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Abstract

We continue the study of generalized tractability initiated in our previous paper
“Generalized tractability for multivariate problems, Part I: Linear tensor product
problems and linear information”, J. Complexity, 23, 262-295 (2007). We study
linear tensor product problems for which we can compute linear information which
is given by arbitrary continuous linear functionals. We want to approximate an
operator Sy given as the d-fold tensor product of a compact linear operator S for
d=1,2,..., with ||S1|| =1 and S; has at least two positive singular values.

Let n(e, Sg) be the minimal number of information evaluations needed to approx-
imate Sy to within € € [0,1]. We study generalized tractability by verifying when
n(e, S4) can be bounded by a multiple of a power of T'(¢~1,d) for all (¢71,d) € 2 C
[1,00) xN. Here, T is a tractability function which is non-decreasing in both variables
and grows slower than exponentially to infinity. We study the exponent of tractabil-
ity which is the smallest power of T'(e ™!, d) whose multiple bounds n(e, S4). We also
study weak tractability, i.e., when lim 14, (=1 g)en In n(, Sy) /(e +d) =0.
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In our previous paper, we studied generalized tractability for proper subsets 2 of
[1,00) x N, whereas in this paper we take the unrestricted domain Q"™ = [1, 0c0) x N.

We consider the three cases for which we have only finitely many positive singular
values of Sp, or they decay exponentially or polynomially fast. Weak tractability
holds for these three cases, and for all linear tensor product problems for which the
singular values of S1 decay slightly faster that logarithmically. We provide necessary
and sufficient conditions on the function 7" such that generalized tractability holds.
These conditions are obtained in terms of the singular values of S7 and mostly
limiting properties of T'. The tractability conditions tell us how fast 7' must go
to infinity. It is known that 7" must go to infinity faster than polynomially. We
show that generalized tractability is obtained for T'(x,y) = T ¥. We also study
tractability functions T' of product form, T'(z,y) = fi(z)f2(z). Assume that a; =
liminf, o (In In f;(z))/(In In x) is finite for ¢ = 1,2. Then generalized tractability
takes place iff

a; >1 and (a; —1)(a2 —1) > 1,

and if (a1 — 1)(ag — 1) = 1 then we need to assume one more condition given in
the paper. If (a7 — 1)(az — 1) > 1 then the exponent of tractability is zero, and if
(a1 —1)(az — 1) = 1 then the exponent of tractability is finite. It is interesting to
add that for T being of the product form, the tractability conditions as well as the
exponent of tractability depend only on the second singular eigenvalue of S; and
they do not depend on the rate of their decay.

Finally, we compare the results obtained in this paper for the unrestricted do-
main Q""" with the results from our previous paper obtained for the restricted do-
main Q" = [1,00) x {1,2,...,d*} U [1,65") x N with ¢* > 1 and g € (0,1). In gen-
eral, the tractability results are quite different. We may have generalized tractability
for the restricted domain and no generalized tractability for the unrestricted domain
which is the case, for instance, for polynomial tractability 7'(x,y) = zy. We may
also have generalized tractability for both domains with different or with the same
exponents of tractability.

1 Introduction

Tractability of multivariate problems has been extensively studied in information-based
complexity and the recent account of the tractability research can be found in the forth-
coming book [3]. Tractability is the study of approximating operators S; defined on spaces
of functions with k4 variables with k; proportional to d. Problems with huge d occur in
many applications, see [5]. We approximate S; by computing linear information which is
given by finitely many, say n, continuous linear functionals, and the error of an algorithm
is defined in the worst case setting. Before tractability study, the errors of algorithms
were studied as functions of n and the main point was to find the best possible rate of
convergence as n tends to infinity. For large d, the errors of algorithms crucially depend
also on d, and for some problems this dependence is exponential in d.

Let n(e, S4) denote the information complexity of Sy which is the minimal number of
continuous linear functionals needed to approximate Sy to within . The main point of



tractability is to check whether n(e, S;) does not depend exponentially on e~! and d. Since

there are different ways to measure the lack of exponential behavior, we have different
types of tractability. The first type of tractability is polynomial tractability which has been
extensively studied in many papers. In this case we want to verify whether n(e, Sy) can be
bounded by a multiple of powers of e~ and d for all (¢7',d) € [1,00) x N. There are many
positive and negative results for polynomial tractability. Usually, positive results are for
problems for which the successive variables or groups of variables of large cardinality
play a diminishing role, and negative results are for problems for which all variables and
groups of variables play the same role. The primary example leading to negative results
is approximation of linear tensor product problems. In this case, Sy is a d-fold tensor
product of a compact linear operator S, where Sy is defined between Hilbert spaces,
1S1]| = 1 and Sy has at least two positive singular values. Let {,/A;} denote the sequence
of the ordered singular values of S;, 0 < Ay < A\; = 1. It is well known, see [4], that the
information complexity of Sy is

n(a,Sd) = ’{(il,ig,...,id) ENd ‘ >\i1)\i2 )\id > 52}’.

Clearly, if Ay = 1 then n(e,d) > 2¢ for all ¢ < 1, and we have exponential dependence
on d causing intractability of the problem. That is why we need to assume that Ay < 1.
Still, as long as Ay is positive, n(e, d) goes faster to infinity that any power of d, see [6],
and that is why polynomial tractability does not hold for linear tensor product problems.

In [1], we propose to study generalized tractability by verifying whether n(e,Sy) can
be bounded by a multiple of a power of T'(g,d) for all (¢7*,d) € Q C [1,00) x N. Here T'
is a tractability function which means that T : [1,00)* — [1, 00) is non-decreasing in both
variables and grows slower than exponentially to infinity, i.e.,

i 2T y)
x+y—o00 T + Y

= 0.

The set 2 is called tractability domain, and can be a proper subset of [1,00) x N but at
least one of the parameters e ! or d is allowed to go to infinity. The ezponent of tractability
is defined as the smallest (or more precisely as the infimum) power of T'(e7!,d) whose
multiple bounds n(e, S;). There is also the notion of weak tractability when

lim In n(e, Sy)

=0
e~lid—oo et 4+d ’

see [2, 3], and it is a necessary condition on the lack of exponential behavior of n(e, Sy).

Of course, the hope is that by taking reasonable restricted domains §2 or by allowing
tractability functions 7' that tend to infinity faster than polynomially, we may enlarge
the class of tractable problems including linear tensor product problems. Indeed, this is
the case. In [1] we showed that polynomial tractability of linear tensor product problems
holds if we assume that the singular values tend to zero polynomially fast, and we take
the restricted tractability domain

Q= O = [1,00) x {1,2,...,d*} U [l,e") x N

3



with d* > 1 and g9 € (0,1).
In this paper, we study the second option and we take the unrestricted domain

Q= 0" = [l,00) x N,

but we allow tractability functions 7" which go to infinity faster than polynomially.

We study linear tensor product problems for three cases depending on the behavior
of the singular values of S7. In the first case we assume that only finitely many of the
singular values are positive, in the second case we assume that they decay exponentially
fast, and in the third case that they decay polynomially fast.

For each of these three cases, we have weak tractability. In fact, weak tractability holds
if the singular values behave as o((In(j) In(In(5)))™"') and it is also “almost” a necessary
condition.

We provide necessary and sufficient conditions on 7" such that generalized tractability
holds. These conditions are satisfied if T" goes sufficiently fast to infinity. We also provide
the formulas for the corresponding exponents of tractability. We illustrate these conditions
and formulas for specific tractability functions. For example, take T'(x,y) = x'tnv.
Then we have tractability for the three cases of singular values. For finitely many positive
singular values and for exponentially decaying singular values, the exponent of tractability
is 2/In(A\;'). Hence it only depends on the second singular value and is independent of
how many of them are positive. For polynomially decaying singular values, \; = ©(;j°)
for 3 > 0, the exponent of tractability is max{2/3,2/In(A\;")}.

