. Call them Ro; and Rgo respectively and we

have the following lemma.

Lemma 4.13. Under the same condition of previous lemmas, let d = 3. We have
(i) For the absolute mean of Raa, we have E|Rgy| < Ce? < et

ii) For the term Roy, we have E|Ro| < Ce? <« 7.
(ii)

Proof. (1) The term Ray. We can write this term as (A.z., T*_lAET*_lAEm>. Then it is

controlled as follows.
_ — 1 1 1
E|Rys| < C{E|T* AT " Acm| 14} 1 {B|10k< || 14 + Eldac |14} 1 {E| z]|7-}2 < Ce.

(2) The term Ra;. We can write this term as (A.T~tA. T~ A uy, T*_llC*Aam>. Using
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the decomposition of T"and T* we can break this term into four components. The same anal-
ysis as in Lemma 4.12 applies and it suffices to consider ((5a€T1_1(5a,3T1_1A,3u0, T*I1A€m>.

It has the expression:

T—_(z,0) pr—(z—tvw) pr4(z,0)
/ / / / bas(z)(uoE(z, x — tv,z — tv — t1v)da. (z — tv)
xxvJo 0 0

X ugda(z — tv — tyw)ug E(x, x + sv)dac(x + sv))d[tszv).

Then ER3, is bounded by

T—1 T—o T+ 7—7’1 7_7/2 T+,
C/ / / / / / / E{da-(z)da.(x — tv)da.(x — tv — t1v)
X2xv2Jo 0 0 0 0 0

daz(x + sv)da-(y)da-(y — t'w)da-(y — t'w — tiw)da (y + s'w) }d[zyvwtst,t's't)].

Then we use the eighth order moments formula.

For non-single partitions of eight points, the patterns are (2,2,2,2), (2,2,4), (2,3,3), (2,6),
(3,5) and (4,4). Again, we divide the points into two categories, the first one including
z,x —tv,r —tv — t1v,  + sv, and the second including 2/, 2" — t'v/, 2" —t'v' — )0/, 2" + §'v'.
Now the partitions when only points from the same category are grouped together yields

the following term:

C ( /X B /0 b /O " B {Sau(2)da. (z — tv)da.(z — to — tyv)dac(z + sv)d[ttlszw])z .

We have seen that this term is of order (¢2)2. For all other partitions, x and 2’ are grouped
together, and except for some terms in the pattern (2,2,2,2) which we will discuss later,
there is another independent ¢ variable that can be integrated over. Therefore, these terms

are of order no larger than %+,
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In the pattern (2,2,2,2), the terms of the form

“Jowrh bk A

xR( tglv—l—t’v’—l—t )R(x x—l—;v—sv

))dlzyvwtstyt's't]],

need separate consideration. As in the previous lemma, we can change variable in tv — t'v'.

d+2

These terms are of order £“7=. Hence the lemma is proved. [J

With the results above, the proof of Theorem 4.6 is immediate.
Proof of Theorem 4.6. In dimensions 2 and 3, considering the expansion (4.28) or (4.32),
the only term whose contribution to E{(.} is larger than e? is (A.T7 Acug, m) and its

limit is already derived in Lemma 4.11. [

The following result follows immediately from the lemmas proved earlier in this section.

Lemma 4.14. Under the same conditions as in Theorem 4.1 with d = 2,3, we have

CE B EC&

£2

El{e, — e 2T Aug)| < Cez|loge|z —» 0. (4.33)

This lemma states that ({- — ECE)E_% converges to E_%T_IAEUQ weakly and in mean

(root mean square), which implies convergence weakly and in distribution. Therefore, we

seek the limiting distribution of:
(p,e 2T Acug) = —e 2 ((T* 0, 6areuo) + (T 0, 6ke (—To + cqup))).-

When ¢ is taken to be M;,1 <[ < L as in the section on main results, the resulting random

variables are

1 (Gar(2), 6k (2))de, (4.34)

where m is defined in (4.20).
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As in Remark 4.9, proving Theorem 4.7 is equivalent to proving that {I;.} converge in
distribution to mean zero Gaussian random variables {I;(w)}, whose covariance matrix of

the random variables I; is given by

ELI; = /mumljo—g + (myymaj + moimij)pakta0i + m2im2j0’/%d$
(4.35)
:/m,-@mj : Ydx.

Here, the covariance matrix ¥ is defined in (4.22).

Note that Ij. is an oscillatory integral. Convergence of such integrals to a Gaussian
random variable can be seen as a generalization of the Central Limit Theorem (CLT) which
is classically stated for independent sequences of random variables. Generalizations to
processes on lattice points which are not independent but “independent in the limit”, usually
shown through mizing properties of the process, are done in the probability literature; see
e.g. [27]. Generalizations to oscillatory integrals are done in [9] under similar mizing

conditions. We refer to Theorem 2.15 for the details.
Proof of Theorem 4.7.  For simplicity we assume that ug and hence m; are continuous.

1. By the same argument of step one, two and three in the proof of Theorem 2.15, we
can assume m; is piece-wise constant functions my, on a system of cubes {Q;} of length
size h, which covers the domain of interests. Further, it suffices to consider the limit of
the integral in (4.34) on each cube. On a typical cube @, the integral we are interested

becomes,

1 /
Dhej = / Mipj * — 5%( ; )5k‘( )) dy
£2

where the vector myj,; is some constant.

2. For a typical [}, as in step four in the proof of Theorem 2.15, we view it as a sum
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of N = h/e random variables (j{ divided by the CLT scaling factor N 2. More specifically,

1’.
J

q = / () dy, q(y) = muno - (dar(y,w), 0k(y,w))'".

Here Q; is the ith subcube of the cube @); chosen in the previous step. Apply the CLT for

mizing processes parameterized by lattice points; we get Ijpe; — N(0, sz-hd) where

0]2- = Z E(Gd)) = Z E/C mip; - (5ar,5k)(y)dy/c mypj - (0ar, 0k)(z)dz
0 7

i€Z4d i€Z4

— mn; & g /C dy /R d:E[(0ay, k)(y) @ (dar, 0K) ()] (436

2
Oq PakOa0k

= Mypj @ Mypj :
PakOaCk O

By the asymptotic independence of {Ij;,;}, we see Ijp. — ZjN(O,UJQ-) = I, which is a
Gaussian random variable with variance [ my, @ my, : dy.
This proves (4.35) for piece-wise functions, and the general case follows by approxima-

tions. This completes the proof. [

Remark 4.15. The CLT of oscillatory integral developed in [9] assumes that the function
m; is continuous. Generalization to the case when my is in L? is straightforward since
continuous functions are dense in L?2. We cannot generalize this further because for the

resulting Gaussian variable to have a bounded variance, we need m € L?. [J

Remark 4.16. From the estimates on the mean and variance of the terms on the right hand
side of the expansion, we see that E{(.} in the theorem can be replaced by the mean of
T_lAng_lAguo because other terms have contributions to the mean of size smaller than
the random fluctuations. Furthermore, when R, and the other correlations decay fast so
that 7R is integrable in each direction, which is the case in our model, then E{(.} can be

replaced by eU(x,v). O
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Remark 4.17. Anisotropic scattering kernel. For simplicity, we assumed that scatter-
ing k. was isotropic. All the results presented here generalize to the case k.(z,v',v) =
ke(x)f(v,v"), where f(v,v") is a known, bounded, function and k. is defined as before. All
the required L estimates used in the derivation are clearly satisfied in this setting.

Generalization to scattering kernels of the form

ke(z, v v) = Z kej(x)Yj(v,0")

j=1

where J is finite and Y}’s are the spherical harmonics and the terms k. ; are defined as k.(x)
above is also possible. In this case, we need to deal with a finite system of integral equations

and the analysis is therefore slightly more cumbersome. [J

Remark 4.18. So far we have proved the main results with the random field model (4.2).
However, the same procedure of proof applies to more general random models. The main
required features of the process are: (i) a,. and k. are nonnegative, stationary, and P-a.s
bounded; (ii) The mean-zero process a,. —E{a,.} and k. —E{k.} have the same distribution
as da,(Z) and 0k(Z) respectively for some stationary random fields da, and 6k; (iii) The
random fields da, and 0k have correlation functions { R, Ruk, Ri} that are integrable in all
directions and over the whole domain; (iv) The random fields da, and dk admit explicit
expressions for their moments up to the eighth order (assuming d = 2, 3); see the proofs of

the main theorems for a more quantitative statement. [

4.4 Appendix: Voronoi Diagram

We have used the Voronoi diagram in deriving formulas for the high-order moments of the
Poisson bumps model. An illustration of such a diagram for six points on the plane is shown
in Figure 4.1.

In general, let {z;})¥, be a collection of N distinct points in R%. The Voronoi diagram
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Figure 4.1: The Voronoi diagram of six points on a plane.

for this collection of points is the unique way to divide the space R? into N disjoint regions
X;, so that Uzj\il X; = R? and for any point y € Xj, it satisfies that |y — x;| < |y — x| for
any j # i. The construction of such a diagram is intuitively easy. Namely, the boundaries
of these disjoint sets are the perpendicular bisectors of these points.

For a more extensive discussion of the Voronoi diagram and its applications, see [6].
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Chapter 5

Linear Elliptic Equations with

Potentials

This chapter investigates three linear partial differential and pseudo-differential equations.
Namely, the steady-state diffusion equation with absorbing (non-negative) potential, and its
modification with fractional Laplacian operator, the second one being a pseudo-differential
equation. The third equation arises in the pseudo-differential operator method for Robin
boundary problems. These three equations are prototypes for the general equations that

will be considered in the next chapter.

The main goal of this chapter is to exhibit some of the common features that these
equations share. Firstly, the well-posedness depends mildly on the potential. Secondly, the
solution operator is a bounded linear transform on L? space and its operator norm can
be bounded independent of the non-negative potential. Thirdly, the Green’s functions of
these equations can be bounded by Riesz potentials with certain exponents. These features
define a family of PDE or pseudo-differential equations for which we will investigate the

homogenization and corrector theory in the next chapter.
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5.1 Stationary Diffusion Equations with Linear Potential

We record here some of the important properties of the following Dirichlet problem.

— Au(z) + q(z)u(z) = f(z), =z€X,
(5.1)
u(z) =0, x € 0X.
One can think this equation as a stationary diffusion with absorbing potential ¢(xz) > 0 and

internal source f(x). Note also that the Laplacian operator can be replaced by —V - A(x)V

as long as A(x) is some nice positive matrix which accounts for anisotropic diffusion.

5.1.1 Several important properties

This equation is just a very special case of the Dirichlet problem of a second order elliptic
equation, for which many results are well established. Below, we record some of them which

are very useful for us in the sequel.

Theorem 5.1 (Stationary Diffusion Equation). Let the potential function q(x) to be non-
negative, and the internal source f to be in L*(X), then there exists a unique weak solution
u € HY(X) of the equation. Further we have the following:

(i) (Solution operator) Let L = —A + q(x) be the differential operator; then S := L1
which maps L*(X) to itself is a bounded linear compact operator. In particular, 151l £(z2)
can be bounded by a constant only depending on the geometry of X.

(ii) (Spectra) The eigenvalues of L are real. If we repeat each eigenvalue according to

its (finite) multiplicity, the eigenvalues are
0<A <A< A3<---

and N\, — oo as k goes to infinity. Furthermore, there exists an orthonormal basis

{dn(2)}5, of L3(X) such that each ¢, € HE(X) is the eigenfunction corresponding to
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An-

(iii) (Estimate of eigenvalues) Let the eigenvalues be ordered as above, then we have

Ao > (21)%7, 4 <‘;—’>d . (5.2)

Here 4 is the volume of the unit ball in R?; | X| is the volume of the domain X.
(iv) (Green’s function) Let G(z,y) be the Green’s function of the equation, that is, the
solution corresponding to Dirac source located at pointy € X. Then there exists some C > 1

only depend on the geometry of the domain, such that
Ol —y[7"*2 <|G(z,y)| < Cla —y| 7",

when n # 2. When n = 2, the potential above should be replaced by logarithm function.

(v) (Regularity) Suppose that f € C*(X) and g € C*+2(X), then u is also in C*+2(X).

Most of the results above are now standard and appear in textbooks, with the exception
of item three and four. The estimate of eigenvalues above is asymptotically an equality
for large n; this is the so-called Weyl’s asymptotic formula. The fourth item is essential a
comparison between the Green’s functions of the Dirichlet Laplacian operator —A and the
Dirichlet Laplacian with potential —A + g. We refer the reader to Li and Yau [77] for the
eigenvalue estimate, and Chung and Zhao [42, 113] for the Green’s function estimate.

The result about the solution operator can be proved as follows. It suffices to define a

bilinear form on H} x H} given by
Blu,v] = / Du(z) - Dv(x) + q(z)u(z)v(z)dz,
X
and verify that B[u,v] satisfies the conditions of Lax-Milgram theorem. Namely, we have

| Blu, v]| < [[Dul[[[ Do]| + llgl[ o= [[ulll[o]] < (1 + [lgll o) [ull a0l a1
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and

Blu,u] > |[Dul® > (1 + C5) " ull3-

Here and in the sequel, we use || - || to denote the L? norm. The constant C, above is the
one in the Poincaré inequality |lu|| < Cp||Du| for v € H}(X). In particular, C, can be
chosen only depending on the geometry of X. The existence and uniqueness of the solution
then follows from the Lax-Milgram theorem. The compactness of S follow from the second

estimate above and the Rellich-Kondrachov compactness theorem.

Now the property of the spectra of L follows from the fact that S is a compact operator on
L? and the fact that S is symmetric, in the sense that (Sf, g) = (f, Sg) for any f,g € L?*(X).
This symmetry follows from integration by parts on the equation. Apply the spectral theory
for compact symmetric and positive operators to obtain the property of the spectra of S.
Then translate the result to the spectra of L by observing that eigenvalues of L are the

reciprocals of those of S.

The regularity result of second order elliptic equations is a very deep yet technical result.

An extensive reference for it is [61].

5.1.2 Brownian motion and Feynman-Kac formula

In this section, we recall one example of the beautiful interplay between probability and
partial differential equations, namely the Feynman-Kac formula for the elliptic equation

considered above.

Let W; be a standard d-dimensional Brownian motion with free staring point, that is,
Wy not specified. Since Brownian motion exits any finite balls in finite time almost surely,

the following stopping time (with respect to the natural filtration of Brownian motion)

Tx = inf{t >0 : W, € X}, i.e. the first time exiting X, (5.3)
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is almost surely finite. Let E* denote the expectation conditioned on Wy = z. The solution

u(z) of the Dirichlet problem (5.1) has the following stochastic representation:

u(z) = B /0 ~ % FOW3) exp {— /0 t %q(Ws)ds} dt. (5.4)

This is the celebrated Feynman-Kac formula (or Kac formula in this special case). We
refer to [72] and for the details. The main purpose of this short introduction will be clear

in a moment.

5.2 Fractional Laplacian Operator with Linear Potential

In this section, we replace the Laplacian operator —A above by its fractional exponent

(=A)B/2 for some B € (0,2), and consider the following “Dirichlet problem”:

(=2)"u(z) + g(x)u(x) = f(z), z€X,
(5.5)
u(z) =0, r € X°.

The fractional Laplacian is defined as

20T (452) / u(x) — u(y)
= ———=""D.V. ——=d

.
W%F (— Rd ’x_y‘d—w

o[Q
SN—

The principal value is taken over {|y—z| > ¢} as € goes to zero. Consequently, the fractional
Laplacian is not a local operator; this forces the boundary condition to be defined on the
whole complement of X, in contrast to the boundary 0X for the Laplacian case.

We will record some of the very important properties of this fractional Laplacian equa-
tion with potential. Many of them are copied from the probabilistic literature. There, the
nice interplay between the Laplacian and the Brownian motion, or more generally the rela-

tionship between divergence form operator and diffusion process, is generalized to processes
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with discontinuities.

5.2.1 Stable Lévy process and fractional Laplacian

Definition 5.2 (Lévy Process). A Lévy process is a stochastic process V; which maps
Q x [0,00) to R? satisfying:
(i) Xy has stationary and independent increments;

(ii) X; has cadlag (right continuous with left limits) paths.

Examples of Lévy processes include Brownian motions, whose paths are continuous, and
the one-dimensional Poisson processes, whose paths are piecewise constant functions. For

fractional Laplacian, the following family of Lévy processes are important.

Definition 5.3 (B-stable Lévy process). A symmetric B-stable Lévy process Vi on R is a
Lévy process whose transition density p(¢,y), i.e., the limit of P(V; € dy | Vo = 0)/|dy|, has

Fourier transform [p, e *p(t,y)dy = e~t€l° . Here, 3 is in (0,2].

When g8 = 2, this is just the Brownian motion. Note however, according to the charac-
teristic function of the increment above, the time clock of this Brownian motion is running
twice faster than the standard one. In the sequel, stable Lévy processes are referred to the
case when 3 € (0,2). Such processes are now widely used in physics, operator research,
mathematical finance and risk estimation [40, 60], mainly because the discontinuity of Lévy
paths can model, e.g., jumps in the price of financial assets.

Suppose X is a C? domain; that is, 0X is a finite union of rotations of graphs of C?
functions. Adjoint an extra point 0 to X, the point “outside X” also known as the cemetery
state, and set

Vt(w), ift<Tx,
V¥ (w) =

0, ift>r7x.

Again, Tx is the first time exiting X. This process is the so-called symmetric S-stable process
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killed upon leaving X, or simply the killed symmetric S-stable process on X. Again, Let
E* denote the expectation conditioned on VOX = x, the solution to the Dirichlet problem

(5.5) has the following stochastic interpretation:

ute) =5 [ e - | t (V¥ )ds b (5.6)

This is a Feynman-Kac type formula for the -stable process. We will not investigate this
stochastic representation further. The reason of including this section is to provide a helpful
perspective of the somewhat complicated pseudo-differential equation (5.5). Throughout
this thesis, we use the terminology pseudo-differential operator for non-local operators like
(—A)B/ 2. Though it is possible, we do not rigorously justify our usage of this notion since

the deep theories in that field, e.g. in [109, 110], are not used in this thesis per se.

5.2.2 Important properties of fractional Laplacian

In this section, we record some of the main properties of the pseudo-differential equation

involving fractional Laplacian introduced above.

Theorem 5.4 (Fractional Laplacian with Potential). Let the potential function q(x) to be
non-negative. We have the following:

(i) (Solution operator) Let L = (—A)g + q(x) be the differential operator with the
boundary condition in (5.5). Then S := L™ is a bounded operator from LP(X), 1 < p < oo,
to L>®(X) and to itself.

(ii) (Spectra) The eigenvalues of L are real. If we repeat each eigenvalue according to

its (finite) multiplicity, the eigenvalues are
O< A< A<

and N\, — 00 as k goes to infinity. Furthermore, there exists an orthonormal basis {¢n(z)}52 4
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of L*(X) such that each ¢, is the eigenfunction corresponding to .

(iii) (Estimate of eigenvalues) Let the eigenvalues be ordered as above, then we have

B
n d
X

for some constant C' only depend on the dimension.

(iv) (Green’s function) Let G(z,y) be the Green’s function of the equation, that is, the
solution corresponding to Dirac source located at pointy € X. Then there exists some C > 1

only depend on the geometry of the domain, such that
C e —y| 7" < |Gz, y)| < Cle —y| 7",

forn > 2.
(v) (Regularity) Suppose the domain X has C? boundary and f € Co(X) and q € C(X),

then w is also in Co(X) as well.

Most of the results above are systematically developped by Chen and Song [34, 35],
Bogdan and Byczkowski and so on [25, 26], following the probabilistic approach of Chung
and Zhao [39], which dealt with Brownian motion and corresponding results in Theorem
5.1. The eigenvalue estimate interests us in particular, and it is a combination of the result

in [36] and the Li-Yau estimate mentioned before.

5.3 Pseudo-Differential Method for a Robin Boundary Prob-

lem

Pseudo-differential operators can be used to solve partial differential equations with mixed

boundary conditions. As an illustration, we consider the following steady-state diffusion
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over the half space with Robin boundary conditions. That is,

(—A + 2\)u(z) =0, r € RY,
(5.7)

%u(x/) + qou(z’) = f(z'), ' e R%

We also impose that the solution decays sufficiently fast as |z| tends to infinity. Above,
we identified the boundary OR”} with R? where d = n — 1. For simplicity we assume that
the damping coefficient A? is a constant with A > 0, and the impedance ¢y in the Robin
boundary condition is also a positive constant. Under this condition (5.7) is well-posed,
to see this we relate the equation for u above to the equation satisfied by its trace on the
boundary R?. In the sequel and to simplify notation, we still use z, instead of 2, to denote

a point in R%.

Let us define the standard Dirichlet-to-Neumann (DtN) operator A as follows:
Ag(z) = 5=-g(x). (5.8)

Here, the function g(z) is defined on the boundary R% and § is the solution of the volume
problem (5.7) with a Dirichlet boundary condition §|5Rr+z = g. Hence, A maps the boundary
value to the boundary flux. Either by calculating the symbol of A or by verifying it directly,
we observe that A = v/—A + \2; see section 5.3.1. Note that A here is the Laplacian on
R?, i.e., the surface Laplacian A . To simplify notation, we will use A to denote both of
the Laplacians on R” and R?. The volume problem (5.7) is then equivalent to the following

pseudo-differential equation posed on the whole space R%,

(V-A+ A +qo)u=f. (5.9)

Indeed by definition, the trace of the solution to (5.7) satisfies equation (5.9), and the lift

@ of solution to (5.9) solves equation (5.7). Thanks to the fact that g is positive, (5.9)
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admits a unique weak solution in H 2 (R9) provided that f € H 2 (R9); see section 5.3.1 for
the proof. We assume f € Lz(Rd) and consequently both the pseudo-differential equation
(5.9) and the diffusion equation (5.7) in the volume are well-posed.

Let G be the solution operator of (5.9) and let G(x,y) be the corresponding Green’s
function, i.e., the Schwartz kernel of G. By homogeneity, we observe that G is of the form
G(|]z — y|). This Green’s function will be investigated further in section 5.3.1. The latter
function decays exponentially at infinity and behaves like |z|~%*! near the origin when
d > 2. The exponential decay allows us to easily work in infinite domain. The singularity
at the origin shows that G fails to be locally square integrable. Hence the Robin problem
under investigation provides another example whose Green’s function is more singular than
that of the Laplace equation. In fact, we will verify that 8 = 1 in this case.

Equation (5.7) has an important application in biology, which we will discuss further in
the next chapter. The physical domain in this application has n = 3 and hence d = 2. Our

results are presented in that setting of practical interest.

5.3.1 Properties of the Green’s function

In this section, we first show that the Robin problem (5.7) is equivalent to the pseudo-
differential equation (5.9) by calculating the symbol of the Dirichlet-to-Neumann map A.
Using this symbol we show that (5.9) admits a well defined solution operator G and derive

an expression for the corresponding Green’s function G.
a. Symbol of the Dirichlet-to-Neumann map

We now verify the claim that the DtN map A equals the pseudo-differential operator

v —A + A2 defined as

VoA RS = ﬁ [ e VRP €, (5.10)
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where f is the Fourier transform of f defined as

. 1 .
I —iz-€
f(§ = e /Rd e s f(x)dx. (5.11)
We will also denote by .% the Fourier transform operator, and by .# ! its inverse.
By definition (5.8), Ag(z) is the normal derivative of g(x,x,), the function satisfying:

—Ag(ﬂj‘,l’n) + )‘29(33733%) =0, (l’,ﬂj‘n) € R:L-a
(5.12)

g(z,0) = g(x), = €R?=0R].

