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Abstract. The NA22 data on 7r" 7r” correlations are ana­
lyzed in terms of a number of two- and three-dimensional 
parametrizations (Gaussian space-time, Goldhaber, Bowler 
string-like, Bertsch hydrodynamical, Kopylov-Podgoretskii, 
etc.). Contrary to the results obtained for e+e” and pp col­
lisions, the Goldhaber parametrization, as well as string-like 
models, fail in describing the hadron-hadron data. Better fits 
are obtained in the framework of surface-emitting fireball­
like models, both when including and excluding hydrody­
namical expansion of nuclear matter. Our results indicate 
that pion radiation occurs at earlier stages of matter evolu­
tion than in nuclear collisions.

1 Introduction

Boson interferometry provides a powerful tool for the in­
vestigation of the space-time structure of particle-production 
processes (for recent reviews see [1-5]). The Bose-Einstein 
correlations (BEC) of two identical bosons at small four- 
momentum difference, q - P \  ~  Pi, reflect both geometrical 
and dynamical properties of the particle-radiating source. In 
an over-simplified picture, one assumes the source to consist 
of motionless (in the source rest frame) point-like emitters 
which radiate identically (independently of their space-time 
coordinates). The two-particle correlation function depends, 
therefore, only on q and relates directly to the square of the 
Fourier transform of the space-time density distribution of
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emitters, thus providing a measurement of the size, shape 
and radiation time of the source [1-5].

This simple geometrical interpretation of the interference 
pattern can be invalid when emitters move at relativistic ve­
locities with respect to each other, leading to strong dynam­
ical correlations between space-time and momentum-energy 
coordinates of emitted particles. Dynamical correlations of 
this type are inherent for expanding sources, such as a color 
string in lepton-induced reactions [6] or a longitudinally ex­
panding central fireball in ultrarelativistic nuclear collisions
[7]. The interplay between geometrical and dynamical ef­
fects alters the interference pattern. This influence on the 
BEC is considered in the framework of the color string ([8-
10] and refs, therein) and hydrodynamical ([11-23] and refs, 
therein) models. In the general case of a dynamic source, the 
two-particle correlations are described as a function of five 
independent kinematical variables: the three components of 
the vector q and the two components (assuming azimuthal 
symmetry of the interaction) of the sum vector p = P| + p 2 
(e.g. the longitudinal p i  and transverse |pT| components). 
However, under certain simplifying assumptions, the corre­
lation function can be parametrized with a reduced number 
of kinematical variables.

In this work, an attempt is undeitaken to distinguish be­
tween an expanding (string-like or hydrodynamical) and a 
non-expanding (fireball-like) pattern of multiparticle produc­
tion in hadronic reactions. This attempt is executed by means 
of an experimental study of the two- and three-dimensional 
BEC of pairs of negative pions in (7r+/K*)p interactions at 
250 GeV/c. The sets of two- and three-dimensional vari­
ables and parametrizations of the correlation function used 
in this analysis are given in Sect. 2. Experimental results 
are presented in Sect. 3 and conclusions are summarized in 
Sect. 4.
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Fig. 1. The momentum components in the transverse momentum plane

2 Variables and parametrizations

The following pairs or triplets of variables are used for the 
two- and three-dimensional analyses:

a)

b)

c)

q| versus g0, where q = p, -  p2 and qo = \E\ -  E% 
are, respectively, the momentum and energy difference 
of the two identical pions (in the CMS).
The Lorentz-invariant variables Q l versus where 
Qt is the component of q perpendicular to the collision 
axis, and Q£ = — gjj, where q£ is the component of q 
parallel to the collision axis.
9l(= |Sl|) versus QT(= |QT|) and Ql versus QTa and QTs, 
where QTo is the ’out’ component of QT parallel to pair 
transverse momentum pT = P ti+ P t2  anĉ  ^Ts is the ’side9 
component of QT perpendicular to pT (see Fig. 1):

Qto = Q t_ P t 

Pt
Q  Ts =

IQt X P t

IpT

d) (fr(= NtI) versus qo, where qT is the component of q 
perpendicular to p = pj + p2 (in the CMS).

The following parametrizations are used for the normalized 
two-particle density:

-R(Pl.P2) =
yg(PiiPa)

pi(pi)pi(p2)

1. The Gaussian form

■R(Q2, Qo) = 7[1 + Aexp(-/3,q2 -  faql)](1 + 6q2 + eql) . (1)

In (1), A < 1 is the coherence parameter, 7  is an overall 
normalization and (1 + 6q2 4* eq$) is introduced to account 
for a possible slow variation of R outside the interference 
peak.

