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Abstract

An approach to approximate a global attractor of a semidynamical system
with error estimates in Hausdorff metric is presented. This approach is based
on the properties of a function of rate of attraction to an attractor and on some
new results for an unstable manifold in a neighborhood of an essential nonhy-
perbolical point. For some classes of the semidynamical system we construct an
unstable manifold in the neighborhood of a fixed isolated point, prove that each
trajectory is attracted to the manifold and find the function of attraction.

1 Introduction

The theory of the «, w-attracting sets for a semidynamical system in a compact space
was constructed fifty years ago. Main goal of this theory is to find the minimal closed
set attracting each trajectory as the time tends to infinity.

The first results for a semidynamical system corresponding to ordinary differential
equation in a noncompact space X were proved in [1] by Dj. Hale. At the same time,
O. Ladyzhenskaya [2] constructed the set M for the Navier-Stokes equations in the
2D case. She proved that M is defined as a set which is compact, invariant, minimal
among the closed sets attracting uniformly any bounded subset B C X. The set M
was called a minimal global B-attractor. Now the M is called [4] a global attractor.

Later on, this result was reconstructed for so-called semigroups of genus one [5]
whose resolving operators are completely continuous and proved [3] for semigroups
of genus two. The Navier—Stokes equations, heat convection equations, equations of
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magnetohydrodynamics for viscous incompressible fluids, quasilinear parabolic sys-
tems for which one-valued solvability is proved related to those classes.

The theory of attractors for evolution equations has been studied by A. Babin, M.
Vishik, O. Ladyzhenskaya, R. Temam and by their followers.

The compactness property of a global attractor admits to construct an attractor
finite approximation e-net M?®. There are two basic directions to solve this problem.
The first of them [6] is based on attracting property, and the other one [7] is based
on a possibility to invert the operator S(¢, h) for h € M. In the current work we deal
with the first algorithm and realize numerically the wellknown formula

M =[S, Ba)l,

>0

where B, is a bounded set attracting each trajectory.

The first problem for this approach was pointed out in [5]. There an example
was constructed where the attractor for each finite subset of B, does not equal M.
Moreover, when we solve this problem numerically we perturb the original operator
S(t,h) to S(t,h) and find the attractor M of the new semidynamical system.

The problem of closeness of attractors of two semidynamical systems under the
closeness (in some sense) of their resolving operators was considered beginning [8, 9]
by many authors.

The most powerful test for the attractor My being in Og(M ), with Oz(M,,) the
e-neighborhood of M, was proved by Kapitanskij and Kostin, see also [3]. Later on
this question was studied in [10]- [18]. For the semilinear parabolic equations this fact
was proved in [9], [13]. In [14] this problem was studied for the Navier-Stokes equations
in Q C R?, in [15] it was studied for one modification of the Navier-Stokes equations
in Q C R® (this modification corresponds to the algebraic turbulence models).

In the general case the closeness is absent. The method of attractor approximation
by means of some sets converging to it as the approximate operator tends to the
operator of the initial semidynamical system was considered in [6]. In the current
work (see [15]) we essentially simplify the structure of approximating sets and give
estimates of closeness of an attractor and approximating sets in an explicit form [16]
in a Hausdorff metric.

This approach is based on properties of a function of rate of attraction to an
attractor. This function has appeared in [3], [17], [5], [18], [19].

We shall construct this function for gradient dynamical systems based on some
new results for unstable manifolds in a neighborhood of an essential nonhyperbolical
point.

2  An attractor approximation

Let X be a Banach space with norm || - ||, @ be a nontrivial subgroup of the real
numbers R and let @, = QN [0, +oo[ be the intersection of @ and R;. We shall deal
with the abstract semigroup {X, @, 5(-)} of a nonlinear operator S: X x @, — X.
The term semigroup or semidynamical system refers to any family of singlevalued



continuous operator S depending on a parameter ¢t € Q and enjoying the semigroup
property:
S(t175(t27u)):5(t1 +t27u)7 Vii,l0 € Q4 ,Vu € X.

A Banach space X is a phase space of a semigroup, Q is a time space and S(-) is an
evolution operator. When @ = R a semigroup is a semigroup with continuous time.
Let B and M be bounded subsets of X. We say that B is attracted to M by the
semigroup S(-) if
dist(S(t,B), M) -0 ast— oc.

