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LIFTINGS OF NICHOLS ALGEBRAS OF DIAGONAL TYPE

III. CARTAN TYPE G2

AGUSTÍN GARCÍA IGLESIAS; JOÃO MATHEUS JURY GIRALDI

Abstract. We complete the classification of Hopf algebras whose in-
finitesimal braiding is a principal Yetter-Drinfeld realization of a braided
vector space of Cartan type G2 over a cosemisimple Hopf algebra.

We develop a general formula for a class of liftings in which the
quantum Serre relations hold. We give a detailed explanation of the
procedure for finding the relations, based on the recent work of An-
druskiewitsch, Angiono and Rossi Bertone.

1. Introduction

This article belongs to the series initiated in [AAG], and followed by [AG2],
with the purpose of computing all liftings of braided vector spaces of diagonal
type (V, c) whose Nichols algebra B(V ) is finite-dimensional.

In this part we focus on:

◦ (V, c) of Cartan type G2. That is, we assume there are N > 3, q a
primitive N -th root of 1 and a basis {x1, x2} of V such that the braiding

is determined by a matrix q =
(

q q12
q21 q3

)
∈ k2×2 with q12q21 = q−3 as:

c(x1 ⊗ x1) = qx1 ⊗ x1; c(x1 ⊗ x2) = q12x2 ⊗ x1;

c(x2 ⊗ x1) = q21x1 ⊗ x2; c(x2 ⊗ x2) = q3x2 ⊗ x2.
(1.1)

◦ H a cosemisimple Hopf algebra with a principal realization (χi, gi)i=1,2,
so that V ∈ H

HYD. That is, g1, g2 ∈ Z(G(H)) and χ1, χ2 ∈ Alg(H,k) are
such that χi(gj) = qji, i, j ∈ {1, 2}.

We recall that a Hopf algebra L is called a lifting of V ∈ H
HYD when

grL ≃ B(V )#H. We refer the reader to the article [AAG], the first of
the series, based on [A+], for a description of the program for computing all
liftings of braided vector spaces of diagonal type with a realization V ∈ H

HYD.
Set B = B(V )#H. In a sentence, the program consists in constructing a

subset Cleft′(B) ⊆ Cleft(B) of right cleft objects for B in such a way that
for every X ∈ Cleft′(B) the left Schauenburg Hopf algebra A = L(X,B), see
[S], satisfies grA ≃ B and checking that indeed, every lifting can be obtained
in this way.
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Assume that (N, 3) = 1, N > 7 and that H = kΓ, Γ a finite abelian group.
A family of Hopf algebras u(D, µ) was defined in [AS2], as a particular case of
a more general construction, such that gr u(D, µ) ≃ B(V )#H. Furthermore,
[AS2, Classification Theorem 0.1] shows that when (N, 210) = 1 and A is a
lifting, then there is (D, µ) such that A ≃ u(D, µ).

In this article we give a complete presentation of every lifting of Cartan
type G2, without restrictions on the parameters and for any cosemisimple
Hopf algebra H. We obtain new examples of Hopf algebras u(µ) and u(λ,µ),
see Definitions 4.4 and 4.8.

The case in which the quantum Serre relations can be deformed has a very
particular nature. This phenomenon only occurs when the braiding matrix
is q = qd (hence N = 7) as in (4.6). As in [AAG], see also [He], in this
case the relations are deformed in positive terms of the coradical filtration.
It presents, however, a new issue: the description of the algebras u(λ,µ)
in Definition 4.8 takes us more than 20 pages, and it is attained only after
a tedious combinatorial puzzle, whose solution involves many running days
of a computer program. We see no symmetry in the presentation of these
algebras, rather we observe a chaotic outburst of coefficients preceding a big
number of terms of PBW generators. A similar, although shorter, situation
is already present in the deformations in [AAG] and [He]. This case looks like
a singularity that explodes when one deforms the quantum Serre relations,
responsible for the nice behavior of the power of the root vectors, a role that
becomes evident once we attempt to tamper with them.

The computation of the liftings thus reveals itself as a full challenge, in
the sense that we must not only deal with the question on how to solve this
problem, but also on how to communicate the results.

On the other hand, we point out that we obtain in Definition 4.4 a closed
and concise description of the generic case, which extends the results in
[AS2] mentioned above. We give a full description of the relations, with
no recurrence formula involved. For this, we use a technique introduced in
[AAR2] to compute the coproducts of the powers of root vectors.

Our main contribution reads as follows.

Main Theorem. Let H be a cosemisimple Hopf algebra and let V be a
braided vector space of diagonal type Cartan G2 with a principal Yetter-
Drinfeld realization V ∈ H

HYD; let q be the braiding matrix.
Let L be a Hopf algebra such that L0 ≃ H and its infinitesimal braiding is

given by V ∈ H
HYD. Then

(1) If q 6= qd, then there is µ ∈ k∆+ such that L ≃ u(µ).
(2) If q = qd, then there are λ ∈ k2 and µ ∈ k∆+ such that L ≃ u(λ,µ).

Proof. Recall that every such L is a lifting of V by [A2, Theorem 2]. Now,
(1) is Theorem 3.1; (2) is Theorem 4.9. �

The isomorphism classes of the algebras u(µ), resp. u(λ,µ), are character-
ized in terms of certain symmetries of the families µ, resp. (λ,µ); see [AAG,
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Theorem 3.9]. The more general class of braided vector spaces of standard
type G2 is currently under investigation.

As a byproduct of our research, we present in §3 a recursive method to
compute all liftings in which the quantum Serre relations still hold.

The paper is organized as follows. In Section 2 we fix the notation and
collect some standard facts about Nichols algebras and their deformations.
We also recall the basics of our strategy to find all of these liftings. In
Section 3 we apply this procedure to give a generic presentation of every
lifting satisfying some technical conditions. In Section 4 we prove our main
results, that is the explicit description of every lifting of a braided vector
space of diagonal type G2. We include an Appendix with some comments
on the use of the computer to perform some of the computations.
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2. Preliminaries

We work over an algebraically closed field of characteristic zero k. If A is a
k-algebra and S ⊆ A is a subset, then we denote by 〈S〉 the ideal generated
by S in A. We write A× for the group of invertible elements in A and
Alg(A,k) for the set of algebra maps A → k. If G is a group, then Z(G)
denotes its center. If S ⊆ G is a subset, then 〈S〉 denotes the subgroup
generated by S. If n ∈ N, we write In = {1, . . . , n}. For n ≥ 2, we set Gn

for the group of n-th roots of unity and fix G′
n ⊂ Gn the subset of primitive

roots.
If H is a Hopf algebra, then we denote by G(H) the group of group-like

elements ofH and by P(H) the subspace of its primitive elements. We denote
by H

HYD the category of Yetter-Drinfeld modules over H. If M ∈ H
HYD and

δ, resp. ·, denotes the H-coaction, resp. the H-action, on M , then we set,
for each g ∈ G(H), χ ∈ Alg(H,k):

Mg = {x ∈M |δ(x) = g ⊗ x}, Mχ = {x ∈M |h · x = χ(h)x,∀h ∈ H}.

In addition, we set Mχ
g =Mg ∩M

χ.

2.1. Nichols algebras of diagonal type. We review the basics on braided
vector spaces (V, c) of diagonal type, their Nichols and distinguished pre-

Nichols algebras B(V ) and B̃(V ), and the Lusztig algebras L(V ).



4 GARCÍA IGLESIAS; JURY GIRALDI

2.1.1. Braided vector spaces of diagonal type. Let (V, c) be a braided vector
space of diagonal type, with dimV = θ. That is, there is a basis (xi)i∈Iθ and
a braiding matrix q = (qij)i,j∈Iθ in such a way that

c(xi ⊗ xj) = qijxj ⊗ xi.

We fix some notation, we refer the reader to [AAG] and references therein
for unexplained terminology. Let (gi, χi)i∈Iθ be a principal realization of V

over H. This is a collection of group-like elements gi ∈ Z(G(H)) and maps
χj ∈ Alg(H,k) satisfying χj(gi) = qij, i, j ∈ Iθ. In this way V becomes an
object in H

HYD, so that the braiding coincides with the categorical one, by
declaring xi ∈ V χi

gi , i ∈ Iθ. In particular, we set

Γ = 〈g1, . . . , gθ〉 < Z(G(H)).(2.1)

Let J (V ) ⊂ T (V ) be the defining ideal of the Nichols algebras B(V ) and fix
G the set of generators of J (V ) as computed in [A2], for every case in the
list of [H].

Let ∆ = ∆q denote the generalized root system associated to q. We write
∆+ = {β1, . . . , βM} for the subset of positive roots; this is equipped with a
convex order βM > · · · > β1. Let αi, i ∈ I, be the simple roots. We denote
by xα, α ∈ ∆+ the corresponding root vectors; hence xαi

= xi, i ∈ Iθ. If
α = n1αi1 + · · · + nkαik ∈ ∆+, k, n1 . . . , nk ∈ N, then we set

gα := gn1
i1
. . . gnk

ik
∈ Γ, χα := χn1

i1
. . . χnk

ik
∈ Alg(H,k).

2.1.2. Pre-Nichols and Lusztig algebras. We consider the subset O = O(V ) ⊆
∆+ of Cartan roots cf. [A3, (20)]. In particular, the distinguished pre-Nichols

algebra B̃(V ) from [A3] is defined as the quotient of T (V ) modulo the ideal
generated by G \ {xNα

α |α ∈ O(V )} – and possibly adding some redundant

relations for B(V ). We set Z(V ) = k〈xNα
α |α ∈ O(V )〉 ⊂ B̃(V ). A key fact

is [A3, Theorem 4.13], which in this context reads as follows:

Theorem 2.1. Z(V ) ⊂ B̃(V ) is a normal Hopf subalgebra. �

In particular, this determines an exact sequence

Z(V )
ι

−→ B̃(V )
π

−→ B(V ).

We write z(V ) for the graded dual of Z(V ). In turn, we denote by L(V ) the

Lusztig algebra of V : this is defined in [AAR1] as the graded dual of B̃(V )
and it fits into an extension of braided Hopf algebras

B(V )
π∗

−→ L(V )
ι∗
−→ z(V ),(2.2)

see [AAR2, Proposition 3.2]. We remark that the convolution product on
these dual Hopf algebras is defined as

〈f ∗ g, x〉 = 〈g, x(1)〉〈f, x(2)〉.(2.3)



POINTED HOPF ALGEBRAS OF TYPE G2 5

We recall that L(V ) is generated as an algebra by the divided powers y
(n)
β ,

β ∈ ∆+, n ∈ N. Here y
(n)
β ∈ L(V ) ≃ B̃(V )∗ is such that

〈y
(n)
β , xmα 〉 = δα,βδn,m, α, β ∈ ∆+, n,m ∈ N.(2.4)

2.2. Twist equivalent braided vector spaces. Let (V, c) and (V̂ , ĉ) be
two braided vector spaces of diagonal type of dimension θ ∈ N.

Let q = (qij)i,j∈Iθ and q̂ = (q̂ij)i,j∈Iθ denote the corresponding braiding

matrices. We recall that V and V̂ are twist equivalent if and only if

qijqji = q̂ij q̂ji and qii = q̂ii, i, j ∈ Iθ.

In particular, ∆q = ∆q̂ = {β1, . . . , βM}. We write (xi)i∈Iθ and (x̂i)i∈Iθ for

the bases of V and V̂ , respectively.
In this setting, the Nichols algebras B(V̂ ) and B(V ) are closely related,

see Proposition 2.2. We need some notation to explain this relation.
We fix F the free group on θ generators g1, . . . , gθ; so there are principal

realizations (gi, χi)i∈Iθ , resp. (gi, χ̂i)i∈Iθ , of V ∈ F
FYD, resp. V̂ ∈ F

FYD. We
consider the group cocycle σ : F × F → k× defined by

σ(gi, gj) =

{
q̂ijq

−1
ij , i ≤ j ∈ Iθ;

1, i ≥ j ∈ Iθ.

We fix a family of scalars (tα)α∈∆ as defined recursively in [A1, §4.1] via

tαi
= 1, i ∈ Iθ; tα = σ(α′, α′′)tα′tα′′ ,(2.5)

where α ∈ ∆+ is not simple and (lα′ , lα′′) := Sh(lα) is the Shirshov decom-
position of the Lyndon word lα associated to the root α; see [A1, Definition
2.2, Corollary 3.7] for details.

For every (ni)i∈IM ∈ ZM
≥0, we set, following [A1, (4.6)]:

f(x̂nM

βM
. . . x̂n1

β1
) =

∏

i<j∈Iθ

σ(βj , βi)
ninj

∏

i∈Iθ

σ(βi, βi)
(ni

2 )tnβi
.

If x̂ ∈ B(V̂ )h, h ∈ F , then there are hi, h
i ∈ F , i ∈ I, with hih

i = h, with

∆(x̂) =
∑

i∈I

x̂i ⊗ x̂i, and x̂i ∈ B(V )hi
, x̂i ∈ B(V )hi .

We consider the map ∆σ : B(V̂ ) → B(V̂ )⊗B(V̂ ) defined via

∆σ(x̂) =
∑

i∈I

σ(hi, h
i)x̂i ⊗ x̂i, x̂ ∈ B(V̂ ).(2.6)

We recall that this map is defined in [AS1] by considering a right kΓ⊗ kΓ-

action ↼ on B(V̂ ) ⊗ B(V̂ ), so ∆σ(x̂) = ∆(x̂) ↼ σ. We use a Sweedler’s
type notation to write ∆σ(x̂) = σ(h(1), h(2))x̂(1) ⊗ x̂(2).

The next proposition establishes a twisted equivalence between the braided
Hopf algebras B(V ) and B(V̂ ). As a byproduct, it presents a formula to
find an expression of the coproducts of the powers of root vectors (xNα

α )α∈∆+
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in terms of the coproduct of the powers of root vectors (x̂Nα
α )α∈∆+ coming

from a twist equivalent braided vector space.

Proposition 2.2. [AS1, Proposition 3.9] There is a linear isomorphism

ψ : B(V̂ ) → B(V )

such that ψ(x̂i) = xi, i ∈ Iθ. Moreover,

(i) [A1, Lemma 4.4] ψ(x̂nM

βM
. . . x̂n1

β1
) = f(x̂nM

βM
. . . x̂n1

β1
)xnM

βM
. . . xn1

β1
, for all

(ni)i∈IM ∈ ZM
≥0. Thus,

ψ(x̂nα) = σ(gα, gα)
(n2)tnαx

n
α, α ∈ ∆+, n ∈ N.(2.7)

(ii) [AS2, Lemma 1.1] ∆(ψ(x̂)) = (ψ ⊗ ψ)∆σ(x̂), x̂ ∈ B(V̂ ). In particular,

∆(xNα
α ) = σ(gα, gα)

−(Nα
2 )t−Nα

α (ψ ⊗ ψ)∆σ(x̂
Nα
α ), α ∈ ∆+.(2.8)

�

We remark that we follow the notation of [A1, §4.1] rather than that of

[AS1], where the map B(V̂ ) → B(V ) is denoted by ϕ.

2.3. The strategy. We give a brief overview of our strategy to compute all
liftings of V ∈ H

HYD as cocycle deformations of B(V )#H.
We fix an stratification G = G0 ⊔ · · · ⊔ Gℓ of the set of generators G of

the ideal defining B(V ) and set B0(V ) = T (V ), Bi(V ) = T (V )/〈∪i−1
j=0Gj〉,

i > 0. In particular, Gi ⊂ P(Bi), i < ℓ, and k〈Gℓ〉 ⊂ Bℓ(V ) is a normal Hopf
subalgebra. Also, we set Hi = Bi(V )#H, i ≥ 0.

The program thus consists in ℓ+ 1 steps. At each step i ≥ 0, we have:

• A collection Cleft′Hi of left H-module algebras Ei(µi−1), µi−1 ∈ Ri−1 ⊆

kGi−1 , such that Ai(µi−1) := Ei(µi−1)#H is a right cleft object of Hi, with
coaction ρi(µi−1) and section γi(µi−1) : Hi → Ai(µi−1).

• A collection of cocycle deformations Li(µi−1), each one equipped with a
left coaction δi(µi−1) : Ai(µi−1) → Li(µi−1)⊗Ai(µi−1).

• A set of deformation parameters, see [AAG, (3.9), (3.11)]:

Ri = {µi = (µα)α∈Gi
∈ kGi |µα = 0 if gNα

α = 1 or χNα
α 6= ǫ}.(2.9)

Then step i is an algorithmic computation that produces a new collection
Ei+1(µi), Li(µi), µi ∈ Ri, as above. We review this computation.

◦ We start with R−1 = {∗}, E0 = T (V ), ρ0 = ∆, γ0 = id; hence L0 = H0.
◦ For each Ai = Ei(µi−1)#H ∈ Cleft′Hi and µi ∈ Ri, we set:

Ei+1(µi) = Ei/〈γi(r)− µr : r ∈ Gi〉(2.10)

and we check that Ei+1(µi) 6= 0.
◦ If Ei+1(µi) 6= 0, then we set

Li+1(µi) = Li/〈r̃ − µr(1− gr) : r ∈ Gi〉.(2.11)

Here r̃ ∈ Li is the unique solution of, cf. [AAG, (3.7)]:

r̃ ⊗ 1 = δi(γi(r))− gr ⊗ γi(r) ∈ Li ⊗Ai.(2.12)



POINTED HOPF ALGEBRAS OF TYPE G2 7

Observe that γi(r) can be computed recursively as the solution of:

ρi(γi(r)) = (γi ⊗ id)∆(r) ∈ Ai ⊗Hi.(2.13)

Hence step i can be summarized as the determination of

γi(r), hence of ρi(r), and δi(γi(r)), r ∈ Gi,

together with Ei+1(µi) 6= 0.

Example 2.3. For each µ0 ∈ R0, we have

E1(µ0) = T (V )/〈r − µr : r ∈ G0〉,

L1(µ0) = T (V )#H/〈r − µr(1− gr) : r ∈ G0〉.

Proposition 2.4. [AAG, Proposition 3.3] Fix i ≥ 0, µi ∈ Ri, assume
Ei+1(µi) 6= 0. Then

(1) Ai+1(µi) ∈ CleftHi+1.
(2) Ai+1(µi) is a (Li+1(µi),Hi+1) bi-cleft object.
(3) Li+1(µi) is a cocycle deformation of Hi+1.

If i = ℓ, then grLℓ+1(µℓ) ≃ B(V )#H. �

We set R := R0 × · · · × Rℓ, µ = µ0 × · · · × µℓ ∈ R. We assume that

Ei+1(µi) 6= 0, ∀ i ≥ 0.(2.14)

We set ui+1(µ) = Li+1(µi), i ≥ 0, and

u(µ) := uℓ+1(µ).

This defines a family of liftings which are cocycle deformations of B(V )#H.

Theorem 2.5. [AAG, Theorem 3.5] Assume that (2.14) holds for all µ ∈ R.
If L is a lifting of V ∈ H

HYD, then there is µ ∈ R such that L ≃ u(µ). �

Remark 2.6. If the subalgebra k〈Gi〉 of Hi generated by Gi is normal, then
Ei+1(µi) 6= 0, for every µi ∈ Ri. See [AAG, Theorem 3.1], [Gu, Theorem 4].

2.3.1. Notation. We remark that the starting point of these computations is
the fact that all of these objects Hi,Ai,Li are algebra quotients of T (V )#H.
We identify H with a subalgebra, resp. Hopf subalgebra, of Ai, resp. Hi

and Li. We denote the elements in these subalgebras by h ∈ H, indistinctly.
In turn, we identify V with a subspace in each of these algebras, namely

the image of V via the projection. We denote the (image of the) elements
in V by xj ∈ Hi, yj ∈ Ai and aj ∈ Li, j ∈ Iθ. It follows that

ρi(yj) = yj ⊗ 1 + gj ⊗ xj , δi(yj) = aj ⊗ 1 + gj ⊗ yj, j ∈ Iθ.

We write xα, yα, aα, α ∈ ∆+, for the images of the root vectors on each
quotient.
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3. Liftings of generic Cartan type

We review the results of the algorithm proposed in [AAG] and described
in §2.3 to compute the liftings of V ∈ H

HYD in a specially convenient setting,
which is, however, quite ubiquitous, see Corollary 3.3. Recall that G stands
for a set of generators of the ideal defining B(V ). We shall make the following
two assumptions.

(a) There is a (2-step) stratification G = G0 ⊔ G1, with

G0 = {(generalized) quantum Serre relations}, G1 = O(V ).(3.1)

(b) The (generalized) quantum Serre relations hold in any lifting, that is,

gr = 1 or χr 6= ǫ, ∀ r ∈ G0.(3.2)

Thus, B̃(V ) = T (V )/〈G0〉 by (a). We set T (V ) = T (V )#H, H′ = B̃(V )#H
and H = B(V )#H. As well, π′ : T (V ) → H′ is the canonical projection.

By hypothesis (b), step 0 is automatic: R0 = {(0, . . . , 0)} ⊂ kG0 . We set

E ′ = B̃(V ) and let A′ = E ′#H be the trivial cleft object, cf. Example 2.3.
All liftings are found after step 1, cf. §2.3. We follow (2.9), (2.10) and set

R = {µ = (µα)α∈O(V ) ∈ kO(V )|µα = 0 if gNα
α = 1 or χNα

α 6= ǫ}

E(µ) := E ′/〈{yNα
α − µα|α ∈ O(V )}〉, A(µ) := E(µ)#H.

Then A = A(µ) is a cleft object of H; we denote by γ : H → A the section
and by ρ : A → A⊗H the coaction. Also, we denote by

τµ : A′
։ A(µ)

the natural algebra projection. Now, let s(α) ∈ H′, α ∈ ∆+, denote the
unique solutions of:

s(α)⊗ 1 = (π′ ⊗ τµ)∆(xNα
α )(3.3)

and set uα(µ) := s(α)− aNα
α − µαg

Nα
α , cf. (2.12).

