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Abstract

Least squares estimator of the stability parameter o := |a|+|3| for a spatial unilateral
autoregressive process Xj = aXp_1 ¢+ BXy -1 +¢€p is investigated and asymptotic
normality with a scaling factor n°/4 is shown in the unstable case ¢ = 1. The result is
in contrast to the unit root case of the AR(p) model X, = oy Xp—1+- - +pXp—p+ep,
where the limiting distribution of the least squares estimator of the unit root parameter
0:= a1+ -+ qp isnot normal.
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1 Introduction

Consider a spatial unilateral autoregressive process {Xy¢: k.0 € Z, k+¢ > 0} defined by

OéXk,Lg + ﬁXk’gfl + Ek,0, for k + 14 > 1,
Xp = (1.1)

0, for k+¢=0,
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where {ey,: k0 €Z, k+ (> 1} are independent random variables with E(eg,) =0 and
Var(e,) = 1. This model is stable (asymptotically stationary) in case of |a| + 5] < 1,
unstable if |a| 4+ |G| = 1, and explosive if |a|+ || > 1 [see Whittle, 1954, Besag, 1972,
Basu and Reinsel, 1993], hence ¢ := |a| + || can be considered as a stability parameter.
The above classification is based on the rate of growth of Var(Xj,) as k+ (¢ — oo with
k/¢ — const > 0, namely

;

1 if o+ 8| < 1;

VETT it | + 18] = 1, af & {0, 1};
Vaf(ij) ~ <

kot if |o] +18] = 1, |a] € {0,1};

(el + B2/ VE+E if Ja + 6] > 1,

where a, ~ b, means liminf,_ otnb,;1 > (0 and limsup,_, . otnb,;1 < 0o. We remark
that the last statement can be derived e.g. using normal approximation given in Baran et
al. [2007, Theorem 2.4]. A detailed investigation of the exact asymptotic behaviour of the
variances has been given by Paulauskas [2007].

For a finite set H C {(k,{) € Z* : k + (¢ > 1}, the least squares estimator (LSE)
(@, %) of the coefficients (a,3) based on the observations {Xks: (k,0) € H} can be

obtained by minimizing the sum of squares

Z (X — aXpo10 — 5Xk,e—1)2
(k,0)eH

with respect to a and ([, and it has the form

Xi—1e| | Xr—1,

a*
= (A3)7'5, where Al = Z
By e | Xee—1| | Xre1 (k0 eH X1

Model (1.1) has been studied in details by several authors. Baran et al. [2004] investigated
the special case a = [ and verified the asymptotic normality of the LSE of the unknown
parameter in cases |a| < 1/2 and |a| = 1/2, corresponding to stable and unstable models,

respectively. Later Paulauskas [2007] determined the exact asymptotic behaviour of the
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variances of the process (1.1), while in Baran et al. [2007] the asymptotic normality of the
LSE of the coefficients («, 3) is proved both in stable and unstable cases. Finally, in Baran
and Pap [2012] the more general Pickard model is investigated [Tory and Pickard, 1992],
where a third parameter appears controlling the dependence of Xj, on Xj_;,_;. Pickard
processes, including also model (1.1), have important applications e.g. in agricultural trials
[Martin, 1990, Cullis and Gleeson, 1991, Basu and Reinsel, 1994] or in image processing
[Bustos et al., 2009, Vallejos and Ojeda, 2012].

The limiting behavior of the LSE of the stability parameter o has not been treated
yet, this gives the novelty of the current work. This parameter has a great importance since
the asymptotic behaviour of the LSE of this quantity can be applied for testing stability of
model (1.1).

We remark that a similar unit root parameter is well investigated in case of unstable
AR(p) processes [see e.g. Hamilton, 1994, Section 17]. For example, in case of an AR(p)
process Yy = 1Yy 1+ -+, p+ G, k€N, with Y :=0 and an i.i.d. sequence {(j :

k € N} having zero mean and positive variance, the LSE of the parameter g := a3 +---+a,

based on a sample {Y3,...,Y,} takes the form p, =a1, + -+ a,,, where
T -1
ay, o | Ye—1| [ Ye— . Y1
=12 DYl i |, neN
R k=1 k=1
Qp,n Yiep| | Ye-p Yi—p

and in the unit root case o =1 we have

WidW,
n(o, — 1) —>Z] ]fo i as n — 090,
[ weadt

where (Wt)t>0
in Hamilton, 1994].

is a standard Wiener process [it can be proved in the same way as (17.7.25)

For unstable spatial unilateral autoregressive processes the situation is different, since
the LSE of the stability parameter turns out to be asymptotically normal, see Corollary 1.3.

However, we should remark that this result cannot be derived from the asymptotic behaviour
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of the estimators of the original parameters o and [ given in Baran et al. 2007, Theorem
1.1], since the corresponding limiting distribution is a degenerated two-dimensional normal
which is concentrated on a one-dimensional hyperplane. A similar problem arises when one
tries to apply the more general result of Baran and Pap [2012, Theorem 1.1].

