
N
e
w
R
e
su
lts

o
n
D
e
te
r
m
in
istic

P
r
ic
in
g
o
f
F
in
a
n
c
ia
l
D
e
r
iv
a
tiv

e
s
�

A
�
P
a
p
a
g
e
o
r
g
io
u
a
n
d
J
�F
�
T
r
a
u
b
y

D
ep
artm

en
t
of

C
om

p
u
ter

S
cien

ce
C
olu

m
b
ia
U
n
iv
ersity

C
U
C
S
�������

M
o
n
te

C
arlo

sim
u
lation

is
w
id
ely

u
sed

to
p
rice

com
p
lex

�
n
an
cial

in
stru

m
en
ts	

R
ecen

t

th
eoretical

resu
lts

an
d
ex
ten

sive
com

p
u
ter

testin
g
in
d
icate

th
at

d
eterm

in
istic

m
eth

o
d
s
m
ay

b
e
far

su
p
erior

in
sp
eed

an
d
con

�
d
en
ce	

S
im

u
lation

s
u
sin

g
th
e
S
ob
ol

or
F
au
re

p
oin

ts
are

ex
am

p
les

of
d
eterm

in
istic

m
eth

o
d
s	

F
or

th
e
sak

e
of

b
rev

ity

w
e
refer

to
a
d
eterm

in
istic

m
eth

o
d
u
sin

g
th
e
n
am

e
of

th
e
seq

u
en
ce

of
p
oin

ts
w
h
ich

th
e
m
eth

o
d
u
ses


e	g	

S
ob
ol

m
eth

o
d
	

In
th
is
p
ap
er

w
e
test

th
e
gen

eralized
F
au
re

seq
u
en
ce

d
u
e
to

T
ezu

ka
�T
�
�
�	
W
e
also

test

a
m
o
d
i�
ed

S
ob
ol

m
eth

o
d

th
is
in
clu

d
es

fu
rth

er
im

p
rovem

en
ts
from

th
ose

in
�P
T
�
�
�	
W
e

com
p
are

th
ese

tw
o
low

d
iscrep

an
cy

d
eterm

in
istic

m
eth

o
d
s
w
ith

b
asic

M
on
te

C
arlo	

W
e
su
m
m
arize

ou
r
con

clu
sion

s
regard

in
g
th
e
valu

ation
of

a
C
ollateralized

M
ortgage

O
b
ligation

w
h
ich

w
e
d
iv
id
e
in
to

th
ree

grou
p
s	

S
im

ilar
resu

lts
h
old

for
oth

er
�
n
an
cial

in
stru

m
en
ts
su
ch

as
asian

op
tion

s	

I�
D
e
te
r
m
in
istic

a
n
d
M
o
n
te

C
a
r
lo
M
e
th
o
d
s�

D
e
te
rm

in
istic

m
e
th
od
s
bea

t
M
o
n
te

C
a
rlo

b
y
a
w
id
e
m
a
rg
in
�
In

p
articu

lar


�
B
oth

th
e
gen

eralized
F
au
re
an
d
m
o
d
i�
ed

S
ob
olm

eth
o
d
s
con

verge
sign

i�
can

tly
faster

th
an

M
on
te

C
arlo	

�
T
h
e
gen

eralized
F
au
re

m
eth

o
d
alw

ay
s
con

verges
at

least
as

fast
as

th
e
m
o
d
i�
ed

S
ob
ol

m
eth

o
d
an
d
freq

u
en
tly

faster	

�
T
h
e
M
on
te

C
arlo

m
eth

o
d
is
sen

sitiv
e
to

th
e
in
itial

seed
	

I
I�
S
m
a
ll
N
u
m
b
e
r
o
f
S
a
m
p
le
P
o
in
ts�

D
e
te
rm

in
istic

m
e
th
od
s
o
u
tpe

rfo
rm

M
o
n
te

C
a
rlo

fo
r
a
sm

a
ll
n
u
m
be
r
o
f
sa
m
p
le

po
in
ts�

In

p
articu

lar


�
D
eterm

in
istic

m
eth

o
d
s
attain

sm
all

error
w
ith

a
sm

all
n
u
m
b
er

of
p
oin

ts	

�
P
resen

ted
a
t
�
M
a
th
em

a
tica

l
P
ro
b
lem

s
in

F
in
a
n
ce��

In
stitu

te
fo
r
A
d
va
n
ced

S
tu
d
y�
P
rin

ceto
n
�
N
J
�
A
p
ril

�
�
�
�
�
�
�

yT
h
is
w
o
rk

w
a
s
su
p
p
o
rted

in
p
a
rt
b
y
N
S
F
a
n
d
A
F
O
S
R
	

C
O

R
E

M
etadata, citation and sim

ilar papers at core.ac.uk

P
rovided by C

olum
bia U

niversity A
cadem

ic C
om

m
ons

https://core.ac.uk/display/161437285?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