Next we follow (2.11) and let u(µ) be the quotient of T (V )#H by the
ideal I(µ) generated by the relations

r = 0, r ∈ G0;(3.4)

aNα
α = µα(1− gNα

α )− uα(µ), α ∈ O(V ).

In this setting, using Theorem 2.1, Theorem 2.5, together with Remark
2.6, implies the following.

Theorem 3.1. I(µ) is a Hopf ideal and the Hopf algebra u(µ) is a lifting of
V for every µ ∈ R. Moreover, u(µ) is a cocycle deformation of B(V )#H.

Conversely, if (a) and (b) hold and L is a lifting of V , then there is µ ∈ R
such that L ≃ u(µ). In particular, every such lifting is a cocycle deformation
of B(V )#H. �

Remark 3.2. Recall that uα(µ) ∈ kΓ, see (the proof of) [AAG, Theorem 3.5].
We shall give a description of these elements in Proposition 3.5.
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Corollary 3.3. Let V be a braided vector space of finite Cartan type. As-
sume that Γ as in (2.1) is finite and all prime divisors of |Γ| are > 7.

Let L be a Hopf algebra whose infinitesimal braiding is a principal realiza-
tion V ∈ H

HYD. Then there is µ ∈ kG1 such that L ≃ u(µ)
In particular, L is a cocycle deformation of B(V )#H.

Proof. In this setting, (a) and (b) hold by [AS2, Lemma 5.4]. �

Remark 3.4. If H = kΓ, then this is [AS2, Classification Theorem 0.1], using
[A2, Theorem 2]. This also extends [M, Theorem 7.8].

3.1. On the coproduct of powers of Cartan root vectors. By (3.3) and
(3.4), we see that in order to have an explicit description of a big family of
liftings, it is necessary to have an explicit formula of the coproducts ∆(xNα

α )
of the powers of the root vectors. We investigate this in this section.

We need to fix some notation. Recall that ∆+ = {β1, . . . , βM} denotes
the ordered set of positive roots, with βi+1 > βi, i ∈ IM−1.

If α ∈ O = ∆+, then we set xα := xNα
α , gα := gNα

α , χα := χNα
α . We set

x := xβM
. . . xβ1 , xn := x

nM

βM
. . .xn1

β1
,

for n = (n1, . . . , nM ) ∈ ZM , ni ≥ 0, i ∈ IM . Also, g,gn ∈ Γ, χ,χn
β ∈

Alg(H,k) are set accordingly. If n = (n1, . . . , nM ) ∈ ZM , we write

n := n1β1 + · · ·+ nMβM .

By [A3, Theorem 4.13], the subspace Z(V ) generated by the powers of root
vectors is a braided sub-Hopf algebra; hence there are univocally determined
scalars rn,m(α) ∈ k such that

∆(xα) = xα ⊗ 1 + 1⊗ xα +
∑

n+m=Nαα

rn,m(α) xn ⊗ x
m.(3.5)

See §3.3 for more details on the scalars rn,m(α).

Proposition 3.5. For each α ∈ O(V ), there are scalars µ(m) ∈ k such that

uα(µ) =
∑

n+m=Nαα

µα(m)rn,m(α)a
nMNβM

βM
· · · a

n1Nβ1
β1

g
mMNβM

βM
· · · g

m1Nβ1
β1

.(3.6)

Proof. Follows by plugging (3.5) into (3.3); so µα(m) = τµ(x
m). �

3.2. On coproduct formulae. We assume for the rest of this section that
the braiding matrix (q̂ij)i,j∈I is such that

q̂
Nβ

α,β = 1, α, β ∈ O(V ).(3.7)

In this setting, we provide an explicit general description of the scalars
rn,m involved in the formulae of the coproducts of the powers of the root

vectors xNα
α , α ∈ ∆+. Our computations rely on the ideas developed in

[AAR2], where the matrix (q̂ij)i,j∈I is assumed to satisfy (3.7).
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Remark 3.6. We remark that (3.7) means no restriction to compute coprod-
ucts of root vectors, as any braiding (qij)i,j∈I is twist equivalent to a braiding
(q̂ij)i,j∈I satisfying this condition. Hence, a coproduct formula for this case
can be translated into one for the general case via Proposition 2.2.

It follows from (3.7) that the braided Hopf algebra z(V ) as in (2.2) becomes
a usual Hopf algebra; thus it is isomorphic to the universal enveloping algebra
U(n) of the Lie algebra

n = P(z(V )).(3.8)

Moreover, a basis of n is given by the images ξβ = ι∗(y
(Nβ)
β ), β ∈ O(V ), of

the divided powers that generate L(V ) cf. (2.4). We recall that:

ξnβ = ι∗(y
(Nβ)
β )n = n!ι∗(y

(nNβ)
β ),(3.9)

that is, 〈ξnβ , x
nNβ

β 〉 = n!; see [AAR1, Corollary 4.5] for details.

Now, let ∆n be the root system associated to n: each β ∈ ∆n
+ arises as

Nαα for some α ∈ ∆q
+; thus |∆n

+| = |O|. A key step is the following: the
roots in ∆n

+, hence the set of generators {ξβ}β∈O inherits an ordering from
that of ∆+ in such a way that

ξβ < ξβ′ if and only if β′ < β.(3.10)

If β, γ ∈ O(V ), then it follows from [AAR1, Theorem 4.7] that there is a
unique η ∈ ∆n

+, associated to Nββ +Nγγ, such that [ξβ, ξγ ] ∈ nη and hence
there is c(β, γ) ∈ k such that

[ξβ , ξγ ] = c(β, γ)ξη ,(3.11)

as all of these eigenspaces are either zero or one-dimensional.
Now, to determine the scalars (rn,m)n,m ∈ k in (3.5), we proceed as

follows. On the one hand, using (3.9), cf. also (2.3):

k∏

i=1

ni!

l∏

j=1

mj! rn,m =
〈
ξml
γl
. . . ξm1

γ1
ξnk

βk
. . . ξn1

β1
, xNα

α

〉
.(3.12)

Next we write the element ξml
γl
. . . ξn1

β1
in the PBW basis of U(n); observe that

ξγj < ξβi
, for every i, j by (3.10). Now, an iterative application of (3.11)

defines a scalar c(α) ∈ k such that

ξml
γl
. . . ξn1

β1
= c(α)ξα + other monomials.(3.13)

Lemma 3.7.
〈
ξml
γl
. . . ξm1

γ1
ξnk

βk
. . . ξn1

β1
, xNα

α

〉
= c(α).

Proof. Set Tα = {τ = (τ1, . . . , τs) ∈ Os|τ1 < · · · < τs, s ∈ N} and let
(fτ ,t)τ ,t ∈ k be such that

ξml
γl
. . . ξn1

β1
= c(α)ξα +

∑

τ∈Tα,t∈N|τ |

fτ ,tξ
t1
τ1
. . . ξtsτs ,
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cf. (3.13). In particular, fτ ,t 6= 0 only if
∑

i tiτi = Nαα. We claim that

〈ξt1τ1 . . . ξ
ts
τs , x

Nα
α 〉 = 0.(3.14)

for every τ ∈ Tα, t ∈ Nτ . This implies the lemma, as 〈ξα, x
Nα
α 〉 = 1.

Let ∆(s), s ≥ 1, denote the s-th iteration of ∆ = ∆(1). We observe that

(3.14) is nonzero only if a summand of the form x
rsNτs
τs ⊗· · ·⊗x

r1Nτ1
τ1 appears

when computing ∆(s−1)(xNα
α ), but the existence of such a term contradicts

(an iteration of) Lemma 3.9. �

We arrive to the following.

Proposition 3.8. Assume that (3.7) holds. If rn,m(α) is as in (3.5), then

rn,m(α) =

k∏

i=1

1

ni!

l∏

j=1

1

mj!
c(α).(3.15)

Proof. Combine (3.12) with Lemma 3.7. �

Hence, we can determine all scalars (rn,m) out of the Lie algebra structure
of n; see the proof of Proposition 4.3 for a concrete example.

3.3. A conjecture. It follows from [A3, Theorem 4.13] that

tn,m = 0 or ni = 0 for each βi > α.

In plain words, only root vectors associated with roots lesser than α may
appear in the left tensorand. We believe there is a mirror situation for m, in
the sense that only with roots bigger than α may appear; see Remark 3.10.
That is, we conjecture the following: set

Ωα = {(n,m) ∈ Z2M |ni = 0 if βi > α,mi = 0 if βi < α; i ∈ IM}.(3.16)

Conjecture 1. There are scalars (rn,m)(n,m)∈Ωα
∈ k such that

∆(xα) = xα ⊗ 1 + 1⊗ xα +
∑

n+m=Nαα

rn,m x
n ⊗ x

m.

Moreover, we further propose the following. We write

x = xβM
. . . xβ1 , xn = xnm

βM
. . . xn1

β1
, n = (ni)i∈IM ∈ ZM .

Conjecture 2. There are scalars (sn,m)(n,m)∈Ωα
∈ k such that

∆(xα) = xα ⊗ 1 + 1⊗ xα +
∑

n+m=α

sn,m xn ⊗ xm.

The following lemma is now a direct consequence of [A3, Theorem 4.13].

Lemma 3.9. If Conjecture 2 holds, then Conjecture 1 holds.
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Proof. We recall from [A1, Lemma 4.5] the braided commutator between two
root vectors is a linear combination of products of root vectors associated to
intermediate roots. Hence the resulting basic tensors in the computation of
∆(xα)

Nα are such that left tensorands are products of root vectors associated
to roots lesser or equal than α, while the right ones are products of root
vectors associated to roots bigger or equal than α.

The lemma now follows by (3.5), as the only possibilities for a basic tensor
to involve the root α are xNα

α ⊗ 1 and 1⊗ xNα
α . �

Remark 3.10. Conjecture 2, and hence 1, holds when

(1) All root vectors are primitive in B̃(V ).
(2) V is of Cartan type An, n ∈ N. See [AS1, Lemma 6.9], also [AD, AK].
(3) V is of Cartan type Bn, Cn, Dn, n ∈ N. See [K1, K2].
(4) V is of Cartan type G2. See [KV], also Proposition 4.2.
(5) V is of super type An, n ∈ N. See [A3, Lemma 34].
(6) V is of modular type br(2; 5). See the proof of [A3, Lemma 37].
(7) V is of unidentified type ufo(7).

Case (7) is a particular case of (1). For (3), the coproduct formula is not
in terms of the root vectors, but rather of a linear combination of them,
suitable for the purposes in the references. Idem for case (4) in [KV]; hence
the need of Proposition 4.2.

4. Cartan Type G2

We fix a braided vector space V of diagonal type Cartan G2 with parame-
ter q ∈ G′

N , N > 3; see (1.1). The braiding of V is encoded in the generalized
Dynkin diagram associated to V :

q
◦

q−3 q3

◦(4.1)

We fix a cosemisimple Hopf algebra H with a principal realization V ∈ H
HYD

and Γ ≤ Z(G(H)) as in (2.1).
The Nichols algebra B(V ) is generated by x1, x2 with defining relations

[x12, x2]c = 0; x11112 = 0;(4.2)

xNα
α = 0, α ∈ ∆+.(4.3)

Recall that the relations in (4.2) are the quantum Serre relations while the
ones in (4.3) are the powers of root vectors, indexed by the (positive) roots

∆+ = {α1, α2, α1 + α2, 2α1 + α2, 3α1 + α2, 3α1 + 2α2}.

In this case, we have ∆+ = O(V ), that is all roots are Cartan. More precisely,
the root vectors are

xα1 = x1, xα2 = x2, xα1+α2 = x12,

x2α1+α2 = x112, x3α1+α2 = x1112 x3α1+2α2 = [x112, x12]c.
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We shall denote β := 3α1 +2α2 for shortness. We will also refer indistinctly
to the roots by their indices, that is ∆+ = {1, 2, 12, 112, 1112, 11212}. We
recall that there is a preferred order of the roots, hence of the root vectors,
namely the convex order

α1 < 3α1 + α2 < 2α1 + α2 < 3α1 + 2α2 < α1 + α2 < α2.(4.4)

Set M =
N

(N, 3)
. We have, cf. (4.3):

Nα1 = Nα1+α2 = N2α1+α2 = N,

Nα2 = N3α1+α2 = N3α1+2α2 =M.
(4.5)

We fix an stratification G = G0 ⊔ G1 as

G0 = {quantum Serre relations (4.2)},

G1 = {powers of root vectors (4.3)}.

We set H′ = T (V )/〈G0〉 = B̃(V )#H, H = B(V )#H = H′/〈G1〉.
We remark that there are two distinguished cases, according to whether

the quantum Serre relations (4.2) can be deformed or else hold in any lifting.
We have, cf. [AG1, Proposition 3.2] also [AS1, Theorem 5.6], that these
relations can be deformed if and only if:

q = qd :=

(
q q3

q q3

)
(hence N = 7).(4.6)

Hence, we shall consider separately

• The generic case: when q 6= qd. See §4.1.
• The degenerate case: when q = qd. See §4.2.

4.1. The generic case. This case agrees with the setting of §3, hence all
liftings arise as u(λ) in Theorem 3.1. To describe them, we need an explicit
description of the coproducts of the powers of the root vectors. For this we
use Proposition 2.2 and the results in [AAR2].

We start with a lemma in which we exhibit the explicit formulae which
describe the brackets between two root vectors.

Lemma 4.1. On the one hand,

[x1, x2]c = x12; [x1, x12]c = x112;

[x1, x112]c = x1112; [x112, x12]c = xβ.
(4.7)

Also, there is a subset of q-commuting vectors:

[x12, x2]c = 0; [xβ, x12]c = 0; [x112, xβ ]c = 0;(4.8)

[x1112, x112]c = 0; [x1, x1112]c = 0.

For the rest of the roots, we have:

[xβ, x2]c = q212q
3(q2 − 1)(q − 1)x312; [x112, x2]c = q12q(q

2 − 1)x212;(4.9)
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[x1112, x12]c =
q12q(q

3 − 1)

q + 1
x2112; [x1, xβ]c =

q12q(q
3 − 1)

q + 1
x2112;

[x1112, xβ ]c =
q3q212(q − 1)(q3 − 1)

q + 1
x3112;

[x1112, x2]c = q12q(q
2 − q − 1)xβ + q212q

2(q3 − 1)x12x112.

Proof. First, (4.7) is by definition. Now, we recall from [A1, Lemma 4.5] that
the bracket of two given root vectors is a linear combination of intermediate
root vectors. In particular, the bracket of consecutive root vectors is zero,
this shows (4.8), cf. (4.4). Now (4.9) follows by an easy computation. �

We continue with a well-known result, cf. [KV, Theorem 4.2].

Proposition 4.2. In H′, we have:

∆(xi) = xi ⊗ 1 + gi ⊗ xi, i = 1, 2;

∆(x12) = x12 ⊗ 1 + g12 ⊗ x12 + (1− q−3)x1g2 ⊗ x2;

∆(xβ) = xβ ⊗ 1 + gβ ⊗ xβ + q2(1− q−3)2x112x1g2 ⊗ x2

+ q21(1− q−3)(q3 − q2 − q)x1112g2 ⊗ x2

+ q21(1− q−3)2(1− q−2)(1 − q−1)x31g22 ⊗ x22

+ q2(1− q−3)2(1− q−2)x21g122 ⊗ x2x12

+ q2(1− q−3)x112g12 ⊗ x12 + q2(1− q−3)(1− q−2)x1g1122 ⊗ x212;

∆(x112) = x112 ⊗ 1 + g112 ⊗ x112 + (1− q−3)(1 − q−2)x21g2 ⊗ x2

+ (1− q−2)(1 + q)x1g12 ⊗ x12;

∆(x1112) = x1112 ⊗ 1 + g1112 ⊗ x1112

+ (1− q−3)(1 − q−2)(1− q−1)x31g2 ⊗ x2

+ (1− q−3)(1 − q−2)q2x21g12 ⊗ x12 + (1− q−3)q2x1g112 ⊗ x112.

Proof. This is a straightforward computation, using Lemma 4.1. �

In particular, Proposition 4.2 shows that Conjecture 2 holds and therefore
there are scalars (rn,m)(n,m)∈Ωα

such that the coproducts of the powers of
the root vectors follow the rule in Conjecture 1.

For simplicity, and following the notation in [AAR2, §4.], we shall denote
these scalars rn,m by (ai)i∈I12 (when 3 ∤ N) and (bi)i∈I12 (when 3|N). Hence

• When (N, 3) = 1:

∆(xN1 ) = xN1 ⊗ 1 + gN1 ⊗ xN1 ; ∆(xN2 ) = xN2 ⊗ 1 + gN2 ⊗ xN2 ;

∆(xN12) = xN12 ⊗ 1 + gN12 ⊗ xN12 + a1x
N
1 g

N
2 ⊗ xN2 ;

∆(xN112) = xN112 ⊗ 1 + gN112 ⊗ xN112 + a2x
N
1 g

N
12 ⊗ xN12 + a3x

2N
1 gN2 ⊗ xN2 ;

∆(xN1112) = xN1112 ⊗ 1 + gN1112 ⊗ xN1112 + a4x
N
1 g

N
112 ⊗ xN112 + a5x

2N
1 gN12 ⊗ xN12

+ a6x
3N
1 gN2 ⊗ xN2 ;
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∆(xNβ ) = xNβ ⊗ 1 + gNβ ⊗ xNβ + a7x
N
112g

N
12 ⊗ xN12 + a8x

N
1112g

N
2 ⊗ xN2

+ a9x
N
1 g

2N
12 ⊗ x2N12 + a10x

2N
1 gN122 ⊗ xN2 x

N
12

+ a11x
N
112x

N
1 g

N
2 ⊗ xN2 + a12x

3N
1 g2N2 ⊗ x2N2 .

• When (N, 3) = 3 (then N = 3M):

∆(xN1 ) = xN1 ⊗ 1 + gN1 ⊗ xN1 ; ∆(xM2 ) = xM2 ⊗ 1 + gM2 ⊗ xM2 ;

∆(xN12) = xN12 ⊗ 1 + gN12 ⊗ xN12 + b1x
M
β g

M
2 ⊗ xM2 + b2x

M
1112g

2M
2 ⊗ x2M2

+ b3x
N
1 g

N
2 ⊗ xN2 ;

∆(xN112) = xN112 ⊗ 1 + gN112 ⊗ xN112 + b4x
N
1 g

N
12 ⊗ xN12 + b5x

M
1112g

M
β ⊗ xMβ

+ b6x
2N
1 gN2 ⊗ xN2 + b7x

2M
1112g

M
2 ⊗ xM2 + b8x

M
1112x

N
1 g

2M
2 ⊗ x2M2

+ b9x
N
1 g

N
12 ⊗ xM2 x

M
β ;

∆(xM1112) = xM1112 ⊗ 1 + gM1112 ⊗ xM1112 + b10x
N
1 g

M
2 ⊗ xM2 ;

∆(xMβ ) = xMβ ⊗ 1 + gMβ ⊗ xMβ + b11x
N
1 g

2M
2 ⊗ x2M2 + b12x

M
1112g

M
2 ⊗ xM2 .

We follow the ideas in §2.2 and §3.2 to compute the scalars ai and bi.

Proposition 4.3. For the case (N, 3) = 1:

a1 = (1− q−3)Nq
N(N−1)

2
21 ;

a2 = 2(1− q−2)Nq
N(N−1)

2
21 ;

a3 = (1− q−3)N (1− q−2)Nq
N(N−1)
21 ;

a4 = 3(1− q−1)Nq
N(N−1)

2
21 ;

a5 = 3(1− q−2)N (1− q−1)Nq
N(N−1)
21 ;

a6 = (1− q−3)N (1− q−2)N (1− q−1)Nq
3N(N−1)

2
21 ;

a7 = 3(1− q−1)Nq
N(N−1)

2
21 ;

a8 = −(1− q−3)Nq
N(3N−1)

2
21 ;

a9 = 3(1− q−2)N (1− q−1)Nq
N(N−1)
21 ;

a10 = 3(1− q−3)N (1− q−2)N (1− q−1)Nq
3N(N−1)

2
21 ;

a11 = 3(1− q−3)N (1− q−1)Nq
N(N−1)
21 ;

a12 = (1− q−3)2N (1− q−2)N (1− q−1)Nq
N(3N−2)
21 .

On the other hand, when (N, 3) = 3, we have:

b1 = 3(1− q−3)M (1− q−2)−M (1− q−1)−Mq
M(N+1)

2
21 ;

b2 = 3(1− q−3)2M (1− q−2)−M (1− q−1)−M qNM
21 ;
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b3 = (1− q−3)Nq
N(N−1)

2
21 ;

b4 = −(1− q−2)N (1− q−1)Nq
N(N−1)

2
21 ;

b5 = 3(1− q−2)−M (1− q−1)Mq
M(N+1)

2
21 ;

b6 = (1− q−3)N (1− q−2)Nq
N(N−1)
21 ;

b7 = 3(1− q−3)M (1− q−2)M (1− q−1)MqNM
21 ;

b8 = 3(1− q−3)2M (1− q−2)2M (1− q−1)2Mq
N(N−1)

2
21 ;

b9 = 3(1− q−3)M (1− q−2)2M (1− q−1)2M q
M(N−1)
21 ;

b10 = (1− q−3)M (1− q−2)M (1− q−1)Mq
N(M−1)

2
21 ;

b11 = (1− q−3)2M (1− q−2)M (1− q−1)Mq
M(N−2)
21 ;

b12 = 2(1− q−3)M q
M(N−1)

2
21 .

Proof. First, we compute the scalar a1. By Proposition 4.2,

∆(x12) = x12 ⊗ 1 + g12 ⊗ x12 + (1− q−3)x1g2 ⊗ x2.