With the help of the stability parameter ¢ model (1.1) can also be written in the form

a(Xk_Lg— sign(aﬁ)XM_l) +osign(B) Xy -1 +epe, for k+0>1,
Xyo = (1.2)

0, for k+¢=0.

This reparametrization can be called the canonical form of Sims et al. [1990] [see also Hamil-
ton, 1994, 17.7.6]. Observe that (1.2) gives four different models according to the signs of
a and (. Hence, in order to derive estimators of the parameters («, o) one should have
information about these signs. Moreover, case a3 = 0, when the limiting behaviour of the
LSE of (a,f) is different, should be excluded from investigations.

For aset H C {(k,0) € Z* : k+{ > 1}, the least squares estimator (ay,on) of («,0)
based on the observations {Xj,: (k,f) € H} can be obtained by minimizing the sum of

squares

2
> [Xk,é — a(Xp-1,0 — sign(af) Xpe1) — QSign<ﬁ)Xk,éfl]
(k,0)eH

with respect to a and p, and it has the form

o~

(0524 -~
= A,
_QH
where
- T
Xi_q1¢—sign(aB) X o— Xi_q1¢—sign(aB) Xk o—
AH:Z k-1, —sign(aB) Xy -1 k—1,0—sign(af) X 1 _BALBT
(k0 cH sign(8) X ¢—1 | sign(3) Xy, e—1
Xi_10—sign(aB) Xy o 1 —sign(o
b= Xpe| gn(af) Xees — Bb,, with B:= gn(af)
(k,0)eH sign(3) Xk,e—1 0 sign(B)

Obviously, this estimator is well defined if a3 # 0 and then we have

EV\H _ (BT)—I a;f

OH H
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Now, let us define an estimator of 3 by BH = (/Q\H —sign(a)&H) sign(3). Short calculation
shows that ay = a3, and By = BI*{

For k,0 € Z with k+ ¢ > 1, consider the triangle
The:={(i,j) €Z*:i+j>1, i<k and j </(}.

For simplicity, we shall write 7), :=1T,,,, for n € N. Concerning the asymptotic behaviour
of the LSE of parameters of model (1.2) in the unstable case one can formulate the following

theorem.

Theorem 1.1 Let {ex, : k0 € Z, k+{ > 1} be independent random variables with
E(ere) =0, Var(ere) =1 and sup{E(ep,) : k,{ € Z, k+ (> 1} <oo. If |af+ |3 =1
and af3 #0 then

(nm)'*(ar, ,, — )

55 2, N(0,%,) as n,m — oo with m/n — const >0, (1.3)
(nm)>*(or,,, — 1)
where
o« 0 1-— 154/ 1-—
Yo = 7 with Do = —|a|( ) and 1, = 7T|§9|§2 |oz|)'

0 s 2

Remark 1.2 Observe that (1.3) implies (nm)"?(or,,, — 1) 2,0, hence by

(nm)'*(@r,,, — @) B (nm)V*(@r, ,, — @)
(nm)"2(Br,,, — B) sign(8) (nm)'?(er, ,, — 1) — sign(a)(nm)"?*(@r, ,, —a))
= ) @r—0) | |+ om @, -] |,
—sign(ap) sign(5)
as a byproduct, we obtain
(nm)Y2(@r,, —a)| p 0 1 — sign(af)
T — N , Pa :
(nm)'?(Br,,,. — B) 0 — sign(af3) 1

as n,m — oo with m/n — const > 0, which has already been proved in Baran et al.

[2007], but with a far more complicated method than here.
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Now, the limiting distribution of the stability parameter in the unstable case can directly

be derived from Theorem 1.1.

Corollary 1.3 Let {exy : k,0 € Z, k+{ > 1} be independent random variables with
E(ere) =0, Var(ere) =1 and sup{E(ep,) : k,{ € Z, k+ (> 1} <oo. If ||+ |3 =1
and af #0 then

(nm)**(@r,,,, — 1) - N (0,15/mal (1 = [a]) /2°)
as n,m — oo with m/n — const > 0.

Remark 1.4 In the stable case |a|+ || <1 and af # 0 the asymptotic behaviour of
or, is a direct consequence of the first statement of Theorem 1.1 of Baran et al. [2007],

namely we have
~ : -1 __
(nm)"2(ar,,, — lal = 181) > N (0, (14 kagsign(aB) "o.2),

as n,m — oo with m/n — const > 0, where

—1/2

O’iﬂ::((1+Oé+ﬁ)(1+06—6>(1—&+6>(1—a—ﬁ)) ,
(1-a®= %o ;—1
Zaﬂafvﬂ ’

/{/a,ﬁ =

Remark 1.5 Instead of the triangular domain of observations 7, ,, one can also consider
rectangles of form {(k,¢) € Z* : 0 < k <n, 0 < /¢ <m}. The corresponding results differ
only in the constants of the limiting distributions, the rates of convergence remain the same.
However, we prefer the use of triangular domains because it allows a direct application of
the results of Baran et al. [2007]. It is still an open question, whether one can get rid of
condition m/n — const > 0 and consider e.g. min{m,n} — oo instead [see e.g. Davydov
and Paulauskas, 2008]. Unfortunately, the method presented here cannot be used under such
condition, because the Martingale Central Limit Theorem applied in the proof of Proposition

1.7 does not allow this generalization.



