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We have developed a quantitatively accurate pairwise additive five-dimensional �5D� potential
energy surface �PES� for H2 in C60 through fitting to the recently published infrared �IR�
spectroscopic measurements of this system for H2 in the vibrationally excited �=1 state. The PES
is based on the three-site H2–C pair potential introduced in this work, which in addition to the usual
Lennard-Jones �LJ� interaction sites on each H atom of H2 has the third LJ interaction site located
at the midpoint of the H–H bond. For the optimal values of the three adjustable parameters of the
potential model, the fully coupled quantum 5D calculations on this additive PES reproduce the six
translation-rotation �T-R� energy levels observed so far in the IR spectra of H2@C60 to within 0.6%.
This is due in large part to the greatly improved description of the angular anisotropy of the
H2-fullerene interaction afforded by the three-site H2–C pair potential. The same H2–C pair
potential spectroscopically optimized for H2@C60 was also used to construct the pairwise additive
5D PES of H2 ��=1� in C70. This PES, because of the lower symmetry of C70 �D5h� relative to that
of C60 �Ih�, exhibits pronounced anisotropy with respect to the direction of the translational motion
of H2 away from the cage center, unlike that of H2 in C60. As a result, the T-R energy level structure
of H2 in C70 from the quantum 5D calculations on the optimized PES, the quantum numbers
required for its assignment, and the degeneracy patterns which arise from the T-R coupling for
translationally excited H2 are all qualitatively different from those determined previously for
H2@C60 �M. Xu et al., J. Chem. Phys. 128, 011101 �2008�. © 2009 American Institute of Physics.
�DOI: 10.1063/1.3152574�

I. INTRODUCTION

The endohedral fullerenes H2@C60 �Refs. 1 and 2� and
�H2�n@C70 �n=1,2�,3 where one or two H2 molecules are
encapsulated inside the fullerene cages, have been synthe-
sized recently utilizing the “molecular surgery” approach.4

This has opened the way for the investigations of many fac-
ets of the fascinating dynamical behavior of the endohedral
H2 molecules. Nuclear magnetic resonance �NMR� spectros-
copy has been used to probe the dynamical properties of H2

in C60;
5–7 it has also revealed the positional exchange of two

H2 molecules trapped inside an open-cage C70.
8 Various

physical properties of H2 in C60, such as the quenching of
1O2 outside the cage,9 the spin-lattice relaxation rate,10 and
the interconversion of parahydrogen �p-H2� and orthohydro-
gen �o-H2�,11 have been studied as well in the last couple of
years.

Much of the interest in the endohedral H2-fullerene com-
plexes stems from the realization that they provide an unpar-
alleled opportunity to investigate the highly quantum dynam-
ics of coupled translational and rotational motions of the

guest hydrogen molecule�s� in nanoconfining geometries and
how it is influenced by the symmetry of the environment.
Confinement leads to the quantization of the three transla-
tional degrees of freedom of H2 in addition to the two al-
ready quantized rotational degrees of freedom. Due to the
small mass of H2, HD, D2, and their large rotational con-
stants, the translation-rotation �T-R� energy level structure is
rather sparse. For the homonuclear isotopomers H2 and D2 it
is made even sparser by the symmetry constraints on the
total wave function, as a result of which p- and o-H2 have
only even- and odd-j rotational states, respectively. Conse-
quently, the T-R dynamics is highly quantum mechanical,
especially at the very low temperatures at which many of the
spectroscopic measurements discussed below are performed.

In addition, the quantum T-R dynamics is strongly influ-
enced by the symmetry of the nanocage, which ultimately
determines the patterns of the T-R energy levels and the
translational quantum numbers appropriate for their assign-
ment, the splittings of the rotational excitations, and the
overall T-R coupling scheme. This was initially revealed by
our theoretical studies of the T-R energy level structure of H2

trapped inside the small12,13 and large cages14,15 of the struc-
ture II clathrate hydrates which, unlike the carbonaceous
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fullerenes, are formed by hydrogen-bonded water molecules.
Despite their very different chemical nature, the fullerene
and clathrate hydrate cages have comparable dimensions, if
different in shapes and symmetries, so that confining hydro-
gen molecules in their interiors give rise to the same basic
issues.

Therefore, it was only natural that subsequent to our
investigations of the hydrogen hydrates,12–15 and in the wake
of the synthesis of H2@C60 �Refs. 1 and 2� and the experi-
mental studies that followed,5–11 we would turn our attention
to the T-R dynamics of H2 encapsulated in C60. Our recent
quantum five-dimensional �5D� calculations of the T-R
eigenstates of H2@C60 �Ref. 16� �paper I�, later extended to
HD and D2 �Ref. 17� �paper II�, elucidated the salient fea-
tures of the endohedral quantum T-R dynamics inside C60,
which turned out to be quite elegant. It was shown in depth
in papers I and II that the T-R energy levels can be organized
and assigned in terms of the quantum numbers n, l, j, and �.
In brief, the principal quantum number n of the three-
dimensional �3D� isotropic harmonic oscillator �HO� �n
=0,1 ,2 , . . .�, together with the orbital angular momentum
quantum number l �l=n ,n−2, . . . ,1 or 0 for odd or even n,
respectively�, labels the translational excitations of the en-
dohedral H2, j is its rotational quantum number, and � is the
quantum number of the total angular momentum �= l+ j with
the values l+ j , l+ j−1, . . . , �l− j�, which arises from the cou-
pling of the translational and rotational degrees of freedom
of the trapped H2.

The calculations in papers I and II were performed on
the intermolecular 5D potential energy surfaces �PESs� con-
structed by summing over the pairwise interactions of each
atom of H2 with each atom of C60. The H–C pair interactions
were modeled with the standard Lennard-Jones �LJ� 12-6
potential. This approach has been widely used to describe the
interaction of H2 with various form of carbon, e.g., single-
walled carbon nanotubes �SWCNTs�18–20 and graphite.21 It is
motivated by the fact that the H2-nanocarbon interactions are
primarily dispersive, and calculating a reliable endohedral
5D PES at a high level of ab initio electronic structure theory
would be extremely time consuming. Unfortunately, the
H2-carbon potentials have not been characterized accurately
in large part due to the scarcity of experimental data sensitive
to them. Consequently, a range of H–C LJ parameters is
available in the literature,18,19 which give rise to PESs differ-
ing substantially in well depths and other important aspects.
This is illustrated by Figs. 1�b� and 1�c�, which show the
one-dimensional �1D� cuts through two PESs of H2 in C60,
utilized in papers I and II and denoted there as PES 1 and
PES 2, respectively. These two PESs, generated using the LJ
parameters taken from Ref. 19 and given in Table I, have
very different well depths, shapes, and other properties
which influence the T-R dynamics of the trapped H2. Never-
theless, as pointed out in papers I and II, the quantum T-R
dynamics of H2 /HD /D2 in C60 on both PESs exhibit the
same key features, showing that these are independent of the
details of the interaction potentials, and thus robust and ge-
neric.