At (3\ , (¡2 > 0, these two parameters are related, respec­
tively, to the mean radius and the mean radiation time of a 
fireball-like (volume emitting) source with a Gaussian space­
time distribution. At negative /32, and /? =  /?! = — /32, (1) 
reduces to the Goldhaber parametrization [24]

m 2, <?o2) = 7[1 + A c x p ( -ß Q 2)](l + SQ2) (2)

with the Lorentz-invariant variable Q2 = q2 -  ql and a pa­
rameter 0  related to the r.m.s. radius (j3 = r2/ 3) of a source 
being of a spherically symmetric Gaussian form in the dip- 
ion rest frame.

2. The Bowler parametrizations for  a string-like source [8,10]:

R ( Q l  Cft) = i l l  + \  ex.p(-ß i Q t

x(l + 6 Q l  + eQ2¡-)
PtQt)]

(3)

and

R ( Q l  Qt) = 7 1 +
A

2 m . Q D 2 -  h
ln(/5L|Q ?|)exp(

x(l +6\Ql\  +eQ$)

ß rQ j)
t

(4)

where ¡3̂  and p r  correspond to the longitudinal and trans­
verse size of the string segment radiating the BE correlated 
pions, respectively. The parameter A has the definition of 
A  = 1/ |2/max I » where ymax is the maximum rapidity y , above 
which the y distribution drops rapidly.

3. The two- and three-dimensional Gaussian parametriza­
tions used for a hydrodynamically expanding cylindrical 
source (see e.g. [13,15,19,21,22,23]):

R(Ql, Qt) = 7[1 + Aexp(-^r£<¿ -

(5)

I
R(Ql, Qto> Qts) =  7[1 + A exp( - - r l q l

1 2^2
2 r0Q To

1
-^ s Q ts + ^ lQ to Ç l) ]  X 

X(1 + <5çL + éQ to+ £ Q ts)

(6)

where r s are , respectively, the longitudinal (along
the cylinder axis), transverse, ’out’ and ’side’ effective di­
mensions of the source segment radiating the BE correlated 
pion pairs, while r 0,l represents an “out-longitudinal” cross 
term recently introduced in [22] and, depending on the par­
ticular emission model, corresponding to e.g. the duration of 
particle emission. In comparing our results to those of other 
experiments, it is important to note that some authors use 
(5) and (6) without the factors 1/2 in the exponents.

4. The Kopylov-Podgoretskiiparametrization [25]:

R (qt, qo) = 7 1 + A 2 J2\- l

x(l  + SqT + eqo) , (7)

where J\ is the first-order Bessel function and where t'k is 
the radius of a surface-emitting spherical source decaying 
exponentially with the mean time r.

3 The results

The data were obtained from the NA22 experiment, per­
formed at the CERN SPS with the help of the European 
Hybrid Spectrometer [26]. Recent results concerning BEC
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Fig. 2. a) Lego plot for the ratio R{q2,q^) at q2, ^  <  GeV2; b) at 
q2, ^  <  2.5 GeV2; c) the ratio /^(q2,^ )  as a function of q2 at q2 
d) as a function of Q2 at q2, >  0.8 GeV2

in 7T+p and K+p collisions in the same experiment are pub­
lished in [27,28,29,30], where the experimental procedure
is described in detail. A related, but alternative analysis in 
terms of an inverse power-law behavior of R  is presented 
in Fig. 20 of [31].

The results of this paper are based on an analysis of 
about 140k events of (7r+/K +)p interactions at 250 GeV/c, 
including 101.147 events containing at least two negative 
tracks with momentum resolution better than 4%. (Depend­
ing on the momentum, the average momentum resolution 
varies from 1 % to 2.5 %). All negative particles are assumed 
to have pion mass. The contamination from other particles 
is estimated to be (7±3)%. Each accepted track is required 
to lie in the region of Feynman variable \xp\ < 0.5, in order 
to reduce possible correlations due to phase space restric­
tion, as well as biases due to violation of energy and mo­
mentum violation imminent to the mixed-event technique. 
Single diffraction dissociation is excluded. For each event, a 
weight is introduced in order to normalize to the non-single 
diffractive topological cross sections. The number of 7r"~7r" 
combinations exceeds half a million (542.554).

Experimentally, the normalized two-particle densities R  
are determined as the ratio of the number of pairs (at given 
values of the kinematical variables) to that of the reference 
(background) sample composed by combining tracks ran­
domly chosen from different events of the same charged 
particle multiplicity. The fraction of a given multiplicity in 
the reference sample is equal to that in the real event sam­
ple. Both samples are normalized to an equal number of 
combinations in the whole interval of variation of the corre­
sponding kinematical variables.