Taking Fourier transform in the variable x, we obtain a second order ordinary differential

equation in x,, i.e.,

— 02 G(& z) + (1€ + X)g =0,

9(&,0) = (&)

(5.13)

Solve this ODE with the assumption that ¢ decays for large frequency to get

§(§7$n) = 9(&) exp(—znV/[€]2 + A2).

Take derivative in the —z,, direction, i.e. the outward normal direction and send x,, to zero

to obtain Fourier transform of the function Ag. It has the form

Ag(€) = VIEP + X25(¢). (5.14)

This verifies that the symbol of A is 1/|£]? + A\2. Compare this symbol with (5.10) and we
see A = vV—A + \2. Therefore, (5.7) and (5.9) are equivalent by the argument below (5.9).

b. Solution of the pseudo-differential equation

As an immediate result, we show that (5.9) admits a solution operator G : H —3 (RY) —
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(5.15)

_ f
— g1 =
gf(x) . F /’6‘2+)\2+q0 d/2 /Rd /‘§’2+)\2_’_q0

In particular, the map G : f — Gf is continuous from L?(R?) to itself, and the operator
norm is bounded by a constant that only depends on A provided that the impedance is

non-negative.

We recall some definitions. The Sobolev space H?® for s € R is defined as
H(RY) = {v eS| ile) e L2(Rd)} , (5.16)

where S’ is the space of tempered distributions, i.e., linear functionals of the Schwartz

space S, and (£) = (1 + [£]?)"/2. To simplify notation, we will denote H3 by H, and the

s = ( [, |f(£)|2<£>d£)% . (5.17)

To prove that (5.9) is well-posed, we first write a variational formulation of it. To do

corresponding norm is

so, multiply (5.9) by a smooth test function v, and integrate. We have

Blu,v] = (f,v), (5.18)

where Blu,v] is a bilinear form defined as

Blu,v] := (Au,v) + (q(z)u, v). (5.19)

~1/2 As a result, the bilinear form B[, ]

From its symbol we see that A maps H/2 to H
above is well defined on H x H. We say u is a weak solution of (5.9) if (5.18) holds for

arbitrary v € H.
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The following proposition states that the bilinear form B satisfies the conditions of the
Lax-Milgram theorem and its corollary says (5.9) admits a unique solution in H. For the

moment, we allow the impedance in (5.9) to be a non-negative function denoted by ¢(x).

Proposition 5.5. Let A in (5.9) be a positive constant. Let q(x) in (5.19) be a non-negative
function and assume ||q||re~ is finite. Set a = ||q||L~ + max(1,\), v = min(1,\). Then the
bilinear form Blu,v] in (5.19) satisfies the following:

(i) |Blu,v]| < a||lu||lg||v||g, for all u,v € H, and

(ii) y||lul|? < Blu,u], for allu € H.

Proof. The following inequalities hold for all &.

v < 1/||££||227++/\12 < max(1, \). (5.20)

Using the second inequality, formula (5.14), and Cauchy-Schwarz, we get
_ 1/2 1/2
uo) = | [ Vi < masaon ([ la@de) ([ epea)

Since [|ul|z2 < [Jul|g for all u € H, we have

| Blu, v]| < max(L, MlJullzllvllg + lqllzellullz2llvlizz < allullmlvlla,
which verifies (i). For the second inequality, since ¢(z) is non-negative, we have

Bluv) > (huwuy = [ [aPVRFTERdE 2y [ faP(e)de.
Rd Rd

In the last inequality we applied (5.20). This verifies (ii) and completes the proof. [J

Corollary 5.6. Let A\, q(x) and v be the same as in the preceding proposition. Assume

also that f is in H='/2. Then (5.9) admits a weak solution v € H satisfying (5.18). In
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particular, if f € L?, then we have that
Jullg2 <7 fllze- (5.21)

Proof. The first claim follows immediately from the preceding proposition and the Lax-
Milgram theorem. The second one is due to the following estimate which is clear from (ii)

of Proposition 5.5 and Cauchy-Schwarz inequality.
ullZ: <Allully < Blu,u] = (f,u) < || fllz2llul -

This completes the proof. [J

Now it is a simple matter to check that G defined in (5.15) gives the solution operator.
Therefore, the corollary above shows that the operator norm of G as a transformation on

L?(R%) is bounded by the constant y~'.

Remark 5.7. The explicit bound y~! in estimate (5.21) is crucial for us when the ran-
dom equation is considered. Suppose the potential gy in perturbed by a random potential
¢e(z,w), and let G, denote the solution operator of the perturbed equation. This corollary
shows that G. is well defined as long as gy + ¢- is non-negative (which is true thanks to
the uniform bound of g. and the operator norm ||G.||;(z2) is bounded uniformly for almost

every realization.

c. Decomposition of Green’s function

Let G(z,y) be the Green’s function associated to the solution operator G of (5.9). By

homogeneity G(z,y) = G(zr —y) and G(z) solves

(\/—A T2 qo) G(x) = do(x).
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Take Fourier transform on both sides. Our choice of the definition of Fourier transform
(5.11) implies that #do(z) = (2r)~%2. Hence, G(z) is recovered by the inversion formula

as follows;

1 .
G(z) = —d/ ST (VIER + A2 + qo) . (5.22)
(27'(') R4
In dimension two, we have the following explicit characterization.

Lemma 5.8. Let d = 2. Let \,qo in (5.9) be positive constants and d = 2. The Green’s
function G(x) defined above can be decomposed into three terms as follows:

G(J}) = L <M — quo()\]a:\) + GT’(’I‘D> . (523)

o ||

Here Ky is the modified Bessel function with indezx zero and the function G,(|x|) is smaller

than Cyexp(—blz|) for any positive real number b < N = \/v/2.

Remark 5.9. In the sequel, we will call the first term on the right G5 and the second one
Gy. Clearly, G has singularity of order |z|~! near the origin and has exponential decay at
infinity; G, is smooth near the origin and has exponential decay at infinity. Asymptotic
analysis of Bessel functions shows that G has a logarithmic singularity near the origin and

exponential decay at infinity, cf. [111]. In summary, we have

exp(=A'lz|)

|G(z)| < C» F (5.24)
where C), is a constant depending on A\ and gg.
Proof. We first decompose the Fourier transform of G into three parts as follows.
. 1 2
27G(€) = 1 % (5.25)

VPR PR T (6P 1 )0 + VP T N

Now the first two terms can be inverted explicitly. For instance, the second one is a

standard example in textbooks on Fourier analysis or PDE, cf. Taylor [108, Chap. 3], Evans
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[57, Chaper 4]. In our case the dimension equals two, and its inversion is the following.

|2

) \
1 qo € q0 /°° e ar !
N — = dt = —qoKo(\|x|). 2

2T /1%2 |£|2+)\2 2 0 t 1 0( ’x‘) (5 6)

Here Kj is the modified Bessel function of the second kind with index 0. It has logarithmic

singularity near the origin and decays exponentially at infinity.

In dimension two, the first term admits an explicit expression as well. Indeed, thanks to
(5.14), (1/1€> + X2)7! can be viewed as the symbol of A™!, i.e., the Neumann-to-Dirichlet
operator which maps the Neumann boundary condition of a diffusion equation of the form
(5.12) to its solution evaluated at the boundary. Therefore, G5 can be obtained by taking
the trace of Gp, by which we denote the Green’s function associated to (5.12) with Neumann
boundary. Since d = 2 and n = 3, Gp can be calculated explicitly using the method of
images as we show now. The fundamental solution of (5.12) posed on whole R? is given
by exp(—A|z|)/4r|x|, cf. Reed and Simon [98, Chap. IX.7]. By the method of images, the
Green’s function for the Neumann problem on the upper half space is given by

Gl y):iexp(—A!y—x!) 1 exp(=Aly — )
DA™ ir |y -z ir - |y - 7|

)

for z in the upper space and & denotes its image in the lower half space. Evaluating Gp

for  on the boundary, we obtain that

1 exp(—Aly — z)
Gs(z,y) = — —~ 27 U
(z,y) = o P

Clearly, it has singularity of order |z — y|~! near the origin and decays exponentially at

infinity.

Now we are left with the third term of (5.25). We won’t give an explicit formula for

its Fourier inversion. Nevertheless, we can show that its inversion decays exponentially at
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infinity and has no singularity near the origin. The proof is a little more involved and we
wrote it as Lemma 5.10. It essentially uses the Paley-Wiener theorem. Now the proof is

complete. [

Lemma 5.10. Let \ and gy be positive real numbers and let € € R2. Set N = \/\/2. Then,

for any positive real number b < X', there exists a finite constant Cy, such that

2
g1 40 < Oy llzl
< Gpe . (527)
(€7 + A%)(q0 + VIEI* + A?)
Proof. 1. Let us denote by h(§) the function whose inverse Fourier transform is considered
in (5.27). Let us also define h(z) to be the same function with £ replaced by z = (21, z2) € C?,

a complex valued function of two complex variables. Set
[':={z € C|[Im(z)] < \'}. (5.28)

We claim that h is holomorphic on the region I'?, i.e. I' x I'.

Indeed, let w(z1,22) be the function 27 + 23. It is clearly entire on C2. Define g(w) :=
Vw + A2 as a function of one complex variable. It is holomorphic on the branched region
B := C\(—o00, —A?] as shown in Fig. 5.1. Now when (21, z2) € I'?, we verify that w € B and
hence g(w(z)) is holomorphic on I'2. This is because composition of holomorphic functions
is again holomorphic; see [58]. Since A > qo, we verify that g(w(z)) 4+ qo does not vanish.

Thus, h(z) is holomorphic on I'2.

The above arguments show that for any n € R? so that Inj| < X, ©=1,2, the function
h(§+1in) is analytic. Furthermore, it is easy to check that ||h(§+in)||z1 is bounded uniformly
in 1. Hence we apply Theorem IX.14 of [98], which says that under such conditions, for

each 0 < b < X, there exists C}, so that |#~1h| < Che~t1*l. This completes the proof. [
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Figure 5.1: Holomorphic region of the function A(z). The first picture shows the holomor-
phic region of g(w) = v/w + A2; the second one shows the shadowed region I' such that I'
is the holomorphic region of g(z7 + 22). Here N = \/V/2.

5.4 Notes

Sections 5.1 and 5.2 We do not use the Feynman-Kac formulas in this thesis, but they
are very useful in random homogenization of PDEs with one spatial dimension. We refer
the reader to the many works of Pardoux and his colleagues [46, 94, 69, 93]. I learnt the
properties of equation (5.5) mainly through the probability literature where the infinitesimal
generator L of the killed p-stable Lévy process is intensively studied. The comparison
between the Green’s functions of L, L + ¢ and (—A)%/2 is established by Chen and Song
[34, 35], Bogdan and Byczkowski [25]. Non-probability approach is also available in Hansen
[63]. The nice comparison between eigenvalues of L and —A, which will be very useful for

us later, is established by Chen and Song in [36].
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Chapter 6

Corrector Theory in Random
Homogenization of Linear Elliptic

Equations with Potentials

In this chapter, we consider random perturbation of the elliptic partial differential or pseudo-

differential equations introduced in the previous chapter. That is,
. x
P(z, Dyuz + - (v, 2w ) u- = f(a), (6.1)

for z in an open subset X C R? with appropriate boundary conditions on 9X if necessary.
Here, ¢, (w, f,w) is composed of a low frequency part go(x) and a high frequency part
q (%, w), which is a re-scaled version of ¢(x,w), a stationary mean zero random field defined
on some abstract probability space (€2, F,P) with (possibly multi-dimensional) parameter
z € R% The equations are parametrized by the realization w € © and by the small
parameter 0 < € < 1 modeling the correlation length of the random media. We denote by

E the mathematical expectation with respect to the probability measure P.
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In Chapter 5 we have seen several examples, except that we did not consider the random
structures of the potential q. Nevertheless, the results on the solution operators of these
equations are still valid as long as, e.g., ¢. is non-negative. We will impose this condition
on the random coefficient, so that (6.1) is well-posed.

Under mild conditions, the homogenization of this random equation is obtained by
averaging ¢., that is, replacing §. by its low frequency part gg. Assuming that gg has nice
properties such as uniform continuity, the results in the previous chapter apply and show
that the homogenized equation has many nice properties. The main objective of this chapter
is to investigate the corrector in this random homogenization, i.e., the difference between
the random solution u. and the solution ugy to the homogenized equation. In particular, we
will capture the limiting distribution of the fluctuations in the corrector, and estimate the
deterministic terms in the corrector that are larger than the fluctuation.

In the next section, we set up the main assumptions of the elliptic equations for which the
corrector theory developed here works in general. We emphasize two important factors: the
decorrelation rate of the random potential, and the singularity of the Green’s function of the
equation. These two factors together determine the size of the fluctuation, the stochasticity
(the relative strength between the mean and the fluctuation), and the limiting distribution

of the corrector.

6.1 Set-up of Corrector Theory in Random Homogenization

of Elliptic Equations

We rewrite the random equation as follows, with low and high frequency parts of the

potential separated,

P(z, D)ue(z,w) + (qo(7) + ge(z, w)) ue(z,w) = f(2), z€X,
(6.2)

us(z,w) =0, z € 0X.
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The corrector theory we develop in this chapter works for general elliptic operator

P(z, D) that satisfies the following conditions.

(P1) Suppose that ¢(z) is a non-negative bounded function. Then the differential operator
P(x, D) + g, with Dirichlet boundary condition, is invertible in L?(X). Further, the
norm of the solution operator, as a transform on L?(X), can be bounded independent

of the smoothness of §.

(P2) Suppose that go(x) is a non-negative function continuous on X. Then the Green’s
function G(z,y) associated to the differential operator P(z, D) + qo, with Dirichlet

boundary conditions, satisfies

C
< —m—— .
Gyl < = s (63)

for some bounded positive constant C' and some real number 8 € (0,d), which

measures how singular the Green’s function is near the diagonal x = y.

(P3) Suppose that go(z), f(z) and the boundary 0X are sufficiently regular, then the
solution u of (P(x, D) + qo)u = f with Dirichlet boundary condition is also regular,

say continuous. Here the subscript D denotes Dirichlet boundary condition.

We verify that the equations considered in Chapter 5 are typical examples that satisfies the
above conditions. We remark also: the theory in this chapter works also if the potential in
(P2) is replaced by logarithmic function, as one can easily check following our derivation.
The main assumptions on the random process g(z,w) are as follows.
a. Short-range random media.
As before, by short-range correlation we mean that the correlation function of the ran-
dom media is an integrable function. The main assumptions, which include additional

restrictions, are listed as follows.
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(S1) The random field ¢(z,w) is stationary, mean-zero, and uniformly bounded so that

qo + q(x,w) is non-negative.

(S2) The random field g(x,w) is strong mixing, with p-mixing coefficient p(r) satisfying

the decay rate in (2.10), i.e., p(r) ~ o(r~9) for large r.

(S3) The random field g(x,w) has controlled fourth order cumulants with integrable control
functions ¢,, in the sense of Definition 2.30. Further, assume these control functions

are integrable in each variable.

We observe that (S2) implies that the random field is ergodic. Further, the correlation

function R(x) is integrable because

R(x) = Corr(q(0), q(x)) Var(q(0)) < p(|=])lqll 7, (6.4)

and the last member is integrable. In particular, o2 := [p, R(z)dz as defined in (2.5) is
finite and we assume that o > 0.
b. Long-range random media.

We also consider the case when ¢(x,w) has long-range correlation. The main assump-

tions in this case are:

(A1) g(x)is defined as g(x) = ®(g(x)), where g(z) is a centered stationary Gaussian random
field with unit variance. Furthermore, the correlation function of g(z) has heavy tail
of the form:

Ry(x) = E{g(y)g(y + x)} ~ rglx[™ as |x] — oo, (6.5)
for some positive constant x4 and some real number o € (0, d).

(A2) The function ® : R — R satisfies |®| < v < gy and

/ B(s)e % ds = 0, (6.6)
R
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Further, ® as Hermite rank one; see Notes of Chapter 2.

(A3) The function ® satisfies
[ 110+ 1) < o,

where ® denotes the Fourier transform of ®.

The upper bound of ® above ensures that |¢(z)] < 7. Consequently, gy + ¢- is non-
negative, and (6.2) is well-posed almost surely with solution operator bounded uniformly
with respect to g. Due to the construction above and (6.6), ¢(x) is mean-zero and stationary,
and has long-range correlation function that decays like |z|~® as we have shown in Section

2.4.

6.2 Corrector Theory for Elliptic Equations in Short-Range

Media, through a Random Robin Problem

In this section, we develop the corrector theory for elliptic equation of the form (6.2), in
the case when the random part of the potential, i.e., ¢(z,w), has short-range correlations.

With the “uniform” set-up of the equation in the previous section, it is possible to
develop corrector theory for general differential operators satisfying the aforementioned
conditions. In fact, we will do so for the case when ¢(x,w) has long-range correlations. In
the current case, however, we establish the theory through an explicit example—the Robin
boundary problem for steady diffusion in the half space. That is, (5.7) and its equivalent
formulation (5.9) obtained by applying the Dirichlet-to-Neumann map.

We add a random perturbation in the potential term of this Robin problem, and consider

(=A + M)u(z,w) = 0, z = (2, 2,) € RY,
: (6.7)

P
e + (g0 + q(%,w))ug = f(z), z=(«,0) € IR".
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As before, the boundary R, is identified with R? with d = n— 1; X and ¢q are assumed to
be positive constants. Using the DtN map as before, the above equation is equivalent with
the following pseudo-differential equation about the trace of u., which for simplicity is still

denoted by wu.:

(V _A+A2+QO+QE(x7W))UE = f7 (68)

where A is the Laplacian on R?, obtained from the Laplacian on R" with 89%” eliminated.

The notation ¢. is simply ¢ (%) as usual.

This type of boundary problems have applications in chemical physics and biology.
For instance, in the context of cell communication by diffusing signals, the equation in
(6.7) models the diffusion of signaling molecules in a bulk of extracellular medium which
is covered at the bottom by a monolayer of cells forming a layer of epithelium. The cells
on the epithelium layer can secrete and absorb signaling molecules, depending on levels of
gene expression in the cells. The boundary condition in (6.7) models the action between

the cells and the signaling molecules.

Now we state the main results for the random Robin problem about in the version of

d = 2. This dimension is the physical dimension concerning the biological application.

Theorem 6.1. Let u. and u solve (6.8) and (5.9) respectively and d = 2. Suppose A, qo
in those equations are positive constants and f is in L*(R?). Assume that the random field

q(z,w) satisfies (S1) and R(x) is integrable. Then we have
Elfue — ul[72@e) < Ce*[logelllf 72, (6.9)

where the constant C' only depends on the parameter \, qo, dimension d and |R||11, but not

on €.

This theorem says u. and u are close in the energy norm L?(Q2, L?(R%)). Let us denote
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the corrector by &. We can decompose it into two parts as follows:
& = (B{us} — u) + (ue — E{uc}). (6.10)

We call them the deterministic corrector and the stochastic corrector, respectively.

For the deterministic corrector, we can calculate its limit explicitly. Let us define

5 R(y)
R:= / a2 6.11
Rr2 27y (6.1)
Since R is integrable and bounded, this integral is finite. With this notation and recall that

G denotes the solution operator of (5.9), we have the following theorem on the limit of the

deterministic corrector.

Theorem 6.2. Let u. and u solve (6.8) and (5.9) respectively and d = 2. Let q(x,w) satisfy
the same conditions as in the previous theorem. Then we have,

lim L{Ua} —u

e—0 £

= RGu. (6.12)

Here the limit is taken in the weak sense. That is, for an arbitrary test function M €

C>®(R?), the real number e~ (M, E{£.}) converges to (GM, Ru).

Note that G is self-adjoint. In general, the solution operator of (6.1) is not self-adjoint,
and the term GM above should be replaced by G*M where G* denotes the adjoint operator.

For the stochastic corrector, we have the following central limit theorem:.

Theorem 6.3. Let u. and u solve (6.8) and (5.9) respectively and d = 2. Let q(x,w)
satisfies (S1)-(S3). Then:

Ue — E{Ug} distribution
g

5 /R Gla— y)u(y)dW,, (6.13)
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where o is defined in (2.5) and Wy, is the standard multi-parameter Wiener process in R?.

The convergence here is weakly in R? and in probability distribution.

Remark 6.4. We refer the reader to [73] for theory of multi-parameter processes. Also, from
Theorem 6.2 it is clear that we can replace E{u.} in the theorem above by u + e RGu since

the rest is of order smaller than .

6.2.1 Homogenization and convergence rate

In this section, we prove the first two main theorems. The proof works for dimensions larger
than three as well, and in that case the £2|loge| in (6.9) should be replaced by 2. Let us

denote by & = u. — u the corrector. Now subtract (5.9) from (6.8) to get

(V=A+ X+ g0+ ¢:)éc = —geu. (6.14)

Recall that G is the solution operator (\/T—i—)\2 +qo)~!, and G. is the solution operator
with random impedance. Therefore, the above equation says £, = —G.q.u. Unfortunately,
G. is not as explicit as G. Nevertheless, we will show shortly that —Gg.u is the leading
term of —G.q.u and hence it suffices to estimate the former. Let us assign it the following

notation;

Xe = —Gq:u. (6.15)
We have the following estimate.

Lemma 6.5. Let u solve (5.9) and x. be defined as above and d = 2. Assume that the
coefficients A, qo, and the random field q(xz,w) satisfy the same conditions as in Theorem
6.1. Then we have

E|xell72 < Ce?|loge| [Jull?s, (6.16)

where the constant C depends on \,qo and |R||;1 but not on u or €.
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Proof. 1. We first express ||xc||?. as a triple integral of the form

- Gz — y)g=(y)u(y)G(z — 2)g:(2)u(z)d[yzx].

Here and in the sequel, the short-hand notation d[z; - - - z,,] is the same as dzy - - - dz,. Take

expectation and use the definition of R(x) to obtain

y—z
Bl = [ | 6~ )Gl - DR uuldiyzs),
2. We integrate in x first. Use the estimate (5.24) to replace the Green’s functions by
potentials of the form e~*1#=¥l /|2 — y|; then apply Lemma 3.12 to bound the integration

in x of these potentials. We obtain

Bl <C [ e (logly ol |+ D[R Dty (617
R2d

Now change variable (y — z)/e — y. This change of variable yields a Jacobian £? and the

integral on the right hand side becomes
Ed/ e==N I ([log |y| + log e| + 1) ‘R(y)u(z + ey)u(z)|dlyz].
R2d

3. Now, bound the exponential term by 1, and integrate in z. Use Cauchy-Schwarz to
get

/Rd |u(z + ey)u(z)|dz < Jfull 2 u(- +y) |2 = |Jull72. (6.18)

Therefore, we have

il < C='lulf | (oglull +1-+ [log )[R .

Recall that R(y) behaves like |y|~%~? for some positive §; see (2.10) and (6.4). Hence the
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function (|log|y|| + 1)|R| is integrable. Since d = 2 the integral above is
Ce?[logel - [[ull72 ]| Rllzx + O(e?).

This completes the proof. We also see that the constant C' only depends on A, go and || R|| 7.
U

Theorem 6.1 now follows if we can control || — x.|z2. From (6.15) we see

(V=A4+ X+ g0+ ¢)Xe = —qU + e Xe-

Subtract this equation from (6.14); we get an equation for £, —x.. Apply G on this equation
to get

e = Xe — gaQaXa- (6-19)

The following proof relies on this expression and the fact that the operator G, is bounded

uniformly in € and w as we have emphasized in Remark 5.7.