Testing stability in a spatial UAR model 7

For the sake of simplicity, we carry out the proof of Theorem 1.1 only for m =n. The

general case can be handled with slight modifications. Let us write

or, — o X1 — sign(afB) Xy -
v = Az, dr,, where  dr, 1= Z € k-1, — sign(a3) Xy o1
or, —1 (k,0)ET, sign(5) Xy.r—1

and by the continuous mapping theorem (1.3) is a consequence of the convergence

T T L P L I O T - R
= y . — 5 .
T S 0 n-5/4 n 0 p-o/4 0 p-5/4 g
as n — 0o, with
~ 1/vq 0 ~ ~
i |V and  d 2 N(0, A).
0 1/¢a

Obviously, (1.4) can be verified by proving the following two propositions.

Proposition 1.6 Under the conditions of Theorem 1.1
;IT” A as n — oo. (1.5)
Proposition 1.7 Under the conditions of Theorem 1.1
dr, = N(0, A) as n — oo.

The aim of the following discussion is to show that it suffices to prove Propositions 1.6

and 1.7 for a >0 and [ >0 implying o= a+ (. In this case we have

n=%(Xp_1,0 — Xk,£—1)2 M (Xy—10 — Xio—1) Xnoot

Ar, = > . (16)

(k,0) €T} _n‘9/4 (X1,e — Xiom1) X n2XE, |
~ -n_l Xi—1,0 — Xpo—1)€ry
-y |

(1.7)
(kOET, | n=4 X 16k

Model equation (1.1) implies that random variable Xj, can be expressed as a linear com-

bination of the variables {e;; : (4,j) € )}, namely,

R AT
X]mg: Z ( k‘—Z ])&k ﬁz ]Ei,j (18)

(,5) €Tk
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for k,0 €7 with k+/¢>1. If a4+ =1 we can also write
Xee= Y PSS, =k—i)ey (1.9)
(4,5) €Tk 0
where S is a binomial random variable with parameters (n, ).

Let a <0, 3 <0 implying ¢ = —a— 3 and put e, := (=1)k*le, for k.l €Z
with k+(¢>1. Then {e;,:k ¢ €Z, k+ (> 1} areindependent random variables with
E(ezr) = 0, and Var(ey,) = 1. Consider the zero start triangular spatial AR process
{Xiy ikt €Z, k+ (>0} defined by

. —aXp 1= BXp g+ Epy for k+0>1,
Xk,z =

0, for k+/¢=0.

In this case (1.2) takes the form

x* _a(X;g—u - XI:,Z—l) +0Xj 1 +ehy for K+0>1,
ko =

0, for k+¢=0.

Then, by representation (1.8),
Xie = Z L— i )(—Oé)k (—8)" e = (_1)k+£Xk,£
(4,4) €Tk e

for k,0 € Z with k+/¢>0. Hence,

— * * 2 — * * *
A = Z " 2(Xk—1,z - Xk,z—1) —-n 9/4(Xk—1,z - XM_I)XW_I
Tn = B . . . _ . 2
(k,O)ET, | —T o/ (Xk—l,é - Xk,z—1)Xk,e—1 no? (Xk,ﬁ—l)
-1 1] ~ -1 1
- ATn )
1 -1 1 -1
7 Z —n~! (XZ—LZ - XZ,@—l)EZ,e -1 i
Tn — - Ty
(k,0)ET, n_5/4X,’;£_15,*;,£ I -1

where Ay, and dp, have forms (1.6) and (1.7), respectively. Consequently, in order to
prove Propositions 1.6 and 1.7 for a« < 0 and [ < 0 it suffices to prove them for a > 0
and 3> 0.
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Cases a <0, >0 and a >0, <0 implying o= —a+ [ and o= a— 3,

respectively, can be handled in a similar way.

2 Results on the covariance structure

In order to prove Propositions 1.6 and 1.7 one has to know the asymptotic behaviour of the
covariances of the process Xy ,. By representation (1.8) we obtain that for all ki, ¢y, ko, lo €
Z with ki +/0; >0 and ky+ ¢y >0, and for all o, € R,
ky +0—i—3\ (kotlo—i—] iy iy
COV(Xkl,szkQ,b) = Z by —i by —i af1+ha=2i gli+ta=2j (2.1)

(4,0) €Ty Ao, 01 ALs
where k A ¢ := min{k, ¢} and an empty sum is defined to be equal to 0. Observe, if

0<a<1 and §=1—a then by representation (1.9) covariance (2.1) can be expressed

in the form

k1Nko+01Nlo
a,l—a
COV(XkLKUXkQ,Kz) = Z P(S]£1+£1_)m7k2+52_m = kl + €2 - m)a
m=1
where for v, u € (0,1) real numbers S,g’ff) = ](f )—|—77éy), and f,i“ ) and néy) are independent

binomial random variables with parameters (k,u) and (¢,v), respectively. Now, Lemmas
2.4 and 2.6 of Baran and Pap [2012] directly imply that there exists a constant D, , > 0
such that for all £k, />0, k+(>1, 0<i<k+/¢ and 0< 7 <k+/¢—1 we have

D,
Ly (2.9)

P(sg” =) < =

Dy P n
k“’+€ and ‘P(S,i{;i)zj+1)—P(S,£f?):])‘§

Hence, one can determine the magnitudes of the covariances and prove the following

lemma.