Still, the T-R energy levels computed on PES 1 and PES
2 with the same quantum numbers generally have very dif-

ferent excitation energies.17 Which are closer to reality? We
were not in a position to say with any confidence which of
the two PESs provides a more accurate description of the
interaction between H2 and the interior of C60. This would
require comparison with spectroscopically measured T-R ex-
citations, but none were available at the time when papers I
and II were published. The situation changed recently with
the publication of the infrared �IR� spectroscopic study of
H2@C60.

22 The low-temperature IR spectra show six peaks
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FIG. 1. 1D cuts through the three 5D interaction potentials of H2 inside C60

employed in this work along a C2 axis of C60 for H2 perpendicular �full line�
and parallel �dashed line� to the axis: �a� the optimized PES, �b� PES 1, and
�c� PES 2.

TABLE I. Parameters specifying the PESs used in this work. � �in cm−1� and
� �in angstrom� are the LJ parameters and w, defined in the text, is dimen-
sionless. For the optimized PES, �, �, and w are for H2 in the vibrationally
excited �=1 state obtained in this work by fitting to the IR spectroscopic
measurements for H2@C60 �Ref. 22�. The LJ parameters for PES 1 and PES
2 are from Refs. 17 and 19. For additional explanation, see the text.

Parameter Optimized PES PES 1 PES 2

��H–C� 2.99 18.0 19.2
��H–C� 2.95 2.78 3.08
w 7.5 ¯ ¯
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which were assigned to the translational and rotational exci-
tations of the endohedral H2 molecule in the vibrationally
excited �=1 state. The pattern of coupling between the trans-
lational and rotational modes inferred from the IR spectra22

conformed to the theoretical predictions in papers I and II,
validating the overall physical picture of the T-R dynamics of
H2 encapsulated in C60 which emerged from our work.

However, the energy of the translational fundamental
calculated on PES 1 was lower, and that computed on PES 2
was higher than the experimental value. In addition, the split-
tings among the three n=1, j=1 energy levels of o-H2 cor-
responding to �=1, 2, and 0, respectively �in the order of
increasing energies�, calculated on both PESs, which are a
measure of the T-R coupling, were larger than those observed
in the IR spectra. This indicated that the T-R energy level
structure computed on PES 1 and PES 2, although qualita-
tively correct in all essential aspects, is not quantitatively
accurate. But now the IR spectra presented for the first time
the opportunity to optimize the LJ parameters for the H–C
pair potential on the basis of the set of experimental data
which are highly sensitive to the interaction of H2 with the
C60 cage.

This paper consists of two interrelated parts. In the first
part, we present the results of the optimization of the LJ
parameters for the H–C interaction performed by varying
their values until a very good match has been achieved be-
tween the T-R levels from the quantum 5D calculations of H2

in C60 and those observed in the IR spectra of H2@C60.
22

The quantitative differences between our initial results com-
puted on PES 1 and PES 2 in papers I and II and the IR
spectroscopic data led Mamone et al.22 to conclude that “it
seems that the theory using a pairwise C–H potential is not
accurate enough to describe the dynamics of H2@C60.” The
results discussed in this paper show otherwise; when the op-
timized LJ parameters are used for the six T-R energy levels
observed in the IR spectra, the results obtained on the pair-
wise additive 5D PES of H2 in C60 agree with the experi-
mental values to better than 0.6%. But, such a high accuracy
is achieved only after the introduction of the third LJ inter-
action site at the midpoint of the H–H bond in addition to the
usual ones located on each H atom of H2. We refer to this
H2–C two-body interaction as the three-site H2–C pair po-
tential. The excellent agreement with the experiment gives us
reasons for confidence in the quantitative accuracy of the
overall T-R energy level structure calculated on the opti-
mized PES and its utility in the interpretation and assignment
of the forthcoming more extensive higher-temperature IR
spectroscopic data for H2@C60.

22

In the second part of this paper, we report the results of
the first quantum 5D calculations of the T-R eigenstates of
H2 in C70 on the pairwise additive PES constructed using the
three-site H2–C pair potential developed for H2@C60 above.
The quantum dynamics of H2@C70 has not been previously
investigated with any degree of rigor, either theoretically or
experimentally. The symmetry of C70 �D5h� is appreciably
lower than that of C60 �Ih�. Consequently, the profile of the
interaction potential for the endohedral H2 along the long
axis of C70, which coincides with the C5 axis of rotation, is
very different in both shape and spatial extent from the po-

tential profiles along the two equivalent short axes of C70

perpendicular to the C5 axis. The pronounced anisotropy of
the endohedral PES with respect to the direction of the trans-
lational motion of the center of mass �cm� of H2 inside C70

stands in sharp contrast to the very weak radial anisotropy of
the interaction potential of H2 in C60.

16,17 The calculations
presented in this paper show that the anisotropy of the C70

cage leads to the T-R energy level structure and quantum
numbers for the assignment of the translational excitations
which differ completely, not just quantitatively but also
qualitatively, from those determined for H2 inside C60 in pa-
pers I and II. These calculations for H2@C70 have a second
objective, to enable the testing of the transferability of the
three-site H2–C pair potential optimized for H2 in C60 to a
different although related system, through comparison of the
calculated T-R excitations with the experimental data from
the IR spectroscopy, and possibly inelastic neutron scattering
studies, of H2 in C70, which we hope will emerge soon.

II. THEORY

A. Calculations of the coupled translation-rotation
eigenstates

The description of the theoretical approach employed in
this work is available in paper I. This methodology was de-
veloped by us earlier for the purpose of calculating the T-R
eigenstates of H2 and isotopomers inside the cages of the
clathrate hydrates.12,13 The fullerenes, C60 and C70, are
treated as rigid, and their geometries used in our calculations
have been determined experimentally from the gas-phase
electron diffraction study of C60 �Ref. 23� and the neutron
diffraction measurements of solid C70.

24 The bond length of
the endohedral molecule is also held fixed. The set of five
coordinates �x ,y ,z ,� ,�� is employed; x, y, and z are the
Cartesian coordinates of the cm of H2, while the two polar
angles � and � specify its orientation. The coordinate system
is aligned with the three principal axes of the fullerene, and
its origin is at the cm of the cage. The three rotational con-
stants of C60, a spherical top, are equal to 2.803
�10−3 cm−1, while C70 is a prolate symmetric top with one
rotational constant of 2.261�10−3 cm−1 and the other two
equal to 1.947�10−3 cm−1. These very small rotational con-
stants justify treating the fullerenes as nonrotating. In this
case, the 5D Hamiltonian for the T-R motions of the caged
diatomic molecule is

H = −
�2

2	
� �2

�x2 +
�2

�y2 +
�2

�z2� + Bj2 + V�x,y,z,�,�� . �1�

In Eq. �1�, 	 is the reduced mass of H2 in C60 �2.0104 amu�
or C70 �2.0112 amu� and j2 is the angular momentum opera-
tor of the diatomic. The mass of H2 �2.0160 amu� could have
been used instead of 	, since the difference between them is
negligible for our purposes. B denotes the rotational constant
of the endohedral molecule and will be discussed shortly.
V�x ,y ,z ,� ,�� in Eq. �1� is the 5D PES described below. The
energy levels and wave functions of the Hamiltonian in Eq.
�1� are obtained utilizing the efficient computational method-
ology developed in our group.12,25 The final Hamiltonian ma-
trix, its size drastically reduced by the sequential diagonal-
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ization and truncation procedure,26 is diagonalized yielding
the T-R eigenstates which are numerically exact for the 5D
PES employed.