Proof of of Theorem 6.1.  From the expression (6.19) we have,

lue = wullz2 < Ixellzz + sup 1Ge [ llall o @xma el 2
w

Due to the uniform bound of ¢. and Corollary 5.6, we have ||q|| .~ < qo and ||Ge|| oo (0 £(22)) <

min{1, \} 1. We will denote the products of the two constants by C. Then we have
ue —ullze < (1 + CO)lIxellz2-
Square both sides and take expectation; then apply Lemma 6.5 to get

E{|lue — ull72} < CE{lIx:|72} < C&*|loge] - ||ul|Z..
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Now use Corollary 5.6 to replace the L? norm of u by that of f. Again, all constants

involved do not depend on e. This completes the proof. [

To prove Theorem 6.2 and 6.3, i.e., to characterize the limits of the deterministic and
stochastic correctors, we first express £, as a sum of three terms with increasing order in
ge- To this end, move the term ¢.&. in (6.14) to the right hand side, and then apply G on
it. We get

§e = —0qeu — Gge&e.

Iterate this formula one more time to get
& = —Gg-u+ Gq-9q-u + Gq-Gq:&.. (6'20)

Note that the limits in both theorems are taken weakly in space, so we consider an arbitrary

test function M, e.g. in C2°, and integrate the above formula with M. We get
(€e; M) = —(Ggeu, M) + (Ga-Gqeu, M) + (GqGqe&e, M). (6.21)

Defining m := GM, the last term can be written as (g.&.,Gg-m) since G is self-adjoint.
Using this notation we now prove the second main theorem.
Proof of Theorem 6.2.  Take expectation on the weak formulation (6.21). The first term

vanishes since ¢, is mean zero. To estimate the third term, we observe that

|<QQEQQa§aaM>‘ = ‘<QE557QQam>‘ < HQaHLO"|’§8”L2HQQamHL2-

By assumption (S1), ||¢z||ze is bounded by ¢o. After taking expectations on both sides and

using Cauchy-Schwarz on the right hand side, we obtain

1/2

E[(Gq-Ga-te, M)| < C(E{lIEN} E{lIGa-m|*}) " < Oc*|loge] - [full p2llmllz2,  (6.22)
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where the last inequality follows from Theorem 6.1 and Lemma 6.5. In the limit, this term

is much smaller than .

Now we calculate the expectation of the second term in (6.21), which can be written as:

Elgeu, Gaern) = [ | Gl = y) R Ju(zm(y)dlry). (6.23)

As in the proof of Lemma 6.5, we change variable (z — y)/e to x. The integral above now

becomes

€d/ Glex)R(z)uly + ex)m(y)d[zy] < Hu||L2Hm||L2/ eGelal)|R(x)|dz.  (6.24)
R2d Rd

The last equality is obtained by integrating in y and applying the same technique as in

(6.18). Recalling Lemma 5.8 and d = 2, G can be decomposed into three terms. We have

€2 [exp(—Xe|z
€2G(€|$|) _ - ( (€|x| | |)

o — qoKo(Aelz]) + Gr(€|$|)> ,

Since K only has logarithmic singularity at the origin and G, is uniformly bounded as we
have seen in Lemma 5.8, the last two terms above are of order €2|log ¢| and &2 respectively.

Their contributions to (6.24) are negligible.

Hence the leading term in (6.24) is

e—e)\|:c|
&T/R2 Sl R(z)u(y)m(y + ex)dydz. (6.25)

Taking the limit and recalling the definition of R in (6.11), we see that this term is

eR(u,m) + o(e) = eR(Gu, M) + o(e).

This completes the proof. [J
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6.2.2 Convergence in distribution of random correctors

Our proof of the third theorem also relies on the formula (6.21). The plan is as follows.
First, we show that the leading term in the stochastic corrector £, — E{{.} is the first term
in (6.21); this is done by showing that the variances of the other terms are small. Then
we verify that the first term has a limiting distribution that can be written as the right
hand side of (6.13); this step is rather standard and follows from a generalized central limit
theorem, i.e., Theorem 2.15. For the moment, let us assume the following lemma and prove

Theorem 6.3.

Lemma 6.6. Let u solve (5.9) with d = 2 and M be a test function in C°(R?). Assume
that the random field q(x,w) satisfies the same conditions as in Theorem 6.3. Then we have

the following estimate:

Var (Gq.Gq-u, M) < Cedtl, (6.26)

where C' depends on A, qo, ||ullr2, |Gllpr, | M1, | M| e, dimension d, ||¢p|Lr and ||dpl e

in (2.33), but not on €.

Proof of Theorem 6.3. 1. We rewrite formula (6.21) as
(ue —u +Ggeu, M) = (GeqeGeqeu, M) + (G4-Gg:Ee, M).
Take expectation on both sides and note that E(Gg.u) = 0; then we have
(E{uc} —u, M) = E(Geq:-Geqeu, M) + E(Gg-Gg:&e, M).

Subtract this equation from the preceding one and divide both sides by ¢; take expectation
on the absolute value of both sides, and use basic inequalities to get

Ue — E{us} + Gq-u

E
( € €

M| < Z(Var (Ga.Gacu M) + ZE{](Ga.Gacte, M)
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The last term is of order £|loge| thanks to the estimate (6.22), and the next-to-last is of
order /e due to (6.26). Therefore the right hand side above vanishes in the limit. This
shows convergence of e~ {u. — E{u.}, M) to —e~1(Gg.u, M) in L'(2) which in turn implies
convergence in distribution. Hence, we only need to characterize the asymptotic distribution
of the latter term.

2. The random variable e =1 (Gg.u, M), which is the same as e ! (g.u, m) where m = GM,
is of the form of an oscillatory integral. Let v(y) denote u(y)m(y); it is an L? function. We

want

1 distribution
/ —q(Y)u(y)dy Struen, 0/ v(y)dWy, (6.27)
R2 € g R2

where W, is the standard two-parameter Wiener process as in Theorem 6.3. If the integra-
tion region is a bounded set in R?, this is precisely the convergence result in Theorem 2.15.
Here, since we assumed that M is compactly supported, v decays fast and is in L?(R%),
and we obtain (6.27) by applying the theorem on the ball with radius B and sending B to

infinity. This completes the proof of the theorem. [J

It remains to prove the preceding lemma.
Proof of Lemma 6.6. We express random variable (Gg.Gq.u, M), which equals (g.u, Gg.m)

where m = GM, as the following integral.

::/ u(x)m(y)G(x — y)ge(x)q-(y)d[zy].

Take the variance of this variable. Denote by 9 the joint cumulant. We have the following

expression for Var{l}, i.e., E{I?} — (E{I})?%

Var{I} = R4dU(x)m(y)U(fc’)m(y’)G(fc —y)G(z" — ) [79{%(37)7 4= (y), q=(2), q-(v')}
+R(a: —E x’)R(y;y/) + R(x —E y/)R(y—Eaz’

)] dleya’y).

Then we identify z,y,2’,y" with 1,29, x3,24. Let U and U* be the sets defined in (2.32)
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and the paragraph below it. Recall that the joint cumulant ¥{q.(z;)}i satisfies (2.33)
with ¢, € L' N L>®(R? x R?); we have the following bound for Var{I}:

/ Ju@m@)u@)my)|G - y)G@' -y ( (D> (2 (@) o) ;xp(zl))
) y pett (6.28)
+ ‘R(x )R(y y )R(y _E ° ) >d[azyaz’y’].

Let us denote the contributions of the last two terms in the parenthesis above by J, and
Js respectively, and denote the contribution of the other term by J;. We observe that the
variables in the R® R functions are independent with the variables in the Green’s functions,

while this is not the case for the variables in the ¢, functions.

We first estimate Jo. It has the following expression;

/

r—a o y—y
Jy = /R‘ld |u(@)m(y)u(@)m(y)G(z — y)G(a' =y ) R(———) R(=—=)|d[zyz"y]
Perform a change of variables as follows:
_ Y
T — T, i — a2, u—)y',x—y—)y.

9 9

This change of variables yields a Jacobian £2¢ and the integral above becomes

gdA;dWCOWN$—yﬁdw—efﬁn@—fdﬂﬂyﬂxy—ehf—yﬁﬂﬂwﬁR@Uthfdk(62%
Now we observe that the function m = GM is uniformly bounded as follows;

[ml[Lee < C(IM Lo + [ M]|1)- (6.30)
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Indeed, we use the estimate (5.24) for the Green’s function and have

m@) = [ G —pupay<c [ LY g,

R Rd |7 —y|d1
1
<C (”MHL‘X’/ =y + M(y)dy> :
Bi(z) |z -y BS(x)

Here we denote by Bj(x) the unit ball centered at =, and by B{(z) its complement. The
integral inside Bj(z) is bound by 712}, and the integral on Bf(z) is bounded by |[M]|p:.
Hence we obtain (6.30). Use this bound to control the m functions in (6.29). Integrate in
x and use (6.18) to control the u functions. Integrate in y for the two Green’s function and
view the integration as a convolution. Use (5.24) to bound them by potentials of the form

eIl /|z|, and use the second inequality in (3.26) of Lemma 3.12 to get

|, 66t~ =l ~ )y < Ce = [log(ela’ = ¥/ Loy + 1)
R
where 1 is the indicator function of a set. Therefore, after controlling u, m, and G, we get

Jo < Clul T2 |lm|F / (\ log(elz” —4')|1(efer—yr <1y + 1)
R2d (6.31)

x |R(")| - [R(y)|d]z"y].

d

The constant one in the parenthesis hence has a contribution of order £2¢ since ||R|;: is

finite. For the logarithmic term, we observe that

-1

sup 4 Hlogr| < de for d > 2. (6.32)

M
0<r<1 -1

Therefore, we have

6_1

/ /
[Hog(ele’ =D —y1<1y < (g pyami et Hele-vi<ik
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The contribution of the logarithm term in (6.31) is bounded by

e [ RGO RG))
Ceulfafml [ FENSE ety

Now apply the Hardy-Littlewood-Sobolev inequality, e.g. [78, §4.3], to get

2d

=T

/ [R()] - |R(y)]
R2d

|33/ _ y/|d—1

vd = DR . - (6.33)
Ld+1
Since R € L' N L™, it is certainly in LdQ_Jril. We have proved that
3 1
Jo < O™ ul2a[m |3 | Bl 2 | R, + O(24), (6.34)

where d = 2. Similarly, J3 can be shown to be of size smaller than ¢%+! as well in dimension

two.

Now we consider J;. There are Cg — 3 = 12 terms that appear in the sum over p € U* in
(6.28), and they can be divided into two groups. In the first group, the function ¢, shares
a variable with one of the Green’s functions; in the second group, the variable of one of the

Green’s functions is a linear combination of the two variables of the ¢, function.

We first consider a typical term from the first group and still call it Jy; it has the

following expression:

hi= [ l6le =966 = e (e ym(y) dizya'y),

Note that the x —y variable is shared by the first Green’s function and ¢,. We perform the

following change of variables:

€z / / /
—>$,T—>y,$ -y =Y.
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2

The Jacobian is again £2¢, and then the integral becomes

g% /[R4d |u(z)m(z — ey)u(z — ex’)m(z’ — ¥ )G (Y )G(ey)|op(y, o' )dlzya'y'].

Use (6.30) to control the m functions; integrate in x and use (6.18) to control the u functions;

integrate in 3’ to control the first Green’s function. We obtain the following bound for .J5.

oy @)l (6.35)

ksw%w%mwwmu/
L L R2d (s\yl)

—d+1

where we have used (5.24) for the Green’s function. The scaling € resulting from the

d+1

Green’s function combined with the Jacobian £2¢ indicates that Jo is of size e once we

control the following integral:

Gp(y, 2')

d[yx'].
re [yli! e

Indeed, this integral is finite since |y|?~! is integrable near the origin and ¢p is integrable

at infinity. To summarize we have

¢T(y7$q

d
J2 < CeHullz: [mli= Gl [

(6.36)

It

For a typical term from the second group in the sum over p € U* in (6.28), we can apply
the same procedure exactly and in (6.35) we will have |z’ —y|?~! on the denominator in the
integral, and we can control the integral as in (6.33). Therefore, the contributions of such

terms are also of size €%t with d = 2. This completes the proof. [J

6.2.3 General setting with singular Green’s function

So far, we only considered dimension d = 2 which is physical for the Robin problem above.
However, the derivation we developed works for elliptic pseudo-differential equations of the

form (6.8) in general dimensions. We consider the following pseudo-differential equation
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with random coefficient:
P(z,D)u.(z,w) + (qo(x) + ¢-(z,w))u: = f(x), (6.37)

posed on a subset X of R? with appropriate boundary condition. As before, ¢.(z,w) =
q(z/e,w) and q(x,w) is a stationary, mean zero, finite variance, strong mixing random field

defined on (2, F,P), with parameters x € R?. By assumption the solution operators,

G:= (P(x, D)+ qo(x)) ", G.:= (P(x,D)+qo(x) +¢.) ",
are well defined almost everywhere in Q. Further, as transformations on L?(X), G and G.
are bounded for all realizations, and the upper bound of the operator norm is independent
of realizations.

Using the same techniques developed in previous sections, we can show that u. converges
to the solution of a homogenized equation denoted by u in the L?(X x ) norm. We can then
show that the random corrector u. —E{u.} converges weakly and in probability distribution
to a Gaussian process with variance of size ¢?. The large components, with size no less than
%2, of the deterministic corrector E{u.} —u can also be captured. As in the main body of
this paper, we need additional assumptions on some higher-order moments of the random
field g(z,w) to obtain the last two results.

To be precise, suppose the Green’s function G(z,y) has the following decomposition

with decreasing singularities,
N
ci(z,y
Gz, y) ~ |J(7) + Gy (2, y). (6.38)

Here, N is a finite integer and

e

d>y>7> >IN >
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Let us denote the terms in the sum above as G;. The functions {c¢;(x,y)} are uniformly
bounded and decay fast enough so that {G;} are integrable if the domain X is unbounded.
Further, G,(x,y) is a term that is both integrable and square integrable (with respect to

one of the variables and uniformly in the other variable).

Then, the homogenized equation for (6.37) will be of the same form with ¢. averaged

(or removed). In fact, we have the following as an analogy of Theorem 6.7.

, Ce2@=m|ju|2,, if 271 > d,
Ellu. — vl < (6.39)

Ce¥llogellul?., if 271 =d.

These estimates show that u. converges to the homogenized solution u in energy norm.

At this stage, we do not need the mixing property or control of higher order moments of

q(z,w).

Under certain conditions on some moments of the random field, we know that the
fluctuations in the corrector are approximately weakly Gaussian and of size £%/2. To further
approximate u., we would like to capture all the terms in the corrector whose means are

larger. To do this, we expand u. as iterations of G on random potentials as follows.

ue(x) —u = —Gq.Gf +Gq:Gq:Gf — G4-Gq-Gq-Gf + --- + (—Gq.)*¢.. (6.40)

The order k at which we terminate the iteration is chosen so that E{||(Gge)*2GM||2,} < &7
with v > 2y, — d for some test function M. Then weakly, the remainder term (—Gq.)*¢. is
of order less than £%/2. Hence, the finite terms in (6.40) before the remainder include all the
components in the corrector whose means are weakly larger than the random fluctuations.
Then it is a tedious routine as shown in the paper to calculate the large deterministic means
of these terms and to check that their variances are less than £%. As a result, the limiting

law of u. — E{u.} is given by the limiting law of 6d%gqgu, which is Gaussian and admits a
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convenient stochastic integral representation.

As an example, we summarize and compare results for the diffusion equation (5.7) as
the dimension n and hence d change.

When n = 2 and hence d = 1, the Green’s function G has logarithmic singularity only
and hence G; = 0 in (6.38). As a result, G is square integrable and the problem reduces to
a case that is investigated in [9]. In particular, the deterministic corrector E{u. — u} is of
size € and does not show up in Theorem 6.9; in other words, the deterministic corrector is
dominated by the random fluctuations, which are of size /e.

When n > 4 and hence d > 2, then the leading term of the Green’s function is given
by a modified Bessel potential and has singularity of order 74 = d — 1 at the origin, and
2v; > d. Then the leading term in the deterministic corrector will be of order =", which

/2

is larger that €%/, In other words, the deterministic corrector dominates the fluctuations.,

which is of size e%/?
The physical dimension n = 3 considered in the main section turns out to be the critical

case when the deterministic corrector is in fact of the same size as the fluctuations, and

they are of size €.

6.3 Corrector Theory for Elliptic Equations in Long-Range
Media

The moral of the previous section is: The singularity of the Green’s function determine the
size of the fluctuation in the corrector, the relative strength of the deterministic and random
parts of the corrector, and the limiting distribution of the corrector. We showed this under
the assumption that the random potential has short-range correlations, i.e., satisfying (S1)-
(S3). In this section, we investigate the importance of another factor: the decorrelation
rate of the random potential.

We develop the corrector theory for the general elliptic equation (6.2) which satisfies
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(P1)-(P3), and we assume that the random potential ¢(z,w) there satisfies (A1)-(A3). In

particular, o € (0,d) in (6.5) tunes the decorrelation rate.

The first main theorem concerns the homogenization of (6.2). It shows, in particular,
how the competition between the de-correlation rate o and the Green’s function singularity

[ affects the convergence rate of homogenization.

Theorem 6.7. Let u. be the solution to (6.2) and ug be the solution to the same equation
with q. replaced by its zero average. Assume that q(x) is constructed as in (Al) and (A2)

and that f € L*(X). Then, assuming 28 < d, we have

Ce“, a < 28,
E |lue — U0H2 < HfH2 X CEQB] loge|, a=20, (6.41)
Ce??, o> 206.

The constants « and [ are defined in (6.5) and (6.3) respectively. When 23 > d, the result
on the first line above holds. The constant C depends on «, 3, v and the uniform bound on

the solution operator of (6.2).

This theorem states u. and ug are close in the energy norm L?(Q2, L2(X)). The corrector,
defined as the difference between these two solutions, can be decomposed as in (6.10). Again,
we call the first first part the deterministic corrector, and the second mean-zero part the
stochastic corrector. For the deterministic corrector, we have the following estimates on its

size, which depend on « and S.

Theorem 6.8. Let u., ug, q(x) and f be as in the previous Theorem. Then for an arbitrary
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function ¢ € L?(X), we have,

Ce“, a < f,
[(E{uc} —uo, o) < [Iflllell x § CePlloge|, o=, (6.42)
CeP, a> 0.

The constant C' depends on the same factors as in the previous theorem.

The magnitude of the stochastic corrector is always of order 6%, as we shall see later in
the paper. We deduce from the above theorem that the deterministic corrector can therefore
be larger than the stochastic corrector when o > 23. To describe the stochastic corrector
more precisely, we characterize its limiting distribution. We need to impose the following
additional assumptions:

This condition allows one to derive a (non-asymptotic) estimate, (2.33) in the appendix,
for the fourth-order moments of ¢(x), which is a technicality one encounters often in cor-

rector theory. With this assumption, we have:

Theorem 6.9. Let u. and uy solve (6.2) and the homogenized equation, respectively. As-
sume f € L*(X) and q(x) is constructed by (A1-A2) with ® satisfying (A3). Further,
assume o < 4. Then:

Ue — E{Ua} distribution\
ga/ 2 e—0

- /X G(z,y)uo(y)W*(dy), (6.43)

where W (dy) is formally defined to be W (y)dy and W (y) is a Gaussian random field with
covariance function given by B{We(x)We(y)} = k|z — y|™*. Here, k = £y (E{go®(go)})*
where kg, ® and go are defined in (6.5). The convergence is understood in probability dis-

tribution and weakly in space; see the following remark.

Remark 6.10. We refer the reader to [73] for the theory on multi-parameter random pro-

cesses. What we mean by convergence in probability distribution weakly in space is as
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follows. We fix an arbitrary natural number N and a set of test functions {p;; 1 <i < N}
in C(X). Define I := (p;,e=*?(ue — E{u.})), for i = 1,--- ,N. What (6.43) means is
that the N-dimensional random vector (I7,--- ,I;) converges in distribution to a centered

N-dimensional Gaussian vector (I1,--- ,Iy), whose covariance matrix 3;; is given by

Y= /X2 ﬁ(uogwi)(y)(uogcpj)(z)dydz. (6.44)

By the definition of the stochastic integral above, we see I; is precisely the inner product of
¢; with the right hand side of (6.43).

We deduce from Theorem 6.8 that when o < 28 we can replace E{u.} in (6.43) by
ug, since the deterministic corrector is asymptotically smaller. This is no longer the case
for a > 28. The condition o < 4 in Theorem 6.9 is due to technical reasons which we
explain later. The conclusion of the theorem holds in general if we can prove an estimate
on high-order (more than four-order) moments of ¢, which is not considered in this paper.

O

6.3.1 Homogenization and convergence rate

The following lemma is very useful in the sequel.

Lemma 6.11. Let G be the Green’s operator and q(x) be the random field above. Let f be

an arbitrary function in L*(X). Assume 28 < d. Then, we have:

Ce“, a < 28,
E Ga-fII” < IFI” x § Ce*|loge|, a =28, (6.45)
Ce?’, o> 206.

The constant C' depends only on «, B, X, ||q|lcc and the bound for ||G:||z. If 28 > d, then

only the first case is necessary.
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Proof. The L? norm of Gq. f has the following expression:

60112 = [ ([ Gty ()dy> an.

After writing the integrand as a double integrals and taking expectation, we have

B0 = [ Gle.n)Gla, )R (o~ )7 () (:)dydzda. (6.46)

Use (6.3) to bound the Green’s functions. Integrate over x and apply Lemma 3.11. We get

BIG0A? < C | | g ety = 2 2y (6.47)

Change variable (y,y — z) — (y, 2). The above integral becomes

/X / < W;—M|R€(z)f(y)f(y — 2)|dydz.
e

We can further bound the integral from above by enlarging the domain y — X to some finite
ball B(2p) where p = sup,¢cy ||, because the translated region y — X is included in this

ball for every y. After this replacement, integrate over y first, and we have:

R.(z
Blgaft < OMIP [ e (6.45)

Decompose the integration region into two parts:

Dy :={|ze™Y < T} N B(2p), on which we have |R.| <~

Dy := {|ze™ | > T} N B(2p), on which we have|R.| < Ce®|z|™%.

The integration on D; can be carried out explicitly. The restriction |z| < Te yields that
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this term is of order £2°. The integration over Ds is

2p 60c| |d 1
C/ []d—25+a d|z|.

When 25 = a, the integral equals Ce®(log(2p) — log(T¢)), and is of order “|loge|. When
28 # a, the integral equals Ce®((2p)?#~ — (Te)?$~®). This estimate proves the other two

cases of the lemma.