Here
dist(A, B) = sup {dist(y, B)}, dist(y, B) = inf ||z —y]|.
yEA zEB

A set M is called an attracting set of the semigroup if M attracts each bounded
B € X. The minimal one among the closed attracting sets is called the global
attractor [4] (minimal global B-attractor [5]). The global attractor of a semigroup is
defined as the set M which is compact in X, invariant for S(-), i.e.

SEM)y=M, t>0.

and which attracts all the bounded sets of X.

Later on we need the following definitions, see [5].

A set B, is called absorbing if for each bounded B C X and for each £ > 0 there
exists T' = T'(e, B) such that

S(t,B) C B,, Wt>T.

If a semigroup possesses a nonempty bounded attractor M then for arbitrary
£ > 0 the set O.(M) is an absorbing set. Here O.(M) is the e-neighborhood of M,
ie.

O:(M)={u:Fve M, |uv—2v|<e}.

A semigroup is called bounded if for each bounded B the set S(¢, B) is bounded
for any ¢ > 0.
A semigroup is called pointwise dissipative if it has a pointwise absorbing set By

Vee X, ITM(x):  S(t,z) C B, foranyt > T(z).

A semigroup is called asymptotically compact if for each bounded B such that
S(t, B) is bounded for any ¢ > 0 each sequence of the form

{S(tk7uk)}zi1 , T o0, u € B

is precompact.
The following theorem holds, see [5].



Theorem 1 Let the semigroup {X, Q4+, S()} be a continuous bounded pointwise dis-
sipative asymptotically compact semigroup. Then there exists a non-empty attractor

M
M= [)[S(tBa)ly -

>0

M is compact and invariant. If X is connected then M is also connected.

Consider the problem of approximation of M with respect to perturbations of the
original operator S(-).

Suppose that a semigroup Sx(-) : X — X is depends on a parameter A € A. We
assume that the following conditions (a)) hold:
a1) A is compact with respect to the metric || - ||o and A is a nonisolated point of A.
ag) For each A € A the semigroup {X, @4, S\(-)} possesses a pointwise absorbing set
B and non-empty attractor M.
asg) There exists a bounded absorbing set B, and for each A € A a set By belongs to
the set B,.

By definition, each e-neighborhood O, (M,) is an absorbing set. Assume that we
know a function ©(A, ) = ©(A, ¢, B,) such that

dist(Sx(t, B,),M)) <&, ast > O(g, A).

Theorem 2 Under the assumptions (a)
(i) Assume, that for any e > 0 there exists 6 > 0 and a point Ty, > O(Ag, ) such
that
||S>\(T>\O7u) — SAO (T)\WU)H <e Yue Ba7 VA e 05()\0) (1)

Then the attractor My is upper semicontinuous in the point Ao and the following
estimate holds

dist(My, My,) < 2¢. (2)

(i) Assume, that for any e > 0 there exists § > 0 such that
for arbitrary X € Os(Xg) there exists a point Tx = T(A) > O(\, &) satisfies the
following estimate

||S>\(T>\7u) — SAO(TMU')” <e Yue B,. (3)

Then the attractor My is lower and upper semicontinuous in the point Ao and the
following estimate holds

max {dist(My,, My), dist(Mx, Mx, )} < 2¢. 4)

As was noticed the most natural set, the attractor M of the semidynamical system
{X7 ., 5*()}7 allows one to approximate only a part of the attractor M, i.e., M C

O.(M). Here, generally speaking, the inclusion is strict. The inverse inclusion, i.e.,
the continuity, holds only for some classes of the dissipative system.



To approximate the attractor of initial semidynamical system, we consider the
following set:

B = {h € Ba,i=1,2,...Ny | Yhe B, Ji, : |[hs, —h|| < g}.

Here B, is an arbitrary absorbing set.
Let X be a compact metric space where semidynamical systems {X, Q4+, S(-)} and

{X , 94, S ()} are given and these two systems have a common bounded absorbing

set B, and satisfy for Vh, h € B, the following inequalities
||S>\0(T7 h) _SAO(T7 ib)” < L”h_ﬁ”7 ||S>\0(T7 h) _SA(T7 h)” < d. (5)

This estimate means that S(-) is continuous with respect to its second argument and
the operators S and S are uniformly close on elements of the absorbing set B,.
Suppose T' > O(Ag, e1, B,), i.e. each trajectory attracts to the £i-neighborhood
of M:
Sx(t,h) C O (M), YVt >T,Vhe B,. (6)

The following statement holds.