In the calculations reported here, in the case of H2@C60

the dimension of the sine-discrete variable representation
�DVR� basis was 15 for each of the three Cartesian coordi-
nates x, y, and z, and it spanned the range of −2.835 bohr

�
2.835 bohr ��=x ,y ,z�. The angular basis included
functions up to jmax=7. The energy cutoff parameter for the
intermediate 3D eigenvector basis25 was set to 4000 cm−1,
resulting in the final 5D Hamiltonian matrix of dimension
29 333. For H2@C70, the dimension of the sine-DVR basis
was 15 in x and y coordinates and 20 for the z coordinate. Its
ranges were −2.835 bohr
�
2.835 bohr ��=x ,y,� and
−3.779 bohr
z
3.779 bohr. The angular basis also in-
cluded functions up to jmax=7. With the energy cutoff param-
eter for the intermediate 3D eigenvector basis set to
3000 cm−1, the dimension of the final 5D Hamiltonian ma-
trix was 37 763.

B. Optimization of the 5D endohedral PES by fitting
to the IR spectroscopy measurements for H2@C60:
Introducing the three-site H2–C pair potential

The 5D interaction potential VH2-fullerene between the con-
fined H2 molecule and N carbon atoms of the fullerene �N
=60 or 70 in this work�, assumed to be pairwise additive, is
written as

VH2-fullerene�q� = �
k=1

N

VH2–C�q,�k� , �2�

where q are the coordinates �x ,y ,z ,� ,�� of the endohedral
H2 molecule defined above, VH2–C is the pair interaction
specified below between H2 and a carbon atom of the
fullerene, and the index k runs over all fullerene C atoms,
whose coordinates �k are fixed.

In papers I and II, and to the best of our knowledge all
other studies involving H2 and various nanostructured carbon
materials, the two-body potential VH2–C in Eq. �2� is written
as the sum of two H–C pair interactions each described by

the standard LJ 12-6 potential �unless H2 is treated as a
spherical particle having a single LJ H–C interaction27�,

VLJ�r� = 4�HC	��HC

r
�12

− ��HC

r
�6
 , �3�

where �HC is the well depth of the potential and �HC is re-
lated to its equilibrium distance re, as re=21/6�HC. We denote
this H2–C potential as the two-site pair potential VH2–C,2s,

VH2−C,2s�q,�k� = VLJ�r1� + VLJ�r2� , �4�

where r1 and r2 are the distances of the two H atoms of H2

from the kth C atom of the fullerene. PES 1 and PES 2
employed in papers I and II, which are of the form given in
Eq. �2�, are constructed from such two-site H2–C pair poten-
tials whose LJ parameters are given in Table I.

The pairwise additive PES of H2 in C60 generated by
summing over the two-site H2–C pair interactions in Eq. �4�
contains two adjustable LJ parameters, �HC and �HC in Eq.
�3�, which in principle can be optimized by minimizing the
differences between the calculated and observed T-R energy
levels. Table II shows the comparison between the six T-R
energy levels observed in the IR spectra of H2@C60 �Ref.
22� and those from the quantum 5D calculation on PES 1 and
PES 2. The IR spectra correspond to H2 in the �=1 vibra-
tionally excited state. Therefore, in our calculations, the ef-
fective rotational constant of H2 appropriate for the �=1
state, B1=54.83 cm−1, was employed. This value for B1 was
obtained using the experimentally determined22 Be

=59.3 cm−1 and �a=2.98 cm−1, as B1=Be−1.5�e. The T-R
levels in Table II are assigned with the quantum numbers n , j
and � introduced in papers I and II and recapitulated in
Sec. I.

A glance at Table II reveals a serious problem with the
idea of optimizing the LJ parameters of the two-site H2–C
pair interaction by comparison with the experiment. As men-
tioned already in Sec. I, the translational fundamental �n
=1, j=0, �=1� computed on PES 1, 157.5 cm−1, is lower
and that on PES 2, 331.1 cm−1, is higher in energy than the
experimental value of 183.6 cm−1. At the same time, the
splittings among the three n=1, j=1 energy levels of o-H2

with �=1, 2, and 0, respectively, calculated on both PESs,

TABLE II. Comparison of the T-R energy levels �in cm−1� of p-H2 and o-H2 �in the �=1 excited state� inside C60 from the IR spectroscopy �Ref. 22� and
quantum 5D calculations on the optimized PES and the empirical PES 1 and PES 2. The parameters specifying the three PESs are listed in Table I. The T-R
quantum numbers n, j, and � are defined in the text. For p-H2, the computed energies are relative to the T-R ground-state energy on the respective PES, and
for the optimized PES they are given in Table III. For o-H2, the calculated energies are relative to the lowest state �0,1,1� of o-H2; on the optimized PES, the
energies shown are obtained as the difference between the energy levels �n , j ,�� given in Table IV and the lowest state �0,1,1� at 109.63 cm−1, also in Table
IV. The numbers in brackets are the difference between the energy level next to it and the level above in the same column.

n j � Experiment Optimized PES PES 1 PES 2

p-H2

1 0 1 183.6 183.5 157.5 331.1
1 2 1 520.1 �336.5� 518.2 �334.8� 503.4 �345.9� 697.2 �366.1�

o-H2

1 1 1 179.1 178.1 141.9 307.6
1 1 2 185.3 �6.2� 184.6 �6.5� 161.1 �19.1� 337.7 �30.1�
1 1 0 195.6 �10.3� 194.9 �10.3� 195.6 �34.5� 393.0 �55.3�
1 3 2 737.1 737.2
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are significantly larger than those observed in the IR spectra.
This strongly suggests that it is not possible to find a set of
LJ parameters for the two-site H2–C pair which will result in
a good fit to both the translational fundamental and the split-
tings of the � sublevels. We varied the LJ parameters fairly
extensively, and although it was not difficult to find values
for which the calculations reproduced the measured transla-
tional fundamental, the computed splittings of the � sublev-
els were always much larger than the measured values.

These findings raised the following questions: Does this
failure signal that a quantitatively accurate PES for H2 in C60

cannot be constructed in the pairwise additive fashion �Eq.
�2�� by summing over the two-body H2–C interactions? Or
does the main fault lie with the standard two-site H2–C pair
potential VH2–C,2s in Eq. �4�? If the former is true, the only
option left would be a high-level ab initio electronic struc-
ture calculation of the 5D PES and testing its accuracy by
comparison of calculated and measured T-R excitations.
Moreover, this would preclude the possibility of determining
transferable and reliable H2–C pair potentials applicable to a
variety of H2-nanocarbon systems. Therefore, we decided to
explore whether a more flexible but still simple form of the
H2–C pair interaction can be found which would lead to an
accurate pairwise additive PES.