Below, we present the results of the analysis of BEC 
using the different sets of variables for the two- and three- 
dimensional analyses described in Sect. 2.

3.7 q2 versus ql

The normalized two-dimensional distribution in the variables 
q2 and ql is shown in Figs. 2a and 2b for two different 
ranges and scales. Note, that the large deviations of the ra­
tio ii(q2,^ )  from unity in the region of relatively large q2 
and ql (> 0.3 GeV2) are due to statistical fluctuations and, 
therefore, have large errors.

The fit results of R(q2,ql) obtained according to para- 
metrization (1) are presented in Table 1 for two different 
ranges and binnings in the variables q2 and q%. The fit leads 
to a negative value of the parameter /?2, thus excluding a 
volume-emitting fireball-like source of spherically symmet­
ric Gaussian space-time distribution.

On the other hand, the absolute value of f32 is much 
smaller than the value of j3\. A fit under the condition 
/? =  /?!=  —/?2 (parametrization (2)) results in too large 
a x 2 (X2/ N D F  = 846/321 and 1468/321 for the data pre­
sented in Figs. 2a and 2b, respectively). Two crucial tests 
for parametrization (2) are presented in Figs. 2c and 2d. 
Figure 2c shows the dependence of R(q2,^ )  on <I2 al°ng 
the diagonal q2 «  q%, i.e., at fixed Q2 = q2 — q% & 0. While 
parametrization (2) predicts no q2-dependence at fixed Q2, 
the data exhibit a strong q2-dependence. Figure 2d shows 
the Q2-dependence of i?(q2,^o) integrated over the region 
q2,c/q > 0.8 GeV2. In the framework of fireball-like mod­
els (with independent space- and decay-time distributions of 
emitters within the fireball volume or on the fireball sur­
face), no interference effects are expected at large q2 and/or 
#q. On the other hand, parametrization (2) predicts an inter­
ference enhancement at small Q2, irrespective of the values 
of q2 and q$. Our data exclude the applicability of (2) to the 
region of large q2 and qjj.

Our data shown in Fig. 2 are in contrast with those 
obtained in the hard processes of e+e~-annihilation [32] 
and muon-nucleon scattering [33]. In these types of colli­
sions, the extracted parameters and /% satisfy the relation
/? =  /? ! «  -/?2 (J3 *  10.5 GeV“ 2 in [32] and (3 «  2.2
GeV-2 in [33]), and the interference effects observed at large 
q2 and ql (> 0.8 GeV2) are completely in accordance with 
those observed for the full sample of events [33]. We, there­
fore, conclude that the space-time evolution of multiparticle 
production is different in hadron- and lepton-induced reac­
tions.

3.2 Q2 versus Q \

The dependence of the ratio R  on Q£ and Q \  is plotted 
in Fig. 3. One can see that, at least at small Q\,  for which 
our data are statistically more abundant, the ratio -ft(Q2 > Q \)  
is enhanced at Q£ ~  0- This enhancement does not grow 
as Q l becomes negative. This behavior is in contrast with 
that found in the e+e-  [32] and pp [34] data, where, in 
accordance with the string fragmentation picture [10], an 
increase of the ratio R  is observed for negative Q£.

The fit according to the Bowler parametrization (3) re­
sults in too low a confidence level (Table 2). The results of 
the fit are plotted in Fig. 3b-3p. The agreement with the data 
is worst at Q2 < 0 due to the exponential rise of the curves 
corresponding to (3), although a separate fit of the data at
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Table 1. Fit results according to parametrization (1) to the ratio R  as a function of q2 and for different ranges and binnings

Range of Binning of 7 A ßu  GeV” 2 ß2, GeV" 2 6 e X2/NDF CL(% )
variables, GeV2 variables, GeV2 GeV“ 2 GeV-2

0-0.5 0.02 1.135±0.015 0.451 ±0.027 20.58±2.11 -2.92±2.19 -0.244±0.037 0.010±0.035 386/319 0.5
0-2.5 0.1 1.007±0.007 0.377±0.015 7.37dz0.47 -2.74±0.66 -0.024±0.005 -0.052±0.006 360/319 5.