Theorem 3 Under the assumptions (5), (6) let the set BE be a finite c-net in the set
B,. Then the set By = S, (T, BE) satisfies the following injections:

B C OEI+5(M)7 MC 05+L5(Bl)~

Note that while the algorithm enables us to approximate the attractor of the initial
problem with the required precision by means of a finite number of arithmetic op-
erations when we know the function ©(-), it is useless now when dim(B,) is greater
then 10. The reason is that it requires solution for each element of B. on the time
point T" > 1. The current algorithm was tested on a parallel computer under a T-
system for the Lorenz [4] and for the 1D Chafee-Infante [18] problems. A T-system
is a modern programming environment for a parallel computers and clusters which
provides dynamic parallelization of programs written in a simple extension of C lan-
guage. The original sequential C-program for attractor computation achieves efficient
parallelization on 32-processor Linux cluster after insertion of a little amount of TC
programming language keywords. The nice property of a T-system technology is a
transparency of the used C-syntax extension, what makes a possibility to develop and
run programs written in TC language without cluster and a T-system installed same
way as normal C program. Attractor computation program is a simple but real-life
example used as demonstration in a ” Super-Computing Initiative — Phoenix” (”Su-
perKomputernaja Iniciativa — Feniks”, SKIF) Russian-Byelorussian supercomputer
project. For references see http://cluster.msu.ru and other links.

3 Global attraction to an attractor

Assume that for a bounded B the estimate

dist(S™(B), M) < ¥(n)


http://cluster.msu.ru

holds for each n > 0. Then we say that M attracts B via the operator S(-) at the rate
. We shall construct the function ¥ for a gradient semidynamical system possessing
a finite number of fixed points. This result is based on the local function of attraction
to the attractor in some neighborhoods of fixed points and on a global estimate for a
Lyapunov functional.

Let us consider the rigorous results. Later on we deal with a discrete semigroup.
Let 7, = {nto,n € N, }, tg > 0, S(h) = S(to, h) and S*(h) = S(tok, h). According
to theorem 1 the above result can be adopted to a discrete case.

Assume that the following conditions (3) hold:

1) The discrete system {S"“(~)7 ke N+} on a bounded subset B, of a Banach space
possesses the compact global attractor M.
(2) The operator S(-) is a Lipschitz continuous on B, with a Lipschitz constant L.
33) There are a set of neighborhoods O; C B,, 1 <4 < N, such that S(0;)NO; =0,
as i # j and a set of decrease functions ¢;(n) of rate of attraction to the attractor
M, ie.

dist(S™(h), M) < ¢;(n), for S¥(h) € O;, as0 < k < n. (7)

N
Define the set Og = B, \ U O;.
i=1

£4) Each trajectory {Sk(h)}:io possesses in Oy less than ng points, ng does not
depend on h € B,, i.e.

mes{ {S*(n)}" ;N Oo} <o, Vhe B,
The next theorem gives us the global function of rate of attraction to an attractor.

Theorem 4 Under the assumptions (3) the following estimate is valid

n

dist (S0 (Ba), M) < L2"4([ D, (k) = max (k)

ng+ 1 1<i<N

forn > 0.

Proof. Let ¢o(n) = L™ be a local function of rate of attraction to an attractor as
h € Og. Then the theorem can be proved in the same way as [18]. The theory of
iterated function systems [26] also permits one to construct the function ¥ for L < 1.

The conditions (/31 2) are valid for a semigroup of genus two [3], the condition (34)
is verified for a gradient dynamical system possessing a Lyapunov functional.

A continuous function V : B — R is called a Lyapunov functional for S(-), if
V(S(h)) < V(h) Vh € Bt >0, for S(h) # h.

For a gradient system we may assume that

O0<ov<V(h) <V, VheB,

and rewrite condition ;) in the following form.



;) There is a set of neighborhoods O; C O;, 1 < i < N, such that S(O;) C O; and

N
V(S(h) <qV(h), q<1, VheOy=B,\|]JO:
i=1

The above estimate, together with ny = [logl/q %] + 1, gives us the condition (/3,).
The condition (/3}) is valid, for example, for the following semidynamical system [21]:

d
d—f +VF(x) =0, Flz)eC*(B,), max F(x) < nf Fla)ze R

Note, that for a gradient system one can prove the continuity property for the attrac-
tor.