We also illustrate our results for tractability functions of product form, that is when
T(x,y) = fi(x)f2(y) with finite a; = liminf, . (In In fi(x))/(In In z), i« = 1,2. Then
generalized tractability holds iff a; > 1 and (a3 —1)(ag—1) > 1, and if (a1 —1)(ax—1) =1
then we need to assume additionally condition (12) for & = 2 which depends only on
the second singular value. For (a; — 1)(ag — 1) > 1, the exponent of tractability is zero,
whereas for (a; — 1)(ag — 1) = 1, the exponent of tractability is positive. In fact, in
the last case, depending on specific functions f; for which a; are fixed, the exponent of
tractability can be arbitrary. Note that a; only depends on the limiting behavior of f;,
and is independent on the behavior of the singular values. Hence, for (a; —1)(as—1) > 1,
we have the zero exponent of tractability independently of the behavior of the singular
values, whereas for (a; — 1)(az — 1) = 1, the exponent of tractability depends only on the
second singular value and is independent of the rest of them.

In the final section, we compare the results obtained in this paper for the unrestricted
domain Q""" with the results from our previous paper obtained for the restricted do-
main 2", The tractability results for the unrestricted and restricted domains may be
quite different. We may have generalized tractability for the restricted domain and no
generalized tractability for the unrestricted domain which is the case, as we already men-
tioned, for polynomial tractability T'(x, y) = xy. We may also have generalized tractability
for both domains, however, the exponents of tractability may depend on the domain and
can be much larger for the unrestricted domain than for the restricted domain.



2 Preliminaries

2.1 Multivariate Problems

For m,d € N, let F; be a normed linear space of functions
f: D;CRYI™ SR

and let G4 be a normed linear space. We consider in this paper sequences S = {S;} of
linear operators Sy : Fy — Gg4. We call S a multivariate problem.
By linear information A3' = F} we mean the class of all continuous linear functionals
defined on Fy. Let Ay C F be a class of admissible continuous linear functionals.
Without loss of generality, see e.g., [4], we consider linear algorithms that use finitely
many admissible information evaluations. An algorithm A, 4 has the form

An,d(f) = ZgiLi<f) (1)

for some L; € Ay and some g; € Gy.
In this paper we restrict ourselves to the worst case setting. The worst case error of
the algorithm A,, ; is defined as

e (Ana) = sup |[[Sa(f) = Ana(f)llc, - (2)

fEFLIfllr,<1

The initial error is N
e (Sq) = [|Sall = " (Aj4)

where Af ; = 0 is the zero algorithm. Let
n(e, Sg, Ag) =min{n |FA, 4 : " (Anq) <ce™(Sy)} (3)

denote the minimal number of admissible information evaluations from A,; needed to
reduce the initial error by a factor ¢ € [0,1]. The number n(e, Sq, Ag) is called the
information complexity of the problem S;.

2.2 Generalized Tractability
A tractability domain Q) is a subset of [1,00) x N satisfying

[1,00) x {1,...,d*}U[l,e,") x N C Q (4)

for some d* € NU {0} and some ¢y € (0, 1] such that d* + (1 — g¢) > 0. In this paper we
focus on the unrestricted tractability domain Q"™ :=[1,00) x N.
A function T : [1,00) x[1,00) — [1,00) is a tractability function if T is non-decreasing
in x and y and
im 2Ty (5)
(z,y) €Q, z+y—oco T + Yy
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Let now 2 be a tractability domain and T a tractability function. The multivariate
problem S = {S;} is (1, )-tractable in the class A = {A4} if there exist non-negative
numbers C' and ¢ such that

n(e, Sq, Ag) < CT (7, d)" for all (e71,d) € Q. (6)

The exponent t"* of (T,Q))-tractability in the class A is defined as the infimum of all
non-negative ¢ for which there exists a C' = C(t) such that (6) holds.

The multivariate problem S is strongly (T, §2)-tractable in the class A = {A;} if there
exist non-negative numbers C' and t such that

n(e, Sq,Ag) < CT(e711)" forall (671,d) € Q. (7)

The exponent t5 of strong (T,Q)-tractability in the class A is the infimum of all non-
negative ¢ for which there exists a C' = C(t) such that (7) holds.

An extensive motivation of the notion of generalized tractability and many examples
of tractability domains and functions can be found in [1].

We say that a multivariate problem S is weakly tractable if

In n(e, Sd, Ad)

=0.
d+e~1—00 d+et

Obviously, if S is (7, Q"")-tractable then S is also weakly tractable. If S is weakly
tractable and n(e, Sy, Ag) is at least one and non-decreasing in ¢! and d, then S is
also (T, Q"")-tractable for any non-decreasing extension 7" : [1,00) X [1,00) — [1,00) of
n(e, Sq, Ag).

2.3 Linear Tensor Product Problems

We describe the setting we want to study in this paper in more details. Let F; be a
separable Hilbert space of real valued functions defined on D; C R™, and let G; be an
arbitrary separable Hilbert space. Let Sy : Fi; — G be a compact linear operator. Then
the non-negative self-adjoint operator

W1 = stli F1 — F1

is also compact. Let {)\;} denote the sequence of non-increasing eigenvalues of W7, or
equivalently let {v/A\;} be the sequence of the singular values of S;. If k = dim(F}) is
finite, then W) has just finitely many eigenvalues Ay, Ao, ..., A\x. Then we formally put
Aj = 0 for j > k. In any case, the eigenvalues \; converge to zero. Without loss of
generality, we assume that S; is not the zero operator, and normalize the problem by
assuming that Ay = 1. Hence,

Il=XA>X>--->0.

This implies that ||S1]| = 1 and the initial error is also one.
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For d > 2, let

be the complete d-fold tensor product Hilbert space of I} of real valued functions defined
on Dy = D; x ---x D; CR4™ Similarly, let Gy = G ® --- ® Gy, d times.
The linear operator S, is defined as the tensor product operator

Sd: Sl®"'®51IFd—>Gd.

We have ||Sg]| = ||S1||¢ = 1, so that the initial error is one for all d. We call the multivariate
problem S = {Sy} a linear tensor product problem.

In this paper we analyze the problem S only for the class of linear information A®! =
{A2}. For convenience we write n(e, Sy) instead of n(e, Sy, A3). It is known, see e.g.,
[4], that

n(e, Sq) = {(ir, ... ia) €N | Ay . Ny, > 2}, (8)

with the convention that the cardinality of the empty set is zero. Thus the linear tensor
product problem S is trivial if Ay = 0, since n(e,Sy) = 1 for all £ € [0,1). On the other
hand, n(e, S;) grows exponentially in d if Ay = 1, since n(g,Sy) > 2% for all € € [0, 1).
Therefore we assume Ay € (0, 1).

We consider here the unrestricted case, i.e.,

Q=Q" =[1,00) x N.

We know from [1, Lemma 3.1] that for this tractability domain the linear tensor product
problem S is not strongly (T, Q"™")-tractable, regardless of the tractability function T.
For € € (0, 1] we define

a(e) = [21n(1/)/ In(1/Xs)] — 1. 9)

Notice that a(e) is the largest integer n satisfying Ay > 2. We stress that a(e) depends
on \o. It tends to infinity as Ay approaches 1, and is zero iff /Ao < €. From (8) it follows
that n(e, Sq) = 1 if a(e) = 0.