Hence,

∆(xN12) =
∑

di∈D12

d1d2 · · · dN ,

where D12 = {x12 ⊗ 1, g12 ⊗ x12, (1 − q−3)x1g2 ⊗ x2}. Using that the order
is convex, the only way to have xN2 in the second tensorand is by taking
d1 = · · · = dN = (1− q−3)x1g2⊗x2. Therefore, the part that we focus on is:

(
(1− q−3)x1g2 ⊗ x2

)N
= (1− q−3)N (x1g2)

N ⊗ xN2

= (1− q−3)Nq
N(N−1)

2
21 xN1 g

N
2 ⊗ xN2

and thus a1 = (1− q−3)Nq
N(N−1)

2
21 . We observe that the scalars a3, a6, a12, b3,

b6, b10 and b11 can be calculated in the same way.
For the remaining scalars, we use the techniques from §3.2: we calculate

them when (3.7) holds, that is when q
Nα′

αα′ = 1, for all α,α′. Afterwards we
use the formulae from §2.2 to get the general case. We shall compute the
scalar â2, the others follow similarly.

We fix a braiding matrix (q̂ij)i,j∈I satisfying (3.7). In this case, the Lie
algebra n = k{ξ1, ξ2} cf. (3.8) is of type G2, see [AAR2, §4 (Row 10)].

We fix ξ1 > ξ2, cf. (3.10). Now, we know that ξ12 = c1[ξ2, ξ1] and ξ112 =
c2[ξ12, ξ1] for some ci ∈ k. Therefore, in U(n), we have:

ξ2ξ1 = c−1
1 ξ12 + ξ1ξ2;

ξ2ξ
2
1 = (c−1

1 ξ12 + ξ1ξ2)ξ1 = c−1
1 (c−1

2 ξ112 + ξ1ξ12) + c−1
1 ξ1ξ12 + ξ21ξ2
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= c−1
1 c−1

2 ξ112 + 2c−1
1 ξ1ξ12 + ξ21ξ2;

ξ12ξ1 = c−1
2 ξ112 + ξ1ξ12.

By (3.15), we have that:

â1 = c−1
1 ; â3 =

c−1
1 c−1

2

2!
; â2 = c−1

2 .

As we have already computed â1 and â3, we obtain

â2 = c−1
2 = 2â3c1 = 2â3â

−1
1 = 2(1− q−2)N q̂

N(N−1)
2

21 .

To find the scalar a2 in the general case, we follow the recipe from §2.2. We
refer the reader to loc.cit. for unexplained notation. To begin with, we need
∆σ(x̂

N
112). For this, we first observe that:

∆(x̂N112) = x̂N112 ⊗ 1 + gN112 ⊗ x̂N112 + â2x̂
N
1 g

N
12 ⊗ x̂N12 + â3x̂

2N
1 gN2 ⊗ x̂N2

Then, by (2.6), we have

∆σ(x̂
N
112) = σ(gN112, 1)x̂

N
112 ⊗ 1 + σ(1, gN112)g

N
112 ⊗ x̂N112

+ σ(gN1 , g
N
12)â2x̂

N
1 g

N
12 ⊗ x̂N12 + σ(g2N1 , gN2 )â3x̂

2N
1 gN2 ⊗ x̂N2

= x̂N112 ⊗ 1 + gN112 ⊗ x̂N112 + σ(g1, g2)
N2

â2x̂
N
1 g

N
12 ⊗ x̂N12

+ σ(g1, g2)
2N2

â3x̂
2N
1 gN2 ⊗ x̂N2 .

Using Proposition 2.2 (i), we get that:

ψ(x̂N112) = σ(g1, g2)
N(N+1)xN112; ψ(x̂N12) = σ(g1, g2)

N(N+1)
2 xN12;

ψ(x̂N1 ) = xN1 ; ψ(x̂N2 ) = xN2 .

We also have t112 = σ(g1, g2)
2, cf. (2.5). Finally, from (2.8), we obtain:

∆(xN112) = σ(g112, g112)
−

N(N−1)
2 t−N

112 (ψ ⊗ ψ)∆σ(x̂
N
112)

= xN112 ⊗ 1 + gN112 ⊗ xN112 + 2(1 − q−2)Nq
N(N−1)

2
21 xN1 g

N
12 ⊗ xN12

+ a3x
2N
1 gN2 ⊗ xN2

and hence a2 = 2(1 − q−2)Nq
N(N−1)

2
21 . �

Now, consider the set of deformation parameters, cf. (2.9):

R = {µ = (µα)α∈∆+ ∈ k∆+ |µα = 0 if gNα
α = 1 or χNα

α 6= ǫ}.(4.10)

We follow (3.4), see also (3.6), to give an explicit description of the liftings
given by Theorem 3.1 in this particular case:

Definition 4.4. For each µ ∈ R as in (4.10), u(µ) is the algebra quotient
of T (V )#H given by the following set of relations:

When (N, 3) = 1,

[a12, a2]c = 0; a11112 = 0; aNi = µi(1− gNi ), i = 1, 2;
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aN12 = µ12(1− gN12)− a1µ2a
N
1 g

N
2 ;

aN112 = µ112(1− gN112)− a2µ12a
N
1 g

N
12 − a3µ2a

2N
1 gN2 ;

aN1112 = µ1112(1− gN1112)− a4µ112a
N
1 g

N
112 − a5µ12a

2N
1 gN12 − a6µ2a

3N
1 gN2 ;

aNβ = µβ(1− gNβ )− a7µ12a
N
112g

N
12 − a8µ2a

N
1112g

N
2 − a9µ

2
12a

N
1 g

2N
12

− a10µ2µ12a
2N
1 gN122 − a11µ2a

N
112a

N
1 g

N
2 − a12µ

2
2a

3N
1 g2N2 .

When (N, 3) = 3, N = 3M ,

[a12, a2]c = 0; a11112 = 0; aN1 = µ1(1− gN1 ); aM2 = µ2(1− gM2 );

aN12 = µ12(1− gN12)− b1µ2a
M
β g

M
2 − b2µ

2
2a

M
1112g

2M
2 − b3µ

3
2a

N
1 g

N
2

aN112 = µ112(1− gN112)− b4µ12a
N
1 g

N
12 − b5µβa

M
1112g

M
β − b6µ

3
2a

2N
1 gN2

− b7µ2a
2M
1112g

M
2 − b8µ

2
2a

M
1112a

N
1 g

2M
2 − b9µ2µβa

N
1 g

N
12;

aM1112 = µ1112(1− gM1112)− b10µ2a
N
1 g

M
2 ;

aMβ = µβ(1− gMβ )− b11µ
2
2a

N
1 g

2M
2 − b12µ2a

M
1112g

M
2 .

4.2. The degenerate case. We now investigate the case of the braiding
matrix qd as in (4.6).

Recall the strategy from §2.3. For each λ = (λ1, λ2) ∈ k2 subject to

λ1 = 0, if g11112 = 1 or χ11112 6= ǫ,(4.11)

λ2 = 0, if g122 = 1 or χ122 6= ǫ,

see (2.9), we consider the algebra cf. Example 2.3:

E(λ) = k〈y1, y2|y11112 − λ1, [y12, y2]c − λ2〉.

Lemma 4.5. For every λ as in (4.11), E(λ) 6= 0.

Proof. We check this with GAP, see log files at
http://www.mate.uncor.edu/∼aigarcia/publicaciones.htm. �

We set A(λ) := E(λ)#H and

u(λ) = k〈a1, a2|a11112 − λ1(1− g41g2), [a12, a2]c − λ2(1− g1g
2
2)〉.

Then u(λ) is a cocycle deformation of H′ and A(λ) is a (u(λ),H′) bi-cleft
object, by Proposition 2.4. We fix λ as in (4.11) and set A = A(λ), u = u(λ).
We denote the corresponding section and coactions, respectively, by

γ : H′ → A, ρ : A → A⊗H′, δ : A → u⊗A

For each µ ∈ R as in (4.10), we set

E(λ,µ) = E(λ)/〈γ(rα)− µα : α ∈ ∆+〉, A(λ,µ) := E(λ,µ)#H;

let τ : A(λ) ։ A(λ,µ) denote the canonical projection. Let r̃α ∈ u(λ),
α ∈ ∆+, see (2.13), be the unique solution of the equation

(4.12) r̃α ⊗ 1 = (id⊗τ)δ(γ(rα))− gNα
α ⊗ γ(rα).
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and consider the quotient algebras

u(λ,µ) = u(λ)/〈r̃α − µα(1− gNα
α ) : α ∈ ∆+〉.

Theorem 4.6. Fix λ as in (4.11) and µ ∈ R as in (4.10). Then

(1) u(λ,µ) is a cocycle deformation of H and gr u(λ,µ) ≃ H.
(2) A(λ,µ) is a (u(λ,µ),H) bi-cleft object.

Conversely, if L is a lifting of V ∈ H
HYD, then there are λ as in (4.11) and

µ ∈ R as in (4.10) such that L ≃ u(λ,µ).

Proof. This is Theorem 2.5. �

As explained in §2.3, see Example 2.3, to give an explicit description of
the cleft objects A(λ,µ) and the liftings u(λ,µ), we need to compute γ(rα),
α ∈ ∆+ and solve the equations (4.12).

This is the content of Proposition 4.7 next and Theorem 4.9 below.

Proposition 4.7. Let λ be as in (4.11) and µ be as in (4.10). Then A(λ,µ)
is the quotient of T (V )#H by the ideal generated by the relations

y11112 = λ1; [y12, y2]c = λ2; y7i = µi, i = 1, 2; y712 = µ12; y71112 = µ112;

y7112 = µ112 − (8q + 9q2 + 3q3 + 4q4 + 5q5 − q6)λ21y
3
12yβ

− (5q + 8q2 + 9q3 + 8q4 + 5q5)λ21y2y
2
β + 7q3(1 + 2q + q2)λ31y

2
2y

2
12

− (2q + 4q2 + 13q3 + 22q4 + 17q5 + 5q6)λ2λ
3
1y2y12,

y7β = µβ + (210q + 224q2 + 238q3 + 105q4 + 462q5 + 231q6)λ22λ
3
1y

7
12

+ (833q + 1911q2 + 2352q3 + 1911q4 + 833q5)λ2λ
5
1y

7
2.

Proof. For each α ∈ ∆+, γ(rα) ∈ A(λ) is the unique element satisfying

ρ(γ(rα)) = (γ ⊗ id)∆H′(rα),

see (2.13). Recall the notation ai ∈ k, i ∈ I12, from p. 14. It readily follows
that γ(x7i ) = y7i and γ(x712) = y712, as

ρ(y7i ) = y7i ⊗ 1 + g7i ⊗ x7i , i = 1, 2;

ρ(y712) = y712 ⊗ 1 + g712 ⊗ x712 + a1y
7
1g

7
2 ⊗ x72.

Next, we use GAP to check that

ρ(y71112) = y71112 ⊗ 1 + g71112 ⊗ x71112 + a4y
7
1g

7
112 ⊗ x7112 + a5y

14
1 g

7
12 ⊗ x712

+ a6y
21
1 g

7
2 ⊗ x72.

Hence γ(x71112) = y71112. On the other hand, we checked using GAP that

γ(x7112) = y7112 + (8q + 9q2 + 3q3 + 4q4 + 5q5 − q6)λ21y
3
12yβ

+ (5q + 8q2 + 9q3 + 8q4 + 5q5)λ21y2y
2
β − 7q3(1 + 2q + q2)λ31y

2
2y

2
12

+ (2q + 4q2 + 13q3 + 22q4 + 17q5 + 5q6)λ2λ
3
1y2y12.
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Similarly, we use GAP to compute:

ρ(y7β) = y7β ⊗ 1 + g7β ⊗ x7β + a7γ(x
7
112)g

7
12 ⊗ x712 + a8y

7
1112g

7
2 ⊗ x72

+ a9y
7
1g

14
12 ⊗ x1412 + a10y

14
1 g

7
122 ⊗ x72x

7
12 + a11γ(x

7
112)y

7
1g

7
2 ⊗ x72

+ a12y
21
1 g

14
2 ⊗ x142

+ (210q + 224q2 + 238q3 + 105q4 + 462q5 + 231q6)λ22λ
3
1g

7
12 ⊗ x712

+ (210q + 224q2 + 238q3 + 105q4 + 462q5 + 231q6)a1λ
2
2λ

3
1y

7
1g

7
2 ⊗ x72

+ (833q + 1911q2 + 2352q3 + 1911q4 + 833q5)λ2λ
5
1g

7
2 ⊗ x72.

and thus we see that

γ(x7β) = y7β − (210q + 224q2 + 238q3 + 105q4 + 462q5 + 231q6)λ22λ
3
1y

7
12

− (833q + 1911q2 + 2352q3 + 1911q4 + 833q5)λ2λ
5
1y

7
2.

Hence the proposition follows. �

Definition 4.8. For each µ as in (4.10) and λ as in (4.11), we set u(λ,µ)
as the algebra quotient of T (V )#H by the ideal generated by the relations:

a11112 = λ1(1− g11112); [a12, a2]c = λ2(1− g122);

a
7
1 = µ1(1− g

7
1), a

7
2 = µ2(1− g

7
2);

a
7
12 = µ12(1− g

7
12)− µ2(21q + 35q2 + 7q3 − 7q4 − 35q5 − 21q6)a7

1g
7
2

− (−q + 2q2 + 5q3 + 4q4 + 2q5 + 2q6)λ3
2λ1g

7
1g

7
2

− (2q2 + 2q4 + 2q5 + q
6)λ3

2λ1g
3
1g

6
2

− (−q − q
2 + 2q4 − 2q5 + 2q6)λ2

2λ1a2a12g
2
1g

4
2

− (2q − 3q2 − q
3
− 6q4 − 4q5 − 2q6)λ2λ1a

2
2a

2
12g1g

2
2

− (4q + 2q2 + 2q3 − 2q4 − 2q5 − 4q6)λ3
2λ1g

2
1g

4
2

− (2q + 8q2 + 11q3 + 11q4 + 8q5 + 2q6)λ2
2λ1a2a12g1g

2
2

− (−3q − 6q2 − 7q3 − 4q4 − 2q5 + q
6)λ3

2λ1g1g
2
2 ;

a
7
112 = µ112(1− g

7
112)

− (−70q + 14q2 + 42q3 − 42q4 − 14q5 + 70q6)µ12a
7
1g

7
1g

7
2

− (−245q − 833q2 − 1323q3 − 1323q4 − 833q5 − 245q6)µ2a
14
1 g

7
2

− (11q + 87q2 + 95q3 + 28q4 + 12q5 + 26q6)λ2
2λ

3
1g

14
1 g

7
2

− (84q + 112q2 + 84q3 − 91q5 − 91q6)λ3
2λ1a

7
1g

7
1g

7
2

− (−2q − 72q2 − 49q3 + 25q4 − 4q5 − 45q6)λ2
2λ

3
1g

10
1 g

6
2

− (−21q + 7q2 + 35q3 + 63q4 + 91q5 + 70q6)λ3
2λ1a

7
1g

3
1g

6
2

− (−7q2 + 14q3 + 35q4 + 14q5 − 7q6)λ2
2λ

2
1a112a

2
1g

6
1g

5
2

− (11q + 8q2 − 9q3 − 5q4 + 6q5 + 3q6)λ2
2λ

2
1a1112a1g

6
1g

5
2

− 7q(−7− 14q − 17q2 − 12q3 − 2q4 + 3q5)λ2
2λ1a12a112a

5
1g

2
1g

4
2

− (−14q − 21q2 + 21q4 + 14q5)λ2
2λ1a

2
112a

4
1g

2
1g

4
2

− (35q + 49q2 + 35q3 − 35q5 − 35q6)λ2
2λ1aβa

5
1g

2
1g

4
2

− (52q + 153q2 + 177q3 + 166q4 + 155q5 + 74q6)λ2
2λ

3
1g

6
1g

5
2
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− (14q + 35q2 + 49q3 + 35q4 + 14q5)λ2
2λ1a112a1112a

3
1g

2
1g

4
2

− (19q + 17q2 + 8q3 + 13q4 + 11q5 − 5q6)λ2λ
2
1a12a

2
112g

5
1g

3
2

− (7q − 28q3 − 35q4 − 28q5 − 14q6)λ2
2λ

2
1a2a

4
1g

2
1g

4
2

− (49q + 42q2 − 14q3 − 77q4 − 98q5 − 63q6)λ2
2λ1a

2
1112a

2
1g

2
1g

4
2

− (−14q − 23q2 − 13q3 − 5q4 − 6q5 − 2q6)λ2λ
2
1aβa112g

5
1g

3
2

− (−14q − 21q2 − 28q3 − 21q4 − 14q5)λ2
2λ

2
1a12a

3
1g

2
1g

4
2

− (−16q − 11q2 + 8q3 + 6q4 − 3q5 + 2q6)λ2λ
3
1a2a12g

5
1g

3
2

− (−42q − 63q2 − 56q3 − 21q4 + 14q5 + 21q6)λ2
2λ

2
1a112a

2
1g

2
1g

4
2

− (−2q − 36q2 − 67q3 − 60q4 − 36q5 − 16q6)λ2
2λ

3
1g

5
1g

3
2

− (−63q − 77q2 − 35q3 + 28q4 + 63q5 + 49q6)λ2
2λ

2
1a1112a1g

2
1g

4
2

− (−7q + 14q3 + 21q4 + 21q5 + 14q6)λ2λ1a12a
2
112a1112a1g1g

2
2

− (−7q2 − 7q3)λ2λ1a
3
112a1112g1g

2
2

− (5q − 4q2 − 20q3 − 29q4 − 24q5 − 12q6)λ2λ1aβa112a1112a1g122

− (12q + 17q2 + 8q3 − 8q4 − 17q5 − 12q6)λ2λ1a12a112a
2
1112g1g

2
2

− (−7q − 7q2)λ2λ
2
1a

2
12a112a1g1g

2
2

− (−7q − 21q2 − 28q3 − 28q4 − 14q5)λ2λ
2
1a2a

2
112a1g1g

2
2

− (−7q − 21q2 − 28q3 − 21q4 − 7q5)λ2λ
2
1a2a12a1112a1g1g

2
2

− (63q + 35q2 − 35q3 − 126q4 − 175q5 − 112q6)λ2
2λ

3
1g

2
1g

4
2

− (−3q + 9q3 + 17q4 + 17q5 + 9q6)λ2λ1aβa
2
1112g1g

2
2

− (−7q − 14q2 − 7q3 + 7q5 + 7q6)λ2λ
2
1a12a

2
112g1g

2
2

− (−13q − 26q2 − 32q3 − 31q4 − 16q5 − q
6)λ2λ

2
1a12aβa1g1g

2
2

− (7q + 14q2 + 14q3 + 14q4 + 7q5)λ2λ
2
1a

2
12a1112g1g

2
2

− (14q + 21q2 + 21q3 + 7q4 − 7q6)λ2λ
2
1a2a112a1112g1g

2
2

− (28q + 21q2 − 21q3 − 63q4 − 70q5 − 42q6)λ2λ
3
1a

2
2a1g1g

2
2

− (52q + 83q2 + 65q3 + 12q4 − 34q5 − 38q6)λ2
2λ

2
1a1112a1g1g

2
2

− (−10q − 13q2 − 9q3 − 5q4 + 6q5 + 10q6)λ2λ
2
1aβa112g1g

2
2

− (42q + 70q2 + 56q3 + 35q4 + 21q5)λ2λ
3
1a2a12g1g

2
2

− (8q + 9q2 + 3q3 + 4q4 + 5q5 − q
6)λ2

1a
3
12aβ

− (−7q3 − 14q4 − 7q5)λ3
1a

2
2a

2
12

− (−122q − 167q2 − 121q3 − 33q4 + 48q5 + 73q6)λ2
2λ

3
1g1g

2
2

− (5q + 8q2 + 9q3 + 8q4 + 5q5)λ2
1a2a

2
β

− (2q + 4q2 + 13q3 + 22q4 + 17q5 + 5q6)λ2λ
3
1a2a12;

a
7
1112 = µ1112(1− g

7
1112)

− (21q − 63q2 + 105q3 − 105q4 + 63q5 − 21q6)µ112a
7
1g

14
1 g

7
2

− (2499q + 3969q2 + 735q3 + 735q4 + 3969q5 + 2499q6)µ12a
14
1 g

7
1g

7
2

− (343q + 343q2 − 343q3 + 343q4 − 343q5 − 343q6)µ2a
21
1 g

7
2

− (−2q + 17q2 + 15q3 + 13q4 + 32q5 + 30q6)λ2λ
5
1g

21
1 g

7
2
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− (315q + 336q2 + 210q3 + 84q4 + 546q5 + 273q6)λ2
2λ