Lemma 2.1 [Baran et al., 2007, Lemma 2.1] If |o|+|6] =1 and 0<|a| <1 then

|COV(Xk1,£1>Xk2,£2)’ S Ca\/k’l + 61 + I{?Q + 62

with some constant C, > 0.
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Now, for n € N, s,t € R, s+t >0, let us introduce piecewise constant random fields
ZY})) (87 t) = n_1/4X[ns}+1,[nt] and Zét?(& t) = n_1/4X[ns],[nt]+1
Concerning the asymptotic behaviour of their covariances one can verify the following result.

Proposition 2.2 [Baran et al., 2007, Proposition 2.2] Let sq,11, S2,ty € R with s;+t; > 0,
So+1ta>0. If 0<a<1l and f=1—« then

N

Cov(Z

T (s1,11), 238 (59, 12)) Cov(Zy8 (s1,11), 237 (59, 12)) 10
Cov(Zf

(n) ( (n) - Zoc(slat17827t2)
(s2,t2), Zgy (s1,t1)) Cov(Zyy (s1.t1), Zyy (s2,12)) 01

o3 o3

as n — oo, where

A\ S S — S1—S — .
s 2+t11/t2mv(1|1a) ] if (1—a)(s1—s2)=a(t;—tz),
Zoc(sla t17 S92, t2) -
0, otherwise.

Moreover, if (1 — a)(s1 — s2) # a(ty — ta) then the convergence to 0 has an exponential

rate.

Further, one can also estimate the difference of two neighbouring covariances.

Proposition 2.3 [Baran et al., 2007, Proposition 2.5] If 0 < a <1 and f=1—« then

there exists a constant K, > 0 such that
|Cov(Z (s1,11), 21 (52, t2)) — Cov(Z (s1,t1), Z1 (52, 12))| < Ko™ '/?
for all n €N, s1,t1,8,ts €R, with sy +t; >0, so+1t2>0 and (i,7) € {(0,1),(1,0)}.

Finally, in order to estimate covariances we make use of he following lemma which is a

generalization of Baran et al. [2004, Lemma 11].

Lemma 2.4 [Baran et al., 2007, Lemma 2.8] Let &, ..., En be independent random vari-
ables with E(&) =0, E(3) =1 forall i=1,...,N, and My := max;<;<yE({}) < oo.

Let ay,...,an,,b1,... b0y, C1y. o Cpyydy,y oo dyy, € Ry my ng,ng,ng < N and

ni no n3 4
X = ZCI,Z’SZ', Y = Z bjgj, J = Zcifi, W .= Z d]f]
i=1 j=1 =1 j=1
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Then
n1/\n2/\n3/\n4
Cov(XY,ZW)= > (E 3) a;bicid; +Cov(X, Z)Cov(Y, W) +Cov(X, W)Cov(Y, Z).
=1

Moreover, if a;,b;,c;,d; >0 then
0 < Cov(XY,ZW) < MyCov (X, Z)Cov(Y, W) + MyCov(X, W)Cov(Y, Z),

and

0 <E(XYZW) < My(E(XZ)E(YW) + E(XW)E(Y Z) + E(XY)E(ZW)).

3 Proof of Proposition 1.6
Let o, € (0,1) with o+ =1 and

Sn,l = Z (kal,Z_Xk,Zfl)Qy Sn,2 = Z (kal,Z_Xk,éfl)Xk,éfla n3 = Z X;fg 1

(k0)ET, (k,0) €T, (k0)ET,
Thus,
Aan _ TL72Sn’1 n*9/4Sn72
n_9/4sn,2 n_5/2sn,3
and (1.5) follows from
1 2 1 29/2
N8 5 —= ;TS =0, TGy — = (3.1)
Yo a(l—a) Yo 15y/ma(l—a)

The last two statements of (3.1) have already been proved, see Baran et al. [2007, Propo-
sition 1.2 and Section 6, pp. 40-41]. In order to verify the remaining statement one has to

show

lim n*2E(Sn,1) = 1 and lim n*4\/'ar(5n,1) =0. (3.2)

n—oo gpa n—0o0

It is easy to see that

n"?E(Sn,1) //\/_ Var(Z(g 1)(3 t)) —|—Var(Zfr6 (s,1)) —QCOV( (5 t), Zf%)(s t))) ds dt,
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where T :={(s,t) ER*:s+t>0,s<1,¢t<1}, and using (2.1) one can prove

lim ﬁ(Var(le (s, )) COV( (S t), Z;2)<S7t))> = M’

n—oo

where (4,5) € {(0,1),(1,0)}. The details can be found in Baran et al. [2007, Section 5,
pp. 36-37]. Hence, Proposition 2.3 and the dominated convergence theorem (DCT) imply

the first statement of (3.2).

