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Abstract

An n-dimensional Riemannian space V n is called a Riemannian space
with cyclic Ricci tensor [2, 3], if the Ricci tensor Rij satisfies the following
condition

Rij,k +Rjk,i +Rki,j = 0,

where Rij the Ricci tensor of V n, and the symbol ”,” denotes the covariant
derivation with respect to Levi-Civita connection of V n.

In this paper we would like to treat some results in the subject of geodesic
mappings of Riemannian space with cyclic Ricci tensor.

Let V n = (Mn, gij) and V
n
= (Mn, gij) be two Riemannian spaces on

the underlying manifold Mn. A mapping V n → V
n is called geodesic, if it

maps an arbitrary geodesic curve of V n to a geodesic curve of V n.[4]
At first we investigate the geodesic mappings of a Riemannian space with

cyclic Ricci tensor into another Riemannian space with cyclic Ricci tensor.
Finally we show that, the Riemannian - Einstein space with cyclic Ricci

tensor admit only trivial geodesic mapping.
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1. Introduction

Let an n-dimensional V n Riemannian space be given with the fundamental tensor
gij(x). V n has the Riemannian curvature tensor Rijkl in the following form:

Rhijk(x) = ∂jΓ
h
ik(x) + Γαik(x)Γhjα(x)− ∂kΓhij(x)− Γαij(x)Γhkα(x), (1.1)

where Γijk(x) are the coefficients of Levi-Civita connection of V n.
The Ricci curvature tensor we obtain from the Riemannian curvature tensor

using of the following transvection: Rαjkα(x) = Rjk(x)1.

Definition 1.1. [2, 3] A Riemannian space V n is called a Riemannian space with
cyclic Ricci tensor, if the Ricci tensor of V n satisfies the following equation:

Rij,k +Rjk,i +Rki,j = 0, (1.2)

where the symbol ”,” means the covariant derivation with respect to Levi-Civita
connection of V n.

Definition 1.2. [4] Let two Riemannian spaces V n and V
n
be given on the un-

derlying manifold Mn . The maps: γ : V n → V
n
is called geodesic (projective)

mappings, if any geodesic curve of V n coincides with a geodesic curve of V
n
.

It is wellknown, that the the geodesic curve xi(t) of V n is a result of the second
order ordinary differential equations in a canonical parameter t:

d2xi

dt2
+ Γiαβ(x)

dxα

dt

dxβ

dt
= 0. (1.3)

We need in the investigations the next:

Theorem 1.3. [4] The maps: V n → V
n
is geodesic if and only if exits a gradient

vector field ψi(x), which satisfies the following condition:

Γ
i

jk(x) = Γijk(x) + δijψk(x) + δikψj(x), (1.4)

and

Definition 1.4. [1] A Riemannian space V n is called Einstein space, if exists a
ρ(x) scalar function, which satisfies the equation:

Rij = ρ(x)gij(x). (1.5)

1The Roman and Greek indices run over the range 1, . . . , n; the Roman indices are free but
the Greek indices denote summation.
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2. Geodesic mappings of Riemannian spaces with
cyclic Ricci tensors

It is easy to get the next equations [4]:

Rij = Rij + (n− 1)ψij , (2.1)

where ψij = ψi,j − ψiψj and

Rij,k =
∂Rij
∂xk

− Γ
α

ik(x)Rαj − Γ
α

jk(x)Rαi, (2.2)

where Γ
α

ik(x) are components of Levi-Civita connection if V
n
.

At now we suppose, that V
n
in a Riemannian space with cyclic Ricci tensor,

that is
Rij,k +Rjk,i +Rki,j = 0. (2.3)

Using (2.2) we can rewrite (2.3) in the following form:

∂Rij
∂xk

− Γ
α

ik(x)Rαj − Γ
α

jk(x)Rαi+

∂Rjk
∂xi

− Γ
α

ji(x)Rαk − Γ
α

ki(x)Rαj+

∂Rki
∂xj

− Γ
α

kj(x)Rαi − Γ
α

ij(x)Rαk = 0.