For e € (0,1) and Xy € (0, 1), let @ := min{a(e),d}. Then it is easy to show, see also

1, Lemma 3.2], that
<d) <nle, Sa) < (Z>n(g,51)a. (10)

a

3 Finitely Many Eigenvalues

In this section we consider the case when W; = S7S; has only finitely many positive
eigenvalues \;. First we consider the case where W, has k > 2 eigenvalues different from
zero and k — 1 of them are equal. We now prove an auxiliary lemma which will be helpful
in the course of the proof of our first theorem.



Lemma 3.1. Let d,k € N and let a be an integer satisfying 0 < a < %(d +1). Then

mas (f) (k= 1) = (Z) (k- 1), (11)

Proof. For 0 < v < « the inequality

() m-vs (D

holds iff v < (d — v+ 1)(k — 1), and the last inequality holds iff v < £2(d + 1). This

shows that the function p
k—1)Y
v (D))

is non-decreasing on [0, o] N N. O
Theorem 3.2. Let T be a tractability function. Let
M=1L0<X=...= <1, and \=0 for | >k >2.

Then the linear tensor product problem S = {Sg} is (T, Q"™ )-tractable in the class of
linear information iff

In7T (e !
By, .= liminf inf M

€ (0,00], (12)
=00 ) ookl y my (e, d)

where my(e,d) := afe) ln(%(k — 1))+ (d —afe)) ln(ﬁ(s)).

If By, > 0, then the exponent t'"* of tractability is given by
' = Bt (13)
Proof. For the eigenvalues specified in Theorem 3.2, it is easy to check that (8) yields

min{a(e),d}

n(e, )= Y, (i)(k—m”. (14)

v=0

Let us first assume that S is (T, Q"™")-tractable, i.e., that there exist C,t > 0 such that
n(e, Sq) < CT(e7t,d)". Let 1 < afe) < &2d. From (11) and (14) we get the estimate

(ai)) (k= 1)°© < n(e, Sa) < (ale) +1) <aé)> (k= 1)*©. (15)



Using Stirling’s formula for factorials m! = m™*+/2e="/27 (1 + o(1)), we obtain
al (% g~ 1)e©
i (o) =)
=In(d!) — In(a(e)!) —In((d — a(e))!) + a(e) In(k — 1)
_ <d + %) In(d) — (a(s) + %) In(a(e)) — (d —a(e) + %) In(d — a(c))

— In(v27) + In(O(1)) + a(e) In(k — 1)
=my(e,d) + % In (a(e)(dd— Oz(s))) + O(1).

Thus
1 In(—9%——
InT (e ', d) (a(e)(d—a(a))) ~ In(0) O(1)
my (e, d) 2t my(e, d) tmy(e,d)  tmg(e,d)’
Let {(g;',d,)} be asequence in Q" such that 1 < a(e,) < (k—1)d/k, and lim, . (a(g,)/d,)
exists (and obviously is at most (k — 1)/k) with lim,_, d, = c©.
If lim, o (c(e,)/d,) > 0 then my(e,,d,) = ©(d,) and the right hand side of (16)

tends to 1/t for v — oo.

If limy, . (a(,) /dy) = 0 then
meds) = (ate)n (26 1)) ),

(16)

>1y +
=t

since

(@, - ale) (=% ) = Olata)

d, — a(e,

Furthermore,
dy,

(e = Ot

Hence, again, the right hand side of (16) tends to 1/t. Since an arbitrary sequence
{(;',d,)} with lim, .. d, = 00 and 1 < a(e,) < £d has a sub-sequence {(;",d,)} for
which {a(e,)/d,} converges, we conclude that

1
By, > - >0, and " > B, (17)

Assume now By > 0. We want to show that for all t > B, ' there exists a C = C(t) > 0
such that n(e,Sy) < CT(e7',d)! for all d € N, ¢ € (0,1). From (14) we see that this
inequality is trivial if a(¢) = 0, and, since T'(¢™!, d) is non-decreasing in !, that the case
a(e) > d is settled if we have the inequality for a(e) = d. Thus it remains to consider the
following two cases:



Case 1: 1 < afe) < %d. We now show that for all t+ > B, ' there exists a C' =
C(t) > 0 such that for all d € N,

m(i+a(e) | 0 (Gdem)  me) | ow

InT(s71,d) N
tmy(e,d) 2t my (e, d) tmy(e,d)  tmg(e,d)

my(e, d)

1
> N + (18)
(€)
CT(e ', d)! foralld €N, 1 < a(e) < ELd.

To prove (18), observe that In <m> < In(k). Obviously,

Due to (15) and the formula for In ((ad )(k — 1)°‘(€)>, we conclude that n(e,S;) <

my(e,d) > a(e) ln(%(k —1)).

For a given [ € N let x; € R be so large that for all x > x; we have
In(1+ z) < 1 ‘
xln(k) — 1
Let now d; > (1 + 2;)"*'. Then we get for d > d; and 1 < a(e) < 214,
In(1 + a(2))
A (o (k1)

Furthermore, let {Bl} be a sequence in (0, By) that converges to By. For each [ we find
a d; such that for all d > dj and all 1 < a(e) < k=1 g

1
< -.
1

InT(s71,d)
my (57 d)

Choose t; := (1 + %)Bl_l. For all d > max{d;,d]} and all 1 < a(g) < £ d we have

InT(e ' d) _ 1 In(1+ a(e))
meed) =4 (1 e d) ) '

It is now easy to see that (18) holds for t = ¢, and all d € Nand all 1 < a(e) < B2 d if
we just choose C' = C(t;) suitably large. Observe that ¢; converges to B, L as [ tends to
infinity.

Case 2: 1 d < a(e) < d. Let § € (0,B;') and t > (Bj, — §)~*. There exists a ds
such that for all d > ds and all e, with 1 < a(e,) < % d, we have

InT(e;t, d)
0 S B, — 4.
my(es,d) — g

For d > ds and a(e) > %1 d, choose ¢, € [e,1) such that a(e,) = [51d] = d — [4].
Then

mi(es,d) > dIn(k) — M In (1 + S) ,
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and

tInT(et,d) > (B, —0) ' InT (et d) > my(e,,d).

We find a number C' not depending on d such that In(C) > [¢]In(1 + %). From (14) we
know that n(e, Sy) < k%, and this yields

tInT (7', d) > my(e.,d) > Inn(e, Sy) — In(C),

implying CT(e7!,d)! > n(e, Sy). Choosing C' = C(t) sufficiently large the last inequality
extends to all d and all € with k—;l d<ale) <d.
The statement of the theorem follows from Cases 1 and 2. ]

We illustrate Theorem 3.2 by two tractability functions.

e Let T'(x,y) = xy which corresponds to polynomial tractability. Then it is easy
to check that B, = 0 for all £ > 2. This means that we do not have polyno-
mial tractability for any linear tensor product problem with at least two positive
eigenvalues for d = 1. This result has been known before.

o Let T(x,y) = '™ Y. Then it can be checked that

2

Bk =3 IH<A51) fOI' all k Z 27 and ttra = 111()\2_1)

2

Hence, the exponent of tractability only depends on the second largest eigenvalue
and is independent of its multiplicity. Note that the exponent of tractability goes
to infinity as Ay approaches one.

We now consider the general case of finitely many positive eigenvalues.

Corollary 3.3. Let T be a tractability function. Let k > 2 and \y = 1, X\s € (0,1), and
AN =0 forl > k. Then the linear tensor product problem S = {Sq} is (T, Q"™™)-tractable
in the class of linear information iff for some (and thus for all) j € {2,3,...,k}

InT(e 1, d

B —timinf mf  BLE D g o) (19)

d=00 1<a(e)<izta (e, d)

where m;(e,d) = a(e) ln(ﬁ(j — 1))+ (d—afe)) ln(%.‘(e)). In this case the exponent t™*
of tractability satisfies

Byl <t < Bt (20)

Proof. Obviously we have By > Bs > --- > By. We need to show that By > 0 implies
that B, > 0. We first show that By > 0 implies

-1
lim inf inf M

d—o00 1§a(5)g% d Mo (5, d)

>0. (21)
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Let e, satisfy a(e,) = [2]. We have my(e,,d) > dIn(2) — [¢]In(1 + 2). Thus for
¢ < a(e) < E2Ld we get

ma(e, d) < dn(2) + g In(k) < Cma(c., d)

for d and C' sufficiently large. Since T' is non-decreasing with respect to the first variable,
it is easy to see that By > 0 implies (21).