To construct the local function of attraction to an attractor, which is required in
the condition (33), let us consider the concept of an unstable manifold [22].

Denote by W(S, O) an unstable invariant set of an operator S(-) on O

W(S7O) = {UO €O :Fu, € O,u, = S(uk+1)7 k=0,1,2, } .

The following theorems hold.
Lemma (O.A. Ladyzhenskaya) Let a discrete semigroup {S*(-),k € N;} in a
closed subset B of a Banach space possess a compact attractor M. Then

M = W(S,B).

Lemma (O.A. Ladyzhenskaya, I.N. Kostin) Let a semigroup {S*(-),k € N.} in a
closed subset B of a Banach space possesses a compact attractor M have a Lyapunov
functional and the set of fized points Z(S) = {2 : S(z) = zl}j\il of S(-) be finite.
Then

M=) U s" s 0.,

2€7(8) keN .

the sets O, being arbitrary small neighborhoods of the points z.

4 Neighborhood of a fixed point

The classical results for the hyperbolic sets deal with the structure of the stable and
unstable manifolds in a neighborhood O of a fixed hyperbolic point. One can prove
that the unstable manifold M™ attracts O via operator S(-) at the same exponential
rate ¢. For more details see, for example [22; 23]. However when a spectrum of
the linear part of the original operator S(-) has the eigenvalue p : |u| = 1 a rate
of attraction is a polynomial and we may use the classical results for the specific
semidynamical systems [18] only.

Later on we present a generalization of the hyperbolic theory [18, 24] to the non-
hyperbolic case. For some classes of the semidynamical system we shall construct an



unstable manifold in a neighborhood of a fixed isolated nonhyperbolic point and esti-
mate the rate of attraction to the manifold. These considerations suggest the concept
of a polynomial contraction mapping.

Let F' be a mapping of a metric space U into itself. Then w is called a fixed
(stable) point of I if F(u) = u. The mapping F' is said to be a weak (or polynomial)
contraction mapping when there exists «, p > 0 such that

plug, us)
Fluy), Flug)) < 8
p( ( 1) ( 2)) — (1+app(u17u2))1/p ( )
for every pair of points wi,us € U. The great variety of contracting mappings was
studied in [25].
Corollary. Fvery weak contraction mapping I' defined on a complete metric space
has a unique stable point
Flu) = u.
For each point u® the iteration process u"t! = F(u™) tens to the stable point and the
following estimate holds

n plu, u’)
ple " (u7)) < (1t napp(a,a®)) /7"

This corollary can be proved in the same way as the classical results for a contraction
mapping. Note that for given I’ we have

) : plu, uz)
p(E" (ur), I (u2)) < (1 + napP (uy, ug)) /P’

o0
and the sum Z p(F™ (u?), F* 1 (w®)) is finite and depends only on p(u®, F(u”)).
n=0
The weak contraction mapping (8) for the semigroup corresponding to the Chafee-
Infante problem was studied in [18]. For some discrete semigroup one can prove that

p(F(u1), Fuz)) < plug, ug)(1 — ap? (us, up)),

which implies (8) with p = max{1, 5}.

Let us construct the unstable manifold in a small neighborhood of a fixed point
S(-). Let z = 0, otherwise replace S(-) = S(z + -) — 2. We assume that the following
conditions (a) hold:

ag) The operator S(-) : H — H be the continuous mapping on a Banach space
H with respect to the norm || - || and S(0) = 0; there exist the bounded projections
P.,P_: H — H, a bounded linear operator L : H — H, the nonlinear mapping

R(h) = S(h) — Lh such that
ar) PrPo=I [Py =P = 1,
ay) L(P.H)=P.H, L(P_H)CP_H,
as) ||Lell = (L+0)l|al, Yo € PiH, 8y 20,
an) Lyl < (1 =o)llyl, vyeP-H, o >0,
as) [B(hy) = Rkl < 0(max{llball, lhsll} ) 1ox = boll, ¥hi € 1



with a continuous positive monotone nondecreasing function

0+ 0(0) = 0, max o(|1h]) < 1/2,

where z,y, h; are arbitrary elements possessing to O C H. When é,,_ > 0 the point
z=0 is a hyperbolic point otherwise is a nonhyperbolic point.
By the (a5) we have

as,) 1Px (R(ha) = R(ha) )| < 0maxcll|psll Bl }) (llzs = 2l + lgs — w211,

here xTr; = P+hi7 Y; — P,hl
Replace the operator S(h) = Lh+ R(h) for h=xz+y, z € PL(O),y € P_(O) in
the following way

S(h) = { Si{z+y)=Lixz+ R (x+y), here SL(-) = PLS(")
S (z+y)=L_y+R_(z+y), Ly = PLL, Ry() = PLR().