(2.4)

From (1.4) and (2.1) we can compute:

∂(Rij + (n− 1)ψij)

∂xk
− (Γαik(x) + ψi(x)δαk + ψk(x)δαi )(Rαj + (n− 1)ψαj)−

−(Γαjk(x) + ψj(x)δαk + ψk(x)δαj )(Rαi + (n− 1)ψαi)+

∂(Rjk + (n− 1)ψjk)

∂xi
− (Γαji(x) + ψj(x)δαi + ψi(x)δαj )(Rαk + (n− 1)ψαk)−

−(Γαki(x) + ψk(x)δαi + ψi(x)δαk )(Rαj + (n− 1)ψαj)+

∂(Rki + (n− 1)ψki)

∂xj
− (Γαkj(x) + ψk(x)δαj + ψj(x)δαk )(Rαi + (n− 1)ψαi)−

−(Γαij(x) + ψi(x)δαj + ψj(x)δαi )(Rαk + (n− 1)ψαk) = 0.

That is

∂Rij

∂xk − Γαik(x)Rαj − Γαjk(x)Rαi+

+
∂Rjk

∂xi − Γαji(x)Rαk − Γαki(x)Rαj+

+∂Rki

∂xj − Γαkj(x)Rαi − Γαij(x)Rαk+




Rij,k +Rjk,i +Rki,j
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+(n− 1)
∂ψij
∂xk

− (n− 1)Γαik(x)ψαj − ψi(x)Rkj − (n− 1)ψi(x)ψkj−

−ψk(x)Rij − (n− 1)ψk(x)ψij − (n− 1)Γαjk(x)ψαi − ψj(x)Rki−

−(n− 1)ψj(x)ψki − ψk(x)Rji − (n− 1)ψk(x)ψji+

+(n− 1)
∂ψjk
∂xi

− (n− 1)Γαji(x)ψαk − ψj(x)Rik − (n− 1)ψj(x)ψik−

−ψi(x)Rjk − (n− 1)ψi(x)ψjk − (n− 1)Γαki(x)ψαj − ψk(x)Rij−

−(n− 1)ψk(x)ψij − ψi(x)Rkj − (n− 1)ψi(x)ψkj+

+(n− 1)
∂ψki
∂xj

− (n− 1)Γαkj(x)ψαi − ψk(x)Rji − (n− 1)ψk(x)ψji−

−ψj(x)Rki − (n− 1)ψj(x)ψki − (n− 1)Γαij(x)ψαk − ψi(x)Rjk−

−(n− 1)ψi(x)ψjk − ψj(x)Rik − (n− 1)ψj(x)ψik = 0.

If we suppose, that V n has cyclic Ricci tensor we have:

(n− 1)

(
∂ψij
∂xk

− Γαik(x)ψαj − Γαjk(x)ψαi

)
+

+(n− 1)

(
∂ψjk
∂xi

− Γαji(x)ψαk − Γαki(x)ψαj

)
+

+(n− 1)

(
∂ψki
∂xj

− Γαkj(x)ψαi − Γαij(x)ψαk

)
+

−4ψi(x)Rjk − 4ψj(x)Rki − 4ψk(x)Rij−

−(n− 1)(4ψi(x)ψjk + 4ψj(x)ψki + 4ψk(x)ψij) = 0.

That is

(n− 1)(ψij,k + ψjk,i + ψki,j)−
−4(ψi(x)Rjk + ψj(x)Rki + ψk(x)Rij)−

−4(n− 1)(ψi(x)ψjk + ψj(x)ψki + ψk(x)ψij) = 0.

(2.5)

Theorem 2.1. V n and V
n
Riemannian spaces with cyclic Ricci tensors have com-

mon geodesics, that is V n and V
n
have a geodesic mapping if and only if exists a

ψi(x) gradient vector, which satisfies the condition:

(n− 1)(ψij,k + ψjk,i + ψki,j)−

−4(ψi(x)Rjk + ψj(x)Rki + ψk(x)Rij)−

−4(n− 1)(ψi(x)ψjk + ψj(x)ψki + ψk(x)ψij) = 0.
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3. Consequences

A) If ψij = 0, then Rij = Rij , and ψi,j = ψiψj , so we obtain:

ψi(x)Rjk + ψj(x)Rki + ψk(x)Rij = 0. (3.1)

B) If the V n is a Riemannian space with cyclic Ricci tensor and at the same time
is a Einstein space, then we get

ρψi(x)gjk + ρψj(x)gki + ρψk(x)gij = 0

that is
nψi(x) + 2ψi(x) = 0, (3.2)

so
(n+ 2)ψi(x) = 0. (3.3)

It means

Theorem 3.1. A Riemannian-Einstein space V n with cyclic Ricci tensor admits
into V

n
with cyclic Ricci tensor only trivial (affin) geodesic mapping.
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