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Abstract

A spatial autoregressive process with two parameters is investigated in the
stable and unstable cases. It is shown that the limiting distribution of the least
squares estimator of these parameters is normal and the rate of convergence is
n%/? if one of the parameters equals zero and n otherwise.

1 Introduction

Consider the AR(1) time series model

X, — aXp_1+ew k=
0 k

?

The least squares estimator @,, of a based on the observations {X,:k=1,... ,n}
is
5 DXty
> i1 Xi

It is well known that in the stable (or, in other words, asymptotically stationary) case
when |af <1, the sequence (&), >, is asymptotically normal (see Mann and Wald
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[15] or Anderson [1]), namely,
1/2¢~ D 2
n/ (G, —a) — N(0,1 — o).

In the unstable (or, in other words, unit root) case when « = 1, the sequence
(Gn)p>1 is not asymptotically normal but

1
n(@y — 1) 2, L WO WD)

Jo W2(t)dt
where {W(t) : ¢ € [0,1]} denotes a standard Wiener process (see e.g. White [23],
Phillips [19] or Chan and Wei [10]).

The analysis of spatial models is of interest in many different fields such as ge-
ography, geology, biology and agriculture. One can turn to Basu and Reinsel [4] for
a discussion on these applications. These authors considered a special case of the so
called unilateral AR model having the form

P p2

Xie= Zzai,jxkfi,éfj + €k e, apo = 0. (1.1)
i—0 j—=0

A special case of the above model is the so-called doubly geometric spatial autoreg-
ressive process

Xpe=aXp 10+ 8Xpe 1 —afXp 101+ ¢Ene,

introduced by Martin [16]. This was the first spatial autoregressive model for which
unstability has been studied. It is, in fact, the simplest spatial model, since the
product structure o(z,y) = 2> —ax — By +af = (zr —a)(y — 3) of its characteristic
polynomial ensures that it can be considered as some kind of combination of two
autoregressive processes on the line, and several properties can be derived by the
analogy of one—dimensional autoregressive processes. This model has been used by
Jain [14] in the study of image processing, by Martin [17], Cullis and Gleeson [11],
Basu and Reinsel [5] in agricultural trials and by Tjgstheim [21] in digital filtering.

In the stable case when |o| < 1 and |B] < 1, asymptotic normality of
several estimators (& n, Emn) of (a,f) based on the observations {Xg, :
1<k m and 1 <4< n}t has been shown (e.g. Tjgstheim [20, 22| or Basu and
Reinsel [3, 4]), namely,

S (amv” -

B — ﬁ) = MO )

as m,n— oo with m/n — constant >0 with some covariance matrix ¥, s.
In the unstable case when « = 8 = 1, in contrast to the AR(1) model, the
sequence of Gauss—Newton estimators (&nn,fnn) of (@,3) has been shown to



be asymptotically normal (see Bhattacharyya, Khalil and Richardson [7] and Bhat-
tacharyya, Richardson and Franklin [8]), namely,

32 (%m - ;) 2, N0, %)

with some covariance matrix . In the unstable case a =1, |3] < 1 the least
squares estimator turns out to be asymptotically normal again (Bhattacharyya, Khalil
and Richardson [7]).

Baran, Pap and Zuijlen [2] discussed a special case of the model (1.1), namely,
when pi =p2 =1, ap1 = a0 = o and o1 = 0, which is the simplest spatial
model, that can not be reduced somehow to autoregressive models on the line. This
model is stable in case |a| < 1/2 (see e.g. Whittle [24], Besag [9] or Basu and Reinsel
[4]), and unstable if || = 1/2. In [2] the asymptotic normality of the least squares
estimator of the unknown parameter « is proved both in stable and unstable cases.

In the present paper we study the asymptotic properties of a more complicated
special case of the model (1.1) with p1 =pa =1, aq1 =0, @10 =t and apg1 =: .

Our zero start triangular spatial autoregressive process {Xp,: k, ¢ € Z, k+¢ =0
is defined as

Xep— {axkl,é + BXpe—1+ e, for k+021, (1.2)

0, for k+¢=0.

This model is stable in case |a]+|8] <1 (see again Whittle [24], Besag [9] and Basu
and Reinsel [4]), and unstable if |a|+ |5] = 1.

Foraset H C {(k,£) €Z?:k+£> 1}, the least squares estimator (A, ) of
(e, B) based on the observations {X,: (k,¢) € H} can be obtained by minimizing
the sum of squares

Z (Xne—aXp_1,0— 5Xk,éfl)2
(k,O)eH

with respect to « and (3, and it has the form
-1

~ 2

CYH) - Z ( kal,é Xkl,éXk,él> Z <Xk1,éXk,é>

) = 4 .

(ﬁH oen Xi1,6Xpe—1 Xioe—1 o Xio—1Xke
For k,¢€Z with k+ £ 2= 1, consider the triangle
Tee ={(i,5) €Z*:i+j>1, i<k and j < ¢}

For simplicity, we shall write T, :=1T,, for n&N.

Theorem 1.1 Let {ey,: k, L €Z, k+¢ = 1} be independent random variables with
Eere =0, Varege =1 and sup{E 5%74 ke Z, k+€21}) <oo. Assume that
the model (1.2) is satisfied.



If la]+|8] <1 then

(mn)/? (OiTm’" B a) 2, N(0,X,3) as m,n— oo with m/n — constant > 0,

Bn — B

where

1 1 —p
Yap T o Ty ( M) ;
20375(1 — Qi,ﬂ) —Qa,p 1

and

Uiﬁ =((1+a+rplt+ta=-p1l-a+p)(l-a _5))71/27

1—a?2-5%e2 , -1
( R )
Qo = 2aﬁaaﬁ

0 otherwise.

If le|+18]=1 and 0 <|al <1 then

(mn)/? (%Tm’" B ;) 2, N(0,(202) Wap5) as myn— oo
e —

with m/n — constant > 0, where 02 = (|a|(1 — |cu|))71 and W, 5 denotes the
adjoint matriz of
o 1 s
@B A sign(af3) 1 ‘
If le|+18]=1 and |o| € {0,1} then

(mn)3/4 (OA[T*”’” B a) 2, N(0,%) as m,n — oo with m/n — constant > 0,

Bn — B

where

3
¥o=-1I
4

For the sake of simplicity, we carry out the proof only for m = n. The general
case can be handled with slight modifications. We can write

aTn — & 1
pe — B 1A,
(ﬁTn - ﬁ) "

Xi-10€k 0 X2 ., Xp—1,0Xke—1
A, = (AR I B, = ’ : ’ ,
(k%gT (Xk,éﬁk,z) (k%;T (Xkl,éXk,él Xi,

Concerning the asymptotic behavior of A, and B, we can prove the following
propositions.



Proposition 1.2 If |of+|5] <1 then
nszn L2, E;}ﬂ as n — 00.
If le|+18]=1 and 0<|a| <1 then
n75/an Le, ailllaﬁ as n — oo,

where
29/2

7 15 y/alal — o)

If lo|+18] =1 and |o| €{0,1} then

2

n 2B, L2, »t as n— 00.
Proposition 1.3 If |of+|5] <1 then
n A, 2N (O7 E;lﬂ) as n— o0,
If le|+18]=1 and 0<|a| <1 then
n%1A, 2, N (Qai‘lfaﬁ) as n — 0.
If le|+18]=1 and |o| € {0,1} then
n 3% A, 2&/\/'(07 271) as n— 0.

In cases |o|+ (8] <1 and |o|+ 3] =1, |af € {0,1} these propositions
obviously imply the corresponding statements of Theorem 1.1. In the third case we
have B, 1— B, /det B,,, where B,, denotes the adjoint matrix of B,. Thus, the
statement of Theorem 1.1 in case |a|+ |3 =1 and 0 < |a| < 1 is a consequence
of the following propositions.

Proposition 1.4 If |o|+ |8 =1 and 0<|a| <1 then
n~%? det B, P, 202 02, as n — o0,
Proposition 1.5 If |o|+|3|=1 and 0<|a| <1 then
n 2B, A, 2, ./\/'(O7 ZUiQiﬁaﬁ) as n — 0.

Corollary 1.6 If |a|+ |3| < 1 then
1/2
X2 ., XkléXkél> <aT —a) D
> ’ gk OTnn =) 2. N0, 1)
(ke (X’fMXWl Xie1 BT — B

as m,n — oo with m/n — constant > 0, where we take the (uniquely defined)
positive semidefinite square root.



The aim of the following discussion is to show that it suffices to prove Propositions
1.2-15for «a20 and 820 with a4+ 8< 1. First we note that the random
variable X3, can be expressed as a linear combination of the variables {z; ;: (i,j) €
Ty ¢}, namely,

FAC—i—5\ oy
Xk,é: Z < j)CMk ﬁé jE@j (13)

o k—1
(4,9)€ e

for k¢ e Z with k+¢2>1. Now put &pp := (—l)kMEW for k, £ € Z with
k+¢>1. Then {E4¢:k LE€Z, k+{ =1} areindependent random variables with
E&ke =0, Vargp, =1 and sup{E 5%74 k4 €Z, k+ €20} <oo. Consider the

zero start triangular spatial AR process {)?M k€ Z,k+ ¢ 20} defined by

0 for E+¢=0,

?

= {—Oxiku - 5)?1{,471 +Epe, for k4+€21,
DOWES

Then, by the representation (1.3),

)?k’é - Z <k i o _j> (_a)kii(_ﬁ)éijgi,j - (_1)k+éXk7g

B k—1
(4,9)€Tk,e

for k,¢e€Z with k+ £ > 0. Hence,

i = Z (Xkl,éék,é) _ A,
(ke Xio—1Ek e

§ _ Z ~ ??511,5 )?kfi,é)?k,é—l _B
" (k.0)ET, Xi—1,eX 61 X’%Z 1 "

Consequently, in order to prove Propositions 1.2 — 1.5 for aa <0 and /<0 with
a+ 8> —1 it suffices to prove them for & 20 and 820 with o+ 38< 1.
Next put £pe 1= (—l)kEM for k,¢€Z with k+¢>1. Then {&.,: k(€
Z, k+ ¢ > 1} are independent random variables with E&;, =0, Varé,, =1 and
sup{E 5%74 2k, 0€Z, k+ €20} <oo. Consider the zero start triangular spatial AR

process {)?M k€ Z, k+ ¢ =0} defined by

% _a)?kfl,éJrﬁ)?k,éfl +Ere, for k+€21,
70 for k4 ¢=0.

?

Then, by the representation (1.3),

N ktl—i—j e
| a6 = (-1

B k—1
(4,9)€Tk,e



for k,£€ Z with k+ £ > 0. Hence,

~ Xi1.6En0 —Xk—1,6€k¢ -1 0
A, = SR o) A,
Z (Xk741£k7g> Z < Xk,éflgk,é > < 0 1)

(k,0)eT, (k,0)eT,

oy . .
B . ( Xi—1,e Xp—1,6Xke—1
= E ~ 1 P
Xi—10Xp o X2
(k,£)ET, k—16AEk 0—1 ke—1

_ Z Xi1e —Xi16Xpe1) (=1 0 B -1 0
(k,0)ET, —Xr—1,6 Xk -1 Xi,H 0 1,7\ 0 1/

Consequently, in order to prove Propositions 1.2 — 1.5 for o8 <0 with |o|+ (8] < 1
it suffices to prove them for 20 and 820 with a+3< 1.

The proof of Propositions 1.2, 1.3, 1.4 and 1.5 are provided in Sections 3, 4, 5
and 6, respectively. Section 2 is devoted to the limiting behavior of the covariance
structure of the random field {Xj¢:k,¢ € Z, k+ ¢ = 0}.

2 Covariance structure

By the representation (1.3), we obtain that for all ky,#1, ko, €5 € Z with k1 +¢; 20
and ko + f5 20, and for all o, € R,

COV(Xk17él7Xk27é2)
- Z Ifl‘f’él _i_j k2+£2 _i_j k1 +ko—2i ol +€5—25 (21)
= , . @ B )
L ki —1 ko — i
(83)€ Ty 610 Ty 22
where an empty sum is defined to be equal to 0.
Lemma 2.1 If |a|+ 8] <1 then

(|| + |31~ kel tler=t2]
(1= (lal +15))2)*

|COV(X7€1741 ) Xk27é2)| <

If le|+18]=1 and 0<|a| <1 then
|COV(X7€17417 Xk27é2)| < C(a)\/kl + 0+ ka4 o

with some constant C(a) > 0.
If le|+18=1 and |o| € {0,1} then

|COV(X7€17417X7€2752)| < k14 81+ ba + £o.
Remark 2.2 In case |a|+|5] <1 one can derive the sharper estimate
|CoV( Xy 01 X o) < Uiﬁ|a|\k1—k2\|5|\él—éz\

using the stationary solution of the equation (1.2) considering it on the whole lattice
Z? (see the proof of Proposition 2.3), but we do not need it.