The same analysis can be done for 23 > d. In this case, the singular term |y—z|_(d_2ﬁ) in
(6.47) should be replaced by either |log |y —z|| or C, which is much smoother. Consequently,
E|Gq-f|* is of order e*. O

Proof of Theorem 6.7.  The homogenized solution satisfies (P(x, D) + qo)up = f. Define
Xe = —Gqeug, that is the solution of (P(x, D)4qo)xe = —qeug. Compare these two equations

with the one for u., i.e. (6.2). We get

(P(z, D) + g0 + ¢:)(§ — Xe) = —deXe,

where & denotes u. — ug. Since this equation is well-posed a.e. in €2, we have £ =

Xe — GeqeXe, which implies

1€l < lxell + 19l 22 lglloollxell- (6.49)

Recall that the operator norm ||Ge||z(z2) can be bounded uniformly in ; so the right hand
side above is further bounded by C'||xc||. Since x. is of the form of Gq. f, we take expectation

and apply the previous lemma to complete the proof. [

We decompose the corrector into the deterministic corrector E{u. } —ug and the stochas-

tic corrector u. — E{u.}. We consider their sizes and limits only in the weak sense, that is
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after pairing with test functions. We have the following formula for u,,

ue — up = —Gqeug + Gq-Gqeuo + Gq-Gqe (ue — up). (6.50)

Pairing this with an arbitrary test function ¢ € C(X), we have

(ue — ug, ) = —(Gqeuo, v) + (Gq:Gq-uo, ¢) + (Gq:G¢-(us — ug), ). (6.51)

Now the deterministic corrector (E{u.} —ug, @) is precisely the expectation of the expression
above. In the following, we estimate the size of this corrector using the analysis developed

in the proof of Lemma 6.11.

Proof of Theorem 6.8. Take expectation in (6.51). Since the first term on the right is

mean zero, we have

(E{ue} — Uo, 90> = E<g%gqgu0, 90> + E<QQqu€(u€ - ’LL()), ‘:0>- (6'52)

Let m denote the L? function Gy. Rewrite the first term on the right as E{q.ug, Gg-m),

which can be written as

JQTG%w,y)ReCB—-yﬁux$)ﬂwy)dwdy-

After controlling the Green’s function by C|z —y|~%*”, we have an object similar to (6.47).
Following the same procedure, we can show that |E{(g.ug,Gg-m)| can be bounded as in
(6.42). To complete the proof, we only need to control the remainder term in (6.52), which

can be written as E(g-(u. — ug), Gg-m). We have:

1/2

E|(g (ue — o), Ggem)| < lglloo (Elluc — uol®)? (E[|Ggem]?) (6.53)
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According to Theorem 6.7 and Lemma 6.11, this term can be bounded by the right hand
side of (6.45). Therefore, the remainder is smaller than the quadratic term which gives the

desired estimate. [J

For any fixed test function ¢, the random corrector (u. —E{u.}, ¢) is precisely the mean-
zero part of the right hand side of (6.51). We are interested in its limiting distribution. The

size of its variance is given by that of —(Gg-ug, p). We calculate

Var (~(Ggeuo.9)) = Var (~(gzuom) = [ Relo = y)uom(a)uom(y)ddy,

Estimating this integral by decomposing the domain as in the proof of Lemma 6.11, we verify
that this object is of size €% independent of 3. Therefore, a more accurate characterization
of the stochastic corrector is to find the limiting distribution of e~*/?(u, — E{u.}, ¢). This

is the task of our next step.

6.3.2 Convergence of correctors

In this section, we consider the limiting distribution of the stochastic corrector. In the
analyses we are going to develop, the following estimate proves very useful. Recall that R

is uniformly bounded, and there exists some T" so that |R| < Clz|™® when |z| > T.

Lemma 6.12. Recall that R(x) denotes the correlation function of the random field q(x)

constructed in (A1) and (A2), and that R.(x) denotes R(¢~1x). Let p > 1; we have

Ce”, ap < d,
1
|Rellp,Bp) < Ce*|logelr, ap=d, (6.54)
C’»s%, ap > d.

Here, B(p) is the open ball centered at zero with radius p. The constant C' depends on p,

dimension d, and the constant in the asymptotic behavior of R(x).
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Proof. We break the expression for || R.||b into two parts as follows:

/ R () Pda + / R (2)Pda.
. B()\BT)

For the first term, we bound R, by its uniform norm and verify this term is of order .

For the second term, which we call Is, we use the asymptotic behavior of R and have

p
peo[ < oo [,
B(p)\B(eT) Te

We carry out this integral and find that it is of order €°?|loge| if ap = d and of order P\

otherwise.
Now combine the two parts; compare the orders case by case to get the bound for || R.|[5.

Then take pth roots to complete the proof. [J

Lemma 6.13. Assume q(x) constructed in (A1-A2) satisfies (A3). Let ¢ be an arbitrary
test function in C(X). Then we have the following estimate of the variance of the second
term in (6.51):

Var (Gg.Gg-uo, ¢) < C|luol?(| |2 (6.55)

Again, the constant C' only depend on the factors as stated in Theorem 6.7.

Proof. 'We observe first that m := G is bounded since ¢ is uniformly bounded; a useful
fact in the sequel. To simplify notation, we denote by I the variance of (Gq-Gq-ug, ). It

has the expression:

J:QWwwmwmewmw

X [E{QE(x)Q€(y)Q€(£)Q€(77)} — E{q:(2)qe () }E{q= (§) e (n) } | ddydEdn.

Apply Proposition 2.32 to estimate the variance of the product of ¢g. above and use the
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bound for the Green’s functions. We have

1 1
I< C/X4 \uo(x)m(y)uo(f)m(ﬂ)’ ‘LE — y‘d_g ’5 — T]‘d_ﬁ X

XD Re(@p) — Tp(0) Re(@p(s) — Tp(a))ldadydéen.
p#{(1,2),(3,4)}
Here, p = {(p1,p2), (p3,ps)} denotes the possibilities of choosing two different pairs of
indices from {1,2,3,4} in such a way that each pair contains different indices though the
two pairs may share the same index. There are Cg = 15 different choices for p; however, p =
{(1,2),(3,4)} is excluded from the sum above. Identifying (x1,x2,xs,z4) with (z,y,&,n),
we see that there are 14 terms in the sum, and each of them is a product of two R, functions
whose arguments are the difference vectors of points in {z,y,&,n}; more importantly, at

most one of the R, functions shares the same argument as one of the Green’s functions.

\ \ \
& & &

Figure 6.1: Difference vectors of four points. The solid lines represent arguments of the
Green’s functions, while the dashed lines represent those of the correlation functions.

We can divide the fourteen choices of p into three categories as shown in Figure 6.1.
In the first category as illustrated by the first picture, the two vectors in the correlation
functions are linear independent with both of the vectors in the Green’s functions; in the
second category, one of the Green’s function shares the same argument with one of the
correlation function; finally in the third category, the vector in one of the Green’s function

is a linear combination of the two vectors of the correlation functions.
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For the first category, we consider a typical term of the form:

| 1 1
|z — y|4=P & — nld-

Ji = /x4 luo(@)m(y)uo(§)m(n) 5|R=(x — &)Re(y —n)|- (6.56)

Change variable as follows:
(ﬂj‘,x -y, _gvy _77) = (:Evyvévn)‘

Bound m by its uniform norm. In terms of the new variables, we have

2 lug(x)ug(x — §)Re(§) Re(n)]
fis ”mHOO/de /x—X i /x—X % /x—y—X an yld=Bly — (E —n)|d=F

We can replace the integration region of y and £ by B(2p), and replace that of n by B(3p),
where p as before denotes the maximum distance of a point in X and the origin. After
doing this, we integrate over x first to get rid of the ug function; then integrate over y and

apply Lemma 3.11 to get

[R-1p(20) ()] [R=1p(30) ()
I < ol [ SRR OOt ey, (6.57)
R xRd 1§ =l

Here, 14 is the indicator function of a subset A C R%. We considered the case 28 < d;
the other cases are easier. To estimate the integral above, we apply the Hardy-Littlewood-

Sobolev inequality [78, Theorem 4.3]. With p = 2d/(d + 23) > 1, we have

B2 (©)] [BeL gz ()
/R o i e dedn < C B Belly o | Bellp s (659)
X

£ —n|d=28

Now apply Lemma 6.54: If ap < d, we see J; is of order £2¢ or £2%|log 5]2/ P which is much
smaller than e®; if otherwise, J; is of order £2¢/? <« £ because by our choice of p we have

2d/p—a=d+28—a>28>0.
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In the second category, we consider a typical term of the form:

| 1 1
|z — y|4=P € — nld-

Jo = /x4 [ug (z)m(y)uo(§)m(n) S |Re(z — y)Re(z — €). (6.59)

This time we use the following change of variables,
(gj‘,x -y, _575 _77) = ($7y7£7n)‘
With this change and bounding m, we have

2 IUO(x)UO(x - S)RE(S)RE(y)‘
2= HmHOO/de /x—X i’ /x—X % /x—f—X @ |y|4=P[n|d=~ .

Enlarge the integration region of y, £, n as before, and then integrate over x and 1. We have

1R (0) || B(€)ldedy. (6.60)

Ty < 2 ol / 1
> B2(2p) Y19~

The integration over & yields a term of size £%; meanwhile, the integration over y can be

estimated as in the integral in (6.48), and is of size given in (6.42). Therefore, Jo < €.

For the third category, we consider a typical term of the form:

1 1
Jy = /X4 [uo(z)m(y)uo(§)m(n)] PR A ——r |R.(z — &)Re(z — ). (6.61)

Change variables according to

(x,x—y,x—&,:n—n) = ($7y7£7n)‘

After the routine of enlarging integration domains, bounding m, and integrating the non-
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singular terms, we have

R.1 R.1
3 < mlEelluol” [ Bedpon ONEeLoy 0] ) (6:62)

Ré xRd & —n|d=h

This term can be estimated exactly as what we have done for (6.57). In particular, it is

much smaller than €“. This completes the proof. [

To prove Theorem 6.9, we essentially consider the law of random vectors of the form

(J5(w), -+, J5 (w)), where

Jj(w) = —Ea% /X 6= (y); (y)dy, (6.63)

for some collection of L?(X) functions {¢}(x); 1 < k < N}. We apply Lemma 2.35 which

characterise their limiting joint law.

According to the interpretation in Remark 6.10, the lemma above implies that Gg.ug
converges to the limit in (6.43). The other terms in the stochastic corrector u. — E{u.} are

controlled by Lemmas 6.11 and 6.13. These are sufficient to prove Theorem 6.9 as follows.

Proof of Theorem 6.9.  Recall the expression (6.50) for the corrector. We see its random

part, i.e. u. — E{u.}, can be decomposed as

—Gq-uo + (G¢:Gq-uo — E{Gq-Gq-uo}) + (Gq-Gqe (ue — uo) — E{Gq-Gq-(us —ug)}). (6.64)

By (6.55), for any test function ¢ € C(X), we have

<g%gqgu0 - E{Qqagqew},(p> probability, (6.65)

5a/ 2 e—0

Recall estimate (6.53) and apply (6.41) and (6.45). We find that when o < 44, the size of
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E[(Gq-Gq- (ue — ug), ¢)| is much smaller than £*/2, which implies

<QQ€QQE (ue - uO) 7 <,0> probability 0. (6-66)

504/2 e—0

The leading term in the random corrector is therefore (—Gq.ug, ).
Consider an arbitrary set of test functions {¢;,1 < i < N}. By the same argument

above we can verify that the vectors (Qf, -+ ,Q%), where

Q5 = e "*{pi, Gq-Ggeuo + Gq-Gqe (us — up)),

converge in probability to zero vectors. On the other hand, by Lemma 2.35 and the fact that
uo(y)Gop(y) € L?(X), we verify that (I,---,IY) converges in distribution to (I1,--- ,Iy),
where

Il = e (p;, —Gqeup),

and (I1,--- ,Iy) is the centered Gaussian with covariance matrix given by (6.44). Combin-
ing this convergence result with (6.65) and (6.66), we see that (If,---,I%), where I} :=
e~/ (u. — B{u.}, ¢;) as defined in Remark 6.10, converges in distribution to (I1,--- , Iy).

This completes the proof. [J

6.3.3 General setting with long range correlations

We considered the deterministic stochastic correctors for equation (6.2), where the coeffi-
cient in the potential term is constructed as a function of a long-range correlated Gaussian

@/2 and its limiting

random field. We found that the stochastic corrector had magnitude &
distribution can be characterized by a Gaussian random process in some weak sense. The
deterministic corrector, however, may be larger than the stochastic corrector. We find that

the threshold for this to happen is o = .

In our analysis, we assumed that the Green’s function G(z,y) had a singularity of the
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type |z — y|~(#) near the diagonal z = y. Other types of singularities, such as G(z,y) ~
log |z — y|, can be analyzed using similar techniques. For the logarithmic singularity, which
occurs for the steady diffusion problem when d = 2 and the Robin boundary equation when
d = 1, our results still hold. The deterministic corrector is then of order £* while the
stochastic corrector has an amplitude of order e%/2.

To prove the convergence in distribution of the stochastic corrector, we have assumed
o < 4. This is a technical reason related to the fact that only in this case is the estimate
(7.49) enough to control the remainder term in (6.51). Generalizations to o > 4 require
that we estimate sufficiently high-order moments of ¢(x). Once we have a good estimate on

the sixth-order moments for instance, we can perform one more iteration in (6.51) to get

(ue — o, p) = —(Ggeuo, ) +(Gq:Gqev0, ) — (G4:Gq-Gq-u0, ¢)

— <QQaQQEQQa (ue - u0)7 §0>

Supposing that the sixth-order moment estimate is sufficiently accurate to control the vari-
ance of the third item on the right, and that the estimate on four-order moments is sufficient
to control the remaining terms, then the same results as stated in Theorem 6.9 hold for a

larger range of values of . We do not carry out the details of such derivations here.

6.4 Convergence of the Random Correctors in Functional

Spaces

6.4.1 Convergence in the space C([0,1]) in one dimensional space

In this section, we restrict the dimension to be one. With further assumptions that the
Green’s function is Lipschitz continuous and the solution to (6.2) has continuous path, we
derive a stronger convergence result of u. — ug, in probability distribution in the space of

continuous paths. The proof largely resembles and depends on [11].
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For simplicity, we assume that the solution to (6.2) has continuous path. This is the
case for the steady diffusion problem, where solutions belong to H}(X) C C(X). We
also assume that the Green’s function G(z,y) is Lipschitz in x with Lipschitz constant
uniform in y. Again, this is the case for the steady diffusion problem. However, it is not
the case for the Robin boundary equation, where even in 1D, the Green’s function has a
logarithmic singularity. With these assumptions, we characterize the limiting distribution

a/2

of (us —ug)/e*/* in the space of continuous paths C(X), as in [28, 11]. We have the following

theorem.

Theorem 6.14. Let X be the unit interval [0,1] in R. Assume that the Green’s function
G(z,y) is Lipschitz continuous in x with Lipschitz constant Lip(G) uniform in y. Let u. be
the solution to (6.2) and ug be the homogenized solution.

(i) (Short-Range random media). Assume that q(x) is constructed as in DEF. Then

1
Ue — UQ distribution .
o) S o [ Gl y)uo ()W (o) (6.67)

where W (x) is the standard one dimensional Brownian motion.

(ii) (Long-Range random media). Assume q(x) is constructed as in (A1)-(A3). Then

1
Ue — UQ distribution K
) e, [ [ W), 66

where Wy is the standard fractional Brownian motion with Hurst index H =1 — 5.

Remark 6.15. We refer the reader to [96] for a review on the definitions of fractional Brow-
nian motions and of the stochastic integral with respect to them. In particular, the random
process on the right hand side of (6.68) is a mean-zero Gaussian process which, if designated

as I (z), has the following covariance function:

Ut G, t)u s)up(s
Cov[Ig](z,y) :K}/O /0 G ’t|)t i(iﬁgfz_/}{)) o )dtds. (6.69)
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Recall the decomposition in (6.50) and write

Ue — UQ

7 (1) = ¢ *2Ggeuo(w) + e Ga-Gaeuo(w) + & Gg:Ga (ue — uo)(w).  (6.70)

We call the first time on the right hand side I.(x), the second term Q.(x), and the third
one 7.(z). We verify also that the sum of the last two terms is e~*/2Gq.Gg.u.(x), which we
call Q%(x).

Our plan is as follows: First, we show that I.(z) has the limiting distribution in C(X)
as desired in (6.68). Second, we show that Q°(z) converges in distribution C(X) to the zero
function. Since the zero process is deterministic, the convergence in fact holds in probability
[24, p.27]; the conclusion of Theorem 6.14 follows immediately.

To show convergence of I.(z) and Q°(x), we apply the standard result on weak conver-
gence of probability measures in C([0, 1]), Proposition 2.36.

Proof of Theorem 6.14.  We carry out the aforementioned two-step plan. Let us denote
by I(x) the Gaussian process on the right hand side of (6.68).

Convergence of I.(x) to I(x). We first show convergence of finite dimensional distribu-
tions. Fix an arbitrary natural number N, an N-tuple (x1, -+ ,2zx), we need to show that
the joint law of (I.(x1), -, I:(zn)) converges to that of (I(xz1),---,I(zyn)). It suffices to

show that for arbitrary N-tuple (&1, ---&n) € RY, we have

N N
distribution
D Gile(w) T Y 6l (),
=1

i=1

as convergence in distribution of random variables. Recalling the exact form of I. and I,

our goal is to show, with o := \/k/(H(2H — 1)), that

N N
1 istribution
M/XZ&G(xuy)%(y)dy dt€+0t>O'H/XZgiG(xiay)uo(y)dWH(y)- (6.71)
i=1 =1
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Set F,(y) = SN | &Gz, y)uo(y). We verify that F, € L' N L>°(R) and apply the following

convergence result:
— | F(y)qe(y)dy 20 o0 [ F(y)dWy(y), for F e L' 0 L™, (6.72)
5‘1/2 X e—0 X

which is Theorem 3.1 of [11]. This proves the convergence of finite dimensional distributions.

To show tightness of I.(z), we calculate E|I.(x) — I.(y)|> which we denote by J;. Cal-

culation shows:

2
J1 = E%E </X[G(x,z) — G(y,z)]qg(z)uo(z)dz>
= gia 2 [G(:E? Z) - G(yv Z)][G(l‘, f) - G(y, 5)]R5(Z - f)’LL(](Z)’LL(](f)dde

Use the assumption on the Lipschitz continuity of G to obtain
. 1
5 < LipGPle — yP ;[ IRl — Ouo(@)un(©)ldzds < Cla =y, (073

We used the fact that the integral above has size €, which can be easily proved as before.

This shows tightness and complete the first step.

Convergence of Q°(z) to zero function. For convergence of the finite distributions, we
show that SN &Q°(x;) converges to zero in L?(Q,P), which is stronger. Since we can

group Zfil &G (xi,y) together as in (6.71), it suffices to show sup,cx E|Q°(z)| — 0.

We prove this by showing sup,cx E|Q:(z)[*> — 0 and sup,cx E|r-(z)| — 0. The first

term, i.e., E|Q:(z)|?, has the following expression,

e /X4 G(z,y)G(y, 2)G(z,§)G (&, n)uo (2)uo (M) E{qe(y)q:(2)q: (§)g=(n) }dEdndzdy.  (6.74)

Bound the Green’s functions and ug by their uniform norms. Then apply Proposition 2.32
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to get
E|Q:(x)* < Ce™||G |5 lluollZ /X4 D Re(mp(1) — Tp(2)) Re(@p(3) — Tp(a))|- (6.75)
p

This time p runs over all 15 possible ways to choose two pairs from {1,2,3,4}. Since R. is
bounded by Ce®|z|~%, we verify each item in the sum has a contribution of size 2% and so
2

does the sum. Consequently, E|Q.(z)|* < Ce® and converges to zero uniformly in x.

For r.(x), we use Cauchy-Schwarz to get

1

o)l < &% ([ laao)ue = wo)o) Ptz ) ( (/. G(:ay)qe(y)c:(y,z)dy)zdz)%.

Bound ¢, in the first integral by its uniform norm. Take expectation afterwards. We verify

that E|r.(x)| is bounded by

1

(E | 6666 O6E a. <y>qe<s>dydsdz) :
X3

[NIES

Ce™2 (Ellue — uol?)

The integral above can be estimated as before and is of size €. Expectation of |lus —ugl|? is
also of size v as shown before. As a result, E|r.(z)| < Ce® and converges to zero uniformly

with respect to x.

It suffices now to prove tightness of Q°(x). To this end, we calculate E|Q¢(z) — Q% (y)|?

which we denote by Js.

2
5= (7% [ 660 - Gl 20060 OuOue(E)deas)

Use Cauchy-Schwarz and the uniform bound on g.; we get

2
Jzés‘“E{(HQHooHueH)z /. ( /. [G(m)—G(y,znqa(z)c:(z,s)dz) ds}.
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The term ||uc|| can be bounded uniformly with respect to w because the operator norm of

G. is. Therefore, we have

Jo < CE /XS (G (x,2) — G(y, 2)|[G(x,n) — G(y,n)]q:(2)q=(n)G(2, ) G(n, §)dzdndé.

Use the Lipschitz continuity and the uniform bound of G to get
Jy < Ce™® / (LipG)*[z — y” Re(z — )||G|3 dzdnd€ < Clz —y[*.  (6.76)
X3

The second inequality holds because the integral is of size £€* as we have seen many times.
This completes the proof of Q¢ converging to zero functions. Recall the argument above

Proposition 2.36 to complete the proof of the theorem. [

Remark 6.16. We assume that the random field g(x) satisfies (A3) to take advantage of
Proposition 2.32. However, this assumption is not necessary for Theorem 6.14 to hold.
Indeed, with (A1) and (A2), we can derive the asymptotic behavior of the fourth order
moment E{q(z1)q(x2)q(x3)q(x4)} when the four points are mutually far away from each
other. We can use this fact to estimate (6.74) instead. The argument involves routine

decomposition of integration domains, which is tedious so we omit it here.

6.4.2 Convergence in distribution in Hilbert spaces

In higher dimensional spaces, for the prototypes where P(x, D) is the Laplacian or fractional
Laplacian, we can show that the limit in Theorem 6.9 actually holds in distribution in

appropriate Hilbert spaces. More precisely, we consider the pseudo-differential equation:

(—A)2 + g0+ ¢:() | ue(z) = f(2). (6.77)
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Here the exponent 5 € (0,2]. The subscription D denotes “Dirichlet boundary” on X.
When 8 = 2, the boundary condition is in the usual sense, but when [ is less than two
and hence the equation is pseudo-differential, the boundary condition is u. = 0 on X¢, the
whole complement of X. This is necessary because the fractional Laplacian is non-local.
It turns out that the above equation admits a set of pairs ()\g, qﬁg), 1 < n < oo, where

)\S is an eigenvalue and ¢,€ is the corresponding eigenfunction. That is,
348 — \BaP

Without loss of generality we can assume that {gbg} is orthonormal in L?(X). We can
then define a system of Hilbert spaces as follows, with 2’ denoting the space of Schwartz

distributions,

Hp = {fe_@’ : i((f,qﬁﬁ)()\g)s>2<oo}, s €R. (6.79)

n=1

The inner product and norm on Hj is implied in the definition. We observe from the
definition that HES is the dual space of ’H% Moreover, when s is an integer, ’H% consists of
distributions f such that ((—A)BD/z)Sf is in L?(X).

We can view the corrector u. —ug as ’Hg-valued random variables for certain s. With the
natural metric on H%, we can consider the weak convergence of the probability measures on
Hj (equipped with its Borel o-algebra) induced by the random variables {u. —Eue}cc(0,1),
as € goes to zero, and in the sense of [24]. That is, the laws of these random variables

converges to the law of the limiting process.

Theorem 6.17. Let u. be the solution of the pseudo-differential equation (6.77) with Lapla-
cian exponent B € (0,2], and let uy be the homogenized solution. Suppose that qy and f are
smooth enough so that ug is continuous on X. Suppose also the random coefficient q(x,w)

satisfies the conditions in Theorem 6.9; in particular, assume the decorrelation rate « is
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less than 48. Set p = [d/28], the integer part of d/25. Then we have that (6.43) holds in

distribution in the space HE”.