�
F
or

th
e
h
ard

est
C
M
O

tran
ch
e

gen

eralized
F
au
re

ach
ieves

accu
racy

��
�
�
w
ith

���

p
oin

ts

w
h
ile

m
o
d
i�
ed

S
ob
ol

u
ses

���
p
oin

ts	
O
n
th
e
oth

er
h
an
d


th
e
M
on
te

C
arlo

m
eth

o
d
req

u
ires

����
p
oin

ts
for

th
e
sam

e
accu

racy	

�
M
on
te

C
arlo

ten
d
s
to

w
a
ste

p
oin

ts
d
u
e
to

clu
sterin

g

w
h
ich

severely
com

p
rom

ises

its
p
erform

an
ce

w
h
en

th
e
sam

p
le
size

is
sm

all	

I
I
I�
S
p
e
e
d
u
p
�

T
h
e
a
d
v
a
n
ta
g
e
o
f
d
e
te
rm

in
istic

m
e
th
od
s
o
v
e
r
M
o
n
te

C
a
rlo

is
fu
rth

e
r
a
m
p
li�

ed
a
s
th
e
sa
m
�

p
le

size
a
n
d
th
e
a
cc
u
ra
c
y
d
e
m
a
n
d
s
g
ro
w
�
In

p
articu

lar


�
D
eterm

in
istic

m
eth

o
d
s
are

��
to

��
tim

es
faster

th
an

M
on
te

C
arlo

even
w
ith

m
o
d
�

erate
sam

p
le
sizes

�����
d
eterm

in
istic

p
oin

ts
or

m
ore�	

�
W
h
en

h
igh

accu
racy

is
d
esired



d
eterm

in
istic

m
eth

o
d
s
can

b
e
����

tim
es
faster

th
an

M
on
te

C
arlo	

V
alu

in
g
�
n
an
cial

d
erivatives

m
ay

b
e
form

u
lated

v
ia

p
ath

s
or

as
a
h
igh

d
im

en
sion

al

in
tegral	

F
or

sim
p
licity

w
e
w
ill

restrict
ou
rselv

es
to

th
e
in
tegral

form
u
lation

an
d


w
ith

ou
t

loss
of

gen
erality

�see
P
a
skov

�P
�
�
��


as
an

in
tegral

over
th
e
u
n
it
cu
b
e
in

d
d
im

en
sion

s	

F
or

m
ost

�
n
an
ce

p
rob

lem
s
th
e
in
tegral

can
n
ot

b
e
an
aly

tically
com

p
u
ted


w
e
h
ave

to

settle
for

a
n
u
m
erical

ap
p
rox

im
ation

	
T
h
e
b
asic

M
on
te

C
arlo

m
eth

o
d
ob
tain

s
th
is

ap
�

p
rox

im
ation

b
y
com

p
u
tin

g
th
e
arith

m
etic

m
ean

of
th
e
in
tegran

d
evalu

ated
at

ran
d
om

ly

ch
osen

p
oin

ts	
M
ore

p
recisely


on
ly

p
seu

d
o�ran

d
om

p
oin

ts
can

b
e
gen

erated
on

a