Table 2. Fit results according to parametrization (3) to the ratio R  as a function of Q2, Q2 for different ranges of Q2 (at Q2 <  0.5(GeV/c)2)T

Range of 
variables, GeV2

7 A A .G e V “ 2 /3T, GeV" 2 <5
G eV “ 2

e
GeV“ 2

y 2/N D F CL (%)

-0 .5<  Q[ <0.5 0.879 ±  0.007 0.454±0.024 5.65±0.76 5.27±0.74 0.029±0.098 0.025±0.126 1837/929 < 0.001 
0 <  Q l  <0.5 0.729±0.024 0.707±0.055 6.50±0.44 2.38±0.21 0.450±0.067 0.229±0.042 1077/619 <  0.001
-0 .5<  Q l <0 no fit

Table 3. Fit results according to parametrization (4) to the ratio R  as a function of Q2 and Q \  for different ranges of Q£ (at Q \  <  0.5 GeV2)

Range of Q l
GeV2

7 A ß u  GeV“ 2 ßT, GeV~ 2 5
GeV” 2

e
GeV" 2

x2/n d f CL (%)

-0.5 <  Q l < 0.5 
0 <  Q l < 0.5 
-0.5 <  Q l  <  0 
0 <  \Ql\ <  0.5

0.982 ± 0 .010  
0.864 ±  0.035

no fit 
0.992 ±  0.013

0.346 i  0.021 
0.292 ±  0.022

0.371 ±  0.025

8.80 ±  1.31 
3.63 ±  1.34

10.08 ±  1.74

7.85 ±  0.61 
3.91 ±  0.38

9.34 ±  0.82

-0.225 ±  0.018 
0.041 ±  0.054

-0.259 ±  0.026

-0.001 ±  0.027 
0.179 ±  0.057

0.067 ±  0.028

1083/929
1084/619

678/621

0.05 
<  0.001

5.
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positive Q2 improves the description only slightly (Table 2). 
Only the data at Q2 < 0 cannot be fitted by (3).

The first two lines of Table 3 present the fit results ac­
cording to parametrization (4). The description of the data 
is bad for both intervals of —0.5 < Q£ < 0.5 GeV2 and
0 < Q l <  0.5 GeV2. Only the data at Q[  < 0 cannot 
be fitted by (4). A satisfactory description (CL »  5%) by 
parametrization (4) is achieved for the ratio R  as a function 
of Q \  and the modulus |Q21, plotted in Fig. 4. The parameter 
values /3l = 10.1 ±1.7 GeV-2 and A  = 0.37±0.03 are within 
the range predicted [8]. The parameter /3j, characterizing the 
transverse size of the string, is not predicted in the model
[8]. Our estimate of the transverse size, t t  = 0.60 ±  0.03 
fm, agrees with rr  = 0.64 ±0.07 fm [24] extracted from the 
e+e~ data.

Contrary to the results presented in this and the previous 
subsection, an acceptable fit to the same data by the Gold- 
haber parametrization (2) was obtained in previous analysis 
[28], The Goldhaber formula, however, does not consider 
the space and time variables (or, alternatively, the longitudi­
nal and transverse variables) separately. The Goldhaber for­
mula was applied in [28] to fit our one-dimensional Q2 data, 
which in fact are obtained by means of integration of two- 
dimensional data over q and qo (at fixed Q2 =q2—q^ see (1)) 
or, alternatively over Q l and Q j  (at fixed Q2 = Q2 + 
see (3)). The two-dimensional parametrizations (1) or (3)

could be reduced to parametrization (2) if ¡3\ = — @2 in (1) 
or /3l = ft- in (3), i.e., if (in the framework of the string-like 
model) the longitudinal and transverse sizes of the string 
segment (radiating the BE correlated pions) were equal. Our 
data show that this is not the case. The acceptable fit of the 
one-dimensional data with (2) in [28] allows us to extract an 
averaged (over the dipion rest frames) r.m.s. radius of the 
source assumed to be of a spherically symmetric Gaussian 
form in the dipion rest frame. It does not necessarily mean 
an acceptable fit of the two-dimensional data with 0\ = ~/?2 
in (1) or /3l  =  Pt in (3).

3.3 versus QT and ql  versus Qto and Qts

In this subsection we present the results of the analysis of 
BE correlation in the framework of hydrodynamical mod­
els describing the space-time evolution of a centrally pro­
duced hadronic fireball. The evolution pattern includes the 
thermalization of the hadron matter at some proper time r , 
its longitudinal expansion (along the collision axis), and 
final breakup at a final (freeze-out) temperature Tf. For 
a centrally produced pion pair with an average rapidity 
\y | ^ \ \y \  + 2/21 < ^  (below the value Y  = 1,5 in the 
CMS is used) the Bose-Einstein correlation can be approx­
imately parametrized as (5) [19]. In contrast with the case
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y y

Fig. 6. The y-dependence of n . in the a) CMS and b) LCMS frames, ob­
tained with parametrization (5). The dashed curve is the function rL(0)/chy

of a non-expanding source for a longitudinally expanding 
source the parameter rl  in (5) is not a constant, but depends 
strongly on y and the average transverse mass of the two
pions, m r  = ¿(rruri + ^T 2) [15,19]:

r d y ) (8)

where the parameter r(y) = Tf = const is the proper time 
of thermalization for the Bjorken scaling model [7]. For the 
Landau non-scaling model (see [14]) the parameter r(y)  has 
the definition of an inverse gradient of the longitudinal four- 
velocity of the hydrodynamical flow, r(y) = (dwt/drct)“ 1, 
and may slightly depend on y (for the hydrodynamical mod­
els r (y )< r (0)). Recently, the hydrodynamical formula (8) 
has experimentally been verified by results from pion and 
kaon interferometry in nuclear collisions at 200 GeV per 
nucleon [35,36,37].