Now, by Lemma 2.4

Var Z Z COV Xk1 1,0, — Xk, 0y — 1) ,(Xk2—1,eg—Xk2,z2—1)2)

(k‘1 fl)ETn (kg lo)ETy

2
Z Z <2M4 k1,61,k2,02 (M4 o 3>+Ll(€1),€1,k27€2) + O(ng)’

(k‘l fl)GTn (k‘g ZQ)ETn
where

(1) 2
Lk1 L1,k 0o ‘_COV(Xkl 1,60 — Xkl,ﬁ—l?Xk’z—lfQ - Xk27€2_1) )

2
2 ot . « .
Ll(q)el kol Z (P(Sigliel—l—i—j = ki —1) - P(Slglm i = k=1 Z)) (33)

(4,)E€Thy Akg—1,09 ALy —1

2
8 <P(S’£§if2—1—i—j = ky—i) = P<Sl(c§-)|-ﬂz—1—i—j = k2—1_i))

< Z (P(Sli?—)i-h 1—i—j kl_l) +P(Sk:1+£1 1—i—j kl—l—i)2>

(4,9)EThy Akgy—1,01 ALy —1
1Akg—1,01 Aby

X (P(Sigllﬁg—l—z‘—j = l—1-j) +P(S,§2+Z2) 1—i—j KQ_j)2>'

Obviously,

Z Z Ll(fll),fhkz,&

(kl 7ZI)ETn k2 7£2 eTn

(k2,62)
2
:/// <\/ﬁCOV(ZéTLl)(Sl,tl)—ZﬁB)(Sl,tl),Zé?(SQ,tg)—Zgz))(SQ,tg))) dSl dtl dSthQ,
T T

where due to Propositions 2.2, 2.3 and DCT the right hand side converges to 0 as n — oo.
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Further, the second inequality of (2.2) implies

4
Da,oz

L® <
Fufokafe = Z (ki+b—1—i—jP(ke+la—1—-i—j)
(4,5) €Ty Akg—1,09 ALy —1
k1 Nko+401 Nbo—2 D4 7.(_21)4

< ’ < oe,oz< ’
B Tr;. (kl/\k2+£1/\£2—1—m)3 6 o0

SO
2T 2D4
Z Z Lkl l1,ka b // // [ns1],[nt1],[nsa], [ntg]dsl dtl ng dtQ 3
(k él eTn (k»'2 €2 ETn
Finally, e.g.

Z P(S[(r(is)l]+[nt1] 1—i—j = [ns1] — i>2P(S[(is_2?J)r[ntg]flfi7j = [nty] — 1 — ])2

(4,0) €T s 1 AInsg] —1,[nt | AIntg] —1

< V/nCov (Z{) (s1,11), Z{3 (s2,1)),

which by Proposition 2.2 converges to 0 as n — oo if (1 — «)(s1 — s2) # alty — ta).
Similar results can be derived for the remaining three terms of the right hand side of (3.3),

so by the DCT
. _ 2
nlgilo” ' Z Z Li(cl),zl,kg,zz =0, (34)

(k1,61)ETy (k2,l2)ETy

which completes the proof. 0]

4 Proof of Proposition 1.7

Again, let o, € (0,1) with o+ =1 and denote by d¥, i =1,2, the components
of dr,. First we show that (dr,),>1 is a square integrable two dimensional martingale
with respect to filtration (F,),>1, where F, denotes the o-algebra generated by random
variables {egs: (k,0) € T,}.

In order to do this we give a useful decomposition of dr, —dz, ,, where dy, := (0,0)".
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By representation (1.8),

db —dl, = Z 5k,€< Z P(Sigi)e i =k —=1- i)ei
(4.9)

(k‘,f)ETn\Tn_1 7 ekal,Z
S i CORNNE Sy
k+l—1—i—j v)eij |
(4,5)€T k01
d? —d? = N ay Y PO =k —i)ey
(klve)ETn\Tnfl (ivj)ETk,éfl

Collecting first the terms containing only ¢;; with (4,75) € T,, \ T,-1, and then the rest,

we obtain decomposition

dr, —dr,_, = dp1 + Z €kt dn2 k.t (4.1)
(k,0) €T, \Th—1

T T .
where dn,1 = (5,(11% - 522&, 522}) and dn,2,k,e = (5n,2,k—1,e - 5n,2,k,e—1, 5n,2,k,e—1) with

0= Y e Y. PSS = k—1—i)ey = Z Za ~l~ig Eim,

(k£)ET \Tn—1 (4,)€Tk—1,e\Tn—1 k=—n+2i=—n+1
2 ._ § § (a) _ § : § : —1—
6”71 T €kt P(Sk—i-f—l—i—j - €l,] ﬁ Jgn LEnj,
(k0 €T \Tn—1 (4,5)€Tk,e-1\Tn—1 l=—n+2 j=—n+1
. E (a) _ .
5n,2,k,€ = (Sk—I-Z i k — Z)é"@j.