Now we prove that
ae)In(k —1)

mae.d) | a@E)n(a5) + (@ (=) (L)

(22)

is bounded uniformly for all d € N and all £ with 1 < a(e) < k—;l d. This follows easily

o ma(e, d) > a(e) In (%) > a(2) In (%) |

Thus By > 0 implies

InT(e7?
&2<MMf ut ii;ﬁg< ut m@®>>0

d—oo 1<a(e)<tta ma(e, d) deN; 1<a(e)< bt d (e, d)

Since the linear tensor product problem S’ having only the two non-zero eigenvalues
A] = A1 and A, = \s is at most as difficult as S and the problem S” having eigenvalues

A=A, Ay =...= X =X and \/ =0 for [ > k is at least as as difficult as S, the
corollary follows from Theorem 3.2. O
Remark 3.4. Theorem 3.2 shows that in the case A3 = ... = A\, = 0 we have t"* = By,
while in the case Ay = A3 = ... = \; we have ¢ = B_!.

If we consider a fixed tractability function 7', a sequence {S™} of tensor product prob-
lems whose eigenvalues {A\™} satisfy A{" = A, = 1, Al = X, € (0,1), AL, ..., A > 0,
and lim,, )\én) = 0, then we do not necessarily have that the corresponding exponents
of tractability " converge to B, ' as the following counterexample shows. Let

min{«a(e),d}

T(e'd) = ) (i)

v=0

Then it is not hard to see that T is indeed a tractability function and that By = 1 (we
showed that implicitly in the proof of Theorem 3.2). According to Corollary 3.3 each
problem S™ is (T, Q")-tractable. For d € N we obviously have sup. ;) T(c™", d) = 2.

If we choose ¢ = E&n) = %(/\,(ﬁn))dﬂ, we get n(e, Sc(ln)) = k?. This implies ¢ > In(k)/In(2)
for all n. This shows that the sequence {t'"*} does not converge to By' = 1.
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Example 3.5. Let the conditions of Corollary 3.3 hold. We consider the special tractabil-
ity function T'(z,y) = exp(fi(z)fa(y)), where f; : [1,00) — (0,00), i = 1,2, are non-
decreasing functions. Let

a; := liminf filz)
z—oo  Inx

fori=1,2.

Let us assume that S is (7, Q"™)-tractable. According to Corollary 3.3 we have By > 0,
and from ms(e,d) > a(e)(In(d) — In(a(e))) for all € satisfying 1 < a(e) < d/2 we get

. fie™h) f2(d)
0 < Bz < limint e~ n(a(e)

AED (o B@Y (o )\ A
=70 (lmfmw))(ldaoopln<d>—1n<a<s>>> ae)

Thus as > 0, and

B, < liminfM _ hgl_,iglf (ln(gl) f1(51)) _ In(A; 1)

0< ag — =0  afe) ae) In(e1h) 2

ag.

Hence, a; > 0 and ay > 0 are necessary conditions for the problem S to be (7, Q"")-
tractable, and the exponent of tractability is bounded from below by

ttra Z B2—1 Z ;1

aj ag In(A; ")
In Corollary 5.2 we will show in particular that the conditions a; > 0, as > 0 are also
sufficient for (7', Q""")-tractability.

Remark 3.6. Under the conditions of Corollary 3.3 we can state a slightly simpler cri-
terion to characterize (T, Q™)-tractability. The linear tensor product problem S = {S;}
is (T, Q"")-tractable in the class of linear information iff

1
B :=liminf inf nT(e, d)

d—oo 1<a(e)<d/2 Q(g) lll(d/a(g)) € (O, OO] . (23)

The necessity and sufficiency of B > 0 follows from (19) and the (easy to check) inequal-
ities

%mg(e, d) < a(c)In (%) < mo(e, d)

for all e satisfying 1 < a(e) < g and large d. A drawback of (23) is that the quantity B
is not related to the exact exponent of tractability as By in Theorem 3.2.

Example 3.7. The tractability criteria (19) and (23) depend on the second largest eigen-
value Ay via a(e). In fact, for a given tractability function 7', a linear tensor product
problem S = {S;} with only two positive eigenvalues for S;S; may be (T, Q"™)-tractable,
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but if we increase the value of Ay this may not necessarily be the case any more. Choose,
e.g.,
1 if z € [1,0, 7],
T(x9) = Jng@)(m) U
e Y otherwise.
From criterion (23) it follows easily that S is (7', Q2")-tractable. But if we consider the

problem S where we only increase the second eigenvalue to Ay > Ay, we see that for
)\2_1/2 <el< )\2_1/2 we have

min{a(e),d} -
5 d d - 2In(e™)
n(s, Sd) Z V§0 <V> Z <1> = d, where Oé(g) = ’VW-‘ —1 Z 1

Thus the problem Sy is obviously not (7', 2"™)-tractable since CT(¢~!,d)* = C' cannot be
larger than d for d > C.

The counterexample above motivates us to state a sufficient condition on T" ensuring
(T, Q"r)-tractability of all linear tensor product problems S with finitely many eigenvalues
regardless of the specific value of \s.

Corollary 3.8. Let T be a tractability function. If

~ InT(e71,d)
B :=liminf inf ’
e et In(e=1) (14 In (d/ In(e—1)))

€ (0, o0] (24)

then arbitrary linear tensor product problem S with finitely many eigenvalues is (T, Q"™")-
tractable. However, the exponent of tractability goes to infinity as Ay approaches one.

Proof. The proof of the corollary is easy. For values of ¢ € [e7¢, 1) satisfying a(c) €
[1,d/2] one can simply show that a(e)In(d/a(e)) < C'ln(e7')(1 + In(d/In(e7!))), where
the constant C' depends only on Ay. If we substitute the upper bound on a(e) in the
definition of B in (23) by the minimum of d/2 and [2d/In(A;')] — 1 we therefore see
that this modified quantity is strictly positive. From that we can deduce similarly as in
Case 2 in the proof of Theorem 3.2 that B > 0, and due to Remark 3.6, the problem
S is (T, Qu)-tractable. Obviously, n(e, Sq) > 2¢ for €2 < X4. Hence, the exponent of
tractability must go to infinity as Ay goes to one. O]

Remark 3.9. Condition (24) in the corollary above is sufficient for (7', Q""")-tractability
for all linear tensor product problems S with finitely many eigenvalues, but not necessary
as the example T'(e7!, d) = exp(In(e™1)(1 + In(d))) shows, see Corollary 5.2.

4 Exponential Decay of Eigenvalues

We begin to study linear tensor problems with infinitely many positive eigenvalues. As
we shall see, tractability results depend on the behavior of the eigenvalues for d = 1. In
this section we assume that they are exponentially decaying whereas in the next section
that they are polynomially decaying.

14



Theorem 4.1. Let T be a tractability function. Let S be a linear tensor product problem
with exponentially decaying eigenvalues A,

exp(—=Ai(j — 1)) <A <exp(—F:(j — 1)) forall j €N,

for some positive numbers (3, B2. For i =1,2, define

, InT(s1,d
B := lim inf #
e lid—oo mez (8, d)

d >+dln(1+ [ZW),

[i]

Y

where o1 = e P2 55 = /Dy, and

m¥(e,d) := [z]In (1 -

with 5
zi = 2(e) = =In(e™!) - 1.