d
igital

com
p
u
ter

an
d
th
ese

are
u
sed

in
lieu

of
ran

d
om

p
oin

ts	
T
h
ere

are
sop

h
isticated

variation
s

of
th
is
b
asic

m
eth

o
d

w
h
en
ever

w
e
refer

to
M
on
te

C
arlo

in
th
is
p
ap
er

w
e
w
ill

alw
ay
s
m
ean

th
e
b
a
sic

v
ersion

	

If
p
seu

d
o�ran

d
om

p
oin

ts
from

a
�
at

d
istrib

u
tion

are
p
lotted

in
tw
o
d
im

en
sion

s
�see

F
igu

re
��

th
ere

are
region

s
w
h
ere

n
o
sam

p
le

p
oin

ts
o
ccu

r
an
d
region

s
w
h
ere

th
e
p
oin

ts

are
m
ore

con
cen

trated
	
T
h
is
is
clearly

u
n
d
esirab

le	
R
an
d
om

p
oin

t
sam

p
les

are
w
a
sted

d
u
e

to
clu

sterin
g	

In
d
eed



M
on
te

C
arlo

sim
u
lation

s
w
ith

v
ery

sm
all

sam
p
le

sizes
can

n
ot

b
e

tru
sted

	
It
w
ou
ld

b
e
d
esirab

le
to

p
lace

ou
r
sam

p
le
p
oin

ts
as

u
n
iform

ly
as

p
ossib

le

w
h
ich

is
th
e
id
ea

b
eh
in
d
low

d
iscrep

an
cy

seq
u
en
ces	

D
iscrep

an
cy

is
a
m
easu

re
of

d
ev
iation

from

u
n
iform

ity

h
en
ce

low
d
iscrep

an
cy

p
oin

ts
are

d
esirab

le	
F
igu

re
�
sh
ow

s
a
p
lot

of
certain

low
d
iscrep

an
cy

p
oin

ts
in

tw
o
d
im

en
sion

s	

A
low

d
iscrep

an
cy

m
eth

o
d
ap
p
rox

im
ates

th
e
in
tegral

b
y
com

p
u
tin

g
th
e
arith

m
etic

m
ean

of
th
e
in
tegran

d
evalu

ated
at

low
d
iscrep

an
cy

p
oin

ts	
L
ow

d
iscrep

an
cy

seq
u
en
ces

h
ave

b
een

ex
ten

siv
ely

stu
d
ied


see

P
ask

ov
�P
�
�
�
for

th
e
form

al
d
e�
n
ition

of
d
iscrep

an
cy

an
d

an
ex
ten

sive
b
ib
liograp

h
y	

In
con

trast
to

th
e
M
on
te

C
arlo

m
eth

o
d
w
h
ich

u
ses

ran
d
om

�or

�



p
seu

d
o�ran

d
om

�
p
oin

ts

low

d
iscrep

an
cy

m
eth

o
d
s
u
se
d
eterm

in
istic

p
oin

ts	
T
h
ese

m
eth

o
d
s

are
som

etim
es

said
to

b
e
q
u
asi�ran

d
om

	