The splittings among the � sublevels, such as the three
n=1, j=1 energy levels of o-H2 with �=1, 2, and 0 shown

in Table II, reflect the strength of the T-R coupling. The fact
that the calculated � splittings are invariably greater than the
experimental ones implies that PES 1, PES 2, and other pair-
wise additive PESs generated using the two-site H2–C pair
potential VH2–C,2s in Eq. �4� exhibit too large an anisotropy
with respect to the angular orientation of H2 in the cage. In
the hindsight, it is not difficult to see why this is the case.
The two-site H2–C pair interaction effectively depicts H2 as
a dumbbell, which corresponds to the electron density being
sharply localized on the H atoms with none in the region
between the nuclei. In reality, the electron density in H2 is
distributed much more evenly with a significant accumula-
tion in the internuclear region. Therefore the actual angular
anisotropy of the interaction potential of H2 with the interior
of C60 is expected to be much smaller than that described by
the two-site model of the H2–C pair interaction.

The remedy for the deficiency of the standard two-site
H2–C pair potential which suggests itself naturally is to in-
troduce the third LJ interaction site at the midpoint of the
H–H bond. We will refer to this model as the three-site
H2–C pair potential. In order to keep the number of adjust-
able parameters to a minimum while making the model more
flexible, we decided �a� that the LJ potentials involving all
three sites on the H2 molecule would have the same values of
�HC and �HC and �b� to multiply the LJ potential originating
at the midpoint of H2 by a weight factor w. The latter allows

TABLE III. T-R energy levels of p-H2 ��=1� inside C60 �in cm−1� from the quantum 5D calculations on the
optimized PES. The excitation energies E are relative to the T-R ground-state energy E0=−1257.16 cm−1 and
g denotes the degeneracy of the levels. �R� �in atomic unit� is the mean value of the distance between the cms
of H2 and C60. The T-R levels are assigned the quantum numbers n, j, and � defined in the text; c�j� is the
contribution of the dominant H2 rotational basis function having the quantum number j to a T-R eigenstate. The
values of l shown in the last column are those consistent with the given n. The pairs of closely spaced levels
with ��3, whose energies are in italics, arise from the splitting of the 2�+1 level degeneracy by the crystal
field of Ih symmetry of C60.

i E g �R� n j � c�j� l

0 0.00 1 0.70 0 0 0 0.999 0
1 183.47 3 0.87 1 0 1 0.999 1
2 328.63 5 0.70 0 2 2 0.993 0
3 382.87 5 0.99 2 0 2 0.991 2
4 409.38 1 0.96 2 0 0 0.997 0
5 507.01 5 0.87 1 2 2 0.999 1
6 513.40 4 0.87 1 2 3 0.991 1
7 513.50 3 0.87 1 2 3 0.991 1
8 518.22 3 0.86 1 2 1 0.996 1
9 596.09 4 1.09 3 0 3 0.988 3

10 596.92 3 1.09 3 0 3 0.987 3
11 638.21 3 1.05 3 0 1 0.992 1
12 705.06 3 1.00 2 2 3 0.999 2
13 705.32 4 0.99 2 2 3 0.999 2
14 707.14 5 0.99 2 2 2 0.999 0,2
15 713.67 4 0.99 2 2 4 0.989 2
16 713.96 5 0.99 2 2 4 0.988 2
17 717.78 3 0.99 2 2 1 0.999 2
18 724.07 1 0.98 2 2 0 0.993 2
19 741.23 5 0.96 2 2 2 0.994 0,2
20 822.69 4 1.17 4 0 4 0.985 4
21 823.60 5 1.17 4 0 4 0.985 4
22 879.05 5 1.13 4 0 2 0.986 2
23 902.81 1 1.11 4 0 0 0.987 0

224306-5 Coupled translation-rotation eigenstates J. Chem. Phys. 130, 224306 �2009�

Downloaded 22 Jun 2009 to 128.59.134.33. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



us to effectively change the “shape” of H2 seen by the C60

interior, and thereby the angular anisotropy of the interaction
potential between the two entities. The three-site H2–C pair
potential, denoted as VH2–C,3s, can be written as

VH2–C,3s�q,�k� = VLJ�r1� + VLJ�r2� + wVLJ�rm� , �5�

where r1 and r2 have the same meaning as in Eq. �4�, rm is
the distance between the midpoint of the H–H bond and the
kth C atom of the fullerene, and VLJ is given by Eq. �3�. In
terms of this new two-body H2–C potential, the pairwise
additive 5D PES VH2-fullerene is expressed as

VH2-fullerene�q� = �
k=1

N

VH2–C,3s�q,�k� , �6�

where, as in Eq. �2�, q and �k are the coordinates of H2 and
the kth C atom of the fullerene, respectively, and N is the
number of carbon atoms.

The 5D PES given by Eq. �6� has three adjustable pa-
rameters: �HC, �HC, and the weight w. We searched this 3D
parameter space rather carefully and the set of parameters
which gave the best match between the calculated and ob-
served T-R energy levels of H2 ��=1� in C60 is listed in Table
I. The PES defined by these three parameters will be referred
to simply as the optimized PES. The effective rotational con-
stant of H2, B1=54.83 cm−1 was used again. It is evident
from Table II that for these parameters, the optimized PES of
Eq. �6� reproduces all six T-R energy levels observed in the
IR spectra of H2@C60 to within 1–2 cm−1 �0.6%� or better.
Thus, with the pairwise additive 5D PES based on the three-

site H2–C pair potential VH2–C,3s in Eq. �5� it is possible to
achieve an excellent simultaneous fit to the translational fun-
damental and the splittings of the � sublevels, which could
not be done when the two-site H2–C pair interaction VH2–C,2s

in Eq. �4� is employed. Evidently, the introduction of the
third LJ site at the midpoint of the H–H bond has accom-
plished precisely what we hoped for and corrected the defi-
ciency of the two-site H2–C potential model.

Figure 1�a� displays two 1D cuts along a C2 axis of C60

through the optimized 5D PES of H2 inside C60 generated
using the three-site H2–C pair potential and the parameters
in Table I for H2 perpendicular and parallel to the axis, re-
spectively. Analogous 1D cuts through PES 1 and PES 2 are
shown in Figs. 1�b� and 1�c�. For each PES, the difference
between the “perpendicular” and “parallel” potential profiles
reflects the angular anisotropy of the interaction. It is clear
that the optimal PES, which provides a superior fit to all
available IR spectroscopic data for H2@C60, has a much
smaller angular anisotropy than PES 1 and PES 2. Such a
small angular anisotropy essential for reproducing the mea-
sured splittings of the � sublevels could not be obtained us-
ing the two-site H2–C pair potential �without sacrificing a
good fit to some other T-R levels�, the building block of PES
1 and PES 2.