Bi
Then

S is (T, Q"™)-tractable iff BY ¢ (0, o).

Furthermore, B > 0 is equivalent to B{" € (0,00] and By € (0,00] with By given by
(12) for k = 2.
If S is (T, Q") -tractable then the exponent t* of tractability satisfies

-1

(min{By, BM}) " < 1 < (BY)

If 61 = Py then
Zftra — (BE(BQ))fl.

Before we prove Theorem 4.1, we state an auxiliary lemma.

Lemma 4.2. Ford € N and x > —1 let

pe(, d) =

{m,ujdeNd

d
2:@<x+d+1}

j=1

Then 4 d
r|+
ity = (1177,
Proof. For d =1 we have
pe(z,1) ={i e N|i <z 42} =[x] + 1.

Assume by induction that

%%@:(MJQ

15



for some d € N and all y > —1. If z > —1 then

x]+1 [x-‘_'_l([l‘-l—f-l—k—f—d)

+

pe(z,d+1) = pe(z+1—kd) =Y ;
k=1

Eod
—_

z]

> (y ; d) _ ((xwd++d1+ 1) |

Proof of Theorem J.1. Let pe(z,d) be defined as in Lemma 4.2. Then

-

< (e, Sy).

[ exp(=51; — 1)) > 82}

Jj=1

fe(z1,d) = |{(z’1, coyig) € N¢

Similarly, we get n(e, Sq) < pe(22,d).
Let us first assume that S is (7', Q"")-tractable, i.e., that there exist positive ¢, C' such
that
n(e, Sq) < CT(e7,d)" for all (71, d) € Q™.

Let us assume that ¢ < e=#/2, which implies that [21] > 1. From this inequality we get

due to Lemma 4.2
nT(d) _ (e +1n (%)

mP(e,d) ~ tm& (e, d)
Similarly as in the proof of Theorem 3.2 we use Stirling’s formula for factorials, and
conclude ] d ) ]+ d
21| + 21| +
1 =m{M(e,d)+ =1 O(1). 25
n () =+ g () o (25)
We have

~ min{In(d), In[]} < In (%) —In (% + é) <In(2).

So it is easy to check that we get BY > 1/t, implying BY > 0 and ¢ > (Bél))_l.
Furthermore, we get from Corollary 3.3 that By, > 0 and ™ > B,

Let us now show that By > 0 and BY > 0 imply B® > 0. As a careful analysis
reveals, we get

K := liminf inf ——2
e~ l4td—ooc<ceB1/2 m((f) (E, d)

which gives us
~1
lim inf InT(e™,d)

1goeo (2)
i:<et%1/2 Me <€7 d)

> BYEK > 0.
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In the case e #1/2 < ¢ < /A, both functions a(e) and 2y(¢) are bounded. Thus we have
ma(e,d) = O(In(d)) = mP (e, d), where my is given in Theorem 3.2. Hence

L := lim inf inf M > 0,
d—oo =B1/2<ec<\/Ag me (g d)
which yields
InT(e ', d
lminf BLE D S gy

5*1+d~>oo (2)
P12 et /i (e d)

This means that B is positive, as claimed.

Now let us assume that B > 0 and let t5 := (1 — 5)352))*1 for a given 6 € (0,1).
Then there exists an R(d) such that for any pair (g, d) with e ™! +d > R(J) (and € < /Ay,
but for convenience we will not mention this restriction in the rest of the proof) we get

-1
e o ()
We want to show that there exists a number Cs such that
n(e, Sq) < CsT(e7t,d) for all (71, d) € Q™.
Since n(e, Sq) < pe(29,d), it is sufficient to verify the inequality
n7(e",d) (G +1In (12179
mPe,d) —  tsmi(e,d)

(26)

The left hand side is at least (1 — 6/2)Bé2). Using Stirling’s formula (25) for 2z, instead of
21, we see that the right hand side can be written as

zo|+d
o ﬁzlfd ), (i) o
© 2usmPed)  tsmP (e, d) tsmP (e, d)

(1-6)B

The limes superior of all the summands, except of (1— 5) o , goes to zero as 5*1 +d tends
to infinity. Hence, there exists an R(8) such that for all pairs (e, d) with e ! 4+ d > R(6)
inequality (26) holds. Choosing Cj sufficiently large, we see therefore that (26) holds for
all (71, d) € Q. This shows that we have (T, Q™)-tractability and, since § € (0, 1) was
arbitrary, the exponent of tractability ¢ satisfies t"* < (Be(2))_1. As we already have
seen, tractability implies BY > 0 and By > 0.

Finally, if 8; = (3, then B = B{?), and therefore (min{ By, Bél)})_1 <t < (Be(f))_1
implies that By > B and ™ = (B®)~1. O

We illustrate Theorem 4.1 by taking again the tractability function T'(z,y) = x!™™ v,
For B, = B2 = 8 > 0, we have Ay = exp(—/3). It can be checked that

g _ P _ In(A;")
¢ 2 2
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Thus the exponent of tractability is

2 2
ttra _ B(Q) -1 _ = _ )
( e ) 6 111()\2_1)
We can simplify the necessary and sufficient conditions in Theorem 4.1 for (7, Q"")-
tractability at the expense of getting good estimates on the exponent of tractability.

Corollary 4.3. Let T be a tractability function. Let S be a linear tensor product problem
with 0 < Ay < Ay = 1, and with exponentially decaying eigenvalues A,

Kiexp(—B1j) < A\j < Kyexp(—fj) forall j €N,

for some positive numbers By, B2, K1 and Ks. Then S is (T, Q"™")-tractable iff

o InT (71, d)
P mn{d a@)} (7 [n@/a@)) © % 27

Proof. Since \; < min{)y, Kyexp(—/2j)} for j > 2, we can choose positive 3] > [,
B4 < P such that

exp(—f1(7 — 1)) < \; <exp(—pf5(j — 1)) forall jeN.

Thus we can apply Theorem 4.1. There we showed that B® > 0is necessary and
sufficient for (7', Q")-tractability. For 1 < a(e) < d/2 and large d, we have my(e, d)/2 <
a(e)In(d/a(e)) < mso(e,d). Furthermore, one can also verify that

m® (e,d) !
min{d, a(e)}(1 + |In(d/a(e))])

where ¢ € {—1,+1}. Thus (27) holds iff B¥ e (0, o0], which proves the corollary O

liminf inf

> 0,
d—oo d/2<a(e)

5 Polynomial Decay of Eigenvalues

In this section we study tractability for linear tensor product problems with polynomially
decaying eigenvalues for d = 1. We believe that such behavior of eigenvalues is typical
and therefore the results of this section are probably more important than the results of
the previous sections.

Theorem 5.1. Let T be a tractability function. Let S be a linear tensor product problem
with 1 =Xy > Xy > 0 and \j = O(j7°) for all j € N and some positive 3. A sufficient
condition for (T, Q"™")-tractability of S is

. InT (71 d)
F:=1 f ’ .
A mE YA+ ) © (0,00]
5<\/g
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If F € (0,00], then the exponent of tractability satisfies
2 2
B2_1 S ttra S max S T TN F_l,
5 (")
with By given in (12) for k = 2.