Proof of Lemma 2.1. Suppose that |a|+ |8] < 1. Formula (2.1) implies

Cov( Xy o5 Xis )| S > (Ja] + |])h a2

(i,j)ETkl oM Tk2’g2

< (laf + Y= R=HAZEIN T (o] + |52,

u=0v=0
We have
(laf + |B])* ) = lof + 18])**) = :
Z;Z; <§% ) (1= (o] +18)2)°

hence we obtain the statement.

Now let |a|+ |8 =1 and 0 < |of < 1. If ki +6, =0 or ka+ ¢s =0 then
Cov(Xg, ¢, X#y 0,) = 0. By the monotonicity properties of the binomial coefficients
and by Stirling’s formula, for all o € (0,1) there exists a constant ¢(e) > 0 such
that

(Z)ak(l—a)"k < C\(/a% for n=1,2,..., 0< k< n. (2.2)

(This is also a consequence of the expansion in the Local Central Limit Theorem
for Bernoulli random variables; see Petrov [18, Chapter VII, Theorem 6].) Hence, if
ki+#6 21 and ko +405 21 with by < ko and ¢4 < &3 then by (2.1) and (2.2),

|COV(X7€17Z1 7Xk2742 )|

ki1+61—1 m
B li Z m m+ kg — ki + 4y — 4y ko—k1+42u gl —£1+2m—2u
) ahehiiiug
= = U u+ ]fQ - kl

kit —1 m
SEY ol Z( )|a| (1= Jaf)m™
= Vmt ke kit -0
k1+41 dz
<14 ¢]e /
= (laD) 0 Ve tks—ki +0—6

—1+2C|a| (\//f2+€2 \/kg—k1+€2—£1)
<+ 2¢(|al)) v/ ki + R+ 01 o




If k14+4, 21 and ko + 6y =21 with ky < ko and ¢ 2 ¢ then again by (2.1)
and (2.2),

|COV(X7€17Z1 7Xk2742 )|

kitta—1 m
li Z erél — Lo\ (m+ky —ky ot 2u gt — 6t 2m—u
u+ ko — ky

ki1+£62—1

c(|a) m + kg — ko —k1+ .
<1 o—kituq _ m—u
S vl ) (TR

k1442 d
<1 =14 2¢( ki+¢ 0y — 4
1+ C(|a|) 0 m + 2c |a| (\/ 1+461— \/ 1 2)

(1 2e(je]))V ki + ko + €1+ bo.

The other cases follow by symmetry.

Next, let @« =1 and 8=0. Then for ¢ #¢; we have Cov(Xg, ¢,, Xp,,) =0.
Moreover Cov(Xg, ¢, X, ) = £+ min{kq;k2}. The other cases can be handled
similarly. [l

For n €N, let us introduce the piecewise constant random fields

Yl(,g)(&t) = Xinslt+1,n5 Yo(ﬁ)(sﬂf) = Xins),[nt]+ 15
Z%)(&t) = ”71/4X[ns]+17[nt]7 Zéﬁ)(&t) = n71/4X[ns],[nt]+17
Ul(ﬁ))(&t) = nil/zx[ns]+1,[nt]7 U(&nl)(&t) = nil/zx[ns],[nt]Jrh

for s,t€R with s+t 2> 0.

Proposition 2.3 Let sy,t1,89,t9 E R with s+t >0, s9+19>0.
If la]+|8] <1 then

(COV(Y1(75)(817151)7Yl(%)(%tz)) Cov(Y{e (s1,t1), Yoo (s2,12))

n n n n —Ya, (317t17327t2)
Cov(Y{ (59, 12), YW (51, 41)) Cov%(,l)(shm%§1><sz7t2>>> ’

as n — o0, where

ol

L o
Iy—1 2 a8 : _ —
Ea7ﬂaa7ﬂ< ) >7 if s1=s2, t1 =1,

Yo, 3(81, 81, 80, t0) = 0o,

=]

, otherwise.

Moreover, if s1 # 8o or ty £ty then the convergence to 0 has an exponential rate.
If 0<a<l and B=1—a then

Cov(Z{y (s1,11), 2V (s2,42))  Cov(Z{y (s1,11), 25" (s2,2))
Cov(Z{y (s2,12), 25V (s1,41))  Cov(Z5Y (s1,11), 28 (s2,2))

’

>_>Zoz(317t17327t2)1



as n — 0o, where 1 denotes the two-by-two matriz of ones and

Va1t sa Tt Fta—/|s1—sa|+|t1 —t2] .
if (1 —a)(sy —s9)=a(t; —19),
vo(51. 11, 59, 1) = Jora o f ( J(s1 — s2)=afty —t2)
0

, otherwise.

Moreover, if (1 — a)(s1 — s2) # alty —la) then the convergence to 0 has an
erponential rate.

If a€{0,1} and f=1—a«a then

’

Cov(UL) (s1,t1), ULy (s2,2))  Cov(UV (s1,t1), US (52, 12))
Cov(U{T) (s2,t2), US (s1,t1)) - Cov(US) (s1,t1), US (52, 12))

>_>ua(317t17327t2)1

as n — 0o, where

sbrathibtefaoslInobl (1 - (st~ s2)=alts — b),

ua(s1,t1,89,t2) = {O

, otherwise.

In the proof of Proposition 2.3 we make use of the following two theorems.

Theorem 2.4 Let &,...,& and n1,...,n¢ be independent, identically distributed
random wvariables such that

P =1)=Plm=0)=a, P& =0)=Plm=1)=1-a
with some o € (0,1). Let

S,E“) =&+ -+ &, Sélia) =+t e Sk = S,E“) + Sélia) (2.3)

and
ok 4 (1 —a)f
k+7 ’
Then
P(Ske = (k+0)z) < ef(kH)IE(z% for all = > @,
P(Sk,e <k+0z) < ef(kM)IE(z)7 for all = <@,

with some Iz(x) > 0, which depends only on @ and x (and does not depend on
k.l ).

Proof. By Hoeffding’s inequality for independent, not necessarily identically dis-
tributed Bernoulli random variables (see Hoeffding [12]), the statement holds with

() zlogZ + (1—a)log =%, z€[0,1],
al\r) =
00 otherwise.

?

Moreover, for z # @ we have that Iz(z) > Iz(a) = 0. 0

10



Theorem 2.5 For some o € (0,1) let Spe be the random variable defined by (2.3)
and let

mye = ESpe, bre := VarSy g, ke = (7 — mre)/ v/ bre

Then we have the following asymptotic expansion in the Local Central Limit Theorem.

Co

<
Skts

) 1
P(Shg =j) - Tbkz exp {_x?,k,é/2}

forall k, 21 and j€{0,1,....k+ £}, with a constant C, >0 depending only
on « (and not depending on k,{,j ).

Proof. Using the inversion formula, we get that

1 " itj itS, 1 TV bk it
P(Ske=17) = —/ e WEe" Tk dt = 7/ e "R fre(t) dt,
27T —T7 27T \ bk,é 771"/bk’g

where f ¢ denotes the characteristic function of (Sg ¢ —mge)/+/bre. Again by the
inversion formula,

L«3*1”2/2 = L g ita—t?/2 de, zeR.

Vo 27 oo

Hence,

Ajge = P(Ske=7) —

1 2
————exXpq—%; 2
\/m p{ JJﬁé/ }
_ 1 /‘n' b, e eiitzj’k’[fk g(t) dt — /OO e,itzj’k’gfﬁ/Z de | .
27/ b]“g 7-,1—\/@ ’ —0o0

Consequently,

1

27'(\/ b]“g

1A kel < (J1(k, ) + Jo(k, 0) + J3(k, 0)),

where

Ji(k, €)== / ‘fk,é(t) —efﬁ/z‘dt

[t]<1/(4Lk,e)

/ ()],

1/(4Lk o) S|t Smy/bre

Jo(k, 0) :

Js(k, €)= / e 2,

[t|=1/(4L,e¢)

11



and . ,
Lie=by” (Z Ele; — E&* + > Elni — EmF‘) :
i=1 i=1
We have
Foelt) - e*tﬂ K 16LyoltfPe /2 for |t < 1/(ALe),

see Petrov [18, Chapter V, Lemma 1]. Hence
Ji(k,0) <16AL,e  with A ::/ tPe /3 dt = 9.

It is easy to check that

1

1
bre=(k+ (1l — L= ——F— ith cq (= ———5+.
ke = (k+ 0ol — o), ke with ¢ 11 =20 1 2a2)

" dean/brye

b

Hence
144

cor/bre

Ji(k, £) < (2.4)

Moreover 1/(4Lye) = car/bre implies

JQ(/@E) = \/blﬁg / |fk7g(u bk74)|du

ep <t/ <

Clearly gpe(u) == frelu\/bre), v €R, is the characteristic function of Sy ¢ —my e,
hence A
gre(u) = e hy (u) hy(u)",

where h; and hg denote the characteristic functions of & and 7, respectively.

Hence
Rk ) = Voe [ @l el do.
epStIsm
We have A A
hi(u) =1—a+ ae', ho(u) = p+ (1 — ple'™,
hence

|hi(w)]” = |ho(w)]? = 1 — 20(1 — @) (1 — cosu).
Applying the inequality 1 —z < e %, 2z € R, we obtain
Jo(k, 0) < /b / exp {— (k+ €)a(l — a)(1 — cosu)} du,
caSltlST
thus
Jo(k, 0) < 2m/br e exp { — by o(1 — cosca) }. (2.5)

12



Furthermore

2
Ja(k, 0= / et K ——— / ltle /2 dt = — 2 __e—cabre/2,
Car/bre Car/bre
[t| Zcar/br,e [t] Zcar/br,e

thus
2

car/bre

Collecting the estimates (2.4), (2.5) and (2.6) we conclude

J3(k, €) < (2.6)

19
bi el i el < S + bgeexp { — bie(l —cosca)}.

(o3

Consequently, we obtain the statement with

o1 o
“ a(l—a) \meo, (1 —coscyle)’

since sup,~pze ® =e! and by = (k+ ol — ). O
Proof of Proposition 2.3. Let |a|+ [3] < 1. By Lemma 2.1,

|COV(Y1(7%)(817151)7Y1(775)(827t2))| < (1—(|a|+|ﬁ|) ) (|a|+|ﬁ|) [ns1]—[nss]|+|[nt1]—[nts]|

If s1 # sq then, for sufﬁciently large n, we have ‘ nsy|— [nsz]‘ n|31—32|/27 since
lim,, 00 nfl‘[nsl] [rs9] ‘ — |s1 — s9| > 0. Consequently, (Ja|+ |g[)/"=tl=ns2ll 0,
which implies that COV(Y1(7O)(817 t1), 5/1(70)(327 t2)) — 0. By symmetry, this also holds
it t £ to.

In case sy = s9, &1 =t9, by formula (2.1),

n n [n31]+[nt1]+1_i_j ’ ns —2i2[nt1]—27
COV(Y1(7O)(817151)7Y1(7O)(827t24))4 _ Z ( msa] 11— q2lnsil+2=2ig2Int] =2
(6.9)€ T ns 141, 1ne)

_ Z (u:v>2a2uﬁ2v.

w,vCLy,
utv< [nsi]+[nt1]

Clearly si+t; > 0 implies that, for sufficiently large n, we have [ns{|+[nt1] = n(s1+
t1)/2, since lim, oo n~ ([ns1]+[nt1]) = s1+t1 > 0. Consequently, [nsi]+[nti] — oo
as n — oo. Hence

u+v w 2
JLrQOCov(Yl(O)(shtl) V{9 (s2,12)) ZZ( ) 2ug2v
u=0v=0

The aim of the following discussion is to show that the sum of this double series equals

ai 5 Let us consider the equation

Xie=aXi 10+ BXi 1 +Teke for k.t eZ, (2.7)
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where {7 ek te Z} are independent random variables with E &} =0, Vareg , =
1. Since |a|+ |B] < 1, it has a (P-a. s. unique) weakly stationary solution, for
which we have the szconvergent infinite moving average representation

Xz,ézz<u:v> ‘B z ub—uv" (28)

u=0v=0

(See Tjgstheim [20, Lemma 5.1].) This implies

oo 00 2
VarXj , = Z Z (u ;L v) a3

u=0v=0

Basu and Reinsel [4] proved that VarX; , = ai 5 hence we obtain the state-
ment for sy = s9, t; = tg, and we finished the proof of the statement for
Cov(Yl%)(sl?tl)?Yl(fé)(s%tg)). The statement, for Cov(%(ﬁ)(shtl)?Yo(ﬁ)(s%tg)) fol-
lows by symmetry.