(4,0) €T N Th—1
The components of d,; are quadratic forms of the variables {e;; : (4,5) € T,, \ Th—1},
hence d,; is independent of F,_;. Besides this the terms ¢, 2%, are linear combinations
of the variables {e;; : (4,j) € T,,_1}, thus vectors d, 2, are measurable with respect to
Fn_1. Consequently,

E(dr, —dr,_, | Fact) =E(dun) + D duprsE(ere | Facr) =0.

(k,0) €T\ T -1
Hence (dr,),>1 Is a square integrable martingale with respect to the filtration (F,)n>1
and obviously the same is valid for (dz, )p>1.
By the Martingale Central Limit Theorem [Jacod and Shiryaev, 1987], in order to prove

the statement of Proposition 1.7, it suffices to show that the conditional variances of the
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martingale differences converge in probability and to verify the conditional Lindeberg condi-
tion. To be precise, the statement is a consequence of the following two propositions, where

15 denotes the indicator function of a set H.

Proposition 4.1

ZE( T )@~ ) |Fas) A as oo

Proposition 4.2 For all 6 >0,

n
P

Z E(HJTm o JTm—lH21{HJTm_JTm_1H25} ‘fm71> — 0 as m — 00.
m=1

Proof of Proposition 4.1. Considering separately the entries of (EZVTm — cflVTmfl) (cfiVTm —

JTm_l)T one can see that the statement of the proposition is a consequence of

n? Z E((dfﬁ) - dg)_1)2 ‘ fm—1> L, %7 (4.2)
m=1 «
n /2 - 2 _ 42 2 L2 L
Z E((dm d? ) ]-"m,l) o (4.3)
n=9/1 Z E((d — i) (42 —d22) | Fur) 2200 (4.4)

as n — oo. Limits (4.2) and (4.3) have already been proved, see Baran et al. [2007, Section
6, pp. 40-41 and Proposition 4.1]. A more detailed proof can be found in Baran et al. [2005,

Propositions 6.1 and 4.1].
Now, let U, :=E((d —d\}) ) (d? —d2 )| Froi) and we have

diy) dﬁrlb) 1= Z (Xk—1,0 — Xk o—1)Ens, d® — d! )_ = Z Xk o—1€k 0
(k&) €T \Tim—1 (k0) €T \Tim—1
Representation (1.8) and independence of the error terms ¢;; imply

E((dgg —d0 ) (d? - dszl)) = Y E((Xieo1s — Xieo1) Xiet) E(e2,)

(k) €T \Trm—1

= > E((Xko1e = Xie1)Xigo1) = E(Sm2) — E(Sm12),

(sz)ETm \Tmf 1
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so using the second statement of (3.1) we obtain
_9/42 m) =1 Y4E(S,2) — 0 as n — 0o.

Further, decomposition (4.1), independence of 5m1, 553?1 and {eps, (k,0) € T\ Tpo1}
from F,,—1, and measurability of 0,, 2%, with respect to F,_; imply
U, = E((ég?l - 5,(37)1)(5,(3’)& + Z (5m,2,k—1,£ - 5m,2,k,e—1)5m,2,k,£—1-
(k,0)ETm\ T 1

In this way, to complete the proof of (4.4) one has to show

n9/2Var< Z Um> = ng/ZVar( Z Z (Om20—1,6 — 5m,2,k,£1)5m,2,k,£1) —0 (4.5)
m=1

m=1 (k,f)GTm\Tm,1

as m — 00.
Now, consider

n
ar( E E (Omo2k—10— 5m,2,k,£1)5m,2,k,€1)

m=1 (kve) ETm\Tm— 1

= Z Z Z Z Gm1,m2,k1,£1,k2,€2 (46)

mi=1 (kl»el)ETml\Tmlfl ma=1 (k27€2)€Tm2\Tm2—1

n n mo—1
= E E ( E E Gm17m27k1,m17k2»m2+ E E Gml,mz,khml,mmfz

mi1=1mao=1 ki=—mi+1 ka=—mo+1 ki=—mi+1lo=—mo+1
mi—1 mi1—1 mo—1
+ E E Gm1,m27m17@17k27m2 + § E Gm17m27m17£17m27£2)
li=—m1+1 ko=—mo+1 li=—m1+1la=—mo+1

where
Gm17m27k17£17k27£2
i= Cov ((Omy 261-1,1 = O 2,k1,1—1) Oy 201,615 (O 2,k0—1,00 — O 2,k l2—1) O 2,k ba—1) -

By representation (1.8) of X}, and definition of §,,2,, we have

k—1—1i
5m,2,k71,m - kal,m - E o Eim,—M +2< k < m,
i=—m+2

6m,2,k’,m71 - Xk,mfb —-m+1< k <m,
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-1
Omame-1=Xme1— > (1=a)ep;,  —m+2<0<m—1,
j=—m+2

5m,2,m71,f = mel,fu —-m+1 < 14 <m-— 1.