In
�
���

th
e
con

ven
tion

al
w
isd

om
w
as

th
at

alth
ou
gh

th
eory

su
ggested

th
at

low
d
iscrep

�

an
cy

m
eth

o
d
s
w
ere

som
etim

es
su
p
erior

to
M
on
te

C
arlo


th
is

th
eoretical

ad
van

tage
w
as

n
ot

seen
for

h
igh

d
im

en
sion

al
p
rob

lem
s	

T
rau

b
an
d
a
P
h
	D
	
stu

d
en
t

S
p
assim

ir
P
askov




d
ecid

ed
to

com
p
are

th
e
e�

cacy
of

low
d
iscrep

an
cy

an
d
M
on
te

C
arlo

m
eth

o
d
s
on

th
e
val�

u
ation

of
�
n
an
cial

d
erivativ

es	
T
h
ey

u
sed

a
C
ollateralized

M
ortgage

O
b
ligation

�F
an
n
ie

M
ae

R
E
M
IC

T
ru
st

��������
p
rov

id
ed

b
y
G
old

m
an

S
ach

s
w
ith

ten
tran

ch
es

req
u
irin

g
th
e

evalu
ation

of
ten

����d
im

en
sion

al
in
tegrals	

T
h
e
valu

es
of

th
e
tran

ch
es

d
ep
en
d
on

th
e

in
terest

rate
an
d
p
rep

ay
m
en
t
m
o
d
els	

D
etails

can
b
e
fou

n
d
in

P
a
skov

�P
�
�
�	

P
askov

an
d
T
rau

b
u
sed

a
p
articu

lar
low

d
iscrep

an
cy

seq
u
en
ce

d
u
e
to

S
ob
ol	

T
h
ey

m
ad
e

m
a
jor

im
p
rovem

en
ts

in
th
e
S
ob
ol

p
oin

ts
an
d
sh
ow

ed
th
at

th
e
im

p
roved

S
ob
ol

m
eth

o
d

con
sisten

tly
ou
tp
erform

ed
M
on
te

C
arlo

see
P
ask

ov
an
d
T
rau

b
�P
T
�
�
�
an
d
P
askov

�P
�
�
�

for
d
etails	

S
oftw

are
C
on
stru

ction
an
d
testin

g
of

low
d
iscrep

an
cy

d
eterm

in
istic

m
eth

o
d
s
for

p
ricin

g

�
n
an
cial

d
erivatives

w
as

b
egu

n
at

C
olu

m
b
ia

U
n
iversity

in
th
e
F
all

of
����	

P
relim

in
ary

resu
lts

w
ere

sh
ared

w
ith

a
n
u
m
b
er

of
N
ew

Y
ork

C
ity

�
n
an
cial

h
ou
ses

in
th
e
F
all

of
����

an
d
th
e
S
p
rin

g
of

����	
T
h
e
�
rst

p
u
b
lish

ed
an
n
ou
n
cem

en
t
w
as

a
J
an
u
ary

����
article

in

S
cien

ti�
c
A
m
erican


T
rau

b
an
d
W
o�zn

iak
ow

sk
i
�T
W
�
�
�	

S
ee

P
ask

ov
an
d
T
rau

b
�P
T
�
�
�

for
a
m
ore

d
etailed

h
istory	

In
S
ep
tem

b
er

����
IB
M

an
n
ou
n
ced

a
p
ro
d
u
ct

called
th
e
D
e
te
rm

in
istic

S
im

u
la
tio

n

B
la
ste

r
�see

also
�IB

M
�
�
��

w
h
ich

u
ses

a
low

d
iscrep

an
cy

d
eterm

in
istic

m
eth

o
d
	

T
h
e

com
p
an
y
claim

ed
a
very

large
im

p
rovem

en
t
over

M
on
te

C
arlo	

H
ow

ever

th
e
m
eth

o
d
for

ch
osin

g
th
e
sam

p
le
p
oin

ts
an
d
th
e
m
eth

o
d
ology

for
calcu

latin
g
th
e
sp
eed

u
p
h
ave

n
ot

b
een