Next we investigate Cov(Yl(fé)(sl?tl)7 Yo(ﬁ)(s%tg)). By Lemma 2.1,

|a|+ |ﬁ|) ns1]—[nsz|+1|+|[nt1]—[ntz]—1]

(1= (la] +18)?)°

Cov (V) (s1,11), Y (s, 12))] <

If s;#sy or ty #£ty then Cov(Yl%)(sl?tl)?Yo(ﬁ)(327tg)) — 0 can be proved as in
the earlier case.
In case sy = s9, t1 =1t9, by formula (2.1),

COV(Y1(,%)(817151)7Yo(ﬁ)(szﬂfz))
_ Z <[7’L31]+[nt1]+1—2_,]> <[n31]+[nt1]+1—2—j az[n51]+1*2iﬁ2[ntl]+1*2j
[ .

nsy|+1—i nsi|=
(ivj)ET[nsl],[ntl] [ 1] 1]

_ Z <u+v+ 1) <u+v+ 1>a2u+1ﬁ2v+1.
u+1 u

wvELy,
utv< [nsi]+[nt1]—1

Considering again the stationary random field (2.8), we have

N N = fut vt 1\ utotl w .

u=0v=0

Basu and Reinsel [4] proved that Cov(X}, ,, X} |,) = 00302 - In fact, this can
be proved directly by multiplying the equation (2.7) by X;, |, X}, and X} ,,,
taking expectation of these three equations (using the weak statlonaritif of this random
field), and solving this system of linear equations. Clearly sy +¢; > 0 implies that

[nsi] + [nt1] — oo as n — oo, hence we obtain Cov(Yl(fé)(shtl)?Yo(ﬁ)(s%tg)) —

14



0007 5, and we finished the proof of the statement for Cov(Yl(fé) (s1,t1), Yo(ﬁ) (s2,12)).

n)

The statement for COV(YOE1 (317t1)7Y1(7%)(327t2)) follows by symmetry.
Nowlet 0 <a <1 and 8=1-—a. By formula (2.1),

1
Cov(ZM (s1,1), 2 (80, 12)) = — (st s, t0), (2.9
OV( 1,0(817 1) 1,0(827 2)) - Z aij(s1,t1,82,t2), (2.9)

(4.9)E sy | Alnssa]+1,Inty |A[nts]
where
+ [nt1] +1 —i—j> ([nsz] + [nto] +1 — —j>

a; ‘(81 tl 89 tg) = [n81]
ST T [nsi]+1—1 [nso] +1 —1
> a[nsl]+[n52]+272i(1 _ a)[nt1]+[nt2]72j.

For k, /€N let S,ga)7 Sélfa) and Sp . be the random variables defined by (2.3).
Then

— [nsy]+1—i)P (S = [nts]—j).

aivj(817t17827t2):P(S(a) [nsa]+[nta|+1—i—j5 —

[nsi]+[nt1]+1—i—j

Moreover,

COV(ZE%)(Shtl)? Zinb)(827t2)) = bm,n(shth 827t2)7 (210)

[ns1]A[ns2]+[nt1]Anta]+1

Sl-

=1
where

[ns1]A[nsz]+1
b (81,11, 82,2) © = > aim—i(81,11, 82, 2)

i=m—[nt1]A[nts]

= P(S[n51]+[nt1]+17m,[n52]+[nt2]+1—m = [ns1] + [nta] + 1 — m),
We want to apply Theorem 2.4 for the terms of this sum. Let

k:=[nsi] + [nt1]+ 1 —m, €= [nso] + [nta] + 1 — m,
_ ka+ 1l -a)
a=——"""7

= [nsi] + [nte] + 1 —m, P,

Then by, n(s1,t1, s2,t2) < P(Ske = 7). Consider

g (= a)(insi] = sl = el = [ata))
Tk TG [ns1] 1 [nsa] 1+ [nta] | o] 1+ 2 — 2m
. (1 — a)(31 — 82) — a(t1 —tg) o

51+ 83+ 11+ to N

If (1—a)(s1—s2) >ty —t2) then v >0, thus for sufficiently large n € N, we
have N
Vikem = 5 0

15



for all me {1,...,[ns1] A[nsa] + [nt1] A [nt2] + 1}. Hence
b (81,1, 82, t2) K P(Ske=7) =P(Ske = (k+ @+ vjkem))
SP(Ske 2 (k+ 0@ +~/2)

for sufficiently large n € N and for all m € {1,...,[ns1] A [nsa] + [nt1] A [nta] + 1},
Clearly |s1 — sa| + [t1 —t2| > 0 implies that
k+ £ = [ns1] + [nsa] + [nt1] + [nta] +2 — 2m 2 Hnsl] — [nsz]‘ + Hntl] — [ntQH
2 (Is1 — sa| +[t1 — ta])n/2

for sufficiently large n € N and for all m € {1,...,[ns1] A [ns2] + [nt1] A [nta] + 1}
Applying Theorem 2.4, we obtain

P(Ske 2 (k+0@+7/2) < exp{ —nl]s1 — s + [t —t2) (@ + 7/2) /2]

Since v > 0 implies I{(@ + v/2) > 0, by (2.10) we obtain the statement for
(1 —a)(s1—s2) >ty —ta). If (1—a)(s;—s2) <oty —ta) then v <0, and for
sufficiently large n € N, we have

Vit S % <0

for all m e {1,...,[ns1] A [nsa] + [nt1] A [nta] + 1}. Thus we conclude
b n (81,1, 82,t2) < P(Ske =37) =P(Ske = (k+ )@+ vjne))
S P(Ske < (k+0O)(@+7/2))

for sufficiently large n € N and for all m € {1,...,[ns1] A [ns2] + [nt1] A [nta] + 1}
Applying Theorem 2.4, we obtain

P(Ske < (k+0@+7/2) < exp{ —nl]s1 — saf + [t —t2) (@ + 7/2) /2]

Now ~ < 0 implies I(@+~v/2) > 0, and we finished the proof of the statement in
case (1 — a)(31 — 82) 7& a(t1 — tg).

Next consider the case (1 — a)(s; — s2) =aft; —t2) 2 0. Then [nsi] 2 [nss]
and [nt{] 2 [nta], hence

- - 1 [nsa]+[nta]+1
Cov(Zy"y (s1,t1), 2,4 (s2,t2)) = — b n (81,11, 82,12),
\/ﬁ m=1
where
[nsa]+1
bm,n(817t17827t2) = Z ai,mfi(817t17827t2)

i=m—[ntz]

= P(Sinsy 4 nti]+1—minss]tnts] +1—m = [n81] + [nta] +1 —m) = P(Sk ¢ = j)

16



with the earlier notations. We are going to apply Theorem 2.5. We have j — ka —
1 —a) =1 — a)([ns1] — [ns2]) — a([nt,] — [nt2]), hence
b (51, 1, 59, £2) — b (51, 11, 59, £2)] < Co
m,m\S1,01, 82, —On,mlS1, 1, 82, ’
AL T B2 B2 AT T P B2 US (6 | [nsa) [ty [nta] +2—2m

(2.11)

if [ns1]+ [nsa] + [nt1] + [nta] +2 — 2m > 0, where

{ (<1a><[nsmnsﬂ>a<[nm[nm))Q}
exp

T 2a(l—a)([ns1]+[nsa)+ nti]+ nta]+2—2m)

bym (81,1, 82,t2) = V2ma(l —a)([nsi] 1 [msa] | [nta] 1 Jnta] 12— 2m)

In case (1 —a)(s1—sa2)=0cft1 —t2) >0 we have [ns1]— [nsa] + [nt1] — [nta] > 0 for
all sufficiently large n € N, hence (2.11) holds for all m € {1, ..., [nsa] + [nt2] + 1}.
Incase (1—a)(s1—s2)=a(t1—1t2) =0 we have [nsi]—[nss]+ [nt1]—[nts] =0, thus
(2.11) holds for all m € {1,...,[ns2] + [nt2]}. The term with m = [nsa] + [nta] +1
can be omitted since nfl/zbm[mZ}HmQHl(317t17 s9,t9) <n~/? = 0. Obviously, we
have

1 Co
NG 2 [ns1] + [nsa] + [nt1] + [nta] + 2 — 2m

m=1
< Ca /[n52]+[nt2]+1 dZE
S Vn [ns1] + [nso] + [nty] + [nta] + 2 — 2z
C,
< log([ns1] + [nsa] + [nt1] + [nta]) — 0 as n — 0o,
2/n

hence we may replace by, ,,(s1,%1, s2,t2) with gmm(sl? 1, s9,12). Furthermore,
(1 = a)([ns1] — [ns2]) — o[nt1] — [nta])]
= ‘(l—a)([nsl] —nsy) — (1—a)([nsa] —ns2) — a([nt1] —nty) + af[nts] — ntg)‘ <L

Using this inequality and that, for sufficiently large n, we have [nsi]—[nsa]+ [nti]—
[nto] 2 n(sy —so+11 —t2)/2 if (1 —a)(s1—s2) =aft; —t2) >0, and applying the
inequality 1 —e * <2, z €R, it is easy to show that

D (51, 1, 82, 2) — ! < Ca(817t31/72827t2)
\/27Ta(1—a)(n(31+32+t1+t2)+2—2m) n

for sufficiently large n and for m € {1,...,[nsa] + [nt2]}, where cq(s1,t1,32,%2)
is a constant depending only on «, s1,t1, 82,42 (not depending on n,m). Thus, it
suffices to determine the limit of

1 [n52§nt2] 1

— as n — o0,
Vi \/27Ta(1—a)(n(31+32+t1 +t2) +2—2m)
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which clearly equals

satte dz  VsiEsatiitts — \/]s1—sa] + [t —1o]
0 2ra(l—a)(si+satt;+ta—22) 2ra(l—a) .

The case (1—«)(s1—s2) = at; —t2) <0 can be handled similarly, hence we finished
the proof of the statement for COV(Z%)(sl7 t1), Z%)(SQ7 t9)).
By formula (2.1),

n n 1
COV(Z§7O)(817151)7Zé71)(827t2)):— Z ai7j(317t17327t2)7 (212)

(1D ET nsy |+ 1)As2), nt1 A (nta]+1)
where now

(I 1)

> a[nsl]+[n52]+172i(1 _a)[nt1]+[nt2]+172j

_ (o) _ . (1—a) - .
= Pty — st L= )PSO iy = ta] 1= ).
Moreover,
1 ([ns1]+1)Ansa]+[nt1]A([nt2]+1)
COV(ZE%)(Shtl)? Z(gfll)(827t2)) = ﬁ bm,n(shth 827t2)7 (213)

m=1
where now

([ns1]+1)A[nsz2]

b n (81,1, 82, 82) 1 = > ai,m—i(s1, 11, 82, 12)
i=m—[nt1|A([nt2]+1)

< P(S[nsl]+[ntl]+17m,[n52]+[nt2]+17m = [nsl] + [ntZ] +2- m)
We want to apply Theorem 2.4 for the terms of this sum. Let

k:=[nsi]+ [nt1] +1—m, €= [nso] + [nta] + 1 —m,

j = [nsi] + [nta] +2 — m, a = M.

et 0
Then by, (s1,t1, s2,t2) < P(Sk,e = 7). Consider
4 1+ (A —a)([nsi] — [nso]) — affnty] — [nt2])
Takem =TT [ns1] 1 [n5] 1 [nt1] + [ta] + 2 — 2m

. (1 — a)(31 — 82) — a(t1 —tg) _
81+ 82 +11 + 1o

If (1 —a)(s1—s2)# alty —t2) then we obtain the statement in the same way as in
the earlier case.