3
1a

7
1g

14
1 g

7
2

− (441q + 196q2 − 49q3 + 392q4 + 490q5 − 98q6)λ3
2λ1a

14
1 g

7
1g

7
2

− (18q + 15q2 − 2q3 + 9q4 + 20q5 + 3q6)λ2λ
5
1g

17
1 g

6
2

− (−28q − 42q2 − 7q3 − 7q4 − 42q5 − 28q6)λ2λ
4
1a1112a1g

13
1 g

5
2

− (4q − 20q2 − 16q3 + 2q4 − 8q5 − 18q6)λ2λ
5
1g

13
1 g

5
2

− (7q + 14q2 − 28q3 − 21q4 + 35q5 + 42q6)λ2
2λ

3
1a

7
1g

6
1g

5
2

− (7q − 35q2 − 28q3 + 7q4 − 14q5 − 35q6)λ2λ
3
1a

2
1112a

2
1g

9
1g

4
2

− (28q + 70q2 + 28q3 + 49q5 + 49q6)λ2λ
4
1a1112a1g

9
1g

4
2

− (−49q4 − 98q5 − 49q6)λ2
2λ

2
1a1112a

8
1g

2
1g

4
2

− (−28q − 28q2 − 7q4 − 28q5 − 7q6)λ2λ
2
1a

3
1112a

3
1g

5
1g

3
2

− (−24q − 20q2 + 12q3 + 16q4 − 8q5 − 4q6)λ2λ
5
1g

9
1g

4
2

− (28q + 56q2 + 84q3 + 112q4 + 91q5 + 21q6)λ2
2λ

3
1a

7
1g

2
1g

4
2

− 7q(4 + 8q + 5q2 + 3q3 + 5q4 + 3q5)λ2λ
3
1a

2
1112a

2
1g

5
1g

3
2

− (−14q2 − 7q3 + 7q4 + 14q5)λ2λ1a
4
1112a

4
1g1g

2
2

− (−21q2 − 21q3 − 7q4 − 21q5 − 21q6)λ2λ
4
1a1112a1g

5
1g

3
2

− (21q + 35q2 + 21q3 − 14q5 − 14q6)λ2λ
2
1a

3
1112a

3
1g1g

2
2

− (16q + 32q2 + 20q3 − 20q4 − 32q5 − 16q6)λ2λ
5
1g

5
1g

3
2

− 7q(−4− 7q − 6q2 − 2q3 + 2q4 + 3q5)λ2λ
3
1a

2
1112a

2
1g1g

2
2

− (28q + 49q2 + 49q3 + 28q4 − 14q6)λ2λ
4
1a1112a1g1g

2
2

− (−12q − 24q2 − 29q3 − 20q4 − 4q5 + 5q6)λ2λ
5
1g1g

2
2 ;

a
7
β = µβ(1− g

7
β)

− [(−11564q − 19698q2 − 18130q3 − 7840q4 + 2597q5 + 6615q6)λ7
2µ

2
1

+ (7350q + 9751q2 + 6909q3 − 98q4 − 6419q5 − 6174q6)λ6
2λ

2
1µ1

+ (−2107q − 5166q2 − 6258q3 − 4914q4 − 1988q5 − 490q6)λ5
2λ

4
1

+ (21609q + 67228q2 + 103243q3 + 105644q4 + 67228q5 + 24010q6)λ3
2λ1µ2µ

2
1

+ (1862q − 392q2 − 1274q3 + 1960q4 + 3136q5 + 196q6)λ3
2λ1µ12µ1

+ (−189q − 126q2 − 7q3 − 224q4 + 56q5 − 294q6)λ3
2λ1µ112

+ (21609q + 36015q2 + 60025q3 + 60025q4 + 36015q5 + 21609q6)µ2
2µ

3
1

+ (−1029q − 1029q2 + 1029q3 − 1029q4 + 1029q5 + 1029q6)µ2µ12µ
2
1

+ (2499q + 3969q2 + 735q3 + 735q4 + 3969q5 + 2499q6)µ2
12µ1

+ (21q + 35q2 + 7q3 − 7q4 − 35q5 − 21q6)µ2µ1112

+ (−21q + 63q2 − 105q3 + 105q4 − 63q5 + 21q6)µ12µ112]g
21
1 g

14
2

− [(2891q − 4851q2 − 16023q3 − 23765q4 − 20874q5 − 10437q6)λ6
2λ1µ1

+ (−1337q + 70q2 + 987q3 + 2933q4 + 3164q5 + 1533q6)λ5
2λ

3
1

+ (43218q + 55223q2 + 43218q3 − 28812q5 − 28812q6)λ3
2µ2µ

2
1

+ (686q2 + 1372q3 + 1372q4 + 1372q5)λ3
2µ12µ1

+ (−490q + 147q2 − 490q3 − 294q5 − 294q6)λ3
2µ112]a112a

2
1g

17
1 g

13
2
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− [(−2303q + 5390q2 + 18081q3 + 25627q4 + 22687q5 + 11466q6)λ6
2λ1µ1

+ (3507q + 3500q2 − 273q3 − 5026q4 − 7042q5 − 4956q6)λ5
2λ

3
1

+ (−81634q − 134456q2 − 115248q3 − 40817q4 + 33614q5 + 52822q6)λ3
2µ2µ

2
1

+ (−1372q2 − 2744q3 − 3430q4 − 2744q5 − 1372q6)λ3
2µ12µ1

+ (−182q − 70q2 − 154q3 − 91q4 − 28q5 − 112q6)λ3
2µ112]a1112a1g

17
1 g

13
2

− [(−1715q − 6860q2 − 13034q3 − 13720q4 − 10290q5 − 3773q6)λ6
2µ1

+ (833q + 490q2 − 196q3 − 931q4 − 1274q5 − 686q6)λ5
2λ

2
1]a

2
112a

4
1g

13
1 g

12
2

− [(−980q − 60319q2 − 132055q3 − 165571q4 − 129605q5 − 52724q6)λ6
2λ

2
1µ1

+ (903q + 11942q2 + 30037q3 + 33327q4 + 14441q5 + 7448q6)λ5
2λ

4
1

+ (117649q + 14406q2 − 264110q3 − 521017q4 − 509012q5 − 319333q6)λ3
2λ1µ2µ

2
1

+ (4998q + 16856q2 + 11564q3 + 8330q4 + 6468q5 + 3234q6)λ3
2λ1µ12µ1

+ (2709q + 1442q2 + 854q3 + 2807q4 − 392q5 + 3409q6)λ3
2λ1µ112]g

17
1 g

13
2

− [(4263q + 2009q2 − 5047q3 − 11417q4 − 12642q5 − 7350q6)λ6
2µ1

+ (532q + 574q2 + 567q3 + 168q4 − 182q5 − 238q6)λ5
2λ

2
1]a112a1112a

3
1g

13
1 g

12
2

− [(−1372q − 15435q2 − 29841q3 − 34643q4 − 26068q5 − 10290q6)λ6
2λ1µ1

+ (1764q + 2303q2 + 98q3 − 1617q4 − 1372q5 − 833q6)λ5
2λ

3
1]a2a

4
1g

13
1 g

12
2

− [(−5537q − 7056q2 − 3528q3 + 2303q4 + 6321q5 + 5096q6)λ6
2µ1

+ (−434q − 511q2 − 280q3 + 161q4 + 420q5 + 301q6)λ5
2λ

2
1]a

2
1112a

2
1g

13
1 g

12
2

− (−490q + 343q2 + 1078q3 + 2009q4 + 1715q5 + 833q6)λ5
2λ1a

3
112a

6
1g

9
1g

11
2

− [(120050q + 271313q2 + 335111q3 + 267883q4 + 117306q5 − 2744q6)λ6
2λ1µ1

+ (2646q + 17003q2 + 30184q3 + 34251q4 + 26117q5 + 11123q6)λ5
2λ

3
1]a12a

3
1g

13
1 g

12
2

− [(539q + 98q2 − 882q3 − 1274q4 − 1323q5 − 931q6)λ5
2λ

2
1µ1

+ (378q + 616q2 − 42q3 − 147q4 + 574q5 + 483q6)λ4
2λ

4
1]a2a12g

16
1 g

11
2

− [(23128q + 39396q2 + 36260q3 + 15680q4 − 5194q5 − 13230q6)λ7
2µ

2
1

+ (−7350q − 9751q2 − 6909q3 + 98q4 + 6419q5 + 6174q6)λ6
2λ

2
1µ1

+ (−43218q − 134456q2 − 206486q3 − 211288q4 − 134456q5 − 48020q6)λ3
2λ1µ2µ

2
1

+ (−1862q + 392q2 + 1274q3 − 1960q4 − 3136q5 − 196q6)λ3
2λ1µ12µ1

+ (−64827q − 108045q2 − 180075q3 − 180075q4 − 108045q5 − 64827q6)µ2
2µ

3
1

+ (2058q + 2058q2 − 2058q3 + 2058q4 − 2058q5 − 2058q6)µ2µ12µ
2
1

+ (−2499q − 3969q2 − 735q3 − 735q4 − 3969q5 − 2499q6)µ2
12µ1]g

14
1 g

14
2

− [(−6811q − 12152q2 − 6419q3 + 1813q4 + 10143q5 + 8967q6)λ6
2λ1µ1

+ (−5425q − 9009q2 − 5656q3 − 658q4 + 1085q5 + 1190q6)λ5
2λ

3
1]a112a

2
1g

13
1 g

12
2

− (539q + 1813q2 + 2891q3 + 2891q4 + 1911q5 + 588q6)λ5
2λ1a

2
112a1112a

5
1g

9
1g

11
2

− (16758q + 26705q2 + 22001q3 + 5096q4 − 9212q5 − 12299q6)λ5
2λ

2
1a

2
12a

6
1g

9
1g

11
2

− (−2695q − 1421q2 + 2989q3 + 6272q4 + 5880q5 + 3381q6)λ5
2λ

2
1a2a112a

6
1g

9
1g

11
2

− [(1029q + 4459q2 + 7595q3 + 7938q4 + 5586q5 + 2205q6)λ6
2λ

2
1µ1

+ (−7q + 364q2 + 868q3 + 385q4 − 483q5 − 392q6)λ5
2λ

4
1]g

16
1 g

11
2



24 GARCÍA IGLESIAS; JURY GIRALDI

− [(68208q + 165718q2 + 219471q3 + 187964q4 + 95550q5 + 11858q6)λ6
2λ1µ1

+ (6307q + 11270q2 + 13153q3 + 9387q4 + 4802q5 + 651q6)λ5
2λ

3
1]a1112a1g

13
1 g

12
2

− (−49q − 294q2 − 539q3 − 686q4 − 490q5 − 245q6)λ5
2λ1a112a

2
1112a

4
1g

9
1g

11
2

− [(−490q − 490q2 + 294q4 + 735q5 + 294q6)λ5
2µ1

+ (−98q + 105q2 + 21q3 + 42q4 + 70q5 − 42q6)λ4
2λ

2
1]a

4
112a1g

12
1 g

10
2

− 49q(−547 − 1056q − 1206q2 − 843q3 − 246q4 + 111q5)λ5
2λ

2
1a12a112a

5
1g

9
1g

11
2

− [(−5145q − 9604q2 − 9947q3 − 6517q4 − 1372q5 + 1372q6)λ5
2λ1µ1

+ (392q + 343q2 − 735q3 − 392q4 + 833q5 + 637q6)λ4
2λ

3
1]a

3
12a

2
1g

12
1 g

10
2

− (−343q − 245q2 + 931q3 + 1960q4 + 1470q5 + 686q6)λ5
2λ

2
1a2a1112a

5
1g

9
1g

11
2

− [(686q + 1715q2 + 2744q3 + 2744q4 + 1715q5 + 686q6)λ5
2λ1µ1

+ (−196q − 49q2 + 49q3 + 147q5 + 294q6)λ4
2λ

3
1]a2a12a112a

2
1g

12
1 g

10
2

− (91q + 133q2 + 175q3 + 168q4 + 63q5 + 56q6)λ5
2λ1a

3
1112a

3
1g

9
1g

11
2

− [(−2891q + 4851q2 + 16023q3 + 23765q4 + 20874q5 + 10437q6)λ6
2λ1µ1

+ (−86436q − 110446q2 − 86436q3 + 57624q5 + 57624q6)λ3
2µ2µ

2
1

+ (−686q2 − 1372q3 − 1372q4 − 1372q5)λ3
2µ12µ1]a112a

2
1g

10
1 g

13
2

− (−4557q2 − 9751q3 − 9359q4 − 10584q5 − 882q6)λ5
2λ

2
1a

2
112a

4
1g

9
1g

11
2

− [(1421q + 392q2 − 1764q3 − 4067q4 − 4165q5 − 2450q6)λ5
2µ1

+ (−28q − 63q2 − 147q3 − 126q4 − 91q5 − 84q6)λ4
2λ

2
1]a

3
112a1112g

12
1 g

10
2

− (−2107q − 9163q2 − 14455q3 − 15778q4 − 9457q5 − 2646q6)λ5
2λ

2
1aβa

5
1g

9
1g

11
2

− (7350q + 15484q2 + 19110q3 + 14798q4 + 6125q5 − 98q6)λ5
2λ

2
1a12a1112a

4
1g

9
1g

11
2

− [(5439q + 7350q2 + 5390q3 + 588q4 − 3969q5 − 3136q6)λ5
2λ1µ1

+ (70q − 329q2 − 1148q3 − 1848q4 − 2233q5 − 1225q6)λ4
2λ

3
1]a

2
12a112a1g

12
1 g

10
2

− (−98q − 294q2 − 392q3 − 539q4 − 882q5 − 539q6)λ4
2λ

2
1a

4
12a

5
1g

8
1g

9
2

− [(−1029q − 1176q2 − 2499q3 − 1911q4 − 1470q5 − 490q6)λ5
2λ1µ1

+ (532q + 483q2 + 441q3 + 553q4 + 672q5 + 210q6)λ4
2λ

3
1]a2a

2
112a1g

12
1 g

10
2

− [(3234q + 2695q2 − 588q3 − 4557q4 − 5782q5 − 3577q6)λ5
2λ1µ1

+ (224q − 70q2 − 350q4 − 973q5 − 840q6)λ4
2λ

3
1]a2aβa

2
1g

12
1 g

10
2

− [(1225q + 2548q2 + 3283q3 + 2744q4 + 1274q5 + 245q6)λ5
2λ1µ1

+ (119q + 175q2 + 119q3 − 182q5 − 329q6)λ4
2λ

3
1]a2a12a1112a1g

12
1 g

10
2

− [(−229467q − 292971q2 − 180712q3 + 30331q4 + 207956q5 + 159936q6)λ6
2λ

2
1µ1

+ (−33229q − 43694q2 − 39921q3 − 10941q4 + 31031q5 + 31584q6)λ5
2λ

4
1

+ (4459q + 3430q2 − 1715q3 − 3430q4 − 6860q5 − 1715q6)λ2
2λ

3
1µ2µ1

+ (483q − 504q2 − 315q3 + 462q4 + 14q5 − 679q6)λ2
2λ

3
1µ12]g

13
1 g

12
2

− [(2303q − 5390q2 − 18081q3 − 25627q4 − 22687q5 − 11466q6)λ6
2λ1µ1

+ (163268q + 268912q2 + 230496q3 + 81634q4 − 67228q5 − 105644q6)λ3
2µ2µ

2
1

+ (1372q2 + 2744q3 + 3430q4 + 2744q5 + 1372q6)λ3
2µ12µ1]a1112a1g

10
1 g

13
2

− [(−4998q − 9310q2 − 9849q3 − 6272q4 − 980q5 + 1568q6)λ6
2λ1µ1
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+ (175q − 287q2 − 798q3 − 1113q4 − 1134q5 − 714q6)λ5
2λ

3
1]a112a

2
1g

12
1 g

10
2

− (868q + 3059q2 + 3143q3 + 1953q4 + 126q5 + 161q6)λ5
2λ

2
1a112a1112a

3
1g

9
1g

11
2

− (2352q + 1470q2 − 1715q3 − 4900q4 − 5782q5 − 3430q6)λ5
2a

2
112a

2
1112a

6
1g

5
1g

10
2

− [(−39543q − 65023q2 − 51352q3 − 15288q4 + 21609q5 + 28175q6)λ5
2λ1µ1

+ (126q + 2758q2 + 6342q3 + 6972q4 + 6083q5 + 2611q6)λ4
2λ

3
1]a12a

2
112g

12
1 g

10
2

− [(−6762q − 18032q2 − 25921q3 − 23569q4 − 13720q5 − 2891q6)λ5
2λ1µ1

+ (−994q − 1792q2 − 1435q3 − 434q4 + 63q5 + 378q6)λ4
2λ

3
1]a12aβa1g

12
1 g

10
2

− [(−43316q − 69727q2 − 59682q3 − 19698q4 + 18669q5 + 27979q6)λ5
2λ1µ1

+ (−847q − 784q2 − 203q3 + 602q4 + 896q5 + 581q6)λ4
2λ

3
1]a

2
12a1112g

12
1 g

10
2

− (245q + 539q2 + 98q3 + 882q4 + 1078q5 + 588q6)λ4
2λ

2
1a

3
12a112a

4
1g

8
1g

9
2

− (25137q + 29694q2 + 22540q3 + 2303q4 − 16170q5 − 12642q6)λ5
2λ

3
1a2a

4
1g

9
1g

11
2

− [(6664q + 6125q2 − 1323q3 − 9898q4 − 13132q5 − 9016q6)λ5
2λ1µ1

+ (−392q − 35q2 + 175q3 − 217q4 − 441q5 + 175q6)λ4
2λ

3
1]a2a112a1112g

12
1 g

10
2

− (245q + 98q2 − 196q4 − 147q5)λ4
2λ

2
1a2a12a

2
112a

4
1g

8
1g

9
2

− (490q + 637q2 + 245q3 − 49q4 − 147q5 − 147q6)λ4
2λ

2
1a2a12aβa

5
1g

8
1g

9
2

− [(32781q + 32977q2 − 1813q3 − 46207q4 − 62475q5 − 45129q6)λ5
2λ

2
1µ1

+ (−490q − 1274q2 − 5929q3 − 9751q4 − 8673q5 − 3822q6)λ4
2λ

4
1]a

2
2a1g

12
1 g

10
2

− (588q + 637q2 − 784q4 − 1176q5 − 980q6)λ4
2λ

3
1a

3
2a

5
1g

8
1g

9
2

− [(−6272q − 9800q2 − 7987q3 − 2352q4 + 3185q5 + 4018q6)λ6
2λ1µ1

+ (−420q − 154q2 + 525q3 + 1295q4 + 1442q5 + 987q6)λ5
2λ

3
1]a1112a1g

12
1 g

10
2

− (5173q + 16534q2 + 23842q3 + 21805q4 + 13510q5 + 2926q6)λ5
2λ

2
1a

2
1112a

2
1g

9
1g

11
2

− (−1372q − 2793q2 − 3381q3 − 2401q4 − 931q5 + 245q6)λ5
2a112a

3
1112a

5
1g

5
1g

10
2

− (1715q + 6860q2 + 13034q3 + 13720q4 + 10290q5 + 3773q6)λ6
2µ1a

2
112a

4
1g

6
1g

12
2

− (4410q + 8085q2 + 2695q3 − 4263q4 − 8330q5 − 8428q6)λ5
2λ1a

3
112a

6
1g

5
1g

10
2

− (−133q − 70q2 − 154q3 − 42q4 − 28q5 − 14q6)λ4
2λ1a

4
112a1112a

2
1g

8
1g

9
2

− [(8330q + 11319q2 + 8330q3 − 686q4 − 5929q5 − 6615q6)λ5
2λ1µ1

+ (1603q + 2891q2 + 1652q3 + 833q4 + 1974q5 + 1239q6)λ4
2λ

3
1]aβa112g

12
1 g

10
2

− [(28161q + 73864q2 + 102172q3 + 93975q4 + 53340q5 + 13538q6)λ5
2λ

3
1

+ (1715q2 + 5145q3 + 5488q4 + 5145q5 + 1715q6)λ2
2λ

2
1µ2µ1

+ (−196q − 147q2 − 49q3 − 98q4 − 147q5 − 49q6)λ2
2λ

2
1µ12]a12a

3
1g

9
1g

11
2

+ 49q(793 + 207q − 1351q2 − 2648q3 − 2780q4 − 1578q5)λ5
2λ1a12a112a1112a

6
1g

5
1g

10
2

− (−1225q − 2107q2 − 2744q3 − 2254q4 − 1176q5 − 98q6)λ4
2λ

2
1a

2
12a

2
112a

3
1g

8
1g

9
2

− (−1029q − 1764q2 − 2009q3 − 980q4 − 245q5 − 196q6)λ4
2λ

2
1a

2
12aβa

4
1g

8
1g

9
2

− (49q − 245q2 − 245q3 − 98q4 − 147q6)λ4
2λ

2
1a

3
12a1112a

3
1g

8
1g

9
2

− [(294q − 147q2 − 294q3 − 490q4 − 392q5)λ4
2λ1µ1

+ (−273q − 70q2 + 119q3 − 196q4 − 182q5 + 161q6)λ3
2λ

3
1]a

4
12a112g

11
1 g

8
2

− (3626q + 3136q2 − 931q3 − 5635q4 − 7350q5 − 4851q6)λ5
2λ1a2a

2
1112a

6
1g

5
1g

10
2
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− (245q + 441q2 + 735q3 + 343q4 + 196q5 − 245q6)λ4
2λ