The dependence of the ratio R  on qL and Q t is plotted in 
Fig. 5 and the fit results according to parametrization (5) are 
presented in Table 4. The observed effective longitudinal size 
of Tl = 1.23 ±  0.06 fm significantly exceeds the transverse
size of 7't = 0.89 ±  0.04 fm.

The effective longitudinal size r l  at different y, shown in 
Fig. 6a, demonstrates a behavior consistent with the (chy)-1 
dependence predicted by (8) (the dashed curve). Note that 
pT dependence on y is negligible and the average trans­
verse mass {tH'y) is practically the same ((mj)  =0.36^-0,37 
GeV/c2) in all intervals of y considered.

The observed dependence r^iy) is expected to disappear 
(at r(y) ~  const) or to be reduced (at r(y) 4  const) in the 
so-called longitudinal CMS (LCMS) [38], in which the lon­
gitudinal momentum sum is zero, i.e., y* = \ { y \  + y%) = 0. 
This expectation is confirmed by the results of our analysis 
in the LCMS (Fig. 6b), indicating that the parameter r(y)  
is almost independent of y (the average rapidity of the pion 
pair in the CMS).

The data at |y| < 1.5 were analyzed in the LCMS in two 
different regions, rrir < 0.35GeV (with (mr) = 0.26 ±  0.05 
GeV) and rrij = 0.35 -r- 1 GeV (with (mr) = 0.45 d= 0.09 
GeV). The results presented in Table 5 show a decrease of 
the parameters and 7’t  with increasing ttit- The varia­
tion of Tl is consistent with the l / y / m j  dependence pre­
dicted by the hydrodynamical formula (8). Assuming the 
hadronization temperature to be of order 7}~ra7r̂ 140MeV, 
and using r^^Jmr = 0.67 ±  0.07 G eV ^fm  from Table 5, 
one can estimate the parameter

cr(2/)«cr( 0) = rL
m r
2T<

— 1.3 ±  0.2fm, (9)
f

which, being almost independent of y, can be considered as 
the source-thermalization proper time Tf at which the source 
breaks up instantly into pions.

In agreement with an unexpected observation of [36], we 
find (last column of Table 5) that rr  is also compatible with 
an \fmT scaling. In [21,23,39] this scaling has been related 
to a transverse expansion and/or transverse gradient of the 
local temperature for a cylindrical^ symmetric, longitudi­
nally expanding finite source.

A more general scenario of the hydrodynamical evolu­
tion of hadronic matter includes the transverse expansion 
of the hydrodynamical tube and a non-vanishing duration 
time Art  of the pion emission at the freeze-out tempera­
ture Tf [21,38]. In this case, the interference pattern can be 
described by the three-dimensional dependence (6) (rather 
than the two-dimensional (5)), where the ’out* and ’side5 
interferometric radii r0 and rs may differ. For example, in 
the case of non-relativistic transverse hydrodynamical flow,
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Table 4. Fit results according to parametrization (5) of the ratio R  as a function of qi and Qj, for |y”| <  1.5

7 A rx, fm n \  fm <5 e x 2^NDF CL (%)
GeV" 1 GeV“ 1

0.968±0.011 0.471 ±0.021 1.23±0.06 0.89±0.04 -0.184±0.010 0.047±0.013 603/619 63

Table 5. Fit results according to parametrization (5) of the ratio R  as a function of ql, Qt for different ranges of (my)

Range of
T T l 'l '

GeV

7 A r*L, fm r r ,  fm S

GeV" 1
e

GeV-1
x2/n d f  CL (%) \ f  (™T )

fm* GeV1/ 2
n y /  (m t )  
fm GeV1/ 2

< 0.35 
0.35-1

0.975 ±  0.014 
0.910 ±  0.034

0.499±0.025
0.366±0.046

1.32±0.06
0,99±0.13

0.98±0.04
0.65±0.07

-0.184±0.013
-0.170±0.025

0.097±0.021
0.232±0.039

711/615
616/619

0.4
54

0.67 ±0.07* 
0 .66± 0.U*

0.50±0.05*
0.44±0.07*

* errors include the dispersion in m y

the effective radius r0 along the dipion transverse momen­
tum pT is sensitive to the duration time Arf and exceeds 
the radius r s (perpendicular to pT) which measures the geo­
metrical transverse size of the hydro dynamical tube. Under 
the assumption that the freeze-out time Tf obeys a Gaussian 
distribution of width Arf < T f, the following relation holds
[38]:

r l  = r l  + 2(vt A t() ( 10)
where v j  is the transverse pion-pair velocity in the LCMS, 
the average value of which is estimated from our data as
vr  = 0.484c.