18



Consider the case (1 —a)(s; — s9)=a(t; —t2) > 0. Then

- - 1 [nsa]+[nta]+1
Cov(Zy (s1,t1), ZyY (s2,t2)) = — bmn(s1,t1, 82,t2),
\/ﬁ m=1
for sufficiently large n € N, where now
[nsa]
bm,n(817t17827t2) = Z ai,mfi(817t17827t2)

i=m—[nta]—1
= P(Sinsy)tints ]+ 1—m, [nso|+nto + 1—m = [n51] + [nta] +2 —m) = P(Ske = 7)

with the earlier notations.
We are going to apply Theorem 2.5. We have j—ka —£4(1 —a) = (1 —a)([ns1] —
[nsa]) — a([nti] — [nta]), hence

~ C,
bnm 8 7t ;S 7t _bnm S 7t S 7t < . ?
[bn,m (51,11, 82, 12) (st 92, 0) S [ns1]+[nsa|+[nt1 |+ [nt2] +2—2m

if [nsi] + [nsa] + [nt1] + [nta] +2 — 2m > 0, where

{ (<1a><[nsmnsﬂ>a<[nn}[nt2}>+1)2}
exp

(2.14)

T 2a(l—a)([nsi]F[nsz]+[nt1]+[nta]+2—2m)

bpm(s1,t1, 82,%2) == \/27ra(1 — ) ([ns1] + [nsa] + [nt1] + [nta] + 2 — 2m).

Using similar methods as before one can prove that Emm(sl? 1, 89,19) has the same
approximation as the one defined by (2.11), hence

lim COV(ZE%)(Shtl)?Zéjll)(827t2)) = lim COV(ZEZ))(ShtlLZE%)(327152))~

n—oo n—odo

The other two cases can be handled in a similar way.
Now, let o =1and 8=0, ie. Xpp=Xp 1,+¢ere for k+¢2=>0. Thus, if
t1 #£to we have

" rn 1
COV(U1(7O)(817151)7 U1(7o)(827t2)) = ECOV(X[MI]H,WI]?X[n52]+1,[nt2]) =0,

for sufficiently large n, while for t; =t

Cov(U{Y (s1,81), UL (s2,t2)) = ~ ([nt1] + 1+ min{[ns], [ns]}) — ¢1 + min{sy, so}

n

as n — 00. It is easy to see that (30\7(Ué7nl)(317151)7 Uéﬁ)(s%tg)) has the same limit
as n — oo, while
nlLHOIO COV(Ul(TS)(Shtl)? Uéﬁ)(827t2)) = JLHOIO COV(Uéﬁ)(shtl)7 Ul(jg)(827t2)) =0.

The case o« =0 and S =1 can be handled in a similar way. [l

In the case of 0 < @ <1 and [ =1 — « we can also estimate the difference of
the covariances.
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Proposition 2.6 If 0 < a <1 and B=1—a then there exists a constant K, > 0
such that

|Cov(ZI (51, 11), Z37 (50, 12)) — Cov(Z{7 (s1,11), 21 (52, 12))| < Ko™ '/2
forall n €N, s1,t1, 80,10 € R with si+t1 > 0, sott2 > 0 and (4,5) € {(0,1),(1,0)}.

In the proof of Proposition 2.6 we make use the following theorem.

Theorem 2.7 Let o € (0,1) and for all k,21 and 0L J<k+£0—1 let
Ske, bre, and x;pe be as in Theorem 2.5 and

Aj,k,é = (P(Sk,é :j+1)—P(Sk,é:j))— (exp {_x?+1,k,é/2}_exp {_x?,k,é/2}) .

1
27Tbk7g

Then there exists a constant C, >0 depending only on « (and not on k, ¢ and
j) such that

Co

‘Zj,r,é‘ < W

Proof. The proof is similar to that of Theorem 2.5. Using the inversion formula, we
get

VO :
1 T (eﬂt/\/bk,e _ 1) Frelt)dt,
ZW\/m —7T/bL,e

where fi ¢ denotes the characteristic function of (Sge¢ —mge)/+/bre. As

P(Ske=3+1)—P(Ske=17)

1 2 1 < 2
—x*/2 _ _© —itz—t°/2 di R
e e s T € K,
V2 2n J_ o
we obtain
- 1 W‘/bk’[ ) )
Ajre—= —— / e 1Tk (eﬂt/v bre _ l)fw(t) dt
270 /bre \ =\ /bre
B /oo (eiit/‘ /bre l)efitzj’k’lfﬁ/Z dt)
Consequently,
~ 1 ~ ~ ~
Akl € s——=(J1(k, ) + Ja(k, 0) + J3(k, 0)),
27 bk ¥

b
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where

Tk, €) = / ‘efit/vbk" - Ika,z(t) —e 2 at,

[t|<1/(4Lk,e)

Jo(k, ) = / 2| fre(t)| dt,

1/ (4L e)S|tSm /by e

Ja(k, 0) = / 2 1°/2 g,

lt|=1/(4Lk,e)

and Ly is the same as in the proof of Theorem 2.5, i.e.

1
L

o dear/br e’

where by = (k+ )l —a) and ¢, = 1/(4(1 — 2a + 2a2)).

Using the results obtained in the proof of Theorem 2.5 it is obvious that jg(/f7 £)
and jg(/f7 £) converge to zero in exponential order as k + £ — oo.

Applying again

Fret) —e 2 16Lg ltfPe /3 for |t < 1/(4Lyy),

(see Petrov [18, Chapter V, Lemma 1]) and that |1 —e #| < |2| for all z € R, we
obtain

T C, . ~ 4 o0 -
Ji(k, £) < T with C, = — |t|4e /3 g4

ke Co J_oo

which completes the proof. [l

Corollary 2.8 Let « € (0,1). There exists a constant Cy > 0 such that for all
k421 and 0K < k+£0—1 we have

Co

— 4 _ — N K .
P(Ske=7+1)=P(Ske=7) S

Proof of Proposition 2.6. Without loss of generality we can assume that (¢,5) =
(1,0). Let

w(n)(817t17 89, tg) ZZ\/E(COV(ZE%)(Sh t1)7 Zéfll) (827 tg)) —COV(ZETB)(SL t1)7 ZETB)(‘SQ? tg))).

Assume that (1 — a)(|ns1] — [ns2]) — a(|nt1] — [nt2]) = 0 and consider first the case
[ns1] = [nsa] and [nti] < [nt2]. From the definition of the random fields Z%) and
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Zéﬁ) using similar arguments as in the proof of Proposition 2.3 we have

[nso]+[nt1]+

w™ (51,11, 80,10) = Z ( [s1]+ [t ]+ 1, [nss] 4 [nts] 4 1—m = [P81]+[nta] +2—m)
=1

- P( [ns1]+[nt1]+1—m,[ns2]+[nta]+1—m — [n81]+[nt2]+1_m))

= @) (51,11, 82, t0) — alrsl =2l (] gyInt2l=lnh] (2.15)
where
@™ (51,11, 89, t2)
[nsz]+[nt1]
= Y (P(Spsatmssttm otsl ntat 1 = [151]=[83] 4 [ta] [t ] 41+ m)
m=1

- P(S[nsl]7[n52]+m,[nt2]7[nt1]+m = [nsl] - [nSZ] + [ntg] - [ntl] +m)) :

If we apply Theorem 2.7 to approximate the terms of @) (s, 1, s9,t3) then the
error of approximation is

]

Co
. o]~ Tl ¥ ol — ] 2077 S

00,  (2.16)

while for the normal approximation @ (s;,t1, s9,t2) of @™ (s1,t1,s9,t2) we have

[nsa]+[nt1]

(1 1 s < 2((1 — a)([ns1] — [ns2]) — al[nt1] — [nts])) + 1
| (s1,t1,89,19)| & mzjl rl/2 (2a(1 — a)([ns1] — [nsa] + [nts] — [nt1] + Qm))

o (1= )il = [nsa) (] — )
20(1 — @)([ns1] — [nsa] + [nta] — [pt1] +2m) |

3/2

If (1—a)(|ns1] —[ns2]) —allnti] — [nta]) <1 then

) 1,1, 52,12 < 57y 3/22m3/2 . (217)
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Otherwise, we have

[ns2]+[nt1]

B om0, 12)] <53 3 (1) (ns1] = [nsa]) — alfota]~[nta))
m=1

7/2(20)3/2(1 — )3/2([nsy] —[nsa] + [nta] — [nt1] + 2m)3/2

e (1= a)lrsi] = 2] — ats] = [ota]))’
2a(1 — a)([nsy] — [nsa] + [nta] — [nt1] + 2m)

35/2
. (2.18)
T/29572((1 = ([ — [nsal) — e ntr] — [nta))
[nsa]+[nt1]
L3 [ (1 —a)([ns1] — [nsa]) — al[nt1] — [nta])

7/2(2a)3/2(1 — @)3/2([nsy] — [nsa] + [nta] — [nt1] + 22)3/2

o [ (0= a)(Insi) = sal) = ainta] = nta])” )
PN 72001 = a)([ns1] — [sa] 1 [nta] — [nta] 1 22)

1 3 (1=a)([ns1] = [nsa]) — alfnt1] = [nta]) 4
<4+ ® < 7
o(l-a) ((2@(1—04)([n31] — [nsa] + [nta] — [nt1] +2))1/2> o(l-a)
where .
P(z) = 7T1—2/2 e 2, x> 0.

0

Thus, in the case under consideration (2.15)—(2.18) imply the statement of the propo-
sition.

In the case (1 —a)([nsi| —[ns2]) — a([nt1] — [ni2]) 2 0 and [nt{] > [nte] (which
implies [ns1] > [ns2]) we have

W(n)(317t17 827t2) = r&}(n)(shtl? 827t2) P(S[('js)l] [nsa]+[nt1]—[ntsa] == [TLSl] - [TLSQ] + 1)

(o) —
- P(S[nsl]7[n52]+[nt1]7[nt2] = [ns1] — [nsa]),

where
[nsa2]+[nts]
{U\( )(317t17327t2 Z P n51 —[nsa]+[nt1]—[nt2]+m,m — [nsl] [n32]+1+m)
m=1

- P( nsi]—[ns2]+[nt1]—[nt2]+m,m — [nsl]_[n82]+m)7

and the statement can be proved similarly to the previous case.
Case (1 — a)([ns1] — [rsa]) — a[nt1] — [nt2]) < 0 follows by symmetry. O

In order to estimate covariances we make use the following lemma which is a
generalization of Lemma 11 of [2].
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Lemma 2.9 Let &,..., &y be independent random variables with E¢ =0, E¢? = 1
forall i=1,...,N, and My :=max;<,<y B¢t <oo. Let ay,...,an,,bi, ..., bn,,
Cl?"'7c’ﬂ37d17"'7d’ﬂ4€R} TL17TL27TL37TL4<N and

ni na ns Y
X = Z;azfm Y = z;bjgﬁ Z = Z;szu W= z;djgy"
i= J= = J=

Then
ni1Ans AngAng
Cov(XY, ZW)= > (E§=3) abicidi+Cov(X, Z)Cov(Y, W)+Cov(X, W)Cov(Y, Z).
i=1

Moreover, if a;,b;,¢c;,d; =0 then

2
<

0 < Cov(XY, ZW) < MyCov(X, Z)Cov(Y, W) + MyCov(X, W)Cov(Y, Z),

and

0K EXYZW K M4(EXZEYW +EXWEYZ+ EXYEZW).
Proof. We have

n1 no ns3 nag
Cov(XY, ZW) =333 " ai,bircjy dj, Cov(&i, &in £, )-

i1=1liz=1j1=172=1

It is easy to check that

E?ﬂ ifi1:i2:j1:j27
B 88085, = 4 1, if i1 =4d9 # j1 =jJaor i1 = j1 # 4o = jo O i1 = Jo # P2 = J1,
0, otherwise.
Hence
E?1_17 if i1:i2:j1:j27
Cov (&8ss €1 6sn) = { 1, if i1 =j1F#d=7Ja2 or i1 =jaFio = Ji,

0 otherwise.

?

Short calculation shows that

ni1Ans AngAng
Cov(XY, ZW)= > (E§=3) abicidi+Cov(X, Z)Cov(Y, W)+Cov(X, W)Cov(Y, Z).
i=1

If the coefficients are non negative then obviously

ni1AnsAnsAng
0 < Cov(XY, ZW) < (Ms=3)" Y~ aibicids + Cov(X, Z)Cov(Y, W)
i=1
+ Cov(X, W)Cov(Y, Z).
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Moreover,

niAnsAnsAng niAns ni1Ans
1 1/2 1/2
abiesd; < —( fcf) ( b?df)
1 ni1Ang ) 1/2 na2Ans ) 5 1/2
CE ) (S
1
< E(COV(X Z)Cov(Y, W) + Cov(X, W)Cov(Y, Z)).