This theorem states that the limit in Theorem 6.9 holds in a stronger sense. Namely,
viewed as ’Hg” -valued processes, {u. — EUS}EE(OJ) converges in distribution to the right
hand side of (6.43). In some cases, 7—[5” can be chosen as L?(X).

Let H denotes a separable Hilbert space with an orthonormal basis {¢,}°2 ;. To prove
convergence in law of H-valued process {Ya}ae(o,l) to a H-valued random variable Yy, we
need to show that any finite dimensional distribution of Y, converges to that of Yy and that

the family of laws of {Y:}.¢(q,1) is tight. The first condition boils down to

distribution
((3/87 ¢i1>7 T <}/€7 ¢Zk>) T} (<}/b7 ¢i1>7 T <Y07 ¢Zk>) ) (680)
as R-valued random variables, for any k& € N, and any k-tuple (i1, --- ,ix). The technicality

lies in the tightness of the family {Y-}.c(o,1). A sufficient condition is Proposition 2.38 which
we apply in the following proof.

Proof of Theorem 6.17.  The Laplacian case. We first consider the case P(z, D) = —A, and
hence 8 = 2. For simplicity, let us denote the eigenvalues and corresponding eigenfunctions
of (—A)p by (Vn, dn)22; let us also simplify the notation H3 by #H°.

We denote by {Yz(z)} the H~*-valued sequence e~*/?(u. —Eu.) and by I(z) the process
in (6.43). According to the remark preceding this proof, Theorem 6.9 proves convergence
of finite-dimensional distributions of Y. to those of I. It remain to show that {Y.} is a tight
sequence in H~#. To this end, we apply the proposition above. We first decompose Y. into

three parts: Yy, := —e~*/2Gq.ug and

L QQagQEUO - EQQEQQaUO L QQEQQE(UE - UO) - EQQang(ue - UO)
Yoo = ;o Yae = :

9 9

NIl
(N

Both criteria in the proposition concerns H ™" norms, so we express those of Y;. explicitly,
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using the orthonormal basis given by {vh¢,}5 ;. We have

o o0 1
2 _
”YlefHH*u = nz:l<Y157V ¢n nzz:l 2 Ylaa¢n . (6,81)

Recall the definition of y.; we have that Yi. = g~o/ 2X.. Since x. satisfies

—Axe + qoXe = —qeuo,

we have

-1
Vie, ) = <(_A)D (—qguO - QOX6)7¢n> _ i< G=to — GoXe ¢n>'

g2 Un 52

Now write

<M ¢n> [ () ol@)on@) — volem(z)lda,

£2 €2 Jx

with m(z) = G(qo¢n)(x). It follows then that the mean square of this item can be bounded

by ||ug|| o<, ||q0||Lee, With uniform bound in e and n. That is,
E(Yic, ¢n)* < C/vy,

with some constant C uniform in € and n. This shows that

C
sup |[|Yic3,- < < C.
e€(0,1) s nz:l 721(“+1

Here we used the fact that v, < Cn?/4 for some C only depend on the volume of the
domain X; see the Li-Yau estimate [77] for {v, }nen. The series above converges because

asymptotically the elements in the series are 1/n*#+1/d and 1 is chosen so that 4(u+1)/d >
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1. This proves (2.50) for Yi.. Since Yj. — PyYi. precisely consists of the coordinates with
indices larger than N, the second criterion follows from the same lines above.

Now for Y5 and Ys., we repeat the above proof for Y;.. The only modification is:
E<YV2€7 ¢TL>2 =¢e * Var <gq€gq€u07 (10> = V772€_a Var <q€g(J€u07 qbn - m>7

again with m = Gqo¢,. The last equality can be shown by introducing y2. = Gg-Gq-uo and
following the trick we did with x. above. Now in Lemma 6.13, let ug play the role of ¢
of the lemma, and bound the L? norm of ¢,, — m by some uniform constant. This implies
SUP.c(o,1) E(Y2e, én)? < C/v2. Then the criteria (2.50)-(2.51) follows for Ya..

For Y3, we can introduce x3: = Gq-Gq-(us — ug) and argue as above, and use estimate
(6.53), again with the roles of up and ¢, — m exchanged. Since a < 40, this estimate is
enough to prove the criteria for Ys..

Combining the above arguments, we finally proved that {Y:}.c(,1) is tight in H™H.
Therefore, we proved the theorem for the case of P(x, D) being the Laplacian.
is

The fractional Laplacian case. We use the fact that )\76“ the eigenvalue of (—A)BD/2,

comparable to a fractional power of v, the eigenvalue of (—A)p:

9
—
§w\m

IN
%
IN
S
Sl

(6.82)

for some constant C' [36]. Combining the above with the Li-Yau estimate, we see that

)\S ~ nP/4. Then the same procedure above works. This completes the proof. O

6.5 Notes

Section 6.2 In the chemical physics literature, the authors of [22, 23] have investigated a
similar diffusion process of particles through a heterogeneous surface which reflects particles

except on some periodically or randomly located patches that absorb particles. Hence, in
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their setting, the boundary condition in (6.7) is —0,u. = Kgiscte On the patches, and is
—0yue = 0 otherwise. Here 0, denotes the partial derivative in the outer normal direction

v and Kqjsc 18 the absorption rate on the patches.

This boundary condition is similar with ours except for the geometric configuration of
the discs. Analyzing the data obtained from Brownian dynamics simulations, they find that
as long as the diffusion away from the boundary is concerned, the heterogeneous boundary
conditions above can be replaced by an effective homogeneous boundary which partially
absorbs particles in a uniform rate over the entire surface, i.e., by —0,u. = Ku. where & is

the uniform absorption rate.

The authors of [22, 23] also proposed an expression of x from data analysis. However,
this homogenization procedure is intuitive and empirical. Other boundary conditions have
also been investigated in e.g., [87]. The authors of that paper considered a reaction-diffusion
equation and the boundary condition is u. = v on small-scale patches and is —0,u. = ¢~ 'g,
where v and g are known functions. Their homogenization results are obtained by formally
studying a boundary layer and matching the boundary layer solution with the solution
in the interior of the domain. Again, a rigorous mathematical proof in this case is too

complicated.

Section 6.4 The Hilbert spaces in which we proved convergence of the corrector is somewhat
strange. In particular, for the Laplacian equation, it implies convergence in distribution in
L?(X) of the corrector only for dimension d > 3. This dimension restriction on controlling
the L2 norm of the random corrector is somewhat optimal, as already observed by Bal [9]

and by Bardos, Garnier and Papanicolaou [19].

The Li-Yau estimate of the eigenvalues of the Dirichlet Laplacian is the key in our proof
of the convergence in distribution in Hilbert spaces. The constant in the estimate, equation
(5.2), is very precise. We do not really need this precise constant; all that matters is the

asymptotic relation v, ~ O(n‘s). Therefore, the Weyl’s law on the counting of eigenvalues
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of the Dirichlet Laplacian, as discussed in Hérmander [64, Theorem 17.5.3], is enough.
Nevertheless, the approach of Li and Yau to the precise constant is surprisingly elementary

but useful, and we recommend their paper [77].
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Chapter 7

Corrector Theory for Multiscale

Numerical Algorithms

Despite of the fact that PDEs with highly oscillating random coefficients can be well ap-
proximated by homogenization, finding the homogenized coefficients may be a daunting
computational task and the assumptions necessary to the applicability of homogenization
theory may not be met. Several numerical methodologies have been developed to find ac-
curate approximations of the solution without solving all the details of the micro-structure
[4, 50, 53, 54, 3]. Examples include the multi-scale finite element method (MsFEM) and
the finite element heterogeneous multi-scale method (HMM). Such schemes are shown to
perform well in the homogenization regime, in the sense that they approximate the solu-
tion to the homogenized equation without explicitly calculating any macroscopic, effective
medium, coefficient. Homogenization theory thus serves as a benchmark that ensures that
the multi-scale scheme performs well in controlled environments, with the hope that it will
still perform well in non-controlled environments, for instance when ergodicity and station-

arity assumptions are not valid.

In many applications, as seen in Chapter 1, estimating the random fluctuations (finding
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the random corrector) in the solution is as important as finding its homogenized limit. In this
chapter we aim to present another benchmark for such multi-scale numerical schemes that
addresses the limiting stochasticity of the solutions. We calculate the limiting (probability)
distribution of the random corrector given by the multi-scale algorithm when the correlation
length of the medium tends to 0 at a fixed value of the discretization size h. We then compare
this distribution to the distribution of the corrector of the continuous equation. When these
distributions are close, in the sense that the h—dependent distribution converges to the
continuous distribution as h — 0, we deduce that the multi-scale algorithm asymptotically

correctly captures the randomness in the solution and passes the random corrector test.
7.1 Set-up of the Corrector Test

a. The test equation

The above proposal requires a controlled environment in which the theory of correctors
is available. There are very few equations for which this is the case [9, 11, 59, 12, 13]. Here,
we initiate such an analysis in the simple case of the one-dimensional second-order elliptic
equation (1.3) in Chapter 1. That is,

d x d
_%a (g,(z)) %uE("va) :f(x)v LS (071)7 (71)
with zero Dirichlet boundary condition. Under the mild conditions that a(x,w) is stationary,

ergodic and uniformly elliptic in the sense of A < a(x) < A for any z for some positive real

numbers A < A, u. converges weakly in Hg (0, 1) to the solution of the homogenized equation
—=-a _u0($) = f(x)v x € (07 1)7 (72)

with zero Dirichlet boundary condition. The effective coefficient a* is the harmonic mean
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of a(z,w) which, together with the deviation between the two, is defined by

- E{a(ol,w) } Aenw) = a(wl,w) &

b. Two different random fields

181

(7.3)

As we have seen in Chapter 1, the limiting distribution of the corrector u, — ug depends

very much on the decorrelation rate of ¢(z,w). We consider the following two sets of

assumptions on it.

I. The first set will be referred as the case of short-range correlations:

(S1) The random process g(z) is stationary ergodic and mean-zero; the coefficients a* and

a(z,w) are uniformly elliptic.

(S2) The correlation function R(x) of the random process ¢(x) is integrable in R. In

particular, the constant

o’ 1:/RR(:E)d:E,

is finite; see the remark after 2.5.

(7.4)

(S3) For some small § > 0, the mixing coefficient p(r) of g(x) is of order O(r~%=?) for large

r.

The above assumptions are quite general. In particular, (S3) implies ergodicity of ¢(z),

and (S1) plus ergodicity is the standard assumption for homogenization theory; (S3) is the

standard assumption to obtain central limit theorem of oscillatory integrals with integrand

ge(z); see Theorem 2.15.

II. The second set of assumptions will be referred to as function of Gaussian random

field, which is an example of random field that has long-range correlations.
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(L1) The process g(x) is constructed as a function of Gaussian random field as in Definition
2.27. That is,

Q(x’w) = q>(g($vw))v (75)

where g, is a stationary Gaussian random process with mean zero and variance one.
Further, assume that the correlation function R, of g, has the following asymptotic

behavior:

Ry(T) ~ kgT ™4, (7.6)
where 4 > 0 is a constant and « € (0, 1).

(L2) The function ®(x) satisfies |®| < go for some constant g, so that the process a(z,¢),
constructed by the relation (7.3) for some positive constant a*, satisfies uniform ellip-

ticity with constants (A, A).
The process g(x) is stationary and mean-zero. More importantly, its correlation function

R(x) has a similar asymptotic behavior to that in (7.6) with k, replaced by k, where

52
K= N RS@(S)e_TdS. (7.7)

Therefore, R(z) is no longer integrable and ¢(x) has long range correlation; cf. Lemma
2.28. We note that when « > 1, the process constructed above has short range correlation

and provides an example satisfying (S2).
c. The corrector test
The corrector theory in the random homogenization of (7.1) can be summarized by,

€ — 0 (:E) distribution Z/[a/\l(im Wa/\l).
e 2 e—0

Here and below, we use ¢ A d to denote min{c,d}. In this concise formula, o < 1 means
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Figure 7.1: A commutative diagram for the corrector test

ul — b h—0 | Us — Ug
o (T,w) — o (T,w)
€ 2 (@) € 2
e—>0l(ii) (iii)la—)O

_h=0, Ui (z; WEND),

(v

ug/\l($§ Wa/\l)

assumptions (L1) and (L2) are used for ¢(x,w), while @ > 1 means the other set of assump-
tions are used. Above, W' = W is the standard Brownian motion whereas W& = W ig
the fractional Brownian motion with Hurst index H = 1 — % The limit U/,A1 denotes the

corresponding limit in these two situations; see Chapter 1.

Now let us apply some multiscale numerical algorithm to solve (7.1). Let h denote the
discretization size and u/(z) the solution of the scheme. Let uf(z) denote the standard
finite element solution of the homogenized equation (7.2). We characterize the limiting
distribution of u? — ug as a random process after proper rescaling by £, We say that a

numerical procedure is consistent with the corrector theory and that is passes the corrector

test when the diagram in Fig. 7.1 commutes.

The four convergence paths should be understood in the sense of distribution in C([0, 1]).
The convergence path (iii) is the corrector theories stated in the previous concise result. In
(1), h is sent to zero while € is fixed. To check (i) is a numerical analysis question without
multi-scale issues since the e-scale details are resolved. Convergence in (i) can be obtained
path-wise and not only in distribution (path (iv) may also be considered path-wise). The

main new mathematical difficulties therefore lie in analyzing the paths (ii) and (iv).
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7.2 Some Multiscale Numerical Algorithms

We briefly introduce the common ideas of finite element based multiscale methods. Assume

f € L2 C H™. The weak solution to (7.1) is the unique function u. € H}(0,1) such that
Ac(u,v) = f(v), Vv € H}(0,1). (7.8)

The associated bilinear and linear forms are defined as

1 1
A (u,v) ::/0 ae(:n);l—z . Z—;dzn, F(v) ::/0 fv dx. (7.9)

Existence and uniqueness of u. are guaranteed by the uniform ellipticity of a.(x).

7.2.1 General finite element based multi-scale schemes

Almost all finite element based multi-scale schemes for (7.1) have the same main premise:
in the weak formulation (7.8), we approximate Hol by a finite dimensional space and if
necessary, also approximate the bilinear form.

To describe the choices of the finite spaces, we choose a uniform partition of the unit
interval into N sub-intervals with size h = 1/N. Let zj denote the kth grid point, with
xo = 0 and zy = 1, and I} the interval (zy_1,xx). To simplify notation in the general

setting, we still denote by Veh the finite space and by {qﬁi ;V: _11 the basis functions.

Example 7.1. The standard finite element (FEM) basis functions are piece-wise linear
“hat functions”, each of them peaking at one nodal point and vanishing at all other nodal
points. Denote these hat functions by {q%} and denote the subspace of H& they span by

V. The standard FEM approximates H} by V{.

In a general scheme, the bilinear form in (7.8) might be modified. Nevertheless, to

simplify notations, we still denote it as A.. The solution obtained from the scheme is then
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ul € VI such that

A (ul,v) = F(v), YveV (7.10)

ol

Since Veh is finite dimensional, the above condition amounts to a linear system, which is
obtained by putting u? =U qu, and by requiring the above equation to hold for all basis
functions. The linear system is:

AhUE = Fe. (7.11)

Here, the vector U¢ is a vector in RVN~1, and it has entries U ]5 The load vector F* is also
in RV~! and has entries F(qﬁg) The stiffness matrix A" is an N — 1 by N — 1 matrix, and
its entries are A. (¢!, ¢l). Our main assumptions on the basis functions and the stiffness

matrix are the following.

(N1) For any 1 < j < N — 1, the basis function ¢! is supported on I; Ui, and it takes

the value 5;- at nodal points {z;}. Here 6; is the Kronecker symbol.

N2) The matrix A" is symmetric and tri-diagonal. In addition, we assume that there exists
€
a vector b. € RY with entries {b5}Y , so that A", | = —b" forany i =1,--- ,N—2
and

Al =—(Alb v AL, i=1,-- N-1L (7.12)

e1l—

In other words, the ith diagonal entry of A" is the negative sum of its neighbors in
each row. Here, A"y, and A", |\ are not matrix elements and are set to be b} and

bév , respectively.
(N3) On each interval I; for j = 1,--- , N, the only two basis functions that are nonzero
are qbg and qbg_l, and they sum to one, i.e., QS? + ¢£‘1 = 1. Equivalently, we have

%(‘Z’) = 113'(52(1') + 1Ij+1 (1’)[1 - &j—i_l(x)]? (713)
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for some functions {¢ ()}, each of them defined only on I; with boundary value

0 at the left end point and 1 at the right.

As we shall see for MsFEM, (N3) implies (N2) when the bilinear form is symmetric.
The special tri-diagonal structure of A” in (N2) simplifies the calculation of its action on a

vector. Let U be any vector in RVN™1, we have
(A'U); = -DYOiD"U;),  i=1,---,N—1. (7.14)

Here, the symbol D~ denotes the backward difference operator, which is defined, together

with the forward difference operator DT, as
(D_U)k =U, — U_1, (D+U)k = Ugy1 — Ug. (7.15)

The equality (7.14) is easy to check, and to make sense of the case when i equals 1 or N,
we need to extend the definition of U by setting Uy and Uy to zero. This formula has been

used, for example, in [67]. It is a very useful tool in the forthcoming computations.

7.2.2 The multiscale finite element method

The idea of the multiscale finite element method, also known as MsFEM and developed in
e.g. [66, 67, 65, 52, 33, 51], is to replace the hat basis functions in FEM by multi-scale basis
functions {¢!}. They are constructed as follows.

L.pl(x)=0, az€hULU---Uly_y,
(7.16)

¢ = @), x € {z}no-

Here L. is the differential operator in (7.1). Clearly, qbg has the same support as q% and

thus satisfies (N1). Note that the {qﬁg} are constructed locally on independent intervals,
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and are suitable for parallel computing.
For any kK = 1,--- N, we observe that the only non-zero basis functions are qﬁ'g and

k=1 Further, they sum up to one at the boundary points x;_; and zj. Since equation

(7.16) is of linear divergence form, we conclude that ¢¥(z) 4+ ¢*~1(z) = 1 on the interval.
This shows that MsFEM satisfies (N3). In fact, the functions {¢¥}Y_| for MSFEM are
constructed by solving (7.16) on I} with boundary values zero at x;_; and one at z;. Once

they are constructed, {qﬁg} is given by (7.13). We can solve ¢* analytically and obtain that

-1
¢l = bg/. aZl(t)dt, bl = (/I_agl(t)dt> . (7.17)

Consequently, (N1) and (N3) indicate that MSFEM also satisfies (N2). To calculate the

entries of the stiffness matrix A?, we fix any i = 2,--- , N — 2, and compute

~.\ 2 ~.\ 2
dl Al -
(A?)i—li:—/l ae <d(ie) dr = — (ae d(ia) /Iaa_l(S)ds:—bi.

The last equality can be verified from the fact that (52 solves (7.16) and integration by parts.

For i = 1 and N, we verify that (7.12) holds for b2 and bY given by (7.17).

Remark 7.2. (Super-convergence in one dimension) It is well know that when dimen-
sion d = 1, the standard finite element method is super-convergent, in the sense that it yields
exact values at nodal points. In our case, ul(zy) = up(w), where ug solves (7.2) and u is
the FEM approximation. We observe that this property is preserved by MsFEM. Indeed,
let Pu. be the projection of u. in Veh, ie., Pu. = ua(x])qﬁg(x) Then, using integrations by

parts, (7.16), and the fact that Pu. — u. vanishes at nodal points, we have
Ac(Pug,v) = A (ue,v) = F(v), Yvé€ Vah.

Since the second equality is also satisfied by u/, it follows that A.(Pu. —u®,v) = 0 for any
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v in V. In particular, by choosing v = Pu. — u? and by coersivity of A.(-,-), we conclude
that Pu. = u. The super-convergence result follows.

Several useful results follow from this super-convergent property. First, u/*(z) of MsSFEM
coincides with the true solution u.(x) at nodal points. Note that u. can be explicitly solved

analytically and that |us(x) —us(y)| < Clx — y| for some universal C. We then have
|D~UE| = [ul(xp) — ul(z1_1)| < Ch. (7.18)

This improves the condition (7.39) in Proposition 7.11 and hence improves several subse-
quent estimates. Second, a fact which we have used extensively before, we have \D‘Gfﬂ <
Ch and for any fixed zj, GB(z; ;) defined in (7.51) equals the continuous Green’s func-
tion Go(x,zy) for (7.2). This is because the functions agree at the nodal points due to

super-convergence and they are both piece-wise linear in x. [J

7.2.3 The heterogeneous multiscale method

The goal of the FEM-based heterogeneous multiscale method, abbreviated as HMM and
developed in [49, 50], is to approximate the large-scale properties of the solution to (7.1)
without computing the homogenized coefficient first. Suppose we already know this effective
coefficient, i.e., a* in our case. Then the large-scale solution ug can be solved by minimizing

the functional

2
Iu] :== %Ao(u,u)—F(u):%/ola* (Z—Z) dx—/olfu dx.

In numerical methods, the first integral above can be computed by the following mid-point

quadrature rule:
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Here 27 = (zj_1 + x;)/2 is the mid-point of I;. In HMM, a* is unknown, and the idea is to

approximate (u'a*u’)(x7) by averaging in a local patch around the point 2/. For instance,

(a*(ﬂ)j—i(zj))Q <5 [ (a2 <s>)2 ds.

Here, I]‘-S denotes the interval 7 + g(—l, 1), that is, the small interval centered in I; with

we can take

length §. The operator .Z maps a function w in Voh, i.e., the space spanned by hat functions,
to the solution of the following equation:
L(ZLw)=0, zelluU---UIl}{_,,
(7.19)
SYN—1
Lw =w, ze {07}
The idea here is the same as MSFEM, namely to encode small-scale structures of the random
media into the construction of the bilinear form. The key difference that distinguishes HMM
and MsFEM is that the above equations are solved for HMM on patches Ig that are smaller

than Ir. We check that .Z is a linear operator; therefore, the following approximation of

Ap(+,-) is indeed bilinear:

N
h d(ZLw) d(Lv
Ad(w,v) := Z g/js ae (da: ) (dx ) dx. (7.20)
j=1 i

With this approximation of the bilinear form, HMM consists finding

h,6

Ue

1
= argmin =A% (w,w) — F(w).
wGVOh
This variational problem is equivalent to solving u?’5 = U;’éqz%(x), where U9 is determined
by the linear system

Al = RO, (7.21)
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Therefore, the above HMM can be viewed as a finite element method. The finite dimensional
space here is V{*. Therefore HMM clearly satisfies (N1) and (N3). To check (N2), we
calculate the associated stiffness matrix A%°. It has entries AS(gh, gz%). From the defining
equation (7.19), we see that Z¢} is non-zero only on I? U I? ', 1, Which implies that Al s
again tri-diagonal. Further, we verify that £¢) + £ (bé_l = 1 on the interval If , which
can be obtained from integrations by parts and which implies that A?’é satisfies (7.12).

Therefore, HMM satisfies (N2).