Hence, e.g.

mi mo
§ E Gm1,m2,k17m1,k2,m2

ki=—m1+1 ko=—mo+1
k1—1

mq mo
— E § 2 : ky—1—i
- COV(<Xk117m1_Xk1,m11_ at 15i17m1>Xk17m1*17

ki=—m1+1 ko=—mo+1 i1=—m1+2

ko—1
ko—1—1
<Xk2—1,m2_Xk27m2—1_ E a® 2€i2,m2>Xk27m2—1>

io=—mo+2

mi mo
_ (1) (2) (2) (3)
- Z Z Gk1,m1,k2,m2 - Gk1 mi,ka,me sz,m27k17m1 +Gk17m17k2,m2’
ki=—m1+1 ko=—mo+1

where

(1)

k1,m1,ka,mo

COV((Xklflﬂm - Xkl,mlfl)Xk17m1*1a (Xk2*1,m2 - sz,mQ*l)kamz*l)a

ko—1
(2) . Z ke —1—i
le,ml,kg,mg := Cov (Xkl—lﬂm - Xk17m1—1)Xk17m1—17Xk27m2—1 ar Eima |
i=—mo+2

k11 ka—1
(3) — ki —1—i ky—1—i
le’ml,k%m = Cov | Xiymi—1 E ot Yeitmas Xkoma—1 E o' 2Eigms |-

i1=—m1+2 io=—m2+2

Thus, Lemma 2.4, representation (1.8) and independence of the error terms ¢;; imply

ko—1
(2) _ Z ko—1—i
Gk17m1,k2,m2 = Cov Xk‘1—1,m1 - thml—lan‘z,mz—l Cov Xkl,m1—17 a? Ei,ma
1=—mo+2

ko—1
2 ko—1—1
+COV (Xk1,m117Xk2,mgl)COV (Xkll,ml_Xk1,m117 a™? 5i,m2) )

i=—mao+2

k1—1 ko—1
(3) 2 : ki—1—i Z ko—1—i
Gkhml,k’z,mg = Cov Xkl,ml—thQ,mz—l Cov at 15ihmla a® 251’2,7712

i1=—m1+2 iog=—mo+2

ko—1 k1—1
C X ko—1—19 C X k1—1—11
+Cov ki,mi1—1, «Q giz,mz ov ka,ma—15 « €i1 m1 |

io=—m2+2 11=—m1+2
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Moreover, using again the independence of the error terms ¢;; one can easily see that

G? =0 if me>m; and le T =0 if mg # my. In this way

k1,m1,k2,mo

Z Z Z Z kl ;ma,k2,ma (4'7>

mi1=1mo=1ki=—m1+1 ko=—mo+1
m+ki1Ako—3

n m m
ki—k 2i
= g E g Cov(Xklym_l,XkQVm_l)oz' 1=k g Q
m=1 ki=—m+1 ko=—m+1 =0

n 2m—12m—1
1/2 Oﬂé

Tt 1)7/2,

m1k1 0 ko=

where the first inequality is a consequence of Lemma 2.1 and the empty sum is defined to

be zero.

Further, let

ko—1
(1) — ky—1—i
Bk17m1,k2,m2 := Cov thmlfla @ Eima |

i=—mo+2
ko—1
(2) L ko—1—i
Bkl,ml,kz,mz := Cov Xkl—l,ml - Xkl:ml—h «Q Eimy |-
i=—mo+2

Assuming mso < my, with the help of representation (1.9) we obtain

k1Ako—1

(1) (0‘) ko—1—1 ko—k1—1 mi—mo—1
k17m17k2,m2 P ki+mi—mo—1—i — kl - /L) +« (1 - CY) Il-{]ﬁﬁk‘g—l};
i=—mo+2
kiNko—1
(2) _ () _ : (@) ko—1—i
Bkl:m17k2,m2 - Z P(Sk1+m1—m2—1—z' =k —1- Z) - P(Sk1+m1 —ma—1—i =k — Z) (04
i=—mo+2

ko—ki1—1 mi—mo—1
— 2 1 (1—04) 1 2 ﬂ{klgkg—l}

for ki +my > 3, otherwise the above quantities are equal to zero. Hence, using (2.2) one
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can easily show that for k1 < ko — 1

ki1—1
D
B(l) < ak‘z—kl—l 1—05 mi—mo—1 ak‘g—k‘l ,x
kl,ml,k2,m2‘ — ( ) + ' Z (kl +my—mg—1— Z’)l/2
i=—mo+2
< oo™ (ky + my) /2
k1—1 D
B(z) < ak’g—kl—l 1 — q)m—me— 1+ak2 k1 a,o
kimake,mel = ( ) 2—;+2 kl +my — My — 1—2
< Hyar2 % log(ky + my)
with some constant H, > 0, while for k; > ky — 1 we have
ko—1
D,, H
B(l) < akz 1—4 &4
| ki,maka,mo| — (kl ko + mq — Mo 1/2Z Z+2 - — ko +my — m2)1/27
=—mg

ko—1

| 2) ‘ < a,a § : akg 1—1 < Ho‘
kimika,ma| — ki — ko +mq —moy . o ~ ki —ko+myg —ma
1=—m2