Hence,
Cov(XY, ZW) < M4(Cov(X, Z)Cov(Y,W) + Cov(X, W)Cov(Y, 7)),
since My 2> 1 implies (My —3)T +2 < 2My. Furthermore,
EXYZW =Cov(XY, ZW)+EXY EZW < My (EXZEYW+EXW EY Z)+EXY EZW

which directly implies the second statement of the lemma. [l

3 Proof of Proposition 1.2

According to the results of the Introduction, we may assume « > 0and 82 0. In
this case ¥, 3= 1. First we show that

n BB, — ¥, if a8 <1 (3.1)
n~%%EB, — 021, if «+f=1and 0<a<l; (3.2)
n EB, — X1, if a+B=1and ac{0,1}. (3.3)

If a+ 3 <1 we have

1 1 EX? EXi—1,0Xke—1
~EB, - — k1,0 LXE,
n? n? Z (EXk 1éXké 1 EX;ig,l

(k,£)eT,
> V() Cor(W (2 2. VR (5. 9)
%u e\ Cov (VDL S, v (51, 20)) Va2

// VaI'Yb( 1)(8 t) COV(YE)(’?)(&]&LYl(f(;)(‘S?t)) dsdt
Cov (Y (5,8), Y. (s,1)) VarY(§ (s, 1) 7

where T :={(s,t) €R?: 5+t >0, s<1,t<1}. By Lemma 2.1
‘COV(KI(;?()IQ(S t) Y(n 8 t ‘ < 1_(a+ﬁ)) - (Q17QQ)7(7”177”2) € {(170)7(07 1)}7

?TTrL,T2
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hence the dominated convergence theorem and Proposition 2.3 imply

(n) (n) (n)
i LEB, ,/ / i Varvoy (s, ) Cov(Yy) (5,8 Vi (5 0)) e
n—oco 7 n—00 Cov Yb 1 (s,1), Yl o (s, t)) VarY 'y (s,t)

1 1 _

2 Oa,p3 o 2 Qa3 \ 1

=0 dsdt = 20 =3 .

o8 (Qaﬁ 1 ) // o, (Qaﬂ 1 ) o3
T

Incase a+ 3 =1, 0 < a <1 we obtain in the same manner

EB, // VarZé"l)(s t) Cov (757 (s, 0, 25 (5:0) | g
n5/2 Cov Zo 1(s,1), ZYB)(S t)) VaI"Z%)(&t)

Again, by Lemma 2.1

|Cov(Z5M), (5,0), Z8),(5,0))| < Cn= 72 (2[ns] + 2[nt] + 2)/* < C(2s+ 20+ 2)1/2,

q1,92 r1,72

(q1,42), (r1,72) € {(1,0),(0,1)}. The function (s,t) — C(2s+2t+2)"/? is integrable
on the triangle T, hence the dominated convergence theorem applies. By Proposition
2.3 we have

1 29/2
lim EB, Vs +tdsdt 1

1
- - 1
o0 nB/2 \/Wa(l — ) 4/ 15¢/ma(l — a)
At the end, if a+ 3=1, and « € {0,1} by Lemma 2.1 we have
|Cov (UM (5,4), UM (s,4))] < Cn= ! (2[ns] + 2[nt] +2) < C(2s + 2t +2),

(g1, q2), (r1,7m2) € {(1,0),(0,1)}. Hence, Proposition 2.3 and the dominated conver-
gence theorem imply

n—oo 1

lim —SEBn = //(s+t) dsdt T = %I.

Besides (3.1)—(3.3) to prove Proposition 2.3 we have to show

1
_Var< S XL M)f =Y Cov(XE 0. KR, 1s) =0, (3.4)
(k,0)ETh (k1,81),(ka,82)E T
1 1
HV&LF< Zxkfl,éxk,éfl)zm Z Cov( Xy —1,60 Xty ,e1—1> Xtio—1,65 Xbig 05—1)
(k,0)ETy, (k1,£1),(k2,£2)ETy
— 0, (3.5)
1
_Var< SN X7, 1)7 = > Cov(XE 1. X 1) =0 (3.6)
(k,0)ETh (k1,81),(ka,82)E T
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as n — o0, where

4 if ot <1,
vi=<5 if a+pf=1and 0 <a<l; (3.7)
6, if a+p=1and ac{0,1}.

Let a4+ 3=1 and 0< a < 1. Using Lemma 2.9 we have

—Var( Sxit M <2M4////Cov 25 (s1,11), 28 (82, 12)) ds1dt dsadto,
TL

(k,£)ET,

—Var( ZXk 14ng 1 <M4////COV ZOl 817t1) Z(g 1)(827t2))

(k,0)ETn

X COV(Z§7O)(817 t1)7 Z§7O)(827 t2))d81dt1d82dt2

+M4////COV(ZS71)(817151)7Zinb)(827t2))
T T

X COV(ZE%)(Shtl) Zénl)(827tg))dsldtldSth27
—Var( > Xie)<2m Cov (2™ (m
k,0— 1 4 OV 10(817t1) Z10(827t2)) dsldtldSth27
TL

(k,£)ET,

which by Lemma 2.1, Proposition 2.3 and by the dominated convergence theorem
implies (3.4)—(3.6). Incases a+ 8 <1 and a+ =1, o€ {0,1} (3.4)—(3.6) can
be proved in a similar way. [l

4 Proof of Proposition 1.3

First we show that (A,), > is asquare integrable two dimensional martingale with
respect to the filtration (F,), >, where F,, denotes the o—algebra generated by
the random variables {e4,: (k,¢) € T, }.

In order to do this we give a useful decomposition of A, — A, 1, where Ay :=
(0,0)". Let Agf)7 i=1,2 denote the components of A,. By representation (1.3),

(1 _ 40 _ E+l—1—i—=7\ w1 jpey.
AL — ANy Z €k, e 4 Z ( Eo 1 o B, 4,
(B )ET T 1 (4,9)€Tk—1,¢
(2) 2 _ kt€—1—i—3\ 4y 01—
A=A = Z Ek,e 4 Z ( b1 o 'p ng
(B )ET T 1 (4,9)€Tk,e—1

Collecting first the terms containing only &; ; with (4,75) € T,,\T,—1, and then the
rest, we obtain the decomposition

Ap — A1 =An1 + Z EkeAn ke, (4.1)
(k,0)ETA T
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245 fvy

1y k+l—=1—=i=J\ 105
A= Z Ek,e Z ( b1 o B ey 4

(k) ET\Tr—1 (4,)€Te—1,6\Tn—1

m k—1
= Z Z " e i, (4.2)

k=—n+2i=-—n+1

2 k+6—1—i—3j VUV
AD) = S ke > ( Py oMt ey

(kvé)ETn\Tnfl (ivj)ETk,lfl\Tnfl

T g g T .
Where An,l = (AEL{)U Agi)l) and An727k7g = (An727k,17g714n 2.k 571) Wlth

n

-1
= Z Z B ey pen g, (4.3)

b=—n+2j=—n+1

~ Bt l—i—5\ .y oy
Anpre= > ( i j)ak B e . (4.4)

(4,5)€Tk,eNTrn—1

The components of A, ; are quadratic forms of the variables {g;; : (4,7) € T, \
Tn—1}, hence A, i isindependent of F,,_;. Besides this the terms gn727k7g are
linear combinations of the variables {e; ; : (i,7) € T,,_1}, thus the vectors A,z
are measurable with respect to F,_1. Consequently,

E(A, — An—1 | Frm1) =EAL 1 + Z AporeElere | Fuot) = 0.
(k) T\ T

Hence (A,),>, is a square integrable martingale with respect to the filtration

By the Martingale Central Limit Theorem (see [13]), in order to prove the state-
ment of Proposition 1.3, it suffices to show that the conditional variances of the
martingale differences converge in probability and to verify the conditional Linde-
berg condition. To be precise, the statement is a consequence of the following two
propositions, where 1y denotes the indicator function of a set H.

Proposition 4.1

n

n 2D E (A=A ) (A= A1) | Fr) 28,

m=1

if la| + 18] < 1;

223 E (A= A 1) (A=A 1) | Fo 1) 20200,

m=1

if |a|+|8|=1 and 0<|a|<1;

n

133 E (A=A ) (A = A1) | Fnt) =27,

m=1

if lal+|8l=1 and |a]€{0,1},
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as n — o0.

Proposition 4.2 For all 6 >0,

— - P
n 2 Z E (”Am - AmflHZ]I{HAmfAmle}énv/‘l} ‘}—mﬂ) —0
m=1

as n — 00, where ~ s defined by (3.7), i.e.

i el +18] < 1
, i e+ |8l=1and 0<|o| <1,
»if lal+18l =1 and |af €{0,1}.

2
Il
= BN

Proof of Proposition 4.1. Let U, = E ((Am—Am,l)(Am—Am,l)T ‘fm,l).
Again, without loss of generality we may assume « 2 0 and § 2 0. First we show,
that

n Y EUn =N, i ek B< (4.5)
m=1
n*2 N " EU, — 021, if «+f=1and 0<a<l; (4.6)
m=1
-3 S -1 . _
n Y EU, — XY, i a+fB=1and a€{0,1}, (4.7)
m=1

as n — oo. We have

Xi—1,6€k0
Ay —Ap_1 = T
" ml Z (Xk,élgk,é
(k,é)ETm\Tm,1
and by representation (1.3) and independence of the &; ;, the terms in the summation

have zero mean and they are mutually uncorrelated. Since (Xp_1¢, X M,l)T and
£r,e are also independent, we obtain

X2 Xi1eXke—

_ N T _ 1,6 b LAk
E(Am — Am—1)(Ap — Am—1) Z E(Xk1,sz,z1 Xios >EEM
(k) E T\ o1 '

X2 Xi—1.0Xp o
= 3 E (X P et 1) = EBy — EBp1,
(I £) €T\ T k=143 -1 kl—1

where By equals the two-by-two matrix containing only zeros. Consequently, (4.5),
(4.6) and (4.7) follow from (3.1), (3.2) and (3.3), respectively.
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By the decomposition (4.1) and by the measurability of A,, 25, with respect to
Fm—_1 one can derive that

Um - E(Am,lA;yll ‘fmfl) + Z E(Am,lgk,é ‘mel)A;Q’k’[
(k)T \Trm—1

+ Z AmZkéE (Am ke | Fm1)
(k) €T\ T 1

.
+ ) Y Amokn s A2 ks 6, Bk 00 F kst | 1),

(k1,01)ETm \Trm—1 (k2 £2) €T \Trm—1

By the independence of A,, 1 and {ege: (k,€) € Ty \Tn—1} from F,,—1, and by
E(Am 16,¢) = (0,0) ", one obtains

Up = EAm 1A, | + > A 2kt Am o it (4.8)
(k,0)ET i \Trm—1

This means that to complete the proof of the proposition we have to show

1 = ~
HV&r( Z Z A72n727k7174) — 0, (4.9)
m=1 () €T\ Trm—1

n

%Var( Z Z Aok 16Amari 1) — 0, (4.10)

m=1(kL)ETm\Tm—1

%Var( Z Z gfnﬂ,k,é 1) —0 (4.11)

m=1 (k,£)€Tm\Tin—1
as n — 00, where « is defined by (3.7).
a3 N B

m=1(k£)eTm\Tm—1

n n

= Z Z Z Z Cov(A?nl 2 k17517g377,2,2,k2752)'

mi1=1 (k17él)€Tm1 \Tmlfl ma=1 (kg ,ZQ)ETWQ \Tm271

~ ~ ~ 2
By Lemma 2.9 Cov(Amh2 ke tr> Ay 9 ko) S 2MaCovV( Ay 2.0 015 Ay 2,k )
Moreover,

COV(Aml ,2,k1,€1 Am2727k2,€2)

B Z ki+€i—i—j\[kot+blo—i—j k1 +ko—2i al1+0—27
— , . @ &) ;
ki —i ko —1

(4,3)€ Ty —1,6 N Ty =1 Ty —1,65 1 Trnp—1
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so representation (1.3) implies Cov(Am1727k1,17gl , Am2727k2,1742) SCoV( Xy 01, Xio t3)-
Furthermore,

n

Z Z Z Z COV(Xkl,éNXkL&)Z

mi=1 (k1,£1)ETm \Trmq —1 ma=1 (k2,£2)ETmo \Trmg—1

_ Z Z Cov( Xy o1s Xnot)”

(k1,£1)ETy (k2,£2)ET,

In a similar way one can show

(Z Z A72nZ h— 14117211,2,/4,5 1>

m=1 (k,£)€Tm\Trn—1

< My Z Z (COV(XklfLéNXk271,42)COV(Xk1,41717ng,égq)
(k1,61)ETy, (ko ,£2)ETn

+ Cov(Xp, 1,00, Xy £5—1)CoV( X, 0,1, Xkrug)) .