Let us consider the set A, (O) of continuous functions g(z) : P+ O — P_0O, such that

9(0) =0, [lg(z1) —g(@2)|| <~vllz1 —wal|,

and introduce the notation: Sy (z + g(z)) = Sy 4(x), h =z + g(z).

Lemma 1. Under the assumptions (a) let v < 1. Then the equation Sy (x +
g(z)) = x possesses the unique solution € PLO for any g(-) € A, (O) and each
X € P+O

Proof. According to (a4), (as,) the operator L11R+(g(x) + z) is a contraction
mapping and the equation S, (z + g(z)) = Lyz + Ry (g(z) + ) = x possesses the
unique solution z for any xy € P.O: =z = S;lg(x)

We shall construct the manifold MT = {z + g(z),z € PL H} with g € A, (0),
prove that M™ attracts each trajectory and find the rate of attraction.

Theorem 5 . Let the mapping S(-) in O = {h: |z|,|y| < r} satisfies the above
assumptions (a). Suppose in addition that for some «y, corresponding to

N =1, 5, =6_ =0,
Y1 =83+ 0((r+ Dr) (v + 1)
S’y<17 5++(57>07
1oy =[50 Dr) (4 1)
(0, & =0,
[6+]{ 1, (5+7£0

there exist o > 0,p > 1 such that, for any x, = € PLO, y € P_O and any
g(-),9(-) € A (O) the inequalities (b) hold

b) IS (@) = S (@ + 1S4 (w) = S5 <
< (1= allg@) - 3@ )lg(@) g, 1 - a2l >0,

ba) 1S-y(@) = Sy ()] < 12—,

bo) [1S4g(2) =Sty (@) = o 2.



Then

1. There exists the manifold Mt = {z + g(x),z € PLH} assigned by g: PLH —
P_H in A,(O).

2. The manifold is an invariant set S(M1) = M™, there exists the inverse
mapping S~ (m),n=1,2,... for Ym € M and S7"(m) C O.

3. The following estimate is valid

dist(M*, 57 (h)) < 271

o, as S(h) € 0,0 < k <
S AT napeye @ We0.0sksn

Remark. According to (as), (b 3) we have
15— g(@) =S (@) < (1 =6 )y +6((v + Dr)(y + )|z — &

154 9(2) = Sp (@) 2 (1464 =[5 10((y + D)) (v + 1)l|l= — 7]

Proof of the theorem. Let us fixed the unstable manifold M™ in the following
way
y=g(z), ze€PLO.

We shall find the mapping g(z) in the class A.,(Q) which was described above. The
invariance of M™ gives us

g(Si(z+g(x))) =5 (z+g(x)), or g(Sy 4(x)) = 5 4().

Inverse the operator S ,(x) = x and rewrite the above equality in the following form

alx) = 5- 4 (S75(x) = Flg, x)-

This equation defines the mapping ¢(-). In oder to prove the solvability of this problem
we make use of Newton’s like method

9" ) = Flg" x). (9)

According to remark, for 61 +d_ > 0, we have
1F (g, %) = Flg. 0Nl = 15-,4(ST5(x)) = 5- 5 (S5, (O <

S (1 =6 )y +0((y + Dr)(y + IIST 00 = ST <

c Q= v+ (v + r)y +1)
T4 = [0 0y + D) (v + 1)

| F (g, x) — Flg, )l <~lIx —xl

17 (g )1 < ~lIxll,

which implies that the operator F be a mapping of the set A,(O) into itself. Similar
inequalities one can prove with (b 3) as 6L =6_ =0and v=1.

lIx = Xl < vllx = xl

10



Now we shall prove, that the operator F is a weak contraction operator on A, (Q)
with respect to the metric C(P,O): max gl = lg|. Assuming 6+ +d_ > 0 we
XEFy

obtain
1F(g,x) = F (@2l = 15— 4(S55(x)) = 5 5( Ig( <

)
S N8-g(S7500) = 8= g (57 O+ 18- 5(5T 5 (x)) = S-5(ST 500 <
< 15-6(ST () = 8- 5(57 500 ||+
H(L =32y +0((y + Dr)(y + DIIST 00 = ST (0