2
1a2a

3
112a

3
1g

8
1g

9
2

− (−441q − 588q2 + 49q3 + 490q4 + 294q5 + 343q6)λ4
2λ

2
1a2aβa112a

4
1g

8
1g

9
2

− [(21217q − 24451q2 − 102165q3 − 157535q4 − 142002q5 − 74235q6)λ5
2λ

2
1µ1

+ (−6615q − 16464q2 − 15575q3 − 10605q4 − 8848q5 − 4662q6)λ4
2λ

4
1]a2a12g

12
1 g

10
2

− (49q2 + 147q3 + 147q4 + 245q5 + 49q6)λ4
2λ

2
1a2a12a112a1112a

3
1g

8
1g

9
2

− (1274q − 196q2 − 1274q3 − 294q4 + 1225q5 + 294q6)λ4
2λ

3
1a

2
2a12a

4
1g

8
1g

9
2

− [(980q + 60319q2 + 132055q3 + 165571q4 + 129605q5 + 52724q6)λ6
2λ

2
1µ1

+ 4802q(−49 − 6 ∗ q + 110 ∗ q2 + 217 ∗ q3 + 212 ∗ q4 + 133 ∗ q5)λ3
2λ1µ2µ

2
1

+ (−4998q − 16856q2 − 11564q3 − 8330q4 − 6468q5 − 3234q6)λ3
2λ1µ12µ1]g

10
1 g

13
2

− (441q + 686q2 + 441q3 − 392q5 − 392q6)λ5
2a

4
1112a

4
1g

5
1g

10
2

− [(−8008q + 8764q2 + 28903q3 + 46578q4 + 42679q5 + 22155q6)λ5
2λ

3
1

+ (18865q + 16121q2 + 27783q3 + 15435q4 + 7889q5 + 5145q6)λ2
2λ

2
1µ2µ1

+ (−343q − 441q2 + 49q3 − 245q4 + 49q5 − 441q6)λ2
2λ

2
1µ12]a112a

2
1g

9
1g

11
2

+ (4263q + 2009q2 − 5047q3 − 11417q4 − 12642q5 − 7350q6)λ6
2µ1a112a1112a

3
1g

6
1g

12
2

− (686q2 + 1274q3 + 1372q4 + 980q5 + 245q6)λ5
2λ

2
1a

2
112a

4
1g

8
1g

9
2

− 49(112q + 456q2 + 735q3 + 738q4 + 507q5 + 140q6)λ5
2λ1a

2
112a1112a

5
1g

5
1g

10
2

− (−245q − 182q2 − 56q3 + 182q4 + 287q5 + 161q6)λ4
2λ1a

3
112a

2
1112a1g

8
1g

9
2

− (343q + 392q3 + 294q4 + 294q5 + 392q6)λ4
2a

6
112a

5
1g

4
1g

8
2

− (−686q + 49q2 + 1666q3 + 2646q4 + 2499q5 + 1372q6)λ5
2λ

2
1aβa

5
1g

8
1g

9
2

+ (12495q + 15582q2 + 6174q3 − 8036q4 − 16856q5 − 13475q6)λ5
2λ1aβa1112a

6
1g

5
1g

10
2

+ 49(540q + 1355q2 + 1822q3 + 1586q4 + 840q5 + 122q6)λ5
2λ1a12a

2
1112a

5
1g

5
1g

10
2

− (2548q + 5831q2 + 6076q3 + 4165q4 + 882q5 − 1323q6)λ4
2λ

2
1a12a

3
112a

2
1g

8
1g

9
2

− (−833q − 1372q2 − 637q3 + 588q4 + 1176q5 + 1029q6)λ4
2λ

2
1a12aβa112a

3
1g

8
1g

9
2

+ 49(1067q − 804q2 − 3976q3 − 6395q4 − 5849q5 − 3139q6)λ5
2λ

2
1a

2
12a

6
1g

5
1g

10
2

− (189q − 259q2 − 119q3 − 175q4 − 35q5 + 203q6)λ4
2λ

2
1a

2
12a112a1112a

2
1g

8
1g

9
2

− (294q − 147q2 + 49q3 − 147q4 − 49q5 + 343q6)λ4
2λ1a

3
12a

2
112a

6
1g

4
1g

8
2

− [(539q + 1421q2 + 1323q3 + 980q4 + 441q5 + 98q6)λ4
2λ1µ1

+ (−259q − 350q2 − 35q3 − 203q4 − 665q5 − 350q6)λ3
2λ

3
1]a

3
12aβg

11
1 g

8
2

− (−735q − 1274q2 − 1274q3 − 735q4 + 245q6)λ4
2λ1a

4
12a1112a

6
1g

4
1g

8
2

− (1372q + 15435q2 + 29841q3 + 34643q4 + 26068q5 + 10290q6)λ6
2λ1µ1a2a

4
1g

6
1g

12
2

+ 49(268q + 1842q2 + 3597q3 + 3929q4 + 3093q5 + 1061q6)λ5
2λ

2
1a2a112a

6
1g

5
1g

10
2

− (259q + 518q2 + 238q3 + 7q4 + 119q5 − 210q6)λ4
2λ

2
1a2a

2
112a1112a

2
1g

8
1g

9
2

− (−35q + 77q2 − 56q3 − 189q4 − 322q5 − 161q6)λ4
2λ

2
1a2aβa1112a

3
1g

8
1g

9
2

− (280q + 805q2 + 1036q3 + 1071q4 + 567q5 + 161q6)λ4
2λ

2
1a2a12a

2
1112a

2
1g

8
1g

9
2

− (−441q + 294q3 + 784q4 + 784q5 + 294q6)λ4
2λ1a2a12a

3
112a

6
1g

4
1g

8
2

− [(245q + 98q2 − 49q3 − 490q4 − 490q5 − 343q6)λ4
2λ1µ1

+ (119q − 105q2 − 168q3 + 42q4 + 49q5 − 133q6)λ3
2λ

3
1]a2a12aβa112g

11
1 g

8
2
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− (588q + 1764q2 + 7105q3 + 9702q4 + 7987q5 + 4410q6)λ4
2λ

3
1a2a

2
12a

3
1g

8
1g

9
2

− (−931q − 4263q2 − 9408q3 − 9947q4 − 8526q5 − 3283q6)λ4
2λ

3
1a

2
2a112a

3
1g

8
1g

9
2

− [(−539q − 1617q2 − 1519q3 − 1274q4 − 539q5)λ4
2λ

2
1µ1

+ (476q + 294q2 − 105q3 + 455q4 + 994q5 + 336q6)λ3
2λ

4
1]a

2
2a

2
12g

11
1 g

8
2

− [(490q + 245q2 − 735q3 − 1078q4 − 1470q5 − 539q6)λ4
2λ

2
1µ1

+ (−119q − 203q2 − 154q3 − 119q4 − 147q5 + 7q6)λ3
2λ

4
1]a

3
2a112g

11
1 g

8
2

− [(243383q + 397194q2 + 335454q3 + 117600q4 − 105840q5 − 155330q6)λ6
2λ

2
1µ1

+ (14406q + 10731q2 − 11417q3 − 29267q4 − 30548q5 − 17703q6)λ5
2λ

4
1]g

12
1 g

10
2

− [(6391q + 4963q2 − 17654q3 − 19656q4 − 29260q5 − 15148q6)λ5
2λ

3
1

+ (4802q + 8575q2 + 23667q3 + 22638q4 + 19894q5 + 9261q6)λ2
2λ

2
1µ2µ1

+ (−98q + 147q2 − 49q3 − 196q4 + 392q5 + 147q6)λ2
2λ

2
1µ12]a1112a1g

9
1g

11
2

− (5537q + 7056q2 + 3528q3 − 2303q4 − 6321q5 − 5096q6)λ6
2µ1a

2
1112a

2
1g

6
1g

12
2

− (−280q − 609q2 − 938q3 − 826q4 − 567q5 − 112q6)λ5
2λ

2
1a112a1112a

3
1g

8
1g

9
2

− 49(315q + 584q2 + 644q3 + 399q4 + 85q5 − 99q6)λ5
2λ1a112a

2
1112a

4
1g

5
1g

10
2

− (−63q − 252q2 − 469q3 − 567q4 − 399q5 − 210q6)λ4
2λ1a

2
112a

3
1112g

8
1g

9
2

− (−2828q − 2597q2 − 5726q3 − 5257q4 − 3444q5 − 3423q6)λ4
2λ

2
1a

4
112a1g

8
1g

9
2

− (427q − 553q2 − 1470q3 − 2471q4 − 1449q5 − 609q6)λ4
2λ

2
1aβa

2
112a

2
1g

8
1g

9
2

− (−616q − 784q2 − 357q3 + 812q4 + 1204q5 + 623q6)λ4
2λ

2
1a

2
βa

3
1g

8
1g

9
2

+ 343(350q + 791q2 + 977q3 + 781q4 + 342q5 − 8q6)λ6
2λ1µ1a12a

3
1g

6
1g

12
2

+ 49(1669q + 4621q2 + 6549q3 + 6422q4 + 3677q5 + 1142q6)λ5
2λ

2
1a12a112a

5
1g

5
1g

10
2

− (1239q + 4025q2 + 6055q3 + 5222q4 + 3241q5 + 308q6)λ4
2λ

2
1a12a

2
112a1112a1g

8
1g

9
2

− (168q − 532q2 − 483q3 − 469q4 − 196q5 + 238q6)λ4
2λ

2
1a12aβa1112a

2
1g

8
1g

9
2

− (3213q + 7504q2 + 8659q3 + 6776q4 + 2639q5 − 518q6)λ4
2λ

2
1a

2
12a

2
1112a1g

8
1g

9
2

− (3234q + 882q2 − 2793q3 − 7350q4 − 7595q5 − 4214q6)λ4
2λ1a

2
12a

3
112a

5
1g

4
1g

8
2

− (2646q + 4557q2 + 4459q3 + 1862q4 − 196q5 − 1323q6)λ4
2λ1a

2
12aβa112a

6
1g

4
1g

8
2

− (1127q + 1764q2 − 784q3 − 3332q4 − 5635q5 − 4067q6)λ4
2λ

3
1a

3
12a

2
1g

8
1g

9
2

− (1813q + 3724q2 + 3969q3 + 2499q4 + 294q5 − 980q6)λ4
2λ1a

3
12a112a1112a

5
1g

4
1g

8
2

− (−98q − 49q2 − 49q3 − 49q4 − 49q5 − 49q6)λ3
2λ

2
1a

4
12a

2
112a

2
1g

7
1g

7
2

− (−49q − 98q2 − 49q3 − 49q4 − 147q5 − 49q6)λ3
2λ

2
1a

4
12aβa

3
1g

7
1g

7
2

− (−7546q − 11711q2 − 11123q3 − 6370q4 − 147q5 + 3430q6)λ5
2λ

3
1a2a

4
1g

8
1g

9
2

+ 49(280q + 198q2 − 350q3 − 801q4 − 898q5 − 564q6)λ5
2λ

2
1a2a1112a

5
1g

5
1g

10
2

− (−469q − 868q2 − 462q3 + 700q4 + 1442q5 + 1176q6)λ4
2λ

2
1a2a112a

2
1112a1g

8
1g

9
2

− (588q + 147q2 − 147q3 − 49q4 − 588q5 + 392q6)λ4
2λ1a2a

4
112a

5
1g

4
1g

8
2

− (−245q − 392q2 − 2058q3 − 2450q4 − 2254q5 − 1519q6)λ4
2λ1a2aβa

2
112a

6
1g

4
1g

8
2

− [(−392q − 441q2 + 490q4 + 686q5 + 343q6)λ4
2λ1µ1

+ (28q + 49q2 + 98q3 + 147q4 + 56q5 − 35q6)λ3
2λ

3
1]a2a

2
βg

11
1 g

8
2

− (−539q − 98q2 + 882q3 + 1274q4 + 1323q5 + 931q6)λ5
2λ

2
1µ1a2a12g

9
1g

11
2
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− (−7280q − 13286q2 − 10815q3 − 749q4 + 6475q5 + 7574q6)λ4
2λ

3
1a2a12a112a

2
1g

8
1g

9
2

− (−588q − 735q2 − 1176q3 − 882q4 − 490q5 − 245q6)λ4
2λ1a2a12a

2
112a1112a

5
1g

4
1g

8
2

− (−539q − 1323q2 − 1862q3 − 1666q4 − 931q5 − 196q6)λ4
2λ1a2a12aβa1112a

6
1g

4
1g

8
2

− (2352q + 9702q2 + 9359q3 + 8183q4 + 1715q5 − 1470q6)λ4
2λ

2
1a2a

3
12a

6
1g

4
1g

8
2

− (196q + 1568q2 − 392q3 + 98q4 − 1862q5 − 294q6)λ4
2λ

3
1a

2
2a1112a

2
1g

8
1g

9
2

− (−1862q − 5243q2 − 8085q3 − 7301q4 − 4606q5 − 343q6)λ4
2λ

2
1a

2
2a12a112a

6
1g

4
1g

8
2

− (−1519q − 3528q2 − 4312q3 − 3528q4 − 1519q5)λ4
2λ

2
1a

3
2a1112a

6
1g

4
1g

8
2

− [(−11564q − 19698q2 − 18130q3 − 7840q4 + 2597q5 + 6615q6)λ7
2µ

2
1

+ (21609q + 67228q2 + 103243q3 + 105644q4 + 67228q5 + 24010q6)λ3
2λ1µ2µ

2
1

+ (64827q + 108045q2 + 180075q3 + 180075q4 + 108045q5 + 64827q6)µ2
2µ

3
1

+ (−1029q − 1029q2 + 1029q3 − 1029q4 + 1029q5 + 1029q6)µ2µ12µ
2
1]g

7
1g

14
2

− (−1995q − 3626q2 − 3423q3 − 1827q4 + 231q5 + 1036q6)λ5
2λ

2
1a

2
1112a

2
1g

8
1g

9
2

− (16562q + 30772q2 + 32144q3 + 19110q4 + 2303q5 − 6615q6)λ5
2λ1a

3
1112a

3
1g

5
1g

10
2

− (6811q + 12152q2 + 6419q3 − 1813q4 − 10143q5 − 8967q6)λ6
2λ1µ1a112a

2
1g

6
1g

12
2

− (−57330q − 46942q2 − 38514q3 − 8771q4 + 30527q5 + 637q6)λ5
2λ

2
1a

2
112a

4
1g

5
1g

10
2

− (−490q − 2646q2 − 4361q3 − 4557q4 − 3185q5 − 882q6)λ5
2λ1a

3
112a

6
1g

4
1g

8
2

− (−1750q − 3171q2 − 3654q3 − 2884q4 − 1722q5 − 392q6)λ4
2λ

2
1a

3
112a1112g

8
1g

9
2

− (49q + 294q2 + 441q3 + 441q4 + 294q5 + 49q6)λ4
2a

4
112a

2
1112a

3
1g

4
1g

8
2

− (392q − 28665q2 − 62083q3 − 74186q4 − 59584q5 − 24696q6)λ5
2λ

2
1aβa

5
1g

5
1g

10
2

− [(1274q2 + 2499q3 + 3136q4 + 2401q5 + 980q6)λ5
2λ1µ1

+ (91q + 343q2 + 259q3 + 7q4 − 21q5 + 56q6)λ4
2λ

3
1]aβa112g

11
1 g

8
2

− (−672q − 1323q2 − 1673q3 − 2226q4 − 1624q5 − 861q6)λ4
2λ

2
1aβa112a1112a1g

8
1g

9
2

− (−23198q − 37429q2 − 31668q3 − 11599q4 + 9548q5 + 14084q6)λ5
2λ

3
1a12a

3
1g

8
1g

9
2

+ 49(85q − 1627q2 − 3358q3 − 4115q4 − 3244q5 − 1236q6)λ5
2λ

2
1a12a1112a

4
1g

5
1g

10
2

− (5089q + 11879q2 + 15078q3 + 11942q4 + 5411q5 − 154q6)λ4
2λ

2
1a12a112a

2
1112g

8
1g

9
2

− (245q − 1176q2 − 1078q3 − 3577q4 − 1715q5 − 1960q6)λ4
2λ1a12a

4
112a

4
1g

4
1g

8
2

+ (5145q + 10976q2 + 12691q3 + 7644q4 + 2548q5 − 2646q6)λ4
2λ1a12aβa

2
112a

5
1g

4
1g

8
2

− (2401q + 5292q2 + 6566q3 + 5292q4 + 2303q5 + 98q6)λ4
2λ1a12a

2
βa

6
1g

4
1g

8
2

− (5271q + 18312q2 + 24570q3 + 26593q4 + 13650q5 + 4606q6)λ4
2λ

3
1a

2
12a112a1g

8
1g

9
2

− (49q − 2646q2 − 4655q3 − 6321q4 − 4508q5 − 2156q6)λ4
2λ1a

2
12a

2
112a1112a

4
1g

4
1g

8
2

− (1176q + 3626q2 + 5831q3 + 5684q4 + 3675q5 + 1274q6)λ4
2λ1a

2
12aβa1112a

5
1g

4
1g

8
2

− (392q + 833q2 + 686q3 + 343q4 − 147q5 − 392q6)λ4
2λ1a

3
12a

2
1112a

4
1g

4
1g

8
2

− (196q + 245q2 + 294q3 + 441q4 + 245q5 + 147q6)λ3
2λ

2
1a

3
12a

3
112a1g

7
1g

7
2

− (−84q − 364q2 − 399q3 − 189q4 + 168q5 + 182q6)λ3
2λ

2
1a

3
12aβa112a

2
1g

7
1g

7
2

− (3038q + 7987q2 + 28371q3 + 32683q4 + 29792q5 + 15778q6)λ4
2λ

2
1a

4
12a

5
1g

4
1g

8
2

− (119q − 56q2 + 14q3 − 14q4 + 105q5 − 21q6)λ3
2λ

2
1a

4
12a112a1112a1g

7
1g

7
2

− (182q + 252q2 + 14q3 − 336q4 − 357q5 − 196q6)λ4
2λ

2
1a2a

3
1112g

8
1g

9
2
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− (−6916q − 11844q2 − 14931q3 − 5789q4 − 1470q5 + 3122q6)λ4
2λ

3
1a2a

2
112a1g

8
1g

9
2

− (196q + 882q2 + 1470q3 + 1813q4 + 1225q5 + 588q6)λ4
2λ1a2a

3
112a1112a

4
1g

4
1g

8
2

− (−2156q + 21q2 + 5796q3 + 6349q4 + 5110q5 + 5215q6)λ4
2λ

3
1a2aβa

2
1g

8
1g

9
2

+ (147q − 833q2 − 1862q3 − 2499q4 − 2107q5 − 1078q6)λ4
2λ1a2aβa112a1112a

5
1g

4
1g

8
2

− [(2744q + 6223q2 + 7889q3 + 6566q4 + 3136q5 + 539q6)λ5
2λ

2
1µ1

+ (420q + 133q2 − 252q3 − 1351q4 − 2212q5 − 1442q6)λ4
2λ

4
1]a2a12g

11
1 g

8
2

− (−1477q + 910q2 + 3584q3 + 4291q4 + 5922q5 + 4263q6)λ4
2λ

3
1a2a12a1112a1g

8
1g

9
2

− (245q + 539q2 + 784q3 + 686q4 + 392q5 + 98q6)λ4
2λ1a2a12a112a

2
1112a

4
1g

4
1g

8
2

− (−7q + 84q2 − 21q3 + 119q4 − 84q5 + 105q6)λ3
2λ

2
1a2a12a

4
112a1g

7
1g

7
2

+ 49q3λ3
2λ

2
1a2a12aβa

2
112a

2
1g

7
1g

7
2

− (−7q − 63q2 − 119q3 − 126q4 − 35q5 + 7q6)λ3
2λ

2
1a2a12a

2
βa

3
1g

7
1g

7
2

− 49(108q − 65q2 − 600q3 − 885q4 − 882q5 − 483q6)λ4
2λ

2
1a2a

2
12a112a

5
1g

4
1g

8
2

− (−2352q − 3136q2 − 392q3 + 98q4 − 2254q5 − 1911q6)λ3
2λ

3
1a2a

4
12a

2
1g

7
1g

7
2

− (5733q + 13622q2 + 2352q3 − 10290q4 − 16121q5 − 17591q6)λ4
2λ

2
1a

2
2a

2
112a

5
1g

4
1g

8
2

− (−1323q + 1029q2 + 4851q3 + 6909q4 + 7056q5 + 3430q6)λ4
2λ

2
1a

2
2aβa

6
1g

4
1g

8
2

− (3528q + 5635q2 + 4753q3 + 1029q4 − 2303q5 − 3038q6)λ4
2λ

2
1a

2
2a12a1112a

5
1g

4
1g

8
2

− (245q + 784q2 + 1029q3 + 735q4 + 294q5)λ3
2λ

3
1a

2
2a

2
12a112a

2
1g

7
1g

7
2

− (−49q − 98q2 − 49q3 − 98q4 − 49q6)λ3
2λ

3
1a

3
2a

2
112a

2
1g

7
1g

7
2

− (−98q3 − 98q4 − 147q5 − 98q6)λ3
2λ

3
1a

3
2aβa

3
1g

7
1g

7
2

− [(−1029q − 4459q2 − 7595q3 − 7938q4 − 5586q5 − 2205q6)λ6
2λ

2
1µ1

+ (56567q + 134421q2 + 229047q3 + 217497q4 + 128429q5 + 48517q6)λ5
2λ

4
1

+ (−74431q − 109417q2 − 148519q3 − 202713q4 − 88151q5 − 110103q6)λ2
2λ

3
1µ2µ1

+ (−3731q − 847q2 − 2765q3 − 469q4 − 4543q5 − 3325q6)λ2
2λ

3
1µ12]g

9
1g

11
2

+ 49(1392q + 3382q2 + 4479q3 + 3836q4 + 1950q5 + 242q6)λ6
2λ1µ1a1112a1g

6
1g

12
2

− (−6230q − 18739q2 − 29736q3 − 32459q4 − 20685q5 − 6860q6)λ5
2λ

3
1a112a

2
1g

8
1g

9
2

− 7q(3765 + 11611q + 17665q2 + 15704q3 + 10215q4 + 1520q5)λ5
2λ

2
1

a112a1112a
3
1g

5
1g

10
2

− (2107q + 2989q2 + 2597q3 + 931q4 − 833q5 − 931q6)λ5
2λ1a

2
112a1112a

5
1g

4
1g

8
2

− (791q + 1141q2 + 1099q3 + 616q4 − 112q5 − 154q6)λ4
2a

3
112a

3
1112a

2
1g

4
1g

8
2

− (490q + 490q2 − 294q4 − 735q5 − 294q6)λ5
2µ1a

4
112a1g

5
1g

10
2

− (−2744q − 735q2 − 4606q3 − 2548q4 − 2989q5 − 2107q6)λ4
2λ1a

5
112a

3
1g

4
1g

8
2

− (3528q + 5978q2 + 5586q3 + 2597q4 − 735q5 − 1862q6)λ5
2λ1aβa1112a

6
1g

4
1g

8
2

− (161q + 2149q2 + 3962q3 + 4347q4 + 3094q5 + 1232q6)λ4
2λ

2
1aβa

2
1112g

8
1g

9
2

− (245q − 735q2 − 931q3 − 2450q4 − 1029q5 − 1176q6)λ4
2λ1aβa

3
112a

4
1g

4
1g

8
2

− (294q + 735q2 + 784q3 + 49q4 − 392q5 − 686q6)λ4
2λ1a

2
βa112a

5
1g

4
1g

8
2

− [(13160q + 8162q2 − 2471q3 − 20475q4 − 26565q5 − 15323q6)λ4
2λ

3
1

+ (3087q + 4459q2 + 5488q3 + 5145q4 + 1715q5 + 1715q6)λ2λ
2
1µ2µ1
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+ (147q + 147q2 + 98q3 + 49q4 + 245q5 + 147q6)λ2λ
2
1µ12]a12a