The results of the three-dimensional fit by parametriza­
tion (6) in the LCMS are presented in the first line of Table 6. 
The fit results in >  r0 > r s. The value of r 0il  is of the 
same size as that of rS9 but its statistical significance is less 
than 3 standard deviations. For that reason, and to be able 
to compare our results to earlier ones [37], we repeat the 
fit after fixing r 0}l  at value 0.0. The results are given in 
the second line of Table 6 and do not differ from the first 
line outside errors. Projections onto the three axes are shown 
in Fig. 7, using 40 MeV cuts on the non-projected compo­
nents. Note that the quoted ’side’ radius r s -  0.76 ±  0.10 
fm is close to the proton radius. Using the results of Table 6 
and the average transverse velocity v? -  0.484c, one obtains 
from (10): cArf = 1.3 ±  0.3 fm, i.e., Arf ~  Tf. The quoted 
value of Arf  does not satisfy the condition Arf < Tf which is 
necessary for the validity of (10). Nevertheless, if Arf  could 
be accepted as a rough estimate of the duration time of pi on 
radiation, then a possible interpretation of Arf ~  Tf might 
be that the radiation process occurs during all the hydrody- 
namical evolution of the hadronic matter. This pattern is in 
contrast with that observed in nuclear collisions for which 
the duration time is found to be much shorter (cAr? < 2 fm) 
than the freeze-out time CTf ^  4 fm [37].

Another distinction between interferometric data in 
hadronic and nuclear collisions is revealed when comparing 
the ratio of the freeze-out volume (proportional to r 2rjJ and 
the density of pions p(y) -  d {n~)/dy  in the central rapidity 
region. In nuclear collisions, this ratio is found [37] to be 
k = r lr^/piy)  = 2.00±0.15 fm3 for all considered combina­
tions of colliding nuclei (with atomic number varying from 
12 to 197). As concluded in [37], the constancy of k indi­
cates that the hadronic matter breaks up and radiates pions at 
constant particle density (inversely proportional to k). In our
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Fig. 7. The projections of the ratio R{qu Qto, <3ts) onto the three axes 
with 40 MeV cuts on the non-projected components. The curves are the fit 
results obtained according to parametrization (6)

experiment, r 2rL =1.01 ±0.29 fm3 and the density in the cen­
tral rapidity region (\y\ < 1.5) is p(y) =0.910±0.003 for the 
sample with two or more tt~ mesons. The ratio k =1.1±0.3 
fm3 is smaller than that for the nuclear data, indicating that 
in hadronic collisions the pion radiation occurs during ear­
lier stages of matter evolution and at higher densities than 
in nuclear collisions.
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Table 6. Fit results according to parametrization (6 ) of the ratio R  as a function of qi , Qto ancl Qts f°r |^ i <  1-5 and 0 <  q\_t Qjm Qts <  0.6GeV

ncj, 7 A 7’l , fm r 0, fm r s, fm r„,L. fm 5 e £ x 2/NDF CL (%)
GeV-1 GeV~' GeV“ 1

all 1.073±0.015 0.244±0.024 1.89±0.23 1.28±0.15 0.75±0.10 0.81±0.34 -0.313±0.020 -0.068±0.019 -0.239±0.016 3400/3366 7
all 1.075±0.015 0.247±0.024 1.75± 0.20 1.18±0.13 0.76±0.10 0.0 -0.315±0.020 ~0.067±0.019 -0.240±0.016 3491/3367 7

<10 0.929±0,100 0.245±0.088 1.41±0.26 1.06±0.23 0.68±0.12 0.0 -0.41Ü 0.102 -0.035±0.090 -0.177±0.074 3658/3367 0.02
>10 i.087±0.015 0.236±0.025 1.81±0.21 i.23±0.14 0.79±0.U 0.0 -0.321 ±0.020 -0.086±0.019 -0.260±0.017 3562/3367 1

In lines 3 and 4 of Table 6, the fits according to (6) are 
repeated in two charged particle multiplicity ranges. For n <
10 [p(y) = 0.500±0.001] and n > 10 [p(y) = 1.120±0.002],
we obtain k = 1.3±0.5 and 1.0±0.3, respectively. Therefore, 
here also, k does not depend on the density, even though 
such a dependence cannot be excluded because of the large 
statistical errors.