Obviously, if m; = my then

ki1iNAko—1 Oé'kl
BYW —0 and BY = Z P(S,g?),ll—kn—l—z) ka—l—i

k1,m1,k2,mo k1,m1,k2,m2 —1—-a2

_k2‘

i=—m1+2

In this way, by Lemma 2.1 and Proposition 2.3,

n n mi mo Ca n m m )
Z Z Z Z ‘G/(€21),m1,k2,m2‘ < 1—a2 Z Z Z (k1+k2—|—2m)1/2a|k1 k2l

mi1=1 mo=1ki=—m1+1 ka=—mo+1 m=1ki=—m+3 ko=—m+3

n mi—1 ko—1

LYY S Y ek )2 (K + 2C, log(ky +m1)) - (48)
mi1=2mo=1 ko=—mo+1 kl——m1+3
n mp—1
K, Co(ky+ kg +my+mg)/?
+H, +
22 S5 S (e Gl
mi1=2mo 1——m1+3 ko=—ma+1

(1_& 1 o) Zm3/2 1—az Z k—l—ml/Z(K +2C, log(k—f-m))

m=1 m=2 k=—m+1

+2Haz Z mlk +m)"/2( Ko +2C, log(k +m) ) < Qa(n+1)"*log(n + 1)
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with some constant (), > 0. Inequalities (4.7) and (4.8) imply

n n mi mo
§ : § , § : E : Gm17m2,k1,m17k2,m2

mi1=1mo=1ki=—m1+1 ko=—mo+1

- Z Z Z Z G/(fll),m17k2,m2 + O(n7/2 log<n))’

mi1=1mao=1ki=—m1+1 ko=—mo+1
and the same can be proved for the remaining three terms of (4.6). Hence

ar ( mZ: Um) = Zn: > Zn: >, Glime (4.9)

mi=1 (k1,21)€Tm1\Tm171 ma=1 (k27€2)€Tm2\Tm271

Z Z Gl(e?,@l ko lo + Rna

(k1,01)€Ty (k2,l2)€Ty

and R, = O(n"/*log(n)). Further, Lemma (2.4) implies

(1) _ @) (2)
k1,l1,ko,le £k‘1,€17k‘2,€2 + £k1,€1,k2,f2’
where
(1) o
’Ckl,ml,kg,mz T COV(Xkl—LTm - Xk17m1—1> Xk2—17m2 - XkamQ—l)COV(Xk1,m1—l7 Xk’27m2—1)

+ COV(Xk‘1—1,m1 - Xkl,ml—la ng,mg—l)COV(Xk‘Q—l,mQ - ngﬂ’nz—la Xkl,m1—1)7

and using the same ideas as in the proof of (3.4) on can show
' - (2)
nh_{gon i Z Z £k1741,k2742 = 0. (410)
(k1,€1)€Tn (kz,fg)ETn
Finally,

-9/
k1,€17k2,€2

(kl,é1 €T, (/4:2,42 €Ty

//// (\/_Cov Z5 (s1,t0) — 208 (51, 11), Z8% (52, t2) — 214 (52, 12)) (4.11)

x Cov(Z4 (51, 11), 218 (52, t2)) + Cov (257 (s1.t1) — ZV8 (51, 11), 21 (52, 12))

7

X\/_COV( Ol(SQ,tQ) ZY(L))(SQ,tQ),Zﬁg)(sl,tl)))dsldtldSthQ.
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With the help of Lemma 2.1 and Proposition 2.3 one can easily show that the integrand

on the right hand side of (4.11) can be dominated by K, (Ca\/sl +t1+so+ta+1+ Ka),
which has a finite integral on 7" x T'. Hence, by Proposition 2.2 and DCT

: —9/2 (1) o
nhjgon / Z Z ’Ckhel,kz,@z =0,

(k1,61) €Ty (k2 b2)ETn

which together with (4.9) and (4.10) implies (4.5). O
Proof of Proposition 4.2. We have
-2 7 7 2
Loy, —dr, 120} <0 lldn, — dr, I,
hence to prove the proposition it suffices to show
S E(ldn, — || For) 20 as - oo,
m=1
which is a direct consequence of

]—"m_1> o

”‘4ZE<‘dﬁ)—dgl1‘4‘fm—1> .0 and n_5ZE<}d7g)_d$)—1‘4
m=1

However, these statements have already been proved, see Baran et al. [2005, Section 6, pp.

47-48] and Baran et al. [2005, Section 4, pp. 31-32], respectively. O
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