By the definition we have z = S;lg(xL = S;j(x) and S+7g(x) = x = S ;5(@).
Subtract from the both path the term S, ;(z) and with remark we obtain

154 ,9(x) =54 (@) = 154 5(F) = 54 g(«)]| =

Z (Lo = [0 ]0((y + Vr)(y + D)l — 2|
This implies with (b1) the following estimate

1F(g:2) = F(g, 20l < 15 g(2) =S 5(@)I| + 71154 4(x) = 54 5(2)]| <

< llg(w) — 36} (1 = allg(@) - 3(=))1). (10)

This inequality is valid for any x and we have

F(9) = F@)I < o) = 5@ (1 = allg(@) - g()|17).

)
) —

The right hand side of the inequality is monotonically increasing in ||g(z) — g(z)| as
z € PO and hence

. . _ g—9g
F9) = F@I < lg -3l (1 - alg - 51") < ( = g
1+ alg—gp

In this way the mapping F(g, x) is a weak contraction mapping. According to lemma
this mapping has the unique stable point g, and the iterative process (9) tens to the
g for each initial data, for example, g° = 0. The manifold M is constructed.

The existence of the inverse mapping for S(h) when h € M is followed from the
existence of the inverse mapping for the S| g(x). Moreover, this implies with (b3) the
inequalities

15T 5@l < Nl 15775 @) < llll,

and inclusions S~"(m) C O as n > 0.

Let us prove that each h = x+y € O attracts to M*. Choose any point h' = S(h),
there is the point m! € M* such that m! = P, S(h) + g(P; S(h)). The invariance of
M| together with the inequality (b;), gives us

1h" —m|| = |[P-S(h) — g(P+S())I| <

11



<|P-S(y +z) — P-S(gly) +2)|| + [lg(Py S(gly) +z)) — g(PyS(y +2))|| <
<|NP-S(y+z) = P-S(g(y) + )| + | P+S(y +2) — P+ S(g(y) + )| <

ly —g(z)|l
= (L+ally —gla)|p)l/e

Whence
distg(MT, 8" (h)) < ||p™ —m™| <

ly —g(z)|l
(1+ nally — g(z)||P)/e’

where m™ = P (h™) + g(Py(h™)) € M*. The theorem is proved.
The above theorem implies.

<

Theorem 6 Under the assumptions of Theorem 5 suppose in addition that for the
operator Sy (x) the following estimate is valid

b)) 1S4g@I = (14 B2l lall, 5> 0.q21

for Yz € O. Then for any m € M™T we have

" ||| k
|57 (m)| ZW7 Sfm)e 0, 0<k<n

o r ~ . _
S (m)]| < W7 B=min{s,[r[ T} n=1,2, ..
[s7"(m)| =0  n—o0

Proof. The existence of the inverse mapping for S(h) as h € M follows from the
assumptions of the theorem. This, together with (b4), implies

B
(1= llefa)t/a

with some (3 = min{3, |r|7?}. The above inequality gives us

154 (= + (=)l =

[l

15600l € ==,
e (14 nBlxlle) /e

S+,g(x) - X7

and [[S7(x)|| — 0 as » — co. Which, together with the continuity of the mapping
g, shows that ||S™"(m)|| — 0 as n — oo. This completes the prove.

It should be noted, that for §_ > 0 the assumptions (a), (b) and the condition on
~ are valid for some O, C O and r > 0. Moreover, it is easy to prove that

B IS g(@) = S 5@l + 1S4 o(w) = Sy ()] <
< (1=0-+2000+7))llg() - 5]

Hence the current result implies the classical theorem [23] for an unstable manifold
in a neighborhood of a fixed hyperbolic point:
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Theorem 7 Under the assumptions (a) assume that 6 = 6+ = d_ > 0 and for the
given operator S(-) 1 H — H the following estimate holds

|R(h1) — R(ha)|| < 0|h1 — hol, hs€ H, 6 < 6/2.

Then the inequalities 1,2 of Theorem 5 are valid.
3. The manifold M™ attracts each point h at the exponential rate

dist(M, S™(h)) < (1 — 6 +20)"2r.
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