In fact, we can calculate the b, vectors. Let us consider the (i — 1,i)th entry of A? ’6,

where i can be 2,--- , N — 1. Since (Z¢}; 1) = —(L¢}) on I?, we have

(Ahﬁ) = h a(s)(d(g(bi)>2ds.

ci—1i o Jps c dx
1

Now from (7.19), we verify that a.(Z¢})" on I? is a constant given by

mi—l—% B _1 -14
vt = </I5 a; (s)ds) 5

= </J(s a;l(s)ds)_liﬂ%

i

Therefore, we have

-1
h ) .
h, _ o2l ) . o
(A )ai—li (i) 5 /o a; "ds . </I5 a; (S)ds) D —bL 5. (7.22)

We extend the definition of bg 5 to the cases of i = 1 and ¢ = N, and check that the (1,1)th
and (N — 1, N — 1)th entries of the stiffness matrix also satisfy (7.12). In particular, the
action of A% on a vector satisfies the conservative form as in (7.14). In the sequel, to

simplify notation, we drop the J in the notations A? ’6, U9 and bé 5

The well-posedness of the optimization problem above, or equivalently of the linear
system (7.21) is obtained by Lax-Milgram. We show that the bilinear form AJ(-,-) is

continuous and coercive. Consider two arbitrary functions w = W;¢} and v = V;¢} in V.
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Then:
Al w,v) = WALV, = =S WiDH(BED™V;) = 3, D-WibLDT V.

€ij "]

Estimating the entries of vector b. by its infinity norm and using Cauchy-Schwarz, we obtain

| A (w,v)| < < sup bi) D™ Wzl D™ Ve < Alw|g|v]g-
1<i<N

In the last inequality above, we used the fact that AL < bf: < Ah_l, which can be seen
from its definition in (7.22) and the uniform ellipticity of a., and that [|[D~W||,2 = |w|g: VR
for w € Voh. This proves continuity. Taking w = v, we have

Aw.0) 2 (i, 8 1D Wl D Wl 2 Mol

This proves coercivity. Therefore, by the Lax-Milgram theorem for the finite element space
[97, p.137], there exists a unique u?’é € Voh that solves the optimization problem. Further,
we have

F(w)

1 1
h,6
’ << < . 7.23
u® < A;;J‘I/?)h ol = W)\Hf\b (7.23)

An immediate consequence is that |[D~U¢| < Cv/h by the argument in Remark 7.10.

7.3 Main Results on the Corrector Test

In this section, we state our main convergence theorems in the setting of MsFEM and HMM
although they hold for more general schemes. The sufficient conditions on these schemes
will be revealed when we prove the main theorems in the forthcoming sections.

To simplify notation, we drop the dependency in w when this does not cause confusion.
We define a.(x) = a(x/e). For a function g in LP(D), we denote its norm by ||g||, p. When

D is the unit interval we drop the symbol D. The natural space for (7.1) and (7.2) is the
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Hilbert space Hi. By the Poincaré inequality, the semi-norm of H¢ defined by
du
= |- 7.24
julin,p = 15 2,0, (7:24)

is equivalent with the standard norm. We use the notation C' to denote constants that may
vary from line to line. When C' depends only on the elliptic constants (A, A), we refer to
it as a universal constant. Finally, the Einstein summation convention is used throughout
this paper: two repeated indices, such as in ¢;d’, are summed over their (natural) domain
of definition.

The first theorem analyze MSFEM in the setting of short-range correlations.

Theorem 7.3. Let us and ug be solutions to (7.1) and (7.2), respectively. Let ul be the
solution to (7.1) obtained by MsFEM and let ug be the standard finite element approzimation
of ug. Then we have:

(i) Suppose that a(x) satisfies (S1) and f is continuous on [0,1]. Then

h h?
ul —uel g < o Il [ul = uella < oz Il (7.25)
Assume further that q(z) satisfies (S2). Then
2 €
sup |E (ul(2) — uf(x)) 'g ORI (1 + £, (7.26)
z€[0,1]

where C' is a universal constant and R is the correlation function of q.

(ii) Now assume that q(x) satisfies (S3). Then,

u?(m) - ’ng ($) distribution o

\/E e—0

/1 LMz, t)dWy = U (x; W), (7.27)
0

The constant o is defined in (7.4) and W is the standard Wiener process. The function

LMz, t) is explicitly given in (7.50). The convergence is in distribution in the space C.
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(iii) Now let h goes to zero, we have

h—0

e 1
UM (z; W) LDRYON Gy YY) = a/ L(z,t)dW,. (7.28)
0
The Gaussian process U(x; W) was characterized in [28]. The kernel L(z,t) is defined as

L(.t) = 1.1 ( /0 " F(s)ds - F(t)> +a (F(t) - /0 1 F(s)ds> Loy().  (7.29)

Here and below, 1 is the indicator function and F(t) = fg f(s)ds.

Remark 7.4. Equivalently, the theorem says the diagram in Figure 7.1 commutes when ¢

has short range correlation and that MsFEM passes the corrector test in this setting.

To prove (iv) of the diagram, we recast L(z,t) as

L0 e,
L(z,t)=a a—yGo(x,t) a %uo(t). (7.30)

Here G is the Green’s function of (7.2). It has the following expression:

a*_lx(l - y)7 x < Y,
1 —z)y, x>y

In particular,Gg is Lipschitz continuous in each variable while the other is kept fixed. [J

The next theorem accounts for MSFEM in media with long-range correlations. We recall
that the random process g(x) below is constructed as a function of a Gaussian process with

long-range correlation.

Theorem 7.5. Let u., ug, u? and ug be defined as in the previous theorem. Let q(x,w)

and a(z,w) be constructed as in (L1)-(L2). Then we have
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E (u(2) — (@)

<C (%)a (7.32)

sup
z€(0,1]

for some constant C' depending on (A\,A), K, a, and f.

(ii) As e goes to zero while h is fized, we have

hi N _ ok N 1
ue(x) Uo(x) distribution U[}}(l‘,WH) — UH/ Lh(l‘,t)thH- (7.33)

a
E‘§ e—0 0

Here H=1- %, and WH is the standard fractional Brownian motion with Hurst index H.
The constant og is defined as \/m The function L"(xz,t) is defined as in the
previous theorem.

(iii) As h goes to zero, we have

C . 1
Ul (a; W) dstribution, g WHY = aH/ L(z, t)dWi. (7.34)
0

h—0

Remark 7.6. As before, this theorem says the diagram in Figure 7.1 commutes in the current
case. In particular, @ < 1, and the scaling is £2. Thus MsFEM passes the corrector test
for both short-range and long-range correlations.

The stochastic integrals in (7.33) and (7.34) have fractional Brownian motions as inte-

grators. We give a short review of such integrals below. A good reference is [96]. [J

The next theorem addresses the convergence properties of HMM.

Theorem 7.7. Let u. and ugy be the solutions to (7.1) and (7.2), respectively. Let ul® be
the HMM solution and ug the standard finite element approximation of ug.
(i) Suppose that the random processes a(x) and q(x) satisfy (S1)-(S3). Then
h,0 h
- istribution istribution h
ue (@) — (@) distribution, np . yyry disteibution, [y gy (7.35)

\/E e—0 h—0 1)

Here, UM (z; W) is as in (7.27) with L replaced by L™ (x,t), which is defined in (7.93)



7.3. MAIN RESULTS ON THE CORRECTOR TEST 195

below. The process U(x; W) is as in (7.28).

(ii) Suppose instead that the random processes a(x) and q(z) satisfy (L1)-(L2). Then

0
’LL?’ (g;) ; ’ng (:E) distribution Z/{Z’&(x; WH) distribution, Z/[H(x; WH) (736)
€2 e—0 h—0

Here, Z/[Z’J(JE; WH) is as in (7.33) with L" replaced by L™, and U (x; WH) is as in (7.34).

Remark 7.8. HMM is computationally less expensive than MSFEM when § is much smaller
than h. However, the theorem implies that this advantage comes at a price: when the ran-
dom process g(x) has short-range correlation, HMM amplifies the variance of the corrector.
We will discuss methods to eliminate this effect in section 7.4.7. In the case of long-range

correlations, however, HMM does pass the corrector test.

Intuitively, averaging occurs at the small scale § < h for short-range correlations. Since
HMM performs calculations on a small fraction of each interval h, each integral needs to be
rescaled by h /¢ to capture the correct mean, which over-amplifies the size of the fluctuations.
In the case of long-range correlations, the self-similar structure of the limiting process shows
that the convergence to the Gaussian process occurs simultaneously at all scales (larger than
¢) and hence at the macroscopic scale. HMM may then be seen as a collocation method

(with grid size h), which does capture the main features of the random integrals.

The amplification of the random fluctuations might be rescaled to provide the correct
answer. The main difficulty is that the rescaling factor depends on the structure of the
random medium and thus requires prior information or additional estimations about the
medium. For general random media with no clear scale separation or no stationarity as-
sumptions, the definition of such a rescaling coefficient might be difficult. In section 7.4.7,
we present a hybrid method between HMM and MsFEM that is less expensive than the

MsFEM presented above while still passing the corrector test. [J
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7.4 Proof of the Corrector Test Results

The starting point to prove the main theorems is to derive a formula for the corrector u!* —ug
for multi-scale schemes. This can be achieved for a large class of multi-scale schemes, namely

those satisfying (N1)-(N3) in the previous section.

7.4.1 Expression for the corrector and convergence as ¢ — 0

Let u! be the solution obtained from a multiscale numerical scheme satisfying (N1)-(N3).
Now we derive an expression of the corrector, i.e., the difference between u? and ug, the

standard FEM solution to (7.2).

The function u?(x) is obtained from a weak formulation similar to (7.8) with a. replaced

by a*, and H& replaced by Voh, the space spanned by hat functions {qz%}. Clearly, these
basis functions satisfy (N1) and (N3). Let A} denote the associated stiffness matrix; then
one can verify that it satisfies (N2). In fact, the vector b is given by b = a*/h. Now ul(x)
is simply U’ JQQS%, where U solves

ALUC = FO. (7.37)

Subtracting this equation from (7.11), we obtain:

AU - U%) = (F¢ — FO) — (Ah — AlU®.
Let G! denote the inverse of the matrix A}. We have

U —U° = Gh(F — F%) — Gh(Ah — AlU".

Since both A and A} satisfy (N2), the difference A" — A} acts on vectors in the same
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manner as in (7.14). Since both {¢} and {qﬁ%} satisfy (N3), we verify that
(F = F = -D'(F; ~F)), B = [ i
I

Using these difference forms, we have

Us = U9 = = 37 (Gh)jm (D (F = FO) — D (b2 — b7)D7U7,))
N (7.38)
=3 DGy ((F° = B — (oF = )00
k=1

The second equality is obtained from summation by parts. Note that we have extended the
definitions of U and U so that they equal zero when the index is 0 or N. Similarly, (Gg) 50

and (Gf);n are zero as well.

The vector U —U? is the corrector evaluated at the nodal points. We have the following

control of its £2 norm under some assumptions on the statistics of {b¥} and {¢?}.

Proposition 7.9. Let U¢ and U be as above. Let the basis functions {qﬁ} and the stiffness

matriz AP satisfy (N1)-(N3). Suppose also that

sup |D-UE| < C| fll2h2, (7.39)
1<k<N

for some universal constant C'.

(i) Suppose further that for any k =1,--- N, and any x € I}, we have
- - 2 e
E (¢5(2) - 86(x)) < CTIRIz. (7.40)

and

2 €
E <bl§ - bg) < Co5lIRl1 e, (7.41)
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for some universal constant C'. Then we have
2 €
E|U° -0, < CrzlBlhz (@ + [ f2), (7.42)

for some universal C.
(ii) Suppose instead that the right hand side of (7.40) is C (%)a, and the right hand side

of (7.41) is C% (£)®. Then the estimate in (7.42) should be changed to C'+ (£)“.

Remark 7.10. The assumption (7.39) essentially says that u? should have a Holder regu-
larity. Suppose the weak formulation associated to the multiscale scheme admits a unique
solution u” such that ||u?||;1 < C||f||2. Then by Morrey’s inequality [57, p.266], u? € 03
in one dimension. Consequently, (7.39) holds.

For MsFEM, we have a better estimate: |D~U;| < Ch due to a super-convergence
result; see (7.18). Therefore, the estimate in (7.42) can be improved to be C'% in case (i)
and C (£)” in case (ii). O

Item (i) of this proposition is useful when the random medium a(x), or equivalently ¢(z),
has short range correlation, while item (ii) is useful in the case of long range correlations.
The constant C' in the second item depends on (A, A), f and R, but not on h.

We remark also that throughout our analysis, the basis functions are assumed to be

exact; that is to say, we do not account for the error in constructing {qﬁé}

Proof of Proposition 7.9.  To prove (i), we use a super-convergence result, which we prove

in Remark 7.2, to get \D_ngk\ < Ch. Using this estimate together with (7.39) and (7.38),

we have
5 N 2 N 2
E|US - U9 < ChQZE‘Fg - F,?( + OIS E [ - b’g(
k=1 k=1

For the second term, we use (7.41) and obtain

N s N .

S EpE -t <Y ORI = ORIz (7.43)

k=1 k=1
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For the other term, an application of Cauchy-Schwarz to the definition of ¢ yields
. D) - -
|F2 = B < 17130 16E = G615,
Using (7.40), we have
Tk k)2 A €
Blgk ~ 0§l = | E(3 ) () <O bRz =Ce| Rz (744)
k

Therefore, we have

N
2 9
E|v; - U7 < <0h2 > I lane + Oh‘*ﬁ) |Rllz < CellRILg(1+ £
k=1

Note that this estimate is uniform in j. Sum over j to complete the proof of (i).

Proof of item (ii) follows in exactly the same way, using the corresponding estimates. [J

Now, the corrector in this general multi-scale numerical scheme is:

ul(z) - ug () = UjgL(x) — U dj()

= (U° = UN);64(@) + UJ (8L = ¢h)(@) + (U7 = U");(6L = #h) (@).

(7.45)

We call the three terms on the right hand side K;(z), i = 1,2,3. Now Kj(z) is the
piecewise interpolation of the corrector evaluated at the nodal points; Ka(x) is the corrector
due to different choices of basis functions; and K3(x) is much smaller due to the previous
proposition and (7.40). Our analysis shows that K;(z) and Ks(x) contribute to the limit
when € — 0 while & is fixed, but only a part of K1 (z) contributes to the limit when h — 0.

Due to self-averaging effect which are made precise in Lemma 7.13, integrals of g.(z)
are small. Therefore, our goal is to decompose the above expression into two terms: a

leading term which is an oscillatory integral against ¢., and a remainder term which contains
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multiple oscillatory integrals.

Proposition 7.11. Assume that u? is the solution to (7.1) obtained from a multi-scale
scheme, which satisfies (N1)-(N3) and has basis functions {¢L}, and that ull is the solution of
(7.2) obtained by the standard FEM with hat basis functions {(;56}. Let b, and by denote the
vectors in (N2) of these methods. Suppose that (7.39) holds and that for any k =1,--- | N,

we have

3() — () = 11+ 7l ( [t [ %(s)dS) ,

k—

(7.46)
) L ~ a*2 T
ba - bO = [1 + r2k] - 2 / qe(t)dt s
Th—1
for some random variables 71} and 7op.
(i) Assume that q(x) has short range correlation, i.e., satisfies (S2), and that
- - €
sup max{E|[71[*, E[Fay[*} < O IRl1z, (7.47)
1<k<N
for some universal constant C'. Then, the corrector can be written as
1
ul(z) —ub(z) = / LMz, t)q-(t)dt + vl (x). (7.48)
0
Furthermore, the remainder r?(zx) satisfies
5
sup E[r(z)| < ORIz (L + [ £]l2), (7.49)

z€[0,1]
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for some universal constant C. The function L"(x,t) is the sum of LY and LY defined by:

N * y—Yh *1)—7170 Tk Tk ~
L, t) = lek(t)a D G}S(x,xk) <a Dh Uy +/t f(s)ds — /Ik1 f(s)qﬁ'g(s)ds) ,

1

h —r7h 1
L2 (‘T7t) = D UO](SC) (1[Z‘J(1)1,1‘}(t) - h 1[x3(x)1,x3(x)](t)> °

SR

(7.50)
Given z, the index j(x) is the unique one so that Tj,)—1 < * < Tj). The function

Gh(z, ) is defined as
N—-1

(x, k) Z Ojkqﬁj (7.51)

j=1
Gg 1s the interpolation in Voh using the discrete Green’s function of standard FEM.
(ii) Assume that q(x) has long range correlation, i.e., (L1)-(L2) are satisfied, and that

the estimate in (7.47) is C (%)a Then the same decomposition holds, the expression of

L"(z,t) remains the same, but the estimate in (7.49) should be replaced by C (£)“.

Remark 7.12. Due to the super-convergent result in Remark 7.2, the function Gg(x,xk)
above is exactly the Green’s function evaluated at (z,zy). This can be seen from the facts

that they agree at nodal points and both are piece-wise linear and continuous.

Proof.  We only present the proof of item (i). Item (ii) follows in exactly the same way.
We point out that the assumption (7.46) and the estimates (7.47) imply (7.44) and (7.43)

thanks to Lemma 7.13.

The idea is to extract the terms in the expression (7.45) that are linear in ¢.. For Kj(z),

we use (7.38) and write

=

-1

22

N
ZD bin(Ff — F — (0 = v6) D~ U)o ()
1 k=1

<.
Il

D™ G (w, xp)(Ff — F — (bF — o) D™ UY).

I
NE

B
Il

1
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Note that the expression above is an approximation because we have changed D~U*® on the

right hand side of (7.38) to D~U. The error is

N
(@) = =) DG, mp) (0 — b§) D™ (U = U7y (7:52)
k=1
Estimating |[D~G}| by Ch and using Cauchy-Schwarz on the sum over k and (7.43) and
Lemma (7.42), we verify that Erf, (z)| < Ceh™2||R||1r(1 + || f|l2)-

Using the expressions of (55 and b., and the estimates of the higher order terms in them,

(7.46), we can further approximate Kj(z) by

t

N N _ Tk a* t— zp_ Tk
Ki(z) = kZZID G (x, 1) </xk1 f(t)ﬁ [/x qe(s)ds — Tl/x qe(s)ds| dt

k—1 k—1

a*2 _ 0 T
+ 5D Uk/ g(t)dt | .

k—1
The error in this approximation is:

t

N Tp * Tk
ro(z) =S DGR (x, ) (f e [ (s)ds — L Fk=L e(s)ds] dt
12 kZ:l 0 k 1k /:ck1 A /x q A /x q

k—1 k—1

~ a*2 0 Ty
+T2kﬁD_Uk/ qe(t)dt .
Tp1

(7.53)

Using Lemma 7.13, (7.47) and Cauchy-Schwarz, we have

E

flk/ qg(s)ds‘ < Ce.
Iy,

Using this estimate, we verify that the mean of the absolute value of the first term in 7%, is
bounded by Ce||f|2||R|/1,g. A similar estimate with |D~U?| < Ch (in Remark 7.2) shows
that the second term in rf, has absolute mean bounded by Ceh™!||R|j1g. Therefore, we

have E|rfy(z)] < Ceh (1 + ||f|l2)||R|l1g- We remark also that in the case of long range



7.4. PROOF OF THE CORRECTOR TEST RESULTS 203

correlations, we should apply Lemma 7.14 instead.

Moving on to Ka(x), we observe that for fixed z, Ko(x) reduces to a sum over at most
two terms, due to the fact that qbg and q% have local support only. Let j(x) be the index so

that z € (2(2)—1,7j(x)]- We have

N .
Ka(a) = 3 D UG, — @)(2) = DU (610 — 31 (@)
j=1

_ a* r T— Xi(p—1 [T

j(z)—1 J(z)—1

In the second step above, we used the decomposition of ¢, again. The error we make in

this step is

G*D_U-Ox z T— Xi(p—1 [T
@) =i ([ atde- O qwa). s
h - h .
j(z)—1 j(z)—1
We verify again that E|rd(z)| < Ce|R||1 g
Now for K3(x), we use Cauchy-Schwarz and have
N-1 2 [N-1 ' 2 -
E|Ka(x)| <E | D Ul - Ugl? (62 = 80)*(@) | < ColIRI g1 +Ifll2)- (7.55)
j=1 j=1

The last inequality is due to (7.42) and (7.44).

In the approximations of Kj(z) and Ks(x), we change the order of summation and
integration. We find that K;j(x) is then fol Lz, t)q-(t)dt plus the error term iy + rly,

and Ko(x) is fol LY (z,t)g.(t)dt plus the error term rj. Therefore we proved (7.48) with

h
€

x, verifying (7.49). O

ri(z) = T{Ll + T{LQ + 7‘3 + K3(z). The estimates above for these error terms are uniform in
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7.4.2 Weak convergence of the corrector of a multiscale scheme

h

In this section, we prove the weak convergence of the corrector u —ug in the general setting.

We first record two key estimates on oscillatory integrals, which we have used already. The

first one accounts for short range media.

Lemma 7.13. Let q(x,w) be a mean-zero stationary random process with integrable corre-

lation function R(x). Let [a,b] and [c,d] be two intervals on R and assume b —a < d — c.

s/ [ 0oy

Proof. Let T denotes the expectation of the double integral. It has the following expression:

[ [ |

We change variables by setting ¢t — ¢ and (¢ — s)/e — s. The Jacobian of this change of

Then
< (b — )| R . (7.56)

( ) [c,d] (S)dtds.

variables is €. Then we have

T <e / / IR(3)| L0 (t)dtds = (b — a) | R1.e.
R JR

This completes the proof. [J

The second one accounts for a special family of long range media. The proof is adapted

from [11].

Lemma 7.14. Let q(z,w) be defined as in (L1)-(L2). Let F be a function in the space

L>(R). Let (a,b) and (¢,d) be two open intervals and assume b—a < d —c. Then we have

VF(s)dtds| < Ce®(b—a)(d — ¢)' . (7.57)
[

The constant C' above depends only on K, o and ||F /oo -
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Proof. By the definition of the correlation function R, we have

EO‘ / / )E (s )dtds} /R? E_QR(t — S)F(t)l[a,b](t)F(S)l[Qd](S)dtds.

€

As shown in [11], R(7) is asymptotically k7~ with x defined in (7.7). We expect to replace

R by k7~ in the limit. Therefore, let us consider the difference

J.

By the asymptotic relation R ~ k7

t—s

e " R(—) -

|F(t )‘1[a,b] (t)‘F(S)ll[c,d}(S)dtds.

|t - !O‘

~@ we have for any d > 0, the existence of Ty such that
|R(T) — kT~ % < d77%. Accordingly, we decompose the domain of integration into three

subdomains:
D, = {(ta 3) S R27 ’t - S‘ < T5E}7

Dy = {(t,S) € R27T5€ < |t - 8| < 1}7
D3 = {(t,s) e R*1 < |t — s|}.

On the first domain, we have

R e R OB PRI
Dy
et
</ e R IR @)t + /| | | IR s

Here and below, we use the short hand notation F1(t) = F/()1(,)(t) and Fa(s) = F(s)1q(s)-

The above integrals are then bounded by

t+Tse Tse
‘O‘HRHOOR/ Pt |/ Fy(s |dsdt+/ Pt |/ Kls| =2 Byt — s)|dsd

Tse Tse

2kT5~
IR e (2750 Rl e+ 20t
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On domain D5y, we have

t—s
R B
(—) = ,a

<25/ |F(t y/ |s| = | Fy(t )\dsdtﬁ%(ﬂrﬁ‘%l‘“).