Hence, (4.9), (4.10) and (4.11) can be derived in a similar way as (3.4), (3.5) and
(3.6), respectively. O

Proof of Proposition 4.2. As before, we consider only the case > 0 and 8> 0
We have

LA 2onre) SO0 Ay — A,

hence it suffices to show that

2N E (| Am = Ami|t| Faet) 20 as 0 — oo, (4.12)
m=1

where ~ is defined by (3.7). By the decomposition (4.1) of A,, — A,,—1 and by the
inequality (z +y)* < 23(2* +y*) for =,y €R,

4
[Am = Am—1|* < 22| A, ||* + 2°

E EkeAma ke

(k,é)ETm\Tm, 1

By the independence of A,, 1 and F,,_1, we have E(||Am71||4 ‘ Fm,l) = E||Am71||4.
Applying the measurability of A,, 21 ¢ with respect to F,,_1, we obtain that

2
4

E €k éAm,z,k,é

(k) ET \ T —

Fm—1 | S((Ms—3)1+3) Z | A2,
(k) €T\ T 1

il
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Hence, in order to prove (4.12), it suffices to show that

lim n~ 7> " E[Ama|* =0, (4.13)
m=1
2
lim o7 > E > |Amarel® ] =0. (4.14)

m=1 (k)T \Trm—1

It is easy to see that using (4.2) and (4.3) we obtain

4 4

m k—1 m £—1
4 3 E E k—1—% 3 E E e—1—j4
||Am,1|| <2 ( e Ek,m£i,m> +2 ﬁ E711,[57n,j

k=—m+2i=—m+1 b=—m+2j=—m+1

If 0 <a <1 then by Lemma 12 of [2] we have E|A,, ]|* = O(m?), while for
o =1 a short calculation shows that E||A,,1]* = O(m?) as n — oco. Hence, (4.13)
is satisfied for all possible values of ~.

Furthermore, we have

E Z | A2,k e]|

(k,é)ETm\Tm,1

_ e 72 T2 72
= E E E ((Am,Z,kl71751+Am,2,k1,él71)(Am,Z,kg71752+Am,2,k275271))'
(k1,01)ETm \ T (k2,£2)ETm\Trm1

From Lemma 2.9 follows
B(AG 200 60 A 2,00 02) S BMABAG o3 0 BAG 01 00
while using (4.4) and representation (1.3), one can see

E}I’?n,z,k,é < Va,I'X]“é.

By Lemma 2.1 there exists a constant C'(a, 3) such that

Cla, B), if a+p8<1;
VarXp, < S Cla, B)WWk+4, if a+B=1and 0<a<I;
Cla, B)(k+€), if a+p=1and aec{0,1}.

Now, it is easy to see that
E ST Azl | <12MiCla Bym7 (4m — 112,

(k,é)ETm\Tm, 1

which implies (4.14). O
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5 Proof of Proposition 1.4

In what follows we will assume that 0 < @ <1 and S = 1—«. Consider the
following expression of det B,

det B,, = Z Z Wiy 61 ,k2,005

(k1,£1)ETy (k2,£2)ET,

where
_ 2 2
Wi enka,6s = Xioy 011X by— 1,60 — Xta—1,60 Xty 011X by —1,65 X i 05— 1-

Using representation (1.3) of Xy, from Lemma 2.9 we obtain.

oA (2) (3) 4)
EWkieike 02 = Ahy ) o ts T A0 00 kot T AR 00 bt T Akt kst (5.1)

where using notation (2.3)

o o 2
A(kll),zl,kg,@: Z (EE?,j )P(Slgh)tél 1—i—j =k1— ) P(S](fi+ég) 1—i—j =ly—] )

(43)E Ty Mg —1), (€1 —1) A Lo

- Z (EE?,j )P(Sl(f(f:)rél 1—i—j k )P(Sl(fajrél 1—i— jikl_l_i)

(4,5)EThq Ay —1,01 Aby—1
X P(S,E;Z) 1y = b2 —j)P(S,g;Z) 1y =l—1-7),
A(]fl)’ghk%gQ:COVZ(Xkl,élfhngfl,ég)_COV(Xkl,élfhngfl,ég)COV(Xklfl,éuXk2,4271)7
A(kgl{ghk%&:COVZ(Xkl,élfhXk271,42)—COV(Xk1,51717ng,égq)COV(XklfLél?ngfug)?
A(li),zl,kg,zgzvaf(xkl,él—l)Val"(Xkrug)
— Cov( X, 1,61, Xty 01— 1)COV(Xby 1,005 Xiy 00— 1)-

It is easy to see, that

n 92 Z Z kl,él,kg,éginilﬁ//// 51, [mta] [nsal, (n 2]d81dt1d82dt2. (5.2)

(k1,61)ETy (k2,62)ET,
Moreover,

[s1]A([ns2] —1)+([nt1] 1) Alnis]

1
Enil],[ntl],[nsﬂ,[ntg]‘ < |M4 - 3| am,n(shth 327t2)

[nsi]A[ns2]+[nti]Alnta]—

+|M4—3| bm7n(817t17827t2)7

3
I
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where M, fsup{EEH k,0€Z, k+¢2=1} and

Am (1,11, 52,12)

[ns1]A(Ins2]—1) ) (o
R 2 (o4 2 [o% - .
T Z P (S[n51]+[nt1]717m [nsl] _Z) P (S[n52]+[nt2]717m - [ntz] —erz)
i=m—([nt1]—1)A[nts]
< P2 (S[nsl]+[nt1]717m,[n52]+[nt2]717m = [nsl] + [ntZ] - m)7
brm(s1,t1, s2,12)
[ns1]A[ns2]—1 - .
= Z P(S[gslmml]qu:[”31]_i)P(S[SSI]Hml]Afm:[”31]_1_i)
i=m—[nt1|A[ntz]+1
1—a . (1—a) .
x P (S [nsz]+[nta]—1—m [ntz] -1 _m+Z)P (S[n52]+[nt2]717m - [ntz] —m+z)
<P? (Spsy]intr]—1—m,[nss] -+ nta]—1—m = [ns1] + [pta] =1 —m).
Theorem 2.5 implies that there exists a constant D), such that
D
P(SrLe=17) < 2
(Ske =37) < T
holds for all k,¢ 2> 1and 7€ {0,1,...,k+ ¢}. Hence,
ns1]A([ns2]—1)+([nt1]—1)A[nts] 9
(1) <2 Mi—3 Da
[ns1],[nt1],[nsa],[nts] ‘ | M1 =3] Z [ns1]+[nsa] +[nt1] +[nta] —2—2m
[n51]/\([n52 D)+ ([nt1]-1)A[nt2]+1 4
< 2| My—3|D?2 / a
S 2UMy=3[D, J [ns1]+ [nsa]+ [t 1]+ [nta] —2— 2z
< |My —3|D2log ([nsi] + [ns2] + [nt] + [nta]). (5.3)
By the dominated convergence theorem (5.2) and (5.3) imply
(5.4)

. _ 1
lim 7 o Z Z A(kl)7417k2742 =0.

n—oo
(k1,£1)ETy (k2,£2)ET,

What concerns the second term in (5.1), we have

n79/2 Z Z A(kzl)fl,kz%z - ////COV(ZEZ))(Sl?tl)?Z(gfll)(327t2))
T T

(k1,61)ETy, (k2,b2)ET,
X \/E(COV(ZE%) (817 t1)7 Zéjll) (827 tg)) —COV(ZSZ) (817 t1)7 ZE%) (827 t2)))d81dt1d82dt2

By Proposition 2.3 we have
lim Cov(ZY (s1,t1), 25 (s2,42)) = zal(s1, L1, 52, t2). (5.5)

n—oo
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Moreover, from Proposition 2.3 also follows, that if (1 —a)(s; —s2) # oty —1ts) then
both COV(Z%)(shtl)7 Zéﬁ)(s%tg)) and Cov(Zéle)(shtl)7 ZE%)(Sgﬂfg)) converge to
0 in exponential order, as n — oo. Hence, if (1 — a)(s1 — s9) # a(t1 —ta) then

lim /m(Cov(Z{§ (s1,t1), 5% (s2,t2)) — Cov(Z) (s1,11), 23 (s2,12))) = 0. (5.6)

n—od

By Lemma 2.1 and Proposition 2.6 we can apply dominated convergence theorem
that together with (5.6) and (5.5) implies

— 2)
nlLHOIOn o Z Z A(khéhlw,& 0. (57)

(k1,£1)ETn (k2 ,£2)ET,

Using similar arguments one can show that

lim %2 " SoAY, e =0 (5.8)

n—oo
(k1,61)ETy (k2,62)ET,

At the end we have

o Z Z A(é)fl,km&

(k1,61)ETy (k2 ,€2)ET,

//Var (s,1) dsdt//\/— (Var(2{") (s,1)) = Cov(Z§") (s,1), 27 (5,1)) ) dsdt
+//Cov(Zole)(shtl)?Z%)(s%tg))dsdt

T
x [ [VaVar (23 (5,0~ Cov(28) .0, 283 s, ) st

T

Proposition 2.3 and the dominated convergence theorem imply

. () () 2007
lim [ [Var(Z Ndsdt= lim [ [Cov(Z; ¢ (s,t), Zy 1 (s,1))dsdt = ————.

n—o0 15/ ma(l—a)

Short straightforward calculation shows that

Va(Var(Z{7) (s,1)) — Cov(Z5 (s,1), 273 (,1)))
WVar(Zé’a (s,)) — Cov(Z5 (s,8), 2374 (5,1)))

[ns]+[n
DY (P(S[nsH[ntHlfm,[nsH[nt]+1fm: [ms] + ot] + 1= m)

m=1

— P(Sins)+nt]+1—m s nt]+1—m = (18] + [nt] — m)) =1+ B tne)
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where
[ns]+[nt]
Ring)sing) = Z (P(Smm =m)—P(Spmm=m— 1)),
m=1

Obviously, the limit of R[4 [ng, if it exists, does not depend on s and #, it is equal
to
Roo:= > (P(Smm = m) = P(Spm = m — 1)). (5.9)
m=1

First we show that the terms of the sum (5.9) are strictly positive.

m—1
P(Spm =m—1) = > P(SL) =i)P(SH) =m —1—1i)
=0
m—1 1/2 m—1 1/2
< (Z P(s(e) — )2) (Z P(S{®) =y — 1 — 2)2)
i=0 i=0
m—1 m

where the last inequality follows from 0 < « < 1. Now, let

Ry = zn: (P(Smm = m) — P(Spom = m — 1)).

m=1
For all £ €N, we have
~ ~ n+k
Roii—Ral= 3 ‘P(Smm — 1) — P(Spum = m — 1)\. (5.10)
m=n+1

Let 6 > 0. If we apply Theorem 2.7 to approximate the terms of the sum in (5.10),
the error of the approximation is

n+k %) 0
C C 1 C 1 C é
27“<—QZ—<—Q/—dx< o 2 s
3/2 N 93/2 3/2 X 9379 3/2 NG ’
m=n+1 (2m)/ 2/ m=n 1m/ 2/ " ZE/ 2n 2

if n is large enough. The approximation of ‘§n+k — En‘ equals

n+k 1
) — | SHICLEI (5.12)
a1 V 2rma(l—a)
1 — 1 5
< —1/(4na(l—a)) < =
S Ur(da(l—a)p’ m:zn:“ m3z N
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if n is large enough. Hence, (5.11) and (5.12) imply the absolute convergence of
(5.9). Using the definition P(Spo = —1):=0 we have