It is interesting to compare our results related to the 
transverse evolution of the hadronic matter with predictions 
of the Bjorken hadronization picture of an expanding shell 
[40]. The latter is supposed to be a single layer of closely 
packed pions. Just after the hadronization, the average dif­
ferential multiplicity d(n)/dydip (per unit of rapidity and az­
imuthal angle) of pions, seen in the reference frame where 
they emerge at 90° , is related to the squared transverse 
radius of the source shell at the hadronization time:

Rl  = (1 . 2fm) d(rc)
dydip ( 11)

Assuming (n) = 3(n_), we obtain: d(n)/dydtp = 0.434, and 
R h ~ 0.79fm. This result agrees with the ’side’ radius r s = 
0.76 ±  O.lOfm (Table 6) measured in the LCMS where a 
pion pair emerges at 90°.

The thickness of the shell predicted in [40] is between 
0.2 — 0.4fm (if the collision has occurred between only one 
pair of constituent quarks) and 0.5 — l,5fm (if more than 
one pair of quarks has participated in the collision). On the 
other hand, the finiteness of the shell thickness can be at­
tributed to the non-vanishing duration time of hadroniza­
tion and the transverse flow of pion pairs, which lead to 
a non-vanishing difference between ’out’ and ’side’ radii, 
tq ~  r s = 0.42 ±  0.16fm (see Table 6). This difference, 
which can be considered an effective thickness of the radi­
ating shell, is within the range predicted in [37].

3.4 qj versus qo

The ratio Riqj^qo) is shown in Fig, 8. The fit results ac­
cording to parametrization (7) for q? < 1 GeV and differ­
ent ranges of the variable qo (in the CMS) are presented 
in Table 7 and Figs. 8b-8f. The description of the data at 
qo <  0*3 GeV and 0.6 GeV is better than that obtained by 
the volume-emitting Gaussian parametrizations discussed in 
Subsect. 3.1 or that of string-like models described in Sub­
sect . 3.2. At go < 0-15 GeV, the quoted values for A and rk 
are consistent within errors with those obtained for the pion 
induced data in our experiment [28], The results obtained 
for r  differ, however; the reasons being that in the present 
work:
i) the combined 7t+/ K + data are used;
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Fig. 8. a) Lego plot for the ratio R(qr,Qo) at 0 <  qr <  1 GeV and 
0 <  qo <  0.6 GeV and (b-f) its slices in different intervals of q$. The 
curves are the fit results obtained according to parametrization (7)

ii) the fraction of a given multiplicity in the reference sample 
is taken equal to that in the real event sample (see Sect. 3),
iii) an overall normalization is used for the two-dimensional 
plot (Fig. 8), while in [28] 5 slices of the two-dimensional 
plot are normalized independently,
iv) a background factor (1 + 6qr  + eqQ) is introduced in (7 ) 
(absent in [28]).

The confidence level of the fit is low (1.1%), particularly 
due to the low value of the model prediction at low qo and qj 
(see Figs. 8a and 8b) consistent with the power-law behavior 
observed in [31]. The averaged parameters characterizing 
the space-time structure of the source are estimated to be 
rK = 1.44 ±  0.18 fm, cr = 1.2 ±  0.2 fm, A = 0.42 ±  0.04. 
The quoted errors include the dispersion of the parameters 
due to different ranges of qo.

Note that, despite the satisfactory description of the data 
with parametrization (7), the extracted parameter tk should 
be considered as a mean radius of the source approximated
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lable 7. Fit results according to parametrization (7) of the ratio R  as a function of q-\ and <70 for different ranges of qo (at <  1 GeV)

Range of ço 
GeV

7 A ne» fm ct, fm 8
GeV 1

€
GeV“ 1

X2/NDF CL(%)

0-0.15
0-0.30
0-0.60

1.151 ±  0.026 0.423 ±  0.035 1.54 ±  0.08 1.30 ±  0.18 -0.183 ±  0.026 -0.090 ±  0.094 240/194 1.1 
1.133 ±  0.023 0.422 ±  0.028 1.45 ±  0.07 1.23 ±  0.12 -0.167 ±  0.022 -*0.074 ±  0.037 406/394 35. 
1.130 ±  0.015 0.425 ±  0.022 1.44 ±  0.06 1.13 ±  0.09 -0.155 ±  0.014 -0.114 ±  0.015 820/794 26.