We point out that the set of optimal parameters �HC, �HC,
and w given in Table I for the three-site H2–C pair potential
should not be considered as completely unique. What we
know is that this particular parameter set defines a 5D PES
which reproduces fully and with high accuracy the recent
spectroscopic measurements, not necessarily the PES. Sev-

TABLE IV. T-R energy levels of o-H2 ��=1� inside C60 �in cm−1� from the quantum 5D calculations on the
optimized PES. The excitation energies E are relative to the T-R ground-state energy of p-H2 ��=1�, E0

=−1257.16 cm−1. Other symbols have the same meaning as in Table III.

i E g �R� n j � c�j� l

1 109.63 3 0.70 0 1 1 0.999 0
2 287.72 3 0.87 1 1 1 0.999 1
3 294.23 5 0.87 1 1 2 0.999 1
4 304.55 1 0.86 1 1 0 0.999 1
5 484.48 5 1.00 2 1 2 0.999 2
6 494.07 4 0.99 2 1 3 0.998 2
7 494.58 3 0.99 2 1 3 0.998 2
8 496.10 3 0.98 2 1 1 0.999 0,2
9 524.21 3 0.95 2 1 1 0.999 0,2

10 658.16 4 0.70 0 3 3 0.999 0
11 658.18 3 0.70 0 3 3 0.999 0
12 694.87 3 1.10 3 1 3 0.999 3
13 695.58 4 1.10 3 1 3 0.999 3
14 707.92 4 1.09 3 1 4 0.995 3
15 708.56 5 1.09 3 1 4 0.995 3
16 710.38 5 1.08 3 1 2 0.999 1,3
17 737.80 3 1.05 3 1 1 0.999 1
18 754.49 5 1.04 3 1 2 0.993 1,3
19 770.39 1 1.03 3 1 0 0.998 1
20 836.04 3 0.87 1 3 3 0.999 1
21 836.08 4 0.87 1 3 3 0.999 1
22 844.04 4 0.86 1 3 4 0.996 1
23 844.19 5 0.86 1 3 4 0.995 1
24 846.87 5 0.86 1 3 2 0.994 1

224306-6 Xu et al. J. Chem. Phys. 130, 224306 �2009�

Downloaded 22 Jun 2009 to 128.59.134.33. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



eral other triplets of these parameters have been identified
which yield almost as good an agreement with the published
experimental results. Further differentiation between such
multiple parameter sets requires additional spectroscopic
data for comparison with the calculations.

III. RESULTS AND DISCUSSION

A. The T-R energy levels of H2@C60 calculated
on the optimized 5D PES

The T-R energy levels from the quantum 5D calculations
on the optimized PES are shown for p-H2@C60 in Table III
and for o-H2@C60 in Table IV up to about 900 cm−1 above
the ground state of the encapsulated p-H2. In both instances
H2 is in the �=1 state. The quantum numbers and other
quantities which appear in the two tables were defined ear-
lier, and in more detail in papers I and II. Since the global
minimum of the PES is at −1498.71 cm−1 and the T-R
ground-state energy E0 is equal to −1257.16 cm−1 for p-H2,
the zero-point energy �ZPE� of the T-R motions is
241.55 cm−1.

The T-R energy level structure computed on the opti-
mized PES, while much more accurate quantitatively than
those obtained on PES 1 and PES 2, shares with them all of
the key features identified in papers I and II: �i� the orbital
angular momentum l of the cm of H2 and the rotational an-
gular momentum j of H2 couple to give the total angular
momentum �= l+ j, which ranges from l+ j to �l− j� in steps
of one; �ii� the integer values of l are those allowed for the
quantum number n of the 3D isotropic HO �l=n ,n
−2, . . . ,1 or 0 for odd or even n, respectively�; �iii� the T-R
states having the same quantum numbers n and j are split
into as many distinct levels as there are different values of �,
each with the degeneracy 2�+1; �iv� the translationally ex-
cited states are not harmonic since their energies depend not
only on n but also on l; �v� j is a good quantum number for
all T-R states of H2 considered; �vi� the T-R levels with �
=3 and 4 appear as closely spaced pairs of levels with the
degeneracies 3 and 4 for �=3 and 4 and 5 for �=4, a mani-
festation of the “crystal field” splitting by the icosahedral Ih

environment of C60.
The T-R levels in Tables III and IV will be helpful to the

experimentalists in the interpretation and assignment of the
IR spectra of H2 in C60 recorded at higher temperatures,
which should be available in the near future.22 A larger num-
ber of T-R transitions present in the higher-T spectra will
provide an additional stringent test of the optimized PES and
the underlying three-site model of the H2–C pair interaction.

B. The optimized 5D PES for H2 in C70

The three-site H2–C pair potential in Eq. �5� with the
optimized parameters �HC, �HC, and w given in Table I was
used to construct the pairwise additive 5D PES �Eq. �6�� for
H2 ��=1� in C70. Although these potential parameters have
been optimized for H2@C60, we believe that the PES they
generate for H2 inside C70 is significantly more accurate than
a PES that would be obtained using any of the LJ parameters
in the literature. The 1D profiles of the 5D PES of H2@C70

in the direction of the long �z� molecular axis along the C5

axis of rotation and the two equivalent short �x and y� axes
aligned with the two principal axes of C70 perpendicular to
the z axis are shown in Fig. 2. For each of the axes, three 1D
cuts are displayed, one for H2 parallel to the axis in question
and two for H2 oriented along the other two axes, in order to
reveal the angular anisotropy of the PES. The potential cuts
along x and y axes shown in Figs. 2�b� and 2�c� are similar to
that for H2@C60 in Fig. 1�a�. But the 1D potential profile
along the z axis shown in Fig. 2�a� is qualitatively different;
it is highly anharmonic and almost flat over an extended
central region of C70 with two symmetrically equivalent shal-
low minima, and it gives the H2 molecule considerably more
room to move than is possible in the x and y directions for a
given excitation energy. Thus, the 5D PES of H2 in C70

shows a pronounced anisotropy with respect to the direction,
z versus x and y, in which the cm of H2 moves away from the
center of the cage in contrast to the PES of H2@C60 whose
directional or radial anisotropy is very weak.
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FIG. 2. 1D cuts through the optimized 5D PES of H2 inside C70 employed
in this work: �a� along the long �z� axis of C70 for H2 parallel to the axis �full
line� and parallel to the two short �x ,y� axes �dashed line�; �b� along the x
axis for H2 parallel to the axis �full line� and parallel to the y axis �dashed
line� and the z axis �dashed-dot line�; �c� along the y axis for H2 parallel to
the axis �full line� and parallel to the z axis �dashed line� and the x axis
�dashed-dot line�.
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C. The T-R dynamics of H2@C70 on the optimized 5D
PES: Energy level structure and quantum number
assignment

The T-R energy levels from the quantum 5D calculations
on the optimized PES described above are shown for
p-H2@C70 in Table V and for o-H2@C70 in Tables VI–VIII
together with their degeneracies. Since the parameters of the
three-site H2–C pair interaction in Table I are based on the
IR spectra of H2 ��=1�, for consistency the effective rota-
tional constant B1=54.83 cm−1 was used in the calculations.
This rotational constant was determined experimentally for
H2 ��=1� in C60.

22 Nevertheless, it is certainly more appro-
priate for H2 ��=1� inside C70 than the gas-phase value for
H2 in the �=1 state, 56.26 cm−1. Therefore, the T-R energy
levels given in Tables V–VIII pertain to H2 ��=1�. For each
state, the root-mean-square �rms� amplitudes x, y, and z

are shown, which measure the wave function delocalization
along the respective Cartesian coordinates and are helpful in
making the quantum number assignments. Also given for
each T-R eigenstate is the contribution c�j� of the dominant
rotational basis function j, determined as described in papers
I and II. Since the values of c�j� are generally greater than
0.9, j is a good quantum number for all the T-R states inves-
tigated. The global minimum of the PES lies at
−1337.95 cm−1 and the T-R ground-state energy E0 is
−1192.21 cm−1. Therefore the ZPE associated with the T-R
modes is 145.74 cm−1, considerably less than the ZPE of
241.55 cm−1 calculated for H2@C60.