(FL(0)| Fa(s)]deds <5/ 1t — S| Fy (8)]| Fa(s)|deds

On domain D3, we can bound |t — s|~* by one, and we have

Jo,

—apt— S
e “R( . )_|t pE

FL(0)| Fa(s)|deds <5/ 1t — S| Fy (8)]| Fa(s)|deds

b 1
< 25/ F) [t — s)dsdt < 28]|F|% (1 + Tse).
a T(;E

Therefore, for some constant C' that does not depend on € or §, we have

limsupe™®

e—0

b pd s K
E/a / o DaIF Py — [ TP O R (s)dids| < CJF | g6

Sending § to zero, we see that

b d s
lim e~°E / / q(é)q(g)Fl(t)Fg(s)dtds: /R 2 |t_s|aF1() F(s)dtds. (7.58)

e—0

Finally, from the Hardy-Littlewood-Sobolev inequality [78, §4.3], we have

F
[ s ' < CIF &Il oy < CIFIE(b— a)(d — )1, (7.59)

This completes the proof. [J

Now we are ready to characterize the limit of the corrector in the multiscale scheme
when ¢ is sent to zero. As we have seen before, the scaling depends on the correlation range

of the random media.

Proposition 7.15. Let u be the solution to (7.1) given by a multi-scale scheme that
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satisfies (N1)-(N3). Suppose (7.39) holds. Let ul be the standard FEM solution to (7.2).
(1) Suppose that q(z) satisfies (S1)-(S3) and that the conditions of item one in Proposi-
tion 7.11 hold. Then,
h

D S 1
Ug \/EUO dlSt:l_b:;thIl\ o / Lh (x7 t)th . (760)
0

(i) Suppose that q(x) satisfies (L1)-(L2) and that the conditions of item two in Propo-

sition 7.11 hold. Then,

h_,h o 1
Ug Ug  distribution O'H/ Lh(l‘,t)thH- (7.61)

a
£2 e—0 0

The real number o is defined in (7.4) and og is defined in Theorem 7.5.

These results are exactly what we need to prove the weak convergence in step (ii) of the
diagram in Figure 7.1. Note our assumptions allow for general schemes other than MsFEM.
A standard method to attain such weak convergence results is to use Proposition 2.36.

We will prove item one of Proposition 7.15 in detail; proof of item two follows in the
same way, so we only point out the necessary modifications. Recall the decomposition in
(7.48). Let I. denote the first member on the right hand side of this equation, i.e., the
oscillatory integral. Let Z" denote the right hand side of (7.60). The strategy in the case
of short range media is to show that {s_%lg} converges in distribution in C to the target
process Z", while {5_%7“? } converges in distribution in C to the zero function. Since the zero
process is deterministic, the convergence in fact holds in probability; see [24, p.27]. Then
(7.60) follows.

Proof. Convergence of {a_%la}. We first check that the finite dimensional distributions

of I.(z) converge to those of Z"(x). Using characteristic functions, this amounts to showing

1 [t : ems I :
Eexp (Z : %/0 qe(t) 225, £th(:E3,t)dt> =% Eexp (za/o P £th(:E3,t)th> ,

for any positive integer n, and any n-tuple (z!,---,2") and n-tuple (&,---,&,). We set
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m(t) =37, &;L"(27,t). The convergence above holds if we can show

8—)

dlS ribution
7 / g (t tributi m(t)dWy, (7.62)

for any m(t) that is square integrable on [0,1]. Indeed, this convergence holds, due to
Theorem 2.15 since by assumption ¢(x,w) is a stationary mean-zero process that admits an
integrable p-mixing coefficient p(r) € L'(R). Therefore, we proved the convergence of the

finite distributions of {e~ 31 }.

Next, we establish tightness of {6_%15(33)} by verifying (2.49). Consider the fourth

moments and recall L" = L? + L% in (7.50); we have

1 4
E(L(z) — L)' < 8{B( = [ q.(t)(Lh(z,1) — Li(y. 1)t
{ <\/E/° 1 1 ) (7.63)

+B(z [ aohen - o)’}

We estimate the two terms on the right separately. For the first term we observe that
L%(z,t) is Lipschitz continuous in z. This is due to the fact that GE(z,zy) is Lipschitz in
x with a universal Lipschitz coefficient. Since the other terms in the expression of L{L (z,t)

in (7.50) are bounded by C', we have
C
|L§L($vt) - Lg(yvt” < E|x - y|
We use this fact and apply Lemma 7.21 to deduce
Lt h h 1
B(z | a0l - L. 0)dt)" < Sl -yt (7.64)

The constant C above depends on A, A, and Hp% 1R, -

To estimate the second term in (7.63), consider two distinct points y < x. Let j and k

be the indices such that € (xj_1,z;] and y € (z_1,2x]). Then one of the following holds:



7.4. PROOF OF THE CORRECTOR TEST RESULTS 209

j—k>2j—k=0o0rj—k=1. In the first case, since |D~U°| < Ch for some C depending

on A\, A and || f]|2, we have the following crude bound.

Ly (x,t) — Li(y,t)] < C < — e —yl.

The same analysis leading to (7.64) applies, and the second term in (7.63) is bounded by

Clz — y|*/h? in this case.

When |j — k| =0, z and y are in the same interval (z;,2;41). We can write

1 a*D~ h z r—
/ q€<t><L3<:c,t>—L3<y,t>>dt=%( [ awa -5 [ q€<t>dt>. (7.69

Since = and y are in the same interval, the function (z — y)/h is bounded by one. Now
Lemma 7.21 applies and we see that the fourth moments of the members in (7.65) are

bounded by

C [E (% /xy qg(t)dt>4 T (”” ; y>4E (% /Ik qa(t)dt>4] < Clz —y|*

When 5 — k =1, we have

1 a*D_Uh-_ Y — i Tj-1
| a0 = =0 ( [ awa-t=r=2 | %(t)dt)
0 Tj—2 Tj—2

J

a*D_Uh- Tj—1 o Tj_1
- (— / gt - L / ’ %(t)dt).
Yy Tj—2

J

Let z;_1 play the role of z in (7.65) and notice that L%(x;_1,t) = 0. We get

Y — T
(\/,/ q=(t) LA (y,t )dt> <C’| h; 1|.
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Similarly, in the interval where z lands, let z;_; play the role of y in (7.65). We have

|2 ac] 1‘

\/_/qe tht)dt> < CO—mg—

We combine these estimates and see that in this case, the second term in (7.63) is bounded

E <% /()1(]s(t)L}2L(y’t)dt)4 +E %/lqs(t)Lé‘(x,t)dtf)

|117j—1—y|2+|$—!17j—1| <C’| y|2
h? h?

by

<C

In the last inequality, we used the fact that a® 4+ b? < (a+b)? for two non-negative numbers
a and b.
Combine these three cases to conclude that for any =,y € [0,1], the second term in

(7.63) is bounded by C|z — y|?/h?. This, together with (7.64), shows

|z —yl?

\[/ q-(t ~ LMyt ))dt) < O (7.66)

In other words, {6_%15(:17)} satisfies (2.49) with 5 = 4 and 6 = 1, and is therefore a tight
sequence. Consequently, it converges to Z" in distribution in C.
Convergence of {E_%T?}. For the convergence of finite dimensional distributions, we

need to show

Eexp( fz] & (x])> 1,

for any fixed n, {:ztj};‘zl and {{;}7_;. Since le® — 1| < || for any real number 6, the left

hand side of the equation above can be bounded by

1
%E > &) <355 \5;!

N Elrl(z;)|.
<j<n

The last sum above converges to zero thanks to (7.49), completing the proof of convergence

of finite dimensional distributions.
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For tightness, we recall that () consists of % in (7.52), }, in (7.53), K3(x) in (7.48)
and rg(x) in (7.54). In the first three functions, = appears in Lipschitz continuous terms,
e.g., in D™GA(x;zy) or ¢§($) - (J%(:E). Meanwhile, the terms that are z-independent have
mean square of order O(e) or less. Therefore, we can choose f =2 and 6 = 1 in (2.49). For
instance, we consider rf,(x) in (7.53) and bound the terms that are not 71 or 7y in the

parenthesis by some constant C'. Using Lipschitz continuity of D_Gg, we have

2
p (B < oLy oupm(rl + ) < A
thanks to the estimate (7.47). Similarly, we can control 74 and K.

For v in (7.54), we observe that it has the form of the main part of Ks(x), which
corresponds to LE(z,t) and the second term in (7.63), except the extra integral of q..
Therefore, the tightness argument for the second term in (7.63) can be repeated. The extra
¢- term is favorable: we can choose =2 and § =1 in (2.49).

To summarize, {6_%7‘2‘/\/5} can be shown to be tight by choosing 8 = 2 and § = 1

in (2.49). Therefore, it converges to the zero function in distribution in C. We have thus

established the convergence in (7.60).

o
2

The case of long range media. In this case, the scaling is e~ 2. The proof is almost
the same as above and we only point out the key modifications.
Let us denote the right hand side of (7.61) by II}_‘I. To show the convergence of the

finite dimensional distributions of {¢~2 1.}, instead of using (7.62), we need the following

analogue for random media with long range correlations:

1 ! istribution !
— | qe(t)ym(t)ar Lbution, o / m(t)dw}H, (7.67)
€2 Jo e—0 0

where o is defined below (7.33). The above holds only thanks to Theorem 2.34. Hence we

conclude that the finite dimensional distributions of {a_%fa(x)} converge to those of Z7.
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For the tightness of {e~2 I.(z)}, we can follow the same procedures that lead to (7.64) and
(7.65). We only need to consider second order moments when applying the Kolmogorov

criterion thanks to Lemma 7.57, which says

1 [ 2 .
E(—a/ qe(t)dt) < Clz —y*~. (7.68)
€2 Jz

In the short range case, since « equals one we only have |z — y| on the right. To get an
extra exponent ¢, we had to consider fourth moments. In the long range case, « is less than
one, so we gain a § = 1 — « from the above estimate. With this in mind, we can simplify
the proof we did for (7.60) to prove that {e~21I.} converges to Zl. Similarly, {¢~ 27"}
converges to the zero function in distribution, and hence in probability, in the space C. The

conclusion is that (7.61) holds. This completes the proof of Proposition 7.15. [

Remark 7.16. From the proofs of the propositions in this section, the results often hold
if the conditions in item (i) or (ii) of Proposition 7.11 are violated in an e-independent

manner. For instance, if the second equation in (7.46) is modified to

*2
b — b = c(h)[L + 7] (—‘;2 /D qa<t>dt> : (7.69)

for some function ¢(h) and for region Dy C Ij, then this modification will be carried to

L"(x,t) and following estimates, but the weak convergences in Proposition 7.15 still hold.

7.4.3 Weak convergence as h goes to 0

In the previous section, we established weak convergence of the corrector u? —ug of a general

multi-scale scheme when the correlation length € of the random medium goes to zero while
the discretization h is fixed. In this section, we send h to zero, and characterize the limiting

process. We aim to prove the following statement.
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Proposition 7.17. Let L"(x,t) be defined as in (7.50). As h goes to zero, the Gaussian
processes on the right hand sides of (7.60) and (7.61) have the following limits in distribution
n C:
! distributi
a/ LM, t)dW, 200 Y (e W, (7.70)
0

h—0

where U is the Gaussian process in (7.28). Similarly,
! distributi
aH/ Lz, t)dWH %UH(@WH), (7.71)
0 —

where Ug is the Gaussian process in (7.34).

We consider the case of short range random media first. Recall that Z"(z) denotes the
left hand side of (7.70). It can be split further into three terms as follows. Let us first split

LY (x,t) into two pieces:

*D_Gg(:n, ry) a*D7UY

Lll Z, t ;]'Ik h . A s
~ " (7.72)
12xtzz t)a*D~ Goazxk< / f(s ds—ﬁ f(s)ok(s)d >
k=1 k—1
Then define Z!*(z) by
1
Tz W) :a/ LI (z, t)dWy, i =1,2. TE(a; W) :a/ LAz, t)dW;. (7.73)
0 0

As it turns out, Z}(x; W) converges to the desired limit, while Zf(x; W) and Z}(z; W)
converge to zero in probability.
Proof of (7.70). Convergence of {Z}!(z)}. By Proposition 2.36, we show the convergence

of finite distributions of {Z}'(x)} and tightness. Since all processes involved are Gaussian,

for finite dimensional distribution it suffices to consider the covariance function Ry (z,y) :=
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E{Z}(x)Z}(y)}. By the Ito isometry of Wiener integrals, we have

1
R?(.’L’,y) = 02/() L?l(x7t)L?1(y7t)dt

For any fixed z, L?l (z,t), as a function of ¢, is a piecewise constant approximation of L(z,t).
This is obvious from the expression of L(z,t) in (7.30). Therefore, L? (x,t) converges to
L(z,t) in (7.29) pointwise in t. Meanwhile, L?, is uniformly bounded as well. The dominant

convergence theorem yields that for any = and y,
1
li Rl (e,y) = 0% | Lo )L (. )t = B W)U W) (7.74)
- 0

This proves convergence of finite dimensional distributions.

The heart of the matter is to show that {U}!(z; W)} is a tight sequence. To this end, we

consider its fourth moment

E(Il( / H (Ll (2, 1) — LIy (y, ta EHth (7.75)
0,1]4
Since increments in a Brownian motion are independent Gaussian random variables, we
have
4 4
EJ]dWe, = [6(t1 — t2)d(ts — ta) + 0(ts — t3)5(t2 — ta) + 6(ts — ta)d(tz — ta)] [ [ dts. (7.76)
: i=1

Using this decomposition, and the fact that the L? is piecewise constant, we rewrite the

fourth moment above as

3(/01([/?1(%]5) ) ) [i\f: <a (G (z, :172) Gh(y, zy)) a*Dh_U18>2hr
1

Hence, we need to control || L}, (x,-)—L? (y,-)|2. Since G is the Green’s function associated




7.4. PROOF OF THE CORRECTOR TEST RESULTS 215

to (7.2), as commented in Remark 7.12, it admits expression (7.31). Fix y < z, and let j;
and j2 be the indices so that y € (zj,—-1,2j-1] and = € (zj,—1,2;,]. Then we can split the
above sum into three parts. In the first part, k£ runs from one to j; — 1. In that case, both
7 and z_1 are less than y. Formula (7.31) says: a*(GR(x,21) — GR(y,z1)) = 21y — z).
Consequently,

a*D~(GP(x, x1) — Gy,
D~ (G (x, Z) Gi(y, =) _(y—2). (7.77)

Since |D~UY/h| is bounded, we have

=l , wr—/h h 2/ xp—770\ 2 Ji—1
a*D~(Gg(x, 7)) — Gy (y, 7)) a* DUy 2 2
< — < — .
,}_1 < . - h < Clz —y| kg_l h <C|z—y|

(7.78)
Another part is k running from j, 4+ 1 to V. In that case, both x; and x,_; are larger than
x. The above analysis yields the same bound for this partial sum.

The remaining part is when k runs from j; to js. In this case, for some k, x; may end
up in (y,z), and we have to use different branches of (7.31) when evaluating G&(z, )
and Gg(y,xk). Consequently, the cancellation of h in (7.77) will not happen, and we
need to modify our analysis. We observe that, due to the Lipschitz continuity of Gg‘ and

boundedness of |D~UY/h|, we always have

B2 o (uh _oh 2 a* DU\ 2 P &
Z(aD (Go(az,xz) Go(%xk))) (a Dh Uk> <ol hzy‘ he o (7.79)

k=j1 k=j1

If jo — j1 < 1, the last sum above is then bounded by 2C|z — y|?/h. In this case, it is clear
that |x — y| < 2h; as a result, the sum above is bounded by C|x — y|.

If jo—j1 > 2, the above estimate will not help much if jo — 77 is very large. Nevertheless,

since |[D~G% /h| is bounded by some universal constant C. We have

i <a*D_(G8($,:EZ) - Gg(y,:nk))>2 <a*Dh—U,g>2 h<C i h (7.80)

k=31 k=j1
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Meanwhile, we observe that in this case

Bl —y| > 3(xj—1 —25,) =302 —s1 —Dh= (o — 1 + DA +2(j2 — j1 — 2)h

> (j2 —j1+ Dh.

Consequently, the sum in (7.80) is again bounded by C|z — y|. Combining these estimates,
we have

1LY (2,-) = Ly (y, )l < Clz —y)- (7.81)

It follows from the equation below (7.76) that {Z}'(z)} is a tight sequence and hence con-
verges to U(x, W).

Convergence of I}, to zero function. For the finite dimensional distributions, we

consider the covariance function R%(x,y) = E{Z}(x)Z%(y)}. By Ito isometry,

1
o [t 0Ll (7.82)
0

Now from the expression of L%, (z,t), (7.72), we see that L%, (z,t) converges to zero point-
wise in ¢ for any fixed x. Indeed, in the above expression, |[D~GR/h| is uniformly bounded
while the integrals of f(s) and of f (s)&g(s) go to zero due to shrinking integration regions.
Meanwhile, L%, is also uniformly bounded. The dominated convergence theorem shows
Rs(x,y) — 0 for any = and y, proving the convergence of finite dimensional distributions.
The tightness of {Z}(z)} is exactly the same as {Z!'(x)}; that is to say, the properties of

D~G% can still be applied. We conclude that {Z}(z)} converges to zero.

Convergence of Z}(z) to zero. For the finite dimensional distributions, we observe
that Lg(x, t) is uniformly bounded and for any fixed z, it converges to zero point-wise in ¢,
due to shrinking of the non-zero interval (). The covariance function of Th(z), therefore,

converges to zero, proving convergence of finite dimensional distributions.
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For tightness, we consider the fourth moment of Z%(x) — Z%(y). By (7.76), it equals

1 2
E<I§<x;w>—1£<y;w>>4=3< / <L3<x,t>—L3<y,t>>2dt) | (7.83)

Recalling the expression of Lj(x,t) in (7.50), it is non-zero only on an interval of size h
and is uniformly bounded. Let j(x) be the interval where L%(x) is non-zero, and similarly
define j(y). Assume y < x without loss of generality. Consider three cases: j(z) = j(y),
Jjly) = j(x) — 1, and j(x) — j(y) > 2. In the first case, x and y fall in the same interval

[j_1,x;] for some index j. Then we have

1 1 .
| @ - thenra <o [ (1,0 -5 20,0) @

This integral can be calculated explicitly; it equals:

h h

(z—y)
h2

1 r—y x—y 2
/0 1[x,y](t) — 2—1[m7y} + 7( 3 ) 1[j (t)dt

T — 2 T —
— h=(e—y)-—"1]

=(z—y)—2 .

(z—y)+

Since |1 — (z —y)/h| <1 and |[D~U?/h| < C, the above quantity is bounded by C|z — y|.

In the second case, with j the unique index so that y < z; < x and using the triangle

inequality, we have
125 (@, t) — Lh (w013 < 2 (L5 (2. 8) — LG, )13 + 125 (w5, 1) — LE (. )I3)

For the first term of the right hand side above, let x; play the role of y in the previous
calculation. This term is bounded by C(x — x;). Similarly, for the second term, let x;
play the role of z, and we bound this term by C'(z; — y). Consequently, we can still bound

”Lg(xv ) - Lg(yvt)H% by C’x - y’

In the third case, we have h < |z — y|. Meanwhile, since L% is uniformly bounded and
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is nonzero only on intervals of size h. We have
L (2, t) = Ly(y, t)|[3 < Ch < Cla — y.
Combining these three cases, the conclusion is:
BT} (5 W) — Th(y; W))! < Clo — yf2. (7.84)

This proves tightness and completes proof of the first item of Proposition 7.17. I

Remark 7.18. In the proof above, we used the fact that G&(x) defined in (7.51) is in
fact the real Green’s function defined in (7.31). However, the analysis follows as long
as |D; G#(x,zy)/h| is piecewise Lipschitz in z with constant independent of h, and the
total number of pieces does not depend on h.

The fact that Z%(x) and Z{(x) do not contribute to the limit is quite remarkable. It says
the following. As long as the limiting distribution of the corrector u/ — ug is considered,
the role of the multi-scale basis functions is mainly to construct the stiffness matrix, which
is reflected by I{‘(m); its roles in constructing the load vector F¢ and in assembling the

global function, which are reflected in Z§ (z) and Z%(x) respectively, are asymptotically not

important. [

Now, we prove the second part of Proposition 7.17. The reader should read preliminary
material on fractional Brownian motion in section 2.5 of Chapter 2.
Proof of (7.71).  Recall that Z% (z) denotes the left hand side of (7.71). Using the same
splitting of L% in (7.72), we can split II}; into three pieces Iﬁi(az), i=1,2,3, as in (7.73).
The only necessary modification is to replace o by o and to replace the Brownian motion
W; by the fBm W}. We show that Z% () converges to Uy while Zf, and Iﬁrs converge
to the zero function.

Convergence of finite dimensional distributions. For Iﬁ,l, we consider the covari-
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ance matrix R, (z,y) defined by E{Z%, (z)Z%,(y)}. Using the isometry (2.41), we have

L (z,t)L
Rl (x,y) = /{/ / 1L x|t_ 1|(11(y, °) dtds. (7.85)

As before, the integrand in the above integral converges to L(x,t)L(y, s)/|t — s|* for almost
every (t,s). Meanwhile, since L?l is uniformly bounded, the integrand above is bounded by
C|t — s|~* which is integrable. The dominated convergence theorem then implies that R,
converges to the covariance function of Uz (x; WH). The convergence of finite distributions

of 11@2 and Iﬁ,g are similarly proved.

Tightness. Due to the long range correlations, we only need to consider the second

moments in 2.49. For {Z%}, we consider

E(Ij}fll(x) _Ijisl(y))2 — ’%/Rz (L?l(‘%t) — L?l(y7’?z(§i;1(xvs) — L?l(:% S))dtds,

using again the isometry (2.41). Now we claim that
1
LY (2, 8) — LYy (y, e < Clo —yl?, (7.86)

for any p > 1. Indeed, for p = 2, this is shown in (7.81); the analysis there actually shows
also that the above holds for p = 1. For p = oo, this follows from the uniform bound on

L% . For other p, this follows from interpolation; see [78, p.75].

Now, we apply the Hardy-Littlewood-Sobolev lemma [78, §4.3] to the expression of the

second moment above. We obtain the bound

C(a)r|| Ly (2,-) = Ly (y, M | L (=, ) = L (y,- )” o <Clz- y[>7e.

Therefore, the Kolmogorov criterion (2.49) holds with 5 = 2 and § = 1—a, proving tightness

of {Z%,}. Tightness of {Z%,} follows in the same way because L, has the same structure
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as L} as remarked before. Tightness of {Z,} follows from the same argument above and
the control on || L4(z,-) — L% (y,-)||? in the equation above (7.84). This complete the proof
of (7.71). O

7.4.4 Applications to MsFEM in random media

In this section, we prove Theorems 7.3 and 7.5 as an application of the general results
obtained in the preceding two sections by verifying that the multiscale finite element method

(MsFEM) satisfies the conditions of Proposition 7.15.

Since MSFEM is a scheme that satisfies (N1)-(N3), in order to apply (7.42) and (7.50)

in previous propositions, we only need to check that (7.46) and (7.47) hold.

Lemma 7.19. Let ¢F and bF be the functions in (N1)-(N3) for MsFEM defined in (7.17).

Let (518 and b'g be the corresponding functions for FEM.

(i) Suppose a(x,w) and q(z,w) satisfy (S1)-(S3). Then (7.46) and (7.47) hold and the

conclusion of item one in Proposition 7.11 follows.

(ii) Suppose a(z,w) and q(xz,w) satisfy (L1)-(L2). Then the conditions and hence the

conclusions of the second item of Proposition 7.11 hold.