2
112g

8
1g

9
2

− (6370q + 8036q2 + 5194q3 − 735q4 − 5439q5 − 4361q6)λ4
2λ1a12a

3
112a1112a

3
1g

4
1g

8
2

− [(−11641q − 4221q2 + 14476q3 + 29120q4 + 31535q5 + 19180q6)λ4
2λ

3
1

+ (−1715q − 2401q2 − 3773q3 − 2401q4 − 1372q5 − 343q6)λ2λ
2
1µ2µ1

+ (−147q − 245q2 − 49q3 − 49q4 − 294q5 − 147q6)λ2λ
2
1µ12]a12aβa1g

8
1g

9
2

+ (2254q + 4459q2 + 4214q3 + 2646q4 − 98q5 − 1029q6)λ4
2λ1a12aβa112a1112a

4
1g

4
1g

8
2

− (−56644q − 58898q2 − 196q3 + 70168q4 + 103635q5 + 72275q6)λ5
2λ

2
1a

2
12a

6
1g

4
1g

8
2

− (−2506q − 4977q2 − 826q3 − 665q4 + 2044q5 + 2128q6)λ4
2λ

3
1a

2
12a1112g

8
1g

9
2

− (−2646q2 − 7154q3 − 9212q4 − 7742q5 − 3920q6)λ4
2λ1a

2
12a112a

2
1112a

3
1g

4
1g

8
2

− (224q + 938q2 + 1407q3 + 1484q4 + 973q5 + 266q6)λ3
2λ

2
1a

2
12a

4
112g

7
1g

7
2

− (21q − 147q2 − 210q3 − 903q4 − 854q5 − 700q6)λ3
2λ

2
1a

2
12aβa

2
112a1g

7
1g

7
2

− (−63q + 49q2 + 42q3 + 259q4 + 602q5 + 434q6)λ3
2λ

2
1a

2
12a

2
βa

2
1g

7
1g

7
2

− (5145q + 9604q2 + 9947q3 + 6517q4 + 1372q5 − 1372q6)λ5
2λ1µ1a

3
12a

2
1g

5
1g

10
2

+ (1323q + 9947q2 + 33516q3 + 38808q4 + 36162q5 + 16758q6)λ4
2λ

2
1a

3
12a112a

4
1g

4
1g

8
2

− (91q + 329q2 + 469q3 + 364q4 + 455q5 + 301q6)λ3
2λ

2
1a

3
12a

2
112a1112g

7
1g

7
2

− (98q + 329q2 + 252q3 + 112q4 + 203q5 + 182q6)λ3
2λ

2
1a

3
12aβa1112a1g

7
1g

7
2

− (−14q − 28q2 + 56q3 + 189q4 + 175q5 + 63q6)λ3
2λ

2
1a

4
12a

2
1112g

7
1g

7
2

− (245q + 98q2 + 98q3 + 245q4 + 343q6)λ3
2λ1a

4
12a

3
112a

4
1g

3
1g

6
2

− (−49q − 49q2 − 49q3 + 49q4 + 147q5 − 49q6)λ3
2λ1a

4
12aβa112a

5
1g

3
1g

6
2

− (49q + 1470q2 + 2058q3 + 3087q4 + 4067q5 + 2107q6)λ3
2λ

3
1a

5
12a1g

7
1g

7
2

− (21217q + 26852q2 + 98q3 − 4802q4 − 25578q5 − 13328q6)λ5
2λ

3
1a2a

4
1g

5
1g

10
2

− (40131q + 71295q2 + 70609q3 + 37877q4 − 1666q5 − 18963q6)λ5
2λ

2
1a2a112a

6
1g

4
1g

8
2

− (−364q + 952q2 + 6328q3 + 5502q4 + 5117q5 + 3290q6)λ4
2λ

3
1a2a112a1112g

8
1g

9
2

− (784q + 1421q2 + 2009q3 + 1666q4 + 882q5 + 245q6)λ4
2λ1a2a

2
112a

2
1112a

3
1g

4
1g

8
2

− (−336q + 161q2 − 175q3 + 126q4 − 14q5 − 56q6)λ3
2λ

2
1a2a

5
112g

7
1g

7
2

− (−539q − 686q2 + 49q3 + 735q4 + 1127q5 + 882q6)λ4
2λ1a2aβa

2
1112a

4
1g

4
1g

8
2

− (−371q − 301q2 − 182q3 − 161q4 + 105q5 − 21q6)λ3
2λ

2
1a2aβa

3
112a1g

7
1g

7
2

− (−42q − 147q2 − 168q3 − 154q4 − 154q5 − 21q6)λ3
2λ

2
1a2a

2
βa112a

2
1g

7
1g

7
2

− (784q + 1372q2 + 1470q3 + 833q4 + 98q5 − 294q6)λ4
2λ1a2a12a

3
1112a

3
1g

4
1g

8
2

− (−686q − 1715q2 − 2744q3 − 2744q4 − 1715q5 − 686q6)λ5
2λ1µ1a2a12a112a

2
1g

5
1g

10
2

− (4312q + 12152q2 + 12985q3 + 9261q4 + 3430q5 − 3038q6)λ4
2λ

2
1a2a12a

2
112a

4
1g

4
1g

8
2

− (77q + 49q2 + 14q3 + 70q4 + 21q5 + 112q6)λ3
2λ

2
1a2a12a

3
112a1112g

7
1g

7
2

− q(2156 + 16856q + 29547q2 + 34496q3 + 25039q4 + 10584q5)λ4
2λ

2
1a2a12aβa

5
1g

4
1g

8
2

− (−84q − 42q2 − 21q3 − 119q4 − 42q5 − 35q6)λ3
2λ

2
1a2a12aβa112a1112a1g

7
1g

7
2

+ (7154q + 10192q2 + 6713q3 − 1911q4 − 7105q5 − 7154q6)λ4
2λ

2
1a2a

2
12a1112a

4
1g

4
1g

8
2

− (−756q − 189q2 − 896q3 + 455q4 − 7q5 − 1057q6)λ3
2λ

3
1a2a

3
12a112a1g

7
1g

7
2

− (98q + 490q2 + 1176q3 + 784q4 + 686q5 + 539q6)λ3
2λ

2
1a2a

5
12a

5
1g

3
1g

6
2
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− (2198q − 22862q2 − 48328q3 − 60284q4 − 46774q5 − 14707q6)λ4
2λ

4
1a

2
2a1g

8
1g

9
2

− q(4851 + 2205q − 6125q2 − 12593q3 − 14210q4 − 7742q5)λ4
2λ

2
1a

2
2a112a1112a

4
1g

4
1g

8
2

− (−7q + 182q2 − 560q3 − 28q4 − 1015q5 + 301q6)λ3
2λ

3
1a

2
2a12a

2
112a1g

7
1g

7
2

− (371q + 1526q2 + 770q3 + 700q4 + 1512q5 + 1148q6)λ3
2λ

3
1a

2
2a12aβa

2
1g

7
1g

7
2

− (−189q − 427q2 − 322q3 − 462q4 − 406q5 − 252q6)λ3
2λ

3
1a

2
2a

2
12a1112a1g

7
1g

7
2

− (−7644q − 12740q2 − 5439q3 + 343q4 + 9800q5 + 6762q6)λ4
2λ

3
1a

3
2a

5
1g

4
1g

8
2

− (168q − 7q2 + 14q3 + 35q4 + 7q5 + 175q6)λ3
2λ

3
1a

3
2a112a1112a1g

7
1g

7
2

− (735q + 1421q2 + 2205q3 + 1960q4 + 980q5 − 441q6)λ3
2λ

4
1a

4
2a

2
1g

7
1g

7
2

− [(−4557q − 9261q2 − 10584q3 − 7546q4 − 2401q5 + 735q6)λ6
2λ

2
1µ1

+ (294q + 1897q2 + 3164q3 + 3794q4 + 3360q5 + 1603q6)λ5
2λ

4
1]g

11
1 g

8
2

− (−637q − 2926q2 − 5432q3 − 4858q4 − 5698q5 − 1862q6)λ5
2λ

3
1a1112a1g

8
1g

9
2

− (48181q + 48433q2 + 21042q3 − 23114q4 − 53802q5 − 33096q6)λ5
2λ

2
1a

2
1112a

2
1g

5
1g

10
2

− (43218q + 55223q2 + 43218q3 − 28812q5 − 28812q6)λ3
2µ2µ

2
1a112a

2
1g

3
1g

13
2

− (−1470q − 2450q2 − 2303q3 − 1078q4 + 294q5 + 735q6)λ5
2λ1a112a

2
1112a

4
1g

4
1g

8
2

− (658q + 1120q2 + 945q3 + 329q4 − 287q5 − 462q6)λ4
2a

2
112a

4
1112a1g

4
1g

8
2

− (−1421q − 392q2 + 1764q3 + 4067q4 + 4165q5 + 2450q6)λ5
2µ1a

3
112a1112g

5
1g

10
2

− (70q − 119q2 + 70q3 − 49q4 + 112q5 + 14q6)λ4
2λ

2
1a

4
112a1g

7
1g

7
2

− (−889q + 2877q2 + 6643q3 + 11634q4 + 8687q5 + 5593q6)λ4
2λ1a

4
112a1112a

2
1g

4
1g

8
2

− [(−8526q − 20160q2 − 21210q3 − 12964q4 − 5712q5 + 217q6)λ4
2λ

3
1

+ (−1029q + 2401q2 + 1372q3 + 2058q4 + 686q5 − 1029q6)λ2λ
2
1µ2µ1

+ (357q + 273q2 − 56q3 + 252q4 + 364q5 + 133q6)λ2λ
2
1µ12]aβa112g

8
1g

9
2

− (63q + 77q2 + 91q3 + 7q4 − 28q5 − 14q6)λ4
2λ

2
1aβa

2
112a

2
1g

7
1g

7
2

− (−2023q − 3262q2 − 4697q3 − 3339q4 − 1687q5 − 329q6)λ4
2λ1aβa

2
112a1112a

3
1g

4
1g

8
2

− (224q + 434q2 + 434q3 + 224q4 − 49q5 − 140q6)λ4
2λ

2
1a

2
βa

3
1g

7
1g

7
2

− (−1484q − 2723q2 − 3031q3 − 1673q4 − 266q5 + 700q6)λ4
2λ1a

2
βa1112a

4
1g

4
1g

8
2

+ 7(11198q + 21213q2 + 31277q3 + 21076q4 + 12527q5 − 1020q6)λ5
2λ

3
1a12a

3
1g

5
1g

10
2

+ 49q(−668 − 304q + 803q2 + 1774q3 + 1958q4 + 1127q5)λ5
2λ

2
1a12a112a

5
1g

4
1g

8
2

+ 7q(2245 + 5372q + 7253q2 + 6208q3 + 3273q4 + 471q5)λ4
2λ1a12a

2
112a

2
1112a

2
1g

4
1g

8
2

− (−4130q − 4683q2 − 1267q3 + 3374q4 + 6104q5 + 4375q6)λ4
2λ1a12aβa

2
1112a

3
1g

4
1g

8
2

− (952q + 1904q2 + 1729q3 + 672q4 − 189q5 − 1001q6)λ3
2λ

2
1a12aβa

3
112g

7
1g

7
2

− (350q + 266q2 − 231q3 − 679q4 − 910q5 − 560q6)λ3
2λ

2
1a12a

2
βa112a1g

7
1g

7
2

+ 49q(67 + 257q + 426q2 + 437q3 + 300q4 + 95q5)λ4
2λ1a

2
12a

3
1112a

2
1g

4
1g

8
2

− (−5439q − 7350q2 − 5390q3 − 588q4 + 3969q5 + 3136q6)λ5
2λ1µ1a

2
12a112a1g

5
1g

10
2

− 49q(−160 − 222q − 112q2 + 331q3 + 306q4 + 434q5)λ4
2λ

2
1a

2
12a

2
112a

3
1g

4
1g

8
2

− (−4949q − 5880q2 − 3381q3 + 147q4 + 490q5 + 1421q6)λ4
2λ

2
1a

2
12aβa

4
1g

4
1g

8
2

− (−161q − 420q2 − 945q3 − 924q4 − 427q5 − 112q6)λ3
2λ

2
1a

2
12aβa112a1112g

7
1g

7
2

− (1225q + 637q2 − 588q3 − 686q4 − 147q5 − 294q6)λ4
2λ

3
1a

3
12a

2
1g

7
1g

7
2
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− (2401q − 1666q2 − 2450q3 − 3577q4 − 3528q5 + 784q6)λ4
2λ

2
1a

3
12a1112a

3
1g

4
1g

8
2

− (392q + 98q2 + 735q3 + 245q4 + 441q5 + 147q6)λ3
2λ1a

3
12a

4
112a

3
1g

3
1g

6
2

− (49q − 441q2 − 735q3 − 882q4 − 588q5 − 147q6)λ3
2λ1a

3
12aβa

2
112a

4
1g

3
1g

6
2

− (196q + 294q2 + 196q3 − 49q4 − 196q5 − 98q6)λ3
2λ1a

3
12a

2
βa

5
1g

3
1g

6
2

− (−1603q − 3234q2 − 3227q3 − 2268q4 − 2660q5 + 56q6)λ3
2λ

3
1a

4
12a112g

7
1g

7
2

− (147q + 49q2 + 98q3 + 147q4 + 49q5 + 196q6)λ3
2λ1a

4
12a

2
112a1112a

3
1g

3
1g

6
2

− (49q + 49q2 − 49q5 − 49q6)λ3
2λ1a

4
12aβa1112a

4
1g

3
1g

6
2

− (2450q + 2009q2 + 1568q3 + 1274q4 + 1274q5 + 343q6)λ3
2λ

2
1a

6
12a

4
1g

3
1g

6
2

− 49q(200 + 825q + 1405q2 + 1505q3 + 1054q4 + 380q5)λ5
2λ

2
1a2a1112a

5
1g

4
1g

8
2

− (2142q + 3843q2 + 4025q3 + 2149q4 + 175q5 − 966q6)λ4
2λ1a2a112a

3
1112a

2
1g

4
1g

8
2

− (1029q + 1176q2 + 2499q3 + 1911q4 + 1470q5 + 490q6)λ5
2λ1µ1a2a

2
112a1g

5
1g

10
2

− (−6174q − 25039q2 − 21854q3 − 17885q4 − 2744q5 + 6860q6)λ4
2λ

2
1a2a

3
112a

3
1g

4
1g

8
2

− (−3234q − 2695q2 + 588q3 + 4557q4 + 5782q5 + 3577q6)λ5
2λ1µ1a2aβa

2
1g

5
1g

10
2

+ 49q(147 + 239q + 273q2 + 257q3 + 97q4 + 29q5)λ4
2λ

2
1a2aβa112a

4
1g

4
1g

8
2

− (−175q − 371q2 − 273q3 + 91q4 + 154q5 + 84q6)λ3
2λ

2
1a2aβa

2
112a1112g

7
1g

7
2

− (49q + 35q2 + 63q3 + 91q4 + 77q5 − 21q6)λ3
2λ

2
1a2a

2
βa1112a1g

7
1g

7
2

− [(−5264q + 14609q2 + 47439q3 + 64778q4 + 52829q5 + 28371q6)λ4
2λ

4
1

+ (−7546q − 1715q2 − 2744q3 − 5145q4 + 686q5 − 7546q6)λ2λ
3
1µ2µ1

+ (1078q + 1127q2 − 392q3 + 735q4 + 1274q5 + 294q6)λ2λ
3
1µ12]a2a12g

8
1g

9
2

+ 49q(25 + 52q + 67q2 + 56q3 + 26q4 + 5q5)λ5
2λ1µ1a2a12a1112a1g

5
1g

10
2

− (−1470q − 2940q2 − 3479q3 − 2401q4 − 686q5 + 294q6)λ4
2λ

3
1a2a12a112a

2
1g

7
1g

7
2

+ 49q(227 + 181q − 229q2 − 565q3 − 679q4 − 422q5)λ4
2λ

2
1a2a12a112a1112a

3
1g

4
1g

8
2

− (−112q − 112q2 − 49q3 + 28q4 + 119q5 + 126q6)λ3
2λ

2
1a2a12aβa

2
1112g

7
1g

7
2

− (147q − 49q2 + 98q3 + 49q5 + 98q6)λ3
2λ1a2a12aβa

3
112a

4
1g

3
1g

6
2

− (−49q + 98q2 + 245q3 + 343q4 + 245q5 + 147q6)λ3
2λ1a2a12a

2
βa112a

5
1g

3
1g

6
2

− (−3108q − 1330q2 + 1708q3 + 3017q4 + 4900q5 + 1477q6)λ3
2λ

3
1a2a

2
12a

2
112g

7
1g

7
2

− (1155q + 2793q2 + 3003q3 + 2520q4 + 1638q5 + 210q6)λ3
2λ

3
1a2a

2
12aβa1g

7
1g

7
2

− (399q + 63q2 − 126q3 + 224q4 − 553q5 + 630q6)λ3
2λ

3
1a2a

3
12a1112g

7
1g

7
2

− (−441q − 1029q2 − 1029q3 − 392q4 − 2156q5 − 98q6)λ3
2λ

2
1a2a

4
12a112a

4
1g

3
1g

6
2

+ 49q(101 + 451q + 750q2 + 802q3 + 551q4 + 187q5)λ4
2λ

2
1a

2
2a

2
1112a

3
1g

4
1g

8
2

− (1225q + 784q2 + 5537q3 + 5880q4 + 5635q5 + 3381q6)λ3
2λ

3
1a

2
2a

3
112g

7
1g

7
2

− (532q + 665q2 + 938q3 − 119q4 − 644q5 − 735q6)λ3
2λ

3
1a

2
2aβa112a1g

7
1g

7
2

− 49q(−430 − 585q + 109q2 + 496q3 + 923q4 + 383q5)λ4
2λ

3
1a

2
2a12a

4
1g

4
1g

8
2

− (−301q − 147q2 − 273q3 − 483q4 + 7q5 + 560q6)λ3
2λ

3
1a

2
2a12a112a1112g

7
1g

7
2

− (196q + 49q2 + 1078q3 + 1274q4 + 1274q5 + 931q6)λ3
2λ

2
1a

2
2a

2
12a

2
112a

4
1g

3
1g

6
2

− (196q − 98q2 − 343q3 − 588q4 − 784q5 − 441q6)λ3
2λ

2
1a

2
2a

2
12aβa

5
1g

3
1g

6
2

− (−210q − 224q2 − 42q3 + 238q4 + 371q5 + 259q6)λ3
2λ

3
1a

3
2a

2
1112g

7
1g

7
2
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− (−245q + 98q2 − 392q3 + 98q4 − 245q5)λ3
2λ