Table 8. Fit results according to parametrization (7) of the ratio R  as a function of qj and q$ for different ranges of qo (at <  1 GeV)

Range of go \coa6\ 
GeV

7 A tk* fm cr, fm 6
GeV-1

e
GeV“ 1

X2/NDF CL(% )

0-0.15

0-0.30

0-0.60

0-0.3 1.049 ±  0.060 0.417 ±  0.073 1.49 ±  0.17 1.71 ±  0.40 -0.245 ±  0.064 0.128 ±  0.192 240/194 1
0.3-0.7 1.045 ±  0.052 0.386 ±  0.052 1.43 ±  0.14 1.44 ±  0.34 -0.200 ±  0.047 -0.071 ±  0.158 237/194 1.5
0.7-1 1.058 ±  0.035 0.500 ±  0.065 1.72 ± 0 .1 2  1.09 ±  0.27 -0,141 ±  0.039 -0.137 ±  0.155 228/194 4.5

0-0.3 0.989 ±  0.093 0.468 ±  0.102 1.30 ±  0.20 1.50 ±  0.29 -0.152 ±  0.097 -0.052 ±  0.142 473/394 0.3
0.3-0.7 1.022 ±  0.052 0.383 ±  0.057 1.31 ±  0.13 1.29 ±  0.23 -0.178 ±  0.053 -0.027 ±  0.077 429/394 12
0.7-1 1.060 ±  0.028 0.457 ±  0.048 1.67 ± 0 .11  0.95 ±  0.14 -0.150 ±  0.030 -0.105 ±  0.054 409/394 30

0-0.3 1.023 ±  0.037 0.425 ±  0.051 1.35 ±  0.12 1.46 ±  0.21 -0.170 ±  0.039 -0.179 ±  0.041 1003/794 0.001
0.3-0.7 1.051 ±  0.025 0.359 ±  0.037 1.36 ±0 .11  1.43 ±  0.21 -0.209 ±  0.024 -0.043 ±  0.029 826/794 21
0.7-1 1.057 ±  0.020 0.439 ±  0.038 1.59 ±  0.09 0.87 ±  0,10 -0.141 ±  0.020 -0.134 ±  0.020 826/794 21

by a spherically-symmetric form. The fit results according 
to (7) at different intervals of angle 9 between the vector 
q and the collision axis are presented in Table 8. One can 
see that the longitudinal size of the source (at | cos 6\ > 0.7) 
exceeds the transverse one (at | cos 61 < 0.3). The depen­
dence of BEC on the orientation of q observed recently in 
[28,29,41,42] also grants a prolate form of the particle emit­
ting region. Note the extracted value t  of the mean radiation 
time also reveals angular dependence. Contrary to r*K, how­
ever, it decreases with increasing |cos0| (see also [28]).

4 Summary

Bose-Einstein correlations have been studied in two and 
three dimensions for pairs of negative pions in (7r+/K+)p-
interactions at 250 GeV/c.

In the variables q2 and <3$, our data exclude a volume- 
emitting fireball-like spherically symmetric source with a 
Gaussian space-time distribution (parametrization (1)). Con­
trary to data from e+e~ and /xN collisions, our data, further­
more, cannot be described as a function of the single variable 
q 2 = q2 __ q2 an(j are inconsistent with parametrization
(2). The space-time evolution of multiparticle production, 
therefore, is different in hadron- and lepton-induced reac­
tions.

Our data do not confirm the expectation from the string 
type model [10], which predicts an exponential rise of 
the BE correlation function in the region of negative Ql 
(parametrization (3)). Comparatively more successful is the 
description in the variables \QW and Q j  used in the frame­
work of the string model developed in [8].

A good description of our data is, however, achieved 
in the framework of the hydrodynamical expanding source 
model. The two-dimensional analysis (parametrization (5)) 
reveals the y- and mr-dependence of the longitudinal inter- 
ferometric radius Tl predicted by the model (formula (8)).

The proper freeze-out time of hadronic matter is estimated 
to be CTf = 1.3=L0.2 fm (at 7} = 140 MeV). The three- 
dimensional analysis (parametrization (6)) leads to the re­
lation t l  > To > t\j, with the ’side’ radius (assumed to 
measure the geometrical transverse size of the hydrodynam- 
ical tube) r s = 0.76 ±0.10 fm. An indication is obtained that 
in meson-proton collisions the pion radiation occurs during 
earlier stages of matter evolution and at higher densities than 
in nuclear collisions.

Alternatively, (except for the smallest qr  and qo) our 
data are also described in the framework of a non-expanding 
surface-emitting fireball-like source with mean radius tk  = 
1.44 ±  0.18 fm and mean decay time cr  = 1.2 ±  0.2 fm 
(parametrization (7)). The shape of the fireball is found to 
be prolate rather than spherically symmetric.
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