1. Translational excitations

Even a cursory comparison of the T-R energy level struc-
ture of H2@C70 �e.g., Table V�, the degeneracy pattern, in

TABLE V. T-R energy levels of p-H2 ��=1� inside C70 �in cm−1� from the quantum 5D calculations on the
optimized PES. The excitation energies E are relative to the T-R ground-state energy E0=−1192.21 cm−1 and
g denotes the degeneracy of the levels. Also shown are the rms amplitudes x, y, and z �in bohr�. The
translational quantum numbers �v , �l� ,vz� are defined in the text; j is the quantum number of the dominant H2

rotational basis function and c�j� is its contribution.

i E g x y z �v , �l� ,vz� j c�j�

0 0.00 1 0.46 0.46 0.74 �0,0,0� 0 0.999
1 54.15 1 0.44 0.44 1.14 �0,0,1� 0 0.999
2 131.87 1 0.43 0.43 1.30 �0,0,2� 0 0.999
3 138.74 2 0.60 0.65 0.67 �1,1,0� 0 0.998
4 205.63 2 0.57 0.63 1.06 �1,1,1� 0 0.998
5 224.93 1 0.43 0.43 1.42 �0,0,3� 0 0.999
6 292.11 2 0.56 0.61 1.24 �1,1,2� 0 0.997
7 293.45 2 0.72 0.72 0.62 �2,2,0� 0 0.986
8 314.27 1 0.68 0.68 0.63 �2,0,0� 0 0.892
9 327.06 1 0.49 0.49 0.74 (0,0,0) 2 0.879

10 327.24 2 0.46 0.46 0.74 (0,0,0) 2 0.999
11 331.30 1 0.43 0.43 1.50 �0,0,4� 0 0.982
12 333.06 2 0.46 0.46 0.74 (0,0,0) 2 0.989
13 370.53 2 0.69 0.69 1.01 �2,2,1� 0 0.928
14 379.84 1 0.47 0.47 1.12 (0,0,1) 2 0.938
15 381.93 2 0.44 0.44 1.13 (0,0,1) 2 0.998
16 386.93 2 0.46 0.46 1.14 (0,0,1) 2 0.932
17 392.83 2 0.59 0.57 1.38 �1,1,3� 0 0.993
18 394.25 1 0.66 0.66 1.01 �2,0,1� 0 0.933

TABLE VI. T-R energy levels of o-H2 ��=1� inside C70 �in cm−1� with zero quantum in the 2D translational
�xy� mode perpendicular to the long �z� axis of C70 from the quantum 5D calculations on the optimized PES.
The excitation energies E are relative to the T-R ground-state energy E0=−1192.21 cm−1. Other symbols have
the same meaning as in Table V.

i E g x y z �v , �l� ,vz� j c�j�

1 104.77 1 0.47 0.47 0.73 (0,0,0) 1 0.999
2 112.14 2 0.46 0.46 0.74 (0,0,0) 1 0.999
3 160.05 1 0.45 0.45 1.13 (0,0,1) 1 0.999
4 165.63 2 0.44 0.44 1.14 (0,0,1) 1 0.999
5 238.88 1 0.44 0.44 1.29 (0,0,2) 1 0.999
6 242.70 2 0.43 0.43 1.30 (0,0,2) 1 0.999
7 333.23 1 0.44 0.44 1.41 (0,0,3) 1 0.999
8 335.06 2 0.43 0.43 1.42 (0,0,3) 1 0.999
9 440.64 2 0.43 0.43 1.52 (0,0,4) 1 0.999

10 440.96 1 0.43 0.43 1.50 (0,0,4) 1 0.999
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particular with that of H2 in C60 �e.g., Table III�, leads to the
conclusion that the two are qualitatively different. Conse-
quently, the quantum numbers of the 3D isotropic HO and
the entire T-R coupling scheme used for H2 in C60 do not
apply to H2 confined inside C70. The clue to the quantum
number assignment scheme appropriate for H2@C70 is pro-
vided by Figs. 3–7, which for the translationally excited �j
=0� T-R eigenstates in Table V show the 3D reduced prob-
ability density �RPD� �i�x ,y ,z� in the translational �Carte-
sian� coordinates12

�i�x,y,z� = �i
��x,y,z,�,���i�x,y,z,�,��sin �d�d� , �7�

where �i�x ,y ,z ,� ,�� is the ith T-R eigenfunction of the en-
capsulated p-H2 or o-H2.

The RPDs in Fig. 3 reveal a well defined quasi-1D trans-
lational mode along the z axis. The strikingly regular nodal
pattern of the z-mode excitations suggests their weak cou-
pling to the excitations in the xy plane. It also allows a
straightforward assignment of the z-mode excitations in
terms of the Cartesian quantum number vz by counting the
number of nodal planes perpendicular to the z axis. As for
the translational excitations in the xy plane, Figs. 4 and 5,
especially the latter, show unambiguously that for the pur-
pose of assignment they can be viewed together as a two-
dimensional �2D� isotropic HO. Its quantum numbers are
�v , l�, where v denotes the number of quanta and l is the
vibrational angular momentum along the z axis; for a given

v, l can take v+1 values, −v ,−v+2, . . . ,v−4,v−2,v.28 The
values of l, actually the absolute values �l�, are determined by
counting the number of angular nodes in the wave function
perpendicular to the xy plane. Hence the complete transla-
tional quantum number assignment of a T-R level is
�v , �l� ,vz�. When �l��0, the level is doubly degenerate. Fig-
ures 6 and 7, which display the RPDs of the states �2, �l� ,1�
��l�=2,0� and �1,1,3�, respectively, demonstrate the applica-
bility of these translational quantum numbers to the T-R
states where both the z mode and the 2D xy mode are ex-
cited, as well as the exceptional regularity of such T-R states.
Evidently, the weak coupling between the translational mode
parallel to the z axis and the two modes perpendicular to it
persists at higher excitations.

The assignment of the translationally excited T-R levels
of H2@C70 in terms of the quantum numbers �v , �l� ,vz� is
hardly unexpected. It is readily understood and indeed antici-
pated in view of �a� the high symmetry of the 5D PES in the
xy plane and �b� the distinctly different potential profiles
along the z axis and those along the x and y axes. Moreover,
the same set of translational quantum numbers was identified
already in our earlier quantum 3D calculations of the trans-
lational energy levels of the neon atom in C70.