>0

m=0
- ﬁli{ri%;j (P(S(E) + S5 = m) = (s 4 () —m 1))
:ﬂhliri (F4(1717 1717(1 7ﬁ2) _aﬁF4(27 27272;a27ﬁ2))

where Fy(a,b,c, d;z,y) is a hipergeometric series of two parameters defined by

Fyla, b, e, d;z,y) Z oN nﬁ;’,‘xmyﬂ Viel+ Iyl <1

a,be,d €N and (a), :==ala+1)...(a+n—1) (seee.g. [6]). As

: — —y _ (=21 —y)"
F4<a7b7a7b’(1_x)(1—y)7(1—x)(1—y))7 1 —ay

we have

14 Roo = lim (“F“;Zﬂﬂvz—ﬁz)(lﬂw;zﬂi;a%ﬁz)
Bol-o 4aﬁ(1 Fo, (a+5)2)(1 Fo,5— (o — 5)2)

X ((lq:a;ﬁJraz —ﬁz)(lq:a;zﬂ —a? +52) —4aﬁ) = —

(5.13)

since o, — 0 if § —1—a. Since the right hand side of (5.13) can serve as a
domlnatlng function for R, (ns), from the dominated convergence theorem follows

lim // Va(Var(Z) (s,1)) — Cov (28 (s,), 279 (s,1)))dsdt = o2, (5.14)

n—oo

which together with (5.4), (5.7) and (5.8) implies

lim n%?Edet B, = 2020>.

n—oo

Now, let us deal with the variance of det B,,. Obviously,

—Var(detB Z Z Z Z COV(Wkl,él,kg,éy Wks,és,/m,&;)

(lﬂ,él)ET (ko ,£2)ETy (k3 ,03)ET, (ka,ba)ETy
(5.15)

////////TLCOV 817t17 827t2) Wn(837t37 847t4))ds1dt1d82dt2d83dt3d84dt47
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where

T n n 2
Wn(817t17827t2) 3:(Z§o)(317t1)z(g 1)(827t2))
— 20 (51,0028 (s1,00) 27 (52, 12) 257 (52, 1),

Short calculation shows that the right hand side of (5.15) can be rewritten as

//////// 817t17827t27837t37847t4)+@§)(817t17827t27837t37847t4) (516)

+ 200 (51,11, 89, 12, 53, 3, 847t4))dsldtldSthQdSSdt3d34dt47
where

OW (51,11, 59,12, 83, t3, 84, 14)

::Cov(Zéﬁ)(shtl)Z%)(s%tg)(Zéﬁ)(shtl) ZEO 817t1))(Z )827t2 Zé 1)(827t2))
(

7

287 (s, 1) 2473 (s, ) (267 (3, 10) = 2470 (53, 0)) (2171 (s, 1) = 267 (s,1)) ),

’

2
(—)57/2)(817151782715278371537847t4)::COV<Z(g )(817t1 ZlO 817t1)(Z ) 827t2 Z(g 1)(827t2))

7

Zé )(837153)Z§o)(837t3)(z(o)(s ty) — Z01(847t4))2)7

2
@%3)(817151782715278371537847t4) COV<Z(g 1)(817t1 ZlO 817t1 (Z ) 827t2 Z(g 1)(827t2))

7

28 (s, 1) 2473 (s, t) (261 (53, 15) = 205 (53, 10)) (20 (s0,t0) = 287 (sa,10)) ).

By representation (1.3) the components n@;q)7 g=1,2,3, of the integrand in (5.16)
are linear combinations of covariances of form

COV(Eihjl €ip,j213,53C 14 ,Jas Eis,jsEi6.J6 Eir jr i s )7 (5'17)

where the indices (i,,7,) € Z*, » = 1,2,...,8 run either on triangle Tins ) Inty—1
oron Tl 1jnt,), 4= [(r + 1)/2] The coefficients of the linear combinations are
products of 1/n and two terms of form P( s |1 —in— g = [nSm, ] — 1 —ir),

two terms of form P (S = [n8m,] —ir) and four terms of form

(M8 ] [0y ]~ 10—

P( [C:LsmrH[ntmr]flfiFjT:[”Smr] ) P( [O;Lsm ]+[ntmr]717i,ﬂfjr:[nsmr]_l_ir)
_.An)
*'Air,jr(smwtmrh

where US_ {m,} = {1,2,3,4}. Corollary 2.8 implies that there exists a constant
C, >0 depending only on « such that

Co

Al )
nsm, | + [P, ] — 1 — 4y — 4y

Ty Jr (smw tm'r‘) < [

(5.18)
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Covariances of form (5.17) are equal to zero if the index sets {(imjr) r=1,2,3, 4}
and {(z’r7 Jr)ir=25,6,7, 8} are disjoint. Besides the nonempty intersection of these

sets, to obtain nonzero covariances in (5.17) for each « € {1,2,...,8} there should
exist at least one v € {1,2,...,8} suchthat w # v and (iy,Ju) = (44, Jv). Consider
first the case, when {1,2,... 8} is divided into two disjoint subsets {u1,us, us,uq}

and {vq,va,v3,04}, (uysdu,) = (iu.,du, ), 7 = 1,2,3,4 holds and no other index pairs
are equal. This configuration yields the highest amount of terms when we express
COV(W (81,11, 89,19), Wn(337t37347t4)). Expression (5.16) shows that the sum of
the corresponding terms of n*QVar(det Bn) can be rewritten as the sum of terms
of form

T corttintomstm 22tonston)

XCOV(Z(n) (3m37 )Z(n) (3m47tm4))

Uus,vs Uqg,V4

X/ (COV(ZL,, (Smas b ) 282, (S ) = COV(ZL, (Smas b ) 22y (s o))

X\/—<C (Zl(]g)ve(smw m’?)Z’L(J,G)’L]G(SmS? ms)) COV(Z’L(J,Z)UG(SW’?? m?)Z’L(IG?UG(SmS?th)))
ds1dt1d82dt2d83dt3d84dt47
where {m, :r = 1,2,...,8} = {1,2,3,4} and (u,,v,) € {(0,1),(1,0)}, r =
1,2,...,6. Lemma 2.1, Propositions 2.3 and 2.6 and the dominated convergence
theorem imply that these terms of n*QVar(det Bn) converge to 0 as n — o0.
The next case is when the set {1,2,...,8} is divided into three disjoint subsets
{uy,us,us} and {vy,v9,v3} and {wi,wy} and either
(iur7jUr) - (ivr7jvr) - (iwr7jwr)7 r= 1727 and (iu37ju3) - (iU37jU3)

or

(iur7jUr) - (ivr7jvr)7 r= 17 27 and (iu37ju3) - (iU37jU3) - (iw17jw1) - (iw17jw2)

holds and no other index pairs are equal. Inequality (5.18) implies that expressions
of form

o o A (n) An)
E : P( [ns1)+[nt1]—i—j — [r281] _Z)Ai,j (327t2)A¢,j (s3,t3)
(4,9)ET sy | Ansal Alnsz] — 1, [nty ] Alnte]Alntg]—1

are bounded uniformly in » and (s,,%,) € T, r = 1,2,3. Hence, Propositions 2.3 and
2.6 and the dominated convergence theorem imply that the terms of n*QVar( det Bn)
corresponding to this second case also converge to 0 as n — o0. The remaining
terms can be handled in a similar way. [l

6 Proof of Proposition 1.5
Similarly to Section 5 it is enough to consider the case 0 <a <1 and f=1—«a.

We have - -
n~ 2B, A, = (n75/an — ai i)nflAn + nflai 1A4,,
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and short straightforward calculation shows that
(n75/23n — aii)nflAn =Cp,+ Dy,
where
Cy = n" " diag(A,)n "B, (1,1)T,

D, ;:( 573 Z X1 e Xpo— 1—0) Qn(l,—1)T.

(k,£)ET,

Here diag(A,,) denotes the two-by-two diagonal matrix having A, in its main
diagonal and

Qn = (17 —I)An = Z ((kal,é — X]“g,l)z?k’g). (61)

(k£)ET,

By Proposition 1.2

Z Xk,17ng7g,1 — Ui i> 0 as n — o0. (62)
(k,0)ET,

Representation (1.3) and independence of the error terms ¢, imply EQ, =0 and

1 1
EEQEL =3 Z (Xi—1,0 — Xie1)? (6.3)

(k,£)ET,

- //ﬂ(Var(Z%)(sj)) + Var(Z (s, 1)) —2Cov(z(§f‘f(s7t)7Z§f5>(s7t)))dsdt.
T

According to Proposition 2.6 the last term is bounded which together with (6.2)

implies D, P, (0,0)" as n— oo.

1 - 1 X2, = Xi—1,6X k1
E<n9/4Bn(171) ) 074 Z E <X5z1 — X1 Xp -1

// [ Var(Z30 (5. 0) =Cov (207 (5,6, 210 (5. 0) | gy (o)
nl/ Var (27 (s,8)) = Cov (23 (5,), 2173 5,1)) 0
as n — oo. Furthermore, using Lemma 2.9 we obtain

1 2
Var( Z (X]%vél_XkLéXk’él)) Z Z Bl(fl?éhkm&+2Bl§1?417k2752

(k,0)ET, (k1,61)ETn (k £2)ETn

(3) (4)
T Bi i kaste T Bhy ey ko
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where

o N2 —a N2
Blg?zl,kg,@: Z (EE?,j_:g)P(Sl(fh)Lélflfifj:kl_z) P(Sl(f;%g)flfifj:éz_l_j)

(4,9)E T,y ARy, g —1
- Z (EE?,j_g)P(Sl(fi:Lz)flfifj:éz _j)P(Sl(fi:LZ)flfifj:éz_l_j)
(4,0)ET kg Aoy —1),61 Abg—1
X P(SI, =k =)
ki4+61—1—i—j
- Z (EE?J_:&)P(Sl(f?q)%lflfifj:kl_i)P(Sl(f?q)Lélflfifj:kl_l_i)
(4,0)ET (ky —1)Akg 1 Alg—1

l—«o N2
x P(Slggqtég)flfifj =l -1 _J)

+ Z (Egij_3)P(Slg?q)télflfifj:k1_Z')P(Slg?lélflfifj:kl_l_i)
(4,0)ET ey Akgy—1,09 Aly—1

x P(Slgi:tz)flfifj =l _j)P(Slg;Z)flfi*j =l —1-j),

B,Ef?gl,@ 0= Cov( Xy 01, Xy 02 1) (COV(Xy 11, X 051) —=Cov(Xy 011, Kby 1,65))
B](j?gl oo o = COV( Xy 115 Xigp 051) (CoV(Xiyt1,61 > Xig1,65) = COV( X161 5 Xy 051))5
B&?gl,/@ 0= Cov( X160, Xy 02 1) (COV(Xy 11, Xiy1,60) —=Cov(Xiy 011, Xy 051))-

Hence, using the same arguments as in the proof of Proposition 1.4 (see (5.4) and
(5.7)) one can verify

. 1
nlLI{)lo 9—/2Var< Z (Xlz,ffl — Xk17ng7gl)> =0.
" (k,£)eT,

Naturally, the same holds for the second component of n~?/ 4B,(1,1)", which means
n % B,(1,1)T 22 (0,0)7 as n — oo. (6.4)

Proposition 1.3 and (6.4) imply C, N (0,007 as n» — oo, so to prove the
asymptotic normality of n~7/2B, A, it suffices to show the asymptotic normality of
n o214, =n"'Q, (02, —02)".

As A, is a two dimensional martingale with respect to filtration (F,), >,

Qn—Qn1 = Anl)l - Aﬁfi + Z €kt (jn,Z,kfl,é - jn,z,k,zq) (6.5)
(k,£)ETr\ T

is a martingale difference with respect to the same filtration. This means that similarly
to the proof of Proposition 1.3 we can apply the Martingale Central Limit Theorem
and the statement of Proposition 1.5 follows from the propositions below.