revealed
b
y
th
e
tim

e
of
ou
r
w
ritin

g
th
is
article

�M
arch

�����	
IB
M

h
as

rep
eated

ly
ack

n
ow

l�

ed
ged

th
at

th
e
u
se

of
low

d
iscrep

an
cy

m
eth

o
d
s
to

p
rice

�
n
an
cial

d
erivativ

es
w
as

p
ion

eered

at
C
olu

m
b
ia
U
n
iversity	

W
e
h
ave

b
u
ilt

a
softw

are
sy
stem

called
F
IN

D
E
R
for

com
p
u
tin

g
h
igh

d
im

en
sion

al
in
te�

grals	
F
IN

D
E
R
h
as

m
o
d
u
les

for
gen

eratin
g
gen

eralized
F
au
re

an
d
m
o
d
i�
ed

S
ob
ol

p
oin

ts	

W
e
em

p
h
asize

th
at

m
a
jor

im
p
rovem

en
ts

in
gen

eralized
F
au
re

p
oin

ts
an
d
S
ob
ol

p
oin

ts


w
h
ich

can
n
ot

b
e
fou

n
d
in

th
e
p
u
b
lish

ed
literatu

re

h
ave

b
een

p
u
t
in

F
IN

D
E
R
	
In
d
eed



a

n
u
m
b
er

of
�
n
an
cial

in
stitu

tion
s
h
ave

in
form

ed
u
s
th
at

th
ey

cou
ld

n
ot

rep
licate

ou
r
resu

lts

u
sin

g

for

ex
am

p
le


th
e
S
ob
ol
p
oin

t
gen

erator
fou

n
d
in

P
ress

et
al	

�P
r
�
�
�	
A
s
fu
rth

er
im

�

p
rovem

en
ts
in

low
d
iscrep

an
cy

m
eth

o
d
s
are

d
iscovered

th
ey

w
ill

b
e
ad
d
ed

to
ou
r
softw

are	

F
IN

D
E
R
m
ay

b
e
ob
tain

ed
from

C
olu

m
b
ia
U
n
iversity	

�



W
e
u
sed

F
IN

D
E
R

to
p
rice

th
e
C
M
O

an
d
to

com
p
are

low
d
iscrep

an
cy

m
eth

o
d
s
w
ith

M
on
te

C
arlo	

D
eterm

in
istic

m
eth

o
d
s
an
d
M
on
te

C
arlo

com
p
u
te

th
e
arith

m
etic

m
ea
n
of

th
e
in
tegran

d
evalu

ated
at

a
n
u
m
b
er
of
p
oin

ts	
T
h
u
s
th
e
d
i�
eren

ce
in
p
erform

an
ce

d
ep
en
d
s

on
th
e
n
u
m
b
er

of
p
oin

ts
th
at

each
m
eth

o
d
u
ses

for
th
e
sam

e
accu

racy	
W
e
ob
serve

th
e

least
n
u
m
b
er

of
p
oin

ts
th
at

a
m
eth

o
d
req

u
ires

in
ord

er
to

ach
iev

e
an
d
m
a
in
ta
in

a
relativ

e

error
b
elow

a
certain

lev
el


e	g	

��

�
�	

T
h
e
sp
eed

u
p
of

on
e
m
eth

o
d
relativ

e
to

an
o
th
er

is
th
e
ratio

of
th
e
least

n
u
m
b
er

of
p
oin

ts
req

u
ired

b
y
th
e
�
rst

m
eth

o
d
d
iv
id
ed

b
y
th
e

least
n
u
m
b
er

of
p
oin

ts
req

u
ired

b
y
th
e
secon

d
m
eth

o
d
so

th
at

b
oth

m
eth

o
d
s
m
a
in
ta
in

th
e

sam
e
level

of
accu

racy	
T
h
is
d
e�
n
ition

of
sp
eed

u
p
is
n
ew

	
W
e
stu

d
y
th
e
con

vergen
ce

an
d

th
e
error

of
a
m
eth

o
d
th
rou

gh
ou
t
a
sim

u
lation

	
W
e
feel

th
at

th
is

h
as

ad
van

tages
over

sp
eed