Proof. Let C; be a positive constant satisfying \; < Cy5~° for all j. With Cy := C’ll/ﬁ we
have

n(e,S)) =max{j | A\; >¢e?} <max{j | C1j 7 >’} < Che™ P < Che?

for all p > 2/3. From the identity

o0

n(e,S) = n (5/\/2, sd_1>

i=1
it now follows by simple induction that
- d—1
n(e, Sq) < Cy (Z A§/2> e P forall p>2/0. (28)
j=1
Thus for each dy € N and all p > 2/ there exists a number C(dy, p) such that
n(e, Sq) < C(dy,p)e® forall d <dyand € € (0,1/A2).
Let now 6 € (0,1) and g5 < /g such that for all € € (0,&;) and all d < dj
InT(e71,d)
In(e=1)(1 + In(d))

where F' is assumed to be positive. Then for ¢t = #(d,p,dy) := p(1 — §)'F~1 and C =
C(do, p) we have

In(CT(e !, d)") >InC + p(1 +1In(d)) In(e™) > Inn(e, Sy)

for all d < dy and € € (0,e5). This implies that for each ¢t > (2/8)F~! there exists a
sufficiently large number C' = C} such that

n(e,Sy) < CT(e7t,d)" foralld<dyande € (0,/)s). (29)

We now consider arbitrarily large d. Let us estimate the sum on the right hand side
of inequality (28). For this purpose we choose k& € N such that Ay > Cik™#. Since
Ay < C1277, we have obviously k£ > 2. We have

SN <IE N e NPy Y R
J=1 j=k+1

19



and

Now we choose p = p(d) such that

/2 (Clkfﬁ)pﬂ _1
R(M +@wm—1)‘d'

From kM2 < 1/d we conclude

b9 lnd—i-_llnk .
In(A; ")

From A\, > C1k™° we get

1 /2 1
k(“*@wm—1>% =

implying
nd+Ink+n (1+ )
p<2 -5
In(A;7)
Thus we have 2 In(d)
n
p= m(l +04(1)) asd — oc.

Let now o € (0,1) and d, € N such that 04(1) < ¢ and

InT(e71,d)
In(e=1)(1 + In(d))

for all d > d, and all € € (0,+/)z). For these d and € we have

>(1+o0)'F

21n(d)

1 d—1
n(s, Sd) < CQ (1 + a) g P < 602 exp (m

(1+anmgw)

< Csexp ( F'140)’InT(e ", d)) ,

2
In(A;")
where C3 := e C,. Hence for 7 = 7(0,p, ds) := 2(In(\; ")) ~*(1 + 0)2F~! we get

n(e, Sq) < CsT (7', d)™ for all d > d, and e € (0,1/)2). (30)

The estimates (29) and (30) show that we have (7, Q""")-tractability. Choosing dy = d,
in (29) and letting o tend to zero yields the claimed upper bound for 2,

Since our problem is at least as hard as the problem with only two positive eigenvalues
0 <X < A =1 for d=1, the lower bound " > By ! follows from Theorem 3.2 for
k=2. O
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The upper bound on the exponent t"# in Theorem 5.1 is, in general, sharp. Indeed,
assume that \; = O(j ) and take T'(z,y) = "¢ Then n(e, S;) = O(¢~%7) which
easily implies that t™* > 2/3. In this case, we have F = 1 and By = %ln()\gl). This
shows that the upper bound on ¢ in Theorem 5.1 is sharp and

ttra ma 2 2
= XS =y ——— -
B In(Ay")

Hence, for 8 > In(\;') the exponent of tractability is the same as for the problem with
only two positive eigenvalues 0 < Ay < A\; = 1. For this tractability function, the problem
S with polynomially decaying eigenvalues is as hard as the problem with only two positive
eigenvalues. However, for 3 < In A\, ', the exponent of tractability depends on 3 and the
problem S'is harder than the problem with only two positive eigenvalues.

Corollary 5.2. Let 1 = A\ > Ay > 0 and \; = O(j7°) for all j € N and some fived
B>0. Let f; : [1,00) — (0,00), i = 1,2, be non-decreasing functions such that

lim fi(z) fa(y)

THy—oo T+ Y

=0.
For T'(z,y) = exp(fi(x)f2(y)), we have (T, Q")-tractability iff

a; := liminf M
T—00 nr

€ (0,00] for i=1,2.

If ay, as € (0, 00|, then the exponent of tractability satisfies

2 2 1
< ttra <
aya (A1) ~ max{ﬁ In(\;! )} min{a;by, bjas}’
where
by = inf file” ) and by = inf ——2— f2(d)
cevs In(e™1) deN 1+ In(d)”

Proof. We have already seen in Example 3.5 that even for two non-zero eigenvalues A\, Ao
and 0 = A3 = Ay = ... the condition ay, as > 0 is necessary for S to be (7, Q2""")-tractable,
and that 7 > 2/(ajas In(A;1)).

Let us now assume that a1, a; € (0,00]. It is easy to see that

1 1
F = liminf InT(e™", d) — liminf fi(e™) fa(d)

5;?\;)\:200 ln({:‘*l)(l + 1n(d)) 5;1<+\j/\:2oo ln(e’;‘*l)(l + ln(d))

= mil’l{ale, blag},

and that ay, as > 0 implies by, by > 0. Thus F' > 0 and due to Theorem 5.1 we have
(T, QU"r)-tractability and the stated upper bound for ¢*2. O]
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We illustrate Corollary 5.2 again for T'(z,y) = '™ ¥ = exp ((In )(1 + In y)). We
now have a; = ay = by = by = 1. If we assume that \; = ©(j77) then, as we have already
checked, t" = max{2/3,2/In A\;'}. Hence, the upper bound on ¢ in Corollary 5.2 is,
in general, sharp. This proves that for tractability functions T of the form T'(z,y) =
exp(fi(z)f2(x)), the exponent of tractability may depend on 3, i.e., on how fast the
eigenvalues decay to zero for d = 1.

We now consider different tractability functions of the form T'(z,y) = fi(z)fa(z) =
exp(ln fi(z) +In f3(x)) and show that for such functions the exponent of tractability does
not depend on (3. The following theorem generalizes a result from [7] which corresponds
to fi(z) = exp(In*™® (1 + x)).

Theorem 5.3. Let S be a linear tensor product problem with 1 = Ay > Ao > 0 and
N = OGP forall j € N. Fori=1,2let f; : [1,00) — [1,00) be a non-decreasing

function with
a; := liminfM < 0.
z—oo  Inlnz
Then the function T defined by T'(x,y) = fi(x)f2(y) is a tractability function.

S is (T, Q") -tractable iff
ap > 1, a3 > 1, (g —1)(ag—1) > 1, and By € (0,00,

where By is given by (12) for k = 2.

Ifa; > 1, a > 1 and (ay — 1)(ag — 1) > 1 then By = oo and the exponent of
tractability t™ is zero.

Ifay > 1, a3 > 1, (a1 — 1)(ag — 1) = 1 and By > 0 then the exponent of tractability is

-1

ttra — BQ_I — hmlnf lnfl(g_l) + ln.fQ(d)

e~ l4d—oo ale) In(d
L () In(d)

Proof. Since ay, as < 00, it is obvious that T is a tractability function. Let first S be
(T, Q))-tractable, i.e., there exist positive constants C, ¢ such that

n(e, Sqy) < C fi(e™ ) fo(d)" for all (7%, d) € Q™.

(1) ()"

d 1 N
a(e)In (%) <In(C)+tln fi(e7") + tln fo(d). (31)

Keeping ¢ fixed and letting d grow, we see that for any § > 0 there exists a d' = d'(9, )
such that for all d > d' we have a(e)In(d) < (t + 0) In fo(d), and therefore

£) < Inln fo(d)  In(t +9)
d) = Inln(d) Inln(d)

Due to (10) we have

which implies

L+ lnoc((

InIn
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Thus ay > 1. Let now ¢ vary and take d = 2a(e). Since In fo(d) = o(d) = o(a(e)), we
get from (31) for arbitrary § > 0, for &’ = £'(9) sufficiently small, and for all £ < &’ that
a(e)In(2) < (t+6)In fi(e7h). Since

Ina(e) =n(2) + Inln(e™!) — Inln(A;) + O(1) as € tends to zero,

the estimate a; > 1 easily follows. Let now n > a; — 1. Define

Then (31) yields
(a(e)™ —ale))In(ale)) < In(C) +tln fi(e™h) +tIn fo(d).