Proposition 6.1

n

n? Z E ((Qm — Qm,l)2 ‘fm,l) LN 2Qi as n — 00.

m=1
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Proposition 6.2 For all § > 0,
— - P
n? Z E ((Qm - Qm*l)zl{\meQm,lgén} ‘fmfl) —0 as n— oo,
m=1

Proof of Proposition 6.1. The proof is very similar to that of Proposition 4.1.
Let V,,, = E((Qm —Qm_1)* ‘Fm,l). The statement of Proposition 6.1 will follow
from

B
Jim — > EVi = 202, (6.6)

m=1
li —V Vi 6.7
M, (mZ ) (67

By the martingale property of ), we have

S BV = > E(E@QhFu ) - @) = D (EQL - EQL)) —EQ}
m=1 m=1 m=1

which together with (6.3) and (5.14) implies (6.6).
Furthermore, representations (6.1) of Q,, and (4.8) of U,, imply

Vo= (L1001, -1 = E(AR-AD)"+ 3 (Auzere—Ansne)
(k,£)ET \Tn-1

This means that to verify (6.7) one has to show

1 " = T
nlggo ﬁ\/ar Z Z (Am,Z,kfl,é_Am,Z,k,é 1)2 = 0.

m=1(kL)ETm\Tm—1

Now, consider

Z Z (gm,Z,kfl,é - gm,Q,k,é 1)2 (6.8)
mzl( )ETM\Tmfl

n

rn
- Z Z Z Z Gm17m27k17él7k27é2

mi=1 (k1,£1)ETm \Trmq —1 ma=1 (k2,£2)ETmo \Tmg—1

n n mi ma
- E E < E E Gm17m27k17m17k27m2

mi=1ma=1 ki=—m1+1 ke=—mo+1

777,21

+ E E Gm17m27k17m17m2742

ki=—mi+1bs=—mso+1
mlfl miq— 1 mo— 1 >

+ E E Gm17m27m17417k27m2 + E , E :Gm17m27m17417m2742

bi=—mi+1ko=—mo+1 bi=—mi1+1bs=—mo+1
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where

Gml ma,k1,81,k2, 02

= Cov(( 1)27 (

By representation (1.3) of Xj, and definition (4.4) of

Ay 251 —1,60 = Amy 2,50 60—

E—1
e k—1—4
Amok—1m = Xo—1,m — E o €4,m»

i=——m-—+2
A2 km—1 = Xkm—1,
—1
A - X L— )17z
m2mb—1 = Am e—1 ( @) Em.j>
j=—m+2

Am,Z,mfl,é - mel,&

Hence, e.g.

mi ma
E E Gm17m27k17m17k27m2

ki=—mi1+1 ke=—ma+1

A2 k=16 = Ams 2 ks 02—

- 5.

Ao ke we have that

145 fvy

—-m+2< k< m;

1

N

—m+1< kS mg

—m+2<L<m-1;

1

—m+1<e<m-1.

ma mo klfl
— Z Z COV<<Xk11,m1 - Xkl,mlfl - Z aklilillgil,ml)27
ki=—mi+1ko=—mo+1 i1=—m1+2
ko—1 ] 9
(ngflﬂng - ng,mgfl - Z ak271712£i2,mg) >
io—=—mmo+2
my m2
< 4 Z Z G(kllim17k27m2 + G(kzl%m17k27m2 + G(ki%m%khml + G(kglimhkmnf

ki=—mi1+1 ke=—ma+1

where

(1) 2
Gkhmhkzﬂm - Xkl/’nl*l) P (ng—l
kg*

(2)

2
ymz T Xk27m2*1)

1

1

)

2 ko—1—i
ki,mi,ke,me © COV((Xleml - thml*l) ) ( E : « E4,ma
i=—mg+2
ko—1 2
< 2Cov| (X} +Xi g, ;
~ ov k1—1,m1 ki,mi—1 /> o7 El,m2 )
i=—mg+2
(3) = k1 —1—i 2 = ko—1—i 2
P 1— 41?1 ~, 2— 172 ~ |
by ke ma Cov ( E o 5“7m1) 7< E o 5127m2) .
i1=—m1+2 io—=—mo+2
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Thus, by Lemma 2.9 and representation (1.3) we have

ko—1 2
G o ms < AM4Cov (Xkll’mﬂ > a’w“gim) (6.9)
i=—mo+2

ko —1 2
2 : ko—1—1 .
+4M4COV <Xk1,m117 o7 2 lEi,mg) ?

i=—mo+2
(3) ki1—1 ka—1 2
k1—1—4 ko—1—1
Gl s hsmy S 2M4COV< E a™ YEi1 mis E a’? 2£i2,m2> . (6.10)
i1=—m1+2 io=—mo+2

From representation (1.3) follows that if my 2 mo then

ko—1
Cov| X a1,
ov k1—1,m1, o7 Ei,mz

i=—mo+2
kiAka—1
- Z P(Sl(f?iml —mao—1—1% =ki—1 _Z) hem i
i=—(m1—1)A(ma—2)
kiAka—1
< ak2+m1/\m2 Z

izf(mlfl)/\(m272)

Da ka+miAm 1/2
(k1+my—mo—1—1)1/2 S Daa2 M byt ma) &

where the second inequality is a consequence of Theorem 2.5. Naturally, a similar
upper bound can be derived for the second term in (6.9) and using this bound after
a short calculation we obtain

n

1 n m1 mo
ﬁ Z Z Z Z G(kzl)ﬂnh]w ;M2

mi=1lme=1ki=—m1+1 k2:7’ﬂ7,2+1

16M4D Z Z Z Z a2kt miAma) (g g

mi=1lmo=1ki=—mi+1ke=—mo+1
16M4D3

SO-ai—ar, 0

as n — oo. Now, (6.10) implies

n

n
Ly sy Yy o
4 ki,m1,k2,m2
mi=1mes=1ki=—m1+1ks=—mo+1

kiNks—1

% Z Z Z Z Q2kit2ke—4—ti i _160?24)42n2 0,

—m+1ko=—m+1i=—m+2

//\
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as n — oo and the same can be proved for the remaining three terms of (6.8). Thus,

n

OLAED VD D VD D T

(kl,él)ETml\Tml 1 Me= 1(k2,€2)€Tm2\Tm2 1

¢
< ) Y Cileae T Hu
(k1,61)ETy (k2,62)ET,

where n*H,, — 0 as n — c0. As Xp—1,6 — Xpe—1 is also a linear combination
of the variables {Em 2 (i,7) € TM}7 by Lemma 2.9 we have

1 1 2
Z Z G(kl)fl,km& < Z Z 2M4L(kl)741,k2752+(M4_3)+L(kl)7417k2742

(k1,61)ETy (k2 ,62)ET, (k1,£1)ET, (k2,62)ET,

(Mg —3)" Z Z Z LY, e (6.11)

b=—n+1ki=—L0+2 ko=—£42

where

(1) . 2
Lty s = CoV(Xiy 16, = Xioy oy 15 X 1,6 — Xz t-1)

2
L(kzl),él,k27ég = Z (P(Sl(fllél 1—i— j kl_z)_P(Séliél 1—i— jikl_l_z))

(4,9)ETky Akg—1,80 Al —1

(@) , (o) )2
(P(Sk2+é2 1—i— Jikz_z)_P(SlwwLQ 1—i— j—kz—l—Z))

kinks—1 1
L(kSI%kM — Z (a2k1+2k27474i (- a)2k1+2k27474i) < oy
i=—l+1 o o
Obviously,

1
H Z Z L(kll)fhlw 2

(k1,81)ET (k2 ,l2)ET,

/// \/—COV (28 (s1.t0) = 2074 (s1,80), 23 (s2,t2) — Zfo)(szﬂfz))) ;

where due to Propositions 2.3, 2.6 and the dominated convergence the right hand side
converges to 0 as n — oo. Furthermore,

1 (2)
nt Z Z Lk17él7k27é2 //// [ns1],[nt1],[nse],[nt2]

(k1 ,£1)ET, (ka2 l2)ET,
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and

[nsi]A[nsa ]+ [nt1]A[nta] —2 [ns1]A[ns2]—1

@) (@) _ 2
Lips,) inta] nsa), Inta] S > > (P(S[nsl]qt[ntl]flfm = [ns1]—i)
m=1 i=m—[nt1]A[ntz]+1
() N2
+P(SL [ntl]ilim:[nsl]—l—z)) (6.12)

—a o N2
X (P(S[(isﬂl[nmqu:WZ] m-+i) +P(S(7152]+)[m2]717m:[ntz}—l—mﬂ) )

Consider e.g. the first term of the right hand side of (6.12). Theorem 2.5 implies that
there exists a constant D, such that

[nsi]A[nsz]+[nt1]Ant2]—2  [ns1]A[nsz]—1 . )
Z Z P(S[nsl]qt[ntl]flfm - [nsl] - Z)
m=1 i=m—[nt1]A[nt2]+1

(1—a) - N2
x P(S[nSQH[mQ]Aim = [ns4] —erZ)

[nsi]Anss]+[nt1]A[nta]—2

< DZ,
= Z [nsl] A [TLSQ] + [ntl] A [ntg] —1—-m

m=1

[ns1]A[ns2]—1
(o) B b gll—a) B :
x Z P(S[nsl] [ntl]flfmi[nsl]_Z)P(S[nSQ]Jr[ntg]flfm*[nsz]_m+z)
i=m—[nt1]A[ntz]+1

[nsi]A[nss]+[nt1]Anta]—2

< Di Z P(S[nsl]+[ntl]flfm,[nSQ]qL[ntg] 1—-m — [n81]+[nt2]_m)
[ns1] A [nso] + [nt1] A [nta] — 1 —m

m=1
[ns1]A[ns2]+[nt1]A[nt2]—3 1 1
< D3
= e mz::O m+ 1 ([ns1] V [nsa] + [nt1] V [nta] +m + 1)1/2
3
SPa 2 Goyap S

From the other hand,

[nsi]Ansz]+[nt1]A[nt2]—2 [nsi]A[ns2]—1

o N2
Z Z P(S[(ns)ﬂHntl]flfm = [ns1] - Z)

m=1 i=m—[nt1]Anta]+1
(1—a) - N 2
x P(S [nsa]+[nta]—1—m — [TLSQ] —m+ Z)
< VnCov (214 (s1,11), 2{7] (s2,1))

which by Proposition 2.3 converges to 0 as n — oo if (1 —a)(sy —s9) # a(t; —19).
Similar results can be derived for the remaining three terms of the right hand side of
(6.12), so by the dominated convergence theorem

. 1 (2)
nlLHOIO H Z Z Lk17417k2742 =0.

(k1,£1)ET (k2,£2)ET,
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At the end we have

1 - - - (3) 8
nt Z Z Z Ly e S a(l—an -0 as n— oo,
b=—n+1ki=—£+2 ko=—0+2

which completes the proof. [l

Proof of Proposition 6.2. Similarly to the proof of Proposition 4.2 it suffices to
show that

n

— 3 E((Qm — Qu-t)" | Fe1) =20 as n— oo, (6.13)

m=1

Using decomposition (6.5) we obtain

4
(Qm — Qu—1)* < 2° (A%)l - A§?1)4 + 23 <5k,é (Am2,k—1,6 — Am,z,k,z1)> .

By the independence of A,, 1 and F,,—; we have

E((AS) = A" | Far) = E(ARL = AD))* 4B A,

while the measurability of A, 21, with respect to Fy,—q, implies

4
E (( Z Ete(Am 2 k1,6 — Am,z,k,é1)> ‘ fm1>
(k,0)

ETm\Trm—1

2
< ((My—3)"+3) ( Z (Am2,k—1,6 — Am,Z,k,él)2> .

(k,é)ETm\Tm,1
From (4.13) follows that in order to prove (6.13), it suffices to show
1< ~ ~ N
m 2 > E( > (Am2k—10 = Ama2ke-1) ) =0. (6.14)
m=1 (k)T \Tn—1
Using the same arguments as in the proof of (6.7) we obtain

2
E( Z (Zm,Z,kfl,é - gm,z,k,z1)2>
(k,0)

ETm \Trm—1

— Z Z E((Zmﬂ,klfl,él —Zlm,z,kl,érl)z

(k1 £1)ETm \Trm—1 (k2 £2)ETm \Trm—1

~ ~ 2
X (Am2ks 1,6 = Am2ks 1) )

< Z Z ék17él7k2,é2 +ﬁm7

(k1 £1)ETm\Tm—1 (k2,£2)ETm\Tm—1
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where
Gl e kot = E((Xklfl,él - Xkl,élfl)z(ngfl,fg - ng,égfl)z)
and .
%ZﬁmeO as n— 0. (6.15)
Furthermore, by applying Lemma 2.9 and a decomposition similar to (6.11) we have
Gy o s < BMUE( Xk, —1,0, — Xkl,élfl)zE(ngfl,ég - ng,égfl)z) + Co,

with some constant C, > 0. Besides this, from Proposition 2.6 immediately follows
that there exists a constant K, such that for k,{€Z, k442> 1,

2
E(Xu—1,e — Xie—1)” = Var(Xi_1,) + Var(Xpe—1) — 2Cov(Xp—1,6, Xpo—1) < 2K,

Hence,

1 ¢ ~ I

vy Z Z Z Gy o1, k,0 S (1AM Ko+ Cy) -y Z 2m—1)*
m=1(k1,€1)€Tm\Tim—1(k2,€2) €T\ Tin—1 m=1

as n — 00, which together with (6.15) implies (6.14). O
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