u
p
calcu

lation
s
b
ased

on
ly

on
error

valu
es

at
th
e
en
d
of

a
sim

u
lation

	
N
o
te

th
a
t
o
u
r

d
e
�
n
itio

n
o
f
speed

u
p
is

a
m
o
re

rig
o
ro
u
s
req

u
ire

m
e
n
t
th
a
n
o
n
ly

co
m
p
u
tin

g
th
e
co
n
�
d
e
n
ce

le
v
e
l
o
f
M
o
n
te

C
a
rlo

�

F
or

�
x
ed

accu
racy


ex
ten

sive
testin

g
h
as

sh
ow

n
th
at

d
i�
eren

t
tran

ch
es
req

u
ire

a
d
i�
eren

t

n
u
m
b
er

of
p
oin

ts	
W
e
em

p
h
asize

th
at

d
eterm

in
istic

m
eth

o
d
s
b
eat

M
on
te

C
arlo

for
every

tran
ch
e	

W
e
rep

ort
resu

lts
u
sin

g
th
e
resid

u
al
tran

ch
e
of

th
e
C
M
O
as

referen
ce

p
oin

t
sin

ce

it
is

th
e
m
ost

d
i�

cu
lt

to
p
rice	

T
h
e
resid

u
al

tran
ch
e
d
ep
en
d
s
on

all
th
e
���

m
on
th
ly

in
terest

rates	
If
th
is
tran

ch
e
can

b
e
p
riced

u
sin

g
a
certain

n
u
m
b
er
of
sam

p
les

w
ith

a
giv

en

accu
racy


th
e
sam

e
n
u
m
b
er

of
sam

p
les

w
ill

y
ield

at
least

th
e
sam

e
accu

racy
for

th
e
rest

of

th
e
tran

ch
es	

S
in
ce

p
ricin

g
m
o
d
els

for
com

p
licated

d
erivativ

es
are

su
b
ject

to
u
n
certain

ty

�
n
an
cial

h
ou
ses

are
often

con
ten

t
w
ith

relative
errors

of
on
e
p
art

in
a
h
u
n
d
red

	
F
u
rth

erm
ore


if

th
ey

w
ish

to
p
rice

a
b
o
ok

of
in
stru

m
en
ts

it
is
critical

to
u
se

a
sm

all
n
u
m
b
er

of
sam

p
les	

D
eterm

in
istic

m
eth

o
d
s
ach

ieve
a
relativ

e
error

of
on
e
p
art

in
a
h
u
n
d
red

u
sin

g
a
sm

all

n
u
m
b
er

of
p
oin

ts	
In

�
gu
res

�
an
d
�
w
e
see

th
at

���
gen

eralized
F
au
re

p
oin

ts

���

S
ob
ol

p
oin

ts

an
d
����

M
on
te
C
arlo

p
oin

ts
are

su
�
cien

t
for

a
relativ

e
error

eq
u
al
to

��
�
�	

T
h
u
s


a
very

sm
all

n
u
m
b
er

of
gen

eralized
F
au
re

p
oin

ts
y
ield

s
an

accu
rate

p
rice

��
tim

es
faster

th
an

M
on
te

C
arlo	

A
fu
rth

er
red

u
ction

of
th
e
error

b
y
a
factor

of
��

�eq
u
al

to
��

�
����

req
u
ires

ab
ou
t

�����
gen

eralized
F
au
re

p
oin

ts

w
h
ile

it
m
ay

req
u
ire

u
p
to

������
ran

d
om

p
oin

ts
an
d
th
e

sp
eed

u
p
is
u
p
to

��	
In

gen
eral


sam
p
les

u
sin

g
as

few
as

����
gen

eralized
F
au
re

p
oin

ts
can

p
rice

th
e
C
M
O

��
to

��
tim

es
faster

th
an

M
on
te

C
arlo	

W
e
d
iscu

ss
th
e
con

vergen
ce

rates	
F
or

n
gen

eralized
F
au
re

p
oin