Due to the choice of 7 and the fact that a(e) = 2In(s7')/In(A;') + O(1), the function
In fi(e7') is of order o(a(g)"!). We thus have for arbitrary ¢, for £(9) sufficiently small,
and for all € < g(9),

a(e)" In(a(e)) < (t +0) In fo(d),
leading to
Inln(a(e)) < In(t+9) Inln fo(d) Inln(d)

"I heE) S hE) | b bhaE)

This implies
Inl 1 Inl
n+1< (liminf Lﬁ(d)) ( lim n(afe)) + In n(a(a))) = asn.

d—oo In ln(d) e~ l—o00 ln(a(a))

Thus n(ay — 1) > 1. Letting n tend to a; — 1 we get (a1 — 1)(az — 1) > 1. This proves that
a; > 1 and ay > 1. Furthermore, due to Theorem 3.2, By, has to be positive or infinite
for any tractable problems with two positive eigenvalues 0 < Ay < \; = 1.

Assume now that a; > 1, a3 > 1, (a3—1)(ag—1) > 1, and By > 0. Due to Theorem 5.1,
to prove (T, Q"")-tractability it is enough to verify that

W) + ()
F= it A e T+ n(d))

e<y/A2

€ (0, 0.

Assume we have an arbitrary sequence {(g,}, d,,)} such that {¢, ! +d,,} tends to infinity,
em < VA2, and the sequence {F},}, where

p nfilen) + o fo(dm)
" In(g (1 + In(d,y,))

converges to F'. Then we find a sub-sequence {(¢,,*,d,)} for which {InIn(d,)/Inln(e;")}
converges to an element x € [0, cc]. For this sub-sequence we show that F > 2B/In(\;1).
If the sequence {e,'} or {d,} is bounded, then {F,} tends to infinity, since a; and a, are
both strictly larger than 1. So we can assume that {e '} as well as {d,} tend to infinity.
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First, let us assume that z € [0, (a; — 1)). Then In(d,,) < In(e;1)*~17° for § sufficiently
small and sufficiently large n > n(d). Thus
In fl (8;1)

F Z hgg}fW = Q.

If z € ((aa — 1)71, 00|, we just change the roles of the parameters e~ and d to get

o In fo(dn)
F 2 llrILIilOI.}f W = o0
If (a; —1)(ag—1) > 1, then we have considered all possible values of = in [0, co] since then
0, (a1 — 1)) U ((ag — 1)7%, 00] = [0, 00], and we have shown that F = oco. Theorem 5.1
implies then that the exponent of tractability is t"® = 0 and By = c0.
If (a1 — 1)(ag — 1) = 1, we still have to consider the case = a; — 1. Then

In(a(e,)) = Inln(e; ') + n(2) — Inln(A\; ') + O(1) € [(az — 1) — 6, (a2 — 1) + §] InIn(d,,)

for arbitrary ¢ and sufficiently large n > n(d). Then a(s,) < (Ind, )~ = o(d,). Hence
we have

In fi(e;Y) +In fo(d,) a(e,)(1 + In(d,/a(e,))) _ B, 2 S0

F = liminf
imin ()

oo afen)(1 4+ In(dn/alen)))  In(e;')(1+ In(dy))

To obtain the formula for the exponent " we can use the bound on ¢*** from Theorem 5.1.

For 3 > 1n \;' we get t'® = B;'. To obtain the same result for # < In A\;' we proceed
as follows. In the proof of Theorem 5.1 we showed that for small positive § there is a
positive number Css depending only on 3 and ¢ such that

246 2(1+0)In(d)
g7 (A

To show that the last right side function is at most C' (f;(s7!) fo(d))" it is enough to check
that

n(e, Sq) < Czes exp (— max{ } ln(s_l)) for all (¢7' d) € Q™.

2(1+90)
n(A; ")
and d. Or equivalently that

In(e™!) In(d) < t(ln(fl(e_l)) + ln(fQ(d)))

for large e !

-1

1 -1 1 d
e~ l4d—oo O[(E) ].n(d)
5<\/g
The last limit inferior is achieved if a(e) is a power of In(d), and therefore it is the same
as Bs. Since ¢ can be arbitrarily small we conclude that ¢ < By ! The lower bound on

t® from Theorem 5.1 then implies " = B;!, as claimed. This completes the proof of
Theorem 5.3. O
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Remark 5.4. Let the conditions of Theorem 5.3 hold and assume that a; > 1, as > 1 and
(a1 —1)(ay—1) = 1. Then condition By € (0, 00| does not necessarily hold as the following
example shows. Let 0 : [1,00) — [0,00) be a decreasing function with lim, .., d(x) = 0.
Define

fi(z) = exp (ln(x)2_6(x)) for i =1,2.

Then we have obviously a; = 2 = as and (a; — 1)(az — 1) = 1. But

-1 o ln(€—1)2—6(s—1)_|_1n(d)2—5(d) o s
(In A;Y) By < El_lgdlgi (=1 In(d) = 21152(1;& In(d)=0@

=2 lign inf exp (—d(d) InIn(d)) .

If we choose, e.g., §(x) = (InInln(z))~!, then we see that By = 0.

We stress again that the exponent of tractability in Theorem 5.3 does not depend
on 3 and it is By ' for all polynomial decaying eigenvalues with the same two largest
eigenvalues 0 < Ay < A\; = 1. However, By depends on particular functions f; satisfying
the conditions of Theorem 5.3. We now show that B, can take any positive value or
even be infinite. Indeed, take f;(z) = exp (cl- [In :U](H"‘i)) for positive ¢; and «;. Then
a; = 1+ ;. For ayas = 1 it can be checked that

C1 ) Mo ln()\;l) (32)

C2

By = (1 + ay) (

Taking, co = ¢; = ¢ and varying c for fixed «;, we see that By can be any positive number
with the same limits a;.

On the other hand, for f;(z) = exp(In(e +In x)[In z]**%), and ayas = 1 we get
a; = 1 + «; as before, but By = oo.

We also stress that in Theorem 5.3 we assume that the eigenvalues decay at least poly-
nomially. This assumption holds, in particular, for finitely many positive or exponentially
decaying eigenvalues. We summarize this discussion in the following remark.

Remark 5.5. Aslong as a tractability function T is of product form, T'(z,y) = fi(z) f2(x),
then (7, Q""")-tractability of S as well as the exponent of tractability depend only on the
functions fi, f2 and the second eigenvalue )\ as long as the eigenvalues \; decay at least
polynomially. Hence, if we have two problems, one with only two positive eigenvalues
0 < A2 < A1 = 1, and the second with the same two eigenvalues and the rest of them
are non-negative and decaying polynomially, then these two problems lead to the same
tractability conditions and to the same exponents of tractability.

We stress that this property does not hold for more general tractability functions. For
instance, if we consider T'(x,y) = exp(g1(x)g2(y)), i.e, when In T is of product form, then
the exponent of tractability may depend on the rate of decay of eigenvalues. This holds,
for instance, for T'(z,y) = exp(In(z) (1 + In(d))) as shown after Corollary 5.2.
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6 Weak Tractability

So far we discussed (T, Q"")-tractability of linear tensor product problems with expo-
nentially and polynomially decaying eigenvalues. We now verify what we have to assume
about the decay of eigenvalues to obtain weak tractability. As we shall see, in particular,
exponential or polynomial decay of eigenvalues implies weak tractability.