2
1a

3
2a

3
112a

4
1g

3
1g

6
2

− (−98q − 245q2 − 49q3 + 245q5 + 147q6)λ3
2λ

2
1a

3
2aβa112a

5
1g

3
1g

6
2

− (1568q + 1225q2 − 637q3 − 3234q4 − 3185q5 − 1470q6)λ3
2λ

4
1a

3
2a12a1g

7
1g

7
2

− (833q + 245q2 − 392q3 − 1764q4 − 1813q5 − 1225q6)λ3
2λ

3
1a

4
2a12a

5
1g

3
1g

6
2

− [(229467q + 292971q2 + 180712q3 − 30331q4 − 207956q5 − 159936q6)λ6
2λ

2
1µ1

+ (−4459q − 3430q2 + 1715q3 + 3430q4 + 6860q5 + 1715q6)λ2
2λ

3
1µ2µ1]g

6
1g

12
2

− 2401q(−34 − 56q − 48q2 − 17q3 + 14q4 + 22q5)λ3
2µ2µ

2
1a1112a1g

3
1g

13
2

− (−2982q − 3465q2 − 1253q3 + 2135q4 + 4053q5 + 3080q6)λ5
2λ1a

3
1112a

3
1g

4
1g

8
2

− [(4998q + 9310q2 + 9849q3 + 6272q4 + 980q5 − 1568q6)λ6
2λ1µ1

+ 7q(−14849 − 26916q − 19198q2 − 9650q3 + 8546q4 + 8517q5)λ5
2λ

3
1]a112a

2
1g

5
1g

10
2

− (217q + 679q2 + 945q3 + 966q4 + 546q5 + 175q6)λ4
2a112a

5
1112g

4
1g

8
2

− (−18277q − 23912q2 − 19992q3 − 1519q4 + 10339q5 + 12446q6)λ5
2λ

2
1a

2
112a

4
1g

4
1g

8
2

− (−14q2 + 42q3 − 91q4 − 35q5 − 98q6)λ4
2λ

2
1a

3
112a1112g

7
1g

7
2

− (4039q + 4599q2 + 2905q3 − 1141q4 − 3570q5 − 2814q6)λ4
2λ1a

3
112a

2
1112a1g

4
1g

8
2

− (−23373q − 33173q2 − 21168q3 + 3234q4 + 21021q5 + 20335q6)λ5
2λ

2
1aβa

5
1g

4
1g

8
2

− (84q + 133q2 + 105q3 + 154q4 − 7q5 − 28q6)λ4
2λ

2
1aβa112a1112a1g

7
1g

7
2

− (−1288q − 805q2 + 224q3 + 2142q4 + 2254q5 + 1589q6)λ4
2λ1aβa112a

2
1112a

2
1g

4
1g

8
2

− (560q + 644q2 + 686q3 − 28q4 − 77q5 + 126q6)λ3
2λ

2
1a

2
βa

2
112g

7
1g

7
2

− (−329q − 497q2 − 497q3 − 287q4 − 84q5 + 126q6)λ3
2λ

2
1a

3
βa1g

7
1g

7
2

+ 49q(493 + 1333q + 1866q2 + 1703q3 + 965q4 + 197q5)λ5
2λ

2
1a12a1112a

4
1g

4
1g

8
2

+ 7q(1976 + 1915q − 29q2 − 2435q3 − 3525q4 − 2375q5)λ4
2λ1a12a112a

3
1112a1g

4
1g

8
2

+ 49q(−807 − 1327q − 1048q2 − 312q3 + 441q4 + 575q5)λ5
2λ1µ1a12a

2
112g

5
1g

10
2

− (20104q + 7770q2 − 5495q3 − 38262q4 − 36386q5 − 25788q6)λ4
2λ

2
1a12a

3
112a

2
1g

4
1g

8
2

− 49q(138 + 368q + 529q2 + 481q3 + 280q4 + 59q5)λ5
2λ1µ1a12aβa1g

5
1g

10
2

+ 7q(−3769 − 4731q − 2319q2 + 2004q3 + 4521q4 + 3832q5)λ4
2λ

2
1a12aβa112a

3
1g

4
1g

8
2

− (70q − 119q2 − 357q3 − 497q4 − 455q5 − 259q6)λ3
2λ

2
1a12a

2
βa1112g

7
1g

7
2

+ 49q(−884 − 1423q − 1218q2 − 402q3 + 381q4 + 571q5)λ5
2λ1µ1a

2
12a1112g

5
1g

10
2

− (1827q + 7504q2 + 14826q3 + 16149q4 + 12159q5 + 5159q6)λ4
2λ

3
1a

2
12a112a1g

7
1g

7
2

− 7q(1430 − 2250q − 6805q2 − 9890q3 − 8670q4 − 3929q5)λ4
2λ

2
1a

2
12a112a1112a

2
1g

4
1g

8
2

− (441q + 1323q2 + 686q3 + 637q4 − 392q5 − 343q6)λ3
2λ1a

2
12a

5
112a

2
1g

3
1g

6
2

− (49q + 147q2 − 245q4 − 245q5 − 294q6)λ3
2λ1a

2
12aβa

3
112a

3
1g

3
1g

6
2

− (−686q − 1029q2 − 1225q3 − 637q4 + 98q5 + 245q6)λ3
2λ1a

2
12a

2
βa112a

4
1g

3
1g

6
2

− (98q − 245q2 − 588q3 − 882q4 − 735q5 − 392q6)λ3
2λ1a

3
12a

3
112a1112a

2
1g

3
1g

6
2

− (1610q − 112q2 − 2149q3 − 4179q4 − 5733q5 − 2569q6)λ3
2λ

3
1a

3
12aβg

7
1g

7
2

− (−392q − 245q2 + 98q3 + 490q4 + 637q5 + 294q6)λ3
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2λ

3
1a2a

3
12a112a1g

3
1g

6
2

− (−588q − 196q2 − 490q3 − 1029q4 − 784q5 − 1225q6)λ2
2λ

2
1a2a

4
12a

3
112a1g

2
1g

4
2

− (147q + 147q2 + 392q3 + 196q4 + 294q5 − 392q6)λ2
2λ

2
1a2a

4
12aβa112a

2
1g

2
1g

4
2

− (−98q − 245q2 − 196q3 − 147q4 − 245q5 − 196q6)λ2
2λ

2
1a2a

5
12a112a1112a1g

2
1g

4
2

+ 7q(2970 + 12121q + 21384q2 + 22590q3 + 16607q4 + 5668q5)λ4
2λ

4
1a

2
2a1g

4
1g

8
2

− (−2842q − 7154q2 − 6860q3 − 4851q4 − 588q5 + 1666q6)λ4
2λ

3
1a

2
2a112a

3
1g

3
1g

6
2

− (630q + 3584q2 + 4991q3 + 7056q4 + 4046q5 + 2478q6)λ3
2λ

2
1a

2
2a

2
112a

2
1112g

3
1g

6
2

− (−672q − 651q2 + 161q3 + 1078q4 + 1267q5 + 875q6)λ3
2λ

2
1a

2
2aβa

2
1112a1g

3
1g

6
2

− (−189q − 35q2 + 609q3 + 1204q4 + 1260q5 + 826q6)λ3
2λ

2
1a

2
2a12a

3
1112g

3
1g

6
2

− (630q + 11648q2 + 13552q3 + 16534q4 + 9569q5 + 2947q6)λ3
2λ

3
1a

2
2a12a

2
112a1g

3
1g

6
2

− (−4571q − 8554q2 − 4011q3 − 4123q4 + 2870q5 + 1582q6)λ3
2λ

3
1a

2
2a12aβa

2
1g

3
1g

6
2

− (−1113q − 2786q2 − 3500q3 − 3010q4 − 1708q5 − 231q6)λ3
2λ

4
1a

2
2a

2
12g

6
1g

5
2

− 7q(−38− 1980q − 2746q2 − 2609q3 − 1660q4 + 108q5)λ3
2λ

3
1a

2
2a

2
12a1112a1g

3
1g

6
2

− (−49q + 294q2 + 147q3 + 245q4 − 49q6)λ2
2λ

2
1a

2
2a

2
12a

4
112a1g

2
1g

4
2

− (196q + 196q2 + 294q3 + 147q4 + 49q5 + 49q6)λ2
2λ

2
1a

2
2a

2
12aβa

2
112a

2
1g

2
1g

4
2

− (98q + 49q2 − 49q4)λ2
2λ

2
1a

2
2a

2
12a

2
βa

3
1g

2
1g

4
2
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− (−637q − 539q2 − 490q3 − 882q4 − 343q5 − 196q6)λ2
2λ

3
1a

2
2a

5
12a

2
1g

2
1g

4
2

− (266q + 385q2 + 406q3 + 476q4 + 252q5 − 119q6)λ3
2λ

4
1a

3
2a112g

6
1g

5
2

− 7q(1219 + 2739q + 3510q2 + 3329q3 + 1552q4 + 594q5)λ3
2λ

3
1a

3
2a112a1112a1g

3
1g

6
2

− (−147q2 + 147q3 − 196q4 + 147q5 − 147q6)λ2
2λ

2
1a

3
2a

5
112a1g

2
1g

4
2

− (49q − 98q2 + 49q3 − 98q4 + 49q5)λ2
2λ

2
1a

3
2aβa

3
112a

2
1g

2
1g

4
2

− (−980q − 343q2 − 735q3 − 49q4 − 294q6)λ2
2λ

3
1a

3
2a

3
12a112a

2
1g

2
1g

4
2

− (4606q + 9996q2 − 980q3 + 147q4 − 10094q5 − 3332q6)λ3
2λ

4
1a

4
2a

2
1g

3
1g

6
2

− (49q + 49q2 + 147q3 − 245q4 − 49q5 − 294q6)λ2
2λ

3
1a

4
2a12a

2
112a

2
1g

2
1g

4
2

− (98q2 − 98q4 − 98q5 − 245q6)λ2
2λ

3
1a

4
2a12aβa

3
1g

2
1g

4
2

− (49q + 343q2 + 392q3 + 392q4 + 196q5)λ2
2λ

4
1a

6
2a

3
1g

2
1g

4
2

− (−21609q − 36015q2 − 60025q3 − 60025q4 − 36015q5 − 21609q6)µ2
2µ

3
1g

14
2

− [(50344q + 82257q2 + 75306q3 + 33138q4 − 14952q5 − 28917q6)λ5
2λ

4
1

+ (10290q + 13720q2 + 15778q3 + 11319q4 + 2058q5 + 1715q6)λ2
2λ

3
1µ2µ1

+ (210q + 224q2 + 238q3 + 105q4 + 462q5 + 231q6)λ2
2λ

3
1µ12

+ (189q + 126q2 + 7q3 + 224q4 − 56q5 + 294q6)λ3
2λ1µ112

+ (3969q + 735q2 + 2499q3 + 2499q4 + 735q5 + 3969q6)µ2µ1µ112

+ (21q − 63q2 + 105q3 − 105q4 + 63q5 − 21q6)µ12µ112]g
7
1g

7
2

+ 7q(−4132 + 10651q + 33997q2 + 48043q3 + 41933q4 + 20764q5)λ5
2λ

3
1a1112a1g

4
1g

8
2

− (−560q − 1659q2 − 2611q3 − 2632q4 − 1673q5 − 567q6)λ5
2λ

2
1a112a1112a

3
1g

3
1g

6
2

− (−574q − 728q2 − 462q3 + 175q4 + 546q5 + 504q6)λ4
2λ1a

2
112a

3
1112g

3
1g

6
2

− (8246q + 15071q2 + 19838q3 + 13629q4 + 6244q5 − 455q6)λ4
2λ

2
1a

4
112a1g

3
1g

6
2

− (721q + 1519q2 + 1806q3 + 1337q4 + 504q5 − 105q6)λ4
2λ1aβa

3
1112a1g

3
1g

6
2

− [(−1274q2 − 2499q3 − 3136q4 − 2401q5 − 980q6)λ5
2λ1µ1

+ (−17514q − 24493q2 − 8967q3 + 18739q4 + 28259q5 + 30338q6)λ4
2λ

3
1]aβa112g

4
1g

8
2

− (9345q + 7658q2 − 1533q3 − 12495q4 − 17094q5 − 10479q6)λ4
2λ

2
1aβa

2
112a

2
1g

3
1g

6
2

− (1267q + 1106q2 − 973q3 − 2912q4 − 3584q5 − 2254q6)λ4
2λ

2
1a

2
βa

3
1g

3
1g

6
2

− (−189q − 378q2 − 553q3 − 497q4 − 280q5 − 161q6)λ3
2λ1a

2
βa112a

2
1112g

3
1g

6
2

− 7q(−4100 − 7617q − 7912q2 − 4691q3 − 474q4 + 1673q5)λ4
2λ

2
1a12a

2
112a1112a1g

3
1g

6
2

− (4165q + 9842q2 + 12964q3 + 11277q4 + 5614q5 + 924q6)λ4
2λ

2
1a12aβa1112a

2
1g

3
1g

6
2

− (980q − 1351q2 − 2765q3 − 4767q4 − 3374q5 − 1316q6)λ3
2λ

2
1a12aβa

3
112g

3
1g

6
2

− (882q + 3374q2 + 3654q3 + 3682q4 + 1351q5 − 56q6)λ3
2λ

2
1a12a

2
βa112a1g

3
1g

6
2

− 7q(−2415 − 1417q + 2119q2 + 5687q3 + 6431q4 + 3931q5)λ4
2λ

2
1a

2
12a

2
1112a1g

3
1g

6
2

− 7q(−353− 805q − 494q2 − 266q3 + 202q4 + 253q5)λ3
2λ

2
1a

2
12aβa112a1112g

3
1g

6
2

− (−70q − 49q2 − 231q3 − 175q4 − 175q5 − 133q6)λ2
2λ1a

2
12aβa

5
112g

2
1g

4
2

− (−133q − 168q2 + 91q3 + 203q4 + 413q5 + 231q6)λ2
2λ1a

2
12a

2
βa

3
112a1g

2
1g

4
2

− (−14q − 56q2 − 77q3 − 77q4 − 56q5 − 14q6)λ2
2λ1a

2
12a

3
βa112a

2
1g

2
1g

4
2

− (10290q + 31458q2 + 24598q3 + 16268q4 − 2940q5 − 10878q6)λ4
2λ

3
1a

3
12a

2
1g

3
1g

6
2
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− (112q + 105q2 + 28q3 − 119q4 − 140q5 − 84q6)λ2
2λ1a

3
12aβa

3
112a1112g

2
1g

4
2

− (−35q − 77q2 − 77q3 − 35q4 − 49q5 − 21q6)λ2
2λ1a

3
12a

2
βa112a1112a1g

2
1g

4
2

− (11515q + 9023q2 + 11536q3 − 56q4 + 1148q5 − 4599q6)λ3
2λ

3
1a

4
12a112g

3
1g

6
2

− (−147q − 343q2 − 245q3 − 147q4 + 49q5 + 147q6)λ3
2λ

2
1a

4
12a

2
112a

2
1g

2
1g

4
2

− (−49q − 196q2 − 343q3 − 147q4 + 49q5 + 98q6)λ3
2λ

2
1a

4
12aβa

3
1g

2
1g

4
2

− (7q + 14q2 − 28q3 − 21q4 − 14q5 − 7q6)λ2
2λ1a

4
12aβa112a

2
1112g

2
1g

4
2

− (−385q + 1043q2 − 224q3 − 168q4 − 847q5 − 1085q6)λ2
2λ

2
1a

5
12a

3
112g

2
1g

4
2

− (196q + 980q2 + 1421q3 + 1470q4 + 980q5 + 245q6)λ2
2λ

2
1a

5
12aβa112a1g

2
1g

4
2

− (−147q + 588q2 + 539q3 + 980q4 + 1127q5 + 294q6)λ2
2λ

2
1a

6
12a112a1112g

2
1g

4
2

− (−9506q − 30576q2 − 47481q3 − 47677q4 − 31115q5 − 9408q6)λ5
2λ

3
1a2a

4
1g

3
1g

6
2

+ 7q(−2285 − 3843q − 3477q2 − 1488q3 + 640q4 + 1283q5)λ4
2λ

2
1a2a112a

2
1112a1g

3
1g

6
2

− (−357q + 560q2 + 532q3 − 161q4 − 259q5 − 1050q6)λ3
2λ

2
1a2aβa

2
112a1112g

3
1g

6
2

− (259q + 14q2 + 196q3 + 168q4 + 77q5 + 266q6)λ2
2λ1a2aβa

6
112g

2
1g

4
2

− (14q − 315q2 − 728q3 − 763q4 − 490q5 − 168q6)λ3
2λ

3
1a2a

2
βg

6
1g

5
2

− (−1099q − 1701q2 − 1694q3 − 574q4 + 105q5 + 1043q6)λ3
2λ

2
1a2a

2
βa1112a1g

3
1g

6
2

− (−126q − 63q2 − 154q3 − 56q4 − 63q5 − 28q6)λ2
2λ1a2a

2
βa

4
112a1g

2
1g

4
2

− (−14q − 42q2 + 63q3 + 105q4 + 133q5 + 98q6)λ2
2λ1a2a

3
βa

2
112a

2
1g

2
1g

4
2

− (−7q2 + 28q3 + 7q4 + 28q5 − 7q6)λ2
2λ1a2a

4
βa

3
1g

2
1g

4
2

− [(−2744q − 6223q2 − 7889q3 − 6566q4 − 3136q5 − 539q6)λ5
2λ

2
1µ1

+ (103992q + 84154q2 + 81410q3 + 43134q4 − 33810q5 + 23744q6)λ4
2λ

4
1]a2a12g

4
1g

8
2

+ 7q(2930 + 8499q + 12171q2 + 11461q3 + 6719q4 + 1578q5)λ4
2λ

3
1a2a12a112a

2
1g

3
1g

6
2

− (−2086q − 5726q2 − 6986q3 − 5950q4 − 2947q5 + 126q6)λ3
2λ

2
1a2a12aβa

2
1112g

3
1g

6
2

− (21q2 − 35q3 + 28q4 − 35q5 + 21q6)λ2
2λ1a2a12aβa

4
112a1112g

2
1g

4
2

− (49q + 70q2 + 63q3 + 28q4 − 35q5 − 28q6)λ2
2λ1a2a12a

2
βa

2
112a1112a1g

2
1g

4
2

− (7q + 28q3 + 42q4 + 42q5 + 28q6)λ2
2λ1a2a12a

3
βa1112a

2
1g

2
1g

4
2

− (3794q + 357q2 − 4578q3 + 2562q4 − 3311q5 + 7203q6)λ3
2λ

3
1a2a

2
12a

2
112g

3
1g

6
2

− (18403q + 21308q2 + 21455q3 + 6398q4 − 4067q5 − 4305q6)λ3
2λ

3
1a2a

2
12aβa1g

3
1g

6
2

− (−3878q − 8043q2 − 2793q3 − 9786q4 + 378q5 − 4592q6)λ3
2λ

3
1a2a

3
12a1112g

3
1g

6
2

− (1029q + 1078q2 + 49q3 + 1911q4 − 392q5 + 2058q6)λ2
2λ

2
1a2a

3
12a

4
112g

2
1g

4
2

− (−805q − 483q2 − 700q3 + 357q4 − 7q5 + 609q6)λ2
2λ

2
1a2a

3
12aβa

2
112a1g

2
1g

4
2

− (168q − 105q2 + 63q3 − 112q4 + 7q5 + 28q6)λ2
2λ

2
1a2a

3
12a

2
βa

2
1g

2
1g

4
2

− (−497q + 35q2 + 28q3 + 21q4 + 14q5 − 483q6)λ2
2λ

2
1a2a

4
12a

2
112a1112g

2
1g

4
2

− (−581q − 329q2 − 77q3 − 217q4 + 35q5 + 238q6)λ2
2λ

2
1a2a

4
12aβa1112a1g

2
1g

4
2

− (−196q − 245q2 − 245q3 − 245q4 − 98q5 − 49q6)λ2
2λ

2
1a2a

5
12a

2
1112g

2
1g

4
2

− (−833q + 196q2 − 245q3 − 1176q4 + 931q5 − 245q6)λ2
2λ

3
1a2a

6
12a1g

2
1g

4
2

− (861q + 1820q2 + 280q3 − 1652q4 − 2506q5 − 2772q6)λ4
2λ

3
1a

2
2a1112a

2
1g

3
1g

6
2

− (4417q + 11627q2 + 3402q3 + 3213q4 − 6433q5 − 4417q6)λ3
2λ

3
1a

2
2a

3
112g

3
1g

6
2
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− (−1540q − 4417q2 − 9905q3 − 12908q4 − 9702q5 − 5824q6)λ3
2λ

3
1a

2
2aβa112a1g

3
1g

6
2

− 7q(−1678 − 1967q − 2512q2 + 166q3 + 530q4 + 1443q5)λ3
2λ

3
1a

2
2a12a112a1112g

3
1g

6
2

− (441q − 490q2 + 441q3 − 441q4 + 441q5 + 98q6)λ2
2λ

2
1a

2
2a12a

5
112g

2
1g

4
2

− (−168q + 301q2 − 210q3 − 182q4 − 301q5 − 322q6)λ2
2λ

2
1a

2
2a12aβa

3
112a1g

2
1g

4
2

− (84q + 560q2 + 252q3 + 91q4 − 315q5 − 378q6)λ2
2λ

2
1a

2
2a12a

2
βa112a

2
1g

2
1g

4
2

− (−280q − 217q2 − 350q3 + 56q4 + 21q5 + 133q6)λ2
2λ

2
1a

2
2a

2
12a

3
112a1112g

2
1g

4
2

− (−77q − 252q2 − 280q3 − 112q4 + 105q5 + 126q6)λ2
2λ

2
1a

2
2a

2
12aβa112a1112a1g

2
1g

4
2

− (196q + 147q2 − 196q3 − 539q4 − 588q5 − 392q6)λ3
2λ

3
1a

2
2a

3
12a

3
1g

2
1g

4
2

− (196q + 1029q2 + 2156q3 + 1960q4 + 1911q5 + 1372q6)λ2
2λ

3
1a

2
2a

4
12a112a1g

2
1g

4
2

− (−357q − 952q2 − 4235q3 − 5110q4 − 4606q5 − 2723q6)λ3
2λ

3
1a

3
2a

2
1112g

3
1g

6
2

− (−119q − 91q2 − 63q3 − 182q4 − 7q5 − 175q6)λ2
2λ

2
1a

3
2a

4
112a1112g

2
1g

4
2

− (7q + 63q2 + 119q3 + 77q4 + 84q5 − 7q6)λ2
2λ

2
1a

3
2aβa

2
112a1112a1g

2
1g

4
2

− (−7q + 35q2 + 77q3 + 70q4 + 63q5 + 7q6)λ2
2λ

2
1a

3
2a

2
βa1112a

2
1g

2
1g

4
2

− (−2646q − 343q2 − 17444q3 − 27391q4 − 23275q5 − 21658q6)λ3
2λ

4
1a

3
2a12a1g

3
1g

6
2

− (1715q + 3283q2 + 2450q3 + 1813q4 − 784q5 − 931q6)λ2
2λ

3
1a

3
2a

2
12a

2
112a1g

2
1g

4
2

− (−49q − 490q2 − 196q3 + 294q4 + 392q5 + 588q6)λ2
2λ

3
1a

3
2a

2
12aβa

2
1g

2
1g

4
2

− (−441q − 441q2 − 1029q3 − 735q4 − 343q5 − 147q6)λ2
2λ

3
1a

3
2a

3
12a1112a1g

2
1g

4
2

− (1127q + 1617q2 + 1078q3 − 588q4 − 1225q5 − 1519q6)λ2
2λ

3
1a

4
2a

3
112a1g

2
1g

4
2

− (441q + 784q2 + 1666q3 + 1127q4 + 1078q5 + 98q6)λ2
2λ

3
1a

4
2aβa112a

2
1g

2
1g

4
2

− (−98q − 49q2 + 49q3 + 245q4 + 294q5 + 147q6)λ2
2λ

3
1a

4
2a12a112a1112a1g

2
1g

4
2

− (392q + 588q2 + 1176q3 + 637q4 + 490q5 − 196q6)λ2
2λ

4
1a

5
2a12a

2
1g

2
1g

4
2

− 343q(217 + 319q + 433q2 + 591q3 + 257q4 + 321q5)λ2
2λ

3
1µ2µ1g

2
1g

11
2

− (−3185q − 9793q2 − 14973q3 − 14658q4 − 9240q5 − 2688q6)λ5
2λ

2
1a

2
1112a

2
1g

3
1g

6
2

− (−5362q − 11781q2 − 11970q3 − 9324q4 − 1946q5 + 1232q6)λ4
2λ

2
1a

3
112a1112g

3
1g

6
2

− (−595q − 819q2 − 266q3 + 343q4 + 385q5 + 266q6)λ4
2λ

3
1aβa112g

6
1g

5
2

− 7q(−1019 + 800q + 3988q2 + 6271q3 + 5816q4 + 3016q5)λ4
2λ

2
1aβa112a1112a1g

3
1g

6
2

− (105q − 42q2 + 49q3 − 14q4 + 14q5 + 84q6)λ3
2λ1aβa

5
112a1g

2
1g

4
2

− (−707q − 2072q2 − 4340q3 − 2751q4 − 2632q5 + 56q6)λ3
2λ

2
1a

2
βa

2
112g

3
1g

6
2

− (63q − 28q2 − 77q3 − 182q4 − 147q5 − 70q6)λ3
2λ1a

2
βa

3
112a

2
1g

2
1g

4
2

− (385q − 133q2 − 1050q3 − 1764q4 − 1624q5 − 959q6)λ3
2λ

2
1a

3
βa1g

3
1g

6
2

− (10409q + 36155q2 + 57785q3 + 58688q4 + 38668q5 + 12278q6)λ5
2λ

3
1a12a

3
1g

3
1g

6
2

− 14q(336 + 878q + 1235q2 + 1107q3 + 635q4 + 135q5)λ4
2λ

2
1a12a112a

2
1112g

3
1g

6
2

− (−3087q − 4459q2 − 5488q3 − 5145q4 − 1715q5 − 1715q6)λ2λ
2
1µ2µ1a12a

2
112g1g

9
2

− (1715q + 2401q2 + 3773q3 + 2401q4 + 1372q5 + 343q6)λ2λ
2
1µ2µ1a12aβa1g1g

9
2

− (364q + 4536q2 + 8134q3 + 10304q4 + 7448q5 + 3514q6)λ3
2λ

2
1a12a

2
βa1112g

3
1g

6
2

− (−175q − 238q2 − 161q3 − 161q4 + 84q5 − 35q6)λ2
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1g