29 It was en-
countered also in our quantum 5D calculations of the T-R
levels of H2, HD, and D2 in the small cage of sII clathrate
hydrate.13

It should be pointed out that although the excitations of
the 2D xy mode can be assigned with quantum numbers of

TABLE VII. T-R energy levels of o-H2 ��=1� inside C70 �in cm−1� with one quantum in the 2D translational
�xy� mode perpendicular to the long �z� axis of C70 from the quantum 5D calculations on the optimized PES.
The excitation energies E are relative to the T-R ground-state energy E0=−1192.21 cm−1. Other symbols have
the same meaning as in Table V.

i E g x y z �v , �l� ,vz� j c�j�

1 240.54 2 0.57 0.68 0.66 (1,1,0) 1 0.999
2 246.46 1 0.62 0.62 0.67 (1,1,0) 1 0.999
3 252.53 2 0.62 0.62 0.67 (1,1,0) 1 0.999
4 259.00 1 0.61 0.61 0.67 (1,1,0) 1 0.999
5 308.64 2 0.56 0.64 1.05 (1,1,1) 1 0.999
6 312.68 1 0.60 0.60 1.06 (1,1,1) 1 0.999
7 318.76 2 0.60 0.60 1.06 (1,1,1) 1 0.999
8 325.46 1 0.59 0.59 1.06 (1,1,1) 1 0.999
9 396.37 2 0.55 0.63 1.24 (1,1,2) 1 0.999

10 398.54 1 0.59 0.59 1.25 (1,1,2) 1 0.999
11 404.59 2 0.59 0.59 1.25 (1,1,2) 1 0.999
12 411.56 1 0.58 0.28 1.25 (1,1,2) 1 0.999

TABLE VIII. T-R energy levels of o-H2 ��=1� inside C70 �in cm−1� with two quanta in the 2D translational �xy�
mode perpendicular to the long �z� axis of C70 from the quantum 5D calculations on the optimized PES. The
excitation energies E are relative to the T-R ground-state energy E0=−1192.21 cm−1. Other symbols have the
same meaning as in Table V.

i E g x y z �v , �l� ,vz� j c�j�

1 392.75 2 0.73 0.73 0.61 (2,2,0) 1 0.999
2 406.56 2 0.68 0.76 0.62 (2,2,0) 1 0.999
3 409.31 2 0.72 0.72 0.62 (2,2,0) 1 0.999
4 414.71 1 0.70 0.70 0.62 (2,0,0) 1 0.999
5 434.74 2 0.71 0.66 0.63 (2,0,0) 1 0.999
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the 2D isotropic HO, they are definitely not harmonic. If they
were, then their energies would depend on v only and not on
l, i.e., they would be �v+1�-fold degenerate. However, Table
V makes it clear that �v , �l� ,vz� levels with the same v and vz

but different �l� values have different energies. For example,
the doubly degenerate level �2,2,0� has the energy of
293.45 cm−1, while the level �2,0,0� is at 314.27 cm−1. Con-
sequently, the 2D xy mode is anharmonic. In fact, it shows
negative anharmonicity, since the energy of the level �1,1,0�
is 138.74 cm−1 and �2,2,0� level lies 154.71 cm−1 higher at
293.45 cm−1. The z mode exhibits pronounced negative an-
harmonicity as well; the energy separation between the suc-
cessive members of the pure z-mode progression �0,0 ,vz�
increases with vz from 77.72 cm−1 between �0,0,1� and
�0,0,2� to 106.37 cm−1 between �0,0,3� and �0,0,4�. Negative
anharmonicity is typical for potentials with profiles such as
those shown in Fig. 2�a�. Thus, all translational modes of H2

in C70 are characterized by negative anharmonicity.
The frequency of the z-mode fundamental �0,0,1�,

54.15 cm−1, is significantly lower than that of the 2D
xy-mode fundamental �1,1,0�, 138.74 cm−1. This reflects the
fact evident from Fig. 2 that the PES is noticeably stiffer in
the direction of x and y axes than along the z axis. Greater
translational freedom parallel to the z axis than in directions

perpendicular to it is evident also from the rms amplitude z,
which is considerably larger than x or y, for the same
number of quanta in the z mode and the 2D xy mode, respec-
tively. With the increasing number of quanta in the pure z
mode �0,0 ,vz�, z grows quite rapidly from 0.74 a.u. for
�0,0,0� and 1.14 a.u. for �0,0,1� to 1.50 a.u. for �0,0,4�.

2. Rotational excitations and translation-rotation
coupling

So far, we have discussed only the translational excita-
tions of H2 �in the ground rotational state j=0� inside C70.
Our attention now turns to the rotational excitation of the
caged H2 and the very interesting issue of T-R coupling.
First, we consider the j=1 and j=2 rotational levels of H2

for the ground translational state �0,0,0�. We find that their
�2j+1�-fold degeneracy, which is fully preserved in C60,

16,17

is lifted in part by the angular anisotropy of the PES of
H2@C70. Table VI and Fig. 8 show that the j=1 triplet of
o-H2 is split into a single state and a pair of degenerate states
separated by 7.37 cm−1. This is in accordance with the group
theory,30 which predicts that in the environment of D5h sym-
metry the j=1 level splits into a nondegenerate and a doubly
degenerate level �belonging to a2� �1D� and e1� �2D� irreduc-
ible representations �IRs�, respectively�. A complementary
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FIG. 3. �Color online� 3D isosurfaces of the RPD in the translational �Cartesian� coordinates of the j=0 T-R states �0,0 ,vz�, vz=1–4 of p-H2 in C70 listed in
Table V. The z axis is along the long axis of C70. The isosurfaces are drawn at 20% of the maximum value of the density.
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and somewhat more physical view from the theoretical stud-
ies of H2 in model SWCNTs19,31 is that the nondegenerate
level corresponds to H2 oriented parallel to the z axis
�j=1, m=0 state�, while the doubly degenerate level is as-
sociated with H2 transverse to the z axis �j=1, m= �1
states�. The j=2 level of p-H2, which is fivefold degenerate
in the gas phase, is split in a 1:2:2 degeneracy pattern evident
in Table V and displayed in Fig. 9. Again, this curious split-
ting pattern can be understood with the help of the group
theory, which predicts that the environment of D5h symmetry
splits the j=2 quintuplet into a nondegenerate level and two
pairs of degenerate states �belonging to a1� �1D�, e2� �2D�, and
e1� �2D� IRs, respectively�. The splitting between the nonde-
generate and the closest doubly degenerate j=2 levels is only
0.18 cm−1, and the second degenerate level lies 5.82 cm−1

higher.
Exciting the z mode alone does not change the above

splitting patterns of the j=1 and j=2 levels, only the spac-
ings between their components. For the j=1 level, the gap
between the nondegenerate state and the degenerate doublet
decreases with increasing vz from 7.37 cm−1 for �0,0,0� to
just 0.32 cm−1 for �0,0,4�, as seen in Table VI and Fig. 8.
The j=2 splitting pattern remains unchanged as well, but one
quantum of excitation in the z mode increases the first split-
ting to 2.09 cm−1 and decreases the second slightly to
5.00 cm−1; see Table V and Fig. 9.

Unlike the excitation of the z mode, one-quantum exci-
tation of the 2D xy mode of o-H2 �j=1� does result through
T-R coupling in a new and intriguing pattern of T-R levels
shown in Table VII and Fig. 10. The six states corresponding
to v= �l�=1, vz=0 and j=1 appear in the 2:1:2:1 pattern,
which remains qualitatively the same upon exciting �also�
the z mode, i.e., vz=1 or 2. In the absence of the T-R cou-
pling, these six states would be grouped in a degenerate pair
and a degenerate quartet of states. Interestingly, the very
same level pattern arises in what Yildirim and Harris31 re-
ferred to as a “toy model” used to study the T-R coupling for
the case of H2 �j=1� molecule confined in a cylindrical po-
tential, an idealized smooth representation of a SWCNT.
Therefore, it seems that this particular energy level pattern is
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obtained �for v= �l�=1 and j=1� whenever the confining po-
tential has one axis which is distinct from the other two
symmetrically equivalent axes perpendicular to it, regardless
of whether H2 is inside a nanotube or C70.