Let us consider a logarithmic decay of the eigenvalues, i.e., \; = O((1+1nj)~?) for all
4§ and some fixed 8 > 0. In [1] we proved that Inn(e, S1) = ©(¢%5(1 + o(1))). Thus for
£ < 2 not even the one-dimensional problem S is tractable. For g > 2, we characterized
(T, 2*)-tractability for Q™ = [1,00) x [d*] U [1,&5") x N, with d* + (1 — g9) > 0, see
[1]. Here we consider the unrestricted tractability domain and prove, in particular, weak
tractability for g > 2.

Theorem 6.1.
o Let \y =1, A\ €(0,1) and
Aj=o((Inj)?(In(lnj))™?) as j — oo. (33)
Then the linear tensor product problem S is weakly tractable.
e [f S is weakly tractable then Ay < 1 and

)\jzo((lnj)fz) as j — oo.

Proof. To prove the first point, we may assume without loss of generality that A\; > 0 for
all j € N. Then there exists a function f: N — (0, 00) with lim; .., f(j) = 0 and

N=f{) (1 +Inj)2(1+1In(1+1nyj))™? forall j €N.
We now show that Inn(e, 1) = o(e 7' (In(e7!))™"). According to (8) we have
n(e,1) = max{j[g(j)(1 +j) (1 +In(l +1Inj)) <}, (34)

where g(7) := f(j)7"/2. Now let j = j(¢) = exp([ce~'(In(e™'))"'] — 1) for some ¢ > 0.
Then

eg(7)(1+ )1 +In(1+1nj)) =

g e+ (1 +Inc)e(In(e™) ™ —clnln(e ) (In(e™ )™,

which tends to infinity as e approaches zero. From this calculation and from (34) we
conclude that Inn(e, 1) = o(e ! (In(e~1))~!). With a := min{a(e), d} we get from (10)

Inn(e,d) - In (9) +alnn(e, 1) < a(In(d/a) +1+1Inn(e, 1))
d+et — d+et B d+et '
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Case 1: a(e) < d. Then

Inn(e,d) _ a(e)(In(d/a(e)) +1)  o(a(e)e  (In(e71))™)
d+et = d+e! + d+ et : (35)

Since a(e) ~ In(e™!), the second term on the right hand side of (35) goes to zero as
d + 7! tends to infinity. If a(e) = ©O(d), the first term goes obviously also to zero if
d + 7! tends to infinity. So let us consider the case a(e) = o(d). If a(e) = Q(d/(Ind)),
then e7! = exp(Q2(d/(Ind))), and a(e)(Ind)e — 0 as d + &1 — oco. If a(e) = o(d/(Ind)),
then a(e)(Ind)/d — 0 as d + &' — oo.

Case 2: a(e) > d. Then

Inn(e, d) < d d(o(e”'(In(s"") 1)) _ o(e™) 0

+
d+e1 —d+e! d+e1 g1

as d + &' — oo. Altogether we proved limy .-1_o Inn(e,d)/(d+ec 1) = 0.
We switch to the second point and assume that S is weakly tractable. Then Ay < 1
since otherwise n(e, S;) > 24 for all € € (0,1). For d = 1 we have

n(e,S1) = min{j| \j1 <’} = exp(o(e7)).

This can happen only if \; = o((In j)72), as claimed. This completes the proof. ]

7 Comparison
We briefly compare tractability results of this paper for the unrestricted domain
Q" = [1,00) x N
with tractability results of [1] for the restricted domain
Q' = [1,00) x {1,2,...,d"} U [l,6,") x N

for d* > 1 and ¢y € (0,1).
We consider linear tensor product problems S with €3 < Xy < A\; = 1.

e Strong (T, Q"")-tractability of S as well as strong (T, 2")-tractability of S does
not hold regardless of the tractability function T, see [1, Lemma 3.1].

e Consider finitely many, say k, positive eigenvalues as in Section 2. This case has
not been formally studied in [1] for Q™. However, it is easy to see from (14) that
for (e,d) with d < d*, the information complexity n(e, Sy) is uniformly bounded
in e7'. Therefore the more interesting case is when (¢71,d) € [1,e;') x N. Then
n(e, Sq) = ©(d*®)) with the factors in the Theta-notation only dependent on &,
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A2 and k. So we have a polynomial dependence on d which obviously implies weak
tractability. It follows from [1, Theorem 4.1] that (7', 2")-tractability of S holds iff

1
Bies = liminf inf In T(e", d)

—_—— 0 36
d—co  1<a(e)<aleo) a(g) In(d) € (0.0, (36)

and the exponent of tractability is 1/Bes.

In particular, we have polynomial tractability, i.e., when T(x,y) = xy, with the
exponent
2 In(eg?
aleg) = [—( 0 )—‘ — 1.

This exponent can be arbitrarily large if £y is small or Ay close to one. On the other
hand, it is interesting that the exponent does not depend on the total number k of
positive eigenvalues.

As we already said, for the unrestricted domain Q"™ we do not have polynomial
tractability of S. This agrees with the fact that the exponent of polynomial tractabil-
ity for the restricted domain goes to infinity as ¢y approaches zero, and for the
unrestricted domain formally 3 = 0.

Consider exponentially decaying eigenvalues \; = exp(—/3(j — 1)) for a positive 3.
Then [1, Theorem 4.8] states that (7', 2")-tractability of S holds iff

Acres = liminf € (0,00] and By € (0,00],
where By is given by (36). Furthermore, if Aq,es = oo then the exponent of
tractability is B!

res ”

Hence, we again have polynomial tractability, and indeed since Ae,es = 00 and
Ay = exp(—[3), the exponent of polynomial tractability is

aleo) = [2lnﬁsglw 1

As we know, for the unrestricted domain Q""" we do not have polynomial tractability.

Take now T'(z,y) = z'™™¥. Then Ag,es = 00 and Byes = (/2. Furthermore, as
we already know, B = B/2. So we have (T, Q')-tractability as well as (T, Q""")-
tractability with the same exponents 2/3. Hence, there is no much difference be-
tween the restricted and unrestricted domains for this particular tractability func-
tion.

Note also the difference in the exponents for the last two tractability functions and
for the restricted domain. For polynomial tractability, the exponent depends on &g
and goes to infinity as €9 approaches zero. For the second tractability function, the
exponent does not depend on &.
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e Consider polynomially decaying eigenvalues \; = ©(j~?) for a positive 3. Then [1,
Theorem 4.8| states that (T, Q')-tractability of S holds iff

InT(x,1
Ap,res := lim inf M

d Bres ) *
minf = € (0,00] an € (0, oo]

If this holds then the exponent of tractability is ¢ = max{2/(5 Apres); 1/ Bres}-

Let us consider polynomial tractability, i.e., T'(x,y) = xy. Then A, s = 1 and, as
stated above, Byes = a(gg) . Due to [1, Theorem 4.8] we have (T, Q')-tractability
with ¢ = max{2//, a(eo)} but, as already mentioned, no (T, Q""")-tractability.

Take now T(x,y) = exp(ln®z) exp(In®y). Then A,,es = Brs = oo, and S is
(T, S2rs)-tractable with ¢"® = 0. For the unrestricted case, we conclude from (32)
that S is (T, Q2")-tractable with ¢ = (In(\;'))~'. Hence, we have tractability in
both cases but the exponents are quite different.

Let now T'(z,y) = x'™™¥%. Then A,,es = 1 and Byes = 3/2. Thus S is (T, Q")-
tractable with ¢** = 2/, see also [1, Theorem 4.8]. As already stated, we have also
(T, Q™r)-tractability with the exponent of tractability ¢** = max{2/3,2/In(\;")}.
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