Proof. From the explicit formulas (7.17), we have
I 1 N\ a*
bk—bk:</ —dt> —(/ —dt) = b= | g (t)dt.
: Ik aE Ik a* c h‘ Ik 8( )
Comparing with the second equation in (7.46), we find that it is satisfied with

For == bF [ q.(t)dt. (7.87)
Iy,
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Similarly, we have

OF(x) — pj(x) = bE ( /x " (s)ds - % /x mkl qa(s)ds> : (7.88)

k—1 k—

This shows again that (7.46) holds with 71, having the same expression as 79 defined above.
In (7.87), since 0 < bg < Ah™', we can apply Lemma 7.13 in the case of short range media
or apply Lemma 7.14 in the case of long range media to conclude that E|fo|? < Ch~le
in the first setting, while E|fy; |2 < C(eh™1)* in the second setting. This completes the

proof.[]

Note that the estimates (7.40) and (7.41) follow directly from this lemma. Therefore, we
can apply Proposition 7.9 directly. Now we prove Theorem 7.3. Estimates (7.25) and (7.26)

do not follow from Propositions 7.15 and 7.17 directly and need additional considerations.

Proof of Theorem 7.3. Finite element analysis. We have seen that u? super-converges
to ue; see Remark 7.2. From (7.1) and (7.16), we observe that the following equation holds
on [j for j=1,--- ,N:

Es(ue_u?):fv in Ij7
(7.89)
ul —u. =0, on 0I;.

Using the ellipticity of the diffusion coefficient and integrations by parts, we obtain

d d
Al — Ua’%{w < /I aaﬁ(u? —ug) - %(u? —ue) do = /I(u? —ue) Le(ul —u) da

J
= [ 1@l = w)@) do < 1l ol = el
j
Now recall that the Poincaré-Friedrichs inequality says that

h
h h
it = wellog, < 2l = el - (7.90)
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Combining the inequalities above, we obtain

g = velgn g, < 5[l

Taking the sum over j, we obtain the first inequality in (7.25). To get the second inequality,

we first apply the Poincare-Friedrichs inequality to the equation above to get

h2
luf —uello, < 51 £l (7.91)

and then sum over j. This completes the proof of (7.25) in item one of the theorem.
Energy norm of the corrector. By energy norm, we mean the L?(€2, L?(D)) norm.
Recall the decomposition of the corrector into K;(x) in (7.45). For Ki(x), we apply Cauchy-

Schwarz to get the following bound for | K |?
. N2
S (UF = U0 X (6h(@)? < (UF = UP)? (3, (@) = [[U= = U

In the above derivation, we used the fact that q% (x) is non-negative, and ) | ; qz%(:n) = 1. Now
we apply (7.42) to control this term. The function K»(x), as in the proof of Proposition 7.11,
can be written as D—Uf(m)(éi(“"f) - q%(x)). Then from (7.40), we have E|K»(z)|? < Ce||R||1r.
For K3, we have controlled E|K3(z)| in (7.55). To control E|K3(x)|?, we observe that
|K3(x)| < C||fl|l2- Note that all three estimates concluded in the three steps are uniform in
x. Combining them, we complete the proof of (7.26).

Convergence in distribution as ¢ to zero. To prove item two of the theorem, we
apply (7.60) of Proposition 7.15. We need to verify (7.39) in addition to (7.46) and (7.47),
which we already verified in the previous lemma. But this is implied by (7.18), and hence
we obtain (7.27).

Convergence in distribution as h to zero. To prove (7.28), we apply the first result

in Proposition 7.17. This completes the proof of the theorem. [
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Proof of Theorem 7.5.  In this case, the random processes ¢(x) and a(x) are constructed
by (L1)-(L2). To prove the estimate in the energy norm, we follow the same steps as in the
proof above, but use item two of Proposition 7.9 to control the term ||[U¢ — U||%, in Ki(x)
and use Lemma 7.14 to control the terms in Ks(x) and K3(z).

To obtain the results in (7.33) and (7.34), we verify the conditions in item two of
Propositions 7.15 and 7.17, applying the second case in Lemma 7.19 and following the steps

in the previous proof. This completes the proof of the theorem. [

7.4.5 Applications to HMM in random media

To prove Theorem 7.7, we apply Proposition 7.11 to write the corrector u? 0 ug as an

oscillatory integral plus a lower order term. To apply Propositions 7.15 and 7.17 and obtain
the weak convergences, we need to consider the difference b* — b’g since QNSQ = gz;f) in HMM.

From the expression of b¥ in (7.22), we have

k_ pk K _ ha?
by —by = —bi— [ q(t)dt = —(1+7Top)=—5 [ qe(t)dt,
(5 Ig 6 h2 I;f.

where 79, is a random variable defined by

h
ok = — b / ¢-(t)dt.
5 70
k
We verify that in the case of short range media, i.e., when ¢(z) satisfies (S1)-(S3), we have

- € 2
Elfoef? < C5|Rlim, E (b —0§) < Ozl Rz, (7.92)

£
h26
for some universal constant C. Comparing this with (7.41) and (7.47), we observe that the

estimates have been multiplied by a factor % in the HMM case. Similarly, it can be checked

that in the case of long range media, i.e., when ¢(x) satisfies (L1)-(L2), these estimates will
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be multiplied by a factor of (%)a. With these formulas at hand, we prove the third main

theorem of the paper.

Proof of Theorem 7.7. Short range media and amplification effect. In this case, the
difference of b% — bk and an estimate of it was captured in (7.92) and the equation above
it. We cannot apply Propositions 7.11 and 7.15 directly. However, as mentioned in Remark
7.16, similar conclusions still hold. The same procedure as in the proof of Proposition 7.11

shows that the L"(z,t) function for HMM is:

i\f: *D‘Gg(a:,a:k) a*D~U}

LM (x,t)
(@, h h

(7.93)

<>z|D~

k=1

The first weak convergence in (7.35) holds with this definition of L™° as an application of
a modified version of Proposition 7.15. Indeed, the proof there works with L9 playing the
role of L. The tightness is still obtained from the function D~G%, and the factor % does
not play any role at this stage.

When h goes to zero, we can follow the proof of Proposition 7.17 to verify the second
convergence in (7.35). Indeed, tightness can be proved in exactly the same way. All that
needs to be modified is the limit of the covariance function of "9 (z; W), which is defined

to be o fol LM9(z,t)dW;. This covariance function, by the It6 isometry, is as follows:

1
R“ww:H/LWmmMth
0

2h2 al 5@*D‘G8(a:;a:k) a*D~ Gl (y; 1) (a*D‘U,g>2

52
0 P h h h

(7.94)

Recall the expression of L in (7.72). We verify that the above quantity can be written as

h 1
7% [ o, o

Now the convergence in (7.74) implies that R™° converges to the covariance function of
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\/gbl(x; W). This completes the proof of (7.35).

Long range media. The expression for b — b’g are given above. Therefore, we can
apply Propositions 7.11 and 7.15 (with modifications), to show that as e goes to zero while
h is fixed, the HMM corrector indeed converges to Z/{I}}’é(x; WH) defined in (7.36). When h
is sent to zero, we can follow the proof of Proposition 7.17 and show that L{IZ’& converges in
distribution to some Gaussian process. To find its expression, we calculate the covariance

function of Z/{Z’é. Thanks to the isometry (2.41), it is given by

Lh6 t Lh6
RH z,y) —/i/ / :Et (.5 )dtds. (7.95)

Using the expression of L™9, and the following short-hand notations:

a*D~ Gl (z;2) a* DU}

Jp(z) = A o

the covariance function can be written as

N dtds dtds
(kzz ) + Jm (@) Ji(y /15/15 |t—8|°‘ ij iy /15 /15 |t_s|a

The integral of |t — s|~* can be evaluated explicitly:

N k-1

2
(1—a )2 —a) ;n; ) + Jm () T (y )]22 ([(k m)h + 6>+
2[(k —m)h*~* + [(k — m)h — 6>~ al N2J ) 12 5o
~2[(k = m)AJ*~ + [(k — m)h — 6") + o= L

When m < k, the quantity between parentheses together with the 62 on the denominator
forms a centered difference approximation of the second order derivative of the function
r2=% evaluated at (k—m)h, i.e., at t —s. This derivative is precisely (1 —a)(2— )|t —s|~.

Meanwhile, the h% on the nominator can be viewed as the size of the measure dtds on each
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block Iy, x I,,,. Furthermore, Jy(z) is precisely L}, (z,t) evaluated on Ij. The conclusion is:

those terms in the above equation with m < k form an approximation of

/ / L QTt’“L_L1|; Y25) grds.

The second sum corresponds to the diagonal terms k = m. Since |Ji| is bounded, this sum

is of order O(hd~%) and does not contribute in the limit as h — 0, as long as 6 > ha. R?f

converges to the covariance function of U (x; W), finishing the proof of (7.36). O

7.4.6 Numerical experiment

Here, we provide two numerical experiment, which verifies the theory developed above. We
apply the MSFEM and HMM described in the previous sections to the random ODE (7.1),
and plot the correctors (divided by proper power of €) in Figure 7.2 and Figure 7.3.

In these experiments, the random field ¢(x,w) in (7.1), that is, the deviation of 1/a(x,w)
from 1/a*, is constructed as in (L1). The function ® there is chosen to be one half of the
sign function %Sign, and the underlying Gaussian random process g(z) is chosen as follows.

1. The short range case. We choose g(z) to be the following Ornstein-Uhlenbeck

process. That is, g(x) solves
dg(z) = —g(x)dz + V2dW (z), (7.96)

where W (z) is the standard Brownian motion. ¢(0) has the standard Gaussian distribution
N(0,1). This process is mean-zero, stationary and has short-range correlation; see e.g. [89].

2. The long range case. We essentially use the increment of a fractional Brownian
motion with Hurst index H. To generate a vector of such increments of length N (which
can be thought as the total number of steps), we first generate an i.i.d. Gaussian vector of

this length, i.e, Brownian motion increments. Then we color this vector by the following
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Figure 7.2: Corrector in the MSFEM and HMM solutions of Equation (7.1), L.

The random field ¢(z,w) are constructed by isign(g); g is the Ornstein-Uhlenbeck process
in the first picture, and is the colored one in the second picture.
Upper: e =271 § =272 h =275 Lower: e =2"12,§ =278 h =276,

Deviation from FEM (divided by epsilon)
|

MsFEM-FEM
—*— HMM-FEM

0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
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Figure 7.3: Corrector in the MSFEM and HMM solutions of Equation (7.1), II.

The construction of the random field ¢(z,w) is as in Figure 7.2.
Upper: e =271, § =279 h =276 Lower: e =2712,§ =278 h =275,

0.1

MsFEM-FEM
—*— HMM-FEM

Deviation from FEM (divided by epsilon)

0.05

MsFEM-FEM
—*— HMM-FEM

02 ! ! ! ! ! ! | ! !
0
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covariance function:

Cltys) = = ([t — 2t — 5|22 4 |s|2H). (7.97)

DO | =

More precisely, we construct the covariance matrix C' with C;; = C(4,j), and we compute

the square root of C. Use this square root matrix to color the i.i.d. Gaussian vector.

7.4.7 A hybrid scheme that passes the corrector test

We now present a method that eliminates the amplification effect of HMM exhibited in item
one of Theorem 7.7 when the random media has short range correlations. Such an effect
arises because the short-range averaging effects occurring on the interval of size h are not
properly captured by averaging occurring on an interval of size § < h.

The main idea is to subdivide the element I, uniformly into M smaller patches and
perform M independent calculations on each of these patches. This is a hybrid method
that captures the idea of performing calculations on small intervals of size d < h to reduce
cost as in HMM while preserving the averaging property of MsFEM by solving the elliptic
equation on the whole domain.

Let 6 = h/M be the size of the small patch Iﬁ for 1 < ¢ < M. Define b’gg by

bk, — <%>2 (/ﬂ agl(s)ds> - (7.98)

This definition is motivated by (7.22). Given a function w in the space Voh, we define its

local projection into the space of oscillatory functions in the small patches I ,ﬁ by:

ﬁE('w?) = 07 T e Ulivzl Ufj‘il Ilga
(7.99)
wl = w, e U, uM, orf,

where w? denotes this local projection. Recall that QNSIS is the left piece of the hat basis

function. Integrations by parts show that bf, = A((0)%, (¢0)k), where A, is the bilinear
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form defined in (7.11). HMM choose one small patch I,f* and uses AE((éo)Z, ((250)';*) = bk,
to approximate the value Aa(q;'g ,(25'5). Of course, the scaling h/§ is needed. This scaling
factor turns out to amplify the variance as h goes to zero when the random medium has

short range correlation.

We modify the method of HMM by constructing b. as follows:

kE._ M 1k

be T Zé:l be@‘
In other words, we sum the pieces Ae(qz;’g, nglg) to form the entries of the stiffness matrix.
With this definition, we verify that

=5 () 1) ()

14 14
k k

a*_lds>_1]

_ iw: (%)2 [_ /I]€ ge(s)ds + </I£ qa(S)d3)2(/I

74
k

a;lds)_ll

Rewriting the sum of the first terms in the parenthesis, we obtain

* 2
a
bf — blg = — (ﬁ) /I q-(s)ds —i—rf,
k

k¥ accounts for the sum over the second terms in the parenthesis. Clearly, E|r¥| <

where 7]

Ce(hé)™!. This decomposition of b, — by and the estimate of ¥ shows that we can apply
Proposition 7.11 to obtain the decomposition of the corrector. The L"(z,t) function in this
case will be L#(z,t) in (7.72). Then it follows from Propositions 7.15 and 7.17 that the

corrector in this method converges to the right limit.

In this modified method, all the local informations on I are used to construct b* as in
MSFEM. The main advantage is that the computation on {I ﬁ}é‘i 1 can be done in a parallel
manner. The calculation in MsSFEM performed on a whole domain of size h is replaced by

h/é independent calculations. Accounting for the coupling between the h/d subdomains is
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necessary in MsFEM. It is no longer necessary in the modified method, which significantly

reduces is complexity.

7.5 Appendix: Moment Bound for Stochastic Process

In this section we provide a bound for the fourth order moment of g(x,w) in terms of the
L' norm of the p-mixing coefficient.

Let P be the set of all ways of choosing pairs of points in {1,2,3,4}, i.e.,

P = {p={{p(1),p@)}, {p(3),p(}} | p(0) € {1,2,3,4}}. (7.100)

There are Cg = 15 elements in P.

Lemma 7.20. Let q(z,w) be a stationary mean-zero stochastic process. Assume E|g(0)|*

is finite and q(x,w) is p-mizing with mizing coefficient p(r) that is decreasing in r. Then

we have
4 1 1
E{] [ a(@)} < Elg()* > p2(J2pa) — 2202 (2p3) — Tpia)- (7.101)
i=1 peEP
Proof.  Given four points {q(x;)}, i = 1,---,4, we can draw six line segments joining

them. Among these line segment there is one that has the shortest length. Rearranging the
indices if necessary, we assume it is the one joining z7 and z9. Then set A = {x1, 22} and
B = {z3,24}. Rearranging the indices among each set if necessary, we assume also that

d(A, B) is obtained by |x; — x3]. Then by the definition of p-mixing, we have

4
!E{H q(;)} — R(z1 — x2)R(w3 — 4)| < Var{q(z1)q(w2)}? Var{g(z3)q(z4)}2 p(|z1 — 3]).
= (7.102)

We can bound Var{q(z1)q(x2)}, and similarly the variance of Var{q(z3)q(z4)}, from above
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by (Elg(z1)|*E|q(x2)|*)"/2. Therefore, the above term is bounded by E|q(0)|*p(|z1 — z3|).

Since p is decreasing and |r1 — 3| > |x1 — 22|, we also have
4
E{] [ a(2i)} = R(z1 — w2)R(zz — 24)| < Elq(0)[*p(|z1 — 2]). (7.103)

Now observe that min{a,b} < (ab)% for any two non-negative real numbers a and b. Ap-
plying this observation to the bounds of the two inequalities above, and using the triangle

inequality, we obtain

4

E{JT a(x:)}| < |R(@1 — x2)| - |R(xs — 4)| + Elg(0)[*p3 (|21 — 2a])p2 (|1 — w3]). (7.104)
=1

Using the definition of mixing again, we obtain
1 1 1 1
|R(z1—2)| = [Eq(1)g(x2)] < Varz(q(w1))Var2 (q(z2))p(|z1—22]) < (Elg(0)|*)2 p2 (Jo1—x2]).

In the last step, we used the fact that p < p% since p can always be chosen no larger than

1. We can bound R(x; — x3) in the same way. Therefore, we obtain

rE{Hq )} < Elq(0)[* | p2 (Jo1 — w2])p? (|23 — 2a]) + p2 (|21 — @a])p2 (|21 — 23])|. (7.105)

This completes the proof. [0 We now derive a bound for the fourth order moment of

oscillatory integrals of ¢..

Lemma 7.21. Let q(z,w) satisfy the conditions in the previous lemma. Assume in addition
that the mizing coefficient satisfies that ”P%HLJ& is finite. Let (x,y) be an interval in R.

Then for any bounded function m(t), we have

4
1
( 7 / dt) < GOE|g(0)[" - [Ip2 |25, ]l - |2 — y (7.106)
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Proof. The left hand side of the desired inequality is

/ / / / Eﬁqtl ti)d[t1tatsts]. (7.107)

Here and below, d[t; - t4] is a short-hand notation for di; - - - d4. Apply the preceding lemma,

we have

E ml3 — sl ~
1 < Bl Imlls H [ ////pz )3 (LB dlty 1) -ty

peEP

Note that we did not write absolute sign for the argument in the p functions. We assume
p is extended to be defined on the whole R by letting p(z) = p(|x|). There are 15 terms in
the sum above that are estimated in the same manners. Let us look at one of them, with

p(1) = p(3) =1, p(2) = 2, and p(4) = 3. We perform the following change of variables:

t1 —t t1 —t
1 2_)1527 1—U3

—t3, t1 —1t1, t4— 14.

The Jacobian resulting from this change of variable cancels €2 on the denominator. The

integral becomes

-
/ dt, / dt4/ p2 (s dtz/ pE(ts)dts. (7.108)
ti-y
This integral is finite and is bounded from above by
1 1
e —yPlo2 e = 4lz — yPllo2 Tk, - (7.109)

The other terms in the sum have the same bound. Hence we have,
1
I <Elq(0)]* x 15 x 4|z =y p2 [ g, Im|5- (7.110)

This verifies (7.106) and completes the proof. [



234 CHAPTER 7. CORRECTOR THEORY FOR NUMERICAL ALGORITHMS



NOTATIONS AND BACKGROUND 235

10.

11.

Notations and Background

1. Euclidean Spaces

. N denotes the set of natural numbers 0,1,2, - --; Z and QQ denote the set of all integers

and all rational numbers respectively; R and C denote the set of all real and complex

numbers.

. R% = d-dimensional real Euclidean space, R = R!.

. A typical point in R? is denoted as = = (1, ,x4) where x; is the i-th coordinate
of z.

. When it does not cause confusion, (z1,--- ,,) denotes also an n-tuple in (R%)”. Here,
each x; eR? forj=1,---,n.

. —x = (—x1, -+ ,—xq) is the symmetric point of z with respect to the origin.

. ]Ri ={z = (21, ,2q) €R?| 24 > 0} = open upper half-space. R} = RL.

X and other capital Latin letters very often denote open sets in R%. X denotes the

closure of X; X¢ denotes the complement of X.

. X = boundary of X, that is, X N X.

. For a set V.C X, we write X\V to denote the relative complement of V' in X, that

is, X Ve

For a point z € RY, X + x is the set obtained by translating the points in X uniformly

according to =, that is, {y + = € R? | y € X}.

B, = {y € R?| |y| < r} = open ball in R? centered at 0, the origin, with radius r > 0.
B.(z) = B, + x.
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12.

13.

14.

NOTATIONS AND BACKGROUND

74 = volume of the unit ball B; in R%. w; = drg = volume of the unit sphere B in

R

|z| = y/x? + - + 22 is the standard Euclidean norm of z. For a set X, |X| = volume

of X with respect to the standard Lebesgue measure.

For two points z,y in R, d(x,y) denotes the usual distance between them.

2. Notations of Functions

. We adopt the notation of functions of Evans [57]. In particular, for a real valued

function, Du or Vu is its gradient, and D%u for a multiindex « is the corresponding

higher order derivative. The Laplacian of u is Au =V - Vu.

We denote by S the space of smooth functions that decay faster than any polynomials

at the infinity. 2’ denots its dual space.

. A real valued function f(z) : R — R is said to be homogeneous with degree k if

f(Az) = A\ f(x) for any = and A > 0.

. The Fourier transform of a C-valued function f in S is denoted by f and is defined

by

(&) == 1 e f (z)da.
fe) (%)Z/Rd F(a)d

This definition works for functions in L'(R?). It also works on L?(R™) since Fourier
transform is an isometry on this space. In general, one can define Fourier transform

of distributions in 2’ by duality.
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3. Analysis of Functions

1. Theorem A (Lax-Milgram Lemma). Assume that Blu,v] is a bilinear form on H x H
for some Hilbert space H, satisfying
(i) | Blu,v]| < allullllv]l, Vu,veH,
(ii) Bllul|? < Blu,u], Yu€ H.
Let f be a bounded linear functional on H. Then there exists a unique u € H such
that

Blu,v] = f(v), Vv e H.

2. Theorem B (Hardy-Littlewood-Sobolev Lemma) Let p,r > 1 and 0 < A < d with
1/p+Ad+1/r =2. Let f € LP(RY) and h € L"(R%). Then there exists a sharp

constant C(d, \,p), independent of f and h, such that

f(@) hy)
/Rd [ [E M) d:ndy‘ < C(d A )| Lo 111

The sharp constant satisfies

C(d,\,p) < % (%)3% <<1i/1d/p>% + <1 i/ld/r>%> '
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Bayes’ formula, 6
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nite functionlb

Brownian motion, see also Wiener process,
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central limit theorem
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oscillatory integrals, 20, 140
corrector, 3
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stochastic, 3
corrector test, 182
commutative diagram, 183
correlation
autocorrelation function, 14
function, 14
long-range, 16, 181
short-range, 16, 136
covariance function, see also crrelation func-
tion13
cumulants, 37
controlled, 38, 136

ergodicity, 13

Feynman-Kac formula, 119
finite element method, 184

HMM, 188

MsFEM, 186

multiscale, 186
fractional Brownian motion, 5, 42, 168, 218
fractional Laplacian, 119, 121, 176
function of Gaussian, 34, 181

long-range, 41, 136

moment formula, 38
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Laplacian, 117

Hardy-Littlewood-Sobolev lemma, 43, 149,
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harmonic mean, 5, 181
Hermite rank, 137
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periodic, 2
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inverse problem, 6
Bayesian, 7
PDE-based, 7
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Lévy process, 120
stable, 120
Lax-Milgram lemma, 117, 190, 237

mixing, 13, 136, 181
a-, 17
P 18

Neumann expansion, 143, 159

Ornstein-Uhlenbeck process, 227
oscillatory integral, 16, 20, 44, 140, 155

Paley-Wiener theorem, 131

Poisson bumps, 27

Poisson point process, 26
moment formula, 32
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positive definite
function, 15

potentials
convolution of, 72
Newtonian, 117
Riesz, 135

Robin problem, 138

spectra
fractional Laplacian, 122, 176
Laplacian, 116, 175
stationarity, 12
stochastic integral, 5
super convergence, 188

tightness, 48
in C, 48
in Hilbert space, 48
Kolmogorov criterion, 47, 212
transport equation, 53
attenuation coefficient, 55
scattering coefficient, 54
stationary linear, 54
subcritical, 56

Voronoi diagram, 89, 113

Weyl’s law, 117, 175
Wiener process, 20, 155
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