Additional support for this comes from the analysis of
the T-R states o-H2 �j=1� with two quanta in the 2D xy
mode, i.e., v=2, �l�=0,2 , vz=0. Without the T-R coupling
these nine states would appear as a degenerate triplet and a
degenerate sextuplet. The T-R coupling gives rise to a pecu-
liar 2:2:2:1:2 degeneracy pattern presented in Table VIII and
Fig. 11. Qualitatively the same pattern of degeneracies was
obtained for this case by Yildirim and Harris31 in a highly
simplified model of the T-R dynamics of H2 in a cylindrical
confinement.

IV. CONCLUSIONS

We have generated a quantitatively accurate pairwise ad-
ditive 5D PES for H2 in C60 by fitting to the recently pub-
lished IR spectroscopic data22 for this system, which charac-
terize certain translational and rotational excitations of the
confined H2 in the vibrationally excited �=1 state. Our initial
attempts in this direction using the standard description of
the H2–C interaction as the sum of two LJ H–C pair poten-
tials �the two-site H2–C pair potential� proved unsuccessful.
Quantum 5D calculations of the T-R energy levels were un-
able to reproduce simultaneously the experimental values for
the translational fundamental and the splittings between the
three n=1, j=1 levels of o-H2 in C60, which arise from the
T-R coupling. A major improvement was achieved by intro-
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tesian� coordinates of the three j=0 T-R states �2, �l� ,1� of p-H2 in C70 with
��a� and �b�� �l�=2 and �c� �l�=0. They are listed in Table V. The isosurfaces
are drawn at ��a� and �b�� 20% and �c� 10%, respectively, of the maximum
value of the density.

X (bohr)

-2
-1

0
1

2

Y (bohr)

-2
-1

0
1

2

Z
(b

o
h

r)

-2

-1

0

1

2

X Y

Z

0.2

a) (1,1,3)

X (bohr)

-2
-1

0
1

2

Y (bohr)

-2
-1

0
1

2

Z
(bohr)

-2

-1

0

1

2

X Y

Z

0.2

b) (1,1,3)

FIG. 7. �Color online� 3D isosurfaces of the RPD in the translational �Car-
tesian� coordinates of the pair of degenerate j=0 T-R states �1,1,3� of p-H2

in C70 listed in Table V. The isosurfaces are drawn at 20% of the maximum
value of the density.

o-H2@C70

g

(2)

(1)

(2)

(1)

(2)

(1)
(2)

(1)

(v,|l|,vz)

(0,0,3)

(0,0,3)

(0,0,2)

(0,0,2)

(0,0,1)

(0,0,1)
(0,0,0)

(0,0,0)

0

100

200

300

400

∆E
(c

m
−

1 )

FIG. 8. Diagram of the T-R energy levels of o-H2 �j=1� in C70 with zero
quantum in the 2D xy mode from Table VI.

224306-12 Xu et al. J. Chem. Phys. 130, 224306 �2009�

Downloaded 22 Jun 2009 to 128.59.134.33. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



ducing the third LJ interaction site at the midpoint of the
H–H bond in addition to the sites located on each H atom of
H2. We denoted this modified model of the H2–C interac-
tions as the three-site H2–C pair potential. The pairwise ad-
ditive 5D PES based on the three-site H2–C pair potential
has three adjustable parameters: �HC, �HC, and the weight w.
A careful search of this 3D parameter space resulted in op-
timal values for which the additive 5D PES, when employed
in the quantum 5D calculations, reproduces all six T-R en-
ergy levels observed in the IR spectra of H2@C60 to within
1–2 cm−1 �0.6%� or better. This demonstrated that a pair-
wise additive PES is capable of providing a quantitative de-
scription of the quantum T-R dynamics of H2 inside C60,
provided that a suitable three-site H2–C pair potential is
used for its construction. In particular, the three-site H2–C
pair potential enables a much more realistic description of
the angular anisotropy of the H2-fullerene interaction than its
two-site counterpart. The T-R energy levels computed on the
optimized PES and reported in this paper will undoubtedly
be helpful for the interpretation and assignment of the
higher-temperature IR spectroscopic data on H2@C60 which
should be available soon.22 In turn, the new measurements
will provide an additional test of the optimized PES and the
three-site H2–C potential developed here.

We are confident that the three-site model of the H2–C
pair interaction tested in the present work for H2 in the �=1
state will prove equally successful for constructing the pair-
wise additive 5D PES of H2 in the ground vibrational state
�=0 once the relevant spectroscopic data for H2 ��=0� in
C60 become available.

The three-site H2–C pair potential spectroscopically op-

timized for H2@C60 was next used to construct the pairwise
additive 5D PES for H2 ��=1� in C70. Due to lower symme-
try of C70 �D5h� relative to that of C60 �Ih�, the environment
which the confined H2 experiences is much more anisotropic
than that felt inside C60. The pronounced anisotropy of the
5D PES of H2 in C70 with respect to the direction of the
motion of the cm of the endohedral molecule gives rise to the
T-R energy level structure which differs qualitatively from
that elucidated by us previously for H2@C60 �Refs. 16 and
17� and requires an entirely different set of quantum numbers
for its assignment. The translational excitations of H2 in C70

were assigned in terms of the quantum numbers �v , �l� ,vz�,
where v and l denote the number of quanta and the vibra-
tional angular momentum parallel to the long �z� molecular
axis of C70, respectively, of the 2D isotropic harmonic HO in
the plane of the two equivalent short �x and y� axes trans-
verse to z, while vz is the Cartesian quantum number for the
1D translational mode in the z direction. Both the 2D xy and
the z translational modes exhibit significant negative anhar-
monicity. The j=1 and j=2 rotational levels of H2 in C70 are
partially split in 1:2 and 1:2:2 degeneracy patterns, respec-
tively, already in the ground translational state, unlike in C60

where their �2j+1�-fold degeneracy is left intact. The level
patterns which arise from the T-R coupling when H2 is trans-
lationally excited, especially for one and two quanta in the
2D xy mode, are also totally unlike those computed for
H2@C60.

16,17

The T-R energy level structure of H2 in C70 rigorously
calculated for the first time in this work will serve as a guide
to the experimentalists in their future spectroscopic studies
of this prototypical anisotropic endohedral fullerene system.
In addition, direct comparison with experimental results will
constitute a stringent test of the degree to which the three-
site H2–C pair potential optimized for H2 in C60 is transfer-
able to another fullerene and ultimately to the interactions of
H2 with other nanocarbon materials. We have already per-
formed the diffusion Monte Carlo calculations of the ground-
state properties of two H2 molecules inside C70 using the
same H2–C pair potential and a high-quality ab initio four-
dimensional �rigid monomer� PES of the H2 dimer; the re-
sults will be reported in a separate paper which is in prepa-
ration. Path integral Monte Carlo calculations will also be
performed for this system in the near future in order to in-
vestigate the quantum T-R dynamics of two nanoconfined H2

molecules as a function of temperature.
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