4
2

− (1988q − 266q2 − 4662q3 − 8316q4 − 8295q5 − 4361q6)λ3
2λ

2
1a

2
12aβa112a1112g

2
1g

4
2

− (434q + 504q2 + 658q3 + 168q4 + 119q5 + 126q6)λ2
2λ

2
1a

2
12a

3
βg

2
1g

4
2

− (−294q + 1225q2 + 3283q3 + 4214q4 + 3675q5 + 1666q6)λ4
2λ

3
1a

3
12a

2
1g

2
1g

4
2

− (−21q + 21q2 + 35q3 − 21q4 + 7q5 − 21q6)λ2λ1a
3
12a

3
βa

2
112g1g

2
2

− (−7q − 7q2 + 7q3 − 7q4 + 7q5 + 7q6)λ2λ1a
3
12a

4
βa1g1g

2
2

− (−4179q − 8323q2 − 5915q3 + 938q4 + 4053q5 + 4459q6)λ3
2λ

3
1a

4
12a112g

2
1g

4
2

− (−7q + 7q2 + 14q3 − 14q4 − 7q5 + 7q6)λ2λ1a
4
12a

3
βa1112g1g

2
2

− (−273q − 126q2 − 49q3 − 140q4 − 252q5 − 91q6)λ2λ
2
1a

6
12a

2
βg1g

2
2

− (−7q − 1400q2 − 2828q3 − 3479q4 − 2737q5 − 1113q6)λ3
2λ

2
1a2aβa

2
112a1112g

2
1g

4
2

− (406q + 294q2 − 315q3 − 959q4 − 1176q5 − 700q6)λ3
2λ

2
1a2a

2
βa1112a1g

2
1g

4
2

− (140q + 378q2 + 329q3 + 322q4 + 77q5 + 126q6)λ2
2λ

2
1a2a

3
βa112g

2
1g

4
2

− 7q(−2861 + 7728q + 18758q2 + 25319q3 + 21094q4 + 8880q5)λ4
2λ

4
1a2a12g

3
1g

6
2

− (−4116q − 3675q2 + 1078q3 + 6223q4 + 8428q5 + 5439q6)λ4
2λ

3
1a2a12a112a

2
1g

2
1g

4
2

− (77q − 189q2 − 672q3 − 952q4 − 854q5 − 399q6)λ3
2λ

2
1a2a12aβa

2
1112g

2
1g

4
2

− (14q + 7q4 + 14q5 + 14q6)λ2λ1a2a12a
3
βa

3
112g1g

2
2

− (−14q − 28q2 − 21q3 − 21q4 − 7q5 − 7q6)λ2λ1a2a12a
4
βa112a1g1g

2
2

− (1596q + 5810q2 + 9114q3 + 5040q4 + 3780q5 − 2359q6)λ3
2λ

3
1a2a

2
12a

2
112g

2
1g

4
2

− (4151q + 5943q2 + 4935q3 + 2205q4 − 1708q5 − 1953q6)λ3
2λ

3
1a2a

2
12aβa1g

2
1g

4
2

− (1820q + 4263q2 + 6398q3 + 6461q4 + 4060q5 + 1694q6)λ3
2λ

3
1a2a

3
12a1112g

2
1g

4
2

− (−21q + 140q2 + 140q3 − 21q4 + 98q5 + 203q6)λ2λ
2
1a2a

4
12a

2
βa112g1g

2
2

− (672q + 3500q2 + 4858q3 + 5579q4 + 3311q5 + 1141q6)λ3
2λ
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1a

2
2a

3
112g

2
1g

4
2

− (−2373q − 2562q2 − 77q3 + 2730q4 + 4193q5 + 2989q6)λ3
2λ

3
1a

2
2aβa112a1g

2
1g

4
2

+ 7q(−166 + 817q + 2032q2 + 2737q3 + 2253q4 + 1077q5)λ3
2λ

3
1a
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2a12a112a1112g

2
1g

4
2

− (−21q + 1001q2 − 119q3 − 882q4 − 553q5 − 553q6)λ2
2λ

3
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2
2a12a

2
βg

2
1g

4
2
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− (−105q − 84q2 − 84q3 − 56q4 − 98q5 − 63q6)λ2λ
2
1a

2
2a

2
12a

2
βa

2
112g1g

2
2

− (28q + 56q2 + 84q3 + 63q4 + 42q5 + 21q6)λ2λ
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1a

2
2a

2
12a

3
βa1g1g

2
2

− (273q + 546q2 + 133q3 + 14q4 + 581q5 + 364q6)λ2λ
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1a

2
2a
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12aβg1g

2
2

− (728q + 364q2 − 651q3 − 1729q4 − 1890q5 − 1134q6)λ3
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2
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4
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2
2

− (147q + 147q2 + 392q3 + 147q4 + 343q5 + 49q6)λ2λ
4
1a

5
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2
12a112g1g

2
2

− (196q + 196q2 + 294q3 − 147q6)λ2λ
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1a

6
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2
112g1g

2
2

− (−49q − 147q2 − 98q3 + 49q5 + 147q6)λ2λ
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1a

6
2aβa1g1g

2
2

− [(−14749q − 28126q2 − 43218q3 − 40474q4 − 22981q5 − 10290q6)λ2
2λ

3
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+ (147q − 343q2 + 245q3 − 490q4 + 147q5 − 147q6)λ2λ
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2
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2
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2
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4
2

− (−70q + 322q2 + 742q3 + 987q4 + 742q5 + 217q6)λ3
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3
βa1g

2
1g

4
2

− [(−392q − 1078q2 − 1470q3 − 1323q4 − 735q5 − 147q6)λ5
2λ

3
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+ (196q + 147q2 + 49q3 + 98q4 + 147q5 + 49q6)λ2
2λ
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1µ12]a12a

3
1g

2
1g

4
2

− (−2485q − 5313q2 − 6398q3 − 5068q4 − 2114q5 + 14q6)λ3
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βa1112g

2
1g

4
2

+ (14000q + 25165q2 + 26096q3 + 15960q4 + 1715q5 − 4830q6)λ4
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2
12a112a1g

2
1g

4
2

− (35q + 35q2 + 42q3 + 21q4 + 7q5 + 7q6)λ2λ1a
2
12a

4
βa112g1g

2
2

− (1988q + 3913q2 + 3528q3 + 2310q4 − 126q5 + 441q6)λ3
2λ
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1a

3
12aβg

2
1g

4
2

− (−231q − 357q2 − 182q3 − 147q4 − 105q5 − 56q6)λ2
2λ

2
1a

4
12aβa

2
112g1g

2
2

− (35q + 14q2 − 112q3 − 147q4 − 42q5 + 7q6)λ2
2λ

2
1a

4
12a

2
βa1g1g

2
2

+ (17339q + 42483q2 + 57057q3 + 49448q4 + 25879q5 + 3990q6)λ4
2λ
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1a2a

2
112a1g

2
1g

4
2

− (−945q − 791q2 + 70q3 + 1295q4 + 1757q5 + 1113q6)λ4
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1a2aβa

2
1g

2
1g

4
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− (14q2 + 21q4 + 14q6)λ2λ1a2a
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βa

2
112g1g
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− (−7q2 − 7q3 + 14q6)λ2λ1a2a
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βa1g1g
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+ (6678q + 6146q2 − 1253q3 − 9835q4 − 13230q5 − 8743q6)λ4
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1a2a12a1112a1g
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− (826q + 1428q2 + 616q3 − 1379q4 − 2023q5 − 2310q6)λ3
2λ

3
1a2a12aβa112g

2
1g

4
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− (7q + 7q2 − 7q4 − 7q6)λ2λ1a2a12a
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βa1112g1g

2
2

− (−14q − 56q2 − 14q3 + 28q4 − 63q5 + 21q6)λ2λ
2
1a2a

3
12a

3
βg1g

2
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− (−455q − 371q2 − 336q3 − 252q4 + 126q5 + 308q6)λ2
2λ

3
1a2a

5
12a112g1g

2
2

− (−1246q − 3892q2 − 6062q3 − 6174q4 − 4116q5 − 1491q6)λ3
2λ

3
1a

2
2aβa1112g

2
1g

4
2

− (56q2 + 7q3 + 35q4 + 28q5 − 28q6)λ2λ
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1a

2
2a12a

3
βa112g1g

2
2

− (−4956q − 8372q2 − 12698q3 − 7595q4 − 4284q5 + 861q6)λ3
2λ
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1a

2
2a

2
12g

2
1g

4
2

− (−343q2 − 539q3 − 637q4 − 441q5 − 147q6)λ2
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2
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3
12a

2
112g1g

2
2

− (49q + 245q2 + 392q3 + 441q4 + 294q5 + 147q6)λ2
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3
1a

2
2a

3
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2
1g

4
2

− (14q + 14q2 + 21q3 + 7q4 − 7q5)λ2λ
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βa1112g1g
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− (63q − 49q2 + 7q3 + 84q4 − 63q5 − 42q6)λ2λ
3
1a

3
2a

2
12a

2
βg1g
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− (−70q − 112q2 − 28q3 + 35q4 + 77q5 + 98q6)λ2λ
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2
2
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− [(−48902q − 141267q2 − 216356q3 − 196973q4 − 124852q5 − 27671q6)λ5
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4
1

+ (−2709q − 1442q2 − 854q3 − 2807q4 + 392q5 − 3409q6)λ3
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3
1g

6
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− [(−3136q − 6468q2 − 7595q3 − 5292q4 − 1862q5 + 686q6)λ5
2λ

3
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+ (343q + 441q2 − 49q3 + 245q4 − 49q5 + 441q6)λ2
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2
1g

2
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4
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− (−77q + 504q2 + 1351q3 + 1806q4 + 1533q5 + 714q6)λ4
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− (−4347q − 4494q2 + 1141q3 + 7329q4 + 10017q5 + 7161q6)λ4
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1g
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2

− (−12082q − 14847q2 − 6489q3 + 6958q4 + 15001q5 + 12243q6)λ4
2λ
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2
1g

4
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− (7q + 7q2 + 21q3 + 7q4 + 7q5)λ2λ1a12a
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2
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− (469q − 8414q2 − 20678q3 − 26677q4 − 21910q5 − 10598q6)λ4
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12a1112g

2
1g

4
2

− (−70q + 91q2 + 413q3 + 581q4 + 378q5 + 126q6)λ2
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2
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3
12a

2
βa112g1g

2
2

+ 7q(−2907 − 3712q − 1750q2 + 1488q3 + 3545q4 + 2902q5)λ4
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1a2a112a1112g

2
1g

4
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− (1414q + 2681q2 + 3948q3 + 3199q4 + 1155q5 + 196q6)λ3
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2
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1g

4
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− (56q + 140q2 + 98q3 + 70q4 + 49q5 + 28q6)λ2
2λ
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1a2a12a
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− (−98q − 266q2 − 385q3 − 336q4 − 196q5 − 42q6)λ2
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− (−595q − 896q2 − 511q3 − 420q4 − 770q5 − 336q6)λ2
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− (1218q + 5201q2 + 9695q3 + 9702q4 + 7133q5 + 2086q6)λ4
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2
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2
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− (−63q + 511q2 + 889q3 + 1218q4 + 763q5 + 210q6)λ2
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4
2a12a112g1g

2
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− [(490q − 3297q2 − 8596q3 − 11319q4 − 9485q5 − 4298q6)λ5
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3
1

+ (98q − 147q2 + 49q3 + 196q4 − 392q5 − 147q6)λ2
2λ
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2
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4
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− (3332q + 8127q2 + 10864q3 + 9954q4 + 5642q5 + 1428q6)λ4
2λ

3
1aβa112g

2
1g

4
2

− (−7q + 14q2 + 35q3 + 49q4 + 35q5 + 21q6)λ2
2λ1a

4
βa1112g1g

2
2

− (77q + 294q2 + 392q3 + 357q4 + 224q5 + 28q6)λ2
2λ

2
1a

2
12a

3
βg1g

2
2

− (−189q − 980q2 − 1540q3 − 1379q4 − 889q5 − 413q6)λ3
2λ

3
1a

4
12a112g1g

2
2

− (28q + 49q2 + 56q3 + 7q4 − 28q5 − 14q6)λ2
2λ

2
1a2a

3
βa112g1g

2
2

− (22141q + 23520q2 + 4277q3 − 22757q4 − 35294q5 − 26089q6)λ4
2λ
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2
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− (49q + 35q2 + 77q3 + 42q4 − 14q5 − 42q6)λ3
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2
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2
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2
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2
2
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2
1g

4
2

− [(−539q − 833q2 − 735q3 − 245q4 + 196q5 + 343q6)λ4
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3
1

+ (−147q − 147q2 − 98q3 − 49q4 − 245q5 − 147q6)λ2λ
2
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2
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2
2

− [(343q + 539q2 + 441q3 + 147q4 − 147q5 − 245q6)λ4
2λ

3
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2
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2
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2
2
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2
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4
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2
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3
1µ12.



POINTED HOPF ALGEBRAS OF TYPE G2 51

Theorem 4.9. Let V be a braided vector of diagonal type with braiding
matrix qd in (4.6). The algebras u(λ,µ) are Hopf algebras and cocycle de-
formations of B(V )#H. For each λ as in (4.11) and µ as in (4.10), u(λ,µ)
is a lifting of V . Conversely, if L is a lifting of V , then there are µ as in
(4.10) and λ as in (4.11) such that L ≃ u(λ,µ).

Proof. We use GAP to compute δ(γ(xNα
α )) for each α ∈ ∆+, thus arriving

to the algebras u(λ,µ) from Definition 4.8. See the Appendix for more
precisions about the use of GAP. �

Appendix

In this section we comment on some of the ideas behind the use of the
computer for doing the calculations of §4.2.

We stress the fact that the use of a computational resource is at the mo-
ment unavoidable to find the deformations of the powers of the root vectors
when the quantum Serre relations have been deformed. That is, it becomes
too intricate to find an expression of ρ(xnα) or (δ ◦ γ)(xnα), with n ≤ 7. We
choose the computer program GAP, together with the package GBNP, to per-
form these computations.

A first thing to take into account when working with GAP is that for the files
to compile we sometimes need to describe an algebra using more relations
than those given by a minimal presentation. That is, besides the (deformed
or not) quantum Serre relations and those that define the root vectors xα, we
include the relations given by the q-commutators [xα, xα′ ]c. For this motive,
we need the relations in Lemma 4.1 and the following lemmata. Once we
have all possible relations, we use at each step a part of them, according to
the need.

Lemma 4.10. In E(λ1, λ2) it holds:

[y12, y2]c = λ2; [yβ, y12]c = (q3 − 1)2λ1y
2
2 ;

[y112, yβ]c = (−3q − 2q2 − 2q3 − q4 + q6)λ1λ2 + q5(q + 1)(q − 1)2λ1y2y12;

[y1112, y112]c = (1− q4)λ1y12; [y1, y1112]c = λ1; [y1, y2]c = y12;

[y1, y12]c = y112; [y1, y112]c = y1112; [y112, y12]c = yβ;

[yβ, y2]c = q2(q + 1)(q − 1)2y312; [y112, y2]c = q4(q2 − 1)y212;

[y1112, y12]c = (q2 + 1)(1 − q)y2112 + q4(1− q)(1 + q2 + q4)λ1y2;

[y1, yβ]c = (q2 + 1)(1 − q)y2112 + q4(1− q)(1 + q2 + q4)λ1y2;

[y1112, yβ]c = (q − 1)(1 − q3)(1 + q3 + q5)y3112 + (q4 − q3)2λ1y
2
12

− q4(q − 1)2(q2 + 1)λ1y2y112;

[y1112, y2]c = q4(q2 − q − 1)yβ + q(q3 − 1)y12y112.

Proof. This is a straightforward computation, using the q-Jacobi identity,
more precisely the image of this equation under T (V ) ։ E . �
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Lemma 4.11. In u(λ) it holds:

[a1, a2]c = a12; [a1, a12]c = a112; [a1, a112]c = a1112; [a112, a12]c = aβ;

[a12, a2]c = λ2(1− g122); [a1, a1112]c = λ1(1− g11112);

[aβ, a12]c = λ2(q
4 − 1)a1112g122 + λ1(q

3 − 1)2a22 + λ2(q
4 − q)2a112a1g122;

[a112, aβ ]c = λ2(−2q − 3q2 − 4q3 − 3q4 − 2q5)a1112a1g122

+ λ1(2q + q2 + q3 + q4 + 2q5)a2a12

+ λ2λ1(2q + 2q2 + q3 + 3q4 + 4q5 + 2q6)g122g11112

+ λ2λ1(q + q3 − 2q4 − 4q5 − 3q6)g122

+ λ2λ1(−3q − 2q2 − 2q3 − q4 + q6);

[a1112, a112]c = λ1(1− q4)a12 + λ2(−1 + 3q2 + q3 + q4 + 3q5)a41g122;

[aβ , a2]c = q2(q2 − 1)(q − 1)a312 + λ2(q − q4)a112g122

+ λ2q
4(q4 − 1)2a12a1g122;

[a112, a2]c = q4(q2 − 1)a212 + λ2(q
3 − 1)a1g122;

[a1112, a12]c = (q2 + 1)(1− q)a2112 + λ1q
4(1− q)(1 + q2 + q4)a2

+ λ2(2q − 2q2 − q4 + q6)a31g122;

[a1, aβ ]c = (q2 + 1)(1− q)a2112 + λ1q
4(1− q)(1 + q2 + q4)a2

+ λ2(2q − 2q2 − q4 + q6)a31g122;

[a1112, aβ ]c = (q − 1)(1 − q3)(1 + q3 + q5)a3112 − λ1q
4(q − 1)2(q2 + 1)a2a112

+ λ1(q
4 − q3)2a212 + λ2(−2q2 + 5q4 + 5q5 + 6q6)a1112a

2
1g122

+ λ2(−3q − 5q3 − 4q4 − 4q5 − 5q6)a112a
3
1g122

+ λ2λ1(1 + 4q + 3q2 − q3)a1g122g11112

+ λ2λ1(4q − 3q2 − 4q3 − 5q4 − 7q5 + q6)a1g122;

[a1112, a2]c = q4(q2 − q − 1)aβ + q(q3 − 1)a12a112 + λ2q
4(q3 − 1)a21g122.

Proof. Follows as Lemma 4.10. �

Now, in order to calculate ρ, we work with the algebra A⊗H′. That is, we
take the algebra generated by letters: y2, y12, yβ, y112, y1112, y1, g1, g2, x2, x12,
xβ, x112, x1112 and x1, subject to the relations from Lemma 4.10 and the
equations (4.7)−(4.9). We also add the qαα′−commutations given by the
braiding and, finally, the commutations of the first 8 generators with the
last 6 ones. Analogously, we consider the algebra u ⊗ A to calculate δ ◦
γ. This has also been the strategy followed in [GV]. See the GAP files at:
http://www.mate.uncor.edu/∼aigarcia/publicaciones.htm.

We remark that these GAP files have not been used as presented in this
reference, as they may not compile, but rather have been split into pieces
that do compile, according to the need, as explained above.
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In our setting, however, we encountered with two new phenomena. On
the one hand, GAP would not deal properly with some long terms such as
y312 and y3112 that appear in the relations of A and several more others of
u. To solve this, we introduced mute variables of lesser length to replace
them. These mute variables are clearly presented in the GAP files. Hence, to
complete the computation, we performed a big number of substitutions by
hand at the end of each process.

On a different hand, the sizes of the files involved during the process
were extremely big. The intermediary results were very large before they
decreased to form the final result. Hence at some points of the process we
divided the data (by hand) and performed parallel computations. In the
end, the results were summed up together.
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