ts

n
�
��

�

th
e
error

is

p
rop

o
rtion

al
to

n
�
�
�
�
�	

T
h
is
error

estim
ate

is
v
ery

con
servativ

e
sin

ce
freq

u
en
tly

a
m
u
ch

h
igh

er
con

vergen
ce

rate
is
attain

ed
	
T
h
is
is
v
ery

su
p
erior

to
th
e
n
�
�
�
�
ex
p
ected

M
on
te

�



C
arlo

error	

M
on
te

C
arlo

ex
h
ib
its

a
great

sen
sitiv

ity
on

th
e
seed

of
th
e
p
seu

d
o�ran

d
om

n
u
m
b
er

gen
erator	

U
n
less

w
e
are

d
ealin

g
w
ith

th
e
resu

lt
of
a
fairly

lon
g
sim

u
lation

w
e
can

n
ot

h
ave

m
u
ch

con
�
d
en
ce	

V
ery

lon
g
sim

u
lation

s

n
eed

ed
for

h
igh

accu
racy

in
th
e
M
on
te

C
arlo

estim
ate


y
ield

a
d
eterm

in
istic

m
eth

o
d
sp
eed

u
p
on

th
e
ord

er
of

����	

G
en
eralized

F
au
re

p
oin

ts
are

b
etter

th
an

S
ob
ol

p
oin

ts
in

th
e
sen

se
th
at

th
ey

u
su
ally

ach
ieve

th
e
sam

e
accu

racy
�
��

to
�
��

tim
es

faster	
A
n
oth

er
im

p
ortan

t
ad
van

tage
o
f
th
e

gen
eralized

F
au
re

p
oin

ts
is

th
at

th
ey

can
b
e
easily

p
ro
d
u
ced

for
v
ery

h
igh

d
im

en
sion

al

p
rob

lem
s	
It
is
m
u
ch

m
ore

com
p
licated

to
ob
tain

th
e
im

p
roved

S
ob
ol
p
oin

ts
th
at

w
e
h
ave

b
een

u
sin

g

in

v
ery

h
igh

d
im

en
sion

s	

W
e
su
m
m
arize

ou
r
con

clu
sion

s	
A
m
on
g
th
e
d
eterm

in
istic

m
eth

o
d
s
w
e
h
ave

tested


th
e

on
e
b
ased

on
gen

eralized
F
au
re

p
oin

ts
is
th
e
m
eth

o
d
of

ch
oice	

G
en
eralized

F
a
u
re

p
oin

ts

can
b
e
p
ro
d
u
ced

e�
cien

tly

at

a
cost

sim
ilar

to
th
at

req
u
ired

for
ran

d
om

p
oin

ts

a
n
d
a

sm
all

n
u
m
b
er

of
p
oin

ts
su
�
ces

to
p
rice

th
e
C
M
O
	
In

con
trast

to
som

e
oth

er
d
eterm

in
�

istic
seq

u
en
ces

gen
eralized

F
au
re

p
oin

ts
can

b
e
easily

p
ro
d
u
ced

in
very

h
igh

d
im

en
sion

s	

F
IN

D
E
R
con

tain
s
featu

res
th
at

fu
rth

er
im

p
rove

th
e
q
u
ality

of
th
e
ap
p
rox

im
ation

ob
tain

ed

b
y
th
e
gen

eralized
F
au
re
m
eth

o
d
w
ith

ou
t
an
y
ad
d
ition

al
com

p
u
tation

al
overh

ead
	
F
in
ally


p
relim

in
ary


b
u
t
very

en
cou

ragin
g
resu

lts

in
d
icate

th
at

gen
eralized

F
au
re

p
oin

ts
can

e�
�

cien
tly

p
rice

�
n
an
cial

d
erivatives

m
o
d
eled

in
m
ore

th
an

����
d
im

en
sion

s	

In
closin

g

w
e
in
d
icate

ou
r
p
lan

s
for

fu
tu
re

w
ork

	

���
M
ak
e
fu
rth

er
im

p
rovem

en
ts
in

F
IN

D
E
R
	

���
C
om

p
are

th
e
p
erform

an
ce

of
low

d
iscrep

an
cy

an
d
M
on
te

C
arlo

m
eth

o
d
s
on

o
th
er

�
n
an
cial

d
erivatives	

���
In
vestigate

th
e
of

low
d
iscrep

an
cy

m
eth

o
d
s
for

risk
m
an
agem

en
t	

���
D
esign

n
ew

low
d
iscrep

an
cy

m
eth

o
d
s
w
h
ich

are
esp

ecially
go
o
d
for

�
n
an
cial

com
�

p
u
tation

s	

R
e
f
e
r
e
n
c
e
s


IB
M
�
�
�
T
ru
el
P
	�
F
ro
m

I�B
�M

��
H
e
lp
in

In
trica

te
T
ra
d
in
g�
T
h
e
N
ew

Y
o
rk

T
im

es
S
e
p
t
e
m
b
e
r
�
�
��
�
�
�
	


P
T
�
�
�
P
a
sk
o
v
�
S
	H
	
a
n
d
T
ra
u
b
�
J
	F
	�
F
a
ste

r
V
a
lu
a
tio

n
o
f
F
in
a
n
c
ia
l
D
e
riv

a
tiv

e
s�
T
h
e
J
o
u
rn
a
l
o
f
P
o
rt�

fo
lio

M
a
n
a
g
em

en
t
F
a
ll
��
�
�
�
�
�
�
�
�
�
�
�
	


P
�
�
�
P
a
sk
o
v
�
S
	H
	�
N
e
w
M
e
th
o
d
o
lo
g
ie
s
fo
r
V
a
lu
in
g
D
e
riv

a
tiv

e
s�
in

�
M
a
th
em

a
tics

o
f
D
eriva

tiv
e
S
ecu

�
rities��

ed
ited

b
y
S
	
P
liska

a
n
d
M
	
D
em

p
ster�

Isa
a
c
N
ew

to
n
In
stitu

te�
C
a
m
b
rid

g
e
U
n
iv
ersity

P
ress�

C
a
m
b
rid

g
e�
U
K
�
�
�
�
�
�to

a
p
p
ea
r	


P
r�
�
�
P
ress�

W
	�
T
eu
k
o
lsk

y�
S
	�
W
etterlin

g
�
W
	
a
n
d
F
la
n
n
ery�

B
	�
�
N
u
m
erica

l
R
ecip

es
in

C
��

S
eco

n
d

E
d
itio

n
�
C
a
m
b
rid

g
e
U
n
iv
ersity

P
ress�

C
a
m
b
rid

g
e�
�
�
�
�
	


T
�
�
�
T
ezu

k
a
�
S
	�
�
U
n
ifo
rm

R
a
n
d
o
m

N
u
m
b
ers�

T
h
eo
ry

a
n
d
P
ra
ctice��

K
lu
w
er

A
ca
d
em

ic
P
u
b
lish

ers�
B
o
sto

n
�
�
�
�
�
	

�




T
W
�
�
�
T
ra
u
b
�
J
	F
	
a
n
d
W
o�zn

ia
k
o
w
sk
i�

H
	�

B
rea

k
in
g
In
tra

c
ta
b
ility

�
S
cien

ti�
c
A
m
erica

n
J
a
n
u
a
r
y

��
�
�
�
�
�
�
�
�
�
�
�
	

A
	
P
a
p
a
g
eo
rg
io
u
is
a
resea

rch
er

a
n
d
J
	F
	
T
ra
u
b
is
th
e
E
d
w
in

H
o
w
a
rd

A
rm

stro
n
g
P
ro
fesso

r
o
f
C
o
m
p
u
ter

S
cien

ce
a
t
C
o
lu
m
b
ia
U
n
iv
ersity	

�



0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1: 512 pseudo-random points
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Figure 2: 512 low discrepancy points
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Figure 3: Generalized Faure and Monte Carlo errors
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Figure 4: Generalized Faure and